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Summary

We describe an algorithm for finding the global minimum of
a function with many local minima whose lower envelope is
unimodal. At first we focus on a univariate function that is
expressed by the sum of a unimodal function and a periodic
function, and we describe three conditions for a univariate
function. We propose an algorithm uses a two-stage mini-
mizer for this function, alarge-step minimizer(main stage)
and asmall-step local minimizer(sub-stage), and we show
using a numerical example that the algorithm effectively finds
the global minimum with only a few function evaluations.
Moreover, we assess the usefulness of an algorithm for glob-
ally minimizing multivariate functions, and we show using a
numerical example that the algorithm finds the global mini-
mum of multivariate functions with only a few function eval-
uations.
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1. Introduction

We deal with the following minimization problem (P):

minimize f(x) ≡ f(x1, x2, . . . , xn) ,

x∈Dn ≡
∏

j=1,...,n

[aj , bj ] . (P)

It is assumed that the functionf(x)∈C2 has a finite num-
ber of isolated local minimax∗k∈Dn (k = 1, 2, . . . , M).

Many methods for solving such a global minimization
problem with multimodal functions have been proposed.

Clusteringmethods [3, 4] that enable the global minimum
to be found with high accuracy and a only few function evalu-
ations have usually been used. These method consists of two
stages: (1) sampling points over the region and selecting the
lower points, and (2) analyzing clusters of selected points and
applying local minimizer from the best point in each cluster.

However, clustering methods do not work well for func-
tions with many local minima because there are many clusters
around the local minima.

To overcome such a problem, we propose an algorithm that
minimizes a function with many local minima whose lower
envelop is unimodal.

2. Algorithm for a Univariate Function

2.1. A Problem and An Example

We consider the following univariate function:

minimize f(x) = u(x) + p(x), x∈D1 =[a1, b1] (1)

whereu(x) is a unimodal function, andp(x) is a periodic
function with periodT p and a finite number of isolated local
minima. Moreover, we assume the following conditions hold
for p(x) andu(x).

Condition 1. The periodT p of p(x) is much less than the
width b1−a1 of the intervalD1 =[a1, b1], that is

T p << b1 − a1. (2)

Condition 2. The maximum absolute value of derivatives
of u(x) in [a1, b1] is less than that ofp(x), that is

max
x∈[a1, b1]

{|du(x)/dx| } < max
x∈[a1,b1]

{ |dp(x)/dx| }. (3)

Condition 3. The functionu(x) has only a unique mini-
mumx∗∗, and the pointx∗∗ also becomes one of minima
of p(x).

If the above following conditions hold, then the function
f(x) = u(x) + p(x) has many local minima (≈ b(b1 −
a1)/T pc) in [a1, b1], its lower envelope is unimodal, and the
global minimum off(x) is x∗∗.



For example, letu(x) = 0.1x2 + 0.01, p(x) =
−0.01 cos (40πx) and D1 = [−1, 1], we consider the fol-
lowing univariate problem:

minimize f(x) ≡u(x) + p(x)

=0.1x2 + 0.01− 0.01 cos (40πx),
x ∈ [−1, 1]. (P1)

In this problem,T p = 1/20 (<< b1 − a1 = 2), and in
equation (3),

max
x∈[a1,b1]

{ |d(0.1x2 + 0.01)/dx| } = max
x∈[−1,1]

{ |0.2x| } = 0.2

is less than

max
x∈[a1,b1]

{ |d(−0.01 cos(40πx))/dx| } =

max
x∈[−1,1]

{ | − 0.4π cos(40πx)| } = 0.4π ≈ 1.256.

Therefore, the problem satisfiesCondition 1 andCondition
2, and the function has 41 local minima (≈ (b1−a1)/T p =
2/0.05 = 40) in the interval[−1, 1]. Since the unique min-
imum of u(x) is 0 and 0 is also one minimum ofp(x), the
minimum off(x) is 0.

The graph of the functionf(x) in this problem is shown in
Figure 1.
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Figure 1: An example of a univariate function with many lo-
cal minima

2.2. Minimizer

In order to describe our algorithm, we need the two general
idea ofunimodal regionandradius of unimodal region. Thus,
we show the definitions of the concepts at first.

Since the main idea of the proposed algorithm is to use a
two-stage minimizer, i.e., alarge-step minimizer(main stage)
and asmall-step local minimizer(sub-stage), we describe
these two local minimizers.

2.2.1. Definitions

Definition 1 Theunimodal region[2] Ru(xi
∗) of a local min-

imum xi
∗ of a functionf be defined as the maximum region

(interval) such that the functionf is unimodal:

Ru(xi
∗)={ [ai

∗, b
i
∗] | max

[ai,bi]
{f(x): unimodal in[ai, bi] } },

(4)
wheref(x): unimodal in [ai, bi] implies that the following
relationships hold.

{
ai ≤ ∀x1 < ∀x2 ≤ xi

∗ =⇒ f(x1) > f(x2)
xi
∗ ≤ ∀x1 < ∀x2 ≤ bi =⇒ f(x1) < f(x2). (5)

Definition 2 The radius r(xi
∗) of the unimodal region

Ru(xi
∗) = [ai

∗, b
i
∗] at a local minimumxi

∗ is defined as the
minimum of two distances from the local minimumxi

∗ to the
lower boundai

∗ and the upper boundbi
∗ of the interval:

r(xi
∗) = min{ xi

∗ − ai
∗, bi

∗ − xi
∗ }. (6)

2.2.2. Large-step Minimizer

The steps of the minimizer are as follows:

• Bracketing global minimum by a interval, and
• Reducing the interval so that it includes the global mini-

mum.

For a given starting pointx(0), the algorithm repeatedly
generates a new pointx(k+1) from the previous pointx(k)

and∆(k) that is determined by a certain rule as follows:

x(k+1)←x(k) + ∆(k), (k = 0, 1, 2, . . .). (a)

Moreover, for each generated pointx(k) thesmall-step lo-
cal minimizeris applied, and a local minimum is obtained.
In order to avoid converging in duplicate to the same local
minimum in thesmall-step local minimizer, the large-step al-
gorithm must keep to the step length|∆(k)| > T p. Thus, step
(a) is replaced by the following step:

{
∆(k)← sign{max{ |∆(k)|, T p }, ∆(k) } ;
x(k+1)←x(k) + ∆(k) , (k = 0, 1, 2, . . .).

(b)

2.2.3. Small-step Local Minimizer

For a given starting pointx(0), it is desirable that the al-
gorithm of a local minimizer converges to minimumx∗ such
that the sequence{x(k)} of points is always included inthe
unimodal regionRu(x∗) [2]. That is, if the step of the algo-
rithm that generates a new pointx(k+1) is

x(k+1)←x(k) + δ(k), (k = 0, 1, 2, . . .), (c)

then the following condition holds:
{
{x(k)} ∈ Ru(x∗), (k = 0, 1, 2, . . .),
lim

k→∞
{x(k)} = x∗.

(7)



In step (c), if the step lengthδ(k) is too large, then a new
point, x(k+1), probably falls in a unimodal region different
fromRu(x∗). In order to avoid this difficulty and to guarantee
bracketing of a local minimum by three points,δ(k) must be
less than or equal to half of the radius of the unimodal region
[2]:

δ(k) ≤ 1
2
r(xi

∗), (8)

wherer(xi
∗) is the radius of the unimodal region atxi

∗.
In general, the user sets an upper limit of stepδ such that

δ ≤ 1
2
r∗∗, where

1
2
r∗∗ is the minimum of all radii of uni-

modal regions. By using this parameterδ, we substitute the
following step for step (c):

{
δ
(k)← min{ δ(k), δ } ;

x(k+1)←x(k) + δ
(k)

, (k = 0, 1, 2, . . .).
(d)

Thus, the specification of a small-step minimizer algorithm
MLuf that finds the local minimumxi

∗ and its function value
f i
∗ of a functionf(x) in a domainD1 = [a1, b1] from a start-

ing point xi with an upper limit of stepδ and a toleranceε
is

(f i
∗, xi

∗)←MLuf( f, D1, xi, δ, ε ).

The the algorithm for locally minimizing a univariate func-
tion is described in detail in the book by Brent [1].

2.3. Main Algorithm

We introduce the main algorithm that finds the global min-
imum x∗∗ and its function valuef∗∗ of a functionf(x) in a
searching regionD1 = [a1, b1] for a given initial pointx1, an
initial step size∆(0) (> T p), an upper limit of step sizeδ, a
periodT p and a toleranceε.

The algorithm consists of the following steps.

(f∗∗, x∗∗)←MGuf( f, D1, x1, ∆(0), δ, T p ε )
MG1. (Initial Setting)

x2←x1 + ∆(0) ; k← 0 ;
(f1
∗ , x1

∗)←MLuf( f, D1, x1, δ, ε ) ;
(f2
∗ , x2

∗)←MLuf( f, D1, x2, δ, ε ) ;
if f1

∗ > f2
∗ then ∆(0)← γ∆(0) ;

else x1
∗↔x2

∗ ; f1
∗ ↔ f2

∗ ; ∆(0)← − γ∆(0) ; fi ;
x3←x2 + γ∆(0) ; (γ > 1)
(f3
∗ , x3

∗)←MLuf( f, D1, x3, δ, ε ) ;
MG2. (Bracketing step in large-step minimizer)

repeat
k← k + 1 ;
if f1

∗ > f2
∗

then x1
∗←x2

∗ ; x2
∗←x3

∗ ;
Choose step length∆(k) >T p ;
x3←x2

∗ + ∆(k) ;
(f3
∗ , x3

∗)←MLuf( f, D1, x3, δ, ε ) ;

else x3
∗←x2

∗ ; x2
∗←x1

∗ ;
Choose step length∆(k) >T p ;
x1←x1

∗ −∆(k) ; fi ;
(f1
∗ , x1

∗)←MLuf( f, D1, x1, δ, ε ) ;
until f1

∗ > f2
∗ < f3

∗ ;
MG3. (Reducing step in large-step minimizer)

Reduce the interval[x1
∗, x3

∗] until the following condi-
tions hold:

• x1
∗ < x2

∗ < x3
∗ andf(x1

∗) > f(x2
∗) < f(x3

∗),
• the unimodal regionsRu(x1

∗) and Ru(x2
∗) are ad-

joined, and
• the unimodal regionsRu(x2

∗) and Ru(x3
∗) are ad-

joined.

MG4. (Last setting)
x∗∗←x2

∗ ; f∗∗← f2
∗ ;

2.4. A Numerical Experiment

In order to confirm the efficacy of the algorithm, we used
the following problem (P1):

f(x) = 0.1x2 + 0.01− 0.01 cos (40πx), x ∈ [−1, 1].

The conditions of the experiment were:

• T p = 0.05, δ = 0.2T p.
• The small-step local minimizerwas constructed by the

method of Brent [1].
• The toleranceε with respect tox was10−5.
• The initial point and step length werex(0) = −0.91 and

∆(0) = 4T p, respectively.

The algorithm found the global minimum of this function
f(x) with 68 function evaluations. A trace of the searching
process of the algorithm is shown Figure 2.
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Figure 2: Trace of the searching process of the algorithm.



3. Algorithm for a Multivariate Function

The minimization problem (P) of a multivariate function
f(x) that is expressed by the sum of a unimodal function
u(x) and a periodic functionp(x) is as follows:

minimize f(x) ≡ u(x) + p(x) ,

x∈Dn ≡
∏

j=1,...,n

[aj , bj ] . (Q)

In order to solve this problem, a new pointx(k+1) is re-
peatedly generated using step lengthα(k) that is determined
by minimizing from the previous pointx(k) in the direction
d(k): {

α(k) = argmin
α

{φ(α) ≡ f(x(k)+αd(k)) },
x(k+1) = x(k) + α(k), (k = 0, 1, 2, . . .),

(9)

where this minimization step is calledline search.
Generally, line search procedures can only find a local min-

imum of the functionφ(α). Thus, even though the line search
is repeatedly applied, the possibility of finding the global
minimum of functionf is low.

In order to overcome this problem, we modify the specifi-
cation of algorithmMGuf into the following specification so
that the algorithm can find the global minimumx(k+1) and
its function valuef (k+1) from a starting pointx(k) ∈ Dn in
the directiond(k):

(f (k+1), x(k+1))←MGufn ( f, Dn, x(k), d(k), ∆(0), δ, T p, ε ).

In the problem (Q), ifu(x) is astrongly quasi-convex func-
tion, then the functionφ(α) = u(xi + αdi) becomes uni-
modal for allxi ∈ Dn anddi. If conditions similar toCon-
ditions 1–3 hold, then the possibility of finding the global
minimum of the functionf will become high under certain
conditions by iteratively applying the line search algorithm.

In particular, if functionsu(x) andp(x) are separable with
respect to each variablexi, that is,

f(x) ≡ f(x1, x2, . . . , xn) =u(x) + p(x)

=
n∑

i=1

{ui(xi) + pi(xi)} , (10)

then the global minimum of this function can be found by ap-
plying the line search procedureMGufn along the coordinate
vectorei only n-times.

We show an algorithm for finding the global minimumx∗∗
and its function valuef∗∗ from an initial pointx(0) for the
above functionf with periodsT p = (T p

1 , T p
2 , . . . , T p

n). The
algorithm consists of the following steps.

(f∗∗, x∗∗)←MGnf( f, Dn, x(0), ∆(0), δ,T p, ε )
for i = 1 to n

(f (k+1), x(k+1))←MGufn ( f, Dn, x(k), ei,∆(0), δi, T
p
i , ε ) ;

f∗∗← f (k+1) ; x∗∗←x(k+1) ;

3.1. A Numerical Experiment

We used the following Griewank test function as a numer-
ical experiment:

f(x) =
2∑

i=1

x2
i

200
−

2∏

i=1

cos(xi/
√

i) + 1, x ∈ [−100, 100].

This function has the global minimum atx∗∗ = (0, 0) and
has 500 further local minima.

The conditions of the experiment were as follows:

• The period of thei-th coordinate wasT p
i =

√
iπ, δi =

0.2T p
i (i = 1, 2).

• The initial point wasx(0) = (−80,−80).
The algorithm found a minimumx(1) = (0, 0) with 142

function evaluations by applying line search fromx(0) in the
first coordinate directione1 = (1, 0) and the second coordi-
nate directione2 = (0, 1). This result (142 function evalua-
tions) is less than one tenth of the number of function evalu-
ations required in the experiment by Snyman and Fatti (1496
function evaluations)[4].

4. Conclusions

We have mainly studied an algorithm for finding the global
minimum of a univariate functionf(x) with many local min-
ima whose lower envelope is unimodal. This algorithm is
characterized by the use of a large-step minimizer and a
small-step local minimizer. Numerical results showed that
the algorithm efficiently finds the global minimum with only
a few function evaluations.

Moreover, we considered a multivariate functionf(x) sim-
ilar to the above unimodal function and showed an algorithm
for minimizing a certain class of the function. The results
of a numerical example showed that the algorithm effectively
finds the global minimum.
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