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1. Introduction

Effects of using Tsallis mutual entropy in stead of
Shannon mutual entropy for independent component
analysis (ICA for short) are discussed.

ICA has been studied in applied statistics to separate
mutually independent sources from given observed lin-
early mixed signals for many applications such as speech
recognition, data communication and sensor signal pro-
cessing [1, 2]. Some measures for statistical indepen-
dency among source signals have been proposed in the
applications of ICA. Such typical measures are nongaus-
sianity [3] and Shannon mutual entropy [4]. In this pa-
per, we consider the latter case in accordance with the
algorithm [4, 5]. ICA using Shannon mutual entropy
has some advantages over other measures for separation
of sources with sub-Gaussian statistics such as images.
However, the ICA algorithm using Shannon mutual en-
tropy does not always succeed in ideal source separation
in each application. It often depend on a choice of initial
demixing matrix for ICA. Then we apply Tsallis mutual
entropy to ICA in stead of Shannon mutual entropy.

Tsallis entropy was presented as one-parameter gen-
eralization of Shannon entropy in 1988 [6]. There have
been too many generalizations of Shannon entropy since
Shannon’s famous papers [7], but only Tsallis entropy
has succeed in a natural generalization of the usual
Boltzmann-Gibbs statistical mechanics [8, 9]. Especially,
the results derived from Tsallis entropy can present
the nice interpretations for many physical phenomena
such as long-range interactions and long-time memories,
which cannot be explained systematically in the usual
Boltzmann-Gibbs statistical mechanics [8, 9].

This paper presents advantages of applying Tsallis
mutual entropy to ICA over using Shannon mutual en-
tropy. Note that, in stead of the original Tsallis en-
tropy, we use the normalized Tsallis entropy to satisfy
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the form invariance of the maximum entropy principle
and that of additivity as similarly as Shannon entropy
[10, 11]. We present some successful simulation results of
the ICA for some initial demixing matrices which fail to
separate source signals in case of using Shannon mutual
entropy. Moreover, appropriate control of a new param-
eter q ∈ [0, 1] in the ICA can provide speed-up of the
convergence to each desired demixing matrix.

2. Tsallis Entropy

Tsallis entropy is defined by

Sorg
q (p1, · · · , pn) :=
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pq
i

q − 1
. (1)

The maximization of the original Tsallis entropy (1)
with respect to {pi} under the energy constraint∑n

i=1 pq
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(2)
where β is a Lagrangian coefficient, Zq is a normalized
constant called partition function, and

expq [x] := [1 + (1 − q)x]
1

1−q , lim
q→1

expq [x] = exp [x] .

(3)
This generalized equilibrium state {pi} given by (2) rep-
resents power law and recovers the usual exponential ex-
pression when q → 1. The expression (2) can lead to the
successful generalization of the usual Boltzmann-Gibbs
statistical mechanics and its applications [8, 9].

The above formula (1) is the original Tsallis entropy,
but we apply the following formula to ICA in order to
satisfy the form invariance of additivity as similarly as



Shannon entropy [11].
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Note that the original Tsallis entropy (1) is concave for
any q ∈ R+ but the normalized Tsallis entropy (4) is
concave only for any q ∈ [0, 1] [10, 11]. These Tsallis
entropies (1) and (4) is one-parameter generalizations of
Shannon entropy in the sense that

lim
q→1

Sorg
q = lim

q→1
Sq = S1 : = −

n∑
i=1

pi ln pi. (5)

Moreover, when two random variables X and Y are mu-
tually independent, the normalized Tsallis entropy (4)
satisfies the following characteristic property.

Sq (X, Y )=Sq (X)+Sq (Y )+(q − 1) Sq (X)Sq (Y ) (6)

The property (6) called pseudoadditivity represents
nonextensive additivity of Tsallis entropy, i.e. Tsallis
entropy is a nonextensive entropy. When q = 1 the
pseudoadditivity (6) reverts to the standard (extensive)
additivity, so that Shannon entropy is considered to be
extensive entropy in contrast to Tsallis entropy.

Based on the normalized Tsallis entropy (4), the
nonextensive Kullback-Leibler entropy Dq between the
random variable Y of m-dimensions and the product of

its components
m∏

i=1

Yi is derived as [11]
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where m is the number of the components of independent
sources, and lnq and Eq are defined by

lnq x :=
x1−q − 1

1 − q
, Eq [X ] :=

∫
xf (x)q

dx∫
f (x′)q dx′ (8)

In this paper the minimization of Dq using the truncated
Gram-Charlier expansion at the sixth order cumulant is
applied to a ICA algorithm in accordance with [4, 5].

3. Independent Component Analysis using Tsal-
lis Mutual Entropy

Let us denote by �s (t) = (s1 (t) , · · · , sm (t))T

(t = 0, 1, · · ·) unknown source signals which are mu-
tually independent. The observation vector �x (t) =
(x1 (t) , · · · , xm (t))T (t = 0, 1, · · ·) is given by

�x (t) = A · �s (t) (9)

where A ∈ Rm×m is an unknown non-singular mixing
matrix. The only informations available to us are the
observation vector �x (t) and the knowledge which the
source signals �s (t) are mutually independent. Under
these conditions, we want to recover the source signals
�s (t) from the observation vector �x (t) without knowledge
of the source signals �s (t) and the mixing matrix A.

For a given observation vector �x (t), the problem is to
find a demixing matrix W such that the source signals
�s (t) can be recovered from �x (t).

�y (t) = W · �x (t) (10)

Ideally �y (t) = �s (t) is desired, but there remains two
uncertainties such as permutation of indices and scale in
each components si (t).

The ICA algorithm used in this paper is given in ac-
cordance with [4]. For simplicity, we consider the case of
m = 2. It is easy to extend to the case of any m ∈ N ,
but the calculation becomes very complicated.

Step 1: Initialization of the demixing matrix W
Step 2: Compute �y = W · �x
Step 3: Compute dW by

(dW )jk =
∂

∂wjk
Dq = − ∂

∂wjk
Sq (Y )

+
(
1 + (q − 1)Sq

(
Ỹ3−j

)) ∂

∂wjk
Sq

(
Ỹj

)
(j = 1, 2)(11)

Step 4: W (n + 1) = W (n) + ηdW
where η is a learning rate.

Step 5: Repeat the steps 2 ∼ 4 until all components
in dW are sufficiently small.

Each term of dW in Step 3 is given in the appendix.

4. Simulation

In our simulation, we take some images with sub-
Gaussian statistics. The elements of the mixing matrix
A and the demixing matrix W are randomly chosen in
[0, 1]. The learning rate η is set to be 0.01.

There exist some images such that ICA using the
Shannon mutual entropy cannot obtain successful ex-
traction of information sources for any initialization in
Step 1. However, ICA using the Tsallis mutual entropy
can obtain successful extraction among them.

Note that when the elements of the mixing matrix A
are set to be [0, 1] some elements of A−1 are not in [0, 1].
Thus any initial demixing matrix W ∈ [0, 1]2×2 does
not include A−1. Therefore successful separation using
the Tsallis mutual entropy under the same condition as
above means the extending of the initial range of W for
the success.



Here are such examples. The observation is given
by the linear superposition of two images called “milk
crown”. The results of ICA in q = 1 (ICA using the
Shannon mutual entropy) and q = 0.5 (ICA using the
Tsallis mutual entropy) can be obtained as follows.

Figure 1: results of ICA when q = 1

Figure 2: results of ICA when q = 0.5

In both cases, the demixing matrix W converges.
However, clearly the results of ICA using the Shannon
mutual entropy fails in separation, but those of ICA us-
ing the Tsallis mutual entropy succeeds.

In any successful examples when Tsallis mutual en-
tropy is applied, we can observe one more interesting
property on convergence. On the right hand of (11), we
have to compute ∂

∂wjk
Sq (Y ) which is given by

∂
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Sq (Y )
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}(
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)
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.

(12)

In applying Tsallis mutual entropy to ICA the computa-
tion of det (W ) is needed, which differs from the case of
Shannon mutual entropy. (Note that the computation of
the determinant det (W ) becomes a problem when the
number of sources increases. This is clearly a fault when
Tsallis mutual entropy is applied to ICA.)

The change of det (W ) in learning can be observed in
the following graphs (Fig.3 and Fig.4).

In the four graphs below, x-axis represents the number
of learning (the number of iterations of Step2 ∼ Step4)

Figure 3: dW when q=0.5,0.7

Figure 4: dW when q=0.9, 1.0

and y-axis the determinant det (W ). Clearly when q
decreases the convergence becomes very fast. However,
when q < 0.5 the algorithm does not converge for any
initial setting. On the other hand, when q > 1 the al-
gorithm does not converge for lack of concavity of the
normalized Tsallis entropy (4) as stated in section 2. In
any examples such that ICA using Tsallis mutual en-
tropy can succeed the similar change of det (W ) as above
can be observed. This reveals that the applying of the
new parameter q makes the convergence of the algorithm
very fast. The similar effect of the new parameter q as
above can be found in the simulated annealing [12].

5. Conclusion

In the present paper the Tsallis mutual entropy, one-
parameter generalization of Shannon mutual entropy, is
applied to ICA, and its effect of the new parameter q
is discussed. We have presented maily two appealing
points.

(1) ICA using the Tsallis mutual entropy can extend the
initial range of the demixing matrix W for successful
separation. Thus for a given initial demixing matrix
W there are some cases such that ICA using the
Shannon mutual entropy cannot obtain successful
separation but ICA using the Tsallis mutual entropy
can succeed.

(2) The new parameter q makes the convergence of the
ICA algorithm very fast.

However, there remains obvious faults in the general-
ized ICA. For example, the computation of dW in Step
3 becomes very complicated especially in case of m ≥ 3.



Moreover, the new computation task such as the deter-
minant of W in each iteration is added in the generalized
ICA, which differs from the usual ICA using the Shan-
non mutual entropy. These faults should be overcome,
but actually it is very difficult.

As our future work on the generalized ICA, we have
to answer the question: under what condition does the
generalized ICA have advantages over the usual ICA ?
The answer to this natural question is still unsolved in
our work. Moreover, the effect of dynamical control of
the new parameter q(t) in learning will be an interesting
issue in this ICA, while in the present simulation q(t) is
set to be a constant q. The stability of the generalized
ICA algorithm should be also discussed in the same line
as [13].

There still remain some ambiguities in the foundation
of Tsallis’ statistical mechanics such as the meaning of
the new parameter q in each physical situation and the
method to obtain q concretely. These ambiguities are
deeply ralted to our future work given above.
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Appendix

The following formulas are required in Step 3.
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Ỹj

)
=

1
q − 1

− ∂
∂wjk

∫∞
−∞

(
fỸj
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