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1. Validated one-step method to solve IVPs

In this paper, we consider the following IVPs

dz(t)
T (1)

Here, z(t) is an n-dimensional vector valued function,
f(z(¢)) is the function for which Power Series Arithmetic
(see the section 2.) can be defined. And we assume that
b is much greater than a.

Generally, solving ODEs numerically means calculat-
ing values z(¢;) at discrete points {¢;}, where

= f(z(t),t), t€a,b], a <b, z(a)=z,.

a=1tg <t <ty <--r <ty =Dbh.

(2)

So we often discretize the equation (1) to a finite di-
mensional equation with unknown variables z; which
approximate z(¢;). In this process, discretization error
arises and it is difficult to estimate the error.

On the other hand, a lot of methods have been pro-
posed to solve IVPs of ODEs with guaranteed accuracy.
Lorner’s method [1] is one of the most famous method
in all these methods. It is a validated one-step method
to solve IVPs. In this method, an algorithm is proposed
by which we can solve the following equation with guar-
anteed accuracy:

PO _ faen, telttd, sm)=v. @

In other words, an algorithm is proposed to calculate a
forward operator ¢(v,ts,te) : R" x R x R — R™ which
returns inclusion of z(¢.) provided that z(t;) = v. By
using this ¢, equation (1) can be represented as follows:

(iZO,---,m—l). (4)

Here, z; is not an approximation but an inclusion of
the value of exact z(¢;). By using (4), we can obtain
inclusions #1,---,&,,, one after another.

We also proposed a validated one-step method to solve
IVPs [2]. In this method, we calculate a forward operator
¢ by an algorithm proposed by Kashiwagi [3][4], one of
the authors. We show the algorithm in the next section.

Tit1 = ¢(mi7 ts, ti+1)7

2. Kashiwagi’s Algorithm

In this section, we will introduce Kashiwagi’s algo-
rithm [3][4]. It is a method to obtain an inclusion of the
exact z(¢;). For his algorithm, two types of arithmetics

of power series are defined. We call them power series
arithmetics (PSAs).

2.1. Type-I Power Series Arithmetic

Type-I PSA treats n-degree power series and trun-
cate terms higher than n-th degree. In the following,
[ao,a1,aa,--,a,] denotes power series

ag + at + ast® +---ant™  (+0@"). (5)

Addition, subtraction and multiplication of Type-I
PSA are done as follows:

[a07"'7an]i[b07"'7bn] = [aoibov"'a“ﬂian (6)
[ao,---,an]X[l)o,---,bn} = [007"'7cn]7
k
Ck = Zaibk—i- (7)
=0

Functions are applied as follows:
"1 . .
flao,an]) = flao) + Ei—,f(z) (a0)[0,a1,---,an]". (8)
i=1 "

Addition and multiplication in(8) are done by Type-I
PSA ( (6) and (7) ).

Division is executed by combining inverse function and
multiplication (z/y = zx (1/y)).

Integration is defined as follows:

a

t
a
‘/O[CLU,---,a”]dt: [0,a0,717...7n_|7:1}.

(9)

Type-I PSA keeps first (n 4 1) terms of no-truncated
arithmetic. Several mathmatical softwares as Mathe-

matica provide such an arithmetic.
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2.2. Type-II Power Series Arithmetic

Type-II PSA also treats n-degree power series. In
type-Il PSA we must specify its domain as [0,d].

[ag,- - ,an] also denotes
ao + ait + axt® + -+ ant™, (10)
but a, is generally interval and [ao,---,a,] represents

set of functions defined in [0,d] such that f(t) € ao +
«o- 4 a,t™ in all £.

Addition and subtraction are same as Type-I PSA.
Multiplication is executed by the following steps:

(1) Multiply [ag,---,an] and [bo,---,b,] without trun-
cation. Result C' = [co, -, cCar] is 2n-degree.

(2) Reduce the degree of C from 2n to n.
Degree reduction is defined as follows:

Definition 1 (Degree Reduction = Rounding)
Let A = [ag,---,ak] be power series and n be smaller
than k. Then degree reduction of A from 2n to n is

defined as the following B = [bg, - -,b,] :

by = a; (0<i<n-—1),

k
{Zaiti_" |t €[0,d]}.

(11)

by = (12)

Higher order remainder is added to b, of (12), by
transforming terms higher than n-th degree a;t* to
(a;t*"")t" and estimating a, +a, ,t+---+a,t* ™. Thus
the result of multiplication C contains all possible results
derived by multiplication without truncation.

Functions are applied as follows:

n—1
Fllosnenl) = Flao) + 30 5 fD(ao)0,a1, -, an]

i=1

1 .
+§f(l)(€){07a17"'7a'n]n' (13)
Here, ¢ is an interval represented as follows:
¢={) ait'|te(o0,d]}. (14)
i=0

Addition and multiplication in (13) are done by Type-
IT PSA. This algorithm uses the Lagrange’s remainder
term.

Like Type-I PSA, division is done by calculating = x
(1/y). Of course, multiplication and inverse function are
done by Type-1I PSA.

Integration is defined like Type-I PSA:

t al a
/c;[am"'va'n]dt:[Ovam?v"'vn_;l}' (15)

2.3. How to Calculate ¢(v,ts,t.)

Now, we will introduce Kashiwagi’s algorithm [3]. It is
a method to calculate ¢(v,%,,t.) which returns inclusion
of z(t.) provided that z(ts) = v.

¢: R"xXx Rx R — R" can be calculated by obtaining

verified solution of the following initial value problem:

dz(t)
d¢

= f(z(t),t), =z(ts) =v,t € [ts,tc]. (16)
If 2(t) is calculated exactly, ¢(v,ts,t.) is obtained by
z(te) .

In this algorithm, we obtain enclosure of z(t) based on
Picard’s iterative method. That is, i) we convert (16) to

equivalent fixed point form:

o) =v+ [ Flals)e) ds, (17)

ii) obtain an approximate solution by iteration started
from constant function z(t) = v, and iii) prove existence
of exact solution by Schauder’s fixed point theorem.

Now we introduce the algorithm. It is noticed that
independent variable ¢ is shifted ([¢s,t.] — [0,t.—ts]) in
the following.

Algorithm 1 We assume that ¢; < t.. Let A =¢, —t;
and domain for Type-II PSA be [0, A].

Step-1 Initialize power series vector X as

X = ([va], -+, [on])"- (18)

Here, superscription ¢ denotes the transposition of
vectors.

Step-2 (generate approximate solution) Repeat
Step-2(1)-Step-2(3) appropriate times.

Step-2(1) Set power series T as (ts +t) trun-
cated within k-degree:

[ts] (k=0)
T={ 1] (k=1  (9)
[tsalaof"vo} (k22)
Step-2(2) Calculate x=f(x,7) by Type-I

PSA. Calculate X:v+f(: X(s)ds. By these
operations degrees of X increases from k

tok+ 1.

Step-2(3) k=k+1
Step-3 Set T' = [t;,1,0,---,0] (k degree).

Step-4 Calculate Y = f(X,T) by Type-II PSA, calcu-
late Y:v+f: Y(s) ds, and reduce the degree of Y from
k + 1 to k by Definition 1.
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Step-5 Calculate

_ Xz'(k)

k
r = max YZ-( )
1<i<n

where suffix () denotes coefficient of 7.

Step-6 Let Xi(k) = ng) +[—2r,2r] foralll <i¢<mn.
Step-7 Calculate Y = f(X,T) by Type-II PSA, cal-
culate Y= u+f Y(s)ds, and reduce the degrees of YV

from k + 1 to k by Definition 1.

Step-8 (existence test) If Yi(k) C Xi(k) for all 1 <
1 < n, then the existence of exact solution in Y is
guaranteed by Shauder’s fixed point theorem.

If this test has failed, let the value of step length
A decrease (back to Step-1), or let the number of
iteration (Step-2) increase to generate a better ap-
proximate solution(back to Step-2).

Step-9 (refinement of solution)

Step-9(1) Calculate x=f(v,7) by Type-II
PSA, calculate x= v+f X(s)ds, and reduce
the degrees of X from k+ 1 to k by Defi-
nition 1.

Step-9(2) Let V"= Y" n X for all 1 <

1 < n.
Step-10 ¢(v,ts,te) is obtained by
a:(te) =
k .
i=0

Y (te — t,)

k t
,ZY,E“N’) . (21)

=0
1

At Step-8, Yi(j) = XZ-(j) for 0 < 7 < k—1 always holds
in this algorithm, hence only the last term is needed to
test.

3. Affine Arithmetic

Affine arithmetic (AA) [5] is a variant of IA. AA keeps
correlation between quantities. So AA can overcome the
error explosion problem often observed in standard IA,

and it often produces much tighter bounds than a bound
standard TA yields.

3.1. Affine form

In AA, a quantity z is represented as the following
affine polynomial:

+x €

T=z,+ a6 Tl (22)

Here, coefficients z, (¢ = 0,1, --,n) are known real num-
bers, and ¢, (i = 1,---,n) are symbohc real variables
whose values are unknown but assumed to lie in the in-
terval [—1,1]. Only coeflicients z, (¢ = 0,1,---,n) are
memoried in the computer. Remark that n, the number
of the noise symbol ¢, , changes through the calculation.

3.2. Initialization

Given an interval [z,Z] representing some quantity
in standard IA, an equivalent affine form for the same
quantity z is given by the following;:

T+

2 * 2

¢ represents the uncertainty in the value of z that is
implicit in its standard interval representation.

T—z

g, (-1<e<1). (23)

For a
vector or a matrix, we must give a separate noise symbol
¢, for each component, because there are no relation
between components in general.

3.3. Conversion from AA to IA

If a quantity = is described by the affine form like
the formula (22), then it can be always converted to the
following standard interval representation:

n

5,=Y (z.]).

=1

T € [$076‘17$0 +5w]7 (24)
And the interval [z, — §_,z, + §,] in the formula (24)
is the smallest interval that contains all possible values
of affine form z in the formula (22). But we had better
not to convert quantities from affine form to standard in-
terval representation, since we must lose any knowledge
of correlations between quantities that was preserved in
their affine forms.

3.4. Affine operations

For affine polynomials z,y and a real number a, rules
of affine operations for AA is defined as follows:

zty=(z, iyo)"i'z(a:; Ty)e

(25)
zta=(z,+ a)—l—Zzisi (26)
az = (az,) + Y (az,)s, (27)
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3.5. Non-Affine operations

Let f be a nonlinear unary operation. Generally, f(z)
for some affine polynomial z can not be expressed as
an affine polynomial. Then we consider to approximate
f by a linear operation and express the approximation
error by introducing a new noise symbol ¢__, .

Let the following affine polynomial:

2y +z,6, -+ 2.€

n-n

(28)

be the image of a linear-approximated operation of f,
and ¢ be its approximation error. And we obtain the
following inclusion of f(z) by introducing a new noise
symbol ¢, for the maximum error term:

(zo +Z161 +..'+Zn€n)+56n+1' (29)
The inclusion is not determined uniquely. We can vary
the values of 2,,--+,2,. The tightness of the inclusion
has great influence on the efliciency of the interval eval-

n*
uation. ¢ is optimized as follows:

§= max [f(z) — (2, + 2,6, + - +2,6,)] (30

—1<e,<1 non

If it is difficult to evaluate the value of optimized ¢ in

the formula (30), we substitute its upper bound for the
optimized 4.

We usually approximate f(z) by a linear operation

az + b, and determine the value of approximation error

as follows:
8 = max z) — (ax + b 31
max [f(o) - @28 ()
Remark that
min ¢’ = miné (32)
abeR zeR

always holds if f is a nonlinear unary operation.

The way for nonlinear binomial operation is basically
the same way as the way for nonlinear unary operation.
But remark that

33{ (@?gﬂﬂm,y) — (20 + 7,6, + - + aa)])

Cwin (:él[g);(] [f(:z:,y) — (az + by + C)]> (33)

ab,ce R v€Ely,v]

does not hold in general.

4. Introduction of our new method

In our old method [2], we obtain the inclusion of the
exact z(t;) as an interval. Of course, we use interval
arithmetic (IA) in our calculation. But the inclusion,

owing to the property of interval arithmetic, becomes
wider and wider as ¢ increases. Hence the inclusion, at
last, becomes too wide from a practical point of view.

To overcome this problem, in this method, we com-
bined Kashiwagi’s algorithm with mean value form, and
considered the wrapping effect, too. But the wrapping
effect was not eliminated in this method, though it was
certainly reduced.

Now we propose a new method. In this method, we
use Kashiwagi’s algorithm, too. But we calculate the
value of inclusion of the exact z(¢;) by Affine Arithmetic
(AA, see the section 3) instead of a conventional IA. We
will show the efficiency of our new method in our talk.
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