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1. Introduction

In this paper, we study a chaotic oscillator implemented by
mean of switched-capacitor (abbr. SC) circuits. SC technique
is useful and important for circuits realization on a chip as
well known.

Many physical implementations of the chaos generator
have been proposed, including IC chip implementations
[1][2]. Such circuit can be exploited to consider basic prob-
lem of complex dynamic systems and engineering applica-
tion, for example, chaos based communication systems [3].

On the other hand, since switches are nonlinear elements,
nonlinear phenomena such as chaos and bifurcation are of-
ten observed in circuits with switches, for example, dc-to-dc
converter [4][5]. The dynamics of switching circuits can be
described by hybrid dynamics which contains both of contin-
uous states and discrete states. Such hybrid systems is widely
studied and the analysis of stability of the hybrid systems is
important from engineering view point [6]. However, since
general discussion of the hybrid systems is not easy, it is also
important to consider a simple hybrid system which theoreti-
cal analysis is possible.

From these point of view, we consider a simple chaotic
oscillator and its SC circuit implementation. And we analyze
the stability of the oscillation. We aim to make a contribution
toward synthesis and analysis for hybrid systems.

This paper is organized as the followings. Section 2 in-
troduces a simple autonomous chaos generator; hysteresis
piecewise-constant chaos generator. Piecewise-constant sys-
tems are extremely simple nonlinear systems and we have
presented some theoretical results for analysis of bifurcations,
chaos generations, and so on, in Ref. [7],[8] (and therein). We
derive the condition of chaos generation of this circuit by us-
ing 1-D return map. Section 3 gives a SC implementation of
the circuit introduced in sec. 2. This system is to be a higher
order non autonomous circuit because a clock signal are ap-
plied to control switches. The system dynamics is described
by 2-D difference equation which is represented by explicit
form. We show the condition for attractor existence by us-

ing the similar way to 1-D return map procedure. Section 4
show a laboratory measurements of the SC circuit given in
sec. 3. The experimental circuit is realized on Field Pro-
grammable Analog Array (abbr. FPAA) AN10E40 provided
by Anadim Inc. Anadim chip AN10E40 is subdivided into
20 analog cells. Each analog cell consists of programmable
capacitor banks, operational amplifiers, digitally controlled
analog switches and so on. The analog cell is used as a basic
SC component, for example, a integrator. Section 5 concludes
the results and enumerates future problems.

2. Hysteresis piecewise-constant chaos generator
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Figure 1: The system diagram.

The block diagram of the chaos generator is shown in Fig.
1 and the dynamics is described by the following differential
equation: {

ẋ = a · sgn(x) + sgn(y − h(y)),
ẏ = −sgn(x),

sgn(x) ≡
{

1 for x ≥ 0,
−1 for x < 0,

h(x) ≡
{

1 for x ≥ −1,
−1 for x < 1,

(1)

where h(x) is a normalized hysteresis: h is switches from 1
to −1 if x reaches 1 and vice versa. This system has only
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Figure 2: Trajectories on the phase space.

one parameter a and we assume a > 0 because, in this pa-
rameter range, the oscillation is guaranteed. Figure 2 shows
the example of the system behavior. If h is 1, the trajec-
tory moves divergently around (0, 1). If the trajectory reaches
{(x, y)|y = −1}, h is switches from 1 to −1 and the trajec-
tory moves around (0,−1). The system repeats this behavior.

1+nx

nx 0.3

0.3

0.3−
0.3−

Figure 3: Return map (a = 0.1).

In order to analyze this system, we define 1-D return map.
Let L+ be {(x, y)|y = 1}, let L− be {(x, y)|y = −1} and
let Th1 be a x coordinates of a point on L+ such that the
trajectory starting from (Th1, 1) reaches straight to (0,−1).
Here we consider a trajectory starting from a point (xn, 1)
on L+. If xn ≤ Th1, the trajectory returns to L+ as shown
in Fig. 2. If xn > Th1, the trajectory reaches straight to
(xn+1,−1) on L−. Here, noting that (xn+1,−1) on L− is
symmetric to (−xn+1, 1) on L+, we can define 1-D return
map from L+ to L+ that transforms xn to xn+1. Then the
return map is formulated by

xn+1=f(xn)=

{
−1 + a

1 − a
xn for xn ≤ Th1

−(xn − 2(1 − a)) for xn > Th1,
(2)

where Th1 = 2(1 − a). By using the return map, it is guar-
anteed that an attractor is exist if f 3(Th1) > f(Th1), where

fn denotes the n-folds composition of f . Hence the condition
for attractor existence is given by

0 < a <
√

5 − 2. (3)

In the condition (3), the attractor is chaos because
Df2(xn) > 1 is satisfied for any xn, where Df denotes the
derivative of f .

3. Realization by switched-capacitor circuits

In this section, we consider the SC implementation of the
system in sec. 2. The component blocks of the system di-
agram of Fig. 1 are realized by SC circuit with op-amp as
shown in Fig. 4 ∼ Fig. 8. The switches of these circuits
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Figure 4: A noninverting integrator.
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Figure 5: An inverting amplifier.
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Figure 6: An inverting summer.

are controlled by non-overlapping clocks ϕ1 and ϕ2 with the
period T as shown in Fig. 9. Using the appropriate trans-
formations for the variables and the parameters, the circuit



dynamics is described by the following difference equation:{
xk+1 = xk + ∆T{a · sgn(xk) + sgn(yk − h(yk))}
yk+1 = yk + ∆T{−sgn(xk)}, (4)

where ∆T is a parameter in proportion to T and a is mainly
controlled the ratio of capacitance c1

c2
of the inverting ampli-

fier. Figure 10 shows the behavior of the state variables of
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Figure 7: A comparator.
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Figure 8: A hysteresis comparator.
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Figure 9: The clock signal controlling switches.

(4). If h is 1, the trajectory moves around (0, 1) with ex-
panding. If the trajectory crosses over {(x, y)|y = −1}, h
is switches from 1 to −1 and the trajectory moves around
(0,−1). The system repeats this behavior.

In order to analyze the system, we derive the return map
in similar way to sec. 2. Let L+ be {(x, y)|y = 1}, let L−
be {(x, y)|y = −1}, and let (x̂n, ŷn) be a point immediately
after the trajectory crosses over L+ or L−, as shown in Fig.
10. The trajectory starting from (x̂n, ŷn) must cross over L+

or L− again. Then we can define the map F that transforms a
point (x̂n, ŷn) to a point (x̂n+1, ŷn+1). Also letting (x̂′

n, ŷ′
n)

be a point immediately after the trajectory crosses over L−,
the trajectory starting from (x̂ ′

n, ŷ′
n) is symmetric to the tra-

jectory starting from (−x̂′
n,−ŷ′n). Using the symmetric prop-

erty, the map F is formulated by
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Figure 10: The trajectories on phase space.


 x̂n+1 = x̂n +

(
2

[ −x̂n

(1 − a)∆T

]
+ 3 + a

)
∆T

ŷn+1 = ŷn − ∆T
for (ŷn ≥ 1) and (x̂n < (1 − a)∆T )

 x̂n+1 = x̂n −
(

2
[

x̂n

(1 − a)∆T

]
+ 3 + a

)
∆T

ŷn+1 = ŷn + ∆T
for (Thy ≤ ŷn < 1) and (x̂n < Thx)

or (ŷn < Thy) and (x̂n < Thx − (1 − a)∆T )


x̂n+1 = −x̂n +
(

2
[

2
∆T

]
+ 1

)
(1 − a)∆T

ŷn+1 = −ŷn +
(

2
[

2
∆T

]
+ 1

)
∆T

for (Thy ≤ ŷn < 1) and (x̂n ≥ Thx)


x̂n+1 = −x̂n +
(

2
[

2
∆T

])
(1 − a)∆T

ŷn+1 = −ŷn +
(

2
[

2
∆T

])
∆T

for (ŷn < Thy) and (x̂n ≥ Thx − (1 − a)∆T )

(5)

where [·] denotes a Gauss notation, Thx = [ 2
∆T ](1 − a)∆T

and Thy = [ 2
∆T ] − 1. Figure 11 shows the relationship be-

tween x̂n and x̂n+1. Note that yn ∈ [1 − ∆T, 1 + ∆T ].
Namely, in the case of ∆T → 0, the map F converges to the
1-D return map of (2).

Here using the relationship shown in Fig. 11, we derive
the sufficient condition for attractor existence. If x̂n < 0,
x̂n+1 is less than g1(x̂n) = −1+a

1−a x̂n + (3 + a)∆T . Also, if
0 < x̂n ≤ Thx, x̂n+1 is grater than g2(x̂n) = −1+a

1−a x̂n −
(3 + a)∆T . Furthermore, if x̂n > Thx, the minimum x̂n+1

is given by g3(x̂n) = −x̂n +
(
2

[
2

∆T

])
(1 − a)∆T . Hence,

the the sufficient condition for attractor existence is given by

g3(g1(g2(Thx))) > g2(Thx). (6)

In the case of ∆T → 0, the condition (6) is corresponded to
the condition (2).
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Figure 11: The relationship between x̂n and x̂n+1 (a = 0.1,

(a)∆T = 0.1, (b)∆T = 0.4, (c)∆T = 0.6).

4. FPAA realization

The system in sec. 3 is realized on FPAA (AN10E40) pro-
vided by Anadim Inc. Anadim chip AN10E40 is subdivided
into 20 analog cells. The each circuit components in Fig. 4
∼ Fig. 8 are implemented by using one or two the analog
cells. In Fig. 12, the laboratory measurements are shown. In
the theoretical sense, the attractors are not chaos because the
absolute of the all eigen values of DF are 1. However the un-
stable oscillation is observed because of some perturbations.
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Figure 12: Typical attractors. (a 
 0.05,

(a)∆T 
 0.5, ( 1
T 
 20[kHz]),

(b)∆T 
 0.05, ( 1
T 
 200[kHz]))

5. conclusions

We considered a hysteresis piecewise-constant chaotic os-
cillator and its SC circuit implementation. And we ana-
lyzed the stability of the oscillation. First, we considered the
continuous-time system and showed the condition for attrac-
tor existence and chaos generation by using 1-D return map.
Second, we discussed the discrete-time system and also gave
the condition for attractor existence by using the similar way
to 1-D map procedure. Also, the discrete-time system was re-
alized on FPAA and the oscillation are demonstrated. Finally,
we enumerate future problems: 1) rigorous analysis of SC
chaotic circuits, 2) systematic analysis of piecewise-constant
systems.
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