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1. Introduction

In this report. we are concerned with accuracy of cal-
culated singular values obtained by

B=UZV (1)

where B is an m xn complex matrix, ¥ an m xn diagonal
matrix whose diagonal elements o; are singular values
of B, U an m X m Hermite matrix and V an n x n
Hermite matrix. Numerical softwares usually produce
an approximation ¢ of a singular value of B. In this
report, we shall discuss how to verify the existence of
a true singular value ¢* of (1) and how to get rigorous
error bound between & and o*.

For singular values of real matrices, an inclusion
method by means of Weyl's perturbation theory has
been presented [1]. In this report, based on this Oishi’s
method, we shall show an extension to apply this method
to complex matrices.

2. Rounding Mode Controlled Computation [1]

In this section, we shall show that a very sharp upper
bound of [|[BCD — El|« can be calculated rigorously
via floating point arithmetic computation under suitably
controlled rounding mode.

2.1. Floating Point System

For the purpose of fast numerical computation, let us
discuss on floating point numbers floating point arith-
metic. Let R be the set of real numbers. Let F be a
set of floating point numbers. In the following, we as-
sume that the floating point arithmetic considered in this
paper satisfies the following assumptions. The floating
point systems abiding by the IEEE standard 754 satisfy
following assumptions:

First, we assume that F is symmetric, i.e., x € F —
—z € F, such that |z| is exact for z € F

Let ¢ € R. Next, we assume that the following two
types of rounding modes are defined:
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1. (1) rounding to —oc Round ¢ € R to the largest
floating point number f € F satisfying f < c¢. We
represent it by 77 : R — F.

2. (1) rounding.to +o0c0 Round ¢ € R to the smallest
floating point number [ € F satisfying f > ¢. We
represent it by A : R — F.

We denote the rounding operator as () : R — F. Then,
(O is one of 7 or A.

Then, we assume that the floating point arithmetic is
defined through the following formula:

@y =0l(z,y), forany z,y € F 2)
for - € {+,—,x./}and O € {v,A}.

Here, left hand side of formula (2), &) means the float-
ing point arithmetic and in the right hand side of this
formula, x - y represents the ordinary real arithmetic.

Moreover, we assume that if we take a floating point
square root of any x € F in the rounding mode to +oc,
then it is greater than or equal to the ordinary square
root of x.

2.2. Verified Upper Bound of ||[BCD — E||

Let B, C', D and E be n x n complex matrices with
elements in /. We shall present algorithms of computing
rigorous upper bound of || BC'— D|| and || BCD - E|| .
For this purpose, we need the following result. Let F,
R and S be n x n matrices. If all elements of both
real and imaginary part of R are nonnegative (in the
following, R > 0 denotes this property), it is known that
the following formula holds:

[F-RF+R)S=|FS-R|S

JFS+R|S|]. (3)

Here, —S— is the matrix with the i — j elements [S;;],
Si; being the i — j element of S.
The following script calculates an inclusion of BC'.



function [P, P|=cproduct(B,C)

The next script calculates n x n matrices F' and R

B, =real(B): satisfying [P, P] C [F — R.F + R] [1].

B; =imag(B); function [F, R|=ccr(P, P)

C, =real(C); P, =real(P):

C; =imag(C); P;=imag(P);

down; P,=real(P);

P, =B, xC, + (=B;) * C;; P,=imag(P);

P=B,+C;+ B; xCy; up;

U_Pi Fr=P1’+0-5*(E_P7‘)

P, =B, *C, + (-B;) + C; F,=P,+05x (P - P,),

P; =B, +C; + B; x Cy; R, =F, - P; o

P=P +(i*P); Ri=F,-F;

P =P, +(ix P); F=F,+(i*F);
R=R,+ (i*Ry);

Algorithm 1.
Rigorous inclusion of BC'

Here, the instruction up means to adopt the mode of
rounding to the +oc and the instruction down to adopt

Algorithm 3. _
Calculation of the center and the radius of [P, P]

Let A, F and R be n x n matrices with R > 0. The

the mode of rounding to the —oc. We assume the round- next script calculates n x n matrices D and D satisfying
ing mode is changed, it remains unchanged until the next [D,D] 2 Ax[F— R, F+ R]. [1].

instruction of changing rounding mode appears.
The following script calculates a rigorous upper bound
of [|BC = D]
function c=cerrb(B, C, D)
[H. H]=cproduct(B, C);

function [D, D] =s_i_product(4, F. R)
G=abs(A);

down;

D=AxF+ (-G)*R;

up:

H,=real(H); D=AxF+GxR;

%:1maalg(_ﬂ ) Algorithm 4.

Fr—.re ((ﬁ)’) Calculation of A x [F — R, F + R]
=imag(H);

D,=real(D); Here, abb(A) produces the matrix with th i — j elements

D,=imag(D); |A;i;|, Aij being the i — j element of the matrix A,

down Let A, F and R be nxn complex matrices with R > 0.

H.=H, - D,; The following script calculates n X n complex matrices
H;, = H; - D;: D and D satisfying [D,D] 2 A*[F — R, F + R).

up; function [D, D] =cs_i_product_cr(A, F, R)
H,=H, - D,: A,=real(A);

H,=H, - D;: A;=imag(A);

H, = H, + (i * H;); Fy=real(F);

Hy, = H, + (i x H;); Fi=imag(F);

H.=H, + (i * H;); R,:.real(R);

Hy=TH, + (i~ H,); R;=imag(R);

Hmax=max (abs(H,),abs(H;).abs(H,.),abs(H,));
c=norm(Hmax.inf);
Algorithm 2.
Rigorous upper bound of || BC' — D||
Here, max(abs(H,),abs(H)),abs(H,.).abs(Hy))
produces the matrix with the ¢ — j element
Hmaxi; = max{|H,|, |H,|,|H.|,|Hq4|} The instruction
norm(H, inf) is to calculate the ||Hmax||oc:

n

[[Hmax||> = 1Iélfl<xnz:] | Hmaxi;| (4)
J=
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[Dy1.D,1) =s-i_product_cr(A,, F,. R,):
[hD_,g] =s_i_product_cr(A4;, F;, R;);
[&-D—,T] =s_i_product_cr(A4,, F;, R;):
[Dig, Di2] =s_i_product_cr(A;, F,, R,):
down:

&:Dﬂ_m'
Diz&'*‘ﬁl
up:

D, = Dy - Dy
D; = Di1 + D
D = D, + (i x D;);
D = D, + (i * D;);



Algorithm 5.
Calculation of A * [F — R, F + R]
for complex matrices A, F and R

Combining Algorithms 1., 2., 3., 4. and 5. with the
formula (3), we finally have the following script of calcu-
lating rigorous upper bound of ||BCD — E||.
function {=cerrt(B,C, D, E)
[P, P|=cproduct(C. D);
[F, R]=ccr(P, P);
[H.H]=cs_.i_product_cr(B, F. R):
E,=real(F);
E;=imag(F);

H,=real(H);

H,=imag(H):
).

H,=real(H
H;=imag(H)
down;

H =H, - Ey;

H; = H; - E;
up:

H_r = Fr = Er;

H; = H; - E;;

H, = H, + (i * H;);
H, = H, + (i H;);
H=max([abs(H,),abs(H}), abs(H.),abs(H,)]):
t=norm(H inf);

Algorithm 6.
Rigorous upper bound of ||BCD — E||«

The algorithm 6. produces an inclusion BCD — E €
[H, H]. Moreover, the computed value ¢ becomes a rig-
orous upper bound of ||[BCD — E|| .

3. Perturbation theory for matrices

In order to derive mathematically rigorous results sin-
gular values via numerical computation, we have to
modify the traditional perturbation theorems for matrix
eigenvalues. In this section, we shall present one such
theorem based on the Weyl theorem.

3.1. Weyl Type Perturbation Theorem

The following theorem is a modification of the Weyl
theorem suited for numerical inclusion of matrix eigen-
values whose elements are complex values.

Theorem 1 Let A be an n x n Hermite matriz. We as-
sume that as a resull of numerical computation we have

an n x n real symmetric matriz D and n x n complex
maltriz P such that

P*DP=A+E, P°PP=1+F, (5)

where E and F are matrices expressing computational
errors. We assume that ||F||a < 1 so that P is invertible.
Let X and X\ be eigenvalues of D and A, respectively, such
that

M <A A << A (6)

Then, the following estimation holds.
A= A< AF + 2] (7)

In order to prove. this theorem, we need two lemmas.

Lemma 1 (Weyl) Let A and A + E be both Hermite
matrices and if

/\]S/\'Z"'/\'rh 5\135‘2"';\1»- (8)
then the following estimation holds
IAi = Xil < ||E]2- 9)

Lemma 2 (Eisenstat, Ipsen [2]) Let real symmetric
malrices D and D = P*DP have eigenvalues \ and A,
respectively, such that

M<Ardn A <Aoo Ay (10)

If and n x n complex matrices P is nonsingular, then

A =X < IN|I|P*P = 1| (11)

Proof of Theorem 1

Let ;\,-, ;\; and \; be eigenvalues of D, P*DP and A,
respectively, such that

%1 S X2 e /-\n
)‘l S/\2"'/\71 (12)
)‘I < /\2 e /\n
Using Lemmas 1 and 2, we have
IAi = Al i
<A = Al 4 A = A (13)
< [Nl Fll2 + [1E]l2-
1
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3.2. Perturbation Theory for Singular Values
From Theorem 1, we immediately have

Theorem 2 Let B be m x n complex matriz. We as-
sume that as a result of numerical computation we have
an m x n real matriz D, an m X m matric Y and n x n
complex malriz X such that

Y'DX = B+ E,

XtX-I=F YY-I=G (14}

where E, F and G are matrices expressing computational
errors. We assume that ||F||y <1 and ||G||2 < 1 so that
X and Y are invertible. Let &; and o; be singular values
of D and B, respectively, such that

G12--20,20, 012---20,20 (15)
Then , the following estimation holds:

|oi = 63| < |6s| max(||F|2, |Gll2) + || Ell2.  (16)

Proof of Theorem 2

Let
O DB* )
B O ”

O is the zero matrix with a suitable size. The matrix A
becomes a Hermite matrix. It is well known that for any
matrix B, eigenvalues of A are the singular values of B.
Let

A=( (17)

X O

P=(3 o). (18)
and o
D=(p o) (19)
From equations (14),
* - r- * _ F O
PDP—A+E,PP—I+(O G). (20)
Here,
= o E*
Thus, noticing || E||2 = ||E||2, from Theorem 1, we have
a desired result. ]

4. Verification of Singular Values

Let B an m xn complex matrix. If we apply numerical
singular value decomposition method to B, then we may
have a nearly unitary m x m matrix Y, a nearly unitary
n x n matrix X and an m X n real matrix D such that.

Y'DX =B+ E,

X X-I=F, Y'Y-I=G (22)

with error terms E, F and G. If ||F||2 < 1 and ||G|]2
holds, the singular value perturbation theorem 2 pro-
vides a rigorous error bound between the singular values
of D and B. Then, we have inclusions of all singular
values of E as

0; € G; —€,0; + €]

N . 23
e = 5| max(||F|l2, [|G]l2) + || E|l). )

The following script calculates the estimation (23).
function e=cvsvd(B)
Y. D, X]=svd(B);
S=diag(D);
X=X t?
V=YY
ey=cerrt(Y, D, X, B);
eo=cerrb(Y, Y, eye(m)):
ez=cerrb(X, X;.eye(n));
ee=max(es, e3);
up;
ce=diag(diag(abs(S)) * ec + ¢;xeye(n));
Algorithm 7.
Rigorous upper bound of computed singular values

We assume that an m x n complex matrix B is given.
The instruction svd(DB) is to calculate singular value de-
composition of B.

The following table shows example of calculating all
singular values by this method. Results is obtained by
GNU Free software Octave on the computer with Pen-
tium III 800 Mhz CPU.

Table 1: Verification for complex matrices

Dimension m | Time[s] | Time[s] [ Error bound
(n=m) (app.) | (inclusion) €] oe
50 0.041 0.058 3.9x10° 13
100 0.31 0.30 2.5 x 10712
200 2.52 1.90 5.0 x 10712
500 38.2 22.5 2.3 x 10711
1000 301 156 8.2 x 10711
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