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Abstract: This paper proposes a Mamdani fuzzy PI+PD
controller for controlling the speed of two-inertia system.
The simplicity in designing the proposed controller is
described. System performances and stability of the
Mamdani fuzzy PI+PD fuzzy control system are shown.

1. Introduction

It is known that the conventional proportional-integral
(PI) and proportional-integral-derivative (PID) controller
with well-tuned parameters will give good system
performance [1]. However the controllers are not proper for
the nonlinear or uncertain system. On the other hand, it is
also known that the fuzzy controller both in Mamdani and
Takagi-Sugeno type have been introduced for nonlinear or
uncertain system. The fuzzy PID controllers have also been
introduced recently [2, 3]. A fuzzy sliding mode approach
for the two-mass system [4] has also reported in the
literature.

Since the conventional PID controller consists of three
terms: proportional term, integral term and derivative term,
the three inputs of the fuzzy PID controller will be needed.
This will lead to the difficulty and complexity in designing
the fuzzy control rules and membership functions.

In order to avoid those difficulty and complexity in
designing fuzzy PID controller, this paper proposes a
controller called the Mamdani fuzzy PI+PD controller,
which is the modification of the conventional PID structure.
The conventional PID structure is first divided into two
parts, PI controller part and PD controller part. Then the
structure of the PID controller after rearranging is a parallel
structure. The structure of PI and PD controller will be
constructed to be a fuzzy PI controller and fuzzy PD
controller. Consequently, the inputs of the fuzzy PI and
fuzzy PD controllers will consist of two inputs, error and
change of error. The merit points of the Mamdani fuzzy
PI+PD controller can be stated as follows:

(1) The two inputs of each part of the fuzzy controller
consist of the same inputs. That is error and change of
error.

(2) The same control rules and membership functions of
the two fuzzy controllers can be designed.

(3) The stability of a closed-loop system can be
guaranteed by utilizing the small gain theorem.

Hence, it is easily to adjust the Mamdani fuzzy PI+PD
controller in order to meet the desired system performances
and stability.

2. Structure of Mamdani Fuzzy PI+PD Control System
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Fig. 1. Structure of Mamdani Fuzzy PI+PD Control System.

The block diagram of a Mamdani fuzzy PI+PD control
system consisting of a process and the proposed Mamdani
fuzzy PI+PD controller is illustrated in Fig. 1. The structure
of the proposed controller is shown in the dashed line. The
integral gain K and proportional gaink, are the fuzzy

control gains for the Mamdani fuzzy PI controller. The
proportional gain K,, derivative gaink, and output gain

K,

upd

PO

are the fuzzy control gains for the Mamdani fuzzy PD
controller. The control signal u,, (»7) of the Mamdani fuzzy
PI+PD controller is then proposed as

”p;D(”D — Up (nT) —;uPD(nT) (1)
where

up (nT) = Aupy (nT) +up (nT —T) (2)
and

upp (nT) = Mutpy, (nTHK, (3)

are the new outputs of the fuzzy PI and fuzzy PD
controllers, respectively. The derivation of the fuzzy PI and
fuzzy PD controller structures are described in the following
subsections.
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2.1. Structure of Fuzzy PI Controller

In order to find the structure of the Mamdani fuzzy
PI+PD controller, which is constructed from fuzzy PI and
fuzzy PD controllers, the control signal of the conventional
PID controller is first given by

de(t)
dt

(0= K| o))+ [ el +T, @)
i7

where K, is the proportional gain, 7, is the integral time, 7,

is the derivative time and e(r) is the error signal. By

rearranging the structure of the above conventional PID
controller, it becomes

u;’]D (t) — uP[ (t) —;uPD (t) (5)
where
, 2
up (1) =K, {eﬁ”f ! e(r)dr} (6)
and
uop() =K. [e(t)m"d %J . %)

Approximating the integral term of equation (6) by the
trapezoidal summation yields

up;(nT)=K,e(nT)+ KpAe(nT)+up;(nT -T) ®

where the error e(nT)=sp(nT)-ynT), the change of error

x:2TK4»s
T

i

Ae(nT)=e(nT)—e(nT-T), K

KF:EI—ZJKC and 7 is
T,

i

the sampling time. When the term Ke(nI)+K A«u) is replaced
by Au,(nT), the new output fuzzy PI controller can be
obtained as

up (nT) = Aup (nT) +up (nT —T) )

where e(nT) and Ae(nT) are the inputs and A7) is the output
change of the fuzzy PI controller.

2.2. Structure of Fuzzy PD Controller

The structure of fuzzy PD controller can be found from
equation (7) by approximating the derivative term with
two-point difference form. Hence ,

upp (1T) = (K ,e(nT)+ K ;Ae(nT)) K (10)

upd >

; . When the term of
T.-T

i

and X, =

where K, :%Kp

K,e(nT)+K,Ae(nT) 1is replaced by Au,(T), the new output
fuzzy PD controller becomes

upp(nT) = Aupp (nT)K, (11)

upd >

where e(nT) and Ae(nT) are the inputs and Ay, (i) is the output
change of the fuzzy PD controller.

3. Mamdani Fuzzy PI+PD Controller Design
3.1. Fuzzification

In the fuzzifcation step, the error e(n7T) and the change of
error Ae(nT) of the fuzzy Pl controller and fuzzy PD
controller are employed. The input membership functions
and the output change membership functions are shown in
Fig. 2 (a), (b) and (c) respectively, where ,, L., H and h are

es Hco

the arbitrary constants.

Membership

negative zero positive

K.e(nT)
+L, er(nTi

-L, 0

(a) Error membership functions.

Membership
negative zero positive
) K Ae(n Tz
L, 0 +L, K, ,Ae(nT)

(b) Change of error membership functions.

Membership
n ns 1Z ps p
Au,, (nT)
-H -h 0 +h +H Au,,(nT)

(¢) Output change membership functions.
Fig. 2. Membership functions.

In Fig. 2 (c), terminology is n for negative, ns for negative
small, z for zero, ps for positve small and p for positive.

3.2. Fuzzy Control Rules
Based on these membership functions, the fuzzy control
rules that used for designing the fuzzy PI or PD controllers

are shown in Table 1. The number of the control rules is 9.

Table 1 Fuzzy control rules

change of
error | negative Zero positive
€rror
negative n ns z
Zero ns z ps
positive z ps p
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3.3. Defuzzification

The output change Aup,(nT) and Aup,(nT) of the fuzzy

PI controller and the fuzzy PD controller, respectively, are
obtained by employing the centroid defuzzifier as

9 9
Z/JPI, Dutyy z/’tP[), Nutyy,
AuPI (nT): = 9 and AuP[)(nT)z = 9 ’

Z'u”, Z:uPD,.
=l r=l

where g, and u,, are the membership values at the r

(12)

th

rule, Au,, and Au,, are the singleton output fuzzy sets at

the » ™ rule of the fuzzy PI and fuzzy PD controllers.
3. Stability Analysis

In this section, the stability analysis of Mamdani fuzzy
PI+PD control system illustrated in Fig.1 is shown by using
the Small Gain Theorem [5], which is a generally applicable
tool in nonlinear control theory.

Let ¢, Cppand P denote the fuzzy PI controller, the
fuzzy PD controller and a process respectively. Then the
process output is P(up,, (n7)) . When the fuzzy PI controller
is treated as a nonlinear operator mapping inputs e(n7) and
Ae(nT) to the output change of fuzzy PI controller Aup,(n7),
therefore, Aup,(nT)=Cpe(nT) can be obtained. In the same
manner, when the fuzzy PD controller is treated as a
nonlinear operator mapping inputs e(n7) and Ae(nT)to the
output change of fuzzy PD controller Aup,(nT), then
Aupp(nT) = Cpp(e(nT)) .

In order to analyze the stability of the Mamdani fuzzy
PI+PD control system, the Aup(nT)and Aup,(nT) using
defuzzification algorithm (12) will be found by
decomposing the input space of the input membership
functions into 28 different input combinations (ICs) as
shown in Fig. 3.

K, 4ol K, 40T,
6| e |+ ], 1cof s 26| 10 4], iciof ies
c C
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121 IC14 1c4 | 1C3 IC11 1c21 1C14 IC4 | 1C3 IC11
Ics 2 KemT) Ics 2 er(nD
« » « >
LN\ icl +L, AN ic1 +L,
\ e
(e | 119X 07 | 1es X || ez | 1c1X ier | ies )Xreno] o
icl6 19 116 19
| e |-Lg oicu|ies | s |-Lg el 1o
v +

Input space of fuzzy PI controller Input space of fuzzy PD controller

Fig. 3. Input space of fuzzy PI and fuzzy PD controller.

Next, determine |Aup(nT)| and [Aup,(nT)| so that the
maximum value «,, and «,, of each IC can be obtained and

summarized in Table 2. Then the stability condition is
expressed as

(Mj.”})” <1 (13)

2

where |P|| is operator norms of a given process.

Table 2 «,, and «,, for fuzzy PI and fuzzy PD controllers

Group 1C# A p; o pp
Ic1, 1C4, [nnk, +nk ] [nink , 0k,
Al
IC5, IC8 Tl L. ipd
A2 | IC2. IC6 |mhK1+(H +’7)Ku| mnk ,+c+n)k |
2mL, 2mlL, upd
|m(H+h)K"+hKF| ‘m(H+h)Kp+thl‘
A3 IC3, 1C7 '
2mlL, 2mlL, P
1C9, 1C10, |n1hKi+th| |’”th+th|
A4
IC13, 1C14 mL(, mL(, upd
|—mhK,-+(H -h)K,,l ‘-mth+(H.]1)Kd‘
A5 |ICl11, IC15 K, .
mL, mlL, P
|m(H _h)Ki_hKf’l |m(H'h)Kﬂ’th|
A6
IC12, IC16 e e wpd
x| Ik,
A7 |1C17, 1C21 el K.,
mlL, mlL, 4
H-nK | H -h)K
Ag |I1C18, 1C22 |( K, |( ) dl ,
ml, mL, “
H -h)K H -h)K
A9 |1C19, 1C23 u ( )K , P
L, L, upd
|hK1| hK
Al0 1C20, IC24 rlg
L, L. upd
1C25, 1C26,
AL Hyea7, 1028 0 0

The «a, and «,, for the stability judgment are chosen
K,,K,,K,,,H,h and

upd

according to the parameters of X
m=L.[L,.

po

4. Experimental Results

The experimental results in controlling the motor speed
w, of the two-inertia system by using the Mamdani fuzzy
PI+PD controller is shown in this section. The block
diagram of the two-inertia system to be controlled is shown
in Fig. 4.

Fig. 4. Block diagram of the two-inertia system.

The transfer function from the reference input to the
motor speed is given by

2
@,,(5) a,s” +a,
Py = (14)
W()  bys® +bys’ +bys® +bs+b,
KmK\' Km KmKﬁKY KxRa(Jm +‘]L)
where a,= 5 g, = , by = s =
J m‘] L La Jm Lu Jm JL Lu Jm JL La
+J, )+
b, = KLyl *J1) K'"KeJL, by :&, b,=1 and the parameters
‘]m‘]LLa La

of the two-inertia system are shown in Table 3.
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Table 3 Parameters of the two-inertia system

Ra L, K. K, I Ji K
Q mH v/ikrpm | N—cm/ A kg—cm2 kg*sz N-m/rad
0.25 0.10 4 3.8 0.7 0.7 15

By taking the z-transform to equation (14) and using
sampling time 7=0.001 second, yields

0.013542° -0.020982° +0.001418z +0.006066
24229497 +3.085° - 1.1672+0.08208

Pi)= (15)
Hence,
P2 = TL‘IZII)|P(Z)| =0.25

can be obtained.
The parameters of the conventional PID controller k_, T,

and 7, are first obtained from the Ziegler-Nichols tuning

method and are tuned later until the system response has no
overshoot. Hence, k., 7, and 7, are 0.09 , 0.9x10 second and
0.094x10~ second respectively. By using parameters of PID
controller thus obtained and 7=0.001 second, the gains of
Mamdani fuzzy PI+PD controller become K,=0.08,
K =002, K,=0015 and KX, =1.125. The constants H,h
and m=L /L, are chosen to be L =1 =05, H=4 and
h=1.Therefore, the Mamdani fuzzy PI+PD control system
is stable according to equation (13), when |P(z)|=0.25,

ap*=0.48and apr =0.6.

5.1. Step Response with Disturbance Torque

The Mamdani fuzzy PI+PD controller and the PID
controller designed in section 5 will be implemented to
control the speed of the two-inertia system at 1 krpm. The
controlled systems have been also applied the disturbance
torque 7, at 1.4 seconds. The experimental results are

shown in Fig. 5.

1.5
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1.251

o~
g
g
=l
[}
2 0750
wv
-
Z
0.5
=
0.25+
0 ‘ ‘ ‘ ‘ ‘
0 500 1000 1500 2000 2500 3000

Time (msec)

Fig. 5. Step responses with disturbance torque.

It is seen that the response of the proposed fuzzy PI+PD
control system is faster the response of the PID control
system. However, both control systems can reduce the
vibration of the two-inertia system. It is also observed that

the effect of the disturbance torque can be fast rejected by
the Mamdani fuzzy PI+PD controller.

5.2. Step Response due to Motor Speed Change

In this section, the Mamdani fuzzy PI+PD controller is
used to control the speed of the two-inertia system at 1.3
krpm and o7 krpm without changing the controller
parameters in order to show the effectiveness of the
controller.

— 1.3 krpm |
— 1.0 krpm |
- 0.7 krpm |

WL WA N®
T — —

Motor speed (krpm)

500 1000 1500 2000 2500 3000

Time (msec)
Fig. 6. Step responses for reference speed has been changed.

The experimental results are shown in Fig. 6 and are seen
that the proposed controller has the ability to control the
different speed without overshoots and steady state errors of
the step responses.

6. Conclusions

The Mamdani fuzzy PI+PD controller has been proposed
and implemented to control motor speed of the two-inertia
system. The simplicity in designing the proposed controller
to meet the desired control system, and stability have also
been shown. The effectiveness of the proposed controller
has been demonstrated by the experimental results.
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