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1. Introduction

Learning ability is one of the most attractive features
of neural networks. Various models have been proposed
such as Back propagation[1] and Boltzmann Machine[2],
etc. In these models, monotonic functions like a sigmoid
function are used for the activation functions of neurons.

A Deterministic Boltzmann Machine(DBM)[3][4],
which is another Boltzmann Machine obtained by apply-
ing a mean field theory approximation, also uses mono-
tonic neurons. In the DBM, it has been reported that the
learning performance is improved when nonmonotonic
neurons are introduced as hidden neurons[5]. These non-
monotonic neurons have a new threshold parameter on
which the learning performance depends strongly.

In this paper, we propose a new learning algorithm
for the threshold based on the stationary distribution
of the Boltzmann Machine with nonmonotonic neurons,
and show the advantages of this algorithm by simula-
tions.

2. Learning Ability of Nonmonotonic Neurons

The nonmonotonic neurons exhibit good performance
not only for associative memory[6][7][8] but also for
learning[5]. In this section, we show the learning abil-
ity of the nonmonotonic neurons and its dependence on
the threshold as DBM. We consider three layer DBM
networks including one bias neuron as shown in Fig.1.
In the original DBM, all neurons have monotonic char-
acteristics as given by Eq.(1). We introduce nonmono-
tonic neurons which have end-cut-off characteristic into
hidden neurons as given by Eq.(2),

fm(u) = tanh(βu), (1)

fnm(u) =
1
2
{2fm(u) − fm(u + θ) − fm(u − θ)}, (2)

where u, β, and θ are the membrane potential of the
neuron, the inverse of temperature regulating noise, and
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Figure 1: DBM network
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Figure 2: Characteristics of monotonic and nonmono-
tonic neurons

the threshold of the nonmonotonic neurons, respectively.
These characteristics are shown in Fig.2.

In a conventional DBM, a learning rules for connection
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Figure 3: Learning results for the 3-parity problem with
3-X-1 networks

weights are given by

∆wij = ε{〈ViVj〉clamped − 〈ViVj〉free}, (3)

where wij , ε, and Vi are the connection weight between
the i-th neuron and the j-th neuron, a positive con-
stant, and the output of the i-th neuron, respectively.
〈ViVj〉clamped and 〈ViVj〉free are a time average of corre-
lation when the visible units are clamped to an environ-
mental distribution and that when network is running
freely, respectively. We apply this learning rule to the
case of nonmonotonic neurons as well as monotonic neu-
rons.

Figure 3 shows the simulation results for the 3-parity
problem as a function of the number of hidden neurons.
From the results, we confirm that the nonmonotonic neu-
rons improve the learning performance compared with
the monotonic neurons. Figure 4 shows the relation be-
tween the learning probability and the threshold θ for the
3-parity problem. The learning performance depends on
the threshold θ strongly and there are some optimum
values.

3. Stationary Distribution of Boltzmann Ma-
chine with Nonmonotonic Neurons

The Boltzmann Machine minimizes the distance be-
tween an environmental distribution and a stationary
distribution of the Boltzmann Machine, which is given
by Boltzmann distribution

p(x) =
1
Z

exp{−βE(x)}, (4)

Z =
∑
x

exp{−βE(x)}, (5)
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Figure 4: θ dependence of learning performance for the
3-parity problem with 3-2-1 networks

where the vector x represents the state of the Boltzmann
Machine and Z is the partition function. E(x) is an
energy of the state x defined by

E(x) = −1
2

∑
ij

wijxixj , (6)

where xi is a state of the i-th neuron and takes on two
values {+1,−1} stochastically.

To study a learning algorithm for the threshold θ, we
investigate a stationary distribution of a Boltzmann Ma-
chine with nonmonotonic neurons. We consider the net-
work with symmetric recurrent connections wij = wji,
and self recurrent connection wii is assumed to be 0.
Each neuron takes xi = +1 with probability g(ui) and
xi = −1 with probability 1 − g(ui),

g(u) =
1

1 + exp (−2βu)
− α

1 + exp{−2β (u + θ)}
− α

1 + exp{−2β (u − θ)} + α. (7)

When α is equal to 0, this is the same as the original
Boltzmann Machine. When α is equal to 0.5, each neu-
ron has nonmonotonic firing probability, which exhibits
end-cut-off characteristic.

It is too complex to calculate the stationary distri-
bution of the Boltzmann Machine with nonmonotonic
neurons, so we investigate it by numerical simulations.
In the simulations, the connection weights wij are ini-
tialized with random values in the range [-1.0,1.0] and
clamped, the state transition times are 107 and we in-
vestigate the last 106 times. The number of neurons and
β are set to 10 and 0.25, respectively.

Figure 5(a) shows the results for the case of the mono-
tonic neurons (α = 0). Some points are not fitted to
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Figure 5: Stationary distributions of the Boltzmann Ma-
chines with (a)monotonic neurons and (b)nonmonotonic
neurons. The solid lines are obtained by fitting and their
coefficients are shown

the approximate line. It seems that, this is due to get
trapped in local minima because we do not apply a sim-
ulated annealing. It can be confirmed that the station-
ary distribution is given by Boltzmann distribution like
Eq.(4). Figre 5(b) shows same results for the case of non-
monotonic neurons (α = 0.5), where θ is 3.0. Boltzmann
distribution is also obtained, but it has the different co-
efficient from Eq.(4). Let us define this new coefficient
as β′. Figure 6 shows β′ as a function of θ. As the
probability in Eq.(7) is symmetry with respect to θ, the
coefficient β′ should be also symmetry with respect to
θ. From these results, the stationary distribution of the
Boltzmann Machine with nonmonotonic neurons is given
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Figure 6: Relation between β′ and θ

by Boltzmann distribution written as

pnm(x) =
1
Z

exp{−β′(θ)E(x)}. (8)

4. Learning Algorithm for Threshold θ

We consider a general situation where neurons are di-
vided into two parts, visible neurons and hidden neu-
rons. Let xV and xH denote the states of visible neurons
and hidden neurons, respectively. The Boltzmann Ma-
chine minimizes the Kullback divergence between q(xV )
which is an environmental distribution to be learned and
p(xV ),

G =
∑
xV

q(xV ) log
q(xV )

pnm(xV )
, (9)

where

pnm(xV ) =
∑
xH

pnm(x). (10)

The learning algorithm for the threshold θ of the non-
monotonic neurons can be obtained by differentiating the
Kullback divergence with respect to θ,

∆θ = −η
∂G

∂θ
, (11)

where η is a positive constant. Therefore, the learning
algorithm is given by

∆θ = η
∂β′(θ)

∂θ

[
〈E〉free − 〈E〉clamped

]
, (12)

where E is the energy given by Eq.(6).
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Figure 7: Comparison of learning performance for the
3-pairty problem with 3-2-1 networks

5. Simulation Results

To confirm the advantages of the algorithm by simu-
lations, we simplify Eq.(12) like the following,

∆θ = ηsgn(θ)
[
〈E〉free − 〈E〉clamped

]
. (13)

We apply this algorithm to the DBM network ap-
peared in section 2. We investigate for the 3-parity prob-
lem only with two hidden neurons. This is because only
nonmonotonic networks can learn as shown in Fig.3. Fig-
ure 7 and Fig.8 show the learning probability as a func-
tion of initial value of θ and the trace of θ, respectively.
From these results, we see that when initial θ is large, θ
decreases and converges, that is, the learning algorithm
works well. While when initial θ is small, the learning
doesn’t work well. It seems that this is because we intro-
duced nonmonotonic neurons into only hidden neurons,
while the algorithm is derived under the assumption that
all neurons are nonmonotonic. Numerical simulations
show the learning algorithm for the threshold θ is effec-
tive.

6. Conclusion

We have proposed the new learning algorithm for the
threshold of nonmonotonic neurons based on the sta-
tionary distributions, and confirmed by simulations that
this algorithm has advantages when initial value of the
threshold is large. We have investigated the stationary
distributions by simulations, but it should be proved the-
oretically. This is our future subject.
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Figure 8: Trace of the threshold θ
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