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1. Introduction

Many models of neural cells and networks have been
proposed and investigated. The typical cell models are,
for examples, Hodgkin-Huxley model [1] based on phys-
iological assumptions, FitzHugh’s BVP model [2] which
is a projection of the Hodgkin-Huxley model on a phase
plane, McCulloch-Pitts [3] and Caianiello [4] models for
analyses of network functions, the continuous-valued u-
nits model [5], [6], Aihara model [7] for chaotic behaviors,
etc. And there are many studies for layer and full connec-
tion structures, learning functions, statistical methods,
etc. [8]

The most of existing neural network models interpret
the biological behaviours in terms of time averaging tech-
niques, rather than directly emulating them. It is a res-
onable simplification to handle macroscopically the col-
lective computational properties of the networks. On the
other hand, the direct emulations are main concerns to
the single or microscopic neuron models. It seems there
are some gaps between these macroscopic and microscop-
ic models. Particularly, the ability of excitation which
is an important characteristic for neurons is not fully
included in the macroscopic models. A normal neuron,
which, however, seldom shows spontaneous excitations,
is ordinarily in a resting state. And it fires depending
on inputs from other neurons and external stimulations.
It is a fundamental condition for the neurons which are
in the critical state to be able to fire. The condition is
also considered to have many rolls for the functions of
neural networks. It is an elementary assumption to have
two states resting and excitation for neurons in the past
network models where the output of neuron units corre-
sponds to a short-term average firing rate. And hence,
it seems few discussions have been presented what rolls
the neuron in the critical state or the ability of excitation
has on the network actions.

In this paper, we present the novel model (Inverse De-
layed Model) to represent networks with neurons in the
critical state, and discuss the fundamental characteris-
tics of the ID model including stimulus responses and an

energy function of the the network. The ID model has
a simple structure, however, it can clear up the relation
between the macroscopic and the microscopic models,
because it includes both of the BVP and the Hopfield
models.

2. Basic Equations

Real neurons have continuous input-output relations
and integrative time delays, and hence, the time evolu-
tion of the state of such systems should be represented
by differential equations. The conventional continuous-
valued unit model is represented by

τ
du

dt
=

∑
j

Wjxj − u, (1)

x = f(u), (2)

where u, x, Wj , and f(u) are an internal state of a certain
unit, an output, a connection strength from j-th unit,
and an output function, respectively, which is a sigmoid
function in conventional models. The conversion from
u to x has negligible response time in comparison with
τ in Eq.(1). However, the conversion time should be
taken into consideration in general cases [5], [13] under
the condition that it is much smaller than the τ . Let us
consider the following equations instead of Eq.(2),

τx
dx

dt
= f(u) − x, (3)

or
τx

dx

dt
= u − g(x), (4)

where τx << τ and g = f−1 is defined as the inverse
input-output relation [6]. Equations (3) or (4) is equal
to Eq. (2) when dx/dt = 0, and the three equations are
equivalent at the limit τx → 0. It is convenient to use
Eq. (4) rather than Eq. (3) when a hysteretic (S type)
function is considered for f(u) [9], [10], [11] instead of
a monotonic increasing sigmoid-function. Because the



inverse function g is still a single value (N type) function
even when f is hysteretic and hence a multivalue func-
tion. From these points of view, our Inverse Delayed
(ID) Model is represented by Eqs. (1) and (4). The
time delay of the input-output relation and the N type
function for g lead to negative resistance characteristic-
s [12] which give an ability of firing in each unit. The
ID model enable us to make continuous discussion from
the case of a monotonic increasing sigmoid-function to a
hysteretic function for f . More, the ID model, which is
obtained from the extension of the macroscopic model,
can be converted into the BVP model which is one of the
physiological microscopic model, if we assume a specific
g function and certain parameters. And it is also easy to
discuss the network behaviour according to the concept
of the energy functions as shown in the following section.
Let the self-connection strength and inputs from other
units be W and θ, respectively, which also represents
external stimuli and bias inputs. We assume W and θ
are constant only in the discussion for the behaviour of
a single unit. Eq. (1) is rewritten

τ
du

dt
= Wx + θ − u. (5)

If we put τ = c/b, τx = 1/c, W = −1/b, θ = a/b, g(x) =
x3/3−x in Eqs. (4) and (5), the ID model is reduced to
the BVP model without stimulus intensity z [2]. Eq. (4)
in the BVP model contains stimulus intensity z, on the
other hand, θ in Eq. (5) of ordinary macroscopic models
represents also the stimulus intensity.

The features of the BVP model in view of the ID mod-
el are the followings, 1) It has negative self-connection
whose absolute value is larger than 1, because 0 < b < 1
as stated in Ref. [2], 2) Its inverse output function g(x)
is x3/3− x where x3/3 and −x give a loose confinement
near x = 0 to outputs and a negative resistance, respec-
tively, 3) τx/τ = b/c2 < 1 in the BVP model as stated
in Ref. [2].

3. Negative Resistance

In order to obtain the expression of the negative resis-
tance, Eq. (4) is differentiated with time, and substitu-
tions of Eqs. (5) and (4) lead to the following differential
equation,

τx
d2x

dt2
+ η

dx

dt
= −∂U

∂x
(6)

η =
dg(x)
dx

+
τx

τ
(7)

∂U

∂x
=

1
τ
{g(x) − Wx− θ} (8)

Equation (6) represents a particle motion on the poten-
tial U which is obtained by the integration of Eq. (8).

The first and the second terms on the left hand side of
Eq. (6) corresponds to a inertia and a friction terms,
respectively. η is a coefficient of the friction and a non-
linear function of the output x.
When g(x) is a monotonic increasing function, for an ex-
ample x3 or arctanh(x), U has a single well structure for
W ≤ 0 and it has a double well (two minima) structure
for W > 0. If g(x) is an odd function and θ = 0, x = 0 is
a only minimum point in the single well structure, and
x = 0 is an unstable equilibrium point in the double well
structure.

The coefficient η of the friction is positive when g(x)
is a monotonic increasing function. However, it becomes
negative if g(x) has a N shape which gives a S shape
to the output function f . The hysteretic (S shape) out-
put function f does not always mean a hysteresis unit
which is due to a double well potential. The cause of the
double well structure does not only depend on the shape
of output function but also the self-connection strength
W , which does not cause negative resistance as Eq. (7)
shows. Therefore, the unit as the BVP model does not
always have hysteretic characteristics depending on the
value of the self-connection strength, even if it has g with
a N shape and a negative resistance.

Let us discuss two examples, g(x) = x3/3 − x and
g(x) = (1/β)arctanh(x) (f(u) = tanh(βu)) which is of-
ten used for the discussion of network collective compu-
tations. In the first example which is the BVP model,
the coefficient ηBV P and the negative resistance region
on x are

ηBV P = x2 −
(
1 − τx

τ

)
, (9)

|x| <

√
1 − τx

τ
. (10)

And the potential UBV P is

UBV P =
1
τ

{
x4

12
− (1 + W )

2
x2 − θx

}
(11)

The self-connection strength W in the BVP model is
smaller than −1, and hence, the unit does not have hys-
teretic characteristics because of the only one equilibri-
um point on the potential. The unit turns to a contin-
uous firing state when θ = 0, because the equilibrium
point x = 0 is in the negative resistance region, and
the unit is unstable according to the conventional smal-
l signal analysis around the point. The unit is in the
resting state when |θ| > { 1

3 (1− τx

τ ) − (1 + W )}√1 − τx

τ
where W < −1 in the BVP model, because ηBV P = 0 at
x =

√
1 − τx

τ . When W > −1 and θ = 0, the equilibrium
points are x = 0 (unstable) and x = ±√

3(1 + W ) which
are two stable equilibrium points if W > −1

3
(2+ τx

τ
), and



hence, the unit is in the resting state at the points.

In the second example
where g(x) = (1/β)arctanh(x), (β > 0), if we change
the inverse output function for g(x) = g0(x) − g1(x) =
(1/β)arctanh(x) − x similar to the BVP model, the co-
efficient ηa and the negative resistance region on x are

ηa =
1

β(1 − x2)
−

(
1 − τx

τ

)
, (12)

|x| <

√
1 − τ

β(τ − τx)
, (13)

where β > τ/(τ − τx) > 1, because τ >> τx. Therefore,
this model has no negative resistance if τ < τx which,
however, is against the assumption in the previous sec-
tion. And the potential Ua is

Ua =
1
τ

{
x

β
arctanh(x) +

1
2β

log
(
1 − x2

)

−1 + W

2
x2 − θx

}
(14)

The potential has a deep well shape, and hence, it is
expected that the characteristics of the unit are qualita-
tively the same as the BVP model.
g0(x) should be a higher order odd function to make a
deep well potential. The negative resistance region on
x is localized if the oder of g1(x) is lower than that of
g0(x). The region is symmetric with respect to x = 0
when g1(x) is an odd function which is the lowest order
for the BVP model. If g1(x) is an even function, the
negative resistance region is on an only positive or an
only negative side with respect to x. For an example,
the region is 0 < x < 1 for g(x) = x3/3− x2/2 , and the
stable equilibrium point is x = 1.5.

4. Stimulus Response

Let us inquire into the stimulus response of the sin-
gle unit represented by Eq. (5). In the simulation we
use g(x) = (1/β)arctanh(x) − x2, β = 3.0, τ = 1.0, τx =
0.01, W = −10.0, θ = 0, and hence, the unit is in a rest-
ing state without the stimuli. When θ is a pulse train,
the unit fires and generates a single pulse by every single
stimulus with a long interval. With decreasing the stim-
ulus pulse interval, the pulse interval ratio between the
stimulus pulse train and the firing of the unit decreas-
es discontinuously from 1/1 (single fire by every single
stimulus) to 1/2 (single fire by every two stimuli), and
from 1/2 to 1/3. Figure 1 shows an example of the unit
output and its trajectory on the u - x plane when the
ratio is 1/1. We can also observe a chaos-like behavior
between the ratio of 1/2 and 1/3. It is shown in Fig. 2.
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Figure 1: an example of a unit output and its trajectory
on the u - x plane
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Figure 2: an example of a chaos-like behavior

These behaviors are interesting for analyses of the col-
lective motion of plural units and the network functions.

5. Energy Function

We can discuss the network collective motion by using
energy functions. Let us introduce a energy function
to the ID model according to Hopfield [6]. However,
additional terms are required because of the time delay
in Eq. (4) [13]. The energy function is defined as

E = − 1
2τ

∑
i

∑
j

Wijxixj +
1
τ

∑
i

Θixi

+
1
τ

∑
i

∫ xi

gi(x)dx +
τx

2

∑
i

(
dxi

dt

)2

.(15)

Its time derivative in the case of a symmetric connection
strength Wij is



dE

dt
= −

∑
i

dxi

dt




1
τ

∑
j

Wijxj +
1
τ

Θi

−1
τ

gi(xi) − τx
d2xi

dt2

}

= −
∑

i

dxi

dt

{
dui

dt
+

ui

τ

+
τx

τ

dxi

dt
− ui

τ
− dui

dt
+

dgi(xi)
dxi

dxi

dt

}

= −
∑

i

(
dgi(xi)

dxi
+

τx

τ

)(
dxi

dt

)2

. (16)

The coefficient of the right hand side of Eq. (16) is the
same as η in Eq. (7). Therefore, the time evolution
of the system is a motion in state space that seeks out
minima in E and comes to a stop at such points, if η is
positive. However, in the negative η region, E turns to
increase with time, and the motion climbs the potential
hill. It might be expected to get out from local minima
by climbing up the hill, if the local minima are negative
resistance regions.
A network to answer an optimization problem can be
constructed as all units in the network should be at the
corners of the solution space when its motion comes to
a stop at the global minima. And hence, when it comes
to a stop at the local minima, some of the units in the
network are in the inside of the space. The negative re-
sistance regions are not at the corners but in the inside
of the space when the order of g1(x) is lower than that
of g0(x) as discussed in the previous section. Therefore,
it is expected to increase the possibility to get out from
the local minima, if the network is an ID model. Of
course, the general way to decide the extent of the nega-
tive resistance is not clear at present, it seems to depend
on specific problems. However, ID model can provide
the intrinsic ability to climb up the potential hill with-
out additional systems like external noises, and hence, it
shows one of the solutions to obtain optimum answers.
Our preliminary simulations for 4-queen problem always
succeed in escaping from local minima and in reaching
the global minima.
The behaviours of Hopfield networks strongly depend on
their initial values because of the motions on potential
surfaces. On the other hand, the utilization of negative
resistance decreases the initial value dependency because
of the active motions even on potential surfaces.

6. Conclusions

We present the novel model (Inverse Delayed Model)
to represent networks with neurons in the critical state,

and discuss the fundamental characteristics of the ID
model including stimulus responses and an energy func-
tion of the the network. The ID model can provide the
intrinsic ability to climb up the potential hill without ad-
ditional systems like external noises, and hence, it shows
one of the solutions to obtain optimum answers. It has
a simple structure, and hence, it can clear up the rela-
tion between the macroscopic network models and the
microscopic neuron models.
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