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Abstract — A new 3" order piecewise linear autonomous
chaotic circuit (ideal and practical model) is presented. One
can unfold this new circuit into a standard 4™ order
hyperchaotic circuit and then generate some complete
hyperchaotic circuit families. Three kinds of hyperchaotic
circuit families are shown by computer simulation
respectively. In all these hyperchaotic circuits (up to 9™
order), there are at least two positive Lyapunov exponents.

| Introduction

The first example of hyperchaos was provided by
Rossler [1]. The first computer simulation and
experiment confirmation of a 4™ order hyperchaotic
circuit was demonstrated by Matsumoto [2]. A
summary of hyperchaotic circuits is shown in [5].
Researchers are interested in finding hyperchaotic
circuits and applications. However, where does
hyperchaos come from and how to find a complete
hyperchaotic family? From simplicity to complexity
rule, the author first found a new 3" order chaotic
circuit with which the standard 4™ order hyperchaotic
circuit can be developed immediately by general
unfolding. Because of different unfolding structures,
only some hyperchaotic families are presented. Chaotic
and hyperchaotic pictures are shown by computer
simulation. For all kinds of hyperchaotic circuits there
are at least two positive Lyapunov exponents.

2 A New 3™ Order Chaotic Circuit
2.1 Ideal Circuit Equation and Attractor
The ideal circuit is shown in Fig.l1 (a) where the

constitutive relation of the nonlinear resistor is given
by Fig.1 (b). The circuit dynamics is described by

Cidvey /dt = =Gver=g(Ver—ve) (la)
CZdVCZ /dt = _iL2+g(VC1_VC2) (lb)
deiLz/dl =V (1C)

where vci, vy, and iz, denote the voltage across Ci, C,,
and the current through L,, respectively, and i = g(v) is
the piecewise linear function in Fig. 1(b).
gvarve) = Gy(ver—ver)
HGaGp)(ver—vertByl-ver—ver=B,|)/2 (2)

Fig. 2 shows the chaotic attractor (v¢i-ve) by solving
(1) and (2) with C;=0.5, C,=0.05, L, =2/3, G=-1/3,
Ga=-02, G,=3,and B, =1.

The Lyapunov exponents are £ = 0.32, 14 =0, and
5= -54.66. The Lyapunov dimension is d;, = 2.00576.
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2.2 The Practical Circuit State Equation

By adding a resistor » in L, branch we obtain a
practical model. With » the circuit may be canonical

and a well-known example in double scroll circuit by
adding r is in [3]. Via the rescaling, equation (1) is

transformed into the following simpler dimensionless

form:
dx/dt = —alx+tf(x—y)] (3a)
dyldt = filx—y)—=z (3b)
dz/dt = By~ (e)
where
fx) = b(x—y)ta—b if x—y=1 (4a)
fx) = a(x—y) if oy <1 (4b)
fx)=b(x—y)—(a—b) if x—y<-1 (4¢c)

After calculating the eigenvlalues, you will find that
they are quite different from other famous chaotic
attractors, such as double scrolls [4].

Fig. 1 (a) A new 3" order chaotic circuit (b) The
characteristic curve of the nonlinear resistor
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Fig. 2 The chaotic attractor of the new 3™ circuit (ve, —
ve)



3 4™ order Hyperchaotic Circuit

There are some methods to create 4™ order
hyperchaotic circuits. Here, the circuitry is formed by
directly paralleling an inductor L;; = 5 across the left
part (capacitor C; and Conductor G) in Fig 1(a), as
shown in Fig4. So, we name it the standard 4™
hyperchaotic circuit. The state equation is:

Cidver/dt = —(ipi+Gve)—g(ver—ve) (6a)
Codver/dt = =iy tg(ver—ve) (6b)
LlldiLll/dt =V (6C)
deiLz/dt =V (6d)

Fig. 5 shows the hyperchaotic attractor with C; = 0.5,
C,=0.05L,=5,L,=2/3,G=-1/3, Ga=-0.2, G,=
3, and Bp =1. The Lyapunov exponents are (4 = 0.23,
= 0.047, 15 = 0, and L = —49.92. The Lyapunov
dimension is given by d; = 3.00558. There are two
positive Lypunov exponents, so it is hyperchaotic.

Note that this 4™ order hyperchaotic circuit is
obtained by unfolding the left parallel branch C; and G
in Fig. 1(a) — the new 3" chaotic circuit. Except L;; =
5, all the other parameters are the same as in the
original 3" new chaotic circuit. Here inductor L, plays
the rule of exchanging chaos and hyperchaos. This is
really an interesting example.

Fig. 5 is the hyperchaotic attractor. Comparing Fig.
2 (3" order circuit) with Fig. 5 (4™ order circuit) , we
can see that these attractors are very similar. It seems
that this kind of figure is the symbol of hyperchaos.

Now from this 4™ order basic hyperchaotic circuit
and the new 3™ chaotic circuit, we will demonstrate the
following three different hyperchaotic circuit families.

4 No.l Hyperchaotic Circuit Family

4.1 No.15" Order Hyperchaotic Circuit

Here, we obtain the 5™ order hyperchaotic circuit by
inserting a capacitor Cj; in the inductor L,; branch in
Fig. 4. Then we have the circuit shown in Fig. 6. The
state equation can be described as follows:

Cidve/dt = =ip11=Gver—g(ver—ver) (7a)
Codver/dt = =iptg(ver—ver) (7b)
Cudven/dt =iy, (70)
Lidipn/dt =ver—ven (7d)
deiLz/dt =V (7d)

Set C;; = 0.1, and keep all the other parameters the
same as in the 4™ order circuit (Fig. 4). The computer
simulation result, a chaotic attractor is shown in Fig. 7.
The two largest positive Lyapunov exponents are L =
0.154 and [, = 0.0562. The smallest negative
Lyapunov exponent is fs = —56.15.
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Fig. 5 The 4™ order hyperchaotic attractor (ve; — vea)
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Fig. 6 No.l 5™ hyperchaotic circuit

Fig. 7 No. 1 5t hyperchaotic attractor (v — vey)



4.2 No.l (2N)-th Order Hyperchaotic Circuit

To save space, we only draw (2N)-order circuit, as
shown in Fig. 8. When N = 3, we have the No.l 6"
order hyperchaotic circuit. Its state equation is:

Cidvel/dt = =i 1=Gver—g(ver—ver) (8a)
Codveydt = -(ipatipst. . i) Tg(ver-ver) (8b)
C3dVC3/dt = iL3+ iL4+. . -+iLN-1+iLN (8C)
Lyadipna/dt = ver—(vest. Avena) (8n-1)
Lyndipn/dt = ver-(vest. . . Aveniis Ven) (8n)
Wltthzl,Cl 05 C2—005 C3 0025 L11—55

L,=2/3,L;=1,and R = 3.5, 1y = 0.129 and (4 =
0.072.

When N = 4, we have the No.1 8" order hyperchaotic
circuit. With Bp = 1, C; = 0.5, C, = 0.05, G = C, =
0.025, Ly, =5.5,L,=2/3, L3=Ls=1, and R = —3.5, the
first three largest Lyapunov exponents are (4 = 0.087,
b= 0.05, and (5= 0.034. When N becomes larger and
larger, more and more positive Lyapunov exponents
will appear. Fig. 8 will be named as the No.l even
order hyperchaotic circuit family branch.

4.3 No.l (2N+1)-th Order Hyperchaotic Circuit
(N=3)

We only present (2N+1)-th order circuit, as shown in
Fig.9. The state equation can be represented as:

CldVCl/dt = _iLll_GVCI_g(VCI_VCZ) (93.)
Crdven/dt =iy (9b)
CdeCz/dt = _(iL2+ iL3+- . -+iLN)+g(VC1_vC2) (90)
C3dVC3/dt = iL2+ iL3+. . -+iLN-1+iLN (9d)
Lyadipna/dt = vey—(vest...+ven) On-1)
Lndinn/dt = ver-(vest. . Avenatven) On)
WithN=3,Bp=1,C;=0.1, C,=0.05, C;= C,=0.05,
Ga=-02,Gb=3,L=5,L,=L;=2/3,and R = 3,

we have the 7™ order circuit with the two largest
Lyapunov exponents 4 = 0.088 and 14 = 0.0443.

Wltth—l C1 01 Cz—C3—C4—C5—005 Ga
:_02 Gb 3L1 5L2—L3—L4—2/3 andR——3
we have the 9" order circuit with 2 = 0.048 and 1 =
0.0275.

In other words, there are also at least two positive
Lyapunov exponents in the (2N+1)-th circuits, so it is
hyperchaotic. Similarly, we name Fig. 9 as No.l odd
order hyperchaotic circuit family.

Therefore, combining the new third chaotic circuit
(Fig.1 — basic circuit), the 4™ hyperchaotic circuit
(Fig.4), No.1 5™ hyperchaotic circuit (Fig.6), Fig.8 and
Fig.9, we have No. 1 hyperchaotic circuit family.

5. No.2 Hyperchaotic Circuit Family
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5.1 No.25"™ Order Hyperchaotic Circuit

Here we obtain another 5™ order hyperchaotic circuit
by inserting a capacitor C, in the nonlinear element
branch in Fig. 4. We only write the state equation as

Codvey/dt = g(=veotver—ver) (10a)
Cidvel/dt = =i —Gver—g(=veotver—ver) (10b)
Cydvey/dt = =iy +g(=veo tver—ver) (10¢)
LlldiLll/dt:VCl (IOd)
deiLz/dt =V (106)

Let Cy = 5, and keep all the other parameters the
same as in the 4™ order chaotic circuit (Fig. 4), the
computation results are 14 = 0.154, (5= 0.0627, 15 =0,
Ms=—0.0176, and 15 =—56.57.

5.2 No.2 (2N)-th Order Hyperchaotic Circuit (N=3)

Here we only describe 2N™ order circuit equation as:

CodVCo/dt = g(_VCOJ’_VCl_vCZ) (1 la)
Cidvel/dt = =i —Gvei—g(—veotver—ve) (11b)
Cdver/dt = —(ipat.. Fipn ) Tg(veotver—ver)  (11c)
ngVCg/dt = iL2+iL3+. . -+iLN»2+iLN»l (1 ld)
LN,ldiN_l/dt =V~ Ve3—...—VeN- 1+VCN (1 1N)
With Bp =1, Cy=5, C, = 05 C,=0.05, C3=3, Ga =
0.2, G,=3,L,=5, L,=2/3, and R = -3, we have the

No.2 6" order hyperchaotic circuit with the three
largest Lyapunov exponents fy = 0.1325, t4 = 0.056,
and £& = 0.014. Obviously, the No.2 6™ order circuit is
also hyperchaotic.
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Fig.9 No.l (2N+1)-th hyperchaotic circuit



5.3 No.2 (2N+1)-th Order Hyperchaotic Circuit
(N=3)

The (2N+1)-th order circuit state equation is:

CodVCo/dt = g(_VCO+vCl _ch) (123.)
Cidve/dt = =i 1=Gver—g(—vertver—ve) (12b)
GCdvey/dt = —(ippt.. . Fin)—g(-vaortvar—ve)  (12¢)
C3dVC3/dt = iL3+. . -+iLN»l+iLN (12(1)
LNle/dt =Vc2 7Ve3 ... VeN-17VeN (12N)

With Bp =1, C,= 10, C; = 0.5, C, = C3= 0.05, Ga =
_0.2, Gh: 3, L11 = 5, L2: 2/3, L3 = 1, and R = _3, we
have the No.2 7™ order hyperchaotic circuit with the
two largest Lyapunov exponents (4 = 0.1577 and (4 =
0.059.

With Bp =1, Cy=10, C,=0.5, C;= C;3=C4=0.05,
Ga = _0.2, Gh: 3, L]l = 5, L2: 2/3, L3: L4: 1, and R
= -3, we have the No.2 9™ order hyperchaotic circuit
with the four largest Lyapunov exponents t4 = 0.1296,
b =0.071, 15 =0.0334, and 4= 0.0133.

Combining Fig.1, Fig. 4, and the corresponding
circuits, we have No. 2 hyperchaotic complete
hyperchaotic circuit family.

6 No.3 Hyperchaotic Circuit Family Branch
6.1 No.35™ order Hyperchaotic Circuit
We obtain the No.3 5™ order hyperchaotic circuit by

inserting Cy; in upper left junction of C; and L, in Fig.
4. Then the circuit state equation is as follows:

Cidvel/dt = —(ip+G(vartve))tg(ver—ve)  (13a)
Chdven/dt = —(ip+G(vertver)) (13b)
Codver/dt = =ipt+g(vei-ver) (13¢)
Lydipy/dt = vertven (13d)
deiLz/dt =V (136)

Let C,; =5, and keep all the other parameters the same
as in the 4™ order chaotic circuit, we obtain two largest
Lyapunov exponents £ = 0.178 and £ = 0.028.

62 No.3 (2N)-th
(N=3)

Order Hyperchaotic Circuit

Then the 2N-th order circuit state equation is:
Cidver/dt = —(iptipn+G(vertven))—g(vei-vez) (14a)

Cudven/dt = —(ipt (vertven)/R) (14b)
CdeCz/dt = _(iL2+iL3 et iLN)+ g(VC]_VCz) (14C)
LNdiLN/df =V Ve “VeN-17VeN (14N)

With Bp =1, C;= 0.5, C;; =5, C,=0.05, Ga =—0.2,
G,=3,L;=6,L,=1/2, and R = -3, we have the No.3
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6" order hyperchaotic circuit with £ = 0.132, 1 =
0.015, and £ = 0.0057.

6.3 No. 3 (2N+1)-th Order Hyperchaotic Circuit
(N=3)

The (2N+1)-th order circuit state equation is:

Cidvel/dt = —(ipi+ G(vertven))—gver—ves) (15a)
Chdven/dt = —(ipn+G(vertven)) (15b)
Codveo/dt = —(ipptipst .. Fip)tg(ver—ver) (15¢)
LNdiLN/dt =V~ Ve3— ... VeN-1" VeN (1 5N)

With Bp = 1, C] = 05, C11 = 5, C2 = C3 = 05, Ga =
-0.2, Gy, =3, L,=5,L,=2/3,L;=1,and R = -3, we
have No.3 7™ order circuit with £ = 0.132 and b =
0.049. Similarly, by combing the new 3™ order circuit
(Fig.1), the 4™ order circuit (Fig. 4), No.3 5"
hyperchaotic circuit, and the corresponding circuits,
we have No.3 complete hyperchaotic circuit family.

7 Discussion

The attractors of the new 3" order chaotic circuit
become the basic block in creating hyperchaotic family
because its attractor is similar to hyperchaos. Perhaps
there exists a hyperchaotic gene in it. One can
immediately obtain a standard 4™ order hyperchaotic
circuit by unfolding. The 4™ order circuit is much
simpler than the first hyperchaotic circuit. And the
complete hyperchaotic families are formed by inserting
a CL pairs into the new 3™ and 4™ order circuit
respectively. Finally, we obtained at least two positive
Lyapunov exponents in all these hyperchaotic circuits
(up to 9™ order circuit). What’s the mechanism of this
new 3™ order chaotic circuit and its theoretical and
practical meaning ?
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