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Abstract. Some new independence measures are proposed and
shown to be good criteria beyond the classical mutual information
(MI) for choosing delay in strange attractor reconstruction.

1. Introduction

In many cases, the commonly seen one-dimensional
scalar signals or time series are observations of a certain
variable of a multivariate dynamical system. An interesting
property of dynamical systems is their multivariate
behavior can be approximately “regenerated” from
observations of just one variable. The method is called state
space reconstruction. For chaotic systems, it is also termed
strange attractor reconstruction, which has become a
fundamental approach in chaotic signal analysis during the
ever-interesting research for chaos theory and applications
in the past few decades. A basic way to reconstruction is by
means of delay [3]. That is, we take the current observed
value and the values after equally spaced time lags 7,27,
37 ... to obtain “observations” of several reconstructed
variables where 7 is the (quantity of) delay. Then how to
choose a proper 7 ? Since reconstruction aims to release
the information of the whole system “condensed” in one
variable, we naturally do not want the new variables
obtained by delay be simple repetitions of the original one,
or their existence might be meaningless. So we want the
reconstructed variables to be as independent as possible [4].
We know that » variables 7, --», are independent if and
only if (iff) their joint probability density function (PDF)
can be factored as the product of their individual (marginal)
PDFs, i.e.,

Prl...,n (ulﬂ...7un):Hpr‘ (uz) v(ulf")un) (1
i=1

However, in practice, we usually only have observations of
variables. So how to conveniently estimate independence
from observations is the main problem to be addressed in
this paper. New independence measures named grid
occupancy (GO), quasi-entropy (QE), and generalized
mutual information (GMI) are proposed and shown to be
good criteria for choosing delay.

~

2. Grid Occupancy

Hereafter, we denote the cumulative distribution function
(CDF) of variable r by q, () ,
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Fig. 1. Illustration of Grid Occupancy (GO).

q, (u)z Prob(r < u): le, (v)dv .
Consider two continuous variables 7 and r,. We

transform them by their individual CDFs respectively to get
two continuous variables

Zl Equ (]/1)7 ZZ Eqrz (FZ) (2)
Clearly (z1 22, )e [O,l]x [0,1] . And from
prr (W’ h)
Pa v)= =2 (3)
p,(wlp,, ()

where u=gq, (w) and v=gq, (h), we know that 7 and r,
are independent iff D.. (u,v): 1, V(u,v)e [O,I]X [0,1], ie.,
z, and z, are jointly uniformly distributed in [0,1]x[0,1].
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Fig. 1 illustrates this fact. Fig. 1 (a) and (b) are 500
observed points of two independent variables, s, and s,,

and two dependent variables, x, and x,, respectively. The

points in Fig. 1 (c¢) and (d) are 500 observations of (zl,zz)
Gr.2), 5=4,(5),
z, =4, (sz), z, =q, (xl), and z, =q, (xz). Clearly the
points in Fig. 1 (c) distribute uniformly whereas those in
Fig. 1 (d) do not. Now we partition the region [O,l]x [0,1] in
Fig. 1 (¢) or (d) into an [x/, say, 10x10, same-sized
squares. A square is said to be occupied if there is at least
one point in it. Intuition tells that being uniform is the most
efficient way to occupy maximum number of squares and
this is confirmed in Fig. 1 (e) and (f) where the situations of
Fig. 1 (c) and (d) are shown respectively. (The occupied
squares are shaded.) We define an independence measure of
rn, and r,, denoted by oc(rl,rz), as minus the ratio of

and respectively, ~ where

occupied squares, and call it the grid occupancy (GO). As
Fig. 1 (e) and 6] clearly show,
afs,,s,)=-0.99<orx,,x,)=-0.89. So s, and s, are
more independent than x, and x,. In practice, analytical

forms of CDFs are usually unknown. But this does not
matter since the CDF can be well simulated by mapping the
data to samples from a uniform distribution while
preserving the ordering.

3. Quasi-Entropy

Let [ be an integer greater than 1. Define an [-level
uniform quantization operator D,(-) on the interval [0.1]

Dl(u):{[uz] 0<u<l

as

1 u=0 @
where (v} denotes the least integer not less than v.
Clearly D,(u)e {l,2, -1} for ue [0.1].
Now let us define discrete variables

ky ED/(ZI)’ k, ED/(Zz) (5)
where =z, and =z, are defined as in (2). Let
Puy, i, j)=Prob (k, =i and k, = j) be the joint probability

of k, and k, where (i,j)e {l-I}x{l-I}. If 7, and
r, are independent, then (zl,zz) is uniform in [0,1]x[0,1]
and thus (kl,kz) is uniform in {l,---,l}x{l,---,l}. This
leads us to propose the second independence measure
W) )
i=l j=1

where the function f () is strictly convex on [0,1]. Due to

7”1,7”2

the Jensen’s inequality, we have
Bl.r)= 1 (1/1%) ™
with equality iff (k,,k,) is uniform in {l---/}x{l,--1}.

Indeed, we can prove [5]
Theorem 1: If n

ﬁ(rl,rz) reaches its minimum;

then

and r, are not

and r, are independent,

if n

independent, then there exists [/, such that B(r,r,)
cannot reach its minimum for any />1/;.

We know that the entropy in information theory
H(p 2 p logp 2 f(p where

fu)=—ulogu
[)’(rl,rz) quasi-entropy (QE) due to its similar form to

is strictly concave. So we may call

entropy.
Since there are infinitely many strictly convex functions

on [0,1], QE is actually a class of infinitely many
independence measures. For example, f () can be
fu)=u" (a>1) () u (0<a<l),
fw)=le-1/r), =—i-u®, fl)=1/(+u),
F)=1/f+ ), )= -togli 1),
flu)=—ulog(+1/u),  flu)=ulogu, [lu)=explu),
f(u)=exp(—u), f(u)=a“ (a>0 and a#l),

f(u)=—sinu,and f(u)=tanu, etc.
Interestingly enough, we can prove that the expectation
of GO is also a kind of QE. It is the QE when the convex

function f(u)=—[1-(1—-u)" ]/l2 where N is the number
of total observed points

fl)=-[1-(-u)"

of GO

Elor, )= =1/} =1 ()
For instance, in Fig. 1, N =500, /=10, by (8) we have
min £ [(x] =—0.993 . So we can judge rather confidently that

satisfying N >1. Inserting

]/ I* into (7), we have the expectation

s, and s, are independent whereas x, and x, are not.

Therefore, GO provides a way to estimate a subclass of
QE. Besides, it is not difficult either to estimate other QE’s.
Using the approach at the end of last section and (5), we
can get estimates of observations of (kl,kz) from

observations of (r;,7,). The ratio that (i, /) occurs among
them is an estimate of p,, (i, 7). Insert it into (6) and an
estimate of QE is obtained.

4. Generalized Mutual Information

Naturally, we can also use a strictly convex function to
directly measure the uniformity of the joint density of z,

and z,. Similar to (6), define

7/;’1,;’2 J J f(pzlz2 uv)dudv 9)
where f(*) is strictly convex on [O, ). Easily shown that

y(rn.n)2= £(0) (10)
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Fig. 2. Rossler attractor.

with equality iff # and r, are independent. Of course, y

is also a class of infinitely many independence measures.
Then how to estimate ¥ ? Easily proved that

im 33 1o, €07 =[] o et i

Especially, we let [=2", m=0,1,2,---, and define

Qm om

=33 1oz, G j)am )4

i=l j=1

(12)

where the superscript m of p;, represents that £,

(k,)’s quantization level /=2". Obviously

Y = 7(r) as (13)
Partition [O,I]X [0,1] intoa 2" x2" uniform grid. Then the
square in the 7 th column from left and the j;th row from
bottom (cf. Fig. 1)

il i
gm(l’J)_[zm 4 2m:|x|: om ’ Zm}

Now we have the following recursive algorithm for
computing y(rl,rz), which uses different quantization

m —> oo

(14)

levels according to the bumpiness of p, = in different

local regions:

7(71’r2)= (50(1 1)) (15)

where if p__ isuniformin &, (i, /), then
FE,G. )= 16" pl, G.)) (16)

and if p__ isnotuniformin &, (i, /), then
ZZF aQi=h2j-w) (17

=0 w=0
Easily verified that (9) can be written in another form

e P, )
ver)=[ " [ p, @, (V)f[—pn o (v)]dudv (18)

From (18), clearly the mutual information (MI) of », and

Py, ()
P, wp, ()

(u,v)log dudv  (19)

is the y(r,r,) when f(u)=ulogu, so the independence
measure ¥ may be called generalized mutual information
(GMI).

In the above recursive algorithm for computing GMI, we
need to judge if p.. is uniform in &, (i, /) or not. This

can be done using the y* test proposed in [4]. However,

the 20% confidence level in [4] is chosen arbitrarily and
lacks evidence. Experiments show that the uniformity test
with 20% confidence level is too stringent and causes the
estimate of GMI to be too large. Here we propose a simple
method for choosing confidence level. We mix two
independent variables s, and s, with identical

distributions by a 2X2 rotation matrix with rotation angle
0 to get two variables 7 and r, whose MI is then a

function of 8, i.e. 1(6)=1(r1,r2). According to the y’
distribution table, we choose five confidence levels 20%,
10%, 5%, 2%, and 1% to estimate 1(9). If s, and s, are
with some standard distributions, then standard values of
1 (0) are easy to obtain. We use the two cases where s,

and s, are both uniform variables and both Laplacian

variables respectively and spot that 5% confidence level
produces minimum estimation error in both cases.
Therefore, 5% is a better choice.

5. Experiments and Conclusion

This example is adapted from [4]. We apply GO, QE, and
GMI to the Rossler system [2]. Fig. 2 is the original
(x(t), y(t)) plot. The observed sequence e(t) is obtained by

adding noise to x(¢). Fig. 3 is the estimates of GO, QE,

and GMI of the reconstructed variables versus delay where
several different convex functions f()’s are used for QE

and GMI. All these plots look similar and the positions of
minima coincide. Fig. 4 (a), (b), and (c) are the delay
portraits using the first (leftmost) minimum, a non-
minimum, and the seventh minimum of the curves in Fig. 3,
respectively. Compared with Fig. 2, clearly Fig. 4 (a) is best.
Experiments with the Lorenz system [1] yield similar
results.

Fraser and Swinney used the first minimum of MI for
choosing delay according to Shaw’s suggestion. They
proposed a recursive algorithm for computing MI and got
good results with it. Their paper [4] has been highly cited
till now by researchers in various disciplines since its
publication, seeming that using MI to analyze nonlinear
series has become a standard approach. However, our
results show that MI is not the only choice. At least, the
proposed measures are all good criteria for choosing delay.
The algorithm for computing MI in [4] is a special case of
our algorithm for computing GMI when the convex
function f (u)= ulogu . We believe that more freedom as
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Fig. 3. Estimates of GO, QE, and GMI of the reconstructed variables for Rossler attractor versus time delay 7 . All the plots are calculated using 65536

sample points. /=100 quantization levels are used for GO and QE. The delay is measured in sampling number. The three short vertical stems in each plot
located at 7=47, 7=76,and 7 =630 indicate the positions of the first minimum, a non-minimum, and the seventh minimum, respectively. Only the

last plot is the classical ML
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Fig. 4. Delay reconstruction portraits of Rossler attractor using time delays corresponding to (a) the first minimum, (b) a non-minimum, and (c) the

seventh minimum of the curves in Fig. 3, respectively.

well as possibility for improvement are obtained since there
are infinitely many other choices than MI. Besides, GO and
QE honor other applications such as blind source separation
(independent component analysis) due to their high
computational efficiency [5]. Concluding, the new
independence measures enrich the tools for nonlinear signal
analysis and enjoy good prospects.
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