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Oscillatory Activities in A Neuronal Network Model
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Abstract We analyzed the oscillatory activities in a
neuronal network model as the basis of synchrony of the
activities in the brain. The model consists of two groups
of neurons that are interconnected. One group is com-
posed of an excitatory and an inhibitory neuron which
are expressed by Hodgkin-Huxley equations. The net-
work shows different phase-locked oscillations depending
on the structure and intensity of interconnection between
groups or coupling of neurons in the group, or the value
of transmission delay. The oscillations include various
periodic solutions in which the two groups oscillate not
only in in-phase or anti-phase but also in continuously
changing phase difference with the parameters of cou-
pling and transmission delay.

1. Introduction

The synchronization of the neural activities in differ-
ent regions in the brain is one of the important features of
information processing in the central nervous system[1].
To clarify the fundamental mechanism of the scynchro-
nization [2], it is very significant to elucidate the phase-
locked activities of the neuronal networks with different
coupling configurations [3]. We analyzed the oscillatory
activities in a neuronal network model which consists
of two groups of neurons to investigate the basic char-
acteristics of synchronization. The neurons are coupled
with synaptic delay. Each group consists of excitatory
and inhibitory neurons which are interconnected. In the
simulation they are represented by an excitatory neuron
and an inhibitory neuron for simplicity of analysis. The
neurons are formulated by Hodgkin-Huxley equation[4].

In the present paper, we demonstrate that oscillatory
activities of not only the in-phase mode and anti-phase
mode but also the periodic solutions in which the phase
difference of the oscillation in two groups of the neurons
continuously changes with the coupling strength and la-
tency.

We have so far shown the results of the analysis of
the characteristics of a network with one type of mutual
symmetrical coupling composed of two identical groups
of neurons[5]. In the present paper we show the rela-
tionship between the emerging oscillatory modes, and
coupling parameters and initial conditions in the net-
works with four types of symmetrical coupling of two
nonidentical groups of neurons.

2. A Neuronal Network Model

The dynamics of the membrane potentials of the neu-
rons is formulated as

CM
dVk

dt
= Iext,k + Iion,k +

2∑
j=1

WkjIsyn,j (k = 1, 2),

(1)
where

Vk =
(

Vek

Vik

)
, Iext,k =

(
Iext,ek

Iext,ik

)
,

Iion,k =
(

Iion,ek

Iik

)
, Isyn,k =

(
Isyn,ek

Isyn,ik

)
.

In the above, Iext,rk, Iion,rk and Isyn,rk, (r = e, i)
denote the external input current, the ion currents of
the neuron and the synaptic current from the corre-
sponding neuron in the network, respectively. The sub-
scripts e and i denote excitatory and inhibitory neurons
respectively. The ion currents Iion,rk are formulated
conventionally. Some formulations have been proposed
for synaptic coupling [6], [7], [8]. The synaptic current
Isyn,rk is expressed here as

Isyn(V ) =
∑
J

Asyn(J)w{exp(
−t + ts(J) + τd

τ+
)

− exp(
−t + ts(J) + τd

τ−
)}, (2)



where w is the coupling coefficient between the corre-
sponding neurons and the element of the coupling ma-
trix

Wkj =
(

akj −ckj

bkj −dkj

)
.

The J-th instant when the membrane potential in-
creases and exceeds -30mV is denoted by ts(J) and the
synaptic delay is denoted by τd. If the current of a pre-
vious firing is larger than 0.01, it is added to the present
current and otherwise neglected. The factor Asyn(J) is
expressed as

Asyn(J) =
{

1 (if t ≥ ts(J) + τd)
0 (else) . (3)

In the present simulations the values of the external in-
put current Iext,rk and parameters CM , τ+ and τ− are
set as

Iext,rk = 10[mA] (r = e, i, k = 1, 2),
CM = 1[µF/cm2], τ+ = 3[ms], τ− = 1[ms].

3. Results

We analyzed the symmetrical networks of two identi-
cal groups and asymmetrical networks in that the groups
are nonidentical. When the corresponding coupling co-
efficients in two groups are equal, we made the coupling
coefficients between the neurons in the groups denoted
as a11 = a22 = a0, b11 = b22 = b0, c11 = c22 = c0, and
d11 = d22 = d0. The bidirectional coupling coefficients
between groups are equal and denoted as a12 = a21 = a1,
b12 = b21 = b1, c12 = c21 = c1, and d12 = d21 = d1. The
coupling coefficients inside the group are set as

a0 = 10, b0 = 9, c0 = 10, d0 = 0

when they are fixed. By the coupling denoted by a11 and
a22 it is assumed that a number of excitatory neurons are
interconnected to act synchronously.

We investigated the following four configurations of
mutual coupling between the groups;
(1) EE coupling: both excitatory units are coupled bidi-
rectionally, a1 �= 0, b1 = c1 = d1 = 0;
(2) IE coupling: the excitatory unit excites the inhibitory
unit of the each other group, b1 �= 0, a1 = c1 = d1 = 0;
(3) EI coupling: the inhibitory unit inhibits the excita-
tory unit of the each other group, c1 �= 0, a1 = b1 =
d1 = 0;
(4) II coupling: both inhibitory units are coupled bidi-
rectionally, d1 �= 0, a1 = b1 = c1 = 0.

The networks show a variety of phase-locked oscilla-
tions depending on the structure and intensity of inter-
connection between groups or coupling of neurons in the
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Figure 1: Examples of phase portraits and time series
of oscillatory modes, (a) intermediate-phase mode, (b)
varying phase mode .



Figure 2: The regions of different oscillatory modes in
EE-coupling, τd = 1, a11 = 10.

varying phase

varying phase

Figure 3: The regions of different oscillatory modes in
IE-coupling, τd = 1, b11 = 5.

Figure 4: The regions of different oscillatory modes in
EI-coupling, τd = 1, c11 = 10.

Figure 5: The regions of different oscillatory modes in
EI-coupling, τd = 1, d11 = 0.

group, or the value of transmission latency. As in a num-
ber of oscillatory systems composed of two components,
the present model generates in-phase mode, in which the
phase difference of oscillation in two neuron groups is 0
degrees, and anti-phase mode, in which the phase differ-
ence is 180 degrees. In addition a remarkable oscillatory
mode exists in the present model. In that solution the
two groups oscillate in continuously changing phase dif-
ference with the parameters of coupling and latency. The
mode is referred to as intermediate-phase mode. Chaotic
oscillations and quasiperiodic oscillations are also ob-
served. In the latter the phase difference of the oscil-
lation gradually changes with time. It is referred to as
varying phase mode. Figure 1 shows examples of phase
portraits and time series of intermediate-phase mode and
varying phase mode.

We obtained the following results of the analysis of
asymmetrical networks, which are illustrated in Figures
2, 3, 4 and 5. When the illustration consists of two
rows, the upper row shows the ranges of the periodic so-
lutions that emerge with the initial conditions where the
in-phase mode would be likely to occur, while the lower
shows those with the initial conditions where the anti-
phase mode would be likely to occur. When the illustra-
tion consists of one row, the same solutions occur with
the initial conditions for the in-phase mode and those for
the anti-phase mode. The parameter value shown in the
right end shows the one at which the analysis is started.
(1) EE-coupling
In the symmetrical network in-phase mode occurs in
large range of the parameter a0. In the asymmetrical
network in which a11 and a22 are different, the region
of a22 in which in-phase mode occurs become small and



there exits the oscillatory mode in which the phase dif-
ference variance from about 23 degree to 120 degree is
observed with the change of the coupling coefficient a22.
Chaotic oscillations also emerge with the larger values of
a22 and a1.
(2) IE-coupling
In the symmetrical network anti-phase mode exists in
large range of parameters b0 and b1. In the asymmetri-
cal network in which b11 and b22 are different, anti-phase
mode exists as well in large range of parameter b22. In-
phase mode also occurs with relatively large range of b22.
In-phase mode, intermediate-phase mode and chaotic os-
cillations coexit with anti-phase mode in the respective
regions of b22. Which mode occurs depends on the initial
conditions of the membrane potentials. Varying phase
mode emerges with the small values of b22.
(3) EI-coupling
In the symmetrical network in-phase mode and
intermediate-phase mode coexist with anti-phase mode
in large range of parameters c0, c1 and τd. mode exits.
In the asymmetrical network in which c11 and c22 are
different, the mode coexistence is same as the case of
the symmetrical network. The region of in-phase mode
becomes smaller and that of intermediate-phase mode
becomes larger. Varying phase mode emerges with the
small values of b22 or large values of b22, in other words,
when the asymmetricity is large. Chaotic activities are
also observed with small values of c22. It coexists with
anti-phase mode. Which mode occurs depends on the
initial conditions of the membrane potentials.
(4) II-coupling
In the symmetrical network anti-phase mode occurs in
large range of parameters d0, d1 and τd. In the asym-
metrical network in which d11 and d22 are different, anti-
phase mode occurs in the large region of d22. In addition
in-phase mode occurs with relatively large range of d1

and d22. It coexists with anti-phase mode for the large
range of the parameters.

4. Conclusions

We analyzed the oscillatory activities in a neuronal
network model to elucidate the basis of synchrony of the
activities in the brain. The model consists of two groups
of neurons that are interconnected.

The results of the analysis of some asymmetrical net-
works reveal that the model shows different phase-locked
oscillations depending on the structure and intensity of
interconnection between groups or coupling of neurons
in the group, or the value of transmission latency. The
rich variety of the results suggests that it is necessary
to make further analysis of the networks with different
coupling configurations and different asymmetricities.
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