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1. Introduction

Numerical Computation with guaranteed accuracy
means numerical methods which calculate not only nu-
merical results but also mathematically rigorous error
a lot of algorithms
with guaranteed accuracy for various numerical methods

estimation of the results. Recently,
have been developed.

Those algorithms are realized by interval arithmetic.
Interval arithmetic represents a real number by an in-
terval [ lower , upper | whose endpoints are machine
representable numbers, and rounding errors of floating
point arithmetic is able to be grasped by directed round-
ing technique.

On the other hand, interval arithmetic has an es-
sential weak point that it causes unexpected overesti-
mation of calculation results. The main reasons of the
phenomenon are that correlation between variables is ig-
nored. A great deal of effort has been put into finding
a way of overcoming the problem.

In order to overcome this problem, Affine arithmetic
[1][2](AA), an extension of standard interval arithmetic,
was proposed in 1994. Because AA can express core-
lation between variables, it possesses advantages : to
suppress explosive increases of interval width occured

AA esti-

mate nonlinear images in the form of “(linear approxina-

when operating ordinary interval arithmetic.
tion)+(err0r term )”. The defferences of the estimation
is an important point because it is directly linked with
performance in interval evaluation.

Because the dividing method in AA has not been de-
fined in [1][2], Kashiwagi[3] defined it. Because [3] sim-
plifies partly a complicated calculation to reduce calcu-
lating cost, Shirai[4] calculated strictly the part. How-
ever, in the case that correlation between variables ex-
ists, the most suitable evaluation is not be able to be
obtained by operating [4]. Therefore, the methods that
is able to supply more suitable evaluation than [4] exist
in theory, but they are not known at present.

Therefore, the purpose of this paper is to suggest a
new method that is able to supply more suitable evalu-
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ation than [4]. As a result, Dbetter evaluation than [4]
is able to be obtained by operating the new method.

2. Affine arithmetic

Affine arithmetic (AA) [1] [2] is a variant of Interval
arithmetic(IA). AA keeps correlation between quanti-
ties. So AA can overcome the error explosion problem
often observed in standard [A, and it often produces
much tighter bounds than a bound standard IA yields.

2.1. Affine form
In AA,

affine form:

a quantity z is represented as the following

(1)

, n) are known real

=z, tx, e, +---tx€

n - n

Here, coeflicients =, (1 = 0, 1,---
numbers, and ¢, (1 = 1,---, n) are symbolic real vari-
ables whose values are unknown but assumed to lie in the
interval [—1, 1]. Only coeflicients z, (: =0, 1, ---, n) are
memoried in the computer. Remark that n, the number
of the noise symbol ¢, , changes through the calculation.

2.2. Initialization

Given an interval [z,Z] representing some quantity
in standard IA, an equivalent affine form for the same
quantity z is given by the following:

z+T T—T

5 + 2_5, (-1<e<1).

(2)

¢ represents the uncertainty in the value of z that is
implicit in its standard interval representation. For a
vector or a matrix, we must give a separate noise symbol
¢, for each component, because there are no relation
between components in general.
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2.3. Conversion from AA to IA

If a quantity z is described by the affine form like
the formula (1), then it can be always converted to the
following standard interval representation:

n

wele, Az, + AL A=)

i=1

z.l) ()

i

And the interval [z, — A_, z, + A_] in the formula (3)
is the smallest interval that contains all possible values
of affine form z in the formula (1). But we had better
not to convert quantities from affine form to standard in-
terval representation, since we must lose any knowledge
of correlations between quantities that was preserved in
their affine forms.

2.4. Linear operations

For affine form z, y and a real number a, rules of
linear operations for AA is defined as follows:

zty = (z, iyo)+Z(xi ty)e,

i=1

(4)

rzta=z, :I:a)+2misi

i=1

(5)

ar = (az:o) + Z(ami)ei

i=1

(6)

2.5. Nonlinear unary operations

Let f be defined as a nonlinear unary operation.
Generary, f(z) for some affine form z is not able to be
expressed directly as an affine form. Therefore, linear
approximation of f and maximum approximation error
by introducing a new noise symbol €, is considered.
First, X, domain of z is calculated as follows:

n

X = [wO - Az’ Lo + AI]’ AI = E‘ml‘

i=1

(7)

Next, az + b, linear approximation of f(z) in X is
calculated(see figure 1).

And maximum approximation error ¢ is calculated as
follows:

§ = max|f(z) — (az + )| (8)

the result of
nonlinear unary operations is defined as follows:

fl@) = az+b+denta
= a(zo +T161+ -+ + Tnen) + b+ dent1 (9)

By introducing a new noise symbol ¢,,41,

f(=)

az + b

Figure 1: Linear approximation of nonlinear function.

2.6. Nonlinear binomial operations

In nonlinear binomial operationf(z, y), the same
method as nonlinear unary operation is refered to be
possible. First, X, Y, domain of z, vy is calcu-
lated. Next, az+by+ec, linear approximation of f(z
,y) in X XY is calculated. And the result of nonlinear

binomial operations is defined as follows:

flzry) = ax+by+c+dentr
= a(zo +z1e1 + - + Tntyn)
+b(yo + yie1 + - - + Ynen)

+c + 6€n+1 (10)

2.7. The most suitable nonlinear operations

The most suitable nonlinear operations is defined as
the nonlinear operations that minimize 4, coefficient
of a new noise symbol €,41. In nonlinear unary op-
erations, the method described in section 2.5 provides
the most suitable evaluation(formula(9) is defined as the
most suitable result). However, in nonlinear binomial
operation, the method described in section 2.6 does not
always provide the most suitable evaluation(formula(10)
is not always defined as the most suitable result). The
reason of this matter is that in the case that correla-
tion between variables exists(common ¢ is included be-
tween z and y), point(z, y) does not lie in all of the
rectanglar domain X X Y. Generally, in the case that
n =1, the domain that point(z, y) lies, which is called
“joint range”forms a segment and in the case that n > 2,
joint range forms a convex polygon , which is symmet-
rical with respect to point (zg, yo). For example, joint
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range for following z, y:

z €19
y € [2, 16]

r=5+2e —e9 — €3
y:97€1+462+263

is defined as the slant line part of figure 2.7.

Figure 2: joint range

Therefore, in the most suitable nonlinear binomial
operations, az+by+c, linear approximation of f(z, y)
in joint range is calculated. And the result is defined
as follows(formula(13) is defined as the most suitable

result):

flz,y) = azx+by+c+ ey
= a($0+$1€1+"'+$n€n)
+b(y0 + y1€1 + ot + ynEn)

+c+ 5€n+1 (13)

But the methods which realize these nonlinear binomial
operations are refered to be difficult in general.

3. Dividing method at present

3.1. conventional method

The dividing method has not been defined in [1][2].
Thererore, up to now division has operated by z/y =
z X 1/y, combination of multiplication and reciprocal
number. This method does not supply the most suit-
able evaluation because two es add in one division by
operating two nonlinear operations.

3.2. Kashiwagi method
Kashiwagi[3] defined the method which is able to op-

erate division in one nonlinear operation. This method
approximate directly z/y to az + by + ¢ and operation
result is defined as z/y = az + by + ¢ + d¢p41. In this

method, to reduce calculating cost, b is approximated

as follows:
Zo
) 14
v (14)
For this b, p, q, 7, s is calculated as follows:
T
= max (— — b 15
B gy(y y) (15)
z
= min (= —b 16
0= min (%~ by) (16
F3
r = max (— — b 17
o gy(y y) (17)
F3
$= min (— — b 18
o sy(y y) (18)
And by following formula(19) and formula(20), a, cis
calculated.
ar +c = I% (19)
azT +c¢ = ! ; ° (20)
And § is culculated as follows:
5:max<u,r_s) (21)
2 2

3.3. Shirai method

Shirai[4] calculated b strictly in the Kashiwagi
method. The way of calculating a, ¢,d is the same as the
Kashiwagi method. In the case that corelation between
variables does not exist, this method is able to provide
the most suitable evaluation. However, in the case that
corelation between variables exists, this method is not
able to provide the most suitable evaluation.

4. New dividing method

In the Shirai metod, a, b which are the most suitable
for the rectanglar domain X x Y are calculated, and by
introducing this a, b, ¢,§ which are the most suit-
able for the rectanglar domain X xY are calculated.
Against this, in the new dividing method, a, b which are
the most suitable for the rectanglar domain X x Y are
calculated, and by introducing this a, b, ¢,§ which are
the most suitable for the joint range are calculated.
Concrete steps of the new dividing method is as follows:
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stepl Calculate a, b by operating the Shirai method.

step2 Let D be defined as the joint range, and Let d(z
» y) be defined as follows:

d(z, y) = % — (az + by) (22)
And calculate following dpax, dmin-
dmax = max d T, 23
Jhax (2> y) (23)
dmin = min d(z, Yy 24
in (= v) (24)

step3 Calculate a, b by following formula(25) and for-

mula(26).
dmax + dmin
= 25
e = dmor ] (25)
d — dm;
5 — max min 26
. (26)
At last, the result is defined as follows:
z =az + by + c+ denta (27)
Yy
O

Though the way of calculating a, b is not always defined
as the most suitable, the way of calculating ¢, is al-
ways defined as the most suitable. The fact that this
method provides more suitable evaluation than the Shi-
rai method is expected.

5. Numerical example

As a numerical example, interval of expression(28) is
evaluated.

— 2
m_ogy
2z +y

z€[0, 1], y€[1, 3] (2=0.540.5e1, y=2+¢e2) (28)

The method which provides operating result whose inter-
val width is narrow guarantees high accuracy. Interval
widths of the operating results when operating standard
IA and AA(conventional method, Kashiwagi method,
Shirai method and new dividing method ) are shown in
the following table 1.

By tablel, the fact that the new dividing method is
more accurate than the other methods is confirmed.

6. Conclusion

By sectionb, the fact that the new dividing method
is more accurate than the other methods is confirmed.
Therefore, in conclusion, the new method is recom-
mended when dividing in AA.

Table 1: Comparison of interval width of the operating
result.

methods interval width
standard TA 6.200000
AA(conventional method) 5.869505
AA(Kashiwagi method) 5.113950
A A(Shirai method) 4.810998
AA(new dividing method) 3.524211
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