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Abstract

We proposeamethal for estimatingopolagical entrogy from

obseredtime series.Estimatingtopdogical entrqy is diffi-

cult, especiallyfrom obsenred time series.Establishedneth-
ods often requile adjustingad hoc parametes. The pro-
posedmethal doesnot needsuchadhocparametesbecage
it empoys a datacompessiontechniqe calledthe context-

treeweightingmetha. We presehsomeexanplesincluding

someonedimensioal mapsandHénonmap demorstrating
thatthe estimatedopdogical entrqy cornvergesto thetheo-
retically correcttopolagical entropy, andthatits convergence
is fast.

Keywords topdogical entrogy, symbdic dynanmics,
contet-treeweightingmetha.

1. Introduction

Thetechniaie describeccanbe usedto estimatetopolayi-
calentropy of theprocesseshatgivetime seriesof realvalues
that arethen quantized or the processesthat give symbdic
sequenesdirectly.

Estimatingtopdogical entroyy is difficult, especiallyfrom
obseredtime series.There aretwo known method for esti-
matingthetopolodcal entrogy from anobseredtime series:
courting the numbe of distinct admissiblesubstrings[1],
and courting the number of periodic points of some peri-
ods[2]. Both method needto usead hoc paraneters. The
first methd requires specifyingthelengthof thedistinctsub-
stringsto court. while the secondmetha needsdetectall
periodc points of somelarge period,andpossiblyalsothose
of all smallerperiads.

We propase a methal for estimatingtopolagical entrqy
from obsened time seriesvia symbdic dynanics using a
datacompressiortechnige calledthe contet-treeweighting
method[3, 4]. The contet-tree weightingmethodencoas
asymbolicsequencevithoutary prior knowledgeexce for
thenumbe of symbols.It hasbeenusedto teststationarityin
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Figurel: An examge of context trees.

two time units past

dynanical systemg5]. Ourkey ideais to usethecontet-tree
weightingmetha to build thebestMarkov modeldescribirg
thedynamicsof a symbolicsequence.

2. Approximating Dynamics Using a Markov M odel

We assumethat one alreadyhasa well definal partition
for corverting a time seriesinto a symbolic sequenceand
thatthis symbolicsequeneis neitherperiodc noreventually
periodic.

Topologcal entrgpy for Markov modelsis easily found
Let P bethetransitionmatrix of a Markov model,whereP;;
is the condtional probability that the currert state: is fol-
lowed by a statej. Definethe adjaceay matrix T' for the
Markov mocel by T;; = 1if P;; > 0, andT;; = 0 otherwise.
Let k bethelargestabsolutesigervaluefor T'. Thenthetopo
logical entrogy of the Markov modelis equalto log « [6, p.
120]. This motivatesus to apprximate symbdic dynamics
by a Markov model®. Throughou, we use2 for the baseof
thelogarithm.

For corstructinga Markov mockl, we first build a context
tree,or tree machine. An examge of a contet treeis shavn
in Fig. 1. Eachcontet of the treeis represeted by a sub-

1Thereare someprevious works on building Markov modelsor graphs
for calcuating topologcal entrqoy [7, 8].
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string of the pastsymbds ordered chrondogically. In the
contet tree,themostrecern symbd is the closesto theroot.
Therebre,if onewantsto reachcontet 20 in the example of
Fig. 1, onestartsfrom theroat, anddescendarc0 (one time
unit past),followed by arc2 (two time unitspast).

To build this sortof context treefrom asymbolicsequence,

we employ a datacompressiontechrique, the contet-tree
weightingmetha [3, 4].

Following [4], we constructa context treefor a symbdic
sequenezx; s - - - T, Over alphatet X = {0,1,---,|X|-1}.
Firstly attach,in front of z1 2> - - - z,,, asymimol ¢, repesent-
ing the baginning of the symbolicsequene. Secondy pre-
pareatreeconsistingof justtherod, \. Fori = 1to (n —1),
add,into thetree,acontext exxs - - - ¢;—1 for z;. While de-
scendingthe treefrom theroot to reachexzs - - - z; 1, we
passall thenodedor its sufixes. At eachof them,whethe it
is aninternalnode or not, countthe next symbolz ;.

Using the countsobtaina at eachnode, we compte a
codirg distribution, which is usedfor evaluatingthe context
treelater Suppee that at context ¢, we have occurences
¢; for symbd i. Then,we estimatethe prokability of the
next symhol 5, usingKrichevsky-Trofimov estimatoyby (¢ ; +
1/1X[)/ >2;(ej+1/]X]). Thecodelengthfor codirg thenext
symbd j given cis —log{(c; + 1/|X[)/ > .(¢c; + 1/|X )}
It is worth mentioring thatthe codelengh takesinto accoun
themodelirg costof usingthe estimator

Using the Krichevsky-Trofimov estimatoy we define P¢
for cortext c:

pe = o TG+ /X))
B = CER VR

(1)

The value —log P¢ can be interpreted as the total coding
lengthnecessaryor coding without prior knovledge,sym-
bolsappeaing afterthecontet cin ;22 - - - .

Although we canuseP¢ for codirg sequenes,we cando
betterby mixing: definePg for context ¢ by

pe _ J{PE+ Py [11X,7" Pic}, if cis internal
v | Pe, otherwise

The quartity —log PS, canbe regarded asthe total code
lengthfor symbds appeaing afterthe contet ¢ in the orig-
inal symbdic sequene whenone usesthe mixing strateyy.
Therebre— log P, canbeinterpretecasthetotal codelength
for 125 - - - 2,,. Usingarithmetic codirg, the codelengthfor
theentiresequeneis at most2 bits morethan— log P,) [3].

We areinterestedn finding thebestmodée ratherthancod-
ing thesequene. To do sowe find a subtre in a contet tree
which canencale the next symbd appeaing afterthe given
symbdic sequene with the minimum codelength. Whena

(2)

context c is internal,it holdsthat

—log Py < 1+ min{— log P; Z —log Pif}.
16{670a17"'7|X|71}
(3)

Therefae, we searchthe context treedepthfirst, andat each
nodec, we pruneits childrenif —log P¢ < 1— )", log Pi.

Pruningmakes the contet tree simpler But the context
treeis sometime not Markov. OnecanMarkovise thepruned
contet treeusingthefollowing algorithm:

1. Build a tree suchthatit contairs every prefix of each
cortext in theprured context tree.

2. Endthealgorithmif every pathwith a positive probabil-
ity hasits destinatiom amory the leavesof thetree.

3. Find pathswith positive prokabilitieswhich do nothave
their destinatims amongthe leaves,andextendthetree
sothatit containsthesedestinatios. We alsoaddtheir
prefixesif neededGo backto Step2.

For a cortext with counts{c;}, we give the conditinal
probalility of the next symbad 4 by ¢;/ 3" ¢;, obtairing a
Markov modé for asymbolicsequenexzs - - - z,,.

3. Examples

We demorstratethe performane of the proppsedmethal
with thefollowing maps:

smtd wmel0],
T =4 —3(z —2), we (33, 4)
@ —38), wme(s1],
= 3.982,% — (3.98 — 1)z, (5)
{xm =1— 1.4z, + 0.3y, )
Yt+1 = T¢-

Themapin Eq. (4) is Markov whenonedivides|[0, 1] into
[0, 4], [, 2], [2,%] and[%,1]. Themapsin Egs.(5) and
(6) arecalledtheantisymnetric cubicmap[9, p. 161 andthe
Hénonmaprespectiely. For the one-dmensionalmaps,we
obtainedsymbolicsequenceby dividing the phasespaceat
theircritical points. For theHeénonmap,we usedthepartition
propcsedin [10].

For comparison,we estimatedopolagical entropy of each
mapby courting the distinctadmissiblesubstring with a fi-
nite length[1]. For a mapwith a partition, let N(n) bethe
numbe of admissiblesubstring with lengthn. Thenanes-
timate h(n) of the topolagical entropy for lengthn is given
by

h(n) =log N(n)

—log N(n —1). @)
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However it wasreportedhatthis estimatevould oscillate[1].
Instead we averagedthe estimatedor somelengtrs andob-
tainedanotrer estimateh(n):

1 .
n_m;h(n,

wherem = |n/2]. It canbe easilyshavn that h(n) con-
vergesto thetopolagical entraqpy.

Giventhelengthl of asymbolicsequene,wechasen to be
|log!/log|X||] andestimatedV (n) and N (m) by courting
substring appearingin a given symbolicsequene.

All thetestedexanplesarelistedin Tablel. For Egs.(5)
and(6), we plottedthe estimatesbtainedusingthe conven-
tionalandpropsedmethodin Fig. 2. Estimateobtairedus-
ing the proppsedmethodshaved goodagreementwith their
theoreical valuesor valuesrepated in previous works. In
most casesthe estimatesvere betterthanthe corventiond
techniaqie.

h(n) = (8)

4. Conclusion

We proppsed a methal estimatingtopolagical entropy.
The context-treeweightingmethodenableaus to constructa
Markov model from asymbolicsequenewithoutany adhoc
paraneters.Onecanobtainthetopdogical entropy by build-
ing the adjacenyg matrix associatedavith the Markov model,
findingits eigervaluewith the maximum absolutevalug and
taking its logaithm. We demorstratedthe efficacy of the
methodwith somebimaodal mapsandthe HEnonmap. Es-
timatesobtaned by the proppsedmethal converged to their
theordical values, or to literature values,and convergence
wasrapidcompaedto the standardnethod[1].
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Figure2: Corvergenceof estimatedopolagical entrofy obtaired for Eq. (5) (left) andEq. (6) (right). In eachgraph, we
plottedthe meanof estimateobtaired usingthe proppsedmetha (+) andthat of the corventionalmetha (x). In theleft
graph the dottedline is the theoreticalvaluefor the topdogical entrofy obtainedwith atechrnque descritedin [12]. In the

right graph, thedottedline is thetopolagical entrqy calculatedn a previous work [11].

Table1: Maximum, minimum, mean,and standarddeviation of the topdogical entrqy estimatedor eachmap. At each
length, we used99, 100 and 119 symbolic sequenes geneated from differentinitial points for Eqgs. (4), (5), and (6),
respectidly. Theaeticalvaluesanda previouswork arelistedtogeher For Eq. (4), we obtainedthe theorgical valuefrom
its adjacewy matrix. For Eq. (5), we employed atechniaiein [12] for finding the theoreticalvalue. For Eq. (6), we listed
themostprecisevalueknown sofar[11]. Also shavn arethe meansof topdogical entrgpiesestimatediusinga conventianal

methodusedin [1].

map length propsedmethod corv. theo.
max. min. mean sta.dev. mean
Eq. (4) 50 | 1.0(000 0.38829 0.9333 0.11389 0.85749 | 0.94678
100 | 1.00000 0.66786 0.9459 0.04%7 0.87113
150 | 1.00000 0.74633 0.94%5 0.03219 0.8%45
200 | 0.9478 0.8710 0.9482 0.0120 0.9®61
250 | 0.9478 0.91319 0.94614 0.0038 0.91235
300 | 0.94678 0.94678 0.946/8 0.00®0 0.91830
350 | 0.94678 0.8034 0.94@1 0.00%7 0.92120
400 | 0.94678 0.94678 0.946/8 0.00®0 0.9252
450 | 0.94678 0.94678 0.946/8 0.00®0 0.9312
500 | 0.94678 0.94678 0.946/8 0.00®0 0.92348
Eq. (5) 1,000 | 1.50140 1.45203 1.49@7 1.2700x 102 | 1.3%82 | 1.48B69
10,000 | 1.50140 1.48724 1.4982 2.6874 x 103 | 1.4433
100,@0 | 1.49878 1.49656 1.4992 4.3724x 10~ | 1.48013
1,000,000 | 1.4863 1.49843 1.49%5 4.6567 x 10 ° | 1.4838
Eq. (6) 1,000 0.72084 0.63728 0.68659 1.4140 x 10~2 | 0.6803 | 0.67075
10,000 | 0.67936 0.66888 0.67534 2.145x 102 | 0.67726 | +0.00004
100,00 | 0.67107 0.67001 0.67070 1.870x 10~* | 0.6/17
1,000,000 | 0.67079 0.67056 0.67072 3.562x 10~° | 0.6/567
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