
InternationalSymposiumonNonlinearTheory andits Applications
Xi’an, PRC,October7–11, 2002

Estimating topological entropy using the context-tree weighting method

YoshitoHirataandAlistair Mees

Centrefor AppliedDynamics andOptimization
Departmentof MathematicsandStatistics

TheUniversityof WesternAustralia
35Stirling Highway, Crawley, WA 6009, AUSTRALIA

Phone:+61-8-9380-7173, Fax:+61-8-9380-1028
Email: yoshito@maths.uwa.edu.au

Abstract

Weproposeamethod for estimatingtopologicalentropy from
observedtime series.Estimatingtopological entropy is diffi-
cult, especiallyfrom observed time series.Establishedmeth-
ods often require adjustingad hoc parameters. The pro-
posedmethod doesnot needsuchadhocparameters because
it employs a datacompressiontechnique calledthe context-
treeweightingmethod. We present someexamplesincluding
someone-dimensional mapsandHénonmap, demonstrating
that theestimatedtopological entropy convergesto thetheo-
reticallycorrecttopologicalentropy, andthatits convergence
is fast.

Keywords topologicalentropy, symbolic dynamics,
context-treeweightingmethod.

1. Introduction

Thetechniquedescribedcanbeusedto estimatetopologi-
calentropy of theprocessesthatgivetimeseriesof realvalues
that arethenquantized, or the processesthat give symbolic
sequencesdirectly.

Estimatingtopologicalentropy is difficult, especiallyfrom
observedtime series.There aretwo known methods for esti-
matingthetopological entropy from anobservedtimeseries:
counting the number of distinct admissiblesubstrings[1],
and counting the number of periodic points of someperi-
ods[2]. Both methods needto usead hoc parameters. The
first method requiresspecifyingthelengthof thedistinctsub-
stringsto count. while the secondmethod needsdetectall
periodic points of somelargeperiod,andpossiblyalsothose
of all smallerperiods.

We propose a method for estimatingtopological entropy
from observed time seriesvia symbolic dynamics using a
datacompressiontechniquecalledthecontext-treeweighting
method[3, 4]. The context-treeweightingmethodencodes
a symbolicsequencewithoutany prior knowledgeexcept for
thenumber of symbols.It hasbeenusedto teststationarityin
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Figure1: An example of context trees.

dynamical systems[5]. Ourkey ideais to usethecontext-tree
weightingmethod to build thebestMarkov modeldescribing
thedynamicsof asymbolicsequence.

2. Approximating Dynamics Using a Markov Model

We assumethat onealreadyhasa well defined partition
for converting a time seriesinto a symbolic sequence,and
thatthissymbolicsequenceis neitherperiodic noreventually
periodic.

Topological entropy for Markov modelsis easily found.
Let

�
bethetransitionmatrixof aMarkov model,where

�����
is the conditional probability that the current state � is fol-
lowed by a state � . Define the adjacency matrix � for the
Markov model by � ���
	��

if
�
�������

, and � ���
	��
otherwise.

Let � bethelargestabsoluteeigenvaluefor � . Thenthetopo-
logical entropy of the Markov modelis equalto ������� [6, p.
120]. This motivatesus to approximatesymbolic dynamics
by a Markov model1. Throughout, we use � for thebaseof
thelogarithm.

For constructinga Markov model, we first build a context
tree,or tree machine. An example of a context treeis shown
in Fig. 1. Eachcontext of the tree is represented by a sub-

1Therearesomeprevious works on building Markov modelsor graphs
for calculating topological entropy [7, 8].



string of the pastsymbols orderedchronologically. In the
context tree,themostrecent symbol is theclosestto theroot.
Therefore,if onewantsto reachcontext � � in theexampleof
Fig. 1, onestartsfrom theroot, anddescends arc

�
(one time

unit past),followed by arc � (two timeunitspast).

To build thissortof context treefromasymbolicsequence,
we employ a datacompression technique, the context-tree
weightingmethod [3, 4].

Following [4], we constructa context treefor a symbolic
sequence ����� �"!#!$!%� & over alphabet ' 	�()�+*$�,* !$!#! *.- ' -0/1�32

.
Firstly attach,in front of �
�4�5�6!$!#!7� & , a symbol 8 , represent-
ing the beginning of the symbolicsequence. Secondly pre-
pareatreeconsistingof just theroot, 9 . For � 	:�

to ;=< />�.?
,

add,into thetree,a context 8@�A�4�5�6!#!#!B� �DC � for � � . While de-
scendingthe treefrom the root to reach 8B�����5�E!#!#!%� �DC � , we
passall thenodesfor its suffixes.At eachof them,whether it
is aninternalnode or not,countthenext symbol � � .

Using the countsobtained at eachnode, we compute a
coding distribution, which is usedfor evaluatingthecontext
tree later. Suppose that at context F , we have occurrencesF � for symbol � . Then, we estimatethe probability of the
next symbol � , usingKrichevsky-Trofimov estimator, by ;DF �HG�JI+- ' - ?@I6K � ;LF �3GM�)I+- ' - ?

. Thecodelengthfor coding thenext
symbol � given F is

/ ����� ( ;LF �NGO�)IP- ' - ?BI K � ;DF �QGO�JI+- ' - ?R2
.

It is worthmentioning thatthecodelength takesinto account
themodeling costof usingtheestimator.

Using the Krichevsky-Trofimov estimator, we define
�TSU

for context F :
� SU 	WVYX Z[X C ���\^] V SH_ C ��B\N] ;�� G`�JI+- ' - ?

V acb S b C �d \N] ;Le G`�)I+- ' - ?gf (1)

The value
/ �h�,� �1SU can be interpreted as the total coding

lengthnecessaryfor coding, without prior knowledge,sym-
bolsappearing afterthecontext F in �6�4�5�E!#!#!%�5& .

Although we canuse
�MSU for coding sequences,we cando

betterby mixing: define
�MSi for context F by

� Si 	kj �� (.�lSU Gm�lnoSi V X Z[X C ��h\N] � � Si 2�* if F is internal
*�lSU * otherwisef (2)

The quantity
/ ����� �1Si canbe regardedas the total code

lengthfor symbols appearing after thecontext F in theorig-
inal symbolic sequence whenoneusesthe mixing strategy.
Therefore

/ ����� �1pi canbeinterpretedasthetotalcodelength
for � � � � !$!#!B� & . Usingarithmetic coding, thecodelengthfor
theentiresequence is at most2 bits morethan

/ �h�,� �qpi [3].

Weareinterestedin finding thebestmodel ratherthancod-
ing thesequence.To dosowefind a subtree in a context tree
which canencodethenext symbol appearing after thegiven
symbolic sequence with theminimumcodelength. Whena

context F is internal,it holdsthat/ ����� � SiYr ��GTs1thuv(�/ �h�,� � SU * w�Dxzy n|{ ] { � {�}�}�}|{ X Z�X C �B~
/ ����� � � Si 2 f

(3)
Therefore,we searchthecontext treedepth-first, andat each
nodeF , we pruneits childrenif

/ ����� ��SUqr ��/ K � �h�,� � � Si .
Pruningmakes the context treesimpler. But the context

treeis sometimesnotMarkov. OnecanMarkovise thepruned
context treeusingthefollowing algorithm:

1. Build a tree suchthat it contains every prefix of each
context in theprunedcontext tree.

2. Endthealgorithmif everypathwith apositiveprobabil-
ity hasits destination among theleavesof thetree.

3. Findpathswith positiveprobabilitieswhichdonothave
their destinationsamongtheleaves,andextendthetree
so that it containsthesedestinations. We alsoaddtheir
prefixesif needed. Gobackto Step2.

For a context with counts
( F � 2 , we give the conditional

probability of the next symbol � by F � I K � F � , obtaining a
Markov model for asymbolicsequence �����5�E!#!#!B�5& .

3. Examples

We demonstratethe performance of theproposedmethod
with thefollowing maps:

�P�=�
� 	���� ��"�
� � � G �� * � ����� �P* ��,� */ �� ;D� � /��� ?4* � ����� �� *,�� � *�
�
;=� � / � � ?4* � ����� �� *#� � * (4)

�P� 	`� f ��� �5�
�
/ ; � f ��� /��)? �P� * (5)jE�5�=��� 	:��/�� f � �P� � GY� f �3� � *� �=��� 	 �5� f (6)

Themapin Eq. (4) is Markov whenonedivides � �P*#�#� into� �+*��� � � , � �� � * � � � , � �� *3�� � , and � � � *$� � . Themapsin Eqs.(5) and
(6) arecalledtheantisymmetriccubicmap[9, p. 161] andthe
Hénonmaprespectively. For theone-dimensionalmaps,we
obtainedsymbolicsequencesby dividing thephasespaceat
theircritical points.For theHénonmap,weusedthepartition
proposedin [10].

For comparison,we estimatedtopological entropy of each
mapby counting thedistinctadmissiblesubstrings with a fi-
nite length[1]. For a mapwith a partition, let �m;D< ? be the
number of admissiblesubstrings with length < . Thenanes-
timate ��;=< ? of the topological entropy for length < is given
by ��;=< ?6	 �����E�m;D< ?
/ �h�,�E�Y;=< /��)? f (7)



However it wasreportedthatthisestimatewouldoscillate[1].
Instead,we averagedtheestimatesfor somelengths andob-
tainedanotherestimate���;=< ? :

��^;=< ?�	 �< /�� &w��\�  ��;=� ?�* (8)

where
��	¢¡ < I �)£ . It canbe easilyshown that ���;=< ? con-

vergesto thetopological entropy.
Giventhelength¤ of asymbolicsequence,wechose < tobe¡ �����E¤ I �h�,� - ' - £ andestimated�m;D< ? and �m; �T?

by counting
substrings appearingin a given symbolicsequence.

All the testedexamplesarelisted in Table1. For Eqs.(5)
and(6), we plottedtheestimatesobtainedusingtheconven-
tionalandproposedmethodsin Fig.2. Estimatesobtainedus-
ing theproposedmethodshowedgoodagreementwith their
theoretical valuesor valuesreported in previous works. In
mostcases,the estimateswerebetterthanthe conventional
technique.

4. Conclusion

We proposed a method estimatingtopological entropy.
Thecontext-treeweightingmethodenablesus to constructa
Markov model from asymbolicsequencewithoutany adhoc
parameters.Onecanobtainthetopologicalentropy by build-
ing theadjacency matrix associatedwith theMarkov model,
finding its eigenvaluewith themaximum absolutevalue, and
taking its logarithm. We demonstratedthe efficacy of the
methodwith somebimodal mapsand the Hénonmap. Es-
timatesobtainedby theproposedmethod converged to their
theoretical values, or to literaturevalues,and convergence
wasrapidcomparedto thestandardmethod[1].
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Figure2: Convergenceof estimatedtopological entropy obtained for Eq. (5) (left) andEq. (6) (right). In eachgraph, we
plottedthemeanof estimatesobtainedusingtheproposedmethod (

G
) andthatof theconventionalmethod ( ¥ ). In the left

graph, thedottedline is thetheoreticalvaluefor thetopological entropy obtainedwith a techniquedescribedin [12]. In the
right graph, thedottedline is thetopological entropy calculatedin aprevious work [11].

Table1: Maximum, minimum, mean,andstandarddeviation of the topological entropy estimatedfor eachmap. At each
length, we used99, 100 and 119 symbolic sequencesgeneratedfrom different initial points for Eqs. (4), (5), and (6),
respectively. Theoreticalvaluesanda previouswork arelistedtogether. For Eq. (4), we obtainedthetheoretical valuefrom
its adjacency matrix. For Eq. (5), we employed a technique in [12] for finding thetheoreticalvalue. For Eq. (6), we listed
themostprecisevalueknown sofar [11]. Also shown arethemeansof topological entropiesestimatedusinga conventional
methodusedin [1].

map length proposedmethod conv. theo.
max. min. mean sta.dev. mean

Eq. (4) 50 1.00000 0.38829 0.93293 0.11289 0.85749 0.94678
100 1.00000 0.66786 0.94579 0.04957 0.87113
150 1.00000 0.74633 0.94465 0.03049 0.89545
200 0.94678 0.82710 0.94482 0.01320 0.90261
250 0.94678 0.91319 0.94644 0.00338 0.91235
300 0.94678 0.94678 0.94678 0.00000 0.91830
350 0.94678 0.89034 0.94621 0.00567 0.92120
400 0.94678 0.94678 0.94678 0.00000 0.92252
450 0.94678 0.94678 0.94678 0.00000 0.92312
500 0.94678 0.94678 0.94678 0.00000 0.92348

Eq. (5) 1,000 1.50140 1.45203 1.49627
� f ��¦ �,�c§��.� C � 1.39582 1.49869

10,000 1.50140 1.48724 1.49802 � f ¨�� ¦ � §©�$� C
�

1.44433
100,000 1.49878 1.49656 1.49802 �Pf � ¦3� � §©�$� C �

1.46913
1,000,000 1.49863 1.49843 1.49855 �Pf ¨�ª3¨ ¦ §©�$� C �

1.48238
Eq. (6) 1,000

� f ¦3� � �3� � f ¨ � ¦3� � � f ¨��,¨�ª,� � f � � � �«§©�$� C � 0.66803
� f ¨ ¦ � ¦ ª

10,000
� f ¨ ¦ � � ¨ � f ¨,¨��,��� � f ¨ ¦ ª � � � f � �¬ª §©�$� C

�
0.67726 ­ � f �,�,��� �

100,000
� f ¨ ¦ �$� ¦ � f ¨ ¦ ���+� � f ¨ ¦ � ¦ � � f � ¦ �c§��.� C �

0.67517
1,000,000

� f ¨ ¦ � ¦ � � f ¨ ¦ � ª3¨ � f ¨ ¦ � ¦3� � f ª,¨ � §��.� C �
0.67567


	PageNum239: -239-
	PageNum240: -240-
	PageNum241: -241-
	PageNum242: -242-


