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Abstract

Considering a system of simultaneous iterative recon-
struction technique (SIRT) for X-ray computerized to-
mography (CT) as a discrete dynamical system, the re-
construction process can be reduced to a procedure of
finding a fixed point of the dynamical system. We ex-
amine a numerical method for solving fixed points of dy-
namical systems derived from the algebraic reconstruc-
tion technique (ART) and the expectation maximiza-
tion (EM) formulation, giving rise to the very fast con-
vergence for CT reconstruction. Because the proposed
method is based on the SIRT, it has an advantage for re-
ducing metal artifact against the filtered backprojection
procedure.

1. Introduction

The simultaneous iterative reconstruction technique
(SIRT)[1, 2, 3] is known as a method to reconstruct
images of X-ray computerized tomography (CT). Iter-
ative deblurring methods using the algebraic reconstruc-
tion technique (ART)[1] and the expectation maximiza-
tion (EM)[4] formulation have advantages for reducing
artifacts against the filtered backprojection procedure,
which is commonly used for CT reconstruction in prac-
tice. Because of the high-quality reconstructions, there
has been a lot of research[5, 6, 7] improving the SIRT
procedures. However, each type of SIRT requires a large
number of iterations to obtain the final reconstruction
image.

On the other hand, the iterative formulae of SIRT can
be considered as a dynamical system of reconstruction
grid elements in the N-dimensional state space, where
N is the number of pixels. Then a stable fixed point of
the system corresponds to the image to be reconstructed.
Moreover the dynamics in the neighborhood of the fixed
point govern the convergence speed of the SIRT proce-
dure. In this paper, we survey properties of the system

from the viewpoint of dynamical system theory, and ex-
amine a numerical method for solving a fixed point of
the system, using a shooting method such as Newton’s
method. The proposed method gives rise to the very fast
convergence for the reconstruction[8]. The efficiency is
illustrated using numerical experiments with synthetic
additive noise projection data from a phantom including
a metal part.

2. Dynamical System and Its Fixed Point

Consider an N-dimensional discrete dynamical system

WD) = (), k=1,2, ... (1)

or a mapping defined by

T : RN - RY; uws T(u) (2)
where u(®) and u are state vectors in RN. The point u*
satisfying

Fu*):=u"—T(u*)=0 (3)

becomes a fixed point of T. Let u* be a fixed point,
then the characteristic equation of the fixed point u* is
defined by

(4)

where [ is the NV x N identity matrix, and DT denotes
the derivative or the Jacobian of T" with respect to the
initial state. u* is hyperbolic, if all absolute values of the
eigenvalues of T' are different from unity. The stability
of a hyperbolic fixed point is determined by dim E, the
intersection of RY and the direct sum of the generalized
eigenspaces of DT'(u*) corresponding to the eigenvalues
w such that |u| > 1. The fixed point u* is stable if and
only if the dimension of the unstable subspace dim E is
zero, or every eigenvalue satisfies |u| < 1.

Let us consider a method for finding the fixed point
u = u*. If a fixed point u* is hyperbolic, then the

det(uI — DT (u*)) =0
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method is accomplished by solving Eq.(3). Under the
assumption, the Jacobian matrix of F' becomes nonsin-
gular. Hence we can apply Newton’s method for solving
Eq.(3).

Assuming u* be an isolated solution of Eq.(3), we have
an iterative algorithm as follows:

1. Choose an initial guess u(?)| i.e.,
solution u(® of u*.

an approximate

2. Compute ¥t from u(¥) by the following relation:

wF ) = o) 4 \p (5)
DF(u®)h + F(u®) =0 (6)
where ) is a deceleration factor in (0, 1] and is nor-
mally set to 1. The exceptional variation of A\ will
be discussed later.
3. Repeat until

[u® ) —uP| <oy or [P <ep (7)

is satisfied, where ¢, and ep are prescribed small
positive constants.

3. Iterative Reconstruction

We should summarize the iterative image reconstruc-
tion algorithms. The value of the acquired projection is
given by

N
= Z u;0(z;cost + y;sinf —t)
j=1

p(u*,0,1) (8)

where N is the number of pixels, u* = (uf, us, ..., u})" is
a set of the reconstruction grid elements, each of which,
uj, is on the coordinate (z;,y;) of the jth pixel for
j=1,2,...,N, 0 denotes the projection orientation, and
t indicates the detection position. Strictly speaking, be-
cause image values and projection data are located on
two- and one-dimensional grids, respectively, 6 must be
the delta function of an appropriate interpolated posi-
tion. Our task is to estimate the unknown u*.

We now define the projection through the point (x;, y;)
fori=1,2,...,N, as

N
pi(u*,0) = Zu;‘(?((mj —x;)cosf + (y; —

j=1

y;)sinf) (9)

and a synthesized projection through the same point,
based on a set of current guesses u = (uy,ug,...,un)’
as

x;) cosO + (y; —y;)sind) (10)

Zw

Then the ART- and EM-type SIRT algorithms can be
written in the mapping form of Eq.(2) with the following
elements T;’s for i =1,2,...,N.

e In the case of ART:

T, : RN - R; uw Ty(u) = u; + fi(u)  (11)
where
1
fiw = o5 [, 0) - pwolas (12)
e In the case of EM:
T; : RY - R; u— Ty(u) = uigs(v) (13)
where ) (w.0)
- pi\u-,
() = o [ B (14)
Here n; in Egs.(12) and (14) is
n; = /Z a(( i) cosO+ (y; —y;)sind)dd  (15)

Note that the dynamical systems T'(u) for ART and EM
are linear and nonlinear with respect to the state variable
u, respectively.

To implement the method for finding the fixed point
of T, the (4, ) element of the matrix DT is required for

ART: of.(u)
Mw) _ ) “ouy i#9) (16)
A g’é]) (i=4)
with
Ofi(w) 1 Opi(u,0)
8uj o _77,_22 an d0
_ ni?/as((mj z:)cos @ + (y; — ys) sin 0)do
and for EM:
9gi(u) . .
ot | "o, D
Ou; 9i(u) + u; 8?@ (=)
j
with
Oule) L [0000) onin)
ouj p2(u,0) Ou;
1 pi(u”, 6) z;) cos 0 + (y;

= w ) Rwe o((z;
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We note that the procedure for finding a fixed point
can be applied to the case of the presence of a metal
part, in the same manner as in Ref.[7]. Namely, the
metal artifact reduction can be done by replacing the
whole interval of integration with respect to 6 in [0, x]
with a restricted range ©; such that

©; = {0 € [0, 7] | pi(u”,0) # 0} (18)

This condition is derived from the fact that any cross
section passing through the metal part is not measurable
or the projection is vanished.

4. Analytical Results

We show properties of the dynamical systems derived
from the SIRT algorithms, and then illustrate a conver-
gence to their fixed points.

4.1. Theoretical Analysis

First, we show the reason why the convergence speed
of the EM algorithm is faster than that of the ART
algorithm[7]. As described in Section 2, DT (u*) plays
an important role on the stability of the fixed point u* of
T. For the case of ART, the (i,j) element of the matrix
DT (u*) becomes

1
_n_?/é((xj — x;) cosf
B 1

ER +(y; — yi)sin0)do (i # j)
j
oL L
o (i =7)
(19)
We note that since n; > 1 and
1 T, 1
_ * _ 2
ng < auj(“ )< n? (20)

for i # j, every eigenvalue of DT (u*) is less than and
around 1. This shows that the point u* is stable and the
convergence speed is relatively slow.

On the other hand, the fixed point u* of the map-
ping T for EM is globally stable[5] and the eigenvalues
of DT (u*) include 0. Indeed, we can prove that an eigen-
vector with respect to the zero eigenvalue is u*, i.e.

N
DT (v )u" =u" + [ u] Z -

because g;(u*) =1 and

N N

dgi(v*) , 1 pi(u*,0) , Opi(u*,8)
Z du; Y= nlz/ 2(u*,0) 43 du; a0
]:1 =

N
SN Zu’]"(?((mj —x;) cosf
=1

n; J pi(u*,6) ‘

+(y; — ;) sinf)do

=-1

fori =1,2,..., N. Therefore it can be said that the EM
algorithm generally converges to the fixed point faster
than the ART algorithm.

Next, we consider the procedure for getting fixed point
using Newton’s method. The system of ART in Eq.(11)
is linear with respect to the state variable u, therefore, in
the case of nonexistence of metal, the convergence to the
fixed point u* is accomplished by one step of Newton’s
method starting from any initial state. While consid-
ering the application to the system of EM, a good first
guess u(®) > 0 or an approximate state of u* should
be obtained, e.g., by processing several steps of the di-
rect EM iterations; and for keeping nonnegative value of
uk+1) the deceleration factor A in Eq.(5) should be con-
sidered in every kth step. For example, it can be done
by replacing the value of A by its half successively while
there exists a negative ugkﬂ) fori=1,2,...,N.

4.2. Numerical Experiments

To illustrate the efficiency of the procedure for finding
the fixed point of the dynamical systems in Egs.(11) and
(13), numerical experiments were examined.

Reconstruction was done using 100 detectors per pro-
jection and 180 degrees scanning. The initial guess for
the ART and EM iterations was set to a constant image
(1.2, in our simulation).

We demonstrate the effectiveness of metal artifact re-
duction with noisy projection data. Figure 1 shows sim-
ulation results for an image of 32 x 32 pixels, where (a)
is the phantom image with metal in a small circle whose
center is denoted by the intersection point of two arrows;
(b) is the image reconstructed through filtered backpro-
jection with noise-free projection data; (c) and (d) are
images reconstructed using Newton’s method applied to
the fixed point equation derived from the ART and EM
methods, respectively, with noisy projection data; and
(e) and (f) are counterparts of (c¢) and (d) using the
ART and EM methods, respectively. The noise added
to the projection data came from a random uniform dis-
tribution in [0,0.02], where the value 0.02 is 2% of the
maximum density of the image. In (c), the exact solution
was solved by one step in the meaning of er = 10™% in
Eq.(7) with the I-divergence[7, 5] d, as a distance norm:

- (% pi(U*vg) o (0¥ _m.
d= [ o 0)1ox 20— [ipa.0) pz(uﬁ()};i
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Figure 1: Simulation for metal artifact reduction with
noisy projection data: (a) phantom image, (b) image re-
constructed through filtered backprojection; (c) and (d)
images reconstructed using Newton’s method applied to
the fixed point equations derived from ART (with 1 step)
and EM (with three steps preceded by 30 iterations of
the direct EM method), respectively; (e) and (f) coun-
terparts of (c) and (d) using the methods of ART (with
60 iterations) and EM (with 60 iterations), respectively.

The image (d), whose I-divergence is also less than 1074,
was obtained by three steps of Newton’s method pre-
ceded by 30 iterations of the EM process. If there is
no free-run process for approaching the fixed point, the
value of the state variable generally diverges. The I-
divergences of the images (e) and (f) against the original
image (a) are 97.0 and 1.57, respectively. We see that
(c) and (d) are better than (e) and (f). The minimum
and the maximum eigenvalues of DT'(u*) for ART and
EM in some example are listed in Table 1. We see that
the convergence speed is related to the eigenvalues.

5. Concluding Remarks

We have investigated the dynamical systems that
come from the ART and EM iterative reconstruction
techniques. The main results obtained in this paper are
summarized as follows:

Table 1: Eigenvalues of DT (u*) for the ART- and EM-
type SIRT

eigenvalues
SIRT minimum maximum
ART 0.965 0.994
EM 0 0.948

1. The dynamics of the reconstruction techniques have
been clarified by studying properties of eigenvalues
of DT (u*). The convergence speed is essentially
governed by the properties such that all eigenvalues
for ART are less than and around 1, and eigenvalues
for EM include 0.

2. We have shown that the method for solving the fixed
point equation by the use of Newton’s method is
efficient for the image reconstruction. Especially,
we can get the exact image by one step from any
initial value using the method with ART.

3. We have illustrated that the procedure for finding
the fixed point with ART can be applied to the case
of the presence of a metal part with noisy projection
data and that it produces a good reduction of metal
artifacts.
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