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1. Introduction

In this paper, we shall obtain a cellular nonlinear network
(CNN) able to implement an approximation of the method
proposed by Ambrosio and Tortorelli for image restoration
and edge extraction [1]. Ambrosio and Tortorelli, on the
basis of the method proposed by Mumford and Shah [2],
related the solution of the image-processing problem to the
minimization of a proper functional. To solve the image-
processing problem means to find two functions (devoted
one to image restoration and the other to edge detection)
depending on two space variables. As a consequence, the
problem can be solved through a two-layer CNN, that
allows to find a solution in real time. The CNN will be
obtained by applying a Finite Difference Method (FDM) to
the variational formulation of the problem, i.e., by properly
extending the method defined in References [3,4]. In
particular, in [3] the following class ¢ of functionals
F(w(x,y)) has been considered:

F(w(x,y)) = [[¥(w)+®(Vw, H(w)) dxdy (1)

Q
where w(x,y): Q c R*>>R, the term W(-) depends on the
function w(x,y) only and the term ®(-) depends on the first-
and second-order spatial variations of the function w.
The Ambrosio-Tortorelli's method performs
processing by minimizing the following functional:

E (2(x,y) u(x,y)) =

image

(u-1) (2)

I|:p|Vu|2 + OL[UZ|VZ|2 + —j + B|z - z0|2:|dxdy
5 4ap
where Q c R? is the image domain, z(x,y) € [0,255] is the
image (zo(x,y) is the image to be processed), u(x,y) € [0,1]
is a function related to the edges of the image, and o, B, p
are positive dimensionless parameters. The minimum of this
functional (i.e., the functions z(x,y) and u(x,y) that
minimize F,) approximates the solution of the Mumford-
Shah problem for p — 0. Taking into account that we are
dealing with images, i.e. with functions z(x,y) and u(x,y)
that are intrinsically discrete in space, we can (i) dowel the
domain €2 into MXN subdomains € (corresponding to the
MXN pixels of the image), (ii) associate the functions z(x,y)
and u(x,y) to gray levels zj and uj, e.g. through a Finite
Difference Method, and (iii) relate them to voltages as

follows:

Vzik = Nz Zik > Vyjk = Mu Ujk 3)
where the coefficients 1, and m, are proper dimensional
constants that give the terms v, and vy in volt.

2. Derivation of the Double-Layer CNN

The functional F, (2) can be easily rewritten as the sum of
two terms, one, F(z,u), depending on the unknown
functions only (local term) and one, F»(u,Vz,Vu), depending
also on their spatial variations (domain term):

Fl(z,u)=I|:(u_l) +[3|z—zo|2:|dxdy “4)

ap
F,(u,Vz,Vu) = J.[p|Vu|2 + ocu2|Vz|2] dxdy (5)
Q

Then, the functional F,, does not belong to the class (1), but
the method proposed in [3] can be easily generalized and
applied to it, as we shall see in the following.

After having dowelled the domain € into MXN subdomains
Qi the functionals F, and F, can be discretized, thus
reducing them to functions Fq; and F g of 2xMXN variables.
The discretization can be obtained, for instance, by
resorting to FDM (i.e., by assuming that the unknown
functions z(x,y) and u(x,y) hold constant gray-level values
zZjc and uy within each subdomain ;). In particular, we
shall use a central differences scheme [5], thus obtaining:

Fdi({zjk},{ujk }) = i iFijk ({ij}’{ujk }) i1=12(6)

j=1 k=1

where

- 4 B(ij = Zg; )2 (7)

2 2
Z. .. —Z._ zZ.. —Z
+au§k j+Lk -1k + J.k+1 j.k—1
2 2

According to (3), the unknowns zy and uj are related to
voltages v and vy, that can be collected into the column
vector v = [v,,vy']". Then, following the method proposed
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in [3], the functions Fyq and Fy can be related to the
(additive) co-content potential functions &;(v) and &,(v) of
two resistive nonlinear networks R, and R,, respectively:

A% A\
g.(v)=nF,| =, —|=
n

z u

©)

M N VZ Vu
= zanFﬁk )
=1 k=l

n, N,

M N
=2.2.9:(v) i=12

j=1 k=1
where the coefficient Mg is a proper dimensional constant
that give each term &; the physical dimension of a power.
By deriving & with respect to the components of the
vector v, we obtain the equations of a multiterminal resistor
Rix. By properly connecting the MxN elements Ry (i =
1,2), one obtains the nonlinear resistive network R;. The
structure of the resistive interconnections between the two
layers ("z" and "u") of the resulting CNN is shown in figure

Figure 1. Detail of the interconnections between the two layers of the
CNN through the multiterminal resistors Rjx and Raji.

A further insight to the structure of Ry and Ry is now
needed. The constitutive equations of Ryj follow directly

from Gy

n
11.15 = n_ng(Vz_Lk - V0J~k)

z

-u,C nF 1

i = n—iz—p(vm,k ~1) (10)
i, = (i +ir)

A possible circuit interpretation of R is proposed in figure
2. As G depends on v, and vy only, Ry has three

terminals.

T.G
G 11_]k
T

Figure 2. Possible circuit interpretation of the multiterminal resistor

Slek.

In a completely analogous way, we can derive the
constitutive equations of Ry Such equations can be
divided up into three subsets, two of which correspond to
the multiterminal resistors R, " (egs. (11)) and Ry ™ (egs.
(12)) shown in figure 3:
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The third set of equations follows directly from the
quadratic dependence of & on the pertinent voltage
differences (see equations 8 and 9) and corresponds to two
linear resistors (see figure 3). The nonlinear resistive
network R, is obtained by properly connecting the MxN
elements R

A stationary point for 4(v) = 4,(v) + 4(v) (i.e., a point
where V.4 = 0) corresponds to an approximate solution of
the original problem. We point out that, even if the original
problem is stationary (i.e., its solution does not depend on
time), its approximate solution by circuits is regarded as an
equilibrium state of the dynamic process related to the
system of nonlinear ordinary differential equations V.4 =
—CLyvxndv/dt (2xMXN is the size of the identity matrix
Lywmxn)- In other words, we make the voltages v and vy
state variables, by properly connecting 2xXMXN linear
capacitors C to the networks R, and R,, respectively.

2ik

T
Figure 3. Possible circuit interpretation of the multiterminal resistor

iszk.

At this point of the synthesis procedure, then, we have two
sets of nonlinear equations dv,;/dt = f;; and dv;/dt = f.
The nonlinear function £ (fy) is uniquely defined for any
j.k and, generally speaking, contains an addend depending
on the state variable v, (vyj) and an addend depending on
the state variables V,,q and vy, of the neighborhood set of
the jk-th cell; the number of elements of the neighborhood
set is a consequence of the adopted discretization scheme
(in our case, for the central differences discretization
scheme, the neighborhood set contains four elements).
These two sets of equations define a double-layer CNN.
Each equation can be interpreted as KCL equation
involving the jk-th capacitor of a layer and the multi-
terminal resistors connected to it (see figure 4 for a detail).

Figure 4. Detail of the jk-th node of one layer of the CNN (i = z,u).

Then, the resulting CNN follows rather directly from the co-
content additivity property and from the interpretation of
the nonlinear ordinary differential equations in terms of
Kirchhoff's equations [4].

A non trivial aspect which is not addressed in this paper
concerns the synthesis of the nonlinear multiterminal
resistors Sﬁzjka) and iﬁzjkal). A synthesis procedure based on
the piecewise-linear approach developed by Julian et al. in
the last few years [6] has been defined in [7-9].

3. Simulation Results

In this section we shall present some numerical results,
obtained by simulating the CNN derived in the previous
section. The CNN parameters were fixed to the following
values: o0 = 15-107, B =610, p = 107> (this choice of the
Ambrosio-Tortorelli's model parameters guarantees a good
image processing), M, = 13-10°W, 1, = 1/255V, n, = 1V,
and C = 10nF.

Figures 1(a,b) show the original image (512x512 pixels)
and its noisy version (corrupted with null-mean Gaussian
noise, with variance ¢ = 15, signal-to-noise ratio = 17.3dB),
respectively. The CNN simulation results are reported in
figures 1(c,d). In particular, figure 1c shows the restored
image (signal-to-noise ratio = 21.3dB), corresponding to
u(x,y), i.e., to the voltages vy on the capacitors of the layer
"u" of the CNN after about 60us. Figure 1d shows the
detected edges, corresponding to z(X,y), i.e., to the voltages
V,ix on the capacitors of the layer "z" of the CNN.
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(d)

Figure 5. (a) Noiseless image and (b) image to be processed (corrupted
with null-mean Gaussian noise, with variance ¢ = 15). CNN
simulation results: (c) restored image and (d) detected edges.
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