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Abstract— Chaos occurring in two inductively-
coupled oscillators with hard nonlinear conductance, has
investigated. This system has the same-phase oscilla-
tion, the reverse-phase oscillation and the double-mode
oscillation for weak nonlinearity. The double-mode oscil-
lation becomes a periodic oscillation via synchronization
when the nonlinearity becomes strong. Before and af-
ter the periodic oscillation region, it is confirmed that
chaotic oscillation occurs in this system.

1. Introduction

It is derived from averaging method that weakly-
nonlinear two inductively-coupled oscillators with hard
nonlinear conductance can possess three stable steady
states for small ; namely, the same-phase oscillation,
the reverse-phase oscillation and the double mode os-
cillation [1]. We focus our attention to how these sta-
ble steady states change or bifurcate as nonlinearity in-
creases. As reported previously, the same-phase oscilla-
tion becomes unstable via pitchfork bifurcation for some
value of 0 < ¢ < 1. Here ¢ presents the degree of
nonlinearity. The reverse- phase oscillation survive for
0 < € < 1 and seems stable even for ¢ > 1. On the
other hand, the double-mode oscillation presents variety
of interesting phenomena as € tends to large. They are
periodic, quasi-periodic and chaotic oscillations. In this
paper, we will investigate chaotic oscillation bifurcated
from the double-mode oscillation occurring before and
after the periodic oscillation regions for comparatively
large €.

2. Results of averaging method

The two inductively-coupled oscillators with hard non-

linearity can be described as :

Ty = T2

2y = —e(1 — Ba? + 21wy — 21 + axs (1)
T3 = T4

zy = —e(1 — B2% + 23wy — 23 + am

where 1 denotes the normalized output voltage of one
oscillator, x5 denotes its derivative, and where x3 de-
notes the normalized output voltage of the other oscil-
lator, and x4 denotes its derivative. The parameter «
denotes a coupling factor (v = 0 means no coupling and
« = 1 means maximum coupling). The parameter 8 de-
termines the amplitude of oscillation. For small €, one
can apply the averaging method to (1), and the following
solutions are proved stable, where w; = v/1 — a denotes
the same-phase angular frequency and wo = /1 + « de-
notes the reverse-phase angular frequency, and 6, and 6-
are arbitrary constants.

e The same-phase attractor:
(The stable region: 3 > 21/2)

B+ /3% — 8 cos(wit + 61)

e The reverse-phase attractor;
(The stable region: 3 > 21/2)

x1 = —x2 =1\/ B+ /3% — 8 cos(wat +62) (2b)

e The double-mode attractor:
(The stable region: 4v/5/3 < 3 < 4)

=V034/8+ \/627 cos(wit + 07)
+v0.3y/8+ \/mi cos(wat + 605)

=0.3,/8+ \/527 cos(wit + 6;)
—0.34/8+ \/627 cos(wat + 05)

(2¢)

(2a)

T, = X9 =
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Figure 1: Lyapunov exponents for « = 0.05 and § = 3.1.
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(¢) x3—xz4 plane. (d) zo—z4 plane.

Figure 2: The intermittent almost-periodic attractor for
a=0.05, 3 =3.1 and ¢ = 0.221.

Figure 3: Poincare map for « = 0.05, § = 3.1 and ¢ =
0.221.
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Figure 4: Lyapunov exponents for & = 0.5 and 5 = 3.2.

3. Chaos bifurcated from the double-mode oscil-
lation

In general, the double-mode attractor in (2¢) is a
quasi-periodic solution. As ¢ tends to large, this quasi-
periodic attractor presents various bifurcation depending
on the values of a and (3. Fig.1 presents the variation
of the largest and second largest Lyapunov exponents in
terms of € for @« = 0.05 and 8 = 3.1. In this case the
quasi-periodic oscillation can be observed for almost all
0 < e < 0.222, and at € =~ 0.222 it becomes a periodic
solution which exists for 0.222 < € < 1. The process in
which the periodic solution becomes a quasi-periodic so-
lution at € & 0.222 when the value of ¢ is decreased, is a
saddle-node bifurcation [2]. In the last part of the quasi-
periodic oscillation for € = 0.221 one can observe an
intermittent quasi-periodic oscillation as seen in Fig.2,
whose Poincare map(ze = 0 is the Poincare section.)
is shown in Fig.3. It is noticed from Fig.3 that this is
certainly a quasi-periodic oscillation.

Fig.4(a)(b) shows the largest and the second largest
Lyapunov exponents in terms of ¢ for « = 0.5 and
£ = 3.2. Small periodic regions are sandwiched between
quasi-periodic regions for 0.7 < & < 0.82, and chaos will
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(c) x3—x4 plane. (d) za—z4 plane.

Figure 5: The chaos attractor for a = 0.5, § = 3.2 and
e = 0.86.
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Figure 7: Lyapunov exponents for & = 0.4 and 5 = 3.2.

be observed in 0.82 < ¢ < 0.88. For £ > 0.88, the 1-
to-2 periodic solution will appear. The time waveform
just before the 1-to-2 synchronization shows intermit-
tency as seen in Fig.5. Fig.6 shows the Poincare map
(taken at xo = 0) for Fig.5. Fig. The invariant curve
has many thorns which are one of the characteristics of
chaos. Moreover, the largest Lyapunov exponent is pos-
itive for ¢ = 0.86 as in Fig.4. Fig.7(a)(b) presents
the largest and the second largest Lyapunov exponents
in terms of € for « = 0.4 and § = 3.2. It also shows
quasi-periodic, periodic and chaotic regions, and at last
at € ~ 1.653 this solution jumps to the reverse phase so-
lution. In particular, a large chaotic region can be seen
for € just before jumping to the reverse-phase solution.
Fig.8 demonstrates an example of chaos in this param-
eter region, and Fig.9 shows Poincare maps of various
periodic and chaotic attractors. At last, Fig.10 shows
the saddle-node bifurcation in region A of Fig.7(b). It is
noticed that two sets of period-3 solution exist in this re-
gion, and when the saddle-node bifurcation disappears,
switching between two sets of solutions will be observed
as seen in Fig.2.

-943-



(a) x1—x2 plane.

X4
-

-4

-2 0 2 4
X3

(¢c) x3—x4 plane.
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4. Conclusions

We investigate chaos bifurcated from the double-mode
oscillation in two inductively-coupled oscillators with
hard nonlinearity. Namely, as € tends to large, the quasi-
periodic oscillation becomes periodic oscillation or chaos
which alternately appear.
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Figure 8: The chaos attractor for a = 0.4, § = 3.2 and

e = 1.6.
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Figure 10: Saddle-node bifurcation in region A for o =

0.4, 3 =32
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