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7w (Information Theory)

C.E.Shannon (1948)

“A Mathematical Theory of Communication”
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C.E.Shannon (1948)

“A Mathematical Theory of Communication”
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Inductive & Deductive Inference
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The mechanism of the serial inference process of induction and deduction, source coding and prediction represented by

Fig. 1.
the flows of metainformation and fundamental-information.

Meta-Information
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Fig. 2. The direct prediction scheme and the indirect prediction scheme.

[Matsushima et al. 90] Inductive Inference Scheme at a Finite Stage of Process from View Point of Source Coding,

IEICE TRANSACTIONS.

[Matsushima et al. 93] Inductive Inference Procedure to Minimize Prediction Error, IEEE Transaction on System,

Man & Cybernetics.
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[Matsushima et al. 88] Representation of Logic Model and Meta-Information, SITA 88.
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Known & a parametric distribution: P(x"(0)
Unknown < k-dimensional real parameter vector: 0cO cC Rk
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[Matsushima et al. 91] A Class of Distortionless Codes Designed by Bayes Decision Theory, IEEE Transaction
on Information Theory, vol.37
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N XREBROEERSIE : Bayes codes

Known & a parametric distribution: P(x"(0)
Unknown & k-dimensional real parameter vector: 0 cOC Rk

Under the condition that the Arithmetic Coding is used for coding, the decision
of encoding probability ]5(513”) is the main problem in universal coding.

The optimal solution from the view point of Bayes strategy

Blockcode:  Pp(@™) = P") = | P(a"0)dP(0),

A block sequence z" is encoded to a code word C'(x™) simultaneousely

Predictive code: Pp(zy|zt™1) = P(aylat™1) = /@ P(zy|zt™1),0))dP (6|2t~ 1)

t—1

A symbol x; given x*~" is encoded to a code word in order

[Matsushima et al. 91] A Class of Distortionless Codes Designed by Bayes Decision Theory, IEEE Transaction
on Information Theory, vol.37
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The conjugate prior distribution of multinomial (Categorical) distributions

We assume the prior probability of the (| X| — 1)-dimensional pa-
rameter vector , given a state s to be a|Direchlet distribution,|which
is the conjugate prior of multinomial distributions, as follows:

1X|—1 | X]—-1
P(93|8) — F(Z B(Z’S H Qﬂ(z

i|s

where I'(+) is the Gamma function.

Let n(i|x™, s) be the number of the occurrences of ¢ under a state
s in the source sequence x™. The predictive Bayes coding probability
P(xs|x'~1, 5) is calculated by

Plafat1,5) = ") + B

SRy n(ilat =t s) + B(s)
where 8(s) = Y120 B(ils).
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The context tree model is a finite state source whose state at t is
determined by the context of a source sequence x!

0 T_1X0T1TOT3 " -
0y : P(:U|Sl)\

N 10 1

0> : P(x|S>) S5 ‘/1‘ / l \

03 : P(x|S3) P (1 |S1)P(OgL)P(1 Ilq(;) .-

The contexts of a model are
represented by a context tree P(ziz023 - |Tr_1,70) = }

In a context tree model, the probability of a symbol is
represented by a conditional probability of the symbol
given the context.
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Unknown model m; = {51,52,53---} €M
Unknown parameters (Random variables) 6(m) = {61,605,03---} € ©(m)

M: the class of context trees up to depth 2
mo. simple Markov model

m1:. i.i.d O
L
@ ’/Q .
ms3 m4‘ msg \o
@ o ~ ‘ 0
< q / / ’\0 /
0/ Q/l
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B : JINS A= 0 EETI mZEITHETEULTHERRFTSE —log P(x41]xt 0, m)ZRE
ERIE oy = Bhxite, 3D TAp(e)IHED

(JZI2UL. 1Bk Z2 LR I DHERET )L m HoRA)

R %L : § (IRAMESELTS

AR S A—SLEFIORTE

X1, ", Xy 6,m
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#FLUVWVIGER )
—log P(x41|xt, 6, M)
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SHEEAE2 © |, —log P(x¢4q|xf, 0, m)DECERERICKT S 25

[Rissanen 78] Modeling by Shortest Data Description, IEEE Transactions on Automatic Control, Vol. 23, No. 4
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Unknown model (Random variables) m; = {51,52,53---} € M

Unknown parameters (Random variables) 6(m) = {01,05,03---} € ©(m)

mo: simple Markov model

ma: iid
-
1

T T T
s T R

[Matsushima et al. 91] A Class of Distortionless Codes Designed by Bayes Decision Theory, IEEE Transaction on IT.
[Willems et al. 93] Context Tree Weighting: Basic Properties, Proceeding of ISIT.

[Matsushima, Hirasawa 94] A Bayes Coding Algorithm Using Context Trees, Proceeding of ISIT.

[Matsushima, Hirasawa 09] Reducing the Space Complexity of a Bayes Coding Algorithm Using an Expanded
Context Tree, Proceedings of ISIT.

[Nakahara et al. 20] Bayes Code for 2-dimensional Auto-regressive Hidden Markov Model and Its Application to
Lossless Image Compression, Proceedings of 2020 International Workshop on Advanced Image Technology.
[Shimada et al. 21] An Efficient Bayes Coding Algorithm for the Non-Stationary Source in Which Context Tree Model
Varies from Interval to Interval, Proceedings of ITW.

[Nakahara et al. 22] Probability Distribution on Rooted Trees, Proceedings of ISIT.

[Kontoyiannis et al.22] Bayesian context trees: Modelling and exact inference for discrete time series, Journal of the
Royal Statistical Society Series B 1
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B : BHRIERI xq, -, x, POFERFFS R —log P(x,, 4 |x)ZIEFRTE
BE . ERBEFERDIP (., |xt, 0)ITHRED XTIEIRD 6 & m (FHRINEKRZTEL

SHIE%E IS ER)N (R XBIREIER)

ERHFSER
—log P(x¢4q|x")

TRERIRFRS
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[Matsushima et al. 91] A Class of Distortionless Codes Designed by Bayes Decision Theory, IEEE

Transaction on Information Theory, vol.37
[Matsushima, Hirasawa 94] A Bayes Coding Algorithm Using Context Trees, Proceeding of ISIT
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Bayes codes (unknown model )

Known & a parametric distribution class: P(z™0(m), m)
Unknown < k-dimensional real parameter vector: 0cO cC Rk

Unknown & parametric model: me M

Under the condition that the Arithmetic Coding is used for coding, the ‘
decision of encoding probability P (™) is the main problem in
universal coding.

Block coding probability:
PG = 3 [ P(@"0m, m)p(8mlm)P(m)ds
meM
Conditional coding probability:
Pzl = Y /P(:ct|xt_1,Qm,m)P(9m|m,:ct_l)P(m|xt_1)d9m
meM

T

Expectation is taken all over the model class (Weighting all models)
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REXFsER
—log P(x41|x%, 8, M)

romn_ Y
15ERIRRYI =
. BERESK R

[Rissanen 78] Modeling by Shortest Data Description, IEEE Transactions on Automatic Control, Vol. 23, No. 4
[#&7% b 99] FJATNNERDIZSOMDURIE(CE DRSNS AFRFSORSRICEET 267, Ea%a%rium?’?/ﬂ\uﬁﬁﬁzuﬁ, vol.]J82-A

Vi

BRRISER
—log P(x;41]x")
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The complexity of the coding calculation

Assuming the conjugate prior as the prior probability of 6, the
integral does not need for calculating the coding probability.

e

Integral is taken all over the parameter space

—

Pp(z™) = P(x"|0m, m)p(Om|m)P(m)db.
7 m%:M /@ g

o~

Summation is taken all over the model class

For calculation of the Bayes codes, the expectation is taken all over the context tree models
whose number is O(2|X|d_1)
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Bayes codes for Context tree models

M: the class of context trees up to depth 2
mo:. simple Markov model

For calculation of the Bayes codes, the expectation is taken all over the context tree models
whose number is O(2|X|d_1) .

[Kontoyiannis et al.22] Bayesian context trees: Modelling and exact inference for discrete time series, Journal of
the Royal Statistical Society Series B
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The complexity of the coding calculation

Assuming the conjugate prior as the prior probability of 6, the
integral does not need for calculating the coding probability.

—
Integral is taken all over the parameter space

=

Pr(z™) = P(x"0m, m)p(0m|m)P(m)deb.
B m%:M /@ | p(Om|

o=

Summation is taken all over the model class

Sy |

/

We propose a special prior distribution on the context tree
models and construct an efficient algorithm assuming the prior.

[Matsushima et al. 91] A Class of Distortionless Codes Designed by Bayes Decision Theory, IEEE
Transaction on Information Theory, vol.37
[Matsushima, Hirasawa 94] A Bayes Coding Algorithm Using Context Trees, Proceeding of ISIT
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Special prior distribution for Context tree models
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We define the decomposable prior distribution
- N P(m|q) as the following formula
o)

f P(mlq) = (1—q(s)) (sp), (1)
0 /04/ lq SEN];[_Sm q IT a(se

SLESm
1\ N S where N,, denotes the set of all nodes on the
m o Pm context tree model T}, and

Z{m|3€5’m} P(HL|Q)
— . 2
) > {m|seNm} P(mlq) 2)

‘The prior probability of m is represented by
{q(s)|s € Np}. Moreover, the posterior proba—

bility P(m|zt) is also represented by {q(s|:ct)|s €
:Nm}.




Bayes codes algorithm using the special prior (1)

The efficient coding algorithm is given by using the special prior and the
superposed tree to which all context tree models in M are merged.

Let the superposed context tree be T' = | J,,,c s Tin and the set of
all leaf nodes in T" be L.

S3

54‘
55‘

56‘

T

\os‘

52

: Meta-tree e
- 1o
@
T T5

, s &
SQ I o
« : =g o~ :|
LT3 Ts ,"

\ ./O\O ./O\O ;

&7
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Bayes codes algorithm using the special prior (2)

By using the special prior and a superposed tree, we don’t need the
summation that is taken all over the model class.

...x _ x x
3@, 51 t—1TtT¢41
\ -1 0 0 Posterior probability of models
O o ,

————

_ P by T T \
S5 ‘\052% = If(O SO)CZ(SO xt) L .\O o |
P(O Sl)q(sl L ) i .\O/ ./O :

N ~ ! ./ :
56 @ P(0S4)3(Salat) ;
/ Q\\\‘\\'/’ ___________________________ \\‘
_ n(0|S;) + a/2 " O— @— .
P(0[S;) = N O 0O :
By using g(s), the complexity is deduced to O(d). :>O/ ./

____________________________

46



Bayes codes algorithm using the special prior (3)

Under the condition that the prior distribution of a class of con-
text tree models is assumed as Definition 1, the Bayes predictive cod-
ing probability Pc(z¢|z'~1) is calculated by the following recursive
formulas.

Pc($t|$t_1) = PC(xt‘S — SO))

Po(adls) = P(ze]zt1, s) ifse L
V= alslat 1) P(e|2' =1, s) + (1 — q(s]a'~1)) Po(xelsc),  otherwise ,

where s, = {xs € U,,cpr{sm(z'~1)}}, so is the root node of T.

The calculation is done through the path from the leaf to the root
on the gathering tree.

O—

0O

(O © . o
O/./ By using g(s), the complexity is
O deduced to O(d).

O/O\O

8o’

< d >
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Bayes codes algorithm using the special prior (4)

The posterior probability P(m|z?) is also rep-
resented by {q(s|zt)|s € N }.

The posterior probability ¢(s|z?) is updated by the following for-

mula;:
P(xi|x'=1, s)q(s]z?1)

Po(w4]s)

The update can be calculated simultaneously with the calculation
of the conditional coding probability Po(z¢|z'~1) through the path
from the leaf to the root.

5O

O.:Q/ > The time complexity for
updating g(s|x?) is also O(d

o pdating q(s|z") i also O(d)

=g

q(slz’) =

— ( —
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Bayes codes algorithm using the special prior (5)

—1 A special class of the prior distribution of m

‘ 0 We define the decomposable prior distribution
S’m ’
/7 < \

P(m|q) as the following formula:

/ . \
! 7 Pimlp)= [ @ —aqG) [] a0, (D
:' SENim—Sm SLESm
\\0< where Np, denotes the set of all nodes on the
‘\‘ / context tree model T;, and
\ TN N — S 3 P(m|q)

‘ m — Om o(s) = =lmls€sm} | 2)

Z{m|s€]\fm} P(mlq) .

Block coding probability:

1
P(z") = /P(:z:”|9,n,m)p(@,nlm)P(m)dQ CTW (j: CI(S’)M-— 2 <LT
meM jD\yq'fo%(c—_
Conditional coding probability: )(97'(&% (,\7:: ) LjUZA
P(zglzt™1) = > /‘P(a?f|:rt_l._9,,,,,m)P(Om|m.Jtt’_l)P(mLEl_l)de &ﬁ%FRéﬂé

meM *

[Willems et al. 93] Context Tree Weighting: Basic Properties, Proceeding of ISIT.
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The mean code length of Bayes codes for Context tree models

One of the advantages of Bayes codes is that we can evaluate their
code length precisely.

Let m* be a minimal true model and 6 . the true parameters of
the model. If P(m*) > 0, the mean code length of both the predictive
and non-predictive Bayes codes is given by

Exn|—log P.(X™)] = H(X"|0;,.,m") — log P(m™)

1 1 m 1 1
+ 2 08 2me +log p(0F,.|m*) +o(l), (1)

m*)

where I(6,,|m) is the Fisher information of ,,, and k,,+ is the number
of the parameters in m*.

[Gotoh et al. 98] A Generalization of B.S.Clarke and A.R.Barron's Asymptotics of Bayes Codes for FSMX Sources,
IEICE Trans. on Fundamentals.

© Toshiyasu Matsushima
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The mean code length of Bayes codes for Context tree models

Let m™ be a minimal true model and 6};,. the true parameters of
the model. If P(m*) > 0, the mean code length of both the predictive
and non-predictive Bayes codes is given by

Exn[—log P.(X")] = H(X"™6},.,m*) — log P(m™)
n det I(0F,.|m™)
1 me
N )

Foppo-

2 +o(1), (1)

+

log

where 7(6,,,|m) is the Fisher information of 0,,, and k,,,~ is the number
of the parameters in m*.

[Matsushima et al. 91] A Class of Distortionless Codes Designed by Bayes Decision Theory, IEEE Transaction on IT.
[Matsushima, Hirasawa 94] A Bayes Coding Algorithm Using Context Trees, Proceeding of ISIT.

[Gotoh et al. 98] A Generalization of B.S.Clarke and A.R.Barron's Asymptotics of Bayes Codes for FSMX Sources,
IEICE Trans. on Fundamentals.

[Matsushima, Hirasawa 09] Reducing the Space Complexity of a Bayes Coding Algorithm Using an Expanded
Context Tree, Proceedings of ISIT.

[Nakahara et al. 21] Hyperparameter Learning of Stochastic Image Generative Models with Bayesian Hierarchical
Modeling and Its Effect on Lossless Image Coding, Proceedings of ITW.

[Nakahara et al. 22] Probability Distribution on Rooted Trees, Proceedings of ISIT.
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[Matsushima et al. 91] A Class of Distortionless Codes Designed by Bayes Decision Theory, IEEE Transaction
on Information Theory, vol.37
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F—5 YA LI ZNFTORBEET ) : REA (EIB5HRIE)

BIEAR(FRIBIER) -t B D8 C iR

Xn+1=> f(xn+1; (T, k)) =P Vn+1

@., 5. ® F—IDERETILORERL
11
o FRICHETNRREEZE5X D ENKE

o FHFHILIFICEESURT k

= (1,2,2) x
ko ks = (1,1,0)7 N\ EFILAR (EHADZIL)
T e T-BAREED.  DAKES R (CHEEDTD Xns1 ™= PVn+1|Xn+1, T, K, 0) => V)14
/ max — N —_— i )N A—
k= (ky)ges € K RIAZHEILAL ML @’ fu o FoSOERETIERESS LIEEXED
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AAFRTIE, pylx)ZRIRITDT—FERETILZUT TEET D
xDEET, yNEMR SN DIERIBEZRI T —FERET I Z XA TEERT D
p(ylxr 91 Tr k) = N(yles(x)' O-Sz(x)) (1)

N Y05y o)) E Oy, DEOL ) DIER D DMHERZREEIERT .
0 = (0,)scs € O:TDE ) — RsD)\SA—4
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AFGEHEHERZIEV N AREBRIETE, SAEE0REHMES

NRA XY RO R/ NCTDREBEBILULTTERSND

5@, x00) = |

VYn+1 z p(k | D) z p(T |D, k) jp(e | D, T, k) p(Yn+1 | Xp41,0,T, k)dOdy, ., (5)
R (0]

kexX TET

T ENHNBARDESCIEL T, (1S NETOREARTIIVZLS
IICET BN EERE ETILEREAHRED
BRAESD . = 2, ks € {1,2,3}
rrm— o PR e, R T 59— (MTRACE
R T E A S Y DHETE = NERAETEE THRIR

‘‘‘‘‘
--------------------------------------------------------------------

[ZE=AR b 96] FERMFRAIOFEZ 7N IUXL, ATLHEEFSEEKRS (B510E]) FmSE.

[BF fit 03] REAETIUDBIFZFAZIIUZXLICOWVWT, EFIEHREEFSMAIIRSIE17-33>, Vol.103.

[Dobashi et al. 20] Probabilistic Data Generating Process on Tree Structure Model: Bayes Optimal Prediction and Sub-
Optimal Algorithm, Japanese Federation of Statistical Science Associations.

[Dobashi et al. 21] Meta-Tree Random Forest: Probabilistic Data-Generative Model and Bayes Optimal Prediction,
Entropy vol. 23.
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[Dobashi et al. 21] Meta-Tree Random Forest: Probabilistic Data-Generative Model and Bayes Optimal Prediction,
Entropy vol. 23.

[Ichijo et al. 25] Meta-Tree: Bayesian Approach to Avoid Overfitting in Decision Trees and Analysis on the Application
to Boosting, IEEE International Workshop on Machine Learning for Signal Processing (MLSP).
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n+1 TeT
1 tend
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[Nakahara et al. 25] Bayesian Decision Theory on Decision Trees: Uncertainty Evaluation and Interpretability,
Proceedings of International Conference on Artificial Intelligence and Statistics.
[FRIRIEK A 22] SREARETIUCHBIFD IV BV ITEHES T HIVIE, SITA2022
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[X.Gao et.al, 2020] [S.Pereira et.al, 2016]
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[Wang et al. 24] An Efficient Image Segmentation Algorithm Based on Bayes Decision Theory and Its Application for
Region Detection, The International Symposium of Information Theory and Its Applications (ISITA).
[Nakahara, Matsushima 21] A Stochastic Model for Block Segmentation of Images Based on the Quadtree and the

Bayes Code for It, Entropy.
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2. TO#SFNETE: [|7)] _(d_max) | (FUDAKREKRESd max(Zx U TIEEIEGEN
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Pixel value v, at block s is generated in order of
the raster scan with probability p(v.|vt~1, 6., m).

v, depends only on
» The past sequence v
« The parameter 6, of
the block s which contains v,

[Nakahara et al. 20] Bayes Code for 2-dimensional Auto-regressive Hidden Markov Model and Its Application to
Lossless Image Compression, Proceedings of 2020 International Workshop on Advanced Image Technology
[Nakahara et al. 22] Probability Distribution on Rooted Trees, Proceedings of ISIT.
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AD1ER o™, m EHEREHEL TN ARBRFSILHER p (v v )) BRE

— We cannot use p(v,|vt~1,6™,m) because true m and 8™ are
unknown.

— We estimate it by p.(v¢|vt™1) in Bayesian manner.
- Optimal coding probability p}(v.|vt~1) for our model

pi(ve vt
— 2 p(m|vt~1) fp(vthyt‘l,Bm,m)p(0m|vt‘1,m) dem™
MmemM

« Three computationally hard parts
— 1. The summation w.r.t. m < A recursive structure of quadtree
— 2. The posterior p(m|vt~1) < Special prior (Detailed in the paper)
— 3. The integral w.r.t. 8™ < Conjugate prior
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[FRok A 13] N1 RFEIERICEIPERBNT SLZAVWVRETRNE, (BIRUEFSm G SEEET)UELEHA vol.6.
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0

G(m) = p(m|(zV~1,y)")

F.(m) = F(m) + F.(m—1). (3.18)
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Reward: re 1
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P"“ CEt\ZUt 1,Y CEt—l))

Yt+1

Target: Expectation of

Total Rewards: RT(y) — ZE[”“(Xta Xi—1,y(Xt-1)]
t=1 Optimal Decision is
Optimal Decision: y" = arg max RT( ) calculated by DP

Yy \
[52H 2 13] #HES AT ADTZDIRREEAERDIESE 2R FEUILNIVITREELRE, [BHRIEFSimIGE SCEET ) EEIGA vol.6.
[MAEDA et al. 10] Applying Markov Decision Processes to Selective-repeat ARQ with Finite Receiver Buffer,
International Symposium on Multimedia and Communication Technology(ISMAC2010).
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Hik— NEERENERI —> mAZETERRE [Kazemi eta. 17]
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Assuming that the range of values of the discrete
random variable is A = {0,1,--- ,k}, its support is
defined as a = {i|6; > 0,7 € A}, where 6; is the oc-
currence probability of a symbol i. The problems with
unknown support arise when a is unknown.

fx)

1 2 3 4 ---- &k

[F¥RIE % C (& unknown alphabet &

eg)
- T> bOE—#ETE [Schober eta.12]

- 1 )\—5)VIBHRIER =1L
[Shtarkov95][Aberg98]
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Information sequence: x" = x1, 9, -, Tn(x; € A)
Alphabet: A =1{0,1,---,00} TILI 7 Ry NEDENA
True alphabet: A*? 5__9?;5( n @ sublinear

[Shtarkov95][Aberg98][Orlitsky04][Shamir06]
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MRENDEREDNAA A & T

Theorem 1 P(0%|a) is the prior distribution of §%
given a support a, and P(a) is the prior distribution of
a, where k, is the number of the parameters in a. When
a support a € 24 and its parameters 0%« € OFe are
unknown, the optimal prediction of decision dy(x'™1) =
P(x;|zt™1) under Bayes risk function BRs(da(x™)) is
given by

PB (ﬂct\x

.S / Jzt=L gk 0) P(6%]a, 1)

a€24

P(alz"~")dbg", (15)

where P(0%|a, z'=1) is the posterior distribution of 0%«
given a and z'=t, and P(a|xt™1) is the posterior dis-
tribution of a given x'~1!.
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Condition 1 The prior distribution of supports a €

Va € {alks = j} P(a) = P(j). (16)
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Condition 2 The prior distribution of the probabilis-
tic parameter vector P(0%|a) given support a:
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Fig. 1. The mechanism of the serial inference process of induction and deduction, source coding and prediction represented by
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Fig. 2. The direct prediction scheme and the indirect prediction scheme.
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Fig. 2. The direct prediction scheme and the indirect prediction scheme.
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