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Map Reduce

• 
�����: !",… ,!% ∈ '()
• ���
: *",… , *+, *,: '()

% → '(/, 0 ∈ 1,… , 2
• �����
: 3
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Map Reduce

• ��� !"($%,… ,$() = ℎ"(,",%($%), … , ,",-($-))
• Map 
� : ,⃗( = (,%,(, … , ,",(): 012 → (014)5

• Reduce 
�� ℎ": 014
- → 016
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Map Reduce

• ��� !"($%,… ,$() = ℎ"(,",%($%), … , ,",-($-))
• Map 
� : ,⃗( = (,%,(, … , ,",(): 012 → (014)5

• Reduce 
�� ℎ": 014
- → 016
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�	����� 7",( = ,",(($() ∈ 014

9" = ℎ"(7",%, … , 7",-)

,⃗%$%

$-

7%,% = ,%,%($%)
75,% = ,5,%($%)

7%,- = ,%,-($-)
75,- = ,5,-($-)

ℎ%

ℎ5

Map
� Reduce
�

,⃗-

9% = ℎ% 7%,%, … , 7%,-
= !%($%,… ,$-)

95 = ℎ5 75,%, … , 75,-
= !5($%,… ,$-)

注：
条件を満たすMap関数、Reduce関数
は必ず存在し、一意に決まるとは限ら
ない．

例：

ここでは、Map関数、Reduce関数の
選択は任意のものとする．

,",(($() = $(
!" = ℎ"



Map Reduce

• ��TeraSort 
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•  *
• (#, %)�feasible
⇔�#
( > 0
�����+�!��3|# − #̃| ≤ (3|% − 0%| ≤ (	3���


12,… , 14�&��.)�+
�����.)0-�#̃	1�0-�0%
(�

�%"�����4

• computation-communication function %∗(#): 
%∗ # = inf % ∶ #, % ;< =>?<;@A>

定理 [Li et al. 2018]
Bを十分大きく取るとき，%∗(#)は以下で与えられる．

%∗ # =
1

#
1 −

#

D
, # ∈ 1,… , D

整数以外の#については， #,
2

F
1 −

F

G
: # ∈ 1,… , D のlower convex 

envelopeで与えられる．
�/�2$�+�(������(Achievability)3�/��,�(��
������(Converse)4
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Achievability

• %�
• ℳ# ⊆ %&,… ,%) : ���*�#"��Map'$����	
�(�
• +# ⊆ 1,… , - : ���*�#"��Reduce'$�
����
(�
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Achievability

• ��(Cont’d)
• ℳ# ⊆ %&,… ,%) : ���*�����Map�����
�����
• +# ⊆ 1,… , - : ���*�����Reduce�����
	����

• .#: (123)
5|ℳ7|→ 12ℓ7: ���*������

:# = .#( <=,> ∶ @ ∈ 1,… , - , %> ∈ ℳ# )

• B#
=: 12ℓC×⋯×12ℓF× 123

5 ℳ7 → 123
)

<=,&, … , <=,) = B#
=(:&, … , :G, <=,> ∶ @ ∈ 1,… , - , %> ∈ ℳ# )
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Achievability

• ��(Cont’d)
• ℳ# ⊆ %&,… ,%) : ���*�����Map�����
�����
• +# ⊆ 1,… , - : ���*�����Reduce�����
	����

• .#: (123)
5|ℳ7|→ 12ℓ7: ���*������

:# = .#( <=,> ∶ @ ∈ 1,… , - , %> ∈ ℳ# )

• B#
=: 12ℓC×⋯×12ℓF× 123
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)
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計算負荷：
J =

∑#L&G |ℳ#|
M

通信負荷：
N =

∑#L&G ℓ#
-MO



Achievability

• Map Phase Design
• ��	��

!
"
#
= %& ∈ ℕ��� 

• *�	���� +&,… ,+. �%&������� 

+&,…+! = /
0⊂ &,…," , 0 2#

ℬ0

• �!* = 6,5 = 3, 7 = 2	��
ℬ &,9 = +:,+; , ℬ &,: = +&,+9 , ℬ 9,: = +<,+=

• ���>
�> ∈ 0�
�ℬ0	�����Map 
• �!���1
1 ∈ 1, 2 , 1 ∈ 1, 3 �	�� ℬ &,9 �ℬ &,: 	�����Map 

• Reduce Phase Design
• @

" = %9��� A& = ⋯ = A" = @
"��� 
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Achievability

• ���
• " = $ + 1���������	����"
�
�

• "' = $������"' ⊆ "�������
���

)*+
*∖*+ = -.,0 ∶ 2 ∈ 4

5∈*∖*+
65 , 2 ∉8

5∉*
65 ,90 ∈ 4
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ℳ5 ,90 ∉ 8

5∉*+
ℳ5
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Achievability

• #! (Cont’d)

• "#$
#∖#$�&$�(%�����&#$

#∖#$	�*���'�����������+
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" (,*
+ = -+,+, -+,. & (,* ,(

+ = -+,+ , & (,* ,*
+ = -+,.

" (,+
* = -*,(, -*,* & (,+ ,(

* = -*,( , & (,+ ,+
* = -*,*

" *,+
( = -(,/, -(,0 & *,+ ,*

( = -(,/ , & *,+ ,+
( = -(,0

構成法からノード1が
&#$,2
#∖#$ を持っている点
に注意．
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Achievability

• /(' (Cont’d)

• )! ∈ #�.��3!�+����$�#�1&2*�%& = # − 1
$ − 1 $-,4

���# * 1 , … , #(*) %& 	��4
• #5! = 1�.��3 1, 2 	 1, 3

• ���!
⨁23&
45 67(8) 2 ,*

7∖7 8 [2]�#�!�����.���������4
• #5! = 1
36 &,< ,&

{>} ⨁6 &,> ,&
{<} = @>,>⨁@<,&��������
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Achievability

• 0)

• " ∈ $, " ≠ '	/��<", '� 1+����(
$
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8#6
%���,-$
����
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/∖/ 1 [-], … , ./(1) 89 ,3

/∖/ 1 [89]
��< $ − 2
( − 2 $�23=

• $ − 1
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( − 2 = $ − 2
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Achievability

• Correctness
• �"�!�Map��"��1�
8-	��"#

$&
#7���!�2/;

$
�"���% − "#
$ = ( − 1

* +,&
#7���!�+�,1���;
• (&
�"�9(���"�!�)
���* + 1
9(/
6�.�

( − 1
* 5�;

⇒�"�!�$
�"���+���#7���!
-� ( − 1
* +,
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• 5%30

• '/	*�:���"��4%�� ��"��12134
" ���

567898 *, ; =
(

* + 1 * + 1 +,+<=
*

>%=

=
$
"?, "?, @2@3A

B
13$12 $

" 4
= ,

" 1 − "
$



Index coding ���


• �����Index coding ������������
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l それぞれのノードが要求する情報が異なる場合
は，一般的には未解決．

l この問題では，Mapフェーズの設計により，
Side Information が設計できるため，タイト
な下界が導出可能．
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Cascaded distributed computing

• ���
1�ℎ", $ = 1,… , (�$��/ℎ"�,)������1�
�0

• �ℎ", $ = 1,… , (�+'�()�)�����,)��".�*��0

• Practical ��/��,)����(�,)������# ���0
• ����-%�&	����
/fault-tolerance�!�0
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Cascaded distributed computing

• (#, %, &)
feasibility������&	�,�4&∗(#, %)���

�	
�,5

&∗ #, % = inf & ∶ #, %, & .% /01%.230

39

定理 [Li et al. 2018]
4を十分大きく取るとき，&∗(#, %)は以下で与えられる．

&∗ #, % = 5
6789:{<=>,?}

8AB{<=?,C} 3 D
3

3 − 2
# − 1

#
3 − %

# D
#

D
%

, # ∈ 1,… , D

整数以外の#については， #, &∗(#, %) : # ∈ 1,… , D のlower convex 
envelopeで与えられる．

• *���"��
�%'
• ����# + 1��
��
1�3�L
2�/��-�5
• *����+!�#��4"����0)$( �.�5
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) ∈ %&(×*
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"+, ) ",, )
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������! = 4����

43

Worker 1 Worker 2

• �	����� = max(min *+, *- , min *., */ )

1+2 ∈ 45
6
- ×8

9 ∈ 458×:

Worker 3 Worker 4

1+29 1+29 1-29 1-29
����

��
�����

*+ *- *. */

1-2 ∈ 45
6
- ×8
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• 
	������

max
'∈ ),…,,

min
/∈ ),…,0,

1 '2) 0
, 3 /

4)5 ∈ 67
8
, ×:

; ∈ 67:×<

• Worker =������1'

4,5 ∈ 67
8
, ×:



Master / Worker ���

• (3, 2) MDS���
������! = 3����
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Fig. 8. Comparison of parallel matrix multiplication algorithms. We compare various parallel matrix multiplication algorithms: block, column-partition,
row-partition, and coded (row-partition) matrix multiplication. We implement the four algorithms using OpenMPI and test them on Amazon EC2 cluster of
25 instances. We measure the average and the 95th percentile runtime of the algorithms. Plotted in (a) and (b) are the results with m1-small instances, and
in (c) and (d) are the results with c1-medium instances.

Fig. 9. Comparison of parallel gradient algorithms. We compare parallel
gradient algorithms for linear regression problems. We implement both the
uncoded gradient descent algorithm and the coded gradient descent algorithm
using Open MPI, and test them on an Amazon EC2 cluster of 10 worker
instances. Plotted are the average and the 95th percentile runtimes of the
algorithms. (a) Average runtime. (b) Tail runtime.

worker i works on has cardinality q /n, i.e., |St
i | = q /n. Note

that the sampling we consider here is without replacement,
and hence these data sets are non-overlapping.

B. Shuffling Schemes

We now present our coded shuffling algorithm, consisting
of a transmission strategy for the master node, and caching
and decoding strategies for the worker nodes. Let Ct

i be the
cache content of node i (set of row indices stored in cache i )
at the end of iteration t . We design a transmission algorithm
(by the master node) and a cache update algorithm to ensure
that (i) St

i ⊂ Ct
i ; and (ii) Ct

i \ St
i is distributed uniformly

at random without replacement in the set [q ] \ St
i . The first

condition ensures that at each iteration, the workers have
access to the data set that they are supposed to work on.
The second condition provides the opportunity of effective
coded transmissions for shuffling in the next iteration as will
be explained later.

1) Cache Update Rule: We consider the following cache
update rule: the new cache will contain the subset of the data
points used in the current iteration (this is needed for the local
computations), plus a random subset of the previous cached
contents. More specifically, q /n rows of the new cache are
precisely the rows in St+1

i , and s− q /n rows of the cache are
sampled points from the set Ct

i \ St+1
i , uniformly at random

without replacement. Since the permutation π t is picked
uniformly at random, the marginal distribution of the cache
contents at iteration t+1 given St+1

i , 1 ≤ i ≤ n is described as

follows: St+1
i ⊂ Ct+1

i and Ct+1
i \St+1

i is distributed uniformly
at random in [q ] \ St+1

i without replacement.
2) Encoding and Transmission Schemes: We now for-

mally describe two transmission schemes of the master node:
(1) uncoded transmission and (2) coded transmission. In the
following descriptions, we drop the iteration index t (and t+1)
for the ease of notation.

The uncoded transmission first finds how many data rows
in Si are already cached in Ci , i.e. |Ci ∩ Si |. Since, the
new permutation (partitioning) is picked uniformly at random,
s/q fraction of the data row indices in Si are cached in Ci , so
as q gets large, we have |Ci ∩ Si | + o(q ) = q

n (1 − s/q ).
Thus, without coding, the master node needs to transmit
q
n (1−s/q ) data points to each of the n worker nodes. The total
communication rate (in data points transmitted per iteration)
of the uncoded scheme is then

Ru = n × q
n

(1− s/q ) = q (1− s/q ). (17)

We now describe the coded transmission scheme. Define
the set of “exclusive” cache content as C̃I = (∩i∈ICi ) ∩(
∩i ′∈[n]\IC!

i ′

)
that denotes the set of rows that are stored at

the caches of I, and are not stored at the caches of [n] \ I.
For each subset I with |I| ≥ 2, the master node will multicast∑

i∈I A(Si ∩C̃I\{i}) to the worker nodes. Note that in general,
the matrices A’s differ in their sizes, so one has to zero-
pad the shorter matrices and sum the zero-padded matrices.
Algorithm 1 provides the pseudocode of the coded encoding
and transmission scheme.7

3) Decoding Algorithm: The decoding algorithm for the
uncoded transmission scheme is straightforward: each worker
simply takes the additional data rows that are required for
the new iteration, and ignores the other data rows. We now
describe the decoding algorithm for the coded transmission
scheme. Each worker, say worker i , decodes each encoded
data row as follows. Consider an encoded data row for some
I that contains i . (All other data rows are discarded.) Such an
encoded data row must be the sum of some data row in Si and
|I| − 1 data rows in C̃I\{i}, which are available in worker i
by the definition of C̃ . Hence, the worker can always subtract

7Note that for each encoded data row, the master node also needs to transmit
tiny metadata describing which data rows are included in the summation.
We omit this detail in the description of the algorithm.
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多項式補間で復号可能
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