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Abstract–Complex network theory has been applied to 

solving practical problems from different domains. In this 

paper, we present a general framework for complex 

network applications. The keys of a successful application 

are a thorough understanding of the real system and a 

correct mapping of complex network theory to practical 

problems in the system. Despite of certain limitations 

discussed in this paper, complex network theory provides a 

foundation on which to develop powerful tools in 

analyzing and optimizing large interconnected systems. 

 

1. Introduction 

In the past fifteen years, the underlying network 

structure of complex systems has attracted extensive study 

from physics and computer science communities. The 

structural properties of complex networks in engineering 

infrastructure, social communities, biological systems, and 

financial systems are closely examined. Important 

universal properties such as scale-free structure, small-

world phenomena, community structure, and dynamical 

processes are found in complex networks from multiple 

domains [1]. Efforts have also been made to apply 

complex network theory to not only describing the 

topological and dynamical properties of real-world 

systems, but also to solving practical problem and even re-

designing the system for better performance. In this paper, 

we present a general framework for applying complex 

network theory in solving real-world problems. First, we 

review the network construction process of finding the 

abstract representation of real-world systems. Then, we 

review the existing analysis of network properties from 

different scopes. Finally, we discuss the feasibility of 

using complex network theory to solve real-world 

problem, including its capability and its limitation. 

 

2. Construction of Complex Networks 

The fundamental pre-requisition of a successful 

application of complex network theory is finding the 

underlying network structure of complex systems. A 

network is a set of nodes connected by a set of edges. 

Most complex systems consist of a collection of 

components which interact with each other. For instance, 

the Internet is a collection of computational devices 

connected by wires or wireless signals. Here, the devices 

are the nodes in the network and the physical connections 

are the edges in the network. Computers and devices 

communicate with each other by exchanging data 

packages. However, the representation of nodes and edges 

may be more flexible for many complex systems. For 

example, in the biological system, each species can be 

viewed as nodes in the network, while the predator-prey 

relationship and mutual-dependence relationship shape the 

edges between each species in a food web. In a 

microscopic perspective, each living organic intake food 

and generates energy through a chemical process called 

metabolism. In the metabolism process, chemical 

substances react with each other and transform into new 

chemical substances. In the metabolic networks, the nodes 

are the chemical substances and the edges are the possible 

transformation from one substance to another. Moreover, 

different complex systems can overlap and interfere with 

each other in real-life, forming a network of networks. For 

example, a social network is a network of people 

connected by family ties, collaboration and friendships. In 

modern life, people keep up with friends and maintain 

their social relationships by using the Internet – a network 

of computer and smart phones. Furthermore, the complex 

network of electrical transmission supplies the power that 

keeps the Internet running. Each of the above mentioned 

networks are closely coupled with each other. Finding the 

underlying network structure poses a great challenge yet 

lays the groundwork of applying network theory to 

solving practical problems. 

 

3. Analysis of Network Properties 

The properties of complex networks can be examined 

from different scopes. 

 

3.1. The Macroscopic View 

In the macroscopic view, the statistical properties of the 

complex networks, such as the degree distribution, the 

community structure and the structural robustness, are of 

particular interest.  

The degree distributions of complex networks of real 

systems have shown a very interesting universal 

characteristic, i.e., they all follow the Zipf’s law, also 

known as the power law, , where  is known as 

the power-law coefficient. The power-law coefficients of 

most complex systems fall between 2 and 3. For example, 

for the Internet, ; for the  scientific collaboration 

network,  [2]. The power-law degree distribution 

reveals the winner-takes-all nature of the complex system. 

That is, most of the edges in the networks are connected to 

only a few number of nodes. 
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Many complex networks are actually loosely connected 

by several densely connected sub-networks. The sub-

networks are called community structure. The detection of 

community structure in complex networks generally takes 

two different approaches. The first approach is the “top-

down” approach, where algorithms search for the densely 

connected sub-networks in the network, be them cliques 

or sets of nodes with maximum modularity. The second 

approach is the “bottom-up” approach, where specific 

edges, known as the “weak-ties” are removed from the 

network, while the remaining disconnected sub-networks 

are the communities in the network. The weak-ties may 

refer to the minimum-cut of the network, or edges with 

largest betweenness centrality [3]. 

In sociology, the term “assortative”, also known as 

“homophily”, refers to the tendency of individuals with 

similar characteristics, e.g., age, nationality, religion, etc., 

know or interact with each other. In complex network 

theory, assortative mixing specifically refers to the bias of 

preference that nodes with similar degrees are connected 

together. While its opposite term, disassortative mixing, 

exists in biological and technology networks such as the 

Internet and food webs [4].  

 

3.2. The Microscopic View 
The analysis of complex network from the microscopic 

view focuses on single nodes or the combination of a few 

number of nodes. 

In social networks, there is a likelihood that two friends 

of a person are also friends themselves. In complex 

network theory, the clustering coefficient  is a measure 

of the likelihood of closed triplets, i.e., three nodes that 

are fully connected. Clustering coefficient represents the 

redundancy of edges that keep the network connected. 

Social networks show large clustering coefficients, for 

people tend to form a closed society, e.g., family, school, 

working environment, etc. While in technological 

networks and infrastructures, the clustering coefficients 

are small, because the redundant links between nodes 

increase the cost of the systems [1]. 

Network motifs are defined as recurrent and 

statistically significant small-sized sub-graphs. The 

network motifs are usually related to the functional 

properties of the network. Despite of this, their detection 

is computational challenging. Due to the computational 

complexity of the algorithms for calculating the statistical 

significance of a motif, the sizes of motif reported in 

existing literature are usually limited by 10 [5]. 

The study of structural properties of individual nodes 

reveals the importance of a component in the system. The 

measurements usually take consideration of the ego-

network structure of the node. The most straight-forward 

measure of importance of a node is the number of edges 

connected to it, i.e., its degree centrality. However, the 

degree is not a sophisticated measure of node importance 

in many cases. Other measures based on the structural 

properties of the ego-network of each node are proposed. 

For example, the number of indirect neighbors of a node 

can also be used to extend degree centrality [6]. 

Betweenness centrality of an importance measure of the 

node. It is calculated based on the number of shortest 

paths of all pairs of nodes that include this node. The 

importance of a node sometimes depends on the 

importance of its neighbors. Based on this idea, the 

PageRank algorithm is proposed to rank the importance of 

webpages. The PageRank algorithm, among many other 

algorithms, are considered related to the eigenvectors and 

eigenvalues of the adjacency matrix of the complex 

networks [7]. 

 

2.3. The Dynamic View 
Most complex systems are not static but rather dynamic. 

On one hand, the topology of complex networks changes 

over time. On the other hand, dynamical processes are 

also taking places on the networks. 

A traditional area of study on topological dynamics of 

complex networks is the robustness of the network. By 

gradually removing random edges from the network, a 

strongly connected network may transform into several 

unconnected sub-networks. The critical proportion of 

edges removed in order to disconnect the sub-networks 

reflects the topological robustness of the network. Study 

has found that real networks with scale-free structure 

display great robustness against random edge removal. 

However, the real networks are more vulnerable to 

removal of important, rather than random, nodes and 

edges. The strongly connected network can be quickly 

disconnected into several sub-networks [8]. 

Complex networks play a crucial role in carrying 

contents and facilitating communications. For example, 

information spreads on the Internet through social 

networking services, disease and behavior spreads in 

social community forming epidemics, etc. Understanding 

the mechanism of content spreading is the foundation of 

predicting epidemic spreading and identifying super 

spreaders. The traditional model of epidemic spreading is 

SIR (susceptible-infected-recovered) model. This model 

assumes that a population can transform with a certain 

probability from the susceptible state to the infected state 

and from the infected state to the recovered state. The SIR 

model is a simplified model of epidemic scenario. Content 

spreading on complex networks takes similar form to the 

epidemic spreading in social community. 

One of the ongoing discussion in theoretical complex 

network study is the adaptive co-evolution of network 

topology and dynamical processes. On one hand, the 

underlying network structure strongly affects the 

dynamical process such as communication and epidemic 

spreading. On the other hand, the dynamical process may 

also alter the topological structure of the complex 

networks. Up to now, the problem has been tackled from 

several angles, such as game theory on network models, 

self-organization networks and opinion formation in social 

networks. However, the adaptive co-evolution will pose a 

continuous challenge to network scientists [9]. 
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4. Solving Real-world Problems 
In this section, we propose a general methodology of 

applying the theory to solving real-world problems. The 

key of a successful application is the correct mapping of 

network properties to practical problems. Finding such a 

mapping requires an in-depth understanding of the real 

system as well as a systematical knowledge of network 

science. Here we outline some typical systematical 

problems that are particularly suitable being solved by 

complex network theory. 

 

4.1. Re-discovering System Structure 
An epidemic model is a simplification of disease or 

behavior spreading. The epidemic threshold (or 

reproduction number) refers to a certain probability that 

an epidemic occurs only if the infect probability of the 

disease or behavior is larger than the epidemic threshold. 

In the SIR model, assume  the spreading rate, i.e., the 

transform probability from susceptible state to infected 

state and  the removal rate, i.e., the transform probability 

from infected state to recovered state, in order to ensure 

an epidemic outbreak, the following condition has to be 

met: 

                                 ,                             (4) 

where  is the average degree of nodes in the 

underlying transmission network. In traditional epidemic 

research, social communities are considered as fully 

connected networks or random networks. In these 

networks, . Therefore the 

epidemic threshold exists. However, recent study has 

shown that human contact networks are neither fully 

connected networks nor random networks, but rather 

scale-free networks (or at least networks with long-tail 

degree distribution). In scale-free networks, some hub 

nodes can have very large degree, hence  and 

. In this case, the epidemic 

threshold does not exist, and that the disease may have a 

break out even if the infectious probability is low [10]. 

The discovery of scale-free property of the social 

community has fundamentally changed the understanding 

of immunization strategy. New immunization policies 

have been proposed in order to accommodate to the 

change [11]. 

 

4.2. Categorizing System Components 
Public companies are traded in the stock markets. The 

companies are usually categorized into sectors by their 

nature of business, e.g., real estate sector, financial sector, 

technology sector, etc. Spreading investments across 

different sectors are believed to decrease the systematic 

risk of the portfolio. However, the existing sectoring 

criteria are sometimes insufficient since modern 

companies tend to diverse their business into different 

sectors. A robust sectoring method is required in modern 

investment activities. One of the solutions is the 

community detection algorithms in complex network 

theory. First, a stock market network must be constructed. 

The nodes in the network are traded companies. Every 

pair of the nodes are connected by an edge. The weight of 

edges are given by the correlations of the time series of 

stock returns. The compartments of stock markets 

sectored by community detection algorithms provide 

additional insights into the difference among companies 

within a same traditional sector [12].  

 

4.3. Importance Ranking of System Components 
We can find the need of ranking components in the 

system for practical usage in many scenario. For example, 

a user usually only reads the first two or three results 

returned from a search engine, an advertiser can only 

afford advertisement in one or two influential spreaders in 

social media websites, etc. By modeling the complex 

systems to networks, the importance ranking of individual 

components can be revealed by its ego-network structure. 

PageRank algorithm relates the importance of webpages 

to the eigenvector of the underlying network of the World 

Wide Web. Epidemic models are used to find influential 

spreaders in social networks [13]. In the fight against 

terrorism, critical information carriers are identified by 

calculating the betweenness centrality of each node in the 

terrorists’ social networks [14]. 

 

4.4. Recovering Missing Information 
Complex networks are built from observation data. 

However, the data collection process can be compromised 

by imperfect technology or human error, resulting in 

incomplete data or faulty data. Therefore, recovering 

missing knowledge from existing information is of urge 

need in many practical problems. For example, 

recommender systems use data on past user preferences to 

predict possible future likes and interests. By building a 

bipartite network of user and objects, the structural 

similarities between different users or different objects can 

be calculated. Accurate and diverse recommendation can 

be made by correctly associating users with potential 

objects purchased by similar users. Similar methodology 

can be applied in prediction of protein functions and 

inference of latent terrorist’s relationships [15]. 

 

4.4. Designing Bionic Systems 
Although scale-free networks are robust to random 

failure, an error happened on its important nodes can 

cause cascading failure that could potentially sabotage the 

whole system. For example, the failure of a highly 

connected line could create a regional black-out. On the 

other hand, social network is an example of continuously 

evolving system that exhibits strong robustness even to 

attacks on the most important nodes. Similar to social 

networks, the swarms of fish and flocks of bird also 

possess the ability of self-organizing that can adjust 

stability or maintain synchrony of the system in real-time. 

Electrical engineers have already started to transform the 
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ideal synchronization models and self-organizing models 

learnt from complex network theory to the engineering 

models of power grids. However, the gap between physics 

and practical engineering is still very large and yet to be 

filled [16]. 

 

5. Limitations of Applied Network Theory 

Despite of the fruitful applications of complex network 

theory in solving many practical problems, there are 

certain limitations of the tools. Particularly, the limitations 

are on the oversimplification in modeling complex 

systems with networks. 

For example, the power grid is the largest and most 

complicated infrastructure. Traditional complex network 

analysis of power grid treats generator, user and voltage 

transformer as network nodes, while transmission lines as 

edges. The electrical power are modeled as network flow 

carried by the underlying complex network. However, 

electrical engineers have criticized this model as 

oversimplified. Although synchronization models on 

complex networks, such as Kuramoto model, parallel with 

the power grid in many aspects, there is still much work to 

do in order to apply complex network theory in 

optimizing of electrical transmission systems. 

Another example is discovering the social circles in ego 

networks. In social networks, people are connected by 

multiple types of social relationships, e.g., colleagues, 

friendship, family ties, etc. Discovering the nature of ties 

between users is an important challenge for online social 

services providers. It has been found that community 

detection algorithms that use merely the topological 

properties are not sufficient in inferring the correct social 

circles of users. Other features, such as age, geographic 

location, education background, etc., should be used 

together with topological information of the social 

network to achieve accurate results [17]. 

 

5. Conclusion 

In this paper, we have presented a general framework 

of applying complex network theory to solving practical 

problems. The fundamental step of the application is the 

correct modeling of real systems into networks. By 

analyzing the network structural properties and mapping 

the structural properties to the functionality of real 

systems, complex network theory can be applied to 

revealing of importance of system components, 

identifying compartments in the system, predicting system 

behavior and even redesigning the system to achieve 

better performance and robustness. However, a successful 

application has to meet its challenges in many aspects. 

First, correctly modeling a real system to networks and 

finding the mapping of network property to practical 

problem require an in-depth understanding of the real 

system as well as a comprehensive knowledge of complex 

network theory. Second, oversimplified network models 

may not fully characterize the evolving mechanism of the 

real system. Tools from other academic fields, such as 

nonlinear theory, machine learning algorithms, etc. should 

all be utilized along with complex network theory to 

explore solutions to practical problems. 
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Abstract—We introduce a method of constructing net-
works from multivariate time series. The method enables
us to construct networks even if a given multivariate time
series do not have strong similarity. We show a simple ex-
ample where a common method based on similarity does
not work. The method we introduce is demonstrated for
numerical data generated by a known system and applied
to actual time series with unknown dynamics.

1. Introduction

To tackle phenomena in the real world, one of the first
valid approaches is to consider that the phenomena move
by systems and to assume the underlying systems [1]. Ele-
ments in the system interact with each other. To understand
the details of the interaction among the elements, the con-
cept of complex networks has been widely recognized to
be useful [2, 3].

There are work to construct a network from multivariate
time series. As time series usually show irregular fluctua-
tions, it is difficult to know the precise relationship among
them on the first impressions. For constructing a network
from multivariate time series the cross correlation function
with a constant threshold is used most extensively [4, 5],
which we refer to as “the common method.” The cross
correlation function is one of the useful statistics that can
directly investigate some kind of relations between two sig-
nals. When the statistic has strong peaks or has large ab-
solute values between−1 and+1 at some time lags the
result is a good indication that the data have similarities.
Then, we expect that there are correlation structures be-
tween the two signals (or that similar factors may influence
both systems). Then, the pair is considered to be connected
with an undirected link. However, the patchwork of many
two-body information might not be the same as the many-
body information as a whole. Also, although periodicities
in multivariate time series contain important information,
the cross correlation function cannot treat it directly. Fur-
thermore, we cannot the direction between the nodes on
the network constructed by the common method. Hence,
it might be preferable if we could capture many-body pe-
riodicities and directions among dynamical elements in a
system as a whole from a dynamical system-wide perspec-
tive, even if the time series do not have large values of cross

correlation. In this paper, we introduce such a method for
constructing directed networks from multivariate time se-
ries based on the linear modeling technique.

2. Common technology

The most extensively used method to construct networks
from multivariate time series can be reduced to the follow-
ing three steps [4, 5].

1. Each time series is considered as a basic node of a
network.

2. To investigate the relationship among multivariate
time series, the cross correlation between each pair of
time series (i.e. two time series) taken from the whole
multivariate time series is estimated.

3. The pair of nodes corresponding to the chosen two
time series is connected with an undirected edge when
the value of the cross correlation is larger than an ap-
propriately chosen threshold.

We referred this method to as “the common method”, as
mentioned above. Although the common method based on
the concept of the cross correlation has been proved to be
effective in various cases [4, 5], the range of applicability
might be restrictive because “no similarity” is not equiva-
lent to “no correlation” [6].

3. Our proposed algorithm

To construct directed networks from multivariate time
series from a dynamical system-wide perspective, even if
the time series do not have large values of cross correlation,
we use the reduced auto-regressive (RAR) model [7].

Periodic or nearly periodic behavior is an important na-
ture for many time-dependent phenomena in the real world.
Without including such (nearly) periodic effects, we can-
not reproduce the time-dependent phenomena properly [8].
There are several widely accepted techniques to estimate
the period of behavior, such as spectral estimation, auto-
correlation, wavelet transforms and so on [7]. However,
these methods cannot provide accurate and decisive peri-
odicities.
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Small and Judd have proposed a method to identify pre-
cise periodicities directly from the model [7]. The tech-
nique is based on an information theoretic reduction of
AR models, which is referred to as the reduced auto-
regressive (RAR) model [7]. RAR models include mini-
mal number of terms indispensable for describing time se-
ries as assessed by an information criterion. There are also
strong information theoretic arguments to support that the
RAR model can detect any periodicities built into a given
time series [7]. Moreover, the RAR model has proven to
be effective in modeling both linear and nonlinear dynam-
ics [9, 10]. Hence, we consider to construct directed net-
works based on information included in RAR models from
multivariate time series.

The building of an RAR model from given time series
proceeds as follows. Given a scalar time series{x(t)}nt=1 of
n observations, an RAR model with the largest time de-
lay lw can be expressed by

x(t) = a0 +

w
∑

i=1

aix(t − li) + ε(t), (1)

where 1≤ l1 < l2 · · · < lw, ai (i = 0,1,2 . . . ,w) are param-
eters to be determined, andε(t) is assumed to be indepen-
dent and identically distributed Gaussian random variables,
which are interpreted as fitting errors. The parametersai

are chosen to minimize the sum of the squares of fitting er-
rors. To build an RAR model we prepare candidate basis
functions used in the modeling, in the form of a dictionary,
and select the most appropriate basis functions that can ex-
tract the peculiarities of the time series as much as possi-
ble [11]. As RAR models are linear, the basis functions are
a constant function and linear terms.

This methodology can be applied equally to multivariate
time series straightforwardly [7, 9, 10]. A set of multivari-
ate RAR models is expressed by

xi(t) = ai,0 +

N
∑

j=1















w j
∑

k=1

ai, j,k x j(t − lk)















+ εi(t), (2)

wherei = 1,2, . . . ,N, N is the number of components and
lwi(≥ 0) is the largest time delay of thei-th component.

To know the best model we apply the the concept of de-
scription length in the information theory. An approxima-
tion to description length takes the form

DL(k) =
(n
2
− 1
)

ln
eT e
n
+ (k + 1)

(

1
2
+ ln γ

)

−

k
∑

i=1

ln δi (3)

wheren is the length of the time series to be fitted,e stands
for the vector composed from fitting errors,k is the number
of parameters (or model size),γ is related to the scale of the
data, and the variablesδ can be interpreted as the relative
precision to which the parameters are specified. The factor
γ is a constant and typically fixed to beγ = 32 [9]. When
a model has the smallest value of the description length

among many models, we treat the model as the “best model
(optimal model).” See more details in [9, 10].

After building the multivariate RAR model correspond-
ing to the systems under consideration, we use the informa-
tion contained these models to construct a directed network
representing the system. The model for thei-th variable
xi(t) takes the form as

xi(t) = ai,0 + ai,i,1xi(t − l1) + ai,i,2xi(t − l2)

+ ai, j,3x j(t − l3) + ai,k,4xk(t − l4) + εi(t), (4)

indicating that, to determine the value ofxi at time t, we
need the information of the values ofxi, x j, andxk at some
previous times. We pack the information of interdepen-
dency of the components contained in Eq. (4) into the form,

xi = fi(xi, x j, xk), (5)

representing that componentxi is a function of compo-
nents,xi, x j and xk, where fi stands for the function rep-
resenting the time dependency of thei-th component,xi.
When we construct a network from this expression, each
component of the multivariate time series such asxi is
translated to a node. Next, we draw directed arrows from
x j to xi and fromxk to xi, if the right hand side of the model
of xi containsx j andxk. This basic idea enables us to con-
struct a directed network embodying the entire relationship
among the components represented in a multivariate RAR
model. In Eq. (5), the componentxi itself is included in
the right hand side and the nodexi has a directed self-loop
from xi to xi in the network. Such a case indicating that a
component drives its own dynamics often happens.

4. Numerical Examples

We now demonstrate the application of our algorithm to
simulated time series data, and confirm our theoretical ar-
guments.

The system consists of four dynamical variables,x1(t),
x2(t), x3(t) and x4(t), and their time dependencies are de-
scribed by the following expressions:

x1(t) = 0.7 x1(t − 1)− 0.4 x1(t − 3)+ 0.3 x2(t − 4)

+ 0.2 x4(t − 7)+ ε1(t), (6)

x2(t) = 3.0+ 0.6 x2(t − 1)− 0.2 x2(t − 6)+ ε2(t), (7)

x3(t) = 0.5 x1(t − 2)+ 0.3 x4(t − 9)+ ε3(t), (8)

x4(t) = 0.2 x1(t − 2)+ 0.5 x4(t − 1)

− 0.3 x4(t − 3)+ ε4(t), (9)

whereεi(t) (i = 1,2,3,4) are dynamic noise, independent
and identically distributed Gaussian random variables with
mean zero and standard deviation 1.0. In this paper, we dis-
tinguish “component” and “variable” as different technical
terms. The term “component” is used for representingxi

and the term “variable” for representingxi(t − l) including
its time delay. For instance, Eq. (6) has 3 components (x1,
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x1 x2 x3 x4

x1 1.0000 — — —
x2 0.3606 1.0000 — —
x3 0.6691 0.1930 1.0000 —
x4 0.4448 0.1790 0.4900 1.0000

Table 1: The largest absolute values of the cross correlation
of all possible pairs between the time lag−30 and 30. The
data are generated by Eqs. (6)–(9), and the values are esti-
mated using 1000 data points with Gaussian observational
noise with the mean zero and the standard deviation 0.01.

x2 andx4) and 4 variables,x1(t − 1), x1(t − 3), x2(t − 4) and
x4(t − 7).

To construct the network by the common method, we
estimate the cross correlation (CC) of all pairs using 1000
data points generated by Eqs. (6)–(9). Since we have four
time series corresponding to the components,x1, x2, x3,
and x4, the network contains four nodes. All the values
are shown in Table 1. The network constructed from these
CCs with threshold 0.5 is shown in Fig. 1(a). With this
threshold, only the nodes,x1 and x3, are connected. The
connection itself seems to be reasonable, because Eq. (8)
representing the dynamics ofx3(t) includesx1(t−2). How-
ever, Eq. (6) representing the dynamics ofx1(t) does not
include the componentx3. The undirectedness of the con-
nection thus cannot capture this one-way relationship be-
tween x1 and x3. Furthermore, we would conclude that
the pair,x1 andx4 are independent, since the value of CC
between these components, 0.4452, is below the threshold
0.5. However, it is clearly untrue, because Eq. (9) rep-
resenting the dynamics ofx4(t) does include the variable
x1(t − 2). This simple example shows two insufficiencies
of the common method: (i) the undirectedness of the edges
that cannot capture the directions of the relationship be-
tween components and (ii) the arbitrariness of the thresh-
old value that cannot always recover existing relationships.
Hence, we consider that the network constructed using the
values of the cross correlation function does not properly
represent the exact relationship between components de-
fined by Eqs. (6)–(9).

We apply the multivariate RAR models to the same data
used for estimating the CCs. We obtain the multivariate
RAR model exactly the same as Eqs. (6)–(9). The packed
expressions such as Eq. (5) corresponding to this model
become

x1 = f1(x1, x2, x4), (10)

x2 = f2(x2), (11)

x3 = f3(x1, x4), (12)

x4 = f4(x1, x4). (13)

Using this summarized information we construct a di-
rected network, and the network is shown in Fig. 1(b). We
consider that this structure appears to be a more faithful and

(a) (b)

Figure 1: The constructed network: (a) The undirected ne-
towk is based on the values of the cross correlation shown
in Table 1 with threshold 0.5, (b) The directed network is
based on the result of multvariate RAR models, Eqs. (10)–
(13). In Fig. 1(b) the notation© means that the model for
a component includes the component itself, and notation¤

means that the component is not included in the model.

straightforward network representation of the time struc-
ture of the system defined by Eqs. (6)–(9) than that con-
structed using the common method with an arbitrary value
of threshold. Also, using the information we can know the
number of incoming edges (in-degree) and outgoing edges
(out-degree) of each node.

5. Applications

We apply the proposed method to multivariate time se-
ries from meteorological time series in the south pole1.
The data we use are five different time series: the atmo-
spheric pressure, the atmospheric temperature, the dew-
point temperature, the vapor pressure and the humidity,
taken hourly from 4 January to 15 February in 2015. As
shown in Fig. 2, all of them show irregular fluctuations.
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Figure 2: Meteorological hourly time series in the south
pole from 4 January to 15 February in 2015: (a) atmo-
spheric pressure, (b) temperature, (c) dew-point tempera-
ture, (d) vapor pressure and (e) humidity. These data are
used for building multivariate RAR models.

We use 1000 data points (around 42 days) to build mul-
tivariate RAR models. As there are 5 time series, choosing

1The data can be obtained from Japan Meteorological Agency,
http://www.jma.go.jp/jma/indexe.html
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Figure 3: (Color online) The directed network constructed
by multivariate RAR models of meteorological data in the
south pole. All nodes are represented by©, as all models
contain their own components. For the explanation of the
notation, see Fig. 1(b).

Table 2: The number of in-degree and out-degree of the
directed network of meteorological data shown in Fig. (3),
wherex1 corresponds to atmospheric pressure,x2 temper-
ature,x3 dew-point temperature,x4 vapor pressure andx5

humidity.

x1 x2 x3 x4 x5

in-degree 0 0 2 1 2
out-degree 0 2 1 1 1

a time delay up to 20 for time series of each data and the
constant function give 101 candidate basis functions in the
dictionary. Using the dictionary we build the multivariate
RAR model for each data. The reduced expressions of the
obtained 5 multivariate RAR models are

x1 = f1(x1), (14)

x2 = f2(x2), (15)

x3 = f3(x2, x3, x5), (16)

x4 = f4(x2, x4), (17)

x5 = f5(x3, x4, x5), (18)

wherex1 corresponds to the atmospheric pressure,x2 the
atmospheric temperature,x3 the dew-point temperature,x4

the vapor pressure andx5 the humidity.

In Fig. 3, we show the directed network constructed from
these models, Eqs. (14)–(18), representing the relationship
of interdependency among these five data. Note that all
models contain their own components, which means that
all nodes in Fig. 3 have self-loops. The numbers of in-
degree and out-degree for each node in Fig. 3 are shown
in Table 2. From these results we find that the atmospheric
pressure is independent, the dew-point temperature and hu-
midity are influenced eath other the vapor pressure are in-
fluenced by temperature and humidity.

6. Conclusion

We describe an algorithm for constructing directed net-
works from multivariate time series based on the RAR
modeling technique. The strong point of this method is
that it enables us to extract the hidden relationship among
dynamical components from a dynamical system-wide per-
spective even if the time series do not have large values of
cross correlation.

Acknowledgments

Tomo Nakamura would like to acknowledge the par-
tial support of a Grant-in-Aid for Scientific Research (C)
(No. 25282094) from the Japan Society for the Promotion
of Science (JSPS), and Toshi Tanizawa also would like to
acknowledge the support of a Grant-in-Aid for Scientific
Research (C) (No. 24540419) from JSPS.

References

[1] D. H. Meadows. Thinking in Systems: A Primer.
Chelsea Green Publishing, London, 2008.

[2] A-L. Barab́asi and R. Albert. Emergence of scaling
in random networks.Science, 286:509–512, 1999.

[3] M. Small, D. M. Walker, and C. K. Tse. Scale-free
distribution of avian influenza outbreaks.Phys. Rev.
Lett, 99(18):188702, 2007.

[4] R. N. Mantegna. Hierarchical structure in finan-
cial markets. The European Physical Journal B,
11(1):193–197, 1999.

[5] K. Yamasaki, A. Gozolchiani, and S. Havlin. Climate
networks around the globe are significantly affected
by el niño. Phys. Rev. Lett, 100(22):228501, 2008.

[6] T. Nakamura, Y. Hirata, and M. Small. Testing for
correlation structures in short-term variabilities with
long-term trends of multivariate time series.Phys.
Rev. E, 74:041114, 2006.

[7] M. Small and K. Judd. Detecting periodicity in exper-
imental data using linear modeling techniques.Phys.
Rev. E, 59:1379–1385, 1999.

[8] T. Ohira and T. Yamane. Delayed stochastic systems.
Phys. Rev. E, 61:1247–1257, 2000.

[9] K. Judd and A. Mees. On selecting models for non-
linear time series.Physica D, 82:426–444, 1995.

[10] K. Judd and A. Mees. Embedding as a modeling prob-
lem. Physica D, 120:273–286, 1998.

[11] T. Nakamura, D. Kilminster, K. Judd, and A. Mees.
A comparative study of model selection methods.Int.
J. Bifurcation Chaos, 14(3):1129–1146, 2004.

- 9 -



  

Barycentric coordinates revisited: 
relaxation with linear programming and its evaluations 

 
Yoshito Hirata†,‡,*, Hideyuki Suzuki‡,*, and Kazuyuki Aihara†,‡,* 

 
†Institute of Industrial Science, The University of Tokyo, 

4-6-1 Komaba, Meguro-ku, Tokyo 153-8505, Japan 
‡Graduate School of Information Science and Technology, The University of Tokyo, 

7-3-1 Hongo, Bunkyo-ku, Tokyo 113-8656, Japan 
*CREST, JST, 4-1-8 Honcho, Kawaguchi, Saitama 332-0012, Japan 

Email: yoshito@sat.t.u-tokyo.ac.jp 
 

Abstract– Barycentric coordinates are first used in 
Mees, Int. J. Bifurcat. Chaos (1991) to model a short 
nonlinear time series faithfully, while his formulation is 
restricted to low-dimensional dynamics because it employs 
triangulation. We recently relaxed his formulation by using 
linear programming (Hirata et al., Chaos (2015)). Using 
this relaxation, we can generate prediction and freeruns 
from a high dimensional time series. In this talk, we will 
review these recent advancements on barycentric 
coordinates and discuss some indices that evaluate locally 
the modelling accuracy for barycentric coordinates. 
 
1. Introduction 
 

Modelling time series data is an essential step to 
understand the underlying dynamics. In this context, Mees 
[1] provided a great contribution. He divided the phase 
space by tessellations and constructed barycentric 
coordinates, within which the current point is expressed as 
a linear combination of data points. The coefficients of the 
linear combination take values between 0 and 1 and their 
total is exactly 1. When one predicts p steps ahead, one 
can take the average of p steps ahead of data points 
weighted by the same coefficients. Mees [1] demonstrated 
that the Hénon map can be modelled faithfully only by 
using a time series of length 50. 

Although the barycentric coordinates proposed by 
Mees [1] was fantastic, they also had a limitation, which is 
that we cannot model high-dimensional dynamics easily 
because obtaining tessellations in a high-dimensional 
space is very expensive. 

To overcome this limitation, we recently proposed to 
construct barycentric coordinates using linear 
programming [2]. In this relaxation, we allowed some 
error for approximating the current point by neighboring 
points in the phase space. We also enforced the conditions 
of the coefficients that they are between 0 and 1 and their 
sum is equal to 1. Then, we minimized the approximation 
error. This minimization problem is a linear program and 
we can use a variety of commercial software to solve it. In 
[2], we demonstrated that the Rössler model and the 
Lorenz’63 models can be modelled such that their 
reconstructed models also reproduce the original shapes of 

the attractors. In addition, we modelled violin sounds, 
which cannot be distinguished from the original sounds 
easily. 

In this presentation, we introduce our relaxation of 
barycentric coordinates [2] with more details and discuss 
that the modelling accuracy is evaluated locally using two 
indices related to this relaxation. 
 
2. Barycentric Coordinates Defined by Linear 
Programming 
 
2.1. Definition 
 

Suppose that we have a dynamical system 
MMf →: ( )(1 tt xfx =+  for ,...2,1=t ) we are 

interested in. We observe a scalar time series 
)()( txgts =  ( ,...2,1=t ) through the observation 

function RMg →: . Using delay coordinates [3,4] 
denoted by 

( ) )()(),...,2(),1()( 1+−≡+−+−= dtxGtsdtsdtstv  

for dt ≥ , we reconstruct the state tx of the underlying 
dynamics from this scalar time series. Namely, due to the 
following diagram, we can reconstruct the dynamics 

dd RRf →:~  on the delay coordinates that is equivalent 
to the original dynamics f : 

).1()(
~

21

+→

↓↓

→ +−+−

tvtv

GG
xx

f

dt

f

dt

 

We denote the k th component of )(tv  by )(tvk . 

Suppose that we may generate prediction up to P  
steps ahead. In addition, suppose that Tt ≥ and that we 
predict p  steps ahead ( Pp ,...,2,1= ). First, we find K  
neighboring points to )(tv  from 

{ }PTddiiv −+= ,...,1,|)( in the sense of the 
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Euclidean norm, and denote by tI  a set of time indices for 

the neighboring points. Then, we approximate )(tv  by a 

linear combination of v(i) | i ∈ It{ }  using the 

coefficients iλ  satisfying 10 ≤≤ iλ for tIi∈ and 

1=∑
∈ tIi

iλ , namely, 

.)()( ∑
∈

≈
tIi

t ivtv λ                   (1) 

In our formulation in [2], we allow the error 0≥ε  for 
the approximation of Eq. (1). Thus, we have 

−ε ≤ vk (t)− λivk (i)
i∈It

∑ ≤ ε,  for k=1,2,...,d.  

Thus, finding a set of the coefficients for barycentric 
coordinates can be formulated as the following linear 
program: 

{ }
ε

λ ti Ii∈|
min                                   (2) 

subject to 
0≥ε , 

−ε ≤ vk (t)− λivk (i)
i∈It

∑ ≤ ε,  for k =1, 2,...,d,   

10 ≤≤ iλ for tIi∈ and  

1=∑
∈ tIi

iλ . 

Then p steps ahead prediction is given by 

.)())((~)(ˆ ∑
∈

+=≈+
tIi
i

p pivtvfptv λ  

We used Matlab’s function “linprog” to solve this linear 
program. 
 
2.2. Formula for Evaulating Modelling Accuracy 
Locally 
 

By using Taylor’s expansion, the following relation can 

be obtained [2] in terms of the approximated dynamics f̂  
by barycentric coordinates: 

),()()())((~))((~))((ˆ 2δλ Otvivtvftvftvf
tIi
i +⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−ʹ′+= ∑

∈

   (3) 

where δ shows the size of convex hull constructed by the 
neighboring points. The second term is directly related to 
the quantity obtained by Eq. (2). For example, if this 
second term vanishes due to 0=ε , then the 
approximation by barycentric coordinates becomes the 
first order approximation as similarly to [1]. The optimal 
ε  is related to the distance between the current point and 
the data manifold [5] spanned by the past points. 
Therefore, the value defined by Eq. (2) can be used as an 
index for evaluating the approximation error. Thus we call 
the index of Eq. (2) as the approximation error. 

 
2.3. Quantity for Evaulating the Goodness for a Set of 
Neighboring Points 
 

Another quantity for evaluating our approximation is 
related to how good the space spanned by neighboring 
points is. For this sake, we use the Gram matrix 
constructed by the neighboring points. Let us define a 
matrix V as 

( )))(())(()),...,(())(()),(())(( 11312 tivtivtivtivtivtivV K −−−= , 

where )(til  denotes the l th component of tI . We use 

det for representing the determinant of a matrix followed. 
Then, we employ the next quantity for evaluating the 
goodness of prediction: 

).'det( VV                               (4) 
This quantity, the Gram determinant, is expected to be 
close to 0 when the neighboring points are degenerated 
and not linearly independent. In addition, Eq. (4) becomes 
large when the convex hull spanned by the neighboring 
points is large and the approximation by Eq. (3) becomes 
rough. Thus, we can use Eq. (4) for evaluating the 
goodness of  our prediction using barycentric coordinates. 
 
3. Example 
 
3.1. Lorenz’96II model 
 

We evaluated the two quantities for evaluating locally 
the modelling accuracy using a time series generated from 
the Lorenz’96II model [6,7]. The Lorenz’96II model is a 
toy model of the atmosphere. In this model, two types of 
variables are connected in the structure of double rings, 
between which are connected locally. The outer ring 
corresponds to the upper sky of the atmosphere. The inner 
ring corresponds to the air close to the surface of the earth. 
The variables corresponding to the outer ring are denoted 
by iy ( Ii ,...,2,1= ), while the variables corresponding 

to the inner ring are denoted by jiz ,  ( Ii ,...,2,1=  and 

Jj ,...,2,1= ). The equations for the Lorenz’96II model 
are defined as follows: 

,,1112 ∑−+−+−= +−−−
j

ji
y

iiiiii z
b
ch

Fyyyyyy!  

,,1,1,2,1,, i
z

jijijijijiji y
b
chczzcbzzcbzz +−+−= +−++!  

,Iii yy +=  

,,1, jiJji zz ++ =  

where we set the parameters as follows: 8=F , 10=b , 
10=c , 1=yh , 1=zh , 40=I , and 5=J . We 

generated a scalar time series of length 
2365246 ××× by observing 1,1z  every 0.01 unit times. 
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We used the first half of the dataset for modelling and 
evaluated the prediction using the second half. We set 

36=d . 
The results are shown in Fig. 1. We found that the 

prediction errors for 36 steps ahead prediction were 
correlated with the optimal ε  (Fig. 1(a)) and the 
logarithm for the Gram determinant (Fig. 1(b)). The 
correlation coefficients were 0.0467 (p-value: 

271043.9 −× ) and 0.0461 (p-value: 261009.4 −× ), 
respectively. 
 
3.2 Solar irradiance at Wakkanai, Japan 
 

We applied the credibility measures of the 
approximation error and the Gram determinant to the 

dataset of solar irradiance for evaluating their relation to 
the prediction error by barycentric coordinates. The 
dataset was provided by the Japan Meteorological Agency. 
The dataset recorded the solar irradiance at Wakkanai, 
Japan every 10 minutes between 1 January 2010 and 31 
December 2011. We used the dataset of year 2010 to 
predict the dataset of year 2011. We set 180=d  to take 
into account the temporal changes for solar irradiance for 
the previous days. 

The results are shown in Fig. 2. The approximation 
error has a positive correlation with the prediction error 
(correlation coefficient: 0.0398, p-value: 201098.6 −× ), 
while the Gram determinant has a negative correlation 
with the prediction error (correlation coefficient: -0.0564, 
p-value: 381082.2 −× ). 

Fig. 1. Prediction error vs optimal ε  using Eq. (2) (panel (a)) and )'det(log10 VV  using Eq. (4) (panel (b)), for the 
example of Lorenz’96II model. 
 

Fig. 2. Prediction error vs optimal ε  using Eq. (2) (panel (a)) and )'det(log10 VV  using Eq. (4) (panel (b)), for the 
example of solar irradiance at Wakkanai, Japan. 
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3.3. Mean wind speed over Japan 
 

We also evaluated the performance for the 
approximation error and the Gram determinant using the 
mean wind speed over Japan. The dataset was provided by 
the Japan Meteorological Agency. We used the dataset of 
year 2010 to predict the dataset of year 2011. We had the 
mean wind speed every 10 minutes. We set 36=d  and 
thus the delay coordinates correspond to the time window 
of 6 hours. 

The results are shown in Fig. 3. Both the approximation 
error and the Gram determinant have small positive 
correlations (0.0563 and 0.0109, the corresponding p-
values 381057.3 −× and 21026.1 −× , respectively) with 
the prediction error by barycentric coordinates. 
 
4. Discussions 
 

Modelling a time series by barycentric coordinates was 
introduced. We found that barycentric cooridnates for a 
high-dimensional space can be constructed easily using 
linear programming. In addition, the prediction produced 
by barycentric coordinates can be evaluated locally using 
the two quantities of the approximation error and the 
Gram determinant. In this sense, the time series prediction 
using barycentric coordinates is sophisticated. We hope 
that barycentric coordinates enable us to introduce more 
renewable energy resources to power grid systems. 
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Abstract– The anatomical primate connectome has 

some pronounced properties, highly related to the 
information processing and brain disorder disease. 
However, the mechanism underlying the network 
properties, especially the relationship between the spatial 
layout and anatomical connectome, is not clear. This work 
studied the influence of two important but competing 
constraints of wiring cost and efficiency on the Macaque 
anatomical wiring diagram. It is revealed that the existence 
of similar modular and multiple hubs structure, even the 
location of hubs is attributed to a proper trade-off between 
the two fundamental constraints. However, the degrees of 
non-hubs cannot be fully explained by the two constraints. 
Further fixing the degrees of cortical areas, nearly 70% of 
connections of Macaque connectome can be recovered 
under the trade-off between the wiring cost and processing 
efficiency constraints. These findings suggest that the cost-
efficiency trade-off contribute to the characteristic 
architecture of neural networks at different scales.  
 
1. Introduction 
  
 The complex anatomical primate connectome is the 
physiological basis for brain dynamics, neural information 
processing and mental functions [1-3]. In recent years, the 
topological features of cortical connectome detected by 
graph theoretical approaches have attracted broad 
attention, such as the small world [4], densely connected 
modules [5], large-degree hubs [6, 7], because the 
pronounced features is related to information processing 
and brain disorders [8, 9]. However it is poorly 
understood about the mechanisms underlying the 
formation of such complex topological features, especial 
their relationship to the spatial layout of the anatomical 
connectome.  
 The organization of neural networks is strongly 
affected by fundamental constraints. The most extensively 
discussed constraint is the wiring cost constraint [10-13]. 
Most of these previous studies found that the real 

component placement layout of some neural subsystems 
has been optimized under the wiring minimization, but not 
for the whole neural network [10-13]. It has been 
speculated that the anatomical connectome is the result of 
an economical trade-off between the physical cost and the 
functional values of the topology [14]. But it is still not 
clear what these functional constraints are and what the 
relationship is between the neural network properties and 
functional values 

The processing efficiency, measured by processing 
steps across the neural network, is strongly related to 
minimizing noise, fast response, and even cognitive 
ability as well as the brain diseases [16-20]. Thus in this 
work, processing efficiency is taken as the representative 
functional value.  

In the present work we explored how the anatomical 
Macaque connectome is shaped by the cost-efficiency 
trade-off by systematically testing the effect of the 
competition of multiple constraints. We compared the real 
network properties to reconstructed networks derived 
from multiple constraints by fixing the spatial position of 
each network node and the total number of connections as 
in the real networks. The reconstructed networks are 
generated by minimizing the objective function L = (1 − 
α)  + α , where  represents the influence of the 
wiring cost constraint measured by the total physical 
distance, while  represents the influence of the 
processing efficiency constraint measured by the total 
graph distance of the shortest paths. At different weight 
values of α, the reconstructed networks were obtained by 
minimizing the objective function L starting from 50 
random configurations by simulated annealing. Then we 
compared different network properties in the 
reconstructed networks to those in the real network. In the 
final part, we further fixed the degrees of all areas as in 
the real network, then obtained the reconstructed networks 
for a given α, and examined the overlap between the 
connections in the reconstructed networks and the real 
network.  Our analyses provided the evidence that the 
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wiring cost-efficiency trade-off plays a basic role in 
explaining network properties. 
  
2. Results 
 
2.1. Cost-efficiency trade-off leads to the coexistence of 
hubs and local connections 
 For the real Macaque cortical network (Fig. 1A, B), the 
reconstructed networks at different α are acquired by the 
cost-efficiency trade-off model. At α=0, the reconstructed 
networks only considered the influence of processing 
constraint. Thus all the links in the reconstructed network 
are connected randomly, which means there are a large 
number of long-range connections, and the wiring cost is 
very high (Fig. 1C). At α=1, only the wiring cost 
constraint is considered. Thus all links in the 
reconstructed network are connected locally (Fig. 1F). 
There is no hub in the reconstructed network. Notably, the 
spatial layout of the network nodes is non-uniform in the 
real network (Fig. 1A), forming spatial clusters. Thus 
these local connections make the adjacency matrix of the 
reconstructed network non-uniform as shown in Fig. 1F.  

When α stays between 0 and 1, the wiring cost and 
processing efficiency constraints combine their impact, 
resulting in two different regimes. When α is positive but 
not very large (0 < α < 0.8), the reconstructed networks 
have the single global hub and all the other links 
connected locally. The global hub is a very effective 
configuration to provide high efficiency, when all the 

other connections are short-distance due to the wiring cost 
constraint. Notably, because of the wiring cost constraint, 
the global hub stays in the geometrical central of the 
whole network area A1, which is not the hub in the real 
network. As α increases, the long-range connections of the 
global hub cannot meet the increasing need of the wiring 
cost constraint. Thus several smaller hubs emerge, staying 
at the local geometrical central with connections 
extending to nodes in their spatial neighborhood. The rest 
links are still connected locally. When the control 
parameter α is around 0.85, the local connections and 
multiple hubs coexist in the reconstructed network, similar 
to that in the real Macaque cortical network. 
 
2.2. Similar modular structure as in the real cortical 
network  under the cost-efficiency trade-off 
 We analyzed modules in the real Macaque cortical 
network and reconstructed networks. The modularity in 
the real network is Q=0.395, corresponding to two 
modules. When α=0, the reconstructed network under the 
single efficiency constraint is the random network without 
clear modular structure (Q=0.096). But when α is positive, 
the modularity in the reconstructed network is quite large, 
around 0.5. Comparing the modular division between the 
reconstructed and real network, the number of 
mismatched areas achieves the minimal, only 15% of total 
cortical area, when α stays between 0.8 and 0.9 (shown as 
red stars in Fig. 2A). 

 
 

Fig. 1 Comparison of reconstructed and original connectivity of Macaque cortical network. The left two plots (A 
and B) are for the original network. (A) The layout placement of 103 areas and the connections between them. (B) 
Adjacency matrix, the output (kout) and input (kin) degrees of the areas. The right four plots (C-F) show adjacency 
matrices and the degrees of areas in the reconstructed networks at various values of α. (C) α = 0, (D) α = 0.4, (E) α = 0.9 
and (F) α = 1. 
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2.3 Location of hubs 
 As stated in the first section, when α stays between 0 
and 0.8, the reconstructed networks have the single global 
hub at the geometrical central of the whole cortical 
network. When 0.8 < α < 0.96, several intermediate-size  
hubs emerge, staying at the local geometrical central of 
the different modules. Especially for α around 0.9, V5/MT, 
area 46, MSTm and MSTd appeared as hubs (z-score 
above 2.0 either in total, output or input degrees). Notably, 
the area V5/Mt and area 46 are coincidence with the 
biggest hubs in the real network in terms of the total 
degree and out-degree respectively (two biggest green 
stars in Fig. 2B). They are close to geometrical centers of 
the two modules, shown by blue and red color in Fig. 2A.   
There are other 4 hubs, such as area 7a, VIPl, 7b, LIPv in 
the real network and they are close to the hubs in the 
reconstructed networks.   
 
2.4. Degrees of cortical areas 
 Not only considering the hub regions, now we examine 
the degrees of areas in the original and reconstructed 
networks. Interestingly, the correlation between degrees 
and the number of areas within distance r is significantly 
present in the real network (colored curves in Fig. 2C). 
The correlation can reach 0.49 at ~0.14 for 

Macaque, much larger than the 95% of the significance 
level in the corresponding surrogate data (black line). 
 
2.5 Reconstructed network under three constraints  
 We found that the correlation of degrees between the 
real and reconstructed networks is significant, but not very 
high, suggesting that the degrees are affected by 
additional unknown requirements, rather than just the cost 
and efficiency constraints. Thus we fixed the degrees  as 
that in the real cortical network as the additional 
constraint and reconstruct networks under the cost-
efficiency trade-off to explore the influence of three 
constraints on the anatomical Macaque cortical network.  
 Fig. 2D compares the recovery rate , where 
the recovery rates  is for the connected pairs ( ) 
while the recovery rates  is for the connected pairs 
( ), as a function of α under the two constraints 
with that under the three constraints. R can be improved 
from about 60% under the two constraints up to larger 
than 75% under the three constraints. Notably, nearly 70% 
of the connections in the real network can be recovered 
under the three constraints (red dots in Fig. 2E). 
Especially, most connections (73%) within the functional 
systems can be recovered under the three constraints. 

Fig. 2 Network features in the real Macaque cortical network are recovered by the reconstructed network under 
the cost-efficiency constraints (two constraints) or three constraints (with the degrees fixed additionally). (A) 
Modularity of original Macaque network and reconstructed networks. The blue and red colors represent the two 
modules in the reconstructed network. The mismatched areas for modular division are shown by the stars between the 
real and reconstructed network. (B) 6 hubs in the real network (red bullets, with the size of the symbol indicating the 
total degree) and 4 hubs in the reconstructed network at α ∼ 0.9 (green stars). The positions of the reconstructed or real 
hubs coincide or are close to each other. (C) Correlation between degrees vs. the normalized radius  for 
reconstructed (α = 0.9) and real networks. The results differ for the output (blue line), input (red line) and total degree 
(green line) in the real network.  (D) The recovery rates R of the two constraint schemes, without (square) and with 
(triangle) fixed degrees, as functions of α for Macaque. (E) The adjacent matrix of the real Macaque cortical network, 
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compared to the reconstructed network obtained at α = 0.006. The red links are recovered while the blue links are not. 
The cortical areas are grouped by the functional systems. V: visual, S: somatosensory, M: motor, T: temporal, F: frontal 
system. 
 
3. Conclusion 
 We studied the anatomical Macaque connectome  from 
the perspective of multiple constraints, in particular the 
cost-efficiency trade-off. By reconstructing networks 
while preserving the spatial layout of the cortical areas, 
we obtained the understanding of the relationship between 
spatial layout and wiring diagram derived from multiple 
constraints. This understanding guided us to explore the 
mechanism of the pronounced network features in the real 
Macaque cortical network, namely the coexistence of 
modules and multiple hubs, as well as the small-world 
property with a large number of local connections. With 
the degrees further fixed, most connections within 
functions can be recovered under the cost-efficiency 
constraints. It further illustrated that the cost-efficiency 
trade-off have the impact on the level of the cortical-
cortical connections.  

 
4. Materials 
The connectivity { } of the nonhuman primate 
(Macaque monkey) cortical network studied in this work 
has N = 103 areas and K = 2518 connections in total [15]. 

 if there is link from area j to i, and  
otherwise. Most of the dataset is based on the previous 
dataset with 94 areas [13], but improved to 103 areas with 
a more detailed parcellation of the motor areas based on 
CoCoMac [2]. 
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Abstract—Strength of synaptic connection changes
quickly due to short-term plasticity mechanism depending
on presynaptic neural activities. Such dynamic synapses
have much influence for neural network dynamics. In an
associative memory network, the depression-dominant dy-
namic synapses cause destabilization of the memory re-
trieved state and represent ongoing state transition among
memory patterns. In conventional associative memory
network model or Hopfield model, state of the network
changes so that its energy function always decreases; this
corresponds to the process of the memory recall. This mini-
mization of the energy function with neural dynamics is ap-
plicable to solve combinatorial optimization problems, e.g.
traveling salesman problem (TSP). The network structure
can be configured so that the optimal solution corresponds
to the lowest energy state. In general, there are multiple lo-
cal energy minimum, and the state of the network tends to
be trapped on a local minimum in the conventional network
model. Stochastic and/or chaotic dynamics are applicable
to avoid to be trapped on a local minimum. Here we use the
transitive dynamics induced by dynamic synapses to search
the space of solution of TSP. The network model composed
of the stochastic neurons and depression-dominant dynam-
ics synapses. We show that the transitive dynamics with
dynamic synapses enhances performance of solving STP
rather than a network with mere stochastic noise.

1. Introduction

Combinatorial optimization is a problem to find an op-
timal object from a finite set of objects and is intensively
studied in the field of information science. One of the
combinatorial optimization problem, the traveling sales-
man problem (TSP) is a typical nondeterministic polyno-
mial (NP)-hard problem. Various methods are proposed for
solving the TSP. One of the heuristic approach is based on
neural network dynamics, which is proposed by Hopfield
and Tank [1]. They applied gradient descent dynamics on a
neural network with symmetric mutual connections [2] to
the TSP. The decreasing property of the energy function is
utilized for finding a local minimal of an objective function
of the TSP. This decreasing process of the energy function

corresponds to the convergence of the state of the network
to an attractor in the dynamical system. This properties are
closely related to the model of the associative memory net-
work, which implements multiple memory patterns on the
connection weights of the neural network. The process of
the convergence to a memory pattern and decrease in the
energy function correspond to the process of memory re-
call [2]. However, the Hopfield-Tank neural network has a
notorious local minimal problem, namely, there are many
local minimum, the state of the neural network is trapped
on a local minimum, and thus, the state of the network can-
not reaches the global minimum.

In order to overcome the difficulty of the local minimal
problem, several methods are proposed. The simulated an-
nealing is know to be efficient with its stochastic dynamics.
The chaotic dynamics on the neural network also contribute
to avoid to be trapped on a local minimum. The attrac-
tors of the chaotic dynamics usually has fractal structures,
and thus, the chaotic search is efficient on the TSP [3, 4].
In the associative memory network, this chaotic dynamics
causes state transitions among the stored memory patterns
and shows sequential memory association [5].

In the above-mentioned conventional neural network
models, the strength of the recurrent synaptic connections
are assumed to be static. However, recent physiologi-
cal studies revealed that the the strength of the synaptic
connections changes largely and quickly with short-term
plasticity mechanism; these synapses are called dynamic
synapses[6]. Properties of the neural network with the dy-
namic synapses are intensively investigated [7, 8, 9]. In the
associative memory network with the dynamic synapses,
the network shows transitive dynamics among the stored
memory patterns [9]. The synaptic connections are de-
pressed depending on the state of the neurons, and the
memory recalled state becomes unstable.

In the present study, we use the transitive dynamics in-
duced by the dynamic synapses to improve the perfor-
mance of neural network for solving the TSP. The proposed
neural network model is composed of stochastic neurons
and depression dominant dynamic synapses. We evaluate
the influences of the noise on the neurons and the dynamic
synapses.
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2. Model

For a given set of cities and the distances between each
pair of cities, the TSP required to find a shortest route that
visits each city once and returns to the original city. The
Hopfield-Tank network implements this problem to the re-
current neural network withN×N neurons forN city TSP.
The possible route on the TSP is represented by the state
of the neuronsi j , wherei and j respectively represents the
index of the cities and the order of visiting, namely,si j = 1
represent to visiti th city at j th step of the route.

In the present study, we use the network model withN2

stochastic binary neurons, and the neurons are connected
via the dynamic synapses. The state of the (i, j)th binary
neuron is denoted by the variablesi j (t) and takes an active
state [si j (t) = 1] or a resting state [si j (t) = 0] according to
the following equation

Prob[si j (t + 1) = 1] =
1
2

(1+ tanh[βhi(t)]) , (1)

wherehi j (t) is the total input for the neuron (i, j). and 1/β =
T represents the noise intensity.

We use two types of recurrent connections, namely con-
nections with dynamic synapses and static synapses. The
strength of the connection on the static synapses is fixed,
and the input for the neuron (i, j) is described by

hi j (t) =
N∑
j,i

Wi jkl (2skl(t) − 1)+ θi j , (2)

whereas the input with dynamic synapses are given by

hi j (t) =
N∑
j,i

Ji j [2skl(t)xkl(t)ukl(t)/Use− 1] + θi j . (3)

In this network, weight values for both directions of each
pair of neurons is same, namelyWi jkl = Wkli j , and zero
weights for the self-connectionWi ji j = 0. θi j specifies a
bias input. Changes in the strength of the synaptic con-
nection is determined by the fraction of releasable neuro-
transmittersxi(t) and the utilization parameterui(t) [6]. The
state of the neuron and the dynamic synapses changes ac-
cording to the following equations [9]:

xi(t + 1) = xi(t) +
1− xi(t)
τR

− si(t)xi(t)ui(t), (4)

ui(t + 1) = ui(t) +
Use− ui(t)
τF

+ Use(1− ui(t))si(t),(5)

Use represents the steady state value of the variableui(t).
If the neuron is active, thexi is decreased depending on
the utilization parameter, whereasxi recover its steady state
xi = 1 with time constantτR. The utilization parameteru j

increases with the activation of the neuron and recovers its
steady stateu j = Use with time constantτF . The strength
of synaptic transmission is given by the product ofx j(t)

andu j(t); the strength decreases (depression) or increases
(facilitation) depending on the parametersτR, τF , andUse.

If T = 0, the network with the static synapses is equiv-
alent to the Hopfield-Tank network. In the Hopfield-Tank
network, the energy function

E = −1
2

N∑
i=1

N∑
j=1

N∑
k=1

N∑
l=1

Wi jkl si j skl +

N∑
i=1

N∑
j=1

θi j si j . (6)

always decreases by updating the state of the network asyn-
chronously. This property can be utilized to find minimal
value of an objective function.

The energy function can be configured for solving the
TSP [1]. The length of the route can be described by

E1 =

N∑
i=1

N∑
j=1

N∑
k=1

diksi j (sk, j+1modn+ sk, j−1modn), (7)

wheredik is the distance betweeni th and j th cities.
The constraint for visiting each city once is described by

E2 =

N−1∑
i=0

(
N−1∑
j=0

si j − 1)2. (8)

The constraint for visiting one city at once is described by

E3 =

N−1∑
j=0

(
N−1∑
i=0

si j − 1)2. (9)

In order to obtain an appropriate solution, above constraint
termsE2 andE3 should be zero. To find the optimal solu-
tion of the TSP, the objective function is defined by

ETS P= AE1 + BE2 +CE3 (10)

with coefficientsA, B, andC.
This objective function can be transformed to the form

of Eq. (6) by setting

Wi jkl = −Adik(δl, j+1 + δl, j−1) − Bδi,k(1− δ j,l) (11)

−Cδ j,l(1− δi,k), (12)

θi, j = −B+C
2
. (13)

In the Hopfield-Tank network, the objective function is
monotonically decreased, but the state often trapped on a
local minimal solution. In the present model, the stochastic
dynamics and the transitive dynamics induced by dynamic
synapses avoid to be trapped on the local minimal.

3. Results

In the present paper, the performance of the model is
evaluated withN = 10 cities TSP with the city map shown
in Fig.1. We set values of the coefficient asA = B = C = 1.
For the network with dynamic synapses, we fixedτF = 2
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Figure 1: The city map used in this paper, which is ap-
peared in [1]. The dots indicate the position of the cities.
The distances between each pair of citiesdi j are based on
this map.

andUse = 0.1, which means that the synapse undergoes
depression.

The typical time courses of the state of the network and
the energy function are shown in Fig. 2.

In the case of the network with static synapses and with-
out noise, which is equivalent to Hopfield-Tank model, the
state of the network quickly converge to a (local) minimal
solution, and the state is trapped on the (local) minimal so-
lution. There exist many local minimal solution, and the
state converge to one of them depending on the initial state
of the neural network.

By adding the noise (T > 0), even once the state con-
verge to a local minimum, the state escapes the local min-
imum and move to another solution. By continuing this
process long enough, the state can reach the global mini-
mum.

In the case of the network with dynamic synapses, we
choose values of parameters that the synapse undergoes
depression, and that the network make the state transi-
tion. Once the state converges to a local minimal, the
synapses connected from active neurons are depressed, and
this makes the state converged on the local minimal unsta-
ble and makes the state transitions.

Figure 3 compares the performance of these networks.
The performance is quantified by the minimal distance
when the network runs 200 step updates; the average value
of the minimal distance is calculated by 20 times simula-
tion with different initial state.

The performance largely depends on the intensity of the
noise. In the network with static synapses, the performance
is improved (the average distance is decreased) by increas-
ing the intensity of the noise tillT ≈ 1.5, but the perfor-
mance get worse if the noise intensity is further increased.
Appropriate strength of the noise contribute to avoid to be
trapped on local minimal solution and enhances the search
ability. However, the too much noise disrupt the tendency
to converge the local minimum.

Static synapses with noisy neuron (T=1.0)

Dynamic synapses with noisy neuron (T=0.1, τR=30, τF=2)

Static synapses (Hopfield model)
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Figure 2: Typical time courses of the state of the network
and the energy function. Blue dots indicatesi j = 1. Red
curves indicate the energy function. (a) The network with
static synapses and without noise (T = 0). (b) The network
with static synapses and with stochastic neurons (T = 1).
(c) The network with dynamic synapses. The energy corre-
sponding to the optimal solution of the TSP is indicated by
the dashed line.
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The performance of the network with dynamics synapses
depends on bothT andτR, which specifies the noise inten-
sity and the influence of the synaptic depression. If the
τR = 2, the property of the dynamic synapses close to the
static synapses, and its performance is similar to that of the
network with static synapses. If theτR takes an appropri-
ate value e.g.,τR = 30, the performance predominate the
network with static synapses.
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Figure 3: Performance of the model. Average distances of
the route on the TSP as a function of the noise intensity is
indicated by the solid curves. The optimal distance (short-
est route on the TSP) is indicated by the dashed line.

4. Conclusion

The transitive dynamics induced by dynamic synapses
improve the performance of searching the optimal solution
on the TSP. The network with dynamic synapses (partic-
ularly depression synapses) predominate the network with
static synapses with/without noise. The transitive dynamics
induced by the dynamic synapses has the tendency to ac-
tively escape from the local minimum rather than the mere
stochastic noise.

As a future study, we should compare the proposed
model to other heuristic methods, e.g. the network with
chaotic dynamics. Although we evaluated the performance
of the network on the small size problem (N = 10) on the
TSP in the present study, the performance should be eval-
uated on larger size problem and on other combinatorial
optimization problem e.g. quadratic assignment problem,
MAX-CUT problem.
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Abstract—More and more renewable energy will be in-
troduced in power grids. It might make the power system
unstable, possibly leading to large-scale blackouts. If we
can detect early warning signals of the blackouts and pre-
dict whether they occur, it would be possible to take nec-
essary measures to prevent the blackouts. Therefore, it is
significantly important to detect such early warning signals
in power grids. Since the mechanism of the power outages
is too complicated to be clarified by modeling all dynamics
of power grids, a model-free method is needed for practical
detection of the early warning signals for the blackouts. In
this paper, we try to detect the early warning signals using
the idea of dynamical network marker, which can detect
the qualitative change of nonlinear dynamics. In particular,
we compare the above method with the method based on
Koopman mode analysis and validate the detection abili-
ties of the dynamical network marker.

1. Introduction

More and more renewable energy will be introduced in
power grids. The output of renewable energy fluctuates a
lot because of weather condition. Therefore, it might cause
instability of the power system, possibly leading to large-
scale blackouts.

If we can detect early warning signals of the blackouts
and predict whether they occur or not, it would be possi-
ble to take necessary measures to prevent the blackouts.
Therefore, it is significantly important to detect such early
warning signals in power grids.

Since the mechanism of the power outages is too com-
plicated to be clarified by modeling all dynamics of power
grids, a model-free method is required for practical de-
tection of the early warning signals for the blackouts.
Although several model-dependent methods for detecting
early warning signals have been developed so far [1], the
model-free methods have not been fully explored.

In the physics community, the studies of detecting the
early warning signals have been actively developed re-

cently [2]. Among others, the notion of critical slowing
down is a breakthrough to understand the relation between
bifurcation and detection of early warning signals. If the
system state approaches the bifurcation point, it becomes
hard to return to the fixed point when it slightly departs
from the fixed point. In Ref. [3], this notion is extended
to multi-dimensional time series data. In this study, we
apply this method to power grids. To the best of our
knowledge, the application of dynamical network marker
to power grids has not been investigated up to now. Another
model-free method is Koopman-mode analysis, which can
clarify the stability of the dynamics in multi-dimensional
time series data [4]. In this paper, we try to detect the
early warning signals using the idea of dynamical network
marker, which can detect the qualitative change of non-
linear dynamics [3]. In particular, we compare the above
method with the method based on Koopman mode analy-
sis [4] and validate the detection abilities of the dynamical
network marker.

2. Model-free Methods for Detecting the Early Warn-
ing Signals

We briefly introduce the two model-free methods for de-
tecting early warning signals.

2.1. Dynamical Network Marker

The detailed explanation of the method introduced in this
subsection is given in Ref. [3]. The dynamical network
marker can detect the early warning signals of abnormal
state from multi-dimensional time series data. This method
is a model-free method. From the viewpoint of detecting
the early warning signals, the states of systems can be cat-
egorized into three states: normal, pre-abnormal, and ab-
normal states. In power grids, normal and abnormal states
correspond to the ordinary operation and the blackout, re-
spectively. In human body, they correspond to healthy and
disease states, respectively.
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In many systems, it is difficult to distinguish between
normal and pre-abnormal states. This method can distin-
guish between these two states by considering the property
of dynamical systems.

In the pre-abnormal state, there exists a group of
nodes whose average for Pearson’s correlation coefficients
(PCCs) drastically increases in their absolute values [3].
We call such a group a dominant group. In this state, the
avarage PCCs of the nodes between the dominant group
and any others drastically decrease in their absolute values.
Also, the average for standard deviations (SDs) of nodes in
the dominant group dramatically increases.

The dominant group corresponds to non-zero elements
of the eigenvector corresponding to the maximum eigen-
value of Jacobian matrix at the fixed point.

If we know the mathematical model of the system, we
derive the dominant group by analyzing the Jacobian ma-
trix of the model at the fixed point. Otherwise, we have
to estimate the dominant group in some ways. In order to
detect the early warning signals, we calculate the index as
follows:

Index≡ SDd × PCCd

PCCo
, (1)

where SDd is the average for SDs of the dominant group,
PCCo is the average for PCCs between the dominant group
and any others in their absolute values, and PCCd is the av-
erage PCCs of the dominant group in their absolute values.

2.2. Koopman-mode Analysis

The detailed explanation of the method introduced in this
subsection is given in Ref. [4, 5]. This method estimates
the stability of the system by decomposing the nonlinear
dynamics into some modes. The number of decomposed
modes is infinity, so we often use approximation methods
for practical application.

Here we introduce an approximation method. Let us
consider the set of data given by

{Y0,Y1, . . . ,YT−1}, (2)

whereYt ∈ Rm is them dimensional observed data at time
t for t = 0,1, . . . ,T − 1. We decompose the dynamics in
the time series by applying the Arnoldi-like algorithm as
follows:

Yt =

T−1∑
j=1

λt
jV j , (3)

YT−1 =

T−1∑
j=1

λT−1
j V j + r , (4)

wherer ⊥ span{Y0,Y1, . . . ,YT−2}. If λ > 1, it means that
the system is unstable in short-term dynamics. The notion
of stability in this context is different from conventional
ones. The former is the short-term dynamics and the lat-
ter is the long-term asymptotic dynamics. We momentarily
calculate the eigenvalues and regard the timing when the
eigenvalues become larger than one as the precursor of un-
stability.

3. Numerical Experiments

3.1. Toy Model of Gene Regularoty Network and 3-
node Power Grid

We apply these two methods to a 5-node gene regulatory
network and a 3-node power grid in order to demonstrate
the ability to detect early warning signals. The gene regu-
latory network was used as a benchmark model in the val-
idation of dynamical network biomarker [3]. The 3-node
power grid can represent the typical case of blackout.

The model equations of the gene regulatory network are
written as follows:
ẋ1(t) = a10 + a13 fn(x3(t)) + a14 fp(x4(t)) − a11x1(t),

ẋ2(t) = a20 + a21 fn(x1(t)) + a23 fp(x3(t)) − a22x2(t),

ẋ3(t) = a30 + a34 fp(x4(t)) − a33x3(t),

ẋ4(t) = a40 + a45 fp(x5(t)) − a44x4(t),

ẋ5(t) = a50 + a51 fn(x1(t)) + a52 fn(x2(t)) + a54 fn(x4(t))

−a55x5(t),

where

fp(x) =
x

1+ x
, fn(x) =

1
1+ x

,

a10 = 90P− 1240,a11 = 30P,a13 = 240− 120P,

a14 = 4480/3,a20 = 120P− 240,a21 = 240− 120P,

a22 = 60, a23 = 240− 120P,a30 = −1060,

a33 = 60,a34 = 4480/3,a40 = −600,

a44 = 100,a45 = 1350,a50 = 320/3,

a51 = 160,a52 = 40, a54 = 4480/3,a55 = 300.

When P is larger than 0, the system is stable andP = 0
corresponds to the bifurcation point. In the numerical ex-
periment, we add the additional steady noise with stan-
dard deviation 0.05 in every time step. We employ the
Euler-Maruyama method with time step 0.005 and iterate
200,000 steps. We set node 1 and 2 as the dominant group.
This is derived from the Jacobian at the fixed point. In the
simulation of the power grid, we use Kuramoto-like phase
model [6–9]. The equation is as follows:

Mi ϕ̈i + Di ϕ̇i = Pi −
N∑

j=1

Bi j sin(ϕi − ϕ j), (5)

where i, N, ϕ, Mi , Di , Pi , andBi j represent the index of
nodes, the number of nodes, the phase of voltages, damping
coefficient, inertia moment, effective power, and coupling
strength, respectively. We regard node 1 as generator and
nodes 2 and 3 as loads. We set the parameters as follows:
N = 3, Mi = 1, Di = 1, and

Bi j =

{
1, i , j,
−2, i = j.

(6)

We setPi as follows:

Pi =

{
P, i = 1,
−P/2, i = 2, 3.

(7)
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WhenP < 2, the system has a stable fixed point andP = 2
corresponds to the bifurcation point. In the numerical ex-
periment, we add the additional steady noise to the param-
eterP in every time step. The standard deviation is set at
0.05. We employ the Euler-Maruyama method with time
step 0.005 and iterate 2,000,000 steps. We set node 1, 2,
and 3 as the dominant group. This is derived from the Ja-
cobian at the fixed point.

If we can detect the early warning signals whenP is near
the bifurcation point, the method is effective for the detec-
tion. Figures 1 (a) and 2 (a) show the relation between the
bifurcation parameter and the indices of the dynamical net-
work marker. When the bifurcation parameter approaches
0, the composite index drastically increases. Therefore, the
method can detect the early warning signals of the bifurca-
tion.
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Figure 1: Numerical results of the 5-node gene regulatory
network. (a) The relation between the bifurcation parame-
ter and the indices of the dynamical network marker. The
horizontal axis represents the bifurcation parameterP. The
left vertical axis represents the PCCd, PCCo and the com-
posite index. The right vertical axis represents the SD. The
dash-dotted line, the dashed line, and the thick solid line
represent the PCCd, PCCo, and the composite index, re-
spectively. When the bifurcation parameter approaches 0,
the composite index drastically increases. (b) The relation
between the bifurcation parameter and Koopman eigenval-
ues in their absolute values. The horizontal axis represents
the bifurcation parameterP. The dots represent the Koop-
man eigenvalues in their absolute values. Unlike (a), we
calculate the Koopman eigenvalues after exceeding the bi-
furcation point. We take a sample of 100 time points.

Figures 1 (b) and 2 (b) show the distribution of the Koop-
man eigenvalues in their absolute values for each param-

eter. Even if the parameterP approaches the bifurcation
point 0, the absolute eigenvalues do not go beyond 1, so we
could not detect the early warning signals. This is because
the Koopman mode analysis, which captures the exponen-
tial growth of the system, is not suitable for this case where
the system state remains near the fixed point when the pa-
rameter approaches the bifurcation point.
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Figure 2: Numerical results of the 3-node power grid. (a)
The relation between the bifurcation parameter and the in-
dices of the dynamical network marker. When the bifur-
cation parameter approaches 2, the composite index dras-
tically increases. (b) The relation between the bifurcation
parameter and Koopman eigenvalues in their absolute val-
ues. Unlike (a), we calculate the Koopman eigenvalues af-
ter exceeding the bifurcation point. We take a sample of
1000 time points.

3.2. Real Data of a Power Grid

We use real data of the System Disturbance in the Eu-
ropean Grid [10] and compare the detection abilities of the
early warning signals. The data was given from Dr. Yoshi-
hiko Susuki of Kyoto University. The data are power ex-
change deviations flows in the UCTE grid. Figure 3 shows
the time evolution of the indices of the dynamical network
marker. The blackout occurs att = 40. We set node 3,
4, and 6 as the dominant group in this figure. We also tried
every pattern as the dominant group, but all the patterns did
not show a drastic increase before the blackout. Therefore,
the method cannot detect the early warning signals of the
blackout.

Figure 4 shows the distribution of Koopman eigenvalues
in their absolute values for each parameter. The eigenval-
ues go beyond 1 even long before the blackout. In order to
validate the fact that this result indicates the early warning
signals, we have to compare the ordinary operation data.
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Figure 3: The time evolution of the indices of dynamical
network marker. The horizontal axis represents the timet.
The left vertical axis represents the PCCd, PCCo and the
composite index. The right vertical axis represents the SD.
The dash-dotted line, the dashed line, and the thick solid
line represent the PCCd, PCCo,and the composite index,
respectively. At timet, we take a sample from timet − 9 to
t.

4. Conclusion

In this paper, we have numerically demonstrated the de-
tection of early warning signals using the idea of dynami-
cal network marker and Koopman mode analysis using toy
models and real data. In the toy models, only the dynam-
ical network marker can detect the early warning signals.
In the real data, only the Koopman mode can possibly de-
tect the early warning signals, although further studies are
necessary for evaluating the effectiveness of the method.

A possible reason why the dynamical network marker
cannot detect the early warning signals in the real power
grid example is that the mechanism of blackout is differ-
ent from bifurcation, or the ordinary qualitative change in
nonlinear dynamics.

Acknowledgments

We thank the Japan Meteorological Agency for provid-
ing the wind and solar irradiation datasets used in this
study. This research was supported by Core Research for
Evolutional Science and Technology (CREST), Japan Sci-
ence and Technology Agency (JST). We also thank Dr.
Yoshihiko Susuki of Kyoto University for giving the real
data.

References

[1] P. Kundur, Power System Stability and Control.
McGraw-Hill, Inc., New York, 1994.

10 15 20 25 30 35 40

parameter

0.0

0.5

1.0

1.5

2.0

ko
o
p
m
a
n
 e
ig
e
n
v
a
lu
e

Figure 4: The time evolution of the Koopman eigenvalues
in their absolute values. The horizontal axis represents the
time t. The dots represent the Koopman eigenvalues in their
absolute values. At timet, we take a sample from time 1 to
t.

[2] M. Scheffer, J. Bascompte, W. A. Brock, V. Brovkin,
S. R. Carpenter, V. Dakos, H. Held, E. H. van
Nes, M. Rietkerk, and G. SugiharaNature, vol. 461,
pp. 53–59, 2009.

[3] L. Chen, R. Liu, Z.-P. Liu, and K. AiharaScientific
Reports, vol. 2, no. 342, 2012.

[4] Y. Susuki and I. Mezíc IEEE Transactions on Power
Systems, vol. 54, no. 2, pp. 899–907, 2013.

[5] C. W. Rowley, I. Mezíc, B. Shervin, S. Philipp,
and D. S. HenningsonJournal of Fluid Mechanics,
vol. 641, pp. 115–127, 2009.

[6] G. Filatrella, A. H. Nielsen, and N. F. PedersenEur.
Phys. J. B, vol. 61, no. 4, pp. 485–491, 2008.

[7] L. Buzna, S. Lozano, and A. Dı́az-GuileraPhys. Rev.
E, vol. 80, no. 6, p. 066120, 2009.

[8] S. Lozano, L. Buzna, and A. Dı́az-GuileraEur. Phys.
J. B, vol. 85, no. 7, pp. 231–238, 2012.

[9] M. Nagata, I. Nishikawa, N. Fujiwara, G. Tanaka,
H. Suzuki, and K. Aihara inProceedings of 2013 In-
ternational Symposium on Nonlinear Theory and its
Application, pp. 69–72, 2013.

[10] Issued by Union for the Co-ordination of Transmis-
sion of Electricity, “Final report, system disturbance
on 4 November 2006,” 2007.

- 25 -



Influence of ionic currents on a simple model for pancreatic β cells

Hiroyasu Ando† and Kantaro Fujiwara‡

†Division of Policy and Planning Sciences,
Faculty of Engineering, Information and Systems, University of Tsukuba

1–1–1 Ten-noudai, Tsukuba, 305-8573, Japan
‡Department of Management Science, Tokyo University of Science

1–3 Kagurazaka, Shinjuku-ku, Tokyo 162–8601 , Japan
Email: ando@sk.tsukuba.ac.jp, kantaro@ms.kagu.tus.ac.jp

Abstract—Pancreatic β cells exhibit bursting elec-
trical activity, which is correlated with insulin secre-
tion. It has been reported that several ionic channels
may contribute to their characteristic electrical activ-
ity, but the mechanism of electrical activity in pancre-
atic β cells is still unclear. In this study, we investi-
gate the influence of ionic currents on a simple model
for pancreatic β cells. Our findings from mathematical
modeling imply that the difference of activity patterns
in β cells can be explained by the difference of ionic
currents which produce bursting activity.

1. Introduction

Pancreatic β-cells are the cells in the islet of Langer-
hans. These cells secrete insulin which is a hormone for
glucose homeostasis to maintain blood glucose level.
They exhibit bursting electrical activity, which is cor-
related with the insulin secretion. In both mice [1]
and humans [2], insulin secretion is controlled by cal-
cium oscillations. Calcium oscillations are driven by
bursts of action potentials with periods ranging from
tens of seconds to several minutes. However, it is still
unknown how such bursts arise, and how they are mod-
ulated by glucose and other signals.

In pancreatic β-cells in a cluster or in an intact
islet, it is reported that they exhibit regular burst-
ing [3]. On the other hand, isolated single β-cells in
rats show continuous spikes with decreasing amplitude
[4]. To explain the difference between isolated cell and
intact islet behaviors, Atwater et al. proposed the
channel-sharing hypothesis [6], where current fluctu-
ations caused by individual channel openings prevent
bursting. There are several experimental evidences
which indicate that β-cells’ bursting activity depends
on gap junctional couplings [5]. Although channel-
sharing hypothesis and gap junctional couplings obvi-
ously contribute to explain β-cell bursting in islets, it
is still unclear how continuous spikes with decreasing
amplitude in isolated cells occur.

In Ref.[4], membrane potential of β cell is recorded
in glucose-stimulated condition. At the low glucose
concentration level, the membrane potential is in a

resting potential, approximately −70mV. By increas-
ing the glucose concentration level, the membrane po-
tential gradually increases and finally emits burst-like
spikes. Its spike has three characteristics: continu-
ous spikes, decreasing amplitude, and oscillation with
small amplitude. One may recall neuronal adaptation
in which neurons show a reduction in their spike re-
sponse, adapting to the stimulus [8]. However, the
spike frequency is reduced in neuronal adaptation,
while the spike frequency is almost constant in β cells
and only the amplitude shows an adapting behavior to
the stimulus.

In this study, we examine how such characteristic
spiking of isolated β cells occur. We show the effects
of ionic conductances to the continuous spiking in the
isolated β-cell using simple mathematical model. In
Sec. 2, we introduce a mathematical model which is
used in this study. In Sec. 3, we show that char-
acteristic spiking of β-cells can be explained by the
modulation of the ionic conductances with noise. In
Sec. 4, physiological interpretation is discussed.

2. Model

As a simple example of bursting activity in β cells,
we consider the model proposed by Chay, which is
a conductance-based model of a membrane potential
with three variables as follows [9]:

V̇ = g∗I m3
∞h∞(VI − V ) + g∗K,Vn4(VK − V )

+g∗K,C

C

1 + C
(VK − V ) + g∗L(VL − V ) (1)

ṅ = (n∞ − n)/τn, (2)
Ċ = ρ[m3

∞h∞(VC − V ) − kCC]. (3)

Equation (1) represents the dynamics of the mem-
brane potential V , where VI, VK and VL are the re-
versal potentials for mixed Na+ and Ca2+, K+ and
leakage ions, respectively. The C is the concentration
of intracellular Ca2+ ions divided by its dissociation
constant from the receptor. The g∗I , g∗K,V, g∗K,C and g∗L
are the maximal conductances divided by the mem-
brane capacitance, where the subscripts (I), (K, V),
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(K, C) and (L) refer to the voltage-sensitive mixed
ion channel, the voltage-sensitive K+ channel, the Ca
+-sensitive K+ channel and the leakage channel, re-
spectively. Then, m∞ and h∞ are the probabilities of
activation and inactivation of the mixed channel.

In Equation (2), the dynamical variable n is the
probability of opening in the voltage-sensitive K+-
channel, where τn is the relaxation time, and n∞ is
the steady state value of n.

Note that the variables m∞, h∞ and n∞ are re-
placed by the steady states described by y∞ =
αy/(αy + βy), where y stands for m,n or h with

αm = 0.1(25 + V )/[1 − exp(−0.1V − 2.5)],
βm = 4 exp[−(V + 50)/18],
αh = 0.07 exp(−0.05V − 2.5),
βh = 1/[1 + exp(−0.1V − 2)],
αn = 0.01(20 + V )/[1 − exp(−0.1V − 2)],
βn = 0.125 exp[−(V + 30)/80].

Also, τn is defined as,

τn = [230(αn + βn)]−1.

In Equation (3), the dynamics of C is described,
where kC, ρ and VC are the rate constant for the efflux
of intracellular Ca2+ ions, a proportionality constant
and the reversal potential for Ca2+ ions, respectively.
In Table 1, we show the values of the parameters.

Table 1: Parameters used in the numerical simula-
tions.

Parameter Value Unit
VK -75 mV
VI 100 mV
VL -40 mV
VC 100 mV

g∗K,C 11 mV
g∗L 7 s−1

kC 3.3/18 mV

3. Simulations

In this section, we demonstrate numerical simula-
tions of the model introduced in the previous section.
Specifically, we try to reproduce the experimental re-
sults by Yoshida et al. [4] qualitatively by using the
model with varying the parameter g∗I and ρ. In the fol-
lowing simulations, we fix the parameter g∗K,V = 1200.

First, we show results without noise in the model.
Figures 1 (g∗I = 1100) and 2 (g∗I = 1150) show peri-
odic bursts in which the amplitude of the spikes in each

bursting period is shrinking. This shrinking property
in the bursting spikes is observed in the experiment [4].
Moreover, the amplitude of the spikes finally vanishes
in each bursting period. On the other hand, the am-
plitude does not vanish in each bursting period when
g∗I = 1150 as shown in Figure 3. Then, as increasing
the value of g∗I , the shrinking property changes as the
amplitude in each bursting period shrinks first then
remains almost constant in the rest of the bursting pe-
riod (See Figure 4). Finally, at the value of g∗I = 1300,
the amplitude of the oscillation shrinks and expands
in each bursting period as shown in Figure 5.

Next, we consider the case with noise in Equation
(1) as follows,

V̇ = g∗I m3
∞h∞(VI − V ) + g∗K,Vn4(VK − V )

+g∗K,C

C

1 + C
(VK − V ) + g∗L(VL − V ) + Dξ,

where D is the strength of noise and ξ is white Gaus-
sian noise following N(0, 1). We change the value of
ρ as 0.03 which is smaller than that in the previous
simulations. Figure 6 shows time series of V with re-
gards to D = 10 and g∗I = 1100, g∗K,V = 1200. As can
be seen in the figure, the bursting period is prolonged
compared to that in Figure 1. Note that the vanished
spikes (or oscillations) in the case without noise reap-
pear due to noise as shown in Figure 6 bottom.

-55

-50

-45

-40

-35

-30

-25

 0  2000  4000  6000  8000  10000

 [m
V

]

 [s]

Figure 1: Time series of V in the model with the pa-
rameters as g∗I = 1100, g∗K,V = 1200, ρ = 0.27.

4. Discussion

In isolated pancreatic β-cells of rats, continuous
spikes with decreasing amplitude are observed [4], but
its mechanism is still unknown. Our result implies that
such characteristic spiking can be reproduced by mod-
ulating parameter values of the conductances of the
voltage-sensitive mixed ion channel and the voltage-
sensitive potassium channel. When their values are
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Figure 2: Time series of V in the model with the pa-
rameters as g∗I = 1150, g∗K,V = 1200, ρ = 0.27.
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Figure 3: Time series of V in the model with the pa-
rameters as g∗I = 1200, g∗K,V = 1200, ρ = 0.27.
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Figure 4: Time series of V in the model with the pa-
rameters as g∗I = 1250, g∗K,V = 1200, ρ = 0.27.
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Figure 5: Time series of V in the model with the pa-
rameters as g∗I = 1300, g∗K,V = 1200, ρ = 0.27.
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Figure 6: (Top)Time series of V in the model with
the parameters as g∗I = 1100, g∗K,V = 1200, ρ = 0.03
with noise D = 10. (Bottom) Enlarged view of the top
figure.
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in a certain range, characteristic spiking in [4] can
be observed. By decreasing the proportionally con-
stant of the calcium concentration, the time-scale of
the spiking is adjusted. In addition, with a existence
of additive noise, the bursting period was prolonged.
These findings indicate that the modulation of conduc-
tance values of the voltage-sensitive mixed ion channel,
the voltage-sensitive potassium channel and the pro-
portionally constant of the calcium concentration in a
noisy situation explains the characteristic bursting in
an isolated pancreatic β-cell.
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Abstract—Power grids have risks that local accidents
or sudden fluctuations in the power flow can cause large-
scale blackouts due to a cascade of failures. For preventing
such phenomena which are socially and economically un-
desired, it is significant to mathematically understand how
power grids are tolerant to errors and attacks. Recently, the
dynamical robustness analysis has been developed to argue
robustness of networked systems by taking into considera-
tion both network structure and system dynamics. In this
study, we investigate the robustness of power grids in terms
of the dynamical robustness of complex networks.

1. Introduction

Reduction of CO2 emissions and depletion of fossil fules
are currently major issues to be handled in the world. To
deal with these issues, many countries are trying to ac-
celerate introduction of renewable energy sources (RES)
for efficient power generation. Power generation by RES,
such as wind turbines and photovoltaic (PV) units, is sig-
nificantly different from that by conventional power plant
in many aspects. In particular, the power generation by
such new generators are highly time-varying depending on
the climate. Also the conventional frequency regulation for
synchronous generators cannot be directly applied to these
induction generators. If the share of inverter-connected
generators increases, it becomes difficult to achieve sta-
ble power operation under the traditional system control.
Therefore, it is argued how to maintain frequency stability
against disturbance in the case of high share of inverter-
connected RES.

The conventional synchronous generators based on ro-
tating machinery have large inertias. The power system
dynamics in coupled synchronous generators is described
with a swing equation. When a disturbance occurs due to a
change in the generated power or consumed power, the fre-
quency deviates from the reference value. If the deviation
is within an acceptable range, then the system state recov-
ers the steady state and the frequency goes to the reference
value again. The inertia plays a role of time constant for the
swing equation. Therefore, the more the inertia is, the more
slowly the frequency recovers the reference value. The in-

ertia is the first process of frequency control, taking place
within several seconds after the disturbance. Since inverter-
based power generation is asynchronous, with small or no
inertia, the conventional frequency control is not valid in
principle. However, recently a concept to equip the oscilla-
tory dynamics with inverters is presented. In that case, the
inverter-connected power generators can also be treated as
synchronous generators with low inertia [1]. The impact of
low rotational inertia on power system stability and opera-
tion has been studied. The concept of virtual synchronous
machine and virtual inertia has been proposed for control-
ling the power system in the conventional way, i.e. through
self-organized synchronization property [2].

In this study, we consider the problem of low inertia
caused by large deployment of RES into the power sys-
tem from the standpoint of nonlinear dynamics and net-
work science. The tolerance of power grid against local
failure has been argued in various frameworks with com-
plex networks [3]. Also the concept of node-wise robust-
ness in power grids has been proposed [4]. Since power
system dynamics is involved with both network structure
and system dynamics, the framework of dynamical robust-
ness is suitable [5, 6]. We assume that the whole power grid
consists of many power systems interconnected each other
We denote the fraction of inverter-connected power gener-
ators with low inertia by p and investigate how frequency
stability is kept as p is increased in netwoks of swing equa-
tions. We further examine how to recover the

In Section 2, we introduce the model for inertial response
and describe the swing equation. In Section 3, we de-
scribe the model for multi-area power systems with hetero-
geneous inertia. In Section 4, simulation results are shown.
In Section 5, this work is summarized.

2. Model

2.1. Swing equation

Here we describe the modeling of inertial response [1].
After a frequency deviation occurs in a power system, ki-
netic energy stored in the rotating machinery is released.
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The kinetic energy is given by

Ekin =
1
2

Jω2
m, (1)

where ωm represents the angular velocity of the generator
machine (i.e. ωm = dθ/dt where φ denotes the phase of the
voltage) and J denotes the moment of inertia of the syn-
chronous machine.

The inertia constant H is defined by

H =
Ekin

S B
=

Jω2

2S B
, (2)

where S B is the rated power of the generator and H denotes
the time duration in which the rated power supply is possi-
ble due to the stored kinetic energy. Typically the values of
H are within the range of 2-10s.

The inertial response is represented as the variation in
rotational speed following a power imbalance.

˙Ekin = Jw2
mω̇m =

2HS B

ωm
ω̇m = Pm − Pe, (3)

where Pm is the mechanical power supplied by the genera-
tor, Pe is the electric power demand, and the last term repre-
sents the frequency-dependent load damping with damping
coefficient k.

Using an approximation ωm ≈ ω0 where ω0 is the refer-
ence angular velocity, the above equation can be rewritten
as follows:

ω̇m =
ω0

2HS B
(Pm − Pe). (4)

This equation implies that a larger value of inertia constant
H leads to slower frequency dynamics. In the power system
with a high share of inverter-connected generators without
inertia, the frequency stability relies on the inertia of the
remaining conventional synchronous machines.

2.2. Mutli-area power systems

We consider a local power grid, consisting of G genera-
tors and L loads, connected via M transmission lines. By
summing up Eq. (4) for all the nodes and defining the center
of inertia grid frequency ω, the so-called aggregated swing
equation model can be obtained as follows [1]:

ω̇ = − ω0

2HS B
(−kω + Pm − Pload − Ploss) (5)

where

ω =

∑G
i=1 HiS B,iωi∑G

i=1 HiS B,i

S B =

G∑
i=1

S B,i,H =
∑G

i=1 HiS B,i

S B

Pm =

G∑
i=1

Pm,i, Pload =

L∑
i=1

Pload,i, Ploss =

M∑
i=1

Ploss,l

The aggregated model is valid for highly meshed grid. For
simplicity, we assume Ploss = 0 hereafter.

Now, for an N-area power system, the frequency dynam-
ics of ith area (i = 1, . . . ,N) can be described as follows:

θ̇i = ωi, (6)

ω̇i =
1

Mi

∆Pi − kiωi −
∑

j

ViV jBi j sin(φi − φ j)

 , (7)

where the inertia constant is given by Mi ≡ 2HiS B,i/ω0,
the power imbalance term is given as ∆Pi ≡ Pm − Pload, Vi

represents the voltage level at node i, and Bi j denotes the
susceptance between node i and j. Here the voltage level is
assumed to be normalized at Vi = 1 for all i.

3. Results

3.1. Single area model

First, in order to understand the effect of inertia in the
power system, we observe frequency responses following
a disturbance in two-area system. Assuming that the 2nd
area corresponds to an infinite bus and set θ2 = 0 and ω2 =

0. The parameters are set at S B = 115[GW], H = 6[s],
ω0 = 2π f0 with f0 = 50[Hz] [Ulbig].
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Figure 1: An example of the effect of inertia parameter on
the frequency response following a disturbance starting at
t = 0.

Figure 1 shows the frequency response of the 1st area
power system for different values of the inertia constant.
We assume a disturbance with ∆P = −0.8 starting at t = 0.
The frequency is given by ω1/2π. The frequency deviates
from the reference value due to the disturbance, but the ref-
erence value is recovered by the coupling with the infinite
bus within several tens of seconds. We can see that the
response time decreases as M1 is decreased. This is be-
cause M1 corresponds to the time constant of the frequency
dynamics. When the inertia decreases, the frequency re-
sponse tend to be steep and the frequency nadir becomes
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Figure 2: An example of the effect of inertia parameter on
the frequency response following a disturbance starting at
t = 0.

smaller. Since large fluctuation of the frequency can cause
a mechanical problem for generators, the fluctuation should
be kept in a very small range. Therefore, the low inertia
could lead to a serious problem about the frequency stabil-
ity.

The effect of inertia level on the range of frequency vari-
ation is shown in Figure 2. The maximum and minimum
frequency deviation is plotted against the different levels
(percentages) of the inertia M1. The results shows that the
frequency nadir monotonously decreases as the inertia level
decreases. The nonlinearity of the curve suggests that an
extremely low level of inertia is undesired for maintaining
frequency stability.

3.2. A multi-area model

Next, we study the nonlinear dynamics of a multi-area
power system model and how an introduction of low-inertia
systems influences the frequency response of the whole
power grid. Now we focus on a random grid topology as
illustrated in Fig. 3. This network consists of one hub node
which is only connected to the infinite bus and multiple
branch nodes. Some of the branch nodes are assumed to
have low inertia as indicated by gray color. Inspired by the
dynamical robustness analysis of complex networks [5, 6],
we denote the fraction of low-inertia nodes in the branch
nodes by p with 0 ≤ p ≤ 1.

Figure 4 shows the frequency response following a dis-
turbance to different node: (Case 1) the hub node with nor-
mal inertia; (Case 2) a branch node with normal inertia;
(Case 3) a branch node with low inertia.

In Case 1, the frequency in the hub node receiving per-
turbation is largely fluctuating. Although the other branch-
ing nodes are influenced by the perturbation to the hub
node, their fluctuation is not so large. The undesierd ef-
fect of low inertia is not observed in this case.

Infinite bus

Figure 3: A random grid topology with p = 0.4.
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Figure 4: Frequency response in the grid topology in Fig. 3
with p = 0.4. (Upper) Disturbance to the hub node with
normal inertia. (Middle) Disturbance to a branch node with
normal inertia. (Bottom) Disturbance to a branch node with
low inertia.
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In Case 2, the branch node with normal inertia experi-
ences the disturbance, but more fluctuation is observed for
the other two types of nodes. The low-inertia branch node
has the minimum frequency nadir. In this case, the self-
organized synchronization among the branching nodes is
effective.

In Case 3, since the branch node receiving the distur-
bance has low inertia, the deviation of the fluctuation is
much larger than the other cases. The result is similar to
that in the experiments of one-area model in Sec. 3.1. It
seems that the neighboring nodes are not able to mitigate
the rapid and dramatical decrease in the frequency.
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Figure 5: Frequency deviation in N = 50 random grid
where the level of inertial in each area is randomly deter-
mined.

Next, we examine the frequency response in N = 50
power grid where the inertia is heterogeneous. Namely,
the inertial level in each area is given randomly. The aver-
age degree is set at around 8%. In this case, the frequency
deviation seems to be small as shown in Fig. 5. Our cur-
rent issue is to explain in systematic numerical experiments
how frequency responses depend on the site in which a dis-
turbance occurs, the distribution of the local power system
with low inertia, and the grid topology. For this purpose,
we believe that the framework and the theory of dynamical
robustness is available.

4. Summary

We have studied a frequency response in power sys-
tem models described by swing equations. The aggregated
swing equation has been introduced to consider multi-area
power system. First, we have examined the effect of in-
ertia on the frequency response following a disturbance in
the single area power system model. Since the inertia cor-
responds to the time constant of the frequency dynamics,
a lower level of inertia causes a large deviation of the fre-
quency. This is undesired for maintaining frequency stabil-
ity. We have found that the fluctuation range nonlinearly

changes with the inertia level. Next, we have investigated
the multi-area power system model. The results have sug-
gested that the frequency response in each local area sys-
tem differs depending on the site having the disturbance,
the distribution of the low-inertia node, and the network
topology. Further investigation is required to argue how an
increasing share of inverter-connected generators with het-
erogeneous, low inertia influences the grid stability.
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Abstract 
This paper delineates a range of nonlinear dynamical 
behaviours, which arise in nano-lasers. Attention will be 
given to the direct current modulation properties of 
nanolasers in the large signal regime. The impact of 
external optical feedback on nano-lasers will be 
considered. Finally the dynamical behaviour of 
semiconductor nano-lasers when subject to optical 
injection will be treated. 
 
Introduction  
In recent years, considerable attention has been given to 
the development of nanolasers due to their potential 
applications in photonic integrated circuits, optical 
information processing and system-on-a-chip 
technologies. A variety of nano-scale lasers have been 
explored [1-3] including micro-post nano-pillar and 
bowtie, nanowire and nano-patch lasers where 
continuous wave lasing has been experimentally studied 
by optical pumping and electrical pumping.  
Such nano-lasers are anticipated to exhibit enhanced 
dynamical performance which may arise from a 
combination of physical factors including the Purcell 
spontaneous emission enhancement factor F, and 
enhanced spontaneous emission coupling expressed in 
the factor, β. In recent work, the impact of Purcell 
enhanced spontaneous emission on the modulation 
performance of nano-LEDS and nano-lasers [4] has been 
examined. In complementary work on the dynamical 
performance of nanolasers it was shown by means of a 
simple analysis that the direct-current modulation 
bandwidth of such lasers may suffer deleterious effects 
due to increased F and β [5]. A number of recent 
investigations of the dynamical performance of nano-
lasers have been made. Ding et. al. explored the dynamics 
of electrically pumped nano-lasers where the effects of  F 
and β on nano-laser performance  were studied [6].  This 
paper carries forward such work by giving emphasis to 
nonlinear dynamical aspects of the performance of nano-
lasers. 
 
Direct Current Modulation 
The response of semiconductor lasers to direct current 
modulation is a central feature of their behaviour. In the 
case of semiconductor nanolasers, that response is 
impacted by the Purcell effect and also due to the 
availability of enhanced spontaneous emission due to the 
reduction in the number of laser cavity modes. Such 
effects appear in modified rate equations provided ,for 
example, in [4].  

 
𝑑𝑁

𝑑𝑡
=

𝐼

𝑒𝑉
−

𝑁

𝜏𝑛
(𝐹𝛽 + (1 − 𝛽)) − 𝑉𝑔𝑔𝑜(𝑁 − 𝑁𝑡)𝑆                (1) 

 
𝑑𝑆

𝑑𝑡
= 𝐶𝑜𝛽𝐹

𝑁

𝜏𝑛
+ 𝐶𝑜𝑉𝑔𝑔𝑜(𝑁 − 𝑁𝑡)𝑆 −

𝑆

𝜏𝑝
                                (2) 

 
Where, 𝐼 is the injection current; 𝑉 is the volume of the 
active region; 𝜏𝑛 is the radiative carrier lifetime; 𝑔𝑜 is the 
differential gain coefficient, 𝑉𝑔 is the group velocity; 𝑁𝑡  is 
the transparency carrier density; 𝐶𝑜 is the confinement 
factor; 𝜏𝑝 is the photon lifetime; 𝑁 and 𝑆 are the carrier 
and photon densities. F is the Purcell Factor and 𝛽 is the 
spontaneous emission coupling factor. Gain saturation 
effects have also been considered by writing the gain in 
Eq. (1) and (2) in the form  𝑔𝑜𝑉𝑔(𝑁 − 𝑁𝑡)/(1 + 𝜖𝑆). 
Where, 𝜖 is the gain saturation factor. 
 
Such equations have been be solved numerically to 
provide the response of the laser to sinusoidal 
modulation. Both small-signal and large signal 
modulation regimes have been explored. It has been 
shown thereby that  for both small and large signal regimes 
modulation bandwidth of approximately 55GHz can be 
achieved [7]. In Figure 1 an exemplar of the large signal 
response is presented where distortions of the response 
curve are evident. Further details of the modulation 
response of nano-lasers will be presented. 
 

 
 

Figure  1. Modulation Response of Nano-laser at β = 1 x 
10-3 and F = 10 for Large Signal Modulation. The solid 
red line indicates the -3dB level 
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Optical Feedback Effects  
 
The response of nano-lasers subject to external optical 
feedback has also been analysed [8] . Calculations have 
been performed using rate equations which include the 
Purcell cavity- enhanced spontaneous emission factor, F, 
and the spontaneous emission coupling factor β.  
 
𝑑𝑆(𝑡)

𝑑𝑡
= Γ [

𝐹𝛽𝑁(𝑡)

𝜏𝑛
+

𝑔𝑛(𝑁(𝑡) − 𝑁𝑜)

1 + 𝜖𝑆(𝑡)
𝑆(𝑡)] −

1

𝜏𝑝
𝑆(𝑡)               

 
                                        +2𝑘√𝑆(𝑡)𝑆(𝑡 − 𝜏𝑒𝑥𝑡) cos(𝜃(𝑡))      (3) 
 
𝑑𝑁(𝑡)

𝑑𝑡
=

𝐼𝑑𝑐

𝑒𝑉𝑎
−

𝑁(𝑡)

𝜏𝑛
(𝐹𝛽 + (1 − 𝛽))                                             

                                                        −
𝑔𝑛(𝑁(𝑡) − 𝑁𝑜)

1 + 𝜖𝑆(𝑡)
 𝑆(𝑡)       (4) 

 
𝑑∅(𝑡)

𝑑𝑡
=

α

2
Γ𝑔𝑛(𝑁(𝑡) − 𝑁𝑡ℎ) − 𝑘

√𝑆(𝑡 − 𝜏𝑒𝑥𝑡)

√𝑆(𝑡)
sin(𝜃(𝑡)) (5)  

 
𝜃(𝑡) = 𝜔𝑜𝜏𝑒𝑥𝑡 + ∅(𝑡) − ∅(𝑡 − 𝜏𝑒𝑥𝑡)                                       (6)  
 
 
Where, 𝑆(𝑡) is the photon density, 𝑁(𝑡) is the carrier 
density and ∅(𝑡) is the phase, 𝜃(𝑡) is the phase change, Γ 
is the confinement factor, 𝜏𝑛 and 𝜏𝑝 are the radiative 
carrier lifetime and photon lifetime  respectively. 𝑔𝑛 is 
the differential gain that takes into account the effect of 
group velocity, 𝑁𝑜 is the transparency carrier density, 𝜖 
is the gain saturation factor and 𝛼 is the linewidth 
enhancement factor. 𝐼𝑑𝑐  is the dc bias current, 𝑉𝑎 is the 
volume of the active region 𝑒 is the electron charge and 
𝑁𝑡ℎ is the threshold carrier density, 𝜔𝑜  is the optical 
frequency. 
 
 

 
 
Figure 2 Bifurcation diagram of normalised photon 
density vs feedback coupling fraction at Idc = 2Ith, F = 14 
and β = 0.1   
 

In the analysis the influence of F and β is evaluated for 
varying distance from external mirror, current and 
feedback rate. It is observed that, in general, increased F 
and β at low bias currents increase the critical feedback 
for which chaos occurs as compared to conventional 
lasers, whereas at higher bias currents, chaos occurs at 
lower feedback rates. It is also found that for larger F, 
when increasing the distance from external mirror, the 
feedback rate at which chaos occurs increases. 
 
Bifurcation diagrams are a convenient way to represent 
the changes in dynamics of lasers subject to optical 
feedback. In Figures 2 and 3 bifurcation diagrams are 
given for two values of the Purcell factor,F. The 
qualitative difference in the response is immediately 
apparent. 
 
 

 
 
Figure 3: Bifurcation diagram of normalised photon 
density vs feedback coupling fraction at Idc = 2Ith, F = 
30and β = 0.1, 
 
Optical Injection Effects 
 
The third aspect of the nonlinear dynamics, which is 
explored in this paper, is the response of nano-lasers to 
external optical injection. Again, the focus is on the role 
played by the Purcell effect and the enhanced 
spontaneous emission coupling as shown in the following 
rate equations.  
 
𝑑𝑆(𝑡)

𝑑𝑡
= Γ [

𝐹𝛽𝑁(𝑡)

𝜏𝑛
+

𝑔𝑛(𝑁(𝑡) − 𝑁𝑜)

1 + 𝜖𝑆(𝑡)
𝑆(𝑡)] −

1

𝜏𝑝
𝑆(𝑡) 

 
                                      + 2𝑘𝑖𝑛𝑗√𝑆(𝑡)𝑆𝑚 cos(𝜃(𝑡))              (7) 
 
𝑑𝑁(𝑡)

𝑑𝑡
=

𝐼

𝑒𝑉𝑎
−

𝑁(𝑡)

𝜏𝑛
(𝐹𝛽 + (1 − 𝛽)) 

 

                                                    −
𝑔𝑛(𝑁(𝑡) − 𝑁𝑜)

1 + 𝜖𝑆(𝑡)
𝑆(𝑡)              (8) 

 

- 35 -



𝑑∅𝑠(𝑡)

𝑑𝑡
=

α

2
Γ𝑔𝑛(𝑁(𝑡) − 𝑁𝑡ℎ) − 2𝜋∆𝑓                                            

                                                        −𝑘𝑖𝑛𝑗

√𝑆𝑚

√𝑆(𝑡)
sin(𝜃(𝑡))         (9) 

 
𝜃(𝑡) = ∅𝑚(𝑡) − ∅𝑠(𝑡)                                                               (10) 
 
𝑆 is the photon density and 𝑁 is the carrier density and 
∅𝑠(𝑡) and ∅𝑚(𝑡) is the phase of slave and master laser. 
In the analysis ∅𝑚(𝑡) is assumed to be 0. Γ is the 
confinement factor; 𝜏𝑛 and 𝜏𝑝 are the radiative carrier 
lifetime and photon lifetime  respectively. 𝑔𝑛 is the 
differential gain that takes into account the effect of 
group velocity, 𝑁𝑜 is the transparency carrier density, 𝜖 
is the gain saturation factor and 𝛼 is the linewidth 
enhancement factor. 𝐼 is the dc bias current, 𝑉𝑎 is the 
volume of the active region 𝑒 is the electron charge and 
𝑁𝑡ℎ is the threshold carrier density. ∆𝑓 is the frequency 
detuning between the master and slave laser. The optical 
injection into the target laser is controlled by the injection 
rate, 𝑘𝑖𝑛𝑗.  
 

𝑘𝑖𝑛𝑗 = (1 − 𝑅)√
𝑅𝑖𝑛𝑗

𝑅

𝑐

2𝑛𝐿
                                                        (11) 

 
Where,  𝑅𝑖𝑛𝑗 is the injection parameter, 𝑅 is reflectivity 
of the laser, 𝑐 is the speed of light in free space, 𝑛 is the 
refractive index and 𝐿 is the cavity length of the slave 
laser.  
 
Figure 4 shows an example of the optical injection 
response of a semiconductor nanolaser with a Purcell 
factor of F = 5. The dark blue region is that of injection 
locking whilst in the red region period-doubled dynamics 
appears. Preliminary results suggest that the enhanced 
spontaneous emission in nanolasers serves to stabilise the 
dynamics. Further results indicating how the response of 
the laser to optical injection will be discussed.  

 
 
Figure 4 Optical injection response of nanolaser 
exhibiting injection locking ( dark blue region ) periodic 
dynamics (P1) and period doubled  (P2 - red region)  
normalised photon density vs feedback coupling fraction 
at  Idc = 2Ith,  F = 5and β = 0.05. 

Calculations of the enhancement of direct current 
modulation response of nanolasers subject to optical 
injection will also be reported. 
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Abstract– Reservoir computing is a novel computing 

method inspired by neural network. Recently, delay-based 

reservoir computing using laser dynamical systems can 

achieve fast and efficient information processing, such as 

speech recognition and chaotic time-series prediction. We 

implement reservoir computing based on consistency of 

semiconductor laser subjected to optical delayed-feedback 

and injection. We also investigate performance 

improvement with an approach using an analog chaotic 

mask signal.  

 

1. Introduction 

 

Artificial neural network that mimics the structure of 

the brain has been studied for a long time. Among them, 

recurrent neural networks with a self-feedback are very 

effective to process empirical data. In the early 2000s, 

reservoir computing (RC) has been proposed as a new 

approach of information processing system [1, 2]. RC has 

a network with fixed connections, and optimizes the 

output weights only. Compared to conventional recurrent 

neural networks, this approach has the advantage that the 

learning algorithm is simple and the calculation amount is 

small. The concept of RC is to do a mapping of an input 

signal into a high dimensional space, in order to facilitate 

classification and prediction [3]. In RC, the connections of 

each node of the network are kept fixed, and are referred 

to as “reservoir”. RC is composed of three parts: the input 

layer, the reservoir and the output layer. The reservoir is 

configured so that each element behaves differently for 

the same input. 

In 2011, delay-based RC using a single nonlinear 

system has been proposed [3]. This approach needs only 

two elements: a delayed feedback and a nonlinear 

dynamical system. This approach has made it easy to 

implement networks on hardware. Since then, many 

studies on delay-based RC on hardware have been 

reported intensively to achieve high speed processing [4 - 

8]. For pre-processing, each input data is applied for 

temporal mask, and fed to network by using time 

multiplexing. Network is constituted by N  virtual nodes. 

The individual virtual nodes are defined by the transient 

response of nonlinear system at each interval θ, where θ 

represents the node interval. In previous research, the 

influence of noise has been reduced by using 6 binary 

masks [9] or 2 binary masks with optimized combination 

[10]. Only digital masks with constant values for each 

node interval θ have been used so far [3-10]. 

In this study, we implement RC based on consistency in 

a semiconductor laser subjected to optical delayed-

feedback and injection by numerical simulations. We also 

investigate performance improvement with an approach 

using an analog chaotic mask signal.  

 

2. Delay-based RC using semiconductor laser 

 

RC using transient dynamics of the semiconductor 

lasers is expected to achieve fast information processing. 

One of the important properties of RC is consistency, 

where the same response output can be observed by a 

repeated drive signal. Semiconductor lasers can achieve 

consistency by optical injection [11]. We investigate RC 

based on consistency of semiconductor laser subjected to 

optical delayed-feedback and injection, as shown in Fig. 1. 

The dynamics of the laser is calculated by using the Lang-

Kobayashi equations as follows [12]. 
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where Ed and Er are the electric field amplitudes of the 

drive and response lasers, and Nr is the carrier density of 

the response laser. α is the linewidth enhancement factor, 

GN is the gain coefficient, N0 is the carrier density at 

transparency,   is the saturation coefficient, τp,s are the 

photon and carrier lifetimes, κ is the feedback strength of 

the response laser, κinj is the injection strength from the 

drive to response laser. ωd,r are the optical angular 

frequency of the drive and response lasers. Δω is the 

angular frequency detuning (2πΔf). Jr is the injection 

current of the response laser. jr is the injection current 

(2) 

(1) 
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normalized by the lasing threshold as presented in table 1. 

Jth is the injection current at lasing threshold. τ is the 

feedback delay time of the response laser. These 

parameter values are summarized in Table 1. We also 

added a white Gaussian noise ξ(t) to the electric field to 

model spontaneous emission light. The signal-to-noise 

ratio is set to 20 dB in our numerical simulations. 

 

Table 1. Laser parameter values used in numerical 

simulations. 

 

Parameter Value 

NG  13104.8 
13 sm  

0N  241040.1 
3m  

  23100.2   

p
 1210927.1  s  

s  91004.2  s  

  0.3  

  56.15
1ns  

inj  02.31
1ns  

d  151023.1  srad /  

f )2/(   

)( rd    

 

0.4 GHz  

  1.40 ns  

dj )/( thd JJ  30.1  

rj )/( thr JJ  05.1  

 

Our RC uses two semiconductor lasers: a drive laser 

and a response laser. The dynamics of the response laser is 

used as reservoir. The drive laser is used to achieve 

consistency of the response laser, as well as to convert the 

input signal into an optical injection signal. In our scheme, 

a masked input signal is used as modulation signal and 

modulates the phase of the drive laser. The modulated 

drive signal is injected into the response laser. The virtual 

nodes xi are defined as the outputs of the response laser at 

the each interval θ. 

Figure 1 shows the schematics of the delay-based RC. 

Delay-based RC consists of a virtual network, using a 

nonlinear system and delayed feedback [3]. By using 

temporal mask and time multiplexing, virtual nodes are 

determined from the transient response of the nonlinear 

system. The feedback delay time τ is set equal to the input 

sampling time T. The sampling time T is determined by 

the product of N nodes and them interval θ (T=N*θ). For 

pre-processing at the input layer, a temporal mask is 

applied on each input data. The value of the mask is set to 

vary at each interval θ. For example, the mask consists of 

a piecewise constant function with a randomly-modulated 

binary sequence {-1, 1} with equal probabilities. If θ is set 

shorter than the transient response of the nonlinear system, 

the system has a complex behavior. The reservoir is 

composed of virtual nodes xi, (i = 1,2,…,N) for each input, 

and individual virtual nodes can indicate different values 

to achieve high dimensional space mapping. For post-

processing at the output layer, the output is calculated as a 

linear combination of virtual nodes xi with output weights 

Wi, where equation (1) for the n-th input data. The output 

weights are optimized by minimizing the Mean Square 

Error between the target function and the RC output y(n) 

as follows. 
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Figure 1. Schematics of delay-based RC. 

 

 

3. Performance of chaotic time-series prediction 

  

To evaluate the performance of our scheme, we use the 

Santa Fe time-series prediction task [13]. The aim of this 

task is to perform single-point-prediction of chaotic data 

[13]. This chaotic data is generated from a far-infrared 

laser. We use 3000 steps for training and 1000 steps for 

testing. Input sampling time T is set to 40.0 ns. Reservoir 

is composed of N virtual nodes with node interval θ = 0.1 

ns. We also use de-synchronization scheme of input 

sampling time and feedback delay time (τ = T + θ) [5-7].  

Figure 2 shows the original signal and RC prediction 

signal. We used 2 random binary masks {-1, 1} at pre-

processing. The RC output signal is similar to the original 

signal. The performance of this task is evaluated by using 

the normalized mean-square error (NMSE) as follows. 

 

 

 
 

The NMSE is 0.02 in figure 2, and this value indicates a 

good performance of our RC. This value is comparable to 

other delay-based RC system [4,8-10].  
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Figure 2.  Time series of the original signal (top) and the 

RC prediction signal (bottom). 
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4. Investigation of the mask signal for RC using laser 

dynamical system 

  

In this section, we investigate the performance 

improvement by changing the mask signal. 

 

4.1. Digital mask signal V.S. Chaotic mask signal 

  

 First, we use several types of digital masks: 2 random 

binary {-1, 1}, and 6 random binary {±2, ±1.3, ±0.6}. As 

a comparison, we also use a chaotic mask signal. The 

chaotic mask signal is generated from another 

semiconductor laser with optical feedback. The range of 

the chaotic mask signal is set to -3 ~ +3 and the average 

value is set to 0. Figure 3 shows the performance of the 

time-series prediction of the two different digital mask 

signals and a chaotic mask signal when the feedback 

strength κ is varied. In Figure 3, consistency of the 

response laser is achieved in the range 0 ≤ κ ≤ 22 ns
-1

. In 

the consistency region, the NMSEs are low for every 

mask signal. We find that the NMSE for 6 binary mask 

signal is smaller than for the 2 binary mask signal. In the 

case of 6 binary mask signal, the minimum NMSE is 

0.014 (at κ ~ 16 ns
-1

). The chaotic mask signal is smaller 

than those digital mask signals and the minimum NMSE 

is 0.005. We find that the prediction error is improved by 

using the chaotic mask signal.  
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Figure 3. NMSE of the time-series prediction task as a 

function of the feedback strength κ for two types of the 

digital mask signals and a chaotic mask signal. 

 

Figure 4 shows the temporal waveforms of the masked 

input signal and response signal for the 2 binary and the 

chaotic mask signal. In the case of the 2 binary mask 

signal in Figure 4(a), when the mask value shows no 

fluctuation, all the nodes in the response signal have 

approximately the same value. On the other hand, the 

response laser always shows dynamic transient response 

in the case of the chaotic mask signal. In order to observe 

a fast and complex transient dynamics, a variety of node 

states can be obtained using the chaotic mask. 

-1

-0.5

0

0.5

1

0

2

4

0 0.5 1 1.5 2 2.5 3

A
m

p
li

tu
d

e

In
te

n
s
ity

 [a
rb

. u
n

its
]

Time [ns]

Input signal (*2 binary mask)

Response signal

-0.5

0

0.5

1

0

2

4

8

0 0.5 1 1.5 2 2.5 3

A
m

p
li

tu
d

e

In
te

n
s
ity

 [a
rb

. u
n

its
]

Time [ns]

Input signal (*chaos mask)

Response signal

(a) (b)

 
Figure 4. Temporal waveforms of the masked input signal 

and a response signal of the response laser for the 2 binary 

mask signal (a) and the chaotic mask signal (b). Dots 

indicate the nodes. 

 

 

4.2. Chaotic mask signal V.S. Analog noise mask signal 

  

Next, we use a white Gaussian noise mask. The 

amplitude range of the mask signal is set to -3 ~ +3. 

Figure 5 shows the NMSEs for the white Gaussian noise 

mask signal and the chaotic mask signal. The values of 

NMSE in the consistency region are lower than those 

outside the consistency region. We found that the NMSE 

for the chaotic mask signal is smaller than the NMSE for 

the white Gaussian noise mask signal. The chaotic mask is 

useful to improve the performance of reservoir computing. 
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Figure 5. NMSE of the time-series prediction task as a 

function of the feedback strength κ for the two types of 

analog mask signals. 

 

 

5. Conclusions 

  

We investigated reservoir computing based on 

consistency in a semiconductor laser subjected to optical 

delayed-feedback and injection by numerical simulations. 

When we evaluated RC by using Santa Fe time-series 

prediction task, we found that the prediction was 

successful in the region of consistency of the response 

laser. We also investigated performance improvement with 

an analog chaotic mask signal. 
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Abstract—We experimentally investigate spatio-
temporal phase dynamics of a broad-area semiconductor
laser. We observe in the experiment that the near-field
pattern is constituted of several intensity peaks. We
spatially isolate them one by one by using a slit as partial
intensities. We measure the temporal waveform and
frequency spectra of each partial intensity, and we also
measure the intensity of the whole near-field pattern as a
total intensity. We sum the corresponding spectral powers
for each frequency component of each spectrum of the
partial intensities. We compare this value to the spectral
power corresponding to the same frequency in the total
intensity. At some components in the frequency spectrum,
the frequency peak of the total intensity is lower than
the sum of those of the partial intensity, which suggests
the existence of antiphase dynamics between the partial
intensities. We find that inphase dynamics is observed at
low frequency components. On the contrary, antiphase
dynamics is observed for higher frequency component.

1. Introduction

Semiconductor lasers have been used for applications of
laser processing and laser display, and high-power semi-
conductor lasers are required. However, there is a limi-
tation of restricting output power to prevent catastrophic
optical damage (COD) of the laser facet. A method of
overcoming COD is to broaden the active region spatially,
which is known as broad-area semiconductor lasers [1], [2].
Broad-area semiconductor lasers emit watt class of optical
output power. However they have drawbacks that exhibit
complex spatio-temporal dynamics of the laser output in
the active region so called filamentation [3]-[6] (e.g. op-
tical diffraction and carrier diffusion), which result from
spatial hole-burning of the carrier density. Spatio-temporal
irregular pulsations of the laser output have been reported
at frequencies over 10 GHz [3], [6]. In addition, time-
delayed optical feedback in semiconductor lasers leads to
high-dimensional chaos [7]. These instabilities could be
useful for implementation of fast physical random number
generators based on chaotic dynamics [7]-[11]. Spatially-
resolved output of broad-area semiconductor lasers could
be used for parallel entropy sources for random number
generators. However, phase relationship among the partial-

intensities may lead to a degradation of the randomness of
the generated random numbers.

Antiphase dynamics of modal-intensity oscillations has
been investigated intensively in multi-longitudinal-mode
semiconductor lasers [12]-[15] and microchip solid-state
lasers [16]-[19]. Note that antiphase dynamics is a prop-
erty related to the coherence between the phases of the
oscillations of the modal intensities rather than the opti-
cal phases. Chaotic temporal oscillations are too com-
plex to determine the phase relationship. Thus inphase and
antiphase dynamics of the chaotic oscillations are distin-
guished by comparing the radio-frequency (RF) spectra of
the total intensity with the sum of modal intensities instead
of the temporal waveforms[12]. Antiphase dynamics of
multi-longitudinal modes has been observed for frequency
components lower than the relaxation oscillation frequency
of the laser. The low frequency components of modal in-
tensities are cancelled out as antiphase dynamics, whereas
the relaxation oscillation frequency components are coher-
ently overlapped as inphase oscillations. These dynamics
has been clearly explained in both experiments and numer-
ical simulations [12]-[19]. However, no study on phase
dynamics has been reported in broad-area semiconductor
lasers. The investigation of inphase and antiphase dynam-
ics in broad-area semiconductor lasers is required for un-
derstanding complex spatio-temporal dynamics, as well as
for applications in fast physical random-number genera-
tors.

In this study, we experimentally investigate inphase and
antiphase dynamics of spatially-resolved light intensities
in a broad-area semiconductor laser. We measure the RF
spectra of total and partial intensities to determine the
phase relationship.

2. Experimental Setup

Figure 1 shows our experimental setup for the obser-
vation of the dynamics of the broad-area semiconductor
laser. We use a broad-area semiconductor laser with 50-
µm-width active region. The optical wavelength of the laser
is 808 nm. The injection current for the lasing threshold
Ith is 160 mA. The output beam from the broad-area semi-
conductor laser is collimated with an aspheric lens and a
cylindrical lens. The collimated beam is divided by a beam
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Figure 1: Experimental setup for the observation of phase
dynamics in the broad-area semiconductor laser. Amp,
electrical amplifier; BAL, broad-area semiconductor laser;
BS, beam splitter; Fiber, optical fiber; ISO, optical isolator;
L, lens; M, mirror; NDF, neutral density filer; PD, photode-
tector; Slit, variable slit.

splitter. One of the beams is reflected from an external mir-
ror and fed back to the laser to generate chaotic oscillation
of the laser output [2],[7]. The external cavity length is 51
cm, corresponding to the external-cavity frequency of 294
MHz. The optical feedback strength is adjusted by a neutral
density filter. The other beam is divided into two beams,
and one of them is used to observe temporal dynamics of
the total laser intensity through an objective lens in front
of an optical fiber. The other beam is used to observe one
of the spatially-resolved partial intensities by using a slit
and another objective lens in front of an optical fiber. A
beam profiler is inserted to observe the near-field pattern
and one of the partial intensities is selected by using the
slit. The light beam focused on the lens of the optical fiber
is converted to an electrical signal by using a photodetec-
tor and amplified by using two electrical amplifiers. The
electrical signal is transmitted to a digital oscilloscope and
a radio-frequency (RF) spectrum analyzer to observe tem-
poral dynamics and RF spectra, respectively.

3. Experimental Results

3.1. Near-field pattern and temporal dynamics

Figure 2 shows an example of the near-field pattern of
the output of the broad-area semiconductor laser with opti-
cal feedback. The horizontal axis indicates beam position
and the vertical axis indicates light intensity. In Fig. 2, the
near-field pattern consists of several peaks at the injection
current of 1.31Ith.

We consider a situation where a chaotic output of the
broad-area semiconductor laser can be used for parallel fast
physical generation of random numbers. The near-field
pattern is thus resolved by using a slit at the peak of the
light intensities in Fig. 2. We investigate the phase dynam-

ics among these spatially-resolved light intensities for the
application of parallel random number generators. Both
the temporal waveforms and the RF spectra are observed
for each partial intensity and for the total intensity.
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Figure 2: Near-field patterns of the broad-area semicon-
ductor laser for the injection currents of 1.31Ith. Ith is
the injection current at the lasing threshold of the laser
(Ith = 160 mA). Each peak is spatially resolved by using a
slit.

Figure 3(a) shows the chaotic temporal waveforms of the
total intensity and the spatially-resolved partial intensities
at the low injection current of 1.31Ith. The upper and lower
traces correspond to the temporal waveforms of the total
and one of the partial intensities, respectively. The tem-
poral waveform of the partial intensities includes both fast
(∼ 6 GHz) and slow (∼ 1 GHz) fluctuations. However, the
total intensity shows slow fluctuation mainly. Figure 3(b)
shows the RF spectra of the total and one of the partial in-
tensities, corresponding to Fig. 3(a). Note that the two RF
spectra are shifted to the vertical direction for clarity, and
the dotted lines indicate -70 dBm. The peaks of the total
intensity (black curve) are higher than those of the partial
intensity (red curve) at around 0.6 GHz. On the contrary,
the peaks of the partial intensity are higher than those of
the total intensity at 6.2 GHz. We speculate that the fast
frequency components are cancelled out due to antiphase
dynamics, since the fast fluctuation observed in the partial
intensity almost disappears in the temporal waveform of
the total intensity in Fig. 3(a). The phase dynamics is thus
dependent on the frequency of the chaotic oscillation.

3.2. Quantitative estimation of inphase and antiphase
dynamics from RF spectra

We use a method to determine inphase and antiphase dy-
namics of the spatially-resolved partial intensities from the
comparison of RF spectra of the total intensity and sum
of the partial intensities [12], since it is not easy to deter-
mine inphase and antiphase dynamics from chaotic tempo-
ral waveforms. In experiment, the RF spectrum of each
partial intensity is observed. The spectral density of the
i−th partial intensity at the frequency componentf is rep-
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Figure 3: (a) Temporal waveforms and (b) corresponding
RF spectra of the total intensity and one of the partial in-
tensities at the injection current of 1.31Ith. The two RF
spectra are shifted to the vertical direction for clarity, and
the dotted lines indicate -70dBm.

resented asPi( f ) (i = 1,2, · · · , n for a n-mode laser). The
RF spectra of all the partial intensities are added at each fre-
quency component in the linear scale, and the sum of the
partial intensitiesPsum( f ) is obtained byPsum( f ) =

∑
Pi( f )

[17]. In addition, the RF spectrum of the total intensity is
observed in experiment, denoted asPtotal( f ). The value of
Ptotal( f ) is compared with that ofPsum( f ) to determine the
inphase and antiphase dynamics. Inphase dynamics is ob-
served forPtotal( f ) > Psum( f ). On the other hand, antiphase
dynamics is observed forPtotal( f ) < Psum( f ).

Constructive interference occurs among the partial in-
tensities for inphase dynamics andPtotal( f ) > Psum( f ) is
satisfied. On the contrary, destructive interference is ob-
served among the partial intensities for antiphase dynamics
andPtotal( f ) < Psum( f ) is satisfied [12]. Therefore, one can
determine inphase or antiphase dynamics from the relation-
ship betweenPtotal( f ) andPsum( f ).

Figure 4(a) shows the RF spectra of the total intensity
and the sum of the RF spectra of the partial intensities at
the injection current of 1.31Ith. The RF spectrum of the
total intensity is higher than that of the sum of the partial
intensities at the frequency region represented by the peak
of 0.6 GHz, which includes the relaxation oscillation fre-
quency. . On the other hand, the RF spectrum of the total
intensity is lower than the one of the sum of the partial in-
tensities at the frequency region represented by the peak of
6.2 GHz.
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Figure 4: (a) RF spectra of the total intensityPtotal( f ) (up-
per) and the sum of the partial intensitiesPsum( f ) (lower)
at the injection current of 1.31Ith The two RF spectra are
shifted to the vertical direction for clarity, and the dotted
lines indicate -70 dBm. (b) Diffrence in the two RF spectra
∆P( f ) = Ptotal( f ) − Psum( f ). Inphase and antiphase dy-
namics can be determined by∆P( f ) > 0 and∆P( f ) < 0,
respectively. Red and black dotted squares indicate the re-
gions of inphase and antiphase dynamics, respectively.

We calculate the difference between the two RF spectra
in Fig. 4(a),∆P( f ) = Ptotal( f ) − Psum( f ). Inphase and
antiphase dynamics can be determined by∆P( f ) > 0 and
∆P( f ) < 0, respectively. Here we defined the noise level
of the RF spectrum less than -60 dBm, and we did not cal-
culate the frequency components below the noise level to
avoid the artifact of the calculation.

Figure 4(b) shows∆P( f ) obtained from Fig. 4(a). It
is found that inphase dynamics is observed at the low fre-
quency region from 0.0 to 2.9 GHz, including the relax-
ation oscillation frequency. On the contrary, antiphase dy-
namics is observed in intermediate frequency region from
3.9 to 8.8 GHz. Inphase dynamics is also observed in high
frequency region from 12.2 GHz to 15.3 GHz. Therefore,
inphase and antiphase dynamics at particular frequency
components can be clearly distinguished on the RF spec-
tra.

The observation of inphase dynamics at low frequency
component and antiphase dynamics at higher frequency
component agrees well with the observation of the tempo-
ral waveforms shown in Fig. 3(a).
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4. Conclusions

We experimentally investigated the frequency depen-
dence of inphase and antiphase dynamics among spatially-
resolved light intensities in a chaotic broad-area semicon-
ductor laser. We resolved partial intensities from the near-
field pattern, and observed the temporal waveforms and the
corresponding RF spectra. We compared the total intensity
with the sum of the partial intensities on the RF spectra. In-
phase dynamics is observed at both low and high frequency
components, the relaxation oscillation frequency being in-
cluded in the low frequency components. On the contrary,
antiphase dynamics is observed at intermediate frequency
components.

The investigation of the phase dynamics in chaotic
broad-area semiconductor lasers could be useful for the ap-
plication of fast physical random-number generators imple-
mented in parallel.
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Abstract– Chaotic dynamics in a single-mode 

semiconductor laser subject to optical feedback from fiber 

Bragg gratings (FBGs) is investigated. Obtained from the 

inverse Fourier transform on the magnitude of the optical 

spectra, the coherence function evaluates the suppression 

of the time-delay information. The intensity 

autocorrelation function time-delay signature (ACF-TDS) 

and coherence function time-delay signature (CF-TDS) are 

found to be sensitive to the FBG bandwidth. The FBG 

feedback with proper bandwidth and positive detuning 

frequency can achieve both ACF-TDS concealment and 

CF-TDS minimization in chaotic oscillation. Moreover, 

the TDS-optimized chaos can be generally obtained over a 

range of feedback delay times. Besides, comparing to 

conventional mirror feedback, the FBG feedback 

suppresses the ACF-TDS by more than an order of 

magnitude in the experiments. 

1. Introduction 

Nonlinear dynamics of semiconductor lasers have 

received attentions in recent applications [1-5, 18]. 

Chaotic dynamics is widely investigated because it is 

noise-like, broadband, and synchronizable. It has been 

utilized in novel applications such as chaos-based secure 

communication [3], high-speed random bit generation [2, 

18], and chaotic ranging [5]. Generally, inducing optical 

feedback into a semiconductor laser is the simplest way to 

obtain chaotic dynamics as only one laser is involved [6]. 

However, the feedback time-delay information can be 

extracted through the chaotic output analysis. 

Identification of the time-delay signature (TDS) in the 

autocorrelation of chaotic intensity time series is the most 

popular method for the delay time detection [7-12, 15, 

16]. The TDS threatens the security in secure 

communication, limits the sampling rate in random bit 

generation, and introduces ambiguity in target detection. 

Various approaches have been reported to solve this 

undesirable TDS problem. Rontani et al. has numerically 

demonstrated a pioneering work on TDS suppression in a 

single-mirror feedback scheme through optimizing the 

feedback strength at a relatively short feedback delay 

time, which is comparable to the period of the relaxation 

oscillation [7]. Other approaches that have been proposed 

include dual-path mirror feedback [8], polarization-

preserved or polarization-rotated feedback [9, 15], and 

mutually coupled feedback using two lasers [10, 16]. 

These approaches perform TDS suppression, while 

compromise the hardware complexity by adopting 

multiple reflectors or multiple lasers. Recently, fiber 

Bragg gratings (FBGs) have been used in chaos 

generation as a simple method of TDS suppression [11, 

12, 19]. Instead of a single mirror, an FBG is employed as 

a distributed reflector, which obscures the round-trip 

feedback delay times, hence leads to the TDS suppression. 

Comparing to the other approaches, the use of FBG 

feedback conceals TDS with relatively simple hardwares 

as it only involves coupling light into an FBG. 

 In this paper, a chaotic semiconductor laser subject to 

optical feedback from an FBG is investigated. In the 

simulation, besides the conventional intensity 

autocorrelation function (ACF), the so-called coherence 

function (CF), which equals to the inverse Fourier 

transform of the magnitude of the optical spectrum, is 

used for the TDS analysis as well. The evolution of the 

CF-TDS reveals the influences of the FBG bandwidth and 

detuning frequency from the laser on the identification of 

time-delay information. Feedback from the FBG with 

proper bandwidth and positive detuning frequency can 

achieve both ACF-TDS concealment and CF-TDS 

minimization in chaotic oscillation. Moreover, the TDS-

optimized chaos can be generally obtained over a range of 

feedback delay times. In the experiment, chaos with ACF-

TDS concealment has been obtained by using FBG 

feedback with a fixed delay time. Comparing to 

conventional mirror feedback, the FBG feedback 

suppresses the ACF-TDS by more than an order of 

magnitude.  

2. Model 

 
Fig. 1. (a) The schematic of a semiconductor laser subject to feedback 

from an FBG and (b) magnitude of the FBG impulse response |𝑟(𝑡)|, 
where (b-i), (b-ii), and (b-iii) correspond to 𝑓BW = 29 GHz, 7 GHz, and 

80 GHz, respectively, with 𝑓𝑙 = 5 GHz. 
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 Figure 1(a) shows the schematic of a single-mode 

semiconductor laser subject to distributed feedback from 

an FBG. The linearly polarized laser emission is directly 

coupled into a single-mode fiber appended with the  FBG. 

It then experiences a distributed reflection and injects 

back into the laser. The FBG is uniform and has no 

birefringence. The central frequency of its reflection 

spectrum, namely the Bragg frequency, is detuned by Δ𝑓 

from the free-running frequency of the laser. The optical 

path length from the laser to the front-end of the FBG is 

denoted by 𝑙0 . The corresponding feedback round-trip 

delay time is 𝜏RT = 2𝑙0/𝑐 with c being the speed of light 

in vacuum. This system can be described by the following 

rate equations [12]: 

 
𝑑𝑎

𝑑𝑡
 =  

1 − i𝑏

2
[
𝛾c𝛾n

𝛾s𝐽
�̃� − 𝛾p(|𝑎|

2 − 1)] 𝑎  

             +𝛾c𝜉f𝑒
i𝜃[𝑟(𝑡)𝑒−i𝑡] ∗ 𝑎(𝑡 − 𝜏RT) (1) 

 
𝑑�̃�

𝑑𝑡
 =  −(𝛾s + 𝛾n|𝑎|

2)�̃� 
 

 

              −𝛾s𝐽 (1 −
𝛾p

𝛾c
|𝑎|2) (|𝑎|2 − 1) (2) 

where the cavity decay rate 𝛾c = 5.36 × 10
11 s−1 , the 

spontaneous carrier relaxation rate 𝛾s = 5.96 × 10
9 s−1 , 

the differential carrier relaxation rate 𝛾n = 7.53 ×
109 s−1, the nonlinear carrier relaxation rate 𝛾p = 1.91 ×

1010 s−1 , the normalized bias current above threshold  

𝐽 = 1.222, the linewidth enhancement factor 𝑏 = 3.2, the 

feedback phase 𝜃 = 0 , and the normalized feedback 

strength 𝜉f  is proportional to the coupling efficiency 

between the laser. The laser parameters correspond to a 

relaxation resonance frequency of 𝑓r = 10.25 GHz. They 

were extracted from a commercial communication laser 

[17]. The FBG feedback term, which is proportional to the 

delayed optical field amplitude 𝑎(𝑡 − 𝜏RT)  convoluted 

with 𝑟(𝑡)𝑒−𝑖ΔΩ𝑡 , is the last term in Eq. (1), where 

ΔΩ = 2πΔ𝑓  is the angular frequency detuning of the 

Bragg frequency of the FBG away from the free-running 

frequency of the laser and  𝑟(𝑡) is the impulse response of 

the FBG at the rotating frame of the Bragg resonance 

frequency. Thus, 𝑟(𝑡)  equals to the inverse Fourier 

transform of the reflection frequency response [13, 14]:  

𝑟(Ω)  =  ΩBW ×  

  

(

 2Ω +  i√ΩBW
2 − 4Ω2coth

𝜋√ΩBW
2 − 4Ω2

2Ω𝑙
)

 

−1

 (3) 

with FBG parameters ΩBW = 2𝜋𝑓BW  and Ω𝑙 = 2𝜋𝑓𝑙 . 

From 𝑟(Ω)  in Eq. (3), the full width at half-maximum 

(FWHM) reflection bandwidth of the main lobe is 

approximately 𝑓BW for a highly reflective FBG, whereas 

the reciprocal of the round-trip propagation time inside the 

FBG is 𝑓𝑙  = 5.2 GHz, which is chosen throughout the 

simulation because it corresponds to a practical grating 

length of l = 20 mm with a refractive index of 1.444. The 

peak reflectivity of  tanh2(𝜋ΩBW/2Ω𝑙) is attained at the 

Bragg frequency at Ω = 0 . Numerical simulations are 

conducted based on second-order Runge-Kutta integration 

of Eqs. (1)-(3) with time step 2.38 ps over a time span of 

1.25 μs. The grating is chosen with θ = 0. The feedback 

strength is 𝜉f = 0.078 throughout the simulation. 

3. Numerical Results 

Figures 1(b-i)-(b-iii) show the magnitude of the FBG 

impulse response |𝑟(𝑡)| with 𝑓BW = 29 GHz, 7 GHz, and 

80 GHz, respectively. In Fig. 1(b-i), the FBG impulse 

response is confirmed as causal. It consists of two distinct 

components: a main reflection peak at time zero and a 

small peak at 𝑓𝑙
−1

. As a result, the FBG can provide a 

distributed reflection. The peaks are separated by 𝑓𝑙
−1

 = 

0.19 ns, which is the round-trip propagation time inside 

the FBG [14]. Besides, comparing Figs. 1(b-i)-(b-iii), the 

width of the main reflection peak is inversely proportional 

to the FBG bandwidth 𝑓BW. Roughly  δ-function response 

can be achieved when the FBG is sufficiently broadband, 

as Fig. 1 (b-iii) shows.  

 
Fig. 2. Numerically calculated (i) optical spectrum and (ii) magnitude of 
CF. The frequency axis is offset to the free-running frequency of the 

laser. The chaotic optical spectra are shown in black. For reference, the 

optical reflectivity spectra of the FBG are shown in red, whereas the 

corresponding group delays are shown in blue. The FBG bandwidth 𝑓BW 
= (a) 80 GHz, (b) 29 GHz, and (c) 13 GHz, respectively. The detuning 

frequency Δ𝑓 = 16  GHz. The feedback round-trip delay time 𝜏RT =
0.47 ns. 

Numerically calculated optical spectra of chaotic 

emissions are shown in black in Fig. 2(i), where the 

frequency axis is offset to the free-running frequency of 

the laser. For reference, the optical reflectivity spectra of 

the FBG are shown in red, while the corresponding group 

delays are shown in blue. The magnitude of the CF is 

shown in Fig. 2(ii). The FBG bandwidth 𝑓BW = 80 GHz, 

29 GHz, and 13 GHz in Figs. 2(a)-(c), respectively. The 

detuning frequency is Δ𝑓 = 16 GHz. The feedback round-

trip delay time is 𝜏RT = 0.47 ns.  

In Fig. 2(a) with FBG bandwidth 𝑓BW = 80 GHz, the 

bandwidth of the FBG is relatively broad comparing with 

the laser relaxation resonance frequency 𝑓r. The main lobe  
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Fig. 3. Numerically calculated (i) intensity time series and (ii) the 

corresponding ACF. The FBG bandwidth 𝑓BW = (a) 80 GHz, (b) 29 GHz, 

and (c) 13 GHz. The detuning frequency Δ𝑓 = 16 GHz and the feedback 

round-trip delay time 𝜏RT = 0.47 ns. 

of the FBG covers most of the chaotic optical spectrum 

and does not induce much dispersion of the group delay, 

as shown in Fig. 2(a-i). Due to the antiguidance effect, a 

significantly red-shifted optical spectrum that spans a 

frequency range of over 10 GHz is observed. The 

enhanced peaks are at negative offset frequencies. 

However, in the spectrum, there are periodic peaks 

separated by about 2 GHz, which roughly corresponds to 

𝜏RT
−1. These peaks can be regarded as the external cavity 

mode structures. Such spectral features result in peaks at 

around 𝜏RT  and its integer in the CF, which reveal the 

time-delay information in Fig. 2(a-ii). A clear CF-TDS 

unveils the delay time 𝜏RT as marked by the dashed line. 

In Fig. 2(b), the FBG bandwidth 𝑓BW = 29 GHz. The 

strongest emission peaks are now mainly found in the low 

frequency side lobes, as shown in Fig. 2(b-i). The 

frequency-dependent group delay experienced varies 

significantly, leading to an increase of chromatic 

dispersion. As a result, the FBG feedback obscures the 

information on the round-trip time delay. The periodicity, 

of the external cavity mode structures in Fig. 2(b-i) is less 

recognizable comparing with those in Fig. 2(a-i). This is 

further confirmed in Fig. 2(b-ii) that the CF-TDS is 

broadened and suppressed. Moreover, additional 

coherence peaks appear at different lag times, which 

induce uncertainty in the identification of CF-TDS.  

In Fig. 2(c), with 𝑓BW = 13 GHz, the strongest emission 

peaks move further away into the low frequency side 

lobes with the periodicity of the external cavity mode 

structures being even less recognizable in Fig. 2(c-i). The 

CF-TDS remains irregular as shown in Fig. 2(c-ii).

 Figures 3(a)-(c) show the numerically calculated 

intensity time series and the ACFs which correspond to 

the optical spectra in Figs. 2(a)-(c). Column (i) of Fig. 3 

shows the intensity time series 𝐼(𝑡) = |𝑎(𝑡)|2 , while 

column (ii) shows the autocorrelation of 𝐼(𝑡) as a function 

of the lag time. In Fig. 3(a-i), the intensity time series is  

 
Fig. 4. ACF-TDS and CF-TDS as functions of the normalized grating 

bandwidth 𝑓BW/𝑓r  in closed and open symbols, respectively. The 

detuning frequency Δ𝑓 = 16  GHz and the feedback round-trip delay 

time 𝜏RT = 0.47 ns. 

 
Fig. 5. ACF-TDS and CF-TDS as functions of the normalized feedback 

delay time 𝜏RT𝑓r  in closed and open symbols, respectively. The FBG 

bandwidth 𝑓BW = 29 GHz and the detuning frequency Δ𝑓 = 16 GHz. 

noise-like. It is hard to identify the time-delay information. 

However, when transformed into the ACF in Fig. 3(a-ii), 

the delay time 𝜏RT  can be easily observed through the 

location of the ACF-TDS as marked by dashed line. In Fig. 

3(b), the FBG bandwidth is 𝑓BW = 29 GHz. the intensity 

time series is also noise-like as shown in Fig. 3(b-i). The 

ACF-TDS is significantly suppressed in Fig. 3(b-ii). 

Further reduces 𝑓BW to 13 GHz, in Fig. 3(c-ii), the ACF-

TDS becomes pronounced again, but the ACF-TDS peaks 

deviates away from 𝜏RT, which means a reduced accuracy 

in time-delay information detection. 

 Detailed investigation of ACF-TDS and CF-TDS as 

functions of the normalized grating bandwidth 𝑓BW/𝑓r are 

shown in Fig. 4, where only chaotic oscillations are taken 

into account. The detuning frequency is kept at Δ𝑓 = 16 

GHz. The feedback round-trip delay time is kept at 

𝜏RT = 0.47 ns. Closed and open symbols correspond to 

ACF-TDS and CF-TDS, respectively. When the 

normalized grating bandwidth is relatively large, both the 

ACF-TDS and CF-TDS are nearly independent of 𝑓BW/𝑓r. 
Because the FBG bandwidth 𝑓BW  is sufficiently broad, 

further increasing it will not change neither the reflection 

power nor the group delay in the optical frequency range 

of chaos. When 𝑓BW/𝑓r is around 2.8, both ACF-TDS and 

CF-TDS are nearly minimized. Figure 4 shows that it is 

feasible to choose an FBG with proper 𝑓BW so that both 

ACF-TDS and CF-TDS can get effective suppression at 

the same time under a positive detuning frequency. 

Figure 5 shows the TDS as a function of the normalized 

feedback delay time 𝜏RT𝑓r, where only chaotic oscillations 

are taken into account. The FBG bandwidth 𝑓BW  = 29 

GHz and the detuning frequency Δ𝑓 = 16 GHz are kept 
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constant. Closed and open symbols correspond to ACF-

TDS and CF-TDS, respectively. In the normalized 

feedback delay time ranging from 4 to 8, both ACF-TDS 

and CF-TDS nearly remain unchanged. It is worth to 

mention that the TDS-optimized chaotic dynamics can be 

generally obtained over a range of feedback delay times. 

This significantly simplifies the operation in experiment.  

Furthermore, experimental verifications are conducted 

to confirm TDS suppression using FBG feedback. 

Compared to using a conventional mirror, the FBG 

feedback suppresses ACF-TDS, by over 10 times, to less 

than 0.04 according to experimental measurements. 

4. Conclusion 
 In summary, a single-mode semiconductor laser subject 

to optical feedback from an FBG is investigated. The 

ACF-TDS and CF-TDS are found to be sensitive to the 

FBG bandwidth. The FBG feedback with proper 

bandwidth and positive detuning frequency can suppress 

ACF-TDS and minimize CF-TDS in chaotic oscillations. 

Furthermore, the TDS-optimized chaos can be generally 

obtained over a range of feedback delay times. In the 

experiment, the FBG feedback suppresses the ACF-TDS 

to less than 0.04, which is about 10 times lower than that 

in conventional mirror feedback.    

Acknowledgments 

This work was supported by a grant from the Research 

Grant Council of Hong Kong, China (Project No. CityU 

111213) and a grant from the National Natural Science 

Foundation of China (Grant 61308002). 

References 

[1] M. Sciamanna and K. A. Shore, “Physics and 

applications of laser diode chaos,” Nat. Photon., vol. 

9, pp. 151–162, 2015. 

[2]  A. Uchida, K. Amano, M. Inoue, K. Hirano, S. 

Naito, H. Someya, I. Oowada, T. Kurashige, M. 

Shiki, S. Yoshimori, K. Yoshimura, and P. Davis, 

“Fast physical random bit generation with chaotic 

semiconductor lasers,” Nat. Photon., vol. 2, pp. 728–

732, 2008. 

[3] A. Argyris, D. Syvridis, L. Larger, V. Annovazzi-

Lodi, P. Colet, I. Fischer, J. Garcia-Ojalvo, C. R. 

Mirasso, L. Pesquera, and K. A. Shore, “Chaos-

based communications at high bit rates using 

commercial fibre-optic links,” Nature, vol. 438, pp. 

343–346, 2005.  

[4]  M. C. Soriano, J. Garcia-Ojalvo, C. R. Mirasso, and 

I. Fischer, “Complex photonics: Dynamics and 

applications of delay-coupled semiconductors 

lasers,” Rev. Mod. Phys., vol. 85, pp. 421–470, 2013.  

[5]  F. Y. Lin and J. M. Liu, “Diverse waveform 

generation using semiconductor laser for radar and 

microwave applications,” IEEE J. Quantum 

Electron., vol. 40, pp. 682–689, 2004. 

[6]  V. Annovazzi-Lodi, A. Scire, M. Sorel, and S. 

Donati, “Dynamic behavior and locking of a 

semiconductor laser subjected to external injection,” 

IEEE J. Quantum Electron., vol. 34, pp. 2350–2357, 

1998. 

[7] D. Rontani, A. Locquet, M. Sciamanna, and D. S. 

Citrin, “Loss of time-delay signature in the chaotic 

output of a semiconductor laser with optical 

feedback,” Opt. Lett., vol. 32, pp. 2960–2962, 2007. 

[8] J. G.Wu, G. Q. Xia, and Z.M.Wu, “Suppression of 

time delay signatures of chaotic output in a 

semiconductor laser with double optical feedback,” 

Opt. Exp., vol. 17, pp. 20124–20133, 2009. 

[9] S. Priyadarshi, Y. Hong, I. Pierce, and K. A. Shore, 

“Experimental investigations of time-delay signature 

concealment in chaotic external cavity VCSELs 

subject to variable optical polarization angle of 

feedback,” IEEE J. Sel. Topics Quantum Electron., 

vol. 19, p. 1700707, 2013. 

[10] Y. Hong, “Experimental study of time-delay 

signature of chaos in mutually coupled vertical-

cavity surface-emitting lasers subject to polarization 

optical injection,” Opt. Exp., vol. 21, pp. 17894–

17903, 2013. 

[11] Z. Q. Zhong, S. S. Li, S. C. Chan, G. Q. Xia, and Z. 

M. Wu, “Polarization-resolved time-delay signatures 

of chaos induced by FBG-feedback in VCSEL,” Opt. 

Exp., vol. 23, pp. 15459–15468, 2015. 

[12] S. S. Li, and S. C. Chan, “Chaotic Time-delay 

Signature Suppression in a Semiconductor Laser 

with Frequency-detuned Grating Feedback,” IEEE J. 

Quantum Electron., vol. 21, p. 1800812, 2015. 

[13] T. Erdogan, “Fiber grating spectra,” J. Lightw. 

Technol., vol. 15, pp. 1277–1294, 1997. 

[14] L. R. Chen, S. D. Benjamin, P. W. Smith, and J. E. 

Sipe, “Ultrashort pulse reflection from fiber gratings: 

A numerical investigation,” J. Lightw. Technol., vol. 

15, pp. 1503–1512, 1997. 

[15] S. Y. Xiang, W. Pan, L. S. Yan, B. Luo, X. H. Zou, 

N. Jiang, and K. H. Wen, “Quantifying chaotic 

unpredictability of vertical-cavity surface-emitting 

lasers with polarized optical feedback via 

permutation entropy,” IEEE J. Sel. Topics Quantum 

Electron., vol. 17, pp. 1212–1219, 2011. 

[16] N. Li, W. Pan, S. Xiang, L. Yan, B. Luo, and X. Zou, 

“Loss of time delay signature in broadband cascade-

coupled semiconductor lasers,” IEEE Photon. 

Technol. Lett., vol. 24, pp. 2187–2190, 2012. 

[17] C. Cui and S. C. Chan, “Performance analysis on 

using period-one oscillation of optically injected 

semiconductor lasers for radio-over-fiber uplinks,” 

IEEE J. Quantum Electron., vol. 48, pp. 490–499, 

2012. 

[18] X. Z. Li, S. S. Li, J. P. Zhuang, and S. C. Chan, 

“Random bit generation at tunable rates using a 

chaotic semiconductor laser under distributed 

feedback,” Opt. Lett., accepted, 2015. 

[19] S. S. Li, Q. Liu, and S. C. Chan, “Distributed 

feedbacks for time-delay signature suppression of 

chaos generated from a semiconductor laser,” IEEE 

Photon. J., vol. 4, pp. 1930–1935, 2012. 

- 48 -



  

 

Millimeter-wave Phase Noise Analysis on Period-one Dynamics  

in Semiconductor Lasers 
 

Jun-Ping Zhuang
1
, Song-Sui Li

1
, Xiao-Zhou Li

1
, and Sze-Chun Chan

1, 2, *
 

 
1Department of Electronic Engineering, City University of Hong Kong, Hong Kong, China 

2State Key Laboratory of Millimeter Waves, City University of Hong Kong, Hong Kong, China 

*Email: scchan@cityu.edu.hk 

 

Abstract– Phase noise of the period-one (P1) nonlinear 

dynamics in a slave laser (SL) subject to injection from a 

master laser (ML) is analyzed via numerical simulations. 

The optical linewidth of the regeneration component is 

mainly determined by the ML linewidth, while the optical 

linewidth of the P1 component is dependent on both the 

ML and SL linewidths. The optical components in P1 

dynamics are phase-correlated so that the microwave 

linewidth of the beat signal can be narrower than the 

optical linewidths, though the phase correlation degrades 

as the P1 oscillation frequency is tuned much beyond the 

relaxation resonance frequency of the laser. 

1. Introduction 

Nonlinear dynamics of semiconductor lasers have been 

of great interest due to the wide range potential photonic 

applications, including random bit generation [1], secure 

communication [2, 3], chaotic ranging [4-7], signal 

processing [8, 9], tunable microwave generation [10, 11], 

and radio-over-fiber communication [12, 13]. For pho-

tonic microwave generation, the period-one (P1) nonlinear 

dynamics in a slave laser (SL) subject to injection from a 

master laser (ML) have been intensively investigated. The 

generation technique based on the P1 dynamics has the 

advantages of wide frequency tunability, all-optical setup, 

and single side-band optical spectrum [14-17]. However, 

the stability of the microwave frequency is limited by the 

fluctuations in the lasers, which cause the phase noise in 

the P1 dynamics [18]. Recently, there are works focusing 

on the operating injection points, where the P1 oscillation 

frequency is insensitive to the variations of injection 

frequency and is consequently resistant some extent to the 

temperature fluctuations in the lasers [17, 19]. 

Complementary to these works, the intrinsic spontaneous 

emission noise in a laser is considered as the fundamental 

fluctuation source that corresponds to a non-zero optical 

linewidth in the injected laser. Considering only the 

spontaneous emission in the SL, the phase noise 

characteristics of the generated microwave signals also 

have been recently investigated numerically [20, 21], 

where optical feedback has been experimentally 

demonstrated for the phase noise reduction in the 

microwave signal generated by the P1 dynamics [14].   

In this work, the spontaneous emission in both the ML 

and SL are considered. Their influence on the phase noise 

of the P1 dynamics are systematically investigated by 

numerical simulations, where the spontaneous emission is 

modeled by a Langevin fluctuation force. To analyze the 

phase noise characteristics of the P1 dynamics, the ML 

and SL linewidths as well as the P1 oscillation frequency 

are varied. Meanwhile, the regeneration component’s 

optical linewidth, P1 component’s optical linewidth, and 

P1 microwave linewidth are simultaneously examined. 

2. Simulation Model 

 
Fig. 1. Schematic of the SL subject to injection from the ML. 

The schematic of the simulated setup is shown in Fig. 1. 

A continuous-wave light from the ML is delivered through 

an optical isolator and injected into the SL. Both the ML 

and SL are single-mode semiconductor lasers. The 

dynamical behavior of the SL and ML can be respectively 

described by the temporal evolution of state variables 

              and                , where      and       are 

the normalized complex intracavity optical field 

amplitudes, while       and         are the normalized 

charge carrier densities [22]. When the SL is subject to an 

optical injection with the normalized injection strength i 

and the injection detuning frequency fi, the SL dynamical 

behavior can be modeled by the following rate equations 

[20-22]: 

   

  
 

    

 
 
    

    
                 

                 
                  (1) 

    

  
                 

                    
  

  
               (2) 

where,                  is the cavity decay rate, 

                is the spontaneous carrier relaxation 

rate,                 is the differential carrier 

relaxation rate,                  is the nonlinear 

carrier relaxation rate,          is the normalized bias 

current above threshold, and the linewidth enhancement 

factor b = 3.2 quantifies the dependence of the refractive 

index on the optical gain. The relaxation resonance 

frequency of the laser is fr = 10.25 GHz. The term with 

(i, fi) in Eq. (1) represents the optical injection. In this 

term,         is the normalized optical field amplitude 

from the ML with a delay . The ML, which is free-
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running, can be modeled by another set of rate equations: 
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                 (4) 

where the parameters   
 ,   

 ,   
 ,   

 ,    , and    share the 

same values with the SL. In Eqs. (1) and (3), the Langevin 

fluctuation forces   and     are included to model the  

intrinsic spontaneous emission noise in ML and SL, 

respectively. The Langevin fluctuation force   has the 

properties described by the following averages [18]: 

                      (5) 

                  (6) 

                          (7) 

where     is proportional to the rate of the spontaneous 

emission. The force    has the same properties as 

described by Eqs. (5)-(7) when   is replaced by     and 

    is replaced by its    
 . The different values of     and 

   
  characterize the noise strengths resulting in different 

laser linewidths in the SL and ML, respectively. For 

numerical simulation, the second-order Runge-Kutta 

integration on Eqs.-(1)-(4) is conducted with a time step 

of 0.95 ps and an effective time span of 16.4 s. To extract 

the linewidth values, the obtained optical spectra and 

power spectra are fitted with a Lorentzian lineshape. 

3. Noise Sources 
In Fig. 2, the influence of different noise sources on the 

P1 dynamics is investigated. The noise strength is kept 

constant so that the free-running laser linewidth is 

9.1 MHz when the corresponding laser noise is included. 

The SL is optically injected at (i, fi) = (0.174, 14.5 GHz) 

so that it is driven into P1 dynamics with an oscillation 

frequency of f0 = 24 GHz.  

Figure 2(a-i) shows the optical spectrum of the P1 

oscillation without any noise. The optical spectrum is 

dominated by the regeneration component at the offset 

frequency of fi indicated by the downward arrow and the 

P1 component at the offset frequency of fi  f0. These two 

components are over 10 dB stronger than the others. 

Because no noise is included, the regeneration 

component’s optical linewidthi and P1 component’s 

optical linewidth 0 are both narrower than the 

simulation’s spectral resolution. Therefore, the beat signal 

of the optical components also exhibits nearly no 

microwave linewidth f0 at the frequency of f0 = 24 GHz 

as the power spectrum in Fig. 2(a-ii) shows. 

In Fig. 2(b), the noise in the SL is included, while the 

noise in the ML is neglected. Although the regeneration 

component’s linewidth i is still narrower than the 

spectral resolution of the simulation, the P1 component’s 

linewidth broadens to 0 = 2.3 MHz. However, it is 

narrower than the free-running SL linewidth of 

SL = 9.1 MHz. The narrow linewidth 0 is attributed to 

the nonlinear frequency mixing among a number of 

optical frequency components in Fig. 2(b-i) [20]. The P1 

microwave linewidth also broadens to f0 = 2.3 MHz with 

the same value as 0, as Fig. 2(b-ii) shows. 

In contrast to Fig. 2(b), the ML noise is included, while 

the SL noise is neglected in Fig. 2(c). As shown in 

Fig. 2(c-i), the regeneration component’s linewidth 

broadens to i = 9.1 MHz, which is the same as the free-

running ML linewidth ML. The P1 component’s 

linewidth broadens, as well, to 0 = 5.5 MHz. The 

broadening of 0 implies that the phase noise in the 

injection frequency fi can be coupled to the P1 component 

at the frequency of fi  f0 in Fig. 2(c-i). The P1 microwave 

linewidth is f0 = 2.8 MHz as shown in Fig. 2(c-ii). It is 

worth noting that f0 is narrower than both the optical 

linewidths of i and 0, indicating the phase correlation 

between the optical components of the P1 dynamics in 

Fig. 2(c-i). 

 
Fig. 2. (i) Optical spectra and (ii) power spectra of the SL emission 

subject to an optical injection of (i, fi) = (0.174, 14.5 GHz) with 

different noise sources: (a) no noise, (b) noise in SL alone, (c) noise in 

ML alone, and (d) noise in both SL and ML. The noise strengths 

correspond to an optical linewidth of 9.1 MHz for the free-running lasers. 

The frequency axis of the optical spectrum is offset to the free-running 

SL frequency.  

In Fig. 2(d), the noise in both the ML and the SL are 

included so that the free-running linewidths of both ML 

and SL are 9.1 MHz. As a result, the regeneration 

component has linewidth i = 9.1 MHz, while the P1 

component has linewidth further broadened to 

0 = 8.0 MHz, as Fig. 2(d-i) shows. Accordingly, the 

microwave linewidth broadens to f0 = 4.8 MHz as 

Fig. 2(d-ii) shows. Again, the microwave linewidth f0 is 
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narrower than both i and 0 in the P1 dynamics. 

In short, the regeneration component’s linewidth i is 

always the same as the free-running ML linewidth ML, 

while the P1 component’s linewidth 0 is dependent on 

both SL and ML. Moreover, the beat signal linewidth 

f0 can be narrower than the optical linewidths i and 

0 in the P1 dynamics.  

4. P1 Microwave Linewidth f0 
In this section, the noise strengths in ML and SL are 

separately tuned so that the free-running laser linewidths 

ML and SL are varied accordingly. Then, the 

dependence of the P1 dynamical linewidths i, 0, and 

f0 on the free-running laser linewidths ML and SL are 

investigated.  

4.1 Dependence on Master Laser Linewidth ML  

In Fig. 3, the P1 dynamical linewidths i, 0, and f0 

are shown as the ML linewidth ML is varied from 

ML = 1.2 MHz to 90 MHz. The free-running SL 

linewidth is kept at SL = 9.1 MHz. The regeneration 

component’s linewidth i is essentially equal to the ML 

linewidth ML as shown by the squares in Fig. 3. As the 

diamonds in Fig. 3 show, the P1 component’s linewidth 

0 increases with ML, indicating that the phase noise in 

the injection light is coupled to the P1 component. 

Correspondingly, the P1 microwave linewidth f0 also 

increases with ML as shown by the circles in Fig. 3. 

Moreover, the P1 microwave linewidth f0 (circles) is 

always narrower than the P1 component’s linewidth 0 

(diamonds) implying that the P1 component is phase 

correlated with the regeneration component. Actually, 

both the phase noise coupling and the phase correlation 

stem from the nonlinear coupling between the optical gain 

and the refractive index of gain medium [20, 22].  

 
Fig. 3. Optical linewidth (closed symbols) and microwave linewidth 

(open symbols) as functions of the ML optical linewidth ML. Squares, 

regeneration component’s linewidth i; diamonds, P1 component’s 

optical linewidth 0; open circles, P1 microwave linewidth f0. 

4.2 Dependence on Slave Laser Linewidth SL  

Figure 4 illustrates the influence of the free-running SL 

linewidth SL on the P1 dynamical linewidths i, 0, 

and f0. In contrast to Section 4.1, the free-running SL 

linewidth is varied from SL = 1.2 MHz to 90 MHz, 

while the ML linewidth is kept constant at 

ML = 9.1 MHz. As the squares in Fig. 4 show, the 

regeneration component’s linewidth i is constant as 

SL varies, indicating that i is fully determined by the 

ML linewidth ML. Again, the P1 microwave linewidth 

f0 (circles) is narrower than the P1 component’s 

linewidth 0 (diamonds). As SL increases, both 0 

and f0 are broadened at the same time.  

 
Fig. 4. Optical linewidth (closed symbols) and microwave linewidth 

(open symbols) as functions of the free-running SL optical linewidth 

SL. Squares, regeneration component’s linewidth i; diamonds, P1 

component’s optical linewidth 0; open circles, P1 microwave 

linewidth f0. 

4.3. Dependence on P1 Oscillation Frequency f0 

 
Fig. 5. Optical linewidth (closed symbols) and microwave linewidth 

(open symbols) as functions of the P1 oscillation frequency f0. Squares, 

regeneration component’s linewidth i; diamonds, P1 component’s 

optical linewidth 0; open circles, P1 microwave linewidth f0.  

In Fig. 5, the P1 dynamical linewidths i, 0, and f0 

are examined as the P1 oscillation frequency f0 is varied 

from around the relaxation resonance frequency 

fr = 10.25 GHz to over 64 GHz in the millimeter wave 

regime. For tuning the P1 frequency f0, the injection 

parameters are chosen in such a way that the microwave 

power is maximal. The free-running laser linewidths of 

ML and SL are both kept constant at 9.1 MHz. As 

shown by the squares in Fig. 5, the regeneration 

component’s linewidth i is almost unchanged as the P1 

frequency f0 is varied. Again, the P1 component’s 

linewidth 0 (diamonds) and P1 microwave linewidth f0 

(circles) follow the similar trend that the linewidth 

broadens as f0 is tuned much beyond fr. However, there are 

two different regimes with f0 < 0 and f0 > 0, which 

are separated by the dashed line in Fig. 5. The increment 

of f0  0 implies that the phase correlation between the 

optical components degrades as f0 increases much beyond 

fr. Also, as f0 approaches fr, Fig. 5 shows a sharp increase 
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of 0 and f0 due to the proximity to the emergence of 

other nonlinear dynamics [14, 20].  

5. Conclusion 

In conclusion, the intrinsic laser noise in both ML and 

SL are considered on the phase noise characteristics of the 

P1 dynamics numerically. The phase noise of the P1 

dynamics is analyzed by simultaneously examining the P1 

dynamical linewidths i, 0, and f0. The regeneration 

component’s linewidth i is determined by ML alone, 

while the P1 component’s linewidth 0 is dependent on 

both ML and SL. The P1 microwave linewidth f0 can 

be narrower than the optical linewidths indicating the 

phase correlation between the optical components in the 

P1 dynamics, though the phase correlation degrades as the 

P1 frequency f0 is tuned much beyond fr. 
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Abstract—This study investigates quasi-periodic bifur-
cations and Arnol’d resonance webs generated in a cou-
pled delayed logistic map. Because a single delayed
logistic map generates an invariant closed curve corre-
sponding to a two-dimensional torus in vector fields via a
Neimark-Sacker bifurcation, the coupled delayed logistic
map can exhibit an invariant torus corresponding to a three-
dimensional torus in vector fields. The Lyapunov analysis
is conducted, and it is clarified that Chenciner bubbles are
generated by saddle-node bifurcations and Neimark-Sacker
bifurcations. Inevitably, Chenciner bubbles are accompa-
nied with hysteresis.

1. Introduction

The partial and complete synchronizations of three or
higher frequency quasi-periodic oscillations have recently
been studied extensively [1–26]. Vitolo et al. clarified
that two types of bifurcation routes from a two-dimensional
torus to a three-dimensional torus [10] exist. One is a
quasi-periodic Hopf (QH) bifurcation, and the other is a
quasi-periodic saddle-node (QSN) bifurcation. The QH bi-
furcation is also called a quasi-periodic Neimark-Sacker
(QNS) bifurcation [22, 24] because Hopf did not analyze
maps. The Arnol’d resonance web is a phenomenon that
was discovered and defined by Broer et al. [1] in the nu-
merical analysis of a map, where regions generating invari-
ant closed curves (ICCs) corresponding to two-dimensional
tori in vector fields extends in many direction in the invari-
ant torus generating region like a web in a two-parameter
bifurcation diagram.

As far as we know, the web like structure of partial and
complete synchronization regions of a three-dimensional
torus was first experimentally denoted by Linsay and Cum-
ming in 1989 [2] who carried out circuit experiments on
two coupled relaxation oscillators with a periodic forcing.
They introduced the term “fractal devil’s cobweb.” In 1991,
Baesens et al. analyzed torus maps, and introduced the
concept of partial and full mode locking [3], and they called
the complex bifurcation structure mode locking webs.

The bifurcation analysis of Arnol’d resonance webs
have recently been advancing rapidly. The observation
of Arnol’d resonance webs are usually performed by Lya-
punov analysis. Kuznetsov et al. investigated quasi-

Figure 1: One-parameter bifurcation diagram of a delayed
logistic map.

periodic bifurcations generated in maps and ordinary differ-
ential equations by employing an advanced computational
power [6–8, 19]. Kuznetsov et al. analyzed Arnol’d res-
onance webs generating up to five-dimensional tori in a
discrete-time dynamics [6], and Emelianova et al. inves-
tigated ensemble of van der Pol oscillators [8]. Arnol’d
resonance webs in maps have similar aspects to those of or-
dinary differential equations. Furthermore, the Arnol’d res-
onance web is observable in laboratory measurements [21].

In this study, we investigate a bifurcation structure
of Chenciner bubbles [23], which is periodic-solution-
generating region around which two thicker two-torus
Arnol’d tongues intersect. Inevitably, hysteresis is ob-
served around Chenciner bubbles. Our numerical results
show that a two-torus Arnol’d tongue and a periodic so-
lution coexist. We hypothesize that the hysteresis occurs
because of a subcritical Neimark-Sacker bifurcation and a
QSN bifurcations. The image of the bifurcation structure is
illustrated. Furthermore, the complex basin boundaries are
observed between the two-dimensional torus and the peri-
odic solutions. This study is the first report that investigates
hysteresis of Chenciner bubbles.
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Figure 2: Global view of the bifurcation diagram.

2. Two-coupled delayed logistic map and Arnol’d reso-
nance webs

We recall the fundamental properties of the delayed lo-
gistic map. The delayed logistic map is expressed by the
following form:

xn+1 = yn,
yn+1 = Byn(1 − xn).

(1)

This map exhibits an ICC owing to a Neimark-Sacker bifur-
cation. Since it is a simple diffeomorphism, the Neimark-
Sacker bifurcation point is manually calculated, and it oc-
curs at B = 2. Figure 1 shows the one-parameter diagram.

In this study, we analyze a coupled delayed logistic map
in the following form:

xn+1 = yn,
yn+1 = B1yn(1 − xn) + ε1wn

zn+1 = wn,
wn+1 = B2wn(1 − zn) + ε2yn.

(2)

Since Eq. (1) generates a Neimark-Sacker bifurcation at
B = 2, Eq. (2) generates an invariant torus near B1 ≃ 2
and B2 ≃ 2 if ε1 and ε2 are sufficiently small.

The procedure in deriving the Lyapunov exponents are
as follows.

λ1 ≃
1
N

M+N∑
j=M+1

ln ||DF je
j
1||,

λ1 + λ2 ≃
1
N

M+N∑
j=M+1

ln ||DF je
j
1 × DF je

j
2||,

λ1 + λ2 + λ3 ≃
1
N

M+N∑
j=M+1

ln ||DF je
j
1 × DF je

j
2 × DF je

j
3||,

λ1 + λ2 + λ3 + λ4 ≃
1
N

M+N∑
j=M+1

ln ||DF je
j
1 × DF je

j
2 × DF je

j
3 × DF je

j
4||,

(3)

Figure 3: Magnified view of Fig. 2.

where DF j is a Jacobian matrix of F on F j and ei (i =
1, 2, 3, and 4) are orthonormal bases obtained by the pro-
cedure in Ref. [27]. We use sufficiently large M and N.
In actual calculation, we employ M = 1, 000, 000 and
N = 1, 000, 000, and we consider that λi is perceived as
exact zero if the following inequality holds:

λi = 0 if |λi| <
1

100, 000
. (4)

In the following discussion, we set ε1 = 0.01 and
ε2 = 0.02. Figure 2 shows a global bifurcation diagram
around B1 ≃ 2 and B2 ≃ 2, which is obtained via Lya-
punov analysis presented in Ref. [27]. In the figure, black,
blue, orange, and red regions indicate invariant tori, ICCs,
periodic solution-generating regions, and chaos-generating
regions, respectively. Inside the region generating an in-
variant torus, regions generating ICCs extend like a web in
many direction as shown in Fig. 2, which can be called an
Arnol’d resonance web. At the intersection of thicker two
ICC-generating regions, a periodic solution generating re-
gion can be observed. Such regions are called Chenciner
bubbles [23]. The magnified view of Fig. 2 is shown
in Fig. 3. Complex bifurcation structure is observed in
Fig. 3. In the figure, a green curve and red curves denote a
Neimark-Sacker bifurcation line, and saddle-node bifurca-
tion lines, which are derived by a shooting algorithm pro-
posed in Ref. [28]. Note that the bifurcation boundaries
obtained by Lyapunov analysis and by the shooting algo-
rithm do not fit completely. Therefore, we present highly
magnified view of Fig. 4. From Figs. 4(a) and (b), in-
evitable hysteresis is observed. The coexisting attactors at
Q (B1 = 2.15745, B2 = 2.02165) in Fig. 4 are presented
in Fig. 5. We hypothesize that the bifurcation structure
is cause by a subcritical Neimark-Sacker bifurcation and
QSN bifurcation. The situation is illustrated in Fig. 6. In
the figure, a stable periodic point and a stable ICC are il-
lustrated by the solid lines, and unstable ones are illustrated
by the broken lines.

Next, we investigate the initial condition boundary,
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(a)

(b)

Figure 4: Highly magnified view of Fig. 3. (a) Bifurcation
parameter B2 is traced from top to bottom. (b) Bifurcation
parameter B2 is traced from bottom to top.

(a) (b)

Figure 5: Coexisting attractors at Q in Fig. 4. (a) Stable
two-dimensional torus. (b) Periodic solution.

Figure 6: Expected bifurcation structure.

Figure 7: Fractal basin boundary at Q in Fig. 4 (z0 = 0.8,
w0 = 0.8).

which is illustrated in Fig. 7. In the figure, blue, and or-
ange zones indicate regions where an ICC and a periodic
point are stable. In addition, yellow denotes the region that
results in the initial conditions representative of diverging
solutions. The fractal basin is observed.

3. Conclusion

This study analyzed quasi-periodic bifurcations ob-
served in a coupled delayed logistic map. Complex bifur-
cation such as Chenciner bubbles accompanied hysteresis,
and fractal basin boundaries were observed. Since the dy-
namics of the present study is a simple diffeomorphism, the
phenomena demonstrated in this study could be universal.
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Abstract– Bifurcations, Basins and orbits in the 

complex Logistic map whose parameter is forced into 

periodic varying are investigated. From the investigation 

of bifurcations in the system, combinations of parameters 

where solutions coexist are observed. From the 

investigation of Basins, coexisting orbits are clarified. 

Additionally, fractals are confirmed. From the 

investigation of orbits, chaotic orbits which have 

imaginary value are confirmed. 

 

1. Introduction 

Chaos is an unpredictable movement that is derived from 

deterministic nonlinear equations, and it was discovered 

by the progress of numerical calculations [1]. Chaos is 

caused in nonlinear systems and it has characteristics such 

as initial value acuity or strange attractor.  It is commonly 

found in nature systems and studied in several research 

fields [2]-[5]. Most nature systems are the nonlinear 

systems, and they have possibilities to cause unpredictable 

behavior. The nonlinearity makes nature behavior difficult 

to predict. That can be seen in the movement of the falling 

leaves, flow of water and earthquake. So in order to 

clarify the nature behavior and solve the unpredictable 

problems, it is important to study the nonlinear systems, 

especially which are chaotic systems. The nonlinear 

systems can be separated to autonomous nonlinear 

systems and non-autonomous nonlinear systems. We are 

interested in the non-autonomous systems whose 

parameters are oscillatory forced. The parametrically 

forced systems are still not investigated well, whereas the 

systems whose state values are forced by external periodic 

waves are well investigated and many interesting and 

complicated phenomena are observed in the systems. The 

Duffing Oscillator whose state value is forced by external 

sine wave is well known as a non-autonomous nonlinear 

system and investigated and is analyzed by many 

researchers. On the other hand, the parametric forcing 

almost causes periodic oscillation and chaos in a simple 

oscillator [6]-[8]. The parametric forcing can make 

structures to unpredictably oscillate and is suggested to 

lead to the destruction of buildings like Tacoma Narrows 

Bridge [9]. The purpose of this study is the investigation 

into influences of periodic parameter change to an 

asymmetry two-dimensional nonlinear discrete time 

system. The asymmetry two-dimensional nonlinear 

discrete time system is the nonlinear system which is 

consist of two asymmetric equations. In this study, a 

complex Logistic map is used as the asymmetry two-

dimensional nonlinear discrete time system. In order to 

investigate the influences of periodic parameter change, a 

parameter of the complex Logistic map is forced into 

periodic varying.  

In this study, we investigate the complex Logistic map 

including periodic parameter perturbation. From the 

investigation of bifurcations, basins and orbits, interesting 

and characteristic phenomenon are confirmed. 

 

2. Parametrically Forced Complex Logistic Map 

Complex Logistic map is a Logistic map extended with 

complex numbers of state values, and is described as; 

 

 
 

In order to investigate the influence of periodic 

parameter change, the parameter of the complex Logistic 

map is forced into periodic varying. The parametrically 

forced complex Logistic map is described as; 

 
and 

 
 

The system is investigated according to the following 

procedure. First, bifurcations in the system are 

investigated to confirm existence of coexisting solutions 

by comparing some bifurcation diagrams which have 

different initial values. Next, basins of the system are 

investigated to clarify coexisting solutions for several 

parameter sets. And then, orbits of the coexisting solutions 

are investigated. 
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3. Bifurcations 
Fig. 1 (a) shows an example of a bifurcation diagram of 

the system. Fig. 1 (b) shows the relationship between 

periods of solutions and colored area in the bifurcation 

diagram. The white colored area represents divergence of 

solutions. The other areas represent convergence of 

solutions. The difference in colors relates to periods of 

solutions. Solutions are regarded as divergence when the 

solutions )(nx  are greater than 100 because in this case, it 

is unlikely that )(nx  becomes more than 100 if Solutions 

converge to a certain value. This condition is reasonable.  

 

 
The general Logistic map has solutions between 0 and 1. 

If )(nx  are greater than 1, )( mnx   tend toward infinity, 

where m is counting number. Therefore, when )(nx  

become quite large in the system, the solution diverges to 

infinity. Solutions do not have possibility to converge to a 

periodic cycle or chaos when the solutions are greater than 

100. Panels in Fig. 2 show bifurcation diagrams when 

different initial values are set. Comparing the figures, 

different colored area can be seen. These areas imply 

possible existence of coexistence of solutions. 

 

4. Basins 

Basin is a diagram that shows how the initial values 

converge to any orbit when parameter value is decided in 

one set. Fig. 3 shows an example of the basin. The 

meaning of colored domain corresponds to Fig. 1 (b). The 

condition deciding divergence is the same as the 

investigation of the bifurcation. From the investigation of 

the basin, several patterns of basins that may include 

chaos can be confirmed. Fig. 4 shows an example of that. 

Fig. 5 shows an enlarged view of a portion that chaos may 

occur. The black parts of the figure may include the 

portion of chaotic. Also, Self-similar fractal forms as 

shown in Fig. 6 and 7 are found. 

 

5. Orbits 

In black colored areas in bifurcation diagrams and basins, 

the solution has more than 16 cycles. And these areas 

contain the chaos that does not have a periodic solution. 

To clarify the chaos occurrence, return maps are 

investigated on association with the bifurcations and the 

basins. Fig. 8 shows the orbit when the chaos does not 

occur and Fig. 9 shows the orbit when chaos occurs. 

When the chaos does not occur, orbit is converged to 

countable point as shown in Fig. 8. In contrast, when 

chaos occurs, the orbit has a complex shape because the 

solution does not converge to a periodic cycle. In the both 

case of Fig. 8 and Fig. 9, imaginal values )(ny  are 0. 

Orbits whose )(ny  are 0  can be seen in much parameter  

 

Figure 3: An example of a basin. 

( 2.2,0.3 21   ) 

 

(a) 

 
Solution Cycle 1 2 3 4 5 6 7 8

Color
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(b) 

 

Figure 1: Bifurcation diagram. (a)A bifurcation 

diagram for the complex Logistic map 

including periodic parameter perturbation. 

(b)Correspondence of the periods of orbits 

and color. 
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Solution cycle changes
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Figure 2: Changes due to the initial value.  
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space and phase space. These orbits are also general in the 

general complex Logistic map. However, chaos which has 

imaginary values is confirmed in the system as shown in 

Fig. 10. This cannot be seen in the general complex 

logistic map. The chaos including imaginary value is 

generated by the periodic force.  

 

6. Conclusion 

In this study, we investigated bifurcations, basins and 

orbits in the complex Logistic map whose parameter is 

forced into periodic varying. From the investigations of 

the bifurcations and the basins, coexistence phenomena 

which are generated by the periodic perturbation of the 

parameter are confirmed. Additionally, fractals are found 

in the basins. From the investigation of the orbits, chaotic 

orbits including imaginary value are confirmed. These 

orbits are only confirmed in the system. 
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Figure 7:  Fractal (2). 
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Figure 4:  Basin that chaos occurs. 
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Figure 5: Enlarged view of chaos occurs. 

( 79.1,35.3 21   ) 

- 59 -



   

 
[8] Inoue, M., “A Method of Analysis for the Bifurcation 

of the Almost Periodic Oscillation and the Generation 

of Chaos in a Parametric Excitation Circuit,” Trans. of 

IEICE, vol. J68-A, no. 7, pp. 621-626, 1985. 

[9] Zhang, W. and Song, C. and Ye, M., “Further Studies 

on Nonlinear Oscillations and Chaos of a Symmetric 

Cross-Ply Laminated Thin Plate under Parametric 

Excitation,”Int. J. Bifurcation and Chaos, vol. 16, num. 

2, pp. 325-347, 2006. 

 

 
Figure 8: An orbit where chaos does not occur. 
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Figure 9: An orbit where chaos occurs. 
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Figure 10: Chaos including imaginary values. 
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Abstract– The presence of chaos in fractional-order 

systems without equilibrium points represents a recent 

challenging topic in nonlinear dynamics. On the other 

hand, to the best of authors’ knowledge, the presence of 

hyperchaos has not been found in these systems. This 

paper bridges the gap by introducing a new example of 

fractional hyperchaotic system without equilibrium points. 

The conducted analysis has shown that hyperchaos exists 

in the proposed system when its order is as low as 3.84. 

An interesting application of hyperchaotic synchronization 

to the considered fractional system is provided.  
 

1. Introduction 

During the last decades, researchers have found out 

that problems encountered in viscoelasticity, 

electromagnetic waves, quantitative finance, electrical 

circuit theory and control systems can be more accurately 

described using fractional calculus [1˗3]. More recently, 

great attention has been focused on chaotic (only one 

positive Lyapunov exponent) and hyperchaotic (two or 

more positive Lyapunov exponent) behaviors of nonlinear 

fractional-order systems [4˗11]. Some examples include 

the fractional chaotic Chua’s circuit [4˗5], the fractional 

chaotic Lorenz system [6], the fractional chaotic Chen 

system [7˗8], the fractional hyperchaotic Rössler system 

[9] and the fractional systems generating multi-scroll and 

multi-wing attractors  [10˗11].  Note that all these 

fractional systems are characterized by one or more 

equilibrium points. However, a very challenging topic is 

the study of fractional-order systems without equilibrium 

points. Namely, the presence of chaos in nonlinear 

systems without equilibria is very surprising since they 

can have neither homoclinic nor heteroclinic orbits [12], 

and thus the Shilnikov theorem cannot be applied [13]. In 

this regard, referring to the presence of chaos in fractional 

systems with no equilibria, only very few papers have 

been published [14˗16]. On the other hand, referring to 

the presence of hyperchaos in fractional systems with no 

equilibria, to the best of our knowledge, no paper has 

been published in the literature so far. 

Based on these considerations, this paper aims to bridge 

the gap by introducing a new example of fractional 

hyperchaotic system with no equilibria. The conducted 

analysis has shown that the proposed system exhibits 

hyperchaotic attractors when the system order is as low 

as 3.84. An application of hyperchaotic synchronization to 

the considered fractional system is also illustrated.  

The paper is organized as follows. In Section 2 the 

fundamentals of fractional calculus and the predictor-

corrector method are reported. In Section 3 the considered 

fractional-order system with no equilibria is studied. An 

attractor is found when the order of the derivative is q = 

0.96 and its hyperchaotic nature is confirmed by the 

application of a recent numerical method [17]. Finally, in 

Section 4 an example of synchronization involving the 

considered hyperchaotic fractional system is described. 
 

2. Theoretical background 

The Riemann-Liouville fractional integral operator 
0

q

tJ  of 

order q
+
 is defined on the Lebesque space L1[t0, t1] by 
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where (q) is the Gamma function [18]. In this manuscript 

the Caputo differential operator 
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q

tD  is utilized: 
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where 1  and m q m m N    (i.e., ceil( )m q ) [19].  

Based on the Caputo’s definition (2), the following form 

of fractional-order differential equation is considered: 

0, 0( ) ( ( )),     (0) ,     (0,1)q

tD x t f x t x x q    . (3) 

It has been demonstrated that the initial value problem (3) 

is equivalent to a Volterra integral equation [20], 
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Now, the equation (4) is solved by applying the predictor-

corrector iterative algorithm, which belongs to the 

Adams–Bashforth–Moulton (ABM) schemes. By taking 

0 t T   and by setting h T N  ( N  ), nt nh , n = 

0,1,..., N, equation (4) can be discretized as [20]: 
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Equation (5) can be rewritten as [20]: 

1 0 1 1
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. (7) 

The solution via the ABM method is carried out by first 

predicting 
1( )nx t 

 using the explicit Adams-Bashforth 

formula (obtaining the prediction
1

ˆ( )nx t 
) and then 

correcting (obtaining the final value 
1( )nx t 

) [20].  
 

3. A new hyperchaotic fractional system with no 

equilibria 

Very recently, in [21] the first example of a 4-D integer-

order hyperchaotic system with no equilibria was given. 

The system proposed in [21] possesses no characteristics 

such as pitchfork bifurcation, Hopf bifurcation, and so on. 

The presence of hyperchaos in such system is very 

surprising since it can have neither homoclinic nor 

heteroclinic orbits [12], and thus the Shilnikov theorem 

[13] cannot be used to verify the chaos.  

Referring to fractional-order hyperchaotic systems 

without equilibria, to the best of our knowledge, no paper 

has been published in the literature so far. Based on this 

consideration, this study bridges the gap by introducing 

the first example of fractional hyperchaos. Specifically, 

the equations of the proposed system are: 
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*

* 2

*
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q

q

D x y

D y x yz axzw

D z y

D w z bxz cxyz
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where qD  denotes the Caputo fractional operator defined 

in (2) with initial time t0 = 0. It can be readily verified that 

the proposed system (8) has no equilibrium points. By 

applying the predictor-corrector algorithm described in 

Section 2, the solution of the fractional system (8) can be 

written as: 
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in which the predicted variables are: 

 

 

 

 

1 0 , 1

0

1 0 , 1

0

1 0 , 1

0

1 0 , 1

0

1
ˆ( ) ( )

( )

1
ˆ( ) ( ) ( ) ( ) ( ) ( ) ( )

( )

1
ˆ( ) 1 ( ) ( )

( )

1
ˆ ( ) ( ) ( ) ( ) ( ) ( ) ( )

( )

n

n j n j

j

n

n j n j j j j j j

j

n

n j n j j

j

n

n j n j j j j j j

j

x t x y t
q

y t y x t y t z t ax t z t w t
q

z t z y t y t
q

w t w z t bx t z t cx t y t z t
q









 



 



 



 




  

    




  


   






















 , 1 ( 1 ) ( ) ,      0 .
q

q q

j n

h
n j n j j n

q
          

 (10) 

and 
, 1j n 

 is given by (6). By considering the parameter 

values a = 8, b = −2.5 and c = −30, the discretized 

equations (9)-(10) are calculated for several values of 

order 0 1q  . A remarkable finding of this paper is that 

hyperchaos exists in the proposed fractional system with 

no equilibria for the value q = 0.96. The phase portraits of 

the hyperchaotic attractor are shown in Fig.1. 
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Fig. 1: Projections of the hyperchaotic attractor of the fractional 

system without equilibria (8) with  q = 0.96: (a) (x,w)-plane, (b) (y,w)-

plane, (c) (z,w)-plane, (d) (y,z)-plane. 

 

The hyperchaotic nature of the attractor in Fig.1 is 

confirmed using the technique based on the recent paper 

[17]. Note that, while other numerical methods (like the 

Wolf algorithm) only give an estimation of the largest 

Lyapunov exponents, the algorithm in [17] is the only one 

able to provide the entire spectrum of Lyapunov 

exponents in fractional-order systems. The obtained 

spectrum (1 = 0.91, 2 = 0.19, 3 = 0, 4 = -1.37) 

includes two positive values, confirming the hyperchaotic 

nature of the considered attractor. 

 

4. Application to hyperchaos synchronization 

Chaos synchronization between two dynamical systems 

(called drive and response system, respectively) consists 
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in making the state variables of the response system 

synchronized in time with the drive system states [22]. A 

technique to obtain synchronization is the observer-based 

method, where the response system is designed to behave 

as an observer of the drive system [23]. Herein, an 

example of observer-based synchronization applied to the 

hyperchaotic fractional system (8) with q = 0.96 and a = 

8, b = −2.5 and c = −30 is proposed. To this purpose, the 

drive system can be written in the form [22]˗[23]: 
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whereas the synchronizing vector signal s(t) is: 
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s K , (12) 

where 3 4RK is a gain matrix to be determined [23]. By 

applying the synchronization method proposed in [22˗23], 

the response system is 
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where ˆ( )ts  is the observer prediction of the synchronizing 

signal s(t), that is 
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s K . (14) 

By defining the synchronization error between drive and 

response systems as 
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, (15) 

from equations (11)-(14) it can be shown that the 

following linear fractional-order error system is obtained: 
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It can be readily verified that the (4×12)-controllability 

matrix derived from (16) is full rank. Therefore, according 

to Theorem 1 stated in [24], the eigenvalues of the error 

system (16) can be assigned anywhere in the stability 

region defined by the following inequality: 
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 (17) 

Note that the complex region of asymptotic stability, 

defined by (17) for q = 0.96, is larger than the region 

corresponding to the integer-order case (the well-known 

open left half plane) since it includes a part of the right 

half plane shaped as a complementary wedge (Fig.2). This 

property of fractional systems can be exploited in the 

considered hyperchaotic synchronization. To this purpose,  

the eigenvalues are selected as  0.2 9.5, 0.5 10.04i i  , 

i.e. they have positive real parts but lie in the stability 

region depicted in Fig.2. 
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Fig. 2:  The stability region of system (16) under condition (17) for q = 

0.96 is in grey color. 

 

Based on this choice, the following matrix is obtained  
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which gives the linear error system 
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with eigenvalues given by  0.2 9.5, 0.5 10.04i i  . From 

Figure 3 it can be observed that the fractional error system 
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(19) is asymptotically stabilized at the origin (see 

inequality (17)), even though all the eigenvalues have 

positive real parts. 
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Fig. 3:  Time behavior of the error system (19) for 0.96q  . 

 

Note that the plots in Fig.3 are in agreement with the 

theoretical results expressed by the condition (17) and 

proved in [24]. This indicates that the observer-based 

method enables hyperchaotic synchronization between the 

fractional drive system (11) and the fractional response 

system (13) to be effectively achieved. 
 

5. Conclusions 

A new exciting phenomenon and unexplored field of 

research is represented by the presence of hyperchaos in 

fractional systems with no equilibria. This paper has 

investigated the topic by introducing a new example of 

fractional hyperchaotic system without equilibria. The 

approach has exploited the predictor-corrector algorithm 

to find the hyperchaotic attractor when the order of the 

derivative is q = 0.96. An application of the observer-

based synchronization to the proposed hyperchaotic 

fractional system has been illustrated in detail. 
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Abstract– In this paper a novel fractional system 

including a memristor is introduced. Specifically, chaotic 

behaviors in the simplest fractional memristor-based 

system are shown. Stability analysis of the system 

equilibria and numerical integrations are carried out, with 

the aim to show that chaos can be found when the 

fractional-order of the proposed system is as low as 2.895. 

1. Introduction 

Fractional calculus represents a topic of great interest 

in the field of nonlinear theory and its applications [1]. 

This happens because several physical phenomena can be 

described more accurately by fractional differential 

equations rather than integer models [1]. Nowadays a 

number of techniques are available for approximating 

fractional derivatives and integrals [2]. Therefore, 

fractional calculus plays an important role in physics, 

electrical circuit theory, control systems and chemical 

mixing [3]. In particular, a significant role is played in 

chaos theory, where it has been shown that chaotic 

phenomena can be obtained in nonlinear systems with 

fractional-order [4]. Referring to chaotic dynamics, several 

fractional systems have been proposed starting from the 

chaotic integer counterparts. For example, by considering 

the Chua’s circuit, some fractional counterparts (analyzed 

using different numerical methods) have been proposed 

[5]. Similarly, the fractional Rössler system, the fractional 

Lorenz-based multi-wing system and the fractional Chen 

system have been proposed starting from the 

corresponding integer systems [6]-[7]. Recently, an 

interesting example of fractional memristor-based chaotic 

system has been introduced, starting from the integer 

counterpart [8]. The memristor  is the missing circuit 

element studied by Chua in 1971 and realized by 

Williams’s group of HP Labs in 2008 [9]. 

Based on previous considerations, the idea of 

developing a new fractional system arose. Specifically, in 

this paper the simplest fractional memristor-based chaotic 

system is proposed starting from the integer counterpart 

[10]. A theoretical analysis of its dynamics is illustrated, 

along with numerical simulations, showing chaos. 

The paper is organized as follows. In Section 2 the 

fundamentals of fractional derivative and memristor are 

illustrated. In Section 3 a stability analysis for the 

equilibrium point of the proposed fractional system is 

carried out. Then, a condition is considered, according to 

which the fractional system remains chaotic starting from 

the chaotic integer counterpart. In Section 4 a predictor-

corrector algorithm is applied to solve the considered 

system. In particular, a chaotic attractor is found when the 

order of the derivative is 0.965q  . 

2. Basic notions on fractional calculus and memristor  

2.1. Caputo’s fractional derivative 

Referring to fractional calculus, among the different 

definitions of derivative proposed in the literature, in this 

work the fractional differential operator 
0

q

t
D  of order 

q
+
 proposed by Caputo is utilized [11]: 
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Note that the Caputo derivative (1) is a better choice 

for fractional-order circuits, since the initial values 

required by the Caputo definition coincide with 

identifiable physical states in the considered system [2]. 

2.2. Memristor model 

The memristor realized by a team from HP Company 

is a electronic device that has generated great interest by 

virtue of the large number of its potential applications 

(i.e., applications to next generation computers and brain-

like “neural” computers) [9]. Given the charge Q and the 

magnetic flux Ф, the memristor is a passive two-terminal 

device generally described by the nonlinear constitutive 

relation ( )M Mv M Q i  between the terminal voltage Mv  

and current Mi [12]. The nonlinear memristance M(Q) is 

defined by ( ) ( )M Q d Q dQ , representing the slope of 

the function Ф = Ф (Q). Note that a memristor with a 

differentiable Q−Ф characteristic curve is passive if, and 

only if, its memristance M(Q) is non-negative [12], i.e. 

 ( ) ( ) 0M Q d Q dQ  . Among the different models 

of memristors proposed in the literature, this paper 

focuses on the current-controlled memristive system 

described by the circuit equations [12]: 

( ) 

( , )

M M

M

v R u i

u f u i





 (2) 

where u is the internal state, ( , )Mf u i  is the internal state 

function whereas R(u) is the memristance. 
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3. The fractional-order memristor-based system 

Among the various integer-order memristor systems in 

literature [13]-[15], the one proposed in [10] is the 

simplest autonomous integer chaotic circuit that includes a 

memristor. Namely, the circuit in [10] contains only three 

elements connected in series, i.e. an inductor with current 

Li , a capacitor with voltage 
Cv  and a memristor with 

memristance  
2( ) 1.5( 1)R u u  . According to [10], where 

the internal state is ( , ) 0.6M M Mf u i i u i u   , the integer-

order memristor equations (2) can be rewritten as: 

21 1
( 1) 

3 2

3

5

C L

L C L

L L

v i

i v u i

u i u i u



    


    


 (3) 

 By considering the equations (3) and by defining  

Cx v ,  
Ly i  and  z u , the equations of the proposed 

fractional memristor-based system are derived: 
*

* 2

*

=

1 3
( 1)

3 2

3

5

q

q

q

D x y

D y x z y

D z y z yz




        

    


  (4) 

where 
qD   denotes the Caputo fractional operator defined 

in (1) with initial time t0 = 0 and order q(0, 1) [11]. 

4. Dynamics of the simplest fractional memristor-

based system 

In order to study system (4), at first a stability analysis 

of its equilibrium points is developed. Then, a condition 

for system (4) to remain chaotic is considered. 

4.1. Stability results 

By defining the vector  
T

x y zx , system (4) 

can be rewritten in the following general nonlinear form: 
* ( )qD x f x . (5) 

Note that system (4)-(5) has only one equilibrium point at 

the origin  0 0 0
T

eq x . According to Lyapunov’s 

indirect method, the stability property of xeq = 0 for system 

(5) can be investigated by considering its stability for the 

corresponding linear system. To this purpose, the 

nonlinear fractional system (5) is linearized around the 

equilibrium point xeq = 0 as: 
* qD x J x  ,      0 1q   (6) 

where  

eq 

 
  

  0x

f
J

x
 is the Jacobian matrix of f  with 

respect to x at xeq = 0. Now, for the linear fractional 

system (6) the following stability theorem is given [16]. 

Theorem 1. The linear fractional system (6) is 

asymptotically stable if all the eigenvalues  of the 

Jacobian matrix J satisfy the condition: 

 arg
2

q


  . (7) 

Now, the following result, based on Lyapunov’s direct 

method, states the stability relationship between the 

fractional linear system (6) and the fractional nonlinear 

system (5). 

Theorem 2. If the fractional linearized system (6) is 

asymptotically stable (i.e., if all eigenvalues  of the 

Jacobian matrix J satisfy arg( )
2

q


   ), then the 

equilibrium point xeq = 0 of the fractional nonlinear system 

(5) is asymptotically stable.  

The proof of Theorem 2 can be found in [17]. Based 

on previous theorems, the following Corollary on the 

unstable equilibria is given. 

Corollary. If at least one eigenvalue  of the Jacobian 

matrix J satisfy arg( )
2

q


   , then the equilibrium xeq = 

0 of the fractional nonlinear system (5) is unstable.  

Previous theoretical results make clear that the stability 

condition for fractional systems differs from the condition 

given for integer systems. In particular, the right half plane 

(unstable region) for integer systems maps into a ‘wedge’ 

in the case of fractional systems, indicating that the 

unstable region becomes smaller and smaller when the 

value of order q is decreased (see Fig.1). 

4.2. A condition to remain chaotic 

 Based on previous results, now the aim is to apply to 

system (4) the necessary condition given in [18], 

according to which a fractional system, derived from the 

chaotic integer counterpart, remains chaotic when q is 

larger than a proper value. By considering both systems 

(3) and (4), it can be readily shown that the Jacobian 

matrix J associated to eq  0x  has one negative real 

eigenvalue and two complex conjugate eigenvalues with 

positive real parts: 

1

2

3

0.6000

0.2500 0.5204

0.2500 0.5204

j j

j j



  

  

 


   
    

. (8) 

Recall that an equilibrium point is said a saddle point 

of index 2 if it has one stable eigenvalue and two complex 

conjugate unstable eigenvalues [18]. According to the 

previous considerations, it is worth noting that for the 

integer system (3) the equilibrium eq  0x   is undeniably 

a saddle point of index 2, whereas for the fractional 

system (4) the equilibrium eq  0x   is a saddle point of 

index 2 only if q is selected so that λ2 and λ3 lie in the 

unstable region (see Fig.1). Now assume that the integer 

system (3) displays a chaotic attractor around the saddle 

point xeq = 0 of index 2. According to [18], a necessary 

condition for the fractional system (4) to remain chaotic is 

keeping the eigenvalues λ2 and λ3 in the unstable region. 
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(a) 

 

(b) 

Fig.1. Examples of stable and unstable regions in fractional systems for 

two choices of q. (a): eigenvalues 2 and 3 belong to the unstable region 

for a selected q1 < 1; (b): the same eigenvalues 2 and 3  now belong to 

the stable region for a selected q2 < q1 < 1. 

This means that the order q must satisfy the condition 

[18]: 

12
tanq



 

  
   

 

. (9) 

The inequality (9) can be derived from the previous 

Corollary. Namely, according to the Corollary, the 

eigenvalues λ2 and λ3 are kept in the unstable region by 

taking 2/3arg( )
2

q


   , which is equivalent to 

   1 2tan q    . Since 0  , it follows that 

   1tan 2q    , from which the condition (9) is 

readily derived. In conclusion, given the eigenvalues (8) 

where  0.2500   and 0.5204  , the condition (9) for 

the fractional system (4) is satisfied when q > 0.715. 

5. Chaotic attractor 

The predictor-corrector algorithm, which belongs to 

the Adams–Bashforth–Moulton schemes, is adopted to 

solve the fractional system (4) [19]. By applying the 

predictor-corrector algorithm, the solution of the 

fractional system (4) is: 
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 (10) 

in which the predicted variables are: 

 ( )
1 0 , 1

0

( ) 2
1 0 , 1

0

( )
1 0 , 1

0

1
( ) ( )

( )

1 1 1 1
( ) ( ) ( ) ( ) ( )

( ) 3 2 2

1 6
( ) ( ) ( ) ( ) ( )
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 (11) 

where 
1

1 1 1
, 1

( )( 1) , 0

( - 2) ( ) 2( 1) ,       1

1 1

q q

q q q
j n

n n q n j

n j n j n j j n

j n





  


    


        
  


  

 (12) 
and 

 , 1 ( 1 ) ( ) ,      0 .
q

q q
j n

h
n j n j j n

q
          (13) 

By taking into account the results illustrated in the 

previous Section, at first the integer system (3) is 

considered. In [10] it has been shown that the integer-

order system (3) displays a chaotic attractor around the 

saddle point xeq = 0 of index 2 (see eq. (8)), which is 

reported in Fig.2. 

 
Fig.2. Chaotic attractor of the integer system (3) on the (x,y)-plane. 
 

Now, according to the inequality (9), the fractional 

system (4) satisfies the necessary condition for remaining 

chaotic when q > 0.715. Figure 3 shows the plot of a 

chaotic attractor found for q = 0.965. Note that the chaotic 

nature of the attractor is confirmed by the computation of 

the maximum Lyapunov exponent [20]. Since a positive 
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value is found (max = 0.969), this confirms the chaotic 

dynamics of system (4). 

Now,  according  to  Theorem  2, for q < 0.715 the 

origin  xeq = 0  of system (4) is an asymptotically stable 

equilibrium point (i.e., all its eigenvalues lie in the 

stable/grey region of Fig.1(b)). In this regard, Figure 4 

depicts the system behavior for q = 0.710, indicating that 

the stable dynamics start from the initial condition (0.1, -

0.1, 0.2) and reach the origin. 

Finally, it worth noting that the condition (9) is not 

sufficient for assuring that system (4) remains chaotic. To 

this purpose, for q = 0.720 (i.e. q > 0.715) fractional 

system (4) possesses a non-chaotic behaviour (see Fig.5). 

 
Fig.3. Chaotic attractor of the fractional system (4) when 0.965q  . 

 
Fig.4. Stable dynamics for the fractional system (4) when 0.710q  . 

 
Fig.5. Non-chaotic behaviour of the fractional system (4) for 0.720q  . 

 

6. Conclusions 

In this paper, the simplest fractional-order memristor-

based system characterized by chaotic behaviors has been 

presented. A theoretical analysis of the system dynamics 

has been illustrated in detail. In particular, a stability 

analysis for the equilibrium point of the proposed 

fractional system has been carried out. Finally, accurate 

numerical simulations via the predictor-corrector 

algorithm have shown the presence of a chaotic attractor 

obtained when q = 0.965. 
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Abstract—In this paper, we study the dynamical behav-
ior of an unidirectional ring of neurons with distributed de-
lays affecting the communication paths. In order to detect
and analyze static and Hopf bifurcations in this system, we
use a version of a frequency-domain approach developed
for distributed delay equations. Our results suggest that
for a large enough number of neurons in the ring, a double
Hopf bifurcation may also occur.

1. Introduction

Very often, specially in biology, it is convenient to use
models with distributed time delays instead of concentrated
ones. So, it is appropriate to consider that the evolution of
the system depends on a continuum of previous values of
the state variables. For example, distributed delays (DD) in
biology have been used in models of cellular transmission
of viruses [1], prey-predator competence in a medium [2],
spread of epidemic diseases [3], etc.
In the context of neural networks, models based on DD
allow to consider the multiple channels between neurons,
each with a (possibly) different connection speed. Unfor-
tunately, to deal with a model with DD is not simple, and
even simple systems with just two neurons exhibit com-
plicated dynamics [4, 5, 6]. In a previous work [7], we
proposed a modified version of the method based on the
Graphical Hopf Bifurcation Theorem (GHBT) [8, 9] for
analyzing bifurcations in delay differential equations with
DD. We showed that the delay effect can be described sim-
ply by using properties of the Laplace transform.
Several authors have studied the problem of neural net-
works with DD in the connection paths, and also using the
GHBT. It is worth mentioning that the most common distri-
bution considered in biological applications is the so called
gamma kernel. For example, in [10] the authors analyzed
a two-neuron system with a weak gamma kernel, which
means an exponential decay on the weight of the past his-
tory. Later, in [5] they analyzed a similar network but con-
sidering the so called strong gamma kernel. A three-neuron
network, also with a strong gamma kernel has been consid-

ered in [11]. Finally, a two-neuron system with a weak
kernel, with not only delayed connections between the dif-
ferent neurons but also self connections in each neuron has
been studied in [6]. In these articles, the authors used the
chain trick to derive equivalent models expressed as ordi-
nary differential equations. The approach that we use here
is distinguished from the previous works by the fact that
we do not transform the original system into an equivalent
one. On the contrary, we represent the DD in the complex
variable of the Laplace transform, providing a simple way
to deal with the model in the frequency domain.

2. Problem formulation

In a previous article [7], we have studied a two-neuron
system originally proposed in [4]. In this work, we will
consider an analogous system but consisting of n neurons
connected in an unidirectional ring configuration

ẋ1(t) = −x1(t) + a1 f [xn(t) + bnxnk(t)] ,
ẋ2(t) = −x2(t) + a2 f [x1(t) + b1x1k(t)] ,

...
ẋn(t) = −xn(t) + an f

[
x(n−1)(t) + bn−1x(n−1)k(t)

]
,

xik(t) ,
t∫

−∞

k(t − u)xi(u)du, i = 1, 2, ..., n.

(1)
Neuron 1 is affected by the neuron n, the neuron 2 is af-
fected by the neuron 1 and so on, until the neuron n is
affected by the neuron n − 1. The state variables xi(t)
represent the potential of each neuron, ai determines the
range of values of the variable xi and bi is the weight of
the influence of the previous history of one neuron over
the other. We will suppose that the nonlinear activation
function f (·) is smooth and verifies the conditions f (0) =

0, f ′ , f ′(0) > 0. The function k(u) is called kernel
and weighs the previous values of the variable xi(t). In ad-
dition, it is assumed that k(u) satisfies k(u) ≥ 0, ∀u ≥ 0

and
∞∫
0

k(u)du = 1. In the following, we shall analyze the

dynamics of system (1) by using the GHBT.
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3. Analysis using the GHBT

System (1) can be studied through the frequency-domain
approach (see [7, 9]) by considering the feedback system
representation{

ẋ(t) = Ax(t) + Bg(y(t), yk(t); µ)
y(t) = −Cx(t), yk(t) = −Cxk(t) (2)

where x = (x1, ..., xn)T , A = −In, B = C = In and

g(y(t), yk(t); µ) =


a1 f (−bnynk − yn)
a2 f (−b1y1k − y1)

...
an f (−b(n−1)y(n−1)k − y(n−1))

 , (3)

where In is the identity matrix of order n and µ represents
the vector of parameters. Although it is obvious that the
equilibrium equations

x̂(k+1)mod n = a(k+1)mod n f
[
x̂k(1 + bk)

]
, 1 ≤ k ≤ n, (4)

may have more than one solution, we will focus on the dy-
namics around the trivial equilibrium ŷ = 0. System (2) is
equivalent to a linear subsystem with a nonlinear feedback
g(·). If we consider K(s), the Laplace transform1 of the ker-
nel function k(t), the linear subsystem is represented by the
transfer function

G(s) = C(sIn − A)−1B
(

In

In K(s)

)
=

1
s + 1

(
In

InK(s)

)
. (5)

In order to study the stability properties of the equilibrium
ŷ = 0, we compute the n × 2n Jacobian matrix

J(µ) =

(
∂g
∂y

∣∣∣ ∂g
∂yk

)∣∣∣∣∣∣̂
y∗=0

(6)

and the characteristic equation in the frequency domain
|λI2n −G∗(s)J(µ)| = 0 becomes

h(λ, s; µ) =
λn

(s + 1)n {λ
n(s + 1)n − (−1)nδnψ(s)} = 0, (7)

where δn,( f ′)n
n∏

i=1
ai, ψ(s),

n∏
i=1
ηi(s) and ηi(s),[biK(s)+1] .

3.1. Static bifurcations

As can be seen in [9], the bifurcations of equilibria can
be detected in the parameter space by looking for solutions
of h(−1, 0, µ) = 0.

3.1.1. Case 1: Different weights for every neuron

Let us first suppose that the weights of the previous his-
tory can be different for every neuron. Then we have

1Notice that under the conditions that we have assumed for the kernel
function, K(s) exists at least for Re(s) > 0.

Proposition 3.1.1 System (1) exhibits a static bifurcation
(ST) or bifurcation of equilibria only if the combination of
parameters satisfy

1 = δnψ(0). (8)

Proof: It is enough to consider h(−1, 0, µ) = 0, which is
equal to (−1)n − (−1)nδnψ(0) = 0. �

Remark 3.1.2 The system:

• Verifies a necessary condition for a ST if the previous
history has an excitatory effect on every neuron (bi >
0, ∀i).

• Will not exhibit a ST if bi = −1, for some i.

• May exhibit a ST only if ψ(0) > 0 and bi , −1, ∀i,
when the previous history has an excitatory effect on
some neurons.

Proposition 3.1.3 System (1) exhibits a double zero (DZ)

bifurcation only if the mean delay τm ,
∞∫
0

uk(u)du satisfies

τm = −
n
∆1
, ∆1 ,

n∑
i=1

bi

(bi + 1)
. (9)

Proof: Notice that h(λ, s; µ) = 0 ⇔ h̃(λ, s; µ) = 0 where
h̃(λ, s; µ) , λn(s + 1)n − (−1)nδnψ(s). Then we can find

∂̃h
∂s

∣∣∣∣∣∣
(−1,0;µ)

= (−1)n

n − δnK′(0)ψ(0)
n∑

i=1

bi

bi + 1

 . (10)

The condition for the existence of a DZ bifurcation
is obtained when the right-hand side of Eq. (10) is
equal to zero, and simultaneously, the ST condition
1 = δnψ(0) given by (8) holds. Taking into account that

K′(0) = −
∞∫
0

uk(u)du = −τm, we arrive to (9). �

Remark 3.1.4 The system is likely to exhibit a DZ bifurca-
tion only if the quantity ∆1 is negative.

Remark 3.1.5 If k(t) = δ(t − τ), where δ(·) is the Dirac
impulse, then the delay is concentrated (point delay) and
in this case τ should satisfy (9) in order to produce a DZ
bifurcation in system (1).

Proposition 3.1.6 System (1) will exhibit a triple zero (TZ)
bifurcation only if the following conditions hold

(ST) −1 + δnψ(0) = 0 ψ(0) > 0
(DZ) n + τm∆1 = 0 ∆1 < 0
(TZ) −τm f (τm) + σ2 = 0 ∆2 > 0, τm > τ(1)

m ,
(11)

where

∆2 =
n−1∑
i=1

bibi+1

(bi+1)(bi+1+1)
, f (τm) =

2∆2

n
τ2

m − τm − (n − 1)

σ2 =
∞∫
0

(t − τm)2k(t)dt τ(1)
m =

n
4∆2

1+

√
1+

8(n − 1)∆2

n

 .
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Proof: After some calculations, we find

∂2h̃
∂s2 = n(n−1)λn(s+1)n−2−(−1)nψδn

2
n−1∑
i=1

η′iη
′
i+1

ηiηi+1
+

n∑
i=1

η′′i
ηi

,
(12)

and the condition ∂2h/∂s2|(λ,s: µ)=(−1,0;µ) = 0 becomes

n(n − 1) − δnψ(0)
{
2τ2

m∆2 + K′′∆1

}
= 0, (13)

where K′′ , K′′(0) =
∞∫
0

t2k(t)dt. Then we have

n(n − 1) − δnψ(0)
{
2τ2

m∆2 + (σ2 + τ2
m)∆1

}
= 0. (14)

Replacing the conditions for a ST (8) and DZ (9) into (14),
we arrive to

n(n − 1) −
{
2τ2

m∆2 + (σ2 + τ2
m)(−n/τm)

}
= 0, (15)

which leads to σ2 = τm f (τm). In order to have a solution,
∆2 should be positive and obviously the mean delay must
satisfy f (τm) > 0. The leftmost root of f (τm) is negative
and the rightmost root of f (τm) is positive. Then, in order
to have a TZ, the mean delay must satisfy τm > τ(1)

m . �

3.1.2. Case 2: Same weight for every neuron

Now let us consider that the weights of the previous his-
tory is the same for every neuron, i.e., b1 = b2 = ... = bn =

b. Let us call the neural network (1) symmetrical in this
case (notice that the neurons are not necessarily identical).
Then we have

h̃(λ, s; µ) , λn(s + 1)n − (−1)nδn [bK(s) + 1]n , (16)

and the condition for a ST bifurcation reduces to 1 = δn(b+

1)n.

Remark 3.1.7 The symmetrical system will be likely to ex-
hibit a ST if

• n is even.

• n is odd and δ and b + 1 have the same sign.

Analogously, after some calculations we can state the con-
dition for a DZ bifurcation as

1 + γτm = 0, γ ,
b

b + 1
. (17)

Remark 3.1.8 In the symmetrical case, the system can ex-
hibit a DZ bifurcation only if γ < 0, i.e., 0 < b < 1.

By computing the second derivative ∂2h̃/∂s2 evaluted at
(λ, s; µ) = (−1, 0; µ) it is easy to show that the TZ bifur-
cation can not occur in the symmetrical case.
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Figure 1: Branches of the Nyquist diagram (λ0 in red, λ1
in blue, λ2 in black and λ3 in green) and the corresponding
numerical simulations for n = 4, with ai = 1.275, bi = 0.5,
∀i, p = 1. Up: α = 0.35, and the equilibrium point at the
origin is stable. Down: α = 0.25, the equilibrium point is
unstable and a stable periodic solution exists.

3.2. Hopf Bifurcations

The characteristic equation (7) can be solved for the vari-
able λ as

λ̂(s; µ) =
n

√
(−1)nδnψ(s)

(s + 1)n , (18)

then we have n solutions (branches), and the corresponding
frequency plots can be obtained from

λ̂k(iω; µ) =
|δ| |ψ(iω)|
|1 + iω|

1/n

ei(φ+2πk)/n, k = 0, 1, ..., n − 1,

(19)
where

φ =


Arg {ψ(iω)} − n arctan (ω), n even, or n odd

and δ < 0,
Arg {ψ(iω)} − n arctan (ω) + π, n odd and δ > 0.

(20)
In a similar way, for the symmetrical case, the characteris-
tic solutions are given by

λ̂k(iω; µ) = −δ
[bK(iω) + 1]

1 + iω
ei2πk/n, k = 1, ..., n−1. (21)

Figure 1 shows the Hopf bifurcation appearing for the case
of 4 neurons, where the kernel function is a weak gamma
kernel k(t) = αe−αt, t ≥ 0, then K(s) = α/(s + α). For
α = 0.35, none of the branches of the Nyquist plot encloses
the critical point−1, and the equilibrium point is stable. For
α = 0.25, one of the branches of the Nyquist curve encir-
cles the critical point and so the equilibrium is unstable and
a stable periodic solution exists. As (19) has n solutions, it
is feasible that for a large enough number of neurons, more
than one branch of the Nyquist plot may may pass through
the point −1. For example, Fig. 2 shows the correspond-
ing Nyquist diagrams for n = 15. Notice that there are
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Figure 2: Nyquist diagrams for n = 15, with ai = 1.275,
bi = 0.5, ∀i, p = 1 and α = 0.27. Notice that there are two
branches passing through the critical point −1 + 0i, λ0(iω)
(red) and λ1(iω) (blue).

DH

   Stable
equilibrium

Figure 3: Hopf bifurcation curves in the (δ, α) parameter
space. The red curve H0 is generated by the eigenvalue
λ̂0(iω) and the blue curve H1 is generated by λ̂1(iω).

two characteristic plots passing through the critical point
for the parameter values indicated in the figure. Moreover,
varying the parameters α and δ we can continue the Hopf
curves in the parameter space, as shown in Fig. 3. In this
diagram, H0 and H1 indicate the Hopf curves provoked by
the characteristic solutions λ̂0(iω) and λ̂1(iω), respectively.
The Hopf curves intersect each other on a double Hopf bi-
furcation point (noted as DH in Fig. 3). Both Hopf curves
end at the vertical line corresponding to ST bifurcation.

4. Conclusions

We analyzed a ring of neurons affected by DD in the
connection paths. Provided by the effect of the DD can be
represented simply using properties of the Laplace trans-
form, it is straightforward to apply the GHBT for such a
kind of models. We have shown how to detect static and
dynamic bifurcations, whose occurrence is related with the
properties of the delay distribution, as the mean and stan-
dard deviation.
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Abstract—Electron behavior in nano-carbon materials
like graphene sheets and carbon nano tubes is described
approximately by the Dirac-type equation. If the quantum
electron waves on the materials are planar, the wave equa-
tion for the materials is transformed into a one-dimensional
classical wave equation. In this paper, we propose a proba-
bilistic cellular array which is a model of one-dimensional
classical wave systems with dissipation and can be a
stochastic quantization of the nano-carbon quantum sys-
tems. We assume particles moving from a cell to an adja-
cent cell of the cellular array for a unit time step. We then
proved analytically that the probability distribution of the
particles in terms of their location satisfied the discretized
classical wave equation. We also presented numerically
that the distribution met the solution of the classical wave
equation.

1. Introduction

Nano-carbon devices using graphene sheets and carbon
nano tubes (CNT) have been researched. Non-relativistic
electrons on graphene [1] are described approximately by
the Dirac-type equation that generally describes relativis-
tic quantum mechanical systems [2]. Models of quan-
tum effect devices for conventional circuit simulators like
SPICE can be built based on stochastic quantization for
non-relativistic quantum mechanical systems [3, 4]. A
nobel stochastic quantization for relativistic quantum me-
chanical systems is necessary to build models of graphene-
based devices for circuit simulators. Although stochas-
tic quantizations for the relativistic quantum systems have
been attempted [5], no quantization suitable to modeling
for circuit simulators has yet been invented.

When static scalar potentials on graphene sheets are uni-
form, the Dirac-type wave equation can be transformed
into a classical wave equation describing, for example, dis-
tributed parameter electric circuits. In this paper, we con-
sider a stochastic model of classical wave systems which
can be a stochastic quantization of the quantum nano-
carbon systems. Concretely speaking, we will present a
cellular array like probabilistic cellular automata [6] and
investigate whether the stochastic behavior of virtual par-
ticles on the array meets the classical wave propagation.
Preceding cellular automata models of wave systems are
not flexible [7]. They can not be dissipative nor their wave
propagation speed can not be changed.

u v

...
...

u v

a b a b

(a) cell

(b) 1-dimensional cellular array
Cell i i+1 i+2i-1i-2

u v

a b

u v

a b

u v

a b

u v

a b

u v

a b

Figure 1: Probabilistic cellular array

2. A Probabilistic Cellular Array Model

Figure 1 shows a probabilistic cellular array and its cell
elements [8]. Each cell has two inputs a, b and two outputs
u, v. Internal connections between the inputs and outputs
are in parallel or crossed as shown in Fig. 1(b). The con-
nections switch randomly. Let probabilities that the cells
take parallel and cross connections be denoted by pstr and
pcrs respectively. Then, pstr + pcrs = 1. Let Celli, ai, and
bi denote a cell at location i in the cellular array and the
two inputs of the cell. Assume that there exists a particle at
an input of a cell. The particle passes through the cell and
moves to an input of its left and right adjacent cells at prob-
abilities pstr and pcrs for a unit time interval. If the particle
is at ai at time n, it will locate at bi−1 at probability pstr or
ai+1 at probability pcrs at time n + 1. Then, the input a/b
at which the particle locates and the increment/decrement
of the particle’s location i change every one time step ac-
cording to a Markovian transition diagram shown in Fig. 2.
This cellular array and the change of particle direction by
the internal parallel connections correspond respectively to
a conductor and electron scattering by thermal vibration of
the conductor lattice. That is, dissipation is represented by
the change of the direction.

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015
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a
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b

Figure 2: Transition of the direction of particles.

3. Theoretical Analysis

Let probabilities that the particle locates at ai and bi at
time n be denoted by a(n, i) and b(n, i). Evolutional equa-
tions of the probabilities are expressed by

a(n + 1, i) = pcrsa(n, i − 1) + pstrb(n, i − 1) (1)
b(n + 1, i) = pstra(n, i + 1) + pcrsb(n, i + 1) (2)

By a z-transformation from discrete time-space domain (n,
i) to two-dimensional z-domain (zt, zx), Eqs. (1) and (2) are
expressed by

M(zt, zx)
[
α(zt, zx) β(zt, zx)

]T
= 0 (3)

M(zt, zx) ≡
[
−zt + pcrsz−1

x (1 − pcrs)z−1
x

(1 − pcrs)zx −zt + pcrszx

]
(4)

where α(zt, zx) and β(zt, zx) are respectively the z-
transforms of a(n, i) and b(n, i). Eliminating α(zt, zx) or
β(zt, zx) from Eq. (3), we have

Det(M(zt, zx))α(zt, zx) = 0 (5)
Det(M(zt, zx))β(zt, zx) = 0 (6)

Inversely z-transforming Eq. (5) from (zt, zx) to (n, i) and
using the following first-order difference operators,

∆ta(n, i) ≡ a(n + 1, i) − a(n, i) (7)
∆xa(n, i) ≡ a(n, i + 1) − a(n, i) (8)

we obtain

∆ta(n + 1, i + 1) − (2pcrs − 1)∆ta(n, i + 1)
= pcrs(∆xa(n + 1, i + 1) − ∆xa(n + 1, i)) (9)

By using the following second-order difference operators

∆2
t a(n, i) ≡ ∆ta(n + 1, i) − ∆ta(n, i) (10)
∆2

xa(n, i) ≡ ∆xa(n, i + 1) − ∆xa(n, i) (11)

Eq. (9) is expressed as

(2pcrs − 1)∆2
t a(n, i + 1) + 2(1 − pcrs)∆ta(n + 1, i + 1)

= pcrs∆
2
xa(n + 1, i) (12)

It is obvious from equation set (5, 6) that b(n, i) also satis-
fies Eq. (12).

Partial difference equation (12) corresponds to the fol-
lowing partial differential equation with continuous inde-
pendent time and space variables t and x:

C1
∂2u(t, x)
∂t2 +C2

∂u(t, x)
∂t

= C3
∂2u(t, x)
∂x2 (13)

This equation describes one-dimensional dissipative wave
systems. Equation (12) is a discretization of Eq. (13) when
spatial and temporal discretization steps are 1.0 and the co-
efficients are given by C1 = 2pcrs − 1, C2 = 2(1 − pcrs), C3
= pcrs.

When pcrs = 1, the first-order temporal-difference and
differential terms in Eqs. (12) and (13) disappear. Thus,
the probabilistic cellular array is a model of lossless wave
systems. When 1/2 < pcrs < 1, all the coefficients of the dif-
ference terms in Eqs. (12) and (13) are positive. Then, the
probabilistic cellular array is a model of dissipative wave
systems. When pcrs = 1/2, the second-order temporal-
difference and differential terms in Eqs. (12) and (13) dis-
appear. Thus, the probabilistic cellular array is a model of
continuous diffusion systems with no advective term [9].

4. Numerical Experiments

We computed trajectories of 10000 particles starting at
Cell0 from time n = 1 to 500 when Pcrs = 0.98. We
then obtained probability distributions of the particle lo-
cation. For comparison, we obtained analytical solutions
of wave equation (13) on a condition that initial waveform
is a Gaussian wave packet with average of 0 and standard
deviation of 0.5. Figures 3 and 4 show the distribution and
the solutions.

The initial wave packet divides into forward and back-
ward wave packets. We see diffusion components be-
tween the two packets. Because the diffusion phenomenon
is slower than the propagation phenomenon, the diffusion
components are always between the wave packets. The
packet propagation is damped and changed into diffusion
components with the time. The propagating packets of the
probability distribution and the analytical solution have al-
most the same damping rate. Macroscopically, the diffu-
sion components of the packet of the probability distribu-
tion seem approximately twice as large as those of the an-
alytical solution. Microscopically, there exists no diffusion
components at cells with even/odd location indices i when
time n is odd/even. Therefore, the distribution density al-
most agrees with the solution height.

5. Graphene As A Classical Wave System

Stochastic quantizations such as the Nelson’s method
[10] can represent non-relativistic quantum systems by
classical probabilistic processes. On the other hand, as
mentioned in Section 2, we have no method of stochastic
quantization for relativistic quantum systems described by
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Figure 3: Numerically obtained probability distributions of particle locations and analytical solutions of wave equation
(0 ≤ n, t ≤ 5)
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the Dirac equations. In this section, we present that a Dirac-
type equation describing the behavior of electrons on two-
dimensional graphene can be transformed into a classical
wave equation and that the cellular array can be a stochas-
tic quantization of graphene on limited conditions.

Graphene sheets are composed of carbons bonding to
one another as shown in Fig. 5. For more details on
graphene, see [1]. The behavior of electrons on graphene
sheets is described by the following approximate equation:

i~
∂

∂t
Ψ(x, y, t) =[

~vF

(
σxk̂x + σyk̂y

)
+ V(x, y)

]
Ψ(x, y, t) (14)

where ~ is the Plank constant divided by 2π and vF is the

Fermi velocity. Wave functionΨ(x, y, t)

Ψ(x, y, t) =
(
ψA(x, y, t)
ψB(x, y, t)

)
, ψA,B : R3 → C1 (15)

possesses two elements which are wave functions of the
electrons at the two carbon sites A and B. Site A and site B
are non-equivalent to form a unit cell of graphenes. The op-
erators in Eq. (14) are defined as k̂x ≡ −i∂/∂x, k̂y ≡ −i∂/∂y.
Pauli spin matrices σx, σy employed in the equation are
given by

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
(16)

Equation (14) is the two-dimensional Dirac equation with
mass of zero and light speed c replaced by vF .

Let the static scalar potential be spatially uniform, that
is V(x, y) = V and the wave function be represented by
Ψ(x, y, t) = Φ(x, y, t) exp(iVt/~). Then, we obtain the fol-
lowing equation without scalar potential term.

i~
∂

∂t
Φ(x, y, t) =

[
~vF

(
σxk̂x + σyk̂y

)]
Φ(x, y, t) (17)

Φ(x, y, t) =
(
φA(x, y, t)
φB(x, y, t)

)
(18)

Eliminating φA(x, y, t) or φB(x, y, t) from Eq. (17), we ob-
tain the following classical wave equation:

∂2

∂t2 φA,B(x, y, t) = v2
F

(
∂

∂x2 +
∂

∂y2

)
φA,B(x, y, t) (19)

When φA(x, y, t) and φB(x, y, t) are planar wave, Eq. (19)
becomes a one-dimensional classical equation (13) with no
dissipative term.
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Figure 4: Numerically obtained probability distributions of particle locations and analytical solutions of wave equation
(50 ≤ n, t ≤ 500)

6. Conclusions

This paper has presented a probabilistic cellular array
model of classical dissipative wave systems and shown an-
alytically and numerically that the model corresponds to
the wave systems. It also has been shown that the cellular
array can be a stochastic quantization model of graphene
sheets on certain conditions. Our future works include ex-
tending the cellular array to a two-dimensional model of
classical wave systems and to a model of graphene sheets
with non-uniform scalar potential.
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Abstract– We consider the multi-agent system in which 

each agent selects the destination with the combination of 
two indices. The agent is the model of the pedestrian in an 
event site, a supermarket, and so on. The agent selects its 
destination minimizing the weighted sum of two indices 
(the queue length and the popularity of the booth), and it 
goes to there. This paper observes the influence of the 
scale expansion of the system on the agents’ behavior.  

This paper observes the influence of the scale expan-
sion of MAS on the agents’ behavior. In general, the scale 
of MAS is determined by the size of stage and the number 
of the agents. Because the scale has been fixed in many 
previous researches, the influence has not been clarified. 
We approach to this problem. This observation can be util-
ized to understand the characteristic of the pedestrians in 
such place.  
  
2. Framework of the MAS 1. Introduction 
  
2.1 The stage and the Agents An agent is the entity which determines its action, 

based on the knowledge collected from its environment, in 
the fields of information technology and machine learning 
[1]. Multi-Agent System (MAS) consists of the agents 
which have influences on each other. Each agent has its 
state and action rule, and it executes the action determined 
by them. The agents have interactions between them 
which are caused by their actions, and these interactions 
have influences on the agents’ states.  

 
 S

E 

Fig.1 The proposed MAS: 
The black grids inside the broken box ar
 the booth grids, which are B1, B2, B3, B
 B5, B6, B7, B8 from the right-hand side

 
 
 
 
 
 
 The environment in MAS is often represented by lots of 

the unit squares. This type of MAS deeply relates to “Cel-
lular Automata (CA)”. CA is a kind of the mathematical 
model for the dynamical system which is characterized by 
the discrete time and the discrete state.  

 
 
 
 
 Based on such MAS, many researchers have proposed the 

models of the vehicular traffic flow [2][3] and the pedes-
trian stream [4][5].  

 
 
 We consider the MAS in which each agent selects the 

destination with the combination of two indices. This 
MAS consists of the agents and the stage. The agent is the 
model of the pedestrian in an event site, a supermarket, 
and so on. The stage has the booths which provide the 
service to the neighboring agents. They are the candidates 
of the destination. The agents form a queue beside the 
booth to receive its service. In this MAS, the queue is an 
obstacle for the agents. This interaction is one of the 
causes of heavy congestion.  

 e 
4, 
.  

 
 
 

Fig.1 shows the proposed MAS. This MAS consists of 
the stage and the agents. We refer to the unit square in the 
stage as the grid. This stage has five kinds of grids: nor-
mal grid (white), no-entry grid (gray), start grid S, end 
grid E, and booth grid Bi, where the suffix i denotes the 
booth number. S and E represent the entrance and the exit 
in this stage, respectively.  

The agent selects its destination minimizing the 
weighted sum of two indices (the queue length and the 
popularity of the booth), and it goes to there. If the agent 
moves for the ample time in the stage, and if it cannot ar-
rive at its destination because of the obstacles and the 
congestion, it gives up the arrival and reselects the desti-
nation. They are the reflection of the pedestrian’s action 
pattern in the real world.  

The triangle means the agent. The agent is a model of 
the person. Each agent has agent number. The agent has 
its direction which is selected from the top, the bottom, 
the left, and the right in this figure. The agent changes its 
direction and gets forward a grid in a time step.  
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Therefore, we consider the selection of the target booth 
by the combination of li and fi in this paper. This selection 
is given by the following formula:  

The agent entries to the stage from S. It selects the 
booths by the indices which are explained later, and visits 
them. After then, it exits the stage from E, and prepares 
the next entry. In a bird's eye view, the area occupied by a 
person can be approximately expressed well by the square 
in which the side length is 0.5m [6]. Therefore, we con-
sider the side length of the grid at 0.5m in the real world. 
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where Lmax and Fmax are maxima of  li and fi, respectively. 
Lmax is the number of grids from the booth’s upper adja-
cent grid to the no-entry grid. Fmax is the maximum of the 
booth number. α is the parameter which gives the weight 
in li and fi. In this paper, the value of α is fixed at 0.5. In 
the selection of the target booth, the agent excludes the 
booths which it has already visited. The agent selects the 
target booth in the following three cases: just after the en-
try to this stage, just before the departure from the queue, 
and reselection of the target booth which is explained later.  

The agent is permitted to enter all grids except the no-
entry grids, and the booth grids. We refer to the region 
which consists of all the entry grids as “the permitted re-
gion“. The booth grid provides the service to the 
neighboring agent. The agents who want this service form 
a queue beside the booth grid. We give “service time” to 
each booth grid. The service time is the time which is re-
quired for the service to the agent at the top of the queue. 
Letting NS (i) denote the service time of Bi, this value is 
independently given in each booth grid.  If the human moves for the ample time in the place 

such as this stage, and if it cannot arrive at its destination 
because of the obstacles and the congestion, it usually 
gives up the arrival. Based on such human’s action pattern, 
if the agent moves for “the ample steps”, and if it cannot 
arrive at its destination, it reselects the target booth. We 
consider “the ample steps” as the period for the agent’s 
detour from a lower corner to the other one in the permit-
ted region. The agent counts the steps during its move to 
the destination, and the count is compared with “the ample 
steps”. If the target booth is selected or reselected, this 
count is reset. If this count reaches “the ample steps”, the 
agent reselects the target booth with a probability. This 
probability is determined by the distance from the agent’s 
position to the destination. Letting z denote the Manhattan 
distance from the agent’s position (x, y) to the destination 
(xp, yp), z is defined by the following formula:  

For the detailed description of the interaction between 
the agents, we use the asynchronous update of the agents’ 
positions in order of the agent number. In the asynchro-
nous update, if the order of update is completely fixed, the 
agents’ behavior depends on the order. On the other hand, 
if the order of update is completely randomized, it is diffi-
cult to describe the interaction between the agents in detail.  

Therefore, we employ the following initialization of 
agents: Before the entry to the stage, all agents make the 
queue outside of S. All agents in this queue follow the be-
havior in “the queue mode” which is explained later. Top 
agent of this queue must first enter the stage. In this queue, 
we use randomized order of the agents’ number. The 
agents in the queue enter the stage by an agent every 4-
steps.  
 
2.2 Selection and reselection of the target booth z = | x − xp | + | y − yp | 
 z must have the integer value. We set the value of the rese-

lection probability 0.1 for z ≤ 2, 0.5 for z = 3 or 4, 0.9 for 
5 ≤ z.  

The agent selects the booth which it should visit by the 
indices. We refer to the booth which the agent should visit 
as “the target booth”. As the typical indices for this selec-
tion, we have the length of the queue, the distance from 
the agent’s position, and the popularity. In this paper, we 
consider the length of the queue and the popularity. The 
queue length is a time-variant index, and it is important to 
visit the target booths with efficiency. The popularity is 
time-invariant index in the time scale of this MAS, and it 
is important to let the agent reflect the preference of real 
human. Letting li denote the queue length of the booth i, 
we define li as the number of the agent in the queue. Let-
ting fi denote the order of popularity ranking of the booth i 
in all booths, we set fi the booth number tentatively in this 
paper. The smaller value both li and fi have, the preferable 
they are.  

 
2.3 Pedestrian mode and queue mode of the agents 
 

The agent has two modes: pedestrian mode and queue 
mode. In the pedestrian mode, the agent basically goes 
toward its destination. The destination is the tail of the 
queue of the target booth. Letting (x, y) and (xp, yp) denote 
the agent’s position and its destination respectively, (x, y) 
is updated as the following:  

If | xp − x| > | yp − y| x ← x + rsgn(xp − x),  
Otherwise                y ← y + rsgn(yp − y),  

where the value of rsgn(v) is randomly selected from 
{1,0,−1} with a given small probability ε, while it is de-
termined by rsgn(v) = 1 for v>0, 0 for v = 0, and −1 for 
v<0 with the probability (1 − ε). The randomness in 
rsgn(v) gives the perturbation to the agent’s behavior, and 
it breaks through “the deadlock” between the agents. In 
this paper, the value of ε is fixed at 0.2.  

If the agent selects the target booth by either li or fi, the 
indices in the plural booths have the common value, and 
the agent cannot complete to select the target booth. Also 
the time-invariant index such as fi makes all agents rush to 
a grid.  Each agent has “field of view” as shown in Fig.2. The 

field of view is the region in which the agent can find the 
no-entry grids and the other agents. If the agent finds the  
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no-entry grid and the other agent in the field, it avoids the 
collisions with them by the following rule, instead of the 
above-mentioned update rule: As shown in Fig.2, the field 
of view has 3-grids wide and 4-grids long in front of the 
agent. This field is based on “the social space” in the envi-
ronmental psychology [7]. This space is used for the inter-
actions among the acquaintances except the good friends 
and the family members [8]. The agent regards the no-
entry grid and the other agent which has the different di-
rection from itself in the field, as the obstacles. We define 
the degree of the urgency to avoid the collision with the 
obstacles, and refer to this to “the danger degree”. Before-
hand, we assign the bias of this degree to the grid in the 
field. Based on this bias, the agent can evaluate higher the 
urgency to avoid the collisions in more near grids. The 
danger degree is the bias value for the grid in which the 
obstacle is, and it is 0 for the other grid, respectively. In 
this field, the agent selects the row which has the least 
danger degree in the left row, the center row, and the right 
row. Based on this selection, the agent moves a grid to ei-
ther of the front, the left, and the right. If this move is im-
possible, the agent stays there.  

In the queue mode, the agent behaves as a part of the 
queue. The queue is an obstacle for the agent in the pedes-
trian mode. If the agent in the pedestrian mode arrives at 
the tail of the queue of the target booth, the agent changes 
its mode into the queue mode. At the top of the queue of 
Bi, the agent stays there for the service time NS (i)-steps. 
After then, this agent selects the next target booth, it 
changes its mode into the pedestrian mode, and it leaves 
from the queue. Simultaneously, all agents left in the 
queue move a grid to Bi.  
 
3. Configuration the MAS 
 

Fig.3 shows the basic configuration of this MAS. This 
stage has the permitted region which has 8-grids long, 8-
grids wide, and it includes 4-booths. The booths B1, B2, B3  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
and B4 have the service times 15, 10, 10, and 20, respec-
tively. Two adjacent booth grids have the distance 1-grid. 
This configuration has this stage and 32-agents. The agent 
visits two target booths. In order to observe the influence 
of the interaction between the agents and the queues on 
the agents’ behavior, we align all booths and make their 
queues form toward the common direction. We refer to 
this basic configuration as P11.  

Based on this P11, we expand the size of stage and the 
number of the agents. Letting q denote the coefficient of 
the size of stage, the expanded stage has 8q-grids long, 
8q-grids wide, and it includes 4q-booths. The booths B4q-3, 
B4q-2, B4q-1 and B4q have the service times 15, 10, 10, and 
20, respectively. On the other hand, letting r denote the 
coefficient of the number of agents, the expanded number 
of agents is 32r. We refer to this expanded configuration 
as Pqr.  
 
4. Calculation results 
 

This paper focuses the case where r increases with q = 
2. We define the period from 0-step to the step at which all 
agents exit this stage as “1-set”, and we refer to the num-
ber of steps in 1-set as Me. As shown by the solid curve in 
Fig.4, Me exponentially increases as r increases with q = 2. 
In this figure, Me in each combination of q and r is the av-
erage of Me calculated from the individual 10-sets. We 
consider this solid curve agrees with the many people’s 
supposition.  

Also in this case, as shown in Fig.5, the population 
density increases in the stage. This tendency increases the 
generation of “the crowd”, which is one of the characteris-
tic behaviors of the agents in this MAS. If the agent can-
not move because of the obstacles, it stays there.  

Such agent is the obstacle for the other agents, and 
some of them stay their current position. Thus, the agent’s 
stop causes the cluster of the agents who cannot move. We 
refer to this cluster as “the crowd”. If the agent is involved 
in the crowd, it gives up the arrival at its destination, and 
it reselects the target booth. In this way, the outermost  

Fig.2 The field of view for the agent. 
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Fig.4 Dependence of Me and number of 
the reselection on r with q = 2. 
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4. Conclusions  
We have considered the MAS in which each agent se-

lects the destination with the combination of two indices, 
and we have observed the influence of the scale expansion 
of the system on the agents’ behavior. In this paper, we 
have investigated the case where r increases with the fixed 
q. Now we are investigating the case where q increases 
with the fixed r. 

 
 
 
 
 
 
 

  
  

References  
  
[1] G. weiss, “Multiagent System”, The MIT Press, 1999.   
[2] K. Nagel and M. Schreckenberg, “A cellular 

automaton model for freeway traffic”, J. Phys. I 
France 2, pp.2221– 2229, 1992.  

 
 
 
 [3] K. Nagel and C. L. Barrett, “Using micro-

simulation feedback for trip adaptation for realis-
tic traffic in Dallas”, Int. J. Mod. Phys. C, Vol.08, 
No. 03, pp.505– 525, 1997.  

 
agents of the crowd first leave the crowd. As such agents 
increase, the crowd becomes small, and disappears before 
long.  

[4] R. Suzuki and T. Arita, “Effects of Information Shar-
ing on Collective Behaviors in Competitive Popula-
tions”, Proc. of the 8th International Symposium on Ar-
tificial Life and Robotics, pp. 36-39, 2003.  

As shown by the broken curve in Fig.4, the number of 
the reselection exponentially increases as r increases with 
q = 2. In this figure, the number of the reselection in each 
combination of q and r is the average of the numbers of 
the reselection calculated from the individual 10-sets. In 
Fig.4, the solid curve has the similar characteristic to the 
broken curve. If the agent moves for the ample steps, and 
if it cannot arrive at its destination, it reselects the target 
booth. Therefore, the number of the reselection deeply re-
lates to Me. Fig.4 strongly suggests the validity of this ex-
plain.  

[5] K. Mitsubori and I. Maezawa, “A Participant Stream 
Model in Event Site Based on Multi-Agent System with 
Interaction between Walking Participants and Queues”, 
in Proc. of NOLTA2013, pp.471-474, 2013.  

[6] J. J. Fruin, “Pedestrian planning and design”, Metro-
politan Association of Urban Designers and Environ-
mental Planners 1971.  

[7] E. T. Hall, “The Hidden Dimension”, Garden 
City, N.Y., Doubleday, 1966.  

[8] http://en.wikipedia.org/wiki/Proxemics, Retrieved Apr, 
25, 2013.  

 

(b) r = 2.5 (80-agents), 1381-steps. (c) r = 4 (128-agents), 7952-steps.(a) r = 1 (32-agents), 84-steps. 
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Abstract– GPU implementation of asynchronous type 

of discrete-time cellular neural networks for image 
processing is presented. To accelerate the operation, the 
parallel computation scheme for updating the cells of 
networks is provided. Furthermore, the techniques that 
utilize shared memory of GPU are presented in order to 
speed up further. In illustrative examples, we compare the 
performance of GPU implementation with CPU and 
confirm its efficiency. 
 
 
1. Introduction 
 
Discrete-time cellular neural networks (DT-CNNs) [1], 
[3]-[6] are a digital version of cellular neural networks 
(CNNs) [2], where the output of DT-CNNs is obtained by 
step or quantization function, and the dynamics is 
represented by a set of difference equations  which are 
obtained via forward Euler method for solving the state 
equations of CNNs with a unit time step. CNNs are 
constructed by large scale of analog VLSI. Although DT-
CNNs do not exceed CNNs functionally, DT-CNNs can be 
constructed via hardware description language [3], [6]. 
This means that DC-CNNs are more reliable than CNNs. 
The relation between morphology and DT-CNNs was 
suggested [4], thus, the universal machine with DT-CNN 
processor can be used for actual applications such as 
cancer detection. 

In [8], it was suggested that there are two types of DT-
CNNs depending on the update rules. The cells are 
synchronously updated for the synchronous DT-CNNs. On 
the other hand, for the asynchronous DT-CNNs, the cells 
are asynchronously updated. The difference of update is 
explained by the nonlinear relaxation methods which are 
numerical methods for solving a set of nonlinear equations 
[8]. The synchronous DT-CNNs are corresponding to one 
step Gauss Jacobi Newton (GJN) method for solution of 
equilibrium points for the state equations of CNNs, and 
the asynchronous DT-CNNs are to one step Gauss Seidel 
Newton (GSN) method. It is known that the GSN method 
is more robust than the GJN method. Therefore, 
applicability of asynchronous DT-CNNs is wider than 
synchronous DT-CNNs. 

In this paper, the GPU implementation of asynchronous 
DT-CNNs is presented. GPU was a graphic processor to 
display images on monitor in real time. Recently, it is used 

for general purpose of computations with features of many 
core processors. The structures are similar to the DT-CNN 
processors [3], [6] which have many processing units for 
updating the cells. Hence, we implement the 
asynchronous DT-CNNs on GPU. First, the parallel 
updating scheme of cells is presented in order to 
accelerate the operation. Next, we consider using the 
shared memory which is an internal memory of GPU.  

In the examples, it is demonstrated that the GPU 
implementation is much faster than CPU. 
 
 
2. DT-CNN 
 
2.1. Synchronous and Asynchronous DT-CNNs 
 
DT-CNN is a sparse connected neural network composed 
of 2-D array of M × N cells. For a cell C(i,j) (i = 1,…, 
M,  j = 1,…, N) and the neighborhood Nr(i,j), the dynamic 
of DT-CNN is written by 
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where xij(n) is the internal state of the cell C(i,j), uij	[‐ξ,	
ξ]	 is the input, yij is the output, and Tij is the threshold 
value. A(i,j;k,l) and B(i,j;k,l) are the connection weights 
between C(i,j) and C(k,l) which are related to the outputs 
and inputs, respectively, and these are called A and B 
templates. 

The output function f(xij(n)) is defined as 
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where g(xij) is  m-level uniform quantization function. 

DT-CNNs are classified into synchronous and 
asynchronous types. For  the synchronous DT-CNNs, 
each cell is synchronously updated following (1) and (2). 
On the other hand, update of cells is asynchronously 
carried out for asynchronous DT-CNNs. Hence, results of 
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synchronous CNNs are not always identical to ones of 
asynchronous DT-CNNs. For example, we can obtain the 
conversion images shown in Fig. 1 using the halftoning 
templates [5]. The halftone image can be obtained by the 
asynchronous DT-CNN. However, the result obtained by 
the synchronous DT-CNN is not adequate, because the 
conversion image is not in good quality as halftone image. 
For DT-CNNs or CNNs, the networks are designed so that 
they reach the equilibrium points, and the output of each 
cell gives the conversion image. The reason why the result 
obtained by the synchronous DT-CNN does not provide a 
good halftone image is that the network does not converge 
to the equilibrium points. In the next subsection, we 
clarify the difference between synchronous and 
asynchronous DT-CNNs in convergence.  
 

 
 
 
 
 
 
 
 
 
 
 
Figure 1: Halftone image obtained by DT-CNN. (a) 
Original Image. (b) Conversion Image by the 
asynchronous DT-CNN. (c) Conversion Image by the 
synchronous DT-CNN. 
 
2.2. Nonlinear Relaxation Method 
 
DT-CNNs are originated from CNNs. The dynamics of 
CNN is written by  
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Hence, DT-CNNs are understood as being an 
approximation by the forward Euler method to (3). 
However, we cannot explain the difference between 
synchronous and asynchronous types. The reference [8] 

shows that DT-CNNs are best understood to be one step 
nonlinear relaxation methods for finding the equilibrium 
points of (3). Then, the one step GJN iteration is written 
by 
 

,),;,(

)(),;,(

),(),(

),(),(

1

ijjiNlkC kl

jiNlkC

m
kl

m
ij

TulkjiB

xflkjiAx

r

r













              (4) 

 
whereas the one step GSN iteration is written by  
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In (4), the updated internal state xij depends on the past 
value, thus (4) is identical to (1), which implies that the 
GJN method is identical to the synchronous DT-CNNs. 
On the other hand, the internal state xij is asynchronously 
updated as (6). Hence, (5) is an asynchronous DT-CNN. 
We can adopt various update rules for the asynchronous 
DT-CNNs. In our GPU implementation, the cells are 
updated in parallel to accelerate the operations. 
 
 
3. GPU Implementation 
 
The structure of GPU is shown in Fig. 2(a).  The multi 
processors MP in GPU include some streaming processors 
SP.  These processors are managed by the concept of 
thread, block, and grid. Block consists of many threads 
which are executed in parallel. Grid is composed of all 
blocks. Programming for GPU is made via CUDA which 
is an integrated development environment provided by 
NVIDA. Programmers need not to be conscious of 
multiprocessors and only have to handle the threads. 
 Figure 3 shows the concept of update of cells. The cells 
painted with yellow are dummy sells which have only 
output with zero. The dummy cells are used to update the 
cells placed at edge of image. We assume that the size of 
A and B templates is 3×3. Then, the original image is 
divided into 3×3 subimage. In Fig. 3, the cells with the 
same color do not have dependency each other, there 
happens no collision in global memory when they are 
updated. Namely, the update as Fig. 3 gives an  
asynchronous DT-CNN. Then, the whole image is 
processed by nine blocks, which implies that the internal 
states ad outputs are read and written nine times from 
and/or to global memory. 

 
(a) 

 
(c) 

(b) 
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Figure 2: Structure of GPU and CUDA. (a) Relation 
between CPU and GPU. (b) Memory structure of GPU in 
CUDA. 
  
 To accelerate the operation, we should minimize 
reading from global memory. Since shared memory is 
faster than global memory, we make use of shared 
memory. As shown in Fig. 4, we take the every third cell 
and make a block. Then, the nx/3 cells corresponding to a 
block are simultaneously updated. In this case, the internal 
states and outputs in the first three lines are read from 
global memory into shared memory. We can take 
advantage of the contents of shared memory during three 
updates in horizontal direction, which means that the 
internal state and output are read and written three times 
from global image to process the whole image. 
 

 
Figure 3: GPU implementation of the asynchronous DT-
CNN, where 3× 3 templates are assumed. The same 
colored cells are updated in parallel. 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4: Use of shared memory for updating the cells 
placed in horizontal (x) direction.  
 
 Shared memory is also used to update the cells placed 
in horizontal and perpendicular directions. In this case, we 
need to separate the update into the two steps as shown 
Figs. 5(a) and 5(b). The updated first two lows do not 
have dependency as shown in Fig. 5(a). However, since 
the cells in the last low are updated in another block, we 
need to reread the last low. Hence, the 4×(nx+2) internal 
states and outputs shown in Fig. 5(a) are read from global 
memory into shared memory in the first step, and the 3×
(nx+2) as shown in Fig. 5(b) are read in the second one. 
Therefore, the internal states and outputs are read and 
written twice from global memory, which accelerates the 
update of cells. 
 

 
Figure 5: Shared memory is used for updating the cells 
placed in horizontal (x) and perpendicular (y) directions. 
(a) First step. (b) Second step. 
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4. Results 
 
The image halftoneng templates [5] were used to evaluate 
the GPU implementation. We used GeForce GTX 560 Ti 
with 1.0GB global memory, 65.5KB shared memory, and 
1.67GHz clock speed. For a comparison, the results were 
compared with one obtained by Intel® Core™ i5 with 
4096 MB memory. 
 Figure 6 shows the conversion image obtained by the 
GPU, where an appropriate halftone image is obtained. 
The image is almost identical to Fig. 1(b) given by the 
GSN method [8]. From this fact, we see that the parallel 
computation scheme provided in Sect. 3 is valid. 

Tables 1 and 2 shows the comparison of CPU times 
between GPU and CPU implementations for different size 
of images. In these tables, direction x implies that shared 
memory is used to update the cells placed in horizontal (x) 
direction as shown in Fig. 4, and directions x and y are 
corresponding to Fig. 5. The speed up ratio without shared 
memory is not high. Fortunately, the ratio becomes high 
taking advantage of shared memory for update of more 
cells. As a result, we can accelerate the operation until 20 
times faster than CPU. 
 

  
 
 
 
 
 
 
 
 
 
 

Figure 7: Halftone image obtained by the 
asynchronous DT-CNN implemented on GPU. 
  
 
Table 1: Performance of GPU implementation for 256×
256 pixels image. 

direction  block size GPU [sec.] speed up 
 1 0.480 1.875 
x 1 0.149 6.048 
x 2 0.146 6.252 

x and y 1 0.109 8.294 
x and y 2 0.105 8.650 

 
 
Table 2: Performance of GPU implementation for 512×
512 pixels image. 

direction block size GPU [sec.] speed up 
 1 0.614 5.64 
x 1 0.239 14.50 
y 2 0.249 13.90 

x, y 1 0.181 19.08 
x, y 2 ― ― 

5. Conclusions 
 

We have presented the GPU implementation of 
asynchronous DT-CNNs. To accelerate the operations, the 
parallel computation scheme and utilizing the shared 
memory are provided. Using the halftoning templates, we 
confirm that the proposed implementation certainly speeds 
up the operations. 
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‡Microelectronic Systems Laboratory, École Polytechnique Fédérale de Lausanne CH-1015,
Lausanne, Switzerland

Email: ushida@lalsie.ist.hokudai.ac.jp, ishimura@lalsie.ist.hokudai.ac.jp

Abstract—It is difficult to detect motion vectors for
textureless objects, because variations in brightness are
needed for motion vector estimation. To solve this prob-
lem, we proposed a reaction-diffusion (RD) texture gener-
ation algorithm. The RD model is a well-known method
of spatial pattern generation. Using RD, we were able to
generate texture on textureless objects. In our research, we
have tried to generate texture on objects by processing the
two-dimensional RD. However, this poses the problem of
suppressing noise diffusion. Therefore, in this study, we
attempt to inhibit noise diffusion by processing the one-
dimensional RD model.

1. Introduction

Motion estimation is used in various applications, such
as anomaly detection, game interfaces, hand gesture user
interfaces [1], and image stabilization [2]. This technology
has been one of the hottest fields of study in recent years.

The block matching method is frequently used in motion
vector estimation algorithms to determine the movement of
an object in a video sequence. Block matching has a prob-
lem in that it requires variations in brightness. Thus, when
we attempt to detect the motion of textureless objects, mo-
tion vectors cannot be detected, except at the object bound-
aries (Fig. 1). For example, when a completely black board
moves, we cannot determine it as a board or a frame with
motion vectors.

Therefore, we attempted to assign some texture to tex-
tureless objects. Texture that follows the object’s move-
ment assists the process of motion estimation. We assigned
textures to textureless objects, and could detect motion vec-
tors on both the boundary and the interior of an object.
We focused on the reaction-diffusion (RD) model. The RD
model is a well-known method for spatial pattern genera-
tion [3]. It can be used to simulate the diffusion of chemical
activators and inhibitors, and the amplification of their dif-
ference. These dynamics can generate the stable striped or
spotted patterns observed in nature on the bodies of ani-
mals, fish, and so on. Thus, we can generate texture from
the boundary information using the RD model. The texture
has a certain spatial frequency.

Figure 1: Motion estimation for a textureless object

frame=10 frame=11

motion vector

motion
direction

Figure 2: Snapshot of two-dimensional RD preprocessing
and motion estimation

To date, we have tried to generate texture on objects by
processing the two-dimensional RD, i.e., the diffusion field
is two-dimensional (Fig. 2) [4]. However, this presents
the problem of suppressing noise diffusion. Noise diffuses
and is also amplified, so different textures are generated
between neighboring frames, even when the objects have
barely moved. This leads to errors in motion estimation.
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Figure 3: Sensitivity of two-dimensional RD; the picture at
top-left is from an input without noise, the others are from
input with different levels of noise

2. Algorithm

2.1. One-dimensional reaction-diffusion

In this study, we attempt to inhibit the noise diffusion by
processing the one-dimensional RD model.

One-dimensional RD has two merits. First, it is hard
for the noise to diffuse—there is nowhere for it to escape.
In two-dimensional RD, noise has a four-way diffusion
field (up, down, left, and right). Hence, two-dimensional
RD is very sensitive to noise (Fig. 3). In contrast, one-
dimensional RD presents a diffusion field with only two
directions (up/down or left/right). Therefore, noise does
not diffuse as much, and has less of an effect on texture
generation. The second merit is simply that the hardware
implementation is easier than for the two-dimensional case.

However, one-dimensional RD also has a limitation.
Noise affects the generation of a regular pattern, because
there is too little escape (Fig. 4). To solve this problem,
we add a filter (diffusion) process on every third iteration
of the RD process, starting on the fourth update. This dif-
fusion has no subtraction or amplification process. As a
result, we can inhibit the influence of noise and obtain a
regular pattern (Fig. 5).

2.2. Proposed algorithm

In the algorithm proposed in this paper, a two-
dimensional input image is first divided into a one-
dimensional arrangement, x and y. These arrangements are
then repeatedly processed by one-dimensional RD. Finally,
they are multiplied together.

The simulation results given by this algorithm are shown
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Figure 4: Waveform without additional filter processing
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Figure 5: Waveform with additional filter processing every
three updates

in Fig. 6. The input image includes noise. Fig. 6 (a) is the
result without additional filter processing. As for the one-
dimensional pattern, the generated texture is disordered by
the influence of noise. Fig. 6 (b) is the result with additional
filter processing. An ordered texture has been generated,
unlike in Fig . 6 (a).

3. Simulation results

3.1. No background

The simulation results with no background are shown in
Fig. 7. The moving object is a white square. Texture is gen-
erated from the boundary of the square. However, the tex-
ture not only expands inside the object, but also spills out-
side the boundaries. This leads to errors in motion detec-
tion. We had to confirm the texture generation with some
background.
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input

(a) (b)

Figure 6: Difference in the texture generated by the pro-
posed algorithm: (a) without additional filter processing
and (b) with additional filter processing

frame=10 frame=20 frame=30

Figure 7: Snapshot in the case without background

3.2. Ideal background

Simulation results with an ideal background are shown
in Fig. 8. As an ideal background, we processed a cross-
stripe image with the proposed algorithm until the gener-
ated texture became stable. As can be seen, the outside ex-
pansion of texture has been inhibited. Thus, the proposed
algorithm will theoretically work well.

3.3. Real background

To confirm the practicality of the algorithm, we simu-
lated the texture generation with a real background. Sim-
ulation results with a bookshelf as the real background are
shown in Fig. 9. In this case, the outside expansion of tex-
ture is again inhibited, and a stable texture is generated in-
side the object boundaries.

frame=10 frame=20 frame=30

Figure 8: Snapshot in the case of an ideal stable back-
ground

frame=10 frame=20 frame=30

Figure 9: Snapshot in the case with a real background

3.4. Motion estimation

In the motion estimation stage, we detect the motion vec-
tor in images from the generated texture. As a motion
estimation method, we used the optical flow function in
OpenCV, an image processing library. The results of mo-
tion estimation with a real background image are shown in
Fig. 10. In the upper image without RD processing, the mo-
tion vector is only detected on the boundary of the square.
However, in the lower image with RD processing, the mo-
tion vector is detected both on and inside the boundary.
Furthermore, the direction of the motion vector is almost
correct.

4. Hardware

In prior research, the two-dimensional RD algorithm [5]
has been implemented on digital hardware [6]. However,
the RD hardware was based on two-dimensional RD, and
required a considerable amount of memory. Based on this,
we are working on a hardware implementation for the one-
dimensional RD model. The current RD texture generation
module is shown in Fig. 11.

Fig. 11 (a) is the blur filter kernel from the nearest two
pixels. The output around ai is described as

kernel outai =
ai−1 + 2ai + ai+1

4
(1)

where i is the ith pixel in a row of an image. This kernel
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Figure 10: Snapshot of motion estimation with a real back-
ground

input diffusion
50 steps

sigmoid
function

no
it

ca
rt

bu
s

update

(a)

  a

(b)

(c)

blur
(dif. x20)

t=29

t<29

output 

x

y

input 
x RD

y RD

output 

i-1 ai ai+1

Figure 11: Current RD module: (a) one-dimensional fil-
ter kernel, (b) proposed one-dimensional RD algorithm,
(c) system flow of a proposed hardware-oriented one-
dimensional RD architecture

is used in the diffusion process and additional blur process-
ing.

As shown in Fig. 11 (b), the diffusion process in the
figure corresponds to the diffusion of inhibitors. Against
this, non-diffusion corresponds to the diffusion of activa-
tors. The difference between these corresponds to the re-
action of inhibitors and activators. The sigmoid function
amplifies the output. As noted previously, the final blur
processing corrects disorders introduced to the pattern by
noise.

Fig. 11 (c) illustrates the system flow from an input im-
age to the output image. Input images are processed in
parallel in two direction, x and y. However, even with par-
allel processing, some delay is inevitable because the pro-
cessing order is different. This issue will be considered in
future work.

5. Summary

In this study, to enable motion estimation on the inside
of the boundary of textureless objects, we proposed a tex-

ture generation algorithm that uses RD processing. To in-
hibit the diffusion of noise, we generated texture by com-
bining one-dimensional RD processing. The simulation re-
sults showed that, without a suitable background, the tex-
ture expands outside the object; however, in the case with
a background, the outside expansion of texture was inhib-
ited. Furthermore, when RD texture was generated on the
textureless object, we were able to detect the motion vector
on the inside of the boundary. The direction of the detected
motion vectors was almost correct, with only slight errors.
In future work, we will seek to develop a hardware imple-
mentation that enables real-time processing.
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Abstract—The paper studies the simple digital spiking
neuron (DSN). The DSN is a discrete dynamical system
and can exhibit a variety of spike-trains. For example, the
DSN generates a spike-train with period 1, that with pe-
riod 2, and so on. In order to consider the steady states
and transient phenomena of spike-trains, we use the Field-
Programmable Gate Array (FPGA) based DSN. Depending
on the initial condition, the DSN can generate a variety of
steady states and transient phenomena to them. Using the
FPGA, such phenomena are investigated experimentally.

1. Introduction

The spiking neuron is a simple switched dynamical
system. Repeating integrate-and-fire behavior between a
threshold and periodic base signal, the spiking neuron can
output a variety spike-trains. We consider the spike-trains
(steady states and transient phenomena). In previous works
of this, sinusoidal and triangular base signals have been
mainly used. Applications of the spiking neurons are many
and include signal processing, ultra wide band communica-
tions, and neural-prosthesis. Analysis of spiking neurons is
important not only as a basic study of nonlinear dynamical
system but also for engineering applications.
This paper studies the digital spiking neuron (DSN). The
DSN can exhibit a variety of spike-trains. In order to con-
sider the steady states and transient phenomena of spike-
trains, we use the Field-Programmable Gate Array (FPGA)
based DSN. Depending on the initial condition, the DSN
can generate a variety of steady states and transient phe-
nomena to them. Using the FPGA, such phenomena are
investigated experimentally.

2. Digtal Spiking Neuron

Fig.1 shows a circuit diagram of the DSN. As shown in
this figure, the DSN has M p-cells. Each p-cell has a digital
state p(k)

i (t) ∈ {0, 1} where i ∈ {0, 1, · · · ,M − 1} is an index
of the p-cell, and

t = 0, 1, 2, · · ·
is a discrete time. In this paper, we assume that one p-
cell has a state 1 and the others have states 0s. Then
we can define the following scalar state variable P(k)(t) ∈

Figure 1: Circuit diagram. The numbers of the cells are
(M,N) = (5, 9)

Figure 2: Time-waveforms of the base siganal B(k)(t), and
the membrane potential X(k)(t)
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{0, 1, · · · ,M − 1} of the p-cells.

P(k)(t) = i if p(k)
i (t) = 1

As shown in Fig.1, the p-cells are ring-coupled and their
dynamics is described by

P(k)(t + 1) = P(k)(t) + 1 (mod M) (1)

In this paper, we assume the initial states of the p-cells to
be P(k)(0) = 0 without loss of generality. Then the state
P(k)(t) is described as a function of the time t as follows.

P(k)(t) = t (mod M) (2)

As shown in Fig. 1, the M p-cells are one-way connected
to the N x-cells through the reconfigurable wires. In this
paper, we assume that a single wire is connected from a
p-cell and arbitrary number of wires are connected to an
x-cell. Under this assumption, the pattern of the wires is
represented by the following function A(k) : {0, 1, · · · ,M −
1} → {0, 1, · · · ,N − 1}.

A(k)(i) = j

if the i-th p-cell is wired to the j-th x-cell.
The function A(k) is referred to as the wiring function and
is characterized by the following parameter vector.

A(k) ≡ (A(k)(0), A(k)(1), · · · , A(k)(M − 1))

where ”≡” represents the ”definition” hereafter. The pa-
rameter vector A(k) is referred to as wiring pattern. In the
case of Fig.1, the number of cells are (M,N) = (5, 9) and
the wiring pattern is

A(k) = (2, 1, 0, 2, 3). (3)

As shown in Fig.1 the reconfigurable wires output a binary
signal vector (b)(k)

0 (t), · · · , b(k)
N−1(t) which can be represented

by the following scalar signal B(k)(t) ∈ {0, 1, · · · ,N − 1}
B(k)(t) = j if b(k)

j (t) = 1

The signal B(k)(t) is referred to as the base signal. Using
the wiring function A(k), the base signal B(k)(t) is described
by

B(k)(t) = A(k)(P(k)(t)). (4)

Fig.2 show a time-waveform of the base signal B(k)(t) gen-
erated by the DSN in Fig.1. Now we consider the x-
cells. Each x-cell has a digital state x(k)

j ∈ {0, 1}, where
j ∈ {0, 1, · · · ,N − 1} of the x-cells.

X(k)(t) = j if x(k)
j (t) = 1

Since the state X(k) corresponds to a membrane potential
of an integrate-and-fire neuron model, X(k) is referred to

as the membrane potential. Using the membrane potential
X(k), the dynamics of the x-cells is described by

X(k)(t + 1) =

{
X(k)(t) + 1 if X(k)(t) < N − 1
B(k)(t) if X(k)(t) = N − 1

(5)

In this paper we assume the initial states of the x-cells to
be X(k)(0) = N − 1 without loss of generality. Fig.2 shows
a waveform of the membrane potential X(k)(t). If the mem-
brane potential X(k) is below N − 1 (which corresponds to a
firing threshold of an integrate-and-fire neuron model), the
membrane potential X(k)(t) is shifted upward. If the mem-
brane potential X(k)(t) reaches the firing threshold N − 1 at
t = t f , the membrane potential X(k)(t f + 1) is reset to the
base signal B(k)(t f ). At the reset moment t = t f , the DSN
outputs a spike Yk = 1. Repeating such shift-end-reset be-
havior (which corresponds to an integrate-and-fire behavior
of a neuron model), the DSN outputs a spike-train Y (k)(t) as
follows.

Y (k)(t) =

{
0 if X(k)(t) < N − 1
1 if X(k)(t) = N − 1

(6)

As a result, the DSN is described by Eqs.(1), (4), (5) and
(6), and is characterized by the following parameters.

M,N, A(k).

Since the DSN has the discrete time t and the discrete states
(P(k), X(k)), the output spike-train Y (k)(t) is to be periodic in
a steady state.

3. Digital return map

We give several basic definitions of the digital return
map (Dmap). The Dmap f is a mapping from a set of lat-
tice points to itself and its iteration can generate various
sequence:

θ(n) = f (θ(n)), θ(n) ∈ LN ≡ {l1, · · · , lN} (7)

where LN is a set of lattice points lm ≡ (m − 1)/N,m = 1 ∼
N, and Nis the number of lattice points. θ(n) is a state vari-
able on L at discrete time n. The lattice ;points are equiva-
lent to binary vectors and hence we refer to this systems as
to digital return map. Since the domain LN consists of fi-
nite elements, the Dmap can exhibit either a periodic orbit
or a transient orbit to it. We give definition of such phe-
nomena. A point θp ∈ LN is said to be a period-p point if
f p(θp) = θp and f q(θp) � θp for 0 < q < p, where f p is the
p-fold composition of f . A sequence of the period-p points
{ f (θp), · · · , f p(θp)} is said to be a period-p orbit (PEO). A
point θe is said to be an eventually periodic point (EPP).
If θe is not a periodic point and there exists some positive
integer r such that f r(θe) is a periodic point. If there exist
some EPPs from which an orbit falls into some PEO, the
PEO is said to be stable.
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Figure 3: Waveform of the FPGA (a) A =

(7, 7, 7, 7, 12, 13, 14, 15, 16). (b), (b’) and (b”)
A = (0, 2, 4, 6, 8, 10, 12, 14, 16).

Figure 4: Digital return map (DMap) (a)
A = (7, 7, 7, 7, 12, 13, 14, 15, 16). (b) A =

(0, 2, 4, 6, 8, 10, 12, 14, 16).

4. Steady States and Transient Phenomena

We have performed experiments. The DSN exhibits var-
ious interesting phenomena and we show three examples.
Let us consider three DSNs that are characterized by

M = 9,N = 2M − 1

A(1) = (7, 7, 7, 7, 12, 13, 14, 15, 16)

A(2) = (0, 2, 4, 6, 8, 10, 12, 14, 16) (8)

Fig.3 shows the resulting spike-trains and dynamics. Fig.3
(a) exhibits spike-train that have period 5. However, Fig.3
(b) exhibits plural spike trains. Fig.3 (b) and (b’) are pe-
riod 2 and Fig.3 (b”) is period 1. Next, we derive the dig-
ital return map and analyze the typical phenomena. Fig.4
shows Dmaps which coreespond to Fig.3. The period-5
point of the Dmap (a) corresponds to the period-5 spike-
train. Stable fixed point and period-2 point of Dmap (b)
corresponds to period-1 and period-2 point spike-trains, re-
spectively. The red orbit of Dmap (b) corresponds to Fig.3
(b) and The blue orbit of Dmap (b) corresponds to Fig.3
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(b’). Finally, The fixed point of the Dmap corresponds to
Fig.3 (b”).

5. Conclusions

We have studied the DSN that has a various of spike-train
dynamics. The dynamics can be integrated into the Dmap.
The periodic/transient spike-trains correspond to the PEP
and EPP of the Dmap. The DSN can exhibit a variety of
steady states and transient phenomena. Presenting a simple
circuit, steady states and transient phenomena are observed
experimentally. Using the Dmap, the dynamics have been
analyzed. Future problems include, detailed analysis of the
DSN (steady states and transient phenomena) and applica-
tion to engineering systems.
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Abstract— This paper studies bifurcation phenomena of boost
converters with photovoltaic input and the average power. In the
system, the photovoltaic input is simplified into a piecewise linear
current-controlled voltage source (CCVS). The switching rule
has nonlinear cycle. The system dynamics is described by simple
piecewise linear equation and the 1D return map can be derived.
The map describes switching phase and makes precise analysis
possible. Typical periodic/chaotic phenomena related bifurcation
phenomena are demonstrated and circuit experiment. Also, we
will study about parallel converter.

I. INTRODUCTION

The switched dynamical system (SDS [1]-[3]) consists of
continuous subsystems connected by a discrete switching rule.
Depending on the rule and parameters, the SDSs can exhibit
various periodic/chaotic phenomena and related bifurcation
phenomena. As typical and concrete examples of the SDSs
in engineering systems, switching power converters and A/D
converters have been studied. This paper studies stability and
basic bifurcation phenomena of a simple SDS based on the
boost converter with photovoltaic (PV) input. Power converters
of the PV input has been attracted a lot of attention as efficient
renewable energy systems [4]-[6]. In our system, the PV input
corresponds to a solar cell. The PV input is applied to the dc-
dc boost converter with current mode control switching.

In order to simplify the analysis, we replace the smooth
voltage-current characteristics of the PV with two-segment
piecewise linear characteristics [7] [8]. Also, assuming a high
frequency operation, we replace the output load with a constant
voltage source [9]. Deriving one-dimensional return map of
a state variable at every switching instants, we can analyze
stability of fundamental periodic waveforms and their power
characteristics precisely. Especially, we have clarified that
unstable periodic orbit can have larger average power than
stable periodic orbit.

II. CIRCUIT AND SWITCHING RULE

Figure. 1 shows the simplified model of the boost converter
with photovoltaic characteristic. Here we derive a dimension-
less state equation of the simple SDS based on the boost
converter with PV input. First, we simplify the PV input by

2-segment piecewise linear current-controlled voltage source
(CCVS):

Vi(i) =
{ −γa(i − IP ) + VP for i ≤ IP

−γb(i − IP ) + VP for i > IP
(1)

The boost converter has a switch S and a diode D. They can
be either of the following 2 states:

State 1: S conducting and D blocking
State 2: S blocking and D conducting.

The fg. 3 is circuit model, boost converter. We replace the
part of photovoltaic input by constant voltage source and two
resistances. Also, we replace a capacitor and resistance by
constant voltage source. Assuming that time constant is much
larger than the clock period T , we can simplify the output
load into a constant-voltage source Vo. The switching rule is
defined by

State 1 → State 2 at t = nT and i > J−
State 2 → State 1 when i = J−

(2)

where J− is the lower threshold. Figure 3 illustrates the
switching rule.

Let the system be State 1. If a clock pulse arrives at time
t = nt then State 1 is switched into State 2. If an inductor
current i reaches the lower threshold then State 2 is switched
into State 1. Repeating such operations, the system can exhibit

Fig. 1. (a)the simplified photovoltaic characteristic, (b)a diode characteristicc
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Fig. 2. boost converter

Fig. 3. Switching Rule

a variety of periodic /chaotic phenomena. The circuit dynamics
is described by

L
di

dt
=

{
Vi(i) for State 1
Vi(i) − V0 for State 2 (3)

Using the following dimensionless variables and parameters,

τ =
t

T
, x =

i

IP
, y(x) =

T

LIP
Vi(IP x), α =

γaIP

VP

β =
γbIP

VP
, q =

Vo

VP
, γ =

TVP

LIP
, X− =

J−
IP

,

(4)

Eqs. (1) and (3) are transformed into

dx

dτ
=

{
γy(x) for State 1
γ(y(x) − q) for State 2 (5)

y(x) =
{ −α(x − 1) + 1 for x ≤ 1

−β(x − 1) + 1 for x > 1 (6)

SW Rule:

State 1 → State 2: at τ = n and x > X−
State 2 → State 1: when x = X−

(7)

The dimensionless 5 parameters can be classified into two
categories: (α, β, q), which characterizes ”solar cell and load”,
and (γ,X−), which characterizes ”switching control”. γ is

parameter which relates temperature. The exact piece-wise
solution is given by
State 1:{

x(τ) = (x0 − xe1)e−γα(τ−τ0) + xe1 for x ≤ 1
x(τ) = (x0 − xe2)e−γβ(τ−τ0) + xe2 for x > 1

(8)

State 2:{
x(τ) = (x0 − xe3)e−γα(τ−τ0) + xe3 for x ≤ 1
x(τ) = (x0 − xe4)e−γβ(τ−τ0) + xe4 for x > 1

(9)

xe1 = 1 + 1/α, xe2 = 1 + 1/β
xe3 = q/α − 1 − 1/α, xe4 = q/β − 1 − 1/β

where (τ0, x0) indicates an initial condition, Using these
equations, we can calculate waveform precisely. In this paper
we select gamma as a control parameter. This parameter can
represent influence of tempereture. The other parameters are
fixed:

α = 1.0, β = 5, q = 1.5, X− = 0.7.

In order to consider the power characteristics, we define the
dimensionless and average powers;

PA =
1

NP

∫ NP

0

Pi(τ) dτ, Pi(τ) = x(τ)y(τ), (10)

Figure. 4 shows the instantaneous and average powers.
We calculate each stable PEOs average powers and unstable
powers. It should be noted that the average power of unstable
PEO (Fig. 4 (b) and (c)) are larger than that of stable PEOs
in Fig. 4 (b’) and (c’).

III. RETURN MAP AND STABILITY

In order to analyze the stability and power characteristics,
we define the return map. Let xn be the dimensionless current
when the n-th clock arrives and the SDS is State 2 where
x decreases. Since xn+1 is determined by xn as shown in
Fig. 5, we can define a return map xn+1 = F (xn). The
return map can be described exactly using the exact piece-
wise solutions. Figure 6 shows examples of the return map
corresponding to Fig. 4. The return map in Fig. 6 (a) has a
stable fixed point that corresponds to stable PEO in Fig. 4 (a).
As gamma decreases, this fixed point becomes unstable via
the period doubling bifurcation and return map has stable PEO
with period 2 as shown in Fig. 6 (b). The unstable fixed point
and stable PEO with period 2 is corresponding to waveforms
in Fig. 4 (b) and (b’), respectively.

Figure. 7 (a) shows one-parameter Stability diagram for γ.
We can see that the stable orbit changes to unstable orbit when
γ decrease to 1.3.

IV. CONCLUSIONS

This paper studies a simple SDS based on the boost con-
verter with photovoltaic input. Applying the piecewise linear
simplification and mapping procedure, stability and power
characteristics have been analyzed precisely. Especially, we
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Fig. 4. Instantaneous power and average power Pa. (a) Stable PEO with
period 1 fo γ

.
= 1.4, Pa

.
= 0.945. (b) Unstable PEO with period 2 for γ

.
=

0.8, Pa
.
= 0.950. (b’) Stable PEO with period 2 for γ

.
= 0.8, Pa

.
= 0.888.

(c) Unstable PEO with period 3 for γ
.
= 0.5, Pa

.
= 0.936. (c’) Stable PEO

with period 3 for γ
.
= 0.5, Pa

.
= 0.911.

have clarified that unstable periodic orbit can have larger aver-
age power than stable periodic orbit. Future problems include
fabrication of a simple test circuit, laboratory experiments, and
analysis of bifurcation phenomena.
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Fig. 7. Stability by γ and β
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Abstract—In this study, we investigate synchronization
and chaos propagation of 5 coupled chaotic circuits in var-
ious systems. We propose a ladder system model that the
central circuit generates chaotic attractor and the other cir-
cuits generate three-periodic attractor. We observe that
chaotic attractor of the central circuit propagates to all cir-
cuits. By measuring the phase difference between the cir-
cuits, we investigate synchronization in the entire system.
Moreover, we compare the phase difference between sym-
metric and asymmetric systems in the cases of adding the
coupling resistor from the ladder system.

1. Introduction

Synchronization of chaotic systems are good models to
describe various higher-dimensional nonlinear phenomena
in the field of natural science. Therefore, synchronization
of coupled chaotic circuits has been interested by many re-
searchers [1]-[4]. In particular, it is important to investigate
synchronization phenomena of coupled circuits under some
difficult situations for the circuits. In our research group,
synchronization and chaos propagation have been reported
in the ring of coupled chaotic circuits [5][6]. However,
these research were considered about the only one ring sys-
tem.

In this study, synchronization and chaos propagation of
coupled chaotic circuits in various systems are researched.
We propose a ladder system model of 5 chaotic circuits
coupled by the resistors. In this model, the central cir-
cuit generates chaotic attractor and the other circuits gen-
erate the three-periodic attractors. First, we show synchro-
nization and chaos propagation in the ladder system. By
measuring the phase difference among all adjacent circuits,
we investigate synchronization in the entire system. More-
over, the symmetric and asymmetric systems obtained from
adding the coupling resistor from the ladder system, are
studied.

2. System Model

Figure 1 shows the chaotic circuit. This circuit consists
of a negative resistor, two inductors, a capacitor and dual-
directional diodes. We propose the ladder system model
as shown in Fig. 2. Each circuit is coupled by a resistorR

Cn

Figure 1: Chaotic circuit.

Figure 2: Proposed ladder system model.

which is corresponding the edge in this system. The num-
ber of the circuits in the system is set to 5. The central cir-
cuit (C3) generates chaotic attractor and the other circuits
generate three-periodic attractors.

The circuit equations of this circuit are described as fol-
lows: 

L1
di1
dt
= v + ri

L2
di2
dt
= v − vd

C
dv
dt
= −i1 − i2,

(1)

wherevd is the characteristic of the nonlinear resistor con-
sisting of the diodes, is described as follows:

vd =
rd

2

(∣∣∣∣∣i2 + V
rd

∣∣∣∣∣ − ∣∣∣∣∣i2 − V
rd

∣∣∣∣∣) . (2)
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By using the variables and parameters:

i1 =

√
C
L1

V xn, i2 =

√
L1C
L2

Vyn, v = Vzn,

α = r

√
C
L1
, β =

L1

L2
, δ = rd

√
L1C
L2
,

g =
1
R

√
L1

C
, t =

√
L1C2τ, ” · ” = d

dτ
,

(3)

the normalized circuit equations are given as follows:
ẋ = αx + z

ẏ = z − f (y)

ż = −x − βy,

(4)

whereα represents the chaos degree.f (y) can be expressed
as follows:

f (y) =
δ

2

(∣∣∣∣∣y + 1
δ

∣∣∣∣∣ − ∣∣∣∣∣y − 1
δ

∣∣∣∣∣) . (5)

In the proposed ladder system, the circuits are connected
to only adjacent circuits by the resistors. The normalized
circuit equations of the system are given as follows:

ẋn = αxn + zn

ẏn = zn − f (yn)

żn = −xn − βyn −
∑
m∈sn

g(zn − zm),

(6)

wheren represents the circuit number up to 5 in this study.
S n is the set of circuits which are directly connected toCn.
g represents the coupling strength corresponding the cou-
pling resistorR. For the computer simulations, we calculate
Eq. (6) using the fourth-order Runge-Kutta method with
the step sizeh = 0.01.

3. Simulation Result

In this study, we fix the circuit parameters of the system
asαc = 0.460,αp = 0.412,β = 3.0 andδ = 470.0. First,
we investigate synchronization and chaos propagation in
the ladder system. Moreover, we consider synchronization
of the symmetric and asymmetric systems in the cases of
adding the edge from the ladder system.

3.1. Ladder System

Figure 3 shows some examples of the computer simula-
tion results. Figure 3(a) shows the state when all circuits
are not connected. We can observe the state that the chaos
are propagated to the only adjacent circuits from the cen-
tral chaotic circuit in a range of the coupling strengthg
(see Fig. 3(b)). By increasing the coupling strengthg, all

x１ x２ x３ x４ x５

z１ z２ z３ z５z４

x１ x２ x３ x４ x５

z１ z２ z３ z５z４

z２ z３ z５z４

z１ z２ z３ z４

(a) 

x１ x２ x３ x４ x５

z１ z２ z３ z５z４

z３ z４

z２ z３

(b1) (b2)

(b)

(c)

(c2) (c3) (c4)(c1)

Figure 3: Attractors and phase differences in the ladder sys-
tem,αc = 0.460,αp = 0.412,β = 3.0 andδ = 470.0. (a)
g = 0, (b) g = 0.005, (b1) 30.00◦, (b2) 41.93◦ and (c)
g = 0.010, (c1) 12.88◦, (c2) 18.12◦, (c3) 22.68◦, (c4)
11.02◦.

three-periodic attractors are affected from chaotic attractor
and all circuits close to the synchronous state. In order
to investigate the synchronous state, we measure the phase
difference between the adjacent circuits.

Figure 4 shows the relation between the phase difference
and the coupling strength. In Fig. 4, the phase difference
shows the average among all adjacent circuits. If all circuits
are not synchronized, the phase difference shows 90◦. We
confirm that the phase difference is smaller and close to 0◦

by increasing the coupling strength. Namely, all circuits
reach the synchronous state by chaos propagation.

p
h

as
e 

d
if

fe
re

n
ce

[°
 ]

coupling strength g

Figure 4: Relation between the phase difference and the
coupling strength in the ladder system.
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Table 1: Phase differences in all symmetric systems.
Edge Phase difference [◦ ]
5-A 17.89
5-B 16.15
6-A 15.02
6-B 9.57
6-C 15.04
7-A 9.35
7-B 15.32
7-C 10.05
7-D 15.32
8-A 9.39
8-B 15.64
8-C 9.41
9-A 9.27
9-B 9.67

Figure 5: Symmetric system patterns.

3.2. Symmetric System

From this section, we consider the symmetric and asym-
metric systems in the cases of adding the edge from the
ladder system. We focus on the number of the edge and the
symmetric and asymmetric systems. In the case of the lad-
der system, the number of edge is 4. On the other hand,
when the number of edge is 10, the system shows full-
coupled system. We consider the system in the interme-
diate number of the edge between 4 and 10.

In this section, the symmetric systems are considered.
Figure 5 shows the illustration of the conceivable all sym-
metric systems. Table 1 shows the phase differences of all
symmetric systems in the case ofg = 0.01 and each system
pattern corresponds to Fig. 5. The phase difference shows
the average among all adjacent circuits in Table 1. From
Table 1, the phase difference is decreased by increasing the
number of edges. Figure 6 shows the relation between the
average phase difference of the symmetric systems and the
number of edges. The average phase difference close to
0◦ by adding the edges. Namely, the entire system easy to
reach the synchronous state by increasing the number of

number of edges

p
h
as

e 
d
if

fe
re

n
ce

[°
 ]

Figure 6: Relation between the average phase difference
and the number of edges in the symmetric systems.

the edges. However, the phase difference in 6-B is smaller
than 7-B, 7-C, 7-D and 8-B in Table 1. For this reason,
we consider that the phase difference is affected from the
coupling way of each circuit.

3.3. Asymmetric System

In this section, the asymmetric systems are considered.
Figure 7 shows the illustration of the all conceivable asym-
metric systems. Table 2 shows the phase differences of all
symmetric systems in the case ofg = 0.01 and each system
pattern corresponds to Fig. 7. The phase difference shows
the average among all adjacent circuits in Table 2. Figure
8 shows the relation between the average phase difference
of the asymmetric systems and the number of edges. From
Table 2 and Fig. 8, in the asymmetric systems, the average
phase difference is not decreased by increasing the number
of the edges like the symmetric systems. We consider that
this result is affected from the asymmetry of the system.

Figure 9 shows the comparison of the phase differ-
ence among the ladder system, the symmetric systems, the
asymmetric systems and the full-coupled system. From
Fig. 9, the entire system easy to reach the synchronous state
by increasing the number of the edges. Additionally, we
consider that synchronization and chaos propagation can

5-A' 5-B'

6-A' 6-B' 6-C'

7-A' 7-B' 7-C' 7-D'

8-A' 8-B' 8-C'

9-A' 9-B'

Figure 7: Asymmetric system patterns.
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Table 2: Phase differences in all asymmetric systems.
Edge Phase difference [◦ ]
5-A’ 12.25
5-B’ 16.28
6-A’ 17.39
6-B’ 13.26
6-C’ 15.83
7-A’ 11.43
7-B’ 15.46
7-C’ 11.43
7-D’ 9.71
8-A’ 9.52
8-B’ 10.02
8-C’ 11.65
9-A’ 9.51
9-B’ 11.62

number of edges

p
h

as
e 

d
if

fe
re

n
ce

[°
 ]

Figure 8: Relation between the average phase difference
and the number of the edges in the asymmetric systems.

be achieved when the circuit generating chaotic attractor is
the hub in the system.

4. Conclusion

In this study, we have researched about synchroniza-
tion and chaos propagation of 5 coupled chaotic circuits
in the symmetric and asymmetric systems. First, we pro-
posed the ladder system model that the central circuit gen-
erates chaotic attractor and the other circuits generate three-
periodic attractor. We have observed that the three-periodic
attractors are affected from the chaos of the central circuit,
and all circuits are synchronized by increasing the coupling
strength in the ladder system. Moreover, we compared the
phase difference between the symmetric and asymmetric
systems in the cases of adding the coupling resistor from
the ladder system. As a result, the entire system is easy to
reach a state of synchronization when the central chaotic
circuit is connected to many circuits.

For the future works, we would like to investigate “chaos

number of edges

p
h
as

e 
d
if

fe
re

n
ce

[°
 ]

16.18

9.46

(laddder system) (full-coupled)

Figure 9: Comparison of the phase difference among the
ladder system, the symmetric systems, the asymmetric sys-
tems and the full-coupled system.

propagation speed” in the proposed system. Considering
the other types of chaotic circuits and the other coupling
systems are also important subjects for us.
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Abstract—In this study, we consider phase-inversion
waves in coupled piecewise-constant oscillators as a ladder.
The phase-inversion waves are a kind of wave propagation
phenomena, and the phase states of the waves are prop-
agated to next oscillator in succession. In this paper, we
show that phase-inversion waves an be observed in cou-
pled three piecewise-constant oscillators by using the ex-
perimental circuit and rigorous solutions . We also analyze
the stability of the phase-inversion waves in our system by
Lyapunov exponent obtained by a computational algorithm
for piecewise-constant systems.

1. Introduction

There are many reports for analysis of synchronization
phenomena of coupled oscillators[1]-[3]. Suzuki et al.
have confirmed that piecewise-constant oscillators coupled
by hysteresis elements exhibit co-existence of in-phase
and anti-phase synchronization[1]. They also analyzed
the stability of the system by Lyapunov exponents. Ya-
mauchi et al. have discovered wave propagation phenom-
ena called phase-inversion waves of coupled van der Pol
oscillators[2][3]. The phase-inversion waves are a kind of
phase-wave, and the phase states of the waves are propa-
gated to next oscillator in succession. It is very important to
analyze the these phenomena, because it is similar to prop-
agation phenomena of electrical information in an axial
fiber of nervous systems. However, if nonlinearity of van
der Pol oscillators are strong, the analysis often becomes
hard. Therefore, confirmation of phase-inversion waves in
rigorous sense and detailed stability analysis of the sys-
tems which the phase-inversion waves are generated have
not been discussed. Accordingly, we consider piecewise-
constant oscillators. The oscillators are simple systems and
the analysis is relatively easy. Piecewise-constant systems
have piecewise-constant vector fields, and the solutions are
piecewise-linear. Hence, we have only to focus on the bor-
ders of switching of the vector fields, we can determine
the rigorous solutions[1]. In this paper, we show phase-
inversion waves of coupled three piecewise-constant oscil-
lators. We also analyze the stability of the phase-inversion
waves in our system by Lyapunov exponents. They can be

obtained rigorously from computer-aided analyzing proce-
dure by using rigorous solutions. Typical result are con-
firmed in laboratory.

2. Circuit model

2.1. A Piecewise-Constant Oscillator

Figure 1 shows a circuit model of a piecewise-constant
oscillator.

Fig. 1 Cicuit model of a piecewise-constant oscillator.

-1

(a)VCCS with hysteresis
characteristic.

1

-1

(b)VCCS with Signum-like
function.

Fig. 2 Symbols and nonlinear characteristics of VCCSs.

The circuit equations of the system are described as fol-
lows. 

C
dv1

dt
= I1 · H(v1) + I3 · sgn(v2),

C
dv2

dt
= I2 · H(v1),

(1)

where I1, I2 and I3 are absolute values of output cur-
rents of hysteresis or sgn Voltage Controlled Current
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Sources(VCCSs). We consider the following conditions.

I2 = −I3, I1 · I2 < 0. (2)

The conditions (2) guarantees non-constrained behaviors.
H(vin) and sgn(vin) are hysteresis and signum characteristic
respectively, as shown in Fig. 2. We use following dimen-
sionless variables and parameters

τ =
I2

C · vth
t, x =

v1

vth
, y =

v2

vth
, α = − I1

I2
. (3)

Then, we can rewrite the circuit eq. (1) as following dy-
namics, {

ẋ = −αh(x) − sgn(y)
ẏ = h(x),

(4)

where “·” denote differentiation by normalized timeτ, h(X)
shows normalized hysteresis. IfX reaches 1, the output
switches from -1 to 1, and ifX reaches -1, output switches
from 1 to -1. The system has only one parameterα. In
order to oscillate, we consider the following conditions[1].

0 < α < 1. (5)

Figure 3 shows a rigorous solution and the corresponding
laboratory measurement.

(a)Rigorous solution. (b)Laboratory measurement.

Fig. 3 Rigorous solution and laboratory measurement of a
piecewise-constant oscillator.

2.2. Piecewise Constant Oscillators Coupled by hys-
teresis element as a Ladder

We consider piecewise-constant oscillators coupled by
hysteresis elements as a ladder. Figure 4 shows circuit
model of the coupled piecewise-constant oscillators. This

Fig. 4 Circuit model of coupled piecewise-constant
oscillators by hysteresis elements.

system has following dynamics.
[First oscillator] (m= 1){

ẋ1 = −α1h(x1) − sgn(y1) − γh(x1 − x2)
ẏ1 = h(x1),

(6)

[Middle oscillator] (2≤ m≤ N − 1)
ẋm = −αmh(xm) − sgn(ym)

−γh(xm − xm+1) + γh(xm−1 − xm)
ẏm = h(xm),

(7)

[Last oscillator] (m= N)
ẋN = −αNh(xN) − sgn(yN)

+γh(xN−1 − xN)
ẏN = h(xN).

(8)

The system hasN+1 parameters,αm(1 ≤ m≤ N) andγ.
N is number of oscillators, andγ is a coupling parameter.
In this paper, we discuss the case ofN = 3.

3. Algorithm for the rigorous solution

Since the system is a piecewise-constant system, we can
obtain the rigorous solution directly by using mapping pro-
cedure from border to border[1]. For easy to explain, we
introduce the algorithm for the rigorous solution be given a
piecewise-constant oscillator.

STEP1.
Let initial valuex0 be substituted into eq. (9).

i =
−h(x) + 1

2
· 21 +

−sgn(y) + 1
2

· 20, i ∈ 0,1,2,3, (9)

where,x0 =
t (x, y), andt denote the transpose of vec-

tor. In the case of the piecewise-constant oscillator,
the dynamics is controlled by four vector fields repre-
sented Table 1.i is the dependent variable to indicate
each vector fields.

STEP2.
We calculate a timeτk until x0 reaches border. Assum-
ing x0 hits border ofEx(ik) or Ey(ik) and each reach
time τx, τy are obtained by following equations, be-
cause trajectory is the manner of linear uniform mo-
tion.

τx =
Ex(ik) − x

ẋ
, τy =

Ey(ik) − y

ẏ
, (10)

where Ex(ik), Ey(ik) are border of vector fields. In
these number, positive minimum value is the time un-
til next borderτk.

STEP3.
We calculatexk+1. It is obtained by

xk+1 = xk + a(ik) · τk. (11)

wherea(i) is vector fields correspondingi. Therefore,
ẋk = a(i). After switching, We calculateik+1.
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STEP4.
Let xk+1 and ik+1 be replaced withxk, ik, return to
STEP2.

Table 1: Local vector fields and borders fori.

i h(x) sgn(y) a(i) Ex(i) Ey(i)

0 1 1 t(−α − 1,1) −1 0
1 1 −1 t(−α + 1,1) −1 0
2 −1 1 t(α − 1,−1) 1 0
3 −1 −1 t(α + 1,−1) 1 0

The system repeats the manner of linear uniform mo-
tion and switching. All trajectories started from any initial
states must converge to a square limit cycle as shown Fig.
3. It is also possible to derive the exact solution by using
the same algorithm even coupled systems.

4. Stability Analysis by Lyapunov exponent

In this section, we use the largest Lapunov exponent for
stability analysis of our system. Lapunov exponents can be
obtained by Jacobian matrix that determined from vector
fields a(i). Jacobian matrix is determined by transformed
from eq.(11) to following:

xk+1 = A · xk, (12)

whereA corresponds to Jacobian matrixJk. The largest
Lapunov exponent is given by

λ1 = lim
L→4500000

1
L

L∑
k=0

ln∥Jkek∥,

ek+1 =
Jkek

∥Jkek∥
,

(13)

whereek is orthonormal base[4], andL is iteration number.
We setL to 4500000 as large enough. Figure 5 represents
the largest Lyapunov exponents associated with changing
α2, whereα2 is a parameter of the middle oscillator. The
upper row of Fig. 5 shows a result by increasingα2. Sim-
ilarly, lower is by decayingα2, whereα1 = α3 = 0.33,
γ = −0.02. In near region ofα2 = 0.354, the largest
Lyapunov exponents are true for both positive and neg-
ative values. Figure 6 represents the difference between
output voltages of adjacent oscillators in these parameter
ranges. As shown in Fig. 6, we can confirm co-existence
phenomenon of phase-inversion wave and anti-phase syn-
chronization without changing phase states. We calculate
the largest Lyapunov exponents when co-existence phe-
nomenon happens. As a result, the largest Lyapunov ex-
ponent isλ1 = 0.003378 in Fig. 6(a) if phase-inversion
wave happens, that is the system is unstable. On the other
hand, the largest Lyapunov exponent isλ1 = −0.008793 in

Fig. 6(b) if anti-phase synchronization happens, namely,
the system is stable. In other parameters, ifλ1 < 0, phase-
inversion waves do not happen. Figure 7 represent the dif-

Fig. 5 The largest Lyapunov exponents to changes inα2

Fig .6 The difference between output of adjacent
oscillators inα2 = 0.354.

ference between output of adjacent oscillators in the other
parameters. Figure 7(a) is another type phase-inversion
wave, whereα2 = α1 = α3 = 0.33,λ1 = 0.001858. Figure
7(b) is not a synchronization phenomenon, nor a phase-
inversion wave, whereα2 = 0.3133, α1 = α3 = 0.33,
λ1 = 0.003962. As shown in Fig. 7, we can understand
that it is impossible to distinguish phase-inversion waves
and non-phase inversion waves by the largest Lyapunov ex-
ponent. In the case where the largest Lyapunov exponent
is negative, we derive the Poincare mapFp in order to con-
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Fig. 7 The difference between output of adjacent
oscillators in the other parameters.

firm the periodic motions. We defineFp as following :

x =t(x1, y1, x2, y2, x3, y3),
Sp = {x | x2 > 0 andy2 = 0},
Fp : Sp→ Sp.

(14)

Figure 8 and 9 represent attractors ofFp. Parameters are
same as Fig. 6. As shown in Fig. 8 and 9, we can confirm
that solution is periodic inλ1 < 0.

Fig. 8 Attractors ofFp in λ1 > 0.

5. Conclusion

In this paper, we considered phase-inversion waves of
three piecewise-constant oscillators coupled by hysteresis
elements as a ladder. We derived the rigorous solutions in
the system, and confirmed generation of phase-inversion
waves. We analyzed the stability of the system by the
largest Lyapunov exponents. Further, we derived Poincare

Fig. 9 Attractors ofFp in λ1 < 0.

maps. In the case where the largest Lyapunov exponent was
negative, phase-inversion waves were not generated, and
we were able to confirm the periodic motion. Our future
tasks are calculating the non-largest Lyapunov exponents
and analyzing in more detail by using these numbers.
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Abstract—In this study, we propose two methods that
incorporate the concept of synaptic pruning for an artificial
neural network. The synaptic pruning is that the excess
couplings between the neurons are disconnected. The per-
formance of the two methods are investigated when these
methods are applied to the Hopfield neural network for
Traveling Salesman Problem (TSP).

1. Introduction

In recent years, the brain science has been widely studied
in various fields. It is important to study brain science for
future various kinds of applications in our society. Among
these, we focus on the neural network. The neural network
is calculation model which can replicate some functions of
human brain. In particular, it has been researched exten-
sively that Hopfield neural network is applied to solving
method for the combinatorial problems [1]-[3]. The Hop-
field neural network is applied to various fields such as as-
sociative memory [4]-[5], optimization problem [6] and so
on. However, Hopfield neural network has several prob-
lems. For instance, the number of couplings between neu-
rons is too large because Hopfield neural network is full
coupling. It makes difficult to optimize the problem.

We focus on the synaptic pruning, the phenomenon
which causes actually in the brain. Excess synapses are
formed in the brain of the newborn creatures. Unneces-
sary synapses in the process of growth are cut, and normal
neural circuit is completed. This process is called synap-
tic pruning, it has been demanded for the functional neural
circuit. It follows that, the synaptic pruning is the process
to increase the efficiency of the neural network [7]-[8].

In this study, we propose two methods as condition to
cutting the couplings between the neurons. In order to con-
firm the performance of two proposed methods, we apply
the proposed methods to Hopfield neural network. The first
method is that all couplings of the selected neurons are dis-
connected. The second one is that certain couplings se-
lected by random are cut with the disconnecting rate. In
addition, we investigate Hopfield neural network with the
proposed methods for Traveling Salesman Problem (TSP),
which is known as representative applications of the Hop-
field neural network. Furthermore, we discuss the compar-
ison of the performance by the two proposed methods.

2. Solving for TSP by Hopfield neural network

Hopfield neural network is defined as the energy func-
tion the objective function and constraints condition to
solve this problem. The objective function represents that
find the shortest route, and constraints condition represents
that visit each city exactly once. The state of neuronsxi j are
renewed to decrease the energy functionE. Hopfield neu-
ral network is used for solving the optimization problem.
Solutions are obtained by using Hopfield neural network to
minimize the energy function. For solving N-element trav-
eling salesman problem by Hopfield neural network,N×N
neurons are required.

The energy functionE for the TSP is described as fol-
lows:

E =
A
2

N∑
i

(
N∑
j

xi j − 1)2 +
B
2

N∑
j

(
N∑
i

xi j − 1)2

+
D
2

N∑
i

N∑
k

N∑
j

dikxi j (xk, j+1 + xk, j−1). (1)

wheredik is the distance from cityi to city k, and the scaling
parametersA, B andD are positive constants.

The first term of the above formula represents that each
city is only visited once. The second term indicates that it
is not possible to visit more than one city at the same time.
The third term represents the energy function to find the
shortest of the route.

Furthermore, the Hopfield neural network has the cou-
plings strengths and external input given as:


Wi j,mn = −Aδim(1− δ jn) − Bδ jn(1− δim)

− Ddim(δn, j+1 + δn, j−1).
hi j = A+ B.

(2)

whereδim is the Kronecker’s delta, which is defined as:

δim =

{
1 (i = m),
0 (i , m).

(3)

The update equation for the state of neurons is given as:
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ui j =
∑
mn

Wi j,mnxmn+ hi j . (4)

wherexi j is a sigmoid function such as:

xi j =
1
2

(
1− tanh

( ui j

0.5

))
. (5)

In next section, we discuss two proposed methods as con-
dition to cutting couplings between the neurons.

3. Proposed Method

In this study, we investigate the influences of Hopfield
neural network with synaptic pruning for TSP. In order to
realize synaptic pruning, we define two methods as con-
dition to cutting couplings between the neurons. The first
method is defined neuronal death method. This neuronal
death method’s cutting conditions are described as follows:

• Selecting the neurons at a constant rate at random.

• Cutting all couplings of the neurons which we select.

• The internal states are retained till next cutting.

The second method is defined random cutting method. This
random cutting method’s cutting conditions are described
as follows:

• Selecting the couplings between the neurons at a con-
stant rate at random.

• Cutting the couplings which we select.

• The internal states are retained till next cutting.

The difference of two methods is to cut all couplings of
the neurons which we select, or couplings are cut selected
at random from among all of the couplings.

Here, the couplings are cut at a regular interval. The
length of regular interval (update of network) is set from
1 to 20. The unnecessary neurons and couplings are de-
cided completely random. In addition to this, we discuss
the comparison of the performance by the two methods.

4. Simulation results

In this simulation, we discuss the optimization in the
case of the disposition with 22 and 48 cities as shown in
Figs. 1 and 2. The number of iteration is 5000 times per
one trial. In addition, the cutting rater is changed from 1 to
25 %. We compare the shortest and the average distances.
We simulated ten times of trials with different initial val-
ues. The optimal solutions of the problems are known as
75.7 and 33523.7.

Figure 1:Disposition with 22 cities.

Figure 2:Disposition with 48 cities.

4.1. 22 cities

The simulation results of neuronal death and random cut-
ting methods when the results comparison of the shortest
distance are shown in Table 1, Fig. 3 and Table 2, Fig. 4.
The parameters of Hopfield neural network are fixed asA
= 1, B = 1 andD = 41. The cutting rate isr, the regular
interval isI. These results shows that the comparison of per-
formance of the conventional method and that of the pro-
posed networks with 22 cities. As these simulation results,
the proposed networks are improved performance than the
conventional network. However, comparing the two meth-
ods, neuronal death method has a higher performance than
random cutting method.

On the other hand, Tables 3 and 4 represent the results by
two proposed methods when the results comparison of the
average distance. By comparison with the two proposed
methods, neuronal death method has a higher performance
than random cutting method.

Table 1: The neuronal death method (shortest distance).

Proposed network (neuronal death)
Conv. I = 1 I = 5 I = 10 I = 15 I = 20

r = 1 99.8 88.5 81.8 84.2 82.7 83.9
r = 5 99.8 83.8 79.5 80.6 79.9 80.6
r = 10 99.8 83.3 79.3 78.4 79.7 79.4
r = 15 99.8 79.7 79.2 79.1 79.1 80.4
r = 20 99.8 80.1 79.6 79.6 79.8 79.3
r = 25 99.8 80.1 80.8 80.4 81.0 81.7
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Table 2: The random cutting method (shortest distance).

Proposed network (random cutting)
Conv. I = 1 I = 5 I = 10 I = 15 I = 20

r = 1 108.5 83.2 92.9 100.0 98.5 100.1
r = 5 108.5 81.8 80.2 84.3 83.3 85.9
r = 10 108.5 85.8 79.9 79.8 80.4 80.6
r = 15 108.5 90.0 81.7 81.4 81.2 81.7
r = 20 108.5 92.4 82.5 81.7 82.4 82.8
r = 25 108.5 96.4 85.7 82.9 84.2 84.6

Figure 3: Comparison of performance between the neuronal
death and the conventional methods.

Figure 4:Comparison of performance between the random cut-
ting and the conventional methods.

4.2. 48 cities

Next, we explain the results of 48 cities. The simula-
tion results of neuronal death method and random cutting
method with shortest distance are shown in Table 5, Fig. 5
and Table 6, Fig. 6. The parameters of Hopfield neural net-
work are fixed asA = 1, B = 1 andD = 100. These results
shows that the comparison of performance of the conven-
tional method and that of the proposed networks. As the
results of neuronal death method, the performance of net-
work is improved although away from the optimal solution.

Table 3: The neuronal death method (average distance).

Proposed network (neuronal death)
Conv. I = 1 I = 5 I = 10 I = 15 I = 20

r = 1 105.1 95.1 91.2 95.2 91.1 94.0
r = 5 105.1 92.0 89.7 93.0 92.1 92.1
r = 10 105.1 93.0 94.5 93.8 95.1 94.9
r = 15 105.1 101.8 98.8 99.4 99.6 99.7
r = 20 105.1 112.9 105.6 106.9 106.9 106.1
r = 25 105.1 113.9 114.7 112.7 112.5 113.5

Table 4: The random cutting method (average distance).

Proposed network (random cutting)
Conv. I = 1 I = 5 I = 10 I = 15 I = 20

r = 1 112.8 95.6 103.4 108.2 109.1 112.3
r = 5 112.8 110.2 95.8 98.6 99.6 103.2
r = 10 112.8 123.9 104.0 100.7 100.3 100.2
r = 15 112.8 132.9 113.3 110.0 106.3 107.6
r = 20 112.8 141.3 121.7 116.2 113.7 111.6
r = 25 112.8 148.9 127.5 120.7 118.3 117.3

Table 5: The neuronal death method (shortest distance).

Proposed network (neuronal death)

Conv. I = 1 I = 5 I = 10 I = 15 I = 20

r = 1 46006.2 45357.3 43012.7 42806.0 42895.0 42464.4

r = 5 46006.2 44887.8 40519.0 40445.9 40200.7 41385.9

r = 10 46006.2 44083.7 40090.9 40210.4 40518.1 40719.2

r = 15 46006.2 45217.0 40844.6 40727.4 40821.3 40146.2

r = 20 46006.2 44850.5 41440.4 41267.0 41007.6 40552.7

r = 25 46006.2 45456.6 41961.0 41938.2 41156.6 41604.6

Table 6: The random cutting method (shortest distance).

Proposed network (random cutting)

Conv. I = 1 I = 5 I = 10 I = 15 I = 20

r = 1 50060.7 40718.4 44712.5 43932.3 45450.0 45413.4

r = 5 50060.7 51761.2 43082.1 44004.5 43235.3 43420.3

r = 10 50060.7 59129.9 46349.9 45832.5 45694.6 46001.2

r = 15 50060.7 63547.2 49307.5 47719.9 47637.4 48272.4

r = 20 50060.7 71495.7 51175.3 47608.1 47530.9 47942.9

r = 25 50060.7 77058.8 53384.5 47773.5 46852.9 47580.6

However, the results of random cutting method does not
improve performance. In consequence, the performance
of neuronal death method is better than random cutting
method.

On the other hand, each of the Tables 7 and 8 represents
the results by two proposed methods when the results com-
parison of the average distance. The performance of results
of 48 cities, the both neuronal death and random cutting
methods are not high performance when we compare with
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Figure 5: Comparison of performance between the neuronal
death and the conventional methods.

Figure 6:Comparison of performance between the random cut-
ting and the conventional methods.

Table 7: The neuronal death method.

Proposed network (neuronal death)

Conv. I = 1 I = 5 I = 10 I = 15 I = 20

r = 1 48608.4 47904.9 46638.1 48806.2 48250.0 48981.2

r = 5 48608.4 49685.4 48048.4 48418.0 48983.0 49179.0

r = 10 48608.4 51733.6 50589.1 49940.1 49394.6 50630.4

r = 15 48608.4 57304.1 52281.7 51898.9 51940.6 51884.8

r = 20 48608.4 60390.3 54721.0 53622.4 53125.0 52473.3

r = 25 48608.4 63055.6 56758.4 55509.9 54817.8 54392.9

Table 8: The random cutting method.

Proposed network (random cutting)

Conv. I = 1 I = 5 I = 10 I = 15 I = 20

r = 1 53136.6 50066.0 52071.1 50224.3 50425.8 50531.4

r = 5 53136.6 74404.2 55519.7 54164.4 53769.8 52854.7

r = 10 53136.6 83887.2 65999.3 62390.1 61185.8 60568.1

r = 15 53136.6 92893.1 74874.1 69606.6 67991.7 66060.0

r = 20 53136.6 103076.8 81607.4 74152.1 71511.5 70255.7

r = 25 53136.6 113611.1 87703.2 78493.8 74529.0 72741.6

the results of 22 cities. However, comparing the two meth-
ods, neuronal death method has a higher performance than
random cutting method.

5. Conclusion

We have studied the solution abilities of the Hopfield
neural network with two methods as condition to cutting
couplings between the neurons for TSP. As the simulation
results, the neuronal death method shows very good perfor-
mance. In addition, the random cutting method also better
performance than conventional network. However, com-
pared to neuronal death and random cutting methods the
performance of the random cutting method is inferior.

In future works, we would like to devise various algo-
rithms to cut the couplings. Furthermore, we would like to
simulate Hopfield neural network for large-scale model.
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Abstract—The internal wiring of high-speed VLSI is

considered for transmission line, because its structure is

very complex and high density.

In this study, we investigate synchronization phenomena

in two van der Pol oscillators coupled by transmission line

model. By using the computer simulations, we confirm

several types of synchronization states such as coexistence

in-phase and anti-phase by changing the circuit parameter.

1. Introduction

Recently, the synchronization observed from coupled os-

cillators and chaotic circuits systems have been studied ac-

tively [1], [2]. It is important to investigate basic syn-

chronization observed in coupled oscillatory systems for

future engineering applications such as chaotic communi-

cation and chaotic cryptography. In high-speed VLSI, the

internal wiring is considered for transmission line because

the structure of high-speed VLSI is complex and high den-

sity. However, there are not many discussions about effect

caused by transmission line model for coupled oscillatory

systems.

In our previous study, the synchronization of two chaotic

circuits with transmission line coupled by the cross talk

have been investigated [3]-[7]. We have observed in-phase

and anti-phase synchronization phenomena from these cir-

cuits in computer simulations (see Figs. 1, 2) [6]. In this

system model, the part of inductor and capacitor of chaotic

circuit is modeled by transmission line. The synchroniza-

tion of oscillators coupled by transmission line using the

ladder circuit of inductor and capacitor is not really inves-

tigated.

This paper presents synchronization phenomena in two

van der Pol oscillators coupled by transmission line model.

We model transmission line using ladder circuits of induc-

tor and capacitor as lossless transmission line. By using

the computer simulations, several types of synchronization

states such as coexistence in-phase and anti-phase are con-

firmed by changing the circuit parameter.

Figure 1: Two Chua’s circuits with transmission lines.

(a) In-phase (coupling capacitors).

(b) Anti-phase (mutal inductors).

Figure 2: Synchronization states.

2. Two van der Pol Oscillators Coupled by Transmis-

sion Line Model

Figure 3 shows the conceptual circuit model of this

study. Two van der Pol Oscillators are coupled by trans-

mission line as shown in Fig. 4.

Next, we develop the expression for the circuit equations

of the circuit model as shown in Fig. 4. The vk − iRk char-

acteristics of the nonlinear resistor are approximated by the

following third order polynomial equation,

iRk = −g1vk + g3vk
3 (g1, g3 > 0), (k = 1, 2). (1)
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Figure 3: Conceptual circuit model.
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Figure 4: Two van der Pol Oscillators coupled by transmission line model.

The normalized circuit equations governing the circuit

are expressed as [van der Pol Oscillator]
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[Transmission Line Model]
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√
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√
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=
√
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β(xk − xn)

(k = 3...13).

(3)

where

t =
√

L0C0τ, vk =

√

g1

3g3

xk (k = 1...12),

ik =

√

g1

3g3

√

C0

L0

yk (k = 1, 2),

ik =

√

g1

3g3

√

C1

L1

yk (k = 3...13),

α =
L0

L1

, β =
C0

C1

,

In this equations, ε denotes nonlinearity of the oscillators.

α and β denote the ratio of inductor and capacitor of the

oscillators and transmission line, respectively.

For the computer simulations, we calculate Eq. (3) using

the fourth-order Runge-Kutta method with the step size h =

0.005. The parameter ε is fixed with 0.1.

3. Synchronization Phenomena

3.1. Attractor

Figures 5-7 show the attractors and the lissajous when

the parameters α and β are changed.

In the case of α=β=1.0, coexistence of in-phase and anti-

phase states of periodic solutions are observed as shown in

Fig. 5. Figure 6 shows the simulation results when α and

β are set to 1.9. In this case, we also confirm coexistence

of in-phase and anti-phase state. We confirm that the torus

attractor can be obtained when two oscillators are synchro-

nized at in-phase, while the periodic attractor is generated

when two oscillators are synchronized at anti-phase.

X1 X2 X1

X2y1, 3 y2, 4

(a) In-phase.

X1 X2 X1

X2y1, 3 y2, 4

(b) Anti-phase.

Figure 5: Attractor (α = 1.0).
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Figure 7 shows the results when α and β are set to 2.4

and 3.0. In the case of α=β=2.4, torus attractor can be ob-

served. In the case of α=β=3.0, two oscillators generate the

periodic attractor. In the case of α=β=5.0, we observe co-

existence of in-phase and anti-phase states again as shown

in Fig. 8.

By increasing the value of α and β, only in-phase state

can be observed (see. Fig. 9). Namely coexistence of in-

phase and anti-phase disappears if the ratio of α and β is set

to large values.

X1 X2 X1

X2y1, 3 y2, 4

(a) In-phase.

X1 X2 X1

X2y1, 3 y2, 4

(b) Anti-phase.

Figure 6: Attractor (α = 1.9).

X1 X2 X1

X2y1, 3 y2, 4

(a) α=2.4.

X1 X2 X1

X2y1, 3 y2, 4

(b) α=3.0.

Figure 7: Attractor (α=2.4, 3.0).

3.2. Bifurcation diagram

Next, we consider one parameter bifurcation when the

parameters α and β are changed. Figure 10 shows the

simulation results when initial condition is set to in-phase

X1 X2 X1

X2y1, 3 y2, 4

(a) In-phase.

X1 X2 X1

X2y1, 3 y2, 4

(b) Anti-phase.

Figure 8: Attractor (α=5.0).

X1 X2 X1

X2y1, 3 y2, 4

Figure 9: Attractor (α=8.0).

and anti-phase mode, respectively. We can observe coex-

istence with different solutions when α, β is smaller than

2.3. By increasing the parameter α and β, only one so-

lution exists. Furthermore, we observe periodic window

around α=β=2.35 (see. Fig. 11).

3.3. Phase Difference

In this subsection, we calculate the phase difference be-

tween two oscillators. The simulation result of the phase

difference is shown in Fig. 12. We can observe coexistence

with different solutions when α, β is smaller than 2.3 as

known from the bifurcation diagram. When the parameters

α and β is larger than 2.3, in-phase synchronization disap-

pear and only anti-phase synchronization is observed. Af-

ter that, coexistence of in-phase and anti-phase states can

be observed around α=β=5.0. Finally, by increasing the

value of α and β, only in-phase state can be observed.

In order to confirm the switching several synchronization

states, Fig. 13 shows the expanded graph of Fig. 12. From

this figure, we can see that synchronization state is classi-

fied in in-phase, anti-phase, coexistence and asynchronous

states depending on the parameter. Investigation of syn-

chronization state with small step size of the parameter is

one of our future work.
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(a) Initial condition: In-phase mode.

(b) Initial condition: Anti-phase mode.

Figure 10: Bifurcation diagram.
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-1.6

-1.4

-1.2

 2.25  2.3  2.35  2.4  2.45  2.5

x1

alpha, beta

Figure 11: Periodic solution in bifurcation.

4. Conclusions

We have investigated synchronization phenomena in two

van der Pol oscillators coupled by transmission line model.

By using the computer simulations, several types of syn-

chronization states such as coexistence in-phase and anti-

phase were confirmed by changing the circuit parameter.

In our future works, we would like to investigate effect

of the length of the transmission line and apply this model

to more complex networks such as smart grid network and

social network.
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Abstract—Local projection is a particularly effective
method of reducing noise in a nonlinear signal while pre-
serving its structure. [1] Kantz and Schreiber [2] estab-
lished a second order, single scale refinement of the first
order, single scale local projective filter of [3, 4]. Their
method better accommodates the geometry of a strange at-
tractor underlying data and is implemented in the nonlin-
ear time series analysis package TISEAN. [2] This work
extends the refinement to higher order and multiple scales,
thereby providing an analytic motivation for the original
refinement. Additionally, statistical analysis explains the
original refinement’s high efficacy. The novel refinements
identified in this work can achieve more effective noise re-
duction than established local projective filters.

1. Introduction

Linear filters obscure the structure underlying nonlinear
signals. [5] The filtering of nonlinear signals requires tech-
niques specifically developed for that purpose: nonlinear
filters, reviewed by [6]. A useful class of these are local
projective filters, reviewed by [7]. Local projective filters
correct the location of points in phase space informed by
the locations of neighbouring points. Since their incep-
tion by Cawley and Hsu [3]; Sauer [4], local projective fil-
ters have found continuous employment in spheres ranging
from the supernally immediate one containing our neurons
[8] to the study of light curves from distant stars within the
discipline which encompasses our entire universe [9].

Kantz and Schreiber [2] achieved more precise results
by better accommodating attractor geometry. They chose
as the origin of the projective subspace a weighted sum of
the first and second order centres of mass of local phase
space neighbourhoods (see figure 2.1).

This paper describes an analytic motivation for the re-
finement of [2] from which further higher order and multi-
ple scale refinements naturally follow. In many cases, the
extensions can reduce noise more effectively than estab-
lished local projective filters.

Section 2 describes established forms of local projection,
including the second order refinement of [2]. Section 3 de-
rives the higher order and multiscale filters proposed in this

paper. It goes on to explore the way in which considera-
tions of independently distributed measurement errors may
be incorporated into previous multiscale and higher order
results. Section 4 introduces the classical nonlinear sys-
tems used to assess the filters. Section 5 summarises and
suggests ways in which results could be extended.

The paper omits some details of the local projective
noise reduction process. For a complete description see
[10], which also includes an application to experimental
data.

2. Background

2.1. Local projection

Consider a series of N scalar measurements
s(1), s(2), . . . , s(N) ∈ R from a chaotic system. The
N − (m − 1)T vectors
xi , (s(i), s(i + T ), . . . , s(i + (m − 1)T )T ∈ Rm are called
m-histories and can be used to reconstruct phase space
[11, 12, 13].

Local projection begins with the transformation of the
m-histories xi via an invertible matrix R according to

zi , Rxi. (1)

Local projection of an m-history xi involves replacing
zi with zo

i + P(q)
i

(
zi − zo

i

)
(or, equivalently, xi with xo

i +

R−1P(q)
i

(
R

(
xi − xo

i

))
), where P(q)

i is the matrix represent-
ing projection onto the subspace spanned by the eigen-
vectors corresponding to the m − q largest eigenvalues of
the covariance matrix Ci ,

∑νi
j=1

(
z( j)

i − zo
i

) (
z( j)

i − zo
i

)T
,

x(1)
i , x(2)

i , . . . , x( j)
i denote the j nearest neighbours of xi,

z( j)
i , R

(
x( j)

i

)
, νi is the number of nearest neighbours of

xi considered, xo
i is the origin of the coordinate sytem in

which the projection is performed, and zo
i , R

(
xo

i

)
.

Cawley and Hsu [3]; Sauer [4] chose as the origin of
the coordinate system xo

i = xi , 1
νi

∑νi
j=1 x( j)

i , the centre of
mass of the nearest neighbours of xi. Other choices of xo

i
can yield superior results in local projection; these lead to
the higher order and multiple scale filters discussed in this
paper.
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Figure 2.1: Following figure 10.3 of [2]. The centres of
mass of local neighbourhoods (◦) do not, in general, lie
exactly on the attractor. The second order centres of mass
(•) tend to aberrate roughly twice as much.

2.2. A second order refinement

Note that the second order centre of mass xi refers to
the mean over the νi nearest neighbours of xi among the
neighbourhood centres of mass x1, x2, . . . , xN−(m−1)T . Kantz
and Schreiber [2] observed that the difference between xi

and the mean over nearest neighbours, xi − xi, is roughly
half the difference between xi and the second order centre
of mass, xi − xi (see figure 2.1). They deduced that 2xi − xi

is an estimate of xi in the absence of noise, and hence can
be a better point from which to apply local projection than
is xi. Figure 2.1 illustrates this observation.

3. Analytic motivation

3.1. Higher order refinements

For real numbers δ > 0, define the continuous moving

average operator Iδ by (Iδ f ) (x) =
1
2δ

∫ x+δ

x−δ
f (t)dt. Kantz

and Schreiber [2] achieve a frequently more precise esti-
mate of the m-history corresponding to a clean signal by
considering a linear combination of centres of mass of first
and second order. In analogy, require

fn(0) = a1 (Iδ fn) (0) + a2

(
Iδ2 fn

)
(0) (2)

to hold for all monomials fn(x) ,
{

1, n = 0
xn, n , 0 with 0 ≤

n ≤ nmax, and with nmax as large as possible. For (positive)
odd n, both the left and right of (2) are zero. Setting n = 0
and n = 2 in (2) yields a system of two linear equations
with the unique solution a1 = 2 and a2 = −1. This leads to
the second order refinement of [2].

For k = 1, 2, . . . , 20, the unique solution to the system of
k linear equations

fn(0) =

k∑
i=1

ai

(
Iδi fn

)
(0) n = 0, 2, . . . , 2(k − 1) (3)

is ai = (−1)i−1
(

k
i

)
, for i = 1, 2, . . . , k.

3.2. Multiscale refinements

Requiring that

fn(0) = a2

(
Iδ2 fn

)
(0) + b1

(
Iβδ fn

)
(0) (4)

holds for integers n such that 0 ≤ n ≤ 5 (with β ≥ 0) gives
a solution a2 = 4, b1 = −3, β =

√
8/3.

As will be illustrated in subsection 4.2, the multiscale
filter corresponding to (4) for 0 ≤ n ≤ 5 often performs
worse than the second order, single scale refinement of [2],
and rarely performs considerably better. This is surprising,
since the multiscale filter should be better able to approx-
imate the geometry of the underlying attractor. The next
section explains the result by showing that the second or-
der, single scale filter of [2] attenuates errors particularly
effectively.

3.3. Attenuating error

The choice of coefficients (a2 = −1, b1 = 2) and scale
(β = 1) corresponding to the refined filter of [2] not only
preserves the component of the geometry of the underly-
ing attractor described by a multivariate Taylor polynomial
of degree up to three in each variable, but also attenuates
errors particularly effectively.

For non-negative integer d define the discrete moving

average operator Jd by (Jd f ) ( j) =
1

2d + 1

d∑
i=−d

f ( j + i). Let

e(i) ∈ R be independent random variables with mean zero
and unit variance. The e(i) can be thought of as errors; in
this section is sought a choice of a2, b1, β for which they
are attenuated by the operator a2Jd

2 + b1Jβd.
To preserve the geometry of the underlying attractor, re-

quire (4) to hold for 0 ≤ n ≤ 3, yielding a2 = A(β) ,
β2

−2+β2 and b1 = B(β) , 1 − β2

−2+β2 . Consider the ex-
pectation of the square of the filtered error at j = 0,

S a2,b1,β,d ,
〈(((

a2Jd
2 + b1Jβd

)
e
)

(0)
)2
〉
, with these geomet-

ric constraints on a2, b1, β.
The desirable case of a dense embedding corresponds

to a large window d. However, in the limit d → ∞,
S a2,b1,β,d → 0. Therefore, normalise the expectation
S a2,b1,β,d by that corresponding to prototypical local pro-

jection. This gives Ta2,b1,β , lim
d→∞

S a2,b1,β,d

S 1,0,β,d
, called the nor-

malised expected error.
As figure 3.3 shows, TA(β),B(β),β has a local minimum

at β = β∗ ≈ 0.96215, for which a2 = a∗2 , A(β∗) ≈
−0.86174, b1 = b∗1 , B(β∗) ≈ 1.86174. These values are
suggestively close to the coefficients of the refined local
projective filter of [2], namely a2 = −1, b1 = 2, β = 1. In-
deed, as figure 3.3 shows, the ratio of normalised expected
errors is close to unity, with T2,−1,1/Ta∗2,b

∗
1,β
∗ ≈ 1.004.

4. Results and Discussion

Following [14, 2], the matrix R of (1) is diagonal with
R11 = Rmm = 103 and other entries of the main diagonal set
to 1. Again following [14, 2], the highest magnitude cor-
rections are assumed deleterious and rescaled to the mean
magnitude. Specifically, the largest 5% are rescaled. Fuller
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Figure 3.1: Normalised expected error as a function of
scale factor β for local projective filters satisfying (4) for
0 ≤ n ≤ 3. (b) The local minimum at β ≈ 0.96215, marked
◦, is close to β = 1 (corresponding to [2]), marked �. The
normalised expected error corresponding to β =

√
8/3 is

marked �.

details of parameter choices and their motivations, and a
more complete description of some steps of the local pro-
jection process, may be found in [10].

4.1. Benchmarks

Following [7], the filters considered in this paper are
benchmarked using time series from x-coordinates of the

[15] system

 ẋ
ẏ
ż

 =

 σ(y − x)
−y + rx − xz
−bz + xy

 with σ = 10,

r = 28 and b = 8/3 and a time step of ∆t = 0.2
(the large value helps to avoid the advantages of tempo-
ral correlation and ensure that methods rely on attractor

geometry); the Henon map
(

xt+1
yt+1

)
=

(
1 − axt

2 + yt

bxt

)
with a = 1.4 and b = 0.3; and the Ikeda map(

xt+1
yt+1

)
=

(
1 + 0.9 (xt cos φt − yt sin φt)

0.9 (xt sin φt + yt cos φt)

)
, where φt =

0.4 − 6/
(
1 + xt

2 + yt
2
)
. Each time series is normalised

to unity standard deviation, whereafter Gaussian noise is
added.

4.2. Results of benchmarking

Table 4.2 presents the results of filtering noisy nonlinear
systems with local projective filters of a single scale and
orders 1 (corresponding to the prototypical local projection
of [3, 4]), 2 (corresponding to the refinement of [2]), up to
5, as well as dual scale local projective filters derived from
purely geometric and from simultaneous geometric and sta-
tistical considerations. The four most frequently optimal
filters are the single scale filters of orders 1, 2 and 3 and the
filter derived via considerations of the normalised expected
error.

As seen in table 4.2 the multiscale filter corresponding
to (4) for 0 ≤ n ≤ 5 often performed worse than the second

Order: 1 2 3 4 5 2 2
Scales: 1 1 1 1 1 2 2

System N nmax: 1 3 5 7 9 5 3
Henon 5000 100%a 1.72 1.53 1.35 1.22 1.30 1.53 1.59

30% 2.27 2.31 2.23 1.99 1.82 2.30 2.37
10%a 3.19 3.46 3.45 3.39 3.26 3.53 3.50

3% 3.23 3.73 3.70 3.69 3.68 3.53 3.74
1%a 2.92 3.43 3.42 3.39 3.27 2.97 3.43

20000 10% 3.28 3.74 3.56 3.37 3.20 3.69 3.74
1%a 3.46 4.10 4.07 4.01 3.88 3.84 4.04

Ikeda 5000 100% 1.95 1.89 1.63 1.38 1.43 1.94 1.91
30% 1.65 1.49 1.28 1.36 1.49 1.67 1.65
10% 1.84 2.03 2.10 2.03 1.98 1.87 2.05

3% 1.52 1.73 1.75 1.69 1.61 1.49 1.73
1% 1.22 1.31 1.28 1.22 1.22 1.14 1.31

20000 10%a 2.34 2.63 2.80 2.56 2.38 2.45 2.66
1%a 1.87 2.31 2.36 2.25 2.09 1.82 2.31

Lorenz 5000 100% 1.69 1.37 1.24 1.39 1.53 1.40 1.46
(1963) 30% 1.96 2.11 1.95 1.64 1.72 1.73 2.14

10%a 1.83 2.04 2.05 2.06 1.99 1.88 2.04
3% 1.64 1.80 1.85 1.82 1.75 1.66 1.81
1% 1.40 1.57 1.57 1.52 1.49 1.41 1.56

20000 10% 1.98 2.17 2.20 2.16 2.07 1.98 2.18
1% 1.70 1.94 1.97 1.89 1.81 1.74 1.95

aConsidered by [7] (see their table I).

Table 4.1: Proportional increase in signal to noise ratio over
eight iterations, ε0/ε8. Higher order filters have coefficients
satisfying (3), and multiple scale filters have coefficients
satisfying (4), for 0 ≤ n ≤ nmax. The final column corre-
sponds to the filter of subsection 3.3, with coefficients cho-
sen to the minimise normalised expected error. The results
corresponding to the most and second most effective filters
are, respectively, bold and italic.

order, single scale refinement of [2], and rarely performed
considerably better. However, table 4.2 also shows that
the multiscale filter identified through simultaneous geo-
metric and error attenuation considerations (with parame-
ters a2 = a∗2, b1 = b∗1, β = β∗) almost always performed
similarly to, but usually marginally better than, the sec-
ond order, single scale refinement of [2] (with parameters
a2 = −1, b1 = 2, β = 1). This is consistent with the filters’
equivalent geometric motivations and similar normalised
expected errors (see subsection 3.3).

Table 4.2 shows that as noise level increases from the
lowest level considered, 1%, higher order filters become
relatively more effective. This trend terminates at a higher
noise level, from which the filter of [2] and the filter derived
in subsection 3.3 via considerations of error tend to be op-
timal. The highest noise level considered, 100%, favours
prototypical local projective filters. The pattern can be
rationalised by considering the relative importance of ge-
ometry preservation and error reduction at different noise
levels. At low noise levels, geometry is critical and so
filters of order two or greater are more effective. Higher
order filters become relatively more effective as the rela-
tively low level of noise increases. This may be because,
for a given neighbourhood size, higher order centre of mass
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measurements incorporate more observations. At interme-
diate noise levels both error attenuation and geometry are
significant. Hence, the filters derived from geometric con-
siderations which also correspond to a point near the mini-
mum of the normalised expected error TA(β),B(β),β of subsec-
tion 3.3 are optimal. At high levels of noise when geom-
etry is less important, prototypical local projection, which
corresponds to the still lower value of normalised expected
error T0,1,β = 1 (compare with figure 3.1), is most effective.

5. Conclusion

This paper examined the refined local projective filter of
[2], leading to series of filters involving different numbers
of length scales and orders of centre of mass operators. The
new filters were compared to established ones. Higher or-
der filters were relatively more effective for data of greater
length or corresponding to a higher underlying attractor di-
mension.

When reformulated for multiple scales, the geometric
considerations which led to effective higher order filters
did not consistently improve upon existing filters. How-
ever, the same geometric criteria, augmented by statistical
analysis designed to minimise error, led to filters usually
superior to established filters. In addition, the multiscale
statistical and geometric considerations explicate the effi-
cacy of the refinement of [2].

As noise level increased from a low value (1%), higher
order filters initially became relatively more effective. At
intermediate noise levels (∼30%), geometrically motivated
filters corresponding to high error attenuation (including a
new, dual scale filter) began to dominate until, at the high-
est noise level (100%), prototypical local projective filters
prevailed.
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Abstract—Recent investigations of ordinal partition
networks show potential for the method as a tool for
analysing nonlinear time series from continuous systems.
In this paper we demonstrate how interpolation can be
used to minimise node aliasing such that ordinal partition
networks more accurately capture dynamics from discrete
time sampled data. We then show how the transitional com-
plexity of a time series can be quantified using a weighted
average of node entropy and investigate this measure as ap-
plied to the Rössler system.

1. Introduction

Various methods for the analysis of dynamical systems
from time series using complex networks have garnered at-
tention in recent years [1]. One of the latest concepts to
emerge is that of ordinal partition networks, as first pro-
posed in [2] and subsequently generalised in [3]. This
method is an extension of the symbolic mapping process
used in permutation entropy [4, 5] and is of notable poten-
tial for several reasons. Firstly, it has been shown that the
existence of different ordinal patterns in time series from a
specific system is a property directly related to the dynam-
ics of that system [6]. Ordinal patterns are also relatively
robust to noise yet still able to capture small scale ampli-
tude differences, unlike coarse graining methods. A recent
investigation of ordinal partition networks has shown that
ordinal patterns can be interpreted as a partition of the em-
bedding phase space and hence, that the networks are a
Markov model of the underlying dynamics of a time se-
ries [3]. This same study also demonstrated that simple
measures on these networks, such as mean node degree and
node degree variance, can track dynamical changes in con-
tinuous systems, both simulated and experimental.

The purpose of this paper is twofold. Firstly, we discuss
the use of interpolation to reduce node aliasing in ordinal
partition networks (Section 2.2). Secondly we introduce
the concept of node entropy [7, 8] as applied to these net-
works (Section 2.3), where it becomes an intuitive mea-
sure of time series complexity and, as will be shown, pro-
vides effective tracking of dynamical change in a continu-
ous Rössler system (Section 3).

2. Method

2.1. The Ordinal Partition Network Algorithm

As defined in [3], the time series x = {x1, x2, x3, ..., xn} is
embedded with lag τ and dimension D to form the sequence
of state vectors vt = (xt, xt+τ, xt+2τ, ...xt+(D−1)τ). Each state
vector is then mapped to a symbol — an ordinal partition
element si = (π1, π2, ..., πD) where π j ∈ {1, 2, ...,D} and
π j , πk ⇐⇒ j , k such that π j < πk ⇐⇒ x j >
xk ∀x j, xk ∈ vt. If x j = xk then rank is assigned based
on order of appearance in vt. Each unique si is mapped
to a node in the network represented by adjacency ma-
trix A. Weighted and directed edges are allocated between
nodes based on temporal succession in the symbolic se-
quence S = {s1

i , s
2
i , s

3
i , ..., s

(n−D+1)
i } that corresponds to the

sequence of state vectors v = {v1, v2, v3, ..., v(n−D+1)}. The
edge weight ai, j equals the number of times that the pair
{sn

i , s
n+1
j } occurs in S .

With regards to parameter selection, the embedding lag
τ should be selected to optimise the embedding using, for
example, the autocorrelation method, mutual information
or similar. The embedding dimension D should be selected
large enough to eliminate or, in a practical sense, to min-
imise the occurrence of degeneracies in the network. We
define a degeneracy in an ordinal partition network to be a
pair of state vectors {v j, vk} corresponding to two indepen-
dent segments of trajectory (i.e. not close in time) that are
mapped to the same symbol by virtue of a non-ideal par-
tition. Degeneracies manifest as shortcuts in the network
between states that are not be close with respect to the dy-
namics of the underlying system and, hence, corrupt the
model. Presently there is no explicit algorithm for deter-
mining an optimal D, however, a suitable value can usually
be selected based on visual inspection of a plot of an ap-
propriate network statistic over a sufficiently large range of
range of D.

2.2. Node Aliasing

Consider the trivial case of a noiseless periodic time se-
ries x that is sampled at a frequency ω , bω0,∀b ∈ N
where ω0 is the fundamental frequency of oscillation of x.
The possibility then arises that for the temporally adjacent
pair of embedded state vectors {v j, v j+1},∃vk such that vk
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is an intermediate point on the trajectory between v j and
v j+1. Depending on the sampling rate, the choice of em-
bedding parameters and the particular nature of the trajec-
tory in question, several connectivity scenarios can occur
in the network that do not reflect the true behaviour of the
underlying dynamical system. For example, if v j → s1,
v j+1 → s3 we already know that there will be a directed
edge for {s1, s3}. Consider also vk → s2, and vk−1 suf-
ficiently close to v j such that vk−1 → s1. The resulting
subgraph {s1, s2, s3} ⊂ A is then:

( s1 s2 s3

s1 0 1 1
s2 0 0 0

)
which implies that, from the perspective of node s1, nodes
s2 and s3 appear to be indistinguishable as destinations
states , hence we call this phenomenon node aliasing. This
kind of transitional uncertainty cannot occur in a strictly
periodic system, for which we would instead expect the fol-
lowing subgraph:

( s1 s2 s3

s1 0 1 0
s2 0 0 1

)
It is therefore necessary to select a sufficiently high sam-

ple rate with respect to the data, but also with respect to the
embedding dimension D, because that parameter governs
the effective size of each ordinal partition in the embed-
ding phase space [3]. In practice sampling rates are lim-
ited, however, it should be possible to minimise aliasing if
we assume a smooth trajectory between sampled points and
interpolate the data to a sufficiently high resolution. Fig-
ure 1 shows networks generated using a discrete sampled
time series from a period-3 Rössler system using both the
original data, where significant evidence of node aliasing
is clearly observable in the network (Figures 1(a) and (c)),
and interpolated data, for which node aliasing has been al-
most completely eliminated (Figures 1(b) and (d)).

In the chaotic case, node aliasing causes the network to
collapse on itself (Figure 2(b)). After interpolation, the
time series maps to a network that is far more intuitive from
a qualitative perspective, and for which it is possible to ob-
serve subgraphs that correspond to the stretching and fold-
ing regions of the attractor (Figure 2(c)).

2.3. Weighted Average Node Entropy

We define node entropy as in [7]. First we compute
the stochastic matrix P with entries pi, j estimated from the
weighted adjacency matrix A:

pi, j =
ai, j∑

k∈N(i)
ai,k

, (1)

where N(i) denotes the set of out-connected neighbours of
node si. The node entropy of si is the Shannon entropy with

(a) (b)

(c) (d)

Figure 1: (a) The ordinal partition network generated from the
x-component of a period-3 Rössler system originally sampled at
intervals of 0.2 and (b) as generated from the same time series
that has been interpolated using a cubic spline with 200 evenly
space points for each original datum. Subfigures (c) and (d) show
magnified portions of the network structures of (a) and (b) respec-
tively. The embedding lag is τ = 8 for (a) and (c), and τ = 1600
for (b) and (d). The embedding dimension is D = 14 in each case.

(a)
(b)

(c)

Figure 2: (a) A chaotic Rössler attractor and corresponding or-
dinal partition networks generated from the x-component of the
system (b) as originally sampled at intervals of 0.2, and (c) in-
terpolated using a cubic spline with 200 evenly space points for
each original datum. The embdedding lag is τ = 8 for (b), and
τ = 1600 for (c). The embedding dimension for both (b) and (c)
is D = 14.

respect to the i-th row of P given by:

µi = −
1

log2 kout
i

∑
j∈N(i)

pi, j log2 pi, j . (2)
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We use the base 2 logarithm and therefore µi is the average
amount of information generated by si in bits. Note that a
normalisation factor of 1/ log2 kout

i is applied, where kout
i is

the out-degree of si, such that 0 ≤ µi ≤ 1. If the network
contains a node with kout

i = 0 we assign node entropy µi =

0. Strictly speaking, node entropy is undefined for kout
i = 0,

however, ordinal partition networks can have at most one
such node, s(n−D+1)

i , being the final node in the symbolic
sequence.

We then take a weighted average over the network us-
ing the same principle as in [8], that is to weight each µi

by the corresponding probability of si from the stationary
distribution, which we estimate from A:

µ̄W =
∑

i

µi

∑
j

ai, j∑
k, j

ak, j
. (3)

Therefore, weighted average node entropy measures the
dynamical complexity of the partitioned time series or,
alternatively, describes the expected value of transitional
complexity on the reconstructed attractor. By contrast, per-
mutation entropy and related metrics only measure global
complexity based only the stationary distribution of the
time series and, hence, discard temporal information.

3. Results and Discussion

We now apply the ordinal partition network method and
the weighted average node entropy metric to the Rössler
system for a range of the bifurcation parameter. Figure 3
shows convergence of µ̄W as the interpolation resolution is
increased. From this we infer the convergence of the struc-
ture of the network itself, resulting from the elimination of
node aliasing.

We then refer to a plot of µ̄W against the embedding di-
mension based on a selection of sufficiently interpolated
time series characterised by a range of periodic and chaotic
dynamics (Figure 4). Observe that the growth of µ̄W is ap-
proximately linear when D ≥ 14 for all of the time series
considered. The linear growth range indicates the elimina-
tion of the majority of degeneracies in the network, so we
select D = 14 as an appropriate parameter value for the
ensuing bifurcation analysis. Note that the period-12 time
series is the last to reach linear growth w.r.t. D. This is due
to the closeness of the trajectories in phase space which
make networks from this particular limit cycle prone to de-
generacies.

Figures 5, 6 and 7 show respectively the Rössler bifur-
cation spectrum, and the largest Lyapunov exponent λ1 and
weighted average node entropy µ̄W plotted against the bi-
furcation parameter. We observe that the complexity of
the system, as quantified by µ̄W , tracks relatively with λ1,
specifically with regards to the identification of periodic
windows. As expected, periodic behaviour is characterised
by µ̄W close to zero. Furthermore, it would be feasible to
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Figure 3: The weighted average node entropy µ̄W of ordinal parti-
tion networks for a selection of periodic and chaotic Rössler time
series (see legend) originally sampled at intervals of 0.2 and then
interpolated using a cubic spline with increasing interpolation res-
olution as specified by the parameter ε. The value 1/ε is the num-
ber of evenly spaced interpolated points generated for each orig-
inal datum. A suitable embedding lag for the original data (not
interpolated) is determined to be τ = 8 by the method of finding
the first zero of the autocorrelation of the time series. For this and
all other figures we have set the τ = nint(8/ε) so that the embed-
ding parameters remain approximately equivalent with respect to
the original sampling frequency for all ε. The embedding dimen-
sion is constant at D = 14.
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Figure 4: The mean of the weighted average node entropy µ̄W

of ordinal partition networks for 100 realisations of time series
from selected periodic and chaotic regimes of the Rössler system
(see legend) that have been interpolated using a cubic spline with
interpolation resolution ε = 5 × 10−3 (refer to Figure 3) plotted
against the embedding dimension D. Embedding lag is τ = 1600.
Error bars show the standard deviation of µ̄W .

select an entropy threshold in the range 0.1259 ≤ µ̄W ≤

0.3855 to discriminate between time series that are likely
to be periodic from those that are likely to be chaotic (refer
to the horizontal guide lines in Figure 7 corresponding to
selected values of µ̄W for which λ1 becomes positive). Fi-
nally, note the improvement in the µ̄W spectrum as a result
of interpolation.

4. Conclusions

In this paper we have defined and discussed node alias-
ing, and how this undesirable effect can be minimised
by using a sufficient degree of interpolation such that the
network structure converges to a more accurate model of
the dynamics. We have also proposed and investigated
weighted average node entropy as a natural measure of
dynamical complexity in time series, specifically with re-
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Figure 5: The bifurcation spectrum with respect to parameter α
for the Rössler system.
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Figure 6: The largest Lyapunov exponent of the Rössler sys-
tem plotted against the bifurcation parameter α, computed from
the x-component time series using the lyap k algorithm from the
TISEAN software package [9].
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Figure 7: The weighted average node entropy µ̄W of ordinal par-
tition networks from Rössler time series plotted against the bifur-
cation parameter α. The upper curve (dotted) is computed using
the original time series that is sampled at intervals of 0.2 with em-
bedding lag τ = 8 and embedding dimension D = 14. The lower
curve (solid) is computed using the same data but first interpolated
using a cubic spline with interpolation resolution ε = 5 × 10−3

(refer to Figure 3). The embdedding lag and dimension are con-
stant at τ = 1600 and D = 14. The two vertical lines denote the
values of α at which the largest Lyapunov exponent λ1 becomes
positive after the period doubling cascade (α = 0.3855) and the
period-3 window (α = 0.4105) respectively. Horizontal guides
are drawn where these vertical lines cross the entropy curve at
(α, µ̄W ) = (0.3855, 0.2778) and (0.4105, 0.1259) as examples of
possible entropy thresholds that could be used to demarcate likely
ranges for periodic and chaotic dynamics in this data.

spect to transitional complexity over the partition of a re-
constructed attractor, and demonstrated how this measure
can track changes in dynamics across the bifurcation spec-
trum of the Rössler system.

Ongoing research efforts are currently focused on deter-

mining the robustness of the method to measurement noise,
and the application of the method to experimental data from
noise affected systems.
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Abstract—The northwest Australian summer monsoon
owes a notable degree of its interannual variability to inter-
actions with other regional monsoon systems. Therefore,
changes in the nature of these relationships may contribute
to variability in monsoon strength over longer time scales.
Previous attempts to evaluate how proxy records from the
Indonesian-Australian monsoon region correspond to other
records from the Indian and East Asian monsoon regions,
as well as to El Niño-related proxy records, have been
qualitiative, relying on ‘curve-fitting’ methods. Here, we
seek a quantitative approach for identifying coupling rela-
tionships between paleoclimate proxy records, employing
statistical techniques to compute the interdependence of
two paleoclimate time series. We verify the use of complex
networks to identify coupling relationships between mod-
ern climate indices. This method is then extended to a set
of paleoclimate proxy records from the Asian, Australasian
and South American regions spanning the past 9,000 years.
The resulting networks demonstrate the existence of cou-
pling relationships between regional monsoon systems on
millennial time scales, but also highlight the transient na-
ture of teleconnections during this period. In the context of
the northwest Australian summer monsoon, we recognise a
shift in coupling relationships from strong interhemispheric
links with East Asian and ITCZ-related proxy records in
the mid-Holocene to significantly weaker coupling in the
later Holocene. Although the identified links cannot ex-
plain the underlying physical processes leading to coupling
between regional monsoon systems, this method provides a
step towards understanding the role that changes in telecon-
nections play in millennial- to orbital-scale climate vari-
ability.

1. Introduction

The northwest Australian summer monsoon, and the re-
lated circulation over the Maritime Continent (i.e. the
Indonesian-Australian summer monsoon – IASM), is a crit-
ical feature of the global low latitude circulation. It pro-
vides a global heat source, and is the primary region of
latent heat release associated with both the Southern Os-
cillation and the Madden-Julien Oscillation (MJO). De-
spite its importance, the Australian summer monsoon, oc-
curring over the northwest Kimberley region of Australia,

is relatively shallow, with sensible heating only observed
below 750 hPa. Monsoon precipitation is relatively low,
with annual November to April precipitation over north-
western Australia ranging from a mean of 1200mm (Kim-
berley Coastal Camp) in the northwest, to 500mm at the
south (Jubilee Downs, Broome), over a distance of some
500km. Such a relatively weak monsoon system, located
at the southern margins of the more general IASM regime,
should be sensitive to changes in forcing mechanisms act-
ing at both the global and regional scale, and over short and
long time scales.

While a range of considerations come into play , the
dominant control on the Australian summer monsoon re-
lates to the controlling role of the thermal land–sea con-
trast that manifests itself in the heat lows that develop dur-
ing the summer months. IASM strength is also tied to the
latitudinal position of the Intertropical Convergence Zone
(ITCZ), separating equator-ward easterlies from poleward
westerlies. The monsoon regime is characterised by sum-
mer rainfall associated with low-level westerlies that ex-
tend from the equator to around 15◦S. The position of these
westerlies is associated with the monsoon trough, repre-
senting a broad zone of strong convective activity with gen-
erally westerly inflow and characterised by the occurrence
of monsoon depressions and tropical cyclones, defining the
southern edge of the IASM region. With the progression
of the seasons there is a northward displacement of the
ITCZ, such that by the boreal summer it is located well to
the north of the Maritime Continent, and is now associated
with the East Asian summer monsoon.

It is the onset of westerly flow which defines the Aus-
tralian summer monsoon circulation, and ‘active’ monsoon
phases are linked to the MJO, resulting in strong convective
activity and precipitation over the monsoon region. Inter-
hemispheric interactions between the IASM and the North-
ern Hemisphere are provided by cold surges emanating di-
rectly out of the East Asian winter monsoon, and leading
to strong convective activity in the South China Sea and
over the wider IASM region. It has also been suggested
that these cold surges may also be directed into the Ara-
bian Sea, enhancing MJO activity, which provides a link
with the Northern Hemisphere. These relationships make
it clear that the present IASM is driven by an ensemble of
regional and global scale climate controls.
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When considered over longer time scales, additional
drivers at both the global and regional scale need to be in-
troduced. Milankovich insolation forcing of global mon-
soon systems has been long recognised. Coupled ocean-
atmospheric modelling studies have sought to explain the
response of the northwest Australian monsoon to direct in-
solation forcing. These results suggest that although pre-
cession dominates changes in Northern Hemisphere mon-
soon strength, the Australian monsoon response is also sig-
nificantly impacted by ocean temperature feedbacks and tilt
forcing. Some suggest that the enhanced Australian mon-
soon at 11,000 years BP, contrary to reduced summer in-
solation, is due to a combination of sea surface tempera-
ture feedbacks and inflows from a strong East Asian winter
monsoon.

The interconnected nature of these coupling relation-
ships provides evidence for the ‘global monsoon’ model
as advocated in recent literature. This concept has been
advanced to portray monsoon activity as a single body of
tropical convection migrating about the equator according
to seasonal heating, and tied closely to the positioning of
the ITCZ . Over longer time scales, a coherent response
of regional monsoons to Milankovich insolation forcing is
noted. Using an accelerated transient simulation spanning
284,000 years, the authors display a positive response in
regional monsoon systems to orbital forcing, with lead/lag
relationships driven by local land and sea surface temper-
ature feedbacks. As such, the global monsoon model has
been extended to the paleoclimate context to describe this
somewhat synchronous response to orbital forcing as well
as abrupt events such as the Heinrich Stadials.

Here, we use complex network theory to analyse rela-
tionships between the northwest Australian summer mon-
soon, related monsoon systems and likely forcing climate
states. We explore these relationships within the context of
the ‘global monsoon’, and through this we seek to separate
global, interconnected relationships and drivers from more
local controls. Using this approach, we attempt to establish
the changing nature of the dynamical coupling relation-
ships of the Australian summer monsoon over Holocene
time scales.

2. Methods

Complex network theory offers a method for identify-
ing coupling relationships and long-range teleconnections
by connecting ‘similar’ data sets. As such, it provides a
suitable approach to assess interactions between monsoon
systems within the context of the global monsoon. By
defining a measure of similarity between climate time se-
ries, climate networks have been shown to provide insight
into dynamical interactions beyond the scope of traditional
statistical analysis. Measures of similarity include linear
cross-correlation, mutual information, and event synchro-
nisation between extremes. Applying complex network
methods to modern climate data is relatively straightfor-

ward, due to the availability of gridded datasets and high-
density observation networks, but they also provide a pow-
erful technique for analysing paleoclimate time series. This
is demonstrated by K. Rehfeld who developed a paleocli-
mate network of the Indian and East Asian summer mon-
soons covering the past 1,100 years, demonstrating distinct
changes in network structure between the Medieval Warm
Period, Little Ice Age and present day. The application of
these techniques is facilitated by the development of a Mat-
lab toolbox ( http://tocsy.pik-potsdam.de/nest.php). Here,
we first construct a climate network using modern convec-
tive indices to demonstrate the veracity of complex network
theory to identify dynamically-based coupling relation-
ships between climate systems. We then develop a method
for creating paleoclimate networks using a range of proxy
records. The resulting paleoclimate networks identify link-
ages at the global and regional scale, and demonstrate the
transient nature of coupling relationships of the northwest
Australian monsoon region throughout the Holocene.

2.1. Data

Our main aim is to capture coupling relationships
of the Holocene Australian summer monsoon, but we
first test the suitability of complex networks to iden-
tify dynamically-based coupling relationships using mod-
ern climate data. Seasonal convective indices are con-
structed using monthly values for 1948–2013 of mid-
tropospheric (500mb) vertical velocity (ω), a surrogate
for convection (NCEP Reanalysis data provided by the
NOAA/OAR/ESRL PSD, Boulder, Colorado, USA, from
their web site at http://www.esrl.noaa.gov/psd/).

Following this, paleoclimate networks are produced for
rolling 3,000 year windows at millennial intervals over
the period 9,000 years BP to Present. We select proxy
records (Table 2) within the broad Indian Ocean-Pacific re-
gion according to high temporal resolution and low age
uncertainty, as per K. Rehfeld. Although one prefers a
database comprised of a single proxy for reasons of com-
parability, one is often constrained by the number of proxy
records available. We therefore combine speleothem, ti-
tanium , sediment and multi-proxy data sets. The IASM
region is represented in the proxy record database by two
speleothem records, G09 (Liang Luar, Flores) and D13
(Cave KNI-51, northwest Australia), both of which are in-
terpreted as capturing monsoon precipitation trends and
variation. The Chinese speleothem δ18O records (D05,
H08, D10) have each been interpreted as a proxy for precip-
itation changes driven by the East Asian summer monsoon,
while the Lake Huguang Maar record has been discussed in
the context of the East Asian winter monsoon and coupled
to the IASM region in the modern climate through cold
surges. We also include two widely used proxy records: the
titanium concentration series from the Cariaco basin (H01)
has been cited in studies in the context of Holocene ITCZ
positioning, and the Laguna Pallacocha sediment record
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Figure 1: a) DJF 1981–2010 500mb ω (NCEP Reanalysis). Also shown are the location of the boxes over which 500mb
omega is averaged to produce modern convective indices (see Table 1), and the location of proxies; b) As above, for JJA.

Table 1: Modern climate data
Code Location Lat/Lon Bounds Season
NWAus Northwest Australia 10-20◦S; 115-140◦E DJF
NEAus Northeast Australia 10-20◦S; 140-150◦E DJF
MC Maritime Continent 5◦N-10◦S; 90-150◦E DJF
IO Western Indian Ocean 0-15◦S; 45-60◦E DJF
ISM Indian summer monsoon region 5-25◦N; 70-100◦E JJA
EASM East Asian summer monsoon region 10-20◦N; 100-120◦E JJA
EEP East Equatorial Pacific 0-10◦N; 230-250◦E DJF

Table 2: Proxy records used in this analysis
Code Location Lat/Lon Proxy Type Reference Average Time

Step (years)
F07 Qunf Cave, Oman 17.17◦N, 54.30◦E Speleothem δ18O Fleitmann et al., 2007 7.7
M14 Lonar Lake, India 19.98◦N, 76.51◦E Multi-proxy Menzel et al., 2014 18.8
H08 Heshang Cave, China 30.45◦N, 100.42◦E Speleothem δ18O Hu et al., 2008 7.8
D05 Dongge Cave, China 25.28◦N, 108.08◦E Speleothem δ18O Dykoski et al., 2005 14.7
Y07 Lake Huguang Maar, China 21.15◦N, 110.28◦E Ti concentration Yancheva et al., 2007 0.8

of lake sediment
D10 Sanbao Cave, China 31.67◦N, 110.43◦E Speleothem δ18O Dong et al., 2010 10.2
G09 Liang Luar Cave, Indonesia 8.52◦S, 120.43◦E Speleothem δ18O Griffiths et al., 2009 10.1
D13 Cave KNI-51, Australia 15.30◦S, 128.62◦E Speleothem δ18O Denniston et al., 2013 6.2
M02 Laguna Pallacocha, Ecuador 2.77◦S, 79.23◦W Red colour intensity Moy et al., 2002 0.8

of lake sediment
vB08 Cueva del Tigre Perdido, Peru 5.94◦S, 77.31◦W Speleothem δ18O van Breuklen et al., 2008 19.4
H01 Cariaco Basin 10.70◦N, 65.17◦W Ti concentration Haug et al., 2001 5.6

of marine sediment
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from Peru (M02) is a very widely used proxy for changes in
El Niño intensity and frequency over the last 12,000 years.

2.2. Constructing complex networks

Estimating correlations between paleoclimate records is
fraught with difficulty, and therefore an intuitive qualita-
tive curve-fitting approach is typically employed. We ap-
ply methods widely accepted by statistical physicists which
have been successfully applied in the context of financial
markets, solar activity, disease dynamics, and pigeon in-
teractions in flight. In a climate or paleoclimate context,
one may envisage such a network as a number of nodes,
each corresponding to the site of a climate or paleocli-
mate data set. If a statistically significant ‘similarity’ be-
tween two data sets is found, then an edge is drawn be-
tween the two nodes. More formally, for a database of n
time series, denoted Xi, we may describe the set of nodes
as V = {vi : i ∈ [n]}, and the set of edges is given by
E =

{
ei, j

}
where ei, j = 1 is Xi and X j are found to be sta-

tistically significantly ‘similar’, and ei, j = 0 otherwise.We
define similarity between two time series, Xi and X j, by
mutual information, a nonlinear, symmetric (and thus non-
directional) measure of how much information is shared
between the two time series. Mutual information, I(Xi, X j)
is given by:

I(Xi, X j) =
∑
xi∈Xi

∑
x j∈X j

p(xi, x j) log
(

p(xi, x j)
p(xi)p(x j)

)
where p(xi) is the probability mass function of random
variable Xi, and p(xi, x j) is the joint probability mass func-
tion of Xi and X j.

Paleoclimate time series are often distributed along ir-
regular time intervals due to sampling constraints. To ac-
count for this, a Gaussian kernel is used to ‘match’ data
in paired paleoclimate time series. K. Rehfeld demon-
strate that this reduces bias in the resulting mutual infor-
mation estimate compared to linear interpolation. We use
the Matlab toolbox to produce estimates of Gaussian kernel
weighted mutual information, IG(Xi, X j). This method does
not produce symmetric estimates of IG, but these asymmet-
ric estimates do not imply directionality in the network, and
are simply due to the unequal sampling rates of the two pa-
leoclimate time series (Rehfeld et al., 2011). We therefore
define:

IG(Xi, X j) = max(IG(Xi, X j), IG(X j, Xi))

We use a Monte Carlo approach to define statistically
significant coupling relationships. For each modern or pa-
leoclimate data set we generate a synthetic time series un-
coupled to the others. Following Rehfeld et al., we use an
autoregressive model with one lag, Brownian motion with
drift, to model the modern data sets and all but one of the
paleoclimate data sets. The parameters – linear drift and

constant diffusion – are estimated from the observed time
series through linear regression. This time series is initially
regularly spaced, and we downsample according to the time
steps of the original, observed data set. The Laguna Pal-
lacocha record from Ecuador (M02) is not well suited to
be modelled by Brownian motion. This time series is com-
prised of a number of large events which are registered well
above a baseline level of near zero. We therefore introduce
a Poisson process, to model the event time series defined
by the 90% quantile in the Laguna Pallacocha record. This
event time series is well approximated by a Poisson process
(χ2 = 1.85, p = 10.12, at a 95% significance level).

Having constructed networks for the paleoclimate
database (Table 2) at 3,000 year windows throughout the
last 9,000 years, we seek to evaluate changes in network
density and structure. This may be attempted through a
number of measures provided by graph theory (Newman,
2010). The degree, di, of a node, vi, describes the num-
ber of edges incident to the node, providing a description
of how coupled the time series at vi is to other records in
the network. Similarly, the network average degree, dn, is
given by:

For a full version of the paper and references
please see Fiona McRobie et al. Transient cou-
pling relationships of the Holocene Australian mon-
soon, Quaternary Science Reviews 121, pp. 120131,
doi:10.1016/j.quascirev.2015.05.011 (2015).
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Abstract—Recently several methods which utilise net-

work theory as a tool for nonlinear time series analysis have

been developed. Given data from a single measurement

process alone, network transformations of time series pro-

duce an associated network space. Studying its topology

and properties can provide insight regarding the underlying

dynamical system. We focus on the so-called ordinal par-

titions method, a technique where nodes encode for sym-

bolic orderings of discrete dynamical states and network

connectivity is defined by temporal succession. In con-

trast to alternative approaches which mainly concentrate

on topological aspects, dynamical information is directly

encoded into the resulting ordinal networks. By applying

this technique to data generated by numerical simulation

of well-studied systems, we explore how network proper-

ties reflect characteristics of the underlying dynamics gov-

erning the original time series. Additionally, we perform a

parameter investigation.

1. Introduction

Natural systems often exhibit very high complexity

which may be (partially) captured by high-dimensional

models. These models are formed by continuous refine-

ment, through the juxtaposition of observations and an as-

sociated theoretical framework. Observations are usually

drawn from a single measurement process which essen-

tially projects a high-dimensional dynamical state onto a

single number. Therefore, a data set - and in particular time

series, a type of data collected at successive points in time

- is a form of compressed information about a dynamical

system. Extracting and interpreting this information can

provide us with additional insight and enhance our knowl-

edge about the dynamical behaviour of the underlying sys-

tem.

The aim of time series analysis is to develop techniques

which can capture characteristics of the dynamics from the

data. Linear processes have traditionally been explored us-

ing methods from stochastic analysis, for instance autore-

gressive (AR) or moving average (MA) models. However,

nature is inherently nonlinear. Our research concentrates

on nonlinear time series analysis, which can be very ef-

fective when the dynamics are generated by a determin-

istic process [3]. Approaches such as phase-space recon-

struction through delay-coordinate embedding [4], dimen-

sion estimates, Lyapunov exponents, complexity measures,

information theory, surrogate data methods, noise filtering

and recurrence plots have proved very successful in uncov-

ering dynamical aspects about a system from raw data, es-

pecially if the state-space dimension is low.

A novel approach was first introduced by [5] who de-

veloped a transformation of time series to complex net-

works. Recognising the immense potential provided by the

abstraction of a network representation, the authors used it

as a means of encoding information rather than a structure

tied to a physical/virtual interpretation. Soon after vari-

ous other techniques followed [6, 7, 8]. Complex network

transforms often do not require a delay reconstruction and,

in addition, are often robust to measurement noise. This

idea became popular very rapidly and led to a surge in the

interest for complex networks among the dynamical the-

ory community. Recently, a transform which explicitly en-

codes dynamical information into a network was formu-

lated by [2], the ordinal partitions network transform. In

this paper, we explore some of the properties of this tech-

nique and show aspects of its applicability.

2. Methodology

2.1. The Ordinal Partitions Method

Let xt denote a scalar time series of N measurements.

We segment it into partitions (windows) of fixed size w,

which may be overlapping by a certain amount τ. In this

paper we focus on the sliding variant, i.e. successive par-

titions have a lag of one point (τ = w − 1). This almost

fully overlapping variant captures more dynamical infor-

mation in contrast to the non-overlapping variant which is

formed in a static manner. Denote each such partition by

yi = (xi, xi+1, ..., xi+w−1) for i = 1, ...,N − w + 1. The cor-

responding ordinal partition is defined by the permutation

o(i) = (π1, π2, ..., πw) where π j ∈ {1, 2, ...,w}, π j , πk if

j , k such that xi+ j−1 is the π j-th largest element of the

w-vector yi. In the event that two elements of yi are equal,

we arbitrarily pick the one that occurs first as the small-

est. In other words, each partition is mapped onto a sym-

bolic ordering of the natural numbers depending on the rel-

ative magnitude of the points {xi, xi+1, ..., xi+w−1}. For in-

stance, consider a partition of 6 time series points x1, x2,

2015 International Symposium on Nonlinear Theory and its Applications
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Figure 1: Ordinal networks for the Lorenz system for w = 8 (top left), 24 (top

right), 42 (bottom left) and 50 (bottom right). The red and green diamonds depict

the most highly and second most-highly connected nodes respectively.

x3, x4, x5, x6 which have relative magnitude of the form

x1 < x4 < x6 < x2 < x3 < x5. This partition is assigned

the ordering (6, 3, 2, 5, 1, 4) since x1 is the smallest member

of the group, x2 is the third largest, x3 is the second largest

etc.

We now proceed to the ordinal network formation. Each

distinct ordering o(i) is mapped to a node with connectivity

determined by temporal succession, i.e. only the nodes cor-

responding to neighbouring partitions in the time series are

connected. Thus, the size of the network will be at most w!

(in practice this number is significantly smaller due to im-

portant role forbidden patterns play in continuous dynam-

ical systems [9]. If we wish to incorporate additional dy-

namical information, we can further consider the directed

and weighted constructions where a transition from o(i) to

o( j) is manifested on the network by the inclusion of edge

(i, j) - but not ( j, i) - with a weight given by the relative

frequency of transition (i, j),

fi j =
#(o(i) → o( j))∑

i

∑
j

#(o(i) → o( j))
. (1)

Selecting a value for the main parameter w is of criti-

cal significance. As portrayed in Fig. 1, completely differ-

ent structures emerge for different partition sizes. Various

means for finding an optimal value for w may be explored,

most notably the graphical inflexion and maximum network

link entropy possibilities proposed in the original paper [2].

However, numerical evidence suggests that useful informa-

tion may be obtained by considering various partition sizes,

in a sense looking at the dynamics from a different perspec-

tive. In Section 3.4 we elaborate further using the results of

the parameter investigation.

2.2. Node Centrality Properties

The generated networks’ structure is explored using a

variety of measures, both local and global in nature. One

of the main tasks of network analysis is the identification

of node importance. The simplest such characterisation

is provided by the notion of the node degree, the number

of links adjacent to a node. Other common computational

measures to this end are given by the three most used cen-

trality definitions. Closeness centrality represents the ease

of reaching other nodes (relative ‘closeness’ or ‘farness’ of

a node) and is a natural distance metric between pairs of

nodes. It is defined as

CCi =
1∑

j

d(i, j)
, (2)

where d(i, j)) is the number of edges between nodes i and

j. Betweenness centrality, on the other hand, is more

representative of a node’s importance in information flow

through the network. It quantifies the number of times a

node acts as a bridge along the shortest path between two

other nodes and is defined by

BCi =
∑

i, j,k

σ jk(i)

σ jk

, (3)

where σ jk denotes the number of shortest paths between

nodes j and k and σ jk(i) is the number of those paths that

pass through i. Eigenvector centrality measures the influ-

ence of nodes in information flow by looking at its neigh-

bours, i.e. influence is estimated by the number of strong

‘friends’ you have in a social context. It is defined by look-

ing at the spectral properties of the adjacency matrix.

2.3. Network Entropy Measures

In addition to all of the above, which comprise standard

computational tools in complex network theory, we make

use of entropy measures applied to specific network prop-

erties. Entropy is a measure of the information content in a

signal and may be interpreted also as the uncertainty asso-

ciated with random behaviour (amount of unpredictability).

We apply this notion to the degree distribution of our net-

works to obtain a global measure, termed degree entropy,

and to the distribution of links of each node to obtain a lo-

cal measure, termed node-link entropy. In this case, define

p(i, j) as the probability of traversing to node j if we are

currently residing on node i. Then, the node-link entropy

of node i is given by

Hi = −
∑

j, ai j,0

p(i, j) · log[p(i, j)], p(i, j) =
ai j∑
j

ai j

, (4)

where the term ai j denotes the corresponding value in the

adjacency matrix (1 if unweighted). The median nodal en-

tropy of the entire network, a quantity known as network

link entropy, may also be computed.
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Figure 2: Time series of the x-component of the Lorenz system. Network prop-

erties (generated with w = 24) are mapped back onto the partitions by colouring the

first point. From top to bottom the node degree, closeness centrality, betweenness

centrality and eigenvector centrality are shown.

3. Results

3.1. Lorenz System

We compute sample time series from the x component of

the Lorenz system, developed in 1963 as a simplified model

for atmospheric convection [1]. It is one of the most famous

and well-studied systems exhibiting chaotic behaviour un-

der certain parameter regimes. It is given by the following

differential equations

dx

dt
= σ(y − x)

dy

dt
= x(ρ − z) − y

dz

dt
= xy − βz,

(5)

whereσ = 10, ρ = 28 and β = 8
3
. Using MATLAB routines

based on the fourth Runge-Kutta method, we integrated the

system numerically for t ∈ [0, 1000] with a sampling rate

equal to 0.01 (N = 100, 000 points, period of oscillations

approximately equal to 1 unit of time).

3.2. Ordinal Networks

The networks (unweighted, undirected variant) gener-

ated by applying the ordinal partitions method on the

Lorenz system are shown in Fig. 1 for four different values

of w. As is evident, the four networks have a significantly

different topology. The first thing to note is that the size of

four networks grows as the partition size is increased (see

Section 3.4). Additionally, the first two networks possess a

structure which clearly exhibits four legs, potentially a sign

of community structure. The number of ‘loops’ (loosely

defined as paths traversed from one neighbouring node to

the other through a number of other degree-2 nodes) also

increases with the partition size, as is the overall connec-

tivity of the network. Finally, note that for the Lorenz

networks in general, the most highly connected node (de-

picted in red diamonds) is usually found at the heart of

the network (and often coincides with the node with the

highest betweenness and closeness centrality) and serves

as the main connector for information flow. It corresponds

to the most frequent ordinal pattern occurring in the time

series. The second most highy connected nodes (depicted

in green) serve as the main structural components hold-

ing the ‘leg’ structures together. However, in the case of

w = 42 (bottom left graph) there are several highly con-

nected nodes and the number of ‘legs’ has multiplied sig-

nificantly. These observations indicate that depending on

the partition size, the generated ordinal network captures

different amounts of information about the dynamics of the

underlying system.

3.3. Mapping Network Properties onto the Time Series

We applied the local network measures defined above to

the generated networks (w = 24 shown here) and mapped

these nodal properties back onto the time series (Fig. 2)

and onto the phase-space attractor (Fig. 3) of the Lorenz

system. Since the parameter values we have chosen lead

to chaotic behaviour, this data set serves as a good exam-

ple for testing the amount of complexity captured by the

ordinal networks. Fig. 2 clearly shows that the middle re-

gion where trajectories transition from one regime to the

other (corresponding to the separatrix on the attractor) is

identified merely by looking at network properties. As ex-

pected, this region is crucial both in terms of the dynam-

ics (connects the two wings; high frequency of trajectories

etc.) and in terms of the networks for the transmission of

information. Betweenness centrality especially is a great

indicator which is sensible intuitively; the most influential

patterns in the time series determine the transitions between

the two different regimes. Another noteworthy observation

is that the stationary points are also clearly traced by the

node-wise properties with no exception, with betweenness

again being the most representative. Extrema points also

hold major importance for the dynamics of the system and

the network representation seems to capture this hierarchy

in a natural fashion: the separatrix region is mapped onto

nodes of very high betweenness (the most influential peo-

ple in a social context); stationary points are not as influen-

tial but still play a very central role in that they determine

when a trajectory will move into the separatrix region and

consequently jump to the other wing or continue the rota-

tion around the same unstable fixed point. Finally, other
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Figure 3: Closeness centrality mapped back onto the attractor for w = 24, 42, 50

ad 80 going from top to bottom row-wise.

regions have much less influence in the dynamics of the

system and this is reflected by the low centrality values

of those nodes. Fig. 3, which shows the Lorenz attractor

with closeness centrality mapped back onto it, depicts this

distinction accurately for ordinal networks generated with

w = 24. Therefore, local dynamical behaviour is certainly

incorporated into the complex network representations.

What about more global behaviour? Fig. 3 shows the

Lorenz attractor for four different ordinal networks (from

top and traversing rows, w = 24, 42, 50 and 80). Clearly,

node-wise closeness centrality differs significantly as ex-

pected. For each partition size, different aspects about the

underlying dynamics are uncovered by the network and,

hence, different importance is assigned to each node (and

by extrapolation each w-pattern). For the larger partition

sizes (w = 50, 80) we have a completely different picture

where local dynamical behaviour is not captured any more.

Rather, the attractor seems to be partitioned in different

bands with boundaries possibly defined by unstable peri-

odic orbits (UPOs) of low order (i.e. the most dominant,

least unstable ones). Therefore, as we increase the size of

partitions in which we segment our time series, the gen-

erated ordinal networks reflect more global, macroscopic

properties of the underlying dynamics.

3.4. Parameter Investigation

Here we present results regarding global network prop-

erties and how they vary with the partition size w. Fig. 4

shows plots of the number of nodes (V) and the network’s

link entropy (top and bottom respectively) as we vary w.

The graphical inflection in the w-V graph corresponds to

w = 42. For small partition sizes, w! is not very large and,

coupled to the fact that there are many forbidden patterns,

the generated networks are also small and carry no partic-

ular significance regarding the underlying dynamics. As

we increase w further, however, local dynamical behaviour

starts being incorporated into the network until we reach

the inflexion point, above which global dynamical proper-

ties start being encapsulated. Network link entropy shows

the amount of information carried by the average distribu-

Figure 4: Number of nodes in the network (top) and network link entropy (bot-

tom) as the partition size w is varied, w ∈ [4, 80].

tion of links and can also act as a strong indicator of the

usefulness of networks generated using a particular w. The

weighted variant will be more informative in this case as

information about transitions between patterns needs to be

incorporated.

4. Conclusions and Discussion

The ordinal partitions network transform suggests a new

approach to nonlinear time series analysis and constitutes a

field which is ripe for exploration. It incorporates dynam-

ical information explicitly into the network representation,

it does not require embedding of the data, is very easy to

implement and seems to reflect subtle properties about the

underlying dynamics.
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Abstract—Recently, an effective network optimization

method was introduced to improve the ability to resist ma-

licious attacks and the optimized networks have an typical

onion-like structure. So far, the study on onion-like net-

works mainly focused on their structural properties and the

enhancement of attack robustness. However, in our paper,

we investigate one aspect of dynamical processes in com-

plex networks, namely synchronization behavior. Through

extensive numerical simulations, it is found that solely en-

hancing the network robustness can lead to the reduction

of the ability to achieve synchronization. Current result-

s are beneficial for us to deeply understand the dynamical

properties and patterns in the complex networked systems.

1. Introduction

Many real-world complex systems can be characterized

and analyzed by networks or graphs with complex topolo-

gies [1, 2]. Especially, in the past decade many theoret-

ical and experimental works have been performed to an-

alyze the attack robustness of a vast variety of differen-

t networked systems. Albert et al. [3] found the “robust
yet fragile” generic property of scale-free networks: scale-

free networks display an unexpected degree of robustness

to random failure; however, they are extremely vulnerable

to intentional attacks. This work has triggered successive-

ly enormous interest on the effect of different topological

properties on the attack robustness of networks, including

the degree distribution, centrality, assortativity, the interac-

tion strength of the edges and so on [4, 5, 6]. Meanwhile,

many researchers also have devoted a great deal of efforts to

the study of how to construct optimal networks and how to

make existing networks more robust against random and/or

targeted attacks [7].

In a recent work [8], Schneider et al. propose a new

measure for network robustness under malicious attack-

s on highly connected nodes. For an existing network

with a prescribed degree distribution, based on a sim-

ple greedy algorithm, they also present an link-rewiring

method which can significantly improve the robustness. It

has been discovered that independent of the degree distri-

butions of the networks, the most robust structures exhibit

an “onion-like” topology in which high-degree nodes form

a core surrounded by rings of nodes with decreasing de-

gree [9]. However, although it is proved that this opti-

mization method is effective in increasing the robustness

of networks against malicious attacks, would the structural

adjustment affect other dynamical behaviors occurring in

networks? That is the motivation of our following study. In

this paper we study one aspect of dynamical behaviors in

complex networks, namely synchronization. Synchroniza-

tion is the mechanism responsible for numerous phenome-

na in natural world and modern society, which has attracted

a lot of research efforts [10].

The rest of the paper is organized as follows. In section

2, the novel quantity R used to evaluate network’s resilience

resisting malicious attacks is presented. After that, the gen-

eral framework for synchronization stability of coupled dy-

namical systems is briefly discussed. In section 3, numer-

ical simulations are performed to analyze the the relation-

ship between the robustness and the synchronizability of

scale-free networks; moreover, the change of synchroniz-

ability during optimization process is investigated. Finally

we conclude the whole paper in the last section.

2. Models

2.1. Dynamical network model and the stability crite-
ria for synchronization

Consider a dynamical network consisting of N coupled

identical nodes, with each node being an n-dimensional dy-

namical system, whose state equation can be described by

ẋi = f (xi) − c
N∑

j=1

ai jH(x j), i = 1, 2, . . . ,N, (1)

where f (·) is a given nonlinear function, xi =

(xi1, xi2, . . . , xin) ∈ R
n are the state variables of node i,

c > 0 is the coupling strength. H(·) : Rn → R
n is called

the inner linking function. A = {ai j}N×N , which is called

the topological matrix, represents the coupling configura-

tion of the underlying network. Only considering symmet-

ric and diffusive coupling, A is a Laplacian matrix. For a

connected network, A is irreducible, 0 is an eigenvalue of A
with multiplicity 1, and all the other eigenvalues are strictly

positive, i.e. 0 = λ1 < λ2 ≤ · · · ≤ λN .

The dynamical network (1) is said to be (asymptotical-

ly) synchronizedif x1(t) = x2(t) = · · · = xN(t) → s(t), t →

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015

- 129 -



∞ [11]. In addition, according to the shape of synchronized

region S ⊆ R, dynamical networks can be divided into sev-

eral types:

(i) Type I networks with an unbounded synchronized

region S ∈ (−∞, α2], α2 < 0: the eigenvalue λ2 of A deter-

mines the synchronizability, the larger the λ2, the easier the

synchronization is, and vice visa [11];

(ii) Type II networks with a bounded synchronized re-

gion S ∈ [α1, α2],−∞ < α1 < α2 < 0: a larger value of

the ratio λN/λ2 corresponds to poor synchronizability, and

vice versa [12];

(iii) dynamical networks with S = φ, the coupled system

can not achieve any synchronization.

2.2. Optimized network model

Recently, Schneider et al.[8] proposed a novel measure,

node robustness R, to evaluate the robustness of networks

under attacks considering the size of the largest connected

component during all possible malicious attacks, namely

R =
1

N

N−1∑

q=1

S (q), (2)

where N is the total number of nodes in the initial network

and S (q) denotes the relative size of the largest connect-

ed component after removing q nodes with the highest de-

grees. Generally, the larger the value of R, the more robust

the network resisting intentional attacks on high degree n-

odes.

With the robustness criterion R in mind, the network op-

timization problem can be defined as follows: given a net-

work G with the predefined degree distribution p(k), how to

maximize R while keeping both the degree distribution and

the degree of every node unchanged. Based on greedy algo-

rithm, an edge-swap method was developed to improve net-

work robustness resisting intentional attacks, while keeping

the degrees of per node invariant and the whole network

connected. A simple example is shown in Fig. 1.

Figure 1: Demonstration of edge-swap in a network. The

initial network G0 (a) is with N = 6 nodes, L = 8 edges and

R0 ≈ 0.278. After performing the swap on edges (i.e. edges

(1, 5) and (2, 3) to new edges (1, 3) and (2, 5)), the resultant

network G1 (b) gets an improved R value, R1 = 0.361.

3. Numerical simulation and analysis

3.1. Robustness measure R of scale-free networks
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Figure 2: The values of robustness measure R of scale-free

networks with N = 1000 and 〈k〉 = 4(•), 6(�), 8(�) for

different scaling exponents γ.

It can be observed from Fig. 2 that, R increases as the

scaling exponent γ becomes larger, which indicates that

scale-free networks with larger γ are more robust to resist

malicious attacks and vice versa. For all the power-law

distributions, a smaller γ corresponds to a broader distribu-

tion, thus corresponding network becomes more heteroge-

nous in connectivity. Consequently, for scale-free networks

with fixed number of nodes and links, the smaller the value

of γ, the more vulnerable the network resisting malicious

attacks on hub nodes.

Furthermore, scale-free networks with fixed exponen-

t are examined. As 〈k〉 becomes larger, R is observed to in-

crease(see Fig. 2), which indicates that scale-free networks

with larger 〈k〉 have higher ability to resist attacks. A larg-

er 〈k〉 indicates that more links exist in the network, thus

leading to the increase of the extent of alternative path re-

dundancy between nodes and improved invulnerability of

the whole network.

3.2. Synchronizability of optimized scale-free networks

It can be concluded that the impact of a particular cou-

pling topology on the system’s ability to synchronize can

be characterized by the following quantities: λ2 for Type I
and λN/λ2 for Type II networks. Now we will investigate

the change of the synchronizability of dynamical systems

with scale-free structures before and after the optimization

mentioned above. The inset of Fig. 3(b) presents the op-

timization results of scale-free networks with N = 1000,

〈k〉 = 4 and different γ. At each step T , with several edge

swaps, a 20% increase of R is recorded. Thus the R of re-

sultant network after optimization is almost twice as much

as the initial value.

In order to explore the stability of synchronization of

optimized networks, the eigenvalues of corresponding net-
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Figure 3: The eigenvalues λ2(a) and λN/λ2(b) of dynamical

scale-free networks during optimization.

works are obtained numerically and the behaviors with the

optimization step T are exhibited in Fig. 3. It can be found

that λ2 (Fig. 3(a)) becomes smaller and the ratio λN/λ2

(Fig. 3(b)) becomes larger with step T , which strongly

demonstrates that, for both Type I and Type II dynami-

cal systems the optimized networks with improved R have

poorer stability to achieve synchronization.

Furthermore, dynamical scale-free networks with fixed

N and γ for different 〈k〉 are also investigated (see Fig. 3(c)

and Fig. 3(d)). The inset of Fig. 3(d) displays the opti-

mization results of scale-free networks with N = 1000,

γ = 3 and 〈k〉 = 4(•), 6(�), 8(�). At each optimiza-

tion step T , a 10% increase of R is recorded. Thus after

optimization(T = 19), the resultant networks have doubled

R values comparing to the initial networks. The eigenval-

ues which measures the ability to achieve synchronization

of dynamical scale-free networks are exhibited in Fig. 3(c)

and Fig. 3(d). Clearly, with the optimization step T , the

eigenvalue λ2 is observed to decease(Fig. 3(c)),and λN/λ2

is observed to increase(Fig. 3(d)), which implies the re-

duced synchronizability during optimization.

3.3. Discussion

Noticeably, during network optimization the link-

rewiring method keeps the degree of every node unchanged

while improving the robustness. In other words, networks

have the same degree distribution before and after the opti-

mization. Previous study has investigated the effect of de-

gree distribution and degree heterogeneity on the synchro-

nization behaviors of dynamical networks [10]. However,

our findings demonstrate that the degree heterogeneity of

underlying topology has no direct relationship with the a-

bility to achieve synchronization.

As shown in Fig. 4, optimized network exhibits a type

of “onion-like” topology, i.e. a core composed of high-

degree hub nodes exists which is hierarchically surrounded

by rings of nodes with decreasing degree. Previous study

has shown that node load can be regarded as a suitable pre-

dictor for the synchronizability on complex dynamical net-

works [13]. Since many paths pass through the “center”

nodes, they tend to get overloaded, consequentially lead-

ing to the loss of the synchronized state information to be

exchanged between dynamical nodes.

4. Conclusions

By utilizing a recently introduced optimization method,

scale-free networks can be optimized with increased ability

to resist malicious attacks. In our study, firstly, we exam-

ined the relationship between the node robustness measure

R and two important topological parameters: the scaling

exponent γ and the average node degree 〈k〉.
Next, we explored how the synchronization is affected

by the optimization aiming at increasing the robustness a-

gainst attacks. Large quantities of numerical results veri-
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(a) (b)

Figure 4: Visualization of network topologies of a scale-free network before and after optimization. The networks are

with size N = 50, average node degree 〈k〉 = 4 and degree distribution p(k) ∼ k−3. Nodes with similar degree have

the same color. Edges between nodes with equal degree are highlighted with bold black lines. (a) initial network with

R = 0.1404 ; (b) onion-like topology of optimized network with enhanced R = 0.3828.

fied that, for both Type I and Type II dynamical systems,

the synchronizability of optimized scale-free networks is

suppressed as R is increased. Thus, our findings strongly

demonstrate that a special attention should be paid to the

tradeoff between maximizing the attack robustness and im-

proving the synchronizability in system design. These re-

sults can provide insights into deeply understanding the dy-

namical properties of large-scale complex networked sys-

tems.
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Abstract—In this paper, we study the cooperative
optimization in self-organized mobile ad hoc networks
(MANETs) for the scenario where the number of interac-
tions between any pair of players are finite. We propose an
indirect reciprocity framework based on evolutionary game
theory, and analyze the evolutionary dynamics of coopera-
tive strategies to guarantee the convergence of cooperation.
The numerical simulations illustrate the evolutionary sta-
bility against the perturbation effect.

1. Introduction

Self-organized mobile ad hoc networks (MANETs) is a
network composed of elements that can dynamically adapt
to varying network conditions to optimize end-to-end per-
formance through learning and reasoning [1]. As a basic
example, the nodes must make a mutual contribution to
packet forwarding to ensure an operable network. How-
ever, since the nodes are usually constrained by limited
computation resources, such as battery, memory and pro-
cessing capacity, selfish nodes may refuse to be cooper-
ative. As shown in the literature, such selfish behavior
can dramatically degrade the performance of an entire sys-
tem [2]. Therefore, a key problem in MANETs is how
to encourage cooperative packet forwarding among selfish
nodes.

In the literature, many approaches have been proposed
to stimulate nodes cooperation towards common network
services, which can be classified into two main categories.
One approach is to use payment-based schemes to enforce
cooperation [3, 4]. Another approach is to use reputation-
based schemes to enforce cooperation [5, 6]. Recently,
a considerable amount of efforts have been devoted with
game theory to analyzing how cooperation can be enforced
[7, 8, 9]. For example, in [10], Félegyházi et al. proposed
a packet forwarding model in ad hoc networks based on
game theory, and derived the conditions under which coop-
eration yields the Nash Equilibrium. Besides, in [11, 12],
the authors applied game theory to analyze cooperation
among selfish nodes, and focused on the updating of in-
dividual’ interaction strategies based on the behaviors of
others in order to maximize their benefits. Comprehensive
review on this topic refer to Ref. [13, 14].

However, most of the existing game theoretical frame-
works rely on the assumption that the game between a pair
of players is directly played for infinite times [15, 16, 17].
In reality, due to mobility or changes of environment, nodes

will periodically update their partners to achieve better per-
formance, which means that any pair of players are sup-
posed to play for only finite times with the termination time
are either known or can be estimated by both players. Mo-
tivated by the aforementioned points, we propose an indi-
rect reciprocity framework to enforce cooperation for the
scenario in unreliable MANETs where the number of in-
teractions between any pair of players are finite.

2. Indirect reciprocity game model

2.1. The basic model

Consider a self-organized MANET with sufficiently
large population of nodes where each nodes belong to dif-
ferent authorities, see Figure 1. Due to the constraint of
communication range, the source of service provider can-
not reach the destination directly. At each time slot, a frac-
tion of players are chosen from the population to form pairs
to forward packets. Within each pair, one player acts as a
provider, and the other player acts as a relay. During the
process of packet forwarding, the relay will chooses his
strategy, X, from the strategy set A = {F,D}, where F and
D are packet forwarding and dropping, respectively.

Figure 1: The illustration of system model.

If channels are reliable (loss free), the well-known Pris-
oner’s Dilemma characterizes this scenario of packet for-
warding [16, 17]. For each node, when the packets are
successfully delivered to the receiver(the destination of the
packet forwarding), the provider will get a payoff, denoted
as b. Meanwhile, the forwarding effort of relay nodes will
give rise to certain cost, denoted as c. Thus, the payoff

2015 International Symposium on Nonlinear Theory and its Applications
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matrix between F and D is expressed as:

( F D
F b − c −c
D b 0

)
. (1)

However, imperfect observation usually exists in such
MANETs due to channel noise. Although the nodes’ strate-
gies are hidden due to the channel, some traffic monitoring
mechanisms are launched by each node to keep tracking of
its neighbors’ strategies [2, 5]. Consider that the receiver
of each node observes a private signal of the opponent’s
strategy from the set Θ = { f , d}, where f and d are the ob-
servations of packet forwarding and dropping, respectively.
Since the node’s observation is imperfect, the forwarding
strategy F of one node may be observed as d by the other
node due to link breakage or transmission errors. Denote
such channel loss probability as pe. For example, node
S j forwards the packet for S i, but the forwarding strategy
might fail due to the channel noise, thus the receiver Di

of S i observes the signal of node S j is f with probability
1 − pe, or d with probability pe. If S j drops the packet, the
observed signal of node S j from Di is d, see Figure 1. In
this case, the gain of a provider is b when the packets are
successfully delivered to the destination with the probabil-
ity (1− pe), and the cost of a relay with forwarding strategy
is c,

In this paper, we consider a binary reputation system,
where each node is endowed with a binary reputation:
good(G) and bad(B). At each time slot, the relay will for-
ward or drop the packets of the provider to the receiver
according to the provider’s reputation. After the interac-
tion, the relay’s reputation will be updated based on the
observed signal of receiver, while the reputation of the
provider remains the same. In some cases, the traffic mon-
itoring mechanism of reputation collection can be unreli-
able, leading occasionally to false reports [12]. Thus, the
reputation system must be fault tolerant. In our model, this
uncertainty is captured by parameter µ(0 ≤ µ ≤ 1/2), i.e.,
with probability 1 − µ, an incorrect reputation is assigned;
with probability µ, a correct reputation is assigned. Finally,
the relay’s reputation is propagated to the whole population
from the receiver and the observers through a noisy gossip
channel.

After the interactions, each participant goes back to the
population with probability ω, or leaves the population
with probability 1 − ω never to return. Here, the param-
eter ω plays a role of a discounting factor of the future. In
exchange for each player who leaves the population, a new
individual enters with either a good or bad reputation ac-
cording to the proportion of good and bad players in the
current population. Therefore, the total population size re-
mains unchanged.

2.2. Action rules

An action rule, Ã, is an action table of the relay, which
depends on the provider’s reputation. Specifically, a player

with X̃ (X̃ ∈ Ã) takes strategy s(G) for a good provider, and
strategy s(B) for a bad one. Each of s(G) and s(B) can be
either F or D. Thus, the action rule, Ã, has 22 = 4 possible
elements: Ã = {s(G)s(B)|FF, FD,DF,DD}. For example,
FD means that taking strategy F towards a good provider
and strategy D towards a bad one. In this paper, we only
consider three of these strategies, i.e., FF, FD and DD,
since strategy DF is illogical in practice.

2.3. Social norms

A social norm, Q, is a matrix used for updating the rep-
utation of players. Each element Qi j in the social norm
stands for the reputation assigned to a relay who has taken
the strategy i toward a provider whose reputation is j. With-
out loss of generality, we assume that all players in the pop-
ulation share the same norm. To simplify the analysis, we
only consider the special case when there are two strate-
gies of relay (i = {F,D}) and binary reputation of provider
( j = {G, B}). However, the results can be extended to the
case of multi-strategies and multi-reputation.

Based on the intuition that forwarding packets for the
provider with good reputation or denying forwarding pack-
ets for the provider with bad reputation establishes a good
reputation, and will be rewarded by others. Generally, a re-
lay who takes the choice X(X ∈ {F,D}) towards a provider
with reputation R (R ∈ {G, B}) will be assigned a new rep-
utation R

′
(R, X) (R

′ ∈ {G, B}). In this paper, we adopt the
second-order social norms in the binary reputation model
[18], i.e., the reputation of relay is updated according to
the notation as “GGBG”.

3. Evolutionary dynamics in unreliable MANETs

3.1. Replicator dynamic equation

During the forwarding process, players may take non-
optimal action rule due to uncertainty of the system and/or
the noisy parameters. Therefore, it is necessary to take the
perturbation effect into account, which motivate us to eval-
uate the evolutionarily stability of cooperative strategies.

Denote x1, x2, and x3 as the frequencies of strategy FF,
FD, and DD, respectively. Then, we have x1 + x2 + x3 = 1.
Under the stationary reputation distribution x∗g = 1 − µ, the
expected payoff of a strategy can be calculated. For a FF
player, he has 1

2 chance to be a relay, and cooperate with
cost c. With 1

2 chance being a provider, he meets a FF,
FD and DD player with probability x1, x2 and x3, and is
expected to get the gain of b(1 − pe), b(1 − pe)(1 − µ) and
0, respectively.

Similarly, we can obtain the gain and cost of FD and DD
player, which results in the expected payoffs of actions FF,
FD and DD as

P1 =
1
2 (−c) + 1

2 [b(1 − pe)x1 + b(1 − pe)(1 − µ)x2]
P2 =

1
2 (1 − µ)(−c) + 1

2 [b(1 − pe)x1 + b(1 − pe)(1 − µ)x2]
P3 =

1
2 (0) + 1

2 [b(1 − pe)x1 + b(1 − pe)(1 − µ)x2],
(2)
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where P1, P2, and P3 are the expected payoffs of strategy
FF, FD, and DD, respectively.

As we known, replicator dynamic equation is widely
used to characterize the population evolution in evolution-
ary game theory [19, 20, 21]. The innate character of the
replicator dynamic equation is: if the expected payoff of
action i is higher than the average level, then the growth
of the population share using action i is proportional to the
difference between the expected payoff of the action i and
the entire population. Thus, the payoff of a action can be in-
terpreted as its fitness, and actions with higher fitness have
more chance to reproduce.

In the following, we use the replicator dynamic equa-
tion to model the evolution of frequency at ∆t time interval,
which means that the evolution of xi (i = 1, 2, 3) is given
by the following equation

∆xi = [ωa(x) + (1 − ω)b(x)]∆t − xi∆t
= ω[ηxi(Pi − P̄) − xi]∆t, (3)

where x = (x1, x2, x3)T , η is a scale factor controlling the
speed of the evolution, Pi is the expected payoff of player
i, and P̄ = Σ3

i=1xiPi is the average payoff of three actions.
Here, the first term a(x) = ηxi(Pi − P̄) in Eq. (3) denotes
the frequency variation which is caused by internal com-
petition, which occurs with probability ω. And the second
term b(x) = xi in Eq. (3) denotes the frequency variation
which is caused by the external mobility, which happens
with probability (1 − ω).

Define P̂i = Pi − P3, and P̃ = Σ3
i=1xiP̂i. Then, we get

the transformed deterministic dynamical evolution of fre-
quency as

ẋ1 = ω[ηx1(P̂1 − P̃) − x1]
= ω[(−cη − 1)x1 + cηx2

1]
+ωη [(1−2µ)b(1−pe)+c]x1 x2−(1−2µ)b(1−pe)x1 x2(x1+x2)

2− 1−2µ
1−µ (x1+x2)

ẋ2 = ω[ηx2(P̂2 − P̃) − x2]
= ω(cηx1x2 − x2)

+ωη
−cx2+[(1−2µ)b(1−pe)+c]x2

2−(1−2µ)b(1−pe)x2
2(x1+x2)

2− 1−2µ
1−µ (x1+x2)

(4)
Note that Eq. (4) is defined on simplex S 3 =

{(x1, x2, x3)|x1 + x2 + x3 = 1, xi ≥ 0}, each corner of the
simplex is an equilibrium of the dynamics corresponding
to a monomorphic state. Therefore, we can investigate the
stability of Eq. (4) to characterize the evolutionarily stabil-
ity of actions.

3.2. Numerical Results

In this subsection, we illustrate the phase portrait of Eq.
(4) with different parameters, where strategies FD and DD
are evolutionary stable, while strategy FF is unstable. As
shown in Fig.2, we know that decreasing the probability
of transmission error pe and reputation updating error µ
(or increasing benefit b) will enlarge the attraction basin
of FD-type CESS, i.e., it is easier for cooperation thrives

when pe, µ are small and b is large. Here, the attraction
basin of a strategy are the sets of all initial strategy dis-
tributions in a feasible domain that converge to the CESS.
Therefore, given appropriate system parameters to satisfy
the conditions of Theorem 1 and the strategy distributions
in the attraction basin of FD-type CESS, cooperation of
packet forwarding in MANETs can be enforced with the
indirect reciprocity mechanism.

Figure 2: Phase portrait of Eq. (4). Each vertex represents
a state with players taking the same strategy. The upper
yellow part is the attraction basin of FD-type CESS, and
the lower light blue part is the attraction basin of DD-type
CESS. We set the system parameters as β = 10, ω = 0.8,
η = 0.5 and (a) b = 3, c = 2, µ = 0.01, pe = 0.01; (b)
b = 3, c = 2, µ = 0.01, pe = 0.08; (c) b = 4, c = 2,
µ = 0.01, pe = 0.01; (d) b = 3, c = 2, µ = 0.1, pe = 0.01.

4. Conclusion and Discussion

Game theory has been applied to analyze an integrated
model of transmission losses, buffer overflows, packet for-
warding and routing information dissemination in self-
organized MANETs. In this paper, we start the analysis
of the packet forwarding problem by considering a simpler
game between two nodes that take turns to send their pack-
ets, in such a way that each node requires the retransmis-
sion services of the other, as shown in Fig. 1. Although this
two-node scenario is a simplified model, we build an ana-
lytically tractable, non-cooperative game with incomplete
information, the Forwarding Dilemma (FD). The analy-
sis method we devised show its superiority over the clas-
sical prisoner dilemma of reputation model of MANETs,
due to the evolutionarily stable strategies based on indirect
reciprocity is effective and robust against packet loss and
imperfect estimation of reputation. Besides, our analysis
method shed light on the study of the multi-hop packet for-
warding model in MANETs.
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Abstract—The factorial moments analyses are per-
formed to study the scaling properties of the dynamical
fluctuations of contacts and nodes in temporal networks
based on empirical data sets. The intermittent behaviors are
observed in the fluctuations for all orders of the moments.
It indicates that the interaction has self-similarity structure
in time interval and the fluctuations are not purely random
but dynamical and correlated. The scaling exponents for
contacts in Prostitution data and nodes in Conference da-
ta are very close to that for 2D Ising model undergoing a
second-order phase transition.

1. Introduction

Interactions in complex systems are not static but change
over time, which can be modelled in terms of temporal net-
works [1]. Temporal network consists of a set of contacts
(ni, n j, t), emphasizing on the time when node i and j have
a connection. The addition of time dimension provides a
new sight into the framework of complex network theo-
ry. In temporal networks, both structural properties and
spreading dynamics crucially depend on the time-ordering
of links.

The research of temporal networks has attracted great
attention and it mainly focuses on two major aspects from
the point view of time dimension. One is corresponding to
the strategy of time aggregation especially when the topo-
logical characteristics are more relevant than the tempo-
ral properties. The topological structure of temporal net-
work is achieved through aggregating contacts over a cer-
tain time interval and the temporal network is then repre-
sented as a series of snapshots of static graphs. Conse-
quently, many existing concepts and tools of static graphs
can be adopted to analyze temporal networks, since it is
usually easier to analyze static networks. For example, the
degree of a node ki(t) is described as the number of links
that it has to other nodes within the time window [t, t+∆t].
The error and attack strategies in static networks have been
applied to evaluate the temporal vulnerability [2], and so
on. In order to understand the structure of temporal net-
works, it plays a crucial role to choose an optimal time in-
terval ∆t to construct static graphs from temporal network-
s. Krings et al. studied the influences of time intervals
when aggregating the mobile phone network over time [3].
Holme analyzed three ways of constructing static snapshots
from temporal networks [4], but no candidate weighing out
as a best choice. It is now still an open question on how to

choose the time interval to represent temporal networks.
The other aspect is related to using dynamical process-

es to probe into the influence of time series on temporal
network. We should take into account the time-ordering of
each contact and the inter-event time between two consecu-
tive contacts. The inter-event time distribution in temporal
network follows a power-law, which is also called bursti-
ness [5]. Although it is recognized that time-ordering and
bursty characters have strong influences on the dynamical
processes of temporal networks, numerous studies have ap-
peared to arrive at contradictory results. Lambiotte et al.
had stressed that time-ordering and burstiness of contact-
s were critical in spreading process, which leaded to slow
down spreading [6]. In the work of Rocha et al, they con-
cluded that temporal correlations accelerated outbreaks [7]
in SI and SIR model. Miritello et al. demonstrated that
bursts hindered propagation at large scales, but group con-
versations favored local rapid cascades [8].

Despite the promoting results in temporal networks, this
field is still in its early stages about how temporal effect and
topological structure interplay and hence affect the dynam-
ical process. In this paper, based on empirical data sets,
we will investigate the scaling properties of the dynamical
fluctuations of contacts and nodes in temporal networks by
using the factorial moments. We are aiming at extracting
the fundamental properties from the large amount of da-
ta and revealing the influences of time effects on temporal
networks from a new perspective.

The rest of the paper is organized as follows. Section
II briefly introduces the method of factorial moments. In
Section III we give a brief description of the data sets and
present the corresponding results, especially the scaling
properties of fluctuations for contacts and nodes in the em-
pirical data sets. Conclusions are offered in the final sec-
tion.

2. Method of factorial moments

Temporal network consists of a sequence of contacts
(ni, n j, t), representing that node i and node j has a con-
tact at time t. The number of contacts characterizes the
frequency that individuals are connected with each other
and the number of nodes describe the activeness that indi-
viduals are involved. In this paper, factorial moments will
be used to study the dynamical fluctuations of contacts and
nodes in temporal networks and the scaling properties of
those fluctuations in the system.
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Factorial moments are originally introduced in nuclear
physics to study the multiplicity fluctuation of hadrons pro-
duced during the high energy collisions[9]. The fluctua-
tions and correlations in multiplicity distributions provide a
general and sensitive method to characterize the dynamical
interactions. Here we will focus on the multiplicity of con-
tacts and nodes in temporal networks. Consider the time
series of contacts (or nodes) y(t), where t is the time that
contacts happen and t ranges from 0 to T . We divide the
whole time range T into M equal bins (the remainders are
discarded). So the time interval in each bin is ∆t = T/M.
Within each bin window m (m = 1, 2, ...,M), denote the
number of contacts (or nodes) as nm. Of course, nm fluctu-
ates for different bin windows. To measure the fluctuations
and correlations, the q− th order factorial moment is intro-
duced as,

fq =
1
M

M∑
m=1

nm(nm − 1)...(nm − q + 1)

= ⟨nm(nm − 1)...(nm − q + 1)⟩. (1)

In factorial moments, f1 = ⟨n⟩ is the mean number of
contacts (or nodes) under a certain bin size, averaged over
all the bins m. Note that nm must be greater than q (nm > q)
in order to contribute to fq , and q is usually an integer. As
M increases, ∆t is decreased and the average multiplicity
⟨n⟩ in a bin decreases. This may lead to nm < q which is not
allowed. Thus high q corresponds to higher nm in the bin
under consideration, i.e., large fluctuations from ⟨n⟩ [10].

Normalized factorial moments are more generally used,

Fq =
fq
f q
1

. (2)

It can be proved that Fq can filter out the statistical fluctua-
tions. The method of factorial moments has been applied to
analyze different complex systems, such as multiplicity of
produced hadrons [11], human electroencephalogram and
gait series in biology [12, 13], financial price series [14],
critical fluctuations in Bak-Sneppen model [18], spectra
analysis of complex networks [15], to name a few. Spe-
cially it indicates that the fluctuations in the system have
self-similarity when Fq has a power-law dependence on the
bin size M.

Fq ∝ Mαq , αq > 0. (3)

This phenomenon is referred to as the intermittency. Inter-
mittency basically means random deviations from smooth
or regular behavior. Intermittent behavior is expected in a
variety of statistical systems at the phase transition point
of the second-order type. Hence the existence of intermit-
tency suggests that the fluctuations are not purely Poisson
distribution, but the indication of dynamical processes in
the fluctuations.

3. Results and discussions

In this paper the factorial moments analyses are per-
formed to uncover the scaling properties of the fluctuations
in temporal networks based on the following two empirical
data sets.

Prostitution: The data set consists of sexual contacts
between sex buyers and sellers from a Brazilian web
forum [16]. The time resolution is 1 day and the whole
time range is T = 2232 days.

Conference: The data set was collected at a 3-day con-
ference from face-to-face interactions between con-
ference participants. A contact is recorded every 20-
second intervals if two individuals are within range of
1.5m [17]. The whole time range is T = 212340 sec-
onds.

We now divide the whole time range T into M bins and
count the number of contacts and nodes in each bin win-
dow. Calculate fq and Fq according to Eq. (1) and (2),
respectively. It is noticed that fq is averaged over all bins
(known as the horizontal average).

Figure 1 presents the log-log plot of Fq as a function of
M for contacts (open circles) and nodes (filled circles) in
Prostitution data. With M ranging from about 3 to 60 bins,
it means that the time interval ∆t extends approximately
from 30 to 750 days. We find that ln Fq increases linearly
with ln M for both contacts and nodes by q varying from
2 to 6. The slopes of nodes are a little larger than that of
contacts. The same phenomena have also been observed in
Conference data in Fig. 2.

The increase of bin size M means that the fluctuations of
arbitrary sizes can appear in the system, and consequent-
ly leading to the growth of factorial moment Fq with M.
The scaling relationship between Fq and M, Fq ∼ Mαq ,
indicates the existence of intermittency. As stated in Ref.
[14], for uncorrelated Poissonian or Gaussian distributions,
Fq = 1 for all orders q; whereas for correlated contacts or
nodes distributions, Fq should increase with the growth of
bin size M. Hence the intermittent behavior implies that
the fluctuations of contacts and nodes in both Prostitution
and Conference data have self-similar structures and the
fluctuations are not random Poisson distribution but have
dynamical and correlated behaviors inside.

Further investigations have been performed on Fq and
F2. The scaling between Fq and F2 is more general than
intermittency, which could be true even under the condition
that intermittency does not exist.

We plot Fq as a function of F2 on the log-log scale for
Prostitution and Conference data sets in Fig. 3 and 4, re-
spectively. The scaling relationship between Fq and F2 can
be clearly observed in both figures.

Fq ∝ Fβq

2 , (4)
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Figure 1: Log-log plot of factorial moments Fq as a func-
tion of bin size M for Prostitution data with q varying from
2 to 6. (a) The fluctuations of contacts (open circles). (b)
The fluctuations of nodes (filled circles). The symbols are
the same below.
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Figure 2: Log-log plot of Fq as a function of M for Confer-
ence data with the range of q from 2 to 6. (a) for contacts;
(b) for nodes.

where βq = αq/α2 for the case of intermittency. We are
interested more in the dependence of βq on q. The plot of
βq as a function of (q − 1) is presented on a log-log scale
in Fig. 5 for Prostitution data and in Fig. 6 for Conference
data. There is a remarkably linear relationship between βq

and (q − 1) for all q. Now one has

βq ∝ (q − 1)γ. (5)

The linear fits are also plotted in the figures. In Prosti-
tution data, γ are 1.341 for contacts and 1.104 for nodes.
In Conference data γ are 0.992 and 1.345 for contacts and
nodes, respectively. It should be recognized that the power-
law relationship in Eq. (5) implies that the exponents βq are
independent of bin size M. It suggests a common feature
of scaling invariance in temporal networks.

It is known that γ is approximately 1.3 for 2D Ising mod-
el undergoing a second-order phase transition [19]. The ex-
ponents γ of contacts in Prostitution data (γ = 1.341) and
of nodes in Conference data (γ = 1.345) are very close to
this value.

4. Conclusions

The factorial moments analyses are performed to study
the scaling properties for fluctuations of contacts and nodes
in temporal networks based on empirical data sets. The
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Figure 3: Log-log plot of Fq as a function of F2 for Prosti-
tution data. (a) for contacts; and (b) for nodes.
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Figure 4: Log-log plot of Fq as a function of F2 for Con-
ference data. (a) for contacts; and (b) for nodes.

phenomena of intermittency Fq ∼ Mαq have been observed
for all orders q in the fluctuations of contacts and nodes
for both Prostitution and Conference data sets. The result
indicates that the system has self-similar structure and the
fluctuations are not purely random, but have dynamical and
correlated behaviors embedded in the system. A more gen-
eral scaling relationship between Fq and F2 has also been
presented, Fq ∼ Fβq

2 . We further find that βq scales with q
as βq ∼ (q − 1)γ. The exponents γ for nodes in the Prosti-
tution data and for contacts in the Conference data are very
close to that for 2D Ising model. The other exponents γ are
not.

Still, there are some issues to be addressed. First, what
is the driving mechanism(s) behind these scaling proper-
ties of fluctuations in temporal networks? Second, why are
some scaling exponents close to that of Ginzburg-Landau
second-order phase transition? Are they belong to the same
universal class? All these topics cannot be covered in this
paper and will be discussed later.

The scaling invariances of fluctuations shed light on the
temporal correlations of contact series and provide a new
sight into understanding the influence of time dimension in
temporal networks.
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Abstract—In this study, we investigate the oscillation
phenomena in a random-coupled network of hard-type os-
cillators whose nonlinear characteristics are represented by
fifth-power polynomials. Recently, we have shown that
the chaotic phenomena are seen in the network with soft-
type oscillators whose nonlinear characteristics are repre-
sented by third-power polynomials. In this paper, for the
networks with hard-type oscillators, we show that not only
chaotic phenomena but also torus and spatio-temporal pat-
terns such as amplitude switching are observed by chang-
ing the coupling coefficients.

1. Introduction

In recent years, various oscillation and synchronization
phenomena have been investigated for coupled oscilla-
tors [1]–[9]. We have proposed star-coupled oscillators in
which N oscillators are coupled by one resister [2]. Be-
cause the current through the coupling resister should be
reduced to a minimum, N-phase synchronization phenom-
ena can be observed. It is considered that this coupled os-
cillator can be used in various fields, because a variety of
synchronization phenomena are exhibited. Especially, it is
considered that star-coupled oscillators which are arranged
in lattice or hexagonal structure can be used as some kinds
of cellular neural networks [3].

On the other hand, there are not only regular networks
like lattice or hexagonal shape, but also complex networks
like small-world or scale-free network [10]–[12]. The
scale-free networks have features that most nodes has very
few connections but a small number of particular nodes has
many connections. From this feature, even if some parts of
most nodes which have very few connections are removed,
a global connection in a network is preserved. However, if
small number of particular nodes which have many connec-
tions are removed, a network is interrupted simply. That is,
they are robust to random removal, but they are vulnerable
when the most connected nodes are removed. These fea-
tures of scale-free networks are shown in many networks
of various fields, e.g., internet, process diffused of word
of mouth, metabolic network, etc. That is, to analyze the
features of scale-free networks may be used for analyzing
those practical networks.

From these points of view, we have studied about oscilla-
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)
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Figure 1: Nonlinear characteristics represented by fifth-
power polynomial.

tion phenomena of a scale-free coupled oscillators network.
We have composed a scale-free network called Barabási-
Albert model by resistively coupled van der Pol oscillators,
and confirmed the oscillation phenomena in the proposed
network by both numerical calculation and circuit experi-
ments. As a result, we have shown that intermittency chaos
is observed in the proposed network [9].

In this study, we investigate the oscillation phenomena
in a random-coupled network based on Barabási-Albert
model with hard-type oscillators whose nonlinear charac-
teristics are represented by fifth-power polynomials. For
hard-type oscillators, we can control if they oscillate or
not by changing the initial states, while soft-type oscilla-
tors oscillate from any initial conditions. Therefore, it is
reported that a great variety of phenomena has been seen
in the coupled networks of hard-type oscillators [6]–[8]. In
this paper, we show that not only chaotic phenomena but
also torus and spatio-temporal patterns such as amplitude
switching are observed by changing the coupling coeffi-
cients.

2. Hard-Type Oscillators and Their Coupled Networks

A hard-type oscillator is consist of an LC tank circuit
and a nonlinear negative conductance whose characteristics
are represented by the fifth-power polynomials as shown
in Fig. 1. Because an ordinary van der Pol oscillator has
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Figure 2: Coupled oscillators network.

third-power nonlinear characteristics, so-called “soft-type”
oscillator, the origin becomes unstable equilibrium point,
and a stable limit cycle is observed. Therefore, it oscil-
lates from any initial conditions. On the other hand, for a
“hard-type” oscillator, the origin becomes a stable equilib-
rium point due to the positive slope around the origin as
shown in Fig. 1. Therefore, it has both a stable equilibrium
point and a stable limit cycle and we can chose if it will
oscillate or not by changing the initial states. In the cou-
pled networks with hard-type oscillators, various oscilla-
tion phenomena which are not shown in the networks with
soft-type oscillators have been reported [2], [6]–[8].

3. Barabási-Albert Model

Barabási-Albert model is scale-free network model pro-
posed by Barabási and Albert [11, 12]. This model is con-
structed by growth and preferential attachment. A new
node having n links is added to initial network step by step
with the probability Πi. Πi is the probability when the node
i is selected to the destination of a new link, and decided by
the following equation,

Πi =
Ni∑
j N j

(1)

where i and j are node numbers in the network and Ni is a
number of links connected to node i.

4. Circuit Models

For m0 = 2 and n = 2, we construct a scale-free network
by Barabási-Albert model based on the coupled oscillators
shown in Ref. [1]. Figure 2 shows the circuit model for this
paper. Table 1 shows the number of links connected to each
node decided by Eq. (1).

The normalized circuit equation of this network is de-
scribed as

ẋk = −
∑

l

ykl − ε
(
xk −

1
3
βxk

3 +
1
5

xk
5
)

ẏkl = xk − γykl − α(ykl + ylk) (2)
(k = 1, 2, · · · , 10, l = 1, 2, · · · , 10)

Table 1: Number of links of each oscillator in the network.

node i 1 2 3 4 5 6 7 8 9 10
# of links 5 6 8 2 2 2 2 2 3 2

Figure 3: Time waveform for α = 0.5.

where ẋ = dx/dτ. τ is normalized time, α is the coupling
factor, ε is the strength of nonlinearity, β is the parameter
which decides the amplitude, and γ is the internal resis-
tance of the inductors. In the following section, we show
the numerical calculation of the state equation Eq. (2).

5. Numerical Results

In this section, numerical calculations of Eq. (2) using
fourth order Runge-Kutta method are carried out. In the
following results, we fix the parameters β = 4.5, ε = 0.5,
γ = 0.026, and take different α as α = 0.5, 1.0, 3.0, 5.0.

First, we show the time waveforms for each α in Figs. 3–
6. In each result, we can observe the aperiodic oscilla-
tions. From Figs. 3–5, it is shown that both large ampli-
tude oscillations and small amplitude oscillations are seen
while all of the oscillation amplitudes are almost equal in
the network with soft-type oscillators [9]. In particular, for
α = 3.0, the amplitudes randomly switch between large and
small ones. It is considered that it exhibits spatio-temporal
patterns for some parameters, and it has not seen yet in the
networks with soft-type oscillators.

Figures 7–10 show the Poicaré maps for the section x1 =
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Figure 4: Time waveform for α = 1.0.

0, ẋ1 > 0. From these figures, it is proved that the chaotic
oscillations are observed except the case of α = 1.0. In
Fig. 8, for the case of α = 1.0, it is shown that the torus has
been observed since the maps draw the closed curves. Also,
torus has not seen in the networks with soft-type oscillators.

From the numerical results, we can see the torus and the
statio-temporal chaos which have never be observed in the
networks with soft-type oscillators. It means the proposed
networks with hard-type oscillators have great potential to
model and analyze the practical dynamical networks.

6. Conclusions

In this paper, we have studied oscillation phenomena in
coupled oscillators network with hard-type oscillators us-
ing Barabási-Albert model. In this system, we can see not
only intermittency chaos but also torus and spatio-temporal
chaos which have never seen in the networks with soft-type
oscillators by changing the coupling coefficients. We be-
lieve that the proposed networks with hard-type oscillators
have great potential to model and analyze the practical dy-
namical networks. More precise analysis of the bifurcation
and application of the networks are our future problems.
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Abstract—In this paper, we investigate the influence
of time scales to the evolution of extortioners with coop-
erators and defectors in homogeneous random networks.
When letting strategies’ lifetime is related to their fitness,
the extortioners are easy to invade the clusters of defec-
tors, and form stable relationship with cooperative neigh-
bors. Therefore, introducing the time scale factor into
game dynamics promotes the stable existence of extortion-
ers and furthermore enhances the cooperation level in ho-
mogeneous random networks. With the network becomes
denser, The frequency of cooperators will decrease mono-
tonically, which is due to the fact that cooperators are easy
to meet defectors and be exploited by them.

1. Introduction

Cooperation phenomenon is ubiquitous in both the na-
ture and human society. How to understanding the emer-
gence of cooperation under the assumption of individual’s
selfishness remains a riddle and attracts scientists from
many different fields, who usually employ game theory as
a theoretical framework [1]. The Prisoner Dilemma(PD)
is one of the most famous game models which receives the
most attention as a metaphor of cooperation between un-
related individuals. In the PD game, two players interact
simultaneously with each other by choosing cooperation or
defection as a strategy. A Cooperator will pay a cost c to
let her opponent receive a benefit b, whereas a defector will
pay nothing. Therefore, two cooperators can receive the
reward R = b − c and two defectors will obtain the pun-
ishment P = 0. When a cooperator meets a defector, the
former will obtain the sucker’s payoff S = −c and the latter
will get the temptation T = b. Under this conditions, it is
always better to defect regardless of the opponent behav-
ior, resulting in the outcome of mutual defection, although
mutual cooperation yields the highest collective payoff.

Recently, Press and Dyson discovered a class of strate-
gies called zero-determinant(ZD) strategies, which allow a
player to enforce a linear relation between her own payoff
and the opponent payoff unilaterally in the PD game [2].
A subset of ZD strategies called extortion strategies ensure
the extortioner X can receive a payoff surplus exceeding
the surplus of her co-player Y by a fix percentage. How-
ever, in the realm of evolutionary game, where players are

set to update their own strategies by imitating the neighbors
whose strategies perform better, extortion strategies spread
rapidly and, as mutual extortion resulting in zero yield, and
the evolution of extortioners in well-mixed populations are
deeply investigated [3, 4, 5, 6, 7].

The networked reciprocity is an efficient mechanism to
support the evolution of cooperation in population [8]. Pre-
vious investigations showed that cooperators can form tight
clusters to defend the invasion of defectors in regular or
complex networks if strategies update in terms of imitation
dynamics [9, 10, 11]. Many important factors, such as de-
gree heterogeneity [10, 11], individual aspiration [12], etc.,
play key influence on the evolution and maintenance of co-
operation in networks. Szolnoki and Perc [13] recently
showed that if the strategy updating is guided by the my-
opic best response rule, the extortion strategy can stably ex-
ist with other strategies in structured population, which fur-
thermore promotes the emergence of cooperation. Through
the aspiration-driven strategy updating rule [12], Wu and
Rong [14] showed that the involvement of extortioners fa-
cilitates the boom of cooperators in the square lattice.

There are two time scales in game dynamics, i.e., the in-
teraction time scale which depicts how frequently individ-
uals play games with each other, and the strategy-selection
time scale which characterizes how frequently they up-
date their strategies. The two processes are interdepen-
dent, and many previous investigations consider that they
have the same time scale, i.e., every individual immedi-
ately updates her behavior after one round of game. How-
ever, the evolution of cooperation changes if individuals in
well-mixed or structured population own nonidentical time
scales [15, 16]. Especially, by investigating the evolution
of extortioners in well-mixed population, Hilbe et al. [4]
showed that the extortion strategy can also exist in two dis-
tinct well-mixed populations if the two populations evolve
in different time scales, i.e., extortioners can be dominant
in the population with a slow time scale and exploit the in-
dividuals in another population with a fast time scale. Rong
et al. [15, 16] also previously studied the coevolution of
time scale and cooperation in networked PD game, and
found that the cooperation can be promoted if permitting
an individual with high payoff to hold onto her successful
strategy for a longer time. This motivates us to investi-
gate how the extortion strategy evolves in networked sys-
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tems where individuals can adaptively adjust their strategy-
selection time scales.

2. Models

Consider an individual X uses a memory-one strategy
pX = (pR, pS , pT , pP), where pi is the conditional probabil-
ity to cooperate after receiving the outcome i ∈ (R, S ,T, P)
in the previous round. If an individual X adopts the zero-
determinant strategy p̃ = pX−e12 = ϕ[(SX−l1)−χ(SY−l1)],
she can enforces an linear relation between her long-term
payoff AX with her opponent Y’s payoff AY , i.e., AX − l =
χ(AY − l), regardless of any strategy pY that Y adopted
[5, 6]. Here, SX = (R, S , T, P)(SY = (R,T, S , P)) is the
payoff vector of individual X (Y), and the vector e12 =

(1, 1, 0, 0) and 1 = (1, 1, 1, 1). The parameter ϕ > 0 should
be sufficiently small so that there exist the feasible strate-
gies. The extortion factor χ = 1 implies X lets she owns
the same long-term payoff with her opponent’s, which cor-
responds to the kind of fairness strategy. The famous Tif-
for-Tat(TFT) strategy is an example of fairness strategy.
l ∈ (P,R) is the baseline payoff that implies the benefit of
the two individuals if one adopts the fairness strategy with
χ = 1. If l = P and χ > 1, this is the extortion strategy (Eχ)
where the individual X with such strategy can ensure that
her own surplus is the χ-times of the Ys.

In this paper, we focus on the evolution of extortion strat-
egy with unconditional cooperation (C) / unconditional de-
fection (D) strategy as well as in the donation game (a kind
of Prisoner’s dilemma game). According to Ref. [4], the
payoff matrix among extortion(Eχ), unconditional cooper-
ation (C) and unconditional defection (D) strategies is:

Eχ C D
Eχ 0 (b2−c2)χ

bχ+c 0
C b2−c2

bχ+c b − c −c
D 0 b 0

. (1)

We consider each individual x locates on a node in a net-
work, who plays the donation game with her immediate
neighbors and obtain her accumulate payoff Px in terms of
Eq.(1). In social and biological systems, individuals tend
to adopt the behavior with high fitness, which can be char-
acterized by her payoff. For every round t, each individual i
obtains the accumulated payoff Pi via playing the donation
game with her neighbors. With probability pi(t), which will
be defined later, an individual i will change her behavior
from the current strategy si to another randomly selected
strategy s′i with probability q in terms of the myopic best
response rule [13], i.e.,

q(s′i → si) =
1

1 + exp[( fi − f ′i )/κ]
, (2)

where the fitness fi corresponding to strategy si is reaped
by fi = Pi/ki, and ki is the degree of individual i. And f ′i
is the fitness of the same individual adopting strategy s′i to
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Figure 1: Evolution of cooperation, extortion and defection
strategies versus (a) the benefit factor b with χ = 5 and (b)
the extortion factor χ with b=1.2 in well-mixed population
with N=10000.

play game within the same neighborhood. The parameter
κ represents the noise of environment and is set as 0.05
following the previous paper [13].

In this paper, we consider the strategy-selection time
scale to be longer than the interaction time scale, which
indicates that individuals can hold onto their current strate-
gies and play game with neighbors for several rounds be-
fore they modify their behaviors. This implies that the
strategy has lifetime. From the social and biological points
of view, the lifetime of a strategy is related to the fitness
that an individual obtains through the strategy. If an in-
dividual owns positive fitness in the current generation,
she tends to hold her current advantageous behavior for a
longer time. Whereas, for an individual obtaining negative
fitness in the current generation, she will try other possible
behaviors. Therefore, in this paper we consider the case
where an individual i updates her behavior with probability
pi(t) = 1

1+ηmax(0, fi)
. The time scale parameter η ≥ 0 ad-

justs how long individuals update their behaviors. The case
of η = 0 corresponds to original networked game model
where individuals immediately update their strategies after
one round of game. For η > 0, the behavior with higher
fitness has longer lifetime. Below we will investigate how
individuals evolve their strategies under the control of pa-
rameter η in different networked systems.

3. Results

At the beginning, let’s study the evolution of extortion
strategy in well-mixed population. For a well-mixed popu-
lation (complete graph) when cooperators interact with de-
fectors and extortioners together, the cooperation behavior
will slightly decrease for a large value of η=100, which is
replaced by extortioners and defectors (see Fig. 1). This
is due to the fact that, when cooperators interact with de-
fectors and extortioners in the well-mixed population, each
individual can interact with all other individuals, and intro-
ducing the time scale factor lets defector or extortioner own
long lifetime to exploit a neighboring cooperator. Hence,
the time scale factor can not promote the emergence of co-
operation in well-mixed population. Whereas, the situation
may change when individuals interact in spatial networks.
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Figure 2: Evolution of (a) cooperation, (b) extortion, (c)
defection, (d) fitness, (e) cooperator-extortioner pairs, (f)
pairs that bring punishment versus the benefit factor b in
the homogeneous random networks with < k >=4,6,8, re-
spectively, and χ=5.

Let’s then consider the influence of the average degree
on the evolution of extortion behavior in homogeneous ran-
dom networks with different degrees. A homogeneous net-
works can be obtained by reshuffling edges of a nearest-
neighbor network sufficient times so that the edges are ran-
domly rewired without changing the degree of nodes in the
original network [17].

Firstly we investigate the change of frequencies of strate-
gies with a function of the benefit factor b. It is found from
Fig. 2 that the evolution of three strategies is similar in three
kind of homogeneous random networks for η=0, the fre-
quencies of cooperation will decrease with the increase of
b. Whereas, the increase of η promotes the frequencies of
cooperators and extortioners in all the three kinds of homo-
geneous random networks. This is due to fact that in terms
of Eq. (1), extortioners are neutral with defectors and they
coexist in the network, whereas, the snowdrift-like relation
between extortioners and cooperators makes the partner of
extortioner more likely to turn to cooperator under the my-
opic best response rule, and extortioners can invade coop-
erative clusters. When introducing the time scale factor and
increasing the parameter η, there are different results for de-
fectors, extortioners and cooperators. A defector can obtain
high payoff from her cooperative neighbors, but leave neg-
ative payoff as a return to them. As a consequence, those
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Figure 3: Evolution of (a) cooperation, (b) extortion, (c)
defection, (d) fitness, (e) cooperator-extortioner pairs, (f)
pairs that bring punishment versus the extortion factor χ
in the homogeneous random networks with < k >=4,6,8,
respectively, and b=2.

neighboring cooperators of defectors tend to adopt either
the defection or the extortion strategy in the subsequent
rounds, which in return diminishes the gains for defectors,
hence leading to the short-term lifetime of the defection
strategy. In contrast, those neighboring cooperators of ex-
tortioners are much more better off since they can obtain
some tiny positive payoffs, irrespective of being extorted by
them. Consequently, when the strategy’s lifetime is related
to her fitness, extortioners can form stable relationship with
cooperators in a long term, which leads to the boom of
both cooperators and extortioners in the network, and there
exist lots of cooperator-extortioner pairs in network when
η=100. The frequency of cooperators will decrease mono-
tonically with the network becoming dense, which is due to
the fact that cooperators are easy to meet defectors and be
exploited by them in denser networks, which are validated
by the decrease of cooperator-extortioner pairs and the in-
crease of pairs that bring punishment in dense networks.

Then we turn to study the influence of the extortion fac-
tor χ to the evolution of extortioners and cooperators in the
homogeneous random networks. The cooperators obtain
less with the increase of χ, as exploited more by extortion-
ers. It is shown from Fig. 3 that, for η=0, the frequency of
cooperators monotonically decreases with the increase of
χ, which is mostly replaced by extortioners. Whereas, for
η > 0, the evolution of cooperation and extortion will be-
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come nontrivial, which can be understood through strategy
pairs. Following the increase of η, there are more extortion-
ers replacing defectors in the random network since extor-
tioners can invade clusters of defectors and induce more
cooperators around them. It is validated by Figs. 3(e) and
3(f) that there are more cooperator-extortioner pairs that re-
placing pairs that bring punishment, i.e., defector-defector
pairs, defector-extortioner pairs and extortioner-extortioner
pairs. Hence, the time scale factor can play nontrivial roles
in the evolution of cooperation in the homogenous random
networks. Following the increase of network density, the
frequency of cooperators will descend since the coopera-
tors are easy to be explored by defectors, which leads to the
decrease of cooperator-extortioner pairs and the increase of
pairs that bring punishment in dense networks.

4. Conclusion

In this paper, we studied the influence of time scales
on the evolution of extortioners in random networks. We
shows that if strategies’ lifetime is related to their fitness, it
is easy for the extortioners to invade the clusters of defec-
tors, and form stable relationship with cooperative neigh-
bors. Therefore, introducing the time scale factor into
game dynamics promotes the stable existence of extortion-
ers and furthermore enhances the cooperation level in net-
worked systems. Particularly, different from the traditional
networked game theory, where cooperators can form tight
clusters to defend the invasion of defectors in PD game, the
snowdrift-like relation between extortioner and cooperator.
The cooperation level will decrease monotonically with the
network becoming dense since cooperators are easy to be
exploited by defectors in denser networks. The discovery
of zero-determinant strategies is changing our viewpoint of
game theory.
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Abstract—We present the bifurcation cascade leading
to self-pulsing dynamics in a semiconductor laser embed-
ded in a photonic integrated circuit. The mechanism at
the origin of the self-pulsations is explained by a phe-
nomenon of beating between external cavity modes and
anti-modes. This dynamics is specific to lasers subjected
to time-delayed optical feedback from a short external cav-
ity, in which the feedback delay is shorter than the laser
relaxation oscillation period. On the basis of experimental
observations and numerical studies, we show that increas-
ing the feedback strength causes the laser to exhibit a suc-
cession of self-pulsing dynamics at frequencies increasing
up to 17 GHz. Moreover, we demonstrate that the mecha-
nism underlying this dynamics is a migration of limit cycles
through successive modes in the phase space, which fre-
quencies are determined by the distribution of the modes
and anti-modes. Simulations using the Lang-Kobayashi
model show good qualitative accordance with the experi-
mental observations and allow to understand the frequency
interval in which self-pulsations can be observed.

1. Introduction

The interesting properties of the rich nonlinear dynamics
of semiconductor lasers with optical feedback are nowa-
days commonly used for optical communication and signal
processing [1]. Recently, studies of nonlinear dynamics
in Photonic Integrated Circuits (PICs) have been thriving
[3, 4]. Due to their compactness and their high phase sta-
bility, the suitability of PICs for chaos generation or laser
coupling in applications in the fields of fast random bit gen-
eration or telecommunications has been evidenced [5, 6].
Another fundamental interest of PICs is the fact that they
are suitable to study lasers subjected to feedback in short
external cavity configurations, i.e. when the feedback de-

lay is shorter than the relaxation oscillation period [7].
We focus here on one kind of nonlinear dynamics spe-

cific to short cavity regimes, namely self-pulsation: state
in which the emitted intensity shows harmonic oscillations
versus time. Self-pulsation has been first reported theo-
retically [8], and has later been analyzed experimentally
in lasers with ultra-short external cavity [9, 10]. In such
short-cavity configurations, self-pulsation can be generated
from a beating between external cavity modes and anti-
modes. This beating results in a self-pulsing dynamics at a
frequency determined by the frequency distribution of the
modes and the anti-modes.We present an experimental ob-
servation of the bifurcation scenario showing self-pulsation
originated by a beating between successive pairs of modes
and anti-modes and discuss the evolution of the pulsing fre-
quency as the feedback strength increases.

2. Experimental observation of self-pulsation in PIC

Our PIC consists of a distributed feedback semiconduc-
tor laser bounded by a photodiode and a 2.3-mm long active
external cavity composed of two independent semiconduc-
tor optical amplifiers and a passive waveguide ended by
a reflector. The external cavity frequencyfcav is close to
17 GHz. The relaxation oscillation frequencyfRO ranges
from 2.3 to 7.4 GHz, according to the laser injection cur-
rent. This fulfills the short external cavity condition, since
fcav > fRO [7].

Experimental results are presented in Fig. 1, where a
transition from steady state to self-pulsation is seen as the
feedback strength is increased, by adjusting the injection
current in one of the optical amplifiers (JS OA1). The laser
injection current is indicated by its normalized value with
respect to thresholdJ/Jth, whereJth = 13 mA. In Fig. 1,
the value ofJ/Jth is equal to 1.0. The scenario starts when
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Figure 1: Experimental observation of self-pulsing dynam-
ics whenJ/Jth=1.0 for increasing values ofJS OA1: (a-b.1)
9.60 mA, (a-b.2) 10.25 mA, (a-b.3) 10.53 mA and (a-b.4)
11.40 mA. The temporal waveforms (left) and the RF spec-
tra (right) have been vertically shifted for clarity.

Feedback strength: JSOA1 [mA]

cycle1 cycle2 cycle3

10 200 25155

Steady state Self-pulsation Quasi-periodicity Intermittency

Figure 2: Experimental bifurcation diagram showing three
dynamical cycles of self-pulsations seen when increasing
JS OA1 for J/Jth fixed to 1.0. The colors correspond to differ-
ent dynamics: grey is steady state, green is self-pulsation,
blue is quasi-periodicity. Yellow is a peculiar intermittent
regime which is not discussed here. The region labeledcy-
cle 1corresponds to the scenario presented in Fig. 1.

the laser operates in steady state (Fig. 1.(a.1)). As the
feedback strength (JS OA1) is gradually increased, a bifurca-
tion occurs and this steady state gives way to self-pulsation
(Fig. 1.(a.2)) at the frequency of 14.1 GHz. If the feed-
back strength is further increased, a new frequency rises
upon the harmonic background, inducing a transition to
quasi-periodicity (Fig. 1.(a.3)). In the corresponding RF
spectrum, (Fig. 1.(b.3)) the peak at 14.3 GHz is the rem-
iniscence of the frequency of the self-pulsation and corre-
sponds to the fast dynamics in the time trace. A second
peak stands in the region of low frequencies (1.36 GHz)
and corresponds to the newly-emerged slowly-varying en-
velope shaping the time trace in Fig. 1.(a.3). A further
increase ofJS OA1 causes this quasi-periodic dynamics to
collapse and the laser to recover steady state (Fig. 1.(a.4)).

As the feedback strength increases, these three suc-
cessive dynamics [steady state, self-pulsation and quasi-
periodicity] shape a dynamical cycle, reproducing itself
several times. This observation is illustrated in Fig. 2
where an experimental bifurcation diagram obtained when
varying JS OA1 from 0 to 25 mA is represented. In this
diagram, the scenario [steady state (grey), self-pulsation
(green), quasi-periodicity (blue)] is reproduced three times.
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Figure 3: Simulated RF spectra. Spectra (c.2) and (c.3)
illustrate the frequency contents of traces in Figs. 4.(a.2)
and 4.(a.3) respectively.

3. Numerical analysis of bifurcation to self-pulsation

We carry out simulations making use of the Lang-
Kobayashi rate equations [2] in order to give a theoretical
explanation of the bifurcation cascade and mechanism un-
derlying self-pulsation:

dE(t)
dt

=
1
2

[
GN (N(t) − N0)

1+ ϵE2(t)
− 1
τp

]
E(t) (1)

+ κE(t − τ)cos(Θ(t))

dΦ(t)
dt

=
α

2

[
GN (N(t) − N0)

1+ ϵE2(t)
− 1
τp

]
(2)

− κ
E(t − τ)

E(t)
sin(Θ(t))

dN(t)
dt

= J − N(t)
τs
− GN (N(t) − N0)

1+ ϵE2(t)
E2(t) (3)

Θ(t) = ωτ + Φ(t) − Φ(t − τ) (4)

In these equationsN, E andΦ are respectively the carrier
density, the electric field amplitude and the electric field
phase.τ ps andκ represent the feedback delay and strength.
α=3 is the linewidth enhancement factor,J is the laser in-
jection current,GN is the gain coefficient,N0 is the carrier
density at transparency,τp andτs are the photon and carrier
lifetimes. ϵ is the gain saturation coefficient. The delayτ
is equal to 59 ps and corresponds to our experimental value
of fcav=17 GHz. The parameterR is used to quantify the
feedback strength and can be seen as a reflectivity coeffi-
cient. It is defined byκ = (1− R2

2)R/(τinR2), whereτin and
R2 are respectively the photon round-trip time in the laser
internal cavity and the reflectivity coefficient of the laser
output facet. The dynamics of the photons and the carriers
in the active external cavity is not taken into account in the
Lang-Kobayashi model. Our aim is to understand the gen-
eral mechanism at the origin of self-pulsation, which can
be well rendered with this simple model. Yet it is worth to
mention that analysis using the more sophisticated model
of the so-called Traveling Wave Equations have been car-
ried out, showing good quantitative compliance with exper-
imental observations [10].
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Figure 4: Simulated scenario of self-pulsing dynamics.
J/Jth=1.5. Temporal waveforms (vertically shifted for clar-
ity) and the corresponding phase trajectories in the carrier
density versus optical frequency shift space are presented
as the feedback strengthR is increased: (a-b.1)R=0.35,
(a-b.2)R=0.42, (a-b.3)R=0.43 and (a-b.4)R=0.46. In the
phase trajectories, the external cavity modes (anti-modes)
are represented by dots (circles).

The simulated dynamical scenario is shown in Fig. 4.
Modes (black dots) and anti-modes (circles) correspond re-
spectively to stable and unstable solutions of steady inten-
sity in the Lang-Kobayashi equations and are the the ba-
sis of the phenomenon of mode/anti-mode beating. The
RF spectra corresponding to the self-pulsation and quasi-
periodicity are given in Fig. 3. The sequence of quali-
tatively different dynamics starts with a first steady state
(Fig. 4.(a-b.1)). When increasing the feedback strength,
the system undergoes a bifurcation leading to a self-pulsing
dynamics (Fig. 4.(a-b.2)). Self-pulsation is explained by a
beating between a given mode (mode 1) and the anti-mode
belonging to the next pair of mode/anti-mode (anti-mode
2). The frequency difference between the beating mode
and anti-mode determines the self-pulsing frequency (fS P).
In the example of Fig. 4.(b-2), the frequency separation
between mode 1 and anti-mode 2 equals 13.3 GHz. As
a consequence, the peak corresponding to the self-pulsing
dynamics is located at 13.3 GHz in Fig. 3.(c.2). Then if
the feedback strengthR is increased again, this limit cy-

cle bifurcates to a more complex attractor that involves tra-
jectories close to both the current mode (mode 1) and the
anti-mode facing it (anti-mode 2). This results in quasi-
periodicity with the appearance of two incommensurate
frequencies (Fig. 3.(c.3)). The fast dynamics is represented
by the peak at 13.2 GHz and is still governed by the phe-
nomenon of beating between the mode and the anti-mode.
It is represented in the temporal waveform in Fig. 4.(a.3) by
the fast oscillations. The slow dynamics (slowly-varying
envelope) is represented by the peak at 1.34 GHz in Fig.
3.(c.3). It corresponds to the speed at which the phase tra-
jectory switches between the two attractors located at the
vicinities of mode 1 and anti-mode 2 (Fig. 4.(b.3)). Even-
tually, if the feedback strength is further increased, those
two attractors end up by collapsing and the laser gets stabi-
lized to a new steady state (mode 2 in Fig. 4.(b.4)). Now,
if the feedback strength further increased, the same three-
step-scenario will be reproduced, starting from the current
mode and revealing successive self-pulsation and quasi-
periodicity with attractors migrating towards the maximum
gain mode as new pairs of modes and anti-modes are cre-
ated. This is illustrated in Fig. 5 with a numerical bifur-
cation diagram showing regions of self-pulsing states and
quasi-periodicity of increasing amplitude. The scenario il-
lustrated in Fig. 4 corresponds to region betweenR=0.35
andR=0.46.

Since we understand that the frequency spacing between
external cavity modes increases with the feedback strength,
the self-pulsing frequency is expected to evolve alike.
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periodicity] for J/Jth= 1.5.

Figure 6 presents the experimental and numerical evolu-
tion of the self-pulsing frequencies (fS P) as the feedback
strength increases. The curves show a general increase of
the frequency which is first rapid but gradually slows down.
We understand from Fig. 6 that this increasing evolution
is limited by the value offcav which acts as an asymp-
tote to the curves. As a consequence, for a given exter-
nal cavity length, the self-pulsing states can be seen puls-
ing at frequencies up to the value offcav without reaching
it, though. We noticed both in the experiment and with

- 151 -



0

5

10

15

20

0 0.2 0.4 0.6 0.8 1

S
el

f-
p

u
ls

in
g 

fr
eq

ue
n

cy
 [

G
H

z]

0

5

10

15

20

0 10 20 30 40 50

S
el

f-
p

u
ls

in
g 

fr
eq

ue
n

cy
 [

G
H

z]
Feedback strength: R Feedback strength: JSOA1 [mA] 

fcav = 17 GHz fcav ≈ 17 GHz 
(a) (b)

Figure 6: Simulated (a) and experimental (b) evolutions
of the self-pulsing frequency as the feedback strength in-
creases whenJ/Jth=2.0.

numerical analysis that for all values of the injection cur-
rent, the self-pulsing frequency increases with the feedback
strength. We find that, for given values of the feedback
strength but for different values of the injection current,
there is a discrepancy in the values offS P. However this
discrepancy shows the following interesting tendency: it is
large when the feedback is weak and gets smaller as the
feedback strength increases. This implies that the feedback
strength has an influence on the dependence offS Pon J/Jth

andLcav. We give the interpretation that, according to the
feedback strength, the relative influences of the relaxation
oscillation frequencyfRO and the external cavity frequency
fcav on fS P vary. This idea is suggested by the fact that
in all our observationsfS P describes an evolution within
frequency intervals bounded byfRO and fcav. Therefore
we see the phenomenon of self-pulsation as a pulsing dy-
namics dominated by the relaxation oscillation frequency
at weak feedback and by the external cavity frequency at
larger feedback strengths.

4. Conclusion

We presented an experimental and numerical analysis
of self-pulsation in the case of a semiconductor laser em-
bedded in a photonic integrated circuit. We reported on
the particular dynamical scenario of cycles made of steady
state, self-pulsation and quasi-periodicity undergone when
the feedback strength increases. Simulations based on
the Lang-Kobayashi equations gave insight into the mech-
anism of self-pulsation through mode/anti-mode beating.
We also evidenced the fact that the pulsing frequency is
a consequence of an interplay between the frequencies of
both the relaxation oscillations and the external cavity.
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Abstract–Period-one nonlinear dynamics in a 
semiconductor laser subject to external injection of a 
highly correlated optical comb are investigated for 
photonic microwave generation. The optical carrier of the 
optical comb excites the period-one dynamics, giving rise 
to broadly and continuously tunable microwave generation 
with constant power from a few to tens or even hundreds 
of gigahertz. A harmonic of the optical comb phase-locks 
the lower oscillation sideband of the period-one dynamics, 
leading to stabilization of such generated microwaves, 
down to a 3-dB linewidth of 1 Hz. By taking advantage of 
frequency multiplication in yielding the optical comb, only 
an electronic microwave reference at a small fraction, such 
as one-tens, of the generated microwave frequency is 
required to achieve stabilization. 
 
1. Introduction 
 

Period-one (P1) nonlinear dynamics in a semiconductor 
laser subject to continuous-wave optical injection have 
attracted much research interest not only for fundamental 
understandings of nonlinear dynamics and laser physics 
[1-5] but also for various technological applications in 
photonics and microwaves [6-12]. One promising 
application of the P1 dynamics is to take advantage of the 
self-sustained microwave oscillation of the laser intensity 
for photonic microwave generation [13-22]. While 
broadband frequency tunability can be achieved by simply 
adjusting the power and frequency of the optical injection, 
optical single-sideband modulation is so feasible as to 
mitigate microwave power fading over fiber distribution. 
However, owing to the laser intrinsic noise, the linewidth 
of the photodetected microwaves is typically on the order 
of tens to hundreds of megahertz, limiting the scope of 
their practical applications.  
 

A few microwave stabilization approaches have 
therefore been proposed. Simpson et al. demonstrated [13] 
that, by directly modulating the optically injected 
semiconductor laser at the same microwave oscillation 
frequency, the P1 dynamics can be locked to an electronic 
microwave reference. While the microwave linewidth can 
be reduced below 1 kHz, the highest locked microwave 
frequency is restricted to about 17 GHz due to the limited 
laser response to direct modulation. To eliminate the need 
of an electronic microwave reference, Chan et al. 

suggested [15] the use of the optoelectronic feedback of 
the P1 dynamics as the microwave reference. While a 
similar reduced linewidth can be achieved for microwaves 
up to 23 GHz, a photodetector, an electronic microwave 
amplifier, and an electronic microwave attenuator, which 
operate at the same microwave oscillation frequency, are 
required in the feedback loop. As noted, both approaches 
become increasingly difficult and expensive to implement 
for increasingly high-frequency microwave generation. To 
bypass the bandwidth restriction of electronics, lately, it 
was demonstrated [20-22] that the optical feedback of the 
P1 dynamics can work as the self-reference for 
stabilization of microwaves up to 45 GHz. However, 
owing to significant frequency jitters, the microwave 
linewidth can only be reduced below 50 kHz. In this work, 
an approach based on optical modulation sideband 
injection locking is investigated to stabilize the P1 
microwave oscillation. A linewidth of 1 Hz can be 
achieved for microwaves up to 40 GHz or higher using an 
electronic microwave reference of only one-tens or lower 
of the P1 oscillation frequency. 
 
2. Experimental Setup 

 
Figure 1 presents a schematic of the experimental 

apparatus using typical single-mode distributed-feedback 
semiconductor lasers in a master-salve configuration. The 
slave laser (Furukawa FRL15DCW5-A81) is current-
biased at about 6.15 times its 13-mA threshold and 
temperature-stabilized at 25oC. Under the free-running 
condition, the slave laser oscillates at 193.33~THz with a 
power of 10.83 mW at its fiber-pigtail output and with a  
 

 
 
Fig. 1. Schematic of the experimental apparatus. ML, master 
laser; SL, slave laser; PC, polarization controller; PM, phase 
modulator; MA, microwave amplifier; FA, fiber amplifier; ATT, 
attenuator; C, circulator; OSA, optical spectrum analyzer; MSA, 
microwave spectrum analyzer; PD, photodiode. 
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relaxation resonance frequency of 12.1 GHz. The output 
of the master laser (Lucent D2525P33) is directed toward 
the slave laser through a circulator. To excite the P1 
dynamics, the frequency of the optical injection is detuned, 
through adjusting either the temperature or the bias 
current of the master laser, by fi from the free-running 
frequency of the slave laser. In addition, the power of the 
optical injection is varied using an attenuator and a fiber 
amplifier, and is measured at the output port of the 
circulator connected to the slave laser. To indicate the 
injection strength received by the slave laser, an injection 
ratio ξi, defined as the square root of the power ratio 
between the optical injection and the free-running slave 
laser, is used. A polarization controller aligns the 
polarization of the optical injection with that of the slave 
laser. A 10-GHz phase modulator (EOspace PM-0K5-10) 
superimposes an electronic microwave reference (Agilent 
E8257D) on the optical injection, yielding a comb of 
modulation sidebands offset from the master laser by 
integral multiples of the reference frequency fm. An 
electronic microwave amplifier (Picosecond Pulse Labs 
5882) operating at its saturation adds extra nonlinear 
distortion to the microwave reference for the generation of 
a broader modulation sideband comb. The spectral 
features of the slave laser output are displayed on an 
optical spectrum analyzer (Advantest Q8384), and also on 
a microwave spectrum analyzer (Agilent N9030A PXA) 
following a 50-GHz photodiode (u2t Photonics 
XPDV2120R). 
 
3. Results and Analyses  
 

A continuous-wave optical injection at (ξi, fi) = (1.06, 
30 GHz), presented in Fig. 2(a), excites a P1 dynamical 
state of the slave laser, as Fig. 2(b) shows. For comparison, 
the spectrum of the free-running slave laser is also 
presented in Fig. 2(a). While the optical injection 
regenerates [23], oscillation sidebands sharply appear, 
which are equally separated from the regeneration by f0 = 
40 GHz. Attributed to the red-shift of the laser cavity 
resonance caused by the optical injection [4], the lower 
oscillation sideband is resonantly enhanced as opposed to 
the upper one. As a result, the lower oscillation sideband 
is not only 23 dB stronger than the upper one but also has 
an intensity close to the regeneration, only 5 dB weaker. 
Effectively, the optically injected laser system at the P1 
dynamics functions as a two-tone optical oscillator, 
leading to a feature of optical single-sideband modulation. 
After photodetection, as shown in Fig. 2(c), the beating 
between the spectral components generates a microwave 
signal jittering around 40 GHz, over a range of 151 MHz 
for a time period of 100 s, with a 3-dB linewidth of about 
1.7 MHz. While the broad linewidth results from the laser 
intrinsic noise [22], the significant jitter arises from 
relative fluctuations in the operating conditions of both 
lasers due to unavoidable slight variations in current, 
temperature, and even polarization [5].  

 

 
 
Fig. 2. Optical spectra of (a) continuous-wave injection and (d) 
comb-like injection. Optical spectra of P1 dynamics under (b) 
continuous-wave injection and (e) comb-like injection. (c)(f) 
Microwave spectra of (b) and (e), respectively, centering at 40 
GHz with a resolution of 1 MHz and 30 kHz, respectively. The 
optical spectrum of the free-running slave laser (gray curve) is 
also shown in (a). The frequency jitter of P1 dynamics (gray 
curve) is also presented in (c). The x-axes of all optical spectra 
are relative to the free-running frequency of the slave laser. The 
injection condition is fixed at (ξi, fi) = (1.06, 30 GHz). When 
measuring the microwave linewidth of (f), the highest resolution 
of 1 Hz is used.  
 

To stabilize the P1 oscillation, a microwave reference at 
fm = 4 GHz, distorted by the saturated microwave 
amplifier, now phase-modulates the optical injection. A 
comb of more than 10 modulation sidebands on either 
frequency side therefore appears, as shown in Fig. 2(d), 
which are offset from the optical carrier by integral 
multiples of fm and which are highly correlated to each 
other. By injecting this entire optical comb into the slave 
laser at the same (ξi, fi) = (1.06, 30 GHz), a globally 
similar P1 dynamical state is excited by the optical carrier, 
as Fig. 2(e) presents, with its lower oscillation sideband, 
40-GHz lower, phase-locked to the 10th harmonic of the 
lower modulation sidebands. Consequently, as 
demonstrated in Fig. 2(f), a stable microwave generation 
at 40 GHz with a linewidth of 1 Hz, same as the 
microwave reference, is achieved. Note that when  
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Fig. 3. Single-sideband (SSB) phase noise as a function of 
microwave offset frequency for generated 40-GHz microwave 
signal (black solid curve), 4-GHz microwave reference (red solid 
curve), and 4-GHz microwave reference scaled by N = 10 (red 
dotted curve). 
 
measuring the microwave linewidth of Fig. 2(f), the 
highest resolution of 1 Hz is used. 
 

To further demonstrate the stability of the generated 40-
GHz microwave signal, its single-sideband phase noise, 
estimated as the ratio of the power at a non-zero frequency 
offset to that at the zero, is compared with that of the 4-
GHz microwave reference itself, as shown in Fig. 3. Note 
that the single-sideband phase noise scales with 
multiplication of frequency by N as 20[log10(N)] = 20 dB 
for N = 10. For fair comparison, the scaled phase noise up 
to the 10th harmonic of the microwave reference is also 
presented. Even though excess phase noise of 
approximately 9 to 25 dB is observed over the offset 
frequency range under study, the phase noise level of the 
stabilized microwave generation is highly comparable to 
the ones that are possibly the lowest found in the literature. 
This verifies that the proposed approach effectively and 
considerably improves the poor stability of the P1 
oscillation at f0 up to an extent similar to the stability of 
the microwave reference at fm = f0/N, where N = 10 in this 
demonstration. A lower fm for a fixed f0 or a higher f0 for a 
given fm is feasible if a higher-order harmonic of the lower 
modulation sidebands emerges with a power adequate to 
stably lock the lower P1 oscillation sideband. This can be 
achieved, for example, by using a phase modulator of the 
same speed with a slower roll-off at high frequencies, or 
of a higher speed, such as 40 GHz. For the 10th harmonic 
shown in Fig. 2(d), a power of 43-dB weaker than the 
optical carrier is strong enough to achieve stability, 
suggesting an upper limit of the lowest required power for 
a harmonic to lock the lower P1 oscillation sideband 
under study. 

 
Various P1 dynamical states similar to the one shown in 

Fig. 2(b) with different f0 can be excited over a wide range 
of ξi and fi [3,16], leading to a continuously tunable f0 
from a few up to tens or even hundreds of gigahertz 
through a simple all-optical adjustment [6,11,12,20]. By 
adopting different N, fm, or their combinations of the 

modulation sideband injection locking approach, broadly 
tunable yet highly stable microwave generation with 
constant power can therefore be achieved using the P1  

 
 
Fig. 4. (a) Phase noise variance in terms of N for generated 
microwave signals (blue symbols) and scaled microwave 
references (red symbols), and (b) microwave power and SCR in 
terms of N when fm = 4 GHz. The corresponding values of f0 are 
also marked in the upper x-axis of (b). 
 
dynamics scheme. For example, at (ξi, fi) = (0.95, 3 GHz), 
a P1 dynamical state of f0 = 20 GHz is excited, the lower 
oscillation sideband of which can be locked to the 5th 
harmonic of the optical comb of fm = 4 GHz shown in Fig. 
2(d). A stabilized microwave generation at 20 GHz with a 
1-Hz linewidth is therefore obtained. Figure 4(a) 
demonstrates similar noise performance between such 
stabilized microwave generation at f0 = 4N and the 4-GHz 
microwave reference, scaled by N, by comparing their 
phase noise variance estimated by integrating the single-
sideband phase noise from the frequency offset of 100 Hz 
to 1 MHz. As shown in Fig. 4(b), each P1 dynamical state 
of different f0 demonstrated in Fig. 4(a) is so chosen that 
the power ratio of the lower oscillation sideband to the 
optical carrier, referred to as the sideband-to-carrier ratio 
(SCR), is about the same, around -0.5 dB. This leads to a 
similar microwave power level over a broad frequency 
range of microwave generation, as also shown in Fig. 4(b), 
if the same optical power is received by the photodiode. 
The microwave power can be maximized for any received 
optical power if SCR approaches zero. 
 
4. Conclusion 
 

This study investigates P1 nonlinear dynamics of a 
semiconductor laser for photonic microwave generation 
with the help of modulation sideband injection locking to 

(a) 

(b) 
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achieve microwave stabilization. Highly stable, down to a 
3-dB linewidth of 1 Hz, and broadly tunable, up to 40 
GHz, microwave generation with constant power is 
demonstrated using an electronic microwave reference at 
a small fraction, such as one-tens, of the P1 oscillation 
frequency. The highest demonstrable frequency is mainly 
restricted by the bandwidth of the devices used in this 
study, not by the proposed microwave generation and 
stabilization scheme. Stabilized microwave generation at a 
higher frequency, such as 100 GHz or more, is feasible. 
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Abstract–The nonlinear dynamics and chaos bandwidth 

of a three-section monolithically integrated semiconductor 

laser (MISL) subject to optical injection are investigated 

experimentally. The results show that, the solitary MISL 

can operate at various dynamical states by adjusting the 

currents of three sections, but the chaotic region is very 

small and the maximum chaos bandwidth is about 14 GHz. 

After introducing an external optical injection, mappings 

of the dynamical states and the chaos bandwidth of the 

MISL in the parameter space of the injection strength and 

frequency detuning are presented. Under suitable injection 

parameters, the chaotic region can be greatly expanded, 

and the chaos bandwidth can reach more than 36 GHz.  

  

1. Introduction 

 

In recent years, photonic integrated circuits (PICs) 

developed very fast for its lower cost, more compact and 

better reproducibility for mass production compared with 

discrete optical components [1]-[3]. Monolithically 

integrated semiconductor lasers (MISLs) [4]-[15], as one 

kind of PICs, have attracted intensive attention due to 

their unique virtues. Through specific design and 

manufacture, MISLs can output different dynamical states 

[4]-[6] and apply to various applications such as chaos 

synchronization [7], [8] and clock recovery [9], high-

speed physical random bit generation [10] and high-

quality microwave generation [11]. Since the 1990s, the 

nonlinear dynamics of MISLs had been investigated [12]-

[14]. Recently, we reported the route into and out of chaos 

in a three-section MISL, and obtained high-dimensional 

chaos output [15].  

Due to the restriction by the relaxation oscillation 

frequency of the DFB section in a MISL, the bandwidth of 

the chaos output from a solitary MISL is usually at a level 

of 10 GHz [6], [10], which sometimes may not meet the 

requirements in some special applications such as over 10 

Gb/s high-speed optical chaotic communication and ultra-

high-speed random number generation. Optical injection, 

known as a common perturbation, is generally introduced 

to a semiconductor laser to provide an external degree of 

freedom, thus various dynamics can be obtained, 

including stable and unstable injection locking, four-wave 

mixing, instabilities and chaos [16]. Especially, the 

bandwidth of chaos output can be greatly enhanced by 

optical injection [17], [18]. Based on above considerations, 

in this work, we experimentally investigate the dynamics 

and chaos bandwidth of a MISL subject to optical 

injection.  

 

2. Experimental Setup 
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Fig. 1. Experimental setup. Solid lines: optical paths; dashed lines: 
electrical paths. ML: master laser; SL: slave laser; EDFA: erbium doped 

fiber amplifier; VA: variable attenuator; FC: fiber coupler; PM: power 

meter; PC: polarization controller; OI: optical isolator; BS: beam splitter; 
DFB: distributed feedback section; P: phase section; A: amplifier 

section; PD: photo-detector; ESA: electrical spectrum analyzer; OSC: 

oscilloscope; OSA: optical spectrum analyzer; M: measuring point. 
 

Figure 1 shows the experimental setup. A tunable laser 

source is utilized as the master laser (ML) to provide 

optical injection. The slave laser (SL) is a three-section 

MISL, which is designed and fabricated by ourselves [15] 

and is composed of a distributed feedback (DFB) section, 

a phase (P) section and an amplifier (A) section with the 

currents of three sections are labeled as IDFB, IP and IA, 

respectively. During total experimental process, the 

temperature of the MISL is stabilized at 18.54 °C. 

The output of ML firstly passes through an erbium 

doped fiber amplifier (EDFA1), a polarization controller 

(PC), an optical isolator (OI1), a beam splitter (BS), and 

then injects into the SL. A variable attenuator (VA1) is 

used to adjust the injection power. The output from the 

left facet of MISL passes through BS, OI2, and then is 

divided into two parts by FC1. One part with relatively 

low power is sent to an optical spectrum analyzer. The 

other part with relatively high power is amplified by 

EDFA2 firstly and then divided into two parts, which are 

transferred into two electronic signals by two fast photo-

detectors (PDs), respectively. One electronic signal is sent 

to an oscilloscope for observing the time series of the 
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MISL output, and the other is sent to an electrical 

spectrum analyzer for analyzing the power spectra of the 

MISL output signal. M is the measuring point for 

monitoring the output power of the solitary MISL and the 

injection optical power. 

 

3. Results and discussion 

 

3.1. MISL without Optical Injection 

Fig. 2. Time series, optical spectra, power spectra, and phase portraits of 
typical dynamical states output from the solitary MISL under different IA 

for IDFB = 70.00 mA and Ip =34.00 mA, where from top to bottom IA is 

(a) 10.00 mA, (b) 18.15 mA, (c) 19.91 mA, (d) 21.70 mA, (e) 23.58 mA, 
and (f) 27.50 mA, respectively. The gray lines in power spectra denote 

the noise floor. 

 
Fig. 3. Mapping of the dynamical states of the solitary MISL in the 
parameter space of IP and IA, where different colors denote different 

states. The points a-f, corresponding to the case of row a-f in Fig. 2, 

respectively. 
 

Figure 2 shows the time series, optical spectra, power 

spectra, and phase portraits of the output from the solitary 

MISL under different IA for IDFB=70.00 mA and IP = 34.00 

mA. For IA=10.00 mA, the output power is nearly a 

constant with small ripples due to the noise, the optical 

spectrum is a typical single mode shape, the power 

spectrum is similar to the noise floor, and the phase 

portrait is an extended dot. Therefore, the dynamical state 

of the solitary MISL can be determined to be a stable state 

(S). For IA=18.15 mA, the time series shows a periodic 

oscillation, whose fundamental frequency is close to the 

relaxation oscillation frequency and is about 13.511 GHz 

obtained from the power spectrum, and the phase portrait 

is a dense dot. Therefore, it can be identified that the 

dynamical state is a period one state (P1). For IA=19.91 

mA, both the sub-harmonic frequency and fundamental 

frequency present clearly, which is the typical 

characteristics of doubled periodicity, and then the 

dynamics could be identified as a period two state (P2). 

Increasing IA to 21.70 mA, some new frequencies emerge 

around the fundamental frequency and sub-harmonic 

frequency, which is the feature of multi-period state (MP). 

For IA = 23.58 mA, the time series is a noise-like 

waveform, a broad and smooth power spectral distribution 

could be observed and the phase portrait shows a widely 

scattered distribution over a large area. All these features 

indicate that the solitary MISL operates at a chaotic state 

(C). Further increasing IA to 27.50 mA, a mode hopping 

occurs and the dynamics of solitary MISL returns to a 

stable state. In order to distinguish the two stable states 

when IA = 10.00 mA and IA = 27.50 mA, the stable state 

after mode hopping is named as S’. In a word, a route of 

S-P1-P2-MP-C-S’ is presented under IDFB = 70.00 mA and 

IP = 34.00 mA through scanning IA. 

Figure 3 integrates a mapping of the dynamic states in 

the parameter space of IP and IA. The marked points a-f 

correspond to the case of Fig. 2(a)-(f), respectively. For 

relatively low IA, the MISL keeps a stable state. When Ip is 

about 34.00 mA, various dynamical states can be observed 

with the increase of IA. Here, we introduce the effective 

bandwidth [19] to evaluate the chaotic bandwidth of the 

chaotic region in Fig. 3 though the region that the solitary 

MISL operates at chaotic state is small. 
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Fig. 4. Variations of chaotic bandwidth with IA for IDFB = 70.00 mA and 

IP = 34.00 mA. 

 

Fig. 4 displays the chaotic bandwidth as a function of IA 

for IDFB and IP are fixed at 70.00 mA and 34.00 mA, 

respectively. As shown in this diagram, with the increase 

of IA from 21.90 mA to 25.90 mA, the chaotic bandwidth 

increases firstly, after reaches a maximum of 14.36 GHz 

for IA = 23.22 mA, and then decreases. Our related 

experimental results show that 14.36 GHz is 

approximately maximal chaotic bandwidth within the 

chaotic region. Therefore, we fix IDFB, IP, and IA at 70.00 

mA, 34.00 mA, and 23.22 mA, respectively, and then 

investigate how the introduction of optical injection 

affects the effective bandwidth. 
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3.2. MISL with Optical Injection 

 
Fig. 5. Dynamical states of a MISL subjected to external optical injection 

in the parameter space of injection strength and frequency detuning, 

where the operation parameters of MISL for (a)-(d) correspond to points 

a, b, c and e in Fig. 3, respectively. 

We select four different operation points (points a, b, c, 

and e in Fig. 3) to explore the influence of external optical 

injection on the dynamics of the MISL, and the 

corresponding results are shown in Fig. 5(a)-(d), 

respectively. The injection strength Kin is defined as the 

ratio of the injection power and output power of the 

solitary MISL measured at point M in Fig. 1. For the 

operation point a, the solitary MISL originally operates at 

a stable state. However, as shown in Fig. 5(a), after 

introducing an external optical injection, a large region of 

injection locking (IL) located at negative frequency 

detuning can be observed, in which the MISL under 

optical injection maintain a stable state. In other injection 

parameters, the dynamical state of the MISL transfers into 

other dynamical states including P1, P2, MP and the 

chaotic state emerges in the region with positive 

frequency detuning. Figure 5(b) shows the corresponding 

result for IA = 18.15 mA (operation point b). When 

external optical injection introduced, though P1 can also 

be observed, some new dynamical states such as P2, MP, 

and chaos appear. Especially, compared with that for the 

case of IA = 10.00 mA as shown in Fig. 5(a), two larger 

chaotic regions can be observed, which locate at positive 

and negative frequency detuning areas, respectively. For 

IA = 19.91 mA and 23.58 mA, the corresponding results 

are shown in Fig. 5(c) and (d), respectively. It should be 

specially pointed out that as shown in Fig. 5(d), a new P1 

(named as P1’ here) different from P1 mentioned above, 

has been observed, which is originated from the beating 

between the injection laser and the new mode caused by 

mode hopping and a large IA may be helpful to expand the 

chaotic region. Next, the influence of optical injection on 

the chaotic bandwidth will be studied. 
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Fig. 6. Optical spectrum (left column) and power spectrum (right column) 

of the MISL under optical injection with injection ratio Kin = 2.88 and 

frequency detuning Δf = 60.00 GHz, IDFB = 70.00 mA, IP = 34.00 mA 
and IA = 23.22 mA. In power spectrum, the gray, green and red lines 

denote the noise floor, the measured power spectra, and the power 

spectrum after subtracting the background noise, respectively. The 
shaded areas denote the spectral spans that have been counted toward the 

effective bandwidth. 

 

Figure 6 displays the optical spectrum and the power 

spectrum of the MISL under optical injection with 

injection ratio Kin = 2.88 and frequency detuning Δf = 

60.00 GHz. IP and IA are fixed at 34.00 mA and 23.22 mA 

based on Fig. 4. As shown in Fig. 6, after the optical 

injection is introduced, the optical spectrum maintains 

broad but an obvious peak emerges at the frequency of 

injection light, the power spectrum of is broad and smooth. 

Further calculation of the effective bandwidth shows that 

the chaotic bandwidth increases from 14.36 GHz to 36.99 

GHz. In the following, the impacts of the injection ratio 

and the frequency detuning on the chaos bandwidth of 

chaotic output will be investigated in details. 
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Fig. 7. Chaos bandwidth as a function of the injection ratio Kin under Δf 

= -45.00 GHz and Δf = 45.00 GHz. 

 

Figure 7 displays the chaos bandwidth of chaotic signal 

from the MISL as a function of injection ratio Kin for Δf = 

-45.00 GHz and Δf = 45.00 GHz. With the increase of Kin, 

the chaos bandwidth rapidly increases firstly, and then 

slowly increases to a relative stable value. A similar trend 

can be observed for Δf = -45.00 GHz and Δf = 45.00 GHz. 

For a larger value of Kin, the optical injection may lead a 

change of dynamical state, and then the variation trend of 

the bandwidth with the injection ratio will be more 

complicated. 
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Fig. 8. Effective bandwidth as a function of frequency detuning Δf for 

different injection ratio, Kin = 1.92 (a), Kin = 2.88 (b), Kin = 3.85 (c). The 

filled circle, hollow square, hollow rhombus, snowflake, and solid 

triangle represent chaotic state (C), stable state (S), multi-period 

oscillation (MP), period-two oscillation (P2) and period-one oscillation 

(P1), respectively. 

 

Finally, Figure 8 shows the variation of the effective 

bandwidth with Δf under Kin = 1.92 (a), 2.88 (b) and 3.85 

(c), respectively. It can be seen that, when the absolute 

values of Δf are relatively small, P1, P2, MP and chaotic 

states can be identified with the help of effective 

bandwidth and the dynamical states are very sensitive to 

the variation of the frequency detuning.  However, for the 

absolute values of Δf possesses relative large values, the 

unbroken expanse of chaotic regions can be obtained. For 

different values of Kin, the continuous chaotic regions own 

different boundaries, and the maximums of the chaos 

bandwidths are 36.56 GHz under Kin = 1.92, 36.99 GHz 

under Kin = 2.88, and 36.86 GHz under Kin = 3.85, 

respectively. 

 

4.  Conclusions 

 

In summary, the dynamical characteristics and the 

chaos bandwidth of a MISL with and without external 

optical injection have been studied experimentally. The 

solitary MISL behaves a dynamical route of S-P1-P2-MP-

C-S’ under IDFB = 70.00 mA and IP = 34.00 mA through 

varying IA. The chaotic region in the parameter space of IA 

and IP is relatively small and the maximal chaos 

bandwidth is approximately 14 GHz. After introducing 

external optical injection, the MISL can always be driven 

into a chaos no matter which state the solitary MISL 

originally operates at, and a large IA is helpful to enlarge 

the chaotic region. The chaos bandwidth can reach more 

than 36 GHz by selecting suitable injection strength and 

frequency detuning. We hope this work will be helpful to 

understand the chaos dynamics of MISLs under optical 

injection and then exploit their applications in related 

fields. 

 

Acknowledgments 

 

This work was supported by the National Natural 

Science Foundation of China under Grant 61178011, 

Grant 61275116, and Grant 61475127, and the 

Postgraduate Research and Innovation Project of 

Chongqing Municipality under Grant no. CYB14054. 

 

 

 

References 

 
[1] T. L. Koch, and U. Koren, “Semiconductor photonic integrated 

circuits,” IEEE J. Quantum Electron., vol. 27, pp. 641–653, 1991. 

[2] D. Hofstetter, B. Maisenhölder, and H. P. Zappe, “Quantum-well 
intermixing for fabrication of lasers and photonic integrated 

circuits,” IEEE J. Sel. Top. Quantum Electron., vol. 4, pp. 794–

802, 1998. 
[3] B. R. Cemlyn, D. Labukhin, I. D. Henning, and M. J. Adams, 

“Dynamic transitions in a photonic integrated circuit,” IEEE J. 

Quantum Electron., vol. 48, pp. 261-268, 2012. 
[4] S. Bauer, O. Brox, J. Kreissl, B. Sartorius, M. Radziunas, J. Sieber, 

H. J. Wünsche, and F. Henneberger “Nonlinear dynamics of 

semiconductor lasers with active optical feedback,” Phys. Rev. E, 
vol. 69, art. 016206, 2004. 

[5] O. Ushakov, S. Bauer, O. Brox, H. J. Wünsche, and F. 

Henneberger, “Self-organization in semiconductor lasers with 

ultrashort optical feedback,” Phys. Rev. Lett., vol. 92, art. 043902, 

2004. 

[6] A. Argyris, M. Hamacher, K. E. Chlouverakis, A. Bogris, and D. 
Syvridis, “Photonic integrated device for chaos applications in 

communications,” Phys. Rev. Lett., vol. 100, art. 194101, 2008. 

[7] H. J. Wünsche, S. Bauer, J. Kreissl, O. Ushakov, N. Korneyev, F. 
Henneberger, E. Wille, H. Erzgräber, M. Peil, W. Elsäßer, and I. 

Fischer, “Synchronization of delay-coupled oscillators: a study of 

semiconductor Lasers,” Phys. Rev. Lett., vol. 94, art. 163901, 2005. 
[8] T. Pérez, M. Radziunas, H. J. Wünsche, C. R. Mirasso, and F. 

Henneberger, “Synchronization properties of two coupled 

multisection semiconductor lasers emitting chaotic light,” IEEE 
Photon. Technol. Lett., vol. 18, pp. 2135–2137, 2006. 

[9] Y. Sun, J. Q. Pan, L. J. Zhao, W. X. Chen, W. Wang, L. Wang, X. 

F. Zhao, and C. Y. Lou, “All-optical clock recovery for 20 Gb/s 
using an amplified feedback DFB Laser,” J. Lightw. Technol., vol. 

28, pp. 2521–2525, 2010. 

[10] R. Takahashi, Y. Akizawa, A. Uchida, T. Harayama, K. Tsuzuki, S. 
Sunada, K. Arai, K. Yoshimura, and P. Davis, “Fast physical 

random bit generation with photonic integrated circuits with 

different external cavity lengths for chaos generation,” Opt. 
Express, vol. 22, pp. 11727–11740, 2014. 

[11] D. S. Yee, Y. A. Leem, S. B. Kim, D. C. Kim, K. H. Park, S. T. 
Kim, and B. G. Kim, “Loss-coupled distributed-feedback lasers 

with amplified optical feedback for optical microwave generation,” 

Opt. Lett., vol. 29, pp. 2243–2245, 2004. 
[12] Y. K. Chen and M. C. Wu, “Monolithic colliding-pulse mode-

locked quantum-well lasers,” IEEE Quantum Electron., vol. 28, 

pp. 2176-2185, 1992. 
[13] T. Franck, S. D. Brorson, A. Moller-Larsen, J. M. Nielsen, and J. 

Mork, “Synchronization phase diagrams of monolithic colliding 

pulse-modelocked lasers,” IEEE Photonics Technol. Lett., vol. 8, 
pp. 40-42, 1996. 

[14] M. Yousefi, Y. Barbarin, S. Beri, E. A. J. M. Bente, M. K. Smit, R. 

Nötzel, and D. Lenstra, “New Role for Nonlinear Dynamics and 

Chaos in Integrated Semiconductor Laser Technology,” Phys. Rev. 

Lett., vol. 98, art. 044101, 2007. 

[15] J. G. Wu, L. J. Zhao, Z. M. Wu, D. Lu, X. Tang, Z. Q. Zhong, and 
G. Q. Xia, “Direct generation of broadband chaos by a monolithic 

integrated semiconductor laser chip,” Opt. Express, vol. 21, pp. 

23358–23364, 2013. 
[16] J. Ohtsubo, Semiconductor Lasers: Stability, Instability and Chaos, 

third Ed., Springer, Berlin, 2013. 

[17] A. B. Wang, Y. C. Wang, and H. C. He, “Enhancing the 
bandwidth of the optical chaotic signal generated by a 

semiconductor laser with optical feedback,” IEEE Photonics 

Technol. Lett., vol. 19, pp. 1633-1635, 2008. 
[18] Y. Hong, P. S. Spencer, and K. A. Shore, “Enhancement of 

chaotic signal bandwidth in vertical-cavity surface-emitting laser s 

with optical injection,” J. Opt. Soc. Am. B: Opt. Phys., vol. 29, pp. 
415-419, 2012. 

[19] F. Y. Lin, Y. K. Chao, and T. C. Wu, “Effective bandwidths of 

broadband chaotic signals,” IEEE J. Quantum Electron., vol. 48, 

pp. 1010-1014, 2012. 

- 160 -



  

Precise fault location in TDM-PON by utilizing the delay signature of the chaotic 
laser with optical feedback 

 
Tong Zhao†‡, Hong Han†‡, YunCai Wang†‡, XiaoMing Chang‡, and AnBang Wang†‡ 

 
†Key Laboratory of Advanced Transducers and Intelligent Control System (Taiyuan University of Technology), 

Ministry of Education and Shanxi Province, Taiyuan 030024, China 
‡College of Physics and Optoelectronics, Taiyuan University of Technology, Taiyuan 030024, China 

Email: zhaotong.tyut@outlook.com, wanganbang@tyut.edu.cn 
 

Abstract–We propose and experimentally demonstrate 
a method to precise locate the fault in TDM-PON utilizing 
the time delay signature of the chaotic laser which 
generated in the form of optical feedback. A laser diode 
couple into TDM-PON at the side of control office and the 
laser is reflected by a fiber Bragg grating at the end of each 
branch. And then, the laser diode and whole TDM-PON 
constitutes a chaos laser generation system with multi-
feedback. Each branch corresponds to a time delay 
signature (peak) in auto-correlation with the contribution 
of each optical feedback, and the signatures’ position 
represent all reflectors. In the monitoring of TDM-PON, 
the disappeared peak represents the fault branch, and 
emerged peak corresponds to the fault position. Since the 
broad bandwidth of the chaotic laser, the spatial resolution 
can reach the level of millimeter and each branch adds tiny 
fiber to distinguish with other’s length. The experiment 
results prove the concept and the spatial resolution of the 
location is 8 mm. 
 
1. Introduction 
 

Chaotic laser has been extensive studied [1, 2] since its 
developed attractive application fields, such as high 
resolution ranging, fast random number generation, chaos-
based secure communications. In the approaches of chaos 
generation, the laser diode (LD) with optical feedback has 
been wildly used because of the simplest structure which 
consists of only one LD and one reflector. But in this 
method, the output chaotic laser contain the external 
feedback time delay signature (TDS) [3-5], which is 
recognized as a nuisance in chaotic laser applications. 
Many researchers have developed new optical feedback 
mechanisms to suppress or conceal the TDS [3, 6-11] in 
recently years.  

However, we find the TDS can be utilized in the time-
division multiplexing-passive optical network (TDM-
PON), which can realize the distinction of the fault branch 
and the precise location of the fault position 
simultaneously. Any fault in TDM-PON will lead to 
service interruption and tremendous data loss because of 
the fast data rate and large capacity in TDM-PON. And 
this force researchers developed many techniques to 
achieve the monitoring in TDM-PON [12-14].  

The most directly approach is to initiative select each 
branch fiber to scan with function of optical time domain 
reflectometer (OTDR). The selection is realized by control 
a switch or selector which sited at the splitter, or test the 
branch fiber one by one from the optical network units’ 
(ONUs) side. Another approach is add some unique 
feature to identify each branch, mainly performed in the 
aspect of fiber length, wavelength and code. And locate 
the fault by an OTDR. The other approach is analyzing 
from radio-frequency (RF) spectrum, where different 
frequency corresponds to different branch.  

The monitoring of TDM-PON requires to consider the 
cost of the operational expenditure (OPEX) and the 
scalability of the test equipment. In the techniques 
discussed above:  

(a) Branch scanning technique need active components 
or behavior to realize, that will increase operation and 
maintenance cost;  

(b) Unique feature technique require to customize 
amount fiber Bragg gratings (FBGs) with different 
wavelength, and the range of the wavelength of test laser 
will limit the scalability of the branch feature; unique fiber 
length between two close branch must have an interval 
greater than the resolution of the OTDR, which can reach 
meters or more when detect in a long range; 

(c) Analyzing from the frequency have a complex 
structure and expensive spectrum analyzer, let alone the 
cost of other components.  

Moreover, the techniques realize the function of 
location with the help of OTDR, and the principle of 
OTDR process a tradeoff between spatial resolution and 
measurement range [15]. Although we presented a precise 
located method with chaotic laser [15], it did not apply to 
the TDM-PON since the indistinguishable branch and the 
great attention of power splitter. To decrease the OPEX, 
researchers keep exploring new effective technique with 
simple structure for low cost and high spatial resolution 
for saving location time. In this paper, we improve the 
technique of the monitoring to some extent, and provide a 
new method to distinction and precise location in TDM-
PON. 
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2. Principle of the Monitoring with TDS 
 

The TDM-PON contains of an optical line terminal 
(OLT), feeder fiber, power splitter (PS) and some ONUs. 
According to ITU-T L.66 (2007) Recommendation, the 
wavelength of maintenance laser is limited in the U-band 
(1625-1675 nm). As shown in Fig. 1, we utilize a 
distributed feedback laser diode (DFB-LD) in U-band to 
realize the monitoring of the TDM-PON. Test laser 
transmits into feeder fiber through a wavelength division 
multiplexor (WDM) and split to every branch by PS. 
Before each ONU, we insert a FBG which can reflect the 
laser of DFB-LD but do not influence the laser of the 
communications. Therefore, the DFB-LD and FBGs 
constitute a chaos generation system with multi-feedback, 
and the auto-correlation function (ACF) of the output of 
DFB-LD includes TDSs which correspond to each FBG’s 
position. Due to the short distance between FBG and 
ONU in each branch, we can ignore the distance and 
regard the TDSs in ACF as ONUs’ position. And then find 
the relationship between TDSs and branches in ACF, 
which will be the reference curve for the following 
monitoring. 

 
Fig. 1. Schematic of the TDM-PON’s monitoring utilizing TDS of 
chaotic laser which generated by multi-optical feedback. The inset one is 
ACF of the chaotic laser. OLT: optical line terminal; WDM: wavelength 
division multiplexor; PS: power splitter; DFB-LD: distributed feedback 
laser diode; FBG: fiber Bragg grating; ONU: optical network unit; ACF: 
auto-correlation function. 

 
In the operation of monitoring, calculate the ACF 

repeatedly and compare every results with the reference 
ACF curve. When the fault occurs in feeder fiber (Fault I 
in Fig. 1), the reflection at the fault point instead of all 
FBGs to affect the DFB-LD to generate chaos. So there is 
only one TDS in ACF curve at the position of the fault, as 
shown in Fig. 2(a). When a fault occur in one branch 
(Fault II in Fig. 1), one TDS in ACF will disappear 
comparing with the reference curve and the emerging 
TDS response to the fault position. In Fig. 2(b) we 
illustrate the result when the branch of ONU2 is broken. 

 
Fig. 2. Monitoring results when the fault occur in feeder fiber (a) and 
branch (b). 

 

It should be point out that the spatial resolution of this 
technique is determined by the full-width-at-half-
maximum (FWHM) of the correlation peak in ACF curve. 
It can reach several millimeters since the broad bandwidth 
of the chaotic laser [16]. 
 
3. Experiment 
 
3.1. Setup 
 

The setup of our experiment is shown in Fig. 3. To 
demonstrate a proof test, we simplify the construction of 
the TDM-PON since some components play no role in our 
monitoring techniques. The DFB-LD emits laser to a 
coupler with the split ratio of 99:1. A photo detector (PD) 
receives the 1% part and acquires by an oscilloscope 
(OSC). Another part with 99% laser injects into the feeder 
fiber and pass through a variable optical attenuator (VOA) 
to connect to PS. A fiber mirror is sited at the end of every 
branches to provide optical feedback with the adjustment 
of VOA to make the DFB-LD generates chaotic laser.  

In our experiment, the wavelength of DFB-LD is at 
1550 nm. We use three 50:50 couplers to construct PS 
with 4 branches and choose a 6-km single-mode fiber. The 
chaotic laser is detected by a PD with 12-GHz bandwidth 
(Newport 1544B) and recorded by a real-time 
oscilloscope with bandwidth of 36 GHz (LeCory, 
LabMaster 10-36Zi). The correlation calculation of 
chaotic laser is performed by a computer. 

 

 
Fig. 3. The setup of the experiment 

 

The properties of the chaotic laser is shown in Fig. 4. 
Figure 4(a) shows the output intensity of the probe laser 
changes from a noisy stable state (gray) into a chaotic 
state (blue) with larger fluctuation due to the feedback 
from the characteristic reflectors. The power spectrum of 
the chaotic is plotted in Fig. 4(b). The spectrum of the 
chaos (blue) rise a higher level than noise (gray), and have 
a wide bandwidth. 

 
Fig. 4. The time series (a) and power spectrum (b) of the chaotic laser 
with (blue) and without (gray) optical feedback from each branch. 
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3.2. Results 
 

We simulated the event of fault occurring in branch 2. 
The feedback is offered by the fault point and the marking 
reflectors in other branches. Figure 5 plots the 
corresponding ACF trace. Compared with the reference 
trace colored by gray, which is the ACF of the healthy 
PON, we can observe the second identified delay 
signature disappears and emerges a new peak. So the fault 
and the corresponding branch are identified 
simultaneously.  

Moreover, the spatial resolution is estimated by the 
full-width-at-half-maximum (FWHM) of the correlation 
peak. The inset one plots the magnified correlation peaks 
of the fault. It is found that the FWHM of the correlation 
peak is 8 mm which determined by the broad bandwidth 
of the chaos.  

It should be mentioned that if the fault occurs in the 
feeder fiber, there is only feedback from reflection of the 
fault point. All peaks marking branches will disappear and 
a new peak will emerge before these marking peaks. This 
correlation peak corresponds to the delay signature of the 
fault feedback. 

 
Fig. 5. Results of fault detection in branch 2, and the inset one shows the 
FWHM of the fault peak. 

 
4. Discussions and Conclusion 
 

Comparing with other techniques of the TDM-PON’s 
monitoring, the method of utilizing the TDS of the chaotic 
laser has some advantages. First, the spatial resolution of 
the fault location is maintaining the property of the 
chaotic OTDR. Second, the monitoring system is just a 
chaotic generation system with multi-feedback, and only 
add a DFB-LD and some FBGs to the TDM-PON. 
Common DFB-LD and same FBG without customized 
decrease the OPEX of the monitoring in some degree by 
contrast to the tunable OTDR, different customized FBG 
or expensive instruments in other techniques. Third, the 
distinguished fiber length in each branch will reduce to 
millimeters increasing step because of the high resolution. 

In conclusion, we propose and experimentally proof a 
technique of monitoring the fault in TDM-PON, utilizing 
the TDS of chaotic laser. The FBGs in every branches 
provide the optical feedback to the DFB-LD, and 
constitute a chaotic generation system with multi-
feedback. According to the disappeared and emerged 

TDSs, we can distinguish the fault branch and fault 
position. The experiment results demonstrate the 
feasibility of our concept, and the spatial resolution can 
reach 8 mm. This method has combine the chaos 
generation and TDM-PON monitoring, and we believe the 
simple structure with low OPEX will attract more 
attentions. 
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Abstract—Analytical and exact solutions of the period-
three orbits exhibited by the delayed logistic map are pre-
sented. Expressions are obtained by applying the harmonic
balance method and Gröbner bases to an equivalent single-
input single-output representation of the system. A detailed
study of the effect of the delays on the appearance of bista-
bility phenomenon is also included.

1. Introduction

There exists a great variety of discrete maps coming
from different branches of science which develop a period
doubling (PD) cascade as one of the parameters is varied.
Among the extensive list of examples, it can be mentioned:
population models in Biology [1, 2], cardiac activity mod-
els in Medicine [3], structure markets in Economics [4],
impact systems in Mechanics [5], the modulated lasers in
Physics [6, 7], etc. In many of these applications, logistic
map has played a remarkable role in the description of the
dynamical scenarios.

Classical cascades consist in the successive unfolding
of PD bifurcations leading to the existence of period-2k

(k>1) orbits around the fixed point. This sequence con-
forms a widely-known route to chaos [8, 9]. Once the
chaotical scenario is achieved, dynamics alternates be-
tween periodic and chaotic windows. Perhaps, the most
singular periodic window is the one originated by a period-
three (P3) saddle-node bifurcation. In scalar maps, it gives
rise to the noted phrase “period-three implies chaos” [10].

In the chaos control technique proposed by Pyragas [11],
unstable periodic orbits inside the cascade can be stabilized
by using time-delayed versions of the states in the feedback
loop. Besides its simplicity, this controller can provoke the
appearance of the so-called bistability phenomenon [12].
Thus, for example, it is possible to find that P3 orbits coex-
ist with the desired dynamics. Due to the inherent increase
in the dimension of the systems, these nonlinear phenom-
ena are usually study by making numerical simulations [7].

In this paper, P3 orbits exhibited by the delayed version
of the logistic map are characterized analytically. Develop-
ments are based on an input-output representation of the
system, a Fourier decomposition of the orbit and a bal-
ance of the involved harmonics [13]. Exact solutions of the

periodic points are obtained for any arbitrary delay value.
This is possible thanks to the application of Gröbner bases
to the resulting set of polynomials [14]. Results comple-
ment those presented in [15] concerning the appearance of
period-four oscillations in a family of quadratic maps. Pre-
vious analytical developments related to periodic orbits in
the scalar logistic map can be found in [16, 17].

The paper is organized as follows. In Section 2, the
equivalent input-output representation of the delayed logis-
tic map is described. The set of polynomials with triangular
structure that permits to obtain the exact expressions of the
P3 orbits is presented in Section 3. Critical conditions for
the appearance of these solutions as a function of the time
delays are included in Section 4. Finally, conclusions are
summarized in Section 5.

2. Input-output representation

The delayed version of the logistic map is given by

xk+1 = αxk(1 − xk) − η(xk−σ − xk), (1)

where α is the growth rate of the original system (α ≥ 1),
η is the control gain (−1 < η < 1) and σ is the proposed
delay in time (σ ≥ 1). The control term implies an increase
in the dimension of the system. In fact, (1) can be rewritten
as the (σ + 1)-dimensional state-variable map

xk+1 = Axk + B[αyk
2 − (α + η)yk], (2)

where yk = Cxk and

A =

(
0 −η
Iσ×σ 0

)
, BT = C =

(
1 0 · · · 0

)
.

This extension can be overcome representing the map as
the L’ure system of Fig. 1 consisting of a dynamical linear
block G(·) connected to a nonlinear and static function f (·)
by means of a feedback loop. The variables are input vk,
error ek and output yk. Since vk is assumed to be zero, the
input of G(·) is directly uk = − f (yk).

Following routine calculations and applying the z-
transform, the equivalent input-output representation is

G(z) =
zσ

zσ+1 + η
, (3)

f (yk) = αy2
k − (α + η)yk. (4)
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Figure 1: Input-output representation.

Notice that G(z) is a scalar rational function, yk ∈ R and
f (·) : R → R. Thus, the (σ + 1)-dimensional original
system reduces to an interconnection between two scalar
functions independently of the arbitrary delay value.

Fixed points are obtained via the equation ŷ = −G(1) f (̂y)
where G(1) = 1/(1 + η) is the response of linear block
to frequency ω = 0 (z = ei0 = 1). As it is known, the
Pyragas control law maintains the fixed points of the orig-
inal map, i.e. ŷ− = 1 − 1/α and ŷ+ = 0. The stability of
each ŷ± is determined by means of the open-loop function
G(z)J where J = Dy f (̂y±) = 2α̂y± − (α + η). In partic-
ular, if G(eiω)J = −1 + i0 for certain ω = ωo, the fixed
point will change its stability condition [13]. Thus, it can
be affirmed that ŷ+ is always unstable but the dynamical
scenario around ŷ− depends on the gain and delay values.

As it is shown in [15], delayed logistic map develops PD
bifurcations but the characteristics of respective P2 orbits
depends on the σ parity. In fact, the critical condition is
equal to that of the original map (α = 3) for even σ val-
ues while it is changed to α = 3 + 2η for odd σ values,
modifying the interval where ŷ− is stable. Period-three so-
lutions exhibited by (1) are analyzed in the following. The
equivalent input-output representation will facilitate the ap-
plication of the harmonic balance method for the character-
ization of these orbits.

3. Exact period-three solutions

The Fourier decomposition of a P3 orbit can be ex-
pressed as

yk = ŷ + Y0 + Y3ei 2π
3 k + Y3e−i 2π

3 k, (5)

where ŷ = ŷ−, Y0 ∈ R is a correction of ŷ to achieve the
center or average value Ỹ0 = ŷ + Y0 of the oscillation and
Y3 = Y3R + iY3I ∈ C, together with its conjugate Y3, rep-
resents the amplitude of the unique harmonic ei2π/3k. Thus,
the three periodic points are: y1 = ŷ + Y0 − Y3R −

√
3Y3I ,

y2 = ŷ + Y0 − Y3R +
√

3Y3I and y3 = ŷ + Y0 + 2Y3R.
Considering that (5) is the input of the nonlinear block

(4), the respective output f (yk) is calculated. Making some
algebraic manipulations, it is obtained

f (yk) = f (̂y) + F0 + F3ei 2π
3 k + F3e−i 2π

3 k,

where

F0 = (α − 2 − η)Y0 + α(Y2
0 + 2|Y3|

2), (6)

F3 = (α − 2 − η)Y3 + α(2Y0Y3 + Y
2
3). (7)

As can be seen, f (yk) preserves the harmonic decomposi-
tion of the proposed yk. Since ek = − f (yk) is the input of
the linear block G(·), the loop in Fig. 1 is closed by estab-
lishing the harmonic balance

Y0 = −G(1)F0, (8)

Y3 = −G(ei 2π
3 )F3, (9)

where G(ei 2π
3 ) is the response of G(·) at a frequency

ω = 2π/3 (z = ei2π/3).
Combining (6) to (9), it results a set of two polynomi-

als in the complex variables Y0 and Y3. Assuming that
G(ei 2π

3 )J , −1 + i0 (since resonances 1:3 are not analyzed)
and denoting G1 = G(1) and G(ei 2π

3 ) = G π
3 R + iG π

3 I , balance
equations can be transformed into three polynomials in Y0,
Y3R and Y3I with real coefficients given by

Y0 = −G1(α − 2 − η)Y0 + G1α
(
Y2

0 + 2Y2
3R + 2Y2

3I

)
,

Y3R = −G π
3 R

[
(α − 2 − η)Y3R + α(2Y0Y3R + Y2

3R − Y2
3I)

]
+G π

3 I
[
(α − 2 − η)Y3I + α(2Y0Y3I − 2Y3RY3I)

]
,

Y3I = −G π
3 R

[
(α − 2 − η)Y3I + α(2Y0Y3I − 2Y3RY3I)

]
−G π

3 I

[
(α − 2 − η)Y3R + α(2Y0Y3R + Y2

3R − Y2
3I)

]
.

Due to the involved complexity, the real roots of the
resulting polynomial system are found by using Gröbner
bases. This algebraic algorithm generates a new polyno-
mial set with the same ideal to that of the original one,
preserving the same roots [14]. To facilitate the algebraic
manipulation, Y0 is replaced by Ỹ0 − ŷ. Thus, it is defined
the set of polynomials P = {p1, p2, p3} with

p1 = [1 − (α + η)G1]Ỹ0 + αG1Ỹ2
0 + 2αG1Y2

3R+ 2αG1Y2
3I ,

p2 = [1 − (α + η)G 2π
3 R]Y3R +(α + η)G 2π

3 IY3I +2αG 2π
3 RỸ0Y3R

−2αG 2π
3 I Ỹ0Y3I +2αG 2π

3 IY3RY3I +αG 2π
3 RY2

3R− αG 2π
3 RY2

3I ,

p3 = [1 − (α + η)G 2π
3 R]Y3I−(α + η)G 2π

3 IY3R+2αG 2π
3 RỸ0Y3I

−2αG 2π
3 RY3RY3I +2αG 2π

3 I Ỹ0Y3R+αG 2π
3 IY

2
3R− αG 2π

3 IY
2
3I .

Fixing the variable order Ỹ0 ≺ Y3R ≺ Y3I and consid-
ering the coefficients in P are rational functions of the pa-
rameters, a Gröbner basis composed by four polynonials is
obtained. The one depending on Ỹ0 can be factorized as
0 = Ỹ0(1 − α + αỸ0)g0 where

g0 = 2G1

[
1 − 2(α + η)G 2π

3 R + (α + η)2|G(ei 2π
3 )|2

]
+α

[
8G1G 2π

3 R + (1 − 9(α + η)G1)|G(ei 2π
3 )|2

]
Ỹ0

+9α2G1|G(ei 2π
3 )|2Ỹ2

0 .

Only the roots of g0 correspond to the P3 orbits since they
are solutions of P = 0 for Y3R , 0 and Y3I , 0. The rest
are solutions of P = 0 for Y3R = Y3I = 0. So, to find the
expressions of the Fourier coefficients representing the P3
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Table 1: Frequency response for different delay values
Delays (mod 3) G 2π

3 R G 2π
3 I

σ ≡ 0 − 1
2 +η

1−η+η2
−
√

3
2

1−η+η2

σ ≡ 1 −
1+η

2(1−η+η2)
−
√

3(1−η)
2(1−η+η2)

σ ≡ 2 −
1+η

2(1+2η+η2) −

√
3(1+η)

2(1+2η+η2)

solutions, the algebraic algorithm is applied again but now
to P̃ = P ∪ g0. Thus, the Gröbner basis reduces to three
polynomials with triangular structure {g0, g3R, g3I} where

g3R = G1(α + η)[11(α + η)G1 − 32]G 2π
3 R|G(ei 2π

3 )|2

+G1(α + η)2[16 − 9(α + η)G1]|G(ei 2π
3 )|4

−G2
1(7G 2π

3 R − 5(α + η)G2
2π
3 R

+ 9(α + η)G2
2π
3 I

)

+16G1|G(ei 2π
3 )|2−2α

[
G2

1(5G2
2π
3 R
−9G2

2π
3 I

)−4|G(ei 2π
3 )|4

−9G1(α + η)[(α + η)G1 − 2]|G(ei 2π
3 )|4

−10G1G 2π
3 R|G(ei 2π

3 )|2
]
Ỹ0 − 27αG2

1|G(ei 2π
3 )|2Y3R

+27α(α + η)G2
1|G(ei 2π

3 )|2
[
2G 2π

3 R−(α + η)|G(ei 2π
3 )|2

]
Y3R

−108α2G2
1G 2π

3 R|G(ei 2π
3 )|2Ỹ0Y3R

+108α2G1|G(ei 2π
3 )|4Ỹ0Y3R− 324α3G2

1|G(ei 2π
3 )|4Y3

3R,

g3I = G1

[
1 − 2(α + η)G 2π

3 R + (α + η)2|G(ei 2π
3 )|2

]
+4α

[
G1G π

3 R − |G(ei 2π
3 )|2

]
Ỹ0 − 9αG1G 2π

3 RY3R

+9αG1(α + η)|G(ei 2π
3 )|2Y3R − 18α2G1|G(ei 2π

3 )|2Ỹ0Y3R

−18α2G1|G(ei 2π
3 )|2Y2

3R − 9αG1G 2π
3 IY3I ,

and main coefficients are not zero since G1 , 0 and reso-
nance 1:3 (G 2π

3 I , 0) is omitted.

Polynomial g0 corresponds to the Ỹ0 solutions. The oth-
ers two permit the calculation of Y3R and Y3I recursively.
Notice that there could exist up to two possible solutions
of Ỹ0 and, for each of them, up to three values of Y3R and
Y3I . The exact amount of real solutions is determined by
the sign of the discriminant of the polynomials.

4. Delay dependence

The linear dynamical function (3) evaluated at ω = 2π/3
is given by G 2π

3
= eiσ 2π

3 /(ei(σ+1) 2π
3 + η). Since ω = 2π/3

corresponds to the complex third root of unity and also
eiσ 2π

3 = ei(σ̃+3s) 2π
3 = eiσ̃ 2π

3 with σ̃ = 0, 1, 2 and s ∈ Z,
G 2π

3
presents three types of responses according to the σ

values in modulus 3, as listed in Table 1. This implies that
the discriminant of g0, denoted as ∆Ỹ0

, reduces to the three
different expressions given in Table 2. In all cases, it can
be affirmed that the delayed map does not present P3 orbits
whenever ∆Ỹ0

< 0, since there do not exist real Ỹ0 solutions.

Table 2: Critical conditions for the onset of P3 orbits
Delays (mod 3) ∆Ỹ0

= 0
σ ≡ 0 α − 1 − 2

√
2 = 0

σ ≡ 1 α − 1 − 2
√

2
√

1 − η + η2 = 0
σ ≡ 2 α − 1 − 2

√
2
√

1 + 2η + η2 = 0

For ∆Ỹ0
≥ 0, the two Ỹ0 solutions are real. Now, for

those parameter combinations, it also occurs that the dis-
criminant of g3R is different from zero. In fact, g3R always
has three real roots. So, the two roots of Ỹ0 plus the three
roots of Y3R (Y3I) conform the six periodic points involved
in the two different P3 orbits (one stable and one unstable)
of the system. Therefore, expression ∆Ỹ0

= 0 can be seen
as the critical condition for the occurrence of the defined
P3 saddle-node bifurcation.

Critical curves in the plane (α,η) indicating the appear-
ance of the PD bifurcation (starting point of the PD cas-
cade) and the P3 saddle-node bifurcation for different de-
lays are depicted in Figs. 2(a)-(b). The dynamical scenario
is equal to that of the original logistic map only for even σ
values congruent with 0 [Fig. 2(a)]. For even delays con-
gruent with 1, the P3 saddle-node bifurcation emerges after
the PD cascade, but, at lower (higher) α values when η > 0
(η < 0). For even delays congruent with 2, there exist two
possible scenarios: P3 orbits occur after the PD cascade
(η > 0) or they coexist with stable attractors such as P2
orbits or the fixed point (η < 0).

Bistability phenomena can also be detected for odd σ
values [Fig. 2(b)]. In this case, P3 orbits coexist with dif-
ferent stable attractors when delays are congruent with 0 or
1 and η > 0. Figure 3 illustrates the coexistence of stable
P2 and P3 orbits for σ = 1 and η = 0.2. For odd delays
congruent with 2, the P3 saddle-node bifurcation goes al-
ways after the PD cascade, occurring at lower (higher) α
values respect to 1 + 2

√
2 when η < 0 (η > 0).

5. Conclusions

Exact expressions of the P3 orbits exhibited by the de-
layed logistic map have been obtained. Results are based
on a simple input-output representation of the system, the
Fourier decomposition of the orbit and the application of
the harmonic balance method. The reduced set of quadratic
polynomials is solved by using Gröbner bases.

Analytical results permit to formalize conditions for the
appearance of bistabilities. Period-three attractors can co-
exist with the stable fixed point and even with other stable
periodic orbits for even delays congruent with 2 (mod 3). In
the case of odd delays, bistable scenarios occur whenever
σ values are congruent with 0 or 1 (mod 3).

Acknowledgments: Authors acknowledge the financial
support of UNS (PGI 24/K064), CONICET (PIP 112-
201201-00062) and ANCyT (PICT-2014-2161).
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Figure 2: Critical curves corresponding to PD and P3
saddle-node bifurcations: (a) even delays; (b) odd delays.
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Chaos, under review, 2015.

[16] Saha P. and Strogatz S. H.,“The birth of period three”,
Math. Magazine, vol. 68, no. 1, pp. 42–47, 1995.

[17] Kotsireas I. S. and Karamanos K.,“Exact computa-
tion of the bifurcation point B4 of the logistic map and
the Bailey-Broadhurst conjetures”, Int. J. Bifurcation
Chaos, vol. 14, No. 7, pp. 2417–2423, 2004.

- 168 -



Laboratory experiment for bifurcation phenomena of
the forced Alpazur oscillator

Yuu Miino† and Tetsushi Ueta‡

†Advanced Technology and Science,
‡Center for Admin. Info. Tech.,
†‡Tokushima University

2–1 Minami-Josanjima, Tokushima 770-8506, Japan
Email: c501437041@tokushima-u.ac.jp, ueta@tokushima-u.ac.jp

Abstract—This paper shows some results of laboratory
experiment for bifurcation phenomena on the forced Al-
pazur oscillator. The oscillator denotes some special phe-
nomena in some parameter settings and are called chaos or
bifurcation. The chaos is defined as the state of disorder
and occurred by the bifurcation. Therefore the bifurcation
should almost always be avoided to occur. Especially in
these days, an idea to solve these problems on the forced
Alpazur oscillator is proposed. However laboratory experi-
ments for the idea have never been done. Laboratory exper-
iments are important to confirm whether numerical analy-
ses are correct or not.

1. Introduction

In nonlinear dynamical systems, there are some special
phenomena called nonlinear phenomena observed on cer-
tain parameter settings. The bifurcation and the chaos are
typical phenomena of them and are well researched for a
long years. The bifurcation is changing of system behavior
and caused by changing of local or global properties; there-
fore, there are some types of bifurcations just like follows:
local bifurcation: tangent bifurcation, period-doubling bi-
furcation and so on, and global bifurcation: grazing bifur-
cation, saddle-node bifurcation and so on. The bifurcations
affect qualitative properties of systems and sometimes let
system behavior be chaotic; here, the behavior is called the
chaos. Since the chaos is a state of disorder, it should be
avoided and bifurcation analysis is very important.

In these years, the systems with discontinuity are re-
searched actively [1][2][3]. For representative example, the
previous study by Tamura[2] shows bifurcation analysis for
the Izhikevich neuron model, which has a discontinuous
characteristic on state space. On the other hands, the study
[3] shows how to control the behavior of the nonlinear sys-
tems with interruptions. Especially in those studies, we did
bifurcation analysis of the systems with an external force
that is constantly added on previous study[4] [5]. Above
all, the study[5] shows the result of bifurcation analysis
for the forced Alpazur oscillator by numerical computa-
tion. However, the study is just only by numerical analysis
and there are no result from laboratory experiments. Cir-

cuit implementation is important to confirm the numerical
result from the stand point of experiments. Thus, we try a
laboratory experiment for the system picked up in [5] and
confirm whether the numerical analyzed result is correct or
not.

2. The forced Alpazur oscillator

The Alpazur oscillator, is proposed by Kawakami and
Lozi[6], is one of the simple oscillators that has a switching
and a nonlinear element. On previous study[5], an external
force is added on the oscillator and is realized by circuit
shown in Fig. 1. In addition, the circuit equations are give

Figure 1: Circuit diagram of the forced Alpazur oscillator

as follows:

L
di
dt
= −ri − v + V0 + V cosωV t

C
dv
dt

=


i −G(v) +

E1 − v
R0 + R1

( if SW is at α)

i −G(v) +
E2 − v

R0 + R2
( if SW is at β).

(1)
Solution orbits of the model are switched at their bound-
aries caused by the SW

H =
{
(i, v) ∈ R2 | v > vh

}
B =
{
(i, v) ∈ R2 | v < vb

}
∂H =

{
(i, v) ∈ R2 | v = vh

}
∂B =

{
(i, v) ∈ R2 | v = vb

}
. (2)
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Now we assume that b > h. The behavior of the state is
described as follows:

1. The flow starting from an arbitrary initial point moves
within the half plane H or B, defined by Eq. (1).

2. If the flow reaches the edge ∂H or ∂B, then switching
occurs.

From the above, Fig. 2 shows an example of the circuit
responses.

Figure 2: Conceptual figure for boundaries.

By rescaling

x̂ =
√

Li, ŷ =
√

Cv, t′ =
1
√

LC
t, (3)

assuming
G(v) = −a1v + a3v3, (4)

putting

r1 =
1

R0 + R1
, r2 =

1
R0 + R2

, k = r

√
C
L
,

V̂0 = V0

√
C
L
, V̂ = V

√
C
L
, ω̂v =

√
LCωv,

g1 = 1 − (a1 − r1)

√
L
C
, g2 = 1 − (a1 − r2)

√
L
C
,

c3 =
3a3

C

√
L
C
, B̂1 = r1

√
LE1, B̂2 = r2

√
LE2, (5)

and relabeling t′ as t, we have the normalized equation

dx
dt

= −kx − y + V̂0 + V̂ cos ω̂V t

dy
dt

=


x + (1 − g1)y − 1

3
y3 + B1 if the SW is α

x + (1 − g2)y − 1
3

y3 + B2 if the SW is β

,

(6)
where,

x̂ = γx, ŷ = γy, γ =

√
1

C3
, B̂1 = γB1, B̂2 = γB2. (7)

By normalizing, the boundaries are scaled as

H =
{
(x, y) ∈ R2 | y > h

}
B =
{
(x, y) ∈ R2 | y < b

}
∂H =

{
(x, y) ∈ R2 | y = h

}
∂B =

{
(x, y) ∈ R2 | y = b

}
, (8)

where,

h =

√
C
γ

vh, b =

√
C
γ

vb. (9)

3. Bifurcations and Chaotic attractor

From the result of previous study[5], analysis method
for the bifurcation problem on the forced Alpazur oscil-
lator is suggested; and Fig. 3 is the bifurcation diagram
we got by the method. Here we set the static parameters
k, V̂0, ω̂Vg1, g2, B2, h and b as follows:

k = 0.1, V̂0 = 0, ω̂V = 1.26, g1 = 0.2,
g2 = 2.0, B2 = 5.0, h = −1.0, b = −0.1. (10)

-2

 0
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 0  0.5  1  1.5  2  2.5  3  3.5

Figure 3: V̂ – B1 plane of the bifurcation diagram.

On Fig. 3, Ii and NS i are period-doubling bifurcation
and Neimark-Sacker bifurcation from i-periodic orbit, re-
spectively. For example at point A, the solution orbit be-
comes 1-periodic orbit shown on Fig. 7; and by crossing
I1, at point B, the solution becomes 2-periodic orbit shown
on Fig. 8. In addition, chaotic attractor shown on Fig. 11
is observed at point C.

4. Laboratory implementation

On this study, some parameters on Eq.(1) are fixed as
L = 50[mH], C = 0.09[µF], r = 113[Ω], R0 = 0[Ω],
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Figure 4: Rigid circuit diagram.

R1 = 811.7[Ω], R2 = 212.9[Ω], V0 = 0[V], ωV =

1.88×103[rad/s] and E2 = 6[V] and the others V and E1 are
variable. Figure 4 shows a rigid circuit diagram we imple-
mented. For the nonlinear resistor, the FET K30A-GR and
op-amp TL071CP is used and then Fig. 5 shows the non-
linear characteristic of the resistor. Here the broken line is

-5

-4

-3

-2

-1

 0

 1

 2

 3

 4

 5

-4 -2  0  2  4

Figure 5: Characteristic of the nonlinear resistor.

G(v) , from fitting by GNUPLOT, and a1 and a3 on Eq. (4)
are

a1 = 1.63716 × 10−3, a3 = 3.67962 × 10−6. (11)

For the SW, analog switch IC ADG413 is used on the right
side of Fig. 4. Figure 6 shows a real circuit we imple-
mented.

Figures 9–12 show results of numerical and laboratory
experiments. From Fig. 9 to Fig. 10, solution orbit of
this system occurs period-doubling bifurcation on labora-
tory experiment as well as on numerical experiment. As
the same on Fig. 12, the chaotic attractor is observed.

5. Conclusion

We implemented the forced Alpazur oscillator on real
circuit and confirmed that the bifurcation analysis by nu-

Figure 6: Real circuit.

merical method[5] is exactly correct from the stand point
of laboratory experiments. Bifurcations observed from nu-
merical experiments are observed in real circuit similarly.
Also we have observed chaotic attractor on certain param-
eter setting either in numerical computation and in real cir-
cuit.
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Figure 7: 1-periodic orbit at point A.
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Abstract—This paper studies the chaotic dynamics of
the manifold piecewise liner system on the cylinder-type
phase space. This system is defined by second order con-
tinuous flow with hysteresis switching. Since the phase
space is cylinder-type, the trajectories do not diverge and
the system can generate super-expanding chaos character-
ized by a very large positive Lyapunov exponent. Using the
piecewise linear 1D return map, generation of the super-
expanding chaos can be analyzed theoretically.

1. Introduction

The manifold piecewise linear system (MPL) is a sim-
ple switched dynamical system that can generate chaotic
attractors [1]-[3]. The MPL is defined by a second order
piecewise linear system and hysteresis switching. In the
history of autonomous chaotic systems, the MPL has been
recognized as an important example because of the follow-
ing facts. First, the dynamics is integrated into a 1D piece-
wise linear return map and the chaos generation [4] [5] can
be proved theoretically. Second, the MPL can be imple-
mented by a simple test circuit and chaos generation can
be confirmed experimentally. Third, the MPL has been ap-
plied to engineering systems: communication systems, sig-
nal processor, radar systems, and particle swarm optimizers
[6]-[10].

This paper studies the cylinder manifold piecewise linear
system (CMPL). The CMPL is defined by a second-order
piecewise linear system and hysteresis switching. The ma-
jor difference from the MPL is the the CMPL is defined
on the cylinder-type phase space. The MPL is defined in
the rectangular coordinate phase space. The dynamics of
the CMPL is integrated into a piecewise linear 1D return
map and chaos generation can be guaranteed theoretically.
Especially, it is shown that the CMPL can generate super-
expanding chaos characterized by a very large Lyapunov
exponent. The MPL cannot generate the super-expanding
chaos.

Results of this paper can contribute to classification of
chaotic phenomena and its application to engineering sys-
tems. Preliminary results can be found in [11] [12].

2. Manifold Piecewise Linear System

In this section, as a preparation, we recall the MPL pre-
sented in [1]. The MPL is defined by the following second
order piecewise linear system and hysteresis switching:

ẍ − 2δẋ + x =

{
1 (+)
0 (−)

(1)

where x denotes the dimensionless state variable, τ denotes
the dimensionless time, and ẋ ≡ dx

dτ . In order to define the
switching rule, we divide the x-axis L into two half lines:

x ≡ (x, ẋ), L ≡ L+ ∪ L−

L+ ≡ {x | x ≥ Th, ẋ = 0}, L− ≡ {x | x < Th, ẋ = 0}
Switching rule of the MPL: Let the right hand side of Eq.
(1) be either (+) or (−) at τ = 0. The right hand side of Eq.
(1) is switched from (+) to (−) if a trajectory hits L−. The
right hand side of Eq. (1) is switched from (−) to (+) if a
trajectory hits L+ (see Fig. 1).

The MPL is characterized by three parameter: the damp-
ing δ, the equilibrium point p, and the switching threshold
Th. For simplicity, we assume the following case in this
paper:

0 < δ < 1, (ω ≡
√

1 − δ2), p ∈ {0, 1}, Th = 0.5 (2)

In this case, Eq. (1) has unstable complex characteristic
roots δ ± jω. As shown in Fig. 1, the trajectories rotate
divergently around equilibrium points p ≡ {0, 1}. If the tra-
jectory hits negative x-axis (L−) then the equilibrium point
is switched from 1 to 0. If the trajectory hits positive x-axis
(L+) then the equilibrium point is switched from 0 to 1.

Figure 1: Trajectory of MPL for Th = 0.5
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Note that the switching occurs only on x-axis (L). Repeat-
ing the rotation and switching, the MPL can exhibit chaotic
trajectories as shown in Fig. 2 (a).

The trajectories can be calculated by the piecewise exact
solution

x = p+ (x(0)− p)eδτcosωτ+
1
ω

(ẋ(0)−δ(x(0)− p))eδτsinωτ,

(3)
where (x(0), ẋ(0)) is an initial condition at τ = 0.

In order to define the 1D return map, we consider a tra-
jectory started from a point x0 ∈ L at τ = 0 where a point
on L is represented by its x coordinate. The trajectory in-
tersects L at τ = π/ω and let x1 be the intersection. Since
x0 determines x1, we can define the 1D return map F from
L to itself. The map is piecewise linear and is described
exactly [1]-[3]:

xn+1 = F(xn) ≡
{ −β(xn − 1) + 1 for xn ≥ Th
−βxn for xn < Th,

(4)

where β ≡ e
δπ
ω ( we will use either β or δ for convenience

of explanation). Now the dynamics is integrated into the
iteration xn+1 = F(xn). The chaos generation is guaranteed
if 1 < β < 2. In this case, there exists an invariant interval
I1 on which the map is expanding:

F(I1) ⊆ I1, |DF(x)| > 1, for x ∈ I1 ≡ (−F(0), F(0)], (5)

where DF(x) is the slope of F at x. The map has a pos-
itive Lyapunov exponent ln β [3] [4]. Figure 2(b) and (d)
show 1D return maps corresponding to Fig. 2(a) and (c),
respectively. Note that trajectories diverge for β > 2.

3. Cylinder Manifold Piecewise Linear System

First, we define an MPL with the infinite number of equi-
libria (MPL∞). Introducing the cylinder-type phase space,

Figure 2: Trajectory and 1D return map of MPL. (a)(b)
chaos for β = 1.7, (c)(d) divergence for β = 2.3.

the MPL∞ is transformed into the CMPL. The MPL∞ is
defined by

ẍ − 2δẋ + x = pn. (6)

This system is characterized by three parameters δ, pn, and
T . For simplicity, we assume

0 < δ < 1, pn = 2nT, T = 0.5 (7)

For convenience β ≡ e
δπ
ω (1 < β).

Switching rule of the MPL∞: Let the right hand side of
Eq. (6) be pn at τ = 0 and (x, ẋ) ∈ L0 where

Ln ≡ {x|(2n − 1)T ≤ x < (2n + 1)T, ẋ = 0}

L =
∞⋃

n=−∞
Ln, n = 0,±1,±2, · · · ,

The right hand side is switched to pn if the trajectory hits
Ln, The trajectory rotates around either of the equilibrium
points pn as shown in Fig. 3. If the trajectory hits Ln, the
equilibrium point is switched to pn.

Identifying Ln with L0 for all n, the CMPL is defined.
The identification is represented by

L0 = G(Ln),G(X) = ((X + T )mod2T ) − T. (8)

The mapping G constructs the cylinder-type phase space.
The CMPL is defined by the following.

ẍ − 2δẋ + x = p (9)

Switching rule of the CMPL: Let (x, ẋ) ∈ L0 at τ = 0.
If the trajectory hits Ln then the trajectory is switched into
the L0 as the following:

(x(τ+), ẋ(τ+)) = (G(x(τ+)), ẋ(τ+))

where τ+ denote the time just after τ, The switching is illus-
trated in Fig. 4. The CMPL generates chaotic trajectories
as shown in Fig. 5(a), (c), and (e).

Let us derive the 1D return map of the CMPL. Since a
trajectory started from L0 must return to L0, the dynamics
of the CMPL can be integrated into the 1D return map from
L0 to itself. The map is exactly piecewise linear and is
described by

xn+1 = f (xn) ≡ G(F(xn)), F(x) ≡ −β(x) (10)

Note that the domain of the map L0 is an invariant inter-
val: f (L0) ⊆ L0. Hence the trajectory dose not diverge
as far as β is finite. This is the major difference from the
MPL domain of whose return map is x-axis. Figure 5(b),
(d), and (f) show examples of the return map corresponding
to Fig. 5(a), (c), and (e), respectively. Since the slope of
map is constant (β), the Lyapunov exponent λ of the map is
ln β > 0 [4]. Hence the CMPL generates chaos as far as β is
finite. We can see that the CMPL can generate chaos with
a large Lyapunov exponent λ > ln 2. We refer to the chaos
with λ > ln 2 as the super-expanding chaos. Note that the
MPL cannot generate the super-expanding chaos because
the trajectories diverge for 2 ≤ β,
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Figure 3: Switching of the MPL∞.

Figure 4: Switching of the CMPL

4. Laboratory Experiments

Figure. 6(a) shows a test circuit of the CMPL. The sec-
ond order circuit is fabricated by an op amps (TL072) and
analog switches (TC4066). The supply voltages of the dis-
crete elements are ±8[V]. The dynamics is described by

RC
dv1

dt
= −v2, RC

dv2

dt
=

R0

R2
v2 +

R0

R1
v1 (11)

Using the following dimensionless variables and parame-
ters

τ =

√
R0

R1

t
RC
, x =

v1

E
, ẋ ≡ dx

dτ
,

y =

√
R1

R0

v2

E
, 2δ =

√
R1R0

R2
.

Equation (11) is transformed into the following equation
that is equivalent to Equation (9).

ẋ = −y, ẏ − 2δy − x = 0 (12)

The second-order circuit is controlled by three kinds of
switches S 1, S 2, and S 3. For simplicity, we have fabri-
cated this circuit for the case where the switching occur in
the range −3VB < v1 < 3VB. It corresponds to the case
1 < β < 3.

Figure 6(b) shows the control circuits of switches. Here,
v1 and v2 are capacitor voltages. If v1 > VB and v2 = 0,
the capacitor voltage v1 jumps to v1 − 2VB.If v1 < −VB and
v2 = 0, the capacitor voltage v1 jumps to v1 + 2VB.

Figure 5: Trajectory and 1D return maps of the CMPL. (a)
and (b) chaos for β = 1.6, (c) and (d) chaos for β = 2.0, (e)
and (f) super-expanding chaos for β = 2.6.

Figure 7 shows the laboratory measurements of chaotic
attractors that correspond to numerical chaotic attractors in
Fig. 5 (a), (c) and (e).

5. Conclusions

CMPL is presented and is analyzed in this paper. The
CMPL is defined on the cylinder-type phase space and can
generate the super-expanding chaos. Using the return map,
the chaotic dynamics has been analyzed theoretically. Fu-
ture problems include classification of chaotic attractors,
laboratory measurements of various phenomena, and engi-
neering applications.
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Abstract—This paper studies dynamics of the bifurcat-
ing neuron with two triangular inputs: the first input is
period T and the second input is period T/3. Repeat-
ing integrate-and-fire behavior between a threshold and the
base signal, the neuron can output various spike-trains. De-
riving one-dimensional map of spike phases, the dynamics
can be analyzed precisely. Especially, this paper analyzes
a variety of super-stable periodic spike-trains and related
bifurcation phenomena.

1. Introduction

The bifurcating neuron (BN, [1]) is a switched dy-
namical system inspired by spiking neurons. Repeating
integrate-and-fire dynamics between a periodic base signal
and a constant threshold, the BN outputs a spike-train. The
BN can be analyzed precisely by a one-dimensional map
of spike phases (Pmap). The analysis of BN is basic to
consider spike-based nonlinear dynamics and engineering
applications: image processing, digital communications,
analog-to-digital converters, neural prosthesis [2]-[5], etc.
Analysis of the BN is important not only as a fundamental
study nonlinear dynamical system, but also for engineering
applications [6].

This paper studies dynamics of the bifurcating neuron
with two periodic base signal inputs. The first input is a
triangular waveforms with period T and the second input is
a triangular waveforms with period T/3. For simplicity, we
consider a parameter range where the BN exhibits chaotic
spike-train if either the first or the second input is applied.
In this parameter range, if both the first and second inputs
are applied, the BN can have a variety of super-stable pe-
riodic spike-trains. We then derive the Pmap that is piece-
wise linear and includes segments with zero-slope. Using
the Pmap, we analyze the super-stale spike-trains and re-
lated bifurcation phenomena precisely.

For novelty of this paper, we note the following two
points. First, we have presented the BN with two triangular
base signal inputs and the BN exhibits chaos and super-
stable spike-trains. Second, we have derived the piecewise
linear Pmap including zero-slope segments. The Pmap en-
ables us to analyze the phenomena exactly.

2. Circuit model of bifurcating neuron

Figures 1 and 2 show a circuit model and dynamics of
the BN, respectively. Below a threshold VT , the capacitor
voltage v increases by integrating a constant current I > 0.
If v reaches VT , the BN outputs a spike Y(t) = E. The
spike closes a switch SW and v is reset to the periodic base
signal (B(t)) with period T . Repeating this behavior the BN
outputs spike-train Y(t). For simplicity, the inner resistors
are ignored (r1 →∞, r2 → 0) and the switching is assumed
to be ideal: v1 is reset instantaneously without delay. The
dynamics is described by

⎧⎪⎪⎪⎨⎪⎪⎪⎩
C

dv
dt
= I, Y(t) = −E for v(t) < VT

x(t+) = B(t+), Y(t+) = E if v(t) = VT

(1)

B(t) = K1B1(t) + K3B1(3t) + E0 , B1(t + T ) = B1(t) (2)

B1(t) =
{ −(A − 2)t/T for − d < t/T < d

A(t/T − 2d) + 2d for d < t/T < 1 − d (3)

where B(t) < VT .

Figure 1: Bifurcating neuron circuit model.

Figure 2: Bifurcating neuron dynamics.
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Using dimensionless variables and parameters:

τ =
t
T
, x =

v
VT
, ẋ =

dx
dτ
, y =

Y + E
2
,

k1 =
K1

VT
, k3 =

K3

VT
, a0 =

E0

VT
, s =

IT
CVT

(4)

Eqs. (1)-(4) are transformed into
{

ẋ = s for x < 1
x(τ+) = b(τ+) if x(τ) = 1 (5)

b(τ) = k1b1(τ) + k3b1(3τ) + a0, b1(τ + 1) = b1(τ) (6)

b1(τ) =
{ −(A − 2)τ for − d < τ < d

A(τ − 2d) + 2d for d < τ < 1 − d (7)

where ẋ ≡ dx/dτ. The base signal is characterized by a
parameters A and d. For simplicity, we assume

2 < A < 4, 0 < d < 0.5

In this paper, we consider three cases of the b(τ).

Case 1: The first component only (k1 = 1, k3 = 0, a0 = 0)

Case 2: The second component only (k1 = 0, k3 =
1
3 ,

a0 � 0)

Case 3: Two inputs (k1 = 1, k3 =
1
3 , a0 � 0)

It goes without saying that the theorem of superposition is
not valid in this nonlinear system.

Figure 3: Typical waveforms of BN. (T = 1[ms], C =
0.022[μF], r1 = 120.2[kΩ], r2 = 1.11[kΩ], VT = 1[V],
A = 4.0, d = 0.33, E0 = 0) (a)first component only (k1 = 1,
k3 = 0), (b)second component only (k1 = 0, k3 =

1
3 ), (c)two

inputs (k1 = 1, k3 =
1
3 ).

3. Experiments

In order to confirm typical phenomena, we have fabri-
cated a breadboard prototype of the BN. Figure 3 shows
typical phenomena. The BN exhibits chaos for B(t) = B1(t)
(first component only) or B(t) = B3(t) (second component
only). However, if B(t) = B1(t)+B3(t) then the BN exhibits
periodic waveform as shown in Fig. 3(c). That is, chaotic
behavior of each BN can be changed into periodic behavior
by the two inputs.

4. Spike-phase map

In order to analyzed the dynamics, we derive the Pmap
of the BN. Let τn denote the n-th spike position. The spike-
train is characterized by the spike positions. Since τn+1 is
determined by τn, we can define the spike-position map.

τn+1 = τn + (1 − b(τn))/s ≡ F(τn) (8)

Since F1(τ + 1) = F1(τ) + 1 is satisfied, we introduce the
phase variable θ1(n) = τ1 mod 1. Using this, we can define
the Pmap as shown in Fig. 4:

θn+1 = f (θn) ≡ F(θn) mod 1 (9)

Substituting k3 = 0 and a0 = 0 into Eq. (6), we obtain the
Pmap for the first component. Substituting k1 = 0 into Eq.
(6), we obtain the Pmap for the second component.

f (θn) =
{

aθ for − d < θ < d
−aθ + (1 + a)/2 for d < θ < 1 − d (10)

The shape of the Pmap depends on the shape of b(τ).
As the parameter varies, the shape of Pmap varies and BN
can exhibit various spike-trains. Using Eqs. (10)-(??), the
Pmap can be calculated precisely. Since the base signal
is piecewise linear, the maps are also piecewise linear and
precise numerical analysis is possible.

Figure 4: (a) Spike-position map (Smap), (b) Spike-phase
map(Pmap).
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5. Bifurcation phenomena

Using the Pmap, we consider basic bifurcation phenom-
ena. Figure 5 shows typical examples of Pmaps and or-
bits in the Cases 1 and 2. We can see that the BN exhibits
chaotic spike-trains in both Cases 1 and 2. Figure 6 shows
several Pmaps in Case 3 (two inputs). The BN exhibits pe-
riodic spike-trains, e.g., the fixed points in Fig. 6(a) means
periodic spike-train with period 1. These Pmaps show that
chaotic spike-trains in Cases 1 and 2 are changed into the
periodic spike-train in Case 3 (addition of two base signals
in Cases 1 and 2). Note that the piecewise linear Pmap in
Fig. 6 consists of several segments and slope of each seg-
ment is either 0, 2a, or −2a. If a periodic orbit hits the
branch with slope 0 then the periodic orbit is super-stable
and the BN generates a super-stable periodic spike-train
(SSPT).

Next, we consider bifurcation of SSPTs in Case 3. First
we fix a = 3, d = 0.33 and select the dc component a0 as
a control parameter. As a0 varies, the BN exhibits various
SSPTs as shown in Fig. 6. The BN exhibits SSPTs with
period 2, 3 and 4 as shown in Figs. 6(b), (c), and (d), re-
spectively. Figure 7 shows a bifurcation diagram of SSPTs
for a0. Note that the orbits of Pmap must hit a segment with
slope 0 and all the spike-trains are SSPTs. Figure 8 shows
parameter regions for SSPTs with period 1: a basic results
of the bifurcation analysis in the a0-a plane.

Figure 5: Pmap for a = 3, d = 0.33. (a) The first compo-
nent only (k1 = 1, k3 = 0), (b) The second component only
(k1 = 0, k3 = 1/3, a0 = 0.03), (c) (k1 = 0, k3 = 1/3, a0 =

0.84), (d) (k1 = 0, k3 = 1/3, a0 = 0.7).

Figure 6: Pmap for (k1 = 1, k3 = 1/3, a = 3, d = 0.33). (a)
a0 = 0.03, (b) a0 = 0.12, (c) a0 = 0.84, (d) a0 = 0.7.

Figure 7: Bifurcation diagram for (k1 = 1, k3 = 1/3, a = 3,
d = 0.33).

Figure 8: Parameter regions for super-stable periodic spike-
train with period 1. (k1, k3) = (1, 1/3), d = 1+a

4a
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6. Conclusions

We have studied dynamics of BN with two triangular
base signal inputs. If either input is applied, the BN ex-
hibits chaotic spike-train. If two inputs are applied, the
BN exhibits a variety of SSPTs. Using the piecewise lin-
ear Pmap including braches with slope 0, the SSPTs have
been analyzed precisely. Performing basic numerical ex-
periments, we have demonstrated typical SSPTs and re-
lated bifurcation phenomena. Future problems are many,
including analysis of rich bifurcation phenomena and ap-
plication to engineering problems.

Acknowledgments

This work is supported in part by
JSPS KAKENHI#15K00350.

References

[1] R. Perez and L. Glass, Bistability, period doubling bi-
furcations and chaos in a periodically forced oscillator,
Phys. Lett., 90A, 9, pp. 441-443, 1982.

[2] S. R. Campbell, D. Wang, and C. Jayaprakash, Syn-
chrony and desynchrony in integrate-and fire oscilla-
tors. Neural Computation 11, 1595-1691, 1999.

[3] H. Hamanaka, H. Torikai, T. Saito, Quantized spiking
neuron with A/D conversion functions. IEEE Trans.
Circuits Syst. II53(10), 1049-1053, 2006.

[4] N. F. Rulkov, M. M. Sushchik, L. S. Tsimring
and A. R. Volkovskii, Digital communication using
chaotic-pulse-position modulation. IEEE Trans. Cir-
cuits Systs., I 48(12), 1436-1444, 2001.

[5] H. Torikai and T. Nishigami, An artificial chaotic spik-
ing neuron inspired by spiral ganglion cell: Parallerl
spike encoding, theoretical analysis, and electronic cir-
cuit implementation. Neural Networks 22, 664-673,
2009.

[6] E.Ott, Chaos in dynamical systems, Cambridge, 1993.

[7] Y. Kon’no, T. Saito and H. Torikai, Rich dynamics of
pulse-coupled spiking neurons with a triangular base
signal, Neural Networks, 18, pp. 523-531, 2005.

[8] T. Saito, H. Torikai and W. Schwarz, Switched dynam-
ical systems with double periodic inputs: an analysis
tool and its application to the buck-boost converter,
IEEE Trans. Circuit Syst. I, 47, 7, 1038-1046, 2000.

[9] Y. Yanase, S. Kirikawa and T. Saito Typical Dynamics
of Bifurcating Neurons with Double Base Signal In-
puts, (V.M. Mladenov and P.C. Ivanov (Eds.): NDES
2014), CCIS 438, pp. 333-340, Springer, 2014.

[10] R. Takahashi, Y. Yanase, and T. Saito, Analysis of
a bifurcating neuron with double base signal inputs,
Proc. of IEEE Workshop on Nonlinear Circuit Net-
works, pp. 7-9, 2014.

- 180 -



Bursting of transition dynamics on
series coupled two operational amplifiers

Daisuke Ito†, Munehisa Sekikawa‡, Takuji Kousaka∗,
Tetsushi Ueta††, and Hiroshi Kawakami‡‡

†Department of Electronic Systems Engineering, University of Shiga Prefecture
‡Department of Mechanical Systems Engineering, Utsunomiya University

∗ Department of Mechanical and Energy Systems Engineering, Oita University
††Center for Administration of Information Technology, Tokushima University

‡‡Emeritus professor of Tokushima University,
Email: ito.d@e.usp.ac.jp, sekikawa@cc.utsunomiya-u.ac.jp, takuji@oita-u.ac.jp,

ueta@tokushima-u.ac.jp, h.kawakami@384.jp

Abstract—An operation amplifier (op-amp) is used
in various electrical circuits and one of the most fa-
mous electronic devices. In general applications, op-
amps behave as differential amplifiers, but in param-
eter miss matching or miss connections, the op-amp
occurs complex high frequency oscillations. We find
complex oscillation phenomena in the modified simple
oscillator with the op-amp, and that these phenomena
depend on the dynamics of circuits and through rates
of op-amps.

1. Introduction

Op-amps are important electrical devices for various
electric circuits [1]. For example, in an amplifier, an
oscillator, and a comparator, they are essential devices
for modern electrical circuits. Basically, op-amps be-
have as differential amplifiers, and various applications
are designed using this characteristic.

A square wave generator (SWG) is the simple oscil-
lator with the op-amp, and it consists of a capacitor
and three or four resistors only [2]. One can config-
ure various frequencies and duty ratios by adjusting
them. From reason of a simple and cheep devises, it is
used for not only application circuits, but also learning
kits for electrical circuit beginners. Additionally, they
can be considered as relaxation oscillators, and it is
used for circuit experiments of the network model of
several simple rhythm oscillators, i.e. creatures with
a rhythm [3], [4], [5]. In our previous studies, LED
firefly circuits are proposed, and a frequency response,
and synchronization phenomena of them are clarified
[6].

In laboratory experiments, we find a complex os-
cillation mode on the oscillator with two coupled op-
amps. This circuit is composed based on the square
wave oscillator, and circuit parameters are set as that
the frequency is around 70Hz. However, the complex
oscillation mode shows about 100kHz–5MHz, and it is

occurred drastically with varying parameters.
In this study, we show the simple circuit model that

causes complex oscillation modes using two op-amps,
and compare laboratory experiments and behavior of
the circuit. First, we demonstrate complex oscillations
on electrical circuits, and clarified the relation ship be-
tween a capacitor voltage, a reference voltage and two
outputs of op-amps. From these results, we explain
reasons of these phenomena and its dynamical prop-
erties. Finally, we mention mechanisms of them.

2. Square wave generator

Figure 1 is a square wave generator, which is simple
and easy implementable. This circuit can be also con-
sidered as a hybrid system because it has two modes
while oscillations, and the circuit can oscillate by re-
peating them each other [7][8]. Circuit equations are

Figure 1: Square wave generator circuit.

shown as follows:

C
dv

dt
+

1

R2
(v − vout) = 0, vout ∈ {0, E}, (1)

where v is a capacitor voltage, vout is the output of an
op-amp. Especially, vout defined two modes of the cir-
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cuit. When vout = 0, it is a discharge mode, otherwise
it is a charge mode of the capacitor. They are flipped
on two threshold values α and β. Switching rules are
shown in Eq. (2).

if v < βE then vout = E,
if v > αE then vout = 0,

(2)

where α and β show threshold values of switching mo-
tions and are defined as follows:

α =

1

R3
+

1

R5

1

R3
+

1

R4
+

1

R5

, β =

1

R5

1

R3
+

1

R4
+

1

R5

. (3)

Figure 2 shows time waveforms from Eq. 1. Exactly

Figure 2: Time waveform from circuit equations.
.

solution of the capacitor voltage v(t) can be solved be-
cause each mode behaves based on a linear dynamics.
Thus, characteristics of circuit including a fundamen-
tal frequency f0 and a duty ratio d can be derived as
follows:

f0 =
1

C1R2

(
log

α(β − 1)

β(α− 1)

)−1

, (4)

d =
log

β − 1

α− 1

log
α(β − 1)

β(α− 1)

. (5)

Next, let us consider the modified square wave gen-
erator circuit shown in Fig. 3. Totally, Fig. 3 is simi-
lar to Fig. 1, but an inverter is attached at the output
terminal of op-amp. By doing this, one can reversed a
sign of vout. Therefor, Eq. 2 is rewrite as follows:

if v < αE then vout = E,
if v > βE then vout = 0.

(6)

3. Circuit experiments

Next, let us show laboratory experiments. Electrical
devices are shown in Tab. 1. Accordingly, the oscillat-
ing frequency is f0 ≈ 72.135[Hz], and the duty ratio is

Figure 3: Modified square wave generator circuit.

Op-amp TL082
Capacitor C1 0.1µF
Resistor R2 100kΩ

Resistors R3, 4, 5 10kΩ
Power-supply E 5V

Table 1: Device list on laboratory experiments.

d = 50%. The threshold value α and β are 2/3 and
1/3, respectively, since resistor R3, R4, and R5 are the
same.

Figure 4 shows circuit experiments of the square
wave generator (Fig. 1). We can see that vout oscillates
about f0 = 76.9Hz and d = 55%. The capacitor volt-
age v(t) also oscillate dependently on vout. Note that,
amplitudes of vout are about 2Vpp, not 5Vpp, because
we use the op-amp TL082, which is not a rail-to-rail,
in experiments. The differences from Eq. (4) and (5)
is appeared from it and a tolerance of the capacitor or
resistors.

Figure 4: Circuit experiments of the square wave os-
cillator. Two lines mean the output of op-amp and
capacitor voltage, respectively. (X-axis: 5msec/DIV)

Next, we show circuit experiments of the modified
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SWG in Fig. 5. Time scales and voltage ranges are the
same of previous one in Fig 4. Thus, frequencies of os-
cillations are changed higher values drastically. It can-
not confirm shapes of waveforms. In this circuit, the
capacitor C1 and resistor values R2 are not changed,
so the time constant is the same of previous one. It can
be considered that the circuit oscillates with another
rule irrelevantly to basic oscillation modes.

Figure 5: Circuit experiment of bursting of transition.
Two lines mean the output of op-amp and capacitor
voltage, respectively. (X-axis: 5msec/DIV)

Figure 6 shows the magnification diagram of Fig. 5.
The time scale is 1µsec/DIV, thus frequency of burst-
ing of transition is about 333.3kHz, and it is hundreds
of times of fundamental frequency. However, it is con-
firmed that shapes of two waveform are simple and
they are governed some kind of dynamical rules.

Figure 6: Magnified diagram of Fig. 5. (X-axis:
1µsec/DIV) The output of the op-amp is changed in-
dependently of the capacitor voltage.

4. Bursting of transition

Figure 7 shows phase portraits of the SWG and the
its modified circuit. Note that the y-axis is the output
of the op-amp and it takes a binary value (0 or E).

The x-axis is the capacitor voltage and it is an analog
value.

From circuit diagrams, behavior of the SWG is
shown as Fig. 7 (a). Now, if the capacitor voltage is lo-
cated as point (i), it is charged toward to v(t) = E. Fi-
nally, v(t) reaches to αE and transitions are occurred
to vout(t) = 0. Thereafter, the capacitor voltage is dis-
charged toward to v(t) = 0. Since these sequences are
repeated, the SWG shows steady oscillations. Note
that, oscillations depend on the dynamics of the ca-
pacitor.

On the modified SWG, you can see that the capaci-
tor voltage is converged to a constant value from labo-
ratory experiments. Thus, the capacitor voltage does
not oscillate, but the output of the op-amp oscillates
with very high frequencies. Figure 7 (b) shows the
sketch of behavior of the modified SWG. The x and
y-axis are analog dynamics of the capacitor and dig-
ital dynamics of the op-amp, respectively. It is con-
firmed that αE and βE are interchanged, and there
are regions (I) that the digital state which vout is not
determined at specific state. If the current state is set
at point (ii), vout is flipped to zero immediately since
the capacitor voltage is larger than αE. After that,
the state become point (iii), but it is clear that the
state is lower than the threshold value βE. There-
fore, vout soon turns back to E again. In this range,
two states with any capacitor voltages are flipped each
other without charge/discharge dynamics of the capac-
itor. Thus, transitions of the output of the op-amp are
occurred one after another. Actually, the output of op-
amp is flipped dependently on a slew rate that TL082
has 13[V/µsec], and these oscillations are governed by
it. As a result, a high frequency oscillation mode is
appeared. These phenomena cannot be observed nu-
merical simulation based on the mathematical models
Eqs. (1) and (6) because these equations express ideal
behavior without slew rates of op-amps.

Next, we show the relationship between threshold
values and oscillating frequencies or bursting of transi-
tions. The parameter map is shown in Fig. 8. The gra-
dation (II) and white (III) regions show regular mode
oscillations and bursting of transitions, respectively.
In the region (II), the circuit shows square waves de-
pended on circuit components, i.e. the capacitor and
resistors. However, high frequency oscillations that
are regardless of them without the slew rate of the op-
amp are appeared in (III). In this region, oscillating
frequencies are governed by only op-amps.
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(i)

Oscillation

(a)

(I)

(ii)

(iii)

(b)

Figure 7: Sketches of circuit behavior of (a) a SWG
and (b) modified SWG.

5. Conclusion

In this study, we have clarified complex oscillation
phenomena using two op-amps.

The oscillators with op-amps are useful applications
for various fields. However, it is confirmed that the
unexpected oscillation mode is appeared in circuit ex-
periments since parameter miss matching, and so on.
These modes generate high gain and high frequency
noise, but they are governed by the dynamical rule of
oscillations depended on the circuit structure. We call
this mode the bursting of transitions of op-amps.

As an example, we have shown laboratory experi-
ments of this phenomenon. The modified SWG with
op-amps (TL081), oscillator shows about 333.3kHz. In
this circuit, slew rates of op-amps play an important
parameter, and frequencies of oscillations depend on
it. When we use other op-amps, frequencies of waves
are also changed. Especially, if we use high-speed com-
parators (i.e. LM319), we can get mega hertz oscilla-
tion waves.

These phenomena are observed not only in peculiar
electrical circuit, but also in multipurpose circuit with
op-amps. For example, they can be happened in a hys-
teresis comparator. High frequency oscillation modes
are easily observed with the set of inappropriate pa-
rameters.

 0  0.2  0.4  0.6  0.8  1
 0

 0.2

 0.4

 0.6

 0.8

 1

Bursting of transition

 0  100Hz

(III)

(II)

Figure 8: Parameter map of oscillating frequency with
varing parameters α and β (C1R2 = 0.01).
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Abstract—This paper describes a Cellular Automaton
(CA) in which cells are triangular, and computations are
driven by fluctuations of cell configurations according to a
stochastic search process. The proposed CA is computa-
tionally universal, which is proven by embedding compu-
tationally universal primitives, connections, and signals of
a Brownian circuit onto this CA.

1. Introduction

Cellular Automata (CA) have attracted increasing atten-
tion as architectures for computers with nanometer-scale
devices (nano-computers), because their regular structures
and local connectivity offer much potential for manufac-
turing based on molecular self-assembly [1, 2, 3, 4]. An
obstacle to the realization of nanocomputers is the effect
of noise and fluctuations in operating nanometer-scale de-
vices, in which amplitudes of circuit signals could be com-
parable to those of noise and fluctuations. Assuring the
normal operation of circuits will be difficult in the frame-
work of traditional techniques, such as the suppression of
noise or the correction of errors caused by noise.

For this reason, alternative approaches to circuit opera-
tions need consideration. One possible approach is to make
use of noise as information carrier or—more indirectly—
for the operations of circuits [5, 6], in a way that is some-
times found in biological systems [7]. When realized in
terms of CA, noise-driven computation is described by the
term Brownian Cellular Automata (BCA) [8]. BCA are a
type of asynchronous CA, where certain local configura-
tions propagate randomly in the cellular space, resembling
Brownian motion. The BCA in [8] is proven to be com-
putationally universal through the embedding of so-called
Brownian circuits [9, 10] on the cell space. This BCA con-
sists of rectangular identical cells, each of which has one
of three states, whereby only three transition functions are
required for establishing computational universality.

For realizing computational circuits by BCA on nano-
meter scales, the structure of cells could be different
from rectangular, such as hexagonal or triangular, because
molecules can be naturally configured on non-rectangular
grids on nanometer scaled systems [11, 12]. There has also

∗Koji Ono has been with Glory Limited, Japan, since 2011.

Figure 1: Cell space on tri-
angular ACA
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Figure 2: Transition on tri-
angular ACA

been research on asynchronous CAs with non-rectangular
structures [13], but non-rectangular BCA have yet to attract
efforts.

This paper presents a computational universal BCA, in
which cells have a triangular structure. Computational uni-
versality in the proposed BCA is shown by embedding a set
of primitive elements, connections, and signals of a Brow-
nian circuit on the cell space, as in [9, 10]. The numbers of
states and transition rules in this CA are 8 and 11, respec-
tively.

2. Preliminaries

2.1. Asynchronous cellular automaton with triangular
cells

The CA in this paper is a two-dimensional asynchronous
CA of identical cells, each of which can assume one of
a finite number of states at a time. A cell has a triangular
shape, i.e., each cell is connected to three neighboring cells,
and the cellular space is constructed by cells that are con-
figured as triangles alternating in two different orientations,
as shown in Fig. 1.

Cells undergo transitions in accordance with transition
rules that operate on each cell and its direct three neigh-
bors, as shown in Fig. 2. The output domain of the tran-
sition rules is also the input domain. In ACA, transitions
of the cells occur at random times, independent of each
other. Furthermore, it is assumed that neighboring cells of
the cells being in transition never undergo transitions at the
same time to prevent a situation in which such cells simul-
taneously write different states into the same location.

We assume that the transition rules are rotation symmet-
ric, i.e., one transition rule has three rotated analogues.
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W1

W2 W3

W1

W1

W2 W2W3 W3

Figure 3: Hub and its
possible transitions. A
token is denoted by a
black blob. Fluctua-
tions cause a token to
move between any of
the Hub’s three wires
W1, W2, and W3 in any
order.

O1

I1 I2

O1

O2 O2

I1 I2

Figure 4: CJoin and its pos-
sible transitions. If there is a
token on only one input wire
(I1 or I2), this token remains
pending until a signal arrives
on the other wire. These two
tokens will then result in one
token on each of the two out-
put wires O1 and O2.

Consequently, when we represent the transition in Fig. 2
as

(pc, pn, pe, pw)→ (qc, qn, qe, qw),

the following three rules also exist:

(pc, pe, pw, pn) → (qc, qe, qw, qn)

(pc, pw, pn, pe) → (qc, qw, qn, qe)

(pc, pw, pn, pe) → (qc, qw, qn, qe)

2.2. Brownian circuits

A Brownian circuit is a circuit in which signals, rep-
resented by tokens, fluctuate forward and backward, and
find their way from input to output through random fluc-
tuations. The random search property allows signals to
backtrack their way out of deadlocks, which may occur in
token-based circuits due to waiting conditions that can not
be satisfied. Computational universality in Brownian cir-
cuits can be achieved by a set of three primitives [9, 10].

The first primitive is the Hub, which contains three wires
that are bidirectional (Fig. 3). There will be at most one
signal at a time on any of the Hub’s wires, and this signal
can move to any of the wires due to its fluctuations.

The second primitive is the Conservative Join (CJoin),
which has two input and two output wires, all bi-directional
(Fig. 4). The CJoin synchronizes two signals passing
through it. Signals may fluctuate on the input wires, and
when processed by the CJoin, they will be placed on the
output wires where they may also fluctuate. The operation
of the CJoin may also be reversed, and the forward / back-
ward movement of the two signals through it may reoccur
an unlimited number of times. Due to this bidirectionality,
there is no distinction between the input and output wires of
the CJoin, though we still speak of input and output, since
the direction of the process is eventually forward.

The third primitive is the Ratchet, which restricts the
movement of tokens through itself to one direction, thus ef-

W W

Figure 5: Ratchet and its transition. The token on wire W
may fluctuate both before and after the ratchet, but once it
moves over the ratchet it cannot return. The ratchet thus
imposes a direction on a bi-directional wire.

0 1 2 3 4 5 6 7

Symbol

State

Figure 6: Symbols representing a cell’s state

fectively transforming a bidirectional wire into a unidirec-
tional wire (Fig. 5). The ratchet is used to speed up search-
ing in circuits. Since searching cannot backtrack over a
ratchet, it will consume less time, but a Ratchet cannot be
placed at positions that interfere with the search process in
a circuit, so it should be carefully applied.

We will prove that the proposed cellular automaton is
computationally universal by showing that it can construct
all the three primitives of a Brownian circuit as well as their
connection paths and signals.

3. Universality in triangular BCA

The proposed BCA uses eight states for constructing all
the elements in a Brownian circuit. The symbols associated
with their states are shown in Fig. 6, and the 11 transition
rules for updating cells are shown in Fig. 7. Subsequent
sections describe how to embed each of primitives onto cel-
lular space.

3.1. Signal and signal path

Signals and signal paths are the basic elements in a
Brownian circuit. Figure 8 shows an implementation of
signal and signal paths on triangular BCA. Paths are repre-
sented by alignments of cells with state 1, and a signal on
the path is represented by a cell in state 2. The signal on
the path flows by applying transition rule #1 (Fig. 7) to one
of the cells neighboring to the signal cell. Due to the neigh-
borhood defined in the CA, the signal appears on alternate
sides of a path when it proceeds. Signals are undirected,

( 1) ( 2) ( 3)

( 4) ( 5) ( 6)

( 7) ( 8) ( 9)

(10) (11)

Figure 7: 11 transition rules used in this paper
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Figure 8: Signal and signal paths on triangular BCA where
the number beside an arrow denotes the number of the tran-
sition rule that is applied

1 1

1 1

1

1
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1 1

1
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Figure 9: Hub configuration and its transition with a signal

thus the application of rule #1 results in a signal going for-
ward or backward, depending on which cells are updated
first (see the right side hand of Fig. 8). Paths may make a
turn of 60◦, as shown in Fig. 8, by the configuration of path
cells, and the signal will proceed in this case according to
rule #1.

3.2. Hub, crossing elements, and ratchet

Figure 9 shows a configuration of a Hub and transitions
of signals on a hub. The hub can be simply constructed by
connecting signal paths. A signal may go into the crossing
point of a hub and may go out from either paths connected
with the crossing point.

The crossing of paths is often necessary to construct use-
ful circuits, and its implementation is also necessary. Other
BCAs can simply implement this functionality due to suf-
ficient information being available to encode the direction
of a signal in the updating of a cell’s state for the cross-
ing element. However, cells in the triangular BCA have
fewer neighborhood cells than rectangular BCA, thus an-
other way to encode the direction of a signal in a crossing
is necessary. In the proposed BCA, the direction of a sig-
nal is encoded in its state. The configurations of a crossing
element are shown in Fig. 10, where signals coming from
two directions can travel through the crossing element in
an appropriate way.

The wires attached to a crossing element are equipped

3,4,5 1,2,3,4

1,2 1,3,5

1,7,8,9 1,6,8

1,6,7 8,9

Figure 10: Crossing of signals through a crossing element

1,3,5 1,2

1,4,5

Figure 11: Ratchet configuration

with gates for changing the state of an arriving signal. The
gate cells are cells with state 4 or 6. The state of a signal at
a gate cell with state 4 (resp. 6) changes to 5 (resp. 7). A
signal with the state 5 (resp. 7) can only exit from the gate
via a gate in state 4 (resp. 6). This way of encoding enables
us to control appropriate directions of signals.

This technique can also be applied to implement a
ratchet element that passes a signal in one way. Figure 11
shows a configuration of a ratchet with a signal. The signal
coming from the east goes out to the west of the cell with
state 3, and never goes back to the east due to no transition
rules being available for going back.

3.3. Conservative Join

The Conservative Join (CJoin) accepts two incoming
signals at its input terminals and redirects them to its out-
put ports. Figure 12 shows a configuration of the CJoin
element. When two signals get together at the center of the
CJoin element, they are processed by this element. These
signals proceed to their output ports after four stages of
processing. It is necessary to align the phase of signals on
a path after the output from a CJoin element.

4. Conclusion

This paper presents an asynchronous cellular automaton
of which cells are triangular. This CA is computational
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Figure 12: Configuration and transitions of signals in a
Conservative Join

universal, because a type of asynchronous circuits called
Brownian circuit can be embedded onto it. The number of
states for a cell is 8 and the number of transition rules is
11. These are larger numbers (thus more complex) as com-
pared to rectangular BCAs, so the proposed triangular BCA
is more complex than the rectangular BCAs published thus
far. Developing simpler constructions for triangular CA re-
mains for our future work.
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Abstract—A novel network of asynchronous cellular
automaton neuron models with spike timing dependent
plasticity and a dopamine modification is presented. It
is shown that the presented model can reproduce typical
synaptic changes observed in a reward learning of a net-
work of computationally efficient ODE neuron models.

1. Introduction

Many mathematical and electronic hardware models of
neurons and networks of neurons have been presented (see
the references in [2][3]). These neural system models can
be classified into the following four classes based on the
continuousness and discontinuousness of state variables
and times.

• Class CTCS (continuous time and continuous state):
A nonlinear differential equation model of a mem-
brane potential, which has a continuous time and con-
tinuous states. Such a model can be implemented by
an analog nonlinear circuit.

• Class DTCS (discrete time and continuous state):
A nonlinear difference equation model of a mem-
brane potential, which has a discrete time and con-
tinuous states. Such a model can be implemented by
a switched capacitor circuit or by a Poincare map.

• Class DTDC (discrete time and discrete state):
A numerical integration model of a membrane po-
tential, which has a discrete time and discrete states.
Such a model can be implemented by a digital pro-
cessor. A cellular automaton model of a membrane
potential also belongs to this class, which has a dis-
crete time and discrete states. Such a model can be
implemented by a traditional synchronous sequential
logic circuit.

• Class CTDS (continuous time and discrete state):
An asynchronous cellular automaton model of a mem-
brane potential, which has a continuous (state transi-
tion) time and discrete states. Such a model can be
implemented by an asynchronous sequential logic cir-
cuit.
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Figure 1: Concepts of neural system modeling by asyn-
chronous cellular automaton. The velocity vectors trig-
gered by synchronous state transitions are characterized by
a finite set. The velocity vectors triggered by phase-locked
state transitions are characterized by rational numbers. The
velocity vectors triggered by asynchronous state transitions
are characterized by real numbers. The asynchronous tran-
sitions of the discrete states realize smooth velocity vectors,
smooth vector fields, and thus smooth bifurcations.

It goes without saying that most conventional neural sys-
tem models are belonging to the classes CTCS, DTCS,
and DTDC. On the other hand, our group has been devel-
oping neural system models belonging to the class CTDS
(see [2][3] and references therein) and is referring to class
CTDS systems designed to exhibit nonlinear phenomena
(especially, bifurcation phenomena) as asynchronous bifur-
cation processors. Concepts of such a neural system mod-
eling method based on the asynchronous bifurcation pro-
cessor are illustrated in Fig. 1, where one of the key con-
cept is that the asynchronous bifurcation processor neural
system model wisely utilizes the asynchronous state transi-
tion to realize smooth bifurcations in a low resolution dis-
crete state space. Advantages of such a neural system mod-
eling method have been demonstrated in both electronic
circuit literatures and neural system literatures, e.g., low
hardware cost and on-chip dynamic reconfiguration (on-
chip plasticity and learning) capabilities (see [2][3] and ref-
erences therein). In this paper, a novel network of neu-
ron models based on the asynchronous bifurcation proces-
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Figure 2: Sketch of the presented network model based on
the asynchronous bifurcation processor.

sor with spike timing dependent plasticity and a dopamine
modification is presented. It is shown that the presented
model can reproduce typical synaptic changes observed in
a reward learning of a network of computationally efficient
ODE neuron models.

2. Neural network model with STDP and Dopamine
Modification based on ABP

2.1. Internal States, Internal Periodic Clocks, and Ex-
ternal Random Stimulations

Fig. 2 shows a sketch of the presented network model
based on the asynchronous bifurcation processor. The net-
work consists of 1000 neurons, where 20% of neurons are
inhibitory with fixed synaptic weights and 80% of neurons
are excitatory with STDP-modulated synaptic weights. The
structure of the presented network model is inspired by a
network of ODE neuron models with STDP learning in [1]
and thus the readers are encourage to refer it in order for
better understanding of the structure of the presented net-
work in this paper. Referring to [2][3], in this paper we in-
troduce a single neuron model based on the asynchronous
bifurcation processor whose parameter values are special-
ized for this paper. The i-th neuron model has the following
internal discrete states.

Internal discrete states of each neuron model

Membrane potential: Vi ∈ {0, 1, · · · ,N − 1},
Recovery variable: Ui ∈ {0, 1, · · · ,M − 1},
Membrane velocity counter: Pi ∈ {0, 1, · · · ,K − 1},
Recovery velocity counter: Qi ∈ {0, 1, · · · , J − 1}.

where N = M = K = J = 64 in this paper. The network
has the following internal periodic clocks.

Figure 3: Basic dynamics of the j-th neuron affected by the
i-th neuron via the synaptic strength si j and affecting the
k-th neuron via the synaptic strength s jk.

Internal periodic clocks

Cmain(t) =
{

1 if t = 0, Tmain, 2Tmain, · · · ,
0 otherwise,

CACAN (t) =
{

1 if t = 0, TACAN , 2TACAN , · · · ,
0 otherwise,

Cc(t) =
{

1 if t = 0, Tc, 2Tc, · · · ,
0 otherwise,

where Tmain = 1, TACAN = 50, and Tc = 10 in this paper.
Also, the network has the following external random stim-
ulation inputs.

External random stimulation inputs

Irand(t) =
{

1 if t = τrand,
0 otherwise,

Icomp(t) =
{

1 if t = τcomp,
0 otherwise,

2.2. Asynchronous state transitions

The discrete states of each neuron are updated asyn-
chronously according to the internal periodic clocks and
the external stimulation inputs. Each neuron has the fol-
lowing discrete excitatory synaptic weight.
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Discrete excitatory synaptic weight

si j ∈ {0, 1, · · · , L}.
Fig. 3 shows basic dynamics of the j-th neuron affected by
the i-th neuron via the synaptic strength si j and affecting
the k-th neuron via the synaptic strength s jk. The dynamics
are described by the following equations.

Asynchronous transitions of internal discrete states
triggered by internal periodic clocks

If CACAN (t) = 1, then

P(t+) :=
{

P(t) + 1 if P(t) > F(V(t),U(t)),
0 otherwise,

Q(t+) :=
{

Q(t) + 1 if Q(t) > G(V(t),U(t)),
0 otherwise,

If CACAN (t) = 1 and P(t) ≥ F(V(t),U(t)), then

V(t+) :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A if V(t) = N − 1,
V(t) + 1 if V(t) � N − 1 and

F(V(t),U(t)) + 1 > 0,
V(t) − 1 if V(t) � 0 and

F(V(t),U(t)) + 1 < 0,
V(t) otherwise,

If CACAN (t) = 1 and Q(t) ≥ G(V(t),U(t)), then

U(t+) :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

B(U(t)) if V(t) = N − 1,
U(t) + 1 if U(t) � M − 1 and

G(V(t),U(t)) + 1 > 0,
U(t) − 1 if U(t) � 0 and

G(V(t),U(t)) + 1 < 0,
U(t) otherwise,

where F(V,U) = �|N(γ1(V/N−γ2)2+γ3−U/M)/λ|�−1 and
G(V,U) = �|μM(γ4(V/N − γ2) + (γ3 + γ5) − U/M)/λ|� − 1,
A = �ρ1N�, B(U) = U+�ρ2M�, and �·� is the floor function.
In this paper we propose to use the following parameter
values to build the network model.

p = (γ1, γ2, γ3, γ4, γ5, λ, μ, ρ1, ρ2),
Excitatory neurons :
p = pexcitatory = (7, 0.3, 0.2, 0.5, 0.05, 64, 4, 0.25, 0.4),
Inhibitory neurons :
p = pinhibitory = (7, 0.3, 0.2, 0.5, 0.1, 64, 4, 0.37, 0.35).

Asynchronous transitions of internal discrete states
triggered by random stimulation inputs

If Irand(t) = 1, then

V(t+) :=
{

V(t) + 1 if V(t) � N − 1,
V(t) otherwise,

P(t+) := 0,

If Icomp(t) = 1, then
V(t+) := N − 1.

Asynchronous state transitions of discrete states related
to synaptic weights

If Cmain(t) = 1 , then

c(t+) :=
{

c(t) + S T DP(t) if t = tpost,
c(t) − �αcS T DP(t)� if t = tpre,

ccnt(t+) := 0,

If Cc(t) = 1 , then
If ccnt(t) = �βcccnt(t)γc�, then

c(t+) :=
{

c(t) + 1 if c(t) < 0,
c(t) − 1 if c(t) > 0,

ccnt(t+) := 0,
else

ccnt(t+) := ccnt + 1,

where αc = 1.5, βc = 300, and γc = 1.5 in this paper.

If Cmain(t) = 1 and t = tpre , then
S T DP(t+) := αS T DP.
S T DPcnt(t+) := 0,

If Cmain(t) = 1 , then
If S T DPcnt(t) = �αS T DPS T DPcnt(t)βS T DP�, then

S T DP(t+) := S T DP(t) − 1 if S T DP(t) > 0,
S T DPcnt(t+) := 0,

else
S T DPcnt(t+) := S T DPcnt + 1.

Asynchronous state transitions of discrete synaptic
weights

If Cmain(t) = 1 and d(t) ↑ , then
s(t+) := s(t) + c(t)d(t)/αs

where αs = 10 in this paper.

Asynchronous state transitions of discrete dopamine

If Cmain(t) = 1 and t = trew , then
d(t+) := d(t) + αd

dcnt(+) := 0

If Cmain(t) = 1 , then
If dcnt(t) = �βddcnt(t)γd �, then

d(t+) := d(t) − 1 if d(t) > 0,
dcnt(t+) := 0,

else
dcnt(t+) := dcnt + 1

where αd = 50, βd = 300, and γd = −1.2 in this paper.
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Figure 4: Spike timings of the neurons in the network. (a)
Before learning. The neurons rarely respond to every stim-
ulation. (b) After learning. The neurons strongly respond
only to the stimulation to the neuron group S 1.

Asynchronous state transitions of EPSP

If Cmain(t) = 1 t = tpre, then

EPS P(t+) :=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

EPS P(t) + (s(t)/αEPS P)βEPS P

if V ∈ {excitatory neuron},
EPS P(t) − γEPS P

if V ∈ {inhibitory neuron},

If Cmain(t) = 1 and EPS P(t) ≥ δEPS P , then
V(t+) := V(t+) + 1 if V � N − 1,
P(t+) := 0,
EPS P(t+) := EPS P(t) − δEPS P

where αEPS P = 100, βEPS P = 2, γEPS P = 100, δEPS P = 400
in this paper.

3. Reward learning with STDP

Fig. 4(a) shows the spike timings of the neurons in the
network before learnings. It can be seen that the neurons
rarely respond to every stimulation. Fig. 4(b) shows the
spike timings of the neurons in the network after learn-
ings, where, during the learnings, each external stimulation
to the neuron group S i (see Fig. 2) leads to an emission
of dopamine signal after a short random delay (see [1]).
It can be seen that the neurons strongly respond only to
the stimulation to the neuron group S 1. Fig. 5 shows the
values of the excitatory synaptic weights from the neuron
group S 1 after the learning. It can be seen that the synaptic

Figure 5: Excitatory synaptic weights (normalized) from
the neuron group S 1 after the learning.

weight distribute between zero and the normalized maxi-
mum value 4 without strong saturations. We note that the
spike timings of the neurons before and after learnings and
the distribution of the excitatory synaptic weights after the
learnings are qualitatively similar to those from a network
of ODE neuron models [1]. Detailed analysis will be pre-
sented in a future journal paper.

4. Conclusions

In this paper, the novel network of asynchronous cellu-
lar automaton neuron models with spike timing dependent
plasticity and the dopamine modification was presented. It
was shown that the presented model can reproduce typi-
cal synaptic changes observed in the reward learning of the
network of computationally efficient ODE neuron models
citeiz. Future problems include (a) detailed analysis of be-
haviors of the presented model, (b) hardware implementa-
tion of the presented model, and (c) detailed comparisons
with existing models.

This work was partially supported by the KAK-
ENHI Grant-in-Aid for Scientific Research Grant Number
15K00352.

References

[1] E. M. Izhikevich, Solving the Distal Reward Problem
through Linkage of STDP and Dopamine Signaling,
Cerebral Cortex, vol. 17, pp. 2443–2452, 2007.

[2] T. Matsubara and H. Torikai, An Asynchronous Re-
current Network of Cellular Automaton-based Neu-
rons and its Reproduction of Spiking Neural Network
Activities, IEEE Trans. NNLS (accepted)

[3] N. Shimada and H. Torikai, A Novel Asyn-
chronous Cellular Automaton Multi-Compartment
Neuron Model, IEEE Trans. CAS-II (accepted)

- 192 -



Dependence of Rule Sets for Digital Sound Description
in Cellular Automata

Rika Terai, Jousuke Kuroiwa, Tomohiro Odaka, Izumi Suwa, Haruhiko Shirai

†Graduate School of Engineering, University of Fukui
3-9-1 Bunkyo, Fukui, 910-8507, Japan
Email: terai@ci-lab.jp, jou@ci-lab.jp

Abstract—In this paper, we investigate rule sets of
one dimensional cellular automata with two states and
three neighbors (referred as to 1-2-3 CA hereafter),
which describe digital sound data without any repro-
ducing error. In our previous investigations with three-
rules set of 1-2-3 CA, the rule set changes with target
sound data, which realizes the fewest description data
amount. It suggests that a strategy in finding out the
three-rules set is not appropriate. Therefore, in order
to improve the strategy, in this paper, we investigate
description ability of two-rules sets based on 4 kinds of
quantities, (i) generation ability, (ii) description abil-
ity, (iii) averaged length of resultant rule sequences and
(iv) compressibility of data. From computer experi-
ments, for data applied XOR preprocessing (referred
as to xor data hereafter), the rule set (#90, #180)
realize the highest compressibility even if generation
ability and description ability are not so high. On
the other hand, the rule sets of (#15, #240), (#60,
#195), (#85, #170) and (#102, #153) take the high-
est generation ability and description ability but the
compressibility is slightly smaller, meaning that the
four two-rules sets would remain potential in improv-
ing the compressibility. Especially, we expect that the
two-rules sets of (#85, #170) has possibility in im-
proving compressibility by adding another rule.

1. Introduction

A cellular automaton is one of discrete dynamical
systems which can generate complex phenomena from
simple rules. Therefore, cellular automata are applied
to investigate various fields, universal pattern genera-
tor, error correcting code, unsteady flow analysis, traf-
fic stream modeling and so on [1]. In our studies, we
employ 1-2-3 CA in describing digital sound data [2, 3].
We succeeded that digital sound data can be described
by a two-rules set of 1-2-3 CA without reproducing
error. One regards the method in describing digital
sound data by a two-rules set of 1-2-3 CA as extract-
ing a rule in a discrete dynamical system which re-
produces time development of bits-pattern sequences
of digital sound data. In other words, we succeeded
to extract “rule dynamics” from digital sound data,

which has been introduced by Aizawa and Nagai [4].
In fact, time development of bits-pattern sequences of
digital sound data is represented by time development
of the rule sequences consisting of the two rules in our
method.

From view point of “rule dynamics”, the resultant
rule sequences could reflect dynamical features of the
target data, complexity, chaoticity, and so on. In order
to evaluate the dynamical features, it is necessary to
decrease redundancy of the resultant rule sequences as
much as possible. In previous investigation, for all the
digital sound data, the two-rules set of (#90, #180) re-
alizes compressive coding by introducing appropriate
preprocessings [5]. For several data, however, the data
amount becomes larger than the original one without
the preprocessings, originating into the limitations of
the two-rules set of (#90, #180). In order to over-
come the limitation, we employ three-rules set in de-
scribing digital sound data by adding another rule into
(#90, #180). The data amount becomes smaller but
a compressible description could not be achieved. In
addition, the extra rule changes with target data, sug-
gesting that the situation is not good for a description
method [6].

The results mean that a strategy in finding out the
three-rules set is not appropriate. Therefore, in order
to improve the strategy, the purpose of this paper is to
investigate description ability of two-rules sets based
on 4 kinds of quantities, (i) generation ability, (ii) de-
scription ability, (iii) averaged length of resultant rule
sequences and (iv) compressibility of data. Moreover,
we find out appropriate two-rules sets in realizing the
description with a three-rules set.

2. Description Method with Rules of 1-2-3 CA

2.1. 1-2-3 CA

Let us explain 1-2-3 CA briefly. In 1-2-3 CA, N cells
are arranged on a one dimensional chain and each cell
takes 0 or 1. A state of the ith cell at time step t is
denoted by ati, which takes 0 or 1. The time develop-
ment of ati is determined by three neighboring cells of
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ati−1, a
t
i and at+1

i , then the updating rule is given by,

at+1
i = f(ati−1, a

t
i, a

t
i+1), (1)

where a function f(·) is referred as a transition func-
tion. The state of all the cells at t is denoted by
at = (at1, · · · , atN ).

All the possible transition functions are given by,

f(0, 0, 0) = f0, f(0, 0, 1) = f1, f(0, 1, 0) = f2,
f(0, 1, 1) = f3, f(1, 0, 0) = f4, f(1, 0, 1) = f5,
f(1, 1, 0) = f6, f(1, 1, 1) = f7,

(2)
where fi = 0 or 1 (i = 0, 1, · · · , 7), indicating there are
28 = 256 transition functions. In order to specify a
updating rule, we employ “rule number” defined by,

#r = 20f0+21f1+22f2+23f3+24f4+25f5+26f6+27f7,
(3)

where #r takes from #0 to #255.

2.2. Description method

Let us present our description method with 1-2-
3 CA briefly [2, 3]. In general, digital sounds can
be expressed as time development of bit-pattern se-
quences of 16 bits. Similarly, a time development of
1-2-3 CA gives bit-pattern sequences of N cells. Thus,
the quantized sound signal is represented by the state
of 1-2-3 CA. Time development of the sound signal
(at ⇒ at+1) can be generated by applying a rule se-
quence r(k) consisting of rules of 1-2-3 CA to at, that
is, r(k) ◦ at = at+1, where r(k) represents a rule se-
quence with the length of k. If we find an appropriate
rule sequence at each time step, we can regenerate the
quantized sound signal from 1-2-3 CA.

The strategy in finding appropriate rule sequences
is as follows:

1. First, determine a boundary condition from all
the four kinds of fixed boundary conditions, L0-
R0, L1-R0, L0-R1 and L1-R1, where L1 means
that the boundary cell at the left of the 1st cell
is fixed with 1. and R0 means that the boundary
cell at the right of the 16th cell is fixed with 0.
Through this paper, we apply L1-R0 boundary
condition.

2. Define the number of elements in the rule set, n,
and the rule set, R = {#r1,#r2, · · · ,#rn}. Rk

denotes k times Cartesian product of R, that is,

Rk =
k∏

i=1

R. Thus, Rk gives a set of all the pos-

sible rule sequences with the length of k, which is
composed of elements of R.

3. An initial state in the 1-2-3 CA, a0, is set by the
initial signal of the target digital sound data.

4. Based on a technique of the breadth first search,
at each time step, we search for the rule sequence
with the shortest length which can reproduce the
target sound signal at the next time step. Thus,
starting from k = 1, we increase k until at+1 cor-
responds to the target sound signal at the t + 1
step, where at+1 = r(k) ◦at, r(k) ∈ Rk. If the tar-
get sound signal is not obtained within a certain
maximum sequence length of Nmax, we give up
description and employ the original pattern.

5. Repeat the procedure 4 until the end of the sound
data.

3. Description ability

3.1. Purpose and method

Accordion to previous our results [3, 6], the best rule
set would change with target data and data formats. It
suggests that a strategy in finding out the three-rules
set is not appropriate. Therefore, in order to improve
the strategy, in this paper, we investigate description
ability of two-rules sets based on 4 kinds of quanti-
ties, (i) generation ability which denotes the ratio of
how many bit-patterns are generated of all the possible
ones, (ii) description ability which evaluates the ratio
of how many time steps the description method suc-
ceeds to describe the target data, (iii) averaged length
of resultant rule sequences which can reproduce the
target data without errors and (iv) compressibility of
data.

The generation ability is calculated by,

abilitygeneration

=
number of states reproduced within Nmax

2Nmax
,

(4)

where Nmax denotes the maximum application time
steps of two rules.

The description ability is calculated by,

abilitydescription

=
data length described by rule-set

total data length
. (5)

The value of 1 means that for all the time steps, data
is described by the two-rules set only. In other word,
the value less than 1 means that for several time steps,
the method misses to describe data within Nmax.

The the compressibility is approximately given by
[3],

compressibility

≃ log2 Nmax + (averaged length of rule sequences)

16
.

(6)
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In a calculation of the compressibility, if the descrip-
tion method fails to describe data within Nmax at a
certain time step, we regard its data amount as 16 bits.

In this paper, two kinds of digital sound data are
applied;

• Spoken word data supplied by ATR (Advanced
Telecommunication Research Institute Interna-
tional). In the present paper, we employ four
words, ”sports”,”knife”,”news” and ”pocket”,
pronounced by two men and two women.

• 150 music data which are taken from four classic
and one Japanese pops music CD. All the intervals
of the data are 1 second.

The music data are digitized under the sampling fre-
quency 44.1 kHz and the amplitude at each time step
quantized into 16 bits. The data format of music is
that of commercial music CD. On the other hand, in
the pronounced words, the sampling frequency is 22.05
kHz and the encoding bit rate is 16 bits, respectively.
But for the time

In addition, the sound data are represent by two
kinds of data formats, row data and xor data. In xor
data, the exclusive disjunction operation is performed
between sound signals at time t and t+ 1.

In this paper, we apply eight sets of two-rules, (#15,
#240), (#60, #195), (#85, #170) (#102, #153),
(#150, #165), (#102, #195), (#90, #105) and (#90,
#180). The first four sets can generate all the possi-
ble 216 bit-patterns at 16 application time steps with
the L1-R0 boundary condition, which is the least ap-
plication time steps. Subsequently, the set of (#150,
#165) can generate at 18, (#102, #195) at 19 and
(#90, #105) at 19. The set of (#90, #105), which
has been the best one in compressibility for xor data,
can generate at 27. In the description, we employ L1-
R0 boundary condition and Nmax = 16.

3.2. Results of description abilities

Typical examples of evaluation results of description
abilities with four quantities are given in Table 1. For
all the target data, the description ability of the two-
rules sets of (#15, #240), (#60, #195), (#85, #170)
(#102, #153) and (#150, #165) takes 100 % since the
sets can generate all the possible bit-patterns within
Nmax = 16, resulting in 100% generation ability. On
the other hand, for raw data, the description abilities
of (#90, #180) are not so high, however, for xor data,
the description abilities take larger than or the almost
same as (#150, #165), (#102, #195), (#90, #105)
and (#90, #180). In Addition, the two-rules set real-
ize compressive description for xor data.

Thus, the two-rules set specializes to describe xor
data. On the other hand, the two-rules sets of (#15,
#240), (#60, #195), (#85, #170) (#102, #153) and

(#150, #165) take 100% generation and description
ability even if the compressibilty slightly takes larger
than1 for all the target data. Especially, the com-
pressibilty of the two-rules set of (#85, #170) takes
the nearest value to 1 for all the raw data. We ex-
pect that the two-rules set would remain possibility in
improving the compressibilty by adding another rule.

4. Conclusions

In this paper, we investigate we investigate descrip-
tion ability of two-rules sets based on 4 kinds of quanti-
ties, (i) generation ability, (ii) description ability, (iii)
averaged length of resultant rule sequences and (iv)
compressibility of data, in order to find out an appro-
priate two-rules set which improves the compressibilty
by adding another rule. Results are as follows:

• the two-rules set of (#90, #180) specializes to
describe xor data, realizing the compressive de-
scription. In other word, it would be difficult to
improves the compressibilty.

• The two-rules set of (#85, #170) takes 100%
generation and description ability, in addition,
the nearest to 1 of the the compressibilty for all
the raw data. Thus, the two-rules set would re-
main possibility in improving the compressibilty
by adding another rule.

In near future, we present the compressibilty by by
adding another rule to the two-rules set of (#85,
#170).
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Table 1: Evaluation results of description abilities.
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Compressibility 1.092 1.104 1.113 1.12 1.112 1.112 1.119 1.154
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Abstract—It is known that the Game of Life, a two-
dimensional cellular automaton can emulate Turing ma-
chine on its array. In this research we performed spectral
analysis to investigate the dynamical aspect of the compu-
tation process carried out by Turing machine on the Game
of Life. An actively evolving part of the whole area exhibits
1/ f noise although the whole area does not. The deviation
of power spectrum from 1/ f noise that is commonly ob-
served in the evolution from random configuration can be
explained as a consequence of the ’regularity’ contained in
initial configuration capable of supporting computation.

1. Introduction

Cellular automata (CAs) is ad-dimensional array with
a finite automaton residing at each site. Each automaton
takes the states of neighboring sites as input and makes the
transition of its state according to a set of transition rules.
CAs are also considered to be spatially and temporally dis-
crete dynamical systems with large degrees of freedom.
It was proved that elementary CA (ECA), namely one-
dimensional and two-state, three-neighbor CA rule 110 is
computationally universal [1] that means any algorithms
can be performed by preparing an appropriate initial con-
figuration on the array. Another example of computation-
ally universal CA is the Game of Life (LIFE) [2]. LIFE is a
two-dimensional and two-state, nine-neighbor outer total-
istic CA. These two computationally universal CAs exhibit
1/ f -type power spectrum [3] when they start from random
configuration [4, 5]; moreover ECA rule 110 exhibits 1/ f
noise also in the computation process [6]. These results
suggest that 1/ f noise marks a kind of dynamics that can
support universal computation.

However The power spectral analysis of computation
process in LIFE has not been investigated yet. In this re-
search we study the power spectra of the computation pro-
cess of LIFE in which the evolution of a Turing machine
(TM) is emulated.

2. Turing Machine on LIFE

Let sx,y(t) ∈ {0,1} denote the state of the site (x, y) at time
stept in LIFE. The transition functiond of LIFE is defined

Table 1: Transition function of the Turing machine. The
leftmost column is state and the first line is tape symbol.

0 1 2
s0 (s2,0,L) (s1,2,L) (s0,2,R)
s1 (s0,2,R) – (s1,2,L)
s2 (sH,0,L) – (s2,1,R)

as
sx,y(t + 1) = d(sx,y(t),nx,y(t)), (1)

wherenx,y(t) denotes the sum of the states of the eight near-
est neighboring sites around the site (x, y) at time stept.
The transition functiond is defined by

d(0,3) = d(1,2) = d(1,3) = 1,

otherwise d= 0. (2)

It is known that Turing machine (TM) can be constructed
on the array of LIFE [7]. The TM dealt with this research
has the set of statesQ = {s0, s1, s2, sH} and s0 is the start
state andsH is the final state. The set of input symbols is
Σ = {0,1} and the set of tape symbols isΓ = {0,1,2} and ‘0’
is the blank symbol that appears initially in all but the finite
number of initial cells holding input symbols. The transi-
tion function is represented byδ(q,X) = (p,Y,D), where
q is a state andX is a tape symbol ,p is the next state,Y
is the output symbol, andD ∈ {L,R} is a direction of the
tape head.δ is given by table 1. If this TM starts with
a configurations01n, (n ≥ 0), it halts with a configuration
sH0012n. So this TM is called ‘string doubler’. Table 2
shows configurations in successive transition starting from
a configurations011.

Figure 1 shows a pattern to emulate the computation pro-
cess shown in Table 2 on the array of LIFE. This configu-
ration file executable on Golly [8], a CA simulator, can be
downloaded from the web site [9]. White squares represent
site with state ‘0’, black squares with state ‘1’. The com-
ponents of TM on this array are depicted in Fig. 2. All the
components are deployed in the area with the length and
breadth of about 1600× 1700 sites. The two parts of stack
work as a tape of TM and the upper left contains the sym-
bols written on the left-hand side of the tape head and the
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Table 2: Example of the sequence of the transition of the
string doubler Turing machine. The rightmost column is
the time step on LIFE simulating the Turing machine.

seq. no. configuration time step
0 s011 4,500
1 s1021 15,000
2 2s021 26,000
3 22s01 37,000
4 2s122 49,000
5 s1222 60,000
6 s10222 72, 000
7 2s0222 82,000
8 22s022 93,000
9 222s02 104,000
10 2222s00 116,000
11 222s220 127,000
12 22s2210 137,000
13 2s22110 148,000
14 s221110 160,000
15 s2011110 171,000
16 sH0011110 180,000

lower right contains the symbols written on the right-hand
side of the tape head. The symbol beneath the tape head is
on the signal line from the stack to the finite state machine.

3. Power Spectra of Computation Process

Spectral analysis is one of the useful methods to study
the behaviour of dynamical systems. Therefore we apply
it to the analysis of the computation process shown in Ta-
ble 2. The discrete Fourier transformation of a time series
of statessx,y(t) for t = 0,1, · · · ,T − 1 is given by

ŝx,y( f ) =
1
T

T−1∑
t=0

sx,y(t)exp(−i
2πt f

T
). (3)

The power is defined as

S( f ) =
1
N

∑
x,y

|ŝxy( f )|2, (4)

where the summation is taken in allN sites in considera-
tion. The period of the component at a frequencyf in a
power spectrum is given byT/ f .

We divide the area in which the string doubler TM pre-
dominantly works into 140 sections with 100× 100 sites
to clarify the regional difference among the array and cal-
culate the power spectrum of each section forT = 16,384
time steps. The area employed to calculate the power spec-
tra is depicted as a polygon in Fig. 3.

The exponentβ of power spectrum is estimated by means
of the least-squares fitting by ln(S) = α + β ln( f ) in the
range off = 1 ∼ 50.

Figure 1: Initial configuration of string doubler Turing ma-
chine on the array of LIFE.

The residual sum of squares is given by

σ2 =
1
fb

fb∑
f=1

(ln(S) − α − β ln( f ))2, (5)

where fr is the number of data used for the calculation of
σ2 and we setfr = 50.

The top of Fig. 4 shows a typical example of power spec-
trum of the section with 100× 100 sites marked with ‘A’
in Fig. 3. Bothx andy axes are plotted on a logarithmic
scale. The power spectrum is almost even at low frequen-
cies and has the highest power atf = 546 corresponding to
the periodic behaviour with period 16, 384/546≈ 30. That
is caused by the periodic patterns with period 30 called
‘queen bee shuttle’ shown in Fig. 5. The queen bee shuttle
is the most commonly used oscillator in this realization of
TM and is about the 18th and 19th most common naturally-
occurring oscillators [10].

The second from the top of Fig. 4 shows the power spec-
tra with the least value ofβ = −0.90 among those with
σ2 < 0.2. Since the power spectrum withσ2 ≥ 0.2 is not
considered to follow the power law, we exclude those from
consideration. This power spectrum presents 1/ f charac-
teristic and its evolution is in a section marked with ‘B’ in
Fig. 3. This section is located in a stack cell that is most
frequently rewritten during the transition. And the power
spectrum with the second least value ofβ − 0.67 (second
from bottom of Fig. 4) is calculated in a section marked
with ‘C’ beneath the section ‘B’ although this evolution is
not considered to be 1/ f noise.

The power spectrum averaged over 140 sections is
shown at the bottom of Fig. 4 with the exponentβ = −0.31.
This result implies that the computation process does not
exhibits 1/ f noise as a whole. Figure 6 shows the power
spectrum of the evolution forT = 16,384 time steps
starting from a random configuration with array size of

- 198 -



finite

state

machine

stack

control

stack

stack

1700cells

1600cells

input symbol

state

transition signal

Figure 2: Components of Turing machine on the array of
the Game of Life.

1183× 1183= 1,399,489 with absorbing boundary con-
ditions in which the sites beyond the boundary is fixed to
state ‘0’. The exponentβ is estimated at−1.32 and the one
estimated under the periodic boundary conditions is−1.31.
These results show that the evolution staring from random
configuration exhibits 1/ f noise.

4. Discussion

We calculated the power spectra of the computation pro-
cess of TM emulated on LIFE. The sections containing a
most frequently rewritten stack cell exhibit 1/ f noise al-
though the power spectrum averaged over whole area in
which the TM works has the exponent value close to zero.
These results imply that the 1/ f -type characteristics is lo-
calized in actively evolving area. On the other hand, the
evolution starting from a random configuration with almost
the same number of sites exhibits 1/ f noise.

These results form a striking contrast with ECA rule 110
in which both the computation process emulating cyclic tag
system and the evolution with a random initial configura-
tion present 1/ f noise. The biggest difference in computa-
tion process between LIFE and rule 110 is the frequency of
‘burst’ caused by the collision of propagating patterns dur-
ing the evolution. Sporadic bursts occur during the com-
putation process in LIFE since signals are designed to be
detoured to avoid collisions. In rule 110, however, it is
inevitable for propagating patterns to avoid collisions be-
cause of its low dimensionality of the array.

We should notice that the results obtained in this research
does not invalidate the hypothetical relationship between
computational universality and 1/ f noise in CAs. The dy-
namics that creates 1/ f noise in most every case is com-
patible with non1/ f -type behaviour accompanying a par-

A

B

C

Figure 3: Area in which power spectra are calculated
among the array of LIFE.

ticular initial configuration. The evolution starting from
random configuration can clearly unveil the essential prop-
erty intrinsic to LIFE because it is affected solely by its
transition rule and the power spectrum varies little in shape
according to the details of subtle difference in initial con-
figuration. On the other hand, the power spectrum of com-
putation process is affected not only by the transition rule
but also by the ‘regularity’ contained in the elaborately de-
signed initial configuration capable of supporting compu-
tation. We can explain the deviation of power spectrum of
computation process from 1/ f noise as a consequence of
the ’regularity’ contained in initial configuration and there-
fore in subsequent evolution.

Here arise some questions out of the results of this re-
search. First one is a question of the dependency of power
spectra upon the details of computing mechanism. We
might be able to elucidate it by investigating another com-
puting machine such as register machine on LIFE. And the
second one is a question on the power spectrum of the evo-
lution with moderate randomness. The evolution from ran-
dom configuration and the computation process are both
extreme cases among all kinds of possible evolution. The
former completely lacks in orderliness and the latter has no
randomness. What kind of power spectrum is observed in
the evolution starting from moderately orderly initial con-
figuration? These questions are issues in future.
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Abstract—Mixed-mode oscillations (MMOs) have a
distinctive waveform in the time series, and consist of
large amplitude excursions and small peaks. The MMO-
incrementing bifurcations (MMOIBs) trigger an MMO
sequence that is followed by another type of an MMO
sequence. In this study, we observe MMOIBs in two-
coupled Bonhoeffer-van der Pol (BVP) oscillators con-
nected by a resistor by changing a coupling factor. The pa-
rameter values of one of the BVP oscillators chosen near
a supercritical Andronov-Hopf bifurcation (AHB) point in
the absence of connection, whereas those of the other BVP
oscillator are chosen near a subcritical AHB point.

1. Introduction

MMOs are nonlinear phenomena, which consist of L
large amplitude excursions and s small peaks in the ob-
served time series. To identify various MMOs, we use
the notation “Ls”. Although the definition of MMOs ap-
pears to be ambiguous, the study of MMOs is significant
because they are universally observed in slow–fast dy-
namics. Therefore, MMOs were discovered and analyzed
within various systems, and have been a subject of inten-
sive research [1–6]. Moreover, MMO-incrementing bifur-
cation (MMOIIB) triggers an MMO sequence that, upon
varying a parameter, is followed by another type of MMO
sequence. That is, MMOIBs that consist of [Ls, Ĺś × n]
(n = 1, 2, 3, . . .) occur many times successively. The com-
plex bifurcations were often observed in actual chemical
experiments [7, 8]. Although the generation of MMOIBs
appears to be universal in a class of MMOs generating dy-
namics, the governing equations that describe the chemi-
cal experiments may be hardly derived. Furthermore, the
study of MMOIBs in dynamical systems, especially for
their originating mechanisms, has just begun because they
consist of complex MMO-sequences.

In our previous studies, we demonstrate that the suc-
cessive MMOIBs occur as many times as desired in the
Bonhoeffer-van der Pol (BVP) oscillator under a weak pe-

riodic perturbation [5, 6]. In particular, we set the param-
eter values near a subcritical Andronov-Hopf bifurcation
(AHB) point with no perturbation. When a weak periodic
perturbation is injected to BVP oscillator, MMOIBs can
occur successively in both numerical and experimental re-
sults.

In this study, we investigate a coupling system that con-
sists of two BVP oscillators connected by a resistor. Be-
cause the BVP oscillator play a fundamental role for use in
a coupling system [9], the observed phenomena are con-
sidered to be important. The parameter values of one of
BVP oscillators are chosen near a subcritical AHB point in
the absence of connection, whereas those of the other BVP
oscillator are chosen near a supercritical AHB point. In
this study, we report numerical observations of successive
MMOIBs in the two coupled BVP oscillators by changing
a coupling factor between the two oscillators. We show
that MMOIBs [13, 14 × n], n = 1, 2, . . ., occur many times
through the observation of the one-parameter bifurcation
diagram.

Figure 1: Two BVP oscillators coupled by a resistor.

2. Circuit-setup

Figure 1 shows circuit diagram of two BVP oscillators
connected by a resistor R0. BVP oscillator (O j, j = 1, 2)
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Figure 2: Stable and unstable solutions around AHB point
in the isolated BVP oscillator for k j = 0.35 and 0.9.

comprises an inductor (L), capacitor (C), resistor (R j), dc
voltage source (E j), and nonlinear conductance (G). We
assume that the voltage–current (v j–i j) characteristic of G
is a third-order polynomial of the form i j = −g1v j + g3v3

j ,
where g1, g3 > 0.

From Kirchhoff’s law, the circuit equation of Fig. 1 is
written as

C
dv1

dt
= i1 − (−g1v1 + g3v3

1) +
1

R0
(v2 − v1),

L
di1
dt
= −v1 − i1R1 + E1,

C
dv2

dt
= i2 − (−g1v2 + g3v3

2) +
1

R0
(v1 − v2),

L
di2
dt
= −v2 − i2R2 + E2.

(1)

Substituting

τ ≡ t
Lg1
, ε ≡ C

g2
1L
, k j ≡ g1R j,

B j ≡
√

g3

g1
E j, x j ≡

√
g3

g1
v j, y j ≡

√g3

g3
1

i j,

α ≡ (R0g1)−1, ( j = 1, 2),

(2)
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Figure 3: Coexisting stable focus and stable relaxation os-
cillation of Fig. 2 (b) for B j = 0.207.

into Eq. (1) yields the following normalized equation:

εẋ1 = y1 − (−x1 + x3
1) + α(x2 − x1),

ẏ1 = −x1 − k1y1 + B1,

εẋ2 = y2 − (−x2 + x3
2) + α(x1 − x2),

ẏ2 = −x2 − k2y2 + B2, where
d
dτ
= · ,

(3)

where ε is a small parameter that corresponds to the small
capacitance C. We assume ε = 0.1 throughout this study.
The parameters α, k j and B j correspond to the coupling
factor R0, the resistance R j and the dc bias voltage E j,
respectively ( j = 1, 2).

A stable focus exists when B j ( j = 1, 2) is chosen as
large value, and when the two BVP oscillators are not con-
nected with each other, i.e., α = 0. This stable focus be-
comes unstable via an AHB point (the bifurcation param-
eter value is indicated by Bc

j). Furthermore, the AHB is
a supercritical for small k j, whereas it becomes subcriti-
cal for larger k j. Figures 2 (a) and (b) show the structures
around the super and subcritical AHB points for k j = 0.35
and 0.9, respectively. In particular, for k j = 0.9, the AHB
is subcritical, and a stable focus and the stable relaxation
oscillation coexist in close proximity in the phase space
near B j = Bc

j as shown in Fig. 3.
In the following results, we use k1 = 0.9, B1 =

0.207, k2 = 0.35, and B2 = 0.428, and employ the cou-
pling factor α as a control parameter. In order to calculate
Eq. (3) with the initial condition x j = y j = 0, j = 1, 2, we
use a fourth-order Runge-Kutta method with the step size
0.01.

3. MMO-incrementing bifurcations

Figure 4 (a) shows MMOs 14, in which x j, j = 1, 2 un-
dergoes one large excursion followed by four successive
small peaks in the observed time series in the two cou-
pled BVP oscillators for α = 0.202. Moreover, when α
is decreased, different MMO sequence 13 is observed as
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Figure 4: MMOs in the two coupled BVP oscillators.

depicted in Fig. 4 (b). Thus, MMOs 1s, s = 1, 2, . . . are
naturally observed in the two coupled BVP oscillators.

We are now interested in the phenomena between two
neighboring MMOs. When α is slightly decreased from
0.202, more complex MMO sequence is observed. Fig-
ure 5 (a) shows the complex MMO sequence in which 13

and 14 appear alternately. For smaller α, MMOIBs, which
triggers an MMO sequence that upon varying a param-
eter is followed by another type of MMO sequence, oc-
cur [5]. Figure 5 (b) depicts MMOIBs in which MMO
sequence 13 is added to that of Fig. 5(a). In the same
manner, [14, 13 × 3] appears for α = 0.188 as shown in
Fig. 5 (c). Although, at first glance, the two BVP oscil-
lators are synchronized with in-phase, the phase relation-
ship between the two oscillators is complex as shown in
Fig. 5 (d). To investigate MMOIBs more in detail, we
calculate a one-parameter bifurcation diagram. Figure 6
(a) shows the one-parameter bifurcation diagram for α de-
creasing from 0.202, where Poincaré mapped points of
the values of x2 are plotted. We define Poincaré section
as x1 = 1/

√
3, and map points when the flow penetrates

the hyperplane from the negative side to the positive side.
Furthermore, Fig. 6 (b) is the magnified figure of Fig. 6
(a) for 0.184 ≦ α ≦ 0.185. From the figure, it is seen
that MMOIBs occur many times as α decreases. One of
the characteristic features of MMOs is a period-adding. In

the same manner, MMOIBs occur successively as shown
in Fig. 6.

4. Concluding remarks

We investigated the two coupled BVP oscillators, in
which the parameter values of one of the BVP oscil-
lators were chosen near a supercritical AHB point for
α = 0, whereas those of the other BVP oscillator were
chosen near a subcritical AHB point. It is remarkable that
MMOIBs occur many times. The detailed initiating mech-
anism of MMOIBs in the two BVP oscillators remains a
subject for a future study.
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Figure 5: Complex MMO sequence.
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Figure 6: One-parameter bifurcation diagram for 0.182 ≦
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Abstract—In our previous study, a modified Shinriki-
Mori circuit was proposed. The circuit includes two LC
resonators which are coupled by resistors. By changing
a parameter, switching phenomena of synchronization and
asynchronization between two resonators were observed.

In this study, we propose new coupled system which two
previous study’s systems are coupled by a resistor. As a
result, interesting phenomena about relationship between
LC resonators and coupling strength are observed.

1. Introduction

In coupled chaotic circuits, many interesting phenom-
ena, for instance, chaotic synchronization phenomena, in-
termittency chaos, spatio-temporal chaos and so on are ob-
served. Therefore, there are many studies about coupled
chaotic circuits. In almost these studies, some of famous
chaotic circuits have been applied. One of famous chaotic
circuits is a Shinriki-Mori circuit [1] [2]. There are many
investigations of coupled chaotic circuits using a Shinriki-
Mori circuit [4] [5].

In our previous study, a modified Shinriki-Mori circuit
[6] has been proposed. The Shinriki-Mori circuit consists
of a LC resonator, by-directional diodes and the others.
In the proposed circuit, a LC resonator and by-directional
diodes included in the original circuit are copied and added
to the original circuit. By applying different parameters of
LC resonators, two similar chaotic waveforms which are
observed as voltages of LC resonators are obtained. Addi-
tionally, these waveforms are influenced by changing cir-
cuit parameters.

In this study, two modified Shinriki-Mori circuits cou-
pled by a resistor are proposed. This system includes pa-
rameter mismatches. Therefore, LC resonators could not
synchronized at all. In this system, similar chaotic wave-
forms are also observed and these are not synchronized
at all. Additionally, these waveforms are influenced by
changing circuit parameters. Namely, it means that in
spite of asynchronous state, the relationship among LC res-
onators exist. The aim of this study is to reveal the relation-
ship.
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Circuit-B

Figure 1: Proposed System.

2. Proposed System

Figure 1 shows the proposed system. Two modified
Shinriki-Mori circuits are coupled by a resistor. In this
study, two modified Shinriki-Mori circuits are called as Cir-
cuit A and Circuit B, respectively. Additionally, LC res-
onators included in two circuits are called as subcircuit A1,
A2, B1 and B2, respectively. A difference between Circuit
A and Circuit B is only parameters of subcircuits. In order
to change parameters of nonlinearity, resistors GA1, GA2,
GB1 and GB2 are added. Bidirectionally coupled diodes are
modeled as a piecewise linear function shown in Figure 2.
The others are modeled as linear elements.

Using this model, the circuit equation is described as fol-
lows.
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Figure 2: Bidirectionally coupled diodes model. (a) Circuit
schematic. (b) Circuit model. (c) v − i characteristic.



Ca1
dva1

dt
= ga1 f (va3 − va1) − ia1,

Ca2
dva2

dt
= ga2 f (va3 − va2) − ia2,

Ca3
dva3

dt
= Gava3 − ga1 f (va3 − va1)

−ga2 f (va3 − va2) −G(va3 − vb3),

La1
dia1

dt
= va1,

La2
dia2

dt
= va2,

Cb1
dvb1

dt
= gb1 f (vb3 − vb1) − ib1,

Cb2
dvb2

dt
= gb2 f (vb3 − vb2) − ib2,

Cb3
dvb3

dt
= Gbvb3 − gb1 f (vb3 − vb1)

−gb2 f (vb3 − vb2) +G(va3 − vb3),

Lb1
dib1

dt
= vb1,

Lb2
dib2

dt
= vb2,

(1)

where

f (v) = v + (|v − vth| − |v + vth|)/2. (2)

By substituting the variables and the parameters,

x{A1,A2,A3} =
v{a1,a2,a3}

Vth
, x{A4,A5} =

√
La1

Ca1

i{a1,a2}
Vth
,

x{B1,B2,B3} =
v{b1,b2,b3}

Vth
, x{B4,B5} =

√
La1

Ca1

i{b1,b2}
Vth
,

d
dt
= “ · ”, α{a1,a2,a3,b1,b2,b3} = g{a1,a2,a3,b1,b2,b3}

√
La1

Ca1
,

β{a2,a3,b1,b2,b3} =
Ca1

C{a2,a3,b1,b2,b3}
, γ{a2,b1,b2} =

La1

L{a2,b1,b2}
,

δ{a,b} = G{a,b}

√
La1

Ca1
, ε = G

√
La1

Ca1
,

(3)
equations (1) and (2) are described as follows.

ẋA1 = αa1 f ′(xA3 − xA1) − xA4,

ẋA2 = βa2
{
αa2 f ′(xA3 − xA2) − xA5

}
,

ẋA3 = βa3
{
δaxA3 − αa1 f ′(xA3 − xA1)

−αa2 f ′(xA3 − xA2) − ε(xA3 − xB3) } ,
ẋA4 = xA1,

ẋA5 = γa2xA2,

ẋB1 = βb1
{
αb1 f ′(xB3 − xB1) − xB4

}
,

ẋB2 = βa2
{
αb2 f ′(xB3 − xB2) − xB5

}
,

ẋB3 = βb3
{
δbxB3 − αb1 f ′(xB3 − xB1)

−αb2 f ′(xB3 − xB1) + ε(xA3 − xB3) } ,
ẋB4 = γb1xB1,

ẋB5 = γb2xB2,

(4)

where

f ′(x) = x + (|x − 1| − |x + 1|)/2. (5)

3. Computer Simulations

In our previous study, a modified Shinriki-Mori circuit
was investigated [6]. Following results were obtained. In
the case of applying same parameters to subcircuits, subcir-
cuits are synchronized. Additionally, switching phenom-
ena between synchronization and asynchronization are ob-
served in the case of applying different circuit parameters
of subcircuits. As a result of investigations of the rela-
tionship between synchronization rates and circuit parame-
ters, it was confirmed that some similar chaotic waveforms
could be obtained at the same time.

In this study, two modified Shinriki-Mori circuits cou-
pled by a resistor are investigated. This system includes
four subcircuits. Additionally, four subcircuits are not
equivalent relations. Therefore, the relationship among
four subcircuits is very interesting.

Figure 3 shows one of computer simulation results.
Double scroll type attractors can be observed. Double
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(1) xA3 - xA1 (2) xB3 - xB1

Figure 3: Attractors of Circuit A and Circuit B. αa1 = αa2
= αb1 = αb2 = 9, βa2 = 0.8, βb1 = 0.4, βb2 = 0.7, βa3 = βb3 =

0.32, γa2 = γb1 = γb2 = 1.0 and δa = δb = 1.4. (1) Circuit A.
Horizontal axis is xA3 and vertical axis is xA1. (2) Circuit
B. Horizontal axis is xB3 and vertical axis is xB1.

xA1

xA2

xA1 xA2-

Figure 4: Waveforms of subcircuit A1 and A2. αa1 = αa2 =

αb1 = αb2 = 9, βa2 = 1.0, βb1 = 0.4, βb2 = 0.7, βa3 = βb3 =

0.32, γa2 = γb1 = γb2 = 1.0 and δa = δb = 1.4.

scroll type attractor of Figure 3(2) is larger attractor of Fig-
ure 3(1). In this case, waveforms of subcircuit A1 and A2
are shown in Figure 4. Quasi-synchronization and asyn-
chronization states are appear at randomly. In order to in-
vestigate this phenomenon, the relationship between volt-
age differences of subcircuits and a coupling strength is
paid attention. Figure 5 shows the relationship between
the voltage differences and the coupling strength. The volt-
age difference between vA1 - vA2 is corresponding to xA1 -
xA2. In the same way, subcircuit A2 and B1, B1 and B2
are corresponding to xA2 - xB1 and xB1 - xB2, respectively.
In among these subcircuits, synchronization and asynchro-
nization states are observed. By increasing the coupling
strength ε, synchronization rate of xA1 - xA2 is decreased in
Figure 5(1)-(3). On the other hand, synchronization rate of
xB1 - xB2 is increased.

In order to make this phenomenon clear, a definition of
the synchronization is defined as follows.

|xA1 − xA2| < 0.1
|xA2 − xB1| < 0.1
|xB1 − xB2| < 0.1

(6)

Equation 6 shows a definition of the synchronization as
shown in Figure 5. Namely, a range of the synchronous
state is from 0.1 to -0.1. Using this definition, the relation-

xA1 - xA2

xA2 - xB1

xB1 - xB2

(1) ε=0.1

xA1 - xA2

xA2 - xB1

xB1 - xB2

(2) ε=0.7

xA1 - xA2

xA2 - xB1

xB1 - xB2

(3) ε=1.0

Figure 5: Differential waveforms of Circuit A and Circuit
B. αa1 = αa2 = αb1 = αb2 = 9, βa2 = 0.8, βb1 = 0.4, βb2 =

0.7, βa3 = βb3 = 0.32, γa2 = γb1 = γb2 = 1.0 and δa = δb =
1.4.

ship between synchronous states and coupling strength is
investigated.

Figure 7 shows the statistical data of synchronous rates
and the coupling strength ε. A step size of the coupling
strength ε is 0.01. Calculation time of each parameter is
500. Time step is 0.005. The synchronous rate between
subcircuits A1 and A2 is decreasing by increasing coupling
strength ε from 0 to 1. After that the rate is increasing and
becomes 100%. On the other hand, the synchronous rate
between subcircuits B1 and B2 is increasing by increas-
ing coupling strength ε. Additionally, the synchronous rate
between subcircuits A2 and B1 remains very low rate. In
ε > 1.3, the rate becomes 100%. In 0.0 < ε < 1.0, dou-
ble scroll type attractors can be observed in two circuits.
However, In ε > 1.0, oscillations becomes periodic orbits.
Therefore, rates become 100%.

This result shows a following phenomenon observed in
this system. Two chaotic circuits coupled by a resistor have
same circuit structure. By changing a value of the cou-
pling resistor, synchronization rate of a part of one circuit
is increased and the other is decreased. Namely, in spite of
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Figure 7: Synchronous rate of Circuit A and Circuit B. αa1 = αa2 = αb1 = αb2 = 9, βa2 = 0.8, βb1 = 0.4, βb2 = 0.7, βa3 =

βb3 = 0.32, γa2 = γb1 = γb2 = 1.0 and δa = δb = 1.4.

synchronization

Figure 6: Definition of synchronization.

being same circuit structure, an inverse result is obtained.
Additionally, one important point of this result is that two
circuits are not synchronized at all. In this condition, it is
interesting that these two circuits influence each other.

4. Conclusion

In this study, two modified Shinriki-Mori circuits cou-
pled by a resistor are proposed. By investigating the rela-
tionship between subcircuits and a coupling strength, it is
confirmed that synchronization rate of a part of one circuit
is increased and the other is decreased by changing a cou-
pling strength. We consider that the most important point
of this result is that two circuits are not synchronized at all
and two circuits influence each other.

In the future works, we will investigate this phenomenon
in detail.
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Abstract—
In this report, we explain a criterion for judging bi-

furcation of quasi-periodic solutions which are high-
dimensional torus. We use two concepts called Dominant
Lyapunov Exponent (DLE) and the corresponding Domi-
nant Lyapunov Bundle (DLB) for the criterion.

1. Introduction

A quasi-periodic solution composed of more than two
asynchronous frequency components, covers more than
two-dimensional torus densely [1] (p. 189), [2], [3] (p. 16).
Different from periodic solutions, we cannot apply New-
ton’s method for obtaining a saddle quasi-periodic solution
[4], because it cannot be a fixed point (including a peri-
odic solution). Recently, we develop an algorithm for ob-
taining a saddle quasi-periodic solution sandwiched by two
different attractors by using bisection method [5]. Via this
algorithm, we are succeeded in observing a saddle-node
bifurcation such that a stable quasi-periodic solution and
a saddle quasi-periodic solution merge together and dis-
appear. To analyze the bifurcation type of quasi-periodic
solution, we define Lyapunov Bundle (LB) composed of
many Lyapunov Vectors (LV) defining stable or unstable
direction of Lyapunov Exponents (LEs) [6], [7], [8]. In
continuous-time dynamical systems, LV covers the solu-
tion orbit densely, therefore the number of LBs equals to
system dimension.

2. Dominant Lyapunov exponent and dominant Lya-
punov bundle

The most important LB for local bifurcation is Domi-
nant Lyapunov Bundle (DLB) corresponding to Dominant
Lyapunov Exponent (DLE). We can judge the type of bi-
furcation by analyzing the type of DLB. The DLE is the
non-zero LE which is closest to zero. We can know the bi-
furcation point from the point at which DLE touches zero
in Lyapunov diagram and also bifurcation type from the
DLB just before the bifurcation point.

In practice, when quasi-periodic solution is 2-torus in
continuous-time dynamical system (flow), we can judge the
bifurcation type as follows: 1. Compute LEs and LBs in
parallel to the original 2-torus in flow (FT2). 2. Apply an

appropriate Poincare section to FT2 and its associated LBs,
then we can get 1-torus in discrete-time dynamical system
(map) together with its LBs. 3. Judge the DLB type and
classify the bifurcation type.

But, when a quasi-periodic solution is 3-torus or higher,
if we apply Poincare section to 3-torus in flow (FT3) and its
associated LBs, then we get DLB of 2-torus in map (MT2).
But, it is still difficult to judge the DLB type, because DLB
of MT2 is on 2-dimensional surface. Accordingly, we take
a codim 2 section to MT2 and its associated LBs to get 1-
torus in section (ST1) together with its associated LBs. By
using this LBs of ST1, we can judge the bifurcation type of
FT3.

The DLB types of FT3 are classified in 3 types;A3, M3

andF3. To analyze these types, we apply Poincare section
(codim 1 section) and a codim 2 section to FT3. The codim
2 section obtained from Poincare mapped MT2 enables us
to get a ST1 as shown in Fig. 1. In numerical calculation,
we take thin slice around the codim 2 section from MT2 to
obtain ST1. The codim 2 section does not inherit dynam-

MT2 in Poincare section

codim 2 section

ST1

Figure 1: Schematic of a codim 2 section of MT2 and the
corresponding ST1.

ics of the original system different from Poincare section.
Therefore, in the codim 2 section, theA− type DLB does
not exist, but the both-side DLB which has annulus shape
can exists. We call this DLB the Annulus Star (A∗) type
DLB. TheA∗ type DLB causes Component Doubling (CD)
bifurcation. The CD bifurcation of ST1 is equivalent to
the DC bifurcation of FT3 occurring on the codim 2 sec-
tion. When we take the CD bifurcation into account, the
DLB types of FT3 are classified in 3 types;A × A × A,

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015

- 209 -



M × A∗ × A∗ andF × F × F. Therefore, we compute LB
of MT2 obtained from FT3 and extract DLB of ST1 on a
certain codim 2 section. If the type of DLB of ST1 is of the
A+ type, the original FT3’s DLB type is of theA3 which
causes saddle-node bifurcation of FT3. If the type of DLB
of ST1 is of theM or A∗ type, the original FT3’s DLB type
is of theM3 causing double covering bifurcation of FT3. If
the type of DLB of ST1 is of theF type, the original FT3’s
DLB type is of theF3 causing Neimark–Sacker bifurcation
of FT3.

3. Example of Bifurcation of FT3

As an example of the bifurcation of FT3, we take Phase-
Locked Loop (PLL) circuit with three periodic inputs. The
normalized circuit equation of the PLL circuit is as follows:

ẋ0 = x1,
ẋ1 = −βx1 − sinx0 + βσ +m1β sinx2 +m1ω1 cosx2

+m2β sinx3 +m2ω2 cosx3

+m3β sinx4 +m3ω3 cosx4,
ẋ2 = ω1,
ẋ3 = ω2,
ẋ4 = ω3,

(1)
where, x0 = ϕ ∈ S1, x1 = ϕ̇ ∈ R1, x2 = ω1t ∈ S1,
x3 = ω2t ∈ S1, and x4 = ω3t ∈ S1. The S1 denotes
1-dimensional toroidal coordinate system identifying−π
with π. Parametersβ andσ denote normalized angular fre-
quency and detuning, respectively. Parametersmi andωi

denoteith input amplitude and angular frequency, respec-
tively. In the following, we fix parameters as follows:β =
0.56, σ = 1.3,m1 = 1,m2 = 0.03,m3 = 0.01, ω2 = 0.473,
andω3 = 0.21. We vary parameterω1 and calculate LEs
as shown in Fig. 2. Multiplicity of zero LE is three before
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Figure 2: Lyapunov exponents of FT3 in terms ofω1.

and after the bifurcation point.. Therefore, the attractor is
FT3 throughout this figure. The DLE touches zero around
ω1 ≃ 1.282 and some local quasi-periodic bifurcation oc-
curs at this point. Figs. 3(a) and (b) represent FT3 attractor
before the bifurcation point atω1 = 1.286 and after the

bifurcation point atω1 = 1.275. To classify this local bi-
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Figure 3: FT3 attractors atω1 = 1.286 before the bifurca-
tion (a) and atω1 = 1.275 after the bifurcation point (b).

furcation, we compute DLB before the bifurcation point at
ω1 = 1.286. To judge the type of DLB, we apply Poincare
section and codim 2 section to the DLB. As a result, we find
that the type of DLB isM type. Therefore, double covering
bifurcation of FT3 has occurred at this bifurcation point.

4. Conclusion

We explain how to judge the bifurcation type of 3-torus
quasi-periodic solutions. As an example of this, we take
PLL circuit equation with three periodic inputs and demon-
strate double covering bifurcation of FT3.

Appendix. ST1 and Corresponding DLB

Afterwards, we are succeeded in calculating ST1 and
corresponding DLB before the bifurcation associated to
Fig. 3 (a). On sectionΣ1 = {x2 = 0, ẋ2 > 0, x4 = 0}, one
1-turn ST1 in Fig. 4 bifurcates to two 1-turn ST1 in Fig. 5
via component doubling bifurcation of ST1. On the other
hand, on sectionΣ2 = {x3 = 0, ẋ3 > 0, x4 = 0}, one 1-turn
ST1 in Fig. 6 bifurcates to one 2-turn ST1 in Fig. 7 via dou-
ble covering bifurcation of ST1. Fig. 8 shows clearly theA∗

type DLB characteristic and Fig. 9 shows theM type char-
acteristic, therefore the FT3 attractor is proved to be theM3

type DLB.
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0, x4 = 0} atω1 = 1.286 before the DC bifurcation.
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0, x4 = 0} atω1 = 1.275 after the DC bifurcation.
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Abstract—In this study, we investigate relationship be-
tween synchronous state and oscillation frequency in the
coupled chaotic circuit. We consider that oscillation fre-
quency moves closer to steady value when the chaotic cir-
cuits become synchronization. From the computer simula-
tion, we confirm synchronous state in the coupled chaotic
circuit is lowly dependent to oscillation frequency. Fur-
thermore, we pay attention to timing of synchronization of
among the coupled chaotic circuits.

1. Introduction

The synchronous phenomena are observed as not only
fields of natural science but also various fields. For ex-
ample, we can confirm the flashing of fireflies (a firefly
is able to match frequency of other fireflies), metronome,
heartbeat of the human, and so on. The synchronous phe-
nomena have been researched extensively in physics [1]
and biology [2]∼[3]. In addition, applying synchronous
phenomena to medical technology are developed. These
synchronous phenomena are known as one of the nonlin-
ear phenomenon. For the future engineering application,
we consider it is important to investigate synchronous phe-
nomena of coupled chaotic circuits.

Synchronous Discrimination of the chaotic circuit uses
the phase difference generally. Not only the phase dif-
ference but also period and oscillation frequency exist in
the coupled chaotic circuit. We pay attention to oscilla-
tion frequency in the coupled chaotic circuit. We can con-
sider that entire circuit synchronizes if and when oscilla-
tion frequency included in a certain individual match. In
this paper, we compare synchronous discrimination by us-
ing phase difference and oscillation frequency. We consider
that oscillation frequency converges on a steady value when
the coupled chaotic circuits synchronize.

As simulation result, relationship is uncommon between
synchronization of the chaotic circuit and oscillation fre-
quency, although oscillation frequency converges on a
steady value conclusively. Next, we pay attention to timing
of synchronization of among the coupled chaotic circuits.
Chaotic circuits which we use in this paper do not synchro-
nize at the same time when the coupling strength exceeds
a certain threshold value. Chaotic circuits synchronize ev-
ery partial circuit. From these, we focus on timing when

chaotic circuits synchronize every partial circuit. We in-
vestigate whether there is relationship in the timing of syn-
chronization as we determine synchronous state of circuit
by using oscillation frequency or phase difference.

2. Circuit Model

Figure 1 shows the model of the chaotic circuit.

L2L1

C

v

vd

i1 i2

-r

Figure 1:The model of the chaotic circuit.

This chaotic circuit is called Nishio-Inaba circuit
[4]∼[7]. This circuit consists of single linear negative resis-
tance, single nonlinear resistance consisting of two diodes,
two inductors and single capacitor. The linear negative re-
sistance is realized by using the negative impedance con-
verter made of an operational amplifier [4]. The circuit
dynamics is described by the following piecewise-linear
third-order ordinary differential equation,


L1

di1
dt = v + ri1,

L2
di2
dt = v − vd(i2),

C dv
dt = −i1 − i2.

(1)

We approximate theI − V characteristic of the nonlinear
resistance by the following function,

vd(i2) =
rd

2

(∣∣∣∣∣i2 + V
rd

∣∣∣∣∣ − ∣∣∣∣∣i2 − V
rd

∣∣∣∣∣) . (2)

The parameterrd is the slope of the nonlinear resistance.
Equation (1) is normalized by changing the variables ac-
cording to
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i1 =

√
C
L1

V x ; i2 =

√
L1C
L2

Vy ; v = Vz ; “ · ” = d
dτ
,

r

√
C
L1
= α ;

L1

L2
= β ; rd

√
L1C
L2

= γ ; t =
√

L1Cτ. (3)

Equation (1) is normalized as


ẋ = αx + z,

ẏ = z − f (y),

ż = −x − βy.
(4)

The nonlinear functionf (y) corresponds to theI − V char-
acteristics of the nonlinear resistors consisting of the diodes
is assumed to be described as follow,

f (y) =
γ

2

(∣∣∣∣∣y + 1
γ

∣∣∣∣∣ − ∣∣∣∣∣y − 1
γ

∣∣∣∣∣) . (5)

3. Simulation Method

3.1. Circuit Model

We consider a ladder network using chaotic circuits as
shown in Fig. 2. Ladder network is the simple network.
Namely, ladder network is easier to understand the flow of
electric signal. Each circuit is coupled via resistorR.

Figure 2:Ladder network.

Normalized equation of coupled chaotic circuits is de-
scribed as follow,



ẋn = αxn + zn.

ẏn = zn − f (yn).

żn = −xn − βyn + σ(z(n + 1)− zn),
(n = 1)

żn = −xn − βyn + σ(z(n − 1)− zn),
(n = the maximum value)

żn = −xn − βyn + σ(z(n + 1)+ z(n − 1)− 2zn),
(otherwise)

(6)
For this simulation, the parameters are set as follows,

βn = 3.0 andγn = 470.0. Own oscillation frequency and
phase difference of the chaotic circuits depend on the pa-
rameterα. Each circuit is assignedα to investigate transi-
tion of oscillation frequency when the chaotic circuits are
synchronized. Parameterα is fixed value 0.40≤ α ≤ 0.48.
In addition, the parameterα1 andαn located in both ends of

coupled chaotic circuit are fixedα1 = 0.40 andαn = 0.48
to make it easier to compare transition of oscillation fre-
quency as shown in Fig. 3. Five chaotic circuits is used in
this paper.

Figure 3: Setting condition of parameterαn ( n = 5,
α2=α3=α4=the variable ).

The coupling strengthσn is chosen as a control param-
eter. All σn are set same value. Equation of coupling
strength is shown as

σn =
1
R

√
Ln1

Cn
. (7)

There is inverse relationship between the coupling
strengthσ and resistorR.

3.2. Oscillation Frequency

Equation of resonance frequency is described as

f =
1

2π
√

Ln1Cn
. (8)

We can not obtain exact value of oscillation frequency
by using Eq. (8) because the proposed chaotic circuit in-
cludes a linear negative resistance and a nonlinear resis-
tance consisting of two diodes. New measuring procedure
is proposed to obtain exact value of oscillation frequency.

Equation of new measuring procedure of oscillation fre-
quency is described as,

F =
1
T
. (9)

The cycleT is obtained from the chaotic attractor. The
chaotic attractor of proposed model is shown in Fig. 4.

X

Z

Figure 4:The chaotic attractor.

Poincare section of attractor is set between the first and
the fourth quadrant. The number of dots to describe attrac-
tor is counted from Poincare section. First 10,000 laps of
attractor are ignored because attractor is in an unstable state
at first. Total dots from 10,001 laps to 30,000 laps are mea-
sured for obtaining average dots per one lap. In addition,
average dots are replaced the cycle of the chaotic attrac-
tor. We can obtain exact value of oscillation frequency by
assigning the cycleT to Eq. (9).
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3.3. Definition of Synchronous State

Synchronous condition is necessary to investigate rela-
tionship between synchronous state and transition of oscil-
lation frequency. In order to derive synchronous state nu-
merically, the phase differenceθ is used. Equation of the
phase difference is shown as

θ = arctan
z
x
. (10)

The phase difference is obtained from chaotic attractor
as with oscillation frequency. For example, we measure the
phase difference between circuits 1 and 2. The phase differ-
ence is obtained by assigning coordinate of dot drawn the
chaotic attractor of circuit 2 to Eq. (10) when the chaotic
attractor of circuit 1 runs through the poincare section. We
define that two circuits 1 and 2 synchronize when the phase
differenceθ of each circuit is below 30 degrees.

4. Simulation Results

We set parameterα1 = 0.40 andα5 = 0.48. Figures 5∼8
show transition of oscillation frequency when the coupling
strength is changed.

Figure 5: Transition of oscillation frequency when the value of
α are set equability(α2 = 0.41,α3 = 0.435,α4 = 0.46).
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Figure 6: Transition of oscillation frequency when the value of
α are set nearerα1(α2 = 0.41,α3 = 0.43,α4 = 0.44).
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Figure 7:Transition of oscillation frequency when the value of
α are set nearerα5(α2 = 0.45,α3 = 0.46,α4 = 0.47).
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Figure 8:Transition of oscillation frequency when the value of
α are set nearer medium value(α2 = 0.43,α3 = 0.44,α4 = 0.45).

There are four patterns to set parameterα2, α3 andα4.
We set these parameters : approximately at equal inter-
val while avoiding the values that affect periodic solution,
nearerα1, nearerα5 and nearer medium value.

From the Figs. 5∼8, n(a−b) is indicated circuit state be-
tween circuit number a and b. In addition, we surround the
coupling strength with circle when the phase difference is
below 30 degrees. It is clear that relationship is uncommon
between synchronous state and oscillation frequency in any
patterns ofα2 ∼ α4. Each circuit does not synchronize
when oscillation frequency converges on a steady value.
And, oscillation frequencies are obtained a stable value be-
fore entire circuit becomes synchronization.

Next, we pay attention to timing of synchronization of
among the coupled chaotic circuits. Timing of synchro-
nization forced on oscillation frequency and the phase dif-
ference when the values ofα2 ∼ α4 are set equability is
shown in Tables 1 and 2. Table 1 is visualized Fig. 9 to
be easily understandable timing of synchronization. There
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are four symbols○,◎,△,◇. These symbols show that
circuits have some condition. For example, when the cou-
pling strength is set 0.002, chaotic circuit of circuit number
n=1,2 becomes synchronization as shown in Table 1. With
respect to Tab. 2, when coupling strength is set 0.003, oscil-
lation frequency is obtained a stable value in circuit number
n=1,3 and n=2,3. It will be easy to understand this method
by compare Table 1 and 2 with Fig. 5. By the expectation,
we consider that it has similarities for two investigations.
As compared to two table, there is no similarity in each
timing.

Figure 9:Timing of synchronization based on phase difference.

Table 1: Timing of synchronization based on phase differ-
ence.

Circuit number : n
1 2 3 4 5

0.002 ○ ○
0.006 ○ ○,◎ ◎
0.007 ○ ○
0.021 ○ ○
0.024 ○ ○σ

0.033 ○ ○
0.045 ○ ○
0.050 ○ ○
0.051 ○ ○

Table 2: Timing of synchronization based on oscillation
frequency.

Circuit number : n
1 2 3 4 5

0.002 ○ ○
0.003 ○ ◎ ○,◎

σ

0.005 ○ ◎ △ ○,◎,△
0.021 ○ ◎ △ ◇ ○,◎,△,◇

5. Conclusions

In this study, we have investigated relationship between
synchronous state and oscillation frequency in the coupled
chaotic circuit. From simulation results, we could obtain
a steady value of oscillation frequency before entire circuit
becomes synchronization. These results are not determined
by the value ofα. That is, synchronous state in the coupled
chaotic circuit is lowly dependent to oscillation frequency.
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Abstract—The synaptic modifications are considered to
play an important role in forming the neural network by
following plasticity rules. According to electrophysiolog-
ical measurements, synaptic modifications follow spike-
timing dependent plasticity (STDP) and synaptic weights
have a unimodal distribution with a nonzero mode and a
long-tail. However, the shape of the biologically observ-
able distribution is far from that of the distribution derived
theoretically by the STDP model. This difference implies
existence of other plasticity rules modifying the synaptic
weights. Morphological observations can obtain the long-
term time courses of the sizes of the individual dendritic
spines, which are strongly related to the synaptic weights.
According to the observations, synaptic weights are contin-
uously shuffled by fluctuation. Is the fluctuation the source
of the synaptic weight distribution? This paper quantita-
tively examines the STDP model combined with two fluc-
tuations; the activity-dependent fluctuation and the intrinsic
fluctuation. This paper demonstrates that the STDP with
the fluctuations agree with various features of biological
neural networks; the synaptic weight distributions, and the
state dependence of the changes. This result is a key to
revealing mechanism of development of neural networks.

1. Introduction

Synaptic connections between neurons are widely con-
sidered to play an important role in information process-
ing in human brain [1–4]. The mechanism of the develop-
ment of neural networks is key to revealing human intelli-
gence. Some experiments found that the synaptic weights
represented as excitatory post-synaptic currents (EPSCs)
are widely distributed and have a nonzero mode and a long-
tail [5–12]. Others suggest that the synaptic weight distri-
bution is monotonically decreasing, or at least has a very
small mode value [13]. On the other hand, the changes
in the synaptic weights depend on the difference between
the spike (action potential) timing of the pre- and the post-
synaptic neurons, and on the temporal amplitude of the
synaptic weight [6, 14, 15]. This plasticity rule is called
spike-timing dependent plasticity (STDP) [12,14–20]. Var-
ious formulations of the STDP models have been presented
according to experimental results, biological limitations,

Figure 1: The concept of this paper. The short-term synap-
tic weight changes ∆W induced by the spike-timing depen-
dent plasticity (STDP) depend on the timing difference ∆t
of the neurons’ spikes and the temporal amplitudes W of
the synaptic weights (see the left half). If the STDP me-
diates the synaptic weights W, it can derive the synaptic
weight distribution P(W) similar to those obtained from bi-
ological experiments (see the right half). Actually, the ex-
isting STDP models cannot [20].

and information theory. The multiplicative STDP agrees
with the biological STDP on the spike-timing dependences
and the state dependences [16]. However, unfortunately,
the synaptic weight distribution derived theoretically from
the multiplicative STDP is very narrow and is not con-
sistent with biological synaptic weight distributions [20].
Another STDP model called log STDP derives a distribu-
tion similar to a biological one [20], but it does not agree
with the biological STDP on state dependences [15, 16].
The conflict between the change and the distribution sug-
gests the existence of another factor modifying the synaptic
weights (see Fig. 1).

Recently, morphological observations found that the
sizes of dendritic spines change gradually and continu-
ously [21–23]. This plasticity rule is called spine volume
plasticity in this paper. The spine volume plasticity derives
a unimodal distribution with a nonzero mode and a long-
tail of the spine volumes. Remarkably, even after the action
potentials are blocked by drug, the spine volumes are still
varied and form a monotonically decreasing distribution.
Since the spine size is strongly related to the amplitudes
of the evoked mEPSCs, these results suggest the existence
of the synaptic weight changes independent to the action
potentials, i.e., the intrinsic plasticity, and the shape of the
synaptic weight distribution depending on the intensity of
the action potentials.

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015

- 217 -



The existing STDP models do not take into account the
intrinsic plasticity and the intensity dependences of the
synaptic weight distribution. This paper presents a novel
framework of synaptic plasticity called fluctuation STDP,
and demonstrates that the fluctuation STDP is consistent
with various datasets concerning the synaptic weights; the
amounts of changes induced by the biological STDP [15,
16] and the shapes of synaptic weight distribution [21, 22].

2. Models and Methods

2.1. Fluctuation STDP
This section presents fluctuation STDP, but first intro-

duces a common form of the spike-timing dependent plas-
ticity (STDP). When the timing tpre of a pre-synaptic action
potential precedes the timing tpost of a post-synaptic action
potential, i.e., ∆t = tpre − tpost < 0, the synaptic weight W
is potentiated immediately at the time tpost. In other words,
the long-term potentiation (LTP) is induced. In the case of
∆t > 0, the synaptic weight W is depressed immediately
at the time tpre. In other words, the long-term depression
(LTD) is induced. The synaptic plasticity described above
is called STDP and is expressed as the following common
form [6, 14, 15]:

W ← W + ∆W(W,∆t),

∆W(W,∆t) =

+A+(W) exp
(
− |∆t|
τ+

)
if ∆t < 0

−A−(W) exp
(
− |∆t|
τ−

)
if ∆t > 0,

(1)

where ← implies “is updated to”, and A+(W) and A−(W)
are functions determining the amplitudes of the LTP and
the LTD, respectively. The fluctuation STDP employs the
following amplitude functions A+(W) and A−(W):

A+(W) = c+ + νpW, A−(W) = c−W + νpW, (2)

where νp ∼ N(0, σ2
p) and “∼” implies “follows”. These

formulations are the same as the multiplicative STDP [16].
When the pre-synaptic neuron elicits an action potential,
the synaptic weight W is updated as:

W ← W + ν f ,

where ν f ∼ N(0, σ2
f ). This phenomenon is called activity-

dependent fluctuation in this paper. The activity-dependent
fluctuation is assumed to be disrupted by NMDA receptor
blockers just like the STDP. In addition, independently of
pre- and post-synaptic activities, the synaptic weight W is
updated as:

W ← W + (S̃ W + s̃)νs,

where νs ∼ N(0, 1). This updating can be expressed alter-
natively as the stochastic differential equation (SDE). This
phenomenon is called intrinsic fluctuation in this paper, and
is the same as the intrinsic plasticity in the spine volume
plasticity [21, 22]. This phenomenon is not disrupted by
NMDA receptor blockers in contrast to the STDP and the
activity-dependent fluctuation.

For comparisons, this section introduces other formula-
tions of the STDP models. One of the most simple formu-
lations is the additive STDP [16,20], which is expressed by
using the common formulation shown in Eq. (1) as

A+(W) = c+ + νp, A−(W) = c− + νp,

where νp ∼ N(0, σp). The multiplicative STDP [16] was
designed according to the electrophysiological measure-
ments [15], and is expressed as the formulation shown in
Eq. (2). The log STDP [20] was designed to lead a synaptic
weight distribution similar to a log-normal distribution [9].
The formulation is omitted.

Throughout this paper, the following parameter values
for the temporal window are used: τ+ = 17 [ms], τ− =
34 [ms]. The parameter values shown in the original study
[16] used for the multiplicative STDP are adjusted accord-
ing to the electrophysiological measurement [15] in the
simplified condition of τ+ = τ− = 20 [ms]. All the param-
eter values are adjusted once again under the condition of
τ+ = 17 and τ− = 34 [ms]. The value of σn is set to the half
of the original study because of the existence of the intrin-
sic fluctuation. The parameter values used for the intrinsic
fluctuation are the same as the original study [21, 22].

The activity of the post-synaptic neuron is assumed to
be almost uncorrelated to that of the pre-synaptic neuron.
This assumption is reasonable when the post-synaptic neu-
ron accepts numerous synapses. When the synapse weight
changes are enough small, they can be expressed as a
SDE [16, 18–20]. In addition, the synaptic weight distri-
butions at the steady-state can be estimated by a Fokker-
Planck Equation (FPE). The fitness of the theoretically de-
rived synaptic weight distribution with parameter values θ
to the histogram m obtained from the biological experi-
ments can be evaluated as a log-likelihood function L(θ; m).
The parameter values θ can be optimized by maximizing
the log-likelihood function L(θ; m) by using a random op-
timization [24].

2.2. Datasets
The first dataset obtained from rat hippocampal slices

by the morphological observations [21] contains two his-
tograms of synaptic weights. One histogram is obtained
from groups under a natural condition (control groups) and
shows a unimodal distribution with a nonzero mode and
a long-tail. The other histogram is obtained from rat hip-
pocampal slices which have the NMDA receptors and/or
Na+ channels blocked by drug, and is monotonically de-
creasing, In this case, the synaptic weight changes depen-
dent on the NMDA receptors and the action potentials, i.e.,
STDP and activity-dependent fluctuation, are disrupted. In
contrast, the synaptic weight changes independent to them,
i.e., intrinsic fluctuation, still occur. The synaptic weights
are measured as spine volumes in cubic micrometer (µm3).
The conversion coefficient k from EPSC [pA] to spine vol-
ume [µm3] is assumed to 8.0 × 10−4 in this paper.
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Figure 2: The synaptic weight distributions P∞(W; θ) are de-
rived from the STDP models. (left) These shapes derived from
the fluctuation STDP depend on the action potential probability
f . (right) These shapes derived from the other STDP models do
not depend on the action potential probability f .

The second dataset obtained from rat hippocampal slices
by the electrophysiological measurements [15] contains the
amounts ∆W of the changes in the synaptic weights W after
the repeated STDPs when the initial synaptic weights are
varied, i.e., the state dependence of the STDP. The synaptic
weights are measured as PSCs in picoampere (pA).

3. Results

3.1. Activity-Dependence of Distribution
In case of the fluctuation STDP, the second moment of

the SDE contains the terms of zeroth, first, and second or-
der with respect to the action potential probability f , where
they correspond to the intrinsic fluctuation, the activity-
dependent fluctuation, and the STDP. In contrast, the first
moment only contains the term of second order correspond-
ing to the STDP. Thus, according to the FPE, the synap-
tic weight distribution P∞(W; θ) derived from the fluctu-
ation STDP depends on the action potential probability
f . When the action potential probability f is nearly zero,
only the term of zeroth order, i.e., the intrinsic fluctuation,
has effect, and the synaptic weight distribution P∞(W; θ)
is monotonically decreasing with the increasing synaptic
weight W. When the action potential probability f is small,
the term of first order, i.e., the activity-dependent fluctua-
tion, is dominant over the diffusion term, and the synaptic
weight distribution P∞(W; θ) resembles a uniform distribu-
tion. When the action potential probability f is large, the
term of second order, i.e., the STDP, is dominant over the
diffusion term, and the drift term has effect. Hence, the
synaptic weight distribution P∞(W; θ) becomes a unimodal
distribution.

On the other hand, in the cases of the additive, multi-
plicative, and log STDPs, both the first and second jump
moments contain only the terms of second order. Accord-
ing to the FPE, the synaptic weight distribution P∞(W; θ)
derived from one of the three STDP models does not de-
pend on the frequency f as depicted in Fig. 2.

3.2. Fitness to Histogram of STDP
This section compares the synaptic weight distributions

P∞(W; θ) derived from the STDP models with the his-
tograms of the synaptic weights obtained from the mor-
phological observations [21]. Since the synaptic weight
distribution P∞(W; θ) derived from the fluctuation STDP
depends on the action potential probability f as mentioned
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(a) control groups. (b) the NMDA receptors blocked.

Figure 3: The synaptic weight distributions P∞(W; θ). The his-
tograms are obtained from the morphological observations [21].
The curves are derived from the STDP model. The black solid
line, the black dotted line, the gray line, and the gray dotted line
correspond to the fluctuation STDP, the additive STDP, the mul-
tiplicative STDP, and the log STDP. (a) The left figure shows the
case of the control groups. (b) The right figure shows the case
that the NMDA receptors are blocked, i.e., the action potential
probability f = 0.

Table 1: Fitness to Histogram as Log-Likelihood Function
L(θ; m).

Histograms
Models (i) control (ii) blocked

fluctuation STDP -606 -381
additive STDP -609 -386
multiplicative STDP -1306 -685
log STDP -606 -391

in the previous section, the action potential probability f
is treated as a parameter of the fluctuation STDP hereafter.
In the case of the control groups, the NMDA receptors and
the Na+ channels are not blocked, and the action potential
probability f has a positive value. The parameter values
are adjusted as described in the previous section. Figure 3
(a) shows the case of the control groups. The fluctuation
STDP derives the synaptic weight distribution P∞(W; θ)
which is a unimodal distribution with a nonzero mode and
a long-tail and is very similar to the corresponding his-
togram. The fitness evaluated by the log-likelihood func-
tion L(θ; m) is summarized in Table 1. The additive STDP
derives a monotonically decreasing distribution P∞(W; θ)
and its shape is different from the histogram. The multi-
plicative STDP derives a unimodal distribution P∞(W; θ)
with a nonzero mode and a long-tail but its shape is very
narrow and almost different from the histogram. The log-
likelihood functions L(θ; m) of both the STDP rules are
worse than that of the fluctuation STDP. The log STDP de-
rives the synaptic weight distribution P∞(W; θ) very similar
to that P∞(W; θ) derived from the fluctuation STDP and the
histogram. On the other hand, in the case that the NMDA
receptors are blocked, the histogram of the measured spine
volumes is monotonically decreasing as shown in Fig. 3
(b). This case corresponds to the action potential proba-
bility f = 0, and the fluctuation STDP derives a mono-
tonically decreasing distribution P∞(W; θ) of the synaptic
weights. When the synaptic weight distributions P∞(W; θ)
are assumed to be derived only from the STDP models, the
synaptic weight distributions P∞(W; θ) keep their shapes
after the NMDA receptors are blocked. Hence, the multi-
plicative STDP and the log STDP derive a unimodal dis-
tribution with a nonzero mode and a long-tail as is the
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Figure 4: The amounts ∆W of the changes in the synaptic
weights W induced by the STDP. The black triangles ▲ (The gray
triangles ▼) denote the amounts ∆W of the changes induced by
the LTPs (the LTDs) obtained from the electrophysiological mea-
surements [15]. The lines are obtained from the STDP models.
The black solid lines denote the average of the changes ∆W of the
LTPs induced by the STDP models, and the black dashed lines
denote their standard deviation. The gray solid and dashed lines
denote the case of the LTDs. The fluctuation STDP, the additive
STDP, the multiplicative STDP, and the log STDP are summa-
rized from (a) to (d).

case in the control groups. In the both cases, the synaptic
weight distributions P∞(W; θ) derived from the fluctuation
STDP are the most similar to the histograms obtained from
the morphological observations according to the similari-
ties evaluated by the log-likelihood function L(θ; m) and
summarized in Table 1.

3.3. State Dependence of STDP
The amounts ∆W of the changes in the synaptic weights

W induced by the STDP models are obtained in the same
manner as the second dataset, and are summarized in Fig. 4.
Since the initial synaptic weights are varied, the results
show the state dependence of the STDP models. As shown
in Fig. 4 (a), the amounts ∆W of the changes of both the
LTP and the LTD induced by the fluctuation STDP are
similar to those of the experimental results. The addi-
tive STDP can only agree with the average changes of the
LTPs, but causes the excessively large LTDs and the differ-
ent standard deviations. The multiplicative STDP agrees
with the electrophysiological measurements [15] as with
the fluctuation STDP. The log STDP causes the small aver-
ages and the large standard deviations in the weak synap-
tic weights, and causes the small standard deviations in the
strong synaptic weights when compared to the electrophys-
iological measurements.

4. Discussions

The multiplicative STDP derives a narrow distribution
but the histograms of the synaptic weights obtained from
the morphological observations are widely distributed. If
the STDP models derive a wider distribution, the STDP
models should have a large diffusion term or a large nega-
tive drift term when compared to the multiplicative STDP.

The additive and log STDPs try to realize such a distribu-
tion by tuning the state dependences. On the other hand,
owing to the additional diffusion terms, i.e., the activity-
dependent fluctuation and the intrinsic fluctuation, the fluc-
tuation STDP can derive such a distribution despite not tun-
ing the state dependences. In conclusion, the fluctuation
STDP can agree with the experimental results of both the
synaptic weight distributions and the state dependences in
contrast to the existing STDP models; the additive STDP,
the multiplicative STDP, and the log STDP.

The authors would like to thank Professor Hiroyuki
Torikai of Kyoto Sangyo University for helpful discus-
sions. This work partially supported by KAKENHI
(26280040).
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Abstract—This paper proposes a design method of
resonant converters applying computation algorithm of
bifurcation values. As a design example, the phase-
controlled resonant dc-dc converter with the class-D Zero-
Voltage Switching (ZVS) inverter and the class-E rectifier
is designed. By drawing the ZVS region on the parameter
space, it is possible to obtain the proper component values
for satisfying the ZVS condition at any phase shifts.
The validity of the design method was confirmed from
the quantitative agreements with PSpice-simulation and
experimental results.

1. Introduction

Resonant converters are widely used as power-
electronics circuits for RF power supply [1], wireless
power transfer system [2] and so on. One of the design
motivations of the resonant converters and inverters is
an achievement of the soft switching conditions such as
Zero-Voltage Switching (ZVS) condition.

The phase control [3] is a major control strategy to
achieve the soft switching in the wide control-parameter
region. By changing the phase shift between two inverters,
the amplitude of the sinusoidal current can be adjusted and
output-power control is achieved. It is, however, not simple
to design the phase-controlled converter for achieving ZVS
at any phase shifts. This is because the ZVS condition is
sensitive to load variations. Therefore, it is important to
comprehend the switching states in wide parameter region
for determining proper system parameters.

By the way, switching converters are regarded as typical
nonlinear systems with periodic external forces. Therefore,
the power-electronics research field is very familiar with
nonlinear-system analysis research field. In the nonlinear
research field, there is the special computation algorithm
for obtaining bifurcation values [4]. The bifurcation-value
derivation problem narrows down to the derivation of
the system parameters, which satisfy the bifurcation and
steady-state conditions simultaneously. On the other hand,
most of power-electronics-circuit characteristics such as
switching conditions and output power are defined in the
steady state. Namely, it is possible to derive system
parameters of the power-electronics circuits for satisfying
the assigned design conditions with high accuracy and
low computation cost when the computation algorithm of
bifurcation values is applied to the circuit designs.

This paper presents a design method of resonant
converter applying computation algorithm of bifurcation
values. As a design example, the phase-controlled resonant
dc-dc converter with the class-D ZVS inverter and the
class-E rectifier is designed. By drawing the ZVS region on
the parameter space, it is possible to obtain the proper com-
ponent values for satisfying the ZVS condition at any phase
shifts. The validity of the design method was confirmed
from the quantitative agreements with PSpice-simulation

and experimental results. The maximum efficiency of the
designed converter is 95.8% with 400 kHz operation and
50 W output power.

2. Summary of Design Algorithm

The computation algorithm for bifurcation-value deriva-
tions has special computation techniques, which provides
rigorous bifurcation values with low computation cost
regardless of the system complexity. In this paper,
computation algorithm in [4] is basis for the proposed
algorithm.

2.1. System Description

Let us consider a dynamical system described by differ-
ential equations:

dx
dt
= f (t, x, λ), (1)

where t ∈ R, x ∈ Rn, and λ ∈ Rm denote time,
n-dimensional state, andm-dimensional system parameter,
respectively. In this paper, for sake of simplicity,

f : R× Rn × Rm → Rn

(t, x, λ) 7→ f (t, x, λ) (2)

is periodic function int with periodtT :

f (t + tT , x, λ) = f (t, x, λ). (3)

We also assume that (1) has a solutionx(t) = φ(t, x0, λ)
defined on−∞ < t < ∞ with every initial conditionx0 ∈
Rn and everyλ ∈ Rm : x(0) = φ(0, x0, λ) = x0.

2.2. Poincaŕe Mapping and Steady-State Conditions

By the periodic hypothesis (3), it is natural to define a
C∞ diffeomorphismT from state spaceRn into itself :

T : Rn → Rn

x0 7→ T(x0, λ) = φ(tT , x0, λ).
(4)

The mappingT is often called the Poincaré mapping and is
used for investigating qualitative properties of (1).

If a solutionx(t) = φ(t, p0, λ) is periodic with periodtT ,
the pointp0 ∈ Rn is a fixed point ofT :

T( p0 , λ ) = p0. (5)

If p0 = x0, (5) corresponds to the boundary conditions for
the steady state. The initial valuesx0 for the steady state
can be determined uniquely by solving (5) withp0 = x0.
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2.3. Power-Electronics Circuit Design Conditions

Power electronics circuits such as switching converters
can be expressed by differential equations with periodic
external forces as given in (1). Additionally, most of design
restrictions of the switching converters are evaluated in the
steady state. Because it is necessary to consider multiple
conditions for the circuit designs, we have

G(x0, λ) =


G1(x0, λ)
G2(x0, λ)
...

GN(x0, λ)

 = O. (6)

When (5) and (6) are solved simultaneously by using
Newton’s method, it can be obtainedx0 for guaranteeing
the steady-state conditions andλ for achieving the design
conditions simultaneously.

2.4. Boundary-Curve Tracking

The visualization of system characteristics in two-
dimensional parameter space (λ1, λ2) is considered. When
characteristics are investigated all the sampling points of
parameter space, high computation cost is necessary for
the characteristic comprehensions. The characteristics
can be visualized with low computation cost by drawing
the boundary curves, which is our proposal for the
computation-cost problem. (λ1l , λ2l) expresses thelth
parameter set for satisfying the assigned conditions and
subscriptionl means the number of iteration. It is assumed
that the first parameter set (λ10, λ20) for satisfying the
assigned conditions can be obtained. For boundary curve
derivations, one of the parameters is slightly changed, e.g.,
λ11 = λ10 + ελ1, whereελm is a sampling interval on the
parameter space forλm. The other parameter, namely
λ21 can be determined from the parameter-derivation
algorithm. By changing the system parameter slightly,
Newton’s method is converged with a few iterations.

It is necessary to know the direction and the slope for
following the boundary curve. The direction and slope can
be obtained approximately from

(∆λ1l ,∆λ2l ) = [(λ1l − λ1(l−1))/ελ1, (λ2l − λ2(l−1))/ελ2]. (7)

By using (7), the parameter for obtaining thel+1th solution
is renewed as{
λ1(l+1) = λ1l + (−1)sgn(∆λ1l )ελ1 if ∆λ1l > ∆λ2l ,
λ2(l+1) = λ2l + (−1)sgn(∆λ2l )ελ2 if ∆λ2l > ∆λ1l .

(8)

When the above computations are iterated againstl, the
boundary curve can be followed automatically in the
parameter space.

3. Design Example

3.1. Phase-Controlled Class-D Inverter

The phase-controlled class-D inverter is composed of
two identical class-D inverters, which are connected in
parallel. Each inverter consists of input voltage sourceVI ,
two MOSFETs as switching devicesS1 j and S2 j , shunt
capacitancesCS1 j and CS2 j , and series-resonant circuit
Lr j − Cr j , where the subscriptj is a label of the inverters.
The top and bottom switches at each inverter turns on and
off alternatively with the switch on-duty ratioD, where
D < 0.5 for generating the dead time. The ac currentir j
is generated by the series-resonant filterLr j − Cr j . The
rectifier input currenti, wherei = ir1 + ir2, is fed into the
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S21
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S22
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Figure 1: Phase-controlled resonant dc-dc converter with
the class-D ZVS inverter and the class-E rectifier. (a)
Circuit topology. (b) Equivalent switching device model.

class-E rectifier. The amplitude ofi can be controlled by
the phase shift between the invertersϕ, which means that
the output power can be adjusted by changing the phase
shift. A maximum and minimum rectifier input currents
are yielded atϕ = 0 andϕ = π, respectively.

3.2. Class-E Rectifier

The class-E rectifier consists of diodeD, diode-shunt
capacitanceCD, low-pass filterL f −C f , and load resistance
R as shown in Figure 1. In the class-E rectifier, the
difference of the input currenti and the output current
Io flows through the diodeD or the shunt capacitance
CD alternatively. During the diode is in off state, the
current flows through the shunt capacitance. The diode
voltage is transformed into a DC voltage through the
L f − C f low-pass filter. In the diode-on duration, the
diode voltagevD is approximately zero, which leads to the
ZVS at turn-off instant. At the turn-off transition of the
diode, diode voltage and the slope of it are zero, which
are called class-E ZVS/ZDS conditions. Because of the
class-E ZVS/ZDS conditions, the class-E rectifier can also
achieve high power-conversion efficiency. It is noted that
the class-E rectifier always achieves the class-E ZVS/ZDS
conditions regardless of the circuit parameters, which is
different from the class-D ZVS inverter.

The phase-controlled resonant converter as shown in
Fig. 1 can achieve a high power-conversion efficiency when
the phase-controlled inverter satisfies the ZVS condition.
Therefore, it is quite important to ensure that the phase-
controlled inverter achieves the ZVS at any phase shifts.

3.3. Circuit Description

The following assumptions are given for converter
modeling.

1) All the switching devices, which are MOSFETs,
MOSFET anti-parallel diodes, and rectifier diode
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work as ideal switching devices; namely zero switch-
ing time and infinite off-resistance are assumed.

2) The switch-on resistance of MOSFETs, anti-parallel
diodes, and rectifier diode are considered, which are
expressed asrS, rS D, andrD, respectively.

3) The shunt capacitances include MOSFET drain-to-
source capacitances. The nonlinearity of the MOS-
FET parasitic capacitances are ignored. Additionally,
the shunt capacitances at top and bottom switches are
identical, namelyCS1 j = CS2 j .

4) The equivalent series resistances (ESRs) of all com-
ponents are considered. However, they are sufficient
small not to affect the waveforms.

5) The switchesS11 andS21 turn on atθ = 0 andθ =
π, respectively, with duty ratioD. Additionally, the
class-D inverters 1 and 2 are driven with phase shiftϕ.

6) The component values of the inverter 1 are the
identical to those of the inverter 2.

For the circuit-equation formulations, the normalized
parameters are defined as follows.

a) ω = 2π f : The angular operating frequency.

b) ωin = 2π fin = 1/(
√

LrCr ) : The resonant angular
frequency of the inverter.

c) Ain = ( fin/ f ) = ωin/ω : The ratio of resonant
frequency of the inverter to operating frequency.

d) Bin = CS/Cr = (CS1 + CS2)/Cr : The ratio of the
sum of shunt capacitances of switches to resonant
capacitance of the inverter.

e) ω f = 2π f f = 1/(
√

L f C f ) : The cut-off angular
frequency of the low-pass filter.

f) Are = ( f f / f ) = ω f /ω : The ratio of cut-off frequency
of the low-pass filter to operating frequency.

g) Bre = CD/C f : The ratio of the shunt capacitance of
the rectifier diode to low-pass filter capacitance of the
rectifier.

h) H = Lr/L f : The ratio of resonant inductance of the
inverter to low-pass filter inductance of the rectifier.

i) Q = (ωLr )/R : The parameter like loaded quality
factor of the inverter.

From the above assumptions and normalized parameters,
the circuit equations are

d
dθ

Rir j

VI
=

1
Q

(
vS1 j

VI
−
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− vD

VI
− rLr

R
·
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[
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VI
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H

(
Rif
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−

vf

VI

)
, j = 1 and 2,

(9)

where RS1/R, RS2/R, and RD/R are the normalized
resistances of the bottom switch of the inverter 1, that
of the inverter 2, and the rectifier diode, respectively.

The normalized resistances of the bottom switches of the
inverter are given by

RS j

R
=



rS

R
, if Dr j is in on-state,

∞, if Dr j is in off-state and 0≤
vS1 j

VI
< 1.

rS D

R
, otherwise.

(10)
Similarly, the normalized resistance of the rectifier diode is

RD

R
=


rD

R
for

vD

VI
≤ vth

VI
,

∞ for
vD

VI
>

vth

VI
,

(11)

where vth is the threshold voltage of the rectifier diode.
When we definex is x = [x1, x2, · · · , x9] = [Rir1/VI ,
Rir2/VI , vCr1/VI , vCr2/VI , vS1/VI , vS2/VI , vD/VI , Rif /VI ,
vf /VI ]T ∈ R9 andλ = [Q, Ain, Are, Bin, Bre, H, D, R, rS/R,
rS D/R, rD/R, rLr /R, rL f /R, VI , ϕ ]T ∈ R15, it is seen that
the circuit equations in (9) corresponds to (1). The voltage
and current waveformsφ can be obtained by applying the
Runge-Kutta method to (9).

3.4. Drawing the ZVS Region

For drawing the ZVS region, it is necessary to express
the boundary condition of switching states between ZVS
and non-ZVS. In this paper, the switching states of the
bottom switches are considered because of symmetric
operations between the top and bottom switches.

Because the waveforms in the steady state are periodic
orbit with 2π, the steady-state condition corresponding to
(5) is

φ(2π, x0, λ) − x0 = 0 ∈ R9. (12)

The boundary condition between ZVS and non-ZVS means
that the switch-voltage waveform reaches zero from posi-
tive to negative direction at switch turn-on instant. Namely,
we have

φ5(2π) = 0 and
dφ5(2π)

dθ
< 0 for the inverter 1 (13)

and

φ6(2π + ϕ) = 0 and
dφ6(2π + ϕ)

dθ
< 0 for the inverter 2. (14)

By solving (12)-(14) successively with the curve track-
ing algorithm, it is possible to draw the boundary curve
between the ZVS and non-ZVS regions on the parameter
space. When a parameter set satisfies all of two conditions,
the ZVS can be achieved at both the inverters 1 and 2.
3.5. Computation Results

The component values according to the concrete design
specifications can be obtained by using the normalized pa-
rameters. In this design example, the design specifications
are given as: the operating frequencyf = 400 kHz, the
load resistanceR = 50Ω, and the maximum output power
Pomax= 50 W. The output power is controlled from 50 W
to 0 by varying the phase shiftϕ. From R = 50 Ω and
Q = 3, the resonant inductanceLr = 59.7µH was obtained.
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Bin space.

Table 1: Component Values and Characteristics of Phase-
Controlled Resonant dc-dc Converter.

Calculated Measured Difference
Cr1 9.96 nF 10.0 nF 0.53 %
Cr2 9.96 nF 10.0 nF 0.53 %
CS1 684 pF 673 pF -0.17 %
CS2 684 pF 670 pF -0.21 %
CD 5.14 nF 5.14 nF 0.00 %
L f 300µH 303µH 1.00 %
C f 5.28µF 5.28µF 0.00 %
Po 50.0 W 49.8 W -0.004 %
η 95.8% 91.9% -3.90 %

Also, H = 0.2, Are = 0.01, Bre = 0.001, rD/R = 0.05,
Dre = 0.5, rS/R = rS D/R = 0.05 are given. Because of
H = 0.2, the inductance of low-pass filter wasL f =300µH.
The inductors ofLr1, Lr2, andL f were made posterior to
the component value derivations, and ESRs of inductances
were measured asrLr1 = 0.28 Ω, rLr2 = 0.27 Ω, and
rL f = 0.11 Ω. The input voltage for achieving 50 W
output power forϕ = 0 is VI = 116 V. Figure 2 shows
the superimposed boundary curves for the fixed phase shift.
The narrowest ZVS region appears atϕ = 72◦ in this design
example. Additionally, it can be confirmed from Fig. 2 that
the ZVS region forϕ = 72◦ covers with the ZVS regions at
other phase shifts. Namely, the converter, which achieves
the ZVS at any phase shifts, can be designed by selecting
a set of parametersAin and Bin from the dotted region in
Fig. 2, which is the ZVS region forϕ = 72◦. In this design
example, we selected the parameter set ofAin = 0.51 and
Bin = 0.068. By using this parameter set, it is possible to
achieve the ZVS at any phase shifts with high output power.

3.6. Experimental Verifications

Circuit experiments and PSpice simulations were carried
out for showing the validity of the converter design. Table 1
gives the component values.

Figure 3 shows superimposed waveforms of numer-
ical calculations, PSpice simulations, and experimental

Dr11

vs1

Dr12

vs2

ir1 ir2

vD

vf

i

0 π 2π 0 π 2π 0 π 2π

Figure 3: Waveforms of numerical calculations (dashed
line) ,PSpice simulations (dotted line) and circuit experi-
ments (solid line) forϕ = 72◦. Vertical : Dr11, Dr12:10
V/div, vS11, vS12:100 V/div, ir1, ir2:1 A/div, i:2 A/div,
vD:200 V/div, vf :50 V/div and Horizontal : 400 ns/div in
PSpice simulations and circuit experiments.

measurements forϕ = 72◦. The ZVS region is the
narrowest atϕ = 72◦. It was confirmed from Fig. 3
that both inverters 1 and 2 achieved the ZVS atϕ =
72◦. Namely, the phase-controlled resonant converter with
class-D ZVS inverter could be designed successfully. This
result showed the validity of the ZVS-region map as shown
in Fig. 2. Additionally, the numerical waveforms agreed
with the experimental and PSpice simulation waveforms
quantitatively, which showed the validity of circuit-model
formulations and the steady-state waveform derivations.

4. Conclusion

This paper has been proposed design method of resonant
converters applying computation algorithm of bifurcation
values. As a design example, the phase-controlled resonant
dc-dc converter with the class-D ZVS inverter and the
class-E rectifier is designed. It is possible forth designed
converter to achieve the ZVS condition at any phase shifts.
The validity of the design method was confirmed from
the quantitative agreements with PSpice-simulation and
experimental results.
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Abstract—Errorful and errorless learning are well-
known learning methods in the field of rehabilitation sci-
ence. Errorful learning employs a trial-and-error method
to memorize new knowledge, whereas errorless learning
aims to prevent patients making mistakes in memorization.
Much of the previous research considers only observations
on the behavioral level, and they do not completely clarify
the neural mechanisms during errorful and errorless learn-
ing. In this paper, we investigate fMRI data of human brain
activity during errorful and errorless learning. In a case
study of eight subjects, we found that the network during
errorful learning tends to be more highly modulated than in
the case of errorless learning in the majority of the subjects.

1. Introduction

In the field of rehabilitation science, it is important to
develop methods according to which patients learn new
knowledge or techniques so that they can adapt to new
environments quickly. Two well-known learning methods
areerrorful (EF) learninganderrorless (EL) learning[1].
EF learning employs a trial-and-error method to memorize
new knowledge, whereas EL learning aims to prevent that
patients make mistakes in memorization from the first time
they are presented with new knowledge. EL learning thus
avoids a trial-and-error process, and presents knowledge
as-is as the correct answer or appropriate reaction to pa-
tients before they make a mistake.

In 1994, Baddeley and Wilson reported the effect of EL
learning in patients with memory problems as well as in el-
der subjects [2]. This study contributed significantly to EL
learning becoming a hot topic in the field of rehabilitation.
However, Clare et al. critically reexamined the published
papers favoring EL learning and pointed out that the evi-
dence showing the positive effects of EL learning [3] has
been limited.

In contrast to the main-stream research on EL learning,
there have been only few papers on the merits of EF learn-
ing. Anderson and Craik [4] have shown that EF learning

is effective in enhancing the power of memory in younger
subjects. Middleton and Schwartz [5] have pointed out the
advantages of EF learning, in that it allows for difficult (and
potentially errorful) memory retrieval practice for robust
learning as well as prolonged performance gains.

The arguments in the above literature suggest that there
is no clearcut case to be made for either EF learning or
EL learning, and that the classification into merely these
two methods may be incorrect. Much of the previous re-
search considers only observations on the behavioral level,
so that it is difficult to clarify the neural mechanisms during
EF and EL learning. Functional magnetic resonance imag-
ing (fMRI) is helpful in this respect, because it measures
the brain activity itself, and it does so with a fairly good
spatial resolution of several millimeters. As far as we are
aware, only two papers have measured brain activity occur-
ring with both EF and EL learning by using fMRI ([6], [7]),
but both papers conducted fMRI scans on human subjects
during test only, not during the actual learning phase. In
this paper, we investigate fMRI data of human brain activ-
ity during EF and EL learning by applying graph theory to
the analysis of data in a case study involving eight subjects.

2. Methods

Whole-brain fMRI images are used from eight healthy
subjects (36± 14 years, four male and four female, nor-
mal vision) scanned by a 3T fMRI scanner Magnetom Trio
(Siemens AG) with 3 second repetition time, whereby each
scan consists of 45 contiguous slices taken over more than
6 minutes. We analyze both the learning and testing phases
in order to check how to consolidate the memory and how
to retrieve knowledge stored in the memory. We also an-
alyze the resting state brain activity as the default mode.
There are a total of five tasks conducted by our subjects:
EF-learning, EF-test, EL-learning, EL-test, and rest. The
first four of these tasks concern memorization of color-
name associations, the colors presented by five rectangles
and the names presented in phonetic (Japanese) alphabet
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Figure 1: Example of visual input pictures. Japanese sen-
tence means ”Which color is Nataneyu-iro?”

rather than by Chinese characters to avoid association with
particular meanings. In order to make the task sufficiently
difficult for healthy subjects, we use traditional Japanese
colors, like ”Nataneyu-iro”, the names of which are only
known to experts (like in the Kimono industry), but not to
the general public in Japan (see Fig. 1).

Compared with theword stem completion taskoften em-
ployed in similar experiments, our task includes both lan-
guage and visual information (color). This is considered
more realistic by us and it activates a larger part of the
whole brain, rather than being limited to a specific brain
region.

3. Results

3.1. EF-test and EL-test scores

The relation between EF-test and EL-test scores are
shown in Fig. 2, the eight rectangles corresponding to the
eight subjects. The color of each rectangle indicates the age
of the subject, according to the color bar. The results indi-
cate that the scores for EL learning tend to be better than
the scores of EF learning for subjects whose total score
is higher than average. We can also see that the score of
EL learning for elder subject is better than the score of EF
learning.

Additionally, we extract a functional connectivity net-
work of human brain activity. Based onautomated anatom-
ical labeling (AAL), we separate 116 areas in the brain into
regions of interest (ROI). Subsequently, we calculate the
ensemble average of the time-series of the individual vox-
els in each ROI: this is considered as the representative
time-series of the ROI. Based on the 116 representative
time-series, we calculate pairwise correlation coefficients,
and organize them as a correlation matrix (116×116, square
matrix) for each of the subject-tasks, making a total of forty
(i.e., eight by five) matrices (top of Fig. 3).

We compare the average of the elements of the whole
correlation matrix, except for diagonal elements, between
EF learning and EL learning in the bottom of Fig. 3. Each

Figure 2: Relation between EF-test score (abscissa) and
EL-test score (ordinate).

Figure 3: Top: All correlation matrices, organized in one
matrix. Each row corresponds to a task, and each column to
a subject. The size of each correlation matrix is 116× 116.
Bottom: The average of the elements of the whole correla-
tion matrix not including the diagonal elements, plotted for
EF learning (abscissa) against EL learning (ordinate). The
diagonal line indicates the case when the values for both
EL and EF learning are the same.
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Figure 4: The average degree for each subject, as the func-
tion of the thresholdrc for the calculation of the adjacency
matrix from the correlation matrix. Blue, green, and red
graphs correspond to EF-learning, EL-learning, and the
resting state, respectively.

point corresponds to each subject. We can see that the av-
erage correlation coefficients for EF learning tend to be
higher than the corresponding values for EL learning ex-
cept for the 4th subject.

3.2. Graph properties

The correlation matrices are used as the basis for our
graph-theoretical analysis. Functional network graphs,
composed of nodes (ROI) and undirected edges, are es-
tablished by connecting each pair of nodes of which the
respective time-series have high correlations. If an ele-
ment of the correlation matrix is larger (smaller) than the
thresholdrc, then the corresponding element of the adja-
cency matrix is 1 (0), which means that there is a link (no
link) between the corresponding nodes in the graph. We
investigate the major graph properties of the adjacency ma-
trix, such as degree, clustering coefficient, global efficiency
(inversely correlated to the characteristic path length), and
modularity. The definitions of all graph properties are in
[8].

There are two main results about the graph properties of
brain functional networks. One concerns the comparison
of EF learning and EL learning. The mean degrees of the
functional connectivity network during EF learning (blue
graph in Fig. 4) are shown to be larger than the correspond-
ing characteristics for EL learning (green graph in Fig. 4)
within the intermediate range of the mean degree (roughly

Figure 5: The average clustering coefficient for each sub-
ject, as the function of the thresholdrc for the calcula-
tion of the adjacency matrix from the correlation matrix.
Blue, green, and red graphs correspond to EF-learning, EL-
learning, and the resting state, respectively.

Figure 6: The global efficiency for each subject, as a func-
tion of the thresholdrc for the calculation of the adjacency
matrix from the correlation matrix. Blue, green, and red
graphs correspond to EF-learning, EL-learning, and the
resting state, respectively.
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Figure 7: Modularity for the resting state, based on the
voxel-based adjacency matrix.

from 50 until 100), except for the 8th subject. Clustering
coefficient and global efficiency (inversely correlated to the
characteristic path length) also show similar properties (see
Fig. 5 and Fig. 6).

These results indicate that the recognition demand for EF
learning is stronger (high degree and clustering coefficient)
and more efficient (high global efficiency and short path
length) than that of EL learning. This can be explained
from EF learning being proactive and EL learning being
reactive.

The other result concerns the comparison of the total
score and the graph properties of the resting state. Based on
the voxel-based adjacency matrix, we show that the modu-
larity of the resting state network tends to inversely corre-
late to the total memory score (sum of EL and EF learning
score), except for the 6-th subject. This indicates that the
total score corresponds to the topology of the default-mode
network (see Fig. 7).

Concerning the exceptions for each case, the 4th and 6th
subjects achieve hightest and second highest scores respec-
tively in this experiment. These two subjects may have
found a better strategy to improve EF/EL learning, and the
strategies seem to be quite different between the 4th and
6th subjects. The 8th subject’s score is one of the lowest
scores. There is a possibility that this subject chose the
wrong strategy or gave up on achieving a good strategy.
In order to check the validity of this hypothesis, a detailed
analysis for each exceptional case is necessary. This will
be left for future work.

4. Conclusion

In a case study of eight subjects, we found that the net-
work during errorful learning tends to be more highly mod-
ulated than in the case of errorless learning, although there
is an exception.

In conclusion, we have investigated the graph proper-
ties of functional connectivity networks in healthy human
brains during EF and EL learning. This study is the first
time to analyze fMRI data during learning and compare the

effects of EF and EL learning. In the case study of eight
subjects, we found that the network during EF learning
tends to be more connected and highly modulated than in
the case of EL learning, except for one subject. These find-
ings indicate that EF learning requires more efforts from
subjects than EL learning. Independent of EF and EL learn-
ing, the score itself for memory learning tends to inversely
correlate to the modularity for the resting state network,
except for one subject.

Regarding the exceptional cases, the corresponding sub-
jects are extreme cases (highest or lowest scores). These
subjects may choose unique strategies for learning, so we
should not exclude such exceptions, and consider them to
be related to personal preferences of individuals. In gen-
eral, it is difficult to say whether, for example, EL learn-
ing is better than EF learning for all people. The reality is
that personal choice matters in the preference for EL or EF
learning. By proceeding with our graph analysis of fMRI
data, we may find a way to estimate which way of learn-
ing is better for each subject, i.e., finding a custom-made
learning menu for rehabilitation and occupational therapy.
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Abstract—Unstable periodic orbits (UPOs) in chaotic
attractors dominate statistical properties of chaos, and un-
derstanding behavior of the UPOs is quite important for un-
derstanding chaos. In this research, we study the response
of the UPOs to external forces or small parameter changes
by applying perturbation theory. We show that the shift of
the trajectories of the UPOs can be approximated by the
perturbation expansion despite the difficulty to track the
small deviation from the periodic orbit due to positive Flo-
quet exponents. We applied this method to some UPOs of
the logistic map. We found that the lowest order perturba-
tion theory predicts the shift of the invariant measure under
parameter change. This result can be a basis of the future
application of the perturbation theory of chaos, which en-
ables us to predict its response.

1. Introduction

Perturbation theory plays an important role in nonlinear
dynamics. It has been applied in various fields such as syn-
chronization [1], pattern formation [2], etc. Particularly,
phase reduction [3] is a perturbation theory of stable peri-
odic orbits focusing on the zero Floquet eigenvalue.

It is useful to understand responses of chaotic systems
to perturbation for controlling or forecasting them. Here
perturbation includes external forcing, coupling to another
chaotic oscillator, change of parameter of the system, etc.
However, it is difficult to perturbation theory for chaotic
systems because of the orbital instability.

Unstable periodic orbits (UPOs) play important roles to
characterize chaos [4]. Cycle expansion formalisms was
proposed to express statistical quantities of chaos in terms
of sum over periodic orbits in a chaotic attractor [5, 6, 7, 8].
Recently, UPOs which have similar statistical property to
that of plane Couette flow [9] and the shell model [10] were
numerically obtained. Emergence of periodic windows of
chaotic systems can be predicted from local manifold struc-
tures of UPOs [11]. UPOs also attract much interest in
terms of chaos control [12, 13]. Methods of finding out
UPOs from time series [14, 15, 16] were proposed.

If the system is structurally stable, we expect that the
UPO exists under the perturbation close to the orbit of the
unperturbed UPO. Therefore, it would be possible to pre-
dict change of the orbit and other quantities for the per-
turbed UPO using the perturbation theory. In other words,
it is important to uncover the response to perturbation of an
UPO. In this paper, we show that it is possible to apply the
perturbation theory to UPOs in chaotic attractors.

This paper is organized as follows. In Sec. 2, the for-
malism of the perturbation theory is presented. Response
to perturbations is decomposed into modes of the Floquet
matrix of the UPO and expanded in terms of the perturba-
tion parameter. This formalism is applied in the logistic
map and numerically validated in Sec. 3. Summary and
discussions are given in the last section.

2. Formalism

In this section, we introduce our framework to apply the
perturbation theory to UPOs of chaotic maps. We consider
a discrete time evolution equation

X(ε; n + 1) = F[X(ε; n)] + εp[n,X(ε; n)]. (1)

Here, the second term represents the perturbation, and ε
denotes the perturbation parameter. The perturbation van-
ishes for ε = 0. X(ε; n) denotes the dynamical variable
X ∈ Rd at time step n with the perturbation parameter ε.
We assume that this system has a chaotic attractor in the
absence of the perturbation ε = 0.

We consider an UPO of the unperturbed state with period
N, X0(0; n), which satisfies

X0(0; N + 1) = X0(0; 1). (2)

Our goal is to estimate the trajectory of this UPO in the
presence of the perturbation εp using the information of
the unperturbed state X0(0; n). We further assume that this
UPO exists and deforms continuously in ε. Then one can
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expand with the power series in ε as

X0(ε; n) = X0(0; n) +
∞∑
ν=1

ενxν(n). (3)

Substituting this expansion to Eq. (1), and collecting terms
of εν, one can solve these equations sequentially from the
lowest order equation. One can easily verify that the zeroth
order equation in O(ε0) is

X(0; n + 1) = F[X(0; n)], (4)

which is identical to the unperturbed equation. The non-
trivial relationship appears in the first order O(ε1), which
can be written as

x1(n + 1) = L̂0[X0(n)]x1(n) + p[n,X0(0; n)], (5)

where L̂0[X0(n)] denotes the Jacobian of the time evolution
function F[X0(n)]. Note that the Jacobian L̂0 is a function
of n through X0(n). Hence, L̂0[X0(n)] and p[n,X0(0; n)]
are respectively written as L̂0(n) and p(n) in the following.
Note also that the Jacobian is periodic, i.e., L̂0(N) = L̂0(0)
holds.

Solution of Eq. (5) can be written in terms of the Floquet
matrix. Let us consider the linearized equation of Eq. (1):

u(n + 1) = L̂0(n)u(n). (6)

Since L̂0(n) is periodic, the solution of this equation is
given as

u(n) = Ŝ 0(n)Λ̂n
0u(0), (7)

according to the Floquet theorem. Here, Ŝ 0(n) is assumed
to be periodic, in particular that Ŝ 0(N) = Ŝ 0(0) = Îd holds,
where Îd denotes the d dimensional identity matrix. Ac-
cording to this periodicity of S 0, Λ̂N

0 determines the expo-
nential growth or decay of the initial condition u(0) for one
period:

u(N) = ΛN
0 u(0). (8)

The largest eigenvalue of Λ̂N
0 , λN

1 , gives the “average”
growth of one time step. Substituting Eq. (7) into Eq. (6),
one obtains the equality between Ŝ 0(n), Λ̂0, and L̂0(n) as

L̂0(n) = Ŝ 0(n + 1)Λ̂0Ŝ −1
0 (n). (9)

This equality holds for arbitrary initial condition u(0) for
ε = 0, as long as the linearization approximation is valid.
The Jacobian L̂0(n) in Eq. (5) is replaced and we obtain

x1(n + 1) = Ŝ 0(n + 1)Λ̂0Ŝ −1
0 (n)x1(n) + p(n). (10)

In the following we obtain the first order perturbation
using Eq. (10). We introduce new variables

x1(n) = Ŝ −1
0 (n)x1(n), (11)

p(n) = Ŝ −1
0 (n + 1)p(n). (12)

Substituting them into Eq. (10), one can easily verify that
the evolution equation for x1 is given as

x1(n + 1) = Λ̂0x1(n) + p(n). (13)

Since Λ̂0 does not depend on time, the above equation is
solved as

x1(n) = Λ̂n
0x1(0) +

n−1∑
k=0

Λ̂k
0p(n − k − 1). (14)

We then expand this equation in terms of v j, the right
eigenvector of Λ̂0 for the eigenvalue λ j, as

x1(n) =

d∑
j=1

c j1(n)v j, (15)

p(n) =

d∑
j=1

p j(n)v j. (16)

Once the coefficients c j1’s are obtained, the first order per-
turbation is achieved as

x1(n) =

d∑
j=1

c j1(n)Ŝ 0(n)v j, (17)

from Eq. (11). Multiplying the left eigenvector v∗j , which
satisfies the normalization condition (v∗j)

T vl = δ jl, to Eq.
(14) from the left, we have

c j1(n) = λn
jc j1(0) +

n−1∑
k=0

λk
j p j(n − k − 1). (18)

This is the coefficient for jth mode of the first order pertur-
bation.

The final step is to apply Eq. (18) to the UPOs and obtain
the perturbed periodic orbit. If the UPO under considera-
tion remains in the presence of a small perturbation, all per-
turbation coefficients must satisfy the periodicity. There-
fore, the condition

c j1(N) = c j1(0) (19)

is required. Substituting this condition to Eq. (18) and
taking n = N, one obtains

c j1(0) =
1

1 − λN
j

N−1∑
k=0

λk
j p j(N − k − 1)

 . (20)

To the first order, Eq. (9) is rewritten as [Ŝ 0(n + 1) +
εŜ 1(n + 1)](Λ̂0 + εΛ̂1) = [L̂0(n) + εL̂1(n)][Ŝ 0(n) + εŜ 1(n)].
Note the periodicity condition Ŝ 1(0) = Ŝ 1(N) = 0̂. We can
derive the first order perturbation for the Floquet exponent
from this equation. The equation for the O(ε1) terms is
given as

Ŝ 1(n + 1) = L̂0(n)Ŝ 1(n)Λ̂−1
0 + P̂(n)Λ̂−1

0 . (21)
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where P̂(n) = L̂1(n)Ŝ 0(n)− Ŝ 0(n+ 1)Λ̂1. This equation can
be solved in terms of Ŝ 1(n) as

Ŝ 1(n) = Ŝ 0(n)
( n−1∑

k=0

Λ̂k
0Ŝ −1

0 (n − k)P̂(n − k − 1)Λ̂−k−1
0

)
.

(22)

Taking n = N and using the periodicity condition Ŝ 0(0) =
Ŝ 0(N) = Îd and Ŝ 1(0) = Ŝ 1(N) = 0̂, the identity P̂(N) = 0̂
must be satisfied. Thus, we obtain

Λ1 =

N−1∑
n=0

Ŝ −1
0 (n + 1)L̂1(n)Ŝ 0(n). (23)

Eigenvalues of Λ1 is given as

λ(1)
l = v∗l Λ̂1vl (24)

=

N∑
n=1

v∗l Ŝ −1
0 (n + 1)L̂1(n)Ŝ 0(n)vl. (25)

3. Numerical example: Logistic map

We apply this formalism to UPOs of the logistic map

X(ε; n + 1) = fa(ε; X(ε; n)) (26)
= (a + ε)X(ε; n)[1 − X(ε; n)], (27)

and see how the perturbation theory can predict the behav-
ior of UPOs. The dynamical variable X is a scalar for the
case of one dimensional map. Here, the unperturbed state
is the logistic map with a = 3.9, and we regard the small
change of the parameter a as the perturbation. We want
to predict an UPO for a + ε using the UPO for a and the
perturbation theory. The trajectories of the chaos and some
UPOs are depicted in Fig. 1. In this case, the perturbation
is p(n) = X(0; n)[1 − X(0; n)].

The lowest order perturbation is achieved from Eqs. (3)
and (17) as

Xth
0 (ε; n) = X0(0; n) + εc1(n)S 0(n) + O(ε2). (28)

Note that subscript j specifying the eigenvalue in Eq. (17)
does not appear because we study a one dimensional sys-
tem. The eigenvalue λ coincides with

λN =

N∏
n=1

| f ′a(0; X0(0; n))|, (29)

in this case. The eigenvector v is scholar, and we take v = 1
taking into account the normalization condition. For n = 0,
it is easy to obtain

Xth
0 (ε; 0) = X0(0; 0) + ε

1
1 − λN

N−1∑
k=0

λk p(N − k − 1)


+O(ε2), (30)
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Figure 1: Trajectories of chaos of the logistic map for a =
3.9 (a) and UPOs of period 3 (b), period 4 (c), period 5
(d). Two different period 10 UPOs are depicted in panels
(e) and (f). In panel (a), aperiodic chaotic orbit for 30 steps
is presented.

from Eq. (20).
We numerically obtained some UPOs for a = 3.9, and

ε = 0 and ε = 0.01. The perturbation is calculated using the
UPOs for ε = 0, and the orbits for ε = 0.01 are predicted.
Comparison is presented in Tab. 1. The numerical results
and the predictions are in good agreement especially for
UPOs with small period. For UPOs of longer period, the
agreement tends to worsen. This result suggests that the
higher order perturbations have to be considered for longer
periodic orbits.

4. Summary

In this paper, we studied the perturbation expansion of
the UPOs of chaotic maps. We derived the lowest order
equation and applied this formalism to the UPOs of the lo-
gistic map, and found that the theory can predict the shift
of the trajectories of such UPOs, especially if the period of
the orbit is short. Although the precision of the approxi-
mation tends to be worse for longer period UPOs, shorter
period UPOs contribute to the chaotic dynamics more, and
our method would be applicable for predicting the response
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Table 1: Comparison of the unstable periodic orbits for
a = 3.9, ε = 0 and for a = 3.9, ε = 0.01, and ones pre-
dicted by the perturbation theory, Xth

0 (0.01; 0). In the final
column, the ratio Xth

0 (0.01; 0)/X0(0.01; 0) is shown. Perfect
agreement between theory and numerical solution gives ra-
tio=1.

period X0(0; 0) X0(0.01; 0) Xth
0 (0.01; 0) ratio

3 0.130718 0.132652 0.132593 0.97
4 0.621347 0.619507 0.619521 0.999
5 0.655727 0.654960 0.654946 1.02
6 0.550977 0.546091 0.546282 0.96
10 0.461939 0.470205 0.469300 0.89
10 0.974317 0.974090 0.974095 0.98
10 0.963672 0.962648 0.962747 0.90

of the chaos.
There will be many possible application of this method,

e.g., predicting the response of chaos incorporating with
the cycle expansion [5, 6] or applying this method to single
dominant UPO [9, 10].
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Abstract– We have proposed a natural synchronization 

scheme using environmental noise. The proposed scheme 

is based on noise-induced synchronization phenomenon; 

the phases of uncoupled nonlinear limit cycle oscillators 

synchronize with each other by adding common noise to 

each of them. The proposed scheme does not require signal 

exchange between the devices to synchronize. The 

oscillators running on the devices can synchronize with 

each other because the environmental fluctuations are 

similar in neighboring area. In our previous research, we 

have shown feasibility of the synchronization by using 

temperature, humidity, environmental sounds, and 

electromagnetic wave. In this paper, we investigate 

synchronization performances of the proposed scheme 

using various environmental noises. We have confirmed 

that noise-induced synchronization could be achieved by 

temperature, humidity, environmental sound, 

electromagnetic wave and acceleration. 

 

1. Introduction 

 

 Noise-induced synchronization is a phenomenon that 

uncoupled nonlinear limit-cycle oscillators synchronize 

with each other by adding common noise, such as the 

Gaussian white noise [1,2,3], Poisson noise [4,5], colored 

noise [6] and so on. The oscillators also synchronize by 

inputting cross-correlated noise to the oscillators [6,7]. 

 We have proposed a natural synchronization scheme 

based on the noise-induced synchronization [7]. We use 

natural environmental fluctuations as inputting noise to 

oscillators. Noise induced synchronization can be achieved 

by using natural environmental fluctuations because 

natural environmental fluctuations are similar in 

neighboring area. In our proposed scheme, the devices can 

be synchronized with each other by performing actions 

according to the phase of each oscillator running on devices. 

In the conventional synchronization systems, such as GPS 

and radio clock, wireless signal exchanges are required. In 

these synchronization systems, communication modules 

are required and the power consumption to exchange 

synchronization signals is necessary. On the other hand, in 

our proposed scheme, any signal exchange is not required 

to synchronize. It needs only obtaining environmental 

noise such as temperature, humidity and so on. The devices 

can be synchronized in outage of the GPS and power 

efficient synchronization is achieved. 

 In this paper, we investigate the performance of the 

proposed scheme using various types of the environmental 

noise. We introduce temperature, humidity, environmental 

sound, electromagnetic wave, sunlight and acceleration. 

We evaluate the synchronization accuracy and time to 

synchronize for all examples of the environmental noises 

and summarize the synchronization performances, which 

will be applied to real systems. 

 

2. Noise-Induced Synchronization using Natural 

Environmental noise 

 

 In the proposed scheme, the devices achieve 

synchronization by only obtaining the environmental noise 

[7]. As shown in Fig.1, each device input the environmental 

noise to the nonlinear limit-cycle oscillators running on 

itself.  By noise-induced synchronization phenomenon, the 

oscillators running on each device will be synchronized 

with any interactions among the devices. In proposed 

system, wireless devices equipped with sensors obtaining 

environmental noise are used. 

 In this paper, we experiment noise induced 

synchronization using various environmental noise, such as 

humidity, environmental sound, electromagnetic wave, 

sunlight and acceleration. We show the synchronization 

accuracy of each scheme. 

 
Fig.1  Proposed system based on noise-induced 

synchronization using environmental noise 

In our system, the noise data are sampled every t
seconds. We normalized the obtained data to prevent the 

stranger values obtained by the sensor from being input to 

the oscillator. For example, the obtained data is taken the 

time average value of l  seconds. We calculate the moving 

average; the average of last m   seconds ( lm   .. We 

calculate the moving average every n   seconds.  The 

sequences are divided by the standard deviation. By these 

normalization, the average of the normalized data is 0 and 

the standard deviation is 1. We input the normalized data to 

the oscillator every nt   seconds. 
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 Here, we show the one example of noise-induced 

synchronization. We use FitzHugh-Nagumo oscillators 

defined by the following equation, 
𝑑𝑢

𝑑𝑡
= 𝜀(𝑣 + 𝑐 − 𝑑･𝑢), (1. 

 
𝑑𝑣

𝑑𝑡
= 𝑣 −

𝑣3

3
− 𝑢 + 𝐼. (2. 

Where, we fix the parameters at ε=0.08, c=0.7, d=0.8 

and I=0.8. The state of FitzHugh-Nagumo oscillators are 

calculated by Runge-Kutta method. The histogram of the 

phase difference between the oscillators when the Gaussian 

white noise is input to each oscillator every 12 steps of 

Runge-Kutta steps is shown in Fig.2. From Fig.2, we can 

find that synchronization of oscillators can achieve even 

when the noise is input in several steps constant interval. 

 
Fig.2  Histogram of the phase difference  

(White Gaussian noise. 

 

3. Experiment of Noise-Induced Synchronization using 

Environmental Noise 

 

In this section, we examine 6 kinds of environmental 

noises. We evaluate the synchronization performances for 

each of them and summarize them from the viewpoint of 

the application systems. 

 

3.1. Experiment using Temperature 

 

 In this experiment, temperature obtained by wireless 

sensor devices are used as input noise to the nonlinear 

oscillators. Sampling rate is about 8 seconds. We have 

normalized the obtained data to prevent the stranger values 

from the measurement. We calculate the time average value 

of the 150 seconds. And, we also calculate the moving 

average of last 7500 seconds, in 150 seconds interval. The 

sequences of the moving average are divided by the 

standard deviation of the 7500 seconds data used for 

calculation of moving average. The raw data of temperature 

is shown in Fig.3 (a. and normalized data is shown in Fig.3 

(b.. 

  
(a. Raw data.     (b. Normalized data. 

Fig.3  Temperature data. 

The normalized data of temperature is input to each 

oscillator every 11 steps of Runge-Kutta step. The period 

of the oscillator is about 83.2 minutes. We evaluate the 

phase difference between two FitzHugh-Nagumo 

oscillators. The histogram of phase difference is shown in 

Fig.4. From Fig.4, we can find that there is the highest point 

near 0 of the phase difference. 

 
Fig.4  Histogram of the phase difference 

(Temperature data. 

 

3.2. Experiment using Humidity 

 

 In this experiment, humidity obtained by wireless sensor 

devices are used as input noise to the nonlinear oscillators. 

Sampling rate is about 8 seconds. We normalized the 

fluctuations by same process as temperature. The raw data 

of humidity is shown in Fig.5 (a. and normalized data is 

shown in Fig.5 (b..  

 
(a. Raw data.     (b. Normalized data. 

Fig.5  Humidity data. 

The normalized data of humidity is input to each 

oscillator every 11 steps of Runge-Kutta step. The period 

of the oscillator is about 83.2 minutes. We evaluate the 

phase difference between two FitzHugh-Nagumo 

oscillators. The histogram of phase difference is shown in 

Fig.6. From Fig.6, we can find that there is the highest point 

near 0 of the phase difference. 

 
Fig.6  Histogram of the phase difference of oscillators. 

(Humidity data. 

 

3.3. Experiment using Environmental Sound 

In this experiment, environmental sound is obtained in 

verandah in a house in Kanagawa prefecture. Sampling 

frequency is 22.05 kHz. In order to extract main frequency 

which is correlated between time series of the data, we 
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count the crossing of the 0 value in a constant time. The raw 

data of environmental sounds is shown in Fig.7 (a. and 

normalized data is shown in Fig.7 (b.. 

 
(a. Raw data.     (b. Normalized data. 

Fig.7  Environmental sound data. 

The normalized data of environmental sound is input to 

each oscillator every 30 steps of Runge-Kutta step. The 

period of the oscillator is about 6.1 seconds. We evaluate 

the phase difference between two oscillators. The 

histogram of phase difference is shown in Fig.8. From Fig.8, 

we can find that there is the highest point near 0 of the phase 

difference. 

 
Fig.8  Histogram of the phase difference of oscillators. 

(Environmental sound data. 

 

3.4. Experiment using Electromagnetic wave 

 

In this experiment, electromagnetic waves are obtained 

by two independent antennas in building outside in Tokyo 

University of Science. We calculate the time average value 

of 5 points. We use normalized fluctuations as input noise 

to the oscillators. The raw data of electromagnetic wave is 

shown in Fig.9 (a. and normalized data is shown in Fig.9 

(b..  

 
(a. Raw data.     (b. Normalized data. 

Fig.9  Electromagnetic wave data. 

The normalized data of electromagnetic wave is input to 

each oscillator every 120 steps of Runge-Kutta step. The 

period of the oscillator is about 59.6 nanoseconds. We 

evaluate the phase difference between two oscillators. The 

histogram of phase difference is shown in Fig.10. From 

Fig.10, we can find that there is the highest point near 0 of 

the phase difference. We can also find that there are cluster 

states. 

 
Fig.10 Histogram of the phase difference of oscillators. 

(Electromagnetic wave data. 

 

3.5. Experiment using sunlight 

 

In this experiment, sunlight is obtained by two sensors 

in verandah in our laboratory. Sampling rate is about 15 

milliseconds. We calculate the time average value of 300 

milliseconds. We take the difference between the last and 

the new data of the average value. The raw data of sunlight 

is shown in Fig.11 (a. and normalized data is shown in 

Fig.11 (b.. 

  
(a. Raw data.     (b. Normalized data. 

Fig.11  Environmental sunlight data. 

The normalized data of sunlight is input to each 

oscillator every 11 steps of Runge-Kutta step. The period 

of the oscillator is about 10.0 seconds. We evaluate the 

phase difference between two oscillators. The histogram of 

phase difference is shown in Fig.12. From Fig.12, we can 

find that the oscillators does not synchronize.  

 
Fig.12 Histogram of the phase difference of oscillators. 

(Sunlight data. 

 

3.6. Experiment using Accelerations 

 

 In this experiment, acceleration is obtained by 3-axis 

acceleration sensors in a car. 3–axis acceleration sensors 

are attached right and left side of the dashboard. We 

measured  X,Y,Z  component.  X  -axis of the acceleration 

sensor is perpendicular to the direction of movement. Y -

axis of the acceleration sensor is parallel to the direction of 

movement. Z  -axis of the sensors is perpendicular to the 

ground. Sampling rate is about 15 milliseconds. Measured 

 X,Y,Z  component is taken the inner product. We take the 

difference between the front and new data. The raw data of 
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acceleration is shown in Fig.13 (a. and normalized data is 

shown in Fig.13 (b.. 

 
(a. Raw data.     (b. Normalized data. 

Fig.13  Acceleration data. 

The normalized data of acceleration is input to each 

oscillator every 20 steps of Runge-Kutta step. The period 

of the oscillator is about 274.5 milliseconds. We evaluate 

the phase difference between two oscillators. The 

histogram of phase difference is shown in Fig.14. From 

Fig.14, we can find that there is the highest point near 0 of 

the phase difference. 

 
Fig.14 Histogram of the phase difference of oscillators. 

(Acceleration data. 

 

3.7. Synchronization accuracy and Time to Synchronize 

 

We evaluate the time accuracy and the time to 

synchronize of each environmental noise. We define the 

synchronization as 1/40 of 1 period of oscillators. Table 1 

show the synchronization accuracy and time to synchronize 

of each environmental noise. From Table 1, we can find that 

the accuracy and the time to synchronize are changed by 

the environmental noise and the period of oscillators. If our 

proposed scheme is applied to some synchronization 

system, the period of oscillators is set to appropriate value 

according to system requirement. Therefore, environmental 

noise should be selected depending on the application 

system. 

Table 1  Synchronization accuracy of each 

environmental noise 

Environmental 

noise 
1 Period Accuracy 

Time to 

synchronize 

Temperature 83.2 min. 2.08min. 
12.3 days 

(213.6 cycle. 

Humidity 83.2 min. 2.08min. 
8.7 days 

(151.4 cycle. 

Sound 6.1 sec. 0.15 sec. 
20.2 min. 

(198.3 cycle. 

Electro- 

magnetic 

wave 

59.6 

nanosec. 

1.49 

nanosec. 

7.0 μsec. 

(116.8 cycle. 

Acceleration 
274.5 

millisec. 

6.85 

millisec. 

107.6 sec. 

(392 cycle. 

4. Conclusion 

 

 In this paper, we have investigated the performance of 

the proposed scheme using various types of the 

environmental noise. We have introduced temperature, 

humidity, environmental sound, electromagnetic wave, 

sunlight and acceleration. We have obtained environmental 

noise and normalized the data to input to the oscillators. We 

have shown that the oscillators synchronize by the 

normalized temperature, humidity, environmental sound, 

electromagnetic wave and acceleration. We have also 

evaluated the synchronization accuracy and time to 

synchronize of each environmental noise. We have shown 

that the accuracy and the time to synchronize are changed 

by the environmental noise and the period of oscillators. 

 In future work, we consider how to improve the 

synchronization accuracy, and most effective noise for 

some application system. 
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Abstract–Fractional-order capacitor and inductor 

emulators using Current Feedback Operational Amplifiers 
as active elements are presented in this paper. Both 
schemes have been designed by combining fractional-
order differentiator or integrator topologies with a voltage-
to-current converter. The realization of the fractional-order 
differentiation and integration blocks is performed through 
the employment of an integer-order multi-feedback filter 
topology. An important benefit, from the design flexibility 
point of view, is that the same topology could be used for 
emulating both fractional-order capacitor and inductor, and 
this is achieved through an appropriate selection of the 
time-constants and gain factors. The behavior of the 
proposed emulators has been studied through the OrCAD 
PSpice simulator, using the model of the commercially 
available AD844 discrete IC component as Current 
Feedback Operational Amplifier. 
 
 
 
 
1. Introduction 
 

The interdisciplinary nature of the fractional calculus 
makes it a powerful tool for biological, biochemical, 
medical, electrical engineering etc. applications. For 
example, the modeling of viscoelasticity as well as of 
biological cells and tissues has been performed through 
the utilization of the fractional-order calculus. Also, 
fractional-order filters as well as oscillators and control 
systems have been realized with attractive characteristics, 
compared with their conventional counterparts [1]. 

Fractional-order capacitors, known also as Constant 
Phase Elements (CPEs), and fractional-order inductors 
(FI) are the most important components for realizing 
fractional-order circuits. The impedance of a CPE is 
described by the formula: asCsZ ˆ/1)(  , where the variable 

a (0<a<1) is the order of CPE and Ĉ is its normalized 
capacitance, expressed in F/sec1-a. The value (in Farad) of 
the frequency dependent capacitance (C) of a FOE will be 

then calculated as: aCC  1/ˆ  . In a similar way, the 
impedance of a FI is given by the formula: asLsZ ˆ)(  , and 

the relationship between the pseudo-inductance ( L̂ ), in 

H/sec1-a, and the conventional inductance (L), in Henry, 
is: aLL  1/ˆ   .  

Although CPEs have been developed on the basis of 
electrolytic processes and fractal structures on silicon, the 
main problem is that these elements are not yet 
commercially available. Thus, efforts for approximating 
CPEs include the employment of infinite RC cable, 
appropriately configured integer-order RC ladder 
networks have been proposed in the literature. It should be 
mentioned at this point that this procedure is not easy, 
from the practical implementation point of view [2]-[5].  

The same problem also occurs about the commercial 
availability in the case of FI. A way for approximating the 
behavior of a FI is the employment of a Generalized 
Impedance Converter (GIC), passive elements, and CPEs. 
But, this solution still suffers from the practical problems 
related to the approximation of a CPE [6]. 

In order to overcome the aforementioned drawbacks a 
novel scheme for emulating CPEs and FIs is presented in 
this work. This is based on the employment of fractional-
order differentiator and integrator configurations and, also, 
a voltage-to-current (V/I) converter. The realization of the 
required fractional order differentiation and integration 
stages is performed using an appropriate integer-order 
multi-feedback topology. This has been implemented 
using Current Feedback Operational Amplifiers (CFOAs) 
as active elements, due to their design flexibility and 
versatility. An attractive feature of the   proposed solution 
is that the same circuit could be used for emulating both 
CPE and FI and this is achieved through an appropriate 
selection of the values of passive elements. The validity of 
the proposed scheme has been verified through simulation 
results, using as CFOAs the commercially available 
AD844 discrete IC components. The paper is organized as 
follows: the proposed design procedure is given in Section 
2, while the derived emulator is introduced in Section 3. 
The obtained simulation results are given in Section 4. 
 
 
2. Scheme for Emulating Fractional-Order Elements 
 

The Functional Block Diagrams (FBDs) for emulating 
CPE and FI are demonstrated in Figs.1a-b, respectively. 
Performing a routine algebraic analysis it is derived that 
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the emulated impedances are given by the expressions in  
(1) and (2), where o is the unity-gain frequency of the 
differentiator/integrator, related with the time-constant 
according to the formula: o=1/, and RVI is the equivalent 
resistance of the V/I converter.  

a
VI

eq

R
Z











o


                            (1) 

a

VIeq RZ 









o
                          (2) 

Thus, the values of the pseudo-capacitance and inductance 
will be given by (3) and (4) 

a
oVIR

C



1ˆ                             (3) 

a
o

VIR
L


ˆ                                 (4) 

The values of the conventional capacitance and 
inductance are expressed by (5) and (6), respectively 

aa
oVIR

C 


1

1


                       (5) 

aa
o

VIR
L 


1
                           (6) 

Note that at =o, the expressions in (5)-(6) are 
simplified as: C=1/(oRVI) and L=RVI/o.  
 

 
 

                              (a)                                        (b) 
Fig.1: Emulation scheme for a fractional-order (a) 
capacitor, and (b) inductor.   
 
The fractional-order differentiator will be approximated 
by an appropriate integer-order circuitry [7]. For this 
purpose, the second-order approximation of the Continued 
Fraction Expansion (CFE) will be employed, due to its 
efficiency in terms of accuracy and circuit complexity. 
The transfer function of the differentiator becomes [8] 
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while for the integrator 
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Inspecting (7) and (8) it is readily obtained the similarity 
of both expressions. As a result, they could be realized by 
the same core through an appropriate selection of the 
coefficients values. This is very attractive feature 
providing design versatility and flexibility.  
The well-known Follow-the-Leader Feedback (FLF) 
structure could be used for realizing (7) and (8). This is 
shown in Fig.2 and the realized transfer function is 
 

 
Fig.2: FLF multi-feedback structure for approximating a 
fractional-order differentiator/integrator.   
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Comparing the coefficients in (7)-(8) with these in (9),  
the derived design equations of the differentiator and 
integrator are summarized in Tables 1 and 2, respectively.    
 

TABLE 1 
DESIGN EQUATIONS FOR THE DIFFERENTIATOR  

1 2 G2 G1 Go 
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TABLE 2 

DESIGN EQUATIONS FOR THE INTEGRATOR 

1 2 G2 G1 Go 
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3. Realization of Fractional-Order Elements Emulator 
 

The realization of the FBDs in Fig.1 will be performed 
using CFOAs as active elements. The derived CPE and FI 
emulator is demonstrated in Fig.3. Inspecting this 
topology it is easily verified the absence of additional 
buffers for connecting the intermediate stages. This is 
originated from the fact that their outputs are derived at 
the O terminal of CFOAs, which is the output of the 
internal buffer of the active cell. As a result, they are 
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capable for direct cascade connection leading to reduction 
of the active component count in comparison with the 
corresponding stages where CCIIs are employed. In 
addition, the required V/I converter which provides the 
appropriate direction of the current is realized using only 
one CFOA and this is achieved through the availability of 
the inverted output of the differentiator/integrator, denoted 
as -out in Fig.3. In this way, two CFOAs are saved in 
comparison with the case that the non-inverted output of 
the differentiator/integrator would be utilized.   
Another benefit of the topology in Fig.3 is the requirement 
for only grounded capacitors. This is very attractive 
feature from the integration point of view, because the 
effect of parasitics in high-frequency applications will be 
minimized.  
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Fig.3: Proposed CPE and FI emulator using CFOAs as 

active elements.   
 
The expressions for the realized time-constants and 

gain factors are:i=RCi (i=1,2) and Gj=Rf/Rj (j=0,1,2), 
respectively. Therefore, the values of passive elements are 
calculated using the design equations in Tables 1 and 2. 
 
 
4. Simulation Results 
 

The behavior of the proposed emulator will be 
evaluated using the OrCAD PSpice simulator and the 
model of the commercially available AD844 discrete IC 
component. Considering that the emulated values of 
capacitance and inductance at 1kHz will be equal to 10nF 
and 2.53H and, also, that the unity-gain frequency of both 
differentiator and integrator will be fo=1kHz, then 
according to (5)-(6) the value of resistor RVI will be  
RVI=15.9k. The values of passive components of the 
topology in Fig.3 for emulating a CPE and a FI of order 
equal to 0.5 are summarized in Table 3. 

The obtained magnitude and phase responses of the 
impedance of CPE and FI are given in Figs.4 and 5, 
respectively. The simulated values of capacitance and 
inductance at 1kHz are 9.72nF and 2.66H, respectively.  
 

TABLE 3 
VALUES OF PASSIVE COMPONENTS FOR CPE AND FI EMULATORS  

Component CPE (a=0.5) FI (a=0.5) 

C1    
C2     
R   
Rf      
 Ro      
 R1      
R2    

1.59 nF 
31.8 nF 
10 kΩ 
10 kΩ 
50 kΩ 
10 kΩ 
2 kΩ 

7.96 nF 
159.2 nF 

10 kΩ 
10 kΩ 
2 kΩ 

10 kΩ 
50 kΩ 

 RVI 15.9 kΩ 15.9 kΩ 

 

 
(a) 

 
(b) 

 
Fig.4: Simulation results about the impedance of CPE 

(a=0.5) (a) magnitude, and (b) phase.  
 
In addition, a maximum 10% deviation  from the 
nominal values (-45o and +45o) of the impedance phases 
are observed within the ranges 0.14-7.12kHz and  0.13-
6.72 kHz for the CPE and FI, respectively. 
The time-domain behavior of the emulator has been 
evaluated through the stimulation by a sinusoidal input 
voltage of 1kHz frequency and 1V amplitude. The voltage 
and current waveforms, depicted in Figs.6 and 7 for CPE 
and FI, respectively, confirm the correct operation of the 
proposed scheme. 
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(a) 

 

 
(b) 

 
Fig.5: Simulation results about the impedance of FI 

(a=0.5) (a) magnitude, and (b) phase.  
 

 
Fig.6: Time-domain behavior of the CPE emulator.  
 
5. Conclusion 
 
The behavior evaluation of the proposed CPE and FI 
emulator, implemented using CFOAs as active elements, 
has been performed using the PSpice model of the AD844 
discrete IC component. The derived simulation results 
show that it can accurately approximate the corresponding 
fractional-order elements within the rage fo/10 to 7fo, 
where fo is the unity-gain frequency of the 
differentiator/integrator. The proposed scheme could be an 
attractive candidate for implementing fractional-order 
filters and chemical-based CPE sensors, and in material 
measurements. 

 

 
Fig.7: Time-domain behavior of the FI emulator.  
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Abstract– This paper presents an analysis of the effects of 

the initial conditions on the I-V characteristics of an ideal 

memristor. Using Leon Chua’s voltage controlled ideal 

memristor, a simple piecewise linear charge flux 

relationship has been modeled that facilitates changes to a 

number of initial conditions, such as the amplitude of the 

initial voltage function and the initial flux of the system. 

Using extensive simulation, the significant effects of the 

variables on the pinched hysteresis loop that is 

characteristics of memristors has been presented. 

 

1. Introduction 

 

The theoretical existence of the memristor was first 

postulated by Leon Chua in 1971 [1] and stands alongside 

the resistor, capacitor and inductor as the fourth 

fundamental two terminal passive circuit element. His 

theory that there may be a fourth missing fundamental 

circuit element was based on the already widely accepted 

relationships between the four fundamental circuit 

variables: current �, voltage �, charge � and flux 

�. Hewlett Packard’s 2008 physical implementation of a 

memristor device [2] using partially doped titanium oxide 

revived interest in the field of memristor study and since 

then many potential applications have been proposed for 

these new devices such as in creating a cross bar memory 

system [3], in modeling neuromorphic systems [4] and 

even in implementing digital logic [5]. Many models have 

been proposed for the memristor [6-10] each with varying 

degrees of complexity and applicability to a physical 

implementation; however, the fundamentals still remain 

grounded in Chua’s initial work. More recently, Chua has 

extended his theory to define a number of more specific 

categories of memristors, such as the ideal memristor 

model [11, 12]. Some analysis of these models has been 

presented, but one particular area that has not been 

comprehensively explored is the affects that the initial 

conditions have on the behavior. A better understanding of 

these affects could lead to more comprehensive models 

and development of further theoretical relationships. 

 

2. Modeling of Memristors  

 

The memristor is characterized by the relation of the type 

���, �� = 0 [1]. The memristor is controlled by charge � 
or flux � and can be expressed as a single-valued function 

of either. The voltage across a charge-controlled 

memristor is given by: 

 

 ���� = ���������� (1a) 

 

Where the memristance � is given by: 

 

���� ≡ �����/�� (1b) 

 

A flux-controlled memristor is defined by a similar 

method, where the current across a flux controlled 

memristor is given by: 

 

���� = ����������� (2a) 

 

Where the memductance � is given by: 

 

���� ≡ �����/�� (2b) 

 

2.1. Ideal Memristor Model 

 

Chua also defined an ideal memristor model [11] which 

looks at the very fundamentals of a memristor. A voltage 

controlled ideal memristor is defined by the relationship: 

 

� = 	����� (3a) 

or  

� = ����� (3b) 

��
�� = �  

(3c) 

where	���� ≜ ������
��   

(3d) 

Modeling a voltage controlled ideal memristor requires 

defining a driving voltage with amplitude �, a charge flux 

relationship and initial flux ��0�. 
 

2.1.1. Piecewise Linear Model  

 

The charge flux relationship is the primary function that 

defines the memristors behavior. In order to simplify the 

analysis, a piecewise linear model can be used and thus 

the charge flux relationship is defined in (4) and seen in 

Figure 1. 
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� = 0.01�	 � 	0.1|� � 0.1| 	� 	0.1|� � 0.1|
� 		0.1|� � 0.3| 	� 	0.1|� � 0.3| 

(4) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
2.1.2. Driving Voltage 

 

Choosing a simple sinusoidal driving voltage allows for 

the first initial condition to be defined: the amplitude � of 

the voltage function. Thus the voltage function is defined 

as: 

 

���� = � �!��� (5) 

 

2.1.3. Initial Flux 

 

A function for time dependent flux can be derived by 

solving the equation in (3c) using the relationships defined 

in (4) and (5): 

 

���� ≜ 	��0� �	"��#��#
$

%
 

 

(6) 

Initial flux ��0� is now a second initial condition that has 

an effect on the behavior of the voltage controlled ideal 

memristor model. 

 

2.1.4. Current 

 

Current is the last variable of interest to be defined. This 

can be easily found by differentiating the time dependent 

charge function and using the definition of current as 

being the rate of charge flow: 

 
�����
�� = ���� (7) 

 

 

2.2. Modeling the Memristor 

 

Applying this method to a system with the initial 

conditions of �	 = 	0.7 and ��0� = 	�0.55 allows both 

the current ���� and voltage ���� to be defined as 

functions of time as seen in Figure 2. This has been 

achieved by using the piecewise linear charge flux 

relationship defined in (4) which is represented in Figure 

1. Together, these functions create the pinched hysteresis 

loop in the V-I plot shown in Figure 3 which is a unique 

trait displayed by memristors [9].  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3. Varying Voltage Amplitude 

 

By varying amplitude, a number of different pinched 

hysteresis loops can be found over a relatively small 

variation of �. Figure 4 shows a variation of 0.1( in � in 

increments of 0.05( which results in three significantly 

different pinched hysteresis loops. 

 

Each plot has a drastically different shape in regards to the 

pinched hysteresis loop. Whilst some of the uncertainty 

can be attributed to the piecewise linear charge flux model 

used, a significant amount of sensitivity is still present in 

the system. By further altering the amplitude between the 

bounds of �	 = 	 )0.05, 1* whilst maintaining ��0� =
	�0.55, the plots begin to standardize in shape indicating 
a larger degree of sensitivity for lower levels of �. 

Fig  1.      Charge Flux Relationship for the function given 

in (4)  

Fig  2.  Voltage and current functions for +�,� = 	�,. --, 

the charge flux relationship defined in (4) and .	 = 	,. /0  

Fig  3.    Pinched hysteresis loop of a voltage controlled 

ideal memristor model using voltage amplitude . = ,. /0
and an initial flux of +�,� = �,. --. 
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Another interesting result is found when � is increased to 

a relatively large value, such as around 50V as shown in 

Figure 5. The tails of the hysteresis loop increase to the 

full -50V to 50V range, but the actual qualitative 

characteristic of the memristor stay the same i.e. the area 

enclosed by the hysteresis loop remains the same after a 

certain point. Simulations with the amplitude incremented 

from 0V to 50V confirmed these results. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3. Varying Initial Flux 

 

The second initial condition that can be varied using this 

model is that of initial flux. Like �, varying initial flux 

produces pronounced results over a relatively short range. 

Figure 6 shows this result, with four different hysteresis 

loops produced by varying ��0� in 0.5 increments from -

0.95 to -0.5. Again, the shapes of the pinched hysteresis 

loops vary dramatically, demonstrating the significant 

sensitivity that the V-I characteristics display towards 

��0�. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The effect on the pinched hysteresis loop when the initial 

flux is given an extreme value produces another 

interesting result. This is shown in Figure 5.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

These graphs show that as ��0� tends towards a relatively 

large absolute value, the pinched hysteresis loop effect 

degenerates and the V-I characteristics tends toward a 

linear representation. Similar to the analysis of varying �, 

simulation has been undertaken to confirm that the 

pinched hysteresis loop tends to a straight line 

representation as the absolute value of the initial flux is 

increased. 

 

This behavior appears similar to what occurs to a 

memristor system under high frequencies, as these 

conditions also cause the pinched hysteresis loop to 

degenerate to a linear representation [11]. 

 

4. Charge Flux Relationship 

 

Changing the charge flux relationship that is used in the 

model allows a better overall representation of the system. 

Fig  4.      Pinched hysteresis loops for +�,� = 	�,. --, 

the charge flux relationship defined in (4) and (a) .	 =
	,. 10 (b)  .	 = 	,. 1-0 (c) .	 = 	,. -0 

Fig. 5.   Pinched hysteresis loop of a voltage controlled 

ideal memristor model using +�,� = 	�,. -- and .	 = 	-,0 

Fig. 6.    Pinched hysteresis loops for . = ,. 20, the charge

flux relationship defined in (4) and (a) +�,� = 	�,. 3-   (b) 
+�,� = 	�,. 3,	    (c) +�,� = 	�,. 4-    (d) +�,� = 	�,. 4, 

Fig.  7.   Pinched hysteresis loop of a voltage controlled 

ideal memristor model using .	 = 	,. 20 and (a)  +�,� =
	�-     (b) +�,� = 	- 
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Fig. 9.   Pinched hysteresis loops of a voltage controlled 

ideal memristor model using the charge flux relationship 

in (8), +�,� = 	�,. 5 and sweeping . from -0.5V to 0.5V 

in 0.05V increments. 

Higher order charge flux relationships can also be used in 

order to more effectively demonstrate real world behavior 

of a memristor. Using the quadratic charge flux 

relationship seen in (8), the variables of � and ��0�	can 
be swept. 

 

���� = 	����6 (8) 

 

Figure 8 and 9 display the results and highlight the 

significant change that occurs due to changes in the initial 

conditions. For ��0�, a somewhat constant change is 

apparent but for  � the hysteresis loops appear to invert 

around the point of � = 0(. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5. Discussion and Further Study 

 

These results indicate that indeed, the initial conditions of 

an ideal memristor model (and by extension, the majority 

of the memristor models) have a very significant impact 

on the pinched hysteresis loop that is characteristic of a 

memristor system. Further qualitative analysis has been 

undertaken and the results have hinted at relationships that 

may be able to be defined quantitatively. The evolution of 

the pinched hysteresis loop when run in an animation 

environment is evidence of this and as demonstrated it is 

somewhat more obvious when a quadratic charge flux 

relationship is used. It appears that there is some link 

between the effects of the initial conditions, highlighted 

by the similarity between a high frequency memristor 

system and a system that has a large absolute value of 

initial flux.  

 

6. Conclusion 

This paper has presented simulations of Chua’s ideal 

memristor model with the intent of analyzing the effects 

of the initial conditions of the system, namely the 

amplitude � of the driving voltage function and also the 

initial flux ��0�. A number of interesting results have 

been presented, such as a memristors pinched hysteresis 

loop showing a high sensitivity to even slight variations in 

the above variables. The effect of large values of these 

variables has also been presented.  
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Abstract—This paper proposes a new 10-bit fully differential 

capacitance-to-digital converter (CDC) used in MEMS capacitive 

sensing applications based on memcapacitors. The proposed 

digital interface circuit is the voltage based-CDC technique; this 

achieves a direct physical property (capacitance) conversion into a 

digital output. The overall proposed design eliminates repeated 

blocks and can be used independent of the sensor type. The 

proposed architecture enhances the CDC performance and 

realizes minimized area due to memcapacitors. A performance 

comparison between conventional capacitor-based circuit and the 

circuit using memcapacitors is presented which indicates the same 

behavior but with an overall huge area reduction and enhanced 

power consumption. Cadence and LT-SPICE simulations are 

done using 90nm model with 1V single ended voltage supply. The 

current consumption at 1 KHz is 5.9 μA. 
 

Index Terms—Analog-to-digital converter (ADC), Capacitance-

to-digital converter (CDC), MEMS, Memcapacitors. 

I. INTRODUCTION 

Uccessive approximation register (SAR) analog-to-digital 

converter(ADC) architectures have become the most 

popular technology for analog/digital conversion interface for 

all digital signal processing systems [1]. The goal is to acquire 

the sensed signal with low-power and miniaturized electronic 

device. Consequently, a numerous number of applications 

ranging from biomedical, gyroscopes and direction detection to 

power management applications are in continuous search for 

low power and low area ADCs for interface conversion 

purposes [2]. 

Recently, researchers are targeting the integration of the sensor 

and the electronic interface circuit together with the least 

possible area and least power consumption. Capacitive sensing 

is emerging as a popular interfacing alternative to switches and 

knobs in different customer electronic devices. It is simply 

based on the idea of sensing the capacitance electrical property 

that exists between any two conductive surfaces. Whereas this 

electric property varies due to the change in a physical property 

such as: pressure, temperature, position, speed and many other 

physical properties. There is a variety of capacitive readout 

circuits and techniques known as capacitance-to-digital  

 

converter (CDC) techniques[3-4]. There are methods 

including time-based capacitance to digital [5], frequency-

based capacitance to digital[6]and voltage-based 

capacitance to digital converters[7-8]. The most attractive 

method in terms of power consumption, accuracy and 

reliability is the voltage-based CDC technique [7-8]. Where 

the sensed capacitance value is transformed into a 

digitalized related voltage output. One of the famous CDC 

architectures is the one proposed by K.Tanakaet al. [7], 

where a low power single capacitance to digital converter 

was realized, however, the circuit could not operate at high 

variation of sensor capacitance frequency. This is due to the 

dependency of DC level on variation frequency of sensor 

capacitance. Later in [8] a differential CDC was realized 

that eliminatedthe influence of variation of sensor 

capacitance to the circuit DC level at the output of the 

capacitor arrays. This can be used further in applications 

where the sensor value is varied with frequency variations. 

This differential CDC approach was then reported in variety 

of applications such as Multisensory systems [9]. 

In this work, a10-bit fully differential low-power and 

minimized area capacitance-to-digital converter (CDC) is 

proposed. This CDC interface circuit is realized using 

memcapacitors, where the memcapacitor (MemC) behavior 

and performance characteristics are first studied, and then 

further the effect of using the memcapacitors is compared 

with other previous different techniques. The proposed 

technique can be utilized as a common IC block used after 

different MEMS sensors to achieve low area and low power 

on-chip interface system. 

 The paper is organized as follows: Section II briefly 

explains the memcapcitor history and theory of operation, 

followed by the CDC architecture using conventional 

integrated capacitors in section III. Section IV presents the 

proposed CDC circuit based on Memcapacitors. Simulation 

results and comparisons with previous work are included in 

section V. Finally, the conclusion is stated in section VI. 
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II. MEMCAPACITOR TECHNOLOGY 

A. Introduction 

The memory-resistor (known as memristor) was first 

postulated by Chau in 1971 [10].It remained a postulated idea 

until HP published the first memristor implementation in 2008 

[11].Later in January 2009 the general idea of memory circuit 

elements was proposed including memcapacitive and 

meminductive systems as well as their subsystems defined as 

memcapacitors and meminductors. It would operate in contrast 

to the memristor, as non-volatile memories with essentially 

lossless data reading and storing [12]. 

Memcapacitive system or a memcapacitor can be defined as a 
passive element whose capacitance is controlled by the amount 

of electric charge conveyed through it [12]. This charge affects 

the width of the dielectric. The memcapacitor circuit symbol is 

shown in Fig.1.  

 
Fig. 1 Memcapacitor Circuit Symbol [12]. 

There are two types of memcapacitive systems: voltage-

controlled and charge controlled systems [13]. According to 

[12], the charge controlled memcapacitor can be defined from 

equations (1) and (2), where 	( ) is the capacitor charge at 

time	 , ( ) is the corresponding voltage, is the inverse 

memcapacitance that depends on the system internal state, and ̇ is the dynamic vector that represents the system internal state 
variable. 

( ) = 	 ∗ ( , , ) ∗ ( )                                             (1) ̇ = ( , , )                                                                        (2) 

Since the above element has gained a great focus in many 

research areas and fields, a lot of publications and researches 

were conducted to study the memcapacitor behavior and model 

it. So, simulation set up was implemented using a SPICE 

simulation model for the charge-controlled memcapacitor [14]. 

In these simulations, the memcapacitance value depends on the 

electric charge that passes through the memcapacitor and its 

state equation. The state variable x depends on the change of 

dielectric width  that can vary from  to which 
correspondingly sets a limit range for both minimum and 

maximum memcapacitances and inverse memcapacitances as 

shown in equation (3): 

= ∈ (0,1)                                                         (3) 

The memcapacitor volt-coulomb pinched hysteresis loop 

profile is shown in Fig.2. The memcapacitor has the following 

parameters: =10nF, =10uF, =100nF and driven 

under 2V-amplitude sinusoidal wave with frequency 1KHz. 

This is similar to the hysteresis behavior of memristive 

elements illustrated in [15]. 

III. CDC CIRCUIT ARCHITECTURE  

A. Circuit Overview 

The fully differential CDC circuit is shown in Fig.3. It is 

composed of a MEMS capacitive sensor , two exact binary 

weighed capacitor arrays (to eliminate the effect of MEMS 

capacitive sensor variation or fluctuations to output DC 

level),a scaling capacitor  , a low-voltage comparator, 

switches and a SAR control logic to generate the final 

digital code that corresponds to the sensor capacitance 
value.  

 
Fig. 2The Characteristic Curve of Memcapacitor. 

Fig. 3 Conventional CDC Circuit Architecture. 

B. Operation of the Differential CDC 

The CDC has two modes of operation: the sampling 

mode and the conversion mode; where both are based on a 

binary search algorithm and charge redistribution 

architecture. 

In the first phase, switch  is turned on; switch  is turned 

off and switches of bottom plates of capacitor arrays X and 

Y are connected to and ground, respectively. 

In the second phase, switch  is turned off and switch  is 

turned on. The conversion mode begins with the most 

significant bit conversion (MSB).First, the MSB switch of 

capacitor array X is connected to ground and all other 

switches in the array remain connected to	 . Whereas in 

array Y, all switches are connected opposite to array X. Due 

to the charge redistribution and the law of charge 
conservation in both capacitor arrays X and Y, the voltage 

at the input nodes of the comparator is: 

| − | = 2 ∗ ∗ (4) 

Where  is the MSB capacitance,  is the total 

capacitance of the upper bits capacitor array at the right side 

of the scaling capacitor ,	  is a scaling factor and 

is the total capacitance of the lower bits capacitor 

array at the left side of the scaling capacitor . The 

voltages  and  are compared mutually and the 
comparator output determines which input voltage is at 
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higher level. Accordingly comparing voltages  and means 

comparing  and   .If  is smaller than , the 

MSB is kept “1”and the MSB switch of array X and Y is kept 

connected to and ground, respectively. Else, the MSB 

switch is set to “0” and the MSB switch of array X and Y is 

reset to ground and respectively. When the conversion of 

MSB is finished, conversions of the next bits are carried out 

one by one in the same process described until the least 

significant bit (LSB), to reach a differential voltage 

approaching0. Finally, the output digital code indicates the 

most nearest approximated value of the capacitive sensor 

value. 

IV. CDC CIRCUIT USING MEMCAPACITORS 

In this paper, the CDC circuit is realized replacing the binary 

weighted conventional integrated capacitors by memcapacitors. 

The study started by replacing one capacitor in each array at a 

time to study the effect of the memcapacitor on the response of 

the CDC circuit. The memcapacitor model used is the SPICE 

model indicated in [14]. To replace a normal integrated 

capacitor by a memcapacitor, the value of the memcapacitor is 

determined by fixing both values  and  and only 

changing the value of	  . 

Fig.4 shows the CDC architecture after replacing all 

conventional capacitors by memcapacitors. 

Fig. 4 

CDC Circuit using Memcapacitors. 

V. SIMULATION RESULTS 

Simulations are done using CADENCE and LT-SPICE tools, 

where the MEMS sensor capacitance value is varied in the 

range of pF. The comparator used is realized in CMOS 

architecture using 90 nm transistor model. The MEMS 

capacitive pressure sensor is first studied and simulated using 
COMSOL multi-physics tool to study its behavior, and then the 

variation in the sensor’s capacitance is modeled in CADENCE 

and LT-SPICE tools. 

Fig.5 shows the simulation results of the CMOS comparator 

input voltages  and first using conventional integrated 

capacitors setting the capacitance sensor value to 3pF, the 

conversion frequency was around 10KHz. Simulation result 

shows that these two voltages are symmetric around the 

common voltage =0.5v which is the output of the capacitor 

arrays.  

Also, Fig.5shows the output voltages at the capacitor 

arrays, after replacing the conventional integrated 

capacitors with memcapacitors. The simulation results 

show that the CMOS comparator input voltages are 

symmetric too around =0.5v.  

 
Fig. 5 CDC Comparator Input Voltages using Conventional Integrated 

Capacitors and Memcapacitors. 

The results show that the CDC circuit performance using 

memcapacitors and conventional integrated capacitors are 

almost the same, yet the use of memcapacitors greatly 

reduces the design area. 

Fig.6 shows the conversion results of the MEMS capacitive 

pressure sensor using the proposed memcapacitor based 
CDC architecture. In which the capacitance of the MEMS 

sensor is varied in the pF range and the digital output code 

is converted into its decimal equivalent. 

In[16], a memristor was realized using a TiO2 thin film 

sandwiched between two metal plates where the total area 

of this model was measured to be in the range of (500 

nm2to 2500 nm2). In[17], a memcapacitor realization was 

presented where a memcapacitor can also be fabricated 

using a TiO2 thin film sandwiched between two metal 

plates which is similar to the approach used for the 

memristor presented in[16].As a result, a memcapacitor 
area can be estimated to be in the nm2 range (10-18m2).So 

unlike the conventional capacitor where the MOSFET 

realization depends on COX of the MOSFET[18]as shown in 

the equations below: 

= ∗ 	 ∗ + 2 ∗ ∗ (5) 

The smallest value for the capacitor used in this paper is 1 

pF that requires an area of 81.1 µm2for 90nm CMOS 

technology, which is highly greater than the area of 

memcapacitor. Table 1shows the area values of the 

conventional integrated capacitors with different values of 
capacitance compared to the estimated area of the 

memcapacitor as indicated in [17]. The value of 

thememcapacitor depends on the biasing as shown earlier in 

the memcapacitor section; therefore the memcapacitor area 

is fixed regardless of its value as shown in Table 1. 

 Finally, Table 1 clearly shows the great area reduction 

due to replacing the conventional integrated capacitors with 

memcapacitors. This massive area reduction is a very 

attractive feature for different applications including 

biomedical applications where the area is the main factor in 

implanted devices. 

 An overall performance comparison between the 
proposed CDC architecture and previous architectures is 

presented in Table 2. 
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TABLE I 

MEMCAPACITORS AND CONVENTIONAL INTEGRATED CAPACITORS AREA 

COMPARISON 

Capacitance 

Value 

Conventional Integrated 

Capacitor Area 
Memcapacitor Area 

1 pF 81.1 µm
2
 

(0.0005µm
2
to 0.0025 µm

2 
)  

2 pF 162.2 µm
2
 

4 pF 324.4µm
2
 

8 Pf 648.8µm
2
 

16 pF 1297.6µm
2
 

32 pF 2595.2µm
2
 

 
Fig. 6Conversion Results of the proposed Memcapacitor CDC. 

 

TABLE 2 

PROPOSED CDC CIRCUIT OVERALL PERFORMANCE COMPARISON 

Specifications 
Tanaka 

[7] 
Vo [8] Lai [5] This Work 

Technology 180nm 180nm 180nm 90nm 

Power Supply 1.4 V 1.4 V 1.8 V 1 V 

Resolution 

(ENOB) 

8 Bit 

(6.83) 
10 Bit (6.7) 10 Bit (9.3) 

Power/Current 

Consumption 
360µA 29.7µA 

82µW/45.6 

µA 
5.9 µA 

Area 
0.034 

mm
2
 

0.11 mm
2
 

(estimated) 

0.0354 

mm
2
 

0.0005µm
2
t

o 0.0025 

µm
2
 

(estimated 

for each 

MemC) 

Conversion 

Frequency 
262 KHz 262 KHz 125 KHz 10 KHz 

VI. CONCLUSION 

A new realization for a fully differential 10-bit capacitance-

to-digital converter for MEMS capacitive sensors based on 
memcapacitors was proposed. The conventional integrated 

capacitors in the capacitor arrays were replaced by 

memcapacitors. The design was realized in 90nm CMOS 

technology under 1V single ended voltage supply for 

different capacitive sensor applications. The realized 

converter achieved an Effective Number of Bits (ENOB) of 

9.3band SNR of 57.75 dB. The use of the memcapacitor 

instead of the conventional integrated capacitors reduced the 

overall area of the circuit dramatically, while maintaining a 

similar response to that of the conventional integrated 

capacitor. The proposed technique thus achieved the best of 

both technologies MEMS and Memcapacitors by combining 

them together. This enhances the digital signal 

processing circuit when it is integrated in any MEMS 

capacitive sensor system independent of the number of 

sensors or their types. Thus, makes it more suitable for 

biomedical applications, wireless sensor networks and 

direction detection applications. 

VII. REFERENCES  

 
[1]  F. Chen, A. P. Chandrakasan and V. Stojanovic, "A Low-power 

Area-efficient Switching Scheme for Charge-sharing DACs in SAR 
ADCs," Custom Integrated Circuits Conference (CICC), pp. 1-4, 
Sept. 2010.  

[2]  C. Yuan and Y. Lam, "An ultra-low Energy Capacitive DAC Array 
Switching Scheme for SAR ADC in Biomedical Applications," 
International Conference on IC Design & Technology (ICICDT), pp. 
1-4, May 2011.  

[3]  H. Ha, D. Sylvester, D. Blaauw and J. Sim, "A 160nW 
63.9fJ/conversion-step Capacitance-to-Digital Converter for Ultra-
Low-Power Wireless Sensor Nodes," IEEE International Solid-State 
Circuits Conference (ISSCC), pp. 220-221, Feb. 2014.  

[4]  S. Xia, K. Makinwa and S. Nihtianov, "A Capacitance-to-Digital 
Converter for Displacement Sensing with 17b Resolution and 20us 
Conversion Time," IEEE International Solid-State Circuits 
Conference (ISSCC), pp. 198-199, Feb. 2012.  

[5]  K. Lai, Z. He, Y. Yang, H. Chang and C. Lee, "A 0.0354mm2 82uW 
125K/s 3-Axis Readout Circuit for Capacitive MEMS 
Accelerometer," IEEE Asian,Solid-State Circuits Conference (A-
SSCC), pp. 109-112, Nov. 2013.  

[6]  H. Danneels, K. Coddens and G. Gielen, "A Fully-Digital 0.3V, 
270nW Capacitive Sensor Interface Without External References," 
IEEE European Solid-State Circuits Conference (ESSCIRC), pp. 287-
290, Sept. 2011.  

[7]  K. Tanaka, Y. Kuramochi, T. Kurashina, K. Okada and A. 
Matsuzawa, "A 0.026mm2 Capacitance-to-Digital Converter for 
Biotelemetry Applications Using a Charge Redistribution 
Technique," IEEE Asian ,Solid-State Circuits Conference, (ASSCC), 
pp. 244-247, Nov. 2007.  

[8]  T. Vo, Y. Kuramochi, M. Miyahara and T. Kurashina, 
"Asynchronous Differential Capacitance-to-Digital Converter for 
Capacitive Sensors," Synthesis and System Integration of Mixed 
Information Technologies (SASIMI), Mar. 2009.  

[9]  H. Jiang, Z. Wang, L. Liu, C. Zhang and Z. Wang, "A combined Low 
Power SAR Capacitance-to-Digital/Analog-to-Digital Converter for 
Multisensory System," Midwest Symposium on Circuits and Systems 
(MWSCAS), pp. 1000-1003, Aug. 2012.  

[10] L. Chua, "Memristor-The missing circuit element," IEEE 
Transactions on Circuit Theory, vol. 18, no. 5, pp. 507-519, Sept. 
1971.  

[11] D. Strukov, G. Snider, D. Stuwart and R. Williams, "The Mising 
Memristor Found," Nature, vol. 453, pp. 80-83, May 2008.  

[12] M. Ventra, Y. Pershin and L. Chau, "Circuit Elements with Memory: 
Memristors, Memcapacitors, Meminductors," Proceedings of the 
IEEE, vol. 97, pp. 1717-1724, Oct. 2009.  

[13] D. Biolek, Z. Biolek and V. Biolkova, "SPICE Modeling of 
Memristive, Memcapacitive and Meminductive Systems," 
Proceedings International European Conference on Circuit Theory 
and Design (ECCTD), pp. 249-252, Aug. 2009.  

[14] D. Biolek, Z. Biolek and V. Biolkova, "SPICE Modeling of 
Memcapacitor," Electronics Letters, vol. 46, no. 7, pp. 520-522, Apr. 
2010.  

[15] A. S. Elwakil, M. E. Fouda and A. G. Radwan, "A Simple Model of 
Double-Loop Hysteresis Behavior in Memristive Elements," IEEE 
Transactions on Circuits and Systems II, vol. 60, no. 8, pp. 487-491, 
Aug. 2013.  

[16] M. Hu, H. Li, X. Wang and R. Pino, "Geomtry Variations Analysis of 
TiO2 Thin-Film and Spintronic Memristors," Asia and South Pacific 
Design Automation Conference (ASP-DAC), pp. 25-30, Jan. 2011.  

[17] A. Bratkovski and R. S. Williams, "Memcapacitor". United States 
Patent US 2012/0039114 A1, 16 Feb. 2012. 

[18] R. Fan, J. Xu and X. Wu, "A MOSFET-Only Delta-Sigma Modulator 
for Implantable Neural Signal Sensors," Proceedings of the 
International Multiconference of Engineers and Computer Scientists 
(IMECS), vol. II, pp. 1282-1285, Mar. 2010.  

0 10 20 30 40 50 60 70 80 90 100
0

20

40

60

80

100

Input Sensor Capacitance [pF]

O
u

tp
u

t 
D

e
ci

m
a

l 
C

o
d

e

- 248 -



  

Image Encryption Based on Fractional-Order Chaotic Generators 

 
Ahmed G. Radwan†‡, Salwa K. Abd-El-Hafiz† and Sherif H. AbdElHaleem† 

 

† Engineering Mathematics Department, Faculty of Engineering, Cairo University, Giza 12613, Egypt 

‡ Nanoelectronics Integrated Systems Center (NISC), Nile University, Egypt 

Email: agradwan@ieee.org, salwa@computer.org, sherifHamdyNet@hotmail.com 

 

Abstract–This paper discusses a simple encryption system 

based on the fractional-order Lorenz and Rossler attractors. 

This system consists of a delay element, a multiplexer and 

the fractional-order generator. Four new parameters are 

added in the encryption key due to the fractional-

implementation of the attractors. Those parameters are the 

three fractional-order parameters as well as a reset 

parameter, which decides the long-memory dependence. 

Encryption analyses of the proposed system, which include 

correlation coefficients, differential attack measures, 

histograms, NIST test suite and sensitivity analysis with 

respect to different key parameters, are evaluated for two 

different resolutions. 

 

1. Introduction 

Although the fractional calculus (non-integer derivatives 

and integrals) concept has been known for more than three 

centuries, huge research activities have been initiated in 

different fields during the last five decades due to the 

introduction of the rational approximations. The high 

impact of fractional calculus stems from its ability to 

interpret practical and complex phenomena better than 

integer-order calculus. Some of the advantages of the 

fractional order derivative in dynamical systems are that it 

gives extra degree(s) of freedom and it has long memory 

dependence unlike the integer calculus [1].  

Many applications have been generalized in the 

fractional-order domain such as in tissue modeling [2], 

biomedical applications [3], and new charts have been 

patented as 3D Smith-chart [4]. The definition of Caputo 

fractional derivative is given by [1]: 

𝐷𝛼𝑓(𝑡) =
1

(1 − )
∫

𝑓′(𝜏) 𝑑𝜏

(𝑡 − 𝜏)𝛼
 , 0 <  𝛼 < 1.

𝑡

0

      (1) 

Pseudo Random Number Generators (PRNGs) are 

essential in recent applications to secure data and 

communication networks. Generally, most of the recently 

introduced PRNGs are based on chaotic systems whose 

behavior is sensitive to parameters and initial conditions. 

Lorenz and Rossler systems of ordinary differential 

equations are well-known chaotic generators. One of the 

recent applications, which uses these PRNGs, is image and 

video encryption systems that protect miscellaneous data 

ranging from personal data to military codes [5]. In 

addition, many recently proposed chaotic generators, 

which are based on analog and digital designs, are suitable 

for encryption applications (e.g., [6, 7]).  

Although image encryption can be based on chaotic and 

non-chaotic generators [8], the encryption quality depends 

on many factors such as the size and sensitivity of the 

encryption key. Recently, fractional-order encryption based 

on Lorenz system was introduced [9] by the authors but the 

system was neither optimized nor simple. This paper 

introduces a simple encryption system based on one delay 

element and a simple multiplexer along with the fractional-

order Lorenz or Rossler attractors.  The encryption key can 

be controlled by the extra degrees of freedom as well as the 

reset parameter added in the proposed system. 

 

2. Fractional-Order Lorenz System 

Consider the following fractional-order system: 

𝐷∗
𝛼  𝑥(𝑡) = 𝑓(𝑥(𝑡), 𝑡) , 0 < 𝑡 < 𝑇, 0 <  < 1,             (2) 

where its solution can be expressed as  

𝑥(𝑡) =  𝑥0 +
1

()
∫(𝑡 − 𝜏)𝛼−1𝑓(𝑥(𝑡), 𝜏)𝑑𝜏

𝑡

0

.        (3) 

 

2.1 Adams-Bashforth predictor-corrector scheme 

The steps for this numerical technique [12] is to evaluate  

𝑏𝑗,𝑛+1 =
ℎ𝛼

𝛼
((𝑛 − 𝑗 + 1)𝛼 − (𝑛 − 𝑗)𝛼),

0 ≤ 𝑗 ≤ 𝑛,       (4) 

where h and 𝑡𝑗  are given by ℎ = (
𝑇

𝑁
) , 𝑡𝑗 = 𝑗ℎ  and  𝑗 =

0, 1, … , 𝑁. Then, calculate the predictor 𝑥𝑝 as 

𝑥𝑝(𝑡𝑛+1) = 𝑥0 +
1

()
∑ 𝑏𝑗,𝑛+1𝑓(𝑥(𝑡𝑗), 𝑡𝑗)

𝑛

𝑗=0

.     (5) 

Finally, calculate the new value 𝑥(𝑡𝑛+1) by: 

𝑥(𝑡𝑛+1) = 𝑥0 +
ℎ𝛼

( + 2)
𝑓(𝑥𝑝(𝑡𝑛+1), 𝑡𝑛+1) 

                                +
ℎ𝛼

( + 2)
∑ 𝑎𝑗,𝑛+1𝑓(𝑥(𝑡𝑗), 𝑡𝑗)

𝑛

𝑗=0

,    (6𝑎) 

𝑎𝑗,𝑛+1

= {
𝑛𝛼+1 − (𝑛 − 𝛼)(𝑛 + 1)𝛼 𝑗 = 0

(𝑛 − 𝑗 + 2)+1 + (𝑛 − 𝑗)𝛼+1 − 2(𝑛 − 𝑗 + 1)𝛼+1 𝑗 ≤ 𝑛
. 

(6b) 
 

2.2 Fractional-order Lorenz system 

The fractional-order Lorenz system is defined as: 
𝑑𝛼𝑥

𝑑𝑡𝛼
=  −10(𝑦 − 𝑥),                          (7𝑎) 

𝑑𝛽𝑦

𝑑𝑡𝛽
=  −𝑥𝑧 + (24 − 16)𝑥 + 4𝑦,                (7𝑏) 
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𝑑𝛾𝑧

𝑑𝑡𝛾
= 𝑥𝑦 −

8

3
𝑧,                                 (7𝑐) 

and the fractional order Rossler system is defined by: 
𝑑𝛼𝑥

𝑑𝑡𝛼
= −𝑦 − 𝑧,                                 (8𝑎) 

𝑑𝛽𝑦

𝑑𝑡𝛽
= 𝑥 + 0.43𝑦,                                (8𝑏) 

𝑑𝛾𝑧

𝑑𝑡𝛾
= 2 + 𝑧(𝑥 − 4),                              (8𝑐) 

where ,  and  > 0 determine the fractional-order of the 

equations. Therefore, the response of the fractional-order 

Lorenz and Rossler systems can be evaluated using 

equations (4) - (6). 
 

2.3 Strange attractors 

Figure 1 shows the 𝑍 output for two fractional-orders 𝛼 = 

0.8, 0.95 and 𝛽 = 𝛾 = 1. It is clear that the behavior of the 

fractional-order Lorenz system changes as the fractional-

order changes but remains in the chaotic range [9].  

 

3. The Simplest Fractional-Order Encryption System 

The block diagram of the proposed encryption process is 

given in Fig. 2, where a delay element and a multiplexer 

are used. The 𝑋, 𝑌, and 𝑍 outputs of the fractional-order 

system are calculated. Then, the least significant 8 bits from 

each of them are extracted because they have more chaotic 

responses [8, 9]. To enhance the encryption output, each 

encrypted pixel should depend on the previous values, 

which is realized here by the delay element.  

Moreover, the nonlinear multiplexer is added to increase 

the complexity of the encryption system, where the least 

significant three bits of the previous encrypted pixel are the 

control parameters as shown in Table I. From (5) and (6), 

calculation of the new values of Lorenz or Rossler variables 

requires the previous n values, which need more storage 

and processing time.  

To simplify this process, a reset parameter is added as 

shown in Fig. 2 for two reasons; to limit the long term 

dependency to a reasonable number and to increase the 

length of the encryption key. Therefore, the values of the 

RGB encrypted pixel depend on the previous encrypted 

values, under the multiplexer effect, as well as the output 

of the fractional-order chaotic system. Please note that the 

scanning of the input image is performed row-by-row until 

the whole image is encrypted. 
 

3.1 Encryption key 

Based on the previous discussion, the encryption key 

consists of seven components for both fractional-order 

Lorenz and Rossler systems, which are the fractional-order 

parameters, the initial values and the reset parameter as 

shown in Table II. The length of the proposed encryption 

key is 200 bits, which is long enough to resist brute-force 

attacks. It is to be noted that this encryption key can be 

increased by adding the three conventional parameters and 

in this case the key length will be 296 bits. 

 
(a)                                                    (b) 

Fig. 1. Strange attractor for the fractional-order Lorenz 

system with (a)  = 0.8 and (b)  = 0.95 
 

 
Fig. 2. The proposed simplest fractional-order image 

encryption system 
 

Table I: Multiplexing table 

Selection bits 
𝑹𝒐𝒖𝒕 𝑮𝒐𝒖𝒕 𝑩𝒐𝒖𝒕 

Selection bits 
𝑹𝒐𝒖𝒕 𝑮𝒐𝒖𝒕 𝑩𝒐𝒖𝒕 𝑹𝑳𝑺𝑩 𝑮𝑳𝑺𝑩 𝑩𝑳𝑺𝑩 𝑹𝑳𝑺𝑩 𝑮𝑳𝑺𝑩 𝑩𝑳𝑺𝑩 

0 0 0 B R G 1 0 0 G B R 

0 0 1 G B R 1 0 1 R B G 

0 1 0 R G B 1 1 0 B G R 

0 1 1 B R G 1 1 1 G R B 
 

Table II: The proposed encryption key 
 𝛼 𝛽 𝛾 𝑋0 𝑌0 𝑍0 Reset 

# of bits 32 32 32 32 32 32 8 

Lorenz 0.9399 0.9899 0.9899 4.6379 7.1289 5.8229 200 

Rossler 1.0349 1.0349 1.0349 0.0999 0.1999 0.2999 200 

 

4. Encryption Results and Analysis 

The proposed encryption system is tested using the 

colored version of Lena with two different resolutions and 

the following analyses are evaluated to measure the quality 

of the encrypted images. 
 

4.1 Histogram analysis 

Figure 3 shows the histogram results of the original and 

encrypted RGB image components, which illustrate the 

disappearance of peaks and the uniform distribution of all 

colors after the encryption process. 
 

4.2 Pixel correlation analysis 

Conventional image pixels are highly correlated in 

horizontal, vertical and diagonal directions. Hence, one of 

the main objectives of any good encryption system is to 

eliminate these dependencies [10]. Figure 4 shows these 

correlations before and after the encryption process. The 

averages of the correlation coefficients drop down from 

approximately 0.938, 0.965 and 0.92 in case of Lena 256 ×
256  for horizontal, vertical and diagonal directions, 

respectively, to the order of 10−3 for Lorenz and Rossler 

fractional-order systems as shown in Table III for different 

resolutions.  
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Fig. 3. The histogram RGB components of the original 

and encrypted Lena 1024 × 1024 images. 

 

 
Fig. 4. Horizontal, vertical and diagonal pixel correlations 

for the original and encrypted Lena 256 × 256 images 
 

4.3 Differential attack measures 

Differential attack measures (MAE, NPCR, UACI) 

indicate the effect of one pixel change in the original image 

on the encrypted image as per their definitions in [11]. 

Table III shows the average of 20 random cases of pixel 

changes of these measures for two different resolutions of 

colored Lena image. It is clear from these values that better 

encryption is obtained for the high resolution case where 

the MAE, NPCR and UACI values approach their optimum 

values without the use of permutation techniques.  
 

4.4 NIST test suite 

The NIST statistical test suite 800-22 is a standard 

measure of the encrypted image randomness [12]. Table IV 

shows the results of the 15 NIST tests for the fractional-

order Lorenz and Rossler generators where the encrypted 

images passed all the tests and, hence, the randomness of 

the encrypted image is inferred. 
 

4.5 Sensitivity Analysis 

One of the critical measures for a good encryption 

system is the sensitivity of its key, which can be tested by 

changing the value of any bit and inspecting the wrong 

decrypted image. Evaluation of the wrong decrypted 

images can be performed using the Mean Square Error 

(MSE) and entropy. The wrong decrypted images for three 

different cases with two different resolutions for the two 

generators are discussed as shown in Table V. These cases 

depend on changing the least significant bit of the 

parameters 𝛼, 𝑋0 and Reset, respectively. It is clear that the 

output of the proposed system is very sensitive to each 

component in the encryption key.  

Table VI shows the calculations of the MSE and 

entropy for the three different wrong decrypted images. 

From this Table, the MSE values indicate how far the 

wrong decrypted image is from the correct one and the 

entropy values approach their maximum value of 8, which 

reflect the randomness. 

5. Conclusions and Future Work 

The fractional-order domain gives extra degrees of 

freedom per system dimension and this helps in securing 

the key generation. Also, it increases the range of system 

parameters in which the system can be chaotic. The 

proposed system has three extra degrees of freedom more 

than the conventional Lorenz or Rossler cases. Moreover, 

strong sensitivity to system parameters makes chaotic 

generators more practical for use in image encryption. The 

sensitivity of the fractional-order parameters has been 

tested by changing the lease significant bits and the results 

were very satisfactory. Future work includes enhancing the 

encryption algorithm by adding a permutation stage for 

image pixels. Our current implementation uses stream 

encryption, which works on each pixel separately. This 

work can be extended to block-based encryption, which 

will be more secure. 
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Table III: The correlation coefficients and differential attack measures for two different resolutions of Lena image 

 Lorenz (Lena 256 × 256) Lorenz (Lena 1024×1024) Rossler (Lena 1024×1024) 

 H V D H V D H V D 

Red -0.0028 -0.0027 0.0052 0.0004 -0.0009 -0.0003 -0.0008 0.0001 -0.0002 

Green -0.0016 -0.0066 -0.0036 -0.0029 -0.0006 0.0007 -0.0003 0.0003 -0.0009 

Blue -0.0073 0.0042 0.0027 -0.0004 -0.0017 0.0010 -0.0024 0.0004 0.0004 

Average 0.0039 0.0045 0.0038 0.0012 0.0011 0.0007 0.0012 0.0003 0.0005 

 MAE NPCR % UACI % MAE NPCR % UACI % MAE NPCR % UACI % 

Red 84.4256 46.8452 15.7267 84.2355 86.4153 29.0217 84.2197 86.4147 29.0349 

Green 77.8605 46.8586 15.7428 77.9644 86.4193 29.0447 78.1030 86.4178 29.0351 

Blue 70.4003 46.8485 15.7253 70.3602 86.4169 29.0328 70.3823 86.4184 29.0283 

Average. 77.5621 46.8508 15.7316 77.5200 86.4171 29.0331 77.5683 86.4170 29.0328 

Table IV: The results of NIST test suite for Lena image with resolution 1024 × 1024 

Test 
Lorenz Rossler 

P-VALUE  PROPORTION  P-VALUE  PROPORTION  

Frequency 0.048716  0.958  0.534146  1.000  

Block Frequency 0.002971  1.000  0.066882  1.000  

Cumulative Sums 0.425214  0.958  0.208684  1.000  

Runs 0.350485  0.958  0.213309  1.000  

Longest Run 0.012650  1.000  0.350485  1.000  

Rank 0.739918  0.958  0.162606  1.000  

FFT 0.534146  1.000  0.534146  1.000  

Non Overlapping Template 0.375234  0.993  0.339083  0.989  

Overlapping Template 0.006196  1.000  0.437274  1.000  

Universal 0.048716  1.000  0.162606  1.000  

Approximate Entropy 0.122325  1.000  0.437274  1.000  

Random Excursions 0.233453  0.992  0.112370  1.000  

Random Excursions Variant 0.165844  0.996  0.088830  1.000  

Serial 0.404928  1.000  0.281897  0.979  

Linear Complexity 0.213309  1.000  0.275709  1.000  
 

Table V: The encrypted, correct decrypted and three wrong decrypted images of Lena for different resolutions 

 
 

Encrypted 

Image 
Decrypted Image 

Wrong Decrypted 

𝚫𝜶 

Wrong Decrypted 

𝚫𝑿𝟎 

Wrong Decrypted 

𝚫Reset 

R
o

ss
le

r Lena  

(256 × 256) 

 

     

L
o

re
n

z 

Lena  

(256 × 256) 

 

     

Lena  

(1024 × 1024) 

 

     
 

Table VI: MSE and entropy results of different correct and wrong decrypted images with different resolutions 

 Image Case 
MSE Entropy 

R G B R G B 

R
o

ss
le

r 

Lena 

𝟐𝟓𝟔 × 𝟐𝟓𝟔 

Exact 0.00 0.00 0.00 7.2353 7.5683 6.9176 

Wrong Decrypted 𝚫𝜶 10502.33 9000.80 6862.06 7.9971 7.9976 7.9972 

Wrong Decrypted 𝚫𝑿𝟎 10577.68 8950.17 7078.34 7.9967 7.9972 7.9972 

Wrong Decrypted 𝚫Reset 10589.88 9007.03 7060.99 7.9971 7.9972 7.9970 

L
o

re
n

z 

Lena 

𝟐𝟓𝟔 × 𝟐𝟓𝟔 

Wrong Decrypted 𝚫𝜶 10545.14 9019.71 7060.10 7.9968 7.9972 7.9969 

Wrong Decrypted 𝚫𝑿𝟎 10616.61 9028.90 7099.40 7.9972 7.9972 7.9972 

Wrong Decrypted 𝚫Reset 10585.58 8914.07 7047.67 7.9971 7.9971 7.9971 

Lena 

𝟏𝟎𝟐𝟒 × 𝟏𝟎𝟐𝟒 

Exact 0.00 0.00 0.00 7.2516 7.5919 6.9491 

Wrong Decrypted 𝚫𝜶 10626.49 9049.56 7107.42 7.9998 7.9998 7.9998 

Wrong Decrypted 𝚫𝑿𝟎 10629.66 9053.20 7109.69 7.9998 7.9998 7.9998 

Wrong Decrypted 𝚫Reset 10633.12 9053.49 7084.28 7.9998 7.9998 7.9998 
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Abstract—This paper proposes an approach for mod-
elling noise due to fractional capacitor (FC) realized using
domino ladder network. The proposed noise model has
been applied in analyzing noise in fractional order (FO)
Sallen-Key filter. The output noise power spectral density
of the FO filter has been calculated. The theoretical analy-
sis and simulation studies show that the noise contribution
due to FCs changes with the change in the order of FCs.
However, the change may not be significant in comparison
with the overall noise level of the circuit.

1. Introduction

In analog circuit design, noise is a disturbance that in-
terferes with the signal of interest. Noise also refers to any
undesired excitations which exhibit random behavior [1],
[2], [3] and is inherent to any analog circuit, arising from
different sources. Due to such inherent noise levels of the
constituent components, the analog circuits are limited to
perceive small changes in input signals [4], [5].

Fractional order (FO) filter design and its realization are
among the most recent areas of interest. FO filter circuits
have been discussed thoroughly in literature [6], [7], how-
ever, noise analysis of these circuits is still in its early stage.

To study the noise performance of an electronic circuit,
all the noisy components are replaced by their equivalent
noise models [1]. The noise model of a resistor is a stan-
dard one and that of an OPAMP can be found in the cor-
responding data sheet [8]. Capacitors are considered to be
ideal, not contributing the noise. However, the noise con-
tribution due to FC [9], [10] and its effect on the noise level
of the overall circuit is not known. This calls for the noise
model of FC. In this work, the noise model of a FC is pro-
posed by approximating it with a domino ladder (DL) cir-
cuit. The proposed noise model for FC has also been used
to study the noise performance of FO filter.

Organization of the paper is as follows. A noise model
for FC is proposed in Section 2. Using the proposed noise
model, noise analysis of FO filters are performed in Sec-
tion 3. The paper is concluded in Section 4.

2. Noise model of fractional capacitor

Ideally, all FCs, unlike conventional capacitors, are
noisy in nature due to the existence of real impedance in the
impedance expression of FCs. Analog realization of FC is
approximately done using truncated RC network [11], [12].
In this work, FC realized using domino ladder (DL) circuit
in Fig. 1 has been used for noise modelling and analysis.

The resistors and capacitors used in DL circuits form a

R0 R1 R2 R3 RN

C2 C3

FC

A B

B

C0 C1 CN

A

Figure 1: Domino ladder network for implementing FC

geometric progression as [11]:

Rj = g−jR0; Cj = G−jC0; (j = 1, ..., n) (1)

The impedance of the DL network [11]:

Z(s) = 1/CF s
α (2)

where, α = (1 − ν), ν = ln(G)
ln(Gg) , 1

CF
=

πcosec(πν)Rν
0

ln(Gg)C1−ν
0

and 0 < ν < 1. The order α of the FC can be varied
by assigning different values of g and G [11]. Similarly,
the bandwidth of FC can be varied by varying the product
R0C0 [12].

Thermal noise is modeled by a noise voltage e having
spectral density S in series with a noiseless resistor R.
Noise voltage e and PSD S can be expressed as

e =
√
4kbTR∆f (V ) (3)

S2 = 4kbTR
(
V 2/Hz

)
(4)

where, ‘kb’ is the Boltzmann’s constant, ‘T ’ is the abso-
lute temperature in Kelvin and ∆f is the noise equivalent
bandwidth (ENBW) [1]. Therefore, the noise model of FC
using DL circuit of Fig. 1 can be obtained by adding a ther-
mal noise source to each resistor as shown in Fig. 2.

2015 International Symposium on Nonlinear Theory and its Applications
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R0 R1 Rn

CnC0 C1

e0 ene1

Section-0 Section-1 Section- n

Figure 2: Noise model of FC realized using DL circuit

E0 EnE1Z0 Z1 Zn

(a) Equivalent model of circuit in
Fig. 2

ZNT SNT

(b) Equivalent noise
model of FC

Figure 3: Equivalent circuit models

Thermal noise of FC, using DL circuit, increases due
to the presence of chain resistors. Power spectral den-
sity Si corresponding to each noise source ei can thus be
expressed as Si =

e2i
∆f = 4kbTR0

V 2

Hz [1]. Applying
Thevenin equivalent to each section of the domino ladder
circuit (Fig. 2), the equivalent noise model becomes a series
combination of noise sources and their noise impedances
as shown in Fig. 3(a) where, Ei =

ZCi

Ri+ZCi
ei, Zi =

Ri||ZCi , ZCi is the impedance of Ci and (i = 0, ..., n).
Mean square noise voltage of the FC:

V 2
NT = (E0 + .... + En)2 = E2

0 + ... + E2
n (5)

V 2
NT =

e20
(1 +R0C0s)2

+ .... +
e2n

(1 +RnCns)2
(6)

From Eqns. (1), (3) and (6), V 2
NT can be expressed as

∣∣∣V 2
NT

∣∣∣ = 4kbT∆f
n∑

i=0

g−iR0

1 + g−2iG−2iR2
0C

2
0ω

2
(7)

The power spectral density (PSD) of the total noise (using
the relation ln(G)

ln(Gg) = 1− α given after Eqn. (2))

SNT =
∣∣∣V 2

NT

∣∣∣/∆f = 4kbTR0

n∑
i=0

g−i

1 +G
2i

α−1 p2ω2
(8)

and ZNT , the total noise impedance:

ZNT = Z0 + Z1 + ...+ Zn = 1/CF s
α (9)

The overall noise model of FC is simplified to a noise PSD,
SNT in series with an impedance ZNT shown in Fig. 3(b).

2.1. Effect of order α on output noise PSD

From Eqn. (8), it is clear that, the noise power spectral
density of a FC depends on the frequency of operation ω,

0 20 40 60 80 100
0

1

2

3
x 10

−15

Frequency (Hz)

S N
T
 (

v2 /H
z)

p = 0.01

p = 0.1
p = 1

(a) α = 0.5

0 20 40 60 80 100
0

1

2

3
x 10

−15

Frequency (Hz)

S N
T
 (

V
2 /H

z)

p = 0.1

p = 1
p = 0.01

(b) α = 0.8

Figure 4: Noise power spectral density of fractional capac-
itor for different α

Table 1: Components of DL circuits in calculating noise
PSD due to FC (n+ 1: RC-sections in DL circuit)
R0 CF p (= R0C0) (n)

100 kΩ 10−6 [F/s(1−α)] 0.01, 0.1, 1 15

the parameter p (= R0C0) and the order α. The variations
of PSD are shown in Fig. 4.

Here, the fractional capacitance (CF ) is kept constant
with CF = 10−6 [F/s(1−α)]. Component values chosen
for simulation of noise PSD of FC are presented in Table 1.

2.2. Effect of component values chosen for domino lad-
der circuit on output noise PSD

Representation of FC using RC network is not unique.
Even, with a fixed value of fractional capacitance (CF ) and
order (α), the realization using DL network can be differ-
ent with different values of R0 and C0, initially chosen.
As a result, the noise model deployed in this section is not
unique, that can be seen from Fig. 4(a) and 4(b). For a
particular value of FC CF , order (α), and p (= R0C0), the
value of G and g (as defined in Eqn. (1)) are fixed as shown
in Table 2.

Table 2: Geometric ratios G and g used in DL network for
FC, CF = 10−6 [F/s(1−α)]

Order
Geometric ratio ’G’ Geometric ratio ’g’

(α) p = 0.01 0.1 1 p = 0.01 0.1 1

0.5 4.8 1.64 1.17 4.8 1.64 1.17

0.8 53.6 1.97 1.11 2.70 1.18 1.02
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3. Noise analysis of fractional order Sallen-Key filter

The proposed noise model has been applied for analysis
of noise in FO Sallen-Key filter shown in Fig. 5. The filter

R1

Vi

R1

R
FC1

Vo

R

FC2

Figure 5: FO Sallen-Key filter using two FCs

contains two FCs: FC1 of order α and FC2 of order β (0 <
α, β < 1). For noise analysis, all the noisy components
have been replaced by their equivalent noise models and
the input signal sources have been shorted to ground. The
noise model circuit is shown in Fig. 6 where, e1 = e2
and e11 = e12 are the thermal noise voltages of R1 and
R respectively; ZNT1 and ZNT2 are the impedance; and
VNT1 and VNT2 are the thermal noise voltages of FC1 and
FC2 respectively. The transfer function of the filter:

Noiseless
      R 1

In

Ip ep

+

-

Noiseless
      R 1

Noiseless
       R

ZNT1

VNT1

Noiseless
opamp

Noiseless
FC1

e1

e12

e2

Noiseless
       R

ZNT2

VNT2

Noiseless
FC2

e11
Etotal

Figure 6: FO filter circuit incorporating noise sources.

H(s) =
V0(s)

Vi(s)
=

Ka2

sα+β + 2asα − asβ + a2
(10)

where, K = 2 is gain of the filter and a = 1
RCF

.
Effect of individual noise source on the output PSD (Fig. 6)
is calculated considering one noise source at a time while
all other components are assumed to be noiseless. Finally,
all the effects are added to evaluate the total noise effect. A
noiseless OPAMP has been assumed to be ideal.

The filter parameter values used for simulation are pre-
sented in Table 3 where OPAMP specifications (In, Ip and
ep) are as per the data sheet [2].

3.1. Output noise PSD due to resistors

1) Output noise PSD due to resistors R1 with noise
source e1 and e2 are same and can be expressed as∣∣V0e1

∣∣2
∆f

=

∣∣V0e2

∣∣2
∆f

= 4kbTR1
m+ n+ u

m+ n− u
(11)

where, m = ω2(α+β) + a2ω2β + 4a2ω2α + a4,
n = 2aω(α+2β) cos(απ2 ) + 4aω(2α+β) cos(βπ2 ) +

Table 3: Component values used for simulation
Component Value
R1 1 kΩ
R 10 kΩ
CF (both FC1, FC2) 10−6 [F/s(1−α)]

a (= 1
RCF

) 100
α, β 0.5, 0.8, 1
p (= R0C0) 0.1, 0.1, 1
OPAMP LF411
fnc 50 Hz
In 0.04× 10−12 A√

Hz

Ip 0.04× 10−12 A√
Hz

ep 25× 10−9 V√
Hz

4a2ω(α+β) cos( (α−β)π
2 ), and u =

2a2(ω(α+β) cos( (α+β)π
2 )+aωβ cos(βπ2 )+2aωα cos(απ2 )).

2) Output noise PSD due to R with noise source e11:

Se11 =

∣∣V0e11

∣∣2
∆f

= 4kbTR
4a4

m+ q + r
(12)

where, q = 4aω(2α+β) cos(βπ2 ) − 2aω(α+2β) cos(απ2 ) −
4a2ω(α+β) cos( (α−β)π

2 ) and r =

2a2(ω(α+β) cos( (α+β)π
2 )+2aωα cos(απ2 )−aωβ cos(βπ2 )).

3) Output noise PSD due to R with noise source e12:

Se12 = 4kbTR
a4 + a2ω2β + 2a3ωβ cos(βπ2 )

m+ q + r
(13)

4) The total contribution in output noise PSD due to resis-
tors can thus be calculated using Eqn. (14) and the corre-
sponding response is shown in Fig. 7(a)

SR =

∣∣V0e1

∣∣2
∆f

+

∣∣V0e2

∣∣2
∆f

+

∣∣V0e11

∣∣2
∆f

+

∣∣V0e12

∣∣2
∆f

(14)

Output noise PSD due to resistors is more when α < β
and its value decreases when α > β as 3-dB bandwidth
of FO filter for α < β is more than that for α > β [7]
and noise bandwidth is linearly proportional to 3-dB band-
width. Values of equivalent noise bandwidth for different
combinations of orders of FCs are given in Table 4.

3.2. Output noise PSD due to OPAMP

The output noise PSD due to OPAMP depends on ep,
Ip and In where, In and Ip are the noise current at invert-
ing and non-inverting input respectively; and ep is the input
noise voltage. The input noise of an OPAMP contains ther-
mal noise, shot noise and flicker noise [2]. Therefore, noise
PSD due to OPAMP, SOP , can be evaluated as a combina-
tions of 1

f noise and white noise as:

Erms(OP ) =
√∫∆f

0
SOP df + fnc

∫∆f

0
SOP

f df (15)
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where fnc is the noise corner frequency [2].
Output noise PSD due to ep, Ip, and In can individually

be derived in similar manner. The contribution of noisy
OPAMP on the output noise PSD is presented in Fig. 7(b).

3.3. Output noise PSD due to FCs

Output noise PSD due to FC1:

SFC1 =
|V0V NT1|2

∆f =
∣∣SNT1

∣∣
K2(ω2(α+β)+4a2ω2α+4aω(2α+β) cos(

(α+β)π
2 ))

m+q+r

(16)

Output noise PSD due to FC2 can be obtained similarly;
and the total output noise PSD due to FCs is SFC =
SFC1 + SFC2. The response is shown in Fig. 7(c).
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Figure 7: Output Noise PSD of FO Sallen-Key filter

3.4. Total output noise of the FO Sallen-Key filter

Total output noise of FO filter can be calculated com-
bining the noise contributions due to resistors, fractional
capacitors and OPAMP; and given in Table 4.

4. Conclusion

A noise modeling technique for FC is proposed. Using
this approach, the noise analysis of FO Sallen-Key filter cir-
cuit has been carried out. It is observed that the noise con-
tribution of FCs on over all noise level of the circuit varies

Table 4: Total noise voltage (Erms) of the FO filter (∆f :
equivalent noise bandwidth, Erms: total noise voltage)
(α, β) (0.5, 0.8) (0.8, 0.5) (1, 1)

f3dB (Hz) 120.3 11.56 15.91

∆f (Hz) 2.91× 102 37 25

Erms (volt) 3.62×10−6 1.42×10−6 2.04×10−6

with the orders of FCs. To the best of the authors’ knowl-
edge, the approach used in this paper is being reported for
the first time. Further studies on noise analysis based on
more fundamental concepts are needed to develop a sys-
tematic approach on noise analysis of fractional order cir-
cuits. Moreover, the noise analysis, in this work, has been
done based on approximate model, DL network. There-
fore, further developments should be based on both actual
model and fabricated device. Work is going on the detailed
study and experimental validation.
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Abstract—We numerically study characteristics of dy-
namical response of a cascaded semiconductor laser system
driven by broadband light with randomly fluctuating phase
and amplitude. The output light waveform of the cascaded
laser system is thoroughly determined by the injected light
when the system exhibits a consistent response. We ex-
amine the frequency components of the injected light that
dominantly affect the output. It is shown that the output is
dominated by components in a particular frequency band
and the width of this band strongly depends on detunings
between two consecutive lasers in the cascade. We clarify
a mechanism underlying this dependence.

1. Introduction

In a variety of dynamical systems, it is often observed
that a system reproduces a consistent output in response to
a repeatedly applied external input signal: i.e., the output
waveform dose not depend on the initial condition but is
thoroughly determined by the external signal. This prop-
erty is called consistency [1].
The consistency property closely relates with synchro-

nization between two independent dynamical systems
which are driven by a common external input signal: two
systems synchronize with each other if the system with a
given input signal has consistency, and vice versa. This
common-signal-induced synchronization (CSIS) has been
of much interest and theoretically studied by several au-
thors in the case of random input signal [2, 3, 4].
The CSIS in semiconductor lasers driven by common

random light has potential application to secure commu-
nications. Recently, a secret key distribution scheme us-
ing correlated randomness in cascaded laser systems driven
by injection of common random light with broad band-
width, which has fast randomly fluctuating phase and/or
amplitude, has been proposed [5, 6]. The security of this
scheme relies on the difficulty of completely observing the
broadband common random light with current technology.
Such approach using the limits of observation technology
is called bounded observability approach [7].
In order to achieve higher security in the above scheme,

it is necessary to use a common random light with broader

Figure 1: Illustration of system configuration (a) and laser
unit (b).

bandwidth, which is more difficult to completely observe.
In addition, it is desirable that a large fraction of the fre-
quency components of the random light effectively affects
the output of the cascaded laser system, provided that the
system has consistency. We call the frequency band of the
injected random light that almost determines the output the
principal frequency band (PFB).
It has been shown that a single-mode semiconductor

laser has consistency for injection of a random light with
broad bandwidth up to the order of THz [8, 9, 10]. The PFB
has been numerically studied in such a case and shown to
be much narrower than the bandwidth of the original ran-
dom light [10]. This result indicates necessity of a method
of extending the PFB for the secret key distribution appli-
cation. In this paper, we investigate the PFB of a cascaded
single-mode semiconductor laser system which is injected
with a broadband random light, and propose a method of
extending the PFB.

2. Model

Consider the system illustrated in Fig. 1(a), which is
used in our simulation. A portion of light from a random
light source (RLS) with broad bandwidth is injected into
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two response systems, which we call Response 1 and Re-
sponse 2. Each response system consists of a cascade of
� laser units, which are unidirectionally coupled via opti-
cal injection. We denote the �th unit in Response � with
����. Each unit consists of a semiconductor laser with an
optical self-feedback loop as shown in Fig. 1(b). The light
of the RLS is assumed to have fast and randomly fluctuat-
ing phase and amplitude. The RLS can be experimentally
implemented by using a super luminescent diode. The opti-
cal coupling is unidirectional from the RLS to the response
systems. A bandpass filter (BPF) is applied to the injected
light for Response 2.

2.1. Laser

To model the semiconductor laser units in the response
systems, we use the Lang-Kobayashi equation with optical
injection:

�����

��
�

�
������ �

� � �	

�

� ����� �����

�
����

�
��
���

������� �� 	
������ �
����
���

��������� (1)

�����

��
� � �

�

��
���� �
� ����� ���� ������

	� (2)

where � � �� � indicate Response 1 and Response 2, re-
spectively, the unit number is indicated by � � �� � � � � � .
���� and ���� represent the complex electric field and
the carrier number density of unit ����, respectively, 	
the linewidth enhancement factor, �� the optical feed-
back strength, � the external-cavity delay time, � ������� the
complex electric field of the injected light to ����, and
���� the injection strength. The injected light is given by
�������� � �����
��� for � � �� � � � � � , while we will de-
scribe �������
 in the following subsections. Let ���� be
the light generated by the RLS and �� be its center optical
angular frequency. We denote the optical angular eigenfre-
quency of ���� with ����. The detuning parameter �����

is defined by ����� � ���� � ��. For later use, we define
the frequencies �� � ����� and ���� � �������.

2.2. Random light

We describe a model for the RLS output ����. Let ����
and ���� be fluctuations in amplitude and phase of ����
defined by ���� � ��� � � ����� � 	
�������, where ��

and � are positive constants. We assume ���� and ���� are
described by the stochastic differential equations

��

��
� ����� �

�
���� ���� (3)

and
��

��
�
�
���� ����� (4)

where �� is a positive constant. In Eqs. (3) and (4), ����
and ���� are the normalized white Gaussian noise with

Figure 2: Illustration of ������	 for the bandpass filter.

the properties ������ � ������ � �, ���������� � �,
and ���������� � ���������� � Æ�� � ��, where ��� de-
notes the ensemble average and Æ is Dirac’s delta func-
tion. The amplitude ���� is the Ornstein-Uhlenbeck pro-
cess, and it has the properties ������ � � and ���������� �
	
����� � �����. This indicates that the correlation time
of ���� is given by ��. On the other hand, ���� has the
property ������ � ����	� � ���


� �� � ��. Since ���� has
the diffusion constant ��


� , its characteristic time for cor-
relation decay can be defined by ��. Therefore, �� gives
the time scale of fluctuation of ����. This implies that the
bandwidth of ���� is of the order of � �


� .
The injected light to the first unit is just given by

�����
�
��� � ���� for Response 1. On the other hand, for
Response 2, it is given by the light obtained by passing����
through a bandpass filter.

2.3. Bandpass filter

A bandpass filter is used for the injection to Response 2.
We describe its details. Let � and �� be positive constants,
and ����� � ���� 	
��������. Using this �� , we define a
new variable � by the equation

��
��

��
� �� � ������ (5)

The injected light for Response 2 is given by � ����	�
��� �
� ��� 	
�������. The frequency response function ����
of this filter, which transforms � to �����	�
, is obtained as
���� � ����� ��������������. Figure 2 illustrates its
modulus square ������	 � ���� � ������� � �� � ���	.
The center frequency of ������	 is given by ����, and its
half-maximum half width (HMHW) by ����� � , which we
denote with Æ.

2.4. Parameters

In our numerical simulations, the following parameter
values were used: 
� � ��� � ���
	���
� �� �
������	���� ��� � ��������	���� ��� � ���� �� �
���� ��� � � ��� ��� ��� � �, 	 � �, �� � ���, ���� � �,
and � � ���� ���, where ��� � ������ is the lasing
threshold of injection current. For this value of � , each
laser in the response systems have the relaxation oscil-
lation frequency 1.5 GHz. We assumed �
�� � �	��
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Figure 3: Contour plot of correlation � in ��� Æ� plane. Pa-
rameters are� � � and����� � ����� � �.

Figure 4: Æ��� vs. �� for cascaded laser systems: � �
� (open circle) and� � � (filled circle). Æ��� for� � � is
also shown by dashed line.

for � � �� � � � � � and ����� � � for 	 � �� �. As
for the injected light, we set 
� � �	
, � � ���, and
�� � ���������� ���� ����

���.

3. Numerical simulation

We are interested in the frequency components of ����
that strongly affect the output of a response system, i.e.,
the PFB, provided that the system has consistency. For this
purpose, we compare the outputs of both response systems.
In order to measure the similarity of their outputs, we use
the correlation between the output intensities ����� of the
two response systems, where ����� � ����� �����. The cor-
relation between ����� and ����� is defined by

� �
���� � ������ � �����

����
� (6)

where �� and �� are the average and the standard deviation
of �� , respectively, and ���� denotes the time average. By
definition, � is in the range �� � � � �, and it takes
the maximum � � � when the outputs are identical, i.e.,
����� � �����.

Figure 5: � �� vs. �� in cascaded laser system of� � �.

It was confirmed that the response system has the con-
sistency property in an appropriate parameter region. The
following numerical calculations were carried out for pa-
rameter values in such a region.
We numerically calculated the correlation � for differ-

ent values of the bandpass filter parameters ��� Æ� to exam-
ine which frequency components of ���� dominantly affect
the response system output. Figure 3 shows an example of
contour plot of � in ��� Æ� plane for the system of � � �.
Values of � close to unity imply that Response 2 can accu-
rately reproduce the output of Response 1 although their
injection lights are not identical with each other. If we
use � � ��� as a reference value, accurate output repro-
ducibility with � � ��� is achieved in a wedge-shaped
region above red line in Fig. 3. This region takes the min-
imum value of Æ at point P located at ��� Æ� � ����� ���:
the minimum HMHW needed for achieving � � ��� is
Æ � �� GHz, and the optimal center frequency of the fil-
tered band, which achieves � � ��� with this minimum
HMHW, is given by �� � � � �� � �� GHz. This fact in-
dicates that only the frequency components of ���� in the
band of � � ��� GHz and Æ � �� GHz almost determine
the output of Response 1.
Let Æ��� be the minimum value of Æ, and ���� be the

value of � at the point achieving Æ���. We define the PFB
by the frequency band characterized with ���� and Æ���.
Contour plots of ���� Æ� for different � are qualitatively
the same as Fig. 3, and thus ������ Æ���� of the PFB can be
defined analogously.
We investigate how the PFB depends on the detunings

������ � ���� between two consecutive units and the num-
ber � of units. For simplicity, we assume that the detun-
ings are the same for all � � �� � � � � � and 	 � �� �: i.e.,
����������� � �� . Figure 4 shows Æ��� plotted as a func-
tion of �� for different � . The value of Æ��� for � � �
is also shown for comparison. This figure shows that the
dependence of Æ��� on�� is qualitatively the same in both
cases of � � � and �: Æ��� is nearly constant in a region
of negative and small positive �� while it increases with
increasing�� for large positive�� . It is clearly observed
that systems with � � � can achieve larger values of Æ���
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Figure 6: Illustration of mechanism for PFB in cascaded
laser system.

than that of the single unit system, provided that �� � �
is sufficiently far from zero. In addition, Æ��� increases as
� increases for a fixed�� � �. Based on these numerical
results, it may be concluded that the PFB bandwidth can
be extended by using a cascaded laser system with large
� and appropriate�� , compared with the single laser unit
system.
In order to understand the �� -dependence of Æ ���, we

consider the simplest cascaded laser system of� � �, and
examine the frequency difference � �� � ��� � ��� between
its first and second units, where ��� is defined by

��� � ���
���

	

���

�������� �� ���������� � (7)

This ��� is the mean frequency of �th unit of Response
1, which differs from its eigenfrequency ����. Figure 5
shows � �� plotted against �� . It can be seen that � �� is
close to zero and only weakly depends on�� , i.e., the fre-
quency locking occurs, in a region approximately given by
�� 	 	�. This region approximately coincides with the
region of near constant Æ��� observed in Fig. 4. Outside
the frequency locking region, � �� rapidly increases as ��
increases, and it should be noted that Æ��� also rapidly in-
creases.
We discuss a mechanism underlying the�� -dependence

of Æ���. Let us consider the mean frequencies ��, ���, and
��� in the case of� � �, and assume that they are different
from each other and � �� � ��� � ��� � �. This situation is
illustrated in Fig. 6. The PFB of a single laser unit has been
investigated in [10], and it has been shown that the PFB is
centered at the mean frequency of the laser output. Based
on this fact, the two laser units have their PFBs as shown
by shaded bands in Fig. 6, which are labeled by 
� and

�. The first unit has an output spectrum shown in Fig. 6,
which has most of its power near the peak at ���. This is just
the spectrum of input signal to the second unit. The second
unit is sensitive to the input components within its PFB
�,
and then the output strongly depends on these components
in spite of their small power. On the other hand, the sec-
ond unit output also strongly depends on the input compo-
nents around ��� since they have large power, although the
second unit is insensitive in this frequency range. This im-
plies that the PFB of the cascaded laser system is given by

the minimum frequency band of ���� that dominates the
components in these two bands of the first unit output, as
indicated by 
��� in Fig. 6. Thus, the bandwidth of 
���

increases with increasing� �� � ��� � ���. This mechanism
explains the�� -dependence of Æ���: both Æ��� and� �� are
approximately constant in the frequency locking region in
�� while both of them increases as �� increases outside
the locking region.

4. Conclusions

We numerically studied the PFB of a cascaded semi-
conductor laser system injected with broadband random
light in the parameter regime that the system has consis-
tency. It has been shown that the PFB bandwidth can be
extended by using cascade systems consisting of multiple
laser units with large detunings, compared with the single
unit system. It has been found that the PFB bandwidth Æ���
strongly depends on the detuning�� between two consec-
utive units in the cascade: Æ��� is approximately constant
in the frequency locking region while it rapidly increases
with increasing �� outside the region. We have clarified
the mechanism underlying this �� -dependence of Æ ���.
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CentraleSupelec - Université de Lorraine, 2 rue Edouard Belin, F-57070 Metz, France.

∗ Institute of Solid State Physics, 72 Tzarigradsko Chaussee Blvd., 1784 Sofia, Bulgaria.

Email: mvirte@b-phot.org

Abstract—In this contribution, we focus on the double-

scroll polarization chaos dynamics that can be generated in

free-running vertical-cavity surface-emitting laser diodes.

At first glance, the two scrolls of the chaotic attractor seems

to be symmetrical, but we report here clear experimen-

tal indications that the dynamics is in fact asymmetric: in

particular, we unveil a peculiar statistical evolution of the

dynamics. Physically, we demonstrate that the symmetry

breaking mechanism corresponds to a misalignment of the

phase and amplitude anisotropies in the laser cavity. By in-

troducing this additional feature in the theoretical spin-flip

model for VCSELs, we can then efficiently reproduce all

the dynamics observed experimentally. Finally, we address

the problematic of exploiting polarization chaos in chaos-

based applications. We make a proof-of-concept demon-

stration of a random bit generation scheme based on po-

larization chaos, and despite non-optimal characteristics of

the dynamics, we successfully obtain performances com-

petitive with other state-of-the-art systems.

1. Introduction

Semiconductor lasers are classified as class B lasers [1,

2], i.e. devices typically exhibiting two degrees of freedom,

and therefore behave as damped nonlinear-oscillators. As

a result, to generate a chaotic output with a laser diode at

least one additional degree of freedom is required. In prac-

tice, external perturbation or forcing such as optical injec-

tion, feedback or modulation are used to induce chaotic be-

haviour in the lasers. But an additional degree of freedom

can also appear directly inside the device itself: we recently

showed that the polarization mode competition in vertical-

cavity surface-emitting lasers (VCSELs) could indeed lead

to chaotic dynamics [3].

The dynamics and the corresponding bifurcation scenario

can be accurately reproduced in the spin-flip model (SFM)

framework for VCSELs [4, 5]. When increasing the injec-

tion current, the linear polarization (LP) stable at threshold

is first destabilized by a pitchfork bifurcation which creates

two elliptically polarized (EP) states. These two steady-

states are symmetrical with respect to the LP at thresh-

old and experience the same bifurcations although with a

different orientation of the polarization. Two supercriti-

cal Hopf bifurcations create symmetrical limit cycles, and

then the system follows a period-doubling route to chaos.

As a result, two single-scroll chaotic attractors oscillating

around the two unstable EP co-exist. As they grow in the

phase space along with the injection current, they finally

merge to form a double-scroll attractor [3, 6].

2. Symmetry breaking and dynamical impact

As described above, in the SFM framework the system

exhibits a perfect symmetry between the two EP orienta-

tions and therefore between the two scrolls of the chaotic

attractor. However, this perfect symmetry does not match

the experimental observations.

First, in the chaotic devices we observed a peculiar bista-

bility between two limit cycles oscillating around the two

EP orientations [7]. Although the co-existence of the two

limit cycles was expected, the difference of amplitude and

frequency, along with the clear hysteresis cycle between

the two periodic solutions, does not correspond to a sym-

metrical system. Similarly, statistical features of the polar-

ization chaos dynamics also support this interpretation. As

displayed in Fig. 1, the average dwell-time - i.e. the time

between two successive jumps between the two EP orienta-

tions - shows, in some devices, a strongly asymmetric evo-

lution for increasing injection currents. Not only one EP

orientation is preferred over the other - we observe a differ-

ence in the average dwell-time up to 2 orders of magnitude

-, but this affinity is changed for different levels of current,

accompanied by a relatively strong increase of the aver-

age dwell-time. At larger currents, the difference between

the two sides of the attractor are reduced as the dwell-time

tends toward the nanosecond level for both orientations. At

this point, it is important to notice that this behaviour is

not observed in all chaotic devices as mentioned in [8]. In-

deed some VCSELs show statistical features much closer

to the simple exponential decrease observed for the sym-

metric case.

Theoretically, the spin-flip model (SFM) used so far
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Figure 1: (Top) Typical time-series of the polarization

chaos dynamics projected at 45◦ of the LP at threshold.

The blue and red frame highlight the upper and lower lev-

els of the time trace corresponding to the two EP orien-

tations. (Bottom) Strongly asymmetrical evolution of the

dwell-time statistics of the dynamics for increasing injec-

tion currents. The blue squares (red empty triangles) show

the evolution for the upper (lower) level of the time-series.

and with which polarization chaos dynamics and its corre-

sponding bifurcation scenario can be accurately reproduced

is not sufficient any longer. Within this framework the two

EP orientations are perfectly symmetric and therefore no

differences can arise between the two sides of the chaotic

attractor. In order to enable the emergence of asymmetrical

features we therefore need a symmetry breaking mecha-

nism. As described in [9], a misalignment of the phase and

amplitude anisotropy can efficiently play this role, and thus

the equation of SFM becomes:

Ṙ+ =κ(N + n − 1)R+ − R−
(

γacos(φ) + γ+p sin(φ)
)

Ṙ− =κ(N − n − 1)R− − γaR+cos(φ) + γ−p R+sin(φ)

φ̇ =2καn + γasin(φ)

(

R−

R+
+

R+

R−

)

+

(

γ−p
R+

R−
− γ+p

R−

R+

)

cos(φ)

Ṅ =γ(µ − N − (N + n)R2
+ − (N − n)R2

−)

ṅ = − γsn − γ((N + n)R2
+ − (N − n)R2

−)

with R± the electrical field amplitude for the right (+) and

left (-) circular polarizations, φ the phase difference be-

tween the two circular polarizations, N the normalized to-

tal carrier population and n the normalized carrier popula-

tion difference between the two reservoirs. κ is the elec-

tric field decay rate in the cavity, γ is the carrier decay

rate and γs is the spin-flip relaxation rate that accounts for

the spin homogenization of the spin up and spin down car-

rier populations. α is the linewidth enhancement factor,

µ is the normalized injection current. Finally, the phase

anisotropy or birefringence is γp whereas γa is the am-

plitude anisotropy. For simplicity, we define the effective

anisotropies: γ±p = γp ∓ sin(2θ)γa and γa = cos(2θ)γa. θ

is defined as the angle between the axis of maximum fre-

quency and the axis of maximum losses. Unless stated oth-

erwise, we use the following parameters: κ = 600 ns−1,

α = 3, γa = −0.7 ns−1, γp = 5 ns−1, γ = 1 ns−1 and

γs = 100 ns−1.

In Fig. 2, we show the impact of such anisotropy mis-

alignment on the bifurcation diagram of the system: we

see that the pitchfork bifurcation is immediately destroyed

for θ , 0, hence forming one main branch connected to

the LP state stable at threshold and a second branch created

by a saddle-node bifurcation. As a result of this separation,

we observe that the two Hopf bifurcations creating the limit

cycles - which will be later be degenerated to single-scroll

chaotic attractors - appear at different injection currents. In

fact, we observe a shift of the complete bifurcation sce-

nario, thus leading e.g. to the limit cycle bistability high-

lighted in [7].

For some set of parameters, we also observed a restabiliza-

tion of the two limit cycles within the region of polarization

chaos. Interestingly, these cycles are only marginally stable

and a tiny amount of spontaneous emission noise is suffi-

cient to kick the system out of their basin of attraction. Yet,

their existence influences the statistics of the dynamics and

typically leads to an increase of the dwell-time. Then con-

sidering an asymmetric case, the stability range of the two

restabilized limit cycles will shift, therefore impacting only

one side of the chaotic attractor at a time. As a result, an

asymmetrical evolution similar to the one displayed in Fig.
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Figure 2: Evolution of the bifurcation diagram in the A =

R2
+/(µ − 1) versus increasing injection current plane with-

out (top, a) and with (bottom, b) anisotropy misalignment.

The black line is the steady-state stable at threshold while

the blue line shows the EP steady-state(s). Red circles, dia-

monds and stars represent pitchfork, Hopf and saddle-node

bifurcations respectively. The green and orange curves are

the limit cycles created by the two Hopf bifurcations on the

upper and lower EP orientations respectively. Thick (thin

dashed) lines indicate stable (unstable) steady-states. For

simplicity, no stability information is displayed for limit

cycle branches.
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1 will be obtained. In practice, with the parameters used

in this contribution and a noise level of only βsp = 4.10−9

- which is few orders of magnitude lower than what can

be expected in a VCSEL device -, we demonstrated a good

agreement with the experimental results [8].

3. Applications of the polarization chaos dynamics

Obviously, from the applied physics viewpoint, the main

interest of generating a chaotic output without the need

for external perturbation or forcing is the simplicity of the

resulting physical setup as in e.g. [10, 11]. But a quick

comparison with state-of-the-art solutions for chaos-based

applications highlights some potential drawbacks of the

polarization chaos dynamics such as its low-dimension

and its limited bandwidth [12, 13, 14]. Indeed these

characteristics have been identified as crucial properties to

ensure high-performances for chaos-based applications,

and it therefore casts some doubts about the potential of

polarization chaos-based systems.

To verify these assumptions, we put in place a random

bit generation (RBG) scheme based on polarization chaos

from a free-running laser diode. As expected the physical

setup presented in Fig. 3(a) is extremely simple: the

chaotic polarization fluctuations are just converted in

intensity fluctuations using a polarizer and then recorded

using a photodiode and an analog-to-digital converter.

For simplicity, the collimation lens, the fiber coupler

sending the optical signal to the photodiode and the optical

isolator preventing back reflections from the fiber front

facet are not represented. All the details of the setup

and the equipment used can be found in [15]. It is also

important to remark that the optical power received by

the photodiode has been adjusted to ensure that the 8-bit

range of the ADC is fully covered. Nevertheless the

8-bit output cannot directly be exploited as a random

sequence; a suitable post-processing technique need to

be considered similarly to what is done in other schemes

[11, 13, 16]. One simple solution consist in keeping only

some of the least significant bits (LSBs) of each data

point of the time-series. Unfortunately in our case this

method lead to a biased output bit sequence even at low

sampling rate and considering only 1-LSB. As a result, we

decided to use a slightly more complex technique where

we compare the recorded time-series with a time-shifted

version of itself. In practice, with a time-shift of 0.25 ns

and keeping 5-LSBs at a sampling rate of 20 GSamples/s,

the output bit sequence pass all the NIST and dieHard

statistical tests [17, 18]; details can be found in [15]. This

result therefore suggest that performances up to 100 Gbps

could be obtained with the suggested scheme which is

competitive with the latest report.

Besides the performance itself, it is important to un-

derstand why we were able to obtain such result. In-

deed, we successfully obtain a random sequence from a

Polarizer

Chaotic
laser

8-bit ADC
(4 Ghz, 20GS/s)

Photodiode
(2.4 GHz)

s
2

/s
0

s3/s0

b

a

Figure 3: (a) Schematic of the physical part of the proposed

random bit generation scheme based on polarization chaos.

Using a polarizer oriented, the chaotic polarization fluctua-

tions are transformed into an intensity signal which is then

recorded using a low-bandwidth photodiode (2.4 GHz) fol-

lowed by an ADC. (b) Representation of the attractor of

polarization chaos projected in the Stokes parameter space.

low-dimensional chaotic dynamics recorded using a small-

bandwidth photodiode, while so far, most schemes have

been optimized to increase the system bandwidth with-

out detailed consideration of the dynamics peculiaritiesO-

liver2013. In [15], we demonstrate that the filtering from

the acquisition electronics actually plays the role of a first

randomness extraction stage. Although this is quite un-

intuitive, the low-pass filter leads to a significant increase

of the 1-bit entropy [14] as the largely correlated oscilla-

tions around the two wings of the chaotic attractor - shown

in Fig. 3(b) - are filtered out. This is mainly due to the

fact that the largest finite-time Lyapunov exponent is small

when the system oscillates around one EP orientation while

much larger values appear close to the switching point. The

random-like hopping between the two sides of the chaotic

attractor are therefore the events generating most of the

randomness. Hence, in this case, focusing on how to har-

vest these events will have a stronger impact on the perfor-

mances than an increase of the dynamics bandwidth.

4. Conclusion

The observation and identification of polarization chaos

represent a significant step forward in our understanding of

the nonlinear dynamics of VCSEls. It confirms the validity

of the SFM framework for VCSELs, and provides a deeper

insight on the impact of anisotropies on VCSEL dynam-

ics. Of course, these results also motivate further theoret-

ical and experimental investigations which would allow us

to fully understand VCSEL nonlinear behaviour.

On the other hand, we also demonstrate competitive per-

formances for RBG applications using this chaotic dynam-

- 263 -



ics. Despite dynamical features seemingly non-optimal for

chaos-based applications, the proposed scheme showed an

interesting potential in line with the most recent reports

[16, 19, 13]. In addition, our work highlights anew the

importance of considering the intrinsic dynamical proper-

ties of the chaotic signal to improve current systems fur-

ther. Finally, these results also encourage testing polariza-

tion chaos dynamics for other chaos-based applications.
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Abstract–We experimentally demonstrate two methods 

that use phase dynamics of ECL to generate wideband 
chaos without signature of feedback delay: delayed self-
interference and optical heterodyning. Experiments 
demonstrate that the incoherent delayed self-interference 
of an ECL can obtain chaos with about 10GHz bandwidth 
and ±3dB spectral flatness. The dominance of relaxation 
oscillation is cancelled and the time delay signature is 
suppressed. Optical heterodyning of ECLs can further 
enhance the bandwidth and spectral flatness, and totally 
eliminates the time delay signature. A wideband chaos 
with a colorless spectral bandwidth of 14GHz and a 
flatness of ±1.5dB is experimentally achieved. The optical 
heterodyning method provides an approach that generates 
white noise using chaos.  
 
1. Introduction 
 

Semiconductor laser with external-cavity feedback 
(ECL) has attracted extensive attention due to its various 
dynamics and applications, such as encrypted 
communications [1], physical random number generation 
[2], lidar [3], and time domain reflectometry [4]. 
Unfortunately, the chaotic intensity output of ECL is 
usually dominated by laser’s relaxation oscillation [5]. 
Resultantly, the bandwidth is limited to several 
gigahertzes, and then the encryption speed, the RNG 
generation rate and the ranging resolution are also limited. 
Furthermore, the ECL’s intensity chaos has signature of 
external-cavity feedback delay [6], which means that the 
intensity chaos is correlated to its previous state at the 
feedback delay. The delay signature resultantly reduces 
the complexity and randomness of chaos and is therefore 
harmful to random number generation [2]. Moreover, the 
delay signature leads to security flaw because the delayed 
feedback system may be reconstructed if the delay time is 
identified [7].  

Much effort has been devoted to enhancing the 
bandwidth of chaotic laser light or to suppressing the 
time-delay signature. For example, optical injection, from 
a chaotic laser into a static laser [8] or in opposite 
direction [5], has been proposed to enlarge the limited 

bandwidth. The delay signature can be hidden by laser’s 
relaxation period [9], and can be depressed by using 
complex feedback [10-12]. However, because their 
physical processes take place in laser cavity, the methods 
mentioned above cannot remove the dominance of laser 
relaxation oscillation. It is therefore interesting to 
establish whether an alternative method can generate a 
broadband chaos without signatures of relaxation 
oscillations and external-cavity delay.  

In this paper, we demonstrate two methods that utilize 
the phase dynamics of ECL to generate wideband chaos, 
and simultaneously to flatten spectrum by eliminating the 
dominance of relaxation oscillation and the signature of 
feedback delay. The two methods are the delayed self-
interference (DSI) of an ECL [13] and the optical 
heterodyning of two ECLs [14].  
 
2. Phase dynamics of an ECL 
 

We firstly analyze the phase dynamics of an ECL by 
using the Lang-Kobayashi equations [15]. The rate 
equations of electrical filed amplitude A and phase φ and 
carrier density N are shown as follows. 

1
ph N

in

1
( ) ( ) cos 2

2
A G A A t N

     


           (1) 

1
ph N

in

( ) 1
( ) sin 2

2

A t
G N

A A

       


 
   

 

    (2) 

1 2
N 0( )N J N g N N A                                             (3) 

where, G = g(N–N0)/(1+εA2), θ = 2πν0τ+ φ– φ(t – τ), τ is 
feedback delay, and ρ represents the amplitude feedback 
factor that indicates feedback strength as 10log10(ρ

2) dB. 
In simulations, N0 = 0.455×106 μm−3 is the transparency 
carrier density, g = 1.414×103μm3ns-1 is the differential 
gain, ε = 5×10-5 μm3 is the gain saturation parameter, τN = 
2.5 ns is the carrier lifetime, τph = 1.17 ps is the photon 
lifetime, τin = 7.38 ps is the round-trip time in laser cavity, 
α = 5.0 is the linewidth enhancement factor, β = 10-3 is the 
spontaneous emission factor, and Jth = 4.239 ×105 μm-3ns-1 
is the threshold current density. The last terms in 
equations (2) and (3) model spontaneous emission noise, 
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where ξ and ζ are standard normal distributed random 
numbers.  

Figure 1 shows the phase dynamics of ECL numerically 
obtained with a bias current J = 1.8Jth, feedback delay τ = 
5.0 ns, and solitary laser frequencies ν0=193.548 THz. 
Figs. 1(a)-1(d) plot the temporal waveform of laser phase 
and Figs. 1(e)-1(h) display the corresponding spectra of 
sinφ which are obtained with ρ = 0, 0.01, 0.03, and 0.10, 
respectively. For a solitary laser, i.e. ρ = 0, the laser phase 
exhibits tiny and randomly fluctuation with a spectrum 
plotted in Fig. 1(e), which shows a relaxation-oscillation 
frequency of 3.5GHz. For ρ = 0.01, the laser is driven to a 
quasi-period state. Seen from Figs. 1(b) and 1(f), laser 
phase obviously presents dynamics which mainly contains 
the relaxation oscillation and external-cavity resonance. It 
is worth noting from Fig. 1(c) that, strong feedback that 
induces chaos leads to more complex phase dynamics; 
there are no clear relaxation oscillation appearing in the 
temporal waveform. As shown in Fig. 1(g), the spectrum 
of phase becomes flat and does not have a peak at the 
relaxation-oscillation frequency. By comparing with Fig. 
1(h), one can find that further increase of feedback 
strength can widen and flatten the laser phase spectrum.  

Therefore, delayed self-interference of an ECL and 
optical heterodyning of two ECLs are proposed to convert 
the laser phase dynamical fluctuation into intensity and 
then generate wideband chaos.   
 
3. Delayed self-interference of an ECL 

 
Figure 2 shows the experimental setup of the delayed 

self-interference. The ECL consits of a distributed 
feedback (DFB) semiconductor laser with optical 

feedback from a mirror. In the feedback path, a variable 
attenuator and a polarization controller are used to adjust 
the strength and polarization state of feedback light, 
respectively. After an optical isolator, the ECL output is 
injected into a Mach-Zehnder interferometer, in which a 
fiber delay line is inserted to introduce optical path 
difference. The delayed self-interference (DSI) signal is 
the difference between the two outputs of the 
interferometer, and is expressed as  

0( ) ( ) cos[2 ( ) ( )]D d dI A t A t t t t        
         

(4) 

where, τd is the delay corresponding to the optical path 
difference.  

In our experiments, the DSI signal was detected by a 
balanced photodetector (40-GHz bandwidth, Discovery 
DSC-R410) that consists of two identical photodetectors 
and a differential amplifier. The feedback delay was 73.88 
ns, and the laser was biased at 17.0 mA, which is 1.4 
times the threshold current. An RF spectrum analyzer 
(Agilent N9020A) and a real time oscilloscope (6-GHz 
bandwidth, LeCroy SDA 806Zi-A) were employed to 
record power spectrum and time series, respectively.  

Figure 3 shows an representive result of DSI. The 
feedback strenth of the ECL is  −13.6 dB, and the length 
of the fiber delay line is 56 cm which introduces an OPD 
of 2.74 ns between the two arms of interfermetor. Note 
that, the experimental feedback strength is estimated as 
the power ratio of the feedback light to the laser output. 
Figure 3(a) plots the power spectra of the ECL and its DSI 
signal by the blue and orange thin lines; the black and red 
thick curves denote the corresponding spectra after the 
subtraction of background noise of the spectrum analyzer. 
Clearly, the DSI spectrum is wider and flatter than that of 
the chaotic ECL. Quantitatively, we define the bandwidth 
as width of the band from zero to the frequency which 

Fig. 2. Experimental setup of delayed self-interference. DL: 
delay line; PC: polarization controller; VA: variable 
attenuator; M: mirror; OI: optical isolator; PD: photodetector; 
BPD:  balanced detector.  
 

Fig. 3. (a) Experimental power spectra and (b) autocorrelation 
traces of chaotic ECL and its DSI signal. RBW: 1 MHz; 
VBW: 3 kHz. The correlation length is 3μs which is about 40 
times feedback delay. 

Fig. 1. Phase dynamics: (a)-(d) temporal waveforms mod(φ, 
2π) and (e)-(h) corresponding spectra of sin(φ) numerically 
obtained at feedback factors ρ = 0, 0.01, 0.03, and 0.10, 
respectively.  
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contains 80% of the signal energy, and the spectral 
flatness as the range of power fluctuation in the band. As 
marked in Fig. 3, the bandwidth is increased from 7.81 
GHz to 9.65GHz, and the spectral flatness is greatly 
improved from ±10 dB to ±3 dB. Furthermore, the 
relaxation oscillation peak is erased from the power 
spectrum.  

Figure 3(b) shows the suppression of time delay 
signature by autocorrelation function (ACF). As plotted in 
the dotted line, the ACF trace of ECL has five peaks 
separately at τf, 2τf, 3τf, 4τf, and 5τf with gradually reduced 
height. In comparison, the ACF trace of the DSI signal has 
only two shortened peaks at τf and 2τf, depicted by the 
solid line. This means the time-delay signature is 
depressed. In addition, as shown in the left inset, the ACF 
trace of the DSI signal also has no obvious valley at about 
τRO/2, that means the relaxation oscillation signature is 
dispelled.  
 
4. Optical Heterodyning of ECLs 
 

Note that the DSI signal has a downward-sloping 
spectrum with a small bandwidth and still has the time 
delay signature. In this section, we demonstrate that 
optical heterodyning method can further enhance 
bandwidth and eliminate the signatures feedback delay.  

Figure 4 presents the experimental arrangement of the 
optical heterodyning method. Each ECL that is shown in 
the dashed box consists of a DFB semiconductor laser 
subject to optical feedback from a fiber mirror. The 
feedback delay time of ECL1 and ECL2 are denoted as τ1 
and τ2, respectively. The two delays are taken to be 
incommensurate, qτ1 ≠ pτ2, for any positive integers q and 
p. The outputs of the two ECLs are coupled through a 3-
dB fiber coupler, and their heterodyne signal is 
subsequently extracted by a balanced detector. In principle, 
the heterodyne signal is expressed as  

H 1 2 0 2 12 cos[2 ( ) ( )]I A A t t t      
                  

(5) 

where ν01, ν02 are the solitary frequencies of two lasers, 
and Δν0 = ν02− ν01 is frequency detuning.  

In experiments, the lasers DFB1 and DFB2 (WTD 
LDM5S752) have threshold values of 10.3 mA and 
11.0mA, respectively, and both are biased at 14.8 mA by 
laser drivers. The lasers’ wavelengths are stabilized and 
tuned by temperature controllers. The two feedback delays 
are τ1 = 85.3 ns and τ2 =110.7 ns, respectively. A fast 
balanced photodetector with a bandwidth of 40GHz 
(Discovery DSC R410) is used to extract the heterodyne 
signal. An optical tunable delay line (General Photonics, 
MDL-002) that has a resolution of less than 0.3μm is used 
to minimize the optical path difference between the two 
fiber paths before the balanced detector.  

Figure 5 presents the representative results that are 
obtained with the following parameters, feedback 
strengths κ1 = –15.9 dB and κ2 = –19.5 dB and the lasers’ 
center wavelengths λ1=1549.980 nm and λ2=1549.882 nm.  

 

 
Figure 5(a) shows the spectrum of the heterodyne 

signal as the gray (red) line as well as the spectra of the 
intensity chaos of ECL1 and ECL2 as the black and light 
gray lines, respectively. One can find from the black or 
light gray lines that the spectrum of laser intensity chaos 
covers a wide frequency range of 15GHz. However, it has 
an obvious peak approximately at the laser relaxation 
frequency, the peak being approximately 18 dB higher 
than the lowest spectral component. That is, the whole 
spectrum is dominated by the relaxation oscillation 
frequency. By contrast, the RF spectrum of the optical 
heterodyne signal is very flat over a wide frequency band 
and is free of dominant peaks. Specifically, the spectrum 
is contained with a power range of 3 dB for frequencies 
up to 14.3 GHz. It is worth noting that the 3-dB 
bandwidth of 14.3 GHz exceeds that of some reported 
amplified spontaneous emission lights [16].  

Figure 5(b) plots the corresponding ACF traces, which 
are calculated with time series recorded by a 6-GHz real-
time oscilloscope. Shown as the black and light gray lines, 
the ACF traces of ECLs exhibit obvious relaxation 
oscillation after the main peak at zero lag. Additionally, 
each correlation trace has a distinct peak at the feedback 
delay, i.e., ACF1(τ1) = 0.155 and ACF2(τ2) = 0.416. By 
contrast, the ACF trace of the heterodyne signal shown as 
the gray (red) line does not have peaks at the two delays: 
the correlation values at τ1 and τ2 are –2.5×10–4 and 
1.2×10–4, less than the standard deviation of 1.14×10–3 of 
the background noise. Furthermore, the ACF trace does 

Fig. 4. Experimental setup of optical heterodyning method. 
PC: polarization controller; FC: fiber coupler; OC: optical 
circulator; VA: variable optical attenuator; M: mirror; OI: 
optical isolator; PD: photodetector; BPD:  balanced detector. 

 

Fig. 5. (a) Experimental power spectra and (b) autocorrelation 
traces of chaotic ECL and its DSI signal. RBW: 1 MHz; 
VBW: 3 kHz. The correlation length is 3μs which is about 40 
times feedback delay.  
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not have obvious relaxation oscillation like that of laser 
intensity chaos. These mean that the optical heterodyning 
simultaneously eliminates signatures of feedback delay 
and relaxation oscillation.  

The elimination of the feedback delay signature is 
attributed to the non-resonant beatings between two sets 
of external-cavity modes (ECMs) with different frequency 
spans. The reason of the signature appearing in intensity 
chaos is understood as follows: Laser intensity is 
measured by square-low detection of optical field and thus 
consists of beats among ECMs, for instance, νp= p/τ1 for 
ECL1; all the beats are resonant at frequencies of fm = m/τ1, 
leading to period in chaos. For the heterodyne signal, 
there is only the beating between two laser fields. 
Considering the ECMs of ECL1 and ECL2 as νp= p/τ1 and 
νq = q/τ2, respectively, we can deduce the beat frequencies 
as fpq = p/τ1 − q/τ2. For arbitrary integer pairs (p, q) and (p’, 
q’), one can get fpq ≠ fp’q’ under the condition of that the 
two delays are incommensurate. This means that all of the 
beat frequencies between the two sets of ECMs are 
different or non-resonant. There is therefore no external-
cavity resonance or feedback delay signature in the 
heterodyne signal.  

We mention that both DSI and optical heterodyning can 
improve the symmetry of probability distribution. The 
skewness is decreased by more than one order of 
magnitude, which is beneficial to achieving nearly equal 
numbers of ones and zeros in random number generation.  

 
5. Conclusions 
 

In summary, we have proposed two approaches, 
delayed self-interference and optical heterodyning, to 
generate wideband chaos. Experiments demonstrate that 
the DSI method can obtain chaos with about 10GHz 
bandwidth and ±3dB spectral flatness. The dominance of 
relaxation oscillation is eliminated and the time delay 
signature is suppressed. Optical heterodyning further 
enhances the bandwidth and spectral flatness, and totally 
eliminates the time delay signature. A colorless spectrum 
with 14GHz bandwidth and ±1.5dB flatness is 
experimentally achieved, which indicates an alternative 
method to generate white noise using chaos [17].  
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Abstract—Dynamics and synchronization in semicon-
ductor lasers subject to constant-amplitude and random
phase light are numerically and analytically investigated.
We particularly focus on frequency response of optical
intensity to phase modulation for injected light. Lang-
Kobayashi equations are used for our numerical simulation.
Frequency spectra of time-series for optical intensity can
be obtained from the numerical simulation, and our results
are consistent with experimental ones shown in [1]. We
also explain the frequency response by using linear stabil-
ity analysis.

1. Introduction

It has been known that a common random input could
give rise to synchronization between two uncoupled non-
linear dynamical systems [2]. This phenomenon is known
as common random-signal induced synchronization. Semi-
conductor lasers are one of nonlinear dynamical systems
which show such synchronization phenomenon [3].

Recently, a secure key distribution scheme using syn-
chronization of semiconductor lasers has been proposed
[4]. This scheme is implemented by using common sig-
nal induced synchronization in semiconductor lasers with
constant-amplitude and random-phase (CARP) light [3]. A
model of common signal induced synchronization using
CARP light is shown in Fig. 1. The model consists of three
semiconductor lasers. One laser is called drive, and other
two lasers are called response 1 and response 2. The optical
output of the drive laser has a constant amplitude. CARP
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Figure 1: Model for common random signal induced syn-
chronization in semiconductor lasers with CARP light.

light is generated by modulating electric phase of the opti-
cal output from the drive laser by using a noise signal. The
CARP light is injected into the two response lasers. Optical
intensity produced by the response lasers intricately fluctu-
ates, but their temporal waveforms can be synchronized.

For secure key distribution, it is required that measur-
ing the optical phase of the CARP light is difficult. En-
hancing the frequency bandwidth of the phase-modulation
signal for the CARP light can be one of methods for mak-
ing it difficult to measure the optical phase. Recently, de-
pendence of both the synchronization and the dynamics
of the response lasers on the frequency bandwidth of the
phase-modulation signal has been experimentally investi-
gated [1]. However, the mechanism of the dependence has
not been cleared. In this study, we numerically confirm the
dependence of both the synchronization and the dynamics
of the response laser on the frequency bandwidth of the
phase-modulation signal for CARP light. We also explain
the mechanism of the dependence by linearizing a numeri-
cal model for the response laser.

2. Numerical model

The temporal dynamics of the two response lasers shown
in Fig. 1 is governed by the Lang-Kobayashi equations as
shown in the following [5]:

dE1,2(t)
dt

=
1 + iα

2

[
GN(N1,2(t) − N0) − 1

τp

]
E1,2(t)

+ κin jEin j(t) exp[i(∆ωt − ωdτin j)] + ξ1,2(t), (1)

dN1,2(t)
dt

= Jr −
N1,2(t)
τs

−GN(N1,2(t) − N0)|E1,2(t)|2, (2)

where E is the slowly varying complex electric amplitude
and N is the carrier density. The subscripts 1 and 2 rep-
resents the response 1 and 2, respectively. Common pa-
rameters for the two response lasers have the subscript r.
GN is the gain coefficient, N0 is the carrier density at trans-
parency, α is the linewidth enhancement factor, τp is the
photon lifetime, τs is the carrier lifetime, and J is the injec-
tion current. The injection current is given as J = 1.5Jth,
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where Jth is that at the lasing threshold. Other parameter
values are set to the same as in [6]

Optical injection to the response lasers is represented by
the second term in the right hand side of Eq. (1). κin j is the
injection strength and ∆ω is the optical angular frequency
detuning between the drive and the response. ∆ω is given
as ∆ω = ωd −ωr, where ω is the optical angular frequency.
ωdτin j represents the phase shift due to the propagation of
light from the drive. τin j is the propagation time, but τin j =

0 is used for simplicity. Unless otherwise noted, κin j = 31.1
ns−1 and ∆ f = −4.0 GHz are used. Injection locking is
achieved by using these parameter values.

Ein j(t) for optical injection represents the CARP light
and is given by the following equations,

Ein j(t) = Ad exp[iηlp f (t)], (3)

where Ad is the electric amplitude of the drive laser
and is temporally constant. ηlp f (t) represents the phase-
modulation signal for the CARP light. ηlp f (t) is generated
by passing a colored noise η(t) through a lowpass filter with
a cutoff frequency fc. The colored noise η(t) is generated
by the Ornstein-Uhlenbeck process shown in the following
differential equation,

dη(t)
dt
= −η(t)
τm
+

√
2
τm
ξm(t), (4)

where τm = 0.02 ns is a positive constant. ξm(t) is the nor-
malized white Gaussian noise with the properties ⟨ξm(t)⟩ =
0 and ⟨ξm(t)ξm(s)⟩ = δ(t − s), where ⟨·⟩ denotes the ensem-
ble average and δ is the Dirac’s delta function. η(t) has the
properties ⟨η(t)⟩ = 0 and ⟨η(t)η(s)⟩ = exp[−|t − s|/τm]. The
characteristic time of η(t) is defined by τm.

In this study, the lowpass filter is realized by using a dig-
ital filter. We use a finite impulse response filter with han-
ning window as the digital filter.

The third term ξ1,2(t) in the right hand side of Eq. (1) rep-
resents spontaneous emission. ξ1,2(t) is complex number,
and degenerates synchronization accuracy in our model.

3. Derivation of amplitude response to CARP light in
semiconductor lasers

We derive the frequency response of the electric ampli-
tude to the phase modulation for the CARP light by lin-
earizing the Lang-Kobayashi equations. The two response
lasers are synchronized by a common input signal. Since
the synchronization is achieved by injection locking, we
consider steady state solutions for an injection locked laser.

Firstly, we assume that the optical phase of the common
input signal is not modulated, which gives Ein j(t) = Ad in
Eq. (1). We consider the steady state solutions for E(t) and
N(t) as E(t) = As exp[i(∆ωt + ϕs)], where ∆ωt comes from
injection locking, and N(t) = Ns. Inserting the solutions
and Ein j(t) = Ad into Eqs. (1) and (2) gives us the following

solutions,

|As|2 =
jNth − Ns

τsGN(Ns − N0)
, (5)

ϕs = sin−1

 −∆ω
κin j
√

1 + α2

 − tan−1 α, (6)

Ns = Nth −
2κin j cos ϕs

GN
, (7)

where we used Ad = As for the injected field to simplify
our analysis.

Next, we consider small perturbations written in the
form x(t) = xs + δx(t) (x = A, ϕ, and N) in order to investi-
gate the stability of the injected laser. We assume the signal
term that also takes the form Ein j(t) = Ad exp[i(δϕdrv(t))].
Inserting these variables into Eqs. (1) and (2) leads to the
following set of linearized equations:

dδA(t)
dt

= a1δA(t) + a2δϕ(t) + a3δN(t) + a2δϕdrv(t), (8)

dδϕ(t)
dt

= a4δA(t) + a1δϕ(t) + a5δN(t) + a1δϕdrv(t), (9)

dδN(t)
dt

= a6δA(t) + a7δN(t), (10)

where

a1 = −κin j cos[ϕs], a2 = −κin jAs sin[ϕs], a3 =
GN As

2
,

a4 =
κin j

As
sin[ϕs], a5 =

αGN

2
,

a6 = −2GN As(Ns − N0), a7 = −
1
τs
−GN A2

s .

(11)

Since we are interested in the frequency response, we re-
place the small perturbation δx(t) into δxc exp[iωint], where
x is A, ϕ, N, or ϕdrv. In the transform, ωin is the angular fre-
quency of the perturbation. Inserting δx(t) = δxc exp[iωth]t
into Eqs. (8)–(10), the frequency response of the electric
amplitude to the phase modulation for the CARP light is
represented as shown in the following equation:

δAc

δϕdrv,c
=

(iωin − a7)a2iωin

D(ωin)
, (12)

where

D(ωin) = (iωin − a1)(iωin − a1)(iωin − a7) − a2a5a6

− (iωin − a1)a3a6 − (iωin − a7)a2a4. (13)

Eq. (12) is complex number and we calculate its absolute
value.

4. Numerical results

We show examples of signals used for modulating the
optical phase of input signals injected into the response
laser. Figure 2 shows temporal waveforms and frequency
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Figure 2: Examples of the phase-modulation signal passed
through the lowpass filter with different cutoff frequency fc.
(a) is the temporal waveforms. (b) is the frequency spectra,
but the black curve is not filtered. The cutoff frequencies
fc = 2.0, 5.0, and 8.0 GHz are used.
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Figure 3: Temporal waveforms of the response lasers and
their correlation plots. The cutoff frequency fc for the
CARP light is 8.0 GHz for (a) and (b). fc = 2.0 GHz is
used for (c) and (d)..

spectra of the signals for the modulation. In the upper and
lower panel of Fig. 2(a), the lowpass filter with fc = 8.0
and 2.0 GHz is used, respectively. The amplitude of the
phase-modulation signal is normalized so that the standard
deviation of the amplitude is 0.2. Fig. 2(b) shows the fre-
quency spectra corresponding to the temporal waveforms.
We can see that power is reduced in larger frequency than
fc.

By injecting CARP light into the two response lasers,
synchronization between them is achieved. Figure 3 shows
temporal waveforms of the response 1 and 2 and their cor-
relation plot. For Figs. 3(a) and 3(b), the cutoff frequency
fc = 8.0 GHz is used for generating the phase-modulation
signal. The two temporal waveforms are strongly corre-
lated as shown in Fig. 3(a) and (b), and synchronization is
achieved. On the other hand, Figs. 3(c) and 3(d) are for
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Figure 4: Dependence of the cross-correlation value C and
the standard deviation of the temporal output of the re-
sponse 1 laser on the cutoff frequency fc.

fc = 2.0 GHz. We find that the temporal waveforms are
weakly correlated and the their amplitude is smaller than
those of Fig. 3(a).

We introduce a cross-correlation value to evaluate syn-
chronization accuracy.

C =

⟨
(I1(t) − Ī1)(I2(t) − Ī2)

⟩
σ1σ2

(14)

In this equation, I(t) is the optical intensity, Ī is the mean
value of I(t), σ is the standard deviation of I(t), and ⟨·⟩
indicates time averaging.

The black curve in Figure 4 depicts the dependence of
the cross correlation value C on fc. High values of C (al-
most one) is obtained for fc > 6 GHz. However, C is rel-
atively low for small fc. The reason for low values of C is
the small amplitudes of the temporal waveforms of the re-
sponse lasers. The blue curve in Fig. 4 represents the stan-
dard deviation of the temporal waveform of the response
1 laser versus fc. The standard deviation is small for small
fc. When the standard deviation is small, noise effect due to
spontaneous emission becomes relatively large. The noise
effect degenerates synchronization accuracy.

Next, we investigate the frequency response of the semi-
conductor laser with the CARP light. Figure 5(a) shows
the frequency response calculated by using Eq. (12). We
find that the spectrum has a resonance peak at 5.8 GHz.
This peak corresponds to a damping oscillation mode for
injection locked semiconductor lasers [7]. We compare the
analytical result with numerically obtained frequency spec-
tra. Fig. 5(b) shows the frequency spectrum of the response
laser when the phase-modulation signal is not filtered. The
spectrum has a resonance peak at 5.6 GHz, which corre-
sponds to the peak at 5.8 GHz for Fig. 5(a), and the shape
of the spectrum is similar to Fig. 5(a).

Figures 5(c) and 5(d) show the frequency spectra at
fc = 8.0 GHz and 2.0 GHz. We find that the power drop
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Figure 5: (a) is the frequency response calculated from Eq.
(12). (b)–(d) are numerically obtained frequency spectra
of the response 1 laser. The phase-modulation signal is
not filtered for (b). The frequency bandwidth of the phase-
modulation signal for (c) and (d) are limited by using the
lowpass filter with fc = 8.0 GHz and 2.0 GHz, respectively.

at the frequency corresponding to fc. The response laser
has the frequency response under fc in Fig. 5(a) since the
phase-modulation signal has oscillation with the lower fre-
quencies than fc. The frequency spectra for lower frequen-
cies than fc have similar shape to Fig. 5(a). This means
that the response laser has frequency spectra that are ob-
tained by passing a noise signal with flat frequency spec-
trum through the transform of Fig. 5(a). However, the peak
at 5.6 GHz is still observed even for fc = 2.0 GHz. This
peak comes from relaxation oscillation frequency for injec-
tion locked semiconductor lasers.

The reason for low values of the standard deviation for
small fc in Fig. 4 is because of low frequency response for
small frequency in Fig. 5(a). When fc is small, the fre-
quency response for lower frequency than fc is obtained as
shown in Fig. 5(d). The magnitude of the power at the
lower frequencies of Fig. 5(d) is comparable to the peak
at 5.6 GHz. The peak comes from the relaxation oscilla-
tion produced by spontaneous emission noise. Since the
power for both the noise and the lower frequencies has sim-
ilar magnitude, the noise is relatively large. Therefore, the
cross correlation value decays.

Finally, we investigate the dependence of the frequency
response on the injection strength κin j. Figures 6(a) and (b)
show the analytical and numerical result for the frequency
response when the phase-modulation signal is not filtered,
respectively. κin j = 31.1 ns−1, 46.6 ns−1, and 62.1 ns−1 are
used in Fig. 6. The resonance peak becomes suppressed
and the spectrum structure becomes almost flat when the
injection strength is increased. We consider that the reso-
nance suppression is due to enhanced damping of the linear
mode [7]. The similar tendency is observed for the numer-
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Figure 6: (a) is the frequency response calculated from Eq.
(12). (b) is the numerically obtained frequency spectra of
the temporal output of the response 1 laser. The injection
strength κin j = 31.1 ns−1, 46.6 ns−1, and 62.1 ns−1 are used
in these figures.

ical result shown in Fig. 6(b).

5. Conclusion

We numerically investigate the dependence of the syn-
chronization of the response lasers on the frequency band-
width of the phase-modulation signal for CARP light. We
found that high correlation values are observed when the
phase-modulation signal has large frequency bandwidths.
However, narrow bandwidth of the phase-modulation sig-
nal degenerates the cross correlation value.

We also show the dependence of the frequency spectra of
the response laser on the frequency bandwidth and analyt-
ically investigate the dependence by a linear stability anal-
ysis. The stability analysis gives us the frequency response
of the electric amplitude of the response laser to the phase
modulation for the CARP light. The frequency response
has a resonance peak which becomes suppressed when the
injection strength is increased. The calculated frequency
spectra of the response laser correspond to the analytical
frequency response.
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Abstract—We compute the Lyapunov spectrum and 

Kolmogorov-Sinai entropy for a semiconductor laser 

subject to double optical feedback in numerical simulation. 

The spectrum and entropy are utilized for evaluating 

complexity of chaos and are important for some 

applications such as physical random number generation 

and secure optical communication based on optical chaos. 

In particular, we focus on the dependence of their measure 

on the relationship between the two delay times for double 

optical feedback. The entropy is enhanced when one of the 

delay times is longer than amounts of the time when 

characteristics of the shorter delay time in the auto-

correlation function of the time-series become vanished. 

 

1. Introduction 
 

Semiconductor lasers with optical feedback from an 

external mirror can generate chaotic outputs. This systems 

have theoretically infinite dimension since they have time 

delayed feedback. Therefore, optical chaos generated from 

them has high complexity. This complex chaos has been 

studied for some applications, such as high-speed physical 

random number generation [1] and chaotic secure 

communications [2]. In these applications, high complexity 

of chaotic temporal waveforms is required for randomness 

of generated bits in physical random number generation 

and for secure communications.  

To enhance the complexity of optical chaos, we 

consider to add additive optical feedback to a 

semiconductor laser with optical feedback. Figure 1 shows 

a model for a semiconductor laser with double optical 

feedback for generation of complex chaos. In this model, it 

is necessary to select the two feedback delay times 𝜏1,2 

and the two reflectivities of the external mirrors 𝑟1,2  to 

enhance the complexity. The semiconductor laser with 

double optical feedback has been already studied for 

eliminating time delay signature [3]. However, the 

enhancement of complexity in the semiconductor laser with 

double optical feedback has not been studied yet. 

In this research ， we numerically evaluate the 

complexity of optical chaos by using Lyapunov exponents 

in a semiconductor laser with double optical feedback. 

Lyapunov exponents represent a growth rate of 

perturbations to a trajectory in phase space of nonlinear 

dynamical systems and measure the complexity of chaos. 

We also calculate Kolmogrov-Sinai entropy which is 

obtained from the sum of all the positive Lyapunov 

exponents. We investigate the delay times and the 

reflectivities for double optical feedback which enhance 

KS entropy. 

  

2. Method 

 

2.1. Lang-Kobayashi equation with double optical 

feedback 

 

In our numerical simulation, we use the Lang-

Kobayashi equations for a semiconductor laser with double 

optical feedback [4]. The Lang-Kobayashi equations 

consist of two equations for the complex slowly varying 

electric-field amplitude E and the carrier density N as 

follows, 

𝑑𝑬

𝑑𝑡
=

1 + 𝑖𝛼

2
[
𝐺𝑁(𝑁(𝑡) − 𝑁0)

1 + 휀|𝑬(𝑡)|2
−

1

𝜏𝑝

] 𝑬(𝑡)  

+𝜅1𝑬(𝑡 − 𝜏1) exp(−𝑖𝜔𝜏1)  

+𝜅2𝑬(𝑡 − 𝜏2) exp(−𝑖𝜔𝜏2) (1) 
𝑑𝑁

𝑑𝑡
= 𝐽 −

𝑁(𝑡)

𝜏𝑠

−
𝐺𝑁(𝑁(𝑡) − 𝑁0)

1 + 휀|𝑬(𝑡)|2
|𝑬(𝑡)|2 (2) 

The parameters in Eqs (1) and (2) are following: 𝐺𝑁 =
8.4 × 10−13  is the gain coefficient, 𝑁0 = 1.4 × 1024  is 

the carrier density at transparency, 𝛼 = 3 is the linewidth 

enhancement factor, 휀 = 2.0 × 10−23   is the saturation 

coefficient, 𝜏𝑝 = 1.927  ps and 𝜏𝑠 = 2.04  ns are the 

photon and carrier lifetimes, 𝜔 = 2𝜋𝑐 𝜆⁄ , where 𝑐 is the 

speed of light and 𝜆 = 1537 nm is the optical wavelength, 

 
Figure 1. Model for investigation of chaotic dynamics in 

a semiconductor laser with double optical feedback. 𝑟1,2 

are the reflectivity of the external mirror, 𝜏1,2  is the 

round-trip time of feedback light in the external cavity, 

and BS is the beam splitter. 
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is the optical angular frequency, and 𝐽 = 1.3𝐽𝑡ℎ, where 𝐽𝑡ℎ 

is the injection current at lasing threshold, is the injection 

current. The feedback strengths for two optical feedback 

are represented as 𝜅1,2 = (1 − 𝑟𝑓
2)𝑟1,2 (𝑟𝑓𝜏𝑖𝑛)⁄ , where 

𝑟𝑓 = 0.556 is the reflectivity of the laser facet, 𝜏𝑖𝑛 = 8.0 

ps is the round-trip time of light in the internal cavity, and 

𝑟1,2 are the reflectivities of the external mirrors. The delay 

times of light in the external cavities are represented as 𝜏1,2. 

We fix 𝑟2 = 0.05 and 𝜏2 = 1.0 ns, and change 𝑟1  and 

𝜏1 in our study. 

 

2.2. Calculation methods of Lyapunov exponents and 

Lyapunov spectrum 

 

One of the important characteristics of chaos is known 

as sensitive dependence on initial conditions. The 

characteristic can be quantitatively measured by using 

Lyapunov exponent, which is one of the most widely 

acceptable evidences of chaos. 

The Lyapunov exponents are calculated from a 

perturbation δ𝒙  to a trajectory in phase space of 

dynamical systems. By linearizing the Lang-Kobayashi 

equations, we can obtain linearized equations for δ𝒙. 

We consider phase space of the semiconductor laser 

with double optical feedback. We can generally configure 

phase space from variables which show the state of 

dynamical systems. On the other hand, it is necessary to 

regard all variables in the delay time as the state in time 

delayed dynamical systems [3]. In addition we should note 

that our system have two time delayed feedback. Therefore, 

phase space must be configured from all variables included 

in two feedback. But, variables included in feedback with a 

short delay time are included in feedback with a long delay 

time. Accordingly, we can configure the phase space of the 

laser with double optical feedback from variables included 

in feedback with a long delay time. 

To calculate the norm of the perturbation, it is necessary 

to temporally discretize δ𝒙 by using an integration time 

step h since δ𝒙 is a continuous time variable. Here, the 

number of δ𝒙 in the delay time is given as 𝑀 = 𝜏 ℎ⁄ + 1. 

The norm D of the perturbation is calculated from the 

following equation: 

𝐷(t) = √∑|𝛿𝒙(𝑡 + 𝑘ℎ)|2

𝑀

𝑘=0

 (3) 

The Lyapunov exponent can be obtained from the 

following equation: 

λ =
1

𝑁ℎ
∑ 𝑙𝑛

𝐷(𝑡 − (𝑖 − 1)ℎ)

𝐷(𝑡 − 𝑖ℎ)

𝑁

𝑖=1

 (4) 

The same number of Lyapunov exponents as the 

number of variables of dynamical systems can be 

calculated. A set of these Lyapunov exponents is called 

Lyapunov spectrum. In this study, it should be notice that 

the semiconductor laser with double optical feedback is 

theoretically infinite dimensional system since the laser has 

time delayed feedback. Therefore, we can theoretically 

infinite number of Lyapunov exponents. 

 

2.3. Kolmogorov-Sinai entropy 

 

One of important characteristics of chaos is 

unpredictability for a long-term duration due to the 

sensitive dependence on initial conditions. This 

characteristic can quantitatively evaluated by Kolmogorov-

Sinai (KS) entropy. KS entropy is calculated from the sum 

of all the positive Lyapunov exponents. 

ℎ𝐾𝑆 = ∑ 𝜆𝑖

𝑁

𝑖=1

 (5) 

The Lyapunov exponents are ordered as 𝜆𝑖 > 0(𝑖 =
1,2, ⋯ , 𝑁). 

 

3. Numerical results 

3.1. Temporal waveform and auto-correlation function 

 

A temporal waveform of the semiconductor laser with 

double optical feedback and the corresponding auto- 

correlation function are shown in this section. Figure 2 

shows the temporal waveform and the auto-correlation 

function. The two delay times are set to 𝜏1 = 6.0 ns and 

𝜏2 = 1.0 ns, respectively. The two reflectivities of the 

external mirrors are set to 𝑟1 = 𝑟2 = 0.05. The temporal 

waveform is shown in Fig. 2(a). We can observe complex 

oscillation. The auto-correlation function obtained from the 

temporal waveform shown in Fig. 2(a) is shown in Fig. 2(b). 

We observe the two peaks at time shifts of 1.0 ns and 6.0 

ns, which are approximately equal to the two delay times 

𝜏1 = 6.0 ns and 𝜏2 = 1.0 ns. These peaks are called time 

delay signature.  

 

3.2. Dependence of KS entropy on the reflectivity 𝑟1 

 

KS entropy as a function of the reflectivity 𝑟1 is shown 
in Fig. 3. When 𝑟1 = 0, the semiconductor laser has only 

single feedback for the reflectivity 𝑟2. The laser with single 

feedback has the maximum value of KS entropy at 𝑟2 =
0.05. On the other hand, the laser has double feedback for 

𝑟1 > 0. KS entropy increases except for 0.010 ≤ 𝑟1 ≤
0.015  as increases 𝑟1  until  𝑟1 = 0.05 . The maximum 

value of KS entropy is obtained at  𝑟1 = 0.05 , which is 

 
Figure 2. A temporal waveform (a) and an auto-

correlation function (b) of the semiconductor laser with 

double optical feedback. The delay times are 𝜏1 = 6.0 

ns and 𝜏2 = 1.0. The reflectivities are 𝑟1 = 𝑟2 = 0.05. 

- 274 -



equal to 𝑟2(= 0.05) for another external mirror. When 

𝑟1 is further increased, KS entropy monotonically decreases. 

From these results, we find that the semiconductor laser 

with double feedback can produce more complex chaos 

than one for the laser with single feedback. Furthermore, 

we find that a high value of KS entropy is obtained for 

nearly equal reflectivities 𝑟1 ≈ 𝑟2 for the two external 

mirrors. 

We show Lyapunov spectrum used for the calculation 

of KS entropy in Fig. 3 to investigate the reason why KS 

entropy increases. The Lyapunov spectrum as a function of 

the reflectivity 𝑟1 is shown in Fig. 4. The number of the 

Lyapunov exponent shown in Fig. 4 is 20. As similarly 

shown in Fig. 3, 𝑟1 = 0  means that the semiconductor 

laser has single feedback for 𝑟2, and 𝑟1 > 0 means that the 

laser has double feedback. The curve with the largest value 

corresponds to the maximum Lyapunov exponent 𝜆1, and 

the curve with the second-largest value is 𝜆2, and so on. We 

find that the maximum Lyapunov exponent is not so 

changed except for 0.010 ≤ 𝑟1 ≤ 0.015 and the number 

of positive Lyapunov exponents is increased. 

For more detail comparison of single feedback with 

double feedback, we show the Lyapunov exponents 𝜆𝑛 as 

a function of the index n up to n = 40 in Fig. 5. The semi- 

conductor laser has single feedback (𝑟1 = 0.0) for Fig. 5(a) 

and double feedback 𝑟1 = 0.05 for Fig. 5(b). Four positive 

Lyapunov exponents are obtained for the laser with single 

feedback in Fig. 5(a). On the other hand, the laser with 

double feedback in Fig. 5(b) has sixteen positive, which 

number is larger than Fig. 5(a). KS entropy is calculated 

from the sum of all positive Lyapunov exponents. The laser 

with double feedback can produce more complex chaos 

since the laser has large number of positive Lyapunov 

exponents. 
 

3.3.  Dependence of KS entropy on the delay time 𝜏1 

 

Figure 6 shows KS entropy as a function of the delay 

time 𝜏1. The delay time for another feedback is 𝜏2 = 1.0  

ns. The two reflectivities for the two external mirrors are 

set to 𝑟1 = 𝑟2 = 0.05. We find that KS entropy intensely 

fluctuates at the integral multiple of 𝜏2, such as 𝜏1 = 1.0 ns, 

 
Figure 3. Kolmogorov-Sinai entropy as a function of the 

reflectivity 𝑟1 . The delay times are 𝜏1 = 6.0 ns and 

𝜏2 = 1.0 . The reflectivity of another mirror is 𝑟2 =
0.05. 

 
Figure 4. The Lyapunov spectrum as a function of the 

reflectivity 𝑟1 . The delay times are 𝜏1 = 6.0 ns and 

𝜏2 = 1.0 . The reflectivity of another mirror is 𝑟2 =
0.05. 

 
Figure 5. Lyapunov exponents 𝜆𝑛  are protted as a 

function of the index n up to n = 40. The reflectivity 

𝑟1 = 0 for (a) and the reflectivity 𝑟1 = 0.05 for (b). 

Therefore, the laser has single feedback in (a). The delay 

times are 𝜏1 = 6.0 ns and 𝜏2 = 1.0. The reflectivity of 

another mirror is 𝑟2 = 0.05. 

 
Figure 6. KS entropy as a function of the feedback 

delay time 𝜏1 . The reflectivities are 𝑟1 = 𝑟2 = 0.05. 

The delay time of another feedback is 𝜏2 = 1.0 ns. 
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2.0 ns, 3.0 ns, and so on. However, KS entropy is almost 

constant for 𝜏1 > 6.0 ns. 

We think about the reason why KS entropy is almost 

constant for  𝜏1 > 6.0 ns. Figure 7 shows the auto-

correlation function calculated from a temporal waveform 

of the semiconductor laser with single feedback. The delay 

time for the feedback is 1.0 ns and the reflectivity is 0.05. 

We can observe the peak at the time shift of 1.0 ns in the 

autocorrelation function. We also can see some peaks at the 

integral multiple of the delay time. However, the peaks 

decay for larger time shift than 6.0 ns. Therefore, if the 

delay time for additive feedback is shorter than 6.0 ns, the 

additive feedback can enhance the auto-correlation, which 

can degenerate KS entropy. Otherwise, additive feedback 

with a longer delay time than 6.0 ns can enhance KS 

entropy. 

 

3.4 Kolmogorov-Sinai entropy as a function of the 

feedback phase 

 

Finally, we show the dependence of KS entropy on the 

phase ψ for optical feedback from the external cavity 1. 

Figure 8 shows KS entropy as a function of ψ. In Fig. 

8(a),  𝜏1 = 2.0 ns and  𝜏2 = 1.0 ns are used. It should be 

noted that  𝜏1 is the integral multiple of 𝜏2(𝜏1 = 𝜏2). We 

find that KS entropy increases and decreases by changing 

the feedback phase. We can obtain larger values of KS 

entropy if the feedback phase can be properly fixed. But the 

feedback phase easily fluctuates due to mechanical 

vibration [1]. Therefore, if the feedback phase cannot be 

fixed, the dependence should be avoided. 

On the other hand,  𝜏1 = 3.8 ns and  𝜏2 = 1.0 ns (𝜏1 is 

not integral multiple of 𝜏2) are used in Fig. 8(b). We cannot 

observe any dependence of KS entropy on the feedback 

phase. This means that the laser is stable for the fluctuation 

of the feedback phase due to mechanical vibration. 

Therefore, it should be avoided that the two delay times 

have a relationship of integral multiple. 
 

4. Conclusion 

 

In this study, we numerically calculated KS entropy, 

which is obtained from the sum of all the positive Lyapunov 

exponents, for evaluating complexity of chaos in a 

semiconductor laser with double feedback. We found that 

KS entropy for the laser with double feedback becomes 

larger than the laser with single feedback when the 

reflectivities of both external mirrors are almost identical. 

In addition, long one of the delay times should be selected 

to be enough longer than the time when the characteristic 

of short one of the delay times in auto-correlation functions 

disappears. We also should avoid the relationship of 

integral multiple of the two delay times if the feedback 

phase cannot be stabilized. Otherwise, we can enhance KS 

entropy by properly selecting the feedback phase. 
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Figure 7. An auto-correlation function of a 

semiconductor laser with single feedback. The delay 

time 𝜏 is 1.0 ns and the reflectively 𝑟 is 0.05. 

 
Figure 8. KS entropy as a function of the feedback 

phase for the external cavity 1. The delay time for the 

external cavity 1 is 𝜏1 = 2.0 ns for (a).  The delay 

time for the external cavity 1 is 𝜏1 = 3.8 ns for (b). 

The delay time of another feedback is 𝜏2 = 1.0 ns. 

The reflectivities are 𝑟1 = 𝑟2 = 0.05. 
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Abstract—Algebraic connectivity, the second smallest
eigenvalue of the Laplacian matrix, of a network is an im-
portant quantity that represents how well the network is
connected. In this paper, we propose a novel method for
each agent in a network to estimate the algebraic connec-
tivity of the network. The proposed method is truly decen-
tralized because each agent updates the state value by using
the information obtained from only agents in the neighbor-
hood. The validity of the proposed method is confirmed by
theoretical analysis and numerical experiments.

1. Introduction

One of the fundamental issues in mobile agent networks
is how to keep the connectivity [1]. A promising approach
to this problem is to make use of the algebraic connectiv-
ity, which is defined as the second smallest eigenvalue of
the Laplacian matrix [2]. The algebraic connectivity is an
important measure that represents how well the network is
connected. In particular, it takes a positive value if and
only if the network is connected. However, it is not so easy
for agents to compute or estimate the algebraic connectiv-
ity because each agent in general cannot communicate with
all agents in the network.

Recently, Yang et al. [3] proposed a continuous-time al-
gorithm for agents to estimate the algebraic connectivity of
the network. They also proved analytically that the value
of the algebraic connectivity estimated by each agent con-
verges to the true one for almost all initial conditions. A
few years later, Fukami and Takahashi [4] proposed a mod-
ified algorithm, which is more suitable for hardware imple-
mentation, and proved that the algebraic connectivity can
be estimated by their algorithm too. However, these two
algorithms are not decentralized in a strict sense, because
they are based on a strong assumption that each agent can
compute the average of the state values of all agents instan-
taneously. Yang et al. claim that the computation of the
average can be done quickly by using some average con-
sensus algorithm [5] with a very small time constant, but it
is not clear how to initialize the consensus algorithm.

In this paper, we propose a novel continuous-time algo-
rithm for the estimation of the algebraic connectivity, and

This work was supported by JSPS KAKENHI Grant Number
15K00035.

show the validity from both theoretical and experimental
points of view. The proposed algorithm is a combination
of the one given by Yang et al. [3] and a dynamic average
consensus algorithm. Here, by dynamic average consen-
sus, we mean that the state value of each agent tracks the
average of multiple time-varying reference signals [6, 7].
Because each agent updates the state value by using the in-
formation obtained from only agents in the neighborhood,
the proposed algorithm is truly distributed.

2. Conventional Algorithm

Let us consider a network of n agents labeled from 1 to
n that communicate with each other. Throughout this pa-
per, we assume that the communication topology is static
and symmetric, that is, if agent i can communicate with
agent j then agent j can communicate with agent i. Un-
der these assumptions, the communication between agents
is expressed by an undirected graph G = (V, E) where
V = {1, 2, . . . , n} is the set of vertices representing agents
and E is the set of undirected edges such that {i, j} ∈ E
if and only if agents i and j can communicate with each
other. The set of all vertices adjacent to vertex i is called
the neighborhood of vertex i and denoted by Ni. The ad-
jacency matrix is denoted by A = (ai j) ∈ {1, 0}n×n where
ai j = 1 if and only if {i, j} ∈ E. The degree matrix is de-
noted by D = diag(d1, d2, . . . , dn) ∈ Zn×n

+ where Z+ is the
set of nonnegative integers and di = |Ni| for i = 1, 2, . . . , n.
The Laplacian matrix is defined by L = D − A. Let
λ1, λ2, . . . , λn be n eigenvalues of L. Because L is a real
symmetric matrix, its eigenvalues are real. Hence we as-
sume without loss of generality that λ1 ≤ λ2 ≤ · · · ≤ λn.
Also, it is well known that λ1 is always zero and λ2 is
nonzero if and only if G is connected. Let pi be a nor-
malized eigenvector associated with λi for i = 1, 2, . . . , n.
Because L1 = 0, where 1 and 0 are vectors of all 1 and all
0, respectively, p1 is either 1√

n1 or − 1√
n1.

The second smallest eigenvalue λ2 of L, which is called
the algebraic connectivity, reflects how well the graph is
connected. Yang et al. [3] proposed a continuous-time al-
gorithm for agents to estimate the algebraic connectivity of
the graph representing the communication between agents.
Their algorithm is expressed by the following system of
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differential equations:

ẋi = −k1

1
n

n∑
j=1

x j

−k2

∑
j∈Ni

(xi−x j)−k3

1
n

n∑
j=1

x2
j − 1

 xi,

i = 1, 2, . . . , n (1)

where xi(t) is the state value of agent i at time t and
ki (i = 1, 2, 3) are positive constants. By introducing x =
(x1, x2, . . . , xn)T, (1) can be rewritten in a vector form as
follows:

ẋ = −k1

(
1
n
1Tx

)
1 − k2Lx − k3

(
1
n
xTx − 1

)
x . (2)

Yang et al. analyzed the dynamical behavior of (2) and
derived the following theorem.

Theorem 1 (Yang et al. [3]) Suppose that the network is
connected and the initial value x(0) satisfies pT

2x(0) , 0.
Then any solution x(t) of (2) converges to either µp2 or
−µp2 where µ is a positive constant given by

µ =

√
n(k3 − k2λ2)

k3

if and only if k1 > λ2k2 and k3 > λ2k2.

From Theorem 1 we can easily see that

lim
t→∞

∑
j∈Ni

(xi(t) − x j(t))
xi(t)

= lim
t→∞

(Lx(t))i

xi(t)
=

(L(µp2))i

µp2i
= λ2

(3)
which means that the algebraic connectivity λ2 can be ob-
tained from the solution x(t) of (1). However, it is assumed
in (1) that the values of

∑n
j=1 x j(t) and

∑n
j=1 xi(t)2 can be

computed instantaneously. This assumption cannot be met
in general because each agent does not necessarily com-
municate with all other agents. Yang et al. claim that the
values of

∑n
j=1 x j(t) and

∑n
j=1 xi(t)2 can be computed almost

instantaneously by using some consensus algorithm, such
as the one proposed by Olfati-Saber and Murray [5], with
a much smaller time constant than the main algorithm (1).
However, there still remain some problems to be solved,
such as how to set the initial value of the consensus algo-
rithm.

3. Proposed Algorithm

3.1. Dynamic Average Consensus Algorithm

In order to develop a truly decentralized algorithm for
the estimation of the algebraic connectivity of the network,
a dynamic average consensus algorithm is needed. We pro-
pose to use the continuous-time algorithm given by

xi(t) = x̂i(t) + ri(t), i = 1, 2, . . . , n , (4)
˙̂xi = α

∑
j∈Ni

(x j − xi), i = 1, 2, . . . , n , (5)

x̂i(0) = 0, i = 1, 2, . . . , n , (6)

where ri(t) is the time-varying input signal given to agent
i, and (xi(t), x̂i(t)) is the state vector of agent i at time t.
This algorithm is based on the one proposed by Chen et
al. [6], but different from it because the signum function is
not used in (5).

Theorem 2 Suppose that the network is connected and
there exist positive constants C and b such that

∀t ≥ 0, ∥ṙ(t)∥ ≤ Ce−bt (7)

where r(t) = (r1(t), r2(t), . . . , rn(t))T. Then the algorithm
given by (4)–(6) satisfies

lim
t→∞

xi(t) −
1
n

n∑
j=1

r j(t)

 = 0, i = 1, 2, . . . , n . (8)

Proof: Eliminating x̂1(t), x̂2(t), . . . , x̂n(t) from (4)–(6), we
have

ẋ = −αLx + ṙ , (9)
x(0) = r(0) , (10)

where x(t) = (x1(t), x2(t), . . . , xn(t))T and L is the Lapla-
cian matrix of the graph. Note that L is decomposed
as L = PΛP T where P = (p1,p2, . . . ,pn) and
Λ = diag(λ1, λ2, . . . , λn) with λ1 = 0. Note also that
λ2, λ3, . . . , λn are positive because the network is assumed
to be connected. Multiplying P T from the left to both
sides of (9) and (10), and putting P Tx(t) = y(t) =
(y1(t), y2(t), . . . , yn(t))T, we have

ẏ = −αΛy + P Tṙ , (11)
y(0) = P Tr(0) . (12)

The solution of this differential equation is given by

y1(t) = pT
1r(t) (13)

and

yi(t) = e−αλit
∫ t

0
eαλi spT

i ṙ(s)ds+yi(0)e−αλit, i = 2, 3, . . . , n .

(14)
From (14), we have

|yi(t)| ≤ e−αλit
∫ t

0
eαλi s∥pi∥∥ṙ(s)∥ds + yi(0)e−αλit

≤ e−αλit
∫ t

0
eαλi sCe−bsds + yi(0)e−αλit

= Ce−αλit
∫ t

0
e(αλi−b)sds + yi(0)e−αλit

= yi(0)e−αλit +

Cte−αλit, if αλi = b ,
C
αλi−b (e−bt − e−αλit), if αλi , b .
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Because λ2, λ3, . . . , λn are positive, we have

lim
t→∞

yi(t) = 0, i = 2, 3, . . . , n . (15)

It follows from (13) and (15) that the solution of (11) and
(12) satisfies

lim
t→∞

(
y(t) − (pT

1r(t), 0, 0, . . . , 0)T
)
= 0 .

Multiplying P from the left to both sides of this equation,
we have

lim
t→∞

(x(t) − p1p
T
1r(t)) = 0

which is equivalent to (8). □

3.2. Algebraic Connectivity Estimation Algorithm

We now propose a new continuous-time algorithm which
is obtained from (1) by replacing the computations of
1
n
∑n

j=1 x j(t) and 1
n
∑n

j=1 x j(t)2 with the dynamic average
consensus algorithm given by (4)–(6). It is expressed by
the following system of differential equations:

ẋi(t) = −k1yi(t) − k2

∑
j∈Ni

(x j(t) − xi(t))

−k3(zi(t) − 1)xi(t), i = 1, 2, . . . , n (16)
yi(t) = ŷi(t) + xi(t), i = 1, 2, . . . , n (17)
˙̂yi(t) = α

∑
j∈Ni

(y j(t) − yi(t)), i = 1, 2, . . . , n (18)

ŷi(0) = 0, i = 1, 2, . . . , n (19)
zi(t) = ẑi(t) + x2

i (t), i = 1, 2, . . . , n (20)
˙̂zi(t) = α

∑
j∈Ni

(z j(t) − zi(t)), i = 1, 2, . . . , n (21)

ẑi(0) = 0, i = 1, 2, . . . , n (22)

where (xi(t), yi(t), ŷi(t), zi(t), ẑi(t))T is the state vector of
agent i at time t. The first element xi(t) represents the es-
timated value of the algebraic connectivity. The second el-
ement yi(t) and the fourth element zi(t) represent the esti-
mated values of 1

n
∑n

j=1 x j(t) and 1
n
∑n

j=1 x j(t)2, respectively.
Because each agent only needs information of itself and its
neighbors in order to update the state vector, the proposed
algorithm is truly decentralized.

If the network is connected and x(t) satisfies

∀t ≥ 0, ∥ẋ(t)∥ ≤ Ce−bt (23)

for some positive constants C and b, then it follows from
Theorem 2 that yi(t) − 1

n
∑n

j=1 x j(t) converges to 0 for all
i and zi(t) − 1

n
∑n

j=1 x j(t)2 converges to 0 for all i. In this
case, it is expected that x(t) converges to an eigenvector
of L associated with λ2 and that the algebraic connectivity
can be estimated by (3). However, it is not clear whether
(23) is true or false because the behavior of x(t) depends
on y1(t), y2(t), . . . , yn(t) and z1(t), z2(t), . . . , zn(t). Theoret-
ical analysis of the convergence property of the proposed
algorithm is a future problem.
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Figure 1: Networks used in numerical experiments. Alge-
braic connectivities are: (a) 0.5188057, (b) 0.1794688, and
(c) 0.4165522.

4. Numerical Experiments

In order to examine the validity of the proposed method,
we conducted some numerical experiments. To be more
specific, for each of the three networks shown in Fig.1, we
found the solution x(t) of the system of differential equa-
tions described by (16)–(22) numerically by using Euler’s
method with a step size of 0.005, and then checked whether
x(t) converged to an eigenvector of L associated with λ2
and whether λ2 was correctly estimated by (3). The values
of positive constants k1, k2, k3 and α were set to 1, and the
initial value x(0) was determined randomly.

Results are shown in Figs.2–5. Fig.2 shows the wave-
forms of | cos θ(t)| = |x(t)Tp2|/∥x(t)∥ and ∥x(t)∥ for the
network shown in Fig.1(a). Because | cos θ(t)| converges to
1 and ∥x(t)∥ converges to a positive constant, we can con-
clude that x(t) converges to an eigenvector of L associated
with λ2. Fig.3 shows the waveforms of the values of the
algebraic connectivity estimated by the five agents in the
same network. We see there that all of the five estimated
values converge to the true value. From these observations,
we can conclude that the proposed algorithm works prop-
erly for the network shown in Fig.1(a). We also see from
Figs.4 and 5 that the proposed algorithm works for other
two networks in Fig.1.

5. Conclusion

We have proposed a new continuous-time algorithm for
the estimation of the algebraic connectivity of multi-agent
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Figure 2: Waveforms of | cos θ(t)| = |x(t)Tp2|/∥x(t)∥ and
∥x(t)∥ for the network shown in Fig.1(a).
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Figure 3: Waveforms of
∑

j∈Ni
(xi(t) − x j(t))/xi(t) (i =

1, 2, 3, 4, 5) for the network shown in Fig.1(a).

networks. The validity of the the proposed algorithm has
been confirmed by numerical experiments with three net-
works consisting of 5, 12 and 20 agents. However, it re-
mains an open question whether the solution of the sys-
tem of differential equations described by (16)–(22) always
converges to an eigenvector of the Laplacian matrix associ-
ated with the algebraic connectivity. This question will be
answered in future studies.
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Abstract—In this paper, we study the constraint
control of nonlinear systems. We propose a generaliza-
tion of static relatively optimal control (ROC) meth-
ods so that it is applicable to nonlinear servo systems.
ROCmethods use a piecewise linear feedback for linear
systems to achieve a deadbeat control. To utilize the
idea of ROC, we assume that nonlinear systems are in-
crementally polytopic uncertain systems, and consider
the convergence to a region such that the error be-
tween the output and the constant reference command
is less than or equal to a% of the constant reference
command.

1. Introduction

For almost all practical control systems, we need
to take into account constraints on state and/or con-
trol input caused by amplitude limitation of state vari-
ables, saturation property of actuators and so on. If
we ignore these constraints, then the real performance
of the system degrades because of the wind-up phe-
nomena, or in worst cases the control system becomes
unstable. In these respects, extensive researches have
been done to cope with such constraints (see e.g. [1]–
[10] and references herein).

In this paper, we consider a nonlinear servo sys-
tem tracking a constant reference command. We pro-
pose a generalization of static relatively optimal con-
trol (ROC) methods proposed in [9], [10] so that it is
applicable to nonlinear servo systems. ROC methods
use piecewise linear feedback control for linear systems
to achieve a deadbeat (finite time convergence to an
equilibrium). To utilize the idea of ROC, we assume
that nonlinear systems are incrementally polytopic un-
certain systems. In this case, we can not achieve a
deadbeat because of uncertainty. Instead, we consider
the convergence to a region Ψ0 such that the error be-
tween the output and the constant reference command
is less than or equal to a% of the constant reference
command. We propose a new algorithm to compute
Ψ0 and regions Ψk to achieve finite time a% settling
time control. The proposing method reduces on-line
process time than traditional ROC methods [9], [10].

Notation For a matrix L, Li is the i-th row vector of
L. For a vector m, mi is the i-th element of m. For
a polytope (a bounded polyhedral set) P , N (P ) and
F(P ) denote the set of nodes and facets of P , respec-
tively. conv {·} denotes the convex hull. For a set X ,
intX denotes the interior of the sets X .

2. Servo System and Problem Setting

2.1. Servo System

Let us consider a discrete time nonlinear system
given by

xP [k + 1] = fP (xP [k], u[k]), y[k] = gP (xP [k]), (1)

where xP [k] ∈ RnP , u[k] ∈ R, and y[k] ∈ R are, re-
spectively, the state, the control input and the output
of the plant at time k ∈ Z+, and Z+ is the set of non-
negative integers. Functions fP : RnP × R → RnP

and gP : RnP → R are continuously differentiable.
We consider an integral type servo system. The con-

trol law is given by

xI [k + 1] = xI [k] + r[k]− y[k], (2)

u[k] = KPxP [k] +KIxI [k], (3)

where xI [k] ∈ R is the state of the integrator, r[k] is
the reference input to be managed which we will state
later.

Define

x =

[

xP

xI

]

∈ Rnx , B =

[

0
1

]

∈ Rnx , g(x) = gP (xP ),

f(x) =

[

fP (xP ,KPxP +KIxI)
−gP (xp) + xI

]

. (4)

Then the closed system is given

x[k + 1] = f(x[k]) +Br[k], y[k] = g(x[k]). (5)

System (5) has constrains given by

Lx[k] + dr[k]−m <= 0 ∀k >= 0, (6)

where L ∈ Rnc×nx and d,m ∈ Rnc .
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A typical constraint is the constraint on the magni-
tude of u[k] = Kx[k] such that umin <= u[k] <= umax,
where K =

[

KP KI

]

. In this case, nc = 2, and L, d
and m are given by

L =

[

K
−K

]

, d =

[

0
0

]

, m =

[

umax

−umin

]

.

2.2. Equilibrium and Stability

For (1), we assume the following.

Assumption 1 Let R ⊆ R be a bounded closed in-
terval. For each r̂ ∈ R, there exist x̂P (r̂) ∈ XP and
û(r̂) ∈ U = [umin, umax] such that

fP (x̂P (r̂), û(r̂)) = x̂P (r̂), gP (x̂P (r̂)) = r̂, (7)

where XP ⊆ RnP is a polytope such that 0 ∈ intXP

and U ⊆ R is a bounded interval such that umin <= 0 <=
umax.

We note the following.

Lemma 1 Assume that Assumption 1 is satisfied,
and KI in (3) is not 0. Then, for each r̂ ∈ R, set

x̂I(r̂) =
û(r̂)−KP x̂P (r̂)

KI

, x̂(r̂) =

[

x̂P (r̂)
x̂I(r̂)

]

. (8)

Then, x̂(r̂) is an equilibrium of (5) and we have

KP x̂P (r̂) +KI x̂I(r̂) = û(r̂), (9)

f(x̂(r̂)) +Br̂ = x̂(r̂), g(x̂(r̂)) = r̂. (10)

Assumption 2 The nonlinear system (1) is an in-
crementally polytopic uncertain system, that is, there
exist matrices {(Ap,q, Bp,q, Cp,q)}

Q
q=1 such that

[

∂fp
∂xp

(xp, u)
∂fp
∂u

(xp, u)
∂gp
∂xp

(xp) 0

]

∈ conv

{[

Ap,q Bp,q

Cp,q 0

]}Q

q=1

∀xP ∈ XP + x̂P , ∀u ∈ U , (11)

where

XP + x̂P (r) = {xP = x̃P + x̂P (r) : x̃P ∈ XP }. (12)

Applying the mean value theorem [11], we have the
following.

Lemma 2 Assume that Assumptions 1 and 2 are sat-
isfied. For a given r̂ ∈ R, let us consider errors

x̃[k] = x[k]− x̂(r̂) = f(x̃[k] + x̂(r̂))− f(x̂(r̂)), (13)

e[k] = r̂ − y[k] = g(x̂(r̂))− g(x[k]). (14)

Then we have

x̃[k] = A[k]x̃[k], A[k] ∈ conv {Aq, q ∈ Q}, (15)

e[k] = C[k]x̃[k], C[k] ∈ conv {Cq, q ∈ Q}, (16)

where Q = {1, 2, . . . , Q},

Aq =

[

Ap,q +Bp,qKP Bp,qKI

−Cp,q 1

]

, q ∈ Q, (17)

Cq =
[

Cp,q 0
]

, q ∈ Q. (18)

Assumption 3 There exists a Lyapunov function V :
Rnx → R+ satisfying

α|x| <= V (x) <= β|x| ∀x ∈ Rnx , (19)

for some positive numbers α and β, and the following
properties hold.

V (x+ x′) <= V (x) + V (x′) ∀x, x′ ∈ Rnx , (20)

V (τx) = τV (x) ∀τ >= 0, ∀x ∈ Rnx . (21)

Moreover there exists a number γ ∈ [0, 1) such that

V (Aqx) <= γV (x) ∀q ∈ Q, ∀x ∈ Rnx . (22)

Applying standard Lyapunov theory, we have the fol-
lowing.

Lemma 3 Assume that Assumptions 1 - 3 are satis-
fied. Then, a linear time varying system given by

x̃[k + 1] = A[k]x̃[k], A[k] ∈ conv {Aq, q ∈ Q} (23)

is exponentially stable.
Let

X = {x ∈ Rnx : x ∈ XP ×R}, (24)

Ω(ρ) = {x ∈ Rnx : V (x) <= ρ}, (25)

ρmax = max{ρ > 0 : Ω(ρ) ⊆ X}, (26)

Ω(ρ) + x̂ = {x = x̃+ x̂ : x̂ ∈ Ω(ρ)}. (27)

Then, under the absence of constraints, for each r̂ ∈
R, the equilibrium x̂(r̂) of (5) is exponentially sta-
ble and for each xko

∈ Ω(ρmax) + x̂(r̂), the solution
x[k; k0, xk0

, r̂] stays in Ω(ρmax) + x̂(r̂) and converges
to x̂(r̂), where x[k; k0, xk0

, r̂] denotes the solution of
(5) with the initial condition x[k0] = xk0

and the ref-
erence input r[k] ≡ r̂.

2.3. a% Settling Time and Problem Setting

Since r̂ = g(x̂(r̂)), y[k] = g(x[k]) converges to r̂. For
a given a > 0, we define a% settling time ks by

ks = min{k′ : |g(x[k; 0, x0, r])− r̂| <= ar|r̂|

∀k >= k′}, (28)
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where ar = a/100, N c = {1, 2, . . . , nc}, and r[k] = r̂
for k >= k′ and r[k] is managed so that (6) holds for
k >= 0.

We will compute a stability region Ψ0(r̂) such that
xk0

∈ Ψ0(r̂) means

x[k; k0, xk0
, r̂] ∈ Ψ0(r̂) ∀ k >= k0, (29)

x[k; k0, xk0
, r̂] → x̂(r̂), k → ∞, (30)

|Cq[x[k; k0, xk0
, r̂]− x̂(r̂)]| <= ar|r̂|

∀k >= k0, ∀q ∈ Q, (31)

Lix[k; k0, xk0
, r̂] + dir̂ <= mi ∀i ∈ N c, ∀k >= k0. (32)

In this paper, we propose a nonlinear feedback con-
trol law to manage r[k] so that the constraint (6) is
satisfied and that x[k; 0, x0, r] reaches Ψ0(r̂) at most
k0 steps, where k0 is the integer such that x0 ∈ Ψk0

(r̂)
and Ψk(r̂) is defined later.

3. Computation Ψ0(r̂)

Let P ⊆ Rnx be a polytope such that 0 ∈ intP,
and let NF = {1, 2, · · · , NF }. The normal vector ηj
of F j ∈ F(P ), j ∈ NF , is normalized in the sense that
ηTj x̃ = 1 for all x̃ ∈ F j , and P is represented by

P = {x ∈ Rnx : ηTj x <= 1, j ∈ NF }. (33)

A Polytopic Lyapunov Function (PLF) V (x) deter-
mined by P is given by

V (x̃) = max
j∈N F

ηTj x̃. (34)

Let us denote the boundary of the set P by ∂P.
Then V (x) = 1 for all x ∈ ∂P, and, hence, when we
define Ω(ρ) by (25), we have Ω(ρ) = ρP .

By the definition, V (x) satisfies (19) - (21) . Relat-
ing to (22), we have the following.

Lemma 4 Suppose that P is the polytope given by
(33). Let us consider (23). If

ηTℓ Aq

γ
∈ conv {ηTj , j ∈ NF } ∀ℓ ∈ NF , ∀q ∈ Q (35)

holds for some γ > 0, then (22) is satisfied.

When Q = {1}, that is, Q = 1, it is a good idea to
choose γ = max{|λj(A1)|, j = 1, 2, · · · , nx} + ε < 1,
where ε is a small positive number. When Q >= 2, an
initial approximation of γ > 0 can be computed by
solving an LMI.

Theorem 1 Let P be the polytope given by (33). As-
sume that Assumptions 1 - 3 are satisfied. Moreover,

we assume that (35) is satisfied for some γ ∈ (0, 1),
and that following conditions hold.

± C̃q =
±Cq

ar|r̂|
∈ conv {ηTj , j ∈ NF } ∀q ∈ Q, (36)

m̃i(r̂) = mi − Lix̂(r̂)−Dir̂ > 0 ∀i ∈ N c, (37)

L̃i =
Li

m̃i(r̂)
∈ conv {ηTj , j ∈ NF } ∀i ∈ N c. (38)

Then, (29) - (32) are satisfied for Ψ0(r̂) = P + x̂(r̂).

When a polytope P which includes 0 as an in-
terior point is given by (33), the polytope PD =
conv {ηj , j ∈ NF } is the dual polytope of P, that

is, normalized normal vectors of P are vertexes of PD.
Conversely, normalized normal vectors of PD are ver-
tices of P.

From Theorem 1, we have an algorithm to construct
the dual polytope PD of P. Let the polytope X in
Assumption 2 be given by X = {x : ηTi,0x <= 1, i =
1, 2, · · · , nX}.

Procedure comp Ψ
1. begin
2. k:=0;

3. Stack1 := {ηi,0}
nX
i=1

∪ {C̃q,−C̃q}
Q
q=1

∪ {L̃i}
nc
i=1

;

4. PD := conv {Stack1}; F := N (PD);
5. Node1 := F ; Stack1 := ∅;
6. for η ∈ Node1 begin
6.1. for Aq ∈ A begin
6.1.1. if (AT

q η/γ /∈ PD) begin
6.1.1.1. Stack1 := Stack1 ∪AT

q ηℓ/γ;
6.1.2. end;
6.2. end;
7. end;
8. if (Stack1 6= ∅) begin;
8.1. PD := conv {Stack1,F}; F := N (PD);
8.2. Stack1 := ∅; k := k + 1; goto 5
9. end;
10. end;

In comp Ψ, A = {Aq, q ∈ Q}.
It is guaranteed that comp Ψ stops in a finite itera-

tion under the condition (35).

4. Nonlinear Feedback Control Law

The polytope computed by applying comp Ψ de-
pends on r̂ ∈ R. In the following, we fix a r̂ ∈ R, and
for simplicity of notation we drop (r̂) in representing
P(r̂), Ψ0(r̂) and x̂(r̂).

When Ψ0 = P + x̂ was computed, compute Φk and
Ψk for k = 1, 2, . . . , kmax in the following way.

Φk = {x̃ =
[

xT r
]T

: (Aqx+Br) ∈ Ψk−1 ∀Aq ∈ A,

Lx+ dr <= m}. (39)
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Let N (Φk) = {x̃k,ℓ =
[

xT
k,ℓ rk,ℓ

]T
}
NNk

ℓ=1 , and com-

pute Ψk = conv {xk,ℓ}
NNk

ℓ=1 . For each k, let

F(Ψk) = {Fk,j}
NFk

j=1 , and for each Fk,j , let N (Fk,j) =

{xk,j,i}
NNk,j

i=1 . Define a pyramid Ψk,j = conv {{x̂} ∪
N (Fk,j)}. Then

intΨk,j ∩ intΨk,j′ , j 6= j′, Ψk =

NFk
⋃

j=1

Ψk,j . (40)

Each xk,j,i corresponds to an xk,ℓ ∈ N (Ψk), where
ℓ depends on (j, i), and we denote ℓ as ℓ(j, i) and
we represent xk,ℓ as xk,ℓ(j,i). Let rk,ℓ(j,i) correspond

to xk,ℓ(j,i), that is, x̃k,ℓ(j,i) =
[

xT
k,ℓ(j,i) rk,ℓ(j,i)

]T

∈

N (Φk). For convenience, let xk,ℓ(j,0) = x̂ and
rk,ℓ(j,0) = r̂.
We propose a piecewise linear control law r(x).

When x ∈ Ψk,j , there exists {λi ∈ [0, 1]}
NNk,j

i=0 such

that

NNk,j
∑

i=0

λi = 1 and x =

NNk,j
∑

i=0

λixk,ℓ(j,i) , and r(x) is

given by

r(x) =











NNk,j
∑

i=0

λirk,ℓ(j,i), if x ∈ (Ψk,j\Ψ0),

r̂, if x ∈ Ψ0.

(41)

Theorem 2 Assume that Ψ0 = P+ x̂, {Φk,Ψk}
kmax

k=1

are computed. Then, we have

Ψ0 ⊆ Ψ1 ⊆ . . . ⊆ Ψkmax
. (42)

If x0 ∈ Ψk0
for some k0 < kmax and if we apply the

control law (41), then constraints (6) hold and a% set-
tling time k0 is achieved.

If Ψk,j is a simplex, then NNk.j
= nx,

rankXk,j = nx and r(x) in (41) is given
by r(x) = Rk,jX

−1
k,jx + r̂, where Xk,j =

[

xk,j,1 − x̂ xk,j,2 − x̂ · · · xk,j,nx
− x̂

]

and Rk,j =
[

rk,j,1 − r̂ rk,j,2 − r̂ · · · rk,j,nx
− r̂

]

.

5. Concluding Remark

In this paper, we studied the constraint control of
nonlinear servo systems. The contribution of this pa-
per are to derive Theorems 1 and 2 and to propose a
new control law (41), This control law is quite similar
to those in [9], [10], but it is different because we do
not consider decompositions of Ψk\Ψk−1 into union
of simplexes. As a result, our implementation reduces
on-line process time than the previous implementation
in [9], [10].
Because of the lack of spaces, we do not in-

clude proofs of lemmas and theorems. The proofs
can be obtained by requiring them by email to
tcs.y.ohta@people.kobe-u.ac.jp .
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Abstract—The second smallest eigenvalue of the Lapla-
cian matrix, also known as the algebraic connectivity, is an
important quantity for various network systems because it
indicates how well the network is connected. The algebraic
connectivity also characterizes some dynamic processes on
networks such as consensus algorithms for multi-agent net-
works. In this paper, we prove that the algebraic connec-
tivity of any complete multipartite graph is not less than
that of all graphs obtained from it by applying a 2-switch.
This is a generalization of the authors’ previous result about
complete bipartite graphs.

1. Introduction

The algebraic connectivity [1], which is defined as the
second smallest eigenvalue of the Laplacian matrix, indi-
cates how well the network is connected. The algebraic
connectivity also characterizes some dynamic processes on
multi-agent networks. For example, the convergence rate
of the average consensus algorithm proposed by Olfati-
Saber and Murray [2] is determined by the algebraic con-
nectivity of the communication graph. Therefore, find-
ing graphs with a high algebraic connectivity under certain
constraints on the topology is an important problem from
both a theoretical and a practical point of view.

Ogiwara et al. [3, 4] considered the problem of finding
graphs that maximize or locally maximize the algebraic
connectivity in the space of graphs with a fixed number
of vertices and edges. They proved that some well-known
classes such as star graphs, cycle graphs, complete bipartite
graphs maximize the algebraic connectivity under certain
conditions. They also proved that cycle graphs, complete
bipartite graphs, and circulant graphs locally maximize the
algebraic connectivity.

Recently, the authors of the present paper studied the
problem of finding graphs that maximize or locally maxi-
mize the algebraic connectivity in the space of graphs with
a fixed degree sequence [5]. This is closely related to
the problem in which a communication topology has to be
found for the fastest or nearly fastest consensus when the
number of communication channels for each agent is fixed.
They proved that any complete bipartite graph composed

This work was supported by JSPS KAKENHI Grant Number
15K00035.

of six vertices or more is a local maximizer of the algebraic
connectivity in the sense that it has the largest algebraic
connectivity among all graphs in the neighborhood, where
the neighborhood of a graph G is defined as the set of all
graphs that can be obtained from G by applying a 2-switch.
A 2-switch is a well-known graph transformation that does
not change the degree sequence [6].

In this paper, as a generalization of the authors’ previous
result [5], we prove that any complete multipartite graph is
a local maximizer of the algebraic connectivity in the same
sense as above. We first review definitions of the algebraic
connectivity maximizing (ACM) graph and the algebraic
connectivity locally maximizing (ACLM) graph. We next
study some properties of eigenvalues and eigenvectors of
the Laplacian matrix of the complete multipartite graph.
We finally present the main results of this paper.

2. Algebraic Connectivity Locally Maximizing Graph

Throughout this paper, by a graph, we mean a simple
undirected graph. Let G = (V(G), E(G)) be a graph com-
posed of n vertices and m edges, where V(G) = {1, 2, . . . , n}
is the vertex set and E(G) = {e1, e2, . . . , em} is the edge set.
Each edge is expressed as an unordered pair of two distinct
vertices like {i, j}. The Laplacian matrix of G is defined by

L(G) = D(G) − A(G)

where A(G) = (ai j(G)) is the adjacency matrix defined by

ai j(G) =
{

1, if {i, j} ∈ E(G),
0, otherwise,

and D(G) is the degree matrix defined by

di(G) = |{ j | {i, j} ∈ E(G)}| .

Because L(G) is always positive semi-definite, its eigen-
values are real and nonnegative. So we hereafter denote
them by λ1(G) ≤ λ2(G) ≤ · · · ≤ λn(G). Furthermore, be-
cause L(G)1 = 0 holds, where 1 and 0 are the vectors of
all ones and all zeros, respectively, the smallest eigenvalue
of L(G) is always zero, that is, λ1(G) = 0.

The algebraic connectivity [1] is defined as follows.

Definition 1 The second smallest eigenvalue λ2(G) of
L(G) is called the algebraic connectivity of the graph G.
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Figure 1: 2-switch. Each dotted line means that there may
or may not exist an edge.

Suppose that a graph G = (V(G), E(G)) has four distinct
vertices such that E(G) contains {p, q} and {r, s} but neither
{i, k} nor { j, l}. Let G′ = (V(G′), E(G′)) be the graph ob-
tained from G by removing two edges {p, q} and {r, s}, and
by adding two new edges {p, r} and {q, s} (see Fig. 1). This
transformation is called 2-switch. It is clear that the degree
matrix does not change before and after the application of
a 2-switch. Moreover, it is well known that, for any pair of
graphs G and G′ such that D(G) = D(G′), G can be trans-
formed into G′ by applying 2-switches sequentially [6].

We now present definitions of algebraic connectivity
maximizing graphs and algebraic connectivity locally max-
imizing graphs, both of which were first introduced in [5].

Definition 2 A graph G is called an algebraic connectivity
maximizing (ACM) graph in GD(G) if

∀G′ ∈ GD(G), λ2(G) ≥ λ2(G′) ,

where GD(G) is the set of all graphs having the same degree
matrix as G.

Definition 3 A graph G is called an algebraic connectivity
locally maximizing (ACLM) graph in GD(G) if

∀G′ ∈ ND(G)(G), λ2(G) ≥ λ2(G′) ,

where GD(G) is same as Definition 2, and ND(G)(G) is the
set of all graphs obtained from G by applying a single 2-
switch.

It is apparent from these definitions that if G is an ACM
graph in GD(G) then G is an ACLM graph in GD(G). How-
ever, the converse is not true.

The following lemma shows that in some special cases G
can be proved to be an ACM graph in GD(G) by examining
only graphs in ND(G)(G).

Lemma 1 If ND(G)(G) = ∅ or all graphs in ND(G)(G) are
isomorphic to G then G is an ACM graph in GD(G).

Proof: We first consider the case where ND(G)(G) = ∅.
Suppose that GD(G) contains a graph G′ that is not G. Then
G can be transformed into G′ by applying 2-switches se-
quentially, and hence ND(G)(G) must contain at least one
graph. However, this contradicts ND(G)(G) = ∅. There-
fore, we conclude that GD(G) = {G} and hence G is the

Figure 2: Complete 4-partite graph K1,1,2,4. The algebraic
connectivity of this graph is 4.

ACM graph in GD(G). We next consider the case where
all graphs in ND(G)(G) are isomorphic to G. Suppose that
there exists a G′ ∈ GD(G) that is not isomorphic to G. Let
G0(= G),G1, . . . ,Gk−1,Gk(= G′) be a sequence of graphs
such that Gi+1 is obtained from Gi by a 2-switch. Then
there exists an i (≥ 2) such that Gi is isomorphic to G1 but
Gi+1 is not. However, this contradicts the assumption that
all graphs in ND(G)(G) are isomorphic to G. Therefore, we
conclude that all graphs in GD(G) are isomorphic to G and
hence G is an ACM graph in GD(G). □

3. Complete Multipartite Graphs are Algebraic Con-
nectivity Locally Maximizing Graphs

If the vertex set V(G) of a graph G is partitioned into
k (≥ 2) disjoint nonempty subsets V1,V2, . . . ,Vk such that
two vertices i and j are adjacent if and only if they be-
long to different subsets, then G is called a complete k-
partite graph and denoted by Kn1,n2,...,nk where nl = |Vl| for
l = 1, 2, . . . , k. A complete multipartite graph is shown in
Fig.2. In the following, we assume without loss of gener-
ality that n1 ≤ n2 ≤ · · · ≤ nk. Also, we denote the index of
the subset to which vertex i belongs by π(i), that is, i ∈ Vπ(i)
for i = 1, 2, . . . , n (=

∑k
l=1 nl). Then the Laplacian matrix

L(Kn1,n2,...,nk ) is given by

L(Kn1,n2,...,nk )i j =


n − nπ(i), if i = j,
0, if π(i) = π( j) and i , j,
−1, if π(i) , π( j).

It is well known that eigenvalues of the Laplacian matrix
of Kn1,n2,...,nk are 0, n − nk, n − nk−1, . . . , n − n1, n and their
multiplicities are 1, nk−1, nk−1−1, . . . , n1−1, k−1, respec-
tively. In this section, we show that any complete k-partite
graph Kn1,n2,...,nk is an ACLM graph in GD(Kn1 ,n2 ,...,nk ).

Lemma 2 Suppose we are given a complete multipartite
graph Kn1,n2,...,nk . Let v = (v1, v2, . . . , vn)T be any vector
such that i) ∥v∥ , 0, ii) vi = 0 for all i < Vk, and iii) vT1 =
0. Then v is an eigenvector of L(Kn1,n2,...,nk ) associated with
λ2(Kn1,n2,...,nk ) = n − nk.

- 286 -



Proof: Let v be any vector satisfying the three conditions.
Then, for any i such that i < Vk (or π(i) , k), we have

(L(Kn1,n2,...,nk )v)i

=
∑
j∈Vk

L(Kn1,n2,...,nk )i jv j = −
∑
j∈Vk

v j = 0 = (n − nk)vi.

Also, for any i such that i ∈ Vk (or π(i) = k), we have

(L(Kn1,n2,...,nk )v)i =
∑
j∈Vk

L(Kn1,n2,...,nk )i jv j = (n − nk)vi.

Therefore, v satisfies L(Kn1,n2,...,nk )v = (n−nk)v which com-
pletes the proof. □

Lemma 3 If nk−1 = 1,ND(Kn1 ,n2 ,...,nk )(Kn1,n2,...,nk ) is the empty
set. If nk−1 = nk = 2, all graphs in ND(Kn1 ,n2 ,...,nk )(Kn1,n2,...,nk )
are isomorphic to Kn1,n2,...,nk .

Proof: Suppose first that nk = 1. Then Kn1,n2,...,nk is a com-
plete graph, and hence ND(Kn1 ,n2 ,...,nk )(Kn1,n2,...,nk ) = ∅. Sup-
pose next that nk−1 = 1 and nk ≥ 2. In this case, because all
pairs of vertices, except pairs of vertices in Vk, are adjacent,
there are no four vertices p, q, r, s such that E(Kn1,n2,...,nk )
contains both {p, q} and {r, s} but neither {p, r} nor {q, s}.
Suppose finally that nk−1 = nk = 2. In this case, there
exist four vertices p, q, r, s such that E(Kn1,n2,...,nk ) contains
both {p, q} and {r, s} but neither {p, r} nor {q, s}. We assume
without loss of generality that Vk−1 = {p, r} and Vk = {q, s}.
Then p, q, r, s are adjacent to all vertices except r, s, p, q,
respectively. Let G be the graph obtained from Kn1,n2,...,nk

by applying a 2-switch to these four vertices as shown in
Fig.1. Then, in G, vertices p, q, r, s are adjacent to all ver-
tices except q, p, s, r, respectively. If we relabel vertices in
G as q → r and r → q, the resulting graph is identical to
Kn1,n2,...,nk . Therefore, G is isomorphic to Kn1,n2,...,nk . □

From Lemmas 1 and 3, we have the following result.

Corollary 1 If nk−1 = 1 or nk−1 = nk = 2, Kn1,n2,...,nk is an
ACM graph in GD(Kn1 ,n2 ,...,nk ).

Now we give the first main theorem of this paper.

Theorem 1 Any Kn1,n2,...,nk with nk ≥ 4 is an ACLM graph
in GD(Kn1 ,n2 ,...,nk ).

Proof: If ND(Kn1 ,n2 ,...,nk )(Kn1,n2,...,nk ) = ∅ then Kn1,n2,...,nk is an
ACLM graph as explained in the previous section. Thus
we hereafter assume that ND(Kn1 ,n2 ,...,nk )(Kn1,n2,...,nk ) , ∅. Let
p, q, r, s be any four vertices such that E(Kn1,n2,...,nk ) con-
tains {p, q} and {r, s} but neither {p, r} nor {q, s}. Let G1 be
the graph obtained from Kn1,n2,...,nk by removing {p, q}, G2
be the graph obtained from G1 by adding {p, r}, G3 be the
graph obtained from G2 by removing {r, s}, and G be the

graph obtained from G3 by adding {q, s}. Then it is obvi-
ous that G ∈ ND(Kn1 ,n2 ,...,nk ). We show in the following that
λ2(G) ≤ λ2(Kn1,n2,...,nk ). By Interlace theorem [7], we have

λ2(G1) ≤ λ2(Kn1,n2,...,nk ) ≤ λ3(G1)
≤ λ3(Kn1,n2,...,nk ) ≤ λ4(G1) ≤ λ4(Kn1,n2,...,nk ) ,
λ3(G1) ≤ λ3(G2) ≤ λ4(G1) ,
λ3(G3) ≤ λ3(G2) ≤ λ4(G3) ,

λ2(G) ≤ λ3(G3) ≤ λ3(G) ≤ λ4(G3) ≤ λ4(G) .

From these inequalities, we have λ2(G) ≤ λ4(Kn1,n2,...,nk ).
Also, it follows from the assumption nk ≥ 4 that the multi-
plicity nk −1 of λ2(Kn1,n2,...,nk ) is at least three, which means
that λ4(Kn1,n2,...,nk ) = λ2(Kn1,n2,...,nk ). Therefore, we conclude
that λ2(G) ≤ λ2(Kn1,n2,...,nk ). □

We next give the second main theorem of this paper,
which takes a different approach to show that any Kn1,n2,...,nk

with nk−1 ≥ 2 and nk ≥ 3 is an ACLM graph.

Theorem 2 Any Kn1,n2,...,nk is an ACLM graph in
GD(Kn1 ,n2 ,...,nk ). Furthermore, if nk−1 ≥ 2 and nk ≥ 3, there
exists at least one graph G in ND(Kn1 ,n2 ,...,nk )(Kn1,n2,...,nk ) such
that

λ2(G) ≤ λ2(Kn1,n2,...,nk ) − 1 +
2
nk
≤ λ2(Kn1,n2,...,nk ) −

1
3
. (1)

Proof: Because it has already been shown by Corollary 1
that Kn1,n2,...,nk is an ACM graph in GD(Kn1 ,n2 ,...,nk ) if nk−1 = 1
or nk−1 = nk = 2, we assume in the following that nk−1 ≥ 2
and nk ≥ 3. Let p, q, r, s be any four vertices such that
E(Kn1,n2,...,nk ) contains {p, q} and {r, s} but neither {p, r} nor
{q, s} (Existence of such four vertices is guaranteed by the
assumption that nk−1 ≥ 2 and nk ≥ 3). Then we easily see
that

π(p) = π(r) , π(q) = π(s) . (2)

Let G be the graph obtained from Kn1,n2,...,nk by applying a
2-switch to four vertices p, q, r and s as shown in Fig. 1.
Then the Laplacian matrix of G is given by

L(G) = L(Kn1,n2,...,nk ) − M

where M = (mi j) is given by

mi j =


−1, if (i, j) ∈ {(p, q), (q, p), (r, s), (s, r)} ,
1, if (i, j) ∈ {(p, r), (r, p), (q, s), (s, q)} ,
0, otherwise .

Since λ2(G) is expressed as

λ2(G) = min
vT1=0, ∥v∥=1

vTL(G)v,

we can find an upper bound for λ2(G) by substituting any
v such that vT1 = 0 and ∥v∥ = 1 into vTL(G)v. Let us
now assume that v satisfies the condition that vi = 0 for
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all i < Vk in addition to vT1 = 0 and ∥v∥ = 1. Then, by
Lemma 2, v is a unit eigenvector of L(Kn1,n2,...,nk ) associated
with λ2(Kn1,n2,...,nk ). We therefore have

λ2(G) ≤ vTL(G)v
= λ2(Kn1,n2,...,nk ) − vTMv

= λ2(Kn1,n2,...,nk )
+ 2vpvq + 2vrvs − 2vpvr − 2vqvs . (3)

We first consider the case where p < Vk (or π(p) , k) and
q < Vk (or π(q) , k). In this case, because vp = vq = vr =

vs = 0, it follows from (3) that λ2(G) ≤ λ2(Kn1,n2,...,nk ). We
next consider the case where either p ∈ Vk (or π(p) = k) or
q ∈ Vk (or π(q) = k) holds. We assume without loss of gen-
erality that the former holds. In this case, because vq = vs =

0, it follows from (3) that λ2(G) ≤ λ2(Kn1,n2,...,nk ) − 2vpvr.
In the following, we focus our attention on the minimum
value of the second term −2vpvr under the constraints on
v mentioned above. This minimum value can be found by
solving the mathematical programming problem:

minimize −2vpvr

subject to
∑

i∈Vk
vi = 0 ,∑

i∈Vk
v2

i = 1 .
(4)

Using the method of Lagrange multiplier, we obtain an op-
timal solution of (4) which is given by

v∗i =
{ µ1

2(1−µ2) , if i ∈ {p, r},
− µ1

2µ2
, if i ∈ Vk \ {p, r}

(5)

where

µ1 =

√
8(nk − 2)

n3
k

and µ2 =
nk − 2

nk
.

Substituting (5) to the objective function of (4), we have

−2vpvr = −1 +
2
nk
.

Therefore, we have

λ2(G) ≤ λ2(Kn1,n2,...,nk ) − 1 +
2
nk

which completes the proof. □

In order to see how tight the upper bound given in (1)
is, we consider a graph that can be obtained from K1,1,2,4
shown in Fig. 2 by applying a 2-switch. Removing edges
{3, 5} and {4, 6} and adding new edges {3, 4} and {5, 6}, we
have the graph shown in Fig. 3. The algebraic connectivity
of the obtained graph is 3.2679492, while the right-hand
side of (1) is given by

λ2(K1,1,2,4) − 1 +
2
4
= 3.5

which is slightly greater than the true value.

Figure 3: The graph obtained from K1,1,2,4 shown in Fig. 2
by removing {3, 5} and {4, 6} and adding {3, 4} and {5, 6}.
The algebraic connectivity of this graph is 3.2679492.

4. Conclusion

We have proved that any complete multipartite graph
Kn1,n2,...,nk is an ACLM graph in the space of graphs with the
same degree sequence. We have also proved that if nk−1 ≥ 2
and nk ≥ 3 then there are four vertices in Kn1,n2,...,nk such that
the application of a 2-switch to the four vertices decreases
the algebraic connectivity by at least 1/3. One of the future
problems is to prove that any complete multipartite graph
is an ACM graph.
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Abstract—This paper discusses an exploration of a role
of pheromone in object pattern formation by autonomous
transporting agents, such as termites in nature. This paper
is motivated by the performance of termites; they build a
large size of 3-dimensional nest by putting pheromones to
a carrying object. Our previous study has indicated that on
the cellular space, a wide variety of structures are eventu-
ally formed by distributed autonomous agents with simple
transporting ability. The cellular automata approach pro-
posed by Stephen Wolfram is intended as an investigation
of pattern formation. After introducing a transporting agent
using pheromones with evaporation and diffusion, we con-
ducted some simulations. The simulation results indicate
that the duration of clustering phase decreases as agent’s
pheromone sensitivity gets higher; the forming cost gets to
efficient by the effect of pheromones that help to collect
other agents to a construction place. Moreover, it should
be said that we can control the transition process by tuning
the degree of an agent’s pheromone sensitivity.

1. Introduction

Tiny agents sometimes show us amazing behaviors with
a group even if they have physically tiny brains with lim-
ited memory or deduction capacity. For example, so-
cial insects such as termites build complicated nest tow-
ers [1]. In this study, we aim at understanding the principle
behind these apparently intellectual behavior of swarms.
In particular, we will focus our attention on distributed
pattern formation generated by autonomous transporting
agents. In order to spot a new light on distributed pat-
tern formation, we propose to analyze it based on a spatial
discretization approach. The cellular automata approach
was proposed to investigate complex systems (e.g. self-
organization) [2] [3].

Our previous study has proposed a model of trans-
porting agents which execute simple action rules like
“move/load/unload” assigned for local terrain patterns. Via
numerical simulation, it can be verified that a wide variety
of structures are finally formed (e.g. clusters, line shapes,
labyrinth, etc...) [4].

Here, let us return to the performance of termites again.
Termites build huge nests by impregnating pheromones

y

xo

Figure 1: Overview of the horizontal cellular plane

with carrying objects [5]. Pheromones pasted on the block
naturally evaporate/diffuse into the air. The natural perfor-
mance led to our consideration of a fundamental question:
why do they use pheromones? This paper tries to provide a
flavor of why they utilize pheromone effect in object pattern
formation. Simply thinking, it will give a role of attracting
other termites, which may connect to build construction of
huge nest effectively. Our pervious study [6] has already
proposed a pheromone model inspired by the foraging be-
havior of ants, in which they search a food source and go
back to the nest by creating pheromone trails.

Therefore, in this paper, we build a transporting agent
using pheromones which has the ability of evaporation and
diffusion. Then, we examine how pheromone effects on
object pattern formation; we evaluate the simulation step
(i.e. energy consumption).

This paper is organized as follows. Section 2 introduces
one pattern formation picked up from our previous study.
Section 3 builds an agent model using pheromones inspired
by foraging behavior of ants, and evaluates the pattern for-
mation with special emphasis on the speed to create a pat-
tern. Conclusions and future works is described in Sec-
tion 4.

2. Our previous study: Pattern formation in the cellu-
lar space

In this section, we briefly introduce our previous result;
we pick up a typical pattern formation, such as forming
cluster by distributed transporting agents.
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(a) Block (b) Robot (empty) (c) Robot (full)

Figure 2: Three objects on the field

(a) Step (b) Half-step1 (c) Half-step2

(d) Concave (e) Flat (f) Convex

Figure 3: Possible patterns of neighboring blocks

2.1. Discretization of the field

In 2-dimensional cellular horizontal plane (Fig. 1), there
are 3 types of object: a block (Fig. 2(a)), a robot carrying
nothing (Fig. 2(b)) and a robot carrying a block (Fig. 2(c)).
In the study, a robot is supposed to carry only one block,
that is a robot cannot carry more than two objects at the
same time.

More than two objects cannot be occupied in single cell.
A robot moves autonomously by executing action rules de-
scribed in the next subsection, but a block is immobile in
itself.

2.2. Primitive action rules of a robot

A robot chooses one of four actions in each step as fol-
lows:

0:Unload Put down the carrying block and step backward.

1:Load Pick up the block in front of it and step forward.

2:Move Step forward.

3:Turn Rotate 90 degree to right or left randomly.

Unload, load or move action cannot be executed on the
particular situations. For example, a robot without a block
cannot choose unload, a robot with a block cannot choose
load, or a robot cannot move into a non-empty cell. If a
robot selects unexecuting action, it selects turn.

2.3. Assignment of action rules for local terrain pattern

A robot is supposed to perceive 5 cells in front of it.
Then, the robot decides its action based on the arrange-
ment of blocks, the local terrain patterns. The state of each
cell in the area is occupied by a block or an empty, thus the
number of combinations of local configurations is counted

(f) (e) (d) (c) (b) (a)
Load Unload Unload Load Unload Unload

1 0 0 1 0 0

Table 1: Code252: indicates the action rules based on local
configurations respectively

Figure 4: Typical pattern formation based on Code 252

at 25 = 32. By eliminating symmetrical configurations, we
can reduce these patterns to 6 patterns (Fig. 3).

Here, let us begin with explanation about how a robot
selects its action. A robot selects one from three action
rules, 0:unload, 1:load, 2:move, for 6 local terrain pat-
terns (Fig. 3) in each step. All combinations are calcu-
lated as 36 = 729 patterns by assigning of 3 action rules
for 6 local terrain patterns. We call the combination as the
term “Code” by the conversion from ternary to decimal.
For example, let us suppose to select the combination of
action rules as shown in Table 1. (a)-(f) in Table 1 shows
the action rules that a robot selects for each local config-
uration (Fig. 3). Through carrying out simulations, robots
with Code 252 form a cluster pattern (Fig. 4).

3. Analysis of a role of pheromones in object pattern
formation

Our previous study mentioned that the simple agents can
create a wide variety of patterns [4]. Here, let us return
our attention to the performance of termites; they construct
enormous nests by pasting pheromones to carrying objects.
Such a performance raises an underlying question: what is
the role of pheromone in object pattern formation?

Then, in this section, we try to introduce pheromone
model referred by previous work [6]; when a robot doing
unload, it puts down a block impregnated pheromone. Fur-
thermore, we investigate the influence of pheromones to the
speed for cluster formation.

3.1. Introduction of discretized pheromone model

Here, we will illustrate pheromone model and discretize
it. The pheromone model has following 2 characteris-
tics (Fig. 5).
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Block pheromones

Air pheromones Diffusion

Evaporation

Figure 5: Evaporation and diffusion of pheromones

Parameter of pheromones Values
γeva Pheromone evaporation coefficient 6.68 × 10−2

γdi f Pheromone diffusion coefficient 7.00 × 10−2

γadd Amount of pheromones emitted by a robot 4.95 × 10
Bthr Threshold concentration of block pheromones 1.00 × 10−1

Athr Threshold concentration of air pheromones 0.00 − 3.00 × 102

Table 2: Parameter of pheromones

• Pheromones on a block, hereinafter referred to as
“block pheromones”, evaporate as time goes on.

• Evaporated pheromones, hereinafter referred to as “air
pheromones”, diffuse as time goes on.

We use the following Eqs. as the pheromone model with
these 2 characteristics [6]:

∂

∂t
B(x, y, t) = −γevaB(x, y, t) + γadd (1)

∂

∂t
A(x, y, t) = γdi f∇2A(x, y, t) + γevaB(x, y, t) (2)

where B(x, y, t), A(x, y, y) is block pheromones, air
pheromones at (x, y) ∈ R at time t ∈ R+. Additionally, γeva

is the evaporation coefficient of block pheromones, γdi f is
the diffusion coefficient of air pheromones and γadd is the
amount of block pheromones emitted by a robot in doing
unload.

We derive the following 2 equations from discretization
of pheromone model Eq. 1, 2.

B(nx, ny, τ + 1) = (1 − γeva)B(nx, ny, τ) + γadd (3)
A(nx, ny, τ + 1) = (1 − 4γdi f )A(nx, ny, τ) + Ain(nx, ny, τ)

+ γevaB(x, y, τ) (4)

where, (nx, ny) ∈ Z are coordinates in the cellular world. In
addition, Ain(nx, ny, τ) denotes the amount of pheromones
flowing into (nx, ny) from 4 neighbor cells at time step τ ∈
Z+. Ain(nx, ny, τ) is defined by

Ain(nx, ny, τ) = γdi f {A(nx − 1, ny, τ) + A(nx + 1, ny, τ)
+ A(nx, ny − 1, τ) + A(nx, ny + 1, τ)} (5)

Also, we define the minimum amount of block pheromones
and air pheromones which robots can perceive as Bthr and
Athr, respectively. The parameters mentioned above is
shown in Table 2.

Immobile block

Figure 6: Immobile block

A robot carrying a block tracks air pheromones and
moves to the cell determined by the following equation.

left cell (0 ≤ θ ≤ π3 )
front cell ( π3 ≤ θ ≤

2π
3 )

right cell ( 2π
3 ≤ θ ≤ π)

(6)

where, θ is defined by the following equation.

θ = tan−1 a · c
a · d (7)

In addition, a, c, d are as follows.

a =

 Al(nx, ny, τ)
A f (nx, ny, τ)
Ar(nx, ny, τ)

 , c =
 0

1
0

 ,d =
 1

0
−1

 (8)

Al(nx, ny, τ), A f (nx, ny, τ), Ar(nx, ny, τ) denotes the amount
of air pheromones on the left, front, right cell of a robot at
(nx, ny) at time step τ.

3.2. Evaluation of pheromone effects on object pattern
formation

Let us begin with discussing the effect of pheromones
by evaluating the speed of cluster pattern formation. First,
we describe the initial configuration of the field. The size
of the field is 100 × 100 = 10, 000 cells; 1000 to 3500
blocks are randomly distributed within the area surrounded
by (10, 10), (90, 10), (90, 90), (10, 90). In addition, 1200
robots are placed in empty cells.

Robots execute their actions based on Code 252; the
action rule is identified as forming a cluster. By chang-
ing the threshold of pheromone perception Athr, that is air
pheromone sensitivity, from Athr = 0 to Athr = 300, we
repeat simulations 10 times for each value of Athr.

In order to evaluate the speed to form a cluster, we define
“the number of immobile blocks” as a performance index.
If a block is surrounded by 4 blocks as shown in Fig. 6, we
call it as “immobile block”. Thus, the number of immobile
blocks increases as the cluster grows.

Fig. 7 shows time series of the number of immobile
blocks in the case of 2, 000 blocks. As the threshold of air
pheromone perception Athr gets lower values; pheromone
sensitivity gets higher, the inclination is much steeper, that
is, the speed of clustering gets faster by introduction of
pheromones. Here, we paid scant attention on the differ-
ence among the convergence values. The difference would
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Figure 7: Changes of the number of immobile blocks in the
case of 2, 000 blocks
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Figure 8: The relationship between the number of all
blocks and the duration of clustering phase for different
pheromone sensitivity

be explained by the sum of robots carrying an object in the
convergence state.

Fig. 8 shows the relationship between the number of all
blocks and the duration of clustering phase. Then, we intro-
duce a sort of performance index “clustering phase” which
denote the duration from the simulation start until the den-
sity of immobile blocks becomes 0.632 times as large as
the sum of blocks. This evaluation idea is referred from
the time constant in control theory. The whole tendency
in Fig. 8 indicates that the lower the pheromone sensitiv-
ity becomes, the duration of clustering phase increases. On
the other hand, we found out different tendency only in the
case of 1,000 blocks. Though the analytical results was
very interesting, we omit the detailed discussion for lack
of space. It seems that average and variance of the dura-
tion of clustering phase greatly decreases as the threshold
of pheromone perception becomes lower values. In other
word, we can say that the pheromone would enhance the
stability of cluster formation in terms of reducing the vari-
ance.

Moreover, as the density of blocks increases, it seems
that the duration of clustering phase becomes not so dif-
ferent comparing with that in the case of 1,000 or 1,500
blocks. It would be for the reason that the event of en-
countering a block is easily occurred due to high density of
blocks even if a robot moves in random direction. Thus, the
effect of pheromones would be remarkably seen in a sparse
space.

In summery, our analytical results indicate that we can
control not only the equilibrium state, i.e. final pattern
shape, but also the transition process by adjusting the
pheromone sensitivity of a robot.

4. Conclusions with future works

In this paper, we discussed a role of pheromones for ob-
ject pattern formation by distributed transporting agents.
After designing an agent model using pheromones, we con-
ducted numerical simulations and evaluated the duration of
clustering phase by changing some parameters (the num-
ber of blocks and the sensitivity of pheromones). The sim-
ulation results indicate that introduction of pheromone en-
hances the stability of cluster formation in terms of reduc-
ing the variance of the duration of cluster phase. Moreover,
it can be said that the transition process of clustering is con-
trolled by adjusting pheromone sensitivity. In future, we
aim at analyzing the influence of pheromones for another
pattern formation (pattern generation by another Code).
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Abstract—In this paper, a profound analysis of
voltage sources inverters is first conducted for un-
derstanding their disadvantages. It follows with the
explanations of the advantages of Z-source inverter-
s. Based on these analysis, this paper proposes the
impedance network matching mechanism, which form-
s the basis of a systematic methodology of designing
power converters.

1. Introduction

In 1882, the first power grid, which is a DC and
short-distance distribution system, was invented by T.
Edison. Then, the problem was how to transfer ener-
gy over a long distance [1]. It is now well known that
electricity must be transmitted at AC high voltages
because DC voltage cannot be increased or decreased
at that time [2] until the invention of transformers in
1885 [3]. Transformers played a vital rôle in electric-
ity transmission, especially in the energy conversion.
However, transformers can only increase or decrease
AC voltage (AC-AC) at the same frequency [4]. In
practical applications, electric energy was expected to
convert from one form to another, e.g. between AC
and DC, or just into different voltages or frequencies,
or some combinations of those, which cannot be ful-
ly fulfilled by transformers. With the developments
of semiconductor switches, power electronics appeared
and has developed to be a discipline [5].

With rapid development of modern industry, more
severe problems are faced by power electronics [6]. In
order to solve these problems, some advances were wit-
nessed in the semiconductor switches in power convert-
ers, for example, integrated gate-commutated thyris-
tors (IGCT) were invented to have lower conduction
loss. However, due to high switching losses, typical
operating frequency is normally set up to 500 Hz. Ac-
cordingly, control strategies were also improved in al-
gorithms with higher accuracy and speed [7].

To design a new power electronics converter, one
can, on the one hand, develop a new control strategy.
On the other hand, one can design a novel power con-

verter topology, so as to obtain specific outputs and
better features. In fact, a control strategy is specified
to a certain topology, and the topology determines the
control system. Therefore, it is of great significance to
coin new power converter topologies to fulfill various
requirements in applications.

It is known that voltage-source converters suffer
from shoot-through problems, the incapability of load-
ing a capacitive load, and limited gains of output volt-
ages, while current-source converters have open-circuit
problems, the incapability of loading an inductive load,
and limited gains of output currents. In order to solve
these problems, Z-source converters were firstly pro-
posed by Peng in 2002 [8, 9]. Z-source can be regard-
ed as a general source, including the current source
and the voltage source as two extreme cases. Like
traditional converters, the design of specific Z-source
converters is still an art, lacking of a systematic design
methodology.

In this paper, it is thus motivated to profoundly an-
alyze voltage sources converters and understand why
impedance-source converters have the unique features
over traditional ones based on the two-port network
theory. Then, a deep understanding of the impedance
network matching mechanism will lead to a systematic
methodology of designing power converters.

2. Preliminaries: Two-port Network

A two-port network, as shown in Fig. 1, is an electri-
cal network with two ports, where the left port is con-
sidered as the input port, while the right one is the out-
put port, representing by four variables, i.e. voltage
U1(s) and current I1(s) at the input port, and voltage
U2(s) and current I2(s) at the output port, so that the
two-port network can be treated as a black box mod-
eled by the relationships between the four variables.

The transmission equation of a two-port network is
given by [

U1(s)
I1(s)

]
= A(s) ·

[
U2(s)
−I2(s)

]
, (1)
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Figure 1: Two-port networks

where A(s) is the transmission matrix and its elements
are written as

A11(s) =
U1(s)

U2(s)

∣∣∣∣∣
I2(s)=0

A12(s) =
U1(s)

−I2(s)

∣∣∣∣∣
U2(s)=0

A21(s) =
I1(s)

U2

∣∣∣∣∣
I2(s)=0

A22(s) =
I1(s)

−I2(s)

∣∣∣∣∣
U2(s)=0

. (2)

Therefore, an impedance network can be equivalent
to a two-port network, and whose input and output
impedances read

Zi(s) =
U1(s)

I1(s)
=

A11(s)ZL(s) + A12(s)

A21(s)ZL(s) + A22(s)
, (3)

and

Zo(s) =
U2(s)

I2(s)
=

A22(s)ZS(s) + A12(s)

A21(s)ZS(s) + A11(s)
, (4)

where ZL(s) and ZS(s) are the load and source
impedances of the two-port network’s output and in-
put ports, respectively.

3. Analysis of Voltage-Source Inverters

This section explains why voltage-source inverters
have the problems mentioned as a typical example.

A voltage-source inverter and its equivalent circuit
are drawn in Fig. 2, where ZVS(s) and ZL(s) are
the equivalent source impedance and equivalent load
impedance of the voltage-source inverter, whose corre-
sponding two-port network is indicated in the dashed
box in Fig. 2(b), where ZVS(s) is the unique compo-
nent in the two-port network.
(1) Shoot-through
In terms of (2), the transmission matrix of the

voltage-source inverter in Fig. 2(b) reads
AV11(s) = 1
AV12(s) = ZVS(s)
AV21(s) = 0
AV22(s) = 1

. (5)

(a) Voltage-source type

(b) Voltage-source type

Figure 2: Voltage-source inverter and its equivalent
circuit with two-port network.

Substituting (5) into (3) results in the input
impedance of the voltage-source inverter

Zi(s) = ZL(s) + ZVS(s), (6)

while the input current of the voltage source is thus
obtained as

IVS(s) =
VVS(s)

ZL(s) + ZVS(s)
. (7)

It is obvious that ZL(s) = 0, if the switches of
the voltage-source inverter in a bridge are switched
on simultaneously. Moreover, the source impedance
ZVS(s) is normally very small, i.e. ZVS(s) ≈ 0. There-
fore, Zi(s) = ZL(s) + ZVS(s) ≈ 0, which implies
IVS(s)→∞. Thus, the voltage source is shorted and a
very large current will break down the switches. This
is the so-called shoot-through problem.

(2) Limited output voltage
In terms of Fig. 2(b), submitting ZS(s) = 0 and (5)

into (4) results in the output impedance of voltage-
source inverter as

Zo(s) = ZVS(s). (8)

Obviously, the voltage of the load can be expressed
as

VVL(s) = VVS(s)− IVS(s)ZVS(s). (9)

According to (9), because of the existence of the
source impedance ZVS(s) in the two-port network, the
output impedance Zo(s) leads that the load voltage
VVL(s) is lower than the source voltage VVS(s).

(3) Incapability of loading capacitive loads
Further by analyzing (9), the impedance ZVS(s)

in the two-port network is equivalent to a capacitor
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with very large capacitance, if the load impedance
ZL(s) is capacitive, it is easy to find that a capaci-
tive source offer energy to a capacitive load resulting
in that VVL(s) = VVS(s) finally in steady states, which
implies that the voltage-source inverter is incapability
of loading capacitive loads.

Therefore, due to the impedance of two-port net-
work between the voltage-source and the inverter
bridges, there are some disadvantages in the voltage-
source inverter listed as above.

4. Analysis of Z-Source Inverters

The equivalent circuit of Z-source inverter with two-
port network is shown as Fig. 3, therein, define L1 =
L2 = L, C1 = C2 = C, and the impedance of diode D
as ZZS(s).

Figure 3: Equivalent circuit of Z-source inverter with
two-port network.

In terms of (2), one can obtain the transmission ma-
trix of Z-network and obtain its elements

AZ11(s) =
s2LC + 1

1− s2LC

AZ12(s) =
2sL

1− s2LC

AZ21(s) =
2sC

1− s2LC

AZ22(s) =
s2LC + 1

1− s2LC

. (10)

Submitting ZS(s) = ZVS(s), ZL(s) = ZZL(s) and
(10) into (3) and (4) results in the input and output
impedances of Z-network as

ZZi(s) =



2sL

s2LC + 1
Shoot−through states

s2LC + 1

2sC
Open−circuit states

(s2LC + 1)ZZ(s) + 2sL

2sCZZ(s) + s2LC + 1
Normal states

,

(11)
and

ZZo(s) =


2sL

s2LC + 1
When D on

s2LC + 1

2sC
When D off

. (12)

(1) Immunity to shoot-through

The input current of the Z-source inverter is

IZS(s) =
VZS(s)

ZZi(s)
, (13)

therein, the input impedance ZZi(s) is not equal to
0 in any conditions according to (11) indicating that
the Z-source inverter is immune to the shoot-through
problems.

(2) High output voltage gain

Assume the duty cycle of the diode D as d ∈ [0, 1].
In terms of (12), one can obtain the average output
impedance as

ZZo(s) =
(1− d)L

2


s4 + s2

(
2(1 + d)

(1− d)LC

)
+

1

L2C2

s3 + s
1

LC

 ,

(14)
while the output voltage of Z-source inverter VZL(s) is

VZL(s) = VZS(s)− IZL(s)ZZo(s). (15)

It is obvious that ZZo(s) is the function of the duty
d in terms of (14). Adjusting ZZo(s) via d one can ob-
tain VZL(s) > VZS(s), which implies that the Z-source
inverters can overcome the limited voltage problems of
voltage-source inverters.

(3) Capability of loading capacitive loads

Further by analyzing (12), assume the load
impedance capacitive as ZZ(s) = 1/(sCL), where CL

is the capacitance of the load.

Adjust the duty d, and the inductance L, capaci-
tance C of the Z-network, the output impedance of
the Z-network can exhibit inductive implying that the
Z-source inverter can load a capacitive load.

Based on the analysis above, there are some im-
proved performances in Z-source inverters due to the
inserted Z-network compared to the traditional one,
i.e. immunity to shoot-through, high output voltage
gain, and capability of loading all loads.

5. Impedance Networks Matching Mechanism

Impedance matching in linear circuits is to match
the parameters of the load impedance and source
impedance to realize specific purposes. A power
converter is essentially a nonlinear switching circuit
different from the linear electronics circuits, and it-
s performances obviously can be improved by the
impedance matching method, which can be extended
to three aspects, i.e. input impedance matching, out-
put impedance matching and load phase matching.

(1) Input impedance matching
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Submitting s = jω and ZL(jω) = 0 (shoot-through
states) into the input impedance of the two-port net-
work in (3) results in the input impedance as

Zi(jω) = Re

(
A12(jω)

A22(jω)

)
+ jIm

(
A12(jω)

A22(jω)

)
, (16)

Assume the input impedance in (16) inductive, it
is obvious that the converter can restrain the short-
circuit current due to the inherent characteristic of in-
ductive component hindering the current change, and
this condition is expressed as

Im

(
A12(jω)

A22(jω)

)
> 0. (17)

(2) Output impedance matching
Similarly, submitting s = jω into (4), the output

voltage of the two-port network is

VL(jω) = VS(jω)
ZL(jω)

ZL(jω) + Zo(jω)
. (18)

It is obvious that |VL(jω)| > |VS(jω)| when the voltage
gain M satisfies the condition M > 1, which results in

Re(ZL(jω))Re(Zo(jω)) + Im(ZL(jω))Im(Zo(jω))

< −
|Zo(jω)|2

2
< 0 ,

(19)
when two factor formulars in (19) all smaller than 0,
and their sum is smaller than 0, then (19) holds, which
indicats that the output impedance exhibits negative
impedance features; otherwise, the output impedance
exhibits positive impedance features.
(3) Load phase matching
In order to improve the load ability of the converter,

i.e. the converter is capable of all kinds of loads, the
output impedance phase of the converter should be
matched to be capacitive or inductive to reduce the
total impedance phase. Therein, the best operation
condition is that its total impedance phase is 0◦, which
can be expressed as similarly

Im (ZL(jω)) = −Im (Zo(jω)) . (20)

(4) Matching optimization
According to the analysis above, input impedance

matching is to increase the input impedance in short-
circuit case to make it inductive and then to re-
strain the input current; output impedance match-
ing is to connect an impedance network or adjust the
impedance networks parameters to match the output
impedance being positive or negative for increasing or
decreasing output voltage; and load phase matching is
to match output impedance with the load impedance
to realize total impedance phase being close to 0◦.
Therefore, to design a reasonable and feasible pow-
er converter, the parameters conditions of these three
matchings should be overall considered in the design
to realize matching optimization.

6. Conclusion

A profound analysis of voltage sources inverters and
Z-source inverters is first conducted for understanding
their disadvantages and advantages, respectively. It
follows with the conclusions from these analysis and
then an impedance network matching mechanism is
proposed for designing power converters.
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Abstract—Online Social Networks provide many pos-
sibilities to people to make new contacts all over the world.
Nevertheless, the derived friendship relations are usually
less confident compared to the real-life friendships due to
missing possibilities to built up trust. Therefore, a method
is introduced to derive trust from user activities in the net-
work. A global trust judgement is processed considering
the mutual influences of all network users and stochasti-
cally being confirmed by randomly chosen groups of users.
Simulation results show the power of the approach.

1. Introduction

The introduction of online, social networks (ONS) have
been welcomed by broad groups of the society which have
figured out opportunities of such systems for their activi-
ties.

Three scenarios of the use of such systems may be dis-
tinguished. People,

1. ... use the OSN, who know each other well from real
life and have already established any kind of mutual
connection. They use an OSN only as another, fast
and world-wide available tool to intensify their com-
munication and share interesting information.

2. ... meet anyhow in the OSN for the first time; usu-
ally OSN offer a plenty of methods for doing so for
any purpose. They never knew each other before in
the real life and share only information on the OSN,
which become a complete documentation of this rela-
tion.

3. ... knowing each other following the procedure de-
scribed in 1) or 2) and exchange information on third
parties, which are not known to everybody; e.g. a
service s is recommended by a group of persons
x1, x2, .., xr to another person y.

In the first case, users may refer to some real-life back-
ground and therefore a well-established feeling of trust,
confidence and friendship, usually derived from the lim-
bic system of the human brain. Public and private key may
be used for the needed authentication in security systems.
Besides, existing voice and video call subsystems or ex-
ternal communication (like usual phones) can be applied
whenever additional security is indispensable.

The situation drastically changes in the two other sce-
narios. Although the user may even see each other face
by face and have different interaction opportunities over a
longer interval see [1], the relations mostly remain superfi-
cial. It is a fact, that only very few members of the second
user group meet in real life.

Usually, public and private keys, digital signatures, cer-
tificates etc. may ensure in case 2) and 3) only that we
meet always the same registered person(s), (i.e. solve the
problem of formal authentication and privacy), but it can
even not ensure without additional measures that the user
behind the computer is the always the same. Nevertheless,
the main reason is to be seen in a deep problem to establish
trust over a social network. And: it is hard to trick out the
brain in this point, i.e. to force the brain to trust anyone.

A plenty of psychological and sociological publications
deal with the complex problem of understanding trust [2]
and to distinguish different human approaches to that de-
pending on aspects of the character of the respective per-
son [3]. It becomes clear that trust is not a fixed value but
a parameter changing over time depending on very subjec-
tive rules and also non-explainable feelings. Even chem-
istry (smells) may play an important role in this process [4].
From the psychological point of view it must be accepted
that users may obtain trust by fraud and that not every in-
telligently prepared plan may be recognised: in real life as
well as in computer based OSN.

[5] figured out that trust building and trust estimation re-
quire long time, i.e. need a longer time of mutual commu-
nication and activities involving interactions in the social
networks as well as in reality. The reason is that in this
case the cost for any fraud is usually higher than the ob-
tain reward of deception. Nevertheless, a single, accidently
made lie may disrupt any friendship and destroy built trust
suddenly with no chance for a later recovery [6].

If it is assumed that the behaviour of an individual is
more or less rational and a constant one over a longer pe-
riod, the consideration of the history gives the possibility
to predict future activities. In such a manner, trust can be
mostly understood a the predictability of activities of the
other users in the respective environment.

Last but not least, it must be recognised that trust
strongly depends on sociological factors, i.e the position
in the social hierarchy of all persons, recommendation of
other people (friends as well as strangers) and the estima-
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tions of persons in the closest environment (family, team
etc.). Such effects are already addressed in works on the
wisdom of crowds [7] and the word of mouth [8]. Klein-
berg motivates in his works on triadic closure [9] that two
people are more likely to be friends or trust each other, if
they share a mutual friend or highly appreciated person.
The strength of the ties between the persons may influence
the respective probability to establish a new friendship or
trust relation.

From the above said, it becomes clear that trust estima-
tion is a central point in future OSN.

2. Local Trust and User Activities

2.1. Successive Data Collection

Differing from the human approach of trust building, a
technical system must be based on exact measurements of
suitable parameters and algorithms as well as on how to
combine them to a reliable trust value. In [1], we have
discussed a first set of activities available for doing so in
OSN.

The appearance of communication activities is the
strongest instrument to evaluate the relation among two
users. Hereby, communication includes not only the con-
tent of messages but also any other measurable parameters
of communication like its time, frequency, duration etc. but
also annotation of messages, e.g. if users like a posting,
comment a posting or even mail to the user. Those parame-
ters are more easy to measure than content aspects and may
even be compared concerning their importance by weights.

Later, those numbers will be referred to as cumulative
trust value between two users, i.e., user ux trusts user uy to
a certain extent, denoted as T (ux, uy). Note at this point that
trust is not a symmetric relation, i.e. T (ux, uy) , T (uy, ux)
and subject to a permanent evaluation.

In detail, the following rules apply to generate a cumu-
lative trust value T (ux, uy) over the continuous interactions
and activities with other users for a longer period of time.

For the special example of Google+ the following rules
were derived.

1. Being liked from a user ux will increase T (ux, uy).

2. Frequent, consecutive like activities may increase the
trust value over time.

3. Positive comments have a more intense, increasing ef-
fect as likes. Note, that in this case the content must
be analysed.

4. Being added as friend or receiving eMail from another
user is also a quite positive signal, which result in an
increased trust value.

5. Reaching a given trust value T f (ux, uy) will result in
adding uy as friend by ux;

6. In the same manner a much lower value of Tu f (ux, uy)
may result in an ’unfriend’-activity.

7. Finding a triadic closure i.e. if ux is friend of uy and
recognizing that uy and uz are friends, may increase
the trust T (ux, uz).

8. Also, a new friend may be randomly added with a
small probability, representing a new friend from the
real world. For those people, a starting trust value
must be interactively determined.

9. Recognised lies will result in set T (ux, uy) to zero.
Consecutive activities (e.g. Unfriend) may depend on
the users character.

Finally, it must be considered whether activities shall be
valid over all time or for a specific time slice only, e.g. by
using a (sliding) window approach.

Therefore, it can be assumed that an exponential obliv-
ion process models the human thinking in the best man-
ner. The local trust value T (ux, uy) depend now on the time,
i.e. becomes T (ux, uy, t), where t is a discrete time step. If
∆T (ux, uy, n + 1) denotes the local trust changes obtained in
the last time interval from n until (n + 1), T (ux, uy, (n + 1))
can be calculated in a recursive manner without keeping all
history values of T (ux, uy, t) in the memory by:

T (ux, uy, (n + 1)) = T (ux, uy, n)e−λ +
∆T (ux, uy, (n + 1))

S
, (1)

wherein λ is constant to determine the size of the win-
dow and S can be understood as the number of considered
(weighted) values and can be counted by

S =

∞∑
k=0

e−λk =
1

1 − e−λ
. (2)

Currently, a concrete quantitative analysis of trust alter-
ations of T (ux, uy) is not given in this article. These values,
however, must be later empirically derived by experiments
with a bigger group of users and be confirmed in a simula-
tion process.

2.2. Generating Pairwise Trust

From human psychology it is clear, that the transition
between no and full trust is definitely not a linear function,
but more or less a sigmoid dependency, if few exceptional
events resulting in an immediate loss of trust are not con-
sidered at the moment.

1. In the beginning, the first activities of a user are not
adequately recognised for trust calculation.

2. After some time of doubt, positive activities result in
a significant increase of trust.

3. When a time of probation is over, full trust is given.

4. This process, however, is reversible.
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5. Some activities may result in an immediate loss of
trust, this may be modeled again with a small prob-
ability plie(ux, uy) representing that ux is cheated by uy

such that any trust is destroyed and T (ux, uy) = 0.

As the linear combination of activities influencing the
trust value of user ux for user uy is aggregated in T (ux, uy),
which can vary in a big range, normalisation should be in-
troduced to map T (ux, uy) to t(ux, uy) with values in an in-
terval of [0,1] following [10], which preserves the underly-
ing trust semantics. The question is now how t(ux, uy) can
be suitably derived from T (ux, uy)?

A sigmoid function is often used and the suggested solu-
tion for our propose:

t(ux, uy) =
1
2

+
T (ux, uy) − To f f

2
√

1 + (T (ux, uy) − To f f )2
, (3)

whereby To f f describes the user characteristics, i.e. how
much initial trust is given and how much positive activi-
ties must be performed in order to obtain an increased trust
value.

Now, the pairwise trust functions must be used to gen-
erate a (global) trust value for each user, which shall not
solely depend on a special pairwise business relation but
be an overall trust evaluation of this user in his (complex)
network of relations.

2.3. Global Trust and Random Walks

From the above said, it becomes clear that the (global)
trust value of a user depends on the trust of all users know-
ing that user as well as the trustworthiness of those users.
E.g. if a user A trusts a user B with 100 percent and has an
own trust estimation of 10 percent only, this user probably
cannot convince the community that B is reliable.

By considering those relations, the similarity to the cal-
culation of PageRank [11] is highly visible. Indeed, the re-
sults of [12] show that we can use and specify the PageR-
ank calculation for our needs. The advantage is that it is
known that the PageRank of a node can be obtained by a
fully decentralised working, random walker based method.
Using these methodology, a global TrustScore TS ux (t) is
now easy to calculate in an iterative process which con-
verge fast if k random walkers are used.

It is clear that the counted trust value TS (ux) is still a
value, which depends on the network size, i.e. the bigger
the network is, the smaller all values are. In order to make
these values comparable, different normalization methods
can be applied using the size of the network or relative mea-
sures.

3. Simulation

3.1. Simulation Setup

A check for performance and feasibility of the above
concept through was done by a simplified Java multi-

threads simulator of the real-time scenario.
The simulated social networks are firstly generated the

Watts-Strogatz method [13] as directed graph with network
size n, mean degree k = 6 and and a rewire probability
p = 0.5. The trust values are weights of the edges obtained
by the Richardson technique [14] as mentioned in [1]. Ad-
ditionally, a massive dataset from real social networking
are used in our simulation such as below trust networks
directed weighted Advogato (6,541 users and 51,127 trust
statements).

Convergence of whole TrustScore process is assumed if
the difference between 2 consecutive states is acceptably
small, i.e. 4.10−8 or lower.

3.2. Result and Discussion

Consequently, the result in Fig. 1 reveals that the dis-
tribution of TrustScore comply Gaussian distribution pat-
terns. It can be seen that highest density of nodes is ob-
tained in (0.150; 0.175].

Figure 1: TrustScore distribution on simulated trust net-
work in different size

Judging from statistics data in Fig. 1 on Advogato,
Gaussian distribution remains and 1,842 nodes out of
6,541 nodes (28.16%) have mostly trust value in interval
(0.25; 0.275].

Figure 2: (a) Convergence in different network sizes (b)
Convergence in restriction of number of random walkers

It follows from Fig. 2. a. that convergence in direct trust
networks with different sizes increase steadily with regard
to iterations.

In Fig. 2. b, the number of random walks was increased
to be {1, 10, 20, 30, 40, 50, 60, 70, 80, 90, 100}, re-
spectively in order to accelerate convergence by parallel
processing. Our simulation is implemented on simulated
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Watts Strogatz network mentioned in subsection 3.1 with
the network sizes 1,000 nodes. The experiment could be
concluded that population of random walkers have effect
on the convergence time. Obviously, the more random
walkers TrustScore algorithm got, the earlier convergence
it obtained. As we see, when number of random walkers
is greater than 40, more exactly, parameter of restriction
setting exceeds mean of population size then time conver-
gence is quite stable. In fact, the calculation process may
take a while, even if unlimited number of random walkers
(100 and so forth) are used.

Figure 3: Re-convergence time with 1, 5, 10, 15, 20, 25
newly added nodes

Investigation of re-convergence with dynamic structure
of topology is implemented through newly added 1, 5, 10,
15, 20 or 25 nodes with different network sizes in Fig. 3.
The question is how many time TrustScore get new stable
state after some new nodes join the network. It seems fairly
difficult to catch characteristics of re-convergence, but gen-
eral trend of re-convergence time is that the more newly
nodes join the more time we need. Even size of network is
different, but extra time for re-convergence corresponding
number of newly added nodes seem slightly in parity. A
trivial result is recognized that topology shape of network
might have an effect on convergence rate beyond network
size.

Our results of trust simulation were shown that
TrustScore is sound and feasible. In future articles, the au-
thors will take content into account for investigating influ-
ence of user-generated content on social network to trust.

4. Conclusion and Outlook

A fully decentralised concept to calculate global trust in
an OSN was introduced. It is based on the evaluation of
the predictability of user activities and uses random walk-
ers for all communication and calculation processes. After
a short startup time, trust values can be derived for every
user, even when the information available on a particular
user (e.g. when the user just joined the network) is sparse.
In such a manner, the concept may contribute to endeav-
ours to make online trading more safe. First experiments

have been conducted and proved the practicability of the
new concept.
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Abstract– Considering that traditional PID controller 

has the problem for amplifying the noise when extracting 

the differential of signal, the tracking-differentiator is 

adopted to construct the nonlinear PID controller. The  

theoretical analysis and simulation are done to study the 

influence of the tracking-differentiator to the control 

process. Then the designed nonlinear PID controller is 

adopted into the controlling part of DC-DC converters to 

optimize the dynamic property. A boost converter is taken 

as an example, compared with traditional PID controller, 

the simulation shows that the nonlinear PID controller can 

control the system more quickly and smoothly, realizing 

the dynamic optimization of the boost converter. 

 

 

 

1. Introduction 

As PID control is simple, effective and robust to 

modeling errors, it is widely used in DC-DC applications. 

The traditional PID controller gets the error between 

the actual value and the set value as the input, and 

constructs the present error(P), accumulation of past 

errors(I) and prediction of future errors(D)  in a linear way 

as the controlled variable. But in practical engineering, it 

is hardly to extract the continuous and differential signal 

from the signals discontinuously or with random noise for 

the traditional PID controller. To solve the problems, the 

nonlinear tracking–differentiator(TD) was first presented 

in [1]. 

 Following, the general type of TD is given in[2], and 

the strict proof for signal-tracking is also presented. In 

recent years, many experts have done some researches on 

TD. In [3], the system types that can be used as TD have 

been discussed. The [4-8] raised several new types of  TD 

to solve practical control problems. And the TD is applied 

into brushless dc motor servo system in [9], which get a 

good control effect. 

In this paper, the nonlinear tracking–differentiator is 

adopted to improve the traditional PID control, then the 

revised nonlinear PID controller is used in DC-DC 

converters to optimize the dynamic property.  

 

 

 

 

 

 

2. The construction of TD 

2.1. The extraction of differential signal 

The form of the classic differentiator[10] is: 

1 1
( ) (1 )

1 1

s
y s v v v

s s


  
   

 
             (1) 

1
( ) ( ( ) ( )) ( )y t v t v t v t


                           (2) 

When the input signal ( )v t  is along with the random 

noise signal ( )n t , the ( )n t  will be approximate to zero 

after ( )v t  [11]. 
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v t v t n t
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                             (3) 

The   is smaller, the effect of noise amplification is 

more serious. 

If 2 1

2 1

( ) ( )
( )

v t v t
v t

 

 

  



 is adopted, the noise 

amplification effect will be reduced: 

2 1 1 2

1 1 1
( )

1 1
y v

s s   
 

  
                       (4) 

   The realization of the differential function depends on 

tracking the input signal "as soon as possible". And to 

track the input signal "at the soonest "[12], the tracking-

differentiator is introduced. 

 

2.2. Tracking-differentiator(TD) 

TD is the development of the traditional differentiator. 

It achieves a smooth approximation for the generalized 

derivative of the input signal by nonlinear function. 

Tracking differentiator is able to extract  the differential 

signal from the discontinuous signals and the signals with 

noise, it has good filter performance[13], reasonable 

transient process and superior frequency response[14]. 

The block diagram of TD is shown below: 

Tracking 

differentiator

（TD）

1x

2x

( )iv t

 
Fig. 1 The block diagram of TD 

There will be two output signals 1x  and 2x for the TD. 

1x  tracks the input signal ( )iv t , and 1 2x x , 2x is the 

approximate differential of ( )iv t . So, 1x realizes the 
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arrangement of the transition to ( )iv t , and 2x  realizes the 

extraction of the differential signal. 

Tracking differentiator has different types as the 

nonlinear function used is different. In the paper, sat 

function is adopted to construct the nonlinear TD. 

 

2.3. The tracking-differentiator based on sat function 

(STD) 

    The sat function is: 

( ), , 0

( , )
, , 0

sign A A

sat A A
A

 


 



  


 
 



              (5) 

The tracking-differentiator based on sat function: 

1 2

2 2

2 1( ( ) , )
2

i

x x

x x
x rsat x v t

r






   


                (6) 

STD is derived by the time optimal control, it is simple 

and there are only two variables. In (6), r affects the 

tracking velocity, the bigger r is, the time of transient 

process is smaller. But a too big r will result in the 

oscillation of the system. δ is the size of the linear range. 

The STD model is shown in Fig. 2. 

+

+

-

- ( , )rSat A 

( )iv t

1

s

1

s

abs
1

2r

1( )x t

2 ( )x t

 
Fig. 2 The structure of STD model 

1)  The output 1x when the input is constant signal with 

amplitude 10 
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Fig.3 The output waveform with a constant input signal 

 

2)  The output 1x and 2x when the input is square wave 
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Fig. 4  The output 1x  with a square wave input signal 
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Fig. 5 The output 2x  with a square wave input signal 

3)  The output 1x  when the input is sine wave(amplitude 

10) with high frequency white noise(amplitude 0.8) 
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Fig. 6 The output waveform with a sine wave signal  

From the simulation results, no matter what kind of 

input signal is, the output 1x can track the input signal 

quickly without oscillation. Moreover, there is almost no 

phase shift between the output 1x  and input ( )iv t , the 

differential signal 2x  is accurate and without noise. 
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When the STD is placed at the input terminal, the 

output signal can achieve a smooth approximation for the 

input signal, which avoid the unreasonable error generated 

by the sudden change when input signal goes from 0 to 

the demand value at the beginning time. Meanwhile the 

overshoot is reduced and the STD also has filtering action 

on input signal. 

When the STD is placed at the output terminal, the 

differential signal can be extracted without noise, and the 

influence of noise and disturbance on the output signal 

can be eliminated by the filtering action. 

 

3. The simulation for the application of the nonlinear 

PID controller 

The paper takes boost converter as an example. The 

nonlinear PID controller constructed by STD is adopted in 

the control loop, and the comparison with traditional PID 

control is given. 

STD

k0
controlled 

object

STD

1 siv
1v

2v

u y

-

-

+

+
k1

k2

 
Fig. 7 The nonlinear PID controller constructed by STD 

The parameters of the boost converter is shown below: 
Table.1 The parameters of the main circuit for boost converter 

Input Voltage Output Voltage 
Switching 

Frequency 

25V-30V 50V 6kHz 

Inductance Load resistor Capacitance 

0.4 mH 20Ω-15Ω 440 uF 

 

L D
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Fig. 8 Boost converter with nonlinear PID control 

a. The comparison of the two control methods when the 

input with  high frequency white noise(amplitude 0.8) 

For the traditional PID controller, a group of optimal 

parameters is obtained by the parameter setting method[15] 

based on frequency domain: kp=0.005, ki=4, kd=0.00004. 

For the nonlinear PID controller, let the r=1000000, 

δ=0.02, k0=0.3, k1=4, k2=0.0001.  

The output voltage waveforms for the two controller are 

shown in Fig. 9. 

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035

10

20

30

40

50

60

t/s

 

PID

N-PID with STD

v o
/V

 
Fig. 9 The output voltage waveforms for the two control methods 

The dynamic performance of the two control methods is 

shown in Table. 2. 
Table. 2  The dynamic performance of the  two controllers for the 

output voltage 

Control 

Method 

Overshoot 

(%) 

Accommodation Time 

(ms) 

voltage ripple 

(%) 

Traditional 

PID control 
3 10 2 

Nonlinear 

PID control 
0 4 0.4 

    Compared with Traditional PID control, it can be seen 

that the time output voltage achieves stable and the 

overshoot is less for nonlinear PID control, and it also has 

a better filtering effect. 

b. The comparison of the two control methods for voltage 

sudden change and load sudden change 

Let input voltage changes suddenly at 0.04s from 25V 

to 30V, the output voltage waveforms for the two 

controller are shown in Fig. 10. 

Let load resistance changes suddenly at 0.04s from 20Ω 

to 15Ω, the output voltage waveforms for the two 

controller are shown in Fig. 11.  

The dynamic performance of the two control methods is 

shown in Table. 3. 
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Fig. 10 The output voltage waveforms for voltage sudden change 
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Fig. 11 The output voltage waveforms for load sudden change 

 

Table. 3  The dynamic performance of the  two controllers for the 

voltage and load sudden change 

Control 

Method 

voltage sudden change load sudden change 

Overshoot 

(%) 

Accommodati

on Time (ms) 

Overshoot 

(%) 

Accommo

dation 

Time (ms) 

Traditional 

PID control 
5.6 6 0.9 10 

Nonlinear 

PID control 
1 2 0 2 

 

Compared with Traditional PID control, the output 

voltage with nonlinear PID control has a better dynamic 

performance, which effectively improves the robustness 

and adaptability of the converter. 

 

4. Conclusions 

Aiming at the disadvantages of traditional PID 

controller, the nonlinear PID controller with tracking 

differentiator is constructed. And it is applied into a boost 

converter. By comparing the modulation process of 

nonlinear PID control and traditional PID control under 

the voltage and the load sudden change, it is shown that 

the nonlinear PID controller can realize non-error 

adjustment faster and at the same time reduce the 

overshoot. Also, it has better modulation and anti-

interference effect for the external disturbances and noise. 

The nonlinear PID controller has better applicability and 

control performance in the application of DC-DC 

converters, which provides a new choice for the control 

methods of the power converters. 
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Abstract—Chaotic signals have the characteristics
of fluctuant and continuous spectrum waveform due
to pseudo-randomness of chaos. The largest peak on
the spectrum is defined as the central frequency in
this paper. As one kind of spread-spectrum modula-
tion, chaotic duty modulation is adopted to suppress
electromagnetic interference (EMI) in switching con-
verters. This paper is concerned with the effect of
the center frequency on chaotic modulation for EMI
reduction. Simulations and experimental verification
are conducted on a DC-DC Buck converter.

1. Introduction

Due to the pseudo-randomness and continuous spec-
trum of chaos, chaos control has been widely applied
in the security communication, the EMI reduction in
power electronics and so on [1, 2, 3]. However, the
spectrum waveform of chaos is fluctuant with some
peaks and the energies concentrate upon a limited
range of frequency[4]. It is reported in [5] that the
spectrum range of the chaotic signal is required to
match the actual bandwidth of the communication
channel in the security communication. In [6] a chaot-
ic frequency modulation has been implemented to re-
duce EMI by connecting external chua’s chaotic signal
to the PWM module of a DC-DC Boost converter, and
proposed that the chaotic oscillating frequency should
approach the switching one of the converter.

With the overview on related literature, the opti-
mization of chaotic signal should be considered in sup-
pressing EMI with chaotic modulation. This paper de-
fines the frequency of the largest spectrum peak as the
center frequency denoted by fo, which reflects the sig-
nal evolving speed and spectral range. The evolving
waveform and spectrum of a chaotic signal are demon-
strated in Fig.1. The largest spectrum peak locates at
the center frequency fo (for this example, fo=24 KHz).
Additionally, the spectrum mainly distribute within
the range of 0 ∼ 2fo.

Figure 1: The chaotic signal of Chua’s circuit (up-
per)and its FFT (lower)

2. Chaotic Modulation

2.1. Chaotic Duty Modulation

As shown in Fig.2, the circuit is demonstrated for
the chaotic duty modulation in a DC-DC Buck con-
verter by injecting the chaotic signal to the PWM
module.

LQ

DVs

RL

CPWM

is iL io

vo

A
C

Rs

Rch

rampv
refvΔ

chv

refv
conv

Chaotic signal 

generator

Sv

Vref

Figure 2: The schematic diagram of chaotic duty mod-
ulation

The variable vch is the external chaotic signal and
is linearly processed to be ∆vref through the resistor
Rch, denote the linear coefficient by k1, there

∆vref = k1vch. (1)
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The variable vcon is the control voltage. It is the
issue of amplifing the error between vS and vref . As-
suming that the amplifier gain is constant and denoted
by A1, vcon is described by

vcon = A1(vS − vref ) = A1(γ1 −Vref)−A1k1vch (2)

which exists two parts. One part of the equation is
A1(γ1 − Vref), which is constant and denoted by γ2.
The other one is A1k1vch, where A1k1 is constant and
denoted by γ3. Therefore, vcon is simplified as

vcon = γ2 + γ3vch. (3)

Because vcon is the result of processing vch by lin-
earization and translation, vcon is also chaotic and
the duty of chaotic modulation pulse is consequently
chaotic, as shown in Fig.3.

t

vcon

vramp

O

t

PWM

O

VU

1Ts kTs (k+1)Ts

tk tk+1

VL

Figure 3: Waveforms of vramp, vcon and chaotic mod-
ulation pulse

2.2. Spectrum Analysis

Define the ramp as

vramp = VL + (VU −VL)(
t

Ts
mod1) (4)

where VL and VU are the minimum and maximum
values respectively, and Ts is the cycle of the ramp. In
Fig.3, the high level starting time tk of the kth pulse
is decided by the crosspoint of vcon and vramp:

tk = (k − 1)Ts +
vcon −VL

VU −VL
Ts

= (k − 1)Ts +
γ3vch + γ2 −VL

VU −VL
Ts. (5)

Denote vch at the crosspoint by vch(k) in the kth
cycle. In terms of Fourier transformation[7], the spec-
trum for the kth pulse is expressed as

Fk(ω) =

∫ kTs−tk

0

Ae−jωtdt =
jA

ω
[e−jω(kTs−tk) − 1],

(6)
further, Eq. (6) can be rewritten as

Fk(ω) =
jA

ω

[

e
−jω

(

Ts−

(

γ3vch(k)+γ2−VL
VU−VL

Ts

))

− 1

]

. (7)

Assume γ3vch+γ2−VL

VU−VL
= µvch+ b1, then µ = γ3

VU−VL
>

0, and b1 = γ2−VL

VU−VL
> 0, So Eq. (7) can be expressed

as

Fk(ω) =
jA

ω

[

e−jωTs(1−µvch(k)−b1) − 1
]

. (8)

Hence, the spectrum of chaotic modulation pulse de-
noted by F (ω) is

F (ω) =
+∞
∑

k=1

jA

ω

[

e−jωTs(1−µvch(k)−b1) − 1
]

. (9)

From Eq. (9), the F (ω) is continuous function because
of the chaotic PWM pulse. EMI peaks of the convert-
er are commonly known at the fundamental and the
harmonics of the switching frequency, so F (ω) have
the extremal points. Denote nω1 as angular frequency
of the nth harmonic (n is a integer, it represents the
fundamental when n = 1, otherwise it represents the
harmonics). According to Eq. (9), the spectra of the
fundamental and the harmonics can be expressed as

F (ωn) =

+∞
∑

k=1

jA

ωn

[

e−j2nπ(1−µvch−b1) − 1
]

=
+∞
∑

k=1

jA

ωn

[

e−j2nπej2nµvch(k)πej2nb1π − 1
]

(10)

where e−j2nπ and ej2nb1π are constant, ej2nπµvch(k)

is variable, and F (ωn) varies along with vch(k). Be-
cause F (ωn) is the extremal point, there exists ex-
tremal values at the fundamental and the harmonics
for ej2nπµvch(k). In terms of the extremal conditions,

one can get d(ej2nπµvch(k))
dω

= 0, and d2(ej2nπµvch(k))
dω2 < 0.

Further,

d
(

ej2nπµvch(k)
)

dω
= j2nπµej2nπµvch(k)

dvch(k)

dω
, (11)

d2
(

ej2nπµvch(k)
)

dω2
= −(2nπµ)2ej2nπµvch(k)

(

dvch(k)

dω

)2

+ j2nπµej2nπµvch(k)
d2vch(k)

dω2
. (12)

When dvch(k)
dω

= 0, Eq. (11)=0. When dvch(k)
dω

= 0

and d2vch(k)
dω2 < 0, Eq. (12)<0. Therefore, when vch

spectrum obtains the extremal values at the funda-
mental and the harmonics of the switching frequency,
the modulation pulse spectrum reaches the extremal
value. Hence, at the fundamental and the harmonics,
vch spectrum maximizes, F (ωn) spectrum also does.

The frequency of the chaotic signal spectrum peak
has been defined by center frequency, which is denoted
by fo. Hence, the fundamental and the harmonics of
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modulation pulse maximize when fo equals the switch-
ing frequency fs, as shown in Fig. 4(a). In order to
smooth the spectrum peaks of the modulation pulse to
suppress EMI, fo should be deviated from the funda-
mental and the harmonics of the switching frequency,
for example, fo = (0.5 + n)fs, n = 0, 1, 2.... Fig. 4(b)
is for fo = 0.5fs.
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(a) fo = fs
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PWM

2fsfo

(b) fo = 0.5fs

Figure 4: Illustration for spectra of vch (upper),vramp

(middle) and switching pulse (lower)

3. Chaotic Signal Generator and Center Fre-

quency

Chaotic signals are usually generated by Chua’s cir-
cuit due to its maturity and simplicity. Chua’s cir-
cuit consists of one sine oscillator (L1,C1,C2 and R)
and one voltage-controlled nonlinear resistor Nr [8], as
shown in Fig. 5 including Chua’s circuit and i−v char-
acteristic of Nr. Nr can be depicted by one piecewise
linear function, m0 and m1 are the slopes of external
segment and internal one, respectively.

R

L1

C2 C1

i1

v2 v1

ir

Nr

(a) Chua’s circuit

v1

ir=g(v1)

-Bp

+Bp

m1

m1

m0

m0

(b) ir − v1 characteristic

Figure 5: Chua’s circuit and Nr characteristic

When Chua’s circuit operates in sine period, the os-
cillation fixes on the center frequency and signal ener-
gy focuses on the center frequency and its harmonics.

Table 1: Combinations of parameters and the relative
center frequency

parameters fo(kHz)
C1 = 44nF, C2 = 396nF, L1 = 88mH 0.7
C1 = 22nF, C2 = 198nF, L1 = 44mH 1.4
C1 = 11nF, C2 = 99nF, L1 = 22mH 2.8
C1 = 5.5nF, C2 = 49.5nF, L1 = 11mH 5.6
C1 = 2.7nF, C2 = 25nF, L1 = 5.5mH 11.2
C1 = 2.45nF, C2 = 22.7nF, L1 = 5mH 12.5
C1 = 1.70nF, C2 = 15.8nF, L1 = 3.5mH 17
C1 = 1.45nF, C2 = 13.5nF, L1 = 3mH 20.5
C1 = 1.20nF, C2 = 11.2nF, L1 = 2.5mH 24
C1 = 0.95nF, C2 = 9.0nF, L1 = 2mH 29
C1 = 0.80nF, C2 = 7.65nF, L1 = 1.7mH 34.57
C1 = 0.76nF, C2 = 7.20nF, L1 = 1.65mH 36

Once the circuit runs into chaos, the signal energy scat-
ters over an expanded frequency range, which rough-
ly centered by the center frequency. In terms of the
oscillation conditions, the center frequency of Chua’s
circuit can be estimated by[9]

fo =
1

2π
√
L1C2

√

1 +
L1mi

RC1
, and i = 0, 1. (13)

From Eq.(13), different center frequency can be ob-
tained by adjusting the parameters of C1,C2 and L1

[10]. Table 1 lists a set of parameter combinations and
the respective center frequency.

4. Simulations and Experiments

Based on Fig.2, the external chaotic signal vch is
drew from the voltage v2 of Chua’s circuit and the
switching frequency fs is configured as 48 kHz. Sim-
ulations are conducted to compare EMI reduction ef-
fects with different center frequencies of chaotic sig-
nals. The parameters of Chua’s circuit are setup ac-
cording to Table 1. It can be observed in Fig.6 that
FFT fundamental amplitudes vary along with the cen-
ter frequency and the valley appears when fo ≈ 0.5fs,
that means the optimal EMI suppression.

The scheme in Fig.2 is realized with hardware, as-
suming RL = 1 Ω, L = 1 mH, C = 470 uF,VL =
0 V,VU = 3 V,Vs = 25 V,Vref = 2.4 V, Rch = 10 kΩ,
and the switching frequency fs = 25 kHz. Chaotic sig-
nals with fo = 24 kHz and fo = 12.5 kHz are respec-
tively produced by adjusting the parameters of C1, C2

and L1 in Chua’s circuit according to Table 1. PWM
waveforms and their spectra are shown in Fig.7. It can
be observed that the amplitudes of the fundamental
and harmonics are more reduced when fo = 12.5 kHz
than when fo = 24 kHz.
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Figure 6: The center frequency vs the amplitude of
the fundamental

(a) fo = 12.5kHz
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Figure 7: The experimental waveforms for switching
pulse

5. Conclusions

Chaotic signals characterize the center frequencies
over their spectra, and it is proved that the center fre-
quency has an effect on the EMI suppression in switch-
ing converters with chaotic modulation in this paper.
Simulations and experiments have verified that it is
optimal for reducing EMI with chaotic duty modula-
tion when the center frequency of chaotic signal is close

to one half of the switching frequency.
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Abstract—This work studies the dynamics associated to
subsynchronous interactions between wind farms and se-
ries compensated ac transmission systems. This interac-
tion originates large amplitude oscillations, which drives
the system to the instability and may also produce a se-
vere damage to the equipment. The analysis is based on
bifurcation theory and it is carried out using continuation
tools, in order to determine the role that typical parame-
ters (e.g., the compensation level and the wind speed) have
on the phenomenon. The bifurcation study reveals that the
underlying mechanism associated with the appearance of
subsynchronous oscillations can be explained by means of
Hopf bifurcations of the equilibrium point and their corre-
sponding limit cycles.

1. Introduction

The addition of large scale wind farms (WFs) to exist-
ing power systems introduces new challenges to the de-
sign and operation of the system. For example, when a
WF consisting of doubly-fed induction generators (DFIGs,
or type-3 machines), becomes radially connected to long
series compensated transmission lines1, dangerous interac-
tions between the turbines and the electric grid can arise.
This phenomenon is known as subsynchronous interaction
(SSI), and a renown incident occurred in Texas in 2009,
when after a contingency two WFs became radially con-
nected to a series compensated line. The new system con-
figuration (post-fault) produced a SSI event a few seconds
after the fault was cleared, and large amplitude subsyn-
chronous oscillations developed on the system, causing se-
vere damages not only to the capacitor bank but also to the
wind turbines [1]. This incident captured the attention of
system operators as well as power system researchers, trig-
gering a series of studies dedicated to the description of the
problem and to the analysis of mitigation proposals [2, 3].

Nonlinear analysis techniques such as bifurcation the-
ory, has been successfully used in the last few years to
study the dynamical behavior of power systems, includ-
ing the integration of renewable sources [4, 5]. Moreover,
the bifurcation theory was used to analyze subsynchronous

1The radial connection between the wind farm and the compensated
line may not occur in normal operation, but instead it may be due to a
system re-configuration after a fault.

torsional interactions in conventional synchronous gener-
ators [6]. In this work, bifurcation theory is used to de-
scribe the dynamics emerging at subsynchronous interac-
tions between DFIG wind turbines and series compensated
lines. The model used consists of a WF represented by
an equivalent DFIG wind turbine (aggregated model), con-
nected to an equivalent network via a series compensated
transmission line. Two representative bifurcation parame-
ters are used to characterize the SSI phenomenon: i) the
compensation level, defined as the ratio between the ca-
pacitive and inductive reactances of the transmission line
(i.e. µ = XC/XL); and ii) the wind speed (vwind). One-
and two-parameter bifurcation diagrams are obtained us-
ing the numerical continuation software Cl MatCont [7].
The analysis provides a clear information about the influ-
ence of the bifurcation parameters on the SSI phenomenon,
revealing the mechanisms responsible for the lost of the lo-
cal stability of the operating point (equilibrium), as well as
the amplitude and stability of the emerging periodic solu-
tions. Since the control scheme of the WF includes satura-
tion limits, other singularities such as non-smooth grazing
bifurcations of periodic orbits are also detected. Finally, the
results are resumed in a two-parameter bifurcation diagram
where a generalized Hopf bifurcation acts as the organizing
center of the dynamics.

The paper is organized as follows. The power system
model used as case study is described in Sec. 2. The bi-
furcation analysis of the SSI phenomenon is performed in
Sec. 3, and the concluding remarks are given in Sec. 4.

2. Power system model for SSI studies

A schematic representation of the power system used
in this paper is shown in Fig. 1. The model consist of a
500 MVA aggregated DFIG wind farm, radially connected
to an equivalent network (7000 MVA, 50 Hz) via a se-
ries capacitive compensated transmission line of 354 km.
The DFIG uses back-to-back power converters (the rotor-
side converter (RSC) and the grid-side converter (GSC) in
Fig. 1) to control the generated active and reactive powers.
The implemented vector control scheme is shown in Fig. 2
(see details in [8]).

The RSC controls the total active power (Ptotal) and the
reactive power (Qtotal) injected to the grid. The active
power reference (Pre f

total) is computed by means of the ac-
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Figure 1: Schematic representation of the power system
considered for the study of SSI.

tive current (ire f
A ) in order to extract the maximum power

from the wind (using a maximum power point tracking
(MPPT) algorithm). The reactive power reference (Qre f

total)
is obtained through the reactive current reference (ire f

R ) in
order to regulate the terminal voltage. The magnitude of
reference currents and voltages are limited to protect the
equipment. For example, the active and reactive reference
currents in the RSC are limited so that the maximum ap-
parent current [imax

S in Fig. 2(a)] is not exceeded. The RSC
prioritizes the reactive power injection, to support the ter-
minal voltage in case of a fault (satisfying the grid code
regulations). Then, the maximum active current reference

is calculated as imax
A =

√
(imax

S )2 − (ire f
R )2, and ire f

A ≤ imax
A .

Notice that, when ire f
R = imax

S then imax
A = ire f

A = 0. Similar
limitation schemes (with Q − axis priority) are adopted for
the remaining signals of the RSC [see Fig. 2(a)]. The rotor
current references ire f

D and ire f
Q , are calculated by a couple

of proportional-integral (PI) controllers in order to achieve
the desired active and reactive power, respectively. These
references are limited by the maximum apparent current of
the rotor (imax

rot ), prioritizing the reactive component ire f
Q . It

will be seen in Sec. 3, that this limit has an important role in
the dynamics. Finally, the voltages applied to the rotor (vD

and vQ) are calculated by means of inner control loops also
using a couple of PI controllers (plus feedforward compen-
sation terms vcomp

D and vcomp
Q ). These control actions are

limited by the maximum rotor voltage, vmax
rot .

The GSC uses the active current (igd) to maintain the
voltage on the dc-link at its reference value (vre f

cd ), while its
reactive current (igq) is regulated to zero2 (Qre f

gsc = 0). The
control strategy is similar to the one explained for the RSC,
nevertheless the GSC prioritizes the active current compo-
nent, since it is used to maintain the voltage of the dc-link.

3. Dynamical analysis of SSI

The complete power system model has 33 state vari-
ables, and since the signals of the DFIG vector control
have saturation limits, the system can be classified as piece-
wise smooth continuous (PWSC), with multiple switching
boundaries given by the maximum modules of the control

2The reactive current of the GSC may be used by a supplementary
controller in order to damp oscillations.

Figure 2: DFIG vector control. (a) RSC, the limits have re-
active power priority. (b) GSC, with active power priority.

signal, i.e., imax
S , imax

rot and vmax
rot for the RSC, and imax

gsc and
vmax

gsc for the GSC. This means that the vector field is con-
tinuous across the switching boundaries, but the Jacobian
is discontinuous. It will be seen later that the limitation
of the control signals plays an important role in the dy-
namics, since they induce grazing bifurcations of periodic
orbits [9, 10]. The numerical continuations are performed
using Cl MatCont [7]. This package provides great flex-
ibility to perform continuations in high dimensional sys-
tems. Although it is designed to work with ODE systems,
in this case, the continuation algorithm proved to be robust
enough to follow the periodic orbits after the grazing bifur-
cations. Notice that the discontinuous bifurcations are not
detected by this package.

In order to illustrate the mechanism behind the SSI phe-
nomenon, let us start by considering the locus of the eigen-
values in response to the variation of the compensation
level µ. Figure 3 shows the loci of the most relevant eigen-
values (only the positive imaginary part is shown), when
the compensation level µ goes form 1% to 100%, for two
wind speeds: 6.5 m/s (blue dots) and 8.0 m/s (green dots).
In both cases, the squares indicate the position of the eigen-
values when µ = 1%, the empty circles correspond to
µ = 50% and the triangles to µ = 100%. When the
compensation is very low (µ = 1%), the subsynchronous
mode has an acceptable damping for both wind conditions.
When µ is increased, this mode moves towards the imagi-
nary axis, decreasing both frequency and damping. On the
other hand, the supersynchronous mode moves towards the
left, increasing the frequency, with a small reduction on the
damping factor (less considerable than the one suffered by
the subsynchronous mode). In both cases, the equilibrium
point becomes unstable when the subsynchronous mode
crosses the imaginary axis, undergoing a Hopf bifurcation.
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Figure 3: Loci of the most relevant eigenvalues varying µ
for vwind = 6.5 m/s (blue) and vwind = 8.0 m/s (green).

3.1. One-parameter bifurcation analysis of SSI

In order to analyze the Hopf bifurcations associated to
the subsynchronous mode, one-parameter bifurcation dia-
grams were obtained varying µ, as shown in Fig. 4. The
stable equilibrium points are depicted with solid blue lines,
the unstable equilibria with dashed red lines and the Hopf
bifurcations (H±, where the superscript indicates the sign
of the Lyapunov index) are indicated with blue dots. Stable
limit cycles are represented with black circles, and the un-
stable cycles with empty circles. The red dots are grazing
bifurcations of the limit cycle, and the solid (dashed) gray
line indicates what would be the amplitude of the stable
(unstable) limit cycle if the system does not have limits on
the vector control signals.

Let us begin the description by considering the case with
vwind = 6.5 m/s of Fig. 4(a). Here, the Hopf bifurcation is
supercritical (H−), and a stable limit cycle emerges towards
the right. The amplitude of this cycle rapidly increases until
a grazing bifurcation occurs, when the maximum apparent
rotor current (imax

rot ) is reached [red dot in Fig. 4(a)]. Then,
for increasing values of µ, the cycle remains stable but with
an almost constant amplitude. The effect of the grazing bi-
furcation becomes notorious when the actual cycle is com-
pared with the non-limited cycle (gray line).

The second case for vwind = 8.0 m/s is shown in Fig. 4(b).
Now, the Hopf bifurcation is subcritical (H+) and an unsta-
ble cycle emerges towards the left. The amplitude grows
until the maximum rotor current limit is reached. In this
case the grazing bifurcation is a non-smooth saddle-node
of limit cycles. This bifurcation annihilates the unstable
cycle that in the non-limited case would evolve to the left
(gray dashed line) and introduces a stable one to the right
(with a bistability region near H+).

Notice that in both diagrams the cycles are the same as
their non-limited versions, until the grazing occurs. More-
over, there is a difference between the grazing bifurcation
of Figs. 4(a) and 4(b): in the first one the limit cycle persists
and conserve its stability after the singularity, while in the

Figure 4: One-parameter bifurcation diagrams varying µ.
(a) vwind = 6.5 m/s. (b) vwind = 8.0 m/s.

latter case the grazing induces a non-smooth saddle-node
bifurcation.

Finally, it is worth to mention that in the considered ap-
plication, non-smooth bifurcations appear only at limit cy-
cles. They do not arise at the equilibrium points (known
as Boundary Equilibrium Bifurcation (BEB) [10]), since
when the WF operates at nominal conditions, the reference
signals do not reach the limits (although they might be tran-
siently limited due to a perturbation).

3.2. Two-parameter bifurcation analysis of SSI

The changes in the dynamics observed between the two
bifurcation diagrams of Fig. 4 can be related to a general-
ized Hopf bifurcation and can be explained by performing a
two-parameter bifurcation analysis varying µ and vwind, si-
multaneously. The resulting diagram is shown in Fig. 5,
where the blue curve corresponds to a Hopf bifurcation
(solid when it is supercritical and dashed when it is sub-
critical), and the red one denotes grazing bifurcations of
limit cycles (solid when it is a non-smooth saddle-node and
dashed-dotted when the cycle persists with the same stabil-
ity). The dotted lines indicate the slices shown in Fig. 4.

By simple inspection of the Hopf curve, it is clear that
for a fixed value of µ the equilibrium point becomes unsta-
ble when the wind speed decreases. Moreover, the change
from H− to H+ occurs when the Lyapunov index of the
Hopf bifurcation vanishes. This codimension-two bifurca-
tion is known as generalized Hopf (GH) and it is indicated
by the black dot in Fig. 5. The rapid increment on the am-
plitude of the stable limit cycle shown in Fig. 4(a) is as-
sociated to the proximity of the point GH. Moreover, the
amplitude of the oscillation remains almost constant after
crossing the grazing curve (dashed-dotted red). The graz-
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Figure 5: Two-parameter bifurcation diagram varying µ
and vwind, simultaneously.

ing (saddle-node) curve in Fig. 5 remains very close to the
Hopf curve. This is a positive fact for the wind farm sta-
bility since the unstable limit cycle emerging from H+ only
exist in a small region close to the Hopf curve. Finally, as
shown in the blow-up of Fig. 5, the smooth saddle-node
of periodic cycles (solid green curve, CF) that emerges
at GH, interacts with the grazing bifurcation curve in a
codimension-two bifurcation of limit cycles. This singu-
larity changes the type of grazing bifurcation from the one
in which the limit cycle persists to the one that generates
a non-smooth saddle-node (a similar structure is analyzed
in [11]). This interaction will be studied in the future.

4. Conclusions

This paper shows that the dynamical phenomena in-
volved with SSI are organized by a generalized Hopf bi-
furcation and grazing bifurcations of limit cycles. The gen-
eralized Hopf denotes that the stability of the limit cycle
emerging form the Hopf bifurcation can change depending
on the parameters. Moreover, when the Hopf bifurcation is
supercritical, the amplitude of the stable limit cycle rapidly
grows until it suffers a grazing bifurcation, then it remains
practically constant. On the other hand, when Hopf bi-
furcation is subcritical, the emerging unstable limit cycle
vanishes due to a non-smooth saddle-node generated by a
grazing bifurcation. This prevents the unstable cycle from
affecting the stable operating region, and the main effects
related to the SSI appears on the right of the bifurcation
curves denoted in Fig. 5. Moreover, the controller limits
restrict the amplitude of the oscillation.
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Abstract– Neurons transmit information through spikes. 

Given the prevalence of correlation among neural spike 

trains experimentally observed in different brain areas, it 

is of interest to study how neurons compute correlated 

input. Yet how it depends on the synaptic properties and 

conductance kinetics is very little known. Through 

simulation of leaky integrate-and-fire (LIF) neurons, we 

studied the effects of synaptic decay times, level of input 

activities and conductance fluctuation on the output 

correlation of different time scales for neurons receiving 

correlated excitatory input. We showed that the ratio of 

long-term correlation to short-term correlation 

(synchrony) increases with excitatory synaptic decay time 

due to the combined effects of jittered spike time and 

burst firing. In particular, it is possible for neurons with 

small excitatory synaptic decay time in high conductance 

state to give extra precisely timed synchronous spikes 

without exhibiting correlation of longer timescales in 

response to correlated input. In addition, we showed that 

burst firing greatly enhances output correlation but not 

synchrony, leading to an increase in correlation when 

conductance fluctuation is ignored. 

 

 

1. Introduction 

 

Many studies in vivo revealed that neurons in different 

brain areas often exhibit correlated activities [1-3]. 

However, the functions and consequences of correlation, 

and whether correlated input carries any information have 

long been debated. One of the key questions is how input 

correlation are computed and transmitted from a layer of 

neurons to another [4-7]. 

 

How a neuron processes input depends primarily on 

two factors. First, it depends on how synaptic conductance 

changes when a presynaptic spike arrives [8]. Second, it 

depends on how quickly the post-synaptic neuron 

integrates the synaptic conductance, culminating in 

changes in its membrane potential. This is widely known 

as synaptic filtering. It depends not only on the membrane 

capacitance, but also on the total conductance the neuron 

receives, primarily affected by the level of synaptic 

bombardment by presynaptic input spikes [9]. Therefore, 

it can be expected that apart from input properties like 

input synchrony and correlation, neural synaptic 

properties and the level of input activities also play an 

important role in shaping the output of a neuron.  

 

In this work, we studied the effects of several 

biophysical factors, namely the excitatory synaptic decay 

time, level of input activities and higher order 

conductance effects on neural computation of correlated 

input through numerical simulation of a pair of LIF 

neurons. In particular, we showed that when the synaptic 

time constant and effective membrane integration time 

constant are both small, neurons respond to correlated 

input solely by giving extra precisely timed synchronous 

spikes, suggesting the viability of synchrony coding by 

such neurons. Furthermore, we found that long-term 

correlation but not synchrony is greatly enhanced by burst 

firing. The effects of burst firing pose a challenge of 

studying the problem of correlation transfer analytically, 

and suggest that simplified model neurons, failing to take 

into account some observed biological features, like 

conductance fluctuation, may overestimate both the 

efficiency of correlation transfer and correlation-to-

synchrony ratio of biological neurons. 

 

2. Method 
 

2.1. Neuron model 

 

2.1.1. Conductance based LIF model 

 

The membrane potential of a conductance based LIF 

model neuron [10] is given by: 

 

C
𝑑

𝑑𝑡
𝑉(𝑡) + [𝑉(𝑡) − 𝑉𝑒]𝐺𝑒(𝑡) + [𝑉(𝑡) − 𝑉𝑖]𝐺𝑖(𝑡) +

[𝑉(𝑡) − 𝑉𝑟]𝐺𝑙 = 0,                   (1) 

 

where C is the membrane capacitance, 𝑉(𝑡)  is the 

membrane potential, 𝑉𝑟 , 𝑉𝑒  and 𝑉𝑖  are the membrane rest 
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potential, excitatory synapse reverse potential and 

inhibitory synapse reverse potential respectively. 𝐺𝑙 is the 

membrane leak conductance. To model the event of firing, 

a neuron is considered to have fired when its membrane 

potential reaches a hard threshold 𝑉𝑡ℎ . The membrane 

potential is then artificially brought to a reset potential 

𝑉𝑟𝑒𝑠𝑒𝑡  and clamped to that value for a fixed refractory 

period 𝑡𝑟𝑒𝑓𝑟𝑎. 

 

In the model, inputs are modelled by conductances. The 

excitatory and inhibitory synaptic conductance, denoted 

by 𝐺𝑒(𝑡)  and 𝐺𝑖(𝑡)  respectively, are modelled by linear 

summation of conductance change due to each 

presynaptic input spike. 

 

We can define a quantity 𝜏𝑒𝑓𝑓(𝑡) =
𝐶

𝐺𝑡𝑜𝑡𝑎𝑙(𝑡)
 , where 

𝐺𝑡𝑜𝑡𝑎𝑙(𝑡) = 𝐺𝑙 + 𝐺𝑒(𝑡) + 𝐺𝑖(𝑡). Expressing equation (1) 

in terms of 𝜏𝑒𝑓𝑓(𝑡), we obtain 

𝜏𝑒𝑓𝑓(𝑡)
𝑑

𝑑𝑡
𝑉(𝑡) = −𝑉(𝑡) +

𝑉𝑒𝐺𝑒(𝑡)+𝑉𝑖𝐺𝑖(𝑡)+𝑉𝑟𝐺𝑙

𝐺𝑡𝑜𝑡𝑎𝑙(𝑡)
 .      (2) 

 

𝜏𝑒𝑓𝑓(𝑡) has the physical meaning of effective membrane 

time constant [11]. It quantifies how fast the membrane 

responds to fluctuating conductance and is related to the 

total synaptic conductance which depends on the level of 

input activities. 

 

2.1.2. Modified Current based LIF model 

 

We may expand the membrane potential and synaptic 

conductance in equation (1) into tonic parts and 

fluctuation parts [12]. By assuming that the fluctuation 

parts are much smaller than the tonic parts, we obtain 

 

< 𝜏𝑒𝑓𝑓(𝑡) >
𝑑

𝑑𝑡
𝑉(𝑡) = −𝑉(𝑡) +

𝑉𝑒𝐺𝑒(𝑡)+𝑉𝑖𝐺𝑖(𝑡)+𝑉𝑟𝐺𝑙

<𝐺𝑡𝑜𝑡𝑎𝑙(𝑡)>
,   (3) 

 

where <> denotes the average over time. Equation (3) is to 

be called the ‘modified current based model’ in this work.  
 

2.2. Synaptic input 
 

The contribution of each input to the conductance 

change is modelled by an alpha function and the 

integration (from t = −∞ to ∞ ) of conductance change 

due to an input spike is kept constant. The total 

conductance change is modelled by linear summation of 

conductance change due to each presynaptic input spike. 

 

𝑔𝑠(𝑡) = 𝐴𝑠
𝑡

𝜏𝑠
2 𝑒

1−
𝑡

𝜏𝑠𝐻(𝑡),   𝐺𝑠(𝑡) = ∑ 𝑔𝑠(𝑡 − 𝑡𝑗)𝑗  ,    (4) 

 
where 𝐴𝑠  are synaptic efficacies, 𝜏𝑠  are synaptic time 

constant and the subscript s can be chosen as e, referring 

to ‘excitatory’ or i, referring to ‘inhibitory’. 𝐻(𝑡) is the 

Heaviside step function. 𝑡𝑗, referring to the timing of input 

spikes, is assumed to have Poisson statistics. 
 

2.3. Input correlation 

 

In order to add correlation to the input spike trains, we 

adopt the Single Interaction Process [13]. Each neuron 

receives an independent excitatory spike train with input 

rate (1 − 𝑐)𝜆𝑒 . In addition, they receive a common 

excitatory spike train with input rate 𝑐𝜆𝑒 . The pairwise 

spike count correlation coefficient between the spike train 

is then 𝑐. Inhibitory spike trains are not correlated in this 

work.  
 

2.4. Balance between excitation and inhibition 

 

Most biological neurons operate in the fluctuation driven 

regime [4]. It means that excitation and inhibition must be 

balanced. In this work, this is achieved by adjusting the 

inhibitory input rate  𝜆𝑖  such that the output firing rate 

𝑜𝑢𝑡 remains constant for different parameters. The reason 

of doing so is that output correlation is sensitive to the 

base-line firing rate of the post-synaptic neurons as shown 

by [5].  

 

2.5. Characterizing output correlation 

 

To quantify the correlation of output spike trains, we 

consider the cross-correlation function CCF(δt), given by 

 

CCF(δt) =< 𝑛1(𝑡)𝑛2(𝑡 + δt) > −< 𝑛1(𝑡) ><

𝑛2(𝑡 + δt) >  =< 𝑛1(𝑡)𝑛2(𝑡 + δt) > −
𝑜𝑢𝑡

2
,             (5) 

 

where 𝑛𝑗(𝑡) is the number of spikes per second in a spike 

train of the 𝑗𝑡ℎ neuron. In order to further separate output 

synchrony from correlation of longer time scale (please 

note that ‘correlation of longer time scale’ will be simply 

referred to as ‘correlation’ in the following sections unless 

otherwise specified) quantitatively, we introduce two 

quantities, 𝑐𝑜𝑟𝑟 and 𝑠𝑦𝑛𝑐, by integrating the area below 

the graph of CCF  from time δt = −𝑇𝑙𝑎𝑟𝑔𝑒  to 𝑇𝑙𝑎𝑟𝑔𝑒  and 

from δt = −𝑇𝑠𝑚𝑎𝑙𝑙  to 𝑇𝑠𝑚𝑎𝑙𝑙  respectively, where 𝑇𝑙𝑎𝑟𝑔𝑒  

(𝑇𝑠𝑚𝑎𝑙𝑙) is chosen to have a large (small) value. These 

quantities correspond to the strength of output correlation 

and synchrony respectively. 

 

Parameters chosen are listed below: 𝑉𝑟 = −70𝑚𝑉, 𝑉𝑒 =

0,𝑉𝑖 = −75𝑚𝑉, 𝑉𝑡ℎ = −50𝑚𝑉, 𝑉𝑟𝑒𝑠𝑒𝑡 = −60𝑚𝑉,  

𝑡𝑟𝑒𝑓𝑟𝑎 = 2𝑚𝑠  (unless otherwise specified), 
𝐶

𝐺𝑙
= 20𝑚𝑠 , 

𝐴𝑒

𝐺𝑙
= 0.1, 

𝐴𝑖

𝐺𝑙
= 0.3, 𝑐 = 0.2 . 

 

3 Results 

 

3.1. Spike timing is jittered as 𝝉𝒆 increases 
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The ratio of correlation to synchrony, describing the 

time scale of correlation, increases as 𝜏𝑒  increases, as 

shown in Figure 1. 

 

When 𝜏𝑒  increases, charge flow through the synapses 

due to presynaptic excitatory spikes takes place for a 

longer period, which causes a prolonged change in the 

membrane potential. The timing of extra spikes attributed 

to common input is then getting more easily jittered by 

‘noises’ from other independent input, resulting in an 

increase of the time scale of correlation. 

 

3.2. Synchronous output firing when 𝝉𝒆 is small and 𝝀𝒆 

is large 

 

Figure 1 shows that the ratio of correlation to 

synchrony approaches 1, corresponding to synchrony 

firing, at small 𝜏𝑒 only when given the condition that 𝜆𝑒 is 

large. Since 𝜆𝑒 is approximately inversely proportional to 

the effective membrane time constant, it means that the 

correlated input leads to extra synchronous output firing 

when the time scale of synaptic filtering and membrane 

integration is both small. This is because such neurons 

integrate (and forget) input quickly such that the effects of 

an excitatory input spike on the membrane potential are 

short-lived. As a result correlation of long time scale is 

filtered out as seen in Figure 2, where output correlation 

decreases with 𝜆𝑒 when 𝜏𝑒 is small. 

           

 

3.3 Burst firing enhances correlation but not 

synchrony 

 

Figure 2 shows that correlation is very large when both 

𝜏𝑒  and 𝜆𝑒  are large. It turns out this can partly be 

attributed to burst firing, which refers to the phenomenon 

where more than one spikes are given in quick succession 

when a neuron experiences a temporary strong imbalance 

in excitation. In this work, it is defined by the probability 

of two randomly chosen consecutive spikes with 

interspike interval of less than 16ms. Burst firing is the 

most prevalent when the time scale of synaptic filtering is 

comparable or larger than that of the membrane 

integration, that is when both 𝜏𝑒 and 𝜆𝑒 are large (results 

not shown). 
 

To illustrate that burst firing enhances correlation, we 

repeat the simulation with increased 𝑡𝑟𝑒𝑓𝑟𝑎. This creates a 

hard minimum for the interspike interval and suppresses 

burst firing. Figure 3 shows that correlation indeed 

decreases while synchrony remains almost unaffected as 

𝑡𝑟𝑒𝑓𝑟𝑎  increases. 

 

As a final note, we stress that neurons with long hard 

refractory period are biologically unrealistic. We intend to 

show the effects of burst firing without resorting to higher 

dimensional and more complicated models. Moreover, the 

inhibitory input rate is slightly adjusted so that the output 

firing rate remains a constant, thereby preventing changes 

in correlation as a result of reduced output firing rate [19]. 

 

 
Fig.1: Ratio of correlation to synchrony increases with 𝜏𝑒 , and 

approaches unity when 𝜏𝑒 is small while 𝜆𝑒 is large. 𝜏𝑖 = 10𝑚𝑠. 

 
Fig.2: Output correlation greatly increases with both 𝜏𝑒  and 𝜆𝑒 . 𝜏𝑖 =
10𝑚𝑠. 

 

 
Fig.3: Changes in output correlation and synchrony when burst firing is 

suppressed. It is shown that correlation is reduced while synchrony is 

almost unaffected. 𝜏𝑖 = 8𝑚𝑠. 

 
Fig.4: Increase in output correlation when conductance fluctuation is 

ignored. 𝜏𝑖 = 8𝑚𝑠. 

- 319 -



   

 
Fig.5: Conductance fluctuation suppressed burst firing. 𝜏𝑖 = 8𝑚𝑠. 
 

 

3.4. Conductance fluctuation leads to reduced 

correlation  

 

To study the effects of conductance fluctuation arisen 

from the multiplicative interaction between time-

dependent terms  𝑉(𝑡)  and 𝐺𝑠(𝑡)  in equation (1), we 

repeat the simulation with modified current based model 

as shown in equation (3). Figure 4 shows that correlation 

is enhanced in general compared to the results using 

conductance based model. The enhancement is the most 

significant when 𝜏𝑒  is small and 𝜆𝑒  is large, which 

coincides with the regime where burst firing is the most 

prevalent. Figure 5 shows that burst firing increases when 

conductance fluctuation is ignored, suggesting that 

conductance fluctuation reduces correlation by 

suppressing burst firing. 

 

4. Discussion 

 

4.1. Implication on neural coding 

 

An important question often discussed is neural coding. 

We would like to know what information in the spike 

trains can be reliably computed by neurons and 

transmitted from one layer of neurons to another.  

We have shown that neurons at high conductance state 

with small synaptic decay time can exhibit extra 

synchronous spiking without correlation of longer time 

scale when they receive correlated input. This suggests 

that information that may be contained in correlation in 

neural spike trains can be reliably transmitted to the next 

layer of neurons in the form of synchronous spikes, which 

can easily and quickly transmit through neuron layers 

since they can induce postsynaptic firing easily. On the 

other hand, when the time scale of synaptic filtering is 

comparable or larger than that of membrane integration, 

output correlation is strong. Output spikes are more likely 

to cluster and their statistics become less Poissonian as a 

result of burst firing.  Its implication on coding can be a 

subject of study. 

 

4.2. Analytical study of correlation transfer 

 

It is often challenging to study the output statistics of 

LIF neurons analytically without making further 

approximations. One common strategy is to approximate 

the neural dynamics as diffusion processes [5-6, 14]. In 

doing so, the temporal correlation in the input due to 

synaptic filtering is ignored. Another strategy is to use 

linear perturbation to study the influence of a single input 

spike on the membrane potential distribution, and hence 

the probability of output firing and correlation [6-7]. Such 

approach assumes that an input spike can contribute to at 

most one output spike. However, biological neurons may 

have slow synapses, rendering the above assumptions 

invalid. This work further shows that burst firing resulting 

from slow synaptic filtering has profound effects on 

output correlation. How to incorporate the effects of burst 

firing and conductance fluctuation into analytical studies 

of correlation transfer is therefore very important for our 

understanding on the subject. 
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Abstract—Self-organized critical states and stochastic
oscillations are simultaneously observed in neural system-
s. Here we show that stochastic oscillations can emerge in
self-organized criticality of small size neuronal networks.
As a result, the oscillation is very sensitive to weak exter-
nal input and displays phase sensitivity. Our results sug-
gest that finite-size, columnar neural circuits may play an
important role in generating neural oscillations around the
critical states, potentially enabling functional advantages of
both self-organized criticality and oscillations for sensitive
response to transient stimuli.

1. Introduction

Oscillation in brain activity has been observed for more
than 80 years [1]. Several different oscillation bands exist
and appear in different states of the brain [1]. In the spec-
trum of these oscillations, broad noise background always
accompanies with the peaked frequency of the oscillation.
Therefore these oscillations are stochastic oscillations. Os-
cillations characterized by repetition of activities withtyp-
ical scales are believed to be essential to brain functions,
especially to provide timing, predictability, coherence and
integration in neural information processing [2]. Howev-
er, the neurobiological and dynamical mechanisms of os-
cillations may be different and most of them are not well
understood [1], and are topics of active research.The syn-
chronization between inhibitory neurons has been found
crucial for fast rhythms, such as gamma oscillations (30-
70Hz)[3, 4]. Neural field models [5] based on popula-
tion firing rate indicated that resonance between thalamus-
cortex can generate alpha oscillations (8-13Hz). Despite
many modelling studies, a commonly accepted mechanism
of alpha rhythm is still lacking [?]. This slow oscillation is
particularly obvious during the resting states without sys-
tematic external stimuli (i.e., eye closed).

Recently, self-organized criticality is observed in the
resting states of cat and monkey’s cortex networks in ex-
periments [6, 7, 8, 9, 10]. It was shown that the critical-

ity plays an important role in the development of neural
systems [11, 12, 13]. The self-organized criticality in neu-
ral networks are also studied intensively in computational
models [10, 14, 15, 16, 17]. It has been shown that criti-
cal states have functional advantages for both the sensory
system [18] and memory [19].

Experiments on self-organized criticality of neural ac-
tivity actually also showed pronounced oscillations of lo-
cal field potentials (LFPs) [6,?, 20]. The coexistence of
self-organized criticality and oscillation has been explicitly
analyzed in the maturation of cortex [21]. Modelling stud-
ies found that they can indeed coexist in biologically plau-
sible neuronal networks [22, 23]. In hierarchical modular
networks, when neurons in modules are densely connect-
ed and modules are coupled sparsely, modules can exhibit-
s both self-organized criticality and stochastic oscillation
[22].

A natural property of criticality is the sensitivity to weak
perturbation. This property of criticality raises a question
that if the oscillation in resting state has sensitivity to per-
turbation. In the present work, we use numerical simula-
tion to demonstrate the sensitivity of stochastic oscillation
in self-organized criticality.

2. Model

The neural network model consists of both excitatory
and inhibitory neurons. E-I balance has been demonstrat-
ed experimentally [24, 25]. Large and sparsely connect-
ed balanced model was proposed to explain irregular [26]
and self-sustained neural activity [27], but local circuits are
more densely coupled. To mimic the modules of local cor-
tical networks, we analyze an isolated, small and dense
random network (connectivityp = 0.16, 80% of excita-
tory neurons). In the model only weak background input is
added to the network in order to simulate the resting states.
The dynamics of neurons reads [27]

τ
dV
dt
= (Vrest − V) + gex(Eex − V) + ginh(Einh − V). (1)
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Figure 1: Distribution of avalanche sizeP(s) for criti-
cal (circles), subcritical (squares) and supercritical (trian-
gles) regimes. The network size isN=500. The inhibito-
ry coupling strength is∆ginh=4.0. The excitatory coupling
strengths for subcritical, critical and supercritical states are
∆gex=0.2, 0.4 and 0.7, respectively.

When the membrane potentialV crosses a threshold (−50
mV), the neuron fires a spike. ThenV is reset to the rest
value of the membrane potential,Vrest=−60 mV. After the
spike the membrane potential is fixed for a refractory peri-
od which is 5 ms in the model. The spike of excitatory (or
inhibitory) neuron increases the synaptic conductance of
postsynaptic targets by∆gex (or ∆ginh). The synaptic con-
ductance decay exponentially and follows the equations

τex
dgex

dt
= −gex, (2)

τinh
dginh

dt
= −ginh. (3)

The time constant areτex or τinh, respectively. The bio-
logical values of the parameters [27] are used in the mod-
el. The membrane potential time constant isτ=20 ms.
The reverse potentials for excitatory and inhibitory gates
are Eex=0 mV, Einh=−80 mV, respectively. The decay
time constants of excitatory and inhibitory conductance are
τex=5 ms andτinh=10 ms. Each neuron receives an inde-
pendent external excitatory Poisson spike train with rateη.
Here we study the network under weak stimuli.

3. results

In simulations we obtained the coexistence of self-
organized criticality and stochastic oscillation (Figs. 1and
2). The avalanche is defined as a period of activity that is
initiated by an external input and terminates when no fur-
ther neuron fires spikes. The size of avalanche is measured
by the number of spiking neurons during an avalanche. In
Fig. 1 the distribution of avalanche size is presented. At
the balance region between excitatory and inhibitory cou-
plings, the avalanche size is distributed by power-law (cir-
cles in Fig. 1). When the excitatory coupling is weak,
subcritical states are obtained, the distribution of avalanche

0 50
0.000

0.005

0.010

0.015

 

 

P
(f)

f

Figure 2: The power spectrum density of mean membrane
potential〈V〉 in the critical regime for network sizeN=500.
The coupling strengths are∆ginh=4.0 and∆gex=0.4.

size changes into exponential function. When the excita-
tory coupling is strong, supercritical states occur, and the
probability of large avalanches is higher. The subcritical
and supercritical distributions were also plotted (squares
and triangles in Fig. 1).

We use the time series of the mean membrane potential
of all neurons in the network to represented the temporal
behavior. The power spectrum of the mean membrane po-
tential is computed. When the network is at the critical
state, a pronounced peak is shown at low frequency on the
power spectrum of〈V〉 (Fig. 2). It is consistent with the
characteristics of alpha EEG of resting human brain [1],
where a peak is overlapped on a noisy background.

2 3 4
0.2

0.4

0.6

ginh

g e
x

9.500

13.80

18.00

Figure 3: (Color online) The parameter region where os-
cillations can exhibit a single peak in the power spectrum.
Color represents the peak frequency. The parameters are
∆gex=0.4,∆ginh = 4.0 andN = 500.

The co-organization of self-organized criticality and s-
tochastic oscillation occurs in a broad region of the pa-
rameters (∆gex,∆ginh) (Fig. 3). The critical region broadly
overlaps with the region of oscillation with only one pro-
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Figure 4: (Color online) (a) The stimulus-increased firing
rate∆r versus∆gex. The stimuli last for 2 ms, 5 ms, and 10
ms. The firing rate is computed in 50 ms after the stimula-
tion. Here∆ginh = 4.0 andN = 500.

nounced peak at the main frequency (Fig. 3). In the subcrit-
ical states, there is no peak on the power spectrum, while
in the supercritical states, multiple peaks appear. Previ-
ously, neural oscillations were explained by the synchro-
nization between inhibitory neurons [4] or the alternating
activation between excitatory and inhibitory population-
s (E-I loop) [28]. Here oscillations can emerge due to
the accumulation-release process in small systems at self-
organized critical states, where the quick release activates
the E-I loop. The E-I loop becomes dominant in the super-
critical states without a pronounced accumulation interval.

The co-organization of self-organized criticality and s-
tochastic oscillation enables the system to display respon-
siveness of both self-organized criticality and oscillations
in the presence of weak transient stimuli. Critical states
can respond sensitively as shown in Fig. 4, where a tran-
sient stimuli of different duration withη1=50 Hz are added
on the background external driving (η=20 Hz). With the
background stimuli, the average firing rate of neurons is
r=4.5 Hz. The firing rate increases clearly at the critical
region, similar to critical state in network of excitatory ele-
ments [18]. Meanwhile, due to oscillation, the response of
critical states can display “phase sensitivity” (Fig. 5): the
response depends on the mean membrane potential〈V〉 at
the onset of the stimuli. Dependence of the stimulus-driven
activation on the phases of ongoing brain waves has been
observed in cognitive experiments [29].

4. Conclusion

We simulated self-organized critical states of densely
connected small networks. At the critical states, the net-
work exhibits stochastic oscillation under a weak input.
The stochastic oscillation has the responsiveness of both
critical states and oscillation. We showed that the stochas-
tic oscillation of critical states is sensitive to transient exter-

-70 -65 -60 -55

0

10

20

 r

<V>

Figure 5: (Color online) Phase-sensitive response of crit-
ical oscillations to weak transient stimuli. The response
of critical states versus the mean membrane potential at
the timing of adding stimuli (lasting for 1 ms). Here
∆ginh = 4.0 andN = 500.

nal stimuli. Meanwhile the response depends on the phase
of the oscillation at the onset of the stimuli. All these prop-
erties could be useful for efficient neural information pro-
cessing.
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Abstract—Multisensory integration is important in our
brain. However, understanding how the brain integrates
multiple sensory cues in its neural circuitry remains a chal-
lenge. In this study, using biologically realistic neural net-
work models, we propose a novel mechanism of how multi-
sensory information might be integrated in a distributed
fashion across interconnected brain areas without the need
for a central integration unit. We show that this decentral-
ized system can integrate information optimally in a bio-
logically realistic setting, and is in good agreement with
anatomical constraints and the experimental observations.

1. Introduction

In our daily life, we sense the world through multiple
sensory systems. For instance, while walking, we perceive
heading direction through either the visual cue (optic flow),
or the vestibular cue generated by body movement, or both
of them [1–3]. Because of ubiquitous noise in the nature,
our perception of the input information is often uncertain.
In order to achieve an accurate representation of the input,
it is important for the brain to integrate cues which all con-
vey information of the same feature. A number of elegan-
t psychophysical experiments have demonstrated that hu-
mans and animals integrate multisensory information in an
optimal Bayesian way. For instances, the integration of vi-
sual and auditory cues to infer object location [4], combing
visual and proprioceptive cues to hand position [5], visual
and haptic integration of object height [6], and texture and
motion integration [7].

Mathematically, Bayesian inference provides an optimal
way to estimate the stimulus value based on multiple uncer-
tain information resources. Consider that stimulus s gener-
ates cue 1 c1 and cue 2 c2 (internal representation in the
brain). Under the assumption that the noise processes of t-
wo cues given stimulus are conditionally independent with
each other, the posterior distribution p(s|c1, c2), satisfies [8]

p(s|c1, c2) ∝ p(c1|s)p(c2|s)p(s), (1)

where p(s) is the prior distribution of stimulus, which is
modelled as a uniform distribution in this study. p(cl|s)
(l = 1 or 2) is the likelihood function, which is modelled
as a Gaussian distribution with mean µl and variance σ2

l .

Because of flat prior, the posterior of stimulus when giving
two cues can be factorized as the products of the posterior
given each single cue

p(s|c1, c2) ∝ p(s|c1)p(s|c2). (2)

And the posterior under single cue, p(s|cl) satisfies a same
Gaussian distribution as the likelihood function p(cl|s). E-
q. (2) indicates that the mean and variance of posterior giv-
en two cues can be predicted from the posteriors under ei-
ther single cues

V(s|c1, c2)−1 = V(s|c1)−1 + V(s|c2)−1, (3)
⟨s|c1, c2⟩

V(s|c1, c2)
=

⟨s|c1⟩
V(s|c1)

+
⟨s|c2⟩

V(s|c2)
, (4)

where ⟨s|cl⟩ = µl, V(s|cl) = σ2
l . Eqs. (3 and 4) together are

used as a criteria to check whether Bayesian is achieved in
experiment (e.g., [6]), which will be also used in this study.

Nevertheless, the detailed neural mechanism underly-
ing Bayesian integration remains largely unclear. Previ-
ous modelling studies all used a single dedicated network
to receive feedforward inputs and then integrate informa-
tion [9, 10]. However, in the visual and vestibular in-
tegration for heading direction, recent electrophysiologi-
cal experiments found that instead of single multisensory
brain area, but more than one brain area, including dor-
sal medial superior temporal (MSTd) area and ventral in-
traparietal (VIP) area, can optimally integrate visual and
vestibular inputs to infer the heading direction [2, 3]. More-
over, in anatomy, MSTd and VIP are reciprocally connect-
ed [11, 12].

Based on these experimental evidence, we propose that
the MSTd and VIP may constitute a decentralized system
in the brain to integrate visual and vestibular information.
To verify this possibility, we construct a model of decen-
tralized system which is composed of two reciprocally con-
nected networks. Because of the wide tuning function of
MSTd and VIP neurons with respect to heding direction,
each network is chosen as a continuous attractor neural net-
work (CANN). And each network receives a cue as feedfor-
ward input, which conveys the information of correspond-
ing stimulus. By using theoretical analyses and numerical
simulations, we demonstrated that each network in the de-
centralized system can integrate information optimally in

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015

- 325 -



the sense of Bayesian inference. Our result suggests that
the brain may implement Bayesian information integration
distributively through reciprocal connections between cor-
tical regions.

2. The decentralized network model

We consider a decentralized system consist of two recip-
rocally connected networks, with each receives a feedfor-
ward inputs representing the information of a stimulus (see
Fig.1A). Each network is modelled as a CANN, due to the
wide tuning functions of MSTd and VIP neurons. CANNs,
also known as neural field model, have been successfully
applied to describe the encoding of head-direction in neu-
ral systems [13]. And it has been demonstrated that the
CANN can infer the underlying stimulus value from noisy
inputs through a template-matching operation, and behave
in a manner near a maximal likelihood estimator [14, 15].

The dynamics of a neuron in the decentralized system
is determined by the recurrent inputs from other neurons
in the same network, the reciprocal inputs from neurons
in the other network, the feedforward input Il(θ, t), and its
own relaxation. Mathematically, it can be written as [16]

τ
∂ul(θ, t)
∂t

= −ul(θ, t) +
∑2

m=1 ρ
∫ π
−πWlm(θ, θ′)rm(θ′, t)dθ′

+Il(θ, t), (5)

where θ denotes the stimulus value (i.e. the heading di-
rection) encoded by both networks, and the neuronal pre-
ferred stimuli are in the range of −π < θ ≤ π with periodic
boundary condition. And ul(θ, t), for l = 1, 2, represents
the synaptic input at time t of the neuron preferring stimu-
lus θ in the l-th network. rl(θ, t) is the firing rate of neurons,
which is a function of ul(θ, t) with a divisive normalization
form [14, 17],

rl(θ, t) =
[Ul(θ, t)]2

+

1 + kρ
∫
θ′

[Ul(θ′, t)]2
+dθ′
, (6)

where the symbol [x]+ denotes a half-rectifying function,
i.e., [x]+ = 0, for x ≤ 0 and [x]+ = x, for x > 0, and k
reflects the strength of global inhibition.

Wlm(θ, θ′) denotes the connection from the neurons θ′ in
the network m to the neurons θ in the network l. Thus,
Wll(θ, θ′) denotes the recurrent connection within the same
network, and Wlm(θ, θ′) (l , m) represents the reciprocal
connection between the networks. We assume they are of
the Gaussian form, i.e.,

Wlm(θ, θ′) =
Jlm√
2πa

exp
[
− (θ − θ′)2

2a2

]
, (7)

where a determines the neuronal interaction range. We
choose Jlm > 0, for l,m = 1, 2, implying excitatory re-
current and reciprocal neuronal interactions. And recipro-
cal connection strength Jlm (l , m) is always smaller than

recurrent connection strength Jll. The contribution of in-
hibitory neurons is implicitly included in the divisive nor-
malization (Eq. 6).

When cue l is presented, network l receives a feedfor-
ward input Il(θ, t), which can be regarded as the inputs from
unisensory cortical area,

Il(θ, t) = αlexp
[
− (θ − µl)2

4a2

]
+ γlξl(θ, t) + ηlϵl(θ, t), (8)

whereαl is the input intensity and µl denotes the stimu-
lus value conveyed to the network l by the corresponding
sensory cue. This can be understood as Il drives the net-
work l to be stable at µl when no reciprocal interaction and
noise exist. The term γlξl(θ, t) + ηlϵl(θ, t) denotes the input
noise, with ξl(θ, t) and ϵl(θ, t) are two independent Gaus-
sian white noises of zero mean and unit variance. The input
noise consists of two parts. The first part γlξl is stimulus-
independent, and the second one ηlϵl depends on the signal
strength αl, implying that ηl = 0 when αl = 0. The noise
term causes the uncertainty of the input information, which
induces fluctuations of the network state. The exact form
of Il is not critical here, as long as it has an unimodal for-
m. In this study, to simplify the analyses, we take a sym-
metric parameter setting for two networks, meaning that
J11 = J22 ≡ Jrc, J21 = J12 ≡ Jrp.

2.1. Simply the network dynamics

It has been demonstrated that the dynamics of CANN is
dominated by position changes [18, 16]. In this case, the
network dynamics can be solved by using the following
Gaussian ansatz

ul(θ, t) ≈ Ul exp
[
− (θ − zl(t))2

4a2

]
, (9)

rl(θ, t) ≈ Rl exp
[
− (θ − zl(t))2

2a2

]
, (10)

where Ul and Rl represent the mean values of bump height,
which are treated unchanged in the statistically stationary
state. zl(t) denotes the position of bump at time t, which is
interpreted as the network estimates for stimulus [14]. The
dominant mode corresponding to bump position change is
found as [18]

ϕ(θ|z) =
θ − z

a
exp
[
− (θ − z)2

4a2

]
. (11)

By projecting the full network dynamics (Eq. 5) onto the
dominant mode of bump position (Eq. 11), we get the
dynamics of the bump position for both networks (pro-
jecting a function f (θ) onto mode ϕ(θ|z) is to compute∫
θ

f (θ)ϕ(θ|z)dθ/
∫
θ
ϕ(θ|z)2dθ).

dz1

dt
= g12(z2 − z1) + h1(µ1 − z1) + β1ξ1(t), (12)

dz2

dt
= g12(z1 − z2) + h1(µ2 − z2) + β2ξ2(t), (13)
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Figure 1: Network structure and stationary state. (A) The
two networks are reciprocally connected and each of them
forms a CANN. Each circle represents an excitatory neu-
ron with its preferred heading direction indicated by the
arrow inside. The red circle xrepresents the inhibitory neu-
ron pool which sums the total activities of excitatory neu-
rons and generates divisive normalization (Eq.6). The sol-
id line with arrow is excitatory connection with the color
indicating the strength. The red dashed line with dots rep-
resents inhibitory connection. (B) The stationary states of
network 1, whose position in the perceptual space is deter-
mined by the position of feedforward inputs. Parameters:
N = 100, k = 5 × 10−4, a = 40◦, Jrc = 0.5Jc, Jrp = 0.5Jrc.
Jc = 2

√
2(2π)1/4

√
kaρ is the minimal recurrent connection

strength for holding persistent activity. And α = 0.6U0,
where U0 = Jc/4ak

√
π is the synaptic bump height the

network hold when Jrc = Jc and without reciprocal con-
nection. γ = 0.5 and η = 0.3.

where glm = ρJlmRm/(
√

2τUl) denotes the effective
strength of reciprocal connections, hl = αl/(τUl) the
effective strength of feedforward inputs, and βl =

2
√

a(γ2
l + η

2
l )/((2π)1/4τUl) the effective strength of noise.

3. Optimal integration in decentralized network

Let’s verify whether the network estimates satisfy the
Bayesian predictions. Similar with typical cue integration
experiments (e.g., [6]), we first applied two single cues in-
dividually, and then applied both of them simultaneously
(Fig. 2A). Then we check, for each network, whether the
estimates under combined cues can be predicted from the
ones under two single cues by using Bayesian inference (E-

qs. 3 and 4).
In theoretical analysis, we assume that the effective

strength glm and hl (when cue l is presented in Eqs. (12,
13) are approximatly unchanged with stimulus conditions
and abbreviated to glm ≡ grp and hl ≡ h (αl , 0) under
symmetric parameter setting, respectively. Moreover, we
further assume that the effective noise strength β, a ratio
of noise variance over bump height and reflect the signal to
noise ratio of the network, is also approximately unchanged
across different stimulus conditions. This is supported by
the experimental evidence that the Fano factor of neuron
changes insignificantly with stimulus conditions [2]. With
these approximations, the estimation mean and variance of
network 1 in statistically stationary state under three stimu-
lus conditions can be calculated from Eqs. (12 and 13) (the
results of network 2 can be obtained by interchanging the
indices of 1 and 2)

• Only cue 1 is presented (h1 = h; h2 = 0)

⟨z1|c1⟩ = µ1, V(z1|c1) =
β2

2
h−1; (14)

• Only cue 2 is presented (h1 = 0; h2 = h)

⟨z1|c2⟩ = µ2, V(z1|c2) =
β2

2
(h−1 + g−1

rp ); (15)

• Combined cues (h1 = h2 = h)

⟨z1|c1, c2⟩ =
(h−1 + g−1

rp )µ1 + h−1µ2

2h−1 + g−1
rp

, (16)

V(z1|c2) =
β2

2

h−1(h−1 + g−1
rp )

2h−1 + g−1
rp
. (17)

It can be checked that the estimates of both network satisfy
the Bayesian predictions (Eqs. 3 and 4), meaning that the
estimates of each network individually satisfy

V(zl|c1, c2)−1 = V(zl|c1)−1 + V(zl|c2)−1, (18)
⟨zl|c1, c2⟩

V(zl|c1, c2)
=

⟨zl|c1⟩
V(zl|c1)

+
⟨zl|c2⟩

V(zl|c2)
, l = 1or 2. (19)

While the optimal integration can be achieved in our
theoretical analysis of decentralized network, the effective
strength grp, h and β will generally change nonlinearly
with network parameters and stimulus conditions, possibly
making the network estimations deviate from the Bayesian
observer. Hence, we performed numerical simulation to
check whether the network can integrate two cues optimal-
ly. Fig. 2B plots the population activities of two network-
s in response to two congruent cues both centered at 0◦.
When two cues are simultaneously presented, the network
responses are increased compared with single cue condi-
tion. Fig. 2C is a snapshot of the population activity of
network 1, which is a noisy bump. And the bump position
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Figure 2: Optimal information integration in decentralized
system. (A) Illustration of the three stimulus condition-
s applied to the system. (B) Population activities of two
coupled networks in response to stimulus condition shown
in (A). (C) A snapshot of the population activity in net-
work 1. The position of the activity bump is considered
as the current estimate of the network (z1). (D) and (E).
Comparisons between network’s estimation mean and vari-
ance with Bayesian predictions (Eq. 3 and 4) under differ-
ent parameters. Parameters: α ∈ [0.5, 1.2]U0, γ = 0.5 and
η ∈ [0.3, 0.6], and Jrc = 0.5Jc, Jrp ∈ [0.6, 0.9]Jrc.

z1, can be estimated by population vector numerically, rep-
resents the network estimates of stimulus [14, 17]. Finally,
we compare the estimation means and variances of both
networks versus Bayesian predictions under different com-
binations of parameters. For each network, the Bayesian
prediction is substituting the estimation mean and variance
under single cue conditions of the same network into Eqs.
(3 and 4). Fig. 2D and 2E compares the network estima-
tion results with Bayesian predictions, indicating that the
decentralized system actually integrate two cues optimally.

4. Conclusions and Discussions

In the present study, we have proposed a novel decentral-
ized architecture to implement Bayesian information inte-
gration. The decentralized system is composed of two cou-
pled networks, and in general can be extended into multi-
ple connected ones. Each network in the decentralized sys-
tem is modeled as a CANN and individually receives the
stimulus information from an independent cue. We found

the information integration is achieved by the reciprocal
connections between networks. Our study may have a far-
reaching implication on neural information processing. It
suggests that the brain can implement efficient information
integration in a distributive manner through reciprocal con-
nections between cortical regions. Compared to centralized
information integration, distributive processing is more ro-
bust to local failures and facilitates parallel computation.
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Abstract—Many systems of interest in physics, biology
or social science are complex networks. The links, their
direction and weights or relative coupling strength of a net-
work are important features that provide insights and fun-
damental understanding of the overall behavior and func-
tionality of the network. Thus a method that can extract
such information from measurements would be valuable.
In this paper, we focus on weighted bidirectional networks,
modeled by a dynamical system and subjected to a Gaus-
sian white noise that mimics the effect of external distur-
bances. We show that general mathematical results relat-
ing the adjacency matrix of the network and the time-series
measurements of the nodes can be obtained. Based on these
results, we have developed a method that reconstructs both
the links and their relative coupling strength using only the
time-series measurements of node dynamics as input. We
demonstrate that our method can give accurate results for
unweighted and weighted random and scale-free networks
with linear and nonlinear dynamics. We further show why
relevance networks constructed using Pearson correlation
coefficient and partial correlation coefficient can have sig-
nifican deviations from the actual network.

1. Introduction

Many multi-component systems of interest in physics,
biology or social science are complex networks with the
components being the nodes or vertices and the interactions
between components being the links or edges [1, 2, 3]. The
links and their weights or relative coupling strength are im-
portant basic features of a network that provides insights
and fundamental understanding of the overall behavior and
functionality of the network. A vast amount of data has
been measured for various networks of interest like gene
regulatory network [4, 5] and brain network [6] but it re-
mains a great challenge to reconstruct a network from mea-
surements. All existing methods of network reconstruction
have their limitations [7, 8]. In this paper, we focus on
weighted bidirectional networks, modeled by a dynamical
system and subjected to a Gaussian white noise that mimics
the effect of external disturbances. We show that general
mathematical results relating the adjacency matrix of the
network and the time-series measurements of the nodes can
be obtained. Based on these mathematical results, we have
developed a method that reconstructs both the links and

their relative coupling strength using only the time-series
measurements of node dynamics as input. We demonstrate
that our method can give accurate results for unweighted
and weighted random and scale-free networks with linear
and nonlinear dynamics. We further show why relevance
networks constructed using Pearson correlation coefficient
and partial correlation coefficient can have significan devi-
ations from the actual network.

2. Our Method

We consider bidirectional weighted networks of N
nodes, each with a variable xi(t), obeying the evolution
equations

ẋi = f (xi) +
∑
j�i
gi jAi jh(xi, x j) + ηi , i = 1, 2, . . . ,N .

(1)
Here, an overdot denotes derivative with respect to time t,
and f describes the intrinsic dynamics, which is taken to
be identical for all nodes. The adjacency matrix element
Ai j is 1 when node j is linked to node i by the coupling
function h(xi, x j) with strength gi j; otherwise Ai j = gi j =
0. The coupling is bidirectional such that Ai j = Aji and
gi j = g ji. The effect of external disturbance is modeled by
a Gaussian white noise ηi with zero mean and variance σ2:
ηi(t)η j(t′) = σ2δi jδ(t − t′), where the overbar denotes an
average over different realizations of the noise. We assume
no self-loops such that Aii ≡ 0. and focus on coupling
function that satisfie

h(x, y) = h(z = y − x) ; h(−z) = −h(z) ; h′(0) > 0 . (2)

With such a coupling function, the dynamics of the nodes
tend to synchronize such that xi’s approach a stable fi ed
point X0 in the noise-free limit given by f (X0) = 0 and
f ′(X0) < 0. In the presence of weak noise, δxi = xi − X0 is
small and we have

δ̇xi ≈ −
N∑
j=1

[
h′(0)Li j − f ′(X0)δi j

]
δx j + ηi , (3)

where L is the Laplacian matrix of a weighted network
given by

Li j = si − gi jAi j, si ≡
N∑
j=1
gi jAi j (4)
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and si is the strength of node i.
We defin the dynamical covariance matrix C̃ by

C̃i j(t) ≡ [xi(t) − X(t)][x j(t) − X(t)] (5)

where X(t) ≡ (1/N)
∑N
i=1 xi(t). It is easy to see that C̃i j(t)

is equal to [δxi(t) − δX(t)][δx j(t) − δX(t)] with δX(t) ≡
(1/N)

∑N
i=1 δxi(t). Using Eq. (3), we have derived [9, 10]

an exact relation between C̃+ and L for the linearized sys-
tem:

σ2

2
lim
t→∞ C̃

+ = h′(0)L − f ′(X0)
(
I − 1

N
J
)
, (6)

which is an approximation for the original system. Here,
the superscript + denotes the pseudoinverse of a matrix and
J is an N × N matrix whose elements are all equal to one.
Based on Eq. (6), we are able to develop [9, 10] a method
that reconstructs Ai j and the normalized coupling strength
Gi j ≡ gi j/〈g〉, where 〈g〉 ≡ ∑

i, j gi jAi j/
∑
i, j Ai j is the aver-

age coupling strength. For stationary time-series measure-
ments, we approximate the ensemble average over noise by
a long-time average:

lim
t→∞ C̃i j(t) ≈ Ci j(T ) ≡ 〈[xi(t) − X(t)][x j(t) − X(t)]〉T , (7)

where 〈. . . 〉T denotes an average over a time interval T
of the measurements. We emphasize that Ci j(T ) can be
calculated using only the time-series measurements xi(t),
i = 1, . . . ,N. Using Eq. (6), we then obtain

ri j ≡
C +i j
C+ii
≈

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−gi j

si − f ′(X0)/h′(0) , Ai j = 1

0, Ai j = 0
, i � j

(8)
where we have neglected the 1/N term for large networks.
For each node i, the values of ri j form two groups, one
for nodes j that are unconnected to node i, and the other
for nodes j connected to node i. By identifying these
two groups [10], we obtain the reconstructed A(e)i j . More-
over, Eq. (6) together with Eq. (7) imply that for i � j,
−(σ2/2)C+i j ≈ h′(0)gi jAi j, which further implies

Gi j ≈
C+i j

∑
l k

(e)
l∑

n,l↔n C+nl
≡ G(e)

i j , (9)

where k(e)i =
∑N
j=1 A

(e)
i j is the reconstructed degree of node

i, and
∑
l↔n represents a sum over nodes l that are recon-

structed to be linked to node n. Equation (9) gives the re-
constructed relative coupling strength G(e)

i j .
The accuracy of the reconstructed adjacency matrix A(e)i j

can be measured by PSEN, the percentage of correctly re-
constructed links, and PSPEC, the percentage of correctly
reconstructed non-existent links. PSEN and PSPEC give
respectively the sensitivity and specificit of the method
in percentage. We present some of the results for un-
weighted and weighted random networks of N = 100

Case Network Dynamics PSEN PSPEC
1 random; gi j = 1 consensus 99.9 99.9
2 random; gi j = 10 FHN 100 100
3 scale-free; gi j = 1 consensus 100 100.00
4 scale-free; gi j = 10 FHN 97.4 100.00
5 WR; μ = 5, γ = 2 consensus 94.3 100.00
6 WR; μ = 10, γ = 2 logistic 99.9 100.00
7 WR; μ = 10, γ = 2 cubic 96.8 99.7
8 WR; μ = 10, γ = 2 FHN 99.5 100.00
9 weighted scale-free consensus 91.7 99.98
10 weighted scale-free FHN 86.7 99.98

Table 1: Accuracy of our method measured by PSEN and
PSPEC for various networks with consensus [ f = 0; h(z) =
z], logistic [ f (x) = 10x(1 − x); h(z) = z], cubic [ f = 0;
h(z) = z3], and FHN dynamics.

nodes and unweighted and weighted scale-free networks
of N = 1000 nodes in Table 1. The weighted random
(WR) networks used are random networks with gi j taken
from a Gaussian distribution of mean μ and standard devia-
tion γ, and the weighted scale-free network used is the one
extended [11] from the unweighted Barabasi-Albert scale-
free network [12] and has a power-law distribution in gi j.
We use σ = 1 and T ≤ 5000 for all the results presented in
this paper. As shown in Table 1, our method gives accurate
reconstruction with both PSEN and PSPEC larger than 85%.
More importantly, we note that the applicability of our
method goes beyond networks described by Eqs. (1) and
(2); it is also applicable for networks with vector variables
�xi(t) obeying higher-dimensional dynamics. In particular,
for networks with �xi(t) = (xi(t), yi(t)) obeying FitzHugh-
Nagumo (FHN) dynamics, which is a good description for
neurons [13]:

ẋi = (xi − x3i /3 − yi)/ε +
∑
j�i
gi jAi j(x j − xi) + ηi (10)

ẏi = xi + α (11)

with α = 1.05 and ε = 0.01, our method gives accurate re-
construction using only xi(t). In Figs. 1 and 2, we show re-
spectively that our method can capture well the power-law
distribution of the degree ki of the unweighted scale-free
network as well as the power-law distribution of the relative
coupling strength Gi j of the weighted scale-free network.

3. Relevance networks constructed using statistical
correlation

Using the time-series measurements, one can calculate
the covariance matrix Σ(T ), define by

Σi j(T ) = 〈[xi(t) − 〈xi(t)〉T ][x j(t) − 〈x j(t)〉T ]〉T (12)

and obtain the Pearson correlation coefficient

Πi j ≡ Σi j√
Σii

√
Σ j j

(13)

- 330 -



100 101 102
k

10-4

10-3

10-2

10-1

100

P(
k)

Figure 1: Comparison of the degree distribution P(k) cal-
culated using reconstructed k(e)i (triangles) against the one
calculated using the actual ki (circles) for the unweighted
scale-free network with FHN dynamics.
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Figure 2: Comparison of P(G) of the reconstructed
G(e)
i j (squares) against the actual distribution (solid line) for

weighted scale-free network with FHN dynamics.

of nodes i and j, which measures the linear correlation of
the measurements xi(t) and x j(t). If xi(t) and x j(t) are un-
correlated, Πi j = 0 whereas if xi(t) and x j(t) are linearly re-
lated, |Πi j| = 1. It is commonly expected that nodes linked
to one another would have correlated dynamics. Thus one
common way to construct a relevance network for the net-
work of interest is to infer a link between nodes i and j if
Πi j is larger than some threshold.
Statistical correlation between xi(t) and x j(t) can arise

not only from direct interaction of nodes i and j but also
from indirect interaction of the two nodes via other nodes.
Thus an improved way to construct a relevance network is
to use the partial correlation, which measures the linear cor-
relation between xi(t) and x j(t) with the effect from xk(t),
k � i, j, of the other nodes eliminated. Specificall , the
partial correlation coefficient ρi j of nodes i and j is given
in terms of Σ−1:

ρi j = −
Σ−1i j√
Σ−1ii

√
Σ−1j j

(14)

Thus another common way to construct a relevance net-
work is to infer a link between nodes i and j when ρi j is
larger than some threshold.
In the following, we shall show that for networks de-

scribed by Eqs. (1) and (2), the relevance networks con-
structed using either Πi j or ρi j can have significan devia-
tions from the actual network. Specificall , we defin

Σ̃i j(t) ≡ [xi(t) − xi(t)][x j(t) − x j(t)] . (15)

Method 1 Method 2
Case PSEN PSPEC PSEN PSPEC
1 39.0 82.9 99.8 99.9
2 49.8 86.1 100 100
3 8.97 99.6 91.1 99.97
4 34.6 99.7 88.8 99.95

Table 2: Comparison of the relevance network constructed
using Pearson correlation coefficient (method 1) and par-
tial correlation coefficient (method 2) with the actual (un-
weighted) network for cases 1 - 4 reported in Table 1.

Then we can derive an exact result similar to Eq. (6):

lim
t→∞ Σ̃

−1(t) =
2
σ2

[
h′(0)L − f ′(X0)I] . (16)

For stationary time-series measurements, we again approx-
imate an ensemble average over noise by a long-time aver-
age and approximate limt→∞ Σ̃−1(t) by Σ−1(T ). Thus using
Eq. (16), we obtain

Σ−1i j ≈ −2h
′(0)
σ2

gi jAi j , i � j (17)

Σ−1ii ≈ 2h′(0)
σ2

si − f ′(X0) . (18)

Equation (17) clearly shows that the adjacency matrix Ai j,
giving network connectivity, is proportional to the inverse
of the covariance matrix Σ−1i j thus relevance networks con-
structed using the Pearson correlation coefficient Πi j are
doomed to have little resemblance to the actual network.
Since the denominator of ρi j depends on both Σ−1ii and Σ−1j j ,
ρi j would deviate from a simple multiple of Σ−1i j for net-
works whose nodes strength si varies a lot from node to
node and, as a result, the relevance networks constructed
using ρi j for such networks would have significan devia-
tion from the actual networks. For unweighted networks,
si = ki and thus scale-free networks with a power-law dis-
tribution in the degree ki would be such an example, and
we expect relevance network constructed using ρi j would
deviate much from the actual scale-free network. In Ta-
ble 2, we compare the relevance networks constructed us-
ing Πi j and ρi j with the actual networks. We choose the
threshold value such that the difference between the total
degree of the relevance network and the total degree of the
actual network is the smallest. Indeed, the relevance net-
works constructed using Πi j miss many links in the actual
networks and give very low values of PSEN. In Fig. 3, we
show the actual scale-free network, the relevance networks
constructed by Πi j and ρi j, and the network reconstructed
using our method. Both the relevance networks constructed
using Πi j and ρi j deviate significantl from the actual net-
work. On the other hand, the network reconstructed using
our present method resembles the actual network very well.
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(a) (b) (c)

(d)

Figure 3: Comparison of (a) network reconstructed by our
method usingC+, relevance networks constructed using (b)
Πi j and (c) using ρi j with (d) actual (unweighted) scale-free
network of consensus dynamics. The circles and the lines
represent the nodes and the links of the network. The size
of the circle is proportional to the degree of the node.

4. Summary

In summary, we have developed a method that recon-
structs both the links and their relative coupling strength
for weighted bidirectional networks. The method is based
on general mathematical result [Eq. (6)] derived for net-
works described by Eqs. (1) and (2) but its applicability has
been shown to go beyond such networks and particularly to
networks with vector variables obeying higher-dimensional
dynamics such as the two-dimensional FitzHugh Nug-
amo dynamics. Using unweighted and weighted random
and scale-free networks with various dynamics, we have
demonstrated that our method can give accurate reconstruc-
tion that captures well the network topology, the degree
distribution as well as the relative coupling strength dis-
tribution. Finally, using the general mathematical results
obtained, we further show why relevance network con-
structed using Pearson correlation coefficient is doomed
to have poor resemblance of the actual network and rele-
vance network constructed using the partial correlation co-
efficient can have significan deviation from the actual net-
work whose nodes have nonuniform node strength.
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Abstract—The neural representation of spatially contin-

uous information such as orientation, head direction, and

spatial location is widely modeled as population activities

in continuous attractor neural networks (CANNs). We in-

vestigate how short-term synaptic depression (STD) can re-

shape the intrinsic dynamics of the CANN model and its

responses to external inputs. We find that weak STD en-

hances the mobility of population activities, while strong

STD induces population spikes. Other complex behaviors

may have the potential to provide a repertoire of dynamical

representations in the neural system.

1. Introduction

To understand how information is encoded in the brain,

it is crucial to consider the range of firing patterns and their

conditions of occurrence [1]. In the processing of contin-

uous information such as object orientation and spatial lo-

cation, firing patterns are found to be localized in the space

of preferred stimuli of the neurons, normally taking up a

Gaussian-like profile [2, 3]. Thus an interesting question is

whether these profiles are stable in time and in space and,

if not, what other dynamical states will replace them.

In neural field models processing continuous informa-

tion, Gaussian-like tuning curves are steady states of the

network dynamics, and remain stable when their positions

are displaced in the space of the preferred stimuli of the

neurons. These neural field models are called continuous

attractor neural networks (CANNs). The ability to sup-

port these Gaussian-like bump attractors is effected by cou-

plings between neurons in CANNs. However, in reality,

couplings between neurons are not quenched. They de-

pend on firing histories of presynaptic neurons. Tsodyks

et al. found that synaptic efficacy decreases with firing his-

tory [4, 5]. Furthermore, they proposed that this decline

in synaptic efficacy is due to the slow dynamics of the re-

covery process of neurotransmitters. The recovery of neu-

rotransmitters is of the order of 100 ms. This short-term

decline in synaptic efficacy is called short-term synaptic

depression (STD).

2. Intrinsic behaviors

N neurons are evenly distributed in the space of preferred

stimuli (in the following simulation results, N = 256).

Neurons are labeled by their preferred stimulus x. The

range of {x} is (−L/2, L/2]. So the size of the space is L.

Since usually the model is applied to the representation of

directions or orientations, L = 2π and the periodic bound-

ary condition is imposed. We modify the general form of

neural field theory and formulate the intrinsic dynamics of

the neuronal input U(x, t) as [6, 2, 7, 8]

τs
∂U(x, t)

∂t
=

∫ L/2

−L/2
dx′J(x, x′)p(x′, t)r(x′, t)

− U(x, t) + I(x, t), (1)

where τs is the synaptic time constant, I(x, t) is the external

stimulus, J(x, x′) is the coupling strength between neurons

with preferred stimuli x and x′, and r(x′, t) is the firing rate

of neuron x′ at time t. They are given by

J(x, x′) =
1
√
2πa

exp

(

−‖x − x′‖2

2a2

)

, (2)

r(x, t) =
[U(x, t)]2+

1 + k

8
√
2πa

∫

dx′[U(x′, t)]2+
. (3)

where k is the strength of the global inhibition, [X]+ ≡
max(X, 0) and ‖X‖ ≡ min(|X|, L − |X|). Here we adopt a

Gaussian coupling and incorporate inhibitory connections

into the global inhibition.

p(x, t) is the availability of neurotransmitters in neuron

x. The dynamics of p(x, t) is given by

τd
∂p(x, t)

∂t
= 1 − p(x, t) − βp(x, t)r(x, t), (4)

where τd is the time scale of neurotransmitter recovery,

which is chosen to be τd = 50τs. β is the fraction of to-

tal neurotransmitters consumed by firing per spike.

In the absence of external inputs (I(x, t) = 0), a va-

riety of interesting behaviors have been discovered, such

as the static bump, the moving bump and the silent state
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Figure 1: Intrinsic Behaviors. The color scale shows

U(x, t). (a) Silent state. Parameters: k = 0.8, β = 0.2.

(b) Static bump. Parameters: k = 0.8, β = 0.005. (c) Mov-

ing bump. Parameters: k = 0.8, β = 0.05. For all (a)-(c),

a = 0.6.
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Figure 2: Four basic dynamic responses to a single static

input in CANN with STD. The color (gray) scale shows the

firing rate r(x, t). (a) Emitter. Parameters: k = 0.2, β = 0.3.

(b) Population spikes. Parameters: k = 0.3, β = 0.4. (c)

Moving bump. Parameters: k = 0.3, β = 0.1. (d) Slosher.

Parameters: k = 0.5, β = 0.1. For all (a)-(d), A = 0.8,

a = aA = 48◦ = 0.8378.

(Fig. 1(a)-(c), see also [8]). The static bump state, also

known as a persistent spatially localized activity state [9], is

of interest because it can be found in physiological record-

ings in the prefrontal cortex during spatial working mem-

ory tasks and other systems that encode directional or spa-

tial information. The moving bump state corresponds to

traveling waves which have been extensively studied exper-

imentally [10, 11, 12] and theoretically [13, 14, 15, 16, 17].

In our model, neurotransmitters are depleted at the bump’s

position due to the STD. Thus, the bump tends to move

away to regions where neurotransmitters are more avail-

able.

3. Responses to a single static input

In this section, we will discuss the network behavior in

the presence of a single static input and moderate global

inhibition. For the external input in Eq. (1), we adopt the

form I(x, t) = A exp[−(x − z)2/(2a2
A
)], where z is the center

of that input (without loss of generality, z = 0 in this work),

A is the strength of the input, and aA is the width of the in-

put. Note that the behavior of this system is controlled by

three parameters, namely the strength of the global inhibi-

tion k, the strength of the STD β and the strength of the

external input A. In this work, different response patterns

are discussed in the parameter space spanned by these three

quantities.

3.1. Four Basic Dynamic Response Patterns

The static bump is expected to be the simplest form of

response. However, in a very large region of the parameter

space, static bumps are unstable and much more interesting

response patterns emerge. Among them, there are four ba-

sic dynamic patterns through which we can understand the

general property of this system (Fig. 2(a)-(d)).

One response pattern is the moving bump. Moving

bumps result from the mobility of the neural field enhanced

by the STD. Once a bump is built, neurotransmitters are

depleted in the bump region, leading to a tendency of the

bump to move away to fresher regions. As an intrinsic be-

havior, the moving bump will keep its profile and its speed

all the time (Fig. 1(c)). However, while the static input is

imposed, the speed and profile of the bump will change

when the bump crosses the input. The bump is higher and

faster when approaching to the input, while weaker and

slower when leaving the input, because the external input

tends to attract the bump (Fig. 2(c)).

When the attraction provided by the external input is

strong and the mobility enhanced by the STD is not suf-

ficient for the bump to overcome the attraction of the input,

the bump gets trapped and moves side-to-side around the

external input. It is called a slosher (Fig. 2(d)) [18].

In both cases of the moving bump and the slosher, the

dynamics are governed by the mobility enhanced by the

STD and the attraction provided by the external input. The

amplitude of the bump does not change significantly dur-

ing its movement. However, when β and A are sufficiently

large, the effect of the STD is not just mobility enhance-

ment, but also amplitude modulation. Large β and Ameans

that the bump will consume more neurotransmitters so that

it cannot maintain its amplitude all the time. The emit-

ter (Fig. 2(a)) is an example in such case. One moving

bump is emitted by the external input. After it travels

around the network, the bump dies down due to the ex-

cessive consumption of neurotransmitters during traveling.

Then, the network waits a while until sufficient amount

of neurotransmitters is recovered to support another emis-

sion of the moving bump. When the external input is even

stronger, we see a similar response, namely, population

spikes (Fig. 2(b)), in which case a static bump, rather than a

branch of moving bump, is emitted after recovery, since the

external input is so strong that the bump is trapped [19, 20].
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Figure 3: Phase diagrams for the four basic responses in

the space of k and β with different values of A. a = 0.5 and

aA =
√
2/2.

We explore the four basic dynamic responses in the pa-

rameter space of k and β with different values of A (Fig. 3).

When the input is weak (Fig. 3(a) and (b)), sloshers appear

between the moving bump region and the static bump re-

gion. This is because the mobility enhanced by the STD

is not enough to delocalize the bump, which is attracted by

the static input. When the input is strong (Fig. 3(c) and

(d)), the consumption of neurotransmitters is so fast that

the bump cannot keep its amplitude stable. This results in

the emergence of the emitter and population spikes.

3.2. Mixture Behaviors

In numerical solutions, we find that in a large part of the

parameter space, response patterns can be none of the four

basic patterns and very complex. They seem to be differ-

ent mixtures of the four basic dynamic patterns. Relations

between different mixture behaviors can be understood sys-

tematically by monitoring the period of asymptotic states.

Thus, we can show how different mixture behaviors are or-

ganized in the phase diagram (Figs. 4).

For the full model simulation (Fig. 4), where the num-

ber of neurons is 256, Eqs. (1)-(4) are solved by using the

MATLAB command ode45 and the period is determined

by examining the auto-correlation function of asymptotic

states.

In the phase diagram, there are many patches within

which the period of the dynamics changes continuously.

However, the period jumps abruptly across boundaries of

the patches. This indicates that behaviors are similar within

each patch, while transitions happen across boundaries. In

the gray region along phase boundaries, different dynam-

ics can be found by starting with initial conditions from

different sides of the boundaries. The four basic dynamic

response patterns are located at the four disjoint regions

of the phase diagram. In between them, there is a rich

spectrum of different mixture behaviors. Especially, black

dots, where the length of the period is too long to be well

determined within a time limit, are found in the mixture

behavior region, which may imply chaos. Largest Lya-

punov exponents are computed in regions containing black

dots (Fig. 5). Positive exponents exist extensively around

β = 0.2, which clearly demonstrates the existence of chaos

in this strongly coupled neural field.

Having explored the phase diagrams in different situa-

tions, we find that the parameter space can be separated

into two parts. The upper part where β is larger consists of

emitters, population spikes and their mixtures. The lower

part where β is smaller consists of moving bumps, slosh-

ers and their mixtures. Between these two parts around

β = 0.2, responses tend to have very long period and show

chaotic features. We may conclude that short-term synaptic

depression have different effects depending on its strength.

Weak STD enhances the mobility of the bump without

affecting the amplitude of the bump significantly, leading

to bumps of relatively stable amplitude and varying posi-

tion. This is the spatial modulation effect of the STD. On

the other hand, strong STD disrupts the bump in time, since

neurotransmitters are depleted rapidly during the spikes.

This shows the temporal modulation effect of the STD.

Bumps in the time sequence generally are not the same,

implying a possibility to encode different information in

different emissions, an example having been discussed in

detail in [21].

Figure 4: Phase diagram in the space of A and β. The color

scale indicates lengths of the periods in log scale. Black

dots mean the period of the response is longer than 5000τs.

The global inhibition strength k = 0.3. a = aA = 0.8378.

M, E, P and S represent “moving bump”, “emitter”, “popu-

lation spikes” and “slosher”, respectively. The gray regions

are bistable regions where the lengths of the periods can be

either of two different values. The box encircles the re-

gion where largest Lyapunov exponents are computed and

shown in Fig. 5.
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4. Discussion

We have found that the STD enriches the responses of

the CANN model in the presence of a single static in-

put, including four basic patterns of dynamic responses

and their mixtures. When STD is weak (lower than 0.2,

roughly), it mainly provides spatial modulation, or in other

words, enhances the mobility of the bump. Inputs of differ-

ent strengths provide different attraction, leading to mov-

ing bumps, sloshers or mixtures of them. When STD

is strong, STD provides temporal modulation along with

spatial modulation. Together with the static external in-

put, they results in emitters, population spikes, or mixtures

of them. Detailed examples of mixture behaviors can be

found in [23]. In the parameter region where STD strength

is intermediate, chaotic behaviors appear. Although it is not

fully understood, we believe that the involvement of both

temporal and spatial modulation of STD is the major cause

of complexity in that region.

Our work shows that even a recurrent network with a

highly regular structure can support extremely complex dy-

namics and chaos, in the presence of short-term synaptic

plasticity. A rich spectrum of dynamical behaviors can be

readily found and understood near the edge of chaos. How

to tap into the potential computational power of CANNs

with STD is an interesting problem to be investigated in

the future.
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Figure 5: Largest Lyapunov exponents (LLE). The blank

region contains periodic behaviors. Parameters are the

same as those in Fig. 4.
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Abstract—To avoid spreading an infectious disease, it
is one of the important approaches to analyze mathemati-
cal models of the infectious disease. Many previous stud-
ies have already investigated the spread of infectious dis-
eases on complex networks. However, these conventional
studies mainly focus on static networks whose structures
do not change with time, even though structures of com-
plex networks change with time under realistic situations.
In this paper, focusing on temporal networks whose struc-
tures change with time, we investigated the spread of in-
fectious diseases on the real temporal networks observed
from person-to-person interactions at a hospital and a high
school. We also investigated what kinds of properties af-
fect the spread of the infectious disease by using a simple
mathematical model of the infectious disease. As a result,
the degree correlation and the correlation of the number of
contacts of connecting two vertices play a crucial role to the
spread of the infectious disease on the temporal network.

1. Introduction

In the complex network science, various real phenom-
ena are described as a network which consists of a set of
vertices and a set of edges, for example, the Internet, prey-
predator relations in an ecosystem [1], gene networks [1],
economic systems, and face-to-face interactions between
individuals [2]. Researches in the complex network science
have clarified that several common features underly these
real networks, such as small-world [3] and scale-free [4]
properties.

Information diffusion and the spread of disease have also
been discussed on the complex networks [5]. These previ-
ous researches mainly focus on static networks, namely the
networks whose structures do not change with time. How-
ever, in the real networks, the structure of network changes
with time [6].

In this paper, focusing on temporal changes in struc-
tures of networks, we investigated how infectious dis-
eases spread over real temporal networks by using data ob-
tained from face-to-face interactions between individuals
recorded by the radio frequency identifier(RFID) in a hos-
pital and a high school [7]. We employed a simple disease-
transmission model and analyzed how the infectious dis-
ease spatiotemporally spreads on these real temporal net-
works. Then, we investigated what structural properties of
the networks affect the spread of the infectious disease. As
a result, the infectious disease spreads widely on network

when the number of contacts is high and the degree cor-
relation and the correlation of the number of contacts of
connecting two vertices are negative.

2. Data

In this paper, we used two types of the data of the face-
to-face contacts of individuals recorded by SocioPatterns
[7–9]. The first one is observed from the face-to-face con-
tacts between health care workers and patients at the hos-
pital in Lyon, France. The second one is observed from
those between high school students at the Lycée Thiers,
Marseilles, France. The contacts between individuals were
recorded every 20 seconds.

In the data of the hospital, the contact pattern was col-
lected during five days from Monday, December 6, 2010 at
1:00 pm to Friday, December 10, 2010 at 2:00 pm. The
subjects participating in the experiments were 27 nurses
and nurses’ aides, 11 medical doctors, 8 administrative staff
members and 29 patients.

In the data of the high school, the contact pattern was
collected during for four days (from Tuesday to Friday) in
2011 and seven days in 2012 (from Monday to Tuesday of
the following week except for the Saturday and the Sun-
day). The number of subjects participating in the experi-
ments in 2011 is 126, and that in 2012 is 180. The high
school students are classified into three groups, PC, PC*,
and PSI* in 2011, and into five groups, MP*1, MP*2, PC,
PC* and PSI* in 2012. The groups MP*1 and MP*2 fo-
cus on the mathematics and the physics, PC and PC* focus
on the physics and the chemistry, and PSI* focuses on en-
gineering studies. Table 1 shows the number of students
belonging to each class.

Table 1: The number of subjects belonging to each group
in the high school.

teacher PC PC* PSI* MP*1 MP*2 total
2011 8 31 45 42 0 0 126
2012 0 38 35 41 31 35 180

3. Methods

We analyzed how infectious diseases spatiotemporally
spread on contact networks by using the real data and a
simple mathematical model of the infectious disease. We

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015
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constructed networks where vertices correspond to sub-
jects and the contacts between the subjects are described
by edges. The edge between the vertex i and the vertex j
at time t is described by li j(t) ∈

{
0, 1
}
, where if a contact

exists, li j(t) = 1, otherwise li j(t) = 0. We also defined
S i(t) ∈

{
0, 1
}

as a state of the vertex i at time t. When the
vertex i is infected with the infectious disease, S i(t) = 1,
otherwise S i(t) = 0. Let r be the probability that a sus-
pectible vertex changes to an infected one. The number
of subjects is N. The number of infected persons at time
t is I(t) (t = 0, 20, · · · ,T ). The ratio of the number of in-
fected persons at time t to the total number of subjects is
P(t) ≡ I(t)/N. When the vertex i contacts with the vertex
j under the situation that S i(t) = 1 and S j(t) = 0 at time t,
the infectious disease is transmitted from the vertex i to the
vertex j with the probability rli j(t). When the vertex j is
infected at t (S j(t) = 1), the state of the vertex j changes to
the removed state after a fixed period τ. Removed vertices
do not transmit the infectious disease to other vertices, and
they are not infected again. We investigated how the infec-
tious disease spreads on the contact networks by P(t).

4. Results

4.1. The relation between the infection rate r and the
normalized number of infected persons P(T )

We first conducted experiments in the condition where
τ = 72 [h]. We calculated the final ratio of the number
of infected persons to the total number of subjects P(T ).
Figure 1 shows how P(T ) changes when the infection rate
r changes. From Fig. 1(a), P(T ) in the case of the hos-
pital is higher than that of the high school in all values of
the infectious rate r. In addition, the number of infected
persons of P(T ) in the case of the hospital increase more
quickly than that of the high school in 0 ≤ r ≤ 0.03. We
next investigated how P(T ) increases when the values of r
are small (0.00025 ≤ r ≤ 0.005). From Fig. 1(b), we found
that P(T ) of the hospital increases when the infectious rate
r increases. However, P(T ) of the high school does not in-
crease even though the infectious rate r increases. One of
possible causes of the different tendency of the spread of
the infectious diseases between the hospital and the high
school is the difference between the number of contacts in
the hospital and that in the high school. When the number
of contacts is large, the suspectible vertices are likely to be
infected from other infected vertces, because the chances
that the vertex contacts with the infected vertices increase.
Indeed, the number of contacts in the hospital is 32,424
during the five days. On the other hand, the number of
contacts in the high school in 2011 is 28,561 during the
four days and that in 2012 is 45,047 during the seven days.
Then, the average number of contacts is 86.46 in the hospi-
tal network, 56.67 in the high school network in 2011, and
35.75 in the high school network in 2012.
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Figure 1: The relation between infection rate r and the ratio
of the number of infected persons at time T , P(T ). The
range of r is (a) 0.005 ≤ r ≤ 0.1, (b) 0.00025 ≤ r ≤ 0.005.
We simulated 1,000 trials for each condition and calculated
those of average.

4.2. The relation between P(T ) and the average num-
ber of contacts

We investigated how the average number of contacts af-
fects the ratio of the number of infected persons at time
T , P(T ). To eliminate the differences in the number of
contacts between the hospital and the high school, we ran-
domly removed the edges in the hospital network to make
the average number of contacts per vertex in the hospital
network the same as that in the high school in 2011 (and
also in 2012) as much as possible. The ratio of the number
of removed edges to the total number of edges is γ. We
defined a reduced network as a contact data randomly re-
moved edges from the original data. We first compared the
hospital and the high school in 2011. When γ = 0.345, the
number of edges of the reduced hospital network is 21,225.
Then, the average number of contacts in a day of the re-
duced the hospital network (γ = 0.345) is equal to the aver-
age number of contacts in a day of the high school in 2011.
Next, we also compared the average number of contacts in
a day of hospital and the average number of contacts in a
day of high school in 2012. When γ = 0.587, the number of
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edges of the reduced hospital network is 13,407. Then, the
average number of the contacts in a day of the reduced hos-
pital network (γ = 0.587) is equal to that of the high school
in 2012. We conducted the same experiments as those in
Section 4.1, however we used the reduced hospital network
instead of the original data collected in the hospital.

From Fig. 2, the value of the ratio of the number of
infected persons at time T , P(T ), of the reduced hospital
network are still higher than those of the high school in
all values of the infectious rate r. In addition, P(T ) of the
reduced hospital network increases more quickly than the
high school network in 0 ≤ r ≤ 0.03. Figure 3 shows that
P(T ) of the reduced hospital network increases when the
value of r increases in 0.00025 ≤ r ≤ 0.005. However,
P(T ) of the high school in both 2011 and 2012 increase
just a little where 0.00025 ≤ r ≤ 0.005. From these results,
the infectious disease likely spread on the reduced hospital
networks compared to the high school networks. We also
investigate that how the spread of the infectious disease is
suppressed by the number of contacts decreases. Figure 4
shows that P(T ) of the hospital decreases when the number
of contacts decreases. These results show that the number
of contacts relates to the spread of the infectious disease.
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Figure 2: The results of the ratio of the number of in-
fected persons at time T , P(T ) as a function of infection
rate r for (a) the hospital network (γ = 0.345) and the high
school network (2011), (b) the reduced hospital network
(γ = 0.587) and the high school network (2012).
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Figure 3: The results of the ratio of the number of in-
fected persons at time T , P(T ) as a function of infection
rate r for (a) the hospital network (γ = 0.345) and the high
school network (2011), (b) the reduced hospital network
(γ = 0.587) and the high school network (2012).
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Figure 4: The results of the ratio of the number of infected
persons at time T , P(T ) as a function of infection rate r for
the hospital network (γ = 0), the reduced hospital networks
(γ = 0.355 and γ = 0.587).

4.3. Clustering coefficient, degree correlation and con-
tact correlation

We next investigated what structural properties of tem-
poral networks affect the spread of the infectious disease.
Table 2 shows the results of clustering coefficients [3]. The
clustering coefficient is normalized by the clustering coe-
eficient from the original network devided the clustering
coefficient from the randomized network. When the clus-
tering coefficient is high, it is natural to expect that the in-
fectious disease spreads widely, because the infected ver-
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Table 2: The clustering coefficient, the degree correlation and the contact correlation of static contact networks whose
edges are summarized temporally.

hospital hospital (γ = 0.355) hospital (γ = 0.587) highschool2011 highschool2012
clustering coefficient 1.84 1.84 1.90 2.71 3.35

degree correlation -0.0540 -0.0500 -0.0447 0.1527 0.0495
contact correlation -0.0637 -0.0608 -0.0586 0.0623 0.1380

tices belonging to a cluster, in which vertices mutually con-
nects to each other, can easily transmit the infectious dis-
ease to other vertices belonging to the same cluster. How-
ever, against our expectation, the value of the clustering
coefficient of the high school is higher than that of the hos-
pital from Table 2. Then, we focused on the degree cor-
relation [10] and the contact correlation. The degree cor-
relation measures the correlation between degrees of two
connected vertices. The degree correlation R is described
as follows

R =

4M
∑

v,v′∈E
kvkv′ −

[ ∑
v,v′∈E

(kv + kv′ )
]2

2M
∑

v,v′∈E
(k2

v + k2
v′ ) −

[ ∑
v,v′∈E

(kv + k
′

v)
]2 , (1)

where E is a set of edges, v and v
′

are vertices, M is the
total number of edges and kv is the degree of v. When the
degree correlation is negative, the vertex with high (low)
degree is likely to connect to the vertex with low (high)
degree. When the degree correlation is positive, the ver-
tex with high (low) degree is likely to connect to the vertex
with high (low) degree. From Table 2, the degree corre-
lation of the hospital network is negative, but that of the
high school is positive. In case that the degree correlation
is positive, if the degree of the first infected person is low,
the probability that the infectious disease is transmitted to
the vertices with high degrees is low. On the other hand,
in case that the degree correlation is negative, if the degree
of the first infected person is low, the probability that the
infectious disease is transmitted to the vertices with high
degree is high. From these results, the infectious disease
might spread widely in the hospital network.

We also calculated the contact correlation defined by

Rc =

4M
∑

v,v′∈E
cvcv′ −

[ ∑
v,v′∈E

(cv + cv′ )
]2

2M
∑

v,v′∈E
(c2

v + c2
v′ ) −

[ ∑
v,v′∈E

(cv + c
′

v)
]2 , (2)

where cv is the number of contacts of the vertex v. From
Table 2, R and Rc of the network of the hospital are neg-
ative, however that of the high school are positive. From
these results we expect that the degree correlation and the
contact correlation play a crucial role to the spread of the
infectious disease on the temporal network.

5. Conclusion

We constructed temporal networks by using the data of
person-to-person interactions recorded by RFID [2]. We
investigated that the spread of infectious disease on the
temporal networks by using a simple mathematical model
of the infectious disease on the temporal networks. We fur-
ther investigated what properties of temporal networks af-
fect the spread of the infectious disease by comparing the
structural measures of the hospital and the high school net-
works. As the result, the infectious disease likely spread
easily on the networks when the contact number is high, de-
gree correlation is negative and contact correlation is nega-
tive.
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Abstract– We consider an EXIT chart analysis of turbo-

coded chaos multiple-input multiple-output (C-MIMO) scheme. 
C-MIMO is a transmission scheme having both physical layer 
security and channel coding gain, and further coding gain can be 
obtained by applying a turbo principle. Through numerical results 
of EXIT chart analysis and bit error rate (BER) performance, we 
show that the output mutual information is continuously 
increased to (1, 1) point in C-MIMO, and that C-MIMO is 
suitable for iterative decoding. The consistency of the results 
between EXIT chart and BER performance is also illustrated. 
 
1. Introduction 

Recently, Internet of things (IoT) is becoming widely used, 
and communication devices associated with human and machines 
are spatially distributed as a part of social systems. Those devices 
communicate each other, and the wireless traffic is rapidly 
growing [1]. On this background, it is important to ensure high-
quality and secure transmission in wireless communications. We 
proposed a chaos multiple-input multiple-output (C-MIMO) 
scheme to realize this requirement [2]. C-MIMO is a 
transmission scheme having both physical layer security and 
channel coding gain, and a turbo-coded transmission is also 
available by introducing a log-likelihood ratio (LLR), which 
enables larger coding gain in C-MIMO [3]. Then, it is important 
to analyze the convergence characteristic of turbo-coded C-
MIMO. Here, it is well-known that the convergence 
characteristics of turbo decoding can be analyzed by EXIT chart 
[4]. In the EXIT chart, the input-output mutual information of 
two element decoders is plotted in a same plane in pairs, and the 
increase of mutual information obtained by iterative decoding 
can be confirmed on the trajectory of two EXIT curves.      

Therefore, in this paper, we analyze the performance of turbo-
coded C-MIMO by using EXIT chart. As a result, it is found that 
the output mutual information is continuously increased in C-
MIMO because of rate-1 channel coding property, and that C-
MIMO is suitable for iterative decoding. In addition, it is shown 
that the bit error rate (BER) characteristics of turbo-coded C-
MIMO basically coincide the results of EXIT chart analysis. 
 
2. LLR-based chaos MIMO transmission scheme 

Figures 1 and 2 show the transmitter and the receiver of C-
MIMO transmission scheme, respectively [3]. In the transmitter,  
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Fig. 1. Code-concatenated chaos MIMO transmitter. 
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Fig. 2. Turbo-coded chaos MIMO decoder. 

data are encoded by the outer channel encoder. After interleaving, 
the encoded sequence is chaos modulated as the inner encoder 
and transmitted by the MIMO multiplexing transmission. In the 
receiver, the joint MIMO detection and chaos demodulation is 
conducted by MLSE, and the decoder LLR is obtained. After it is 
deinterleaved, this LLR is handed to the maximum a posteriori 
probability (MAP) decoder of the outer code. The output LLR is 
again fed back to the chaos demodulator via the interleaver, and 
iterative decoding is conducted. 

In the transmitter of Fig. 1, a K-bit transmit sequence 
},,{ 10 -= Kuu Lu , }1,0{Îiu  is encoded, and we obtain an N- 

(>K) bit sequence }',,'{' 10 -= Nuu Lu , }1,0{' Îiu . Next, 'u  is 
is interleaved to the sequence },,{ 10 -= Nbb Lb . Then, b  is 
divided per NtB bit, and is block modulated with block length B 
by the C-MIMO scheme with a 1-bit/symbol/antenna 
transmission efficiency, where Nt is the number of transmit 
antennas. Using this block modulation, the C-MIMO scheme can 
realize channel-coding gain without decreasing the rate efficiency. 
Let },,{},,{ 1)1(1,0, -+- == BNnBnNBNnnn ttt

bbbb LLb  as the n-th 
transmit bit sequence of the n-th C-MIMO block 
( 1)(0 -££ BNNn t ). nb  is chaos modulated and the complex 
symbol sequence },,{ 1,0, -= BNnnn t

ss Ls  is obtained. Then, ns is 
transmitted by the MIMO multiplexing transmission scheme B 
times for every Nt symbols. The MIMO transmit vector )(kns  at 
time k ( 10 -££ Bk ) is described by  
 T

NknkNn
T

tn tt
ssksNksk },,{)}(,),(1{)( 1)1(,, -+== LLs , 

where )(ksit  is the transmit symbol from the it-th antenna 
( tt Ni ££1 ) at time k, and T denotes the transpose. Then, one 
transmit block is described by  
 [ ])1(,),0(, -= BnnnB ssS L  
The MIMO channel is assumed to be an i.i.d. flat Rayleigh fading 
channel in terms of the symbol and antenna. When )(kh

tr ii  is the 
channel component between the it-th transmit and ir-th receive 
antennas at time k, the channel matrix is given by 
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where Nr is the number of receive antennas. Then, the receive 
MIMO vector T

rn krNkrk )}(,),(1{)( L=r  at time k becomes 

 )()()()( kkkk nnnn nsHr += , 

where T
rn knNknk )}(,),(1{)( L=n  is a zero-mean Gaussian 

noise vector with the same variance. The receive block 
 then becomes 
 [ ])1(,),0(, -= BnnnB rrR L  

2. 1 Framework of chaos modulation 
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The framework of 1-bit/symbol/antenna chaos modulation 
generating nB,S  from nb  is described in [3], and to enhance the 
channel coding gain, the adaptive chaos iteration scheme [5] is 
applied. The details are omitted here due to space limitation. 
 
2. 2 Iterative decoding using sequential LLR 

We perform the joint MIMO detection and chaos 
demodulation in the demodulator of the receiver. Because the 
chaos modulation is a non-systematic nonlinear modulation and 
the signal constellation is not fixed, bit LLR cannot be calculated 
in the usual manner. Therefore, we calculate a single likelihood 
ratio for every C-MIMO transmission block, and the absolute 
value of the likelihood ratio is used as bit LLRs in that block. In 
addition, taking advantage of the fact that the chaos modulation 
structure is the same as that of the multipath channel, the 
extrinsic LLR is calculated in the same manner as the minimum 
mean square error (MMSE) filter of turbo equalization [6]. The 
assumption is made that the squared Euclidean distance between 
the received and estimated sequences outputted at the chaos 
demodulator is a Gaussian distribution. 

In the receiver of Fig. 2, the demodulated bit LLR of C-
MIMO is calculated for the receive block, nB,R . First, the 
demodulation result is obtained by MLSE as  
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where )ˆ( ,inu bL  ( 1)(0 -££ BNNn t , 10 -££ BNi t )  is  the  a  
priori LLR handed by the latter MAP decoder, and is zero at the 
first iteration, 2

es  is the noise variance, and Ite is the chaos 
iteration number [3]. The right hand side of (1) can be used as the 
metric of maximum likelihood detection in MIMO [7 (19), 8]. 
Then, the metrics of (1) for 0ˆ

, =inb  and 1 at time i are calculated 
and the extrinsic bit LLR of inb ,

ˆ  is obtained by the difference 
between them as follows [7 (5), 8 (18)]. 
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In the calculation of (2), the symbol-by-symbol MAP algorithm 
can be applied for each i when the modulation is linear, and then, 

the number of sequence search in (2) becomes BNt2  for nb̂ . 
However, because C-MIMO is a nonlinear nonsystematic 
convolutional modulation, the modulated signal at time i changes 
also according to bit sequence other than i. Then, the number of 

sequence search to calculate LLRs of nb̂ becomes BN
t

tBN 2× , 
which is highly complex. Therefore, to reduce the complexity to 
calculate the LLR in C-MIMO, we assume that the sequence 
likelihood of MLSE result is almost the same as each bit 
likelihood of MLSE result. Then, the bit LLRs are derived with 

BNt2  searches. The summation of the squared Euclidean 
distance of the MLSE result is defined by  

n
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and the second best result is defined as  
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Then, the extrinsic LLR of the C-MIMO demodulator is derived 
by  

( ) ( )( )1ˆ2ˆ
,

2
1

2
2, --= inIteine bddbL ， 10 -££ BNi t ,     (5)  

where the absolute value is the same as in the block and the sign 
corresponds to each bit. Because the bit LLR of (5) is derived by 
the difference between the best and the second best demodulated 
results of sequences (3) and (4), hereafter, we refer to it as the 
sequential LLR. Furthermore, it is assumed that the sequential 
LLR is not correlated to the a priori bit LLR )ˆ( ,inu bL  because the 
modulated signal is a non-systematic random Gaussian. Then, the 
LLR in (5) is used not as a posteriori LLR but as an extrinsic 
LLR [6]. After the extrinsic LLRs of all blocks are calculated and 
deinterleaved, we obtain the a priori LLR ( )iu xL ˆ  ( 10 -££ Ni ) 
for the MAP decoder. In the MAP decoder, the posteriori LLR is 
calculated using the Bahl, Cocke, Jelinek, and Raviv (BCJR) 
algorithm and the extrinsic LLR ( )ie xL ˆ  is obtained. Then, after 
interleaving, the a priori )ˆ( ,inu bL  is again inputted to the C-MIMO 
demodulator, and Eqs. (1) to (4) are iterated. This turbo iteration 
is repeated and the decoded bit }ˆ,,ˆ{ˆ 10 -= Kuu Lu  is determined 
by the posteriori LLR of the MAP decoder. 
 
3. EXIT chart analysis 

EXIT chart analysis [4] is a visualization scheme of 
convergence characteristics on turbo codes. In the EXIT chart, 
the input-output mutual information of two element decoders is 
plotted in a same plane in pairs, and the increase of mutual 
information obtained by iterative decoding can be confirmed by 
the trajectory of two EXIT curves. The mutual information is 
calculated by LLR of transmitted bits and has the value between 
0 and 1. Here, we assume that the extrinsic LLR ( )ine bL ,

ˆ  of C-
MIMO decoder and the extrinsic LLR ( )ie xL ˆ  of outer channel 
decoder satisfy the consistency condition as follows. 

( ) ( ) vbbL inine +-= 12ˆ
,, m  

( ) ( ) vxxL iie +-= 12ˆ m  
Here, v  is a Gaussian noise element with ),0( 2

vNv sÎ  and 
22

vsm = . Then, the standard deviation vs  and the mutual 
information aI  can be calculated each other by J-function and its 
approximate expression as follows. 
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Here, 0.3073=1H , 0.8935=H2 , 1.1064=H3 , and 
)|( xXpe =x  is the conditional probability density function of 

extrinsic LLR when the received bit is 1,0=x . Hence, the 
standard deviation vs  is obtained for one mutual information 

CMIMO_aI  by  (6)  and  a  prior  LLR  )ˆ( ,inu bL  is calculated using 
vs . These )ˆ( ,inu bL  is then entered into C-MIMO decoder with 

received symbols and the extrinsic LLR )ˆ( ,ine bL  is obtained. 
Calculating the probability density function of this )ˆ( ,ine bL  the 
mutual information CMIMO_eI  is  obtained  by  (7).  In  the  same  
way, for the outer channel decoder, using one mutual information 

CC_aI  (channel coding: CC), the standard deviation vs  is  
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Table 1  Simulation conditions. 

 
obtained. A prior LLR ( )iu xL ˆ  is calculated and handed to the 
channel decoder. Using the output of the decoder, the extrinsic 
LLR ( )ie xL ˆ  is calculated, and CC_eI  is obtained by the 
probability density function of ( )ie xL ˆ  and (7). 

The  EXIT  chart  is  drawn  by  the  curves  of  
CMIMO_CMIMO_ ea II -  and CC_CC_ ea II - , in which the axes 

of CMIMO_aI  and CC_eI are overlapped as well as the axes of 
CMIMO_eI  and CC_aI . When there is no intersection between 

two curves, the mutual information converges at (1, 1) point, 
which means the correct transmission bits û  are obtained by the 
iterative decoding between C-MIMO decoder and outer channel 
decoder. If the intersection exists, better bit error rate is obtained 
when the coordinate of intersection is at right-upper region, close 
to (1,1). 
 
4. Numerical results 

The performance of C-MIMO scheme is evaluated by 
computer simulations using the parameters in Table 1. The outer 
code is the convolutional code and low-density parity check  
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Fig. 3. Input-output characteristics of mutual information in C-MIMO 
without outer channel codes; (a) Eb/N0 = 4 dB, (b) Eb/N0 = 8 dB. 

(LDPC) code. The number of MIMO antennas is Nt = Nr = 2, and 
the C-MIMO block length is B = 2 to 8. The base iteration 
number of chaos is set to I0 = 19, and is determined by 
performing a numerical search, but this number does not affect 
the BER performance, and the adaptive chaos processing scheme 
with M = 2 is used [5]. The maximum number of turbo iterations 
is 20.  

Fig. 3 shows the input-output characteristics of mutual 
information in C-MIMO without outer channel codes. It is shown 
that the output mutual information eI  is increasing for the input 
mutual information aI  in all schemes. Compared with BPSK-
MIMO-MLD scheme, the output eI  is rapidly increasing with 
higher input aI  in C-MIMO because of the channel coding 
property, and eI  reaches (1, 1) point. Furthermore, when B = 8 
with applying M-algorithm (its complexity is equivalent to B = 5) 
[9], the  higher eI  is obtained in whole. Thus, it is expected in C-
MIMO that a larger coding gain is obtained when an outer 
channel code is concatenated and the iterative decoding is 
conducted.  
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Fig. 4. BER performance of C-MIMO for various number of turbo 
iterations. 
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Fig. 5. EXIT chart of C-MIMO with convolutional code. 
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Fig. 6. Comparison of BER performance versus average Eb/N0 when 
outer convolutional code is concatenated. 
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Next, the BER versus the average Eb/N0 with the parameter of  
he maximum turbo iteration number is calculated. Hereafter, the 
block length of B = 4 is used. The result in Fig. 4 shows that the 
turbo  principle  works  in  C-MIMO  scheme,  and  the  BER  is  
improved according to the iteration number. In particular, the first 
iteration significantly improves the performance as a normal 
turbo decoding. However, the BER then converges because the 
block length of C-MIMO is short, and it becomes almost fixed at 
10 iterations. Fig. 5 shows the EXIT chart of this scheme and the 
result supports the BER improvement in Fig. 4. In the first 
iteration, the great increase of mutual information is obtained, and 
after Eb/N0 = 5 dB, the mutual information of 1 is obtained after 
iteration. 

Then, the BER performance with a maximum iteration number 
of 20 is compared to that of conventional schemes at the same 
rate efficiency. The hard Viterbi decoding concatenated from 
MIMO-MLD and the soft decoding using a joint trellis diagram 
for MIMO detection and an outer convolutional code are 
considered as the conventional schemes. The transmission 
efficiency for all schemes is 1/2 bit/symbol. Fig. 6 shows the 
results obtained. In the conventional scheme, the joint soft Viterbi 
decoding of the MIMO and convolutional code becomes MLSE 
and optimal. In C-MIMO, we show that the BER is degraded at 
the low Eb/N0 region, and is rapidly improved because of the 
turbo principle. After 4/ 0 ³NEb  dB, which is different from the 
normal turbo equalization, the BER does not converge to MIMO-
MLSE  or  improve  because  of  the  channel  coding  effect  of  C-
MIMO. In addition, because C-MIMO has the property of 
encryption, we realized a LLR-based channel decoding scheme 
with physical layer security. In Fig. 6, the BER of C-MIMO at the 
eavesdropper that has a difference of 10-3 Euclidean distances in 
the initial key symbol is almost 0.5, which indicates that the 
common key-based secure communication has been realized. It is  
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Fig. 7. EXIT chart comparison of proposed C-MIMO and MIMO with 
outer LDPC codes at Eb/N0 = 8 dB. 
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Fig. 8. BER performance versus average Eb/N0 when outer LDPC codes 
are concatenated at rate 0.9. 

described in [10] that the secrecy capacity is equivalently 
calculated by the bit error rate.  

The case of LDPC concatenation is also considered. The 
configuration of outer LDPC codes are listed in Table 1, and the 
results are shown in Figs. 7 and 8. In Fig. 7, the EXIT chart at 
Eb/N0 = 8  dB is  plotted,  where  the  raw BER performance  of  C-
MIMO will be slightly better than that of MIMO. The result of 
Fig. 7 shows that the better BER is expected after decoding 
iteration in C-MIMO because the eye pattern between the inner 
(C-)MIMO and the outer LDPC code is wider in C-MIMO. From 
Fig.  8,  it  is  shown that  the  BER performances  reflect  the  EXIT  
chart analyses.  
 
5. Conclusions 

We considered an EXIT chart analysis of turbo-coded C-
MIMO introducing LLR and iterative soft-valued decoding, and 
compared its results with the BER performances through 
numerical simulations. As a result, it is shown that the mutual 
information of C-MIMO reaches (1, 1) point, that means the 
turbo-coded C-MIMO will have better BER performance with an 
out channel code concatenation on proper configurations. 

In future studies, a turbo code design of C-MIMO having 
better performance at lower Eb/N0 region will be considered using 
EXIT chart analysis. 
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Abstract—In this study, a design procedure of a ho-

moclinic bifurcation of oscillatory orbits in a piece-wise

constant (ab. PWC) neuron model is presented. It is

shown that, under an appropriate design, the PWC neu-

ron model can exhibit homoclinic bifurcations such as a

border-collision-type bifurcation similar to the blue-sky

catastrophe.

1. Introduction

Many neuromorphic analog circuit models have been

presented and their nonlinear dynamics have been inves-

tigated intensively (see the references in [1] and [2]). One

of the most major neuromorphic analog circuit modeling

approach is to utilize smooth nonlinearities of circuit ele-

ments as building blocks of smooth nonlinear functions that

realize smooth nonlinear vector fields. On the other hand,

non-smooth neuromorphic analog circuit models have been

also presented (see the references in [1] and [2]). Among

such non-smooth models, piece-wise constant (ab. PWC)

models have relatively simple non-smooth vector fields.

Our group has been developing PWC analog circuit neu-

ron models inspired by PWC oscillators developed by the

group of Tsubone, Matsuoka, and Saito [3][4], where ad-

vantages of such PWC analog circuit neuron models in-

clude easy to design qualitative vector field, easy to tune

parameter values in implemented circuits, possibilities of

theoretical analysis, and possibilities of theoretical design

of neuron-like bifurcation scenarios. For example, our

group has been developing PWC analog circuit neuron

models that can mimic bifurcations of resting states (i.e.,

equilibrium points) of smooth ordinary differential equa-

tion neuron models. On the other hand, in this paper, a de-

sign procedure of homoclinic bifurcations of spiking states

(i.e., oscillatory orbits) of the PWC neuron model is pre-

sented. One of the most attractive homoclinic bifurcation

is the blue-sky catastrophe as illustrated in Fig. 1 [5]. In

Fig. 1(a), a stable periodic orbit and an unstable periodic

orbit (not illustrated) co-exist. In Fig. 1(b), a parameter

value is changed and then the stable periodic orbit and the

unstable periodic orbit approach. In Fig. 1(c), the param-

eter value is further changed, the stable periodic orbit and

the unstable periodic orbit merge and vanish, and then a

complicated bursting orbit suddenly (catastrophically) ap-

pears (from the blue-sky). It is known that smooth ordinary

differential equation neuron models sometimes exhibit the

blue-sky catastrophe [6]. In this paper, it is shown that, un-

der an appropriate design, the PWC analog circuit neuron

model can exhibit a border-collision-type bifurcation simi-

lar to the blue-sky catastrophe.

2. PWC neuron model

Fig. 2 shows a piece-wise constant (ab. PWC) analog

circuit neuron model, which is a generalized version of our

previous model [1][2]. Features of the PWC neuron model

are summarized as follows.

• The capacitor voltages v and u correspond to a mem-

brane potential and recovery variable of a neuron

model, respectively.

• The current sources are voltage-controlled and have

piece-wise constant characteristics, i.e., step-function-

like characteristics.

• Due to the piece-wise constant voltage-controlled cur-

rent sources, the model has a piece-wise constant vec-

tor field, which sometimes has a sliding vector field.

• The switch is voltage-controlled and realizes a firing

reset of the membrane potential v to a reset level VB.

• The voltage-controlled current source Ibc is newly in-

troduced in this paper in order to realize homoclinic

bifurcations of oscillatory orbits that cannot be ob-

served in the previous model [1][2].

The dynamics of the PWC analog circuit neuron model

for the case where the switch S W is opened is described by

the following equations.

For v < Vt(u) (switch S W is opened) :

C
dv
dt
= Iv(|v| + Vin − u),

C
du
dt
= Iu(av − u) + Ibc(v, u),

Vt(u) =

{
Vc

t if u ≥ Q,
αu + β if u < Q,

where the voltage-controlled current sources have the fol-

lowing PWC characteristics.

Iv(ve) =

{
+Iv+ if ve ≥ 0,
−Iv− if ve < 0,
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Figure 1: Blue-sky catastrophe from its typical example

model [5]. (a) A stable periodic orbit and an unstable peri-

odic orbit (not shown) co-exist. (b) As a parameter value is

changed, the stable periodic orbit and the unstable periodic

orbit approach. (c) The stable periodic orbit and the unsta-

ble periodic orbit merge and vanish. Then a complicated

bursting orbit suddenly (catastrophically) appears (from the

blue-sky).

Figure 2: A piece-wise constant (ab. PWC) analog circuit

neuron model which is a generalized version of our previ-

ous model [1][2].

Iv(ve) =

{
+Iu+ if ve ≥ 0,
−Iu− if ve < 0,

Ibc(v, u) =

{ −Ic
bc if v ≥ Vb(u) and Q ≤ u ≤ P,

0 otherwise.

The dynamics of the PWC analog circuit neuron model for

the case where the switch S W is closed is described by the

following equations.

For v = Vt(u) (switch S W is closed) :

v is instantaneously reset to Vb(u),

Vb(u) =

{
Vc

b if u ≥ Q,
ρu + σ if u < Q,

Fig. 3 shows time waveforms and phase plane trajecto-

ries of the PWC analog circuit neuron model. The phase

plane in Fig. 3(a) explains the basic vector field of the

model as follows. If Ic
bc = 0 (i.e., Ibc(v, u) is always zero),

then the PWC analog circuit neuron model has the follow-

ing sub-threshold dynamics.

• If |v| + Vin − u > 0, av − u > 0, and v < Vt(u), then v
increases and u increases.

• If |v| + Vin − u > 0, av − u < 0, and v < Vt(u), then v
increases and u decreases.

• If |v| + Vin − u < 0, av − u > 0, and v < Vt(u), then v
decreases and u increases.

• If |v| + Vin − u < 0, av − u < 0, and v < Vt(u), then v
decreases and u decreases.

On the other hand, if Ic
bc is appropriately adjusted (i.e., Ibc is

a voltage controlled current), then the PWC analog circuit

neuron model additionally has the following sub-threshold

dynamics.

• If v ≥ Vb(u), Q ≤ u ≤ P, and v < Vt(u), then v
increases and u decreases.

Note that if Ic
bc = 0, this case leads to the case where v

increases and u increases. Furthermore, if v reaches Vt(t),
then the PWC analog circuit neuron model has the follow-

ing super-threshold dynamics.
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Figure 3: The voltage controlled current source Iv is characterized by Vin = 0.1, Iv+ = 0.16, and Iv− = 0.135. The voltage

controlled current source Iu is characterized by a = 1, Iu+ = 0.008, and Iu− = 0.31. The threshold Vt(u) is characterized

by α = 0.3, β = 0.5, and Vc
t = 1. The reset value Vb(u) is characterized by ρ = −1, σ = 1.3, and Vc

b = 0.6. The voltage

controlled current source Ibc is characterized by Q = 0.3. (a) P = 0.5. A stable periodic orbit (a pair of black dots) and

an unstable periodic orbit (a pair of open dots) co-exist. (b) P = 0.4. As a parameter value is changed, the stable periodic

orbit and the unstable periodic orbit approach. (c) P = 0.3. The stable periodic orbit and the unstable periodic orbit merge

and vanish. Then a complicated bursting orbit suddenly (catastrophically) appears (from the blue-sky).
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• If v reaches the threshold value Vt(u), then v is instan-

taneously reset to the voltage Vb(u).

3. BC bifurcation similar to Blue-Sky Catastrophe

Fig. 3 shows that the PWC analog circuit neuron model

can exhibit a border-collision-type bifurcation similar to

the blue-sky catastrophe as follows.

• In the case of Fig. 3(a), there exist a stable periodic or-

bit (ever bursting fast oscillation) illustrated by black

dots and an unstable periodic orbit illustrated by open

dots.

• In the case of Fig. 3(b), the value of the parameter P
is changed. In this case, the stable periodic orbit and

the unstable periodic orbit approach.

• In the case of Fig. 3(c), the value of the parameter

P is further changed. In this case, the stable peri-

odic orbit and the unstable periodic orbit merge and

vanish. Then a complicated bursting orbit suddenly

(catastrophically) appears (from the blue-sky).

Note that the situations in Fig. 3(a), (b), and (c) correspond

to those in Fig. 1(a), (b), and (c), respectively. Note also

that since the PWC analog circuit neuron model has the

non-smooth PWC vector fields, every bifurcation is a bor-

der collision bifurcation [7]. Hence it can be concluded that

the PWC analog circuit neuron model can exhibit a border-

collision-type bifurcation similar to the blue-sky catastro-

phe.

4. Conclusion

In this paper, the design procedure of the voltage con-

trolled current source Ibc so that the PWC neuron model

exhibits a homoclinic bifurcation of oscillatory orbits was

presented. It was shown that, under the appropriate design,

the PWC analog circuit neuron model can exhibit homo-

clinic bifurcations such as the border-collision-type bifur-

cation similar to the blue-sky catastrophe. Future problems

include: (a) theoretical analysis of the border-collision-

type bifurcation similar to the blue-sky catastrophe in the

PWC analog circuit neuron model, (b) design of other ho-

moclinic bifurcations of the PWC analog circuit neuron

model, and (c) hardware implementation of the PWC ana-

log circuit neuron model.

This work was partially supported by the KAK-

ENHI Grant-in-Aid for Scientific Research Grant Number

15K00352.
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Abstract—
The routing control of the packet is one of the im-

portant tasks to reduce the congestion of packets in
the mobile communication networks. For this reason,
various routing methods are widely proposed to ex-
change the data packets reliably while avoiding the
congestion of the packets. As one of the efficient rout-
ing methods for the mobile communication networks,
a routing method considering the memory information
or the packet routing history is proposed in this paper.
The obtained results show that the proposed routing
method achieves to remove the congestion of the pack-
ets using the routing history effectively, realizing that
the large number of the packets are transmitted to
their destinations even if the number of packets in-
creases in the communication networks.

1. Introduction

Enhancing the communication network capacity to
carry a large volume of data traffic is one of the
most important tasks for future communication so-
ciety. One of the solutions to expand its capacity is
to capture the flow dynamics of the packet transmis-
sion. For this reason, Ohira et al. [1] clarified the on-
set of phase transition behavior from free-flow state to
congestion state as the packet creation rate increases.
Zhao et al. [2] studies the dynamics of flowing pack-
ets for various network topologies, and showed that
the networks with significant heterogeneous property
would inhibit packet congestion.

Another solution to enhance the communication
network capacity is to apply the effective routing
method, realizing that the large number of packets
can be transmitted to their destinations even if the
flowing packets increases. For example, Echenique et
al. [3, 4] proposed the deterministic routing strategy,
which evaluates the efficient paths of sending packets
by distance information and dynamic information. In
addition, Kimura et al. proposed the routing method
using memory information [5]. The routing method [5]
exploits the memory information such as the amount of
packets transmitted in adjacent nodes to avoid conges-
tion substantially. Although the above routing method
[5] has been examined for the wired communication

networks, the performance evaluation of the routing
method for the mobile communication networks is also
necessity. From this view point, the routing method
using the memory information is applied to the mobile
communication networks in this paper. The numerical
simulations show that the proposed routing method
achieves higher arrival rate of the packets than that of
the conventional one.

2. Mobile communication network model

We used weighted and undirected graphsG = (V,E)
to construct the mobile communication network model
[6], where V is the set of nodes, and E is the set of
links. Each node represents a mobile agent and each
link represents a communication channel between two
nodes. N = |V | expresses the total number of nodes
and these N nodes are placed within a squared-shaped
cell of size L. Then, at each time step, the position
and the velocity of the ith node are updated as follows:

xi(t+ 1) = xi(t) + v cos θi(t), (1)

yi(t+ 1) = yi(t) + v sin θi(t), (2)

θi(t) = ϕi, (3)

where xi(t) and yi(t) are the coordinates of the ith
node at the tth time, v is the moving speed of the mo-
bile agent, θ(t) is the moving direction of the ith node
at the tth time, and ϕi is the uniformly distributed
random number in [−π, π] intervals. Initially, the co-
ordinates of the nodes are randomly determined using
uniformly distributed random numbers. Although the
moving directions of the mobile agents change as the
time evolves, their moving speed are fixed in this pa-
per. Further, if the ith mobile agent will move beyond
the range of the square-shaped cell size, L, namely,
xi(t + 1) > L or yi(t + 1) > L, the position and the
velocity of the ith mobile agent are again updated so
as not to stay the outside of the cell.

In addition, the geographical distance between the
ith node and the jth node at the tth time, Dij(t), is
defined as

Dij(t) =
√
[xi(t)− xj(t)]2 + [yi(t)− yj(t)]2. (4)
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Neighbors of the ith node are defined as the nodes
within Dij(t) < Cr, where Cr is the communication
radius of the mobile agent. Then, each node transmits
a packet to one of these neighbors. Further, if a packet
is created at a node, the packet is stored at the tail of
the buffer of the node, and a packet at the head of the
buffer is transmitted to the neighbor. In other words,
all the packets are transmitted to their destinations ac-
cording to the first-in-first-out principle. Sources and
destinations of the packets are randomly selected using
uniformly distributed random numbers. In addition,
if a node to which a packet will be transmitted has a
full buffer, or the other nodes have already transmit-
ted any packets to this node, movement of the packet
is cancelled and the packet must wait for the next op-
portunity to be transmitted in the following step.

3. Packet routing method with memory infor-
mation

In our routing method with the memory informa-
tion, the optimal neighbor for transmitting the packet
from the ith node is determined by the following equa-
tion:

yij(t+ 1) = ξij(t+ 1) + ζij(t+ 1), (5)

where

ξij(t+1) = β

(
dij(t) + djg(pi(t))(t)∑

k∈Ni(t)
(dik(t) + dkg(pi(t))(t))

)
, j ∈ Ni(t),

(6)
and,

ζij(t+ 1) = α
t∑

γ=0

kγr xij(t− γ)

= αxij(t) + krζij(t− 1). (7)

In Eqs. (6) and (7), β is a controlling parameter,
Ni(t) is the set of the neighbors of the ith node at the
tth time, pi(t) is a packet transmitted from the ith
node at the tth time, g(pi(t)) is the destination of pi(t),
dij(t) is the dynamic distance between the ith node
and the jth neighbor and djg(pi(t))(t) is the dynamic
distance between the jth neighbor and g(pi(t)), α is a
scaling parameter of the memory information, kr is a
decay parameter, and xij(t) is the packet transmission
history of the jth neighbor at the tth time, i.e.,

xij(t) =

{
1 (min(yij(t+ 1)),

0 (otherwise).
(8)

If yij(t + 1) of the jth neighbor takes the smallest
value among all the neighbors, a packet at the ith node

is transmitted to the jth neighbor. Then, the trans-
mission history of the jth neighbor, xij(t), is updated
according to Eq. (8).

4. Performance Evaluation

To evaluate the performance of the proposed rout-
ing method, we compared it with the shortest path
routing strategy (SP), which is commonly employed
by communication networks.

Numerical simulations are conducted as follows.
First, the packets were created based on randomly se-
lected sources and destinations. Then, at every node,
an optimal neighbor was selected using Eqs. (5)–(8),
and the packets were transmitted to their destinations.
The transmitting orders of the nodes were randomly
selected at each iteration. The buffer size of each node,
B, is set to 100. In addition, we set the moving speed,
v, and the communication radius, Cr, to 0.01 and 0.6,
and the square-shaped cell size, L, to 3.0, respectively.
Further, the parameters in Eqs.(6)–(8) are set as fol-
lows: β = 0.3, α = 8.0, and kr = 0.9.

The node selection and packet transmission, I, were
repeated for I = 2, 000. We conducted 30 simulations
to average the results. To evaluate the performance of
the routing strategies, we used the following metrics.

1. Density of the packets (D):

D = p ·N ·B (9)

p(0 < p ≤ 1) is the packet generating rate. If D
increases, the large number of packets are gener-
ated in the mobile communication networks.

2. Average arrival rate of the packets (A):

A =

∑T
t=1 Na(t)∑T

t=1 D
(10)

where Na(t) is the number of arrival packets at
the tth time.

Figure 1 shows the average arrival rate of the pack-
ets and the total number of arrival packets by the
shortest path method (SP) and the proposed rout-
ing method (Proposed). In Fig. 1 (a), the proposed
routing method (Proposed) keeps higher average ar-
rival rates of the packets (A) even if the density of the
packets increases as compared to that of the shortest
path approach (SP). In addition, in Fig. 1 (b), the
Proposed transmits more packets to their destination
as compared to the SP if the density of the packets is
in between 0.25 and 0.9.

Figure 2 shows the congestion levels of (a) the short-
est path approach (SP), and (b) the proposed routing
method (Proposed). The congestion level of the ith

- 350 -



 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

A
ve

ra
ge

 r
at

e 
of

 a
rr

iv
al

 p
ac

ke
ts

(A
)

Density of the packets

sp
proposed

 0
 1000
 2000
 3000
 4000
 5000
 6000
 7000
 8000
 9000

 10000
 11000
 12000

 0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

T
ot

al
 n

um
be

r 
of

 a
rr

iv
al

 p
ac

ke
ts

(N
a)

Density of the packets

sp
proposed

(a) (b)

Figure 1: Relationship between the density of the packets and (a) the average arrival rate of the packets and
(b) the total number of arrival packets for the shortest path approach (SP) and the proposed routing method
(Proposed).

(a) (b)

Figure 2: Congestion levels of the nodes as a function of the number of iterations (I) and the node index by (a)
the shortest path approach and (b) the proposed routing method. In these figures, the density of the packets is
set to 0.7

node at the tth time is evaluated by ni(t)/B, where
ni(t) is the number of queuing packets of the ith node
at the tth time and B is the buffer size of the node.

In Figs. 2 (a) and (b), the congestion level of the
SP becomes higher if the node index is in between 1
and 30. Because the node index in Figs. 2 were re-
arranged by the central order in the squared-shaped
cell, this result indicates that the nodes close to the
central coordination in the mobile communication net-
works are congested quickly as the time evolves. Con-
trary to the congestion level in the case of the SP, the
Proposed inhibits them lower. Clearly, the congestion
of the packets are alleviated by the proposed routing
method, resulting that the packets can be transmitted
to their destinations using various routes even if the
large number of the packets are flowed in the mobile
communication networks.

The conventional routing method [6] uses the infor-
mation such as the queuing numbers of the packets
at the neighbors to select the effective paths to the

destinations. If these information are employed to the
routing protocol, exchanging data in real time among
all the nodes are needed to update them, causing that
the flowing packets in the mobile communication net-
works much increases. On the other hand, the pro-
posed routing method effectively selects the paths for
routing the packets by the memory information which
are owned by each node.

5. Conclusions

In this paper, the performance of the routing strat-
egy with memory information was evaluated for the
mobile communication networks. According to the
previous study for the wired communication networks
[5], obtained results in this paper lead to the conclu-
sions that the routing control by the memory informa-
tion works well not only for the wired communication
networks but also for the wireless communication net-
works. However, the question remains why the mem-
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ory information can remove the packets congestion ef-
ficiently. Thus, the further study of effectiveness of
the memory information for routing packets should be
conducted in the future work.
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Abstract—Traditional gyroscopes are mechanical de-

vices used for measuring and maintaining orientation.

They consist of spinning discs enclosed in gimbal rings

that allowed for free rotation in any orientation. New man-

ufacturing techniques in microelectromechanical systems

(MEMS) allow for mass manufacturing of low-cost and

miniaturized vibratory gyroscopes. At the same time, these

smaller gyroscopes are more prone to external perturba-

tions. Small disturbances, such as thermo interference, can

increase phase drifts in the oscillatory signal and give inac-

curate results, specially for guidance systems. To remedy

the lowered sensitivity problem, we consider networks of

coupled MEMS gyroscopes. We apply group theoretical

methods and normal form techniques to simplify the gov-

erning equations. Analysis of the normal form equations

allows us to unravel the nature of the bifurcations that lead a

ring of gyroscopes of any size into and out of synchroniza-

tion. From an engineering standpoint, the synchronization

regime is of particular importance because it can lead to a

significant reduction in phase drift.

1. Introduction

High-dimensional nonlinear systems with symmetry

arise naturally at various length scales: in molecular dy-

namics [1], underwater vehicle dynamics [2], in magnetic-

and electric-field sensors [3, 4, 5], in gyroscopic [6, 7]

and navigational systems [8, 9], hydroelastic rotating sys-

tems and boats/ships [10, 7], and in complex systems

such as telecommunication infrastructures [11] and power

grids [12]. Whereas the theory of symmetry breaking bi-

furcations of typical invariant sets, i.e., equilibria, peri-

odic solutions, and chaos, is well-developed for general

low-dimensional systems [13], there are significantly fewer

results on the corresponding theory for symmetric high-

dimensional nonlinear mechanical and electrical systems,

including coupled Hamiltonian systems [14, 15]. Conse-

quently, the aim of this work is to advance the study of the

role of symmetry in high-dimensional nonlinear systems

with Hamiltonian structure. As a case study, we consider a

network of vibratory gyroscopes coupled bidirectionally in

a ring.

A conventional vibratory gyroscope consists of a proof-

mass system as is shown in Fig. 1. The system oper-

ates [16, 17, 18] on the basis of energy transferred from a

driving mode to a sensing mode through the Coriolis force.

In this configuration, a change in the acceleration around

the driving x-axis caused by the presence of the Coriolis

force induces a vibration in the sensing y-axis which can

be converted to measure angular rate output or absolute an-

gles of rotation.

Figure 1: Schematic diagram of a vibratory gyroscope sys-

tem. An internal driving force induces the spring-mass sys-

tem to vibrate in one direction, the x-axis in this example.

An external rotating force, perpendicular to the xy-plane in-

duces oscillations in the y-direction by transferring energy

through the Coriolis force. These latter oscillations can be

used to detect and quantify the rate of rotation.

Normally a higher amplitude response of the y-axis

translates to an increase in sensitivity of a gyroscope. Thus,

to achieve high sensitivity most gyroscopes operate at res-

onance in both drive- and sense-modes. But since the

phase and frequency of the sense-mode is determined by

the phase and frequency of the Coriolis force which itself

depends on those of the driving signal, most gyroscopes

operate exactly at the drive-mode resonant frequency while
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the sense-mode frequency is controlled to match the drive-

mode resonant frequency. Consequently, the performance,

in terms of accuracy and sensitivity, of a gyroscope de-

pends greatly on the ability of the driving signal to pro-

duce stable oscillations with constant amplitude, phase,

and frequency. To achieve these important requirements,

a variety of schemes, based mainly on closed-loops and

phase-locked loops circuits, have been proposed [18]. Re-

cently parametrical resonance in MEMS (Micro-Electro-

Mechanical Systems) gyroscopes has also been extensively

studied as an alternative to harmonically driven oscillators.

In this work we consider an alternative approach to increase

performance based on a weakly coupled network. The fun-

damental idea is to synchronize the motion of each gyro-

scope to the Coriolis driving force, so that the collective

signal from all gyroscopes can be summed and then de-

modulated to yield an optimal response in terms of min-

imizing phase drift and robustness to noise and material

imperfections.

2. Modeling

Based on the fundamental principles of operation illus-

trated in Figure 1, the governing equations of a bidirection-

ally coupled ring of gyroscopes is described by the follow-

ing system of differential equations

mẍi + cx ẋi + κxxi + µx3
i
= fe(t) + 2miΩẏi+

λi j(xi+1 − 2xi + xi−1)

mÿi + cyẏi + κyyi + µy
3
i
= − 2miΩẋi,

(1)

where x (y) represents the drive (sense) modes, m is the

proof mass, Ωz is the angular rate of rotation along a per-

pendicular direction (z-axis), cx (cy) is the damping coef-

ficient along the x- (y-) direction, and κx (κy) and µx (µy)

are the linear and nonlinear damping coefficients along the

x- (y-) directions, respectively, i ∼ j denotes all the jth gy-

roscopes that are coupled to the ith gyroscope, λi j denotes

the coupling strength, and fe(t) = Ad sinωdt the sinusoidal

driving force with amplitude Ad and frequency ωd.

2.1. Hamiltonian Formulation

Let qi = (qi1, qi2)T = (xi, yi)
T be the configuration com-

ponents and pi = mq̇i +Gqi be the momentum components

of a single gyroscope, where

G =

(

0 −mΩ

mΩ 0

)

.

Directly differentiating the momentum components, we get

(after rearranging terms) mq̈i = ṗi −Gq̇i. Then the original

equations (1), which have total phase space R4N , can be

written in the following form. Letting Zi = (qi, pi), the

internal dynamics of each individual ith gyroscope can be

expressed as follows

F (Zi) =

(

−G
m

1
m

I2

−GF
m
+ K − 1

m
G2) 1

m
(F −G)

) (

qi

pi

)

+

(

0

− fi

)

,

with F = diag(cx, cy), K = diag(κx, κy) and fi = µ(q
3
i1
, q3

i2
)T .

Then the governing equations of the DN symmetric ring can

be written as in (??), that is

dZi

dt
= F (Zi) +H(Zi+1, Zi) +H(Zi−1, Zi) + R(t), (2)

where R(t) = (0, fe(t), 0, 0)T ,

H(Zi+1, Zi) =

(

0

λΓ(qi+1 − qi)

)

and Γ =

(

1 0

0 0

)

.

Since the nonlinear terms are given only by cubic terms

each gyroscope is symmetric with respect to the −I trans-

formation (qi, pi) → (−qi,−pi). Because the coupling is

also symmetric with respect to this Z2(−I)-symmetry; that

is, H(−Zi+1,−Zi) = −H(Zi+1, Zi), then the networks have

symmetry group given by DN(γ, η) × Z2(−I).

For the remainder of this section we assume cx = cy = 0

and consider the unforced systems with fe = 0. Later on

we discuss the effects of damping and the periodic driv-

ing signal as well. Direct calculations show that the net-

work equations (2) are Hamiltonian and can be expressed

in terms of position and momentum coordinates (q, p) =

(q1, . . . , qN , p1, . . . , pN) as

H(q, p) =
1

2

N∑

i=1

−pT
i

(

K −
G2

m
+ 2λΓ

)

qi − qT
i

G

m
qi+

pT
i

G

m
pi + qT

i

I2

m
pi − (qi+1 + qi−1)TλΓqi + H2(q, p),

(3)

3. Main Results

In this section we state the main results of the effects

of the main bifurcation parameter, the coupling strength λ,

and the forcing (recall that in the previous section we have

assumed fe(t) = 0) on the network dynamics. We show that

existence and stability of periodic solutions of the forced

system, fe(t) , 0, are in one-to-one correspondence with

those of the equilibrium solutions of the unforced system,

fe(t) = 0. Furthermore, we state one of the main results

of this manuscript: a theorem that provides an analytic ex-

pression for the onset, as λ is varied, of fully synchronized

periodic solutions which preserves the DN × Z2–symmetry

of the ring and that is valid for any ring size N. This is the

expression that was very difficult to obtain through pertur-

bation methods [?, ?]

3.1. Synchronized Periodic Solution

We consider again the governing equations for the bidi-

rectional ring (without forcing) written as a separation of

linear M and nonlinear terms, that is

dZ

dt
= MZ + F(Z), (4)

where again: Z = (Z1, . . . , ZN)T , Zi = (qi, pi)
T , F =

(F1, . . . , FN)T , and Fi = (0,− fi)
T with i = 1, . . .N mod
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N. Also, recall that M = Mbi. Let τ = t and now write the

system in extended phase space

dZ

dt
= MZ + F(Z) + HA(τ) := S (Z, τ, A),

dτ

dt
= 1. (5)

where

HA(τ) = (0, fe(τ), 0, 0
︸        ︷︷        ︸

, . . . , 0, fe(τ), 0, 0
︸        ︷︷        ︸

).

︸                                  ︷︷                                  ︸

N times

We can now state one important result, which includes an

analytical expression for the onset of synchronized solution

in the forced-driven gyroscope with no damping. The ef-

fects of small damping are discussed at the end of this sec-

tion. We make the following assumption for the remainder

of the paper:

κx = κy =: κ.

Recall that an equilibrium is spectrally stable if all the

eigenvalues of the linearization of the equilibrium are on

the imaginary axis and for a periodic orbit, if all its Flo-

quet multipliers are on the unit circle. A stronger concept

for the system obtained from linearization near equilibrium

or periodic orbit is strong stability also called parametric

stability. A linear periodic Hamiltonian system is strongly

stable if all solutions are bounded for all t ∈ R and the

same remains true for sufficiently small linear Hamiltonian

periodic perturbations, see [?]. Note that strong stability

implies spectral stability.

Theorem 3.1 If the forcing parameter A is small enough,

system (5) with bidirectional coupling has a fully synchro-

nized 2π/ω-periodic solution Z̃(t) near Z0 with isotropy

subgroup DN × Z2, strongly stable for

λ > λ∗ = −
κ

2(1 − cos(2π⌊N/2⌋/N))
. (6)

The proof of this theorem is done in several steps. In the

following proposition, we begin by establishing the rela-

tionship between equilibrium solutions of the unforced sys-

tem with periodic solutions of the forced system with small

coupling parameter A.

Proposition 3.2 For the forcing frequency ω ∈ R \

{a finite number of points}, equilibrium solutions of the un-

forced system (4) are in one-to-one correspondence with

2π/ω-periodic solutions of (5). Moreover,

1. If Z0 is an equilibrium solution of (4) with isotropy

subgroup Σ, then the corresponding periodic solution

P0(t) has spatial isotropy subgroup Σ.

2. Z0 is spectrally stable/strongly stable/unstable if

and only if P0(t) is spectrally stable/strongly sta-

ble/unstable.

−0.8845 −0.884 −0.8835 −0.883 −0.8825
−1
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0
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1
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4
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Analytical Boundary, O(ε)
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No Entrainment
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Figure 2: Two-parameter bifurcation diagram outlines the

region of parameter space (Ω, λ) where the vibrations of

a system of three gyroscopes, coupled bi-directionally, be-

come completely synchronized. The boundary curve corre-

sponds to the locus of the pitchfork bifurcation where three

periodic solutions of the motion equations (5) merge into

a D3 × Z2 symmetric one as the complete synchronization

state becomes locally asymptotically stable.

Observe that for the special case of a ring with N = 3

gyroscopes, Eq. (6) yields λ∗ = −κ/3. Based on param-

eter values estimated experimentally, we set κ = 2.6494

N/meter to get λ∗ = −0.8831. This value fits very well the

almost vertical line threshold, in parameter space (Ω, λ),

which was originally obtained through asymptotic meth-

ods [?] , and reproduced in Fig. 2. The only difference

is the cusp shape, which is due to the effects of damping.

Recall that damping has been neglected in our analysis in

order to preserve the Hamiltonian structure of the cells and

of the network. Nevertheless, that cusp region is extremely

small considering the scale along the λ-axis.

Our last result is concerned with the bifurcating solu-

tions from the 2π/ω-periodic solution Z̃(t) as the coupling

parameter decreases below λ∗.

Theorem 3.3 A Z2(−I)-orbit of branches of periodic so-

lutions Z̃b(t) with isotropy subgroup Z2(κ) bifurcates from

Z̃(t) as λ decreases below λ∗. For N odd, the Z2(κ) orbit

has a form conjugate to

Z̃b(t) = (Zb
1(t), Zb

2(t), . . . , Zb
N(t)),

with Zb
j
(t) = Zb

N+2− j
(t) for j = 2, . . . , (N+1)/2. For N even,

Z̃b(t) satisfies a form conjugate to the conditions Zb
j
(t) =

Zb
N
2
+ j

(t) for j = 1, . . . ,N/2.

The proof of this theorem is done by showing the existence

of a pitchfork bifurcation from the synchronous equilib-

rium solution in the non-forced system.
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Figure 3: Diagrams illustrating the bifurcation of the

strongly stable synchronized solution to synchrony-broken

patterns with Z2(κ)-symmetry when λ decreases below λ∗

as described by Theorems 3.1 and 3.3. This bifurcation

comes from a pitchfork bifurcation of the unforced system

and is illustrated via the diagram. The shades of grey in the

circles identify the synchronized gyroscopes.

Figure 3 illustrates the results of Theorem 3.1 and The-

orem 3.3 for the cases n = 3 and n = 4. The synchronized

periodic solution is strongly stable for λ > λ∗, loses its sta-

bility at λ = λ∗ and bifurcates to Z2(κ)-symmetric periodic

solutions for λ < λ∗. Because this transition comes from a

pitchfork bifurcation of the unforced system, the −I sym-

metry relates the two bifurcating solutions. The shades of

grey (or colours) identify the synchronized gyroscopes.
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Abstract—This paper experimentally demon-
strates that amplitude death ocuurs in a delay-coupled
circuit network with fast time-varying network topol-
ogy. We implement the all-to-all network consisting of
four double-scroll circuits with fast on-off connections.
It is confirmed that our experimental results agree well
with analytical results.

1. Introduction

In the field of nonlinear science, various phenomena
in coupled oscillators have attracted researchers’ inter-
est. Amplitude death, stabilization of unstable fixed
points in oscillators with a diffusive connection, is well
known as one of such phenomena. This phenomenon
never occurs in coupled identical oscillators [1]. Reddy
et al. proved that a delay connection induces this phe-
nomenon even in coupled identical oscillators [2]. Af-
ter their work, many different kinds of delay connec-
tions inducing amplitude death in coupled oscillators
have been proposed [3]. Amplitude death induced by
the delay connections is regarded as an important phe-
nomenon because practical systems always have trans-
mission delays. In fact, some researches utilize this
phenomenon for suppression of oscillations in practical
systems, such as DC microgrid with constant-power
loads [4], coupled permanent-magnet synchronous mo-
tors [5], and coupled thermoacoustic oscillators [6].

Many studies on amplitude death deal with coupled
oscillators with time-invariant network topologies; in
contrast, many of real systems have time-varying net-
work topologies. However, it is difficult to analyze
such time-varying systems. Sugitani et al. analyt-
ically and numerically investigated amplitude death
in delay-coupled oscillators with a fast time-varying
network topology [7]. Unfortunately, an experimental
verification of their result has not been conducted.

This paper experimentally demonstrates that ampli-
tude death occurs in a fast time-varying network im-
plemented by four double-scroll circuits. It is shown
that the death region in a parameter space on our ex-
periments agrees with that on our analysis.

2. Time-Varying Network

2.1. Model and Analysis

Let us consider m-dimensional coupled oscillators,⎧⎨
⎩

ẋ(j)(t) = F
(
x(j)(t)

)
+ bu(j)(t)

y(j)(t) = cx(j)(t)
(j = 1, . . . , N),

(1)
where x(j)(t) ∈ R

m is the state variable of the j-th
oscillator and y(j)(t) ∈ R is the output signal of the
j-th oscillator. b ∈ R

m and c ∈ R
1×m are the input

matrix and the output matrix, respectively. F (x) :
R

m → R
m is a nonlinear function which has at least

one fixed point x∗: F (x∗) = 0. The coupled signal is
given by

u(j)(t) = k

N∑
l=1

ε(jl)(t)
{
y(l) (t− τ)− y(j)(t)

}
, (2)

where k is the coupling strength and y(l)(t − τ) is
the delayed output with delay time τ of the l-th os-
cillator. ε(jl)(t) represents the network topology at
time t. If the j-th oscillator and the l-th oscillator
are coupled, then ε(jl)(t) = ε(lj)(t) = 1, otherwise
ε(jl)(t) = ε(lj)(t)=0. The degree of the j-th oscilla-

tor at time t is given by d(j)(t) :=
∑N

l=1 ε
(jl)(t).

The network topology always changes with time t
according to the following rules.

(a) The network topology changes at intervals Δt.

(b) The network topology changes under the restric-
tion on the constraint matrix H: if the j-th os-
cillator and the l-th oscillator are allowed to be
connected, then {H}jl = {H}lj = 1, otherwise
{H}jl = {H}lj = 0.

(c) A pair of oscillators is connected with the proba-
bility p.

(d) The constraint matrix H satisfies

N∑
l=1

{H}jl = D, ∀j ∈ {1, . . . , N}, (3)
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where D ∈ N is a natural number.

The oscillators (1) with connection (2) have the homo-
geneous steady state,

[
x(1)T · · · x(N)T

]T
=

[
x∗T · · · x∗T

]T
. (4)

Coupled oscillators, (1) and (2), are linearized around
the steady state (4),

δẋ(j)(t) =Aδx(j)(t)

+ kbc

N∑
l=1

ε(jl)(t)
{
δx(l)(t− τ)− δx(j)(t)

}
,

(5)
where δx(j)(t) := x(j)(t) − x∗ and A := ∂F (x∗)/∂x.
This can be rewritten as

Ẋ(t) = (IN ⊗A)X(t) + k
[
(E(t)⊗ bc)X(t− τ)

− diag
{
d(1)(t), . . . , d(N)(t)

}
⊗ bcX(t)

]
,

(6)

where X(t) =
[
δx(1)T · · · δx(N)T

]T
and {E(t)}jl =

ε(jl)(t). The coupling matrix E(t) and the degree of
the j-th oscillator, d(j)(t), can be averaged over a pe-
riod Tp (� Δt) for any t [8],

1

Tp

∫ t+Tp

t

E(r)dr =pH,

1

Tp

∫ t+Tp

t

d(j)(r)dr =pD.

(7)

For the fast time-varying topology, there exists the
period Δt∗ such that the stability of linearized system
(6) is equivalent to that of the following linear time-
invariant system,

Ẋ(t) = (IN ⊗As)X(t)+ pk (H ⊗ bc)X(t− τ), (8)

where As := A− pkDbc. The characteristic equation
of system (8) is described by

G(s) =
∣∣sIN − (IN ⊗As)− pk(H ⊗ bc)e−sτ

∣∣ = 0.
(9)

H is a real symmetric matrix; thus, it can be di-
agonalized by an orthognal matrix T as T−1HT =
diag(ρ1, . . . , ρN ). Hence, Eq. (9) can be decomposed
to

G(s) =

N∏
q=1

g(s, ρq), (10)

where

g(s, ρ) =
∣∣sIN −As − pkρbce−sτ

∣∣ . (11)

The steady state (4) is stable if and only if, for all
ρq(q = 1, . . . N), all the roots of g(s, ρq) = 0 have
negative real parts.

2.2. Double-Scroll Circuits

We consider the double-scroll circuit [9] illustrated
in Fig. 1,⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

C1
dv

(j)
1

dt
=

1

R

(
v
(j)
2 − v

(j)
1

)
− h

(
v
(j)
1

)

C2
dv

(j)
2

dt
=

1

R

(
v
(j)
1 − v

(j)
2

)
+ i

(j)
L + i(j)u

L
di

(j)
L

dt
= −v

(j)
2

, (12)

where

h(x) := m0x+
1

2
(m1 −m0) {|x+Bp| − |x−Bp|} .

m0,m1, Bp are the parameters. The connection cur-
rent from other oscillators to the j-th oscillator,

i(j)u =
1

r

N∑
l=1

ε(jl)(t)
(
v
(l)
2 (t− T )− v

(j)
2 (t)

)
, (13)

flows through the coupling resistance r, where T is the
delay time.

This circuit can be described by oscillators (1),
where

F (x)=

⎡
⎣η{x2−x1−g(x1)}

x1−x2+x3

−γx2

⎤
⎦ , b=

⎡
⎣01
0

⎤
⎦ , c=

⎡
⎣01
0

⎤
⎦
T

,

(14)

x1 :=
v1
Bp

, x2 :=
v2
Bp

, x3 :=
iLR

Bp
, τ :=

T

RC2
, η :=

C2

C1
,

γ :=
R2C2

L
, a := m1R, b := m0R, k :=

R

r
,

g(x) := bx+
1

2
(b− a) {|x− 1| − |x+ 1|} .

We note that the dimensionless time is given by t/RC2.
The oscillator with Eq. (14) has the three fixed points:

x∗
± =

[±xp 0 ∓xp

]T
,x∗

0 =
[
0 0 0

]T
, (15)

where xp := (b − a)/(b + 1). In order to simplify our
discussion, we consider the stability of the fixed point
x∗
+. The dynamics of oscillators (1) with connection

(2) at x∗
+ is represented by Eq. (6) with

A =

⎡
⎣−η̄ η 0

1 −1 1
0 γ 0

⎤
⎦ , (16)

where η̄ := η(b+ 1).
Putting A, b, c into Eq. (11), we have

g(s, ρ)=(s+ η̄)
[
s2+{1+kp(D−ρe−sτ )}s+γ

]−ηs = 0.
(17)

If all the roots of g(s, ρq) = 0 for q = 1, · · · , N exist in
the open left-half plane, the homogeneous steady state[
x∗
+
T · · · x∗

+
T
]T

is stable.
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Figure 1: Circuit and switch units

3. Circuit Experiments

We implement a network consisting of the four
double-scroll circuits. Let us focus on the j-th double-
scroll circuits and its connections. Figure 1 shows
the j-th circuit unit and the j-th switch unit. The
circuit unit consists of a double-scroll circuit, a PIC
(PIC18F2550), a DA converter, and coupling resis-

tances r. The voltage v
(j)
2 (t) of the double-scroll cir-

cuit is applied to the PIC. The PIC samples the volt-
age through its AD converter and saves the sampled
voltage into its buffer. The delayed voltage on 8-
bit digital signal is converted into the analog voltage

v
(j)
2,T = v

(j)
2 (t − T ) via the DA converter. The switch

unit, which governs the network topology, is imple-
mented with switching ICs (ADG452). The switches
SW(j1), . . . , SW(j4) are turned on/off by digital sig-
nals. Each signal randomly switches between “on” and
“off” every interval Δt. The signal turns on SW(jl)

(i.e., ε(jl) = 1) with the probability p. The network
consisting of these circuit and switch units is sketched
in Fig. 2.

The parameters of double-scroll circuits are fixed as
follows:

C1 = 0.1μF, C2 = 1.0μF, L = 180mH, Bp = 1.0V,

R = 1800Ω, m0 = −0.4× 10−3, m1 = −0.8× 10−3,

where the double-scroll attractor is observed in each
isolated oscillator. Further, we use the interval Δt =
40μs. This interval Δt is approximately one seventy-
fifth of the natural period of the double-scroll circuit.

Let us consider the all-to-all network with

H =

⎡
⎢⎢⎣
0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

⎤
⎥⎥⎦ , D = 3. (18)

Figures 3(a) and 3(b) show the stability regions of the
state (4) for p = 0.5 and p = 1 on our analytical results
in the k-τ plane, respectively. The boundary curves

Figure 2: Time-varying network

of the regions are estimated by computing Eq. (17).
When k crosses a bold (thin) line with an increase in
it, the roots of Eq. (17) cross the imaginary axis from
right (left) to left (right). The shaded areas are the
stability regions, in which all roots of Eq. (17) exist
in the open left-half plane. The upper stable region
in Fig. 3(a) is expanded toward k axis compared with
that in Fig. 3(b). This is because the coupling strength
k in Eq. (11) is multiplied by the probability p.

The symbol©(×) in Fig. 3 represents the parameter
set (k, τ) where amplitude death is (is not) observed
experimentally. The stable parameter sets on the cir-
cuit experiments agree with the stability region on our
analytical estimation.

Figure 4 shows the time series data of all the double-
scroll circuits for k = 2.90, τ = 3 (Point A in Fig. 3(a)
and Point A′ in Fig. 3(b)). Before t = 150ms, the
network topology does not change (i.e. p = 1). At
t = 150ms, the network topology starts to change with

p = 0.5. This result indicates that v
(1)
2 , . . . , v

(4)
2 , which

oscillate in the time-invariant topology, are stabilized
by the fast time-varying network topology.

4. Conclusion

This paper experimentally demonstrated that am-
plitude death is induced in the fast time-varying net-
work consisting of the four double-scroll circuits. Our
experimental results agreed with our analytical results.
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Figure 3: Stability regions in k − τ plane: (a) time-varying network topology (p = 0.5), (b) time-invariant
network topology (p = 1). The shaded regions and curves respectively represent the death regions and the
boundaries based on Eq. (17). The symbol ©(×) denotes the point where amplitude death is (is not) observed
experimentally.

Figure 4: Time series data of voltage v
(1)
2 , . . . , v

(4)
2

(N = 4, D = 3, k = 2.90, τ = 3). Horizontal axis:

t (50ms/div); vertical axis: v
(1)
2 , . . . , v

(4)
2 (1V/div).
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Abstract—We investigate firing patterns in mutually
coupled two neurons with inhibitory synapses. In a pre-
vious study, we found clustered states: two groups with
distinct firing rates and one group with subthreshold oscil-
lations. We study its generation mechanism in the smallest
system. As a result, we obtain that the firing frequency and
the synaptic conductance are important parameters to gen-
erate the clustered states.

1. Introduction

Recently, complex network structures, such as small-
world [1] and scale-free [2, 3], have been found in various
real neuronal networks [4, 5]. Synchronization in neuronal
networks is also found and synchronous activities play an
important role in information processing in the brain [6].
On the other hand, they are not desirable for several neuro-
logical diseases such as epilepsy and tremor in Parkinson’s
disease [7]. Thus the studies of synchronization in com-
plex networks are very important and have attracted much
interest. Barahona and Pecora developed the MSF(Master
Stability Function) analysis to study synchronizability in
complex networks [8], and Nishikawa and Motter extended
it for an asymmetric case [9]. Since the average path length
becomes short in small-world networks, synchronization
is achieved more easily than in a regular lattice [10–13].
However, it is not the only condition, synchronizability also
depends on network size, the degree distribution (distribu-
tion of a number of links), the clustering coefficient and
so on [14–17]. These studies mainly come from the idea
that the connections between cells promote in-phase syn-
chronization. Thus, short-cuts in small-world networks can
enhance synchronizability. However, in general it is said
that the inhibitory connection generates anti-phase syn-
chronization. Although inhibitory networks in the brain are
important to generate complicated firing patterns [18–27],
the studies of such inhibitory networks are not enough as
far as we know.

In the previous study [28], we observed an interesting
solution in small-world networks composed of only in-
hibitory neurons, which has clustered three states: firing
with frequencies A and B (A/B is irrational), and sub-
threshold oscillations. In the full dimension, this solution
is quasi-periodic, however, just watching the time series of

the oscillatory solution with firing frequency A or B, it is
almost periodic. In this paper, we try to clarify the gen-
eration mechanism of such a solution when a number of
coupled neurons is two.

2. Model Equations

We consider mutual coupled Morris-Lecar (ML) neu-
rons with inhibitory synapses. The ML neurons [29] with
synaptic coupling are described by

C
dVi

dt
= −gL(Vi − VL) − gCa M∞i (Vi − VCa)

−gKNi(Vi − VK) + Iexti + Isyni ,

dNi

dt
=

N∞i − Ni

τNi

, (1)

dsi

dt
=

1− si

1+ exp(−Vi)

(

1
τr
−

1
τd

)

−
si

τd
,

(i = 1, 2),

whereVi, Ni andsi are the membrane potential, the activa-
tion variable for K+ and the gating variable for the synapse,
respectively.τr andτd are the raise and the decay time of
the synapse, respectively.N∞i andτNi are functions ofVi.
Isyni is the synaptic current given by

Isyni = Gsyn ji(Vsyn − Vi)s j, (2)

( j = 1 and 2 fori = 2 and 1, respectively)

whereGsyni j is the maximum synaptic conductance from
ith to jth neurons, andVsyn is the reversal potential. We
define the threshold value for firing isVi = 0. The values
of (τr, τd, Vsyn) are fixed as (0.5, 7.0,−60.0) for the in-
hibitory synapse [30]. The schematic diagram of our model
is shown in Fig. 1. One of bifurcation parameters is the fir-
ing frequency for the single neuron, which is controlled by
the value of the external inputIexti (direct current).

3. Results

We fix the parameter values asf2 = 20 andGsyn21 = 3.0
[28] for Figs. 2 and 3 which show bifurcation diagrams on
the parameter plane (f1, Gsyn12) when f1 ≤ f2 and f1 ≥ f2,
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respectively. The waveforms of membrane potentialsV1

andV2 in the regions with circled numbers are presented
in Figs. 4(a) to 4(f). We explain the synchronized states in
each region. In region1©, V1 andV2 are synchronized at
anti-phase (Fig. 4(a)). We observe this firing pattern in a
wide parameter region because these waveforms are typi-
cally observed in a system of inhibitory coupled neurons.
From this state, asf1 is decreased whenGsyn12 is larger than
3.0, the firing of neuron 1 is completely suppressed by neu-
ron 2 (Fig. 4(e)), which is observed in region5©. On the
other hand, asf1 is increased, neuron 1 suppresses neuron
2 (Fig. 4(f) is observed in region6©). Next, we decrease the
value ofGsyn12 from the closed circle in Fig. 2. After transi-
tion from region 1© to 2©, we obtain neurons synchronized
with a phase lag, see Fig. 4(b). The reasons of generating
this solution are as follows:

(1) the amplitude of the synaptic signal from neuron 1 to
neuron 2 is not enough to suppress neuron 2,

(2) because of (1), the firing frequency of neuron 2 be-
comes higher, (suppression ofV2 in Fig. 4(a) disap-
pears)

(3) because of (2), the synaptic input from neuron 2 to neu-
ron 1 is injected when the membrane potential of neu-
ron 1 is low, ((Vsyn − V1) in Eq. (2) becomes small)

(4) the synaptic input from neuron 2 to neuron 1 is also not
enough to suppress neuron 1.

Thus, the suppression of neurons 1 and 2 disappears and
Fig. 4(b) is observed in region2©. This solution meets the
period-doubling bifurcation by decreasing the value off1
from region 2© to 3©, and two-periodic solutions shown in
Fig. 4(c) appear in region3©. In region 4©, we observe non-
periodic states, however the firings of neurons 1 and 2 are
almost in-phase.

Figure 5 shows a bifurcation diagram on the parameter
plane (f1, f2) whenGsyn12 = Gsyn21 = 3.0. From this figure,
we can see that subthreshold oscillations appear by chang-
ing the firing frequency of each neuron.

4. Discussion and Conclusion

In the previous study [28], we observed an interesting
quasi-periodic solution. It contains three clustered groups:
two groups consisting of fired neurons with distinct firing
frequencies (in the same group, neurons produce synchro-
nized firings with a phase lag or anti-phase), and one group
with only subthreshold oscillations (no firings). Identical
neurons showed different firing frequencies as a transient
state, and a number of the synaptic inputs is not uniformly
distributed [28].

In this study, we consider the simplest case (a number of
coupled neurons is 2) and clarify the basic mechanism of
generating the clustered states. The values of two parame-
ters (frequency and synaptic conductance ) are changed be-
cause the former and latter correspond to the different firing

1 2

G
syn12

G
syn21

( f
1
) ( f

2
)

Iext1 Iext2

Figure 1: Schematic diagram of our model.f1 and f2 indi-
cate frequencies of single neuron.

frequencies and different number of synaptic inputs in the
previous study, respectively. As a result, we obtain anti-
phase synchronization without changing the values of the
parameters. Moreover, we find the existence of subthresh-
old oscillations and synchronization with a phase lag by
changing the values of the frequency and the synaptic con-
ductance, respectively. These can explain three clustered
states: anti-phase synchronization, synchronization with a
phase lag and subthreshold oscillations. Subthreshold neu-
ronal oscillations were observed in the experiments [31,32]
and they are related to the oscillation withθ rhythm which
promotes LTP (long-term potentiation) [33–35]. Our previ-
ous results showed the importance of the subthreshold os-
cillation to produce complicated firing patterns. Here, we
clarify that the generation of the subthreshold oscillation is
mainly controlled by the firing frequency of the single neu-
ron. Even though we consider a system of coupled identi-
cal neurons having the same own firing frequency, the dis-
tribution of firing frequencies become nonuniform due to
inhibitory synapses when a number of neurons are large.
Studying bifurcations of a system of large coupled neurons
is one of our open problems.
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Abstract—The present paper investigates chaotic syn-
chronization in delay-coupled Bernoulli maps. We provide
a simple design of the map parameter and the coupling
strength for inducing chaotic synchronization in situations
where the number of maps, the detailed information of the
network topology, and the connection delay are unknown.
Even in such situations, a sufficient condition based on ro-
bust control theory leads to a simple design. Numerical
simulations show the validity of our design.

1. Introduction

Synchronization, a typical nonlinear phenomenon that is
observed in coupled oscillators, has been extensively in-
vestigated [1]. It is well known that the local stability
of synchronization is equal to that of linear systems with
time-variant parameters corresponding to the synchronized
states [2]. In general, some numerical calculations are re-
quired in order to estimate the stability of synchronization.
An interaction between oscillators inevitably contains a

connection delay due to finite signal-propagation speed.
Thus, in recent years, delay-coupled oscillators have at-
tracted much attention in nonlinear science [3, 4]. For
delay-coupled oscillators, it is difficult to analyze the sta-
bility of synchronization. This is because the linear sys-
tems with time-variant parameters, which govern the stabil-
ity of synchronization, have infinite-dimensional dynamics
due to their time-delay terms.
Because delay-coupled Bernoulli maps have discrete-

time dynamics and a constant slope, the stability of syn-
chronization is equal to that of finite-dimensional linear
systems without time-variant parameters. Thus, they can
be easily analyzed; therefore, synchronization in delay-
coupled Bernoulli maps has been investigated in several
previous studies in various contexts, such as sublattice syn-
chronization [5, 6], networks with multiple connection de-
lays [7], the relation between a self-feedback delay and a
connection delay [8], and unidirectional delay coupling [9].
Chaotic synchronization in delay-coupled Bernoulli

maps can potentially be applied to create secure commu-
nication systems, since most of phenomena in these maps
could be also observed in coupled chaotic semiconductor
lasers [10–12]. Previous studies of delay-coupled Bernoulli

maps provide the necessary and sufficient condition for
chaotic synchronization under the assumption of a long de-
lay limit. In practical situations, however, the connection
delay is not always long. Thus, in such situations, these
previous studies cannot guarantee the stability of chaotic
synchronization.
The present study provides a delay-independent de-

sign for chaotic synchronization in delay-coupled Bernoulli
maps. We consider practical situations where the connec-
tion delay, the number of maps, and detailed information
about the network topology are unknown. A sufficient con-
dition based on robust control theory allows us to obtain
a simple design for the map parameter and the connection
strength. We present some numerical simulations that con-
firm our design.

2. Delay-coupled maps

We now consider delay-coupled Bernoulli maps,

xi(n + 1) = f [xi(n)] + εui(n), (i = 1, . . . ,N), (1)

where xi(n) ∈ R is the state variable of the i-th map, f (x) :=
(ax) mod 1 is the nonlinear function of a Bernoulli map1,
and ε ∈ [0, 1] denotes the coupling strength. The coupling
signal is given by

ui(n) =
1
di

⎧⎪⎪⎪⎨⎪⎪⎪⎩

N∑

j=1
ci j f [x j(n − τ)]

⎫⎪⎪⎪⎬⎪⎪⎪⎭ − f [xi(n)], (2)

where x j(n−τ) is the delayed-state variable of the j-th map,
τ ∈ Z+ is the connection delay, and ci j represents the i j-th
element of the adjacency matrix: if the i-th and j-th oscilla-
tors are coupled, then ci j = c ji = 1, otherwise, they equal 0.
Thus, in order to simplify the stability analysis, the present
study considers only bidirectional coupling. Self-feedback
is forbidden (i.e., cii = 0). Here, di :=

∑N
j=1 ci j denotes the

number of maps connected to the i-th map. The network
topology is governed by the matrix C, whose elements are

1A Bernoulli map produces a sequence of independent identically dis-
tributed random variables; it has significant applications in digital com-
munication systems [13].
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given by [C]i, j = ci j/di. It is well known that the eigenval-
ues of the matrix C always satisfy [7]

1 = ρ0 ≥ |ρ1| ≥ · · · ≥ |ρN−1|, (3)

where ρ0 = 1 corresponds to the eigenvector [1 · · · 1]T .
In the present paper, we will provide a design for the cou-

pling strength ε and the map parameter a that will induce
chaotic synchronization under the following specifications.

Specification (I): The upper limit on the eigenvalues of C,
1 ≥ ρmax ≥ |ρ1|, is given.

Specification (II): the number of maps N, detailed infor-
mation about the network topology [C]i, j, and the con-
nection delay τ are unknown.

These specifications are required for practical systems.
This is because, in a huge network, not all of the infor-
mation about the network (i.e., C and N) will be available,
but a part of it (i.e., ρ1) may be available; in addition, the
connection delay will not be known.

3. Stability analysis

Since each of the rows in the connection matrix C sums
to 1, the delay-coupled Bernoulli maps (1) and (2) have a
synchronized manifold:

s(n) := x1(n) = x2(n) = · · · = xN(n). (4)

By substituting Eq. (4) into Eqs. (1) and (2), we can see
that s(n) is governed by

s(n + 1) = (1 − ε) f [s(n)] + ε f [s(n − τ)]. (5)

Let us consider the dynamics around the synchronized
manifold (4) by substituting the perturbation δxi(n) :=
xi(n) − s(n) into Eqs. (1) and (2). Since the map has a con-
stant slope (i.e., d f (x)/dx|x=s(n) = a), the dynamics around
the synchronized manifold (4) can be described by the fol-
lowing linear time-invariant system:

δx(n + 1) = (1 − ε)aδx(n) + εaCδx(n − τ), (6)

where δx(n) := [δx1(n) δx2(n) · · · δxN(n)]T . The ma-
trix C can be diagonalized by a transformation matrix T as
T−1CT = diag(ρ0, . . . , ρN−1). This diagonalization allows
us to obtain

ξ(n + 1) = (1 − ε)aξ(n) + εa diag(ρ0, . . . , ρN−1)ξ(n − τ),
(7)

where ξ(n) := Tδx(n). Thus, Eq. (7) can be divided into N
modes, where mode q is given by

ξq(n+1) = (1−ε)aξq(n)+εaρqξq(n−τ), (q = 0, 1, . . . ,N−1).
(8)

Mode q = 0 in Eq. (8) denotes the time evolution of the
synchronized manifold (i.e., (5)). Hence, for the stable syn-
chronized manifold (4), the linear system (8) must be stable

for all modes q = 1, . . . ,N − 1; note that this does not in-
clude q = 0. The stability of each mode q is determined by
the roots of the characteristic equation:

g(z, ρq) := zτ+1 − (1 − ε)azτ − εaρq. (9)

Consequently, the synchronized manifold (4) is stable if
and only if all the roots of Eq. (9) for ∀q ∈ {1, . . . ,N − 1}
lie inside the unit circle.

4. Design of the map parameter and the coupling
strength

For chaotic synchronization, the time evolution of the
synchronized manifold (i.e., (5)) must behave chaotically.
Since the dynamics of Eq. (5) are governed by the mode
q = 0 in Eq. (8), the mode q = 0 must be unstable if chaotic
synchronization is to be realized. Here, we provide the suf-
ficient condition for the mode q = 0 to be unstable for any
ε and τ.

Lemma 1. Consider delay-coupled Bernoulli maps (1)
and (2). The mode q = 0 in Eq. (8) is unstable for any
coupling strength ε and any connection delay τ if

a > 1. (10)

Proof. From Eq. (9), the characteristic equation of the
mode q = 0 is given by

g(z, 1) = zτ+1 − (1 − ε)azτ − εa. (11)

For real z, limz→+∞ g(z, 1) > 0 holds. Since g(z, 1) defined
in Eq. (11) is a continuous function, it has at least one real
root greater than 1 on the real axis if g(1, 1) = 1 − a is
negative. Therefore, the mode q = 0 in Eq. (8) is unstable
for any ε and τ if g(1, 1) < 0⇔ a > 1. �

Note that a previous study [7] provided an extended ver-
sion of Lemma 1, in which multiple connection delays are
considered. Now, we will provide the sufficient condition
for Eq. (9) to be stable for all modes q = 1, . . . ,N − 1.
However, it is difficult to derive such a condition under
the assumption that the connection delay τ is unknown, as
stated in Specification (II). Hence, we will use the follow-
ing lemma from robust control theory,

Lemma 2 ( [14]). An m-dimensional characteristic
equation

h(z) = zm + α1zm−1 + · · · + αm−1z + αm (12)

is stable if

1−α2m > |α1−αmαm−1|+|α2−αmαm−2|+· · ·+|αm−1−αmα1|.
(13)

Lemma 2 allows us to provide a sufficient condition for the
characteristic equation (9) to be stable, independent of the
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connection delay τ. As a result, we obtain the following
main theorem.

Theorem 1. Let us consider delay-coupled Bernoulli
maps (1) and (2). The time evolution of s(n) is chaotic,
and synchronized manifold (4) is stable, if Eq. (10) and

(1 − ε)a + εaρmax < 1 (14)

hold.

Proof. According to Lemma 1, the time evolution of s(n)
is chaotic if Eq. (10) holds. Thus, we will prove that the
synchronized manifold (4) is stable (i.e., we will prove that
Eq. (9) is stable for all modes q = 1, . . . ,N − 1), if Eq. (14)
holds.
If we take define the terms in Eq. (9) as follows,

α1 = −(1 − ε)a, α2 = α3 = · · · = αm−1 = 0,
αm = −εaρq, m = τ + 1, (15)

then Eq. (13) can be rewritten as

(1 − ε)a + εa|ρq| < 1. (16)

It should be noted that Eq. (16) is independent of τ. By
means of the relation in Eq. (3), we see that the character-
istic equation (9) is stable for all mode q = 1, . . . ,N − 1, if
Eq. (14) holds.
As a result, s(n) is chaotic, and the synchronized mani-

fold (4) is stable, if Eqs. (10) and (14) hold. �

A previous study [7] proved that the inequalities given by
Eqs. (10) and (14) are necessary and sufficient conditions
for chaotic synchronization only in the limit of a long delay
(i.e., τ → +∞). In contrast, the present study shows that
these inequalities (10) and (14) are sufficient conditions for
any connection delay (i.e.,∀τ ∈ {1, 2, . . .}). Our results in-
dicate that the parameter space of chaotic synchronization
for the long-delay limit is included in the parameter space
for any delay.
We see that the inequality given in Eq. (14) never holds

if ρmax = 1. Thus, Theorem 1 cannot guarantee the stability
of chaotic synchronization for networks with ρmax = ρ1 = 1
(i.e., a bipartite graph).
From the above analytical results, we obtain the map pa-

rameter and the coupling strength.

Corollary 1. Assume that ρmax < 1. If the map param-
eter a is set to

1 < a <
1
ρmax
, (17)

and the coupling strength is set to

a − 1
a(1 − ρmax) < ε ≤ 1, (18)

then Theorem 1 holds.

Figure 1: Time-series data of the delay-coupled Bernoulli
maps (N = 6): all the maps are coupled at n = 50. For
n ∈ [50, 150) and n ∈ [150, 250], the connection delays are
fixed at τ = 1 and τ = 10, respectively. The map parameter
is a = 1.3, and the coupling strength is ε = 0.95.

Let us briefly summarize this design. According to Spec-
ifications (I) and (II), only the parameter ρmax is given.
First, we check whether ρmax = 1; if so, then we give up
the design since Eq. (14) never holds. The map parame-
ter a is then chosen from the range given in Eq. (17), and
the coupling strength ε is chosen from the range given in
Eq. (18). The designed parameter set (a, ε) guarantees the
stability of chaotic synchronization for any N, any τ, and
any network topology with ρ1 ≤ ρmax.

5. Numerical simulations

This section numerically confirms the validity of our de-
sign, namely, Corollary 1. From Specification (I), ρmax =
0.75 < 1 is given. According to the inequalities of Eqs. (17)
and (18), the map parameter and the coupling strength are
set to a = 1.3 and ε = 0.95, respectively. We will confirm
whether the designed parameter set (a, ε) can successfully
induce chaotic synchronization.
Figure 1 shows the time-series data of xi(n) − x1(n) and

x1(n) in the delay-coupled Bernoulli maps (N = 6). All the
maps oscillate independently until n = 50. At n = 50, the
maps are connected in a network with the eigenvalue ρ1 =
0.7287 < ρmax. For n ∈ [50, 150) and n ∈ [150, 250], the
connection delay is fixed at τ = 1 and τ = 10, respectively
2.

2In order to investigate the local stability of the synchronized manifold,
a small random noise with amplitude [−1× 10−4, 1× 10−4] is added to all
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Before coupling (n < 50), each isolated map oscillates
chaotically. Thus, the values xi(n) − x1(n) do not converge.
After coupling (n ≥ 50), xi(n)− x1(n) converge to zero; this
implies that the maps are synchronized. Even after chang-
ing τ, synchronization can be obtained. Furthermore, x1(n)
oscillates chaotically regardless of the time. These results
suggest that chaotic synchronization occurs in the maps.
We see that the behavior of x1(n) in n ∈ [50, 150) is totally
different from that in n ∈ [150, 250). This is due to the
time evolution of the synchronized manifold (i.e., Eq. (5)),
which depends on the connection delay τ. It can be con-
cluded that the parameters designed according to Corollary
1 successfully induce chaotic synchronization.

6. Conclusion

This paper provides a simple design for inducing chaotic
synchronization in delay-coupled Bernoulli maps. The de-
sign was derived by using robust control theory, although
we considered severe situations in which the number of
maps, detailed information about the topology, and the con-
nection delay are unknown. The validity of our design was
confirmed by numerical simulation.
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Abstract Bats emit ultrasound through their mouths or 

nostrils, and localize various objects such as obstacles and 
prey by analyzing the echoes. This localization ability is 
called echolocation. Japanese house bats (Pipistrellus 
abramus) are known to successively capture multiple 
insects within a short time interval of around one second by 
dynamically changing their flight paths and pulse directions. 
This suggests that echolocating bats combine flight 
dynamics and acoustic sensing for effective foraging. This 
study proposes a new mathematical model describing the 
nonlinear dynamics of the flight and pulse directions of an 
echolocating bat approaching two successive targets. In the 
model, a bat is assumed to control its flight and pulse 
directions depending on the directions to the targets. 
Numerical simulation of the present model shows that the 
model bat successfully captures both targets within a short 
time interval without losing them from its sonar beam, at 
specific parameter values. The simulation also suggests that 
the successive prey capture is completed especially when 
the echolocation pulses are directed to the subsequent target 
before capturing the immediate target. Such a relationship 
between the flight and acoustic sensing can be also observed 
in the behavioral data of wild bats.  

1. Introduction 

Nonlinear dynamics of mobile entities (e.g., animals, 
macromolecules, and robots) attracts a great deal of 
attention in physics, mathematics, and biology [1]. 
Theoretical and experimental studies on such spatial 
dynamics are required to reveal the sophisticated 
mechanisms of motion control of living beings. 

Hunting behavior is essential for animals to survive in 
the wild, because they need to maximize their sensing 
ability to approach target prey with higher spatial resolution. 
In particular, bats are unique animals as they detect and 
capture targets by active sensing using ultrasound. Bats can 
recognize the physical attributes of their environment with 
great accuracy by comparing emitted pulses to returning 
echoes. Using the echolocation strategy, bats can 
successively capture multiple small moving insects. For 
example, Japanese house bats (Pipistrellus abramus) fly in 
large open spaces and capture a few hundred insects per 
night. It is important for them to sense multiple small 
insects in order to capture them in a short time interval. Our 

previous study revealed that bats achieve successive 
captures in a short time interval of around one second by 
dynamically changing their flight paths and the acoustic 
properties of their echolocation sounds [2-4], indicating 
that bats combine flight and acoustic sensing to capture 
multiple targets. To reveal the sonar strategy of bats, we 
need to investigate the relationship between flight and 
acoustic sensing. 
  The purpose of this study is to examine the nonlinear 
dynamics inherent in the controls of a bat’s flight and pulse 
directions while approaching successive targets. To achieve 
this, we propose a mathematical model describing the 
dynamics of the flight and pulse directions, and then 
perform numerical simulation to demonstrate that our 
model can qualitatively explain successive prey captures of 
an echolocating bat.  

2. Mathematical modeling of flight and acoustic 
dynamics 

In our previous study, we proposed a mathematical 
model describing the flight dynamics of a bat while 
approaching a single target in a flight chamber [5]. An 
extension of the model is required to further examine the 
mechanism of the pursuit behavior for multiple targets in 
the field. 

In this study, we take into account two points: the bat’s 
flight dynamics and pulse-emission dynamics. 
Experimental studies using a custom-made microphone 
array showed that the changes in the flight and pulse 
directions in the vertical plane are much narrower than in 
the horizontal plane [4]. Hence, we focus on the flight and 
pulse-emission dynamics in the horizontal plane, as in our 
previous study [5]. First, the dynamics of the bat’s position 
is modeled as follows [5]: 
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where (xb(t), yb(t)) represents the position of the bat in the 
horizontal plane, and f(t) is the flight direction of the bat 
in the same plane (see Fig. 1A). We define f(t) as a variable 
ranging from − to  radParameter vb is the flight 
velocity of the bat.  

(1) 
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Next, we model the situation that a bat approaches two 
targets while changing both flight and pulse directions. In 
this model, p(t) represents the horizontal pulse direction, 
and bt1(t) and bt2(t) represent the directions from the bat 
to Target 1 and Target 2, respectively (see Fig. 1A). We 
assume that the bat can estimate bt1(t) and bt2(t) as long as 
the respective targets are positioned within the beam of the 
pulse because the real bats localize their targets by using 
binaural cues from echoes [6]. We defined p(t), bt1(t) and 
bt2(t) as variables ranging from − to  radThe 
dynamics of the bat’s flight direction f(t) and pulse 
direction p(t) is modeled as follows: 
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where f and a are positive weighting factors, and f and 
f (or a and a) are the parameters minimizing the angular 
differences between f(t) and the target directions (or 
between p(t) and the target directions) [5]. Here, f, f can 
be understood as the parameters describing flight attention 
to the targets, while a, a can be understood as the 
parameters of acoustic attention to the targets. For example, 
the model bat shifts f(t) (or p(t)) to Target 1 when f (or 
a) takes a positive value [5]. Note that the model of Eqs. 
(2) and (3) can be extended to the model describing the 
flight and acoustic dynamics for more than two targets by 
adding another term of sinusoidal function on the right 
sides. 

To study the suitable ratio of flight attention and acoustic 
attention for successful prey capture, we constrain (f, f) 
and (a, a) as follows: 

,12
f

2
f    
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a

2
a    

Consequently, these parameters are described by using two 
parameters f and a, ranging from −to as follows: 

,sin ff    

,cos ff    

,sin aa    

.cos aa   

The bat’s sonar beam is then modeled as a circular piston 
oscillating in an infinite baffle based on the previous study 
[7,9]. The maximum search range (Rmax, Fig. 1B) was set 
as 5 m [2,7].  

3. Results 

3.1. Numerical simulation of the changes in flight and 
pulse direction 

The dynamics of the horizontal flight direction f(t) and 
pulse direction p(t) was numerically calculated based on 
the present mathematical model of Eqs. (1)–(9). 

3.1.1. Initial conditions 

The initial position and flight direction of the bat was set 
as (xb(t =0), yb(t =0)) = (0, 0) and f(t = 0) = 0. In our 

 
 
 
 
 
 
 
 
 
 
 
    
 
 
 
 
 
 
 
previous study, the initial positions of prey 1 (Target 1) and 
prey 2 (Target 2) were randomly determined in every trial 
in the echolocation distances ranging from 1.2 m to 5.0 m 
[7]. Further analysis of experimental data showed that the 
distances from the bat to the immediate target (Target 1) 
and the subsequent target (Target 2) were around 2 m and 4 
m, respectively, at the start point when approaching the 
immediate target. Therefore, the initial distances from the 
bat to Target 1 and Target 2 (i.e., Rbt1(t = 0) and Rbt2(t = 0) 
in Fig. 1B) were set as 2 m and 4 m, respectively. 
Furthermore, the initial directions of the two targets relative 
to the pulse direction (i.e., pt1(t = 0) and pt2(t = 0) in Fig. 
1B) were randomly determined within a range of 
±60/180 rad that was estimated as possible echolocation 
range on the basis of the −6 dB beam width of the 
directivity patterns of the echolocation pulses of Japanese 
house bats (i.e., P. abramus) [4]. The targets such as small 
insects fly sufficiently slower than the bats [2-4], so that 
two targets are assumed to stay at each initial position in 
this numerical simulation. Consequently, the horizontal 
positions of the two targets (xt1, yt1) and (xt2, yt2) are fixed 
as follows: 
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where the initial pulse direction of the bat (i.e., p(t = 0)) 
was set as 0.1 rad, for simplicity. The flight velocity of the 
bat vb was set as 5 m/s on the basis of experimental results 
using P. abramus [2,7].

3.1.2 Conditions of prey capture 

Successful target capture was defined as a case that the 
distance from the bat to the targets becomes less than 10 cm 
without losing the locations of the targets from the bat’s 
echolocation range. Note that the distance 10 cm 
corresponds to the wing length of P. abramus [8].  

3.1.3 Simulation results 

Figures 2A and B show the results of our numerical 
simulation representing the successful examples of two 

Fig. 1 Schematic 
diagram of the present 
mathematical model 
described by Eqs. 
(1)–(3). (A) The 
relationships between 
the bat and two 
targets in the 
horizontal plane. The 
model bat controls its 
flight and pulse 
directions (f(t) and 
p(t)) by sensing the 
directions from itself 
to the targets (bt1(t) 
and bt2(t)). (B) 
Schematic diagram of 
the sonar beam of the 
bat. The sonar beam is 
modeled as a circular 
piston oscillating in 
an infinite baffle with 
a range of 5 m (i.e., 
Rmax = 5 m). 

(3) 

(4) 

B

(5) 

(6) 

(7) 

(10) 

(11) 

(8) 

(9) 

A

(2) 
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consecutive captures by a model bat. The gray line 
describes the flight path of the model bat. The black thin 
arrows represent the pulse directions p(t). All four 
variables in this model (i.e., xb(t), yb(t), f(t), and p(t)) were 
calculated by using the fourth-order Runge–Kutta method 
with a time step of 0.001 s.  

Numerical simulation shows that the model bat 
successfully captured both of the targets, without losing 
them from its echolocation range, when the model bat 
directed p(t) to Target 2 rather than Target 1 (i.e., a = 0.2 
or −0.1; see Figs. 2A and B). In contrast, the model bat 
could not capture the two targets when p(t) was directed 
only to Target 1 (i.e., a = 0.5; see Fig. 2C).  

These results at specific parameter values suggest that, 
for successive prey captures in a short time interval, it is 
important to emit pulses toward the subsequent target 
before capturing the immediate target. 

3.2. Field measurement 

3.2.1. Large-scale 3D microphone array 

Recent studies of biosonar (e.g., in bats and dolphins) 
have developed in tandem with the microphone-array 
measurement technology for tracking animal movements 
based on sound recordings in the field [2,3,4,10]. In this 
section, we show the results of the field measurement of the 
sonar behaviors of the Japanese house bats Pipistrellus 
abramus (Vespertilionidae, 10–15 cm wingspan, 5–8 g 
body mass) [2-4]. During natural foraging, P. abramus emit 
relatively long pulses (9–11 ms) of shallow swept 
frequency modulated (FM) signals with the energy 
concentrated in the terminal sweep frequency of the 
fundamental component at around 40 kHz [11]. The 
echolocation sounds of P. abramus were recorded by using 
a large-scale 3D microphone array with 500 kHz sampling 
rate (Fig. 3A) at a stream near the campus of Doshisha 
University in southern Kyoto Prefecture, Japan, from the 
early summer to the fall during the evenings [4]. The 3D 
locations of the bats were obtained using time difference of 
arrival (TDOA) between a reference and three other 
microphones (which were separated by 1.3 ± 0.01 m in the 
Y-shaped array, as shown in Fig. 3B) [12]. The locations 
where the bats captured the targets were determined based 
on the occurrence of feeding buzzes (i.e., the successive 
pulse emissions with extremely short time intervals just 
before capturing the focal target) [11,13]. 

3.2.2. Flight behavior of the bat while approaching 
multiple targets  

Figure 3C shows an example of the top view (i.e., 
horizontal plane) of the 3D flight path and pulse directions 
of a bat during natural hunting measured by the large-scale 
3D microphone array (Figs. 3A and B). In this case, the bat 
successively captured two insects (Targets 1 and 2) in a 
short time interval of 1.1 s, directing its pulses toward 
Target 2 before capturing Target 1 (Fig. 3C), which is 
consistent with the results of our previous experimental 
study [3] and also consistent with the results of the present 
numerical simulation (Figs. 2A and B).  

4. Discussion 

Our numerical simulation demonstrated that the present 
model can qualitatively explain successive prey capture 
with specific parameter values. In addition, it is suggested 

 
 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

that such successive prey capture is accomplished when a 
model bat flies toward the immediate target while emitting  
pulses toward the subsequent target.  

Comparison between the theoretical and experimental 
studies will allow us to examine the detailed mechanisms 
of multiple-prey capture according to the present 
mathematical model. For this purpose, the parameters f 
and a, which represent flight attention and acoustic 
attention, respectively, need to be estimated from the 
experimental data using the microphone-array system. We 
then need to conduct the numerical simulation by changing 
the parameter values and initial conditions, and also need 
to compare the experimental and theoretical results to 
clarify the detailed dynamics of the decision-making of the 
bats during natural hunting.  

It remains as a future problem to compare the dynamics 
of the present model to that of related mathematical models. 
Previous modeling studies of bat’s pursuit behavior 
suggests that bats use a functionally predictive flight 
strategy during chasing erratically moving insects in the 
flight chamber [14], whereas another modeling study 
suggests that bats can successfully capture insects using 
nonpredictive strategy [15]. In addition, the relationship 
between the visual line and motion control of living beings 
such as humans or insects is associated with the bat’s sonar 
behavior from the viewpoint of the interaction between 
attention and motion control [16,17]. Comparison between 
our model and these related models would be helpful to 
investigate the validity and generality of our model.  

In this study, we propose a mathematical model 
describing flight and pulse-emission dynamics in the 
horizontal plane. However, real bats fly around in 3D space, 
sensing their surrounding objects. An extension of the 
present model will be required in order to study flight and 
echolocation mechanisms in 3D space, such as the 

Fig. 2 Representative 
cases of the flight path and 
pulse direction calculated 
from the present model of 
Eqs. (1)–(9). The 
parameter values of the 
model were fixed as (f, a) 
= (0.6, 0.2) (A), (f, a) 
= (0.6, -0.1) (B) or (f, 
a) = (0.6, 0.5) (C), with 
(f, a) = (0.01, 0.05) and 
vb = 5 m/s. Gray lines 
show the flight path of the 
bat. Black filled arrows 
show the flight direction. 
Open circles show the 
positions of Target 1 and 
Target 2. The pulse 
direction p(t) showed 
with black thin arrows is 
plotted at the intervals of 
0.06 s in this figure, to 
clearly show p(t) without 
overlap. In (A) and (B), 
the model bat successfully 
captured both the two 
targets. In (C), the model 
bat lost Target 2 from the 
sonar beam on the 
approach to Target 1. We 
judged such a case of 
losing a target from the 
echolocation range as a 
failure to capture in our 
simulation. 
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mechanism using descending motion during prey pursuit. 
In fact, we have already extended the model of bat’s flight 
direction in horizontal plane to the model in the 3D space 
[7]. The pulse-emission dynamics would be extended to the 
3D space by the similar approach. The extension of bat’s 
sonar-beam shape to the 3D space is also required 
according to the previous studies [9,15,18].  

The real bats detect the echoes from the targets with a 
certain time delay varying depending on the distance 
between the bat and the target [19]. Such a time delay 
would play an important role both for echolocation and 
motion control. The model of Eqs. (2) and (3) can be 
modified to take such a time-delay effect into account by 
replacing bt1(t) and bt2(t) with bt1(t-) and bt2(t-), using 
a variable representing the time delay. 
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Fig. 3 (A) Photograph of the microphone array system in the field. The 
white circles show the microphones installed at the Y-shaped array units 
used to calculate the 3D sound coordinates of the bat. (B) A schematic 
diagram of the Y-shaped microphone array. The distance between the 
reference microphone (dark gray circle) and each of the three 
microphones (white circles) was 1.3 ± 0.01 m, and they were distributed 
with an angular separation of 120º. The 3D flight paths of the bats were 
reconstructed from differences in the arrival times of the ultrasound 
pulses among the microphones. (C) Representative case of the flight path 
(gray line) and pulse directions (black thin arrows) during successive 
captures of two targets. Black dots show the position where the bat 
emitted the pulse. Black filled arrows show the flight direction. The time 
interval to capture two successive targets was 1.1 s. 
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Abstract—In ventricular myocytes, pacemaker activity

is induced by changing ionic currents across the cell mem-

brane, although these cells are intrinsically quiescent non-

pacemaking cells. These artificial pacemaker cells cre-

ated from quiescent cardiomyocytes are called biological

pacemaker, which is expected as an alternative to elec-

tronic pacemaker. Since it is necessary for biological pace-

maker engineering (creation of biological pacemaker cells)

to understand the dynamics of various ion channels com-

prehensively, we use the mathematical cell model. In

this paper, we reveal that pacemaker activity is generated

by changing inward rectifier potassium current IK1 and

hyperpolarization-activated current If based on the bifurca-

tion analysis of a mathematical model of human ventricular

myocytes.

1. Introduction

A heart plays an important physiological role as the

pump for the blood circulation by repeating contractions

and relaxations regularly. These periodic motions are con-

trolled by electrical signals (action potentials) generated in

the sinoatrial node，which is a physiological pacemaker of

the heart. If the rhythm of sinoatrial node is disrupted by

aging or cardiovascular disorder, the heartbeat can become

too slow (bradyarrhythmia).

Electronic cardiac pacemaker is extensively utilized for

treatment of bradyarrhythmia, although those devices have

some problems such as infection or mechanical life time.

Recently, it has been reported that pacemaker activity is

generated in ventricular myocytes by changing ionic cur-

rent on cell membrane, although those are intrinsically qui-

escent non-pacemaking cells [1]. These artificial pace-

maker cells are called biological pacemaker, which is ex-

pected as an alternative to electronic pacemaker. Various

strategies to create a biological pacemaker have been ex-

amined [2], however, almost all these studies have used an-

imal cells.

It is necessary for biological pacemaker engineering to

understand the interaction between membrane potential

and various ionic currents, which is difficult only by physi-

ological experiments. In this paper, we use a mathematical

model of human ventricular myocytes which is described

by the nonlinear ordinary differential equations. We ex-

plore the bifurcation structure of the model changing the

conductances of ion channels and investigate the methods

to create the biological pacemaker from human ventricu-

lar myocytes. Furthermore, we examine the adequateness

of “ventricular pacemaker” for cardiac pacemaker by com-

paring the pacemaker activities of ventricular pacemaker

with those of the human sinoatrial node.

2. Mathematical model of human ventricular myocytes

Action potential is the temporal variation of the mem-

brane potential (difference of electric potential between in-

side and outside of the cell membrane) caused by ion trans-

fer through ion channels on the membrane according to

electrochemical potential. Ion channels open and close de-

pending on the membrane potential. Ions move inwards or

outwards the cell membrane through the ion channels, as a

result, action potential is generated. Various mathematical

cell models describing the electrical characteristics of car-

diac myocytes were proposed for various species or types

of cells [4]. In this paper, we use the reduced ten Tusscher–

Noble–Noble–Panfilov (TNNP) model [5], which is a hu-

man ventricular myocyte model developed from Hodgkin–

Huxley equations [3]. The reduced TNNP model is given

by the following equations:

dV
dt
= − 1

Cm

(Istim + INa + ICaL + Ito + IKr + IKs + IK1

+ INaCa + INaK + IpCa + IpK + IbNa + IbCa) (1)

dχ

dt
=
χ∞(V) − χ
τχ(V)

, (χ = m, h, j, f1, f2, xr1, xs, s) (2)

where V (mV) is the membrane potential, m, h, j, f1, f2,

xr1, xs and s are the gating variables which express open-

ing and closing dynamics of ion channels. Cm (μF/cm2) is

the membrane capacitance, Istim (pA/pF) is the externally

applied stimulus current, INa, ICaL, Ito, IKr, IKs, IK1, INaCa,

INaK, IpCa, IpK, IbNa and IbCa (pA/pF) are the ionic currents

which express the flow of ions through the ion channels.

τχ(V) and χ∞(V) are the time constant and the steady-state

value of the gating variables, both of which are the func-

tions depending on the membrane potential. General form

of the ionic currents is given by the following equation:

Iion =cionGion f (V, χ)(V − Eion) (3)
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Figure 1: Action potential simulated by the reduced TNNP

model, (a) membrane potential, (b) ionic current (negative

current denotes inward current).

where Gion (mS/cm2) is the maximum conductance of ion

channels, Eion (mV) is the equilibrium potential. For the

simplicity of bifurcation analysis, we included the ad-

ditional coefficients cion (standard values are 1.0) in the

model. For more details of the model, see the reference

[5, 6].

Figure 1 shows the action potential simulated by the re-

duced TNNP model in the standard condition. The values

of INa and ICaL are (negatively) large and not shown in the

range of in Fig. 1(b). In the standard condition, ventricu-

lar myocytes are electrically quiescent and keep a constant

membrane potential (resting potential). When the ventric-

ular myocytes receive the signals (pulse stimulus is applied

at t = 100 (ms)), inward sodium current INa and subsequent

inward calcium current ICaL increase sharply and contribute

to the upstroke of the action potential (depolarization). Af-

ter the depolarization, since the outward currents cancel

out the inward currents, the membrane potential keeps con-

stant. Because the inward ICaL gradually decreases and the

outward potassium currents IKs, IKr, IK1 are activated, the

membrane potential decreases (repolarization).

3. Methods of creating the biological pacemaker based
on the bifurcation analysis

The pacemaker activity corresponds to the periodic os-

cillation of the membrane potential. In this section, we re-

veal the bifurcation structure of the reduced TNNP model

and examine the method to initiate the pacemaking activity.

We use the software AUTO [7] for the bifurcation analysis

of the reduced TNNP model.
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Figure 2: One-parameter bifurcation diagram as to cK1.

Solid and broken curves denote stable and unstable solu-

tion, respectively. Thick and thin curves denote the maxi-

mum value of periodic solution and equilibrium points, re-

spectively.
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Figure 3: Time variation of the membrane potential, (a)

cK1 = 0.01, (b) cK1 = 0.025.

3.1. Suppression of inward rectifier potassium current

Figure 2 shows the one-parameter bifurcation diagram,

where the coefficient of the inward rectifier potassium cur-

rent IK1 is a bifurcation parameter. The membrane poten-

tial V in the steady state is plotted for each value of cK1 in

the diagram. HB, SN and HC denote the bifurcation points

of Hopf, saddle-node, and homoclinic bifurcations, respec-

tively. Periods of several periodic solutions are also labeled

in the figure.

In the standard condition (cK1 = 1.0), only a stable equi-

librium point corresponding to the resting potential exists.

The stability of equilibrium points changes at HB1, and the

stable periodic solutions are generated. Period of periodic

solution is increased as cK1 is increased, and eventually dis-

appear with an infinitely large period at HC (cK1 = 0.025).

For each value of cK1 between HB1 and HC, a stable pe-

riodic solution exists. Figure 3 shows typical waveforms

of the membrane potential corresponding to the stable pe-

riodic solution. The membrane potential spontaneously os-

cillates without extrinsic stimulus.

Figure 2 indicates that the spontaneous action potentials

are generated by suppressing the inward rectifier potassium

current IK1. The pacemaker activity, however, is generated

only within the range 0 ≤ cK1 ≤ 0.025 (cK1 < 0 is physio-

logically impossible). Therefore, we need to keep cK1 less

than 0.025 to induce continual pacemaker activity, which is

difficult to implement in a cell. Although we have exam-
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Figure 4: Two-parameter bifurcation diagram as to the two

bifurcation parameters cK1 and cf . Solid and broken curves

denote stable and unstable solution, respectively.
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Figure 5: Time variation of the membrane potential，(a)

cK1 = 0.01, cf = 300，(b) cK1 = 0.4, cf = 150.

ined cases of other potassium currents such as IKr, IKs and

Ito, pacemaker activity have not appeared.

3.2. Induction of hyperpolarization-activated current
with suppression of inward rectifier potassium
current

Pacemaker activity is caused by the net inward current

during the diastolic depolarization (slow depolarization

phase subsequent to the repolarization), which increases

the membrane potential to the threshold of the next ac-

tion potential. Hyperpolarization-activated current If , prin-

cipally present in the sinoatrial node (pacemaker cells), is

activated by hyperpolarized membrane potential and flows

inwardly during the diastolic depolarization. Because of

these properties, If is considered to an important current for

pacemaker activity of the sinoatrial node [8]. Since there

is little If in normal ventricular myocytes (model), we use

Verkerk model [9] which is a If model for human sinoatrial

node cell. Verkerk model is described as follows:

If = cfGfy(V − Ef ) (4)

dy
dt
=

y∞(V) − y
τy(V)

(5)

where y is the gating variable, and cf is the conductance

coefficient (standard value is 0.0).

Figure 4 shows the two-parameter bifurcation diagram

as for cK1 and cf . Curves denote the loci of the bifurcation

points, and periodic solution with specific periods which

are shown in Fig. 2. SN curve bents sharply at (0.28, 52)

Figure 6: Feature values of pacemaker activity in the sinoa-

trial node.
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Figure 7: Contour curves of period.

(cusp point). HB2 emerges from SN at (0,−4.0), and runs

to the upper right of the figure. The contour lines of the

periods run to the upper right as cf is increased. The peri-

odic solution of the membrane potential is generated in the

shaded area of Fig. 4. Figure 5 shows typical time course

of stable periodic orbits in the shaded area. The shaded area

is broadened to the upper right as cf is increased, which in-

dicates the range of cK1 generating the pacemaker activity

is extended by the induction of If . However, we change cf

much larger than cK1 in Fig. 4, which may be physiologi-

cally impossible. This is a future work.

4. Quantitative evaluation of the biological pacemaker

The biological pacemaker generated by the variation of

the ionic currents in human ventricular myocytes is not al-

ways suitable for the cardiac pacemaker. In this section, we

investigate the adequateness of the ventricular pacemaker

for the cardiac pacemaker based on the quantitative com-

parison with the pacemaker activity of the human sinoa-

trial node as for the four characteristics: period, action po-

tential duration at 90% repolarization (APD90), overshoot,

and maximal diastolic potential (MDP) (illustrated in Fig.

6). Figures 7–10 respectively show the contour curves of

the four feature values plotted on a cK1–cf plane. The pa-

rameter values are limited within the range of cf < 300 and

the period of corresponding periodic solution is less than

2000 ms. The shaded areas of Fig. 7–10 denote neighbor-

- 375 -



0 0.1 0.2 0.3 0.4 0.5 0.6
0

50

100

150

200

250

300

0.7
c
K1

c
f

P2000

230 ms

260 ms

270 ms

240 ms

250 ms

(a)

(b)

(a)

(b)

Figure 8: Contour curves of action potential duration.

0 0.1 0.2 0.3 0.4 0.5 0.6
0

50

100

150

200

250

300

0.7

(a)

(b)

(a)

(b)

c
K1

c
f

P2000

24.5 mV

23.5 mV

23 mV

24 mV

25 mV

Figure 9: Contour curves of overshoot.

hood (±30%) of the feature values in a sinoatrial node cell

[8]. Period and MDP can be controlled within the proper

range by setting the parameters in shaded area. However,

APD90 and overshoot in ventricular myocytes are very dif-

ferent from those in sinoatrial node cells. These results

indicate the pacemaker activity induced by changing the

ionic currents IK1 and If in ventricular myocytes may be

inadequate for the cardiac pacemaker.

5. Conclusion

We have investigated the method to create the biolog-

ical pacemaker from human ventricular myocytes by ex-

ploring the bifurcation structure of the mathematical cell

model. Bifurcation analysis as for the conductance of ionic

currents revealed that the pacemaker activity is induced by

changing the inward rectifier potassium current IK1. More-

over, incorporating hyperpolarization-activated current If

increased the critical value of IK1 conductance for pace-

maker activity to emerge. These results indicate the ven-

tricular pacemaker can be created by changing IK1 and If

simultaneously, although the action potantial waveform of

the ventricular pacemaker differs from that of the sinoatrial

node in some respects. However, the biological pacemaker

may function adequately as a pacemaker, even if its wave-

form is slightly different from the sinoatrial node. There-

fore, we will consider the ventricular pacemaker ability to

propagate the action potential to non-pacemaking cells us-
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Figure 10: Contour curves of maximal diastolic potential.

ing coubled cell model as the future work.
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Abstract—We have previously defined the discretized
Markov transformations and the full-length sequences
based on such transformations. In this report, the focus
is on the discretized golden mean transformation. In view
of basic properties of the correlation functions for the de
Bruijn sequences that can be regarded as the full-length se-
quences based on the discretized dyadic transformation, we
obtain such basic properties of the correlation functions for
the full-length sequences based on the discretized golden
mean transformation.

1. Introduction

Discretized Bernoulli transformations are proposed
for cryptography and spread-spectrum multiple access
(SSMA) communication systems in [1] and [2] respec-
tively. Motivated by these results, we defined discretized
Markov transformations and found an algorithm to give the
number of full-length sequences based on the discretized
Markov transformations in [3].

In [4], we defined the piecewise-monotone-increasing
Markov transformations, which included not only
Bernoulli transformations but also Markov β transfor-
mations, and gave the bounded monotone truth-table
algorithm for generating all full-length sequences which
were based on the discretized piecewise-monotone-
increasing Markov transformations.

Although correlational properties of pseudo-random se-
quences play important roles in cryptography and SSMA
communication systems, it is intractable to characterize
the correlational properties of full-length sequences based
on the discretized piecewise-monotone-increasing Markov
transformations because of the nature of nonlinearity. Even
for the de Bruijn sequences, only bounds of the maxi-
mum values of the normalized auto-correlation functions
had been known [5]. In [6], we have provided a novel
lower bound of the minimum values of the normalized
auto-correlation functions for the de Bruijn sequences of
length 2n (n ≥ 3). Furthermore, from the view point of
symbolic dynamics [7]–[8], we solved in [10]–[11] the fun-
damental problem posed by Fredricksen in [9] on existence
of the CR (complement reverse) sequences in the de Bruijn
sequences of length 2n for any odd n.

In this report, we focus on the golden mean transfor-
mation, which is the simplest but nontrivial example of
Markov β transformations, and we obtain basic properties
of the correlation functions for the full-length sequences
based on the discretized golden mean transformation.

This report is composed of six sections. In Sect. 2, we
introduce the shift space and define the topological Markov
chain from symbolic dynamics [7]–[8]. In Sect. 3, we re-
view the discretized Markov transformations defined in [3].
Then we check that the de Bruijn sequences are the full-
length sequences based on the discretized dyadic transfor-
mation. In Sect. 4, we introduce the correlation functions
and recall basic properties of the correlation functions for
the de Bruijn sequences. In Sect. 5, in the light of well
known properties of the correlation functions for the de
Bruijn sequences, we obtain such basic properties of the
correlation functions for the full-length sequences based
on the discretized golden mean transformation. The report
concludes with the summary in Sect. 6.

2. Preliminaries

Let Σ be a finite alphabet. The full Σ-shift is denoted by

ΣZ = {x = (xi)i∈Z : ∀i ∈ Z, xi ∈ Σ}

which is endowed with the product topology arising from
the discrete topology on Σ. The shift transformation σ :
ΣZ → ΣZ is defined by

σ((xi)i∈Z) = (xi+1)i∈Z.

The closed shift-invariant subsets of ΣZ are called subshifts.
For a subshift X, we use σX to denote the shift transforma-
tion on X, which is the restriction to X of σ on ΣZ. For
simplicity, we shall write σ : X → X rather than σX .

We call elements u = u1u2 · · · un ∈ Σn blocks over Σ of
length n (n ≥ 1). We use Σ∗ to denote the collection of all
blocks over Σ and the empty block ϵ. For a subshift X, we
useLn(X) to denote the collection of all n-blocks appearing
in points in X. The language of X is the collection L(X) =∪∞

n=0Ln(X), where L0(X) = {ϵ}.
A (directed) graph G = (V,A) consists of a finite setV

of vertices and a finite set A of edges. Each edge e ∈ A
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starts at a vertex called initial state denoted by i(e) ∈ V
and terminates at a vertex called terminal state denoted by
t(e) ∈ V.

Definition 1 Let G = (V,A) be a graph. For vertices
u, v ∈ V, let au,v denote the number of edges in G with ini-
tial state u and terminal state v. Then the adjacency matrix
of G is A = (au,v)u,v∈V, and its formation from G is denoted
by A = A(G) or A = AG. Conversely, k×k nonnegative inte-
gral matrix B = (bi, j)k−1

i, j=0 determines a graph H with vertex
set {0, 1, · · · , k − 1} and ai, j distinct edges with initial state
i and terminal state j, and its formation from B denoted by
H = G(B) or H = GB. It is worth noting that A = A(GA)
and that G and H = G(AG) are graph isomorphic.

For a given nonnegative integral matrix A, we set GA =

(V,Σ). Let

XA = {(xn)∞−∞ ∈ ΣZ : t(xn) = i(xn+1) for all n ∈ Z}.

Then σ : XA → XA is called the two-sided topological
Markov chain determined by the matrix A. The topological
Markov chain is also called a subshift of finite type (SFT)
since it can be described by a finite set of forbidden blocks.
For a given finite set F of forbidden blocks, we use XF to
denote the SFT.

3. Discretized Markov Transformations

We first recall the definition of the discretized Markov
transformations defined in [3] as follows.

Definition 2 Let T : [0, 1]→ [0, 1]. LetP be a partition of
[0, 1] given by the point 0 = a0 < a1 < · · · < a|P| = 1. For
i = 1, · · · , |P|, let Ii = (ai−1, ai) and denote the restriction
of T to Ii by T |Ii . If T |Ii is a homeomorphism from Ii onto
some connected union of intervals of P, then T is said to
be Markov. The partition P = {Ii}|P|i=1 is referred to as a
Markov partition with respect to T .

We use |E| to denote the cardinality of a set E.
For an irreducible aperiodic Markov transformation T ,

given a Markov partition P with respect to T , correspond-
ing each subinterval I ∈ P to one edge e(I), we obtain the
set A of edges. For each ordered pair (I, J) of elements of
P, one vertex v(I, J) adjacent from e(I) and to e(J) is al-
lowed exactly when J ⊂ T |I(I). Thus we obtain the graph
G = (V,A) representing the Markov transformation. Gen-
erally, this is not Eulerian.

Let H = (V,B) be the Eulerian subgraph spanning G
with maximal number of edges. Since we consider the
irreducible aperiodic Markov transformations, the set V
of vertices is invariant under the modification from G to
H. Under the above-mentioned one-to-one correspondence
between P and A, we obtain the partition Q which corre-
sponds toB. Then the discretized Markov transformation T̂
is defined by a permutation T̂ : Q → Q with T̂ (I) ⊂ T |I(I)
for all I ∈ Q.

Full-length sequences based on the discretized Markov
transformation are exactly Eulerian circuits in H, whose
length is given by |B|. Given a Markov partition P with
respect to T , we obtain |Q|! discretized Markov transfor-
mations. It is well known that any permutation is uniquely
expressible (except for the order of succession) as a prod-
uct of cyclic permutations. In view of this fact, the dis-
cretized Markov transformation T̂ : Q → Q can be re-
garded as an approximation of the underlying transforma-
tion T : [0, 1] → [0, 1] only when it is expressed as pre-
cisely one cyclic permutation. In such cases, the discretized
Markov transformation T̂ itself can be viewed as a full-
length sequence w. Moreover, for the full-length sequence
w, considering a bi-infinite sequence w∞ = · · ·www · · ·, the
cyclic permutation T̂ can be thought of as the shift on BZ.

We observe that full-length sequences based on the
discretized Markov transformation are nothing but in
L|B|(XAH ), which implies the discretized Markov transfor-
mation T̂ : Q → Q is only one step of the approximation
of the underlying transformation T : [0, 1] → [0, 1]. In
order to define more refined approximations, we introduce
the notion of higher edge graph from symbolic dynamics
[7].

Definition 3 Let G be a graph. For n ≥ 2 we define
the nth higher edge graph G[n] of G to have vertex set
Ln−1(XAG ) and to have edge set containing exactly one edge
from e1e2 · · · en−1 to f1 f2 · · · fn−1 whenever e2e3 · · · en−1 =

f1 f2 · · · fn−2 (or t(e1) = i( f1) if n = 2), and none otherwise.
The edge is named e1e2e3 · · · en−1 fn−1 = e1 f1 f2 · · · fn−1. For
n = 1 we set G[1] = G.

Let G be the graph representing the Markov transforma-
tion. Then we obtain a sequence (G[n])∞n=1 of higher edge
graphs of G. For each n ≥ 1, we use Hn = (Ln−1(XAG ),Bn)
to denote the Eulerian subgraph spanning G[n] with maxi-
mal number of edges, each of which leads to a discretized
Markov transformation T̂n. Recall that the length is given
by |Bn|.

Example 1 Let T : [0, 1] → [0, 1] be the dyadic trans-
formation: T (x) = 2x (mod 1), x ∈ [0, 1]. If we take a
Markov partition of [0, 1] given by the point 0 < 1/2 < 1,
then we obtain the graph G representing the dyadic trans-
formation as shown in Fig. 1.

/.-,()*+0

��
1

__

Figure 1: G = G[1] = H1.

For each n (≥ 1), we obtain G[n] = ({0, 1}n−1, {0, 1}n),
which is called the de Bruijn graph. Since G[n] is Eulerian,
we have Hn = G[n] for each n. The Eulerian circuits in G[n]

are called the de Bruijn sequences of length 2n.
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4. Correlational Properties of the de Bruijn Sequences

The correlation functions for sequences are measures
of the similarity, or relatedness, between two sequences.
Mathematically they are defined as follows.

Definition 4 The cross-correlation function of time delay ℓ
for the sequences X = (Xi)N−1

i=0 and Y = (Yi)N−1
i=0 over {−1, 1}

is defined by

RN(ℓ; X,Y) =
N−1∑
i=0

XiYi+ℓ ( mod N),

where ℓ = 0, 1, · · · ,N − 1 and, for integers a and b (≥ 1),
a (mod b) denotes the least residue of a to modulus b. The
normalized cross-correlation function of time delay ℓ for
the sequences X and Y is defined by

rN(ℓ; X,Y) =
1
N

N−1∑
i=0

XiYi+ℓ ( mod N).

If X = Y, we call RN(ℓ; X, X) and rN(ℓ; X, X) the auto-
correlation function and the normalized auto-correlation
function, and simply denote them by RN(ℓ; X) and rN(ℓ; X),
respectively.

In this study, we are concerned with correlational prop-
erties of the de Bruijn sequences and the full-length se-
quences based on the discretized golden mean transforma-
tion. As we see above, a de Bruijn sequence is usually
defined as a sequence over {0, 1}while the correlation func-
tions are defined for a sequence over {−1, 1}. Throughout
this report, when we compute the values of the normalized
cross-correlation functions rN(ℓ; X,Y) for the sequences X
and Y over {0, 1}, we regard 0 in the sequences over {0, 1}
as −1. In other words, we transform the sequences X and
Y of length N over {0, 1} to sequences of length N over
{−1, 1} by one-to-one correspondence between 0 and −1,
respectively.

By the definition, we immediately see the following.

Remark 1 For any X, we have

rN(0; X) = 1.

The following basic properties of the normalized auto-
correlation functions for the de Bruijn sequences are well
known [5].

Theorem 1 Let X and Y be the de Bruijn sequences of
length N = 2n (n ≥ 1). Then we have

i)
N−1∑
ℓ=0

rN(ℓ; X,Y) = 0;

ii) rN(ℓ; X) = 0 for 1 ≤ ℓ ≤ n − 1.

5. Correlational Properties of the the Full-Length Se-
quences Based on the Discretized Golden Mean
Transformation

Let T : [0, 1] → [0, 1] be the golden mean transforma-
tion: T (x) = βx (mod 1), x ∈ [0, 1], where β is the
golden mean number 1+

√
5

2 . The graph of T is given in Fig.
2.

0 11

1

β

1
β

0 1

Figure 2: The golden mean transformation.

If we take a Markov partition of [0, 1] given by the point
0 < 1/β2 < 1/β < 1, then we obtain the graph G repre-
senting the golden mean transformation as shown in Fig.
3.

?>=<89:;000

��

01

��?>=<89:;1

10

__

Figure 3: G[2] = H2.

In view of G[2] in Fig. 3, the set of forbidden blocks
is given by F = {11}. For each n (≥ 2), we obtain
G[n] = (Ln−1(XF ),Ln(XF )) and the Eulerian subgraph
Hn = (Ln−1(XF ),Bn) spanning G[n] with maximal num-
ber of edges. Although G[2] is Eulerian, which implies
H2 = G[2], G[n] is not always Eulerian for n (≥ 3). In fact,
H3 is a proper subgraph of G[3], in symbols H3 $ G[3]. We
observed in [3] that Hn $ G[n] for any n (≥ 3).

Noting that the sequence (|Bn|)∞n=2 is the Fibonacci num-
bers defined by the recurrence relation |Bn| = |Bn−1| +
|Bn−2| (≥ 4) with |B2| = 3 and |B3| = 4, we obtain

|Bn| = βn + β
n

for n ≥ 2, (1)

where β = 1−
√

5
2 .

In virtue of symbolic analysis of Ln(XF ) and Bn, we ob-
tain

Theorem 2 Let X and Y be full-length sequences based on
the discretized golden mean transformation of length |Bn|.
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Then we obtain
|Bn |−1∑
ℓ=0

r|Bn |(ℓ; X,Y) =
(βn − βn

)2{
(βn − βn

) + 2(βn−1 − βn−1
)
}2 .

Asymptotically, we obtain

Remark 2

lim
n→∞

|Bn |−1∑
ℓ=0

r|Bn |(ℓ; X,Y) =
β2

(β + 2)2 .

Moreover, we obtain

Theorem 3 Let X be a full-length sequence based on
the discretized golden mean transformation of length |Bn|.
Then for 1 ≤ ℓ ≤ n − 1, we obtain

r|Bn |(ℓ; X) =
1

(β − β)2

1 + 4(−1)ℓ
βn−2ℓ + β

n−2ℓ

βn + β
n

 .
On the other hand, for the stationary Markov process

(Zn)∞n=0 over {−1, 1} with the transition matrix
( 1
β

1
β2

1 0

)
,

we obtain

E[ZnZn+ℓ] =
1

(β − β)2

(
1 + 4(−1)ℓβ−2ℓ

)
for ℓ ≥ 0. (2)

For a random variable X, we use E[X] to denote the ex-
pected value of X.

Now let us estimate the error of the normalized auto-
correlation function, which is originated from the dis-
cretization of the underlying transformations. In view of
Theorem 3, (2) leads to

Observation 1

r|Bn |(ℓ; X)−E[ZnZn+ℓ] =
4(−1)ℓ

(β − β)2
·

(
β
β

)n

1 +
(
β
β

)n ·(β2ℓ−β2ℓ
) (3)

and
lim
n→∞

r|Bn |(ℓ; X) = E[ZnZn+ℓ].

The equation (3) implies

r|Bn |(ℓ; X) = E[ZnZn+ℓ] + O
β
β

n , (4)

where O is the big O notation from the Landau symbol.

The error O
((
β
β

)n)
can be regarded as coming from the dis-

cretization of the underlying β transformation. It is note-
worthy that (4) holds even for the de Bruijn sequences in
the following sense. If the underlying transformation is the
dyadic transformation, we have β = 2 and β = 0. Thus we

obtain O
((
β
β

)n)
= 0 for the de Bruijn sequences. In view

of Theorem 1 ii) together with this fact, (4) holds for the
de Bruijn sequences if (Zn)∞n=0 is a sequence of independent
and identically distributed (i.i.d.) random variables over
{−1, 1} with uniform distributions.

6. Summary

We considered the discretized golden mean transforma-
tion. In view of basic properties of the normalized auto-
correlation functions for the de Bruijn sequences that can
be regarded as the full-length sequences based on the dis-
cretized dyadic transformation, we obtained correlational
properties of the full-length sequences based on the dis-
cretized golden mean transformation.
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Abstract—In recent years, brain activity measurement
by near-infrared spectroscopy (NIRS) has been applied to
brain–machine interfaces (BMIs). Classification of brain
activity based on measurement data is a fundamental step
in the development of BMIs. It has been reported that
classification of NIRS data by support vector machines is
promising. In this paper, we introduce the extreme learning
machine (ELM) for the classification of brain activity mea-
surement data by NIRS. As a result, ELM improves classi-
fication accuracy and reduces calculation times in compar-
ison with conventional methods.

1. Introduction

In recent years, brain activity measurement technology
has been applied to brain-machine interfaces (BMI), which
are interfaces that connect the brain and machinery. BMI
using near-infrared spectroscopy (NIRS) in particular has
attracted considerable attention. Successful development
of BMI should lead to quality-of-life improvements for per-
sons with physical disabilities.

There are two broad types of brain activity measurement
methods: those that measure the neural activity of the brain
itself and those that measure changes in brain blood flow
associated with neural activity. Typical examples of the for-
mer include electroencephalography (EEG), and the latter
includes NIRS and functional magnetic resonance imag-
ing (fMRI). EEG has the merit of high temporal resolution,
but it is limited by low spatial resolution and small signal
strength. fMRI has the drawbacks of low temporal resolu-
tion and high cost. In contrast, NIRS has a higher spatial
resolution than EEG and a higher temporal resolution than
fMRI, so in this paper we use NIRS for a BMI. NIRS is a
method for sensing brain activity by measuring hemoglobin
in brain blood flow by using near-infrared light. Classifica-
tion of brain activity using NIRS has been performed with
various classifiers [1][2], but it has been found that in many
cases classification by this method is not satisfactory.

This paper introduces classification abilities of the ex-
treme learning machine (ELM) [3]. We adopt a support
vector machine (SVM) [4] as the conventional method for
comparison.

2. Experiment

We conducted experiments with three right-handed vol-
unteers. A probe was placed over the primary motor cortex,
based on the 10–20 international system (Fig. 1). Each vol-
unteer performed five trials consisting of a before-task rest,
a task, and an after-task rest, each lasting 20 s. The task
content was left-hand grasping, which participants were in-
structed to perform as quickly as possible. Learning data
was obtained from four trials and test data from one trial.
A low-pass filter with a 0.5 Hz cut-off frequency was ap-
plied to the NIRS data. Additionally, the NIRS data were
normalized to be within a range of 0 to 1.

The study was approved by the ethics committee of
Tokyo Denki University and was conducted in accordance
with the current version of the Helsinki declaration. All
participants gave informed consent after the study was ex-
plained to them.

Figure 1: 10–20 international system.

3. Estimation of Response Delay in Cerebral Blood
Flow

Previous studies have demonstrated that a time delay of
several seconds occurs in the response of brain blood flow
effects due to neural activity. It is possible to improve the
reliability of analysis results by estimating this delay time
because NIRS measures changes in cerebral blood flow due
to neuronal activity. Delay-time estimation is performed
for 4-channel data (ch. 9, ch. 12, ch. 13, ch. 16) surround-
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Table 1: Number of significant windows differences around
the start-task time.

Time significant difference

-2s to 0s and 0s to 2s 13
0s to 2s and 2s to 4s 21
2s to 4s and 4s to 6s 18
4s to 6s and 6s to 8s 14
6s to 8s and 8s to 10s 20

8s to 10s and 10s to 12s 26

Table 2: Number of significant windows differences around
the end-task time.

Time significant difference

-2s to 0s and 0s to 2s 13
0s to 2s and 2s to 4s 20
2s to 4s and 4s to 6s 23
4s to 6s and 6s to 8s 19
6s to 8s and 8s to 10s 18

8s to 10s and 10s to 12s 20

ing C4 in the 10–20 system. In the estimation, the task
start time is set to 0 s, and the Mann–Whitney U test is per-
formed in every 2-s window by shifting the window from
−2 s to 12 s. Next, the after-task rest start time was set to
0 s, and then the U test was performed as above. Tables 1
and 2 show the number of significant differences for task-
start and task-end analysis at a significance level of 1%.
These tables show an estimated 2-s delay, because there
are a number of significant differences between 0 and 2 s
and between 2 and 4 s from the previous window.

4. Classification Algorithm

4.1. ELM

ELM is a learning algorithm for single-hidden-layer
feedforward neural networks (SLFNs) proposed by Huang
et al. [3]. Figure 2 shows the structure of ELM. The al-
gorithm is as follows. Assume a training set, activation
functiong(x), and hidden node numberI . An input weight
wi and biasbi are randomly generated, and the hidden layer
output matrixH is calculated as

H =


g(w1x1 + b1) · · · g(wI x1 + bI )

...
. . .

...
g(w1xN + b1) · · · g(wI xN + bI )

 , (1)

where

g(a) =
1

1+ e−a
. (2)

Figure 2: Structure of ELM.

Next, calculate the output weightβ as

β = H+ × T, (3)

whereT is the training data set andH+ denotes the pseudo-
inverse matrix ofH. Finally, we calculate the output value
y as

y = Hβ. (4)

4.2. SVM

SVM is a classifier proposed by Vapnik et al. [4]. A
kernel trick can be easily applied to SVM. The decision
function of SVM is

D(x) =
∑
i∈S
αiyiK(xi , x) + b, (5)

where

b = y j −
∑
i∈S
αiyiK(xi , x j). (6)

Here,α, y and K(xi , x) are a Lagrange multiplier, output
training data, and a kernel function, respectively[5]. In this,
α is obtained by solving the following optimization prob-
lem:

max Q(α) =
M∑

i=1

αi −
1
2

M∑
i, j=1

αiα jyiy jK(xi , x j), (7)

s.t
M∑

i=1

yiαi = 0, (0 < αi < C) . (8)

4.3. SVR

SVR is a modified SVM algorithm adapted for applica-
tion to regression problems [5][6][7]. The decision func-
tion of SVR is

f (x) =
m∑

i=1

(αi − α∗i )K(xi , x) + b, (9)
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where
b = yi − w⊤ϕ(xi) − ε (0 < αi < C), (10)

b = yi − w⊤ϕ(xi) + ε (0 < α∗i < C). (11)

Here,α∗i , w, ϕ, andε are a Lagrange multiplier, a coeffi-
cient vector, a mapping function, and the width of aε tube,
respectively. Theε tube is used to reduce error close to the
regression curve, with the error defined as

E(r) =

{
0 (|r | − ϵ ≤ 0),
|r | − ϵ otherwise,

(12)

wherer is a residual andα andα∗i are obtained by solv-
ing the following optimization problem:

min Q(α, α∗) =
1
2

m∑
i, j=1

(αi−α∗i)(α j−α∗j)K(xi , x j)

+ε

m∑
i=1

(αi+α
∗
i)−

m∑
i=1

yi(αi−α∗i) (13)

s.t


m∑

i=1

(αi − α∗i ) = 0,

0 ≤ αi ≤ C,0 ≤ α∗i

. (14)

5. Results

5.1. Time-series Prediction

The conventional evaluation technique for parameter set-
ting of classification algorithms is based on only the suc-
cess rate of the classification. In this paper, we use a time-
series prediction for evaluation of parameter settings. We
performed time-series prediction using three algorithms:
ELM, SVR, and back propagation (BP) [8]. Table 3 shows
the parameter values used for each algorithm. The param-
eter values in Table 3 were obtained by trials and errors
for each models.Table 4 shows the root-mean-squared error
(RMSE) and computation time for the training. Figures 3–
5 show the prediction results. ELM has the best perfor-
mance among the three algorithms for NIRS data predic-
tion, and the best number of hidden-layer neurons for ELM
is 27.

5.2. Classification

We used ELM and SVM for classification algorithms.
Evaluation of classification ability was performed using 5-
fold cross-validation. Table 5 shows parameter values used
in each algorithm. Table 6 shows the classification results
and computation time for the training.

In the results, the classification rate for ELM was
85.88% and the computation time was 0.023 s. Using
SVM, the classification rate was 85.48% and the compu-
tation time was 1.487 s. Table 4 thus indicates that ELM
performs better than SVM.

Figure 3: NIRS data (solid line) and predicted time series
(dashed line) by ELM.

Figure 4: NIRS data (solid line) and predicted time series
(dashed line) by BP.

Figure 5: NIRS data (solid line) and predicted time series
(dashed line) by SVR.
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Table 3: Parameter values used in the three prediction tech-
niques.

ELM BP SVR

Input dimension 9 6 9

Lag 1 1 1

# of training data 1846 1846 461

# of Hidden layer neuron 27 10 (N.A.)

Margin parameter:C (N.A.) (N.A.) 26000

width of ε tube:ε (N.A.) (N.A.) 9×10−7

Table 4: RMSE and computation time for predictions.

Algorithm RMSE Computation time (s)

ELM 0.0425 0.35
BP 0.0435 232.71

SVR 0.0833 11651.22

6. Conclusion

We introduced ELM for time-series prediction and clas-
sification of NIRS data. In the results for time-series pre-
diction, we found that ELM is highly suitable for predic-
tion. The results for classification too indicated that ELM
has better performance than conventional SVM. We have
thus shown that the ELM is an efficient classifier for NIRS
data.

In future research we will verify the classification rate
with more participants to see whether the proposed classi-
fier is efficient with NIRS signals for other tasks.
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Table 5: Parameter values used in the two classifiers.

ELM SVM

Input dimension 9 9
Lag 1 1

# of training data 1846 1846
# of Hidden layer neuron 27 (N.A.)

Margin parameter:C (N.A.) 300
kernel function (N.A.) RBF

Table 6: Classification rates and computation times.

Algorithm Classification rate Computation time (s)

ELM 85.88 0.02328
SVM 85.48 1.487
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Şair Nedim Cad. No:50/5, 34357, Beşiktaş,̇Istanbul, Turkey
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Abstract— An algebraic cryptanalysis of a random
number generator (RNG) based on a double-scroll chaotic
system is introduced. We propose an attack system in or-
der to discover the security weaknesses of the double-scroll
chaos-based RNG. Convergence of the attack system is
proved using master slave synchronization scheme where
the only information available are the structure of the RNG
and a scalar time series observed from the chaotic system.
Simulation and numerical results verifying the feasibility
of the attack system are given. The chaos-based RNG does
not fulfill Big Crush and Diehard statistical test suites, the
previous and the next bit can be predicted, while the same
output bit sequence of the RNG can be reproduced.

1. Introduction

Since people first began to exchange information with each
other, they have needed to keep their private data secure.
Nowadays, because of the expanding usage of electronic
official & financial transactions and digital signature ap-
plications, the need for information secrecy has raised. In
this manner, as a fundamental component of the secure sys-
tems, random number generators (RNGs) which have been
used for only diplomatic and military cryptographic appli-
cations in the past got increasing demand for uses in a typ-
ical communication equipment.

The fact that generation of unpredictable number se-
quences are the core of any cryptographic system makes
RNGs an unseparable part of the cryptographic mecha-
nisms. Generation of public/private key-pairs for asym-
metric algorithms and keys for symmetric and hybrid
crypto systems require random numbers. The one-time
pad, challenges, nonces, padding bytes and blinding val-
ues are created by using true random number generators
(TRNGs). Although pseudo-random number generators
(PRNGs) generate bits in a deterministic manner, pseudo-
random sequences must be seeded from a shorter true ran-
dom sequence in order to appear to be generated by a
TRNG [2].

To fulfill the requirements for secrecy of any crypto-
graphic applications, the TRNG must satisfy the following
three secrecy criteria even if any knowledge on its design
is known: 1. The previous and the next random bit must
be unpredictable 2. The same output bit sequence of the

TRNG must not be able to be reproduced [2] and; 3. The
output bit sequence of the TRNG must pass all the statis-
tical tests of randomness. There are four different types of
TRNGs reported in the literature and these are categorized
as follows: amplification of a noise source [3, 4] jittered
oscillator sampling [5], discrete-time chaotic maps [6] and
continuous-time chaotic oscillators [7, 8].

Although the usage of discrete-time chaotic maps for
random number generation is well-known [6], it was shown
recently that continuous-time chaotic oscillators can also
be used to realize TRNGs [7, 8]. In particular, a “True”
RNG based on a double-scroll chaotic system is proposed
in [8]. In this paper we target the RNG reported in [8] and
further propose an attack system to discover the security
weaknesses of the targeted system. The strength of a cryp-
tographic system almost depends on the strength of the key
used or in other words on the difficulty for an attacker to
predict the key. On the contrary to recent RNG design [7],
where the effect of noise generated by circuit components
was analyzed to address security issue, the target random
number generation system [8] pointed out the determinis-
tic chaos itself as the source of randomness.

The organization of the paper is as follows. In Section
2 the target RNG system is described in detail; In Section
3 an attack system is proposed to cryptanalyze the target
system and its convergence is proved; Section 4 illustrates
the numerical results with simulations which is followed by
concluding remarks.

2. Target System

Chaotic systems are categorized into two groups: discrete-
time or continuous-time, respectively regarding on the evo-
lution of the dynamical systems. The double-scroll chaotic
system is considered as one of the most famous continuous-
time chaotic system that have ever been introduced, many
designs of which were proposed starting from the use of
a structure similar to Chua’s oscillator. Double-scroll-like
attractor which is used as the core in target random num-
ber generation system [8] is obtained from a simple model
which is expressed by the Eqn. 1.

Given double-scroll chaotic system is single-parameter-
controlled wherea is the only parameter which contributes
to the chaotic dynamics. The equations in 1 generate chaos
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for the single-parametera over a wide range (0.48 < a <
1) which points out that there is enough clearance for the
latter. For analyzing the target RNG, the chaotic attractor
is obtained from the numerical analysis of the system with
a = 0.53 using a 4th-order Runge-Kutta algorithm with an
adaptive step size.

ẋ1 = y1

ẏ1 = z1

ż1 = −ax1 − ay1 − az1 + asgn(x1)
(1)

Target RNG is illustrated in Fig.1 where bit generation
method is based on jittered oscillator sampling technique.
As depicted in Fig.1 output of a fast oscillator is sampled
on the rising edge of a jittered slower clock using a D flip-
flop where the jittered slow clock is realized by the sum of
triangular wave and a chaotic signal.

Figure 1: Target random number generation system.

In this design, if the fast and the slower clock frequencies
are known as well as the starting phase difference∆T , the
output of the fast oscillator, sampled at the rising edge of
the jittered slower clock, can be predicted. It can be shown
that the output bit sequenceS (bit)i is the inverse of least
significant bit of the ratio between the total periods of the
jittered slower clock and period of the fast clock:

S (bit)i = (
⌊

(
∑i

j=1 Tslow j )−∆T

T f ast/2
⌋mod2

(2d f ast)
)′ (2)

whereT f ast =
1

f f ast
, f f ast, d f ast are the period, frequency

and the duty cycle of the fast clock, respectively, and the
periods of the jittered slower clockT slow j are obtained at
times t satisfying:

s(t) = x1(t) + t(t) = Qwith ds
dt > 0 (3)

where x1(t) is the chaotic signal,t(t) is the triangular
wave signal andQ is the threshold value used to gener-
ate slower clock. We have numerically verified that, for
high f f ast

fslow center
ratios, the effect of ∆T becomes negligible

and the mean value (moutput) of the output sequenceS bit

approaches the fast clock duty cycled f ast where frequency
of the triangular-wave, corresponding to mean frequency of
the jittered slower clockfslow center, determines the through-
put data rate (frng). It should be noted that, anyone who
knows the chaotic signal output can reproduce the same
output bit sequence.

The authors of [8] have preferred to use NIST 800-22
[9] statistical test suite in order to analyze output random-
ness of their double-scroll chaos-based RNG design. It was
reported in [8] that a bit sequence of 700× 100KBits was
acquired and subjected to the NIST 800-22 statistical test
suite. However, a sequence length of at least 1000000 bits
is recommend in [9] and actually, a statistical test will not
provide reliable results for all apparently valid input param-
eters such as the sequence length.

Additionally, Big Crush [10] and Diehard [11] statisti-
cal test suites which are available at the publication date of
target paper [8] weren’t applied to output bit stream of the
target RNG. It should be noted that, the target random num-
ber generation system [8] doesn’t satisfy the third secrecy
criteria, which states that “RNG must pass all the statistical
tests of randomness.”

3. Attack System

Figure 2: Largest CLEs as a function of coupling strength
b.

After the seminal work on chaotic systems by Pecora and
Carroll [12], synchronization of chaotic systems has been
an increasingly active area of research [13]. In this paper,
convergence of attack and target systems is numerically
demonstrated using master slave synchronization scheme
by means of feedback method [13]. In order to provide an
algebraic cryptanalysis of the target random number gen-
eration system an attack system is proposed which is given
by the following Eqn. 4:

ẋ2 = y2

ẏ2 = z2 + b(y1 − y2)
ż2 = −ax2 − ay2 − az2 + asgn(x2)

(4)

whereb is the coupling strength between the target (mas-
ter) and attack (slave) systems and the only information
available are the structure of the target random number gen-
eration system and a scalar time series observed fromy1.

In this paper, we are able to construct the attack system
expressed by the Eqn. 4 that synchronizes (x2 → x1 for
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Figure 3: Synchronization errors Log|ex(t)| (red line) and
Log |ey| (blue line).

t → ∞) wheret is the normalized time. We define the error
signals asex = x1− x2 andey = y1−y2 where the aim of the
attack is to design the coupling strength such that|e(t)| → 0
ast → ∞.

The master slave synchronization of attack and target
systems is verified by the conditional Lyapunov Exponents
(CLEs), and as firstly reported in [12], is achievable if the
largest CLE is negative. In Fig.2, largest CLE graph is
drawn as a function of coupling strengthb while a scalar
time series is observable fromy1. As drawn in the fig-
ure, whenb is greater than 0.26 then the largest CLE is
negative and hence identical synchronization of target and
attack systems starting with different initial conditions is
achieved and stable [12].(Largest CLE is−0.264907 for
b = 1). However forb is equal to or less than 0.26, largest
CLE is positive and identical synchronization is unstable.

Log |ex(t)| and Log|ey(t)| are shown in Fig.3 (forb = 1,
where the synchronization effect is better than that ofb =
0.27), which indicate that the identical synchronization is
achieved in less than 80t.

4. Numerical Results

We numerically demonstrate the proposed attack system
using a 4th-order Runge-Kutta algorithm with adaptive step
size and its convergence is illustrated in Fig.3. Numerical
results ofx1 − x2, y1 − y2 and z1 − z2 are also given in
Fig. 4, Fig. 5, and Fig. 6, respectively illustrating the
unsynchronized behavior and the synchronization of target
and attack systems.

It is observed from the given figures that, master slave
synchronization is achieved and stable. As shown by black
lines in these figures, no synchronous phenomenon is ob-
served before 80t. In time, the proposed attack system con-
verges to the target system and identical synchronization is
achieved where colored lines depict synchronized behav-
iors of chaotic states in Fig. 4, Fig. 5, and Fig. 6, respec-
tively.

Since the identical synchronization of attack and target
systems is achieved (x2 → x1) in 80t, the estimated value
of S (bit)i bit which is generated according to the procedure

Figure 4: Numerical result ofx1− x2 illustrating the unsyn-
chronized behavior and the synchronization of target and
attack systems.

explained in Section 2 converges to its fixed value. As a
result, it is obvious that identical synchronization of chaotic
systems is achieved and hence output bit streams of target
and attack systems are synchronized.

Figure 5: Numerical result ofy1− y2 illustrating the unsyn-
chronized behavior and the synchronization of target and
attack systems.

It is clearly shown that master slave synchronization of
proposed attack system is achieved. Hence, output bit se-
quences of target and attack systems are synchronized. As
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a result, cryptanalysis of the target random number gen-
eration system not only predicts the previous and the next
random bit but also demonstrates that the same output bit
sequence of the target random number generation system
can be reproduced. In conclusion, the target system [8] sat-
isfies neither the first, nor the second secrecy criteria thata
RNG must satisfy.

Figure 6: Numerical result ofz1− z2 illustrating the unsyn-
chronized behavior and the synchronization of target and
attack systems.

5. Conclusions

In this paper, we propose an algebraic attack on a random
number generator (RNG) based on a double-scroll chaotic
system. An attack system is introduced to discover the se-
curity weaknesses of the double-scroll chaos-based RNG
and its convergence is proved using master slave synchro-
nization scheme. Although the only information available
are the structure of the target RNG and a scalar time series
observed from the target chaotic system, identical synchro-
nization of target and attack systems is achieved and hence
output bit streams are synchronized. Simulation and nu-
merical results presented in this work not only verify the
feasibility of the proposed attack but also encourage its use
for the security analysis of the other chaos based RNG de-
signs. Proposed attack, renders generated bit streams pre-
dictable, thereby qualifying the target RNG to be used as a
not true but pseudo random source.
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Abstract—Semantic relation classification can be con-

sidered as a multiclass classification problem. Richer and

higher quality feature sets lead to better performance when

using traditional features. This tendency also increases the

dimensions of the feature space, resulting in an increased

processing time, and leads to lower classification accuracy

when using nonlinear classifiers. We introduce an approach

to build features for relation classification consisting of

only low-dimensional vectors representing substrings be-

tween two words, called substring vectors. In this paper on

substring vectors, we survey the relationship between the

numbers of dimensions and the obtained accuracies when

nonlinear classifiers are applied. Through experimental

results, we found that our approach using relatively low-

dimensional representations achieves a sufficiently high ac-

curacy that is better than most existing approaches. Fur-

thermore, we utilize autoencoders for reconstruction and

decrease the number of dimensions; finally, we obtain bet-

ter classification results than before.

1. Introduction

In the past few years, relation classification has attracted

considerable research interest. It has widely served an im-

portant role in many applications such as machine transla-

tion. Although many approaches have been explored for

relation classification, the most representative and general

one is that of supervised classification, which has been

shown to be reliable and yields good classification results

in most cases [5][2]. These methods use a set of heuristic

features that can effectively represent the relations between

two nominals that must be determined after performing a

textual analysis. Because the use of richer and higher-

quality features leads to better performance for the ex-

isting approaches, various features such as part-of-speech

(POS) tagging, syntactic patterns, and prepositions are fre-

quently used, and external resources such as WordNet data,

Wikipedia data, and Google n-grams are continually im-

ported [1][8][6]. These approaches are effective because

they leverage a large body of linguistic knowledge. How-

ever, this tendency also increases the dimensions of the fea-

ture vector space, resulting in an increased processing time.

Thus, it is difficult to simplify the complexity of the fea-

tures and improve the classification results simultaneously.

Recent research has tended to use distributed represen-

tations for words and neural network language models

(NNLMs) to solve this problem [9][7]. In our opinion, ob-

taining an appropriate distributed representation is no less

important for achieving highly accurate results and a low

computational cost than learning methods over the vectors.

In this paper, we introduce new distributed representa-

tions for sequences of words between two words, called

substring vectors, which have a much lower dimension

than the feature vectors used in existing approaches. We re-

construct and decrease the number of dimensions utilizing

an autoencoder such as an independent component analysis

(ICA) and principal component analysis (PCA). By com-

bining these representations with sophisticated nonlinear

classifiers, the relations between pairs of nominals in our

approach are classified efficiently. The experimental results

demonstrate that our approach achieves a sufficiently high

accuracy with a small computational cost.

2. Related Work

Relation classification is one of the most important top-

ics in natural language processing (NLP). The approach of

Bryan et al.(2010) won the relation classification contest

called SemEval-2010 Task 8 [3] and uses various types of

features that can be partitioned into eight groups, where

five groups are taken from external resources. This shows

that the combination of rich features and learning algo-

rithms that are tolerant to high dimensions, such as a linear

support vector machine (SVM), is one of the most effec-

tive approaches for relation detection. However, the perfor-

mance of that approach strongly depends on the quality of

the designed features and the amount of external resources.

With the recent revival of interest in deep neural net-

works (DNNs), many researchers have concentrated on the

use of deep learning approaches to learn features. Socher

(2012) proposed a new recursive neural network (RNN)

to learn vectors for relation classification [7], and Zeng

et al.(2014) used a convolutional DNN to extract lexical

and sentence-level features [9]. These studies showed that

the use of NNLMs improves the classification results more

than approaches based on traditional features. Unfortu-

nately, it is difficult to reduce the computational cost while

maintaining the prediction accuracy because of the large
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number of dimensions. Typically, PCA and ICA are often

utilized to learn a compressed, distributed representation

from input data [4], and they can lower number of dimen-

sions to some extent.

3. Proposed Method

We propose a distributed representation of substrings in

text data as well as a method for classifying semantic rela-

tions. The advantages of our approach are that only one

type of feature is used―substring vectors, and the con-

struction method is very simple.

3.1. Preprocessing Input Data

Let S 1, · · · , S M be the sentences in the data, and for each

i, S i = wi1 · · ·wi|S i |, where wk represents the k-th word of

S i, and |S i| represents the length of the S i. Let the set of

all sentences D = (S 1, · · · , S M). We assume that each sen-

tence S i has at most one pair of indices, ei1 and ei2, where

wiei1
and wiei2

are the pair of words to be classified with re-

spect to the semantic relations. To avoid double subscripts,

we let w(eik) denote wieik
for k = 1, 2. If S i has no such

pair of words, we let ei1 = ei2 = 0 and w(0) = λ, where λ

denotes the empty word. Input data are represented by the

sequence of triplets ⟨S 1, e11, e12⟩ , · · · , ⟨S M , eM1, eM2⟩. We

allow ei1 and ei2 to be chosen arbitrarily.

Each sentence S i is divided into three substrings by

splitting S i at ei1 and ei2. Let Substri1, Substri2, and

Substri3 be these substrings in order. The substring that

we mainly map into the vector space is Substri2 because

Substri2 is the most informative about the semantic rela-

tion between w(ei1) and w(ei2). For instance, suppose that

S 1 = The1 eye2 works3 using4 the5 retina6 as7 a8 lens9 .,

e1 1 = 2, and e1 2 = 6, i.e., w(e1 1) = ”eye” and w(e1 2) =

”retina”. S 1 can be considered a sentence that describes the

relations between e1 and e2. Then, we have

Substr1 1 = (w1 1) = (”the”),

Substr1 2 = (w1 2,w1 4,w1 5) = (”works”, ”using”, ”the”),

Substr1 3 = (w1 7,w1 8,w1 9) = (”as”, ”a”, ”lens”),

and Substr1 2 appears to explain the relation between

”eye” and ”retina” best among the three.

All sentences in D are used as training data by algo-

rithms that give distributed representations. The word vec-

tors are in RN , where N is arbitrarily chosen but is usually

approximately 10–100. Although we believe that the word

vectors have potentially sufficient information about the se-

mantic relations, it is still necessary to introduce another

distributed representation for the sentence itself, such as

substring vectors. Before that, we can extract important in-

formation about the semantic relations from the word vec-

tors utilizing PCA or ICA, which also lowers the number

of dimensions and simplifies the process.

3.2. Constructing a Substring Representation

The construction process is shown in Figure 1. First,

we create the weight dictionary on the basis of the word

frequencies. Then, we use this dictionary for weighting

and normalizing each word in the substrings and obtain the

substring vectors by averaging them.

w1w1 wkwk wnwn

… …

… … …

… … …

SUM

…

Weighting and Normalization

v(w1)v(w1) v(wk)v(wk) v(wn)v(wn)

v
′(w1)v
′(w1) v

′(wk)v
′(wk) v

′(wn)v
′(wn)

v(Substri2)v(Substri2)

Figure 1: Construction process of substring vectors.

To construct a reasonable representation for a substring

from word vectors, we define the weights for each word

that represent the degrees of importance of the relations

between pairs of nominals. For instance, suppose that a

dataset D includes only one sentence S 1, i.e., D = (S 1).

Among ”works”, ”using”, and ”the”, which are the ele-

ments of Substr1 2, ”the” appears in both Substr1 1 and

Substr1 2, whereas ”works” and ”using” only appear in

Substr1 2. Thus, we observe that, as compared to ”the”,

”works” and ”using” are more informative for the seman-

tic relation between ”eye” and ”retina”. In other words, if

a word w mainly appears in Set2, we believe that w fre-

quently represents some semantic relation.

For a word w and substring s, we define Cnt(w, s) as

the number of occurrences of w in s. In addition, for a

multiset of substrings S, let Cnt(w,S) =
∑

s∈S Cnt(w, s).

The weight for a word w is defined as

a(w) =
Cnt(w, Set2)

Cnt(w, Set1) + Cnt(w, Set2) + Cnt(w, Set3)
.

(1)

In order to prevent the length of each substring vector

from being too large or small or having the center of gravity

for the weighted word vectors, we normalize the weights in

Eq. 1 with respect to each substring Substri j:

ai j =
a(wi j)∑ei2−1

k=ei1+1
a(wik)

. (2)

Using the normalized weights and word vectors, we de-

fine the substring vectors v(Substri2) for each substring

Substri2 as

v(Substri2) =

ei2−1∑

k=ei1+1

ai jv(wi j), (3)

where v(w) is the word vector of w.
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4. Dataset and Classifiters

To evaluate the performance of our proposed method, we

used the SemEval-2010 Task 8 dataset [3]. The dataset is

freely available and contains 10,717 annotated examples,

including 8,000 training instances and 2,717 test instances.

It distinguishes nine semantic directed relations, such as

Entity–Origin, Component–Whole, and Cause–Effect. In

addition, it has another special undirected relation called

Other.

We learn from the training data and obtain F1 scores

from the test data for 10 relations (including Other). The

average of the F1 scores for nine relations (excluding

Other) is called the macro-averaged F1 score. In addi-

tion, we remove the instances of Other from the training

and test data and obtain the average of the F1 scores for

nine relations, which is called micro-averaged F1-score.

To compare results of our proposed method, we adopted

the macro-averaged F1-score as a measure of the prediction

accuracy (same as previous studies). However, we adopted

the micro-averaged F1 score in other experiments because

the classification results will be more stable when exclud-

ing occurrences of Other.

We applied four multiclass classifiers: a random for-

est (RF), an SVM with the Gaussian radial basis function

kernel (SVM-RBF), a polynomial function kernel (SVM-

POL), and the linear SVM (SVM-LIN). For the parameter

settings of the RF, we let the number of trees be 120. For

parameters of the SVMs, we let the cost for incorrect clas-

sification be 60.

5. Experiments

In this section, we conduct four sets of experiments.

In the first set of experiments, we compare the F1 scores

and computing times of three classifiers in different dimen-

sions. The second set of experiments tests the validity of

our weighting method. In the third set of experiment, we

compare the F1 scores of the polynomial kernel classifier

at different degrees. Finally, we reduce the dimensions of

the word vectors using PCA and compare the performance

of classification in different dimensions.

System Name

micro-averaged

F1-score
# of External

Resources

ECNU-SR-7 75.21 2

ISI 77.57 3

FBK IRST 12VBCA 77.62 1

UTD 82.19 5

CDNN 82.7 1

Proposed (RF) 77.18 0

Proposed (SVM-RBF) 78.10 0

Table 1: F1 scores of all systems for relation classification.

To evaluate the performance of our proposed method, we

compared five methods with our method, as summarized

in Table 1. The first four are the best of the existing ap-

proaches that are not NNLMs, and the following were pro-

posed in current studies using NNLMs. We demonstrate

that our approach significantly outperforms existing ap-

proaches [3] that are not NNLMs when using an SVM with

Gaussian kernels. Crucially, unlike existing approaches,

our method does not use any external resources.
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Figure 2: F1 scores for each classifier as a function of the dimension of

the substring vectors.
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Figure 3: Computing time for each classifier as a function of the dimen-

sion of the substring vectors.
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Figure 4: F1 scores for each degree of the polynomial function kernel

SVM as a function of the dimension of the substring vectors.

Figures 2 and 3 show the F1 scores and computing time

for the first set of experiments. If the dimension of the

substring vectors is less than approximately 400, the non-

linear classifiers obtained better classification results than

the linear one. However, when the dimension is greater

than approximately 400, the linear classifier has better per-

formance than the others. This phenomenon appears to be
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Figure 5: Latent variables for the PCA of the original word vectors.
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Figure 6: F1 scores for each dimension of the transformation word vec-

tors. The classifier is the RF, and the baseline is F1 scores of the original

500 dimensions.

due to the overfitting caused by the high degree of freedom

that the SVM-RBF has as a classifier. This implies that a

sufficiently low-dimensional representation of the data is

required in order to use nonlinear classifiers efficiently. In

the first experiment, we obtained the best classification re-

sults using nonlinear classifiers for approximately 50 di-

mensions of the substring vectors, and the RF obtained bet-

ter performance than the other classifiers with respect to the

computing time.

In the second set of experiments, we verify that our

weighting method is effective. After processing the weight-

ing, the F1 scores of the classification results can be im-

proved by 3%–4%. This is because the words that fre-

quently appear in the substrings between pairs of nominals

to be classified (ei1 and ei2) are expected to carry much in-

formation about the semantic relations.

The results of the third set of experiments are shown in

Figure 4. We ensure that overfitting occurs more easily for

a higher degree of freedom for the classifiers, which is a

similar result from the first set of experiments. We have the

best combination when the degree of the kernel function

is not one and the number of dimensions is approximately

40–60.

In the fourth set of experiments, we reduce the dimen-

sions of the word vectors by PCA and ICA. The latent

values for processing are shown in Figure 5. We can un-

derstand that most classification information exists within

100 dimensions of the reconstructed vectors. We extract

several groups of reconstructed vectors in different dimen-

sions. The classification results of each group are shown

in Figure 6. The F1 score of the original 500 dimensions

is 0.811 as a baseline for comparison. If the dimension of

reconstructed vectors is less than 300, the processed data

obtained better classification results than the original 500

dimensions. When the dimension is greater than 300, the

F1 scores decreased because overfitting occurs. This exper-

iment also demonstrated that we can improve our substring

vectors by PCA.

6. Conclusion

In this paper, we introduce substring vectors, which rep-

resent the relationship between pairs of nominals. We show

that dimensional reduction of substring vectors largely af-

fects the classification results, especially when the clas-

sifiers have a high degree of freedom. The base perfor-

mance is obtained for relatively lower dimensions, i.e., ap-

proximately 40–60, using nonlinear classifiers such as an

RF and SVM-RBF. In our experiments, we found that our

approach yields better results than almost all of the exist-

ing approaches and can be applied to nonlinear classifiers.

However, there are many ways to improve our approach,

such as the utilization of external resources to optimize the

substring vectors.
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Abstract—The dynamics of single-layer continuous at-
tractor neural networks (CANNs) model has gained exten-
sive attention. We generalize the neural network model to a
two-layer structure based on the original features, and take
feedback and feedforward effects into consideration. We
apply a static stimulus on one layer and a moving stimulus
on the other layer. Under various strengths of the feed-
back and feedforward couplings, the two-layer network
will show distinct behaviors. Under a relatively weak input
in the first layer, when the feedback is inhibitory, the net-
work dynamics displays kinks. The kinks will also behave
differently with distinct inhibitory strengths. When both
the feedback and feedforward couplings are excitatory, the
activities in the two layers will attract each other. There-
fore, a stronger moving stimulus is required to drag both
layers to move simultaneously. We also consider the ef-
fect of inhibitory or excitatory in both layers in turn, which
leads to some opposite behaviors.

1. Introduction

Our brain always performs computations following the
rules determined by the structure of the network and the in-
puts. In simulation studies, people have built many kinds
of neural network models to illustrate different functions
and properties of the brain. In our study, we choose the
CANN model to be the topic due to its property of trans-
lational invariance of neuronal interactions, with which the
network is able to hold a continuous family of stationary
states. The structure endows the model with the capacity
to track a moving stimulus continuously, which is intuitive
and practical for studying the functions of the brain. In this
model, we can mimic visual, auditory or vestibular signals
(stimuli) with Gaussian functions, and apply static or mov-
ing stimuli to the single layer network model to observe the
responses.

There have already been extensive studies about the
CANN model, and many properties of the model have been
revealed

[1–5]
. In particular, the tracking dynamics of the

CANN model is an important aspect and has been studied
theoretically

[1]
. However, most of these studies were based

on a single layer structure, namely, there is only one kind
of neuron population producing responses. What we intend
to realize is to generalize the CANN model to a two-layer

structure and take feedback and feedforward couplings be-
tween the two layers into consideration. Under this struc-
ture, not only will there be interactions between the neu-
rons in each layer, but also between the neurons in two dif-
ferent layers. The structure seems to be more complicated
but the functions and the dynamics of the network will be
improved and enhanced. With this model, we can study
two different kinds of neuron populations and two different
kinds of inputs, and this design achieves the combination
of the visual and auditory signals.

2. Dynamics of The Network

2.1. Two-layer CANN Model

Zhang et al.
[4]

studied the dynamics of the two-layer
CANN model. They considered one input to the first layer
of the network. They found that positive feedbacks reduce
the mobility of the network state while negative feedbacks
enhance the mobility of the network state. In our study, we
take both feedback and feedforward couplings into consid-
eration and study the dynamics of the network.

Now we first consider a one-dimensional continuous
stimulus x, which can be regarded as the direction of the
movement, or the orientation, and so forth. We deal with
networks whose neuronal interaction range is much less
than the network range, so here we define the range to be
(-∞,∞).

We use the function U(x, t) to denote the synaptic input
to neurons at time t whose preferred stimulus is x, and use
the function r(x, t) to denote their firing rates. The firing
rate increases with the synaptic input but cannot be an infi-
nite quantity, so here we introduce a variable called global
inhibition to make the firing rate saturate at some stage.
The form of firing rate has been given

[3]
as:

r(x, t) =
[U(x, t)]2

+

1 + kρ
∫ ∞
−∞

dx′[U(x′, t)]2
+

, (1)

in which [U]+ ≡ max(U, 0), ρ is neural density, and k is the
global inhibition, a small, positive constant.

The dynamics of the synaptic input U(x, t) is determined
by external input Iext(x, t), the network input from other
neurons, and its own relaxation. The dynamical equations
are:

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015
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τ
∂U1(x, t)

∂t
= I1ext(x, t) + ρ

∫ ∞
−∞

dx′J11(x, x′)r1(x′, t) +

ρ

∫ ∞
−∞

dx′J f b(x, x′)r2(x′, t) − U1(x, t),

τ
∂U2(x, t)

∂t
= I2ext(x, t) + ρ

∫ ∞
−∞

dx′J22(x, x′)r2(x′, t) +

ρ

∫ ∞
−∞

dx′J f f (x, x′)r1(x′, t) − U2(x, t). (2)

Here τ is a time constant, typically of the order of 1 ms
[1]

,
which controls the rate at which the synaptic input relaxes
to the total input of the neuron. J11(J22)(x, x′) is the neural
interaction between x and x′ in the first (second) layers. J f b

(coupling from the second layer to the first layer) and J f f

(coupling from the first layer to the second layer) denote
the feedback and feedforward couplings, respectively.

As for the interaction terms J(x, x′), we choose Gaus-
sian function with a range a, which keeps the translational
invariance,

Ji(x, x′) =
Ji0
√

2πa
exp
[
−

(x − x′)2

2a2

]
, (3)

in which Ji0 = J0 for i = 11 and 22, and Ji0 = W f f and W f b

for i = f f and f b, respectively.
For the external input Iext(x, t), we define the input as a

Gaussian function with width a.

2.2. Moving Stimulus

We study the case in which the input 1 is static while the
input 2 is moving. Since the dynamics of the network can
be complicated under some parameter settings, we study
the dynamics in terms of the firing rate, average velocity
and variance with respect to the stimuli.

2.2.1. The Firing Rate

When the input 1 is weak while the input 2 is a strong
one, we record the behaviours of the network.

As shown in Fig. 1 to 2, we get some interesting results.
The white (dashed) lines indicate the trajectory of the stim-
ulus. We use a weak input 1 with magnitude of 0.3, and a
strong input 2 of 0.8. Meanwhile, the velocity of input 2 is
0.01, a small value. Under this setting we may expect that
the input 2 is likely to dominate the network dynamics due
to the large magnitude difference. The number of neurons
is 200. Global inhibition k is 0.7, and the range a of the
Gaussian function is 0.5.

In Fig. 1, when the feedback and feedforward are both
excitatory, the pattern shows that the firing rate in first layer
will follow the second layer, although the stimulus in the
first layer is static. For Fig. 2, when the feedback effect
from second layer to first layer is inhibitory, we can see
the bump in first layer is suppressed periodically. When

the stimulus 2 is approaching the same position as stimulus
1 (π), the bump in first layer will be suppressed, and in
turn when the stimulus 2 is away from the position of the
input 1, a small bump can hold for a while. Opposite to the
Fig. 2, Fig. 3 has an inhibitory feedforward effect, but with
the support of the strong input 2, the second layer is little
influenced by this effect, and the first layer is still excited
and follows the input 2.

Figure 1 The firing rate
patterns under slow mov-
ing stimuli.
W f b = 0.1,W f f = 0.1.

Figure 2 The firing rate
patterns under slow mov-
ing stimuli.
W f b = −0.1,W f f = 0.1.

Figure 3 The firing rate patterns under slow moving stimuli.
W f b = 0.1,W f f = −0.1.

There is another situation in which the velocity of input
2 can be faster. Here we pick one of these cases where v2 =

0.05. We use the same parameter sets except the change of
the velocity of input 2.

Figure 4 The firing rate patterns under fast moving stimuli.
W f b = 0.1,W f f = 0.1.

Fig. 4 shows the firing rate patterns under a static stimu-
lus in the first layer and a fast moving stimulus in the sec-
ond layer. Both the feedback and feedforward couplings
are excitatory. The dynamics of the network is very special.
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Since the velocity of input 2 is fast, the bump in second
layer cannot track the input so the dynamics looks like ‘os-
cillating’. Because of the attraction between the two layers,
the first layer is also ‘oscillating’.

We also record the dynamics under a strong static input
1 and a strong moving input 2.

As shown in Fig. 5 to 7, the velocity of input 2 is 0.01,
and the magnitude of the input 1 is increased to 0.7. The
strength of input 2 is still 0.8. The number of neurons is
200, and the global inhibition k is 0.7. The initial condition
of U(x, t) is 0, and the range a of the Gaussian function is
0.5.

Figure 5 The firing rate
patterns under strong in-
put 1.
W f b = 0.1,W f f = 0.1.

Figure 6 The firing rate
patterns under strong in-
put 1.
W f b = −0.1,W f f = 0.1.

Figure 7 The firing rate patterns under strong input 1.
W f b = 0.1,W f f = −0.1.

It is natural to get the conclusion that when the strength
of input 1 increases, the first layer will not be easily
dragged by the second layer any more. Instead, the dy-
namics in the first layer will impact dramatically on the
behaviours of the second layer. In Fig. 5, the first layer
moves around the input position, which indicates that al-
though the first layer is attracted by the second layer, it
generally still follows its own stimulus due to the strong in-
put 1. When the feedback becomes inhibitory, the second
layer is affected by the first layer. The second layer in Fig.
6 displays small ‘kinks’ near the position of π (correspond-
ing to input 1 position), which results from the attraction
from the first layer to the second layer. In Fig. 7, the repul-
siveness from first layer to the second layer arises. In the
second layer, when the bump is around the same position
as the input 1, its firing rate diminishes.

2.2.2. The Average Velocity

Now we take a look at the dynamics of the second layer
under various magnitudes and velocities of the input 2. In
order to get a summary figure, we calculate the average ve-
locity of the responding moving bump in the second layer
under each parameter set. We fix the magnitude of input 1
on 0.7, and other parameters are kept unchanged.

Figure 8 Average velocity of the moving bump in the sec-
ond layer under various magnitudes and velocities of the
input 2. W f b = 0.1,W f f = 0.1.

Figure 9 Average velocity of the moving bump in the sec-
ond layer under various magnitudes and velocities of the
input 2. W f b = 0.1,W f f = −0.1.

Figure 10 Average velocity of the moving bump in the sec-
ond layer under various magnitudes and velocities of the
input 2. W f b = −0.1,W f f = 0.1.

Figure 8, 9 and 10 show the average velocity of the mov-
ing bump in the second layer under various magnitudes and
velocities of the input 2. We use 3000 τs as the time scale,
and the magnitude of input 1 is 0.7. We find that there ex-
ist a boundary in each average velocity figure. Above the
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boundary is the ‘depinned’ region in which the average ve-
locity is not 0 while below the boundary is the ‘pinned’
region in which the average velocity is 0 or approximately
to 0. The ‘depinned’ region indicates that the response is
a moving bump and the displacement and average veloc-
ity are non-zero. However, the ‘pinned’ region suggests
that the second layer will not move far away from its initial
position, namely it tracks the input 1 so the displacement is
very small even equals to 0, which leads to 0 average veloc-
ity. In particular, there exist a ‘silent states’ region in Fig.
9, in which the response in the second layer is suppressed
completely due to the inhibitory feedforward coupling.

When the strength of input 2 is weak, no matter whether
the couplings between the two layers are excitatory or in-
hibitory, the average velocity of the second layer is always
about 0, which indicates that the bump of the second layer
is ‘oscillating’ around the corresponding position of the in-
put 1 (π). This is because the stimulus strength is not strong
enough to overcome the attraction coming from the first
layer, so that the second layer activity will be closer to the
first layer activity instead of tracking the moving stimulus.
On the other hand, when the moving velocity of the input
2 is too fast, the responding bump will not be able to track
the stimulus, which corresponds to the ‘pinned’ region.

2.2.3. The Variance

A good method to evaluate whether the second layer is
tracking the input 1 or input 2 is to calculate the variance
of the difference between the bump position and the input
position.

We denote the bump position as a function dependent of
time: x(t), and the stimulus input positions are v1 · t and v2
· t, respectively. So the variance of the two layers are:

σ2
1 = 〈(x2(t) − v1 · t)2〉time − 〈x2(t) − v1 · t〉2time

σ2
2 = 〈(x2(t) − v2 · t)2〉time − 〈x2(t) − v2 · t〉2time, (4)

where the angular brackets denote the average value over
time. If the value of the variance is larger, the tracking
performance is worse.

Figure 11 The phase diagram of tracking performance of
second layer for three cases of couplings.

We plot the phase diagram as shown in Fig. 11. As the
strength of input 2 increases, the second layer will track
the moving stimulus. As for the region below the curve, it
indicates that the bump in the second layer is tracking the
input 1, which results from a weak or a fast input 2. When
the strength of input 2 is not strong enough or the moving
velocity of input 2 is too fast, the second layer cannot hold a
static response under the inhibitory feedforward coupling.
For inhibitory feedforward couplings, the phase boundary
is spurious when both the velocity and magnitude of the
input 2 are very small (the magnitude is about 0-0.4, the
velocity is about 0-0.3), but this is an artifact due to the
weak response.

3. Conclusion

According to what we have studied, when the magni-
tudes of the two inputs are comparable, there exist a com-
petition between the inputs. Meanwhile, the couplings be-
tween the two layers are also important for the two layers
to determine which input to track.

On the other hand, in the presence of a weak input 1 and
a strong input 2, the network is shown to be more sensi-
tive to the inhibitory feedback coupling than the inhibitory
feedforward coupling.

Different kinds of couplings will lead to different dynam-
ics of the network. In the average velocity studies, there is
a sharp transition from the pinned to depinned region when
the moving stimulus is sufficiently strong or slow. Further-
more, the inhibitory feedforward coupling gives rise to a
special ‘silent region’, which is different from other two
coupling forms. This also can be found in the study of the
variance (Fig. 11).
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Abstract – In 2013, study on flickering wheel illusion 

by R. Sokoliuk and R. VanRullen claimed that the 

illusion’s flickering frequency corresponds to that of alpha 

wave which is particularly prevalent in human brain’s 

visual cortex. This paper investigates the theoretical 

counterpart of the claim by modelling the orientation 

sensitive neural network with continuous attractor neural 

network (CANN) model. CANN is known for its 

capability of producing rich dynamics and incorporating 

the effects of global inhibition and short-term synaptic 

depression. Therefore, the illusory effect was modelled 

and studied by tuning the parameters of the two effects 

and the radial periodicity of the image stimuli. The study 

revealed the radial periodicity of the image can invoke 

various types of illusion other than flickering, and such 

additional effects were also generated by the simulation, 

and studied based on the modified actual images and 

virtual image inputs. 

 

1. Introduction 

1.1. Flickering Wheel Illusion 

Recent study [1] on an optical illusion called ‘flickering 

wheel illusion’ reported that brain’s sampling behavior of 

optical input causes the illusion of a static wheel-shaped 

image flicker at a rate significantly resembling that of 

occipital alpha rhythm (8 ~ 13 Hz) . (Figure 1: to 

experience the illusion, focus on the left dot, or any other 

point to locate the wheel in the peripheral vision.)  

Subjects in the psychophysical experiment were asked 

to match the flickering frequency of the stimulus with 

reference controlled animation. The number of spokes in 

the wheel, degree of contrast between spoke and empty 

space were varied, and subjects’ brain activity was 

recorded by EEG at the same time. The distribution of 

estimated frequency was peaked at 9Hz, and flickering 

intensity was highest when the wheel had 32 spokes and 

with maximum contrast of black and white. 

The occipital alpha rhythm is one of various neural 

oscillations in human brain. The rhythm has been widely 

studied using the electroencephalography, and studies of 

[2] and [3] show that the rhythm closely interacts with the 

visual information processing. More specifically, it has 

been shown that the visual attention consists of periodic 

sampling which is synchronous to the occipital alpha 

rhythm. Furthermore, there could be other various forms 

of illusion due to the radial periodicity of the image. For 

instance, by staring into the center of figure 2, it is 

Figure 1 Figure 2 

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015

- 397 -



   

possible to perceive the sense of rotation within the gray 

slabs.  

Normally, there lies a mechanism in the brain that 

naturally fades away the sampling periodicity from our 

perception. Otherwise, the entire world would be 

flickering in our vision. Interestingly, it turns out that the 

flickering optical illusion occurs when the mechanism 

fails to operate for certain types of visual input that shows 

radial periodicity like figure 1.  

 

1.2. Neural Dynamics 

Neural networks are simulated with one-dimensional 

continuous attractor neural network structure, adopted by 

[4].  The model incorporates the dynamics of 256 neurons 

in a ring structure so that each of the neuron responds to 

an orientation, or a spoke in the image, making the neuron 

orientation-sensitive.  

First, the dynamics of the synaptic input to a particular 

neuron is provided by equation below.  

    (1)  

The synaptic input is controlled by three factors. The 

first term on the right hand side is the external input. The 

second is the total input from all other neurons in the 

network, or the ring (256-regular polygon) in this 

particular problem setting. The third term is neuron’s own 

relaxation. On the left hand side, τs is the time constant 

typically of 1ms order.  is the linear neural density on the 

ring, and J(x, x’) represents the interaction constant 

between a pair of neurons at location x and x’, which is 

set to be proportional to the value of normal distribution 

computed at x-x’.  (x-x’ is the circular distance.) 

 
(2) 

p(x’, t) in (1) is a variable that indicates the availability of 

nearby resources needed to send neural signal or a spike, 

with respect to the neuron at x’. The phenomenon when 

the lack of such resources limit neural outputs is called 

short-term synaptic depression (STD), when molecules 

like ATP (Adenosine Triphosphate) or neurotransmitter 

are depleted around location x’ due to frequent signaling. 

The value of p is between 1 and 0, and its dynamics is 

expressed by equation (3). 

 
(3) 

 is the time scale of neurotransmitter recovery, which 

is chosen to be 50 .   is the variable that controls the 

degree of synaptic depression, and this is set to be one of 

independent variables in the later experiments.  

Finally, r(x’,t) in (1) and (3)  is the firing rate of the 

neuron at x’, which is determined by equation (4) below. 

               (4) 

The equation (4) indicates that the output of a neuron is 

determined by the squared synaptic input divided by a 

term to incorporate the concept of global inhibition. 

Unlike short-term depression that affects small region of 

only a few neurons, global inhibition controls larger 

portion of neural network’s activity in order to preserve 

resources for other distant networks’ tasks. The degree of 

global inhibition is controlled by k and , with the logic 

that denser neural network are more severely inhibited by 

global inhibition. 

Particularly for simulation of this problem, the 

integration is replaced by summation over 256 neurons, 

and the J(x, x’) is appropriately modified to fit the circular 

structure. (1st neuron and 256th neuron must be close.)  

 

2. Experiment Setting 

As mentioned above, the 256 neurons are assumed to 

be the orientation-sensitive neurons that correspond to an 

angle. In order to generate the effect of figure 1, the 

spatial input for the 256 neurons were set to be the bit 

string of [1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 … 1 1 1 1 1 1 1 1 

0 0 0 0 0 0 0 0] multiplied by an amplitude constant A, 

where each bit corresponds to one of the 256 neuron.  

The input of the spokes in the wheel is periodically 

provided, or steadily flickered at 10Hz in the earlier 

experiments, and then added with jitter (temporal noise) to 

better simulate the noisy environment of human brain’s 

sampling behavior of alpha-wave from 8Hz to 10Hz. 

Therefore, in this experiment, instead of providing non-

flickering steady input to generate flickering illusion from 

the retina to visual cortex, it focuses on how the sampled 

input creates further impact. This is due to the result of [1] 

that the flickering illusion remains prevalent in the 

afterimage, where there is no additional physical input in 

the retina. In other words, sample information was 

deemed sufficient to analyze the effect, and thus used as a 

direct input in our experiments. 

Furthermore, the amplitude constant A, global 

inhibition constant k, short-term synaptic depression 

constant  are scaled to the range that produced 

significantly diverse dynamics in a similar setting from 

the result of [5]. 

 

3. Experiment Result 

3.1. Observed Dynamics 
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There were several distinct patterns derived from the 

model. Below graphs show the spatiotemporal 

information of firing rate of 256 neurons. X-axis 

represents the time-axis, and Y-axis the neuron 

identification index. Note that 256th neuron and 1st neuron 

are actually neighboring with each other in the ring 

structure. 

Rotating bump (3 seconds)  

 
Spike (3 seconds) 

 
Mixed (3 seconds) 

 
(Asynchronous) Homogeneous Spike (3 seconds) 

 
Silent (Synchronous Spike) (3 seconds) 

 

Figure 1 

3.2. Impact of Parameters 

Amplitude A was set to be 0.8, 1.0, and 1.2. k and beta 

was tested at ranges of 0.01, 0.02, … 0.05 (small scale) 

and 0.05, 0.15, … 0.75 (large scale). The table below 

summarizes the result during the first 3 seconds of 

simulation at amplitude 0.8, varying k and beta values in 

large scale. During the duration, state transitions occur, 

and the state in the end has been recorded.  

 
Table 1. Summary of States 

Repeated experiments on amplitude 1.0 and 1.2 showed 

minor difference. The summary certainly shows a trend, 

but additional information other than the summary 

required experiments of longer duration. 

 

3.3. Experiments with Longer Duration 

At some parameter setting, 3-second duration was not 

enough to view the convergence of the state, and longer-

duration experiments presented better results. Results 

below present 10-second duration result, at amplitude A = 

0.8, k = 0.15, and beta varying from 0.05 to 0.75. 

 
(1) Beta = 0.05: Rotating bump 

 
(2) Beta = 0.15: Rotating bump, faster 

(3) Beta = 0.25: Mixed 
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(4) Beta = 0.35: Mixed, spikes moving slower 

(5) Beta = 0.45: Mixed, spikes moving even 

slower, providing sense of continuity 

 

(6) Beta = 0.55: Spikes, occasionally moving 

(7) Beta = 0.65: Spikes, staying steady 

(8) Beta = 0.75: Spikes, staying steady 

The above set of images clearly shows the impact of 

increasing beta value, or the degree of synaptic 

depression. First, larger beta slows down the state 

evolution. State evolution usually proceeds in an order of 

‘homogeneous spike’, ‘spike’, and then to ‘mixed’ or 

‘rotating bump’. It is possible to see that the period of 

initial homogeneous spike state is getting longer and 

longer as beta value increases. Second, larger beta 

makes the rotating bump faster. Third, larger beta 

restricts the spatial movement of spikes. Intuitively, 

these two effects can be metaphorically understood by 

considering the neural ring as a rope with its tension 

related with beta and height of its differential component 

related with the firing rate. Since stronger tension makes 

the pulse on the rope move faster by making the up and 

down components of the pulse shape more elastic. This 

explains the second effect, and the third effect can be 

partially explained by that high beta value strongly 

restricts the neurons nearby the ones that recently formed 

spike, making the only possible neuron position for the 

next spike be the exactly opposite side of the previous 

spike.  

The effect of varying global inhibition can be studied 

from table 1 and another observation that larger k makes 

the rotating bump slower. While the table 1 suggests 

that k and beta might affect the system in an equivalent 

manner, the observation emphasizes its oppositeness from 

beta. Again, metaphorically, setting a larger k is 

comparable to putting the ring into a more viscous liquid. 

In that sense, the global inhibition (k) and short-term 

synaptic depression (beta) have distinct role in supporting 

the neural network dynamics, especially in that one 

influences globally, while the other influences locally 
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Abstract—Practical networks of biological systems are
often driven by various unknown forces, some are varying
fast (like white noise) and some other have the same time s-
cale as the network dynamics (like slow- varying signal). It
turns to be very difficult to depict the interaction structures
of networks by the observable node-variable data only, as
both noise and signal are unknown while both play impor-
tant roles in producing the variable data. In this paper we
present an effective method to overcome this difficulty. We
show (i) how to recognize the influences from unknown
noise and signal; (ii) how to separate these influences from
different driving sources based on the recognition; and (i-
ii) how to correctly infer the networks structures based on
the understandings of (i) and (ii). Numerical results fully
justify our theoretical analysis

1. Introduction

In the present world huge data have been accumulated,
and day by day the data size increases exponentially. All
these data have become a useful source available for public.
It has turned to be a key issue in almost all fields of natural
and social fields how to extract useful information for the
database. In biological systems, data are often produced
by dynamic networks [1, 2], among which neural networks
[3, 4] and gene regulatory networks [5, 6] are most typi-
cal ones. The network structures which yield these data are
however often unknown. Understanding these structures is
crucial for understanding and controlling various biolog-
ical functions. This paper focuses on the problem of in-
ferring network structures by analyzing measurable data of
network outputs, i.e. the so-called inverse problem [7, 8].

2. Model and task of network depiction

The dynamics of networks can be generally represented
, around certain local phase space point, by a set of linearly

1The first two authors contributed equally to this paper

coupled ordinary differential equations

ẋ(t) = Âx(t) + Γ(t) + S(t) (1)
x(t) = (x1(t), x2(t), · · · , xN(t))T

Γ(t) = (Γ1(t), Γ2(t), · · · ,ΓN(t))T

S(t) = (S 1(t), S 2(t), · · · , S N(t))T

where Â is N × N matrix with constant elements, which
is the target for solving the inverse problem. The network
dynamics is often driven by various unknown and compli-
catedly distributed forces. Some driving forces may vary
very fast (often from the sources of microscopic world). we
represent these impacts as white noise Γ(t), approximated
as

< Γ(t) >= 0, < Γ(t)ΓT (t′) >= Qδ(t − t′) (2a)

< Γ(t′)xT (t) >= 0 for all t′ > t (2b)

Eq.(2b) is crucial property for fast varying noise. Some
other driving (often from the sources of macroscopic
world) may vary much slower (like impacts by breaths and
heart beats and so on). We represent them as signal S(t).
The typical property of the slow impacts can be approxi-
mated as

0 ≤ |S(t) − S(t − ∆t)| ≪ 1, for 0 ≤ ∆t ≪ 1 (3)

|S(t)| =
N∑

i=1

|S i(t)|/N

Now the task of the inverse problem reads: With al-
l xi(t), i = 1, · · · ,N being known, we aim at depict all
elements of matrix Â under the conditions that both Γ(t)
and S(t) are unknown, apart the generally understandable
properties of Eq.(2a) and Eq.(3). By known observables
we mean a set of discrete x(t) data measured with certain
frequency

x(tk); k = 1, 2, · · · , L; tk+1 − tk = ∆t,∆t ≪ 1 (4)
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3. Decorrelation of fast varying noise

At the first glimpse, Eq.(1) is unsolvable since Γ(tk) and
S(tk) may be random and the number of unknown quan-
tities Γ(tk),S(tk), k = 1, 2, · · · , L, and Âi j, i, j = 1, · · · ,N
are more than the number of available equations with the
known discrete variables x(tk). Possibility to overcome
the difficulty is to make various statistical computations,
of which correlation computation is the most popular algo-
rithm [9, 10, 11]. Multiplying the both sides of Eq.(1) by
xT (tk), and computing the corresponding correlations we
obtain a matrix equation

B̂ = ÂĈ + Γ̂ + Ŝ (5)

with

B̂ = < ẋxT >=
1

L − 1

L−1∑
k=1

ẋ(tk)xT (tk)

Ĉ = < xxT >=
1
L

L∑
k=1

x(tk)xT (tk)

Γ̂ = < ΓxT >=
1
L

L∑
i=1

Γ(t′k)xT (tk), tk+1 > t′k > tk

Ŝ = < SxT >=
1
L

L∑
i=1

S(tk)xT (tk)

ẋ(tk) =
x(tk+1) − x(tk)

∆t
(6)

From formula Eq.(6), it is clear that Γ(t′k) with tk+1 > t′k > tk
contribute to the velocity computation which is not corre-
lated bo the variables x(tk) for tk < t′k due to the fast-vary
property of Eq.(2b). This leads to decorrelation of fast-vary
noise [11] as

Γ̂ = 0 (7)

and we achieve
B̂ = ÂĈ + Ŝ

from which Â can be solved as

Â = (B̂ − Ŝ)Ĉ−1 (8)

If the network is driven by white-noise only, we have
[11]

Ŝ = 0, Â = B̂Ĉ−1 (9)

In Fig.(1) we show the depiction of a dynamic network
driven purely by fast-varying noise, and find that formula
(9) works very well for the network inference.

However, if the slow-varing signals do not vanish, Eq.(9)
dose no longer work. In Fig.2 we give two examples of
slow-varying signal, one is colored noise with long corre-
lation time (Fig.2(a)), and the other quasiperiodic signal
(Fig.2(b)). In both cases the formula (9) fails to correctly
depict the network structure (Fig.3). If we, however, know
signal S(t) and can accordingly compute signal-correlation
matrix Ŝ, the full algorithm (8) can perfectly depict the
network structure, as shown in Fig.4.

Figure 1: Trajectory of dynamical network under the in-
vestigation in a two-variable plane, driven by fast-varying
noise only and the application of Eq.(9) in this case. Ma-
trix Â for the network is given as follows: positive inter-
actions A(p)i j is randomly chose within (1.0, 2.0) , nega-
tive interactions A(n)i j within (−2.0,−1.0) , diagonal en-
tries Âii = −8. Nodes number N = 200 and mean de-
gree < K >= 20 for the system. Q̂i j = σiδi j with
σ ∈ (0.005, 0.015) for white noises. (a) The trajectory of
the system in the x1 − x2 subspace. (b) B̂Ĉ−1

i j v.s. actual
Âi j. It is clearly verified that Eq.(9) works very well for
network inference in such case.

Figure 2: Examples of different kinds of slow-varying sig-
nal. (a) Time series of colored noises with long correlation
time. (b) Time series for quasiperiodic signals.
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4. Decorrelation of slow varying signals

Nevertheless, the computation of Eq.(8) is often not pos-
sible in practice, for the slow-vary signal is unknown and
its correlation matrix Ŝ is not computable. One can include
Eq.(3), the only property of S(t), in the inference compu-
tation.

Initiated by Eq.(3) we can derive a set of increment e-
quations from Eq.(3)

∆ẋ = Â∆x + ∆Γ + ∆S (10)

with

∆ẋ(tk) = ẋ(tk+1) − ẋ(tk), ∆x(tk) = x(tk+1) − x(tk)
∆Γ = Γ(t′k+1) − Γ(t′k), ∆S = S(tk+1) − S(tk) ≪ 1

Multiplying the both sides of Eq.(10) again by xT (tk) we
have

∆B̂ = Â∆Ĉ + ∆Γ̂ + ∆Ŝ (11)

with ∆Γ̂ = 0 for the fast-noise decorrelation due to Eq.(2b)
and ∆Ŝ ≈ 0 with the slow-varying property of S(t) Eq.(3),
we can further reduce Eq.(10) to

∆B̂ = Â∆Ĉ

leading to
Â = ∆B̂∆Ĉ−1 (12)

The final form of increment correlation matrices suc-
cessfully decorrelate both unknown fast and slow vary-
ing unknown impacts and give a closed (approximated, of
course) formula for successful network inference. In Fig.5
we show the inference results by applying Eq.(11) to the
systems of Fig.2, which are very good. Unlike the almost
totally wrong results of Fig.3, Fig.5 provide satisfactorily
good network depiction. Moreover, unlike the restrict re-
quirement of Fig.4 for the price of correct depiction, known
slow-varying signal correlation Ŝ, the results of Fig.5 are
achieved with these slow impacts (i.e. Γ̂ and Ŝ) totally un-
known. We hope that the method in this paper may be used
in practice to solve inverse problems of dynamic networks,
in particular, to inferring neural networks.
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Abstract—Synchronized bursting event (SBE) is a
generic feature of neuronal cultures in which most of neu-
rons in the network are bursting synchronously. Although
the origin of SBE is still unclear, they are believed to be
the result of the self-organized dynamics of a random net-
work and it has been proposed that one can make use of
these SBEs for information encoding. Here we investigate
properties of the SBE in a growing neuronal culture as a
function of network properties which can be modified by
drugs or the age of the cultures. We find that most of the
observed properties of the SBEs can be accounted for in a
model of short term synaptic plasticity (STSP). Our results
suggest that networks exhibiting SBEs are in an oscillatory
state due to the STSP and strong recurrent connections. For
these networks, information can only be stored in between
the SBEs and they are probably not good candidates for
information encoding.

1. Introduction

Neuronal cultures grown on top of multi-electrode array
(MEA) systems have become a standard experimental plat-
form for the study of computational capabilities of living
random neural networks in the last two decades [1]. The ul-
timate goal of these studies is to create networks with use-
ful functions [2]. These kind of studies are not just guided
by the faith that these cultures should retain some proper-
ties of their original tissue; namely the brain. It has been
shown numerically that useful functions such as working
memory [3] can be implemented in a random network en-
dowed with short term synaptic plasticity (STSP) [4], a
form of memory in the molecular levels observed in bio-
logical synapses. Although cultured networks have been
studied extensively for the understanding and construction
of such functional networks in the past decade, very little
success has been achieved towards this goal.

One of the main obstacles in the understanding of these
cultured networks is that it is still not clear how informa-
tion is being coded into the firings of the neurons in these
networks. For example, the ubiquitously observed sponta-
neous network activities in these cultures, known as syn-
chronized bursting events (SBE) [5], discovered more than
30 years ago [6], is still poorly understood. During a SBE,
most of the neurons in the network are firing in bursts more
or less simultaneously for a duration of the order of a sec-
ond. The origin these SBEs are still largely unknown. It

has been proposed that these SBE are related to informa-
tion coding and storage [7] in the networks and there have
been many attempts [8, 9] to make use of these SBE (ei-
ther trained or spontaneous) to produce useful functions.
Intuitively, these SBEs should be the result of the synap-
tic interaction between neurons in the cultures. In fact, it
has been shown that the spatial temporal structures of these
SBEs are a function of the connectivities of the cultures
[10] and related to the excitatory/inhibitory interactions of
the system [11]. A detailed understanding of these spon-
taneous SBEs in terms of synaptic plasticity should be the
first step towards the goal of the construction of functional
networks. It is natural to ask whether these SBEs can be
understood in terms of STSP, an essential component for a
functional network and what kind of information is being
coded into the SBEs.

Here we investigate properties of the SBE in a growing
neuronal culture as a function of network properties which
can be modified by the age of the cultures and use a mean-
field model to understand our results.

2. Materials and Method

In this study, we have performed experiments and de-
veloped a mean-field model to understand experimental re-
sults. The mean-field model is an extension of of a model
of short term synaptic plasticity.

2.1. Experiments with neuronal cultures

Neuronal cultures grown on top of multi-electrode ar-
rays (MEA) are used in our experiments. For cul-
tures preparation[10], cortex tissues from are extracted
from embryonic day 18 Wistar rat embryos. The cor-
tices are dissociated by 0.125% trypsin and gently tritu-
rated. A small drop (5uL) of cell solution are added to
each multi-electrode array (MEA60-200-ITO, Qwane Bio-
sciences SA, Switzerland) that has been pre-treated with
0.1% Polyethylenimine resulting in an approximate den-
sity of 3000-5000 cells/mm2. The MEAs are filled with
culture medium (DMEM with 5% FBS, 5% HS and 1%
penicillin/streptomycin) 30 min after seeding. Samples are
incubated at 37oC with 5% CO2 and half of medium is
changed twice a week. The advantage of using MEAs is
that we will be able to record neuronal activities at mul-
tiple sites simultaneously. Extracellular activities from 60
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electrodes (ITO transparent electrodes with 40 µm diameter
and 200 µm spacing, arrangement of 8 × 8 grids without 4
corners) are recorded by using a MEA 1060-Inv-BC (Multi
Channel systems) with 1100X amplified at a sample rate of
20K Hz. Data are recorded for a duration of 10 minutes at
33 oC with 5% CO2 by using MC RACK software (Multi
Channel Systems).

2.2. Mean-Field Model

One of the interesting aspect of the SBEs is that during
SBE, almost all the neurons in the network are firing more
or less synchronously and therefore the dynamics of the
whole network can be treated as if it is the dynamics of a
single cell in a mean field manner. Of course, the input to
the mean field ”cell” is the total effective output from the
recurrent connections of the network. In this manner, the
network is getting input its own output as shown in Figure
1. With such a picture, the dynamics of the whole network
can be studied through the modeling of the mean firing rate
E(t) in Figure 1. In particular, the E(t) can be compared to
the firing rate time histograms (FRTH) measured in exper-
iments.

Figure 1: Schematic diagram showing the mean field model
for the recurrent network with synaptic interaction. Note
that the role of the network in the model is just to produce
an amplification of J times.

There are two components in the mean field description
of the system during SBE; namely the recurrent connection
and the synaptic mechanism. In the following, the recurrent
connection is simply modeled by a strength J while we will
make use of a synatpic model by Tsodysk and Markram
[12] for the synaptic interaction. It is known that this TM
model for STSP is capable of producing various kind of
dynamics [13].

In the TM model, the mean firing rate E of the network,
with a recurrent connection strength J receiving a global

inhibition I0, is governed by:

dE
dt

=
1
τ

[
−E + α ln(1 + e

JuxE+I0
α )
]

(1)

where α is the threshold of the gain function for the recur-
rent excitation. The synaptic mechanism is implemented
as the dynamics of the available neurotransmitter fraction
x [14] with its releasing probability u as a function of E,
and are governed by the following equations:

dx
dt

=
Xo − x
τD

− uxE (2)

du
dt

=
U − u
τF

+ U(1 − u)E. (3)

where Xo ≤ 1 and U are the baseline level of x and u re-
spectively. The time scales are: τ ∼ 10, τD ∼ 100 and
τF ∼ 1000 ms.

With suitable choice of parameters, the TM model can
produce oscillations[13] similar to the times scales of the
sub-bursts observed in experiments. However, these oscil-
lations will persist in the TM model. In order to model the
finite duration of SBEs as observed in our experiment, an
extension to the TM model known as TMX model [15] is
used to provide this dynamics as:

dXo

dt
=

X0 − Xo

τX
− βE (4)

where time dependent Xo is introduced to model the fa-
tigue of the maximal fraction of available neurotransmit-
ter fraction for some baseline constant X0, time constant
τX(>> τD) and fatigue rate constant β.

3. Results

3.1. Experimental Results

Figure 2 (upper panel) shows a typical raster plot of a
SBE from a culture grown on top of the MEA. It can be
seen that there seems to be sub-bursts within the SBE.
In the FRTH, in which the spikes for all the channels are
added within a 5 ms window, these sub-bursts can be seen
more clearly (Figure 2, lower panel)

One interesting characteristic of these measured FRTH
is that their shapes can strongly depend on the state of the
cultures. For example, Figure 3 shows the changes in the
shape of the FRTH as the culture matures. Presumably, the
structure of the FRTH is controlled both by the network
connections and the synaptic interactions between the neu-
rons in the network. As the culture matures, it is clear that
both the network connections and the synaptic interaction
in the network increase. From the complexities of these
FRTH, it seems that the SBE can be used for information
encoding and processing.
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Figure 2: Raster plot of the firing activities in all the 60
channels of the MEA (upper panel) and the corresponding
FRTH (see text for definition) during a SBE (lower panel)

3.2. Simulation Results

With the TMX model, it can be shown that the system
can be turned into an oscillatory state with E(t) looks very
similar to those shown in Figure 3. For example, Figure
4 shows the simulation results of the TMX with various
parameters. It can be seen that with proper choice of sim-
ulation parameters, the essential features of the measured
FRTHs from SBEs can be reproduced. These oscillation
states of E(t) are the results of too strong a positive feed-
back [15] in the system. In fact, in this TMX model, the
sub-busrts seen in the FRTHs are the results with large
enough U and J. That is: when there is strong enough
recurrent connections and synaptic interactions.

In Ref[15], it is shown that there are two states of the sys-
tem; one with a low firing rate E(t) and the other one having
the structure of E(t) similar to those shown in experiments.
The main factors which govern the state of the cultures are
the X0 and J0. That is: the structure of the network and
the synaptic interaction. With this picture, the number of
sub-bursts in a SBE depends on how much Xo is available
in the beginning of the SBE. When the frequency of the
occurrence of the SBE is high as at late DIVs, there is not
enough time between SBE for the Xo to recover to a high
value. Therefore, the number of sub-bursts decreases as
the frequency of occurrence of SBE increases at late DIVs.
This last finding is the consistent with our experimental ob-
servations.

4. Discussions

From the discussions above, it is clear that the TMX
model can generate the complex SBEs patterns observed
in the cultures. However, since the oscillatory structures of
the FRTHs from the experiments are the results a positive
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Figure 3: Measured FRTHs from cultures at various DIV.
From top to bottom: 9 DIV, 18 DIV and 22 DIV respec-
tively. Note that although the number of the spikes within
each SBE decreases as DIV increases, the overall activities
of the cultures increase with DIV because the frequency the
occurrence of SBE increases with DIV.
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Figure 4: Simulation results with the TMX model with dif-
ferent values of τD and J Top: τD= 0.15 and J=4.5; Mid-
dle: τD= 0.2 and J=4.5. Bottom: τD= 0.2 and J=6. The
other values of the parameters in the model are X0=0.95;
U0=0.30; ; I0=-1.3; a = 1.25; τ = 0.013; ;τF=1.5; τx=20;
β=0.01

feedback oscillation loop, it is difficult for the system to
use SBEs to encode any information. Information written
to the network will be washed out by these self-substaining
oscillations. As these oscillations are caused by too much
positive feedback in the system, the observation of SBEs in
cultures suggests that there are too many connections in the
system. Perhaps, this is one of the main reasons why it is
difficult to make use of these systems for useful functions.
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Abstract—In this plenary talk, I review our recent re-
search on nonlinear theory and its application to person-
alized medicine based on dynamical systems modeling.
First, we use hybrid dynamical systems to mathemati-
cally describe intermittent hormone therapy of prostate
cancer that is an important model disease for mathemati-
cal analysis, and realize personalized medicine for diagno-
sis, therapy, as well as prognosis of prostate cancer, using
mathematical modelling. Second, we extend the concept
of the conventional biomarkers to that of dynamical net-
work biomarkers (DNB) which can detect in a personalized
way early-warning signals of imminent bifurcation from a
healthy state to a disease state. Since the DNB can predict
sudden deterioration of each patient’s disease in advance,
it may open a new way for personalized and preemptive
medicine.

1. Introduction

Mathematical engineering is a transdisciplinary research
field where mathematical models are built and theoreti-
cally analysed in order to understand, optimize, control,
and predict real-world systems in different fields. We have
been developing nonlinear theory of modelling complex
systems and its wide-ranging applications in science and
technology from the viewpoint of this mathematical engi-
neering [1–3] and chaos engineering [4, 5].

Here, we aimed not only to systematize methodology for
mathematically modelling of real-world complex systems
on the basis of (1) advanced control theory of complex sys-
tems by fusion of dynamical systems theory and control
theory [2, 3], (2) complex networks theory, and (3) non-
linear data analysis as well as data-driven modelling, but
also to provide possible solutions for complex real-world
problems with high importance and urgency for society,
such as treatments of complex diseases like cancer and HIV
[3, 6–8], optimization and control of power grids, commu-
nication networks, and traffic flow systems [9,10], and de-
velopment of novel nonlinear electronic and optical tech-
nologies such as chaos chips, neurochips, quantum neural
networks, and AD converters based on β encoders [11,12].
In this talk, I concentrate on our recent research of nonlin-
ear theory and its application to personalized medicine.

2. Personalized Hormone Therapy of Prostate Cancer
Based on Mathematical Modeling

There exists an excellent biomarker called PSA
(prostate-specific antigen) for prostate cancer. Then,
prostate cancer can be an important model disease for
mathematical modelling of diseases because goodness of
each mathematical model can be quantitatively evaluated
by measured values of PSA. We made different kind of
mathematical models for prostate cancer [3,7,8], and found
that in particular, a three-dimensional piecewise-linear hy-
brid system works well to describe time evolution of PSA
quite quantitatively [8]. Further, personalized fitting of
model parameters and prediction of disease progression are
also made possible on the basis of mathematical methods
and PSA data [13–15].

3. DNB (Dynamical Network Biomarkers) as Early
Warning Signals of Diseases

Recently, early-warning signals for critical transitions of
various nonlinear systems have been intensively studied in
the field of nonlinear science [16, 17]. We have extended
this concept to that of complex systems, especially biologi-
cal complex networks [18], and formulated DNB (Dynami-
cal Network Biomarkers) that can detect early-warning sig-
nals for imminent bifurcation from a healthy state to a dis-
ease state as a new kind of biomarkers for complex diseases
[19–21]. Since the DNB can predict sudden deterioration
of such complex diseases in advance on the basis of bifur-
cation theory, early treatments can be started as preemptive
medicine in a personalized way before bifurcation to a dis-
ease state will emerge.

4. Conclusion

Nonlinear theory is effective for real-world systems be-
cause most of them are nonlinear. Since complex biologi-
cal systems are highly nonlinear and large-scaled, I believe
that nonlinear theory can greatly contribute to realization
of personalized medicine.
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Abstract—ADC (Autonomous Decentralized Control)
is being actively discussed to realize a scalable control
scheme for large-scale and wide-area systems. The previ-
ous work has proposed the MCMC (Markov Chain Monte
Carlo)-based ADC for indirectly controlling the entire sys-
tem, but has not fully discussed for its adaptability against
environmental fluctuations. In this paper, we discuss the
impact of environmental fluctuation on the MCMC-based
ADC, and propose a method to enhance the robustness of
the MCMC-based ADC against severe environmental fluc-
tuations. In particular, we design an adjustment method
to absorb environmental fluctuations according to the out-
come of our discussion. In addition, we apply the proposed
method to the virtual machine placement problem in data
centers. Through simulation experiment, we clarify the ef-
fectiveness of the proposed method for severe environmen-
tal fluctuation.

1. Introduction

In recent years, progress of ICT (Information and
Communications Technology) systems are remarkable [1].
Many ICT systems are supported by large-scale and wide-
area data centers to accommodate numerous user requests.
For instance, Google has distributed a large number of
servers composed of its data center around the world [2],
and many ICT systems are using services provided by
Google. It is expected such a data center is becoming larger
and larger in order to improve computational capability and
system reliability. Hence, a scalable control scheme should
be realized to handle sustainably large-scale and wide-area
systems like data centers.

To build a scalable control scheme for large-scale
and wide-area systems, ADC (Autonomous Decentralized
Control) is being actively discussed (see, e.g., [3–7]). In
general, system controls are roughly categorized as ADC
or CC (Centralized Control). Consider a system composed
of numerous nodes distributed in a wide area. In a CC, the
management node has to gather state information from the
entire system, and controls intensively the state of all nodes
in the system. Hence, CCs require a large amount of time
to react for an environmental fluctuation in a large-scale
and wide-area system, and does not handle such a system
against dynamic environment. In an ADC, each node au-

tonomously controls its state on the basis of local informa-
tion. Hence, ADCs can quickly react for an environmental
fluctuation. However, an autonomous node action in ADCs
should be designed to be able to combine with the control
of the entire system [3].

In [6], the authors have proposed an ADC based on
MCMC (Markov Chain Monte Carlo) [8, 9], which is a
method to generate a Markov process following a desired
probability distribution of a statistical-mechanical vari-
able (e.g., energy). In [6], on the basis of MCMC, the
authors designed an autonomous node action to be able to
combine with the control for the probability distribution of
system performance variable that is an amount to quantify
of a system state. In [7], the authors have proposed an ad-
vanced function of the MCMC-based ADC to adapt against
simple environmental fluctuations, but have not fully dis-
cussed for its adaptability against environmental fluctua-
tions. There are various kind of environmental fluctuations
for actual systems, so it is crucial to discuss adaptability of
the MCMC-based ADC and improve its robustness if nec-
essary.

In this paper, we discuss the impact of environmen-
tal fluctuation on the MCMC-based ADC, and propose a
method to enhance its robustness against severe environ-
mental fluctuations. In particular, we design an adjustment
method to absorb environmental fluctuations according to
the outcome of our discussion. In the proposed method,
each node autonomously adjusts its control parameter of
the MCMC-based ADC. In addition, similarly to [6], we
apply the proposed method to the virtual machine place-
ment problem in data centers. Through simulation experi-
ment, we clarify the effectiveness of the proposed method
for severe environmental fluctuation.

This paper is organized as follows. Section 2 introduces
MCMC-based ADC [6]. In section 3, we discuss briefly the
impact of environmental fluctuation on the MCMC-based
ADC, and design an its adjustment method to absorb en-
vironmental fluctuations. Section 4 details the experiments
conducted for investigating the robustness of the proposed
method in data center networks. Finally, in Section 5, we
conclude this paper and discuss future works.
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Figure 1: An example of the system model with n = 7 and
N = 4

2. MCMC-Based ADC

2.1. System Model

We first introduce a system model for the MCMC-based
ADC. Consider a system consisting of n nodes. We assume
that N resources in the system are shared among nodes,
and system performance depends on assignment of the re-
sources for nodes. The state of a node corresponds to the
assigned resource for the node, and we denote the state of
node i by xi ∈ {1, ...,N}. System state X is given by the
combination of all node states, (x1, · · · , xn). We assume
that each node cooperates with other nodes to process a
common task. Hence, the system should assign same or
near resources to cooperating nodes for efficiently process-
ing tasks. Figure 1 shows an example of the system model
with n = 7 and N = 4. In this figure, we draw links
among cooperating nodes. We define cooperating degree
ri j between nodes i and j, and state distance d(k, l) be-
tween states k and l. Then, we formulate the performance
of such a state assignment for nodes i and j by the prod-
uct of ri j d(xi, x j), and the total performance for the entire
system by the following system performance variable

M(X) =
n∑

i=1

∑
j∈χi

ri j d(xi, x j), (1)

where χi is the set of nodes cooperating with node i in
the system. By decreasing M(X), we can improve the per-
formance of the state assignment considering cooperation
among nodes. However, if M(X) is too small, nodes only
use a few resources, so the node concentration in the state
assignment is too high. Hence, M(X) should be adjusted
suitably for different uses.

2.2. Node Action

In the MCMC-based ADC [6], node i changes its
state xi to another state x′i with state transition probabil-
ity Ti(xi→x′i ), which is designed by MCMC. Specifically,

Ti(xi→x′i ) is given by

Ti(xi→x′i )=



1
|φxi |

exp[−αλ∆Mi(xi→x′i )]

if ∆Mi(xi→x′i )<0
1
|φxi |

exp[−(1 − α)λ∆Mi(xi→x′i )]

otherwise

, (2)

where φk is the set of states that are able to be transited
from state k, λ is the control parameter of the MCMC-
based ADC, and α is a positive constant (0 ≤ α ≤ 0.5).
∆Mi(xi→x′i ) is the amount of change of M(X) with respect
to the state transition of node i, and is given by

∆Mi(xi→x′i ) =
∑
j∈χi

ri j

[
d(x′i , x j) − d(xi, x j)

]
. (3)

If nodes uses state transition probability Ti(xi→x′i ) by
Eq. (2), system performance variable M follows the proba-
bility distribution

P(M) =
G(M) exp(−λM)∑

Y∈ΩM
G(Y) exp(−λY)

, (4)

where G(Y) is the number of system states if the system
performance variable is equal to Y , and ΩM is the set of
all possible values of system performance variable M. Ac-
cording to Eq. (4), if λ = 0, P(M) is proportional to G(M).
In this case, the MCMC-based ADC is equivalent to the
control where each node selects its state at random. In ad-
dition, as control parameter λ increases, each node controls
its state to lead to the emergence of smaller M. Therefore,
the MCMC-based ADC can adjust M(X) by changing λ.

3. Adjustment Method of Control Parameter λ to Ab-
sorb the Impact of Environmental Fluctuations

In this paper, we consider adaptability to be able to re-
tain performance (i.e., node concentration) of state assign-
ments against environmental fluctuations. This adaptability
is crucial for realizing robustness because high node con-
centration causes heavy load of a few resources, may lead
to clash of the system.

We first discuss the impact of environmental fluctuations
on state assignments of the MCMC-based ADC. We as-
sume that ri j or the number of nodes, n, changes when
an environmental fluctuation occurs. Such a fluctuation
affects the value of ∆Mi(xi→x′i ), and would change node
behavior by the node action using Eq. (2). For instance, if
∆Mi(xi→x′i ) of node i is increased due to a fluctuation (i.e.,
node addition or increase in ri j), node i and cooperating
other nodes j ∈ χi would select more near state (resource)
as is the case when λ is increased. As the result, nodes
are concentrate to fewer resources. In this sense, such en-
vironmental fluctuations would change node concentration
in state assignments by the MCMC-based ADC.
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Figure 2: DCN topology

To retain the node concentration, each node should ab-
sorb the impact of environmental fluctuations. According
to the above discussion, node i should increase/decrease
control parameter λ used in Eq. (2) so as to cancel the in-
creasing/decreasing amount in ∆Mi(xi→x′i ) of node i when
a environmental fluctuation occurs. Namely, node i adjusts
own control parameter λi by using

λi =
K∑

j∈χi
ri j
, (5)

where K is the control parameter of the adjustment method,
and is used to provide direction for node concentration in
state assignments.

4. Simulation Experiment

4.1. Experiment Model

In this section, similarly to [6], we apply the proposed
method to the virtual machine placement problem in DCN
(Data Center Networks). In this application, a node and a
resource (a node state) correspond to a VM (Virtual Ma-
chine) and a PM (Physical Machine) used by a node, re-
spectively. Then, ri j and d(k, l) are the traffic rate between
VMs i and j and the communication cost (i.e., the sum of
communication costs in the shortest path) between PMs k
and l, respectively.

In experiment, we use a network topology shown in
Fig. 2. In this network topology, PMs are placed in layer 0,
and network equipments (e.g., network switch and router)
are placed on the other layers. For scalability reason, PMs
are divided into four groups, and the state transition of
a VM in one time will be permitted only between PMs
within the same or adjacency groups that are connected by
a double-headed arrow.

To evaluate the effectiveness of the proposed method for
improving the robustness against traffic rate fluctuations,
we compare node concentrations when using the following
two traffic rate settings:

Table 1: parameter configuration

number of VMs, n 200
number of PMs, N 16
internal cost in a PM 0.0001
link cost 0.1
simulation time 40000
high traffic rate, rH 10
low traffic rate, rL 0.1
average number of high traffic VMs, NH 0.1 × N
α 0

traffic rate setting 1 Each VM communicates with a
randomly-chosen NH (average) VMs with high traffic
rate rH , and other VMs with low traffic rate rL.

traffic rate setting 2 A half VMs communicates with a
randomly-chosen NH × 2 (average) VMs with high
traffic rate rH and others with low traffic rate rL.
Further the other half VMs communicates with a
randomly-chosen NH (average) VMs with high traffic
rate rH and other VMs with low traffic rate rL.

If the node concentrations for traffic rate settings 1 and 2
are the same, we can clarify the robustness of the proposed
method against traffic rate fluctuations in an indirect way.

In this experiment, we use the parameter configuration
shown in table 1. At the start of each simulation run, we
place n VMs in a randomly-chosen PM. At each simula-
tion time unit, a VM uses the node action to determine if
it should change to another PM according to the MCMC-
based ADC.

In order to evaluate the node concentration in a node as-
signment, we define coefficient of variation CV(X) by

CV(X) =
N
n

√√√
1
N

N∑
k=1


 n∑

i=1

δxi k

 − n
N


2

, (6)

where δi j denotes the Kronecker delta.

4.2. Robustness against Fluctuation

We evaluate the effectiveness of the proposed method
against traffic rate fluctuations. Figure 3 shows VM place-
ment in each PM for different traffic rate settings when us-
ing the proposed method (i.e., the MCMC-based ADC with
the adjustment method) and the previous method (i.e., the
MCMC-based ADC without the adjustment method). Ac-
cording to Fig. 3, the previous method cannot retain the
node concentration for different traffic rate settings. On
the contrary, the proposed method can retain the node con-
centration. Therefore, we can confirm that the proposed
method improves the robustness of the MCMC-based ADC
for severe fluctuations in traffic rates.
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Figure 3: VM placements using traffic settings 1 and 2 in
Proposed method and Previous method
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Figure 4: Coefficient of variation CV(X) for different val-
ues of parameter K of the proposed method

Figure 4 shows coefficient of variation CV(X) for differ-
ent values of control parameter K of the proposed method.
In this figure, we show the results for traffic rate settings 1
and 2. As the result shown in Fig. 4, CV(X) for different
traffic rate settings are almost same regardless the value of
control parameter K of the proposed method.

From Figs. 3 and 4, the results for traffic rate settings 1
and 2 are the same. Hence, we clarify the robustness of
the proposed method against traffic rate fluctuations in an
indirect way.

5. Conclusion and Future Work

In this paper, we discussed the impact of environmen-
tal fluctuation on the MCMC-based ADC, and proposed
a method to enhance the robustness of the MCMC-based
ADC against severe environmental fluctuations. In par-
ticular, we designed an adjustment method to absorb the
impact of environmental fluctuations according to the out-
come of our discussion. In the proposed method, each node
autonomously adjusts its control parameter of the MCMC-
based ADC. In addition, similarly to [6], we applied the
proposed method to the virtual machine placement prob-
lem in data centers. We performed the simulation experi-

ment using the application, and clarified the effectiveness
of the proposed method for severe environmental fluctua-
tion.

As future work, we are planning evaluate the proposed
method against several environmental fluctuations (e.g., the
change in the number of nodes, and state distance).
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Abstract—In Carrier Sense Multiple Access with
Collision Avoidance (CSMA/CA) of IEEE802.11 Wire-
less Local Area Network (WLAN), it is known that
data frame collisions often occur if the number of wire-
less terminals increases. To solve this problem, a novel
media access control method based on synchronization
phenomena of coupled oscillators (SP-MAC) has been
proposed. SP-MAC can obtain higher total through-
put compared to CSMA/CA in a single-rate environ-
ment where all terminals use same transmission rate.
However, the performance of SP-MAC over a multi-
rate WLAN environment has not been evaluated. In
this paper, we evaluate the performance of SP-MAC
over the multi-rate WLAN environment and clarify that
SP-MAC can get higher total throughput compared to
CSMA/CA.

1. Introduction

A lot of mobile terminals such as smartphones can
use Wireless Local Area Network (WLAN) based on
IEEE802.11 [1]. In order to avoid data frame collisions
among these mobile terminals, Carrier Sense Multiple
Access with Collision Avoidance (CSMA/CA) is used for
a Media Access Control (MAC) in IEEE802.11 WLAN.
In CSMA/CA, however, it is known that data frame
collisions often occur if the number of wireless terminals
connecting an access point (AP) increases. Then, the
collisions cause the degradation of the total throughput.

To solve the problem, the authors have already pro-
posed a novel MAC method based on the synchroniza-
tion phenomena of coupled oscillators (SP-MAC) [2, 3].
SP-MAC uses the synchronized phase obtained by Ku-
ramoto model [4] in order to calculate the back-off time
instead of the random integer in CSMA/CA. Further-
more, [2, 3] evaluated that SP-MAC can dramatically
decrease the data frame collisions and improve the to-
tal throughput of all wireless terminals compared to
CSMA/CA in a single-rate environment where all ter-
minals use same transmission rate. Here, the wireless
terminals usually use a rate adaptation (RA) control
for effective communication over the environment where
each terminal has the different communication environ-
ments. RA control supports multiple transmission rates
(multi-rates) and dynamically adjusts the data rate so
that the terminals in better (worse) radio wave envi-
ronments communicate using a higher (lower) transmis-
sion rate. If RA control is used in CSMA/CA environ-

ment, it is known that the low rate terminal decreases
the total throughput of WLAN system. However, be-
cause the performance of SP-MAC over the multi-rate
WLAN environment has not been evaluated, it is not
clear that SP-MAC can obtain higher performance than
CSMA/CA when the terminal uses different transmis-
sion rate. Thus, this paper evaluates the performance of
SP-MAC over the multi-rate WLAN environment and
clarifies whether SP-MAC can get higher total through-
put compared to CSMA/CA.
The rest of the paper is organized as follows. Section 2

describes the overview of IEEE802.11 WLAN, multi-
rate transmission, and the synchronization phenomena
of coupled oscillators. Next, we explain SP-MAC and
evaluates the performance of SP-MAC over the multi-
rate WLAN environment by simulation in Section 3 and
Section 4, respectively. Finally, Section 5 concludes this
paper.

2. Related works

2.1. IEEE 802.11 wireless LAN

2.1.1. CSMA/CA

In CSMA/CA, if the channel becomes idle when a
data frame arrives in the transmission queue, it defers
to DCF Inter Frame Space (DIFS) time. Then, if the
channel remains idle after DIFS, CSMA/CA waits for
the back-off time, which is randomly calculated using a
Contention Window (CW). Subsequently, if the channel
remains idle after the back-off time, the terminal sends
the data frame. The back-off time is determined using
Eq.(1), which is calculated independently by each termi-
nal.

Backoff = Random()× SlotTime (1)

In Eq.(1), Random() and SlotTime indicate a ran-
dom integer derived from a discrete uniform distri-
bution [0,CW] and the slot time interval specified in
IEEE802.11, respectively. At this point, the initial CW
is set to CWmin. If a collision causes the data frame
transmission to fail, then the terminal sets the back-off
time using Eq.(1) again. In this case, the CW becomes
twice as large as the previous value, and the upper bound
is CWmax. If the retransmission exceeds the maximum
retry limits (usually 7), the terminal discards the data
frame.

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015
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2.1.2. Multi-rate transmission in IEEE802.11 WLAN

Most IEEE 802.11b/a/g WLANs [1] employ multi-
rate transmission. For example, the transmission rates
in IEEE802.11a/g are 54, 48, 36, 24, 18, 12, 9, and
6 Mbps. In the multi-rate environment, efficient com-
munication is provided for dynamic environment condi-
tions by RA control [5], which can utilize higher (lower)
transmission rates for better (worse) radio wave envi-
ronments. Here, it is known that AP throughput (the
total throughput of all wireless terminals) Th can be
estimated by using Eq.(2) [6] in the multi-rate environ-
ment.

Th = N

(
N∑
i=1

(bi)
−1

)−1

(2)

In Eq.(2), N and bi denote the number of wireless ter-
minals connected to the AP and the transmission rate
of the i-th terminal connected to the AP, respectively.
Note that Th is equal to the harmonic average value of
the transmission rate of terminals connected to the same
AP in the multi-rate environment. Moreover, the Per-
formance Anomaly problem [7] causes the throughput
degradation for all terminals connected to the same AP
in the multi-rate environment. That is, terminals with
high transmission rates are forced to accept the lower
rate wireless terminals in poor environments. As a re-
sult, Th is greatly decreased.

2.2. Synchronization phenomena of coupled os-
cillators

Synchronization indicates that the phenomena caused
by multiple oscillators with different periods transform
incoherent rhythms into synchronized ones with each in-
teraction. This phenomena is also observed in nature
such as the synchronous flashing of fireflies and the syn-
chronization of metronomes. These synchronized oscil-
lators are called coupled oscillators. One of the typical
synchronization models is the Kuramoto model [4,8]. In
the Kuramoto model (synchronization of N coupled os-
cillators), the i-th oscillator runs independently at its
own natural frequency ωi and interacts with all the oth-
ers. Then, the i-th oscillator’s phase θi (0 < θ ≤ 2π) is
calculated using Eq.(3).

dθi
dt

= ωi +
K

N

N∑
j=1

sin(θj − θi) (i = 1, 2, · · · , N) (3)

In Eq.(3), K(> 0) indicates coupling strength and the
second term is an interaction term. Note that the inter-
action term is standardized by K/N to be independent
from system size N .

3. SP-MAC : Media access control method based
on the synchronization phenomena of coupled
oscillators

SP-MAC uses the synchronized phase with phase
shifting based on Eq.(3) for setting the back-off time in-
stead of using a random integer in CSMA/CA; thereby

avoiding the overlap of the back-off time among termi-
nals. SP-MAC sets the following preconditions; (1) the
number of wireless terminals does not change after data
transmission has started, (2) the AP and all wireless
terminals do not move, and (3) the AP and all wireless
terminals stop using the RTS/CTS function.
In SP-MAC, AP determines the natural frequency ωi

(i means a node ID) and coupling strength K, which sat-
isfy the synchronizing condition according to the number
of wireless terminals N prior to starting transmission.
To satisfy the condition that each oscillator synchronizes
with phase shifting, SP-MAC adopts a different ωi for
each wireless terminal (i.e., no overlap occurs among all
ωi). Next, AP sets an ID i (1 ≤ i ≤ N) for each wire-
less terminal and applies ωi and an initial phase θi(0) to
the i-th wireless terminal. Each initial phase θi(0) has
a different value to avoid collision at the beginning of
the data transmission. Then, using a beacon, AP sends
the control parameters, which include i, θi(0), ωi, K, a
control interval ∆t, and N for all wireless terminals.
After receiving the beacon, each wireless terminal im-

mediately starts the calculation of the phase using the
control parameters. Next, the wireless terminal calcu-
lates the phase θi(t) for all ID i using Eq.(3) for every
∆t. The calculation of the phase continues while the ter-
minal connects to the AP, even if no data exists for trans-
mission. When the wireless terminal wants to send data
frame at time t, it calculates the back-off time (Backoff)
using Eq.(4) and phase θi(t) for each ID i. Then, the
wireless terminal sends the data frame, identical to the
behavior of CSMA/CA.

Backoff = ((| cos θi(t)| × α) mod N)× SlotTime (4)

In Eq.(4), SlotTime and α show the slot time interval
specified in IEEE802.11 and a coefficient for obtaining
the normalized phase, respectively. α is set equal to
100 [2]. Because SP-MAC uses cosine for calculation,
the access interval changes like the original CSMA/CA
(random value). If the wireless terminal detects the data
frame collisions, it calculates the new back-off time us-
ing Eq.(4) and the phase when the collision is detected
again. That is, SP-MAC does not use a binary increase
of back-off time. SP-MAC only sends the control pa-
rameters for calculating the phase at the beginning of
transmission. Hence, each wireless terminal works au-
tonomously based on the model for the synchronization
phenomena of coupled oscillators. Furthermore, because
SP-MAC is based on the original CSMA/CA, it can be
used for an environment where both the SP-MAC ter-
minals and the original CSMA/CA terminals exist [3].

4. Evaluation

In this section, we evaluate the performance of SP-
MAC using the network simulator ns2 [9].

4.1. Simulation environment

Table 1 and Fig. 1 show simulation parameters and
the simulation model. This network used IEEE802.11g
(PHY) for the wireless LAN environment, and SP-MAC
was implemented in all wireless terminals. We assumed
that the number of terminals N is stable and none of
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Table 1: Simulation parameters.
Simulator ns2 (ver.2.34)

Wireless LAN IEEE802.11g

AP’s buffer size 250 packet

Transport protocol UDP

Segment size 1000 byte

Simulation time 60 second

Multi-rate

Figure 1: Simulation model.

the terminals were moved. In this model, we considered
the case in which wireless terminals were the senders
and generated 60 seconds of traffic (each wireless ter-
minal generated one flow). Next, all wireless terminals
generate UDP traffic (30 Mbps). The simulation re-
sults showed averages of 10 trials. This study evalu-
ated the total throughput determined by receipt data at
the receiver terminal, the number of data frame colli-
sions, and the improvement ratio of the SP-MAC’s av-
erage throughput compared to CSMA/CA. In SP-MAC,
we set the control parameters [2] as follows. First, the
initial phase θi(0) and natural frequency ωi were set to
non-overlapped values in the range of (0, 1.0) and [0, 2.0],
respectively. Then, we set the coupling strength K to 5.
The control interval ∆t was set to 10 ms.

In this evaluation, we consider following two multi-
rate scenarios; (Case1) N − 1 terminals send data with
54 Mbps and one terminal sends data with 6 Mbps,
(Case2) N −1 terminals send data with 6 Mbps and one
terminal sends data with 54 Mbps. Note that Case1 and
Case2 show the impact of performance anomaly is small
or large, respectively. Table 2 indicates the estimated
total throughput using Eq.(2) in case of CSMA/CA.

4.2. Simulation results

Fig. 2 and Fig. 3 show the total throughput of all
wireless terminals when the number of flows changes
from 5 to 20. Fig. 2 and Fig. 3 indicate the result
of Case1 and Case2, respectively. From Fig. 2 and
Fig. 3, SP-MAC can get higher total throughput com-
pared to CSMA/CA in both cases. For example, in
Case1, when the number of flows is 5, 10, and 20, the dif-
ferences between CSMA/CA and SP-MAC are 5.8 Mbps,
10.1 Mbps and 13.3 Mbps, respectively. From the above
results, SP-MAC improves the total throughput drasti-
cally over the multi-rate WLAN environment compared
to CSMA/CA. Furthermore, the total throughput of SP-
MAC is close to the estimated value shown in Table 2.
From these results, we confirmed that SP-MAC can use
the bandwidth effectively in the multi-rate environment
than CSMA/CA. Here, Table 3 and Table 4 show the
number of data frame collisions. Note that each num-
ber in parenthesis indicates collision probability. Table 3
and Table 4 indicate the results of Case1 and Case2, re-
spectively. From Tables 3 and 4, the number of data

Table 2: Estimated total throughput of all terminals
when CSMA/CA is used for MAC protocol.

Number of flows 5 10 20

Case 1 20.8 Mbps 30.0 Mbps 38.6 Mbps

Case 2 7.3 Mbps 6.6 Mbps 6.3 Mbps
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Figure 2: The total throughput for each flow (Case1).
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Figure 3: The total throughput for each flow (Case2).

frame collisions (collision probability) increases with the
number of flows in each MAC protocol. However, SP-
MAC can dramatically reduce the number of data frame
collisions (collision probability) compared to CSMA/CA
in both cases. It is because the data transmission timing
of SP-MAC is specified by the synchronized phase with
phase shifting. That is, each terminal can send data
like TDMA. Therefore, SP-MAC can obtain higher total
throughput than CSMA/CA. Note that, the data frame
collisions only occur at the beginning of data transmis-
sion in SP-MAC. This is because each phase θi does not
synchronize at the beginning of data transmission.
Next, Fig. 4 and Fig. 5 plot the throughput improve-

ment ratio of SP-MAC compared to CSMA/CA in Case1
and Case2, respectively. From Figs. 4 and 5, SP-MAC
increases the throughput improvement ratio as the num-
ber of flows increases in both cases. In Case1, when
the number of flows is 20, the improvement ratio of SP-
MAC terminals with 54 Mbps rate are 1.9 times greater
than the one of CSMA/CA terminals. Moreover, the SP-
MAC terminal with 6 Mbps is 1.2 times greater than the
one of CSMA/CA terminal. This is because SP-MAC
can use the bandwidth effectively by avoiding data frame
collisions compared with CSMA/CA even if the num-
ber of flows increases. Furthermore, the throughput of
54 Mbps terminal in Case2 drastically improves compar-
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Table 3: The number of collisions for each flow (Case1,
each number in parenthesis indicates collision probabil-
ity).

Number of flows CSMA/CA SP-MAC

5 24129.8 (19.6%) 0.5 (0.4× 10−3%)

10 53868.2 (31.3%) 2.2 (1.2× 10−3%)

20 95943.2 (42.4%) 9.2 (4.4× 10−3%)

Table 4: The number of collisions for each flow (Case2,
each number in parenthesis indicates collision probabil-
ity).

Number of flows CSMA/CA SP-MAC

5 10557.6 (19.7%) 0.8 (1.9× 10−3%)

10 16561.8 (30.9%) 3.2 (7.7× 10−3%)

20 22928.7 (43.6%) 12.2 (29.2× 10−3%)

ing with the one in Case1. Especially, if the number of
flows is 20, the terminal with 54 Mbps can improve about
3.5 times larger than CSMA/CA. That is, the effect of
SP-MAC for the high rate terminal becomes larger in the
environment where the impact of performance anomaly
is large. On the other hand, the improvement ratio of
the terminal with 6 Mbps rate in Case2 is almost same
as the one in Case1. This is because the throughput of
6 Mbps terminals is mainly affected by the transmission
delay rather than the number of collisions.

From these simulation results, we confirmed that
SP-MAC can obtain higher total throughput than
CSMA/CA in two multi-rate environments.

5. Conclusion

The IEEE802.11 wireless LAN usually uses
CSMA/CA for the media access control. However,
in CSMA/CA, data frame collisions often occur with
the increase of the number of wireless terminals. To
solve this problem, the media access control method
based on synchronization phenomena of the coupled
oscillators (SP-MAC) has been proposed and evaluated
in the single-rate environment. In order to clear the
applicability of SP-MAC, this paper evaluated the
performance of SP-MAC in the multi-rate environment.
From simulation results, we confirmed that SP-MAC
can get higher total throughput compared to CSMA/CA
by avoiding data frame collisions dramatically in the
multi-rate wireless LAN environment. Future work
includes the evaluation of SP-MAC in the ad-hoc
networks and dynamic environments where the number
of wireless terminals changes.
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Abstract—The behavior of each node in Wireless
Multi-hop Networks (WMNs) is so complex that
comprehending network dynamics is challenging problem.
As one of the solutions, the analyses of WMNs have
attracted attention by many researches. This paper
presents throughput and delay analysis of IEEE 802.11
string-topology multi-hop networks. For obtaining those
with high accuracy, the operations of each node are
expressed in detail. These expressions are associated as a
network flow. Additionally, frame-existence probability,
which is a new parameter for expressing the property
in non-saturated condition, is defined. The validities of
obtained expressions are confirmed by comparing with
simulation results.

1. Introduction

Recently, the analyses of WMNs have attracted attention
by many researchers [1]-[5]. The string-topology network
is often selected as an analysis object of WMNs because
it is one of the fundamental and simple multi-hop
network topologies. The string-topology networks are
important in Vehicular Ad-hoc NETworks (VANETs)
[5]-[6]. Actually, many multi-hop network analysis
techniques were developed from the string-topology
multi-hop network analysis [1]-[3].

For obtaining the end-to-end throughput in
string-topology multi-hop networks, it was proposed
that the Medium Access Control (MAC)-layer operations
with respect to each node are expressed by using the
‘airtime’ expressions. The airtime is defined as time shares
of three states, which are transmission, carrier-sensing
and channel-idle states at each node. The airtime is
effective for expressing of the complex interferences
among network nodes. Additionally, by associating the
MAC-layer properties of network nodes with a network
flow, the maximum end-to-end throughput can be obtained
analytically [1]-[3]. However, this procedure is based on
the assumption that all the nodes have at least one frame
in the buffer, namely network is in saturated condition.
Therefore, airtime expressions cannot use in non-saturated
condition operation.

On the other hand, delay analyses of WMNs have been
also conducted [7]-[8]. The delay is an important factor
for evaluating the network in non-saturated condition.
The purpose of these analyses is for evaluating MAC
protocols. Therefore, it is assumed collision probability
of all the network nodes are identical. However, the
collision probabilities of network nodes are different one
another in WMNs. Therefore, quantitative predication
has not been obtained by using the previous procedure of
delay analysis of WMNs. For obtaining the end-to-end
delay of WMNs with high accuracy, it is necessary to

express the MAC-layer operations with respect to each
node. Additionally, it is necessary to consider the network
flow by associating the expressions with respect to each
node.

This paper presents the expressions of throughput and
delay of IEEE 802.11 string-topology multi-hop networks.
For obtaining two evaluations analytically, the MAC-layer
operations with respect to each node are considered by
using the airtime expression. For expressing the properties
in non-saturated condition, a new parameter, which is
frame-existence probability, is defined. The analytical
predictions agree with simulation results well, which show
validity of the obtained analytical expressions.

2. Throughput and Delay Analysis for IEEE 802.11
String-Topology Multi-hop Networks

In the proposed analytical expressions, all the
MAC-layer properties such as frame-collision probability
and frame-existence probability are expressed as functions
of transmission airtime and offered load. By using the
MAC-layer model, the problem of end-to-end throughput
derivation is narrowed to the transmission-airtime
determinations with respect to each node. For obtaining
the transmission airtime, the MAC-layer properties of
individual nodes are associated to network flow, which is
regarded as Network-layer characteristics. By using the
associations, the transmission airtimes of network nodes
are fixed uniquely and the end-to-end throughput and delay
in the string-topology network can be obtained.

Figure. 1 shows the network topology considered in this
paper. In this paper, H-hop string topology is considered.
The analysis in this paper is based on the following
assumptions [1]-[8]

1. Only the source nodes (Nodes 0) generate fixed sized
UDP data frames, payload size of which is P bytes,
following Poisson distribution. The destinations of the
frames generated by Nodes 0 is Nodes H.

2. Channel conditions of all the links are ideal.
Namely, transmission failures occur only due to frame
collisions.

3. Node i can transmit DATA and ACK frame only to
Nodes i ± 1. Additionally, Nodes i ± 1 and i ± 2 can
sense Node-i transmissions. Namely, Nodes i and i±3
are in the hidden node relationships [9]

2.1. Airtime

The transmission airtime is the time share of frame
transmissions, which includes both the successful- and the
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Figure 1: H-hop string-topology network

failure-transmission times. The transmission airtime of
Node i is expressed by

Xi = lim
Time→∞

S i

Time
, (1)

where S i is the sum of the durations of the DATA frame
(DATA) transmission, ACKnowledgement frame (ACK)
transmission, Distributed InterFrame Space (DIFS) and
Short InterFrame Space (SIFS) of Node i. By using Xi,
the throughput of Node i is expressed as

Ei = Xi × (1 − γi) ×
P
T
, (2)

where γi is the collision probability of Node i and T =
DIFS +DAT A+S IFS +ACK, where DIFS is the duration
of the DIFS, DAT A is the transmission time of the DATA,
S IFS is the duration of the SIFS, ACK is the transmission
time of the ACK.

Carrier-sensing airtime is expressed as the sum of
frame-transmission durations in all the nodes in the
carrie-sensing range. The carrier-sensing airtime of Node i
is

Yi =

i+2∑
j=i−2, j,i

X j −
i−1∑

j=i−2

(
X jX j+3

1 − X j+1 − X j+2

)
− Xi−2Xi+2

1 − Xi
. (3)

When a node is in neither transmission state nor
carrier-sensing states, the channel related with the node is
idle. Namely, the channel-idle airtime is expressed as

Zi = 1 − Xi − Yi (4)

2.2. Collision Probability, Transmission Probability,
Frame-Existence Probability

In string-topology networks, two types of frame
collisions with carrier-sensing range nodes and hidden
nodes occur. Because these two collisions are disjoint
events, the frame-collision probability of Node i is
expressed as

γi =
a(Xi+3 + Xi)

1 − Xi+1 − Xi+2
+

1 − i+2∏
j=i−1, j,i

(
1 − τ j

) . (5)

In (5), the first term and the second one indicates hidden
node collision probability of Node i and carrier-sensing
nodes collision probability of Node i, respectively.
τi is transmission probability of Node i. In [4], the

simple expression of the Node-i transmission probability
in channel-idle state was obtained as

Gi =
Ri

Ui
=

1 + γ1
i + γ

2
i + · · · + γL

i

w0 + w1γ
1
i + w2γ

2
i + · · · + wLγ

L
i

(6)

where Ri is the average number of transmission attempts for
Node i and Ui is the average slot number of BT-decrement
for one-frame transmission success for Node i. ws is
the expected value of initial BT value for s-th frame
retransmission, which is expressed as

ws =


2s(CWmin + 1)

2
, for s = 0, 1, 2, · · · , L′

CWmax + 1
2

, for s = L′ + 1, L′ + 2, · · · , L
, (7)

where CWmin and CWmax are the minimum and maximum
values of the contention window, respectively, L is the
retransmission limit number and L′ = log2

CWmax+1
CWmin+1 .

Gi is defined based on the assumption that the network is
in saturated condition [4]. The frame-existence probability
is considered for expressing the non-saturated condition in
this analysis. The frame-existence probability qi is defined
as the probability that Node i has at least one frame when
it is in the channel-idle state. The BT decrement is carried
out only when a node, which is in the channel-idle state,
has frames.Therefore, an airtime that Node i decreases the
BT in whole time can be expressed as

Wi = qiZi. (8)

The average spending time of BT decrement for one
frame transmission success is expressed as Uiσ, where
σ is system slot time. Therefore, an airtime that Node i
decreases the BT in whole time is also expressed as

Wi = λi(1 − Vi)Uiσ. (9)

where λi is frame-reception rate of Node i and Vi is
buffer-blocking probability of Node i, which is obtained in
Section. 2.4. From (8) and (9), frame-existence probability
is obtained as

qi =
λi(1 − Vi)Uiσ

Zi
(10)

In the string-topology network as shown in Fig 1, it is
regarded that the frame-reception rate of Node i is the same
as throughput of Node i − 1. The reception rate for Nodes
0 is network offered load O. Namely, E−1 = O. From (2),
the frame-reception rate of Node i is expressed as

λi =
Ei−1

P
=

Xi−1(1 − γi−1)
T

(11)

By using frame existence probability, the transmission
probability of Node i is expressed as

τi = qiZiGi = λi(1 − Vi)Riσ (12)

2.3. Flow Constraint in Multi-hop Networks

The transmission airtimes of network nodes are fixed
by taking into account Network-layer properties. Because
each airtime depends on the states of neighbor nodes,
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Figure 2: Buffer queueing model of Node i.

transmission airtimes of network nodes are associated with
Network-layer properties.

When the retransmission counter reaches the
retransmission limit L, the frame is dropped following the
DCF policy. Additionally, the frame is dropped when the
buffer of receiver is full. Therefore, the throughput of each
node should satisfy

Ei = Ei−1(1 − γL+1
i−1 )(1 − Vi). (13)

The relationship in (13), which is called as the
flow-constraint condition, expresses the network-layer
property. By eliminating Ei and P from (2), (11), and (13),
we have

Xi =
λi(1 − Vi)T (1 − γL+1

i )
1 − γi

(14)

2.4. Buffer-Blocking Probability

The buffer queue is modeled by using airtime expression
and queueing theory. Figure 2 shows the buffer queuing
model of Node i, where K is the buffer size and µi is
frame-service rate of Node i. The frame-service time is
defined as the average time interval between the instant
when a frame reaches the top of the transmission-node
buffer and the one when the frame is transmitted
successfully to the next node. Namely, the frame-service
time is the same as MAC access delay. The frame-existence
probability in whole time with respect to Node i is
expressed as

Qi =
Xi + qiZi

1 − Yi
=

Xi + qiZi

Xi + Zi
. (15)

Because the ratio of the sum of the BT-freezing
and BT-decrement durations to transmission duration is
QiYi+qiZi

Xi
, the frame-service time of Node i is expressed as

DMi = TRi

(
1 +

Xi + qiZi

Xi

)
=

(TRi + σUi)(1 − Vi)
Xi + Zi

=
1
µi

(16)

The utilization rate of Node i is obtained as

ρi =
λi

µi
=

Xi + qiZi

(Xi + Zi)(1 − Vi)
=

Qi

1 − Vi
. (17)

From the buffer-queueing model in Fig. 2, the steady
state probability that the Node i has k frame is expressed
as

πi,k =
ρk

i − ρk+1
i

1 − ρK+1
i

. (18)

Because the buffer-blocking probability is the same as the

Table 1: System Parameters

Data rate 18 Mbps
ACK bit rate 12 Mbps

DAT A 128 µsec
ACK 32 µsec
S IFS 16 µsec
DIFS 34 µsec

slot time(σ) 9 µsec
CWmin 15
CWMax 1023

Buffer size K 100
Retransmission limit(L) 7

steady state probability that the Node i has K frame, namely

Vi = πi,K =

(
Qi

1 − Vi

)K

−
(

Qi

1 − Vi

)K+1

1 −
(

Qi

1 − Vi

)K+1 . (19)

From (5), (11), (12), (14) and (19), 7H algebraic
equations are obtained. These equations contain 5H
unknown parameters, which are Xi, τi, γi, λi, and Vi, for
i = 0, 1, 2, . . . ,H − 1. It is possible to fix the 5H unknown
parameters and the offered loads are given. In this paper,
Newton’s method is applied for obtaining the 5H unknown
parameters.

2.5. End-to-End Delay

In the string-topology multi-hop networks as shown in
Fig. 1, the end-to-end delay is defined as the duration from
the instant when a frame is generated at the source node to
the one when the frame is received at the destination node,
which is the sum of the single-hop transmission delay from
Node 0 to Node H − 1. Each single-hop transmission delay
consists of two parts, which are the MAC access delay and
the queueing delay.

By using the buffer-state probability, queueing delay of
Node i is expressed as

DQi =

K∑
k=1

[
DMi

2
+ (k − 1)DMi

]
πi,l (20)

Because the end-to-end delay is the sum of the single-hop
transmission delay from Node 0 to Node H − 1, the
end-to-end delay of string-topology network is

D =
H−1∑
i=0

(DMi + DQi ). (21)

3. Simulation Verification

In this section, the validity of the obtained analytical
expressions are discussed by comparing with the results
from ns-3 simulator [10]. Table 1 gives system parameters
based on the IEEE 802.11a standards. The payload size is
100 bytes.
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Figure 4: End-to-end delay of nine-hop network as a
function of offered load.

Figure 3 shows end-to-end throughput in fixed hop
network as a function of offered load. It is confirmed
from Fig. 3 that the analytical predictions agree with the
simulation results quantitatively. This means that the
analytical equations presented in this paper can express
both non-saturated and saturated condition described
above.

Figure 4 shows end-to-end delays of the nine-hop
network as a function of offered load. In Fig. 4, analytical
results from the proposed analytical expressions and from
the model in [8] are plotted. It is seen from Fig. 4 that
analytical results in [8] have differences from simulation
results. This is because it is assumed that all the
properties are identical for all the network nodes in the
conventional analysis approach. It is seen from Fig. 4 that
analytical results from the proposed expressions agree with
simulation result well. This is because the MAC-layer
properties with respect to each node can be expressed
individually in the presented analysis.

4. Conclusion

This paper has presented the expressions of throughput
and delay for IEEE 802.11 string-topology multi-hop
networks. For obtaining two evaluations analytically,

the MAC-layer operations with respect to each node are
considered by using the airtime expression. For expressing
the properties in non-saturated condition, a new parameter,
which is frame-existence probability, is defined. The
analytical predictions agree with simulation results well,
which show validity of the obtained analytical expressions.
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Abstract—BDD, which is a compressed data struc-
ture used to represent a Boolean function compactly,
has been widely applied to a variety of problems in in-
formation networking research: e.g., reliability evalua-
tion, network optimization, configuration verification,
packet classification, and so on. This paper, for the
first time ever, presents a taxonomy of BDD applica-
tions and provides a basic framework of its use.

1. Introduction

Information networking technologies have been
achieving tremendous growth as an indispensable in-
frastructure in our society. The technologies have
been studied from a wide variety of perspectives
such as optimization techniques on network design,
verification methods on network configurations, effi-
cient packet manipulation algorithms and so on. Re-
cently, software-defined networking [1], which is a new
paradigm to resuscitate rich and centralized manage-
ment schemes, has asked researchers to investigate
more sophisticated solutions for networking. In this
research trend, a binary decision diagram or BDD [2,3]
has been taking an important position in many top-
ics: e.g., reliability evaluation [4,5], network optimiza-
tion [6], packet classification [7], configuration veri-
fication [8], traffic measurement [9], policy enforce-
ment [10] and publish/subscribe systems [11].

The reason why BDD has been used for such var-
ious applications is considered as follows: BDD is
a powerful weapon to manipulate arbitrary discrete
data. BDD is a data structure designed to represent a
Boolean function, f(x) ∈ {>,⊥}, where x = x1x2 . . .
is a vector of Boolean variables, and > and ⊥ are true
and false respectively. In BDD, a Boolean function is
stored in a highly compressed manner, and arbitrary
logic operations can be performed very efficiently with-
out decompression; e.g., given two Boolean functions,
f and g, AND of them, f ∧ g, can be obtained readiy.
BDD was originally invented for VLSI logic design,
but Boolean functions can represent several types of
discrete data; e.g., for a family of sets, xi can be con-
sidered as the existence of i-th set element. Although
BDD was invented in 1986 [2], almost thirty years ago,
there are still many interesting and exciting research
topics related to it [12].

Despite of the growing popularity of BDDs in the

networking research, there has been no literature that
describes the application framework of BDDs to net-
working problems, to the best of our knowledge. This
paper thoroughly discusses the use of BDDs in the
networking research for the first time ever. There are
two major streams in applying BDDs to the problems
found in networking.

• BDD as network graph. A network, or a graph
representing the network, is considered as a set of
edges. A BDD is used to represent a family of sub-
graphs (or a family of edge subsets) that satisfy
a given constraint. The BDD, therefore, main-
tains a feasible solution space, in which the opti-
mal solution could be searched for or the feasible
probability could be summed up. Since BDD it-
self cannot understand graph-theoretic properties
such as loop-free nature or connectedness, BDDs
used to be an unsuitable option to handle graph
models. Recently, a novel algorithm that effi-
ciently builds a BDD of given graph properties
has been developed [13], and this stream now be-
comes an attractive approach to the networking
community. Example applications of this stream
include the network reliability evaluation and the
network configuration optimization.

• BDD as packet bits. In the second stream,
a packet, or a sequence of bits, is considered as
a Boolean vector. A BDD represents a Boolean
function of the bits, and is often used to test
whether a given packet is matched to a condi-
tion. Since BDD only identifies binary states,
i.e., > or ⊥, its application was limited to fire-
wall analysis [14], in which packets are classi-
fied into two classes, “accept” or “drop”. Lately,
BDDs have been successfully extended to repre-
sent multi-valued functions [7], and they are now
able to classify packets based on several actions,
such as next-hops or labeled paths. Example ap-
plications of this stream include packet classifica-
tion and configuration verification.

2. BDD and Accompanying Techniques

A BDD is a graphical representation of a Boolean
function. Fig. 1 shows examples of BDD. As shown in
Fig. 1, a BDD is an acyclic directed graph with a single
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Figure 1: (a) BDD representing f(x) = (x1∧¬x2∧¬x4)∨
(x1 ∧x3 ∧¬x4)∨ (¬x1 ∧¬x3∧¬x4); a dotted arc indicates
0-child, while a solid arc is 1-child. (b) BDD of g(x) =
¬x1 ∨ (x1 ∧ ¬x2). (c) BDD of f ∧ g with weights.

root node, x1, and two terminal nodes, ⊥ and >. Each
non-terminal node is labeled as i-th variable, xi, and it
has two labeled arcs, 0-child and 1-child, each of which
indicates whether xi is 0 or 1. A path from the root to
a terminal corresponds to a value of Boolean vector, x,
or a set of values when some variables are skipped (e.g.,
the red BDD path in Fig. 1a, on which x3 is skipped,
expresses the value of x = 10 ∗ 0, where ∗ means the
value of corresponding variable is “don’t care”). The
variables must be in the same order from the root to
a terminal on every path. The terminal node at the
end of path indicates the value of f(x). The height, or
the path length, is never greater than the number of
variables. Common prefix and suffix are shared among
paths for compression (e.g., two paths, 10∗0 and 1110,
share prefix x1 = 1 and suffix x4 = 0 in Fig. 1a). It
is believed that BDDs are well compressed for most
practical functions [15]. BDD size is defined as the
number of non-terminal nodes in it, and is denoted by
||f || if the BDD represents function f (e.g., BDD of
Fig. 1a has five non-terminal nodes).

BDD defines an efficient algorithm named Apply,
which performs arbitrary logic operations over two
operand BDDs and constructs the resulting BDD [2].
The operation is conducted very efficiently, because it
is directly executed without decompressing the BDDs.
The worst-case BDD size can be quite large, ||f♦g|| ≤
||f || · ||g||, given that ♦ is an arbitrary operator. How-
ever, the size is usually considerably smaller than this
worst-case upper bound, closer to ||f || + ||g|| [16].
Fig. 1c shows an example of AND operation. Ap-
plying such logic operations over several BDDs, much
more complicated BDDs can be constructed. This
is a powerful tool used to solve many mathematical
problems. Let’s assume a constraint satisfaction prob-
lem, or an optimization problem with constraints. If
the constraints are given by a combination of Boolean

Pr=1	Pr=0	

Pr=0.9*0+0.1*1=0.01	

Pr=0.9*0+0.1*0.01=0.001	

x1	

x2	

x3	

T	

T	

x4	

w1=4	

w2= -1	

w3=3	

w4= -5	

Pr=0.9*0+0.1*0.001=0.0001	

Pr=0.9*0.0001+0.1*0.001=0.00019	

Figure 2: Calculation process of feasible probability.
Given truth probabilities for each variable, Pr(xi = 1) =
0.9 ∀i ∈ {1, 2, 3, 4}, and assume that Pr(>) = 1 and
Pr(⊥) = 0 for terminal nodes. The probability of each
BDD node is calculated from the terminals, and that of
the whole feasible space is obtained at the root node.

functions, the feasible space can be represented as a
BDD by performing appropriate logic operations over
BDDs of constraints. The BDD can be constructed
even if the constraints form a non-convex space. Once
a BDD of feasible space is obtained, several techniques
can be conducted on it, as follows.

• Feasibility check. Given a solution, it is trivial
to determine whether the solution is feasible by
traversing the corresponding path on the BDD;
e.g., in Fig. 1a, x = 1010 is feasible, because the
corresponding red path ends at the >-terminal.

• Optimization. Given a linear objective function,
the optimal solution is easily found by dynamic
programming; e.g., for minx 4x1 − x2 + 3x3 − 5x4

s.t. f ∧ g = > in Fig. 1c, we find x? = 0100 as
the shortest path to the >-terminal.

• Counting. Given probabilities of becoming true
for each variable, the probability of realizing fea-
sible solutions can be calculated by summing up
it from the bottom to the root, as shown in Fig. 2.

In addition to the traditional techniques described
above, BDD has gained two more great advances
lately.

• Graph properties. Consider a network is de-
fined as a set of edges, and xi indicates the ex-
istence of i-th edge; a BDD represents a family
of subgraphs (a family of edge subsets). Frontier-
based search [13] directly constructs a BDD of
given graph properties, without repeatedly per-
forming logic operations. Fig. 3 shows a BDD of
all trees connecting specified vertices. Specifying
a combination of several graph properties, many
complicated graph types are supported, such as
Steiner trees, spanning forests, Hamilton paths,
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x1	

x2	

x3	

x4	

x1	

x2	 x2	

x3	

x4	

T	

T	

(a) Network	 (b) BDD	

Figure 3: (a) Graph representing a network. The use of
i-th edge is indicated by xi. (b) BDD representing a set of
trees connecting red vertices in the network.

Euler cycles, k-cliques, independent sets, con-
nected components, and so on. The resulting
BDD can be used to perform a logic operation
or the traditional techniques above. This search
method was independently developed for limited
graph types [4, 16, 17], but they have been inte-
grated as a unified framework in [13], and so it
can be applied to various practical problems now.

• Multi-valued functions. Assume a BDD rep-
resenting a set of packet bits; for instance, it
is specified by a so-called “5-tuple” rules (i.e.,
source/destination IP prefixes, source/destination
port ranges, and protocol). Multi-valued decision
diagram, or MDD, maps the bits to more than
two values; i.e., F (x) ∈ {1, 2, . . .}. The solution
space can be “colored” by several subspaces, while
the space is divided into only > and ⊥ with BDD.
MDD can be used not only for analyzing firewalls,
but also for classifying a packet into several ac-
tions like determining next-hop switches or select-
ing a labeled path, as shown in Fig. 4. Moreover,
the length of MDD path is shrunk by aggregating
multiple bits into a single variable, and the corre-
sponding color (action) is looked up very quickly.
MDD was originally studied in the LSI-CAD com-
munity [18], and recently its construction algo-
rithms tailored to packet manipulation have been
proposed in [7].

3. Taxonomy of BDD Applications in Informa-
tion Networking

This section describes four typical applications of
BDDs studied in the networking community.

x1x2	 x3x4	 Action	
[0,1]	 [1,3]	 To 1	
[1,1]	 *	 To 2	
[2,3]	 [0,2]	 To 1	
*	 *	 Drop	

x1x2	

Drop	

x3x4	 x3x4	

To 1	 To 2	

x1x2= 0 or 1	 x1x2= 2 or 3	

0	

1, 2, or 3	

0 or 2	
1	

3	

(a) Rules	 (b) MDD	

Figure 4: (a) Rule table. Each rule associates two header
fields with actions. (b) MDD representing the rules. Since
consecutive two-bits are aggregated in the MDD, non-
terminal nodes are labeled by the two-bits while arcs are
labeled 0- to 3-child.

3.1. BDD as Network Graph

• Network reliability is defined as the probability
with which specified vertices are connected under
possible edge failures. This is a straight-forward
application of BDD, and it can be simply calcu-
lated as follows. First, all subgraphs connecting
the specified vertices are represented as a BDD
by the frontier-based search. Secondly, the feasi-
ble probability is obtained on the BDD like Fig. 2.
Reference [4] showed that the network reliability
can be calculated in a few minutes with a net-
work of hundreds edges. Reference [5] extends
this method by logic operations, so as to support
vertex failures as well as edge failures. BDD is
considered as the most efficient method to evalu-
ate the network reliability.

• Network optimization also can be performed
by combining some techniques described in Sec-
tion 2. First, BDDs representing each constraint
are constructed separately by the frontier-based
search and/or logic operations (e.g., assume fi
represents i-th constraint). Secondly, the AND of
all the constraints is calculated (e.g.,

∧
i fi). Fi-

nally, the optimal solution is searched for on the
ANDed BDD, as described in Section 2. Refer-
ence [6] found the optimal network configuration
(optimal subgraph) in a smart grid network with
nearly five hundreds power-lines. This is the first
work to successfully optimize such a large-scale
power system.

3.2. BDD as Packet Bits

• Packet classification is a functionality that de-
termines the action taken on a packet based on
multiple header fields. Assume that a set of pri-
oritized rules is given, as shown in Fig. 4a. First,
BDDs corresponding to each rule are constructed
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(e.g., fi for i-th rule). Since i-th rule is masked
by the upper rules, the overlapped region must
be subtracted (e.g., f ′

i = fi ∧ ¬
∨

j<i fj). Sec-
ondly, BDDs are converted into MDDs by replac-
ing the >-terminal with the corresponding action.
Finally, all the MDDs are unified with an OR-like
operation, and the MDD representing the whole
rules is obtained, such as Fig. 4b; consecutive bits
are aggregated if needed. Reference [7] proposed a
more sophisticated classification method designed
for the software-defined networking; the method
classifies 10 million packets per second (roughly
10 Gbps) against hundreds of thousands of rules.

• Configuration verification examines forward-
ing rules of network devices in a network, in or-
der to check the conformity with a network pol-
icy, such as loop-free, no blackhole, and waypoint-
ing. Assume that BDDs of each rule, f ′

i , has
been calculated, similarly with packet classifica-
tion. Given a Boolean function representing a set
of packets, p, and a rule, f ′

i , their AND, p ∧ f ′
i

indicates a set of packets matched to the rule. If
we have a sequence of rules that form a path of
interest, (f ′

1, f
′
2, . . .), their AND,

∧
i f

′
i , is a set of

packets traversing the path. This technique allows
us to identify whether some packets can traverse
a path violating a network policy. Reference [8]
verified a network with hundreds of thousands of
rules just in a few seconds. BDD yields the fastest
record on the network configuration verification.

4. Conclusions

This paper describes applications of BDDs in the
networking research. Readers interested in BDDs can
try it with open-source implementations. CUDD1 is a
pure BDD implementation. Graphillion [19]2 provides
an easy graph abstraction over BDDs.

Since BDD is a means to exactly represent a Boolean
function, it has been often applied to applications that
inhibit approximation like verification. Recently, a
novel technique that constructs a relaxed BDD was
proposed [20], which balances between exactness and
scalability. We believe that this new approach will
broaden the possibility for BDDs in the information
networking community.
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Abstract– With significant increase of mobile traffics 
and mobile services, signaling processing load is making 
big impact to the mobile communication network. In order 
to deal with the increasing signaling loads, service-specific 
network virtualization has been developed. By network 
function virtualization, it is possible to improve efficiency 
and fault tolerance by flexibly and dynamically assigning 
the signaling loads to appropriate servers. However, since 
there are the processing overheads in virtualization, it is an 
important issue to reduce the signaling processing delay 
caused by the virtualization. In this paper, we minimize the 
processing delay by optimizing the assignment of the 
signaling functions to multiple servers. Based on the actual 
signaling, we formulate an optimization problem to 
minimize the communication delay cost. Our computer 
simulations show that the proposed scheme could 
minimize the processing delay.

1. Introduction

 All-IP mobile communication network has been 
developed and standardized. Recently, various wireless 
communication services, such as voice calls, short 
messages and various IP-based applications, are used on 
various types of smart mobile phones. By significant 
increase of such mobile services, signaling processing 
load to establish such mobile communication sessions is 
becoming a big impact to the mobile core networks [1]. In 
the mobile core networks, the Evolved Packet Core (EPC) 
and the IP multimedia subsystem (IMS) work to establish 
various wireless communication services. With increase of 
mobile service requests, processing loads to the EPC and 
the IMS is becoming serious issue.

 In order to solve this issue, network virtualization 
technology is introduced to the mobile core networks [2] 
[3]. The functions of the EPC and the IMS have been 
implemented as a virtual function, which is software 
running on a number of physical servers. 

In the mobile core network virtualization, although 
flexibility of assignment of the signaling load becomes 
very high, the processing speed of the virtualized servers 
is slower than physical dedicated servers. It is important to 
reduce such overhead of virtualization.

In this paper, we minimize the virtualization overhead 
by optimizing assignment of the computational resource 
of software-defined EPC/IMS. We formulate the 
optimization problem based on the problem definition in 
ref. [4]. By solving the optimization problem, we show the 
possibility of minimization of virtualization overhead.

2. The Architecture of Mobile Core Network

Figure 1 illustrates the mobile communication network 
architecture assumed for this study, which is composed of 
EPC and IMS. This network provides mobile 
communication services such as calling and messaging for 
user equipments (UEs). EPC bases on IP protocols, as 
standardized by IETF and OMA, enhanced by the 3GPP 
specifications and can coordinate several wireless access 
systems such as WLAN, WMAN and 3GPP2 radio access 
systems not only LTE [5]. The Core Network provides the 
handover and the control of Quality of Service (QoS). 
These are not dependent on a specific wireless access 
system and realized by a common mechanism. IMS is 
composed of multiple functions that manage and control 
voice service, messaging service, the databases of 
subscriber information and the network gateways.

Figure 1: Architecture of mobile core network.

EPC is composed of a mobility management entity 
(MME), a serving gateway (SGW), a packet data network 
gateway (PGW), and policy and charging rules function 
(PCRF). The IMS is composed of two types of call 
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session control functions (CSCFs), home subscriber server 
(HSS), and application servers (ASs), service 
centralization and continuity AS (SCC AS), and media 
resource function (MRF). Figure. 2 shows the initial 
attach procedure of UE. A user needs to register with the 
network to receive services that require registration. This 
registration is described as network attachment. When the 
power is turned on, the UE registers itself with the EPC 
(this is the ‘‘attach’’ procedure). In this procedure, the 
EPC performs location registration of the UE, assigns it an 
IP address, and establishes a default bearer for exchanging 
SIP messages between the UE and IMS. After completing 
Attach, the UE exchanges SIP messages (REGISTER and 
its response) with the IMS and register itself. 

Figure 2: Attach procedure of User Equipment.

3. Virtualization of Mobile Core Network

Communications congestion caused by the spreads of 
mobile devices, it is necessary for the core network to 
minimize the impact on services of the user even when a 
failure occurs. In recent years, server virtualization and 
network virtualization such as Software-Defined Network 
has been studied to expand and apply to the network of 
the telecommunications operator [6] [7]. While control 
signals and traffic in the network increase, it is necessary 
to prepare properly the computational resources required 

to service requests of the users in the core network. 
Applying server virtualization and network virtualization 
to core networks enables a flexible allocation of server 
resources in response to the service request quantity. Also 
even if there is a failure in a part of the server to assign 
other server newly, by alternative processing of a new 
service request, it is possible to service operation that does 
not continue the fault effects [8]. 

4. Combined Optimization of Assignment for 
Virtualized Functions on the Virtual Infrastructure

For Virtualized Mobile Core Network, it is necessary to 
operate effectively to assess the overall processing delay. 
Virtualized EPC/IMS network is composed of functions in 
IMS/EPC as virtual machines (VMs) on physical servers 
[2].

In this paper, we formulate a combinatorial 
optimization problem by defining the state variable 
including the virtual function assignment to minimize the 
delay of session establishment. We define the state of the 
function assignment by one state variable lipx  , which 

becomes 1 when the virtual function i  runs on the 
physical server p  specified by the service l , otherwise 

lipx  becomes 0. The communication sequence of specific 
service (e.g., voice call, messaging or multi-device 
service) provided by EPC/IMS is given. We define lkis  as 
the generation of a signaling message at the virtual 
function, which is 1 when the function i  send the 
signaling message at the -thk  in the sequence of the 
service l, otherwise 0. P  is the number of physical servers 
in the system, I  is the total number of virtual functions, 
L  is the number of services provided by EPC/IMS, lK  is 
the number of processing in service l . 

When virtual functions communicate between different 
physical servers, we define the coefficients of the 
commutation delay by pqβ ; the delay time 1T  can be 
formulated as

1 ( 1)
1 1 1 1 1 1

,
lKL I I P P

pq lki l k j lip ljq
l k i j p q

T s s x xβ +
= = = = = =

= ∑∑∑∑∑∑  (1)

when virtual functions running on the same physical 
server p  communicate signaling messages, we formulate 

the communication delay 2T  using the coefficient pγ  as

2 ( 1)
1 1 1 1 1

,
lKL I I P

p lki l k j lip ljp
l k i j p

T s s x xγ +
= = = = =

= ∑∑∑∑∑  (2)
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using lkδ  as the coefficients of the processing delay at the 
-thk process in the sequence of service l  and processing 

time 3T  is

3
1 1 1 1

,
lKL I P

lk lki lip
l k i p

T s xδ
= = = =

= ∑∑∑∑  (3)

each physical server can have multiple virtual machines 
and one virtual machine must be allocated to one physical 
server

1
1, , .

P

i
p

l px i I l L
=

=  ∈ ∈∑  (4)

By using the equation (1)-(4) we formulate a 
combinatorial optimization problem to optimize the total 
delay of providing mobile communication services as 
follows,

1

Minimize ( )

subject to 1, , .

1

lip

2 3

P

p

f T +T +T

x i I l L
=

=

=  ∈ ∈∑
x

x

 (5)

In order to minimize the total delay of providing mobile 
communication services, we have to find the optimal state 
variable lipx  which minimize the sum of 1T , 2T  and 3T .

5. Simulations and Evaluation

We simulated the delay of session establishment, when 
the network has nine kinds of functions on multiple 
physical servers. We used the sequences of multi-device 
service and voice call service as examples.

Based on actual measurements, the parameters are used 
as follows. The delay of communication between servers 
coefficient pqβ  is 0.7ms, the coefficient pγ  is set to 0.3ms 
using a virtual switch within one physical server. Also in 
this case, it is assumed that all processing in a virtual 
machine takes one by 2.0ms. We evaluate the total delay 
of the assignment using local search to the optimization 
problem as compared with the random allocation and the 
distributed allocation. In this paper, we use 2-opt 
exchanges as local search method.

Figure 3 (a) – (d) shows the overall delay to provide the 
service for each user in virtualized EPC/IMS toward the 
four kinds of ratio of voice call and multi device service. 
The ratio of voice call and multi device service in (a) is 
1:1, (b) is 9:1, (c) is 8:2 and (d) is 3:7. The multi device 
service needs more signaling loads than voice call service. 
The results show that the optimization of the resource 
allocation for virtualized functions can reduce the total 
delay for the providing services when the signaling load is 
big.

(a)

(b)

(c)
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(d)
Figure 3: The delay of providing the mobile 

communications services per user. (a) The ratio of 
voice call to multi-device service is 1:1. (b) The ratio is 

9:1. (c) The ratio is 8:2. (d) The ratio is 3:7.

Figure 4: The total delay of providing the mobile 
communication services per user at the increasing the 

number of service requests.

Figure 4 shows the relationship between the delay and 
the number of service requests. The delay at the optimized 
allocation is smaller than the delay at the random 
allocation.

6. Conclusion

To reduce the load of processing signaling messages in 
a mobile communication network, an approach that 
creates several virtual networks that are composed of 
network functions specialized for particular services have 
been proposed in the study of [2]. In this paper, we study a 
method that optimizes computational resource allocation 
for virtual machines in that virtualized Mobile Core 
Network. By taking a virtual network specialized for a 
multi-device service and a call service as examples, we 
conducted a sample numerical analysis where network 
virtualization overheads are taken into account. In 
addition, we have shown that the proposed mechanism 
could reduce the load under our assumption. In the future, 

we will confirm the effect of load reduction by simulation 
and a demonstration experiment.
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Abstract—This paper considers the synchronization of
coupled chaotic circuits with the parameter dispersion in
three topologies obtained from the small-world network
model. In particular, we focus on the parameter disper-
sion pattern based on the number of parameter mismatched
circuits. By means of the computer calculations, the syn-
chronization probabilities of each parameter dispersion pat-
tern in three network topologies are investigated. From the
simulation results, the small-world topology is shown to be
effective for the synchronization in the entire network.

1. Introduction

Complex networks have attracted a great deal of at-
tention from various fields since the discovery of “small-
world” network [1] and “scale-free” network [2]. In par-
ticular, how network topological structure influences its
dynamical behaviors, is a hot topic for understanding the
structural function on the networks and suitable for prac-
tical application in many disciplines. As the dynamics
on the networks, the synchronization is one of the typi-
cal phenomena. Especially, the synchronization phenom-
ena of coupled chaotic systems are very interesting [3].
However, there are not many studies for complex networks
of continuous-time real physical systems such as electri-
cal circuits. In our previous work, we have investigated
the synchronization phenomena of coupled chaotic circuits
on a complex network with local bridge [4]. We have fo-
cused on local bridge structure observed from the small-
world network. However, the circuit parameters were fixed
with same parameters for all chaotic circuits and the only
one network model were considered.

In this study, we investigate the global synchronization
of coupled chaotic circuits in the small-world network.
Wan and Chen reported the synchronization in the small-
world coupled Chua’s circuits [5]. We focus on “disper-
sion” of the parameter mismatched chaotic circuits, the
synchronization of coupled chaotic circuits in three net-
work topologies are studied. From the simulation results,
the synchronization probability of each parameter disper-
sion pattern in three network topologies are investigated.
Thereby, the small-world topology is shown to be effec-
tive for the synchronization in the entire network compared
with the regular network and the random network.
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Figure 1: Illustration of the WS model forN = 20 and
k = 4. (a) : Regular network,p = 0. (b) : Small-world
network,p = 0.1. (c) : Random network,p = 1.

2. Small-World Network Model

In 1998, Watts and Strogatz introduced very interesting
small-world network model, called the WS model [1]. The
WS model can be generated as shown in Fig. 1. Starting
from a ring lattice withN nodes andk edges per nodes in
Fig. 1(a), each edge is rewired at randomly with probability
p. The small-world network is known as the graph which is
characterized by highly clustering coefficient like a regular
graph and small path length like a random graph.

Topological structures in complex networks ofN nodes
andE edges can be evaluated by the typical three structural
metrics (degree, clustering coefficient and path length).
First, degree (k) shows the number of edges on a node. Sec-
ond, clustering coefficient (C) shows the number of actual
links between neighbors of a node divided by the number
of possible links between those neighbors. This is given as
follows:

C =
1
N

N∑
n=1

Cn =
1
N

N∑
n=1

2En

kn(kn − 1)
. (1)

Third, path length (L) shows the shortest path in the net-
work between two nodes. This is given as follows:

L =
2

N(N − 1)

N−1∑
m=1

N∑
n=m+1

l(m,n). (2)

In this research, we consider coupled chaotic circuits
in three network topologies obtained from WS model in
Fig. 1. Each topologies is called regular, small-world and
random, respectively. Table 1 shows the properties of three
networks as shown in Fig. 1.
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Table 1: Properties of three networks as shown in Fig. 1.
Regular Small-world Random

p 0 0.1 1
C 0.500 0.358 0.216
L 2.895 2.458 2.221

3. Coupled Chaotic Circuit

Figure 2 shows the chaotic circuit which is three-
dimensional autonomous circuit proposed by Shinrikiet
al. [6][7]. This circuit is composed by an inductor, a nega-
tive resistor, two capacitors, and dual-directional diodes. In
this study, we propose 20 coupled chaotic circuits in three
network topologies as shown in Fig. 1. In these network
models, chaotic circuits are applied to each node of the net-
work and each edge corresponds to a coupling resistorR.

First, the circuit equations are given as follows:

L
din
dt

= v2n

C1
dv1n

dt
= gv1n − idn −

1
R

∑
k∈Sn

(v1n − v1k)

C2
dv2n

dt
= −in + idn,

(3)

wheren = 1,2,3, ..., 20 andSn is the set of nodes which
are directly connected to the noden. We approximate the
i − v characteristics of the nonlinear resistor consisting of
the diodes by the following three-segment piecewise-linear
function:

idn =


Gd(v1n − v2n − V) (v1n − v2n > V)

0 (|v1n − v2n| ≤ V)

Gd(v1n − v2n + V) (v1n − v2n < −V).

(4)

By using the parameters and the variables:

in =

√
C2

L
Vxn, v1n = Vyn, v2n = Vzn

t =
√

LC2τ, “ · ” = d
dτ
, α =

C2

C1

β =

√
L

C2
Gd, γ =

√
L

C2
g, δ =

1
R

√
L

C2
,

(5)

the normalized circuit equations are given as follows:
ẋn = zn

ẏn = αγyn − α f (yn − zn) − αδ
∑
k∈Sn

(yn − yk)

żn = f (yn − zn) − xn,

(6)

The nonlinear functionf (yn − zn) corresponds to thei −
v characteristics of the nonlinear resistor consisting of the

-g

v2n

Ln

v1n

idn in

C1 C2

Figure 2: Chaotic circuit.

y

z

1.5

-1.5

1.5-1.5

Figure 3: Chaotic attractor of the circuit as shown in Fig. 2.
α = 0.5, β = 20 andγ = 0.5.

diodes and are described as follows:

f (yn − zn) =


β(yn − zn − 1) (yn − zn > 1)

0 (|yn − zn| ≤ 1)

β(yn − zn + 1) (yn − zn < −1).

(7)

This circuit generates asymmetric chaotic attractor as
shown in Fig. 3. The valuesy andz in Fig. 3 correspond to
v1 andv2 of the circuit in Fig. 2, respectively.

4. Parameter Dispersion

In this research, we fix the circuit parameters asα = 0.5,
β = 20, γ = 0.5 and δ = 0.7 for all chaotic circuits.
Additionally, the parameter mismatches∆α are added for
each circuit parameterα which is relating to the chaos de-
gree. Namely, the parameterα of each circuit is shown as
α = 0.5 + ∆α, respectively. We propose four patterns of
the parameter dispersion as shown in Fig. 4. Each pattern
is different in the number of the parameter mismatched cir-
cuits and the range of the parameter mismatches. By using
the proposed four patterns of the parameter dispersion, we
add the parameter mismatches for the circuits in the com-
puter simulations.

5. Synchronization

5.1. Definition of Synchronization

Figure 5 shows the example of the computer simula-
tion results when the parameter dispersion pattern 4 (see
Fig. 4(d)) in the small-world network. The vertical axes are
the difference between the voltages (corresponding tov1 of
the circuit in Fig. 2) of the nodes 1 and 2 or 7. Namely,
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(a) Pattern 1. (b) Pattern 2.

(c) Pattern 3. (d) Pattern 4.

Figure 4: Proposed four pattern of the parameter disper-
sion. Horizontal axis: the number of circuits. Vertical
axis: parameter mismatches∆α.
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(a) Nodes 1 and 2.
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(b) Nodes 1 and 7.

Figure 5: The example of the voltage difference between
two circuits when the parameter dispersion pattern 4 in the
small-world network and the definition of the synchroniza-
tion. (a) : Synchronization. (b) : Asynchronization.

if the two nodes are synchronized, the value of the graph
should be almost zero. In order to analyze the synchroniza-
tion state, we define the synchronization by the following
equation:

|yi − y j | < 0.01 (i , j). (8)

By means of the above definition of the synchronization,
we define that the nodes 1 and 2 in Fig. 5(a) are synchro-
nized perfectly. However, the nodes 1 and 7 in Fig. 5(b)
are almost evaluated as the asynchronization in this defini-
tion. Thus, we propose and investigate the synchronization
probability denoted the synchronization rate during a cer-
tain time interval. In this research, we fix a certain time
interval as (τ= 1,000,000 andstep= 0.01τ) and statisti-
cally investigate the synchronization probability in the en-
tire network of 20 coupled chaotic circuits.

5.2. Synchronization Probability

Figure 6 shows the investigation results of the synchro-
nization probability and the combinational sample of each
parameter dispersion pattern in three network topologies.
Each pattern corresponds to the four pattern in Fig. 4. The
vertical axes denote the synchronization probability in the
entire network during the certain time interval. If the syn-
chronization probability equals 100%, we can consider that
the entire network is synchronized perfectly. The hori-
zontal axes denote the combinational samples considered
from each parameter dispersion pattern. The combinational
of the parameter dispersion is considered a large number.
Therefore, we choose the 10 samples randomly as the com-
binational of the parameter dispersion in each pattern of
Fig. 4. From Fig. 6, we confirm that the networks become
to be difficult for the global synchronization by increasing
the number of the parameter mismatched circuits. On the
other hand, the synchronization probability in each pattern
depends on the combinational sample. Especially, when
the parameter mismatched circuits are the small number,
the global synchronization is strongly influenced from the
network topologies and the combinational of the parame-
ter dispersion. Figure 7 shows the average synchronization
probability in each network of Fig. 6. From this result, we
consider that the small-world topology is effective for the
synchronization in the entire network.

In addition, the complex relation between the parameter
mismatched circuit and the network topological structure
can be confirmed in this research. More detailed these re-
lation considering more large number of samples should be
investigated for our future works.

6. Conclusion

This paper considered the synchronization of coupled
chaotic circuits with the parameter dispersion in three net-
work topologies obtained from the WS model. In par-
ticular, we focused on the parameter dispersion pattern
based on the number of parameter mismatched circuits. By

Figure 7: Average synchronization probability of the com-
binational sample of each parameter dispersion pattern in
three network topologies.
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(a) Pattern 1. (b) Pattern 2.

(c) Pattern 3. (d) Pattern 4.

Figure 6: Relationship between the synchronization probability and the combinational sample of each parameter disper-
sion pattern in three network topologies.

means of the computer calculations, the synchronization
probabilities of each parameter dispersion pattern in three
network topologies were investigated. From the simulation
results, we consider that the small-world topology is effec-
tive for the synchronization in the entire network. More de-
tailed investigation considering more large-scale networks
should be carried out in our future works.
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Abstract—Over the past few decades, a consider-
able number of studies have been conducted on bifur-
cation and chaos in spiking neuron models. Among
them, Izhikevich neuron model as a hybrid neuron
model can induce many kinds of bifurcation behav-
iors and reproduce almost spiking activities observed
in the actual neural systems. Chaotic resonance (CR)
in which a system responds to a weak signal by the
effect of chaotic activities is known as one of the func-
tionality of chaos in neural systems. At this stage,
there have been few studies that examine the efficien-
cies of signal response in CR in spiking neural systems
with discontinuous after-spike resetting process. Thus,
in this paper, focusing on Izhikevcih neuron model, we
compare the characteristics of CR in the chaotic states
arising through period-doubling bifurcation route and
intermittency route to chaos.

1. Introduction

Chaotic resonance (CR) in which a system responds
to a weak signal by the effect of chaotic activities is
known as one of the functionality of chaos in neural
systems [1, 2]. In the CR phenomenon in spiking neu-
ral systems, chaotic behavior leads to the generation
of spikes not at specific times, but at varying scatter
times for each trial by input signals. Thus, the fre-
quency distribution of these spike timings against the
input signal becomes congruent with the shape of the
input signal [2].

Over the past few decades, a considerable number of
studies have been conducted on chaos and bifurcation
in spiking neural systems, such as Hodgkin-Huxley
type model, FitzHugh-Nagumo model and Hindmarsh-
Rose model [3]. Most notably, Izhikevich neuron
model as a hybrid neuron model, combining contin-
uous spike generation mechanism and discontinuous
after-spike resetting process, can induce many kinds
of bifurcation and reproduce almost all spiking activ-
ities observed in the actual neural systems by tuning
a few parameters [4]. The variety of reproduced spik-

ing patterns is high in comparison with other spiking
neuron models [5].

Furthermore, some methods to evaluate chaotic be-
haviors in the hybrid neuron system including state de-
pendent jump in its resetting process were developed
recently, such as bifurcation analysis on the Poincaré
section and Lyapunov exponent with a saltation ma-
trix on the system trajectory [6, 7]. With the aid of
them, we have revealed that there exist the period-
doubling bifurcation and the intermittency route to
chaos in different regions of parameters in Izhikevich
neuron model [8]. First one is the region around the
parameter sets for typical spiking patterns observed
in cerebral cortex [4]. Second one is the region includ-
ing the parameter set for chaotic spiking previously
presented by Izhikevich [5]. At this stage, the sig-
nal response of CR has not been evaluated yet in the
chaotic states produced through these different routes.
Thus, in this paper, we focus on these typical routes
to chaos in the Izhikevich neuron model and evaluate
their signal responses in CR.

2. Model and Method

2.1. Izhikevich neuron model

Izhikevich neuron model [4, 5] consists of two-
dimensional ordinary differential equations of the form

v̇ = 0.04v2 + 5v + 140− u+ I, (1)

u̇ = a(bv − u), (2)

with the auxiliary after-spike resetting

if v ≥ 30[mV], then

!
v ← c

u← u+ d.
(3)

Here, v and u represent the membrane potential of a
neuron and the membrane recovery variable, respec-
tively. The parameters a and b describe the time scale
and the sensitivity of u, respectively. I is the input
dc-current. To examine its response against a weak
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periodic signal S(t) = A sin(2πf0t), we extend Eq. (1)
as follows:

v̇ = 0.04v2 + 5v + 140− u+ I + S(t). (4)

Note that the sinusoidal signal is utilized merely as a
typical example of a signal in a neural system.

2.2. Evaluation indexes

2.2.1. Indexes for evaluation of chaos and bifurcation

To quantify the chaotic activity in Izhikevich neuron
model, the Lyapunov exponent with a saltation matrix
is utilized. On a system with a continuous trajectory
between the i-th and the (i+1)-th spiking times (ti ≤
t ≤ ti+1), the variational equations of Eqs. (1) and (2)
are defined as follows:

Φ̇i+1(t, ti) = J(v, u, t)Φi+1(t, ti), (5)

Φi+1(ti, ti) = E, (6)

where, Φ, J , and E indicate the state transition ma-
trix, the Jacobian matrix, and a unit matrix, respec-
tively. At t = ti, the saltation matrix is given by

Si =

"
v̇+

v̇− 0
u̇+−u̇−

v̇− 1

#
, (7)

In the above, (v−, u−) and (v+, u+) represent the val-
ues of (v, u) before and after spiking, respectively.
In case spikes arise in the range [T k : T k+1] [ms],
Φk(T k+1, T k) (k = 0, 1, · · · , N−1) [7] can be expressed
as

Φk(T k+1, T k) = Φi+1(T
k+1, ti)SiΦi(ti, ti−1)

· · ·S2Φ2(t2, t1)S1Φ1(t1, T
k). (8)

Based on the eigenvalues lkj (j = 1, 2) of Φk(T k+1, T k),
the Lyapunov spectrum λj is calculated by

λj =
1

TN − T 0

N−1$

k=0

log(|lkj |). (9)

In our simulation, we set T k+1 − T k as the time re-
quired for 20 spikes (i = 20). We set 1000 [ms] as
the maximum value in case T k+1−T k takes 1000 [ms]
before 20 spikes occur.

In order to conduct bifurcation analysis in the sys-
tem with a state-dependent jump, we set a Poincaré
section Φ(v = 30). The dynamics of system behavior
on Φ are given by Poincarémap φ. In the literature [6],
the stability of a fixed point u0 = φl(u0) (l = 1, 2, · · · )
are evaluated by

µ =
∂φl

∂u0
=

%
0 1

&' 0 0
−v̇/u̇ 1

(
Φ(tl, t0)

'
0
1

(
.

(10)

Here, u0 = (v0, u0) indicates the initial value of orbit
u = (v, u) at t = t0. |µ < 1|, µ = −1, and µ = 1 repre-
sent the stable condition, period doubling bifurcation,
and tangent bifurcation, respectively.

2.2.2. Indexes for evaluation of signal response

To examine the signal response, we calculate the
timing of the spikes against signal S(t) by using a
cycle histogram F (t̃) [10]. F (t̃) is a histogram of
firing counts at tk mod (T0) (k = 1, 2, · · · ) against
signal S(t̃) with period T0(= 1/f0), 0 ≤ t̃ ≤ T0.
For example, for T0 = 10, in case the spike times
are tk = 2, 6, 12, 16, 26, the values of tk mod (T0)
are 2, 6, 2, 6, 6. The cycle histogram then becomes
F (2) = 2 and F (6) = 3. Furthermore, we use the
mutual correlation C(τ) between the cycle histogram
F (t̃) of the neuron spikes and the signal S(t̃) as follows:

C(τ) =
CSF (τ)√
CSSCFF

, (11)

CSF (τ)

=< (S(t̃+ τ)− < S(t̃) >)(F (t̃)− < F (t̃) >) >,
(12)

CSS =< (S(t̃)− < S(t̃) >)2 >, (13)

CFF =< (F (t̃)− < F (t̃) >)2 > . (14)

For the time delay factor τ caused by the spike latency
against S(t), we check maxτ C(τ), i.e., the largest C(τ)
between 0 ≤ τ ≤ T0.

3. Results and Evaluations

3.1. Parameter regions to evaluate signal re-
sponse

At first, we introduce the parameter regions where
a chaotic state arises. Left-sided figures in Figs. 1
(a) and (b) show the dependencies of maximum Lya-
punov exponent λ1 on parameters of c and d in the
region around parameter sets for the spiking patterns
of regular spiking (RS), intrinsically bursting (IB)
and chattering (CH) (see right-sided figure in Fig. 1
(a)) and the region including the parameter set pre-
viously shown by Izhikevich for chaotic spiking (see
right-sided figure in Fig. 1 (b)), respectively. The
chaotic states (λ1 > 0) exist in −59 ! c ! −40,
d ≈ 1.0 in the former case and d ! −13 in the lat-
ter case. As the parameter regions for evaluating CR,
we chose 0.82 ≤ d ≤ 0.92 in the former region, and
−15.5 ≤ d ≤ −11 in the latter region, hereinafter
called region #1 and #2, respectively. Figure 2 in-
dicates the bifurcation diagram (black dots) and Lya-
punov exponents (red dotted (j = 1) and green dashed
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Figure 1: Dependence of maximum Lyapunov expo-
nent λ1 on parameters c and d. (a) Region around
parameter sets for RS, IB and CH. The symbols of
(+) indicate the parameter sets for RS and IB, CH
(a = 0.02, b = 0.2, I = 10). (b) Region around pa-
rameter set proposed by Izhikevich for chaotic spik-
ing. The symbol of (+) indicates the parameter set
for chaotic spiking (a = 0.2, b = 2, I = −99). These
figures are quoted from Ref. [8].

(j = 2) lines) as functions of parameter d in region
#1 case ((a)) and region #2 case ((b)). In Fig. 2
(a), the period-doubling bifurcation (µ = −1) arises
at d = 0.8348, 0.8828, 0.8916, 0.894 and the chaotic
state (λ1 > 0,λ2 = 0) appears d " 0.894. Hence,
the period-doubling bifurcation route to chaos exists
in this region. While, in Fig. 2 (b), the tangent bi-
furcation (µ = 1) arises at d ≈ −11.9 and the chaotic
state (λ1 > 0,λ2 = 0) appears. This chaotic state pro-
duced by tangent bifurcation indicates the intermit-
tency chaos alternating laminar and turbulent modes
in a general way [11]. That is, the intermittency route
to chaos exists in this region.

3.2. Signal response in chaotic resonance

In the above mentioned chaotic parameter regions
#1 and #2, we evaluate the response against a weak
signal (A = 10−2, f0 = 0.1). Figures 3 (a) and (b)
show the dependence of maxτ C(τ) (upper) and λj

(j = 1, 2) (lower) on parameter d in the region #1 and
#2, respectively. In the region #1 (Fig. 3 (a)), the
neuron exhibits the periodic spiking (λ1 ≈ 0,λ2 < 0)
in 0.82 ! d ! 0.88 and the chaotic spiking (λ1 >
0,λ2 ≈ 0) in 0.88 ! d ! 0.92. In the periodic spiking
state, the value of maxτ C(τ) is less than 0.1. While
in the chaotic spiking state, the value of maxτ C(τ) is
higher in comparison with the periodic spiking state.

(a)

(b)

Figure 2: Bifurcation diagram of ui and Lyapunov ex-
ponents λj (j = 1, 2). (a) Period-doubling bifurcation
case (called region #1) (a = 0.02, b = 0.2, c = −55, I =
10). (b) Tangent bifurcation case (called region #2)
(a = 0.2, b = 2, c = −56, I = −99).

Especially, at d ≈ 0.89 locating around the bifurcation
to chaos called edge of chaos [12], maxτ C(τ) has a
peak value (≈ 0.8). Thus, it can be interpreted that
CR arises in chaotic region and this efficiency is max-
imized at edge of chaos. In the region #2 (Fig. 3
(b)), the chaotic spiking state (λ1 > 0,λ2 ≈ 0) arises
in −15.5 ! d ! −12 and maxτ C(τ) is high value by
the effect of this chaotic spiking state. Also, the value
of maxτ C(τ) indicates the similar tendency of region
#1 (Fig. 3 (a)), i.e., at d ≈ −12.3 locating the edge of
chaos, maxτ C(τ) has a peak value (≈ 0.9).

Furthermore, Figs. 4 (a) and (b) show the scatter
plots between maxτ C(τ) and λ1 obtained in Figs.3
(a) (region #1 case) and (b) (region #2 case), respec-
tively. The red dotted line indicates the mean value
of maxτ C(τ) in the bin λ1 with window ∆λ1 = 0.005.
From these results, in both regions maxτ C(τ) has the
peak at appropriate value of λ1 (maxτ C(τ) ≈ 0.7 at
λ1 ≈ 0.03 in the region #1 case and maxτ C(τ) ≈ 0.9
at λ1 ≈ 0.04 in the region #2 case). These peaks cor-
respond to the points for the edge of chaos (d ≈ 0.89
in region #1 and d ≈ −12.3 in region #2) obtained
Fig.3. Hence, the efficiency of signal response in CR
has an unimodal maximum with respect to the stabil-
ity for chaotic orbits represented by λ1 and this peak
locates in the edge of chaos.

4. Conclusions

In this paper, we showed two kinds of routes to chaos
by using the Lyapunov exponent with saltation matrix
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and the index for stability of a fixed point on Poincaré
section. One is the period-doubling bifurcation route
to chaos and the other is the intermittency route to
chaos. Under the condition of inputing a weak peri-
odic signal, the enhancement of signal response by the
effect of chaotic spikes, i.e., CR has been confirmed
in the chaotic states induced by these routes to chaos.
Furthermore, we revealed that the efficiency of signal
response in CR has an unimodal maximum with re-
spect to the stability for chaotic orbits and this peak
locates in the edge of chaos.

In our future works, we will further examine the
mechanism to achieve a high efficiency of signal re-
sponse in the edge of chaos demonstrated in this study,
comparing between the systems with/without discon-
tinuous after-spike resetting process.
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Abstract— Investigation of synchronization phenom-
ena in chaotic oscillator is expected to application to
physics, biology, medical science, and engineering equiva-
lent. In this study, we focus on chaotic oscillation by apply-
ing parametrically excite to van der Pol oscillator, and ap-
ply small mismatch. We investigate synchronization phe-
nomena in random network with hub by using computer
simulation. In addition, we investigate more detailed ef-
fects of small mismatch added in hub. As a result, the small
mismatch to hub has effect on synchronization phenomena
in network.

1. Introduction

Synchronization is one of the fundamental phenomena
in nature and it is observed over the various fields. Stud-
ies on synchronization phenomena of coupled oscillators
are extensively carried out in various fields, physics [1], bi-
ology [2], engineering and so on. We consider that it is
important to investigate the synchronization phenomena of
coupled oscillators for the future engineering application.
The coupled van der Pol oscillator is one of coupled os-
cillators, and synchronization generated in the system can
model certain synchronization of natural rhythm phenom-
ena. The van der Pol oscillator is studied well because it
is expressed in simple circuit. Parametric excitation circuit
is one of resonant circuits, and it is important to investigate
various nonlinear phenomena of the parametric excitation
circuits for future engineering applications. In simple oscil-
lator including parametric excitation, Ref. [3] reports that
the almost periodic oscillation occurs if nonlinear inductor
has saturation characteristic. Additionally the occurrence
of chaos is referenced in Refs. [4] and [5].

In our research group, we have investigated synchroniza-
tion of parametrically excited van der Pol oscillators [6].
By carrying out computer calculations for two or three
subcircuits case, we have confirmed that various kinds of
synchronization phenomena of chaos are observed. In the
case of two subcircuits, the anti-phase synchronization is
observed. In the case of three subcircuits, self-switching
phenomenon of synchronization states is observed.

However, we have investigated the only simple network
models. It is important to investigate more complex net-

work for the broad-ranging future engineering applications.
In our previous study, we investigated synchronization phe-
nomena in random network by using parametrically excited
van der Pol oscillators with small mismatch [7]. First, two
oscillators are combined by resisters in one-dimensional
coordinate system. We have investigated synchronization
between two oscillators by changing the value of coupling
strength. We also investigated synchronization phenom-
ena of complex network by applying this circuit model to
ten coupled oscillators as random network model with hub
which include small mismatch in amplitude of parametri-
cally excitation to each of node. We focus on effect of small
mismatch of hub in random network through this previous
study by reason of we expect this mismatch make an effect
to synchronization phenomena in random network.

In this study, we investigate full synchronization in ran-
dom network by adding several types of small mismatch
to hub of random network. We confirm that the full syn-
chronous state depends on the small mismatch in hub.

2. Circuit Model

Figure 1 shows the parametrically excited van der Pol
oscillator.

id

n

i

C L
v

Figure 1: Parametrically excited van der Pol oscillator.

This circuit includes a time-varying inductor L whose char-
acteristic is given as the following equation.

L = L0γ(τ). (1)

γ(τ) is expressed in a rectangular wave as shown in Fig. 2,
and its amplitude and angular frequency are termed α and
ω, respectively. The α expresses the amplitude of function
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Figure 2: Function relating to parametrically excitation.

relating to parametrically excitation. The v − i characteris-
tics of the nonlinear resistor are approximated by the fol-
lowing equation.

id = −g1vk + g3vk. (2)

The normalized circuit equations are given by the following
equations.

dxn

dτ
= ε(xn − x3

n) − yn + δ
∑
k∈S n

(xk − xn)

dyn

dτ
=

1
γ(τ)

xn (n = 1, 2, 3, · · · , 10))
(3)

S n is the set of nodes which are directly connected to the
node n.

3. Random Network with Hub

We apply the circuit model to ten coupled oscillators as
random network model with hub. The ten coupled oscilla-
tor model is shown in Fig. 3. In this circuit system, there
is a hub (1st oscillator) which is connected to many os-
cillators. Here, the small mismatch is added to α which
is corresponding to the amplitude of the function relating
to parametrically excitation. We investigate effect of small
mismatch of hub in random network by considering three
cases (Mismatch of hub: zero, random and constant). The
small mismatch is generated by random and the range of
the mismatch is set to [-0.01:0.01]. Each table (Table 1,
Table 2 and Table 3) shows small mismatch pattern which
is used in this computer simulations. In these Tables, w ex-
presses the pattern of small mismatch. In Table 1, the value
of small mismatch in hub (α1) is zero. In Table 2, the value
of α1 is random. In Table 3, the value of α1 is fixed with
0.01.

Figure 4 shows attractors and lissajous of each node and
internode when w=1, α = 0.958 and δ = 1.3. This figure
expresses a part of example of full synchronization. Fig-
ure 5 shows the simulation results of are mechanism of
synchronization. The horizontal axis denotes the coupling
strength δ, and the vertical axis denotes the parameter of α
expresses the threshold of full synchronization in network.

1

2

3

4

5

6

7

8

9

10

hub

R

Figure 3: A random network model with a hub.

In this graph, the lower area of each line denotes full syn-
chronous area and the upper area of each line denotes un-
synchronous area. By increasing the value of the coupling
strength, the full synchronous area becomes large. Namely,
several types of full synchronization states can be observed
from Fig. 5. We can see that the spread of full synchronous
area is determined by the small mismatch pattern.

Next, we compare process of full synchronization by
contriving ways to add small mismatch. We add small mis-
match to all nodes include hub or except hub. Figure 6
shows an average of mechanism spreading full synchro-
nization of three types. In this graph, the lower area of
each line denotes full synchronous area and the upper area
of each line denotes unsynchronous area in common with
Fig. 5. In Fig. 6. (b) and Fig. 6. (c), become full syn-
chronization in smaller value of α than Fig. 6. (a), and
we confirm the difference of process of spreading full syn-
chronization. In these results, we have confirmed that the
full synchronous state depends on the pattern of small mis-
match.

Table 1: Mismatch of hub: zero.
small mismatch w=1 w=2 w=3 w=4 w=5

α1 0 0 0 0 0
α2 -0.009 0.008 0.008 -0.01 -0.009
α3 -0.006 -0.006 0.009 0.009 0.01
α4 -0.001 -0.005 -0.01 -0.003 -0.007
α5 0.009 0.007 -0.01 0.001 -0.001
α6 -0.002 -0.01 -0.004 -0.002 0.004
α7 0.003 -0.001 -0.003 0.007 0.009
α8 0.007 -0.004 0.005 -0.006 0.007
α9 -0.001 -0.01 0.009 -0.01 0.005
α10 0.005 0.009 -0.009 -0.009 -0.001

Table 2: Mismatch of hub: random.
small mismatch w=1 w=2 w=3 w=4 w=5

α1 -0.005 -0.001 0.009 -0.003 -0.006
α2 -0.009 0.008 0.008 -0.01 -0.009
α3 -0.006 -0.006 0.009 0.009 0.01
α4 -0.001 -0.005 -0.01 -0.003 -0.007
α5 0.009 0.007 -0.01 0.001 -0.001
α6 -0.002 -0.01 -0.004 -0.002 0.004
α7 0.003 -0.001 -0.003 0.007 0.009
α8 0.007 -0.004 0.005 -0.006 0.007
α9 -0.001 -0.01 0.009 -0.01 0.005
α10 0.005 0.009 -0.009 -0.009 -0.001

- 440 -



x
1

y
1

x
10

y
10

x
2

y
2

x
3

y
3

x
4

y
4

x
5

y
5

x
6

y
6

x
7

y
7

x
8

y
8

x
9

y
9

(a) Attractors of each node.

x
2

x
1

x
4

x
2

x
3

x
1

x
4

x
1

x
5

x
1

x
7

x
1

x
8

x
1

x
9

x
1

x
10

x
1

x
3

x
2

x
4

x
3

x
6

x
4

x
10

x
4

x
6

x
5

x
7

x
6

x
9

x
7

(b) Lissajous of each internode.

Figure 4: Attractors and lissajous of each node and internode when w=1.

Table 3: Mismatch of hub: constant.
small mismatch w=1 w=2 w=3 w=4 w=5

α1 0.01 0.01 0.01 0.01 0.01
α2 -0.009 0.008 0.008 -0.01 -0.009
α3 -0.006 -0.006 0.009 0.009 0.01
α4 -0.001 -0.005 -0.01 -0.003 -0.007
α5 0.009 0.007 -0.01 0.001 -0.001
α6 -0.002 -0.01 -0.004 -0.002 0.004
α7 0.003 -0.001 -0.003 0.007 0.009
α8 0.007 -0.004 0.005 -0.006 0.007
α9 -0.001 -0.01 0.009 -0.01 0.005
α10 0.005 0.009 -0.009 -0.009 -0.001

4. Conclusions

In this study, we have investigated synchronization phe-
nomena of parametrically excited van der Pol oscillators
in random network with hub by adding several types small
mismatch to hub of random network in order to investigate
more detailed effects of small mismatch of hub in random
network. In this result, we have confirmed that the full syn-
chronous state depends on the small mismatch in hub. For
the future work, we would like to consider the influence
of the small mismatch for synchronization state of another
type and more large scale network structure.
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Figure 5: Mechanism of synchronization when α1 = 0.
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Figure 6: Average of mechanism of synchronization.
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Abstract—The irregular firing of a cortical neuron is be-
lieved to emerge from a highly fluctuating drive generated
by a balance between excitatory and inhibitory synaptic in-
puts. A previous study reported a strange response of the
Hodgkin-Huxley neuron to the fluctuated inputs where an
irregularity of spike trains is inversely proportional to an
input irregularity. In the current study, we investigated the
origin of this strange response using the map-based mod-
els. The map-based model reproduced the strange response
in the dynamics Subcritical Hopf bifurcations. In the this
case, the map-based model shows a bistability of resting
state and repetitive firing state, indicating that the bistabil-
ity is the origin of the strange Input-Output relationship.
Our results show that the irregular firing can be emerged
even from a weakly fluctuating drive under the existence
of the bistability. Spike correlations in cortex are consider-
ably smaller than expected based on the amount of shared
presynaptic input. Such decorrelation of the spike trains
are important substrate for information processing. The
fact that the weakly fluctuating drive is capable to induce
highly irregular firing would contribute to an efficient neu-
ral processing.

1. Introduction

Cortical neurons generate irregular spike trains includ-
ing highly variable intervals [28, 11, 25]. The irregular
spiking has received much attention because it offers func-
tionally important roles in the neural information process-
ing [7, 8, 10, 14]. The origin of the irregularity is intrin-
sic noises, e.g. synaptic unreliability [2] and ion-channel
noise [34], and a highly fluctuating drive generated by a
balance between excitatory and inhibitory synaptic inputs
to the neurons [22, 31, 33, 1, 27, 17]. The response of the
neuron has been classically characterized by its frequency-
current relationship [15, 18], but knowing the frequency-
current relationship is not sufficient to understand neuronal
responses to the fluctuated inputs. Several studies have
shown the responses of the neurons to the fluctuated inputs
and reported reactive differences among the neuron mod-
els [3, 12, 9, 26, 21, 4, 5, 16, 17].

Regarding the response to the fluctuated inputs, an inter-
esting phenomenon has been reported [20]:

The variability of output spike trains of the
Hodgkin-Huxley (HH) neuron model decreases

as the input variance increases.

This inverse relationship between input and output vari-
ances is seemingly counterintuitive. Here we call it the
“strange response.” The schematic representation of the
strange response is shown in Fig.1. The authors concluded
their report by providing a possible underlying mechanism
suggesting that the strange response of the HH may orig-
inate from the subthreshold oscillation of the membrane
potential. In fact, the input-output (I-O) relationship for
a leaky integrate-and-fire neuron model (LIF), which does
not possess the subthreshold oscillation, is proportional
(Fig.1B). A similar phenomenon was observed in also an
experimental study [30].

neuron
model

Leaky Integrate-and-fire Hodgkin-Huxley

variance of
input fluctuation

variability of
spike train

uncorrelated fluctuation

variance of 
input fluctuation

output spike trainA

B C

Figure 1: Schematic representation of the strange response
of the Hodgkin-Huxley model [20]. (A) A neuron model
receives the uncorrelated fluctuation mimicing balancing
synaptic inputs and generates the output spike train. (B)
The variability of the spike train is shown as a function
of the variance of the input fluctuation. For the leaky
integrate-and-fire model, the variability of the spike train
increases as the input variance increases. (C) For the
Hodgkin-Huxley model, the variability of the spike train
decreases as the input variance increases.

Although their finding is important and fundamental,
further analysis is required, because the comparison was
performed using models whose dynamics are largely differ-
ent from each other. Numerous differences exist between
the HH and LIF, including the complexity of dynamics, the
number of variables, and the number of parameters. More-
over, the HH is too complicated to find the origin of the
strange response. Therefore, we cannot acknowledge that,
as the authors concluded, the subthreshold oscillation is
the origin of the strange response. Other components may

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015

- 443 -



cause the strange response. The purpose of this study was
to reveal the origin of the strange response. We show the
map-based model possessing the bistability reproduced the
strange response, while the model without bistability did
not. This indicates that the irregular firing can be emerged
even from a weakly fluctuating drive under the existence of
the bistability.

2. Methods

2.1. The Map-based models

2.1.1. The bistable Rulkov model

The discrete-time dynamical systems as valid phe-
nomenological models of neurons are known as the map-
based models. The Rulkov model is the map-based model
replicating spiking-bursting neural activity [19]. The bi-
furcation of the fixed point on this model is the subcritical
Andronov-Hopf [23]. This model is therefore capable to
possess the bistability [13]. We will refer to this model as
the bistable Rulkov model for clarity. The bistable Rulkov
model is described as follows:{

xn+1 = Fsub(xn, yn), (1)
yn+1 = yn + (−xn + s + In)/τ. (2)

xn is the fast and yn is the slow dynamical variable. Slow
time evolution of yn is due to a large value of the parame-
ter τ; τ = 100 in this study. In describes an external input
applied to the model (section 2.2). s is the control parame-
ter to select the regime of individual behavior. s was set to
1 −
√

α
1−1/τ to make bifurcation occur at In = 0. In its orig-

inal formulation [19], the Rulkov model uses s′ = s + 1.
Fsub(x, y) is a function that represents the subthreshold
behavior of the membrane potential, and also includes a
threshold and reset mechanism to produce spikes:

Fsub(x, y) =


α

(1 − x)
+ y, if x ≤ 0,

α + y, if 0 < x < α + y,
−1, if x ≥ α + y.

where α = 4 in this study.

2.1.2. The supercritical Rulkov model

As the map-based model which does not exhibit the
bistability, the model proposed by Shilnikov and Rulkov
was employed [24]. The bifurcation of the fixed point on
this model is the supercritical Andronov-Hopf. This model
exhibit the small amplitude subthreshold oscillation. We
will refer to this model as the supercritical Rulkov model.
This model is described as follows:{

xn+1 = Fsup(xn, yn), (3)
yn+1 = yn + (−xn + s + In)/τ, (4)

where

Fsup(x, y) =



−α2

4
− α + y, if x < −1 − α/2,

αx + (x + 1)2 + y, if −1 − α/2 ≤ x ≤ 0,
1 + y, if 0 < x < 1 + y,
−1, if x ≥ 1 + y.

τ = 100, and α = 1 in this study. s was set to −{1 + 1/τ +
α}/2 to make bifurcation occur at In = 0. In describes an
external input applied to the model (section 2.2).

2.2. Input fluctuation

The inward current to a cell body, In in Eqs.(2) and (4),
is described by the form

In = µ + σξn,

where ξn is white Gaussian noise. The parameters µ and
σ control the mean and fluctuation of inputs, respectively.
This fluctuated input is based on the following assumption:
a cortical neuron receives thousands of synaptic contacts;
if incoming inputs through synapses were assumed to be
independent, the sum of a large number of independent ex-
citatory and inhibitory inputs can be approximated to an
uncorrelated fluctuation [32].

2.3. ISI statistics

Output spike trains were evaluated based on two statis-
tics of ISIs: the mean ISI (T ) and the coefficient of variation
(Cv), defined respectively as

T =
1
n

n∑
i=1

Ti,

Cv =

√
(Ti − T )2/T ,

where Ti represents an ISI. Cv evaluates irregularity of the
spike trains. If the spike train is completely regular, that
is, all ISIs are constant, Cv corresponds to 0. If the spike
train is completely random, indicating a Poisson process,
Cv corresponds to 1. Because Cv is a dimensionless quan-
tity, we can directly compare Cv for the various models. In
contrast, T is not a dimensionless value. We therefore use
the ratio of T to membrane time constant, T/τ, for com-
parison. We estimated (T/τ, Cv) from a finite ISI sequence
consisting of 10, 000 ISIs obtained by a numerical simula-
tion.

3. Results

3.1. The Map-based models

3.1.1. The bistable Rulkov model reproduces the strange
response

We hypothesized that the strange response depends on
the bistability. The bistable Rulkov model shows the bista-
bility with appropriate parameters (section 2.1.1)[19]. The
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Figure 2: Relationship between input variance σ and out-
put variance Cv

ISI statistics of the bistable Rulkov model are depicted in
Fig.2A. The bistable Rulkov model reproduces the strange
response: regardless of the value of T/τ, Cv was larger than
2 for σ < 0.04; as σ increased, Cv declined and converged
to 1.

3.1.2. The supercritical Rulkov model does not reproduce
the strange response

To investigate if the map-based model without bistabil-
ity fails to reproduce the strange response, the ISI statistics
of the supercritical Rulkov model were calculated (section
2.1.2, Fig.2B). The supercritical Rulkov model did not re-
produce the strange response: regardless of the value of
T/τ, Cv was almost constant for any value ofσ; Cv slightly
increased for σ around 0.02.

3.2. Spike trains with large Cv values

To investigate how the bistability produces the highly ir-
regular spike trains, spike trains of the bistable and super-
critical Rulkov model are depicted in Fig.3. The spike train
with large Cv value (Cv = 2) contained burst-like spikes,
i.e., successive occurrence of spikes (Fig.3A, enlargement).
T of the spike train is small due to the burst-like spikes,
while the variance of ISIs are relatively large compared
with T due to the inter-burst interval. This results in the
large Cv value. As the input variance increases, the num-
ber of spikes included in single burst-like spikes gradually
decreases, the spike trains settled eventually to the Poisson
spike train (Fig.3B, Cv= 1). On the supercritical Rulkov
model, the burst-like spike trains were not generated. Only
small clusters of spikes were included in the spike trains of
which Cv is larger than 1 (Fig.3C, Cv= 1.4). As the input
variance decreases, the spikes were more likely to occur at
the top of subthreshold oscillation (Fig.3D, enlargement).
The probability of the spike generation was stochastic due
to the input fluctuation. This spike train corresponds to the
discrete Poisson process, whose Cv value is 1.

4. Discussion

We demonstrated that the map-based model with bista-
bility reproduced the strange I-O relationships. This indi-
cates that the origin of the strange I-O relationship is the
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Figure 3: Example spike trains of the map-based models of
which T/τ = 15. (A) The spike train of the bistable Rulkov
model of which Cv = 2. Enlargement of one of the burst-
like spikes is depicted in the upper red box. (B) The spike
train of the bistable Rulkov model of which Cv = 1. (C)
The spike train of the supercritical Rulkov model of which
Cv = 1.4. Three of the clustering spikes are enlarged in
the upper red box. (D) The spike train of the supercritical
Rulkov model of which Cv = 1. Enlargement in the lower
red box shows the spikes being phase-locked to the top of
the subthreshold oscillation.

bistability of the resting state and repetitive firing state.
Our results show that the bistability enables the neuronal
spike trains irregular even with the small fluctuation of the
inputs. Recent studies demonstrate that spike correlations
in recurrent neural networks are considerably smaller than
expected based on the amount of shared presynaptic input,
and decorrelation of the spike trains are important substrate
for information processing. The fact that the weakly fluc-
tuating drive is capable to induce highly irregular firing
would contribute to an efficient neural processing.

The bistability of resting state and repetitive firing state
have been observed in biological neurons in the entorhinal
cortex of the brain [6]. In these neurons, activity-dependent
changes of a Ca2+-sensitive cationic current plays a critical
role. The entorhinal cortex is the main interface between
the hippocampus and cortex, and is known for the substrate
of the conscious memory. The strange response may play
some role in the memory formation in the entorhinal cortex.

In this study, the bistability of resting states and repeti-
tive firing state was realized using an intrinsic bifurcation
mechanism of the HR. On the other hand, the bistability
can be realized based on the Up/Down states of the mem-
brane potential [29]. The Up/Down state is two distinct
levels of membrane potentials of neurons. In cortical neu-
rons, the membrane potential stays around -65 mV in Down
states and -45 mV in Up states. Firing probability in the
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Up state is much higher than the Down state. The cortical
neurons often exhibits spontaneous transitions between Up
and Down states. The Up/Down state can be considered
the bistability of attractors. The strange response due to the
Up/Down states may be observed in the whole neocortex.
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Abstract—In our brains, interaction between neu-
rons generates a variety of rhythms such as delta
rhythms and gamma rhythms. These rhythms are
numerically observed in a mathematical model of a
neural network with spike-timing-dependent plasticity
(STDP). In this paper, we discovered that a math-
ematical model with the STDP can reproduce infra-
slow oscillation, or rhythm of very low frequency, by
changing parameters of the STDP learning.

1. Introduction

Billions of neurons exist in our brains and their
interaction generates a variety of rhythms. Among
them, infra-slow oscillation (ISO) is one of the rhythms
generated in the brains. ISO was discovered by
Aladjalova[1] with a local field potential recorded from
the rabbit neocortex. Since then, ISO has been ob-
served in various kinds of mammalian brains[2]. How-
ever, its generation mechanism remains unknown. On
the other hand, delta rhythms (2–4[Hz]) and gamma
rhythms (30–100[Hz]) are numerically reproduced by
a mathematical model of a neural network with axonal
conduction delays and spike-timing-dependent plastic-
ity (STDP)[3].

In this paper, we investigated a neural mechanism
to reproduce ISO. To reveal the mechanism, we con-
ducted numerical simulations by changing the curva-
ture of the STDP function and by biasing change rates
of the synaptic weights in the STDP learning.

2. STDP learning

We used the STDP rule for learning of the neural
network. In the STDP, the magnitude of change rates
in synaptic weights depends on the timing of spikes:
if a presynaptic spike arrives at the postsynaptic neu-
ron before the postsynaptic neuron fires, the synapse
is potentiated (long-term potentiation, LTP). If the
presynaptic spike arrives at the postsynaptic neuron
after the postsynaptic neuron fired, the synapse is de-
pressed (long-term depression, LTD). The magnitude
of the change in synaptic weight is decided by STDP[4]
function which is represented as follows:

∆wij(∆tij) =

{
A+ exp(−∆tij

τ ) (∆tij > 0),

−A− exp(
∆tij
τ ) (∆tij < 0),

(1)

where ∆tij = ti−tj , ti is the firing time of postsynaptic
neuron i, tj is the firing time of presynaptic neuron j,
A+ is the maximum value of LTP, A− is the maximum
value of LTD. τ is the time constant of LTP and LTD.

3. Methods

In this experiment, we used the Izhikevich neuron
model[3] as a processing element of a neural network.
The neuron i in the neural network is expressed by Eq.
(2):

v̇i = 0.04vi
2 + 5vi + 140− ui +

∑
j∈Si

wijH(vj − 30), (2)

where Si is a set of neurons which are connected to the
neuron i, wij is a synaptic weight from the neuron j
to neuron i, and H(x) is a step function (H(x) = 0 if
x < 0, and H(x) = 1 if x ≥ 0). When vj ≥ 30, that is,
when neuron j connecting to neuron i fires, the value
of the synaptic weight wij is applied to the neuron i.

The neural network consists of 1,000 randomly con-
nected neurons. We prepared 800 excitatory neurons
and 200 inhibitory neurons. In the experiments, we
used regular spiking neurons for excitatory neurons,
and fast spiking neurons for inhibitory neurons. Each
neuron has 100 synapses to be connected to other neu-
rons. Every excitatory neuron is connected to 100 neu-
rons that are randomly chosen from all neurons, while
every inhibitory neuron is connected to 100 neurons
that are randomly chosen from excitatory neurons.

Conduction delays among neurons are random in-
tegers between 1 [ms] and 20 [ms]. The excitatory
connection obeys the STDP learning rule with every
1 second. The maximum value of LTP, A+, is 0.1 and
the maximum value of LTD, A−, is 0.12. The initial
values of the weights are set to 6, the maximum value
is limited to 10, and the minimum value is limited to
0.

The excitatory connections are updated every sec-
ond by Eq. (3):

wij(t) = wij(t− 1) +

t∑
ti=t−1

∆wij(ti, tj), (3)

where
∑t

ti=t−1 ∆wij(ti, tj) is the sum of the change in
synaptic weights ∆wij(ti, tj) from time t − 1 [s] to t
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[s]. Inhibitory connection weights are fixed to −5. A
ramdomly chosen neuron receives a pulse of 20 [mA]
every 1 [ms] as a random thalamic input. With these
experimental conditions, we carried out the following
two experiments and investigated the time series of
firing rates and synaptic weights.

• Experiment 1: We changed the value of the pa-
rameter τ which determines the curvature of the
STDP function in Eq. (1).

• Experiment 2: We biased the change of the synap-
tic weights in the STDP learning. Namely, we
used Eqs. (4) and (5) instead of Eq. (3). Equa-
tion (4) updates the synaptic weights from ex-
citatory neurons to excitatory neurons, and Eq.
(5) updates the synaptic weights from excitatory
neurons to inhibitory neurons. We conducted the
experiments by changing the values of δe and δi.

wij(t) = wij(t− 1) +

t∑
ti=t−1

∆wij(ti, tj) + δe (4)

wij(t) = wij(t− 1) +

t∑
ti=t−1

∆wij(ti, tj)− δi (5)

4. Results

4.1. Results of Experiment 1

Figure 1 shows the raster plots when the parameter
τ takes the values τ = 10 [ms] and τ = 1 [ms]. As
shown in Fig. 1, when τ = 10, no rhythmic activity
of neurons can be observed. However, when τ = 1, we
observed a very slow rhythm (synchronous firing ap-
proximately every 800 [s]) in the neural network model.
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Figure 1: Raster plots when (a) τ =10 [ms] and (b)
τ =2 [ms]. The horizontal axis is time [s]. The ver-
tical axis is the neuron number: the number 1 – 800
are excitatory neurons and the number 801 – 1000 are
inhibitory neurons.
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Figure 2: Temporal changes of firing rates and average
synaptic weights. The horizontal axis is time [s], the
left vertical axis is the synaptic weight and the right
vertical axis is the firing rate [Hz]. When τ = 1, the
firing rate and the synaptic weight oscillate with very
slow rhythms. Both excitatory to excitatory and exci-
tatory to inhibitory synaptic weights take almost the
same values.

Figure 2 shows a temporal change of firing rates and
average synaptic weights when τ = 10 and 1. We de-
fined the firing rate as the average firing frequency of
a single neuron among all neurons every one second.
Namely, when m firings are observed from N neurons
per second, the firing rate (average frequency) is de-
fined by m/N [Hz]. The average synaptic weight is the
average value of synaptic weights of all connections in-
cluding excitatory and inhibitory connections in every
second.

As shown in Fig. 2(a), when τ = 10, the firing rate
oscillated with high frequency with almost constant
amplitude. As shown in Fig. 2(b), when τ = 1, the
firing rate repeated sudden rise and fall with very slow
frequency. This tendency was observed when τ ∼ 1.

Figure 3 shows time series of firing rates when the
value of τ is decreased from 10 to 1. When the val-
ues of τ become smaller, the amplitudes of the firing
rate become larger (Fig. 3(a)(b)(c)). By decreasing
the value of τ further, the amplitudes change irregu-
larly and sometimes the firing rates rise suddenly (Fig.
3(d)(e)(f)(g)). When τ = 1.2, the sudden rise of firing
rates appeared periodically (Fig. 3(h)).

Focusing on synaptic weights, when τ = 10, the
synaptic weights are constant as shown in Fig. 2(a).
The synaptic weights between excitatory and in-
hibitory neurons are stronger than that of excitatory
and excitatory neurons.

On the other hand, as shown in Fig. 2(b), the
synaptic weights oscillate with the same period as the
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firing rate when τ = 1. The synaptic weights from
excitatory to inhibitory neurons became smaller than
that from excitatory to excitatory neurons. The differ-
ence between excitatory–inhibitory synaptic weights
and excitatory–excitatory synaptic weights is smaller
when τ = 1 than when τ = 10.

This can be explained as follows. In this experiment,
we used the regular spiking neurons as excitatory neu-
rons and the fast spiking neurons as inhibitory neu-
rons. Namely, while an excitatory neuron fires once,
an inhibitory neuron fires more than once.

When the value of τ is large, a learning window of
the STDP learning has a large width along tempo-
ral direction. Then connections with various values of
firing time lags can interact with each other. Thus,
the inhibitory connections are strengthened more fre-
quently than the excitatory connections because of
high firing frequency of inhibitory neurons. There-
fore, the synaptic weights to inhibitory neurons be-
come stronger than that to excitatory neurons.

When the value of τ is small, the learning window
has a narrow width along temporal direction. Then,
connections with small time lags can only interact with
each other. Thus, the connections to inhibitory neu-
rons are strengthen fewer times than the case of large
τ . These mechanisms make the synaptic weights to
inhibitory neurons as strong as that to excitatory neu-
rons.

4.2. Results of Experiment 2

From the results of 4.1, we show that when τ = 1,
ISO could be observed. However, the parameter value
of τ = 1 [ms] is physiologically implausible, because
τ is reported to range from 10 [ms] to 40 [ms] in
mammals[5][6]. Then, in this section, we investi-
gated whether ISO can be observed with physiologi-
cally plausible parameter ranges.

When ISO was observed, no large difference exists
between synaptic weights to excitatory neurons and
inhibitory neurons (Fig. 2). On the other hand, when
τ = 10, the synaptic weights to inhibitory neurons are
stronger than that to excitatory neurons.

Therefore, we used a biased STDP rule to weaken
the inhibitory synaptic weights and to strengthen the
excitatory synaptic weights. The biased update of the
excitatory synaptic weight is expressed by Eq. (4),
and the update of the inhibitory synaptic weight is ex-
pressed by Eq. (5). Under this condition, we changed
the values of δe and δi to examine whether ISO appears
when τ = 10.

As shown in Figs. 4 and 5, when δe = 0.300 and
δi = 0.308, we observed ISO. The firing rates increase
and decrease with very low oscillation frequency. The
average synaptic weights also oscillate almost with the
same frequency (∼ 0.0005[Hz]).
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Figure 3: Temporal change of firing rates. The hori-
zontal axis is time [s] and the vertical axis is the firing
rate [Hz].
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Figure 4: Raster plot when τ = 10, δe = 0.300 and
δi = 0.308. The horizontal axis is time [s] and the ver-
tical axis is the neuron number. We can see rhythmic
activities of neurons.
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Figure 5: Temporal change of firing rates and average
synaptic weights (τ = 10, δe = 0.300 and δi = 0.308).
The horizontal axis is time [s], the left vertical axis is
the synaptic weight and the right vertical axis is the
firing rate [Hz]. The firing rate and the synaptic weight
oscillate with very slow frequency(∼ 0.0005 [Hz]).

5. Mechanism to Generate ISO

The oscillation of the firing rate in Figs. 2(b) and
5, is explained by the difference between the synaptic
weights to excitatory neurons and that to inhibitory
neurons. When the synaptic weights to excitatory neu-
rons are strong, excitatory neurons fire more easily.
Then, the whole firing rates become higher. When
the synaptic weights to inhibitory neurons are strong,
inhibitory neurons fire more easily. Then, the whole
firing rates become lower.

On the other hand, when the synaptic weights to ex-
citatory neurons and inhibitory neurons are balanced,
the firing rate can be both high and low. Therefore,
when the synaptic weights change by the STDP learn-
ing, the firing rate changes with time.

Considering these modulation of synaptic weights,
we can explain the mechanism to generate ISO as fol-
lows. First, the synaptic weights change with time
by the STDP learning. About learning of excitatory–
excitatory neurons and excitatory–inhibitory neurons,
if the chance for the learning is one–sided (this is
the case of Fig. 2(a)), the learning converges and
the firing rate becomes stable. For example, if
there is a high chance for the learning of excitatory–
inhibitory (excitatory–excitatory) neurons than that
of excitatory–excitatory (excitatory–inhibitory) neu-
rons, the synaptic weights to inhibitory (excitatory)
neurons become stronger than that to excitatory (in-
hibitory) neurons. Then, the firing rate becomes stable

at a low (high) value.
However, if the chance for the learning of excitatory–

inhibitory neurons and that of excitatory–excitatory
neurons is balanced (this is the case of Figs. 2(b)
and 5), the learning does not converge and the synap-
tic weights keep changing. Changing synaptic weights
make the firing of excitatory and inhibitory neurons
out of balance. Then the firing rates change suddenly.
By the sudden change of the firing rates, the synap-
tic weight balance breaks down significantly. Sub-
sequently, the synaptic weights change with time by
learning, which causes sudden change of firing rates
again. By repeating these processes, ISO is repro-
duced.

6. Conclusion

In this paper, we investigated the occurrence of slow
oscillation in a neural network with the STDP learn-
ing. We discovered that ISO can be reproduced by
the STDP learning with balanced weights of connec-
tions (which connect to excitatory neurons and in-
hibitory neurons). From these results, two possible
neuronal mechanisms for generating ISO are indicated:
(1)change the curvature of the STDP function and
(2)bias the learning to balance the synaptic weights.
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Abstract—Temporal modulation of statistics on point
process has not been examined fully in experimental data
analysis. We proposed analysis methods for measuring sev-
eral time-varying statistics, including local statistics. We
applied our methods to the physiological spike data, which
were recorded from macaque visual neurons. From the
results of temporally changing behavior of the spike train
statistics observed from the visual neurons, local statistics
of the spike train temporally change, which is independent
of firing rates. These findings may provide novel insights
into the neuronal codes of visual neurons.

1. Introduction

Temporal modulation of statistics on point process has
not been examined fully in experimental data analysis,
while first-order statistics have been commonly employed
to analyze complex data [1]. Many stochastic systems re-
quire multiple trials to estimate their time-varying statis-
tics. Time-varying statistics are often estimated by employ-
ing a time window of a certain length over trials.

In Ref. [2] and [3], we proposed analysis methods for
measuring several time-varying statistics, including local
statistics. These methods calculate a local measure by ex-
tracting a short segment of data within a predefined time
bin and connecting the segments with each other. We nu-
merically confirm that these analysis methods are reliable
for estimating the statistics of several stochastic processes,
such as nonstationary Poisson process and gamma process.
Next, we applied our estimation methods to the physio-
logical spike data, which were recorded from the LGN of
Macaca fascicularis anesthetized with sufentanil and para-
lyzed with vecuronium [4]. The recordings from LGN were
obtained while a drifting sinusoidal grating was presented.
Our result of temporal modulation of the statistics may pro-
vide novel insights into the neuronal codes of LGN.

2. Statistics

The local variation LV is known to be independent of first
order statistics [5], and is defined as follows:

LV =
1

N − 1

N−1∑
i=1

3(Ti − Ti+1)2

(Ti + Ti+1)2 , (1)

where Ti represents the ith interspike interval (ISI) and N
is the number of ISIs. LV expresses the local firing irregu-
larity, and LV = 1 for infinitely long purely Poisson series
of events, and LV = 0 for perfectly periodic sequences.

Davies et al. proposed another irregularity measure IR
that is also independent of the first order statistics [6]. IR
is defined as follows:

IR =
1

N − 1

N−1∑
i=1

| log(Ti+1) − log(Ti)|, (2)

where IR = 2 log 2 for an infinitely long purely Poisson se-
ries of events and IR = 0 for perfectly periodic sequences.

It has been reported that not only the firing rates, but
also the values of LV and IR of neural spike trains are im-
portant indexes for the analysis of neuronal response and
may provide insights into the neuronal codes [5, 6]. For
example, LV can be used for the classification of types of
neurons, and IR can be used for representing particular in-
formation with behavioral context. From these viewpoints,
methods for analyzing such modulations have been impor-
tant research topics [2, 3, 7].

3. Analysis methods

To measure the time-varying statistics, the point process
is devided by small bins and instantaneous statistics are
measured. By shifting the bin, temporal changes of the
statistics during the experiment can be obtained. How-
ever, there could be several methods to measure the in-
stantaneous statistics. The simplest method of measuring
the time-varying statistics is the method of measuring the
statistics within a bin of each trial and averaging those
statistics over the trials, which is employed in Ref. [2, 6].
The method is executed as follows.
Step 1: All the trials are aligned to the stimulus (or event)
marker and divided by a certain time length.
Step 2: The statistics are calculated within each bin. In this
step, ISIs in the edges of the bins would be cut off and not
calculated. If no ISIs exist in a certain bin, the statistics for
this bin will not be measured.
Step 3: The statistics are averaged over the trials.

This method is called the “edge-excluding averaging
method”, abbreviate as “EX”. In the EX, all the ISIs used
for obtaining the statistics exist in the original spike train,
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although there is a bias that the ISIs which are longer than
the bin width will be neglected.

In Ref. [2], we proposed another method for measur-
ing the time-varying statistics on the basis of connecting
trials within each bin and measuring the statistics. The
method for connecting trials is called the “edge-connecting
method” (CN).
Step 1: All trials are aligned to the stimulus (or event)
marker and they are divided by the time bin.
Step 2: The jth bins with a fixed j are connected over trials
i and a new set of ISIs is produced.
Step 3: The statistics are measured for each set of ISIs pro-
duced in the Step 2.

In this method, all the bins, including the ones that have
no ISIs, would be connected. With regard to the CN,
the fact that the new nonexistent ISI appears as a conse-
quence of connecting the edges may be cause for concern.
To avoid such nonexistent ISIs, the ISIs that lie on edges
of a bin can be included and averaged over trials. This
alternative method is called as “edge-including averaging
method”(IN)[3].

4. Numerical simulation

4.1. Statistics obtained from the nonstationary Poisson
process

We now compare these analysis methods on the basis of
the performances of statistics LV and IR. We use a doubly
stochastic Poisson process in which the firing rate is modu-
lated [1]. We consider the case that the random modulation
of the firing rate is given by the Ornstein-Uhlenbeck pro-
cess as follows:

dλ
dt
= −λ − λ0

s
+ Dξ(t), (3)

where λ is the rate of the Poisson process, λ0 is the mean
rate, s is the time scale of the rate change, D is the strength
of the noise, and ξ(t) is Gaussian noise with ensemble-
averaged quantities ⟨ξ(t)⟩ = 0 and ⟨ξ(t)ξ(t′)⟩ = δ(t − t′).
The performance of each method is evaluated by the mean
error rates σ2

LV
= ⟨(LV − 1)2⟩t and σ2

IR = ⟨(IR − 2 log 2)2⟩t,
which measure the differences between the obtained values
and theoretical values.

The results of the mean error rate obtained from the
EX, IN, and CN in the doubly stochastic Poisson process
with physiologically plausible parameter range are shown
in Fig. 1. Figure 1 shows that the mean error rates obtained
from the CN are smaller than those obtained from the EX.
If the time scale of the firing rate modulation is sufficiently
shorter than the bin width ∆ (s ≪ ∆ = 100), it is possible
to estimate the true statistical value LV = 1 or IR = 2 log 2,
since the bin width is long enough to neglect the rate non-
stationarity. On the other hand, if the time scale of the firing
rate is sufficiently longer than the bin width (s ≫ ∆ = 100),
it is possible to estimate LV = 1 or IR = 2 log 2, because

the firing rate does not change rapidly within the period of
the bin length. When the time scale of the firing rate s is
close to the bin width ∆ = 100, it is difficult to estimate the
accurate statistics because we cannot neglect the rate non-
stationarity, resulting in the peak of the error rates around
s = 190.
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Figure 1: (a) Mean error rate σ2
LV
= ⟨(LV − 1)2⟩t and (b)

mean error rate σ2
IR = ⟨(IR − 2 log 2)2⟩t obtained from the

EX (the solid lines), IN (the heavy dashed lines), and CN
(the thin dashed lines) in a doubly stochastic Poisson pro-
cess with modulating the time scale of the rate change s in
a physiologically plausible range. The parameters are set
as λ0 = 0.02, D = 0.01, s = 100 and ∆ = 100.

Interestingly, the mean error rates of the IN are high
compared with other methods when the time scale of the
rate change s is short; on the other hand, they take small
values when the time scale s is long. If the time scale of
the rate change is short, the IN has low temporal resolution
because it includes the ISIs from adjacent bins. Therefore,
the statistics obtained by this method cannot represent the
underlying statistics well. However, if the time scale of the
rate change s is long, it enables us to estimate the true un-
derlying statistics well because including adjacent ISIs en-
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sures a larger number of samples in each bin, which leads
to small statistical fluctuations. On the other hand, in the
EX and the CN, each bin undergoes larger statistical fluc-
tuations because of a paucity of data samples in each bin.

4.2. Statistics obtained from the gamma process

We compare the IN and the CN in the case of the non-
Poisson process. The value of LV was analytically ob-
tained as LV = 3/(2κ + 1) for the gamma process in
which the ISIs are derived from the gamma distribution
of the order κ, pκ(t) = λκtκ−1exp(−λt)/Γ(κ), where Γ(κ) =∫ ∞

0 tκ−1exp(−t)dt is the gamma function [5].
We study the case of varying the irregularity parameter κ

from irregular to regular. Increasing the parameter κ makes
the gamma process more regular. When κ = 1, the gamma
process is equivalent to the Poisson process, and thus, the
expectation value of LV is unity. If κ = 2, the expectation
value of LV is 0.6. The performance of each method is eval-
uated by the mean error rateσ2 = ⟨(LV−L̂V )2⟩t, which mea-
sures the difference between each obtained LV and the real
LV value L̂V . When we vary κ from irregular to regular, the
performance of the two methods reverses as shown in Fig.
2. In case with κ > 4.24, the performance of the IN is bet-
ter than that of the CN. This phenomenon occurs because
of the disadvantage of the CN that the new ISIs appear-
ing through the connecting operations do not preserve the
gamma distribution. This disadvantage affects the statis-
tics substantially when the spike sequences are regular. For
example, perfectly regular but not trial-synchronized spike
sequences do not take LV = 0 in the CN, while the IN pro-
vides LV = 0.
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Figure 2: Results of mean error rates σ2
LV

obtained from
the IN and the CN in case of the gamma processes in a
physiologically plausible range. The irregularity parameter
κ is changed. With small κ, σ2

LV
obtained from CN take

small values, while those from IN take small values with
large κ. The parameters are set as λ = 0.02 and ∆ = 50.

As shown in Fig. 2, the performance of the CN is bet-
ter in the time series with low κ. When κ is 4, LV is 0.33

and CV , the coefficient of variation, is 0.5. These LV and
CV values are relatively lower than those observed in many
cortical areas [5, 8]. Therefore, the CN may be well ap-
plicable to spike data from cortical areas, as well as to the
irregular time series (LV > 0.33) in general stochastic pro-
cesses. From the results shown in Figs. 1 and 2, the CN
is more powerful when applied to irregular and rapid data,
while the IN is more powerful when applied to regular and
slow (with long-range dynamics) data.

5. Response onset and offset in Macaque visual neu-
rons

We applied our estimation methods of the CN and the
IN to the physiological spike data. The data we used
are publicly available from the Neural Signal Archive
([9], http://www.neuralsignal.org). The spike data were
recorded from the LGN of Macaca fascicularis anes-
thetized with sufentanil and paralyzed with vecuronium
[4]. The recordings from LGN were obtained while a drift-
ing sinusoidal grating was presented (duration: 5,138 mil-
liseconds, 27 trials). Experimental detail is described in
Ref. [4].

For the analysis, we excluded the spike trains which have
a mean firing rate of less than 10 spikes per second, because
the data with too low firing rates are inappropriate for the
accurate analysis. We used the CN and the IN for estimat-
ing the statistics of the spike data.

We started the analyses from the time that the drifting
grating was presented to the Macaca fascicularis.
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Figure 3: LV obtained from the spike trains from the LGN
of Macaca fascicular [9].

Figure 3 shows temporally changing LV behavior of the
spike trains observed from the LGN of Macaca fascicular.
The value of LV has a similar tendency for both the IN and
the CN. In the experiment, the time of 0 corresponds to the
time that the drifting grating was presented to the Macaca
fascicularis. In Fig. 3, irregularity of the spike train is high
in the early stage, then gradually decreases until the time
of 2, 000 milliseconds, and finally increases again (statisti-
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cally significant, p < 0.05). When we define the average
ISI as ⟨T ⟩, correlation coefficients of the statistics LV and
⟨T ⟩ (expressed as COR(LV , ⟨T ⟩)) is shown in the Table 1.

Table 1: Correlation coefficients between LV and ⟨T ⟩ for
each analysis method using the spike trains from the LGN
of Macaca fascicular [9].

Analysis method COR(LV , ⟨T ⟩)
IN -0.129
CN -0.021

From Table 1, low correlation coefficients which are
nearly 0 mean that the modulation of the statistics LV is in-
dependent of that of the average ISI. This result implies that
the statistics LV may possess information different from fir-
ing rates in visual neurons.

In the LGN of Macaca fascicular, it is reported that the
mean firing rate changes with time while a drifting si-
nusoidal grating was presented [4]. However, temporal
changes of other statistics such as LV which is independent
of firing rates has not been investigated. At present, it is
difficult to understand the physiological meaning of these
significant temporal changes of LV , but further investiga-
tion may provide novel insights into the neuronal codes of
LGN.

6. Conclusion

The temporal modulation of statistics on the point pro-
cess has not been examined fully in experimental data anal-
ysis, while the first-order statistics have been commonly
employed to analyze complex data. In this paper, we com-
pared three analysis methods, the edge-excluding averag-
ing method, the edge-including averaging method and the
edge-connecting method [2, 3]. Using the edge-including
averaging method and the edge-connecting method, the
variation of the underlying statistics can be well rep-
resented. We numerically showed the performance of
each method in the nonstationary Poisson process and the
gamma process. The edge-connecting method is a pow-
erful tool when applied to data with a short time scale or
highly irregular data. On the other hand, the edge-including
averaging method is powerful when applied to data with a
long time scale or quasi-regular data. It is useful to rec-
ognize advantages and limitations of these methods when
analyzing actual experimental data.

We applied our method to physiological spike data [9].
The spike data were recorded from the LGN of Macaca
fascicularis, while a drifting sinusoidal grating was pre-
sented. During the sinusoidal grading, temporal changes of
the statistics independent of first-order statistics have not
been sufficiently investigated in physiological data. Sig-
nificant temporal changes may indicate some sort of infor-
mation in spike trains, and may provide novel insights to

neural codes. Further application of our method to experi-
mental data in other fields such as biology, economics and
finance may provide us with new insights on the underlying
mechanisms for producing point processes in each field.
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Abstract—In this study, I investigated sensitivity of a
single neuron to synchronous presynaptic firings for log-
normal synaptic weight distribution from a viewpoint of
spike transmission. For the comparison, I also tested vari-
ous types of synaptic weight distribution.

As a result, the synchrony of presynaptic neurons was
less efficient on the spike information transmission at the
strongest synapse in systems with the log-normal synap-
tic weight distribution than in systems with the other types
of synaptic weight distribution. My result suggest that the
synchrony plays a role of efficiently improving the spike
transmission of populations of weak synapses.

1. Introduction

The brain is a huge network consisting of a number of
neurons. It is believed that neurons in the brain primar-
ily communicate with spikes or action potentials. There
are two main theories of neural computation in the field
of neuroscience. The one is the spike-rate based theory.
In this theory, neurons are thought to temporally integrate
noisy inputs. The other is the spike-timing based theory, in
which neurons can detect synchrony of inputs.

Many experimental observations suggest that the tempo-
ral spike coordination plays a role in sensory processing
[1, 2]. Some theoretical studies support such a role of the
correlated inputs into a single neuron [3, 4]. These studies
showed that a few synchronous presynaptic spikes result in
many extra postsynaptic spikes. Neurons are, then, sensi-
tive to and can detect synchronous presynaptic inputs.

Neurons in the cortex or the hippocampus exhibit sparse,
irregular, and asynchronous firings when external inputs
are absent. Recent theoretical studies suggest that log-
normal synaptic weight distribution makes these firings
possible [5, 6]. Further, the network activity was sustain-
able without external inputs like real neural systems. These
studies showed that the sustainable network activity was
implicated in the stochastic resonance.

In a network with log-normal synaptic weight distribu-
tion, internal states of neurons might be much different
from in a network with the other types of synaptic distribu-
tion, such as constant distribution and uniform distribution,
that were typically used in many previous studies [3, 4].
Under such states, effects of synchronous inputs are also
thought to be much different.

Then, in this study, I investigated synchrony sensitiv-
ity of a single neuron in a system with log-normal synap-
tic weight distribution. Since synaptic weight distribution

gives an impact on postsynaptic responses, I also tested the
other types of synaptic weight distribution for the compar-
ison with log-normal distribution.

2. Materials and Methods

I modeled a neuron with a leaky integrate-and-fire (LIF)
model. Model dynamics of the LIF was given by

C
dv
dt
= gleak(vrest − v) + gex(vex − v) + ginh(vinh − v), (1)

where the variable v was membrane potential and the
variables gex and ginh were respectively excitatory- and
inhibitory-synaptic conductance. When v reached a firing
threshold vthre, it was reset to vreset. The neuron had the ab-
solute refractory period τref . All the parameters of Eq. (1)
were same as Ref. [5]. An exponential function governed
kinetics of gex and ginh such as τġ = −g +

∑
i gi, where gi

was unitary synaptic conductance. The parameter τ deter-
mined the time scale of synaptic behaviors.

In my neural system, the neuron had Nex excitatory and
Ninh inhibitory presynaptic neurons. These presynaptic
neurons organized synapses on the postsynaptic neuron.
All the inhibitory synapses had the same value of conduc-
tance ginh, whereas the excitatory synapses were heteroge-
neous. Five types of distribution realized the heterogeneity
among synapses: log-normal, Gaussian, uniform, bimodal,
and constant distribution. In all the types of distribution,
unitary excitatory synaptic conductance was bounded for
gthre. The synaptic weight distribution except for the log-
normal distribution was generated after the generation of
the log-normal distribution. The mean value of the other
types of synaptic distribution was inherited from the log-
normal distribution.
Log-normal distribution: We generated log-normal dis-
tribution with the parameters of µ = 10−0.31 nS and σ =
10−0.3 nS [5].
Gaussian distribution: In Gaussian distribution, negative
numbers could appear, but values of conductance should
be non-negative. Then, the lower bound was set to zero in
the generation of the Gaussian distribution. In the limited
range, the Gaussian distribution was generated as the mean
value of the log-normal distribution was preserved. The
standard deviation in the Gaussian distribution was also
identical to that in the log-normal distribution.
Uniform distribution: In uniform distribution, the mean
value located at the center of the distribution. The maxi-
mum value was twice of the mean value. Therefore, for the
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Table 1: Model parameters in the system
Implication Parameter Value
Membrane capacitance C 100 pF
Leak conductance gleak 4.5 nS
Resting potential vrest −70 mV
Excitatory reversal potential vex 0 mV
Inhibitory reversal potential vinh −80 mV
Spike threshold vthre −55 mV
Resetting potential vreset −70 mV
Inhibitory unitary synaptic
conductance

ginh 1 nS

Excitatory unitary synaptic
conductance threshold

gthre 2.5 nS

Synaptic time constant τ 2 ms
Number of excitatory neurons Nex 5, 000
Number of inhibitory neurons Ninh 1, 250

uniform distribution, uniform random numbers between
zero and the double of the mean value were generated.
Bimodal distribution: In the generation of bimodal dis-
tribution, the distribution was realized by two sets of uni-
form distribution. The one was in [0, 0.1] and the other was
[M − 0.1,M], where M was the maximum value and was
the same value as that of the uniform distribution. The half
of excitatory synapses were laid in the former range and the
others were in the later range.
Constant distribution: In constant distribution, all exci-
tatory synapses on the neuron were homogeneous. Their
synaptic conductance was the mean value of the log-normal
distribution.

Neurotransmitter release probability and its fluctuation
of each synapse were functions of its synaptic conductance.
Amounts of the neurotransmitter release probability and
the fluctuation were given by 1 − e−12.3gi and 0.22g−0.5

i [5].
Firings of both excitatory- and inhibitory-presynaptic

terminals were in the manner of the Poisson process, which
was characterized by the parameter of the mean firing rate
f . All inhibitory presynaptic terminals fired at f . Exci-
tatory presynaptic terminals had the mean firing rate pro-
portional to their unitary synaptic conductance such as
f gi/gthre [7]. Note that, among all types of synaptic weight
distribution, the mean firing rate of a population of presy-
naptic terminals was the same, because the mean synaptic
conductance was sustained among all the types of distri-
bution. All the parameters in Eq. (1) are summarized in
Tab. 1.

In my experiments to investigate synchrony input effects,
synchronous events were generated as the following proce-
dure.

1. Focus on a spike of the strongest synapse as an anchor

2. Randomly selected n excitatory neurons from the
other Nex − 1 excitatory neurons

3. Move one spike in individual spike trains of the n se-
lected neurons to the time of the anchor spike of the
strongest synapse

4. 2. and 3. were repeated until all spikes of the strongest
synapse were synchronized with n spikes of the other
synapses

In this operation, a spike was not allowed to be moved to
the time of the other spikes in each spike train or to across
neurons. Then, the total number of spikes was kept before
and after the generation of synchrony events. All simula-
tions were conducted for 100 s with the temporal resolution
of 0.1 ms.

To evaluate spike information transmission of individual
synapses in the system, the mutual information (MI) was
employed. The MI was given by

I(X,Y) =
∑
x,y

P(x)P(y|x) log2
P(y|x)
P(y)

, (2)

where P(x) and P(y) were probability of input and output
and P(y|x) was conditional probability. For the evaluation
of the MI, a spike train was regarded as a binary sequence
with 10 ms bin width. In a binary sequence, each bin was
represented with 1 or 0 whether the bin included spikes or
not. Multiple spikes in a bin were permitted and such a bin
was also represented with 1.

In addition, extra spikes per synchronous event was also
evaluated. Because synchronous events were generated by
just moving spikes within individual spike trains with re-
ferring an anchor neuron, the total number of presynaptic
spikes were maintained before and after the synchronous
event generation. Then, the increase or the decrease of
postsynaptic spikes must be caused only by the generation
of synchronous events. The extra spikes per synchronous
event were defined by (Nsyncn

− N)/M, where Nsyncn
was

the number of postsynaptic spikes for n > 0 and N was
that for n = 0 in a simulation. M was the occurrence of
synchronous events in a simulation.

3. Results

3.1. Stochastic resonance phenomenon in system with
log-normal distribution

First of all, an experiment analogous to Ref. [6] was con-
ducted (Fig. 1). An apparent peak was observed in the
function of MI against f only in the case of the log-normal
distribution (Fig. 1(A)). This was a typical stochastic reso-
nance phenomenon. The peak located at f = 1.7 Hz, indi-
cating that presynaptic spikes were optimally transmitted to
the postsynaptic neuron with this parameter. Even though
various types of synaptic weight distribution were tested,
there was no peak in the other functions. Then, it was con-
sidered that the stochastic resonance could occur only in
the system with the log-normal distribution.

When f = 1.7 Hz, in the case of the log-normal distri-
bution, the mean membrane potential of the postsynaptic
neuron was around −60 mV (Fig. 1(B)). Because the log-
normal distribution had a heavy tail, the conductance of the
strongest synapse in the system had a value close to gthre.
A spike arrival at a synapse with gthre was able to evoke
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Figure 1: Stochastic resonance in the system with the log-
normal synaptic weight distribution. (A) MI between spike
trains of the presynaptic neuron with the strongest synapse
and the postsynaptic neuron. Each value of MI was aver-
aged over 20 simulations. The mean value was estimated
by the bootstrap method. (B) The mean value of postsy-
naptic membrane potential in a simulation. (C) The mean
postsynaptic spike rate per second. The number of spikes
for each second was averaged over 100 seconds in a simu-
lation.

about 10 mV excitatory postsynaptic potential when the
postsynaptic neuron was in the resting state. In contrast to
the log-normal case, the mean potential of the postsynaptic
neuron in the case of the bimodal distribution was always
higher. However, the MI values in the bimodal case were
much smaller than that in the log-normal case (Fig. 1(A)).
This was because the largest synaptic conductance in the
bimodal distribution was far from gthre, and was not enough
to activate the postsynaptic neuron. This was the common
mechanism for smaller values of MI in the four cases ex-
cept for the log-normal case. However, even though f in-
creased and the mean membrane potential grew up, the MI
increased but the stochastic resonance was not observed in
the four cases. Then, the log-normal distribution seemed to
be essential for the stochastic resonance in the system.

When the system exhibited the stochastic resonance, the
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Figure 2: MI of each excitatory synapse at f = 1.7 Hz. The
stronger synapse was, the younger its index was. In (A), the
black dashed horizontal line represented the maximum MI
in all the other types of distributions.

postsynaptic neuron never realized log-frequency firings
as observed in the cortex or the hippocampus (Fig. 1(C)).
Then, a certain level of a high firing rate of a postsynap-
tic neuron in the brain might be needed for the stochastic
resonance.

3.2. A few excitatory synapses work as spike transmit-
ters in log-normal distribution

Next, MI values of individual synaptic terminals was
weighed (Fig. 2). In the case of the log-normal distribu-
tion, a value of MI decreased as a neuron index increased
(Fig. 2(A)). the MI values of about the 100 strongest
synapses, corresponding to 2 % of the total number of
synapses in the system, were larger than the maximum MI
of any other types of synaptic distribution. Then, these
synapses might not generate noise, but rather might trans-
mit spike information to the postsynaptic neuron.

In the synaptic distribution except for the log-normal dis-
tribution, the MI function was almost flat (Fig. 2(B)–(E)).
Therefore, it was considered that there was no distinction
of a role among synapses.
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Figure 3: Synchrony sensitivity of the postsynaptic neu-
ron. (A) MI between spike trains of the strongest synapse
and the postsynaptic neuron for various n. Each value of
MI was the mean value of 20 simulations. The mean value
was estimated by the bootstrap method. (B) Same as (A)
but in each type of synaptic distribution, the values of MI
were normalized by the maximum value. (C) Extra spikes
caused by synchronous events. The plotted values of extra
spikes per synchronous event were the mean value of 20
simulations. The mean value was estimated by the boot-
strap method. The black dashed horizontal line was a zero-
base line, indicating that synchronous events had no effects
on the postsynaptic neural activity.

3.3. Influence of synchronous events on spike informa-
tion transmission

Finally, synchronous event effects were evaluated
(Fig. 3). In the three types of distribution (the Gaussian,
the uniform, and the constant), the spike information trans-
mission of the strongest synapse drastically improved in
10 ≤ n ≤ 30 (Fig. 3(A)). In particular, synchronous events
enhanced the spike transmission of the strongest synapse
in the system with the Gaussian distribution. Amazingly,
the MI value of the strongest synapse in the Gaussian case
reached 2.5 times as large as that in the log-normal case
for n = 50. Synchronous events had smaller effects on

the spike information transmission of the strongest synapse
in the log-normal and the bimodal distribution than the
other three types of distribution. Then, the postsynap-
tic neuron in the system with the log-normal distribution
was less sensitive to synchronous events than in the system
with the other types of distribution. This trend was able to
be confirmed easier when the MI values were normalized
(Fig. 3(B)).

The trend might be related to changes of postsynaptic
neural activity caused by the difference of synaptic distri-
bution. For this reason, I also evaluated extra spikes of the
postsynaptic neuron as influences of synchronous events
(Fig. 3(C)). In the Gaussian, the uniform, and the constant
distribution, the extra spikes were always positive and in-
creased as larger synchrony. Contrarily, although the extra
spikes were positive until n was 20, the extra spikes de-
creased and were negative for larger n in the log-normal
and the bimodal distribution. This negative effect of syn-
chronous events might prevent the strongest synapse from
enhancing the spike information transmission as observed
in the other three types of synaptic distribution.

4. Summery and discussions

In this study, I investigated synchrony sensitivity of a
single neuron for various types of synaptic weight distri-
bution from a viewpoint of spike information transmis-
sion. In my experiments, the stochastic resonance was ob-
served only in the system with the log-normal weight dis-
tribution. When synapses log-normally distributed and fir-
ing rates of excitatory presynaptic neurons were optimized,
synchronous events had smaller effect on the enhancement
of spike information transmission at the strongest synapse.
This related with the decrease of postsynaptic firings by
synchronous presynaptic inputs.

In my experiment without synchronous events, excita-
tory presynaptic inputs were optimized for the spike trans-
mission at the strongest synapse. Then, the optimality of
presynaptic inputs for the strongest synapse might be lost
by the generation of synchronous events. My result sug-
gests that the synchrony is efficient on the spike informa-
tion transmission in populations of weak synapses. How-
ever, this is still unclear and further analyses are needed.
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Abstract– It has been known that the neural activity 

around the cortical lesion tends to arise. We simulated this 

phenomenon using a neural network model composed of 
excitatory and inhibitory neurons with strong-sparse and 

weak-dense connections, whose inhibitory ones are 

projected on neighboring neurons. Increased average 

membrane potentials in perilesional neurons were observed 

after damaging the injury. It is suggested that the activated 

neurons have lost more inhibitory projections from the 

neighboring injured region than excitatory ones.  

 

1. Introduction 

After a part of the central nervous system is injured in 

animal physiology experiments, some motor functions 

have been reported to recover spontaneously after a certain 
period of time [1,2]. This will be due to the remodeling 

function of neuronal circuitry with sprouting new axons. 

When the rat loses the limb motor function because of 

the damage of the motor cortex, it has been reported that 

the neuronal activity around the lesion in the cortex is 

increased [3]. And it is also reported that the dominant area 

of the limb motor function is moved from the injured region 

to the peripheral or contralateral region after that and the 

lost function is restored after all. However, the recovery 

function was blocked when the perilesional activities were 

artificially suppressed. This suggests that the regional 
activation around the injury plays an important role in the 

recovery process. On the other hand, modeling studies have 

been attempted to elucidate the mechanism of remodeling 

of cortices after injury in recent years [4,5]. However, the 

mechanism of increased activity around the injury has not 

been elucidated yet, since the cost of physiological 

experiments is generally huge. Thus the purpose of this 

study is to show that a strong-sparse and weak-dense 

(SSWD) neural network model with local inhibitory 

synaptic connections enables neural activities around the 

lesion to increase. This idea is one proposal for neural 

recovery mechanism. 
 

2. Methods 

2.1. Strong-sparse and weak-dense network model 

Based on the SSWD model proposed by Teramae et al. 

[6], we have made the projection range of the inhibitory 

neurons more local. The neurons of SSWD fire 

spontaneously even without external inputs and their 

average firing rates are mostly uniform. SSWD model 

produces spontaneous firings similar to those observed in 

real brains in that the variance of EPSP (excitatory 
postsynaptic potential) in cortical cells is quite large. For 

this purpose, the synaptic weights from excitatory to 

excitatory neurons are determined so that the distribution 

of maximum values of the EPSPs approximately follows 

the lognormal distribution. In our simulations, we injure a 

part of the spontaneously firing neurons and clarify the 

changes of firings after the injury. 

First, we will show the model neuron. The membrane 

potential of a model neuron follows the following equation 

[6]: 

 
𝑑𝑣

𝑑𝑡
= −

1

𝜏𝑚

(𝑣 − 𝑉𝐿) − 𝑔𝐸(𝑣 − 𝑉𝐸) − 𝑔𝐼(𝑣 − 𝑉𝐼) ,              (1) 

 

where 𝑣  is the membrane potential, 𝑔𝐸  and 𝑔𝐼  are 

excitatory and inhibitory synaptic conductance respectively, 

and the membrane time constant 𝜏𝑚is 20 ms for excitatory 

neurons and 10 ms for inhibitory neurons. The reversal 

potentials for leak, excitatory and inhibitory postsynaptic 

currents are 𝑉𝐿 = − 70 m , 𝑉𝐸 =  0 m , 𝑉𝐼 = − 80 m , 
respectively. The spike threshold is 𝑉𝑡ℎ𝑟 = − 50 m , and 
the reset value after firing is 𝑉 = − 60 m . Further, 
refractory period is 1 ms. External inputs composed of 

Poisson spike trains fire the neurons for 100 ms in the 

beginning of the simulation. As one of the important 

features, this model retains spontaneous firings without 

bursts even after the external inputs are stopped. 

In response to input spikes, excitatory synaptic 

conductance 𝑔𝐸 and inhibitory synaptic conductance 𝑔𝐼 for 

a neuron change in accordance with the following equation 

[6]: 

 
𝑑𝑔𝑋

𝑑𝑡
= −

𝑔𝑋

τ𝑠
+ ∑ 𝐺𝑋,𝑗

𝑗

∑ 𝛿(𝑡 − 𝑠𝑗 − 𝑑𝑗)

𝑆𝑗

(𝑋 = 𝐸, 𝐼),        (2) 

 

where 𝐺𝑗  is the conductance weight of received spikes from 

the 𝑗 -th neuron, 𝛿(𝑡)  is the delta function, 𝑑𝑗   is the 

transmission delay from the 𝑗-th neuron, and 𝑠𝑗  is a spike 

timing of the 𝑗-th presynaptic neuron. The decay constant 
𝜏𝑠  is 2 ms, and synaptic delays are chosen randomly 

between 𝑑0 − 1 to 𝑑0 + 1 ms: 𝑑0 =  2 for excitatory-to-
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excitatory connections and 𝑑0 = 1 for the other connection 
types.  

Since EPSP is the postsynaptic membrane potential 𝑣 
after an input spike, it is calculated by the Eqs.(1) and (2). 

Thus, the conductance weight 𝐺𝐸,𝑗  essentially affects the 

value of EPSP. To make the maximum values of EPSPs 

follow the lognormal distribution (Eq.(3)), the values of 

𝐺𝐸,𝑗 between excitable cells were stochastically decided. 

 

𝑝(𝑥) =
exp [−

(log 𝑥 − 𝜇)2

2𝜎2 ]

√2𝜋𝜎𝑥
            (3) 

where 𝜇 = log 0.2 + 1, 𝜎 = 1 
 

When some 𝐺𝐸,𝑗   values are larger for a neuron, 

responsive EPSPs tend to be larger even if there is a small 

number of input connections. Conversely, when 𝐺𝐸,𝑗 values 

are smaller, the impact of spikes is quite small even with a 

large number of connections. All conductance weights 

except excitatory-to-excitatory connections are constant: 

excitatory-to-inhibitory ones are 0.018, inhibitory-to-

excitatory 0.002, and inhibitory-to-inhibitory 0.0025 as 
shown in [6]. 

 

2.2. Local projections of inhibitory neurons 

In the numerical experiment, we used 10000 excitatory 

neurons and 2000 inhibitory neurons that are randomly 

and partially connected. The connection probabilities onto 

an excitatory and inhibitory neurons are 10 % and 50 %, 
respectively. Each model neuron was assigned on each 

coordinate (a, b), a and b are integers, in the square area 
of 1 ≤ 𝑥 ≤ 109, 1 ≤ 𝑦 ≤ 109 on the 𝑥 - 𝑦 plane (Fig.1). 

The remaining 12000 − 1092 = 119 neurons are put along 
surround of this area. Here, it is possible to define the 

Euclid distance between neurons using the coordinates. 

Assuming that an inhibitory neuron and another neuron on 

which the inhibitory neuron projects are on (𝑥, 𝑦) and 
(𝑥’, 𝑦’), respectively, we localized the range of projections 
of inhibitory neurons as anatomically known within the 

distance,  √(𝑥 − 𝑥′)2 + (𝑦 − 𝑦′)2 < 87. The projections 
from excitatory neurons are free from this constraint. 

Concretely, inhibitory neurons are divided into 2-to-1 and 

the localization rule is applied as follows: 1333 inhibitory 

neurons are randomly connected to all neurons, while the 

projections from the remaining 667 inhibitory neurons are 

constrained within the range shown above [7]. 

 
Figure 1: Schematic diagram of two-dimensional neurons 

3. Results 

3.1. Effects on firing patterns and mean firing rates 

During the initial 100 ms, spontaneous activity was 

driven by the external inputs of Poisson trains to all neurons. 

After that, we injured 500 neurons in the central region on 

the plane at 𝑡 = 1000 ms. To make raster plots in injured 
and uninjured regions easy to discriminate, we have 

numbered the neurons following the Ulam spiral [8] from 

the center (Fig.2). In other words, the neurons in the injury 

region were numbered from 1 to 500. Figure 3 shows 
examples of raster plots when there is (a) no injury and (b) 

injured. The vertical axis shows the neuron number and the 

horizontal axis represents time. As the neuron number is 

smaller, the neuronal position is closer to the damaged 

portion. The raster plot with injury showed little effect on 

the asynchronous spontaneous firing patterns. The mean 

firing rate and standard deviation of population neurons 

without injury averaged during 𝑡 =  100022000 ms are 
1.79 ± 6.59 × 10−1 Hz in excitatory neurons and 14.91 ±
1.26 × 10  Hz in inhibitory ones. With injury, they are 
1.73 ± 6.06 × 10−1  Hz and 14.58 ± 1.18 × 10  Hz, 
respectively. No significant difference was observed in the 

mean firing rates. The stable mean firing rates also 

supported asynchronous stability in the case of injury. 

Figure 2: Neuron numbering with the Ulam spiral 

 
(a) no injury trial 

 
(b) injury trial (injury onset 𝑡 = 1000 ms) 
Figure 3: Raster plots with and without injury 
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(a) Trial-1 

 

 
(b) Trial-2 

Figure 4: Difference of neuronal activities between injured and uninjured networks 

 

3.2. Increase in neuronal activities around 

To visualize the changes of neuronal activities before 

and after injury in every neuron, the difference (m ) 

between the mean membrane potential at that time and the 

baseline potential averaged over pre-injured 500 ms period 

(𝑡 = 500-1000 ms) for each neuron was plotted on the two-
dimensional position (Fig.4). Figure 4 (a) is a typical 

example with and without injury for the same neural 

network under the condition that they were initially driven 

by the same Poisson trains for 100 ms. Although the 

membrane potentials under both conditions hardly differ 

until 𝑡 =  1000 ms, the injured network began to show 
uneven membrane potentials around 𝑡 = 1500 ms. After all, 
while the changes in the membrane potentials are relatively 
smaller and temporary in the uninjured case, some neuronal 

clusters appeared, whose membrane potentials are 

increased or decreased in the case of injury. This is because 

some neurons close to the injury will lose inhibitory inputs 

from the inhibitory neurons which were in the injured 

region. Though similar effects from excitatory neurons are 

possible, the probability that they are injured is low because 

excitatory connections are not local. The average values of 

the membrane potential difference of all neurons in  𝑡 =
 2000 ms are −8.02 × 10−2 m  in the case of no injury and 
8.28 × 10−2  m  in the case of injury, that shows no 
significant difference. When a set of driving Poisson trains 

different from Fig.4 (a) are given to the neural networks 

with the same synaptic connections as Fig.4 (a), the 
changes of mean membrane potentials with and without 

injury are shown in Fig.4 (b). There results indicate that the 

clusters where neuronal activity is increased or decreased 

after injury changes their positions in response to the 

driving input pattern even with the same synaptic 

connections. This suggests that the areas where their 

neuronal activities are changed after injury depends on the 

initial input pattern for driving network as well as its 

synaptic weight pattern. 

 

3.3. Increased variance of average membrane potentials 

As shown above, the average membrane potential in 
some areas increased or decreased for about 5 m  in the 

case of injury and this state has continued. This implies that 
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the distribution of the membrane potentials is extended. 

Figure 5 shows the normalized frequency distributions of 

them in the uninjured case (Fig.5 (a)) and injury (Fig.5 (b)) 

at 𝑡 = 2000 ms. The variance of the distribution in the case 
of injury is significantly larger in comparison with that 

without injury (𝐹(11999,11499) =  3.31, 𝑃 <  0.01). In 
addition, while the membrane potentials of the 50 % of all 
neurons were increased in the case of no injury, 56 % of 
them were increased in the case of injury. Thus, this may 

make the populational membrane potential increase after 

injury as a whole.  

 

 
(a) no injury 

 

 
(b) injury 

 

 
(c) difference of the distributions 

Figure 5: Distribution of the difference of membrane 
potential 

 

4. Conclusion 

To simulate remodeling process of the cortex, we injured 

the neural network model with SSWD and local inhibitory 

synaptic connections. As a result, increased or decreased 

average membrane potentials in specific perilesional 

neuronal populations were observed for seconds only under 

the injury conditions. The continuous increased activity 

will be due to more effective loss of the local inhibitory 

connections to the surrounding neurons than the global 

excitatory connections. Furthermore, the neurons which 

receive inhibitory projections directly or indirectly from the 
activated neurons will remain inhibited. On the other hand, 

the activated places did not solely depend on the pattern of 

external inputs or synaptic connections. This suggests that 

the injured network dynamics has many basins of attraction 

and that the actual state in the end is determined by the 

initial driven state in the dynamical system. 
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Abstract—In this study, a simple chaotic oscillator com-
posed of RC phase shift oscillators using operational am-
plifier and pulse generator is proposed and investigated. By
inputing pulse wave to operational amplifier of RC phase
shift oscillator, chaotic phenomena are observed easily. We
carry out computer calculation and circuit experiment in or-
der to check the validity of the proposed model. And, we
derive the one parameter bifurcation diagram.

1. Introduction

Recently, many researchers have taken an their interest
in chaos [1][2]. Because, chaotic phenomena can be ob-
served in various fields and chaotic systems are good mod-
els to explain and describe the higher dimensional nonlin-
ear phenomena. In the field of electrical and electronic
engineering, various applications based on deterministic
chaos have been proposed [3][4]. For realizing such ap-
plications, we need chaotic oscillators.

There are various chaotic oscillators [5][6]. These oscil-
lators are composed of RC circuits, pulse generators and
operational amplifiers. By not using inductor, it can be
easily integrated chaotic oscillators. When the parame-
ters are varied, chaotic attractor are observed in this sim-
ple oscillator. However, it is not difficult to analyze these
chaotic oscillators. These oscillators are pulse-driven non
autonomous and discontinuous systems. When the output
of pulse generators varies, operational amplifier’s output
varies. To analyze discontinuous system, it is necessary to
follow complex procedures [7].

In this study, we propose new RC chaotic oscillator. The
proposed model is composed of RC phase shift oscillators
using operational amplifier and pulse generators. By in-
puting pulse wave to operational amplifier of RC phase
shift oscillator, chaotic phenomena are observed easily. We
carry out computer calculation and circuit experiment in or-
der to check the validity of the proposed model. And, we
derive the one parameter bifurcation diagram.

2. Circuit Model

Figure 1 shows the circuit model in this study. The pro-
posed model is composed of RC phase shift oscillator with
an operational amplifier and a pulse generator. The pulse

wave is inputted to non-inverting input terminal of the oper-
ational amplifier. The differ amplifier produces the output
voltagevo which is their power supply voltage, according
to the input signals.

v2v1

R

v3

vo

Vs

Ra

Rb

Ra

R R

Rb

C C C

Figure 1: Circuit model.

Figures 2 shows the approximatedvi − vo characteristic
of the deffer amplifier.

Vs

vo

v

-E

E

Ra/Rb

-
3

(a) (b)

Figure 2: Approximatedvi − vo characteristic of the deffer
amplifier.

vi corresponds toVS − v3. By using differ amplifiers, the
proposed model has a continuity unlike using comparators.
The differ amplifier’s output varies smooth even though the
output of pulse generators varies. The following equation
of the approximatedvi − vo characteristic of the deffer am-
plifier is described as follows:

vo =
1
2

{
|Ra

Rb
(VS − v3) + E| − |Ra

Rb
(VS − v3) − E|

}
.

(1)

Figure 3(a) shows the input voltage waveformVS(t). V
is the amplitude of the pulse voltage andT is the period of
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Figure 3: Input voltage waveforms.

the waveform. Figure 3(b) shows the normalized voltage
waveformVβ(τ). Vβ corresponds toVS, γ corresponds toT
andτ corresponds tot.

The proposed model consists of only simple RC phase
shift oscillators and a pulse generator. Namely, neither in-
ductors nor negative resistors are included. Therefore, it is
considered to be realized on the IC chip without complica-
tion.

The circuit equations are described as follows:

RC
dv1

dt
= −2v1 + v2 + vo

RC
dv2

dt
= v1 − 2v2 + v3

RC
dv3

dt
= v2 − v3. (2)

By using the following variables and the parameters,

v1 = Ex, v2 = Ey, v3 = Ez,
d
dt
= ˙

t = RCτ, α =
Ra

Rb
, VS = Eβ, T = RCγ, (3)

the normalized circuit equation is described as follows:

ẋ = −2x+ y+ f (z)

ẏ = x− 2y+ z

ż= y− z. (4)

where f (z) is a piecewise-linear function corresponding to
the vi − vo characteristic of the deffer amplifier and is de-
scribed as

f (z) =
1
2
{|α(β − z) + 1| − |α(β − z) − 1|} . (5)

3. Exact Solutions

Since the circuit equations (4) are piecewise-linear, exact
solutions in each linear region can be derived. At first, we

define three piecewise-linear regions as follows:

R1 : α(β − z) ≤ −1

R2 : −1 < α(β − z) < 1

R3 : α(β − z) ≥ 1. (6)

Namely,R1 corresponds to the region where the output of
differ amplifier is minimum values. On the other hand,R3

corresponds to the region where the output of differ ampli-
fier is maximum values. And,R3 corresponds to the region
where the output of differ amplifier is varied.

We calculate the eigenvalues in each region from Eq. (4).
The eigenvalues in each region are described as follows,

R1 and R3 : λa, λb, λc

R2 : λ2, σ2 ± jω2. (7)

The eigenvalues ofR1 andR3 can be derived from∣∣∣∣∣∣∣∣
λ + 2 −1 0
−1 λ + 2 −1
0 −1 λ + 1

∣∣∣∣∣∣∣∣ = 0. (8)

On the other hand, the eigenvalues ofR2 can be derived
from ∣∣∣∣∣∣∣∣

λ + 2 −1 α
−1 λ + 2 −1
0 −1 λ + 1

∣∣∣∣∣∣∣∣ = 0. (9)

Next, we define the equilibrium points in each regions as

E1 = [E11 E12 E13]
T

E2 = [E21 E22 E23]
T

E3 = [E31 E32 E33]
T, (10)

respectively. These values are calculated by putting right
side of Eq. (4) to be equal to zero.

Then, we can described the exact solutions as follows.
In R1 andR3:

xa(τ) − En = F(τ) · F−1(0) · (xa(0)− En),

where

xa(τ) = [xn(τ) yn(τ) zn(τ)]T,

F(τ) = [fa(τ) fb(τ) fc(τ)]
T,

fc(τ) = [λa λb λc],

fb(τ) =
dfc(τ)

dτ
+ fc(τ),

fa(τ) =
dfb(τ)

dτ
+ fb(τ). (11)

(n = 1,3)

In R2:

xb(τ) − E2 = G(τ) ·G−1(0) · (xb(0)− E2),
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where

xb(τ) = [x2(τ) y2(τ) z2(τ)]T,

G(τ) = [ga(τ) gb(τ) gc(τ)]
T,

gc(τ) = [eλ2τ eσ2τ cosω2τ eσ2τ sinω2τ]
T,

gb(τ) =
dgc(τ)

dτ
+ gc(τ),

ga(τ) =
dgb(τ)

dτ
+ gb(τ). (12)

4. Results

We show the chaotic attractors which are obtained by
computer calculation and circuit experiment as shown
Fig. 4.

x− y
-0.5

0.5

0.25

-0.25

y− z
-0.25

0.25

0.125

-0.125

z− x -0.125

0.125

0.5

-0.5

(1) (2)

Figure 4: The chaotic attractors obtained from the proposed
model. (1) Computer calculation. (α = 50, β = 0.03,
andγ = 7.3) (2) Circuit Experiment. (R = 10[kΩ],Ra =

750[kΩ],Rb = 15[kΩ],C = 103[nF],VS = 0.3[V] and
f = 140[Hz])

We can observed almost same attractors. The attractors of
RC chaotic oscillator which consists in a pulse generator
are angular[5][6]. On the other hand, the attractors of the
proposed model are round.

In order to confirm the generation of chaos and to inves-
tigate bifurcation scenario, we derive the Poincare map.

Let us define the following subspace

(d)(c)(b)(a) (e) (f) (g) (h) (i)

Figure 5: One parameter bifurcation diagram whenα is
varied.

S= S1 ∩ S2, (13)

where

S1 : β > 0

S2 : τ = nγ (n = 1,2, 3, ...). (14)

The subspaceS1 shows that the output of pulse generator
is maximum, while the subspaceS2 shows that the output
of pulse generator varies. Namely,S corresponds to the
transitional condition from−β to β.

We choseα as the control parameter and other parame-
ters are fixed asβ = 0.03, γ = 7.3.

Figure 5 shows the one parameter bifurcation diagram
whenα is varied from 1 to 50. The vertical axis showsx1,
the horizontal axis showsα, parameter step is 0.001 and
plotted point is 1000[τ]. And, Figures 6 show the attractors
of computer calculation.

For 1< α < 14.29, the oscillation is not observed from
Fig. 6(a) and the values vary depending on the initial val-
ues. From these results, we can observe the periodic or-
bits, torus and chaotic phenomena. In particular, we focus
on the chaotic phenomena whenα is 23.83 and 50. In or-
der to compare two types chaotic phenomena, we show the
Poincare maps and the largest Lyapunpv exponents whenα
is 23.83 and 50. The largest Lyapunov exponents are given
by

µ =
1
n

lim
n → ∞

n∑
k=1

log2
x1(τ + γ)

x1(τ)
. (15)

Table 1: Comparative results.
α Lyapunov exponent Transitional condition

22.83 0.000594 Continuity
50 0.000818 Discontinuity
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Figure 6: Computer calculated results.
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Figure 7: The Poincare maps.

From Fig. 7, it is seen that two types chaotic attractors
are different. In case thatα is 50, piecewise-linear regions
is changed fromR1 to R3 or R3 to R1. Namely, discontinu-
ity is observed on the proposed model. Almost RC chaotic
oscillators containing pulse generator have discontinuity.
On the other hand, in case thatα is 23.83, discontinuity is
not observed. By using differ amplifier, piecewise-linear
regions is changed smoothly. Therefore, continuity is ob-
served on the proposed model.

5. Conclusion

In this study, we have investigated a RC chaotic oscil-
lator. The proposed model is composed of RC phase shift
oscillator with an operational amplifier and a pulse gener-
ator. By inputing pulse wave to operational amplifier of
RC phase shift oscillator, chaotic phenomena are observed
easily. We have carried out computer calculation and cir-
cuit experiment to investigate. From computer calculations
and circuit experiments, we have checked the validity of
the proposed model. And, we have observed the periodic

orbits, torus and chaotic phenomena. Moreover, we have
observed two types chaotic phenomena. The one is chaotic
phenomena with discontinuity. The other is chaotic phe-
nomena with continuity in spite of using pulse generator.

In our future works, we will derive the Lyapunov expo-
nents by using Jacobian in order to investigate the proposed
model in detail. And, we will investigate the correlations
of between chaotic phenomena and other parameters.
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Abstract—In this paper, we consider a novel chaos con-
trol method based on the Stability Transformation Method
for the continuous-time chaotic systems. Previously, we
have proposed a stabilization method that can stabilize un-
known unstable periodic orbits embedded in chaotic attrac-
tors in continuous-time dynamical systems detected via the
approach of the Stability Transformation Method. How-
ever, the application range of this control method has been
restricted since the method requires discontinuity of state
variables. This paper presents a stabilization method of un-
known unstable periodic orbits without state-jump dynam-
ics by utilizing the Occasional Proportional Feedback tech-
nique. The stability of the control system is theoretically
analyzed. Some results are verified by laboratory measure-
ments.

1. Introduction

Chaos is an intrinsically complex phenomenon in deter-
ministic nonlinear dynamical systems. It is often treated
as a phenomenon to be suppressed in many engineering
systems. In general, the procedure to stabilize unstable
periodic orbits (UPOs) embedded in a chaotic attractor is
called controlling chaos. Since the 1990’s, the idea of sta-
bilizing UPOs embedded in chaotic attractor through only
small perturbations of system parameters introduced by
Ott, Grebogi and Yorke[1] (OGY) has attracted great inter-
est among physicists. Many researchers have applied OGY
method to both discrete and continuous time chaotic sys-
tems, and have reported interesting results. However, this
approach requires the knowledge of position of the desired
periodic orbits, so that it is not able to stabilize the periodic
orbits whose information of positions is unknown. In pre-
vious work[2], we have proposed a chaos control method
based on Stability Transformation Method (STM) to stabi-
lize unknown UPOs of a chaotic system. STM proposed
by Pingel at al[3] can detect the location of UPOs by con-
structing a transformed system which has the stable peri-
odic orbits with the same location of UPOs exhibited in the
orginal chaotic system. The control method realized the
transformed system as a real system. The control princi-
ple is to construct the transformed system which has the
stable periodic orbits at the same location of UPOs of the
target chaotic system. Then we used Instantaneous State

Setting (ISS) method[4] in order to realize the transformed
system for continuous-time dynamical system. However,
the proposed method used instantaneously change of sys-
tem state variables and makes them discontinuous. There-
fore it may not be applicable for mechanical engineering
systems. In other words, expanding scope of application
of our proposed approach by making the state variables
continuous has been expected. In this paper, we intro-
duce a novel chaos control method based on STM utilizing
Occasional Proportional Feedback (OPF) method to sta-
bilize the unknown UPOs of chaotic systems whose state
variables are continuous. We realize the controller to an
autonomous continuous time system, 3-dimensional (3-D)
hysteresis chaos generator, and present the stabilization of
its unknown UPOs. We also confirm the effectiveness of
the control system to the real system.

2. 3-dimensional hysteresis chaos generating system

2.1. 3-D hysteresis chaos generator

We consider an autonomous piecewise linear system
which can generate chaos characteristic, 3-D hysteresis
chaos generator, as our control target. The dynamics are
described as follows:[

ẋ
ẏ

]
=

[
0 1
−1 2δ

] [[
x
y

]
−

[
p
0

]
h(x)

]
, (1)

wherex andy are system state variables,“ ·”denotes the
differentiation by normalized timeτ , δ andp are 2 parame-
ters of system which controlling a damping and equilibrium
points, respectively.h(x) is normalized hysteresis which
switched from1 to −1 if x reaches the thresholdx = −1
and switched from−1 to1 if x reaches the thresholdx = 1.
For simplicity, we focus on the following parameters range:
0 < δ < 1, p > 0. In this range, Eq. (1) has the conju-
gate complex eigenvalueδ ± jω, whereω =

√
1 − δ2. We

can confirm that the chaotic system exhibits chaos and bi-
furcation phenomena within this parameters range. [4] The
piecewise solution of Eq. (1) is given by:[

x(τ) ∓ p
y(τ)

]
=

eδτ

ω

[
cos(ωτ + φ) sinωτ
− sinωτ cos(ωτ − φ)

]
×

[
x(0) ∓ p

y(0)

]
(2)

whereφ = tan−1(δ/ω).
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Figure 1: Behavior of 3-D Hysteresis Chaos Generator

To present the behavior of the system trajectory, we focus
on the following 2 half-planes in a 3-dimensional phase
space as shown in Fig. 1.

S+ ≡ {(x, y, h)|x ≥ −1, h = 1},
S− ≡ {(x, y, h)|x ≤ 1, h = −1}.

In order to derive a return map, we also define some objects
shown in Fig. 1:
1) Equilibrium point onS+: p+ = (p, 0, 1) ∈ S+,
2) Equilibrium point onS−: p− = (−p, 0,−1) ∈ S−,
3) Threshold onS+: Th− = {(x, y, h)|x = −1, h = 1},
4) Threshold onS−: Th+ = {(x, y, h)|x = 1, h = −1}.
Note that the vector field onS+ is symmetrical to that on
S−. We consider that the trajectory starts fromx(τ0) on
S+ at τ = τ0. It rotates around the equilibrium pointp+

and expands as shown in Fig. 1. When the trajectory hits
Th− at τa, h(x) is switched from1 to −1 and the state
jumps fromx(τa) onS+ to the same coordinates ofx(τa)
onS−. The point onS− isx(τ+

a ). Then the trajectory start-
ing fromx(τ+

a ) rotates divergently aroundp− and must hit
Th+ at τb. At this moment,h(x) is switched from−1 to 1
and the state jumps fromx(τb) on S− to the same coordi-
nates ofx(τb) on S+. The point onS− is x(τ+

b ). The tra-
jectory starting fromx(τ+

b ) rotates divergently aroundp+

similarly and it repeats such behavior. Here, the switching
time τ+

a andτ+
b are defined by:

τ+
a = lim

∆τ→0
(τa + ∆τ), τ+

b = lim
∆τ→0

(τb + ∆τ). (3)

2.2. Return map

Since the trajectory starting from any point ony = 0 will
definitely return toy = 0 within a finite time, we choose
J ≡ {(x, y, h)|y = 0} as the domain of our return map and
define it as follows:

F : J → J, R × B → R × B,
ξn+1 = (xn+1, hn+1)

= F (xn, hn) = (f(xn, hn), g(xn, hn)).
(4)

wherexn ∈ R denotes coordinate of statex on y = 0
when the trajectory hitsJ at n-th time andhn ∈ B ≡
{−1, 1} is the value ofh(x) at that moment.f(xn, hn) and
g(xn, hn) in Eq. (4) are described by:

f(xn, hn) =



f1(xn) for xn > xTh,
f2(xn) for [(−1 ≤ xn ≤ xTh)

and(hn = 1)],
f3(xn) for [(−xTh ≤ xn ≤ 1)

and(hn = −1)],
f4(xn) for xn < −xTh,

(5)

g(xn, hn) =


1 for {(1 ≤ xn ≤ xTh)
or [(−1 ≤ xn ≤ 1) ∪ (hn = 1)]},

−1 otherwise,

(6)

wherexTh = p +
1
ω

e−δπ/ω cos(−π + φ)(−1 − p).

f1, f2, f3, f4 in Eq. (5) are represented as follows:

f1(xn) = −p +
1
ω

eδτ2

[−1
ω

eδτ1 sinωτ1{(x − p) sinωτ2

+(−1 + p) cos(ωτ2 + φ)}
]
, (7)

where

τ2 =
1
ω

[
π + tan−1 −eδτ1 sinωτ1(x − p)

−1 + p + δ
ω eδτ1 sinωτ1(x − p)

]
,

f2(xn) = p +
eδπ/ω

ω
cos(π + φ)(x − p), (8)

f3(xn) = −p +
eδπ/ω

ω
cos(π + φ)(x + p), (9)

f4(xn) = p +
1
ω

eδτ4

[−1
ω

eδτ3 sin ωτ3{(x + p) sin ωτ4

+(1 − p) cos(ωτ4 + φ)}
]
, (10)

where

τ4 =
1
ω

[
π + tan−1 −eδτ3 sin ωτ3(x + p)

−1 − p +
δ

ω
eδτ3 sinωτ3(x + p)

]
.

τ1 in Eq. (7) andτ3 in Eq. (10) are given by solving the
following equations with Newton method.

eδτ1

ω
cos(ωτ1 + φ)(x − p) + 1 + p = 0,

eδτ3

ω
cos(ωτ3 + φ)(x + p) − 1 − p = 0.

(11)

Here, we present the chaotic attractor exhibiting in the hys-
teresis chaos generating system and its corresponding 6
times composition mapping as shown in Fig. 2.
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Figure 2: A chaotic attractor of system(δ = 0.05, p = 2):
(a)x − y phase space, (b) 6 times composition map

3. Chaos control method based on STM utilizing OPF

We propose a novel chaos control method based on STM
utilizing OPF procedure to stabilize unknown UPOs of
continuous-time chaotic systems. Block diagram of the
controlled system is presented as shown in Fig. 3 and its
dynamics are described as follows:[

ẋ
ẏ

]
=

[
0 1
−1 2δ

][[
x
y

]
−

[
p + ∆p

0

]
h(x)

]
for SW = on.

(12)
Operation of controller switchSW is described by

SW =


on for kατn ≤ t ≤ kατn +

π

ω
,

(α = 0, 1, 2...)
off otherwise,

(13)

wherek denotes periodic number of the target trajectory.

Figure 3: (a) Block diagram of controlled system, (b) Con-
trolled variable∆p

∆p is the controlled variable applied to the equilibrium
pointp whenSW is on.

∆p =
1

h(x)
KOPF (xn − vn+k), (14)

whereKOPF denotes the gain of controller utilizing OPF
method. System will turn in super stable condition if
KOPF satisfies the following equation.

KOPF =
V

V − 1
, (15)

whereV =
1
ω

eδ π
ω cos(π + φ).

vn+k in Eq. (14) is determined as follows:
vn+k = q(vn+k),
vn+k = (I − KSTM )ξn + KSTMvn,

(16)

whereKSTM ∈ R2 denotes the gain of controlled system
based on STM.vn = (vn, hn) andξn = (xn, hn) repre-
sent the internal state of the controller and the state variable
of system, respectively.vn is updated whenevery = 0 as
same as update ofξn. Linear transformationq is defined
by:

q : R2 → R, (v, h) 7→ v . (17)
Here, we explain about the trajectory behavior of controlled
system shown in Fig. 4. First, whenn = 0 we consider
that the trajectory hitsJ at τ = τ0 on the half-planeS+.
The trajectory starting from this intersection pointx(τ0)
moves as well as the dotted line in caseSW is off. When
SW is on, at the moment the trajectory hitsJ , the con-
troller’s internal state is set tov0. Thenv6 is found by
solving Eq. (16) withx0 andv0. We calculate∆p with
Eq. (14) from the obtainedv6. We consider the hypotheti-
cal trajectory starting fromv6 is represented by the dashed
line. Next, equilibrium point is shifted laterally by the con-
trolled variable∆p between the moment fromτ0 to τ1. In
the result, the trajectory starting fromx(τ0) is consistent
with the hypothetical trajectory indicated by the dashed
line which includingx(τ1) on. Thereafter, shifted equilib-
rium point returns to its original position and the trajectory
moves as well as behavior of 3-D hysteresis chaos gener-
ator as shown in Fig. 1. When it becomesn = kα, the
same control operation as above is repeated. We describe

Figure 4: Typical trajectory of controlled system

dynamics of controlled system by this operation as follows:
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{
ξn+k = F k[(I − KSTM )ξn + KSTMvn]
vn+k = (I − KSTM )ξn + KSTMvn

for n = kα,

(α = (0, 1, 2...)){
ξn+l = F l(ξn)
vn+l = vn

otherwise.
(0 < l < k)

(18)

We consider the case ofKSTM = 0, controlled system
is equivalent to the hysteresis chaos generator in section
2.1. In the case ofKSTM 6= 0, from the relation of
ξn = F k(vn), Eq. (18) can be abbreviated to the following
system.

vn+k = (I − KSTM )F k(ξn) + KSTMvn. (19)

Equation (19) is equivalent to transformed system. Regard-
less of the control gainKSTM , this transformed system
(19) has fixed point(s) with the coordinate the same as fixed
point(s) of the original chaos system. If we set control gain
KSTM appropriately, transformed system (19) will exhibit
a stable fixed point with the same position asξf . Our next
step is to stabilize the fixed pointξf of the Transformed
system (19) by suitable choices ofKSTM . First, we con-
sider the stability condition matrix of the controlled system
as follows:

Cts =

∣∣∣∣∣ ∂F k(vn)
∂vn

∣∣∣∣
vn=ξf

∣∣∣∣∣ =

∣∣∣∣∣ ∂vn+k

∂vn

∣∣∣∣
vn=ξf

∣∣∣∣∣ . (20)

Sinceξf is an unstable fixed point at least one of the eigen-
values ofCts at ξf must possess an absolute value greater
than 1. In order to stabilizeξf let us consider the stability
matrixMKstm which obey the following relation:

MKstm = (I − KSTM )DF k(ξf ) + KSTM . (21)

Then we adjust the control gainKSTM such that the eigen-
values of the stability matrixMKstm atξf must have abso-
lute values less than 1. We also estimate the derivation of
F k atξf as follows:

DF k(ξf ) ' F k+1(ξf ) − F k(ξf )
F k(ξf ) − ξf

. (22)

Especially, if control gainKSTM is satisfied with the fol-
lowing equation, system will turn in super stable condition.

KSTM =
−DF k(ξf )

1 − DF k(ξf )
. (23)

Thus, if we setKSTM appropriately satisfied with the
above stability condition, controlled system exhibits stable
periodic orbit(s) with the same position as the unstable pe-
riodic orbit(s) of hysteresis chaos generating system. Since
(18) does not include any information of the fixed pointξf ,
it is possible to stabilize unknown UPOs of chaotic sys-
tem if we can set control gain appropriately. Here, we ver-
ify the efficacy of the controlled system with our proposed
method by numerical simulation. We choose 6-period sta-
ble periodic orbits as our goal and setKSTM = 1.1. We
also confirm the stabilization of 3 kinds of different unsta-
ble periodic orbits depending on different initial values as
shown in Fig. 5.

Figure 5: Stable periodic orbits exhibited by the controlled
system(δ = 0.05, p = 2, k = 6,KSTM = 1.1)

4. Conclusion

In this paper, we considered a basic approach to gener-
alize techniques of controlling chaos. We proposed a novel
chaos control method based on the STM utilizing OPF
technique for the autonomous continuous-time chaotic sys-
tems, and described our approach for the case of stabilizing
fixed points of 6 times composition map. We also presented
the procedure to stabilize the unknown UPOs of a 3-D hys-
teresis chaos generator. Now we are trying to analyze the
stability region of the control gainKOPF andKSTM of
our controlled system.
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Abstract—In our previous studies, the relationship be-
tween synchronization rates and small parameter mis-
matches on an asymmetrical coupled chaotic systems has
been investigated. As a result of investigating these sys-
tems, interesting phenomenon can be observed. We con-
sider that the phenomenon can be observed in the case of
any kinds of chaotic oscillators.

In this study, a memristor based chaotic circuit are ap-
plied to our proposed system. By this investigation, our
hypothesis for the phenomenon observed in our system is
reinforced.

1. Introduction

Many kinds of coupled chaotic systems have been pro-
posed and investigated. In these system, most important
point is that various kinds of interesting phenomena such
as spatio-temporal chaotic phenomena, clustering phenom-
ena, and so on can be observed.

In our previous studies [1]-[2], the relationship between
synchronization rates and small parameter mismatches on
an asymmetrical coupled chaotic systems has been inves-
tigated. The system is coupled globally and coupling el-
ements are resistors. Sub-circuits are divided into two
groups. The difference of two groups is circuit parame-
ters, coupled nodes or circuits as coupled elements. The
small parameter mismatches were given to the sub-circuits
as an mismatch of the oscillation frequency. As a result
of investigating these systems, interesting phenomenon can
be observed. This phenomenon is that the synchronization
rates of the one sub-circuit increases in spite of increasing
parameter mismatches of the other group. We consider that
the phenomenon can be observed in the case of any kinds
of chaotic oscillators.

On the other hand, a memristor proposed by L. O. Chua
[3] is called as the fourth fundamental circuit element. A
physical implementation was realized by a group of re-
searchers from Hewlett-Packard laboratories in 2007 [4].
Many researchers consider that the memristor has a poten-
tial of application for computer science, neural networks
and so on. However, the physical implementation is nano
scale size and is not available on the market. Some re-

searchers who are interested in a memristor developed the
emulator circuits [5]-[8]. By using the emulator, some
chaotic circuits are proposed and some applications are
proposed.

In this study, a memristor based chaotic circuit [5] are
applied to our proposed system. By this investigation, our
hypothesis for the phenomenon observed in our system is
reinforced.

2. System Model

2.1. Memristor Based Chaotic Circuit

Figure 1 shows a memristor based chaotic circuit
(MBCC) proposed by B. Muthuswamy et. al. [5]. This cir-
cuit consists of two capacitors, one inductor and one mem-
ristor. Note that the memristor used in the circuit is an ac-
tive element. By connecting a well-known passive memris-
tor with a negative resistor in parallel, the active memristor
can be realized [9].

Figure 2 shows an implementation of the memristor.
This memristor is a flux-controlled memristor. Voltage vm

is corresponding to flux ϕ of the memristor. The character-
istic of the memristor is defined as a cubic nonlinearity for
the q-ϕ function:

q(ϕ) = m1ϕ + m2ϕ
3. (1)

Therefore, the memductance function W(ϕ) is given by :

W(ϕ) =
dq
dϕ
= m1 + 3m2ϕ

2. (2)

A circuit experimental result and a computer simulation
result are shown in Fig. 3. Chaotic attractors are observed.

2.2. System Model

Figure 4 is a proposed system. This system consists of
resistors R and MBCCs. Two kinds of MBCCs (which are
called as Group A and Group B) are included in the sys-
tem. A difference between Group A and Group B is a
value of circuit parameters. The number of circuit is de-
fined as k = m + n. Namely, the numbers of Group A and

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015

- 471 -



Figure 1: Memristor Based Chaotic Circuit [5].

Figure 2: Implementation of a Memristor.

(a) (b).

Figure 3: Circuit experimental result and computer simu-
lation result of a MBCC. (a) Horizontal axis is ik1. Vertical
axis is vk2. Rk1 = 1800 [Ω], Ck1 = 6.8 [nF], Ck2 =68 [µF],
Lk1 = 20 [mF], Rm = 10 [kΩ], Cm = 10 [nF], Rr = 1000
[kΩ], R1 = 2 [kΩ], R2 = 2 [kΩ], R3 = 1.48 [Ω], R4 = 30
[kΩ] and R5 = 30 [kΩ]. (b) Horizontal axis is xk4. Verti-
cal axis is xk3. α = 0.037, βa = 11, βb = 10, γa = 0.28,
γb = 0.29, M1 = −0.379, M2 = 0.065, δ = 0.09, ε = 1.1
and ζ = 1.0.

Figure 4: System Model.

Group B circuits are m and n, respectively. Additionally,
small parameter mismatches of Group A and Group B are
included in the system. Circuits are coupled globally by
resistors. This system is asymmetrically coupled chaotic
system. Now, in order to carry out computer simulations,
Circuit equations are derived.

Group A (1 ≤ k ≤ m):



dϕk

dt
= − vk1

RmCm

C1a
dvk1

dt
=

1
Ra

(vk2 − vk1) − (m1 + 3m2ϕ
2
k)vk1

C2a
dvk2

dt
=

1
Ra

(vk1 − vk2) − ik

+
1
R

m+n∑
i=1

vi2 − (m + n)vk2


La

dik
dt

= (1 + pk)vk2

(3)

Group B (m + 1 ≤ k ≤ m + n):



dϕk

dt
= − vk1

RmCm

C1b
dvk1

dt
=

1
Rb

(vk2 − vk1) − (m1 + 3m2ϕ
2
k)vk1

C2b
dvk2

dt
=

1
Rb

(vk1 − vk2) − ik

+
1
R

m+n∑
i=1

vi2 − (m + n)vk2


Lb

dik
dt

= (1 + qk)vk2

(4)
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By using the following variables and parameters,

xk1 = ϕk, xk2 = vk1, xk3 = vk2, xk4 =

√
La

C2a
ik,

τ =
1

√
C2aLa

t, “ · ” = d
dτ
, α =

√
C2aLa

RmCm
, βa =

C2a

C1a
,

βb =
C2a

C1b
, γa =

1
Ra

√
La

C2a
, γb =

1
Rb

√
La

C2a
,

δ =
1
R

√
La

C2a
, ε =

C2a

C2b
, ζ =

La

Lb
,

M1 = m1

√
La

C2a
and M2 = 3m2

√
La

C2a
.

(5)
the normalized circuit equations of Group A and Group B
circuits are described as follows:
Group A (1 ≤ k ≤ m):

ẋk1 = −αxk2,

ẋk2 = βa

{
γa(xk3 − xk2) − (M1 + M2x2

k1)xk2

}
,

ẋk3 = γa(xk2 − xk3) − xk4 + δ

m+n∑
i=1

xi3 − (m + n)xk3

 ,
ẋk4 = (1 + pk)xk3.

(6)
Group B (m + 1 ≤ k ≤ m + n):

ẋk1 = −αxk2,

ẋk2 = βb

{
γb(xk3 − xk2) − (M1 + M2x2

k1)xk2

}
,

ẋk3 = ε

γb(xk2 − xk3) − xk4 + δ

m+n∑
i=1

xi3 − (m + n)xk3


 ,

ẋk4 = ζ(1 + qk)xk3.
(7)

where k = 1, 2, 3, · · · ,m+n, i.e. the number of Group A cir-
cuits is m, the number of Group B circuits is n, and pk and
qk are introduced to give parameter mismatches of the os-
cillation frequencies. By using these equations, computer
simulations are carried out.

3. Computer Simulations

Figure 5 shows the voltage differences between two
MBCCs in the case of using following initial values and
parameters.

xk1(0) = 0.0, xk2(0) = 0.1 + 0.1 · k, xk3(0) = 0.0,
xk4(0) = 0.0, m = 2, n = 3, α = 0.037, βa = 11,
βb = 10, γa = 0.28, γb = 0.29, δ = 0.09, ε = 1.1,
ζ = 1.0, pk = 0.01(k − 1) and qk = Qb(k − 1).

(8)
Vertical axes show voltage differences and horizontal axes
show time. Namely, in the case of synchronizing two
MBCCs, the amplitude becomes zero. First graph x1 − x2
shows a voltage difference between the two MBCCs of

x1 − x2

x2 − x3

x3 − x4

x4 − x5

Figure 5: Voltage differences between two circuits. α =
0.037, βa = 11, βb = 10, γa = 0.28, γb = 0.29, δ = 0.09,
ε = 1.1, ζ = 1.0 and Qb = 0.005.

x1 − x2

x2 − x3

x3 − x4

x4 − x5

(b) Qb = 0.020

x1 − x2

x2 − x3

x3 − x4

x4 − x5

(c) Qb = 0.060

Figure 6: Voltage differences between two circuits. α =
0.037, βa = 11, βb = 10, γa = 0.28, γb = 0.29, δ = 0.09,
ε = 1.1 and ζ = 1.0.

Group A. Synchronizations and un-synchronized burst ap-
pear alternately in a random way. Note that this synchro-
nization is called as a quasi-synchronization. The second
graph x2 − x3 shows a voltage difference between a MBCC
of Group A and a MBCC of Group B. These are not syn-
chronized at all. The third and fourth graphs x3 − x4 and
x4 − x5 show voltage differences between two MBCCs of
Group B.

By increasing Qb which is corresponding to small pa-
rameter mismatches of Group B as shown in Fig. 6, un-
synchronized bursts of Group A and B are decreased and
increased, respectively.

In order to investigate this relationship, the synchroniza-
tion is defined as following inequality.

|xk2 − x(k+1)2| < 0.3 (9)

Figure 7 shows a relationship between synchronization
rates and Qb. The synchronization rate is defined as a ratio
of synchronization time and total time of the calculation.
In Qb = 0, it means parameter mismatches free, a synchro-
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Figure 7: Relationship between synchronization rates and small parameter mismatches Qb. Horizontal axis is Qb, Vertical
axis is a synchronization rate. α = 0.037, βa = 11, βb = 10, γa = 0.28, γb = 0.29, δ = 0.09, ε = 1.1 and ζ = 1.0. Initial
values are set as xk1 = 0.0, xk2 = 0.1 + 0.1 ∗ k xk1 = 0.0 and xk1 = 0.0. Simulation time of each parameter is 100000.

nization rate of Group A is about 0.4, a synchronization rate
between Group A and B is about 0.1 and a synchronization
rate of Group B is about 0.8. In Qb = 0.001, MBCCs be-
come periodic oscillation states. Therefore, very high or
low rates are observed. Namely, the case of synchronizing
two MBCCs perfectly becomes very high rate, and the case
of phase shifted synchronization like an anti-phase syn-
chronization becomes very low rate. By increasing Qb from
Qb = 0.001 to Qb = 0.083, a synchronization rate of Group
A is increased and synchronization rates of Group B are
decreased. In a area between Qb = 0.084 and Qb = 0.090,
MBCCs become periodic oscillation states. In the case of
Qb = 0.090 and more, MBCCs do not oscillate.

In previous studies, similar results are obtained in other
systems. We have hypothesized that this phenomenon can
be observed all kinds of chaotic coupled element of the
same couple system. This result reinforces this hypothe-
sis.

4. Conclusions

In this study, in order to verifier the phenomenon of pre-
vious studies, relationship between synchronization rates
and parameter mismatches in coupled chaotic circuits using
memristors. In the case of five circuits, we confirmed a phe-
nomenon similar to our previous studies in computer simu-
lations. By this result, our hypothesis for the phenomenon
observed in our system is reinforced.
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Abstract—In this paper, we discuss a controlling
method of the switching time in the state- and period-
dependent interrupted electric circuit. There are many
state- and period-dependent interrupted electric circuits in
the electrical engineering field. Therefore, the controlling
method reported in this paper is able to apply the practical
circuits such as the dc/dc converters and dc/ac inverters.
First, we explain the algorithm. Next, we show an example
of the application by demonstrating the proposed algorithm
to a simple state- and period-dependent interrupted electric
circuit with one dimensional topology. Finally we discuss
validity of the method.

1. Introduction

It is known that the power conversion circuits exhibit
rich nonlinear phenomena including the chaotic attractor
[1, 2]. In many cases, the power conversion circuits are de-
signed to prevent the unstable behavior, i.e. unstable orbits
and chaotic attractors. Therefore, it is important to con-
trol the unstable orbits including the chaotic attractors from
practical point of view.

There are many chaos controlling method applicable to
the switching circuits. For example, Ref. [3] reports a duty
ratio controlling method. Moreover, Refs. [4, 5] vary cir-
cuit parameters, such as the input voltage and reference val-
ues, for controlling the chaotic attractor. Using these con-
trolling method, we can control the chaotic attractor to the
periodic orbit.

On the other hand, a controlling method that focuses on
the switching time may not be reported. The controlling
method that focuses on the switching time has advantage in
simplicity compared with the previous methods reported in
Refs. [4, 5]. In addition, the simplicity will make possible
to controlling the unstable orbits in the switching circuits
with high-dimensional topology. Here, note that the duty

ratio controlling method proposed in Ref. [3] has a simple
algorithm, however it may not be able to apply the switch-
ing circuits with high-dimensional topology. In fact, there
are many switching circuits that with two or more dimen-
sional topology. For targeting these switching circuits, we
have to propose a simple method for controlling unstable
orbits.

This paper reports a controlling method that varying the
switching time. The application target is switching circuits
with one dimensional topology. First, we explain the al-
gorithm of the controlling method. Next, we show the test
circuit, which we apply the controlling method. Finally,
we control the unstable orbits via varying the switching
time in the test circuit. The test circuit has same switching
rule with the current-controlled dc/dc converters. There-
fore, it will be possible to control the unstable orbits in the
current-controlled dc/dc converters by improving the pro-
posed method.

2. Algorithm of the controlling method via varying the
switching time

2.1. Hybrid dynamical system with one dimensional
topology

We consider the following hybrid dynamical system with
one dimensional topology.

dx
dt

= f (x, λ)

=

{

f1(t, x, λ, λ1), subsystem-1
f2(t, x, λ, λ2), subsystem-2

(1)

Let λ be a parameter included in both subsystem-1 and
subsystem-2, whereas λ1 and λ2 are the parameters in-
cluded only in subsystem-1 or subsystem-2. Moreover, we
assume that the system has clock pulse at every period of T .
Let xn be a sampled data of the waveform at a time t = nT ,
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where n = 1, 2, 3 . . .. Therefore, the solution of Eq. (1) is
described as follows:

x(t) =
{

ϕ1(t, xn, λ, λ1), subsystem-1
ϕ2(t, xn, λ, λ2), subsystem-2 . (2)

Figure 1 shows waveform behavior. If the waveform
reaches the reference value xref , the subsystem switches
from subsystem-1 to subsystem-2. If the clock pulse
appears at every period of T , the subsystem returns to
subsystem-1.

The periodic orbit satisfies the following equations:

x(nT ) − x((n + m)T ) = 0 (3)

and
x(nT ) − x((n + l)T ) , 0, (4)

where 1 ≤ l < m. Note that x∗m(t) denotes period-m orbit
that satisfies Eqs. (3) and (4).

We discuss stability of the period-one orbit as an exam-
ple. Figure 2 shows the period-one orbit, i.e. x∗1(t), and its
perturbed orbit, i.e. x(t), where xn and x∗1n denote an initial
values at a time t = nT . Let a perturbation of the orbits at
a time t = nT be ∆xn. The perturbation ∆xn is expressed as
follows:

∆xn = xn − x∗1n . (5)

Likewise, let the perturbation at a time t = (n + 1)T be
∆xn+1. The perturbation ∆xn+1 is expressed as follows:

∆xn+1 = xn+1 − x∗1n+1. (6)

Therefore, it can be said that the orbit expressed as x(t) is
stable under ∆xn+1

∆xn
< 1, otherwise the orbit is unstable. In

the following analysis, we control the unstable orbits via
varying the switching time of the system.

2.2. Controlling method

Figure 3 shows a conceptual diagram of the controlling
method. In the figure, the black waveform denotes x∗1(t)
and gray waveform denotes x(t), respectively. Note that
subsystem-1 is kept during tON, whereas subsystem-2 is
kept during tOFF. We vary the switching time of tON based

T T T T T)(n+2)(n+1n )(n+4)(n+3

xref

1 2:

:clock
Subsystem 1 2

t

Figure 1: Waveform behavior.

1 2Subsystem:
t

T T)(n+1n

xref

∆xn
∆xn+1

xn

xn
*

xn+1
*1

xn+1

1 2Subsystem:
t

T T)(n+1n

xref

∆xn+1

xn+1
*1

xn+1

∆xn

xn

xn
*

(a) ∆xn+1
∆xn
< 1 (b) ∆xn+1

∆xn
> 1

Figure 2: Stability of the solution.

on the controlling theory and getting a solution x′n+1 at a
time t = (n + 1)T .

The perturbation between x′n+1 and xn+1 is described as
follows:

∆x̂n+1 = xn+1 − x′n+1. (7)

Likewise, the perturbation between x′n+1 and x∗1n+1 is de-
scribed as follows:

∆x̄n+1 = x′n+1 − x∗1n+1. (8)

Let the controlling gain be k. Therefore, perturbation of the
switching time, i.e. ∆tON, can be derived as follows:

∆tON = k∆xn. (9)

Here, Eq. (8) is rewritten as follows:

∆x̄n+1 = ∆xn+1 + ∆x̂n+1. (10)

Here, we assume that ∆x̄n+1
∆xn
= µ, where µ denotes the char-

acteristic multiplier of Eq. (10). Note that we use the
deadbeat control. Therefore, the control is completed when
µ = 0 is satisfied. We can get the controlling gain k based
on Eq. (10). By substituting the controlling gain to Eq.
(9), the perturbation of the switching time, i.e. ∆tON, is
defined. In this paper, we consider a simple hybrid dynam-
ical system with one dimensional topology. Therefore, the

∆xn+1

xn+1
*1

∆xn

xn

xref

xn
* ∆xn+1

∆xn+1

xn+1

xn+1

∆ tON

1 2Subsystem:

tON tOFF

t

Figure 3: Controlling method of the switching time.
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characteristic multiplier of Eq. (10), i.e. µ, denotes the
slope of the return map. If the return map is defined with
exact solution, we can get µ easily, otherwise we have to
calculate the value of µ numerically based on the following
equations:

µ =
∆xn+1

∆xn

=
∂ϕ1(T, x∗n, λ, λ1)

∂x∗n
.

(11)

or

µ =
∆xn+1

∆xn

=
∂ϕ2(T − tON, x∗(tON), λ, λ2)

∂x∗(tON)
S
∂ϕ1(tON, x∗n, λ, λ1)

∂x∗n
,

(12)
where S denotes the saltation matrix. In this study, the sys-
tem has one-dimensional topology. Therefore, the saltation
matrix is to be a scalar value. The detail expression for
getting the slope of the return map, i.e. stability calcula-
tion method applicable to the non-linear hybrid dynamical
system, was reported in Ref. [7].

3. An example of the application

Figure 4 shows a simple state- and period-dependent in-
terrupted electric circuit. This circuit model has been pro-
posed in Ref. [6]. The position of the switch changes
depending on the capacitor voltage and appearance of the
clock pulse. If the capacitor voltage reaches the reference
voltage, the position of the switch changes from A’s side to
B’s side. On the other hand, if the clock pulse appears at
every period of T , the position of the switch changes from
B’s side to A’s side.

We fix the circuit parameters as follows:

R = 10[kΩ], C = 0.33[µF], E = 3.0[V], T = 2.0[ms].
(13)

The circuit equation is described as follows:

RC
dv
dt
=

{

−v + E, for switch A
−v, for switch B . (14)

C
R

E

R
R S
Q Q

A B

vr

clock
tT

v

Figure 4: State- and period-dependent interrupted electric
circuit.

The solution of Eq. (14) can be derived with exact solution
as follows:

v(t) =















(vk − E)e−
1

RC (t−kT ) + E, for switch A

vke−
1

RC (t−kT ), for switch B
, (15)

where vk is an initial capacitor voltage at a time t = kT . We
use the following dimensionless values:

x = v, xref = vref , B = E, t′ =
t

RC
, T ′ =

T
RC
, (16)

where we assume B = 1 and we rewrite t′ and T ′ as t and
T , for the sake of the simplicity.

Figure 5 shows examples of the waveform behavior. By
changing the reference voltage xr, we observe many kinds
of the periodic and non-periodic orbits. Based on Eqs. (3)
and (4), we can understand that the period-two orbit is ob-
served at xr = 0.68, the period-four orbit is observed at
xr = 0.78, the period-three orbit is observed at xr = 0.84
and the non-periodic orbit is observed at xr = 0.92. It can
be said that all of these periodic and non-periodic orbits
are the unstable period-one orbit because these orbits never
be the period-one orbit without controlling the switching
time. Therefore, we apply the controlling method to these
periodic and non-periodic orbits shown in Fig. 5. Figure
6 shows the application results. We start the controlling
around at t = 10. It is clear that the period-two, period-
four, period-three and non-periodic orbits are controlled to
the unstable period-one orbit. The test circuit shown in Fig.
4 has the same switching rule with the current-controlled
dc/dc converters. Therefore, the algorithm for controlling
unstable orbits may be applicable to the current-controlled
dc/dc converters.

4. Conclusion

We reported a controlling method of the unstable orbits
via varying the switching time in a simple hybrid dynam-
ical systems. First, we defined a hybrid dynamical sys-
tem with one dimensional topology. Next, we explained
the controlling method with focus on the switching time.
Finally, we applied the proposed controlling method to a
simple state- and period-dependent interrupted electric cir-
cuit. We confirmed validity of the controlling method.

In future, we improve the proposed method for control-
ling unstable orbits in two or more dimensional hybrid dy-
namical systems. Moreover, we have to improve the con-
trolling method for applying the hybrid dynamical system
with nonlinear characteristics.
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Abstract—In this study, we consider bifurcation phe-
nomena of a two-dimensional piecewise-constant driven
oscillator. The system exhibits phase-locking phenomena
in a region in the space of parameters. The region is known
as Arnold tongues. We propose a novel method in order
to analyze piecewise-constant systems with external force.
By using the method, we show theoretical result of stability
and bifurcation of the piecewise-constant system driven by
an external force, especially, we strictly derive boundaries
of Arnold tongues.

1. Introduction

In biology and engineering systems, forced synchroniza-
tion phenomena are often observed [1][2]. It is well known
that phase-locked regions called Arnold tongues are often
observed in forced synchronization [3]. It is important to
analyze Arnold tongues for understanding the forced syn-
chronizations.

In the past, piecewise-linear systems that can obtain ex-
plicit solutions in each piecewise-linear regions were of-
ten used to consider the synchronization phenomena [4][5].
However, when the solution of the each region connects
another one, it is necessary to solve implicit equations. In
other words, numerical computations are needed.

For such problems, Tsubone et al. have proposed
piecewise-constant systems [6]. Piecewise-constant sys-
tems governed by piecewise-constant vector fields have
straight orbits. Piecewise solutions can be not only deter-
mined as linear equations, the connections of solution can
be determined as explicit equation. Therefore, it is a good
example of analyzing various phenomena. In addition, rig-
orous analysis method have been proposed [7]. Analysis
of piecewise-constant systems with external force are also
reported [8]. However, it is not sufficient for consideration
of two or more dimensions non-autonomous systems.

In this paper, we consider bifurcation phenomena that
occur in a 2-D piecewise-constant driven oscillator. We
propose a novel method in order to analyze piecewise-
constant systems with external force. By using the method,
we show theoretical result of stability and bifurcation of
the piecewise-constant system with external force. Further-
more, we strictly derive boundaries of Arnold tongues.

2. 2-D Piecewise-constant Driven Oscillator

Figure 1 shows a circuit schematic diagram of a 2-D
piecewise-constant driven system. The circuit consists of
two capacitors, one VCCS having a signam characteristic
as shown in Fig. 2(a), two VCCSs having a hysteresis char-
acteristic as shown in Fig. 2(b), and an independent current
source.

The circuit dynamic is represented as follows.
C1

dv1

dt
= I1 · H(v1) + I3 · sgn(v2),

C2
dv2

dt
= I2 · H(v1) + I4 · B(T, t),

(1)

where B(T, t) is a current source as shown in Fig. 3, sgn(.)
and H(.) are voltage control current sources (VCCSs) that
have characteristic as shown in Fig. 2(a) and 2(b), respec-
tively.

B(T, t) =


1, for nT ≤ t <

(2n + 1)
2

T,

−1, for
(2n + 1)

2
T ≤ t < (n + 1)T.

(2)

In order to realize oscillation behavior, we consider fol-
lowing conditions.

I2 = −I3, I1 · I2 < 0. (3)

Here, by using the following normalized variables and pa-
rameters

τ =
I2

C1vth
t, x =

1
tth

v1, y =
C2

C1vth
v2,

α = − I1

I2
, β =

I4

I2
, T ′ =

I2

C1vth
T, (4)

Figure 1: Circuit model.
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1

-1

(a) VCCS with Signum-like func-
tion.

-1

(b) VCCS with hysteresis charac-
teristic.

Figure 2: Symbols and nonlinear characteristics of VCCSs.

Figure 3: Independence current source.

we can rewrite the circuit dynamics by following normal-
ized equations,ẋ = −α · h(x) − sgn(y),

ẏ = h(x) + β · B(T ′, τ),
(5)

where “·” denote differentiation by normalized time τ and
h is a normalized hysteresis. h is switched from 1 to −1 if
x reaches to the threshold −1 and h is switched from −1 to
1 if x reaches to 1. Here, we assume a following parameter
conditions.

0 < α < 1 and 0 < β < 1. (6)

The condition (6) guarantees oscillatory dynamics. Typical
attractors are shown in Fig. 4.

(a) β � 0.2,T ′ � 35
(periodic orbit).

(b) β � 0.2,T ′ � 60
(periodic orbit).

(c) β � 0.37,T ′ � 50(chaos).

Figure 4: Typical attractors (α � 0.2).

3. Analysis Method

In order to analysis, we derive a novel calculation algo-
rithm for rigorous solutions. In our previous work [7], the
basic algorithm depends on 2-D mapping procedure related
to state variables. However, the algorithm is not suitable
for non-autonomous system, because it can not manage en-
forced switching depending on external force. So, we pro-
pose a novel algorithm based on 3-D mapping with time
variable τ.

Step 1.
We set the initial state x0 and get the dependent vari-
able l0.

lk =
−B(T ′, τ) + 1

2
· 22 +

−h(x) + 1
2

· 21

+
−sgn(y) + 1

2
· 20, (7)

where k = 0 and xk, yk and τk denote the elements of
xk, that is , xk =

t(xk, yk, τk).

Step 2.
We calculate a time τk until the lk switches to lk+1.
Assuming a trajectory started from xk arrives one of
thresholds Dx(lk),Dy(lk) and Dτ(lk), each arrival times
τx, τy and ττ are given by

τx =
Dx(lk) − xk

ax(lk)
, τy =

Dy(lk) − yk

ay(lk)
, (8)

ττ = Dτ(lk) − τk mod T ′, (9)

where ax(lk) and ay(lk) denote the elements of a(lk),
that is, a(lk) = t(ax(lk), ay(lk), aτ(lk)) and a(lk) is ob-
tained from Table 1. The actual arrival time τk that
means the switching time of lk is given by the mini-
mum of τx, τy and ττ omitting zero and negative.

τk = min{{τx, τy, ττ} ∩ {ξ ∈ R|ξ > 0}}. (10)

If all of τx, τy and ττ are not positive, it means that
the switching of lk does not occur. In such case, the
trajectory must diverge. However, the situation never
happens on the parameter conditions (6).

Step 3.
We calculate xk+1 by

xk+1 = xk + a(lk) · τk. (11)

We get the integer variable lk+1 after switching.

Step 4.
Let xk+1 and lk+1 be replaced with xk and lk, respec-
tively. Subsequently, return to Step 2.

Here, we show an example of local maps in the case
where lk change from 0.
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Table 1: Local vector fields and threshold for l
l B(T ′, τ) h(x) sgn(y) a(l) Dx(l) Dy(l) Dτ(l)
0 1 1 1 t

(
−α − 1 1 + β 1

)
-1 0 T ′/2

1 1 1 -1 t
(
−α + 1 1 + β 1

)
-1 0 T ′/2

2 1 -1 1 t
(
α − 1 −1 + β 1

)
1 0 T ′/2

3 1 -1 -1 t
(
α + 1 −1 + β 1

)
1 0 T ′/2

4 -1 1 1 t
(
−α − 1 1 − β 1

)
-1 0 T ′

5 -1 1 -1 t
(
−α + 1 1 − β 1

)
-1 0 T ′

6 -1 -1 1 t
(
α − 1 −1 − β 1

)
1 0 T ′

7 -1 -1 -1 t
(
α + 1 −1 − β 1

)
1 0 T ′

a(0) =

ax(0)
ay(0)

1

 =
−α − 1

1 + β
1

 . (12)

• Switched h(x)

t n =
(
1 0 0

)
, D = Dx(0) = −1, (13)

xi+1 =


0 0 0

− 1 + β
−α − 1

1 0

− 1
−α − 1

0 1

 xi +


−1

−−1 + β
−1 − α
− 1
−1 − α

 . (14)

• Switched sgn(y)

t n =
(
0 1 0

)
, D = Dy(0) = 0, (15)

xi+1 =


1 −−α − 1

1 + β
0

0 0 0

0
−1

1 + β
1

 xi. (16)

• Switched B(T ′, τ)

t n =
(
0 0 1

)
, D = Dτ(0) =

T ′

2
, (17)

xi+1 =

1 0 −(−α − 1)
0 1 −(1 + β)
0 0 0

 xi +


(−α − 1)

T ′

2
(1 + β)

T ′

2
T ′

2

 . (18)

To analyze periodic orbit, we define Poincare map Fp.

S p = {x|τ = nT ′}, (19)
Fp : S p → S p, (20)

(xn+1, yn+1, (n + 1)T ′) = Fp(xn, yn, nT ′). (21)

Figure 5: Bifurcation diagram(α = 0.2).

Fp is defined as composite mapping of local maps. For
Poincare map Fp, we define period m.

(xn, yn, (n + m)T ′) = Fm
p (xn, yn, nT ′) (22)

Bifurcation diagram is shown in Fig.5. Black arrow means
flow of parameter change.

3.1. Bifurcation phenomena

We consider bifurcation phenomena when parameter
values of β and T ′ are changed, respectively.

• Change β

Stability are determined by eigenvalues λ of Jacobian
from Poincare map Fp. If moduli of λ are all less than
1, the periodic orbit is stable; otherwise, it is unstable.
Eigenvalues of Fig.4(b) (β = 0.2,T ′ = 60) are

λ =

0.0308 − 0.5434i
0.0308 + 0.5434i

0

 . (23)
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Figure 6: Movement of fixed points.

Eigenvalues of Fig.4(c) (β = 0.37,T ′ = 50) are

λ =

1.0366
0.0846

0

 . (24)

Therefore, Fig.4(b) is stable and 4(c) is unstable.
There is saddle-node bifurcation because one of
eigenvalues crosses real value 1.

• Change T ′

The fixed points are determined by

(xn, yn, (n + 1)T ′) = Fp(xn, yn, nT ′). (25)

Movement of fixed points, when T ′ is decreased, is
shown in Fig.6. Fixed point hits border y = 0 that
switches sgn(y). Then, border-collision bifurcation
happens. From yn = 0, bifurcation set of border-
collision bifurcation is

T ′ =
4(3α2 + 1)(β2 − 1) − 32αβ

(β2 − 1)(β(3α2 + 1) + α(α2 + 3))
. (26)

On yn = 0, Non-smooth saddle-node bifurcation hap-
pens because stable fixed point encounters unstable
fixed point. Therefore, co-dimensional 2 bifurcation
arises on the bifurcation set.

4. Conclusion

In the paper, we considered bifurcation phenomena that
occur in a 2-D piecewise-constant oscillator. We proposed
a novel method for piecewise-constant system with exter-
nal force. By using the method, bifurcation phenomena
from 2-D piecewise-constant driven oscillator were ana-
lyzed. Boundaries of Arnold tongues from the system were
derived.
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Abstract—Cascading failures have been extensively s-

tudied in complex networks. The links in the network can

be critical for the propagation of such failures in two as-

pects. Links which can enhance the propagation can be

viewed as negative, while links which can suppress the

propagation can be viewed as positive. In this paper, we

use an optimization method to identify these two kinds of

critical links, which can help people make appropriate mea-

sures to defend against cascading failures.

1. Introduction

In modern society, people’s life is greatly dependent on

the infrastructure networks such as the Internet, power grid

and transportation networks. As these networks are becom-

ing more and more complex, it is essential to maintain a

high overall efficiency and improve the robustness against

destruction. In these critical infrastructures, the breakdown

of a single node or link can lead to a load redistribution of

other nodes or links, resulting in a failure propagation until

there are no more overloaded components. Such behav-

ior is called cascading failures [1, 2]. One typical example

is the occurrence of accidents in the power grid of North

American in 2003.

With the development of network science in the past

decades, much attention has been paid to the study of the

topological and dynamical properties of networks. The s-

tudy of cascade control strategy has been a hot topic in

this area [3–5]. There exist mainly two ways to improve

the robustness of networks against cascading failures: i)

to design efficient load distribution strategies [6], and ii)

to modify the underlying network topology [7–9]. In the

spreading of cascading failures in the network, links play a

vital role in this propagation. According to previous stud-

ies, some links are beneficial to defend cascading failures,

while some links can enhance the spreading. In many re-

al networks, the time interval between the attack and the

propagation of cascades is usually very short. Therefore, it

is more reasonable to consider link removal or protection

rather than link addition or rewiring [7]. Identification of

the critical links having different effects can help to decide

which links need to be removed while some others should

be protected.

In this paper, we model this problem as a multi-objective

combinatorial optimization, aiming at maximizing (or min-

imizing) the network robustness while minimizing the op-

erating cost. One novel algorithm – non-dominated sorting

binary differential evolution algorithm [10] has been ap-

plied to solve this problem. This work can provide another

perspective to find out the various kinds of critical links

in order to help people make appropriate decisions in time

when cascading failures occur.

2. Cascading Failure Model

We consider a network with N nodes and L links. Since

the traffic or information flow is usually transmitted along

the shortest paths in a network, we use the betweenness

centrality to measure the load of each node, i.e.,

Li = Bi, i = 1, 2, ...,N. (1)

The betweenness centrality Bi of node i is defined as the

number of the shortest paths that pass through node i from

every source node to every destination node.

The capacity of a node is the maximum load it can han-

dle, and we assume that

Ci = (1 + α)Li(0), i = 1, 2, ...,N (2)

where Ci represents the capacity of node i, and Li(0) is the

initial load of node i . The tolerance parameter α is an op-

eration margin allowing the safe operation of the network

under potential load perturbations [1, 2].

The occurrence of cascading failures is triggered by an

attack. Here we choose the worst case where the node with

the highest load is initially removed. When the node is re-

moved, links connected to this node will all be removed

and the topology will be changed, leading to a load redis-

tribution of the remaining nodes. If the new load of one

node exceeds its capacity, the corresponding node will fail

and be removed. As a result of this process, subsequent

failures can happen until an equilibrium is finally reached,

where there are no more overloaded nodes. To measure the

network robustness against cascading failures, the size of

the largest connected sub-network (which is called as the

giant component) in the stable state is adopted since it can

measure the extent of the network disconnection [9]. The
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detailed simulation process of the cascading failures can be

described as follows:

Step 1: Initially, the node with the highest load is chosen

and removed from the network.

Step 2: Apply Floyd’s shortest-path algorithm to com-

pute the updated load of each node.

Step 3: Check each node for failure. If the updated load

of a node exceeds its capacity, i.e., Li > Ci, the node is

regarded as failed and then be removed from the network.

Step 4: Repeat step 2 until the loads of the remaining

nodes do not exceed their capacities, which indicates the

cessation of the propagation of cascading failures.

Step 5: Compute the size of the giant component of the

final network.

3. Formulation of the Multi-objective Combinatorial
Optimization Problem

After the network is attacked, links play an important

role in the propagation of cascading failures. Some links

can help spread the failure [10]. If we can recognize the

links with this negative effect and shut them down in time,

we can somehow reduce the damage. On the other hand,

some existing links can suppress the propagation of cas-

cading failures. More protection should be given to the

links with this positive effect to avoid being attacked a-

gain. When actions are taken, the cost should be consid-

ered. Gaining maximum benefit with the lowest cost is

what we are trying to achieve.

In this work, we formulate two multi-objective combi-

natorial optimization problems to identify the critical links

with the two kinds of effects. Two objectives are taken into

consideration: one is the network robustness, the other is

the operation cost. The first problem is to identify the links

that can enhance the cascading failure, which is formulated

as follows,

max
x

R(x) , min
x

C(x) (3)

where x = [x1, x2, ..., xV ] is the V dimensional binary vari-

able, i.e., xk ∈ {0, 1}, k = 1, 2, ...,V , and xk = 1 represents

removing the link k and remain it in the network otherwise.

The network robustness function R(x) may be an implicit

function, and here is computed as the size of the giant com-

ponent. The cost function C(x) represents the cost dealing

with link removal. In this work, we take an equal cost for

removing each link, which means C(x) =
∑

k xk. When

maximizing the network robustness by removing links, we

can identify the critical links that can enhance cascading

failures. These links can be efficiently removed to help pre-

vent the damage.

The second problem is to identify the links that can help

to suppress cascading failures, which can be formulated as

min
x

R(x) , min
x

C(x) (4)

After removing the critical links that are most effective to

defend against cascading failures, the left network is most

vulnerable. Therefore, from the view of protection, these

links should be protected further to avoid attacks.

Since the variables in our problems are discrete and there

are two objectives to be optimized, problems (3) and (4) are

multi-objective combinatorial optimizations. In contrast to

single-objective optimization, optimal solution of a multi-

objective optimization is a set of points which are called

Pareto optimality instead of a single global optimal point.

A point is said to be Pareto optimal if none of the objec-

tive functions can be improved in value without degrading

some of other objective values. All Pareto optimal points

lie on the boundary of the feasible criterion space, and they

are equally good without additional subjective preference

information. The corresponding values of the objectives

form the Pareto optimal front in the objective functions s-

pace [11].

4. Non-dominated Sorting Binary Differential Evolu-
tion Algorithm

Because of the complexity of any large-scale multi-

objective combinatorial optimization problem, an over-

whelming number of multi-objective metaheuristics de-

signed for solving multi-objective combinatorial optimiza-

tion problems have been proposed. The goal of these opti-

mization algorithms is to guide the search for the solutions

in the Pareto optimal set, while at the same time to maintain

the diversity to cover the Pareto optimal front well [12].

One latest novel algorithm – non-dominated sorting bi-

nary differential evolution (NSBDE) algorithm [10] has

been proved to solve the multi-objective combinatorial

optimization problems efficiently. This algorithm takes

the advantage of two classical algorithms, namely, mod-

ified binary differential evolution (MBDE) [13] and non-

dominated sorting genetic algorithm-II (NSGA-II) [14].

MBDE is developed to tackle single-objective binary-

coded optimization problems, while NSGA-II has the fast

non-dominated sorting, ranking and elitism techniques

dealing with multi-objective optimization problems. The

detailed procedure of NSBDE algorithm is as follows:

Step 1: Initialization of parameters. Define the values

of the population size M, the maximum number of genera-

tions Nmax, the crossover rate CR, the scaling factor F and

the bandwidth factor b.

Step 2: Generation of initial population and evalua-

tion. Set the generation number t = 1 and initialize the

population Xt = {xt
1
, xt

2
, ..., xt

M} which contains M binary-

valued parameter vectors of length V . Each vector rep-

resents a chromosome and forms a candidate solution to

the optimization problem. Each element of each vector

xt
i j(i = 1, 2, ...,M, j = 1, 2, ...,V) takes a value from the

set {0, 1} with the equal probability 0.5. The element takes

value 1 if the corresponding link is to be removed and 0

otherwise. Then evaluate each of the M chromosomes in

the initial population Xt by performing the cascading fail-

ure simulation process presented in Section 2. The values
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of two objectives can be obtained.

Step 3: Generation of intermediate population. Apply

the binary tournament selection operator to the population

Xt to generate the trial population X
′
t = {x′t1 , x

′t
2
, ..., x

′t
M/2},

which undergoes the evolution operations of mutation and

crossover to become an intermediate population Yt =

{yt
1
, yt

2
, ..., yt

M/2}.
Step 3.1: Mutation. Apply the mutation operator into

each binary chromosome of X
′
t according to a probability

estimation operator which is defined as the following equa-

tion:

P(x
′t
i j) = 1/

⎛⎜⎜⎜⎜⎜⎝1 + exp

⎛⎜⎜⎜⎜⎜⎝−2b[x
′t
r1 j + F(x

′t
r2 j − x

′t
r3 j) − 0.5]

1 + 2F

⎞⎟⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎟⎠
(5)

where j = {1, 2, ...,V}, and x
′t
r1 j, x

′t
r2 j and x

′t
r3 j are the ele-

ments at the j− th position of three randomly chosen chro-

mosomes x
′t
r1

, x
′t
r2

and x
′t
r3

with the indexes r1 � r2 � r3 � i.
The developed probability estimation operator uses the s-

tandard mutation operator to derive the differential infor-

mation of three parent individuals to construct the proba-

bility distribution model of the mutant individual to be bit

1. The bandwidth factor b can tune the range and shape

of the probability distribution model, and an appropriate b
value can improve the search efficiency and maintain pop-

ulation diversity simultaneously.

Then the corresponding mutant individual is generated

as

ut
i j =

{
1, if rand() � P(x

′t
i j)

0, otherwise
(6)

where rand() is a uniformly distributed random number

within the interval [0, 1].

Step 3.2: Crossover. The crossover operator is used to

produce the intermediate population by mixing the target

individual and its mutant individual. The commonly used

binomial crossover is defined as

yt
i j =

{
ut

i j, if rand() � CR or j = randi(V)

x
′t
i j, otherwise

(7)

where randi(V) is a uniform discrete random number in the

set {1, 2, ...,V}.
Step 4: Evaluation. Evaluate each of the M chromo-

somes in the population Yt by performing the cascading

failure simulation process in Section 2. Obtain the values

of the two objectives.

Step 5: Union and sorting. Combine the parent popula-

tion and the intermediate population to form a union pop-

ulation Rt = Xt
⋃

Yt. Rank the chromosomes in the pop-

ulation Rt based on the fast non-dominated sorting algo-

rithm with respect to the objective values. By this process,

we can get the ranked non-dominated fronts F1, F2, ..., Fk

where F1 is the best front (with the lowest rank), F2 is the

second best front (with the second lowest rank) and Fk is

the least good front (with the highest rank).

Table 1: The parameters of the NSBDE algorithm

Problem (3) Problem (4)

M 200 200

V 270 270

CR 0.8 0.8

F 0.2 0.5

b 6 10

Nmax 2000 2000
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Figure 1: The Pareto front of problem (3)

Step 6: Selection. Select the first NP chromosomes from

Rt to produce the new parent population Xt+1. Between two

solutions with different non-dominated front, we prefer the

solution with lower rank. Otherwise, if both solutions be-

long to the same front (i.e., with the same rank), we prefer

the solution that is located in a less crowded region, which

can be measured by the crowding distance. A more crowd-

ed chromosome has lower priority than a less crowded one.

Finally, increase the generation number t by 1. Repeat from

step 3 until the generation number reach the maximum.

5. Simulations

Previous results in network science have shown that

many real large-scale traffic networks display the scale-

free property [15]. Therefore, in order to get insights in-

to on real-world situations, we use the BA scale-free net-

work model for simulation. The network is generated with

N = 150 nodes and L = 300 links. The tolerance pa-

rameter in the cascading failure model is set to 0.2. The

configurations of the NSBDE parameters used to solve two

optimization problems (3) and (4) are shown in Table 1.

Figs. 1 and 2 show the simulation results of problem

(3) and (4) respectively. From the results, we notice that

if no operation is taken, the size of the giant component

when the network is stable is only 13. If one link can be

removed, the best improvement of the network robustness

can be three times. The worst case to remove links can lead

to the decrease of the robustness, making the network more
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Figure 2: The Pareto front of problem (4)

Table 2: The identified links.

Cost Indexes of negative links Indexes of positive links

in the solution to (3) in the solution to (4)

1 211 125

2 211,231 125,126

3 155,211,231 19,126,154

4 155,195,211,231 20,78,154,178

5 79,155,195,211,231 78,106,154,215,219

6 139,155,173,195,211,231 20,78,106,154,219,249

vulnerable as shown in Fig. 2. To avoid further attacks in

cascading failures, more protection should be given to these

links. At the expense of increased cost, the size of the giant

component increases by removing the negative links. De-

cision makers can take the optimal measurement according

to the budget. In this simulation, removing one negative

link could be a good choice since the improvement is high

enough with the least cost. As we can see, the gradient of

this point is the highest compared with other points in the

figure.

Table 2 illustrates the corresponding solutions to both

problems. The indexes given in the table show which links

should be removed to get the best (worst) performance.

More specifically, the solutions to problem (3) can give

suggestions to defend against cascading failures by remov-

ing the indexed links. And the solutions to problem (4) give

the critical links removing which makes the cascading fail-

ures the most severe. Thus, these links should be protected

to suppress the propagation of failures.

6. Conclusions

This paper investigates the search for critical links hav-

ing different effects by formulating two optimization prob-

lems. An algorithm for dealing with multi-objective com-

binatorial optimization problems has been applied to solve

the search problems. The results show that removing links

with negative effects can help to defend against cascading

failures efficiently, while protecting links with positive ef-

fects can be vital to avoid large-scale failures during the

cascade. This work may be useful for decision makers to

take appropriate measures when cascading failures happen.
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Abstract—This paper is to perform analysis on an UHV
power grid recently being developing in China. By model-
ing the power grid as a network of Kuramoto oscillators, its
topological design is studied by investigating the synchro-
nizability and resistivity to node failure of the associated
model. Better network performance is observed by remov-
ing particular edges of the topology, implying that further
improvement on the original design may be possible.

1. Introduction

Since 1975, the seminal model proposed by Kuramoto
[1] has played an important role for the study of collective
dynamics of coupled oscillators. The Kuramoto model is
popular due to its simplicity and mathematically tractabil-
ity. There are also many variants, including the first-order
model with additional phase lag, with time delay [2] or with
additive noise [3]; the second-order model [4]; and models
with high order interaction [5, 6].

Network of Kuramoto oscillators has also been widely
used for dynamical analysis of real-world systems, such as
chemical reaction, biological neural network, laser array,
financial system, etc. In particular, its usage in analysing
power grid system has recently received a lot of interests
[7, 8, 9, 10].

It is shown in [8] that a mapping between Kuramoto os-
cillators and the elements in power grid can be established.
By defining two types of oscillators, the power delivery
from the generators to the loads in an electrical power dis-
tribution grid can be described in a Kuramoto model. The
importance of the model’s topology is explored in [10], by
indicating the existence of a Braess’s paradox phenomenon
based on synchronizability. Recently, significant efforts
have been paid to provide the condition of synchroniza-
tion, for example, an inequality in terms of the topology
and oscillator’s parameters is derived in [7].

In this paper, we are particularly interested in analyz-
ing the power grid which has been rapidly developing in
China. According to the State Grid Corporation of China
[11], China is building a large scale of Ultra-high-voltage
(UHV) grid, which acts as the backbone grid connecting
the power generated in remote western and northern re-
gions to main load cities, mostly located at the eastern and
southern coasts. Our objective is to study the proposed
grid under the framework of Kuramoto model. We focus
on two significant factors, i.e. the synchronizability and

the robostness. Synchronization assures the stability and
maximizes the power transmission between generators and
loads, while robustness provides resistance to disturbances
or local failure. It is considered that this study may provide
some insights about the current design and the possible im-
provement from the view point of topology.

2. Kuramoto Model for Power Grid

2.1. China UHV power grid

Figure 1 depicts the corresponding China’s UHV power
grid construction plan for year 2015 [12]. There are 40
cities (N = 40) in the network, where the power gener-
ated by the cities at the western and northern of China (as
coloured in RED in Fig. 1), can be transferred to main load
cities located at the eastern and southern coasts, as marked
in GREEN.

2.2. The 2nd-order Kuramoto model

To model the China UHV power grid, the following
second-order oscillator model [10] is adopted:

d2θ j

dt2 = P j − α
dθ j

dt
+

N∑
i=1

Ki j sin(θi − θ j) (1)

where each node of the power grid is now represented by an
oscillator and θ j denotes its phase, P j is the power injection
with P j > 0 and P j < 0 indicating source and load nodes,
respectively, and

∑
P j = 0. The last term in (1) indicates

the power transmitted between nodes i and j. The coupling
gain Ki j is assumed to be fixed and identical, thus we have

Ki j =

{
κ if nodes i and j are connected
0 otherwise (2)

2.3. Phase Synchronization

As stated in [7, 8], the stability of a power grid can be
reflected by the condition of phase synchronization. Phase
synchronization in (1) is reached when κ is above a thresh-
old value, denoted as κc. As illustrated in Fig. 2, the nodes
in (1) with topology as shown in Fig. 1 (b) are unsynchro-
nized when κ is small, but become synchronized when κ
increases to 6.2026. As a result, κc = 6.2026.
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(a)

(b)

Figure 1: (a) China UHV power grid in Year 2015 (b) Topo-
logical representation of the China UHV power grid.

(a) (b)

(c) (d)

Figure 2: Unsynchronized state when κ = 6.20 (a) θ versus
time (c) θ̇ versus time. Synchronized state when κ = 6.2026
(b) θ versus time (d) θ̇ versus time.

For better illustration and comparison, [10] suggests a
phase order parameter which is defined by

Re jψ ≡
1
N

N∑
j=1

eiφ j . (3)

It is remarked that R = 0 if the system cannot reach an
equilibrium state. As observed in Fig. 3, R increases after
κ reaches κc, and saturates when κ further increases.

Figure 3: Relationship between R and κ.

3. Simulation Results and Analyses

A bisection search is designed as given in Fig. 4 to de-
termine κc of a topology. As noticed in (1), if

∑
P j = 0, θ̇

becomes zero when synchronization is reached (also see
Fig. 2 (d)). Consider the time window Σ ≡ [(Tmax −

τ),Tmax], synchronization is thus assumed when:
∣∣∣θ̇ j(t)

∣∣∣ < ε, with t ∈ Σ

θ̇ j(t1) > 0 and θ̇ j(t2) < 0 for some t1, t2 ∈ Σ
(4)

for j = 1, 2, · · · ,N. In our simulation, we let ε = 10−5, τ =

2s and Tmax = 1000s such that transient can be eliminated.
 
Preconditions:  

(i) network is synchronized with h  

(ii) network is not synchronized with l  
 

while (h‐l) ≥    
{ 

   m = 0.5(h + l); 

   if (network(m) is synchronized) 

        h = m; 
   else 

        l = m; 
} 

return(h); 

Figure 4: Bisection algorithm for searching κc of a topol-
ogy.
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To study the goodness of the topology in Fig. 1 (b), we
firstly remove a possible edge once at a time and obtain the
new values of κc by the Algorithm in Fig. 4. The results are
shown in Fig. 5 and tabulated in Table 1. Those gray edges
in Fig. 5 are not considered as their removal will generate
isolated node(s).

It is interesting to point out that, although κc will gener-
ally be increased when edges are removed, topology with-
out edge (12–30) or (23–31) can further reduce κc, and the
topology without edge (12–30) is the best. For the sake of
clarification, we called the original topology as Topology-
A and the one with edge (12–30) removed as Topology-
B. The below comparisons will be focused on these two
topologies.

Figure 5: Critical value κc when the corresponding edge is
removed.

Table 1: The values of κc for the topologies with the corre-
sponding edge being removed.

Edge κc Edge κc Edge κc

2–15 6.4237 12–18 6.3878 23–31 6.1631
2–18 9.161 8 12–23 6.3664 28–29 6.5039
2–29 6.5170 12–30 6.1220 29–30 9.0087
6–8 6.2888 15–28 6.6611 30–31 6.8729
6–28 9.4645 18–19 6.9972 30–33 6.2388
8–9 9.3422 19–20 6.4543 31–34 6.9972
9–10 8.2414 20–21 6.3479 33–34 6.9974
9–29 8.6667 21–22 6.2537
10–33 9.6860 22–23 6.9971

The second performance study is on the robustness of
the topology. A topology is considered to be more robust if
synchronization can be retained after a node failure. Here,
three different power redistribution schemes are assumed.
When node j is failed, its power injection P j will be

1. uniformly redistributed to its connected neighbors;

2. redistributed to neighbors in a portion inversely pro-
portional to the Eulerian distance; or

3. redistributed to neighbour with the nearest Eulerian
distance.

Assuming that node 20 is failed at t = 500s and its load
is redistributed to neighbors according to the second redis-
tribution scheme, Topology A will lose its synchronization
while Topology B will not (see Fig. 6).

(a) (b)

(c) (d)

Figure 6: Node failure occurs in node 20. Synchroniza-
tion is lost in Topology A: (a) θ versus time (c) θ̇ versus
time. Synchronization can be retained in Topology B: (b) θ
versus time (d) θ̇ versus time.

The robustness can be measured in several ways. Firstly,
it is assumed that the same κ is used in both Topologies A
and B. A node is critical if its failure will cause the desyn-
chronization of the network. Figure 7 shows the number
of critical nodes of the two topologies under the three re-
distribution schemes, where κ = 6.2026 is used. It can
be concluded that Topology B is more robust, as there are
less critical nodes at all the schemes. Moreover, it can be
observed that less critical nodes are resulted if the third re-
distribution scheme is applied.
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Figure 7: Numbers of critical nodes in Topologies A and B
under different load redistribution schemes.
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Secondly, a numerical metric, called S -value, can be
proposed to reflect the robustness. Let σθ( j) be the stan-
dard deviation of nodes’ phase after the transient state when
node j is failed, the S -value can be defined as:

S =

N∑
j=1

σθ( j) (5)

where a smaller S means better.
The results are tabulated in Table 2, and as shown, the

S -value of Topology A is smaller than that of Topology B.

Table 2: The S -values of Topologies A and B for having
single node failure.

Redistribution Scheme 1 2 3

Topology A 22.9176 21.0350 11.7774
Topology B 16.9566 15.4216 5.8865

Lastly, comparison can also be made by computing the
new κc under node failure such that no critical node ex-
ists in the topology. The results are shown in Table 3, and
again, κc of Topology B under all three load redistribution
schemes are smaller, implying that Topology B is better.

Table 3: New κC of Topologies A and B such that synchro-
nisation can be retained under any single node failure.

Redistribution Scheme 1 2 3

Topology A 6.9156 6.8635 6.7100
Topology B 6.7692 6.7411 6.6770

4. Conclusions

In this paper, the topological design of the Year 2015
China UHV Power Grid is studied based on the framework
of Kuramoto model. By modeling the cities as nodes and
their connections as edges, a network of Kuramoto oscil-
lators is constructed. The synchronizability and robustness
of this network are then investigated. It is found that, al-
though edge removal will reduce the network performance
for most of the cases, two subnets with particular edge be-
ing removed can indeed perform better. Based on the sim-
ulation results, it is also concluded that, when node failure
occurs, it will be better to redistribute the load to one of
the neighbours instead of to all of them. Finally, this piece
of work also furnishes oru future work on network opti-
mization, for which the critical value κc and S -value can be
considered as the objective values.
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Abstract—A particle swarm optimization (PSO)
algorithm with hybrid population topology is proposed in
this paper. In contrast to the fully connected network in
traditional PSO, the hybrid network is mixed with regular
network which has strong exploration ability and scale-free
network whose heterogeneous degree distribution diversify
the searching ability of each particle. Based on the
comparisons with some existing PSO variations, the
effectiveness of the proposed PSO is confirmed in terms of
solution quality and algorithm robustness.

1. Introduction

Particle swarm optimization (PSO) is an algorithm to
simulate the behavior of flocks of birds and schools of fish
[1]. Due to its simple concept, easy implementation and
quick convergence, PSO has been widely used to deal with
many nonlinear and complex practical problems, such as
the power loss minimization problem [2].

To improve the performance of PSO, various topological
neighborhoods have been considered. In standard PSO, the
position of each particle is updated according to the best
position found by the whole swarm and by itself, thus it
has a fully connected network in which each particle is
connected with others. Due to this feature, the standard
PSO is easily trapped into local optima in solving the
multimodel problems. Thus, the investigation of the
suitable networks for PSO has attracted much attention.
In [3], various network topologies such as rectangular,
hexagonal, cylinder and toroidal networks are studied. In
recent years, some concepts of complex networks have
been borrowed into the population structure of PSO.
For example, a scale-free informed PSO is proposed
in [4], the BA model [5] is used as a self-organizing
network generation mechanism to adaptively produce a
population topology with scale-free property. Based on the
small-world network structure [6], the particle is updated
according to the distance between it and the one with the
best function value among the whole swarm.

Based on the fact that the regular network has good
exploration ability [7] and the scale-free network has strong
exploration ability [4] respectively, these two types of
networks are mixed together to form a hybrid network
for the PSO neighborhood design in this paper. As a
result, the proposed PSO could converge to better solutions

with higher success rate than some existing optimization
approaches.

2. Design of Optimization Algorithm

2.1. The standard PSO and variants

In PSO, the population is called a swarm and each
individual is defined as a particle which represents a
possible solution. The i−th particle has a position
vector xi = (xi1, xi2, · · · , xiD) and a velocity vector vi =

(vi1, vi2, · · · , viD), where D is the dimension of the searching
space. The velocity and position of the i−th particle is
adjusted based on the information of the local best position
found so far by itself (denoted as xp) and the global best
position discovered by the whole swarm (denoted as xg)
according to the following updating rule:

vi = wtvi + c1r1(xp − xi) + c2r2(xg − xi)
xi = xi + vi

(1)

where wt is the inertia weight; c1 and c2 are two positive
constant acceleration coefficients; r1 and r2 are two
uniformly distributed random values in (0, 1).

It is noted that wt can be set as a constant value, it also
can be updated as follows [8]:

wt = wmax − t
wmax − wmin

itermax
(2)

where wmax and wmin are the maximum and minimum
inertia weights, respectively; itermax is the maximum
iteration.

In Eq. (1), the calculation methods of xg give rise to
two main PSO variants with respect to the neighborhood
of a particle. One is the gbest PSO in which each
particle is guided by the current global best particle. The
other one is the lbest PSO whose particles learn form
neighbors. Simulation results in [3, 4] prove that the proper
neighborhood in lbest PSOs would be more likely to avoid
the premature convergence which is always met in gbest
PSOs. Thus, an effective lbest PSO with hybrid network
topology (denoted as HPSO) is proposed in the following.

2.2. The hybrid network topology

To obtain high quality solutions, the swarm population
is mixed with regular network and scale-free network, and
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Table 1: Four benchmark functions
Function name Formula D Search space Minimum value Criterion

Sphere function f1(xi) =
∑D

i=1(xi)2 30 [−100, 100]D 0 0.01
Quartic function f2(xi) =

∑D
i=1

(
x4

i + random[0, 1)
)

30 [−1.28, 1.28]D 0 1
Rastrigin function f3(xi) =

∑D
i=1

(
(xi)2 − 10 cos(2πxi) + 10

)
30 [−1.28, 1.28]D 0 100

Griewank function f4(xi) = 1
4000

∑D
i=1(xi)2 −

∏D
i=1 cos xi√

i
+ 1 30 [100, 100]D 0 0.05

an illustration of this hybrid topology is shown in Fig. 1. In
the regular network, each node is connected to its nearest k
neighbors, this statistic implies that a long time is required
to transfer the information from one particle to others of the
graph [2], thus different regions of the search space could
be explored at the same time. In the scale-free network,
there exists a few nodes with large neighborhood size and
most nodes with relatively small neighborhood size, this
heterogeneous property means that the hub particles can
guide the search direction of the low-degree particles which
have effects in small search regions [4], thus the hybrid
network can guarantee the exploration and exploitation
ability simultaneously.

To generate a network with scale-free property, the
BA model [5] is used and its construction procedure is
described as: Based on a fully connected network with m
nodes, at each step, a new node is added and connected to
n existing nodes with the probability Pi = ki/

∑
i(ki), where

ki is the degree of node i.

Figure 1: An illustration of the hybrid topology.

2.3. The PSO algorithm with hybrid topology

The operation procedures of the proposed HPSO are
described as follows:

Step 1: Set the original iteration as t = 0. Randomly
initialize the position xi and velocity vi of each particle i,
the xp is set as the copy of the current position xi.

Step 2: Evaluate the fitness function for each particle i.
Among its neighbors, find xg with the best fitness value and
update xp.

Step 3: Calculate the positions and velocities of all
particles according to Eq. (1).

Step 4: Start the next generation t = t + 1 and go to Step
2. This process is repeated until the maximum iteration is
reached.

3. Simulation Results and Discussions

To demonstrate the effectiveness of the proposed HPSO,
it is compared with some existing methods:

1. FPSO: This is the standard PSO with fully connected
network.

2. LWPSO: The PSO algorithm with nonlinear
decreasing inertia weight wt as shown in Eq. (2).

3. RPSO: The PSO with regular network in which each
node is connected to its nearest 2 neighbors.

4. SFPSO: The PSO with scale-free network, and
parameters are set as m = 5, n = 4.

5. IPSO: This is an independent-minded PSO with
dynamically changing network [9], the probability
that a particle is influenced by the swarm is set as 0.2.

In the above six algorithms, each swarm has 50 particles,
other parameters are set as c1 = c2 = 1.479. Every
algorithm is run 100 times with the maximum iteration
10, 000. In HPSO, the regular network and scale-free
network have the same size 25, with parameters k = 2,
m = 5, n = 4, wmax = 0.9 and wmin = 0.4.

For performance comparison, the above six optimization
algorithms are applied on four benchmark optimization
problems summarized as in Table 1. All the functions
are minimum problems and the minimum value is the
best value. The criterion is used to evaluate whether the
optimization is successful or not. In each trial, if the
criterion is not met within 10,000, it is thought this trial
is unsuccessful. It is noted that f1 and f2 are unimodel
functions, while f3 and f4 are multimodel functions with
numerous local minima.

To check whether the algorithm could reach the
predefined criterion as shown in Table 1, the successful
rate S , defined as the percentage of successful runs, is
illustrated in Table 2. Obviously, the proposed HPSO
reaches S = 100% in most cases, thus the HPSO has
strongest robustness among all PSOs. Moreover, compared
with FPSO and LWPSO having fully connected network,
RPSO, SFPSO and HPSO have better success rate. The
reason is in these algorithms, when a particle discovers a
solution with good quality, its information needs long time
to reach others of the swarm. When a particle traps into
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Table 2: The average values of the successful rate S and the convergence speed T of different algorithms
Functions f1 f2 f3 f4

S T S T S T S T

FPSO 100% 623 28% 1392 56% 276 43% 2828
LWPSO 100% 599 34% 70 65% 636 45% 358
SFPSO 100% 777 78% 1448 87% 74 81% 724
RPSO 100% 1017 87% 1171 92% 89 82% 801
IPSO 100% 910 100% 271 97% 459 89% 2458
HPSO 100% 881 100% 109 100% 129 98% 581

Table 3: Result of mean (Mean) and standard (Std) values of different algorithms on four benchmark functions
Functions f1 f2 f3 f4

Mean Std Mean Std Mean Std Mean Std

FPSO 1.74×10−18 0.75×10−18 3.91×10−1 0.31×10−1 8.03×101 1.03×101 3.45×10−2 4.45×10−3

LWPSO 2.94×10−19 0.32×10−19 7.01×10−3 0.65×10−3 8.12×101 0.97×101 1.18×10−2 2.32×10−3

SFPSO 3.67×10−18 0.72×10−18 5.34×10−1 1.43×10−1 6.68×101 0.92×101 1.09×10−2 2.09×10−3

RPSO 6.58×10−18 0.24×10−18 4.61×10−1 1.03×10−1 2.91×101 1.04×101 1.02×10−2 1.78×10−3

IPSO 5.01×10−18 0.21×10−18 1.74×10−1 0.78×10−1 4.68×101 0.97×101 8.92×10−3 3.12×10−3

HPSO 1.87×10−18 0.13×10−18 5.51×10−3 1.98×10−3 2.32×101 0.96×101 5.92×10−3 2.15×10−3

a local optima, its local information will be also slowly
spread in the whole swarm. In a word, the slow spreading
of local information among the swarm results in a high
success rate. While in IPSO, the success rate is guaranteed
by the dynamical changing network topology which helps
avoid the local optima.

The evolving process of different algorithms are shown
in Fig. 2, the mean and standard deviation values of the
best particle at the maximum iteration over the successful
runs are shown in Table 3. Obviously, except the unimodel
function f1 whose best value is obtained by LWPSO, the
proposed HPSO achieves higher solution accuracy than
all the other algorithms. From Fig. 2, it is observed
that FPSO and LWPSO converge faster than the other
PSOs in the beginning, then the population stay on a
poor optima especially in multimodel functions f3 and
f4, thus the mean values of FPSO and LWPSO in Table
3 are the worst. Compared with RPSO and SFPSO,
the better performance of HPSO rely on two reasons:
Firstly, in HPSO, the homogeneous degree distribution
of regular networks implies that each particle has strong
exploitation capability and weak exploration ability, while
the heterogeneous degree distribution of scale-free network
means the hub nodes have strong exploration ability and the
low degree nodes have good exploitation ability, thus the
hybrid network can balance the exploration-exploitation
relation. Secondly, according to Eq. (2), in the initial stage,
the current position of each particle is greatly influenced
by its last position. When iteration is increased, the inertia
weight is reduced, then the particle could learn more from
the whole swarm to escape from the local optima.

Now, the convergence rate T , defined as the number of
iterations required to accomplish the goal in Table 1, are
show in Table 2. Obviously, the HPSO doesn’t have the
fast convergence rate, while it could find the best solution
as shown in Table 3, thus a little heavy computation
complexity is still worthy.

4. Conclusion

In the neighborhood design of PSO, the regular
network whose homogeneous degree distribution implies
strong exploitation capability and scale-free network with
diversity exploration ability are mixed to form a hybrid
network topology. Simulation results show that the
proposed PSO finds solutions with better quality and higher
success rate in multimodel problems than the traditional
PSOs with fully connected networks.
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Abstract– This work is dedicated to frequency 

synchronization problem of a group of networked phase 
oscillators via event-triggered mechanism. An efficient 
event-triggered control protocol is designed for reaching 
synchronization, and criterions with coupling strength and 
certain trigger function are also established. It is also 
shown that the inter-event times are lower bounded and 
hence there is no Zeno behavior. To illustrate and verify 
the effectiveness of the proposed control strategy, a simple 
example of frequency synchronization of networked 
oscillators involved in smart grid is also demonstrated. 
Numerical results further demonstrate the validity of our 
theoretical results. 

 
1. Introduction 
 

Synchronization phenomena widely exist in natural 
world and also occur in man-made systems in various 
fields such as neural networks, sensor networks, 
biological networks, and smart grids. Frequency 
synchronization is reported vital for stable operation of 
electrical power grid [1], and the synchronization control 
problems of phase oscillators have attracted many 
attentions. The pioneering work by Ali Jadbabaie et al. 
analyzed the collective dynamics of networked traditional 
Kuramoto oscillators with identical natural frequency, and 
arbitrary topology [2]. Nikhil Chopra and Mark W. Spong 
studied conditions for synchronization of coupled phase 
with different natural frequency [3]. Recently, Miroslav 
Michev et al. studied cooperative behaviors in coupled 
oscillators with non-identical interactions, and discovered 
the sufficient condition for exponential synchronization 
[4]. As event-triggered control [5] shows considerable 
advantage in reducing the possibility of communication 
delay, and packet loss in data transferring in 
communication channels, and outperforms continuous-
time control for energy saving since it only measures the 
system state intermittently. An event-based approach for 
Kuramoto oscillators was presented very recently, and all 
oscillators with all-to-all connections are proved to reach 
the average of all natural frequencies under certain trigger 
condition and event-triggered control mechanism [6]. 

In real networks such as smart grid, it is too luxurious 
to assume all generators bear fully-connected topology 
and the final synchronous state may deviate from the 
average of their natural frequencies. Inspired by the work 

of [2] and [3], a directed weighted topology is introduced 
to depict the entangled links between all generators. 
Meanwhile, an event-triggered control mechanism is 
designed to guarantee frequency synchronization for the 
purpose of energy-saving and packet-loss attenuation in 
communication. 
 
2. Problem formulation 
 
2.1. Networked oscillator model 
 

In this work, we consider a Kuramoto-like model, 
which governs the interactions between coupled 
oscillators with underlying all-to-all graph, has the 
following form  
 ∑

≠
−+=

ij
ijii k )sin( θθωθɺ  (1) 

where iθ stands for the phase of i-th oscillator, iω is the 

natural frequency, the parameter 0>k is the coupling 
strength between each pair of oscillators. For simplicity, it 
is assumed that all nodes are connected to all other node, 
indicating an all-to-all topology and the natural frequency 

iω are assumed to be non-identical and randomly selected 

positive numbers.  
In light of the work [2], by defining the incidence 

matrix of the topology, ),( ijbB = where 1−=ijb denotes 

the edge j is incoming to oscillator i, and 1=ijb denotes 

the edge j is out-coming to oscillator i, one can obtain the 

Laplacian matrix of the underlying graph, TBBL = . The 
above network model may be rewritten in a concise form 

 )sin( Θ−=Θ TBBωɺ  (2) 

where

].,,,[,)](),(),([)( 2121 N
T

N tttt ωωωωθθθ ⋯⋯ ==Θ  

The objective of this work is to establish sufficient 
conditions for ensuring frequency synchronization under 
given coupling strength with an event-triggered control 
mechanism and suitable coupling strengths.  
 
Definition:  Frequency synchronization  

For any pair of oscillators, if their phase frequencies 
satisfies 

 0)()( →− tt ji θθ ɺɺ  (3) 
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as .,,2,1,, Njit ⋯=∀∞→  

 
It indicates each pair of oscillators reaches a common 
frequency whereas their phase differences 

)()( tt ji θθ − become invariant asymptotically.  

Although a great deal of works has focused on this 
topic, continuous-time communication between oscillators 
is usually assumed. It requires that oscillators collected 
data in a continuous way, and hence may affected by 
various factors to a considerable extent, such as 
communication failure, delay transition, and packet-loss. 
It is of interest to consider under what conditions the 
coupled oscillators reach their mean natural frequencies 
by using an event-triggered control mechanism, and how 
to establish the relation between control strength and the 
synchronization for reaching mean natural frequency.  

This work will concentrate on the above problems and 
establish criteria for frequency synchronization with 
event-triggered mechanism. 
 
2.2. Event-triggered control strategy 
 

The main idea of event-triggered control strategy is, for 
each control unit, to update the controllers at specified 
time instants at which some predefined triggering 
conditions are satisfied. It shows good performance in 
energy saving and bandwidth usage attenuation, especially 
for networked control system with often data transmission. 
By considering whether all individuals over the network 
use same triggering functions with all their states, such a 
control mechanism may be categorized as centralized and 
distributed approaches. 

For simplicity consideration, only the centralized 
situation is studied in this work. Now we are in a position 
to propose our event-triggered control law for frequency 
synchronization. The above model with event-triggered 
controllers becomes 

),[,))()(sin()( 1+
≠

∈∀−+= ∑ kk
ij

kikjii tttttkt θθωθɺ  (4) 

where kt is the k-th event instant of the entire network. The 

above model implies that the control protocols can only be 
actuated at specified time instant triggered only when the 
trigger function meet certain conditions. 
In order to achieve frequency synchronization, the 
knowledge about the updating time instants is also needed 
together with the event-triggered controllers. 
It is assumed that all initial conditions are contained in the 
following compact set 

 }.,2,1,,22,{ ⋯=∀−≤−= jiD jiji επθθθθ (5) 

Firstly, a lightly modified lemma on the basis of [3] is 
given for latter use. 
 
Lemma 1[3]:  For the network model (1), let all initial 
phase difference be contained in a bounded set (5). Then, 
there exists a coupling gain 

  ,
)2cos(2

minmax

ε
ωω −

>k  (6) 

such that Dji ∈− θθ for any 0>t . 

It is assumed that each oscillator has only the local 
information, the actual frequency )(tiθɺ  and the measured 

frequency ).( ki tθɺ In order to constitute efficient trigger 

function and criteria for synchronization, define the 
following measurement errors for each oscillator, 
 ,2,1,0),()()( ⋯ɺɺ =−= kttte ikii θθ  (7) 

An obvious observation is that .0)( =ki te   

 
2.3. Main results 
 
In this section, our main result will be given. For the 
above oscillator networks, by concatenating all states of 
the oscillators, it may be represented by using the 
following compact form 
  ),[))),()((sin()( 1+∈∀+Θ−=Θ kk

T ttttetBkBt ωɺ (8) 

with .)](,),(),([)( 21
T

N tetetete ⋯=  

One can readily compute the derivate of the oscillator as 

 
( ))()(

~
)()))((cos()(

tetLk

tBtBkBdiagt TT

+Θ−=

ΘΘ−=Θ
ɺ

ɺɺɺ

 

where TT BBBdiagL ))(cos(
~ Θ= remains symmetric, 

positive semi-definite matrix with initial phase difference 
restriction (5). 

Noting that ,0
~ =Ω1L and defining 1Ω−Θ= ɺ)(tδ , one 

may use the traditional Lyapunov function method for 
synchronization study of the above oscillator networks. 
 
Since the objective is to make all oscillators reach a 
common frequency, the mean natural frequency, one may 
pick a Lyapunov candidate for the oscillator system as 
below 

 )()(
2

1
ttV T δδ=  

After some algebraic operations, it yields that 

( ) ( )))()((
~

)())()((
~

)(

)()(

tetLkttetLkt

ttV
TT

T

+−=+Θ−=

=

δδδ
δδ
ɺ

ɺɺ

 

Recalling the definition of matrixL
~

and the properties of 
triangular function, restricting K with condition (6), one 
obtains that 

2
2

22

2

2

2

)(
2

)(
~

2
)()()2sin(

)(
~

)()()()2sin(

te
k

tLtLk

teLtktLkV T

β
δβδλε

δδλε

++−≤

−−≤ɺ

By selecting ,Nλβ = and using the symmetry of the 

matrix TBBL = , one can obtain that 
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and restrict )(te to satisfy 

 ,10,)(
)1)((2

)( <<
+−

≤ σδ
ησλ

t
k

L
te N (9) 

One can obtain that 

 .)()1(
2

tV δσ−−≤ɺ  (10) 

To design a feasible event-triggered control strategy, 

and recall condition (6) and ,)()(2 NLL N == λλ one 

may assume 

 }
)(

)(

)2sin(2

1
,

)2cos(2
max{

2

minmax

L

L
k N

λ
λ

εε
ωω −

> (11) 

From the above deduction, one may choose the trigger 
function as 

.0)(
)1)((2

)()),(( =
+−

−=Θ t
k

L
tetef N δ

ησλ
ɺ  

 (12) 
The event times is then defined by the triggering 

function ,0))(),(( =kk ttef δ for an increasing sequel 

.,2,1 ⋯=k  

At each instant ,kt one may observe that the 

measurement error ,0)()()( =Θ−Θ= kkk ttte which 

guarantees the validity of the triggering condition. For any 
other time instant, all oscillators evolve by using the 

frequency data collected at kt  and hence follows a 

piecewise constant control between the time interval 

,,2,1),,[ 1 ⋯=∀+ ktt kk  which ensures all oscillators 

reach the common phase frequency, i.e., the mean natural 
frequency. 

 
Theorem 1: Consider the coupled oscillator network 

(1), with all-to-all connections depicted by the incidence 
matrix B. For a specified coupling strength satisfying 
condition (11), the designed event-triggered control law (4) 
with triggering function (12) guarantee all oscillators 
reach the mean natural frequency, and the synchronization 
manifold is locally exponentially stable with an 
exponential convergence rate no worse than ,1 σ− where 

parameter 10 << σ is defined as above. 
 
Following the similar line as in Ref. [5], one can also 

obtain the following result, implies the oscillator network 

system shows no Zeno behaviors, which gives our another 
result 

 
Theorem 2: For the above studied system with control 

law (11). For any ,10 << σ and the specified initial 

condition (4), the inter-event times }{ 1 kk tt −+ given by 

the triggering condition (12) are lower bounded by 

,0)1(
0

2
∫ >+=

µ
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The last inequality above is allowed due to 

.0,
~ =Ω≤ 1LLL  

By using the notation ,
)(

)(

t

te
y

δ
= one obtains that 

2)1( yLky +≤ɺ  

and y is upper bounded by 

),,()( 0ϕϕ tty ≤  

with ),( 0ϕϕ t is the solutions of  

.),0(,)1( 00
2 ϕϕϕϕ =+= yLkɺ  

The inter-event times are lower bounded by τ subject to 

k
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which is implicitly denoted by (12). 
Therefore, 
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µ

+−
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It completes the proof. 
 
3. Numerical Simulations 
 

For demonstration purpose, a simple example with 
numerical simulations will be carried out. In smart grids, 
it is of importance to make the rotators of all generators 
keep synchronous. It is assumed that there are 6 
generators are involved, with all-to-to connections.  

With the selection of parameters 6.0,4.0 == σk , one 

may verify that the conditions proposed are fulfilled. The 
designed event-triggered control (4) and the triggering 
function (12) can drive all oscillators reach the mean 
natural frequency. Fig. 1 and Fig. 2 shows the numerical 
results, and one can observe that all frequencies converge 
to the mean natural frequency and the final phase 
differences remains constants, which verifies the validity 
and efficiency of proposed control strategy. 

0 5 10 15
0.2

0.4

0.6

0.8

time

ph
as

e 
fr

eq
ue

nc
ie

s 
ω

 i

0 5 10 15
0

0.02

0.04

0.06

time

N
O

R
M

(e
(t

))

 
Fig.1: Synchronization errors of frequencies and the time 

history of the measure errors. 
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Fig.2: Time history of all oscillators 

 
4. Conclusions 
 

In this work, we consider the frequency 
synchronization of a group of networked oscillators with 
non-identical frequency. With Lyapunov stability method, 
an event-triggered control strategy together with specified 
triggering condition is established. The triggering 
condition proposed hereby relies on the measurement 
error and the all oscillators’ deviations from the mean 
natural frequency. It is also demonstrated that the inter-
event times involved is lower bounded and hence there is 
no Zeno behaviors.  

Numerical simulations are also carried out for the 
verification purpose via a network of phase oscillators 
which typically models the operations of coupled 
generators in power grids. It shows that the designed 
control mechanism can guarantee the frequency 
synchronization of networked oscillators, and the 
frequency deviations vanish rapidly and the phase 
difference remains constant as time elapses. 
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Abstract– We will propose a simplified architecture for a 

cellular neural network suitable for high-density integration 
of electron devices. A neuron consists of only eight 
transistors, and a synapse consists of just only one variable 
resistor. First, we developed a specialized simulator to 
estimate the practical operation. Moreover, we emulated the 
neural network using a field-programmable gate array and 
trimming resistors. The neural network succeeded in 
learning multiple logics even in a small-scale network. We 
think that this result indicates that our proposal has a big 
potential for future electronics using neural networks. 
 

1. Introduction 
 

Cellular neural networks are neural networks where a 
neuron is connected to only neighboring neurons [1], hence 
suitable for integration of electron devices, and promising 
for image processing [2], pattern recognition [3], etc. Until 
now, fundamental theory, working principle, and 
application potential have been actively investigated using 
formal models and numerical simulation. However, there 
exist few reports on actual hardware of cellular neural 
networks [4], although they are suitable for integration of 
electron devices as aforementioned. We imagine that this is 
because the conventional circuits of the neurons and 
synapses are still complicated, even though the structure of 
the network is simple. 

We are developing neural networks from the viewpoint 
of device hardware [5],[6]. In this presentation, we will 
propose a simplified architecture for a cellular neural 
network suitable for high-density integration of electron 
devices. The main advantage is that the circuits of the 
neurons and synapses are excellently simplified. A neuron 
consists of only eight transistors, and a synapse consists of 
just only one variable resistor. As a result, the neural 

network must have a different structure and modified 
procedure for the recalling and learning from the 
conventional one, and hence we would like to evaluate 
them before actual integration of electron devices. First, we 
developed a specialized simulator to estimate the practical 
operation. Moreover, we emulated the neural network using 
a field-programmable gate array (FPGA) and trimming 
resistors. The neural network succeeded in learning 
multiple logics, such as AND, OR, and XOR, even in a 
small-scale network, such as 3  3. Although this result is 
primitive, we think that it indicates that our proposal has a 
big potential for future electronics using neural networks. 
 

2. Simplified Architecture 
 

2.1. Neuron 
 

Figure 1 shows the neuron. We limited the necessary 
functions of the neuron to that a binary state is maintained 
by itself and altered by the input signals. In order to realize 
this simple function, we adopted a latch circuit that 
circularly connects two inverters with two switches. The 
firing or non-firing state is maintained using the latch 
circuit when the switches are turned on, namely, we defined 
the firing state as a situation when the voltages at node  
and node  are high and complementarily low, respectively, 
whereas we defined the non-firing state as the opposite 
situation. Although the latch circuit is a well-known circuit 
for maintaining a binary state, it should be noted that its 
characteristic is similar to a sigmoid function, a typical 
function used to provide a favorable soft threshold in neural 
network models. The binary state is altered after the 
switches are turned off, the input signals are applied to 
nodes  and , and the switches are turned on again. In any 
case, by employing complementary inverters and switches, 
we succeeded in making a neuron consist of only eight 
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transistors. 
 

2.2. Synapse 
 

Figure 2 shows the synapse. We limited the necessary 
functions of the synapse to that an input signal from a 
neuron is weighted by its synaptic connection strength and 
transferred to another neuron, and the synaptic connection 
strength is adjusted. In order to realize this simple function, 
we adopted a variable resistor. An input voltage from a 
neuron is weighted by the conductance of the variable 
resistor and transferred to another neuron. The synaptic 
connection strength corresponds to the conductance of the 
variable resistor, which is adjusted obeying a modified 
Hebbian learning as belowmentioned. In any case, we 
succeeded in making a synapse consist of just only one 
resistor. 
 

2.3. Neural network 
 

Figure 3 shows the neural network. Because the neuron 
and synapse are dramatically simplified, although the 
neural network is still classified into a kind of cellular 
neural networks, it must have a different structure from the 
conventional one. We arrayed the neurons and connected 
each neuron to only up, down, left, and right neighboring 
neurons through the synapses. In order to compensate the 
small number of the synapses, we connected neurons 
through a pair of synapses, namely, concordant and 
discordant synapses. The concordant synapse is connected 
between the same nodes in the two neurons, nodes  and  
or  and , and inclines to make the states of the two 
neurons the same, whereas the discordant synapse is 
connected between different nodes, nodes  and , and 
inclines to make the states of the two neurons different. All 
the input voltages from all the neighboring neurons are 
weighted by the conductances of all the concordant and 
discordant synapses and transferred to the target neuron. 
The target neuron becomes the firing or non-firing state. As 
a result, the binary state of the target neuron is determined 
by the majority rule of the binary states of the neighboring 
neurons with weighted by the synaptic connection strengths. 
Moreover, it should be noted that this network is also 
classified into a kind of interconnective neural networks, 
where a synapse transfer a signal from a neuron to another 
neuron and simultaneously from the latter neuron to the 

former neuron vice-versa, namely, the synapses are 
bidirectional, which may correspond to functions of two 
synapses and also compensate the small number of the 
synapses. In any case, we succeeded in making a cellular 
neural network, where we connected each neuron to only 
neighboring neurons, which is exceedingly suitable for 
high-density integration of electron devices. 
 

3. Modified Hebbian learning 
 

Figure 4 shows the modified Hebbian learning. Because 
the neuron and synapse are dramatically simplified, the 
neural network must also have a modified procedure for the 
learning from the conventional one. Hebbian learning is a 
typical learning procedure in biological and artificial neural 
networks [7]. The synaptic connection strength is enhanced 
when both neurons connected to the synapse are in firing 
states and impaired otherwise. Based on the Hebbian 
learning, we will propose the modified Hebbian learning as 
shown in Fig. 4. Here, we assume NOT logic as an example. 
The left and right neurons are assigned to input and output 
elements, respectively. Initially, at the initial recalling stage, 
a non-firing state is applied to the input element, and a non-
firing state arises from the output elements, and vice versa 
because the synaptic connection strength of the concordant 
synapse is accidentally slightly stronger than that of the 
discordant synapse, which is not NOT logic. Next, at the 
first learning stage, a non-firing state is applied to the input 
element, and a firing state is applied to the output element. 
Since the concordant synapse is connected between the 
same nodes in the two neurons, and the binary states at both 
nodes in two neurons are different, electric current flows 
through the concordant synapse because of the voltage 
difference, whereas electric current does not flow through 
the discordant synapse. Consequently, the characteristic 
degradation gradually occurs at the concordant synapse, 
which is a necessary property of our synapses, the 
conductivity becomes gradually lower, and the synaptic 
connection strength becomes gradually weakened, whereas 
the characteristic enhancement gradually occurs at the 
discordant synapse, which is another necessary property of 
our synapses, the conductivity becomes gradually higher, 
and the synaptic connection strength becomes gradually 
strengthened. At the second learning stage, a firing state is 
applied to the input element, and a non-firing state is 
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applied to the output element. Similarly, the synaptic 
connection strength of the concordant synapse becomes 
gradually weakened, whereas the synaptic connection 
strength of the discordant synapse becomes gradually 
strengthened. Finally, at the final recalling stage, a non-
firing state is applied to the input element, and a firing state 
arises from the output elements, and vice versa because the 
synaptic connection strength of the discordant synapse 
becomes slightly stronger than that of the concordant 
synapse, which is NOT logic. It should be noted that these 
necessary properties of our synapses can be obtained using 
memristors [8], which is also suitable for high-density 
integration of electron devices. Because the synaptic 
connection strengths become both weakened and 
strengthened, we call this procedure modified Hebbian 
learning. In any case, by employing the modified Hebbian 
learning, we succeeded in making a synapse consist of just 
only one resistor. 
 

4. Specialized simulator 
 

Figure 5 shows the formal model. The neuron receives 
input signals and sends output signals, and each 
neighboring neuron from which the input signal is received 
is the same as that to which the output signal is sent, which 
means that the synapses are bidirectional. The operation of 
this formal model can be approximately described using the 
following difference equation:  

     txwtx iiS1         (1) 

Here, xi(t) and x(t+1) are the input signal at the previous 
step and the output signal at the next step, respectively, and 
they are +1 and -1 for the firing and non-firing states 
respectively. wi is the synaptic connection strength, and it is 
positive and negative for the concordant and discordant 
synapses, respectively. S is a special step function that 
outputs +1 and -1 when the input is positive and negative, 
respectively. 

The operation of the modified Hebbian learning can be 
approximately described using the following differential 
equation:  

i
i xx

dt

dw
          (2) 

Here,  is the changing speed of the synaptic connection 
strength and should be optimized to maximize the learning 
efficiency. We executed the numerical simulation for our 
network. 

Figure 6 shows the synaptic connection strengths 
obtained after the simulation. It was confirmed that the 
network works as AND, OR, and XOR by these synaptic 
connection strengths. The neural network succeeded in 
learning multiple logics at least on the simulator. 
 

5. Emulated experiment 
 

Figure 7 shows the experimental method emulated using 
a FPGA and trimming resistors. We emulated  the neurons 
using a FPGA and the synapses using the trimming resistors, 
connected them using a flat connector, applied Switch, In1, 
and In2 and measured Out using an oscilloscope. 

Figure 8 shows the experimental results obtained using 
FPGA and trimming resistors.  It was confirmed that the 
network works as AND, OR, and XOR by the 
abovementioned synaptic connection strengths. The neural 
network succeeded in learning multiple logics also on 
actual hardware. 
 

6. Conclusion 
 

We proposed a simplified architecture for a cellular 
neural network suitable for high-density integration of 
electron devices. A neuron consists of only eight transistors, 
and a synapse consists of just only one variable resistor. 
First, we developed a specialized simulator to estimate the 
practical operation. Moreover, we emulated the neural 
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network using a FPGA and trimming resistors. The neural 
network succeeded in learning multiple logics even in a 
small-scale network.  

In this presentation, we emulated the neural network 
using a FPGA and trimming resistors. However, the same 
functions can be realized using integrated devices, such as 
LSI for the neuron and memristors or ferroelectric 
capacitors for the synapses. We would like to insist that the 
results obtained here can be surely obtained also using the 
integrated devices. Therefore, we think that this result 
indicates that our proposal has a big potential for future 
electronics using neural networks. 
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Abstract— The cochlea is a good candidate for a
high-performance Fourier analyzer used in engineering ap-
plications. Therefore, electronic circuit implementation
of cochlear function is important. However, no high-
performance cochlear model is suitable for circuit imple-
mentation.

Therefore, Kohda et al. proposed a simple cochlear
model that can effectively reproduce the characteristics of
the cochlea. The model is based on an ideal distributed con-
stant circuit, and is referred to as a reflectionless transmis-
sion line model (cochlear reflectionless transmission line
model). It can reproduce the physiological characteristics
of the cochlea by adjusting circuit parameter values.

In this paper, we describe an improved method for quan-
titative reproduction of cochlear characteristics using an
optimization technique.

1. Introduction
The cochlea is a peripheral organ in the inner ear. It

converts sound from the eardrum into a nerve signal. In
addition, the cochlea is a good candidate for a high-
performance Fourier analyzer.

Oono and Kohda proposed a passive reflectionless
transmission-line model of the cochlea (passive model)
based on an ideal distributed constant circuit [1]. The
model can reproduce the passive properties of a physio-
logical cochlea [2] by adjusting the values of circuit pa-
rameters. However, parameter tunings alone do not enable
the passive model to reproduce the active properties of the
cochlea. Subsequently, Kohda proposed an active reflec-
tionless transmission-line model with a negative resistance
(active model) [3].

In addition, Kohda et al. incorporated the function of
the outer hair cell into the model, and modified the model
using a hydro-mechanical transducer and a cubic nonlin-
ear element [4]. This model can be transferred back into
the passive model through an equivalent circuit conversion.
Therefore, it is important to determine the circuit parame-
ter values of the passive model prior to creating the active
model, so that the passive model can quantitatively repro-
duce the passive properties of the cochlea. We proposed a
method for determining the parameter values of the passive
model to qualitatively reproduce the passive properties of

P(x,ω)

U(x,ω)

Lp(x)

Cp(x)

Rp(x)

Zs(x,ω)

Zp(x,ω)

x x+dx

Ub(x,ω)

Rs(x)

Ls(x)

Cs(x)

Figure 1: Cochlear passive model [1].

the cochlea [5, 6].
In this paper, we optimize the parameter values in the

passive model to quantitatively design the cochlear passive
model.

2. Passive model
The passive model of the cochlea is shown in Fig. 1 [1].

A parallel impedance Zp(x, ω) in Fig. 1 is given by

Zp(x, ω) = jωLp(x) + Rp(x) +
1

jωCp(x)
, (1)

where x is a distance from the input of the transmission
line, and ω is an angular frequency of the input signal.

If the value of each circuit elements in Zp(x, ω) is as-
sumed to change exponentially with distance, circuit ele-
ments can be written as

Rp(x) = R0e−ax, Lp(x) = L0eax, and Cp(x) = C0eax, (2)

where R0, L0, and C0 are values of circuit elements when
x = 0, and a is a constant determined by the characteristics
of the cochlea.

In Fig. 1, if we assume that the characteristic impedance
Z0(x, ω) is independent of distance [7], then the character-
istic impedance can be given by

Z0(x, ω) = r, (3)

where r is a positive constant. As a result, the series
impedance Zs(x, ω) in Fig. 1 is defined as

Zs(x, ω) =
r2

Zp(x, ω)
. (4)
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The circuit elements in Zs(x, ω) should satisfy the fol-
lowing conditions.

Rs(x) =
r2

Rp(x)
,

Ls(x) = r2C(x), (5)

Cs(x) =
L(x)
r2 .

The propagation constant γ(x, ω) of the transmission line
is given by

γ(x, ω) =

√
Zs(x, ω)
Zp(x, ω)

=
r

Zp(x, ω)
. (6)

Substituting Eq. (1) into Eq. (6) gives

γ(x, ω) =
r

jωLp(x) + Rp(x) + 1/ jωCp(x)
. (7)

Resonance angular frequency β(x) and sharpness Q(x)
are respectively given by

β(x) = β0e−ax, β0 =
1

√
L0C0

, (8)

Q(x) = Q0eax, Q0 =
1

R0

√
L0

C0
, (9)

where β0 and Q0 are the resonance angular frequency and
sharpness of the circuit, respectively, when x = 0.

Taking the integral of the propagation constant with re-
spect to x gives

Γ(x, ω) =
∫ x

0
γ(y, ω)dy, (10)

or

Γ(x, ω) =
jr

2a
√

L0/C0 + jR0L0ω
×ln

 √1 + jR0C0ω +
√

L0C0eaxω√
1 + jR0C0ω −

√
L0C0eaxω


− ln

 √1 + jR0C0ω +
√

L0C0ω√
1 + jR0C0ω −

√
L0C0ω


 . (11)

The transfer function is defined as

F(x, ω) =
Ub(x, ω)
P(0, ω)

, (12)

where Ub(x, ω) is the current flowing in the parallel
impedance, and P(0, ω) is the input voltage of the trans-
mission line.

We can rewrite Eq. (12) using Eqs. (1) and (10) as

F(x, ω) =
1

Zp(x, ω)
exp(−Γ(x, ω)). (13)

The gain and phase characteristics of the passive model
are numerically simulated with Eq. (13) and shown in

Figs. 2 and 3, respectively, where a = 0.288, L0 = 2.385 ×
10−7, C0 = 2.132 × 10−7, R0 = 1.5, and r = 5.

As shown in Fig. 2, the gain characteristic has a peak,
i.e., the maximum gain, at a particular frequency. We refer
to this as the “peak frequency.” Beyond the peak frequency,
the gain rapidly decreases towards the resonance frequency.
Note that the resonance frequency is different from the peak
frequency. In Figs. 2 and 3, a ◦ symbol shows the peak
frequency, and in Fig. 3, a × symbol shows the resonance
frequency.

3. A method for determining parameter values
We describe below the basic principle to determine the

values of parameters a, L0, C0, R0, and r in the passive
model [6].

First, we introduce a variable n that represents the square
root of the ratio of L0 and C0 as

n =

√
L0

C0
. (14)

We can tune the maximum gain at the peak frequency
through n.

Substituting Eq. (9) into Eq. (14) gives

Q0 =
n

R0
. (15)

Therefore, using R0, we can determine the sharpness with-
out changing the resonance frequency.

Next, we adjust the phase value at the resonance fre-
quency by r. Through this tuning, the resonance frequency
itself is not affected.

We now show the design procedure according to the
above.

Step 1: We determine the value of a, such that the charac-
teristics of the resonance frequencies according to the
distance match those of the peak frequencies obtained
from physiological experiments.
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Figure 2: Frequency vs. gain characteristics of the passive
model.
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model.

Step 2: We set the value of L0 and C0 as

L0 = C0 =
1
β0

; (16)

the initial value of n = 1.

Step 3: By fixing the value of L0 as given in Eq. (16), we
tune the peak frequency through n so that it matches
its physiological counterpart. In this tuning process,
we use the empirical values R0 = 1 and r = 5.
The numerical simulation results of the gain and phase
characteristics are labeled (a) in Figs. 4 and 5, respec-
tively, as they were at Step 2 (before the value of n
was adjusted). The circuit element values used in the
simulations are: a = 0.281, n = 1, R0 = 1, and r = 5.
After we tune the value of n in Step 3, we obtain the
gain and phase characteristics labeled (b) in Figs. 4
and 5, respectively. After tuning, the circuit element
values are: a = 0.281, n = 1.2, R0 = 1, and r = 5.

Step 4: We adjust the value of R0 to match the maximum
gain and sharpness at the peak frequency to those ob-
tained from physiological experiments.
The numerical simulation results after the tuning of
R0 are labeled as (c) in Figs. 4 and 5. After tuning, the
circuit element values are: a = 0.281, n = 1.2, R0 =

100, and r = 5.

Step 5: We adjust the phase at the resonance frequency by
changing r, so that it produces a value similar to that
obtained from the physiological experiments.
The numerical simulation results after the adjustment
of r are labeled as (d) in Figs. 4 and 5. After tun-
ing, the circuit element values are: a = 0.281, n =
1.2, R0 = 100, and r = 3.

Step 6: Repeating the procedures from Step 3 to Step 5,
we further tune the values of n, R0, and r, so that the
gain and phase responses sufficiently match those ob-
tained from the physiological experiments.
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Figure 4: The gain characteristics of the passive model at
x = 30 mm, when we tune the parameters. (a) Step 2, (b)
Step 3, (c) Step 4, and (d) Step 5.
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Figure 5: The phase characteristics of the passive model at
x = 30 mm, when we tune the parameters. (a) Step 2, (b)
Step 3, (c) Step 4, and (d) Step 5.

4. Optimization of the parameter values
To obtain improved parameter values that provide a bet-

ter match between the gain and phase responses of the pas-
sive model and those of the physiological data, we use an
optimization technique.

First, we introduce a constraint on parameter a as

ln fmax − ln fmin

xmax
≤ a, (17)

where fmax and fmin are the maximum and minimum fre-
quencies of the human audible range, respectively, and xmax

is the length of a human cochlea. In this paper, we use
fmax = 10 kHz, fmin = 100 Hz, and xmax = 35 mm.

Next, the object function E(a, R0, n, r) can be defined
as

E(a, R0, n, r) = wQ · EQ(a, R0, n, r)
+w f · EF(a, R0, n, r) + wg · EG(a, R0, n, r)
+wp · EP(a, R0, n, r), (18)

where wQ, w f , wg, and wp are weights, and
EQ(a, R0, n, r) (Eq. (19)), EF(a, R0, n, r) (Eq.
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(20)), EG(a, R0, n, r) (Eq. (21)), and EP(a, R0, n, r) (Eq.
(22)) are the errors from the target values in the sharpness,
peak frequency, maximum gain, and phase at resonance
frequency of the designed circuit, respectively.

EQ(a, R0, n, r) =
∣∣∣∣∣Qx − Q(x; a, R0, n, r)

Qx

∣∣∣∣∣ , (19)

EF(a, R0, n, r) =

∣∣∣∣∣∣ p fx − fp(x; a, R0, n, r)
p fx

∣∣∣∣∣∣ , (20)

EG(a, R0, n, r) =
∣∣∣∣∣gx − g(x; a, R0, n, r)

gx

∣∣∣∣∣ , (21)

EP(a, R0, n, r) =
∣∣∣∣∣ px − p(x; a, R0, n, r)

px

∣∣∣∣∣ , (22)

where Qx, p fx, gx and px are the target values for the
sharpness, peak frequency, maximum gain, and phase at
resonance frequency at a distance of x, respectively, and
Q(x; a, R0, n, r), fp(x; a, R0, n, r), g(x; a, R0, n, r)
and p(x; a, R0, n, r) are the current values for the sharp-
ness, peak frequency, maximum gain, and phase at reso-
nance frequency given by Eq. (13) at a distance of x, re-
spectively.

The constraint given by Eq. (17) is continuous, which
allows us to classify the above optimization problem as a
continuous optimization problem. In addition, this con-
straints are primary inequalities; however the objective
function in Eq. (18) is not a linear function.

Consequently, the target optimization problem is a non-
linear optimization problem. Therefore, we use the down-
hill simplex method to determine the parameter values.
4.1. Design example

We demonstrate the optimization of the parameters
through a design example. The target values for Qx, p fx,
gx, and px at x = 30 mm used in the design example are
summarized in Table 1.

Before the optimization, we first determined the initial
values of the parameters a, R0, n, and r according to the
procedure described in Sec. 3. In addition, small random
numbers were added to those parameter values.

We then performed the optimization proposed above.
The total number of the trials were 10 with 200 iterations
in each trial.

Through the optimization, we obtained the values of
a = 0.156385, R0 = 0.200919, n = 1.057865, and
r = 2.133622. Figure 6 shows the gain and phase responses
with these optimized parameters. The relative errors from
the target values defined by Eqs. (19) to (22) are summa-
rized in Table 2, that confirms good matches.

5. Conclusion
We have proposed a technique to determine the parame-

ter values in a passive model of the cochlea. The proposed
Table 1: The target values.

x [mm] Qx p fx [Hz] gx [dB] px [rad]
30 200 200 50 -50
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Figure 6: Frequency vs. gain and phase characteristics as a
result of the parameter optimization.

Table 2: The relative errors from the target values.
Relative Error [%]

EQ 0.01
EF 0.01
EG 0.028
EP 0.028

technique was formulated as a nonlinear optimization prob-
lem. We use the downhill simplex method to solve the op-
timization problem. Through the design example, we con-
firmed the effectiveness of the proposed method.

In the future, we will try other solving technique rather
than the downhill simplex method. In addition, we will
propose a design technique including a hydro-mechanical
transducer and a cubic nonlinear element.
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Abstract—We propose an implementation technique of
a β-A/D converter circuit with unity-gain buffer (UGB). In
the circuits based on UGBs, the gain error of the UGB is
critical. We confirm the functionality and robustness of the
proposed circuit against the variations in the gain of the
UGB through SPICE simulations using ideal elements.

1. Introduction

Thanks to advanced semiconductor microfabrication
processes, the performance of digital integrated circuits
has improved. However, it is difficult to realize high-
performance analog integrated circuits owing to the low
transconductance gm of advanced microfabrication transis-
tors and the mismatches between the circuit elements. The
importance of analog-to-digital (A/D) converters has been
increasing in current digital era. Therefore, a circuit tech-
nique that implements a high-performance A/D converter
is indispensable.

A β-encoder (β-A/D converter circuit) using a real num-
ber conversion radix β (1 < β < 2) [1–3] is an A/D con-
verter circuit that is robust against the fluctuations in the
offset and threshold voltages of a comparator circuit. In
addition, we can estimate the real value of β realized in the
actual circuit from the output bit sequences using a char-
acteristic equation with exponential accuracy. Therefore,
we do not need to realize the values of β very accurately.
That is, a high-gain opamp is not required to accurately
realize the value of β. Consequently, the β-A/D converter
circuits are robust against the fluctuations and mismatches
in the constituent device characteristics; therefore, they are
suitable for a high-performance IC implementation through
advanced semiconductor microfabrication processes.

IC implementation techniques for β-A/D converter cir-
cuits have already been proposed with IC prototyping
[4–9]. In these studies, a method that estimates the real-
ized β value by the circuit suitable for the ICs, the the-
oretical formulas of the conversion errors, and the β to
binary conversion circuits were proposed. The high per-
formance and robustness of the IC implementations of the
cyclic and pipeline β-A/D converter circuits, which were
designed on the basis of the proposed design procedure,
have been demonstrated.

The above β-A/D converter circuits adopted and ex-
panded the basic configuration of ordinary binary A/D con-

verters. Moreover, a unity-gain buffer (UGB) has been used
to improve the conversion speed for an ordinary binary A/D
converter [10]. Therefore, we proposed a circuit imple-
mentation technique of the β-A/D converter circuit with the
UGB [11]. However, in [11], we only showed the concep-
tual circuit. In particular, an additional sample-and-hold
(S/H) circuit was used to clearly show the circuit opera-
tions. In this paper, we propose a practical circuit imple-
mentation technique of the β-A/D converter circuit with the
UGB. In circuits based on UGBs, the gain error of the UGB
is critical. Therefore, we investigate the effects of the UGB
gain error on the conversion characteristics of the proposed
β-A/D converter circuits through SPICE using ideal circuit
elements. In addition, the effects of the parasitic capac-
itances are also considered and simulated through SPICE.
As a result, we confirm that both the gain error and parasitic
capacitances do not deteriorate the conversion characteris-
tics if we use the value of β estimated from the output bit
sequences.

2. A/D Converter based on the β-map
A β-transformation, which is the basis of the β-A/D con-

verter circuit, is given as [1–3],

x(tn+1) =
{
βx(tn), x(tn) ∈ [0, θ)
βx(tn) − (β − 1), x(tn) ∈ [θ, (β − 1)−1), (1)

where x(tn) ∈ [0, (β − 1)−1] is the internal state of the con-
verter, 1 < β < 2 is the conversion radix, tn is the discrete
time (n = 1, 2, . . .), and θ is the threshold. The quantizer
Qθ(tn), which gives the resulting bit sequence b(tn) ∈ {0, 1},
is defined as

b(tn) = Qθ(x(tn)) =
{

0, x(tn) < θ
1, x(tn) ≥ θ. (2)

By using Eq. (2), we can rewrite Eq. (1) as

x(tn+1) = βx(tn) − (β − 1) · b(tn). (3)

The β-A/D converter circuit would function properly, even
the value of θ varies, if β−1 ≤ θ ≤ β−1(β−1)−1. Using the β-
A/D converter with the full-scale of VFS and the conversion
bit-length L, the input voltage Vinput is β-expanded as

Vinput

VFS
≒ (β − 1)

L∑
i=1

b(ti) · β−i. (4)
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3. β-A/D converter with the UGB
The conceptual schematics for the β-A/D converter cir-

cuits using the UGB were proposed in [11], where an aux-
iliary S/H circuit was introduced to explain the circuit op-
erations. In Fig. 1, a practical circuit of the β-A/D con-
verter with the UGB is proposed on the basis of the circuit
in [11]. In Fig. 1, the function of the S/H circuit is im-
plicitly included in the circuitry. Figure 2 shows the clock
waveforms that drive the proposed circuit. In the following,
we briefly explain the operation of the proposed circuit in
Fig. 1.

First, in the waveforms in Fig. 2, when t = t 1
2
, the input

voltage Vinput(t 1
2
) is sampled to Ch by ϕS.

Next, ϕ1 is high at t = t1; then, Vi(t1) = Vinput(t 1
2
). This

voltage is transfered through the UGB, resulting in Vo(t1) =
Vi(t1). At the same time, the voltage Vo(t1) is compared to
the threshold voltage Vθ by the comparator. The output
of the comparator b(t1), which will be the most significant
bit (MSB) of the conversion bit sequence, is 0 if Vo(t1) <
θ; otherwise, it is 1. Here, b(t1) controls the multiplexer
(MUX) VM in such a way that VM = Vre f when b(t1) = 1,
and VM = 0 when b(t1) = 0.

At t = t1+ 1
2
, ϕ2 is high, and the charge on C f is transfered

to Cs and Ch. As a result, the output voltage of the UGB
Vo(t1+ 1

2
) becomes

Vo(t1+ 1
2
) =

Cs +Ch +C f

Cs +Ch
·Vi(t1)−

C f

Cs +Ch
·Vre f ·b(t1). (5)

Comparing Eq. (3) and Eq. (5), we can realize the β-A/D
converter function if we set the capacitances as

Cs +Ch : C f = 1 : β − 1. (6)

Finally, at t = t2 when ϕ1 is high, Vi(t2) is sampled on
Cs, and Vo(t2) = Vi(t2). Consequently, we can write

Vo(t2) = βVi(t1) − (β − 1) · Vre f · b(t1). (7)

This concludes one iteration. Repeating the same proce-
dure until t = tL, we finally obtain

Vo(tn+1) = βVi(tn) − (β − 1) · Vre f · b(tn), (8)

1

+

-

φ1
Vo

Vinput

b(tn)

φ1Cf

Cs

Comparator

Vθ

Vref

GND

φS

φ2

Ch

MUXUGB
Vi

φ2

VM

Figure 1: The β-A/D converter circuit with the UGB.

φS

φ1

φ2

t t1 t1+1
2
− 1

2
− tL

Figure 2: The clock waveforms for the circuit in Fig. 1.

where 1 ≤ n ≤ L − 1. This confirms that the proposed
circuit shown in Fig. 1 realizes the β-A/D converter circuit.

4. Fully differential β-A/D converter circuit
The circuit proposed in Fig. 1 is single-ended. The fully

differential configuration is mandatory for practical A/D
converter circuits. Figure 3 shows the fully differential ver-
sion of the β-A/D converter circuit in Fig. 1. The clock
waveforms for the circuit in Fig. 3 are the same as those in
Fig. 2. In Fig. 3, the parasitic capacitances, Cp1,Cp2, and
Cp3, are also included. The voltage Vo(tn+1) ≡ V+o (tn+1) −
V−o (tn+1) is given by

Vo(tn+1) =
C f +Cs +Ch +Cp1 +Cp2 +Cp3

Cs +Ch +Cp1 +Cp2 +Cp3
· Vi(tn)

−
C f

Cs +Ch +Cp1 +Cp2 +Cp3
· Vre f · b(tn)

=
C f +Cs +Ch + X

Cs +Ch + X
· Vi(tn)

−
C f

Cs +Ch + X
· Vre f · b(tn), (9)

where Vi(tn) ≡ V+i (tn) − V−i (tn), and X = Cp1 + Cp2 + Cp3.
If we define

β =
C f +Cs +Ch +CX

Cs +Ch +CX
, (10)

Eq. (9) can be reduced to Eq. (8). This confirms that the
circuit in Fig. 3 realizes the β-A/D converter and is para-
sitic insensitive. In addition, the value of β in Eq. (10) can
be obtained with arbitrary precision from the bit-sequences
with the β-estimation technique proposed in [4].

4.1. SPICE simulations
We simulated the proposed circuit in Fig. 3 through

SPICE using ideal circuit components in order to show the
effects of the parasitic capacitances and the UGB gain er-
rors on the conversion characteristics. Table 1 summarizes
the capacitances used in the simulations. In addition, we
changed the gain of the UGB, AUGB, from 0.8 to 1 in incre-
ments of 0.05.

First, Fig. 4 shows the estimated value of β, βe f f , when
we changed AUGB, for different values of the designed
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Figure 3: The fully differential β-A/D converter circuit with the UGB.

βd (βd =1.8 and 1.9), which is given by Eq. (9) with X = 0
and AUGB = 1. Table 2 shows the bit-length M used for
β-estimations. From Fig. 4, it can be seen that βe f f , βd

because of the nonunity gain of the UGB and the parasitic
capacitances.

Second, Fig. 5 shows the conversion characteristic for
different values of AUGB. To decode the resulting bit se-
quences, we used the values of βe f f in Fig. 4. In addition,
the bit-length L was determined according to Eq. (11) to
obtain an effective resolution of 10-bits in the binary ex-
pansions [5].

L >
N + 1

log2 βe f f
(11)

As shown in Fig. 5, the conversion gain decreases as
AUGB decreases. However, the linearity, which is one of
the most important characteristics of A/D converters, is in-
tact, even with low AUGB and parasitic capacitors.

The third simlation in Fig. 6 shows the effective number
of bits (ENOB) for different values of AUGB. In the sim-
ulations, the bit-length L was determined by Eq. (11) to
obtain an effective binary resolution of 10 bits. The ENOB
was calculated from the spectrum with a sinusoidal input,
as shown in Fig. 6. The results in the figure confirm that

Table 1: Capacitances used in the simulations.
Capacitance Value [fF]

Cs 140
Ch 140
C f 224, 252
X 5

 1

 1.2

 1.4

 1.6

 1.8

 2

 0.75  0.8  0.85  0.9  0.95  1  1.05

β e
ff

AUGB   [V/V]

βd=1.9

βd=1.8

Figure 4: The estimated value of β, βe f f , when we change
AUGB for the designed values of βd =1.8 and 1.9.

Table 2: Bit-length M for β-estimation.
βd (Designed β)

AUGB [V/V] βd = 1.8 βd = 1.9
1 20 20

0.95 20 20
0.9 20 20
0.85 40 30
0.8 50 40
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Figure 5: The conversion characteristics of the proposed
β-A/D converter circuit with different values of AUGB

we can obtain values for the ENOB that are greater than 10
bits, even with AUGB < 1 and parasitic capacitors.

5. Conclusion
We have proposed practical circuits of a β-A/D converter

with a UGB on the basis of the conceptual circuits in [11].
The effects of the errors on the UGB gain (nonunity gain)
and parasitic capacitances have been investigated through
SPICE simulations. As a result, we have confirmed that the
proposed circuit is robust against the gain error and para-
sitic capacitors. In our future work, we will implement the
proposed circuit as an integrated circuit and experimentally
confirm the advantage of the UGB configuration employed
in the proposed citcuit.
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Abstract—A β encoder is an analog-to-digital (A/D)
converter, that outputs a truncated sequence ofβ expansion
of an input valuex. We recently proposed a method for
generating sequences of random numbers using a hardware
β encoder followed by aβ-ary to binary converter. This
paper gives the performance analysis of the random num-
ber generation in terms of the variational distance between
the target distribution and the distribution of the output se-
quence and the expected length of the input sequence per
one output symbol.

1. Introduction

There are two major schemes for Analog-to-Digital
(A/D) converters: pulse code modulation (PCM) and∆Σ
modulation. In case of PCM, the continuous-time signal
is sampled at a rate higher than Nyquist rate. The sam-
ples are, then, quantized to the truncated binary expansions
of the samples. The quantization error is upper bounded
by C · 2−N with some constantC, whereN is the length
of the binary expansion. However, this upper-bound can-
not be guaranteed ifN becomes very large. One of the
reasons is that the PCM method is sensitive to the varia-
tion in the comparator voltage offset. Once a comparator
makes an erroneous decision at some bit, the error cannot
be recovered by the following bits. On the other hand,∆Σ
modulations are robust to fluctuations of threshold values
in their quantizers. However, they require a very high over-
sampling rate. This implies thatΣ∆ modulation can only
be used in narrow-bandwidth applications. Moreover, the
quantization error ofΣ∆ modulation decreases in inverse
proportion to the number of bits in contrast to the exponen-
tial accuracy of the PCM.

Daubechies et.al [1] proposed a new A/D converter that
is based on theβ expansion of a real number and, therefore,
is called theβ encoder. Theβ expansion of a real number
x ∈ [0,1/(β − 1)] with β ∈ (1,2) is defined by

x =
∞∑

i=1

aiβ
−i , ai ∈ {0,1}. (1)

This research was supported in part by the Aihara Project, the FIRST
program from JSPS, initiated by CSTP and JSPS KAKENHI Grant Num-
ber 25820162.
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Figure 1: A block diagram of the proposed method.

For a fixedx, a1a2 · · · are not unique. In fact, there are
infinitely many ways to expandx. This implies that digi-
tal codes produced by aβ encoder are redundant. Unlike
PCM, an erroneous decision made by aβ encoder can be
recovered by the following bits. Thus, aβ encoder is ro-
bust to fluctuation of threshold value of a quantizer. Such
a β encoder does not need high-precision circuit elements
and is implemented by an electronic circuit that achieves
very small area consumption as well as low power con-
sumption [2].

We observe chaos attractors inβ converters [3]. This
fact motivated Hirata et.al [4] to use aβ encoder as a
random number generator. However, outputs from aβ
encoder have strong correlations between successive bits.
Such strong correlations should be eliminated. Then, Mat-
sumura et.al [5] proposed another method for generating
a sequence of random numbers using aβ encoder. This
method employs aβ-ary to binary converter (See Fig. 1).

This paper provides performance analysis of the pro-
posed method in terms of variational distance as well as the
expected length of input sequence per an output symbol.

2. β encoder

Theβ expansion of a real numberx ∈ [0,1/(β − 1)] with
β ∈ (1,2) is defined by (1). The set of coefficients{ai} in (1)
are called cautious expansion ifai is determined as follows:

Definition 1 Cautious expansion with a thresholdν ∈
(1, 1
β−1) of a real number x∈ [0, 1

β−1) is defined recursively
by

ai+1 = Qν(βxi), i = 0,1, . . . , (2)

xi+1 = Cβ,ν(xi), (3)

where Cβ,ν is the cautiousβmap, defined by

Cβ,ν(x) = βx− Qν(βx). (4)

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015

- 511 -



The map Cβ,ν(x) is called greedy ifν = 1 and lazy ifν =
1/(β − 1).

Definition 2 The (β, α)-transformation Tβ,α : [0,1) 7→
[0,1) is defined by [6]

Tβ,α(x) = βx+ α mod1, β ≥ 1, 0 ≤ α ≤ 1. (5)

It can be known that we haveφ(Cβ,ν(φ−1(x))) = Tβ,α(x),
whereφ−1(x) = x+α/(β−1). The most important property
of theβmap is that there is a unique absolutely continuous
invariant probability measure [6].

Theorem 1 (Parry [6]) An unnormalized invariant mea-
sure for Tβ,α(x) is given as

h(x) =
∑

x<Tn
β,α(1)

β−n −
∑

x<Tn
β,α(0)

β−n. (6)

Remark 1 Suppose that we ignore the first an and consider
an+1an+2an+3 · · · . It should be noted that from this sequence
we obtain xn =

∑∞
i=n+1 aiβ

−i . Theorem 1 implies that{xn −
α/(β − 1)} tends to follow Parry’s absolutely continuous
invariant density h(x) for almost all initial values x= x0.

Daubechies et.al [1] pointed out that the valueνmay dif-
fer from one application to the next and introduced a flaky
version of an imperfect quantizer, defined by

Qf
[ν0,ν1](x) =


0, if x ≤ ν0,
1, if x ≥ ν1,
0 or 1, if x ∈ (ν0, ν1).

(7)

This notation means that forx ∈ (ν0, ν1) we do not know
which value in{0,1} the flaky quantizer will assign.

Daubechies et. al [1] gave the following theorem that
guarantees the exponential accuracy of the quantization er-
ror made by aβ encoder with a flaky quantizer.

Theorem 2 (Daubechies et.al [1])For β ∈ (1,2), x ∈
[0,1), 1 < ν0 < ν1 < 1/(β − 1), define

bf
i+1 = Qf

[ν0,ν1](βx
f
i ), i = 0,1,2, · · · , (8)

xf
i+1 = βx

f
i+1 − Qf

[ν0,ν1](βx
f
i ), xf

0 = x (9)

Then for all N∈ N,

0 ≤ x−
N∑

i=1

bf
i β
−i ≤ ν1β−N. (10)

In what follows, we consider a scale-adjustedβ expan-
sion of x̃ = s(β − 1)x ∈ [0, s], wheres is a scale parameter
andβ ∈ (1, 2). For simplicity, assumes= 1.

Definition 3 The scale-adjustedβ map of scale one, Sβ,ν :
[0,1) 7→ [0,1) for ν ∈ [(β − 1),1] is defined by

Sβ,ν(x) = βx− (β − 1)Qν(βx). (11)

Delay

Ts /N

s(t) ai

(β-1)

Qν ( )β

on  : sampling phase

off : amplifying phase

on  : amplifying phase

off : sampling phase

Figure 2: Scale-adjustedβ-encoder withs= 1.

Let x̃ ∈ [0, 1) be an input for the scale-adjustedβ en-
coder. The output sequence for ˜x is (See Fig. 2)

ai+1 = Qν(βxi), i = 0,1, . . . (12)

xi+1 = Sβ,ν(xi) x0 = x̃, . (13)

Then, we have ˜x = (β − 1)
∑∞

i=1 aiβ
−i . As shown in Fig. 3,

xn = Sn
β,ν(x0) does not diverge if the threshold valueν sat-

isfiesν ∈ [β − 1, 1]. Since the exact valueν in a circuit
is not known,ν can be considered a random variable dis-
tributed in a range [ν0, ν1]. In this case,xn does not diverge
if ν0 ≥ β−1 andν1 ≤ 1. This property makes theβ encoders
robust to the fluctuations of the threshold.

0 1

y=Sβ,ν (x)

x

y = β x y = β x − (β − 1 )

ν0

γν

ν1

(β − 1)

ν

(2 − β )

1

Figure 3: A map of the scale-adjustedβmap withs= 1.

For almost all initial valuesx0 ∈ [0,1), xn generated
by Eq. (13) does not fall into periodic points but stays
within a range. Attractors are observed in the dynamics
of β encoders and are referred to asβ expansion attrac-
tors [3]. Such an attractor can be considered as an informa-
tion source. The connection between information sources
and the chaotic dynamics is discussed in [7].

2.1. The proposed method

We recently proposed a method for converting a binary
sequence generated from aβ encoder to another binary se-
quence that is approximately regarded as independent and
identically distributed (i.i.d.) random variables [5]. The
proposedβ-ary to binary converter should be implemented
in a digital circuit. Therefore, we have developed a fixed-
point arithmetic with limited precision for the interval al-
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gorithm, which is similar to the methods discussed by Uye-
matsu and Li [8]. A real numberx ∈ [0, 1) with unlimitted
precision is rounded down to a fixed point numberℓ/2w,
ℓ ∈ {0,1, . . . , 2w − 1}, wherew is called a word length.
[The β-ary to binary conversion algorithm [5]]

1. Let n be the number of output symbols we shall gen-
erate. Leti = j = 1, k = 0, l′ = 0, u′ = 2w − 1, and
γ = ⌊ 2w

β
⌋, and⌊x⌋ denotes the smallest integer greater

than or equal tox．

2. Readai . If ai = 0, then update

u′ = l′ +
⌊

(u′−l′)·γ
2w + 1

2

⌋
(14)

If ai = 1, then update

l′ = u′ −
⌊

(u′−l′)·γ
2w + 1

2

⌋
(15)

3. (a) If 1
4 ≤

ℓ′

2w <
1
2 and 1

2 ≤
u′

2w <
3
4, then update

ℓ′ = 2ℓ′ − 2w−1,u′ = 2u′ − 2w−1, andk = k+ 1.

(b) If u′

2w <
1
2, then outputb jb j+1 · · ·b j+k = 01· · · 1

and updatek = 0, ℓ′ = 2ℓ′, u′ = 2u′, and j =
j + k+ 1.

(c) If ℓ
′

2w ≥ 1
2，then outputb jb j+1 · · · b j+k = 10· · · 0

and updatek = 0, l′ = 2l′ − 2w, u′ = 2u′ − 2w,
and j = j + k+ 1.

4. If j ≥ n, then letm = i and quit. Otherwise, update
i = i + 1 and go back to Step 2.

Note thatm is the number of input symbols required to gen-
eraten output symbols and thatmdepends on{ai}. Because
of the truncation operations in Eqs. (14) and (15), the distri-
bution of the generated sequence is deviated from the target
distribution. The effect of the word lengthw is left to be an-
alyzed.

3. The Random Number Generation Problem in Infor-
mation Theory

By the β-ary to binary converter, shown in Fig. 1, we
try to generate a sequence ofb1b2 · · · which is regarded
as an i.i.d. random process from an input sequencea1a2

which is not an i.i.d. process. The problem of simulat-
ing a prescribed target distribution by repeating tosses of a
coin with a given probability is known asa random number
generation problemin information theory [10]. Knuth and
Yao [9] have investigated the problem of random number
generation for simulating an arbitrary target distribution by
successive tosses of an unbiased coin.

Han and Hoshi [11] proposed a deterministic algorithm,
called the interval algorithm, that generates target random
sequences of fixed length from a prescribed information
source by use of random coin sequences of variable length
from a given information source. The interval algorithm
is based on the successive refinement of partitions of the
unit interval [0,1). They gave a tight upper bound on the
expected number of tosses:

 1.1
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 1.4

 1.5

 1.6

 100  1000

E
[M

]/
n

n

Expected length of input sequence per one output symbol

beta = 1. 6
beta = 1. 7
beta = 1. 8
beta = 1. 9

Figure 4: The expected length of the input sequence per
one output symbol.

Theorem 3 (Han and Hoshi [11]) LetA andB be finite
sets. Letp = {p(a)} andq = {q(b)} be probability distri-
butions onA andB. Let E[M] be the expected number of
tosses required to simulate an i.i.d. random sequence of
length n subject to the distributionq. Then, we have

nH(q)
H(p)

≤ E(M) ≤nH(q)
H(p)

+
log2(2(|A| − 1))

H(p)

+
h(pmax)

(1− pmax)H(p)
, (16)

where pmax = maxa∈A p(a), H(p) = −∑a∈A p(a) log2 p(a)
is the entropy, and h(p) = −p log2 p− (1− p) log2(1− p) is
the binary entropy.

In the β-ary to binary conversion algorithm, the target
distribution isq(0) = q(1) = 1/2 so that we haveH(q) = 1.

See [10] for a theoretical framework of random num-
ber generation in information theory, where asymptotic ap-
proximation problems are considered in which the target
random numbers are generated approximately within an ar-
bitrarily small torelance in terms of variational distance.

Definition 4 (Variational Distance) Let q = {q(b)} and
q̃ = {q̃(b)} be probability distributions on a finite setB.
The variational distance betweenq andq̃ is defined by

d(q, q̃) =
∑
b∈B
|q(b) − q̃(b)| (17)

4. Numerical Results

The performance of the random number generation us-
ing β encoder andβ-ary/binary converter is evaluated. In
the proposed method, a hardwareβ encoder is used. How-
ever, in this study,β encoder is simulated by a computer
program. Fig. 4 shows the expected length of input sym-
bols per one output symbol. Simulation results shows that
E[M]/n approaches to the value1

log2 β
from above. This re-

sult shows that the proposed method is efficient in terms of
the conversion rate.

Fig. 5 shows the histograms of the generated output se-
quenceb1 · · · b5. In this simulation,K = 32,000 input
signals, defined by ˜x(k) = k/K, k = 0,1, . . . ,K − 1, are
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Figure 5: Histogram of the generated binary sequence
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Figure 6: Variational distance between the uniform distri-
bution and the distribution of the output sequence. Hori-
zontal axis shows the length of the input sequencea1 . . . am.

used to generatea(k) = a(k)
1 · · · a

(k)
m . Then, for eacha(k), β-

ary/binary converter givesb(k)
1 · · ·b

(k)
5 , where the length of

output signals is fixed ton = 5. The lower graph is much
closer to uniform distribution than the upper one. Figure 6
shows that the variational distance between the uniform
distribution and the empirical distribution forb(k)

1 · · ·b
(k)
n

decreases exponentially asm increases.
We have so far assumed that theβ value in a hardwareβ

encoder is known to theβ-ary/binary converter. However,
it is one of the important properties ofβ encoders that the
β value can fluctuate. It should be reasonable to assume
that there is a mismatch betweenβ used in aβ-ary/binary
converter, denoted bŷβ and the trueβ. In Fig. 7 shows that
the variational distance does not approaches to zero ifβ , β̂
asm increases.

5. Conclusion

The performance of a recently proposed random number
generation method usingβ encoder withβ-ary/binary con-
verter [5] is evaluated in term of the conversion rate and
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Figure 7: The effect of mismatch betweenβ values used in
β encoder andβ-ary/binary converter

variational distance between uniform distribution and the
distribution obtained by the proposed method. The conver-
sion rate, i.e., the expected length of input sequence per one
output symbol approaches to the value 1/ log2 β. We have
verified that the variational distance decreases exponen-
tially. Such results show the efficiency of the method [5].
The effect of short word lengthw is left to be analyzed.
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Abstract—
We have designed and fabricated a CMOS circuit that

implements a chaotic spiking oscillator model, which acts
as a filter of spike trains. This model is a phase oscilla-
tor that outputs a spike pulse at the timing of a predefined
phase value, and transforms its phase value with a nonlin-
ear transformation function at the timing of spike inputs.
We have evaluated the fabricated circuit as a spike-train
filter and show the measurement results for verifying the
circuit operation. In addition, we show the difference be-
tween the measurement results of the fabricated circuit and
the numerical simulation results of the model.

1. Introduction

Many oscillator models were proposed as a simple neu-
ron model and a mathematical model expressing synchro-
nization phenomena [1, 2, 3, 4]. The pulse-coupled oscil-
lator model expresses information using pulse timing [4].
This model was implemented by discrete electronic cir-
cuits [5, 6, 7], CMOS integrated circuits [8] and FPGA
circuits [9].

We have already proposed a chaotic spiking oscillator
model that acts as a filter of spike trains [10]. This model
can express various information by using the input-spike
interval as a bifurcation parameter, and outputs various
spike-train patterns including non-output states. In addi-
tion, this model can act as a low pass filter, a band stop
filter and a filter combining both characteristics by varying
the firing threshold.

We have designed and fabricated a CMOS circuit that
implements this oscillator model using TSMC 0.25 μm
CMOS technology. In this paper, we show that evaluation
results of the fabricated circuit.

2. Chaotic spiking oscillator model

This oscillator model is expressed by the following equa-
tions [10]:

x = ωt mod xrst (1)

S out =

{
1 if x = xth

0 if x � xth
(2)

x

xrst

xth

f (x)

t

Sin

Sout

t

t

Figure 1: Timing diagrams of chaotic spiking oscillator
model.

x → f (x) if S in = 1 (3)

where x is the internal state, ω the natural frequency, t con-
tinuous time, xrst the resetting threshold for the internal
state, xth the firing threshold, and f (·) the nonlinear trans-
formation function. Binary state S in and S out represent in-
put and output spike timing, respectively.

Timing diagrams of this oscillator are shown in Fig. 1.
We employed the chaotic neuron map [11] as f (·). Internal
state x increases monotonically with ω, outputs spike S out

when x exceeds xth and is reset to zero when x reaches xrst.
When no spikes input, which means S in = 0, this oscillator
fires and outputs spike with constant period xrst/ω.

When spikes input (S in = 1), the oscillator converts x
into f (x). As a result, the inter-spike interval of S out is
changed nonlinearly, and depends on the timing of input-
spikes. In addition, the oscillator cannot fire and output
spikes when x continues to be mapped in a range of x < xth

or x > xth.

3. CMOS circuit of chaotic spiking oscillator

Our oscillator circuit consists of a capacitor Cx, an oscil-
lator circuit (OS C) part and a nonlinear voltage generator
circuit (NVG) part, as shown in Fig. 2. The Cx holds the
internal state voltage Vx at node Px. The OSC charges or
discharges Cx, and outputs spike S out when the Vx exceeds

2015 International Symposium on Nonlinear Theory and its Applications
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Figure 2: CMOS circuit of chaotic spiking oscillator.
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Figure 3: Timing diagrams of chaotic spiking oscillator cir-
cuit: (a) OSC part and (b) NVG part.

Vth. The NVG converts the Vx into nonlinear voltage Vnon

at node Pnon when spikes input: S in = 1. Timing diagrams
of the circuit are shown in Fig. 3.

3.1. Operation of OSC circuit

The OSC circuit consists of two switched-current
sources that charge or discharge Cx, a hysteresis compara-
tor (CMP1) that compares Vx with resetting threshold volt-
age Vrst and outputs reset signal S rst, a comparator (CMP2)
that compares Vx with threshold voltage Vth and a delay-
and-inversion circuit (D&I) and an AND gate that gener-
ates S out. The circuit operation is as follows:

1) Voltage Vx is initialized at Vini(< Vrst) by initialization
signal S ini, and the OSC begins to oscillate.

2) Capacitor Cx is charged by the current source and Vx

increases with a constant speed.
3) When Vx exceeds Vth, the CMP2 output turns over,

and output spike signal S out is generated by a D&I
and an AND gate.

4) When Vx reaches Vrst, the CMP1 outputs S rst = 1 and
Vx is reset to voltage Vz by the constant current source.

5) Repeat 2) to 4) when S in = 0.

Table 1: Specification of a fabricated circuit

Technology TSMC 0.25 μm CMOS
Layout area 137.43×155.4 μm2

Power supply voltage 3.3 V
Operating frequency (ω) 0.2 Hz-713 kHz
Power consumption 589 μW (at ω =167 kHz)

Here, the time span of S rst = 1 is determined by the
hysteresis characteristic of CMP1, and Vz is determined by
the time and the current for discharging Cx from Vrst.

3.2. Operation of NVG circuit

The NVG circuit consists of two source-follower ana-
log buffers SF1 and SF2, three capacitors Ca, Cb and Cc,
a CMOS inverter, two switches sw1 and sw2, a delay-
and-inversion circuit (D&I), two AND gates and two NOT
gates. This circuit generates nonlinear voltage Vnon at node
Pnon by adding Vx to the CMOS inverter output voltage that
is generated from Va at node Pa. Nonlinear voltage Vnon

and Va are set to Vbase and Vph by reset signal S rst, respec-
tively. As a result, the voltage and phase of Vnon are shifted
by Vbase and Vph, respectively.

The sw1 and the sw2 are switched by signals S sw1 and
S sw2 that are generated from S in as follows:

1) Switch sw1 is turned off by S sw1 = 0. Then, Cb and
Cc generate Vnon that is determined by Vx at the timing
when S in becomes ”High”.

2) After sw2 is turned on by S sw2 = 1, the voltage held
at Cx at node Px is varied from Vx to Vnon.

3) Switch sw2 is turned off by S sw2 = 0.
4) Switch sw1 is turned on by S sw1 = 1.

Here, the intervals 1)-2) and 3)-4) are determined by the
D&I circuit.

Consequently, Vnon is given by the following equation:

Vnon(t) =
Cbu(Vx(t) − Vz + Vph) +CcVx(t)

Cb + Cc

+ Vbase − Cbu(Vph) + CcVz

Cb +Cc
(4)

where u(·) is the input-output characteristic of the CMOS
inverter. Note that the maximum value of u(·) is determined
by the supply voltage Vmax of the CMOS inverter.

4. Measurement and analysis

We designed and fabricated the CMOS circuit using
TSMC 0.25 μm CMOS technology, where we set Cb =

289 fF and Cc = 900 fF. The specification of the fabricated
circuit is shown in Table 1.

We investigated the relationship between inter-spike in-
tervals of S out, Tout, and a fixed inter-spike interval of S in,
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Figure 4: Measurement condition for input and output
spikes.

Tin, and that of the firing rate m/n and Tin, where n and m
are the numbers of input and output spikes during the time
span of the measurement period, respectively. Namely, the
time-window for measurement is nTin, as shown in Fig. 4.
The measurements were performed after giving 10,000
input-spikes that is assumed to be transition time. We set
here n = 100, Vmax = 3.3 V, Vph = 0.96 V, Vbase = 1.70 V,
Vrst = 2.2 V and (Vrst − Vz) = 1.0 V.

Measurement results about Tout and m/n are shown in
Fig. 5, when we change Tin from 268 ns to 7000 ns at a
step of 4ns. We set here Vth = 1.635 V. From Fig. 5, we
can observe some chaotic behaviors in the bifurcation phe-
nomena.

Measurement results about m/n are shown in Fig. 6,
when Tin and Vth are changed from 268 ns to 6988 ns at
a step of 40ns and from 1.185 V to 2.135 V at a step of
0.025 V, respectively. We see from Fig. 6 that the os-
cillator acts as the following filters: a low-pass filter at
Vth = 1.260 V, a band-stop filter at Vth = 1.860 V and a
filter combining both characteristics at Vth = 1.410 V.

We found from Fig. 5(a) that the measurement results
are different from those of numerical results around Tin =

4000ns. The reason of this difference is discussed below.
The proposed model [10] assumes that fall time T f is

negligibly small, as shown in Fig. 7(a). However, the fab-
ricated circuit has a finite T f , as shown in Fig. 7(b). We
investigated an influence of the fall time at Vth = 1.635 V
and Tin = 3700 ns. Figure 8 shows time-series of Vx, Vnon,
S in and S out observed in an oscilloscope, where some of the
input spikes S in were fed into the circuit during the falling
periods of Vx.

We also investigated the influence by comparing the case
of T f = 0 with that of T f = Tn/13 by numerical simula-
tion, where Tn is the natural period, that is the inverse of
ω. Nonlinear function f (·) is based on the chaotic neuron
map, as descried in Sec. 2:

f (x) = 0.54x + 0.57/[1 + exp{(x − 0.5) ∗ 60}] − 0.11 (5)

where x is in the range of 0 ≤ x ≤ 1. We set here xth = 0.47.
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m
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(b)

Figure 5: Output-spike interval Tout and firing rate m/n as
a function of Tin, where we set Vth = 1.635 V.
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Figure 6: Firing rate m/n when Tin and Vth are changed.

The numerical simulation results are shown in Fig. 9. We
can see the difference between the two, and the result with
finite T f (Fig. 9(b)) is more similar to the measurement re-
sult (Fig. 5(a)) than the ideal result (Fig. 9(a)).
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Figure 7: Definition of fall time T f and natural period Tn:
(a) ideal model and (b) model including the fall time.
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Figure 8: Time-series of Vx, Vnon, S in and S out observed in
an oscilloscope, where Tin = 3700 ns.
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T f = 0 and (b) T f = Tn/13.

5. Conclusions

We evaluated the fabricated CMOS circuit of a chaotic
spiking oscillator as a spike-train filter and showed the
measurement results for verifying the circuit operation. We
showed that the fabricated circuit exhibits bifurcation phe-
nomena by varying input-spike interval and acts as a low
pass filter, a band stop filter, and a filter combining both
characteristics by varying the firing threshold. In addition,
we confirmed that the fall time influences the bifurcation
characteristics by showing results of the numerical simu-
lation. In future work, we will construct an oscillator net-
work consisting of the fabricated CMOS circuits, and will
conduct experiments about network operation.
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Abstract– We develop an experimental secure 

communication system with chaotic switching. The 
proposed scheme is based on time-delayed feedback 
oscillator with switching of chaotic regimes. The 
experimental dependences of bit-error rate on the signal-
to-noise ratio, signal attenuation in a communication 
channel, and duration of bit transmission are constructed. 
The scheme shows high tolerance to external noise and 
amplitude distortions of the signal in the communication 
channel.  
 
1. Introduction 
 

The use of chaotic signals for secure communication 
has been an active area of research since the early 1990s. 
Many methods involving synchronization of chaotic 
systems have been proposed to scramble the transmission 
of information [1–3]. The most popular among them are 
chaotic masking, chaotic switching or chaos shift keying, 
chaotic modulation, and nonlinear mixing. However, 
many chaotic communication systems, especially the 
systems using low-dimensional chaotic signals, are not as 
secure as expected and can be successfully unmasked [4]. 
To improve the security of data transmission, it has been 
proposed to employ time-delay systems, demonstrating 
chaotic dynamics of a very high dimension, in private 
communication [5].  

Although chaotic communication systems have a lot of 
merits including broadband power spectrum of chaotic 
signals, high rates of information transmission, and 
simple implementation, they are not devoid of drawbacks 
restricting their wide use in practice. The main 
shortcomings of communication schemes based on 
employment of chaotic synchronization are their 
comparatively low interference immunity, low resistance 
to signal distortion in a communication channel, and 
stringent requirements imposed on the identity of 
parameters of transmitter and receiver [3]. 

In the present paper, we propose a new communication 
system with chaotic switching which is devoid of above 
mentioned shortcomings owing to the specific 
configuration of the receiver and employment of 
programmable microcontrollers to implement a 
transmitter and receiver in the experimental scheme. 

The paper is organized as follows. In Section 2, the 
proposed communication system is described. In Section 
3, we illustrate the experimental results of operation of the 
proposed communication scheme and study the scheme 
resistance to external noise and amplitude distortions of 
the signal in a communication channel. In Section 4, we 
summarize our results. 
 
2. Communication Scheme  
 

A block diagram of the proposed communication 
scheme based on a time-delay system with switching of 
chaotic regimes is shown in Fig. 1. A transmitter 
represents a ring system composed of two delay lines with 
delay times τ 1 and τ 2, a nonlinear element, and a linear 
low-pass filter. The information signal is the binary signal 
m(t) representing a sequence of binary zeros and units. 

 
Fig. 1. Block diagram of a communication system: 

(DL1, DL2, and DL3) delay lines, (ND) nonlinear devices, 
(F) filters, (S) commutator, (D) detectors, and (C) 
comparator. 

 
The signal m(t) switches the delay time in the scheme 

in such a way that the delay time is equal to τ 1 at a 
transmission of binary zero and it is equal to 1 2τ τ+  at a 
transmission of binary unity. In the case, where the 
nonlinear element provides a quadratic transformation, 
the transmitter is described by a first-order delay-
differential equation 

( )( )( )2

1 2( ) ( ) ( ) ,x t x t x t m tε λ τ τ= − + − − +      (1) 

where x(t) is the system state at time t, ε is the parameter 
that characterizes the inertial properties of the system, and 
λ is the parameter of nonlinearity.  

A receiver is composed of two driven time-delay 
systems, one of which contains a delay line with delay 
time τ 1 and the other contains a delay line with delay time 
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3 1 2τ τ τ= + . The parameters of filters and nonlinear 
elements in these two systems are identical to the 
corresponding values in the transmitter. A subtractor that 
is placed after the filter breaks the feedback circuit in each 
driven system of the receiver. These systems are 
described by the following equations:  

( )2
1( ) ( ) ( ) ,y t y t x tε λ τ= − + − −               (2) 

( )2
3( ) ( ) ( ) .z t z t x tε λ τ= − + − −                (3) 

The parameters of transmitter and receiver should be 
chosen so as to ensure that the synchronization with x(t) at 
every moment of time could take place for only one of the 
two driven systems.  

When binary zero is transmitted, the output signal y(t) 
of the first time-delay system in the receiver is 
synchronized in the absence of noise with the signal x(t). 
As the result, we have ( ) ( )y t x t=  and the signal at the 
output of subtractor in the first driven system is equal to 
zero. In this case, there is no synchronization between x(t) 
and the output signal z(t) of the second time-delay system 
in the receiver. Since ( ) ( )z t x t≠ , the signal at the output 
of subtractor in the second driven system is not equal to 
zero. When binary unity is transmitted, ( ) ( )y t x t≠  and 

( ) ( )z t x t= . As the result, the signal at the output of 
subtractor in the first driven system is not equal to zero, 
while the signal at the output of subtractor in the second 
driven system is equal to zero. 

The operation of the most of communication schemes 
with chaotic switching is based on the described above 
concept [1–3]. However, the presence of noise in the 
communication channel impedes the establishment of 
complete synchronization between the receiver and 
transmitter. In this case, the signals at the outputs of 
subtractors in both time-delay systems in the receiver 
always differ from zero. This fact hampers the extraction 
of binary message signal. 

In order to increase the system resistance to noise, we 
have modified the classical scheme taking onto account 
the following considerations. In the presence of noise, the 
variance of the signal at the output of subtractor in the 
synchronized system is close to the variance of noise in 
the communication channel and the variance of the signal 
at the output of subtractor in the nonsynchronized system 
is close to the variance of chaotic carrier. Since the level 
of noise in the communication channel in general case is 
appreciably less than the level of chaotic carrier, we can 
recover accurately the hidden message even in the 
presence of sufficiently strong noise. 

We added two detectors and comparator in the receiver 
in order to increase the scheme tolerance to noise (Fig. 1). 
The detectors evaluate the variance of incoming 
difference signal and the comparator calculates the 
difference r(t) between the output signals of detectors and 
transforms r(t) into a recovered information signal ( )m t′ , 
so that the output signal is binary zero for ( ) 0r t ≤  and 

binary unity otherwise. The signal r(t) has the same sign 
as that in the absence of noise and, hence, the information 
signal can be recovered accurately. 

We realized the proposed communication system in a 
physical experiment. To achieve the complete identity of 
the transmitter and receiver parameters in the 
experimental setup we implemented all the transmitter 
and receiver elements in a digital form using 
programmable microcontrollers of the Atmel megaAVR 
family. 

In order to increase the speed of response, one should 
use integer calculations in the microcontroller. For this 
purpose the variables and parameters of Eq. (1) were 
scaled as follows. For a small ε, the allowable limits of 
variation of the parameter λ for which Eq. (1) has a 
periodic or chaotic attractor are from 0 to 2. Within this 
range of λ variation, the dynamical variable x(t) can take 
values from –2 to +2. Let us pass to integer arithmetic and 
transform Eq. (1) in such a way that the dynamical 
variable is placed in a 16-bit memory location, whereby 
its integer values vary between –215 and 215. It can be 
done by substituting variables as ( ) ( )X t cx t=  and 

cλΛ = , where 142c =  is a scale factor. Then, Eq. (1) 
takes the following form: 

( )( )( )2

1 2( )
( ) ( ) .

X t m t
X t X t

c

τ τ
ε

− +
= − + Λ −       (4) 

This differential equation can be reduced to a 
difference equation which is more convenient for program 
implementation on a microcontroller. At a transmission of 
binary zero, the transmitter is described by Eq. (5), while 
at a transmission of binary unity it is described by Eq.(6): 

2

1 ,n k
n n

X
X aX b

c
−

+

 
= + Λ − 

 
                    (5) 

2

1 ,n p
n n

X
X aX b

c
−

+

 
= + Λ −  

 
                    (6) 

where n is the discrete time, 1a t ε= − ∆ , b t ε= ∆ , ∆t is 
the time step, and 1k tτ= ∆  and 3p tτ= ∆  are the 
discrete delay times in units of sampling time ∆t. 

Fig. 2 shows a block diagram of the experimental 
communication scheme. The delay line in the transmitter 
has two outputs which correspond to the delay times k and 
p, respectively. The binary information signal Mn controls 
a commutator that switches the delay time so that the 
delay time is equal to k at a transmission of binary zero 
and is equal to p at a transmission of binary unity. The 
signal Xn-k or Xn-p from the delay line output undergoes a 
quadratic transformation and passes through a digital low-
pass first-order Butterworth filter with cutoff frequency 

1cf ε= . The dynamical variable Xn from the filter output 
is fed to the delay line input closing the feedback loop. 
Simultaneously, the signal Xn is fed to the input of 
external digital-to-analog converter and transmitted into a 
communication channel. 

- 520 -



   

 

 
Fig. 2. Block diagram of the experimental scheme: 

(DL) delay lines, (ND) nonlinear devices, (F) filters, (S) 
commutator, (DAC) digital-to-analog converter, (ADC) 
analog-to-digital converter, (D) detectors, and (C) 
comparator. 

 
The receiver is implemented on another programmable 

microcontroller, which is identical to the one used in the 
transmitter. The incoming analog signal is passed through 
an analog-to-digital converter (ADC) integrated in the 
microcontroller of the receiver. A digitization frequency 
of ADC is set at 1 kHz ( 1t∆ =  ms). The signal ˆ

nX  from 
the ADC output is fed to the input of a delay line which 
outputs correspond to the delay times k and p, 
respectively (Fig. 2). The delayed signals ˆ

n kX −  and ˆ
n pX −  

pass through nonlinear elements and filters which are 
identical to those used in the transmitter. The subtractor 
placed after the filter breaks the feedback circuit in each 
of the receiver circuits described by the following 
equations: 

2

1

ˆ
,n k

n n
X

Y aY b
c
−

+

 
= + Λ −  

 
                   (7) 

2

1

ˆ
.n p

n n

X
Z aZ b

c
−

+

 
 = + Λ −
 
 

                  (8) 

The detectors in the experimental scheme evaluate the 
variance of incoming difference signal using l values of 
this signal stored in the circular buffer array in the 
operative memory of microcontroller. The comparator 
calculates the difference Rn between the output signals of 
detectors and transforms Rn into a recovered information 
signal ˆ

nM , so that the output signal is binary zero for 
0nR ≤  and binary unity otherwise. 

 
3. Results of the scheme operation 
 
Let us illustrate the efficiency of the proposed 
communication scheme for the following values of 

parameters: 1 100τ = , 2 10τ = , 3 110τ = , 1.9λ = , and 
0.5cf =  ( 2ε = ). With these parameters, the transmitter 

generates a chaotic signal [Fig. 3(a)]. Since the values of k 
and p are close to each other, the fragments of Xn time 
series corresponding to k and p are visually 
indistinguishable, so that it is difficult to determine which 
binary symbol (0 or 1) is transmitted. 

 
Fig. 3. The time series of chaotic signal Xn (a) and 

information signals Mn and ˆ
nM  (b). 

 
Fig. 3(b) shows a part of the time series of the 

transmitted binary signal Mn. Each bit is transmitted 
during an interval of time 100l =  ms which corresponds 
to 100 steps of the discrete time n. The same time interval 
is used to evaluate the variance of signals incoming at the 
detectors in the receiver. The information signal ˆ

nM  
extracted at the receiver output is also shown in Fig. 3(b). 
The information signal is recovered accurately, but with a 
delay which value depends on the detector parameters. 

To investigate the tolerance of the experimental scheme 
to noise and amplitude distortions of the signal in the 
communication channel we have developed a specific 
electronic scheme which allows us to add a noise with 
desired intensity formed by noise generator into the 
communication channel. Fig. 4(a) shows the experimental 
dependence of bit-error rate (BER) of the recovered 
message on the signal-to-noise ratio (SNR). The signal in 
SNR is the transmitted chaotic signal and noise is an 
additive zero-mean Gaussian white noise filtered in the 
bandwidth of the chaotic carrier. In each measuring of 
BER, 105 randomly ordered binary symbols are sent. For 
SNR 14≥  dB the signal ˆ

nM  is recovered without errors. 
Therefore, the proposed experimental scheme is more 
robust against channel noise than other experimental 
communication systems using chaotic synchronization for 
the transmission of hidden information signal through 
analog communication channel [3]. 

It should be noted that a real transmission channel 
always undergoes attenuation effect which may be critical 
for operation of chaotic communication systems. In fact, 
many of these systems, especially the systems with 
chaotic masking and nonlinear mixing, have low 
resistance to signal distortion in the communication 
channel. To investigate the resistance of our scheme to 
amplitude distortions of the signal in the communication 
channel we control the signal attenuation in the channel 
using the above mentioned specific electronic scheme. 
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Fig. 4(b) depicts the experimental dependence of BER 
on the parameter ( )t r td A A A= − , where At and Ar are 
the signal amplitudes at the transmitter output and 
receiver input, respectively. For 0.1d ≤  the binary 
information signal at the receiver output is recovered 
without errors. The value of 0.1d =  corresponds to the 
signal attenuation of about 1 dB. At such level of signal 
distortion in the communication channel, the other 
schemes with chaotic switching and the schemes with 
nonlinear mixing fail [3]. 

 
Fig. 4. The bit-error rate as a function of signal-to-

noise ratio (a) and as a function of the signal attenuation 
in the communication channel (b).  
 

Like all other communication systems with chaotic 
switching, the considered system is characterized by 
certain limitation of the data transmission rate. This is 
because of transient processes that take place after every 
switching of the chaotic regime. After switching of the 
delay time in the transmitter, a certain time is required for 
establishing synchronization between the transmitter and 
one of the driven systems in the receiver. The rate of 
information transmission can be increased by decreasing 
the characteristic temporal scales of the system or 
decreasing the length of time interval during which each 
bit is transmitted. However, in the last case, the increase 
of BER of the message recovered in the receiver may take 
place. 

The experimental dependence of BER on the length l 
of the time interval during which one bit is transmitted is 
shown in Fig. 5 for SNR=8  dB and 0d = . The values of 
l are indicated in units of sampling time ∆t. The increase 
of BER is observed as l decreases in the region of its 
small values. On the other hand, the quality of message 
recovery at high levels of channel noise can be improved 
by increasing the value of l which leads to the decrease of 
BER.  

 
Fig. 5. The bit-error rate as a function of length of time 

interval during which each bit is transmitted. 

It is well known that many chaotic communication 
schemes are not as secure as expected and can be 
successfully unmasked. To test the vulnerability of the 
proposed communication scheme against attacks we 
applied the method of message extraction based on the 
analysis of return maps [4] and the method based on the 
dynamical reconstruction of a chaotic transmitter from its 
time series [6].  

It is found out that the return map method which is 
efficient for unmasking low-dimensional chaotic 
communication systems fails being applied to the 
proposed communication scheme based on time-delayed 
feedback oscillator. We have shown that the switched 
delay times cannot be recovered also using the method [6] 
based on the statistical analysis of time intervals between 
extrema in the time series. 
 
4. Conclusion 
 

We have developed the communication system with 
chaotic switching which shows high tolerance to channel 
noise and attenuation of the signal in the transmission 
channel. In our scheme, the transmitter and receiver 
represent time-delayed feedback oscillators implemented 
in a digital form using programmable microcontrollers. 
The use of digital elements in the scheme ensures identity 
of the receiver and transmitter parameters and increases 
the quality of hidden message extraction at the receiver 
output. We have illustrated the scheme efficiency for the 
transmission of binary information signal. 
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Abstract—In this report the binary generalized synchro-
nization is considered, when for the certain values of the
coupling strength two unidirectionally coupled dynamical
systems generating the aperiodic binary sequences are in
the generalized synchronization regime. The presence of
the binary generalized synchronization may be revealed
with the help of both the auxiliary system approach and the
largest conditional Lyapunov exponent calculation. The bi-
nary generalized synchronization regime seems to be use-
ful in the binary systems of data transmission.

1. Introduction

Among the different types of the synchronous behav-
ior of chaotic systems the generalized synchronization
(GS) [1, 2, 3] stands out due to its interesting features.
This kind of synchronous behavior means the state vec-
tors of the interacting chaotic systems being in the gener-
alized synchronization regime are related with each other
by the functional [4]. As well as the other chaotic syn-
chronization types, GS may be used for the chaotic com-
munication [5, 6], with the certain advantages taking place
in comparison with the complete or phase synchronization
regimes [7, 8].

In this work we report on the generalized synchroniza-
tion between two unidirectionally coupled binary systems
(binary generalized synchronization — BGS). We believe
that the binary generalized synchronization phenomenon
may be useful in the broad class of the digital schemes for
the data transmission.

2. Binary Generalized synchronization

We have observed the binary generalized synchroniza-
tion in two unidirectionally coupled systems whose equa-
tions read as

xn+1 = H(ηn+1), ηn+1 = 1 − λdη
2
n,

yn+1 = H(ζn+1), ζn+1 = 1 − λrζ
2
n + εζ

2
n xn,

(1)

where xn, yn are the binary sequences under study, ηn and ζn
are supposed to be the interior (hidden) variables, λd = 1.6

and λr = 1.54 are the control parameters of the drive and
response systems, respecively, ε is the coupling strength
and H(ξ) is the Heaviside function.

To detect the generalized synchronization regime in the
unidirectionally coupled systems the different techniques
have been proposed, e.g., the nearest neighbor method [1]
or the conditional Lyapunov exponent calculation [9].

Among these techniques the auxiliary system approach
proposed for the unidirectionally coupled chaotic oscilla-
tors may be generally considered as the most easy, clear
and powerful tool to study the generalized synchronization
regime in chaotic systems. Starting from the seminal paper
of Abarbanel et al. [10], the auxiliary system approach has
become de-facto the standard of generalized synchroniza-
tion studies. Although the auxiliary system approach is not
applicable for the mutual type of coupling [11] it is the very
effective tool to detect GS regime in the unidirectionally
coupled chaotic systems. The auxiliary system approach
has been used in the plenty of theoretical and experimental
works (see, e.g., [2, 12, 13, 14]).

In the present work to reveal the BGS regime in (1) we
have used the auxiliary system with the same values of the
control parameters

zn+1 = H(ςn+1), ςn+1 = 1 − λrς
2
n + ες

2
n xn, (2)

which starts from the different initial condition in compar-
ison with the response system, i.e., ς0 , ζ0.

With the increase of the coupling strength ε, the inter-
acting systems undergo into the generalized synchroniza-
tion regime. Whereas the behavior of the drive system re-
mains unchanged (due to the unidirectional type of cou-
pling), after the short transient (approx. 100 units of the
discrete time) the dynamics of the response and auxiliary
systems becomes identical that is the evidence of the gen-
eralized synchronization of the binary drive and response
systems (1). Since there is the broad class of the schemes
for the data transmission, namely, the digital schemes,
where the binary signals consisting of bits “0” or “1” are
used, the binary generalized synchronization phenomenon
may be useful in these systems.
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Figure 1: (Color online) The dependence of the conditional
Lyapunov exponent Λ of the response system on the cou-
pling strength ε

To validate the presence of the generalized synchroniza-
tion regime, in parallel with the auxiliary system approach,
we have also used the calculation of the conditional Lya-
punov exponent (CLE) of the response system [9], see
Fig. 1. Although for the binary signals there is no pos-
sibility to get the Lyapunov exponent value (because the
output variable takes only two possible values “0” and “1”
and one can not find the small variable variation which is
necessary for the LE calculation), we can calculate CLE of
system (1) as

Λ = lim
n→∞

1
n

n−1∑
i=0

ln |2(εxi − λr)ζi|, (3)

since for the the model system we can suppose that the hid-
den variable ζ is known.

The consideration of the conditional Lyapunov exponent
allows also to understand the relationship between the syn-
chronous dynamics (from the point of view of the general-
ized synchronization regime) of the hidden and binary vari-
ables. It is obviously, that the generalized synchronization
of the hidden variables (i.e., ηn and ζn) implies definitely
the generalized synchronization in terms of the binary vari-
ables, xn and yn. At the same time, the reverse relationship
is not so obvious, but, fortunately, CLE allows one to solve
this problem. Indeed, the increase/decrease of the differ-
ence between the hidden variables of the response and aux-
iliary systems, δ = ζ − ς, is determined completely by the
sign of CLE. When CLE is positive (the generalized syn-
chronization regime is not observed), the difference δ be-
tween the values of the hidden variables of the response and
auxiliary system increases, and, since the values of the hid-
den variables are bounded (−ζm < ζ < ζm, −ζm < ς < ζm,
0 < ζm ≤ 1), δ-variable exhibits the chaotic behavior, with
its value located within the range (−2ζm, 2ζm). Obviously,
when −2ζm < δ < −ζm and ζm < δ < 2ζm the hidden vari-
ables ζ and ς are characterized by the different signs, and,
as a consequence, the variables y and z corresponding to the

response and auxiliary systems, respectively, are also dif-
ferent. So, the binary variables are synchronized (in terms
of the generalized synchronization regime) if and only if
the hidden variables are in the generalized synchronization
regime.

3. Conclusion

In conclusion, in this work we have reported on the
binary generalized synchronization, when for the certain
values of the coupling strength two unidirectionally cou-
pled dynamical systems generating the aperiodic binary
sequences are in the generalized synchronization regime.
Along with the previously revealed the possibility of the
binary systems to demonstrate the complete synchroniza-
tion regime [15], the results of our paper concerning gen-
eralized synchronization, suggest the possibility of the de-
velopment of a theory of chaotic synchronization of binary
systems. We believe that the finding discussed in this paper
gives a strong potential for new applications under many
relevant circumstances including the chaotic communica-
tion field (first of all, in the digital schemes for the data
transmission).
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Abstract—We study both theoretically and experimen-
tally the onset of broadband sub-THz chaos in the mini-
band semiconductor superlattice. We consider the effects
of a external resonator on the high-frequency dynamics of
electrons in electronic device exhibiting negative differen-
tial conductance. The transition to the broadband chaos,
which is confirmed by calculation of Lyapunov exponents,
is associated with intermittency scenario. The theoretical
findings are confirmed by experimental measurements of a
GaAs/AlAs miniband semiconductor superlattice coupled
to a microstripe resonator. Our results provide a generic ap-
proach for developing modern chaos-based high-frequency
technologies including broadband chaotic wireless com-
munication and for super-fast random-number generation.

1. Introduction

Semiconductor superlattices (SLs) are nanostructures
formed by several alternating layers of different semicon-
ductor materials [1, 2]. This periodic structure leads to the
formation of the energy minibands that enables electrons,
in the presence of an electric field, to demonstrate a num-
ber of interesting quantum-mechanical phenomena, such as
formation of Wannier-Stark ladders, sequential and reso-
nant tunnelling, Bragg reflections, Bloch oscillations, etc.
Due to the high mobility of miniband electrons and very
high frequency of Bloch and charge-domain oscillations,
SLs are considered as the perspective active elements for
sub-THz and THz electronic devices [1, 3, 4, 5, 6, 7].

In this report we consider the chaotic subteraherz gener-
ation in the SL coupled to a external resonator. The external
resonant systems in microwave electronics and telecom-
munication systems are widely used for tuning and en-
hancing the characteristics of the high-frequency genera-
tion. Besides, coupling of generating device to an external
electrodynamic structure sometime leads to emergence of
new unexpected phenomena, including bistability [8], self-
pulsating [9], and appearance of chaos [10], unfeasible in
the isolated devices. Let us note, that possibility to gen-

erate sub-THz frequencies (up to 10–200 GHz) chaos in
SLs was previously demonstrated both in theory and ex-
periment [11, 12]. These findings have opened wide per-
spectives for using SL generators in a number of key mod-
ern technologies including fast random-number generation
[12] and chaos-based communication systems [13, 14]. In
the present work we study the dynamical mechanisms re-
sponsible for onset of chaos in SL connected to a resonator,
and to investigate how the frequency band of chaotic out-
put depend on the voltage applied to the system. In par-
ticular, we demonstrate that relative spectral band width of
generated chaotic voltage oscillations is very sensitive to
applied voltage, and can reach values more than 25% in
high-frequency range. The reported results will be useful,
e.g. for development and design of high-frequency chaos
generators that use SL devices as key elements [12, 15]

2. Model under study and numerical results

We consider a SL interacting with a resonator. We as-
sume that only one EM field mode is excited in the res-
onator. This mode is characterized by the eigenfrequency,
fQ, and quality factor, Q. In this case the resonator can be
represented by the equivalent RLC-circuit and described
by the non-stationary Kirchhoff equations (see details in
Ref. [10]). The SL serves as a generator of electric current,
I, controlled by a voltage, Vsl(t), dropped across SL, which
includes both the DC supply voltage, V0, and the AC volt-
age, V1(t), generated by the RLC-circuit. To calculate the
charge dynamics in the SL, and thus obtain the current-
voltage, I(Vsl), characteristics, we numerically solve the
discrete current continuity and Poisson equations. The de-
scription of used mathematical model can be found in [10].

The current through the SL is either constant or oscil-
lates depending on the voltage, V0, applied to the circuit. If
the SL is decoupled from the resonator, its current-voltage
characteristic, I(Vsl), is of the Esaki-Tsu type [1] and the
oscillations are always periodic. However, if the resonator
is coupled to the SL, the behavior changes greatly.
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Figure 1: (a) I(V0) calculated for a SL coupled to a res-
onator with fQ = 13.81 GHz and Q = 150. (b) The bifur-
cation diagram of V1(t) vs. V0

In the coupled regime, the I(Vsl)–characteristic is shown
in Fig. 1(a). This dependence has a similar form to the
Esaki-Tsu curve. For low voltages, it is ohmic. There-
after, the current tends to decrease with increasing V0 due
to the onset of Bloch oscillations. However, for V0 > Vcrit

there is a series of peaks in I(V0), which do not occur in the
absence of the resonator. These peaks correspond to the
transitions between different periodic and chaotic dynami-
cal regimes. To illustrate this, in Fig. 1(b) we superimpose
a bifurcation diagram in which each point shows the local
maximum value of V1(t) obtained for each V0 value. Fig. 1
reveals that each peak in the I(V0) curve corresponds to a
transition between different types of dynamics (shown by
arrows in Fig. 1) in the bifurcation diagram. With increas-
ing V0, the dynamics changes first from a steady state so-
lution to periodic oscillations. Thereafter, increasing V0 in-
duces multiple transitions between periodic and aperiodic
oscillations, with each transition corresponding to a peak
in the I(V0) curve. For example, when V0 ≈ 0.5 V and
V0 ≈ 0.83 V, we find peaks in the I(V0) curve and a transi-
tion between periodic and chaotic dynamics.

Note, the SL demonstrates a transition to chaos through
intermittency with increase of the DC voltage, V0. For
V0 < 510.69 mV (before the transition to chaos) periodical
regime is observed. Increasing the supply voltage (V0 >
510.69 mV) leads to a significant change in the dynamics
of the system. The dynamics of the V1–oscillations fea-
tures time intervals of the periodic motion (laminar phases)
persistently and intermittently interrupted by sudden non-
regular phases of oscillations (turbulent phases). If we fur-
ther increase the supply voltage (V0 = 510.75 mV), fast
growth of number of turbulent phases is observed. De-
scribed behavior allows us to suppose that transition to
chaos goes through intermittency, where the observation
voltage difference (V0 − V0crit) being a criticality param-
eter. For the chosen set of the parameters we estimate
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Figure 2: Time series of voltage V1(t) in resonator (a)
and spatio-temporal distributions of charge n(x, t) in SL il-
lustrated domain transport (b) for the bias voltage V0 =

510.75 mV. Turbulent phase is marked by grey

V0crit = 510.69 mV. To get deeper insight in intermittent
dynamics observed, we investigate how the mean length of
laminar phase ⟨τ⟩ changes with increase of voltage V0 and
shown that this dependence is close to the power law with
exponent −0.5 ⟨τ⟩ = α(V0 − V0crit)−0.5, which confirms the
development of type–I intermittency [17].

To understand the physical processes leading to the in-
termittency chaotic behaviour we analyse time realisation
of V1(t) (Fig. 2 (a)) together with the corresponding spatio-
temporal pattern of charge density ρ(t, x) [Fig. 2 (b)] in SL.
The n(t, x)–value is presented by a color scale in the units
of the doping density nD. Figure 2 reveals that the laminar
phases of V1(t) are characterised by regular behaviour of
high-density charge domains travelling along the SL. Each
domain is generated, when the values of V1 achieves mini-
mum. This time moment corresponds to the maximal value
of Vsl =V0 − V1, which triggers domain formation, and
while a domain propagates along the SL, no new domains
can be generated. Note, that the decoupled SL and the res-
onator have different characteristic time scales. However,
for small V0, the interaction of the resonator and the SL
coordinates oscillations of I(t) and the resonator response
V1(t). Growth of V0 leads to increase of the amplitude of
I(t), which excites the resonator. Therefore, the response of
resonator V1(t) becomes more powerful. Occasionally, in-
teraction of the SL and the resonator produces a phase slip
between I(t) and V1(t), which leads to local decrease of V1
[arrow (1) in Fig. 2(a)], and thus growth of Vsl. Eventu-
ally, raising Vsl exceeds the threshold value, and launches
an additional domain [arrow (2) in Fig. 2(b)], which im-
poses disorder in the queue of domains. This causes fur-
ther perturbations in I(t) forming a turbulent phase in V1(t).
A slight increase of V0 makes the phase slips more often,
which develops the chaos.

3. Experimental results

To verify our theoretical predictions, we performed ex-
perimental measurements on a SL with parameters cor-
responding to those of our model. The SL was grown
by molecular beam epitaxy on a (100)-oriented n-doped
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Figure 3: The numerically (a-c) and experimentally (d-
f ) obtained power spectra for the SL coupled to two res-
onators with V0 = (a) 0.42 V, (b) 0.43 V, (c) 0.44 V; (d)
0.34 V, (e) 0.35 V, (f ) 0.355 V.

GaAs substrate. It comprises 15 unit cells, which are sep-
arated from two heavily n-doped GaAs contacts by Si-
doped GaAs layers of width 50 nm and doping density
1 × 1023 m−3. Each unit cell, of width d and Si doped at
3×1022 m−3, is formed by a 1 nm thick AlAs barrier and a 7
nm wide GaAs quantum well with 0.8 InAs monolayers at
the center of each QW. The InAs layer facilitates the direct
injection of electrons into the lowest energy miniband and
also creates a large enough minigap to prevent intermini-
band tunneling. For electrical measurements, the SL was
processed into circular mesa structures of diameter 20 µm
with ohmic contacts to the substrate and top cap layer.

The SL was connected to an external high-frequency
strip line resonator with a resonant frequency fQ2 =

2.38 GHz. Electrodynamic simulations of the SL sample
and our direct measurements showed that the contact bond-
ing acts like the parasitic resonator with a resonant fre-
quency of fQ1 = 0.87 GHz.

Without the external resonator (when only the parasitic
resonator is present), our measurements reveal periodic
V1(t) oscillations with a frequency close to the resonant fre-
quency of the parasitic resonator [16]. However, when the
external resonator is connected, the results reveal a tran-
sition to chaos, which agrees qualitatively well with our
theoretical predictions, see Fig. 3(d–f ) obtained for the sys-
tem with two coupled resonators [10]. As V0 increases, the
V1(t) oscillations and their spectra evolve in a way that re-
veals the emergence of chaos through the break down of
quasiperiodic motion.

The transition from regular oscillations [Fig. 3(d)],
through quasiperiodic [Fig. 3(e)], to chaos [Fig. 3(f )]
demonstrates experimentally that a linear resonator can
induce chaos in a non-linear system. The difference in
the frequencies of the experimental and theoretical spectra
might be explained by the fact that all experimental mea-
surements were performed at room temperature, but to sim-
plify the model in the numerical simulation T = 4.2 K. The
resonator imposes a new oscillatory timescale in the sys-
tem, thus inducing quasiperiodic current oscillations. Un-
der certain conditions, when the nonlinear mixing of os-
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cillations with different time scales is strong enough, the
quasiperiodic motion loses its stability [17], which leads to
the appearance of chaos in the system.

4. Broadband sub-THz generation

To gain further insight into chaotic regimes realizing in
the SL we consider the wide area of chaotic dynamics, lo-
cated at high supply voltage V0 > 840 mV. Note, this re-
gion of chaos is characterised by more powerful oscilla-
tions of V1(t), and has much less prominent periodic win-
dows, which alternates with chaos with variation of V0.

The evolution of the spectrum of the Lyapunov expo-
nents corresponding to this transition confirms the presence
of chaotic dynamics. We have analyzed the dependencies
of four largest Lyapunov exponents Λi upon V0 calculated
by method discussed in [18]. For V0 < 841 mV the largest
Lyapunov exponent is Λ1 = 0, whereas Λ2−4 < 0. Such
spectrum of the Lyapunov exponent evidences generation
of periodic current and voltage oscillations. With increase
of V0 exponent Λ1 becomes positive, Λ2 grows to be zero,
and Λ3−4 remain negative. Appearance of a positive Lya-
punov exponent corresponds to the chaos onset.

In order to study the spectral characteristics of the gen-
erated signals, we calculate power spectral density S ( f ) of
the voltage oscillations in the resonator V1(t). Figures 4 il-
lustrate typical spectra of S ( f ) for different values of the
bias voltage V0. For V0 = 830 mV [Fig. 3(a)] the oscilla-
tions of V1 have a discrete spectrum S ( f ) with the dom-
inant peak at f ≈ 12.72 GHz corresponding to the basic
frequency of oscillations. The peak is surrounded by har-
monics and sub-harmonics delimited by frequency interval
∆ f ≈ 3.18 GHz. For voltages V0 ∼ 863 mV [Fig. 4(b)]
the spectra become broadband and continuous, confirming
generation of developed chaos for larger values of V0.

We quantitatively characterise the bandwidth ∆ f of the
generated signal which is defined as the difference ∆ f =
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fb2 − fb1 between the upper ( fb2) and lower ( fb1) bound-
ary of the frequency range, within which the power den-
sity exceeds the half of the maximum spectral density,
which is observed for the frequency fm. The dependence
of ∆ f (V0) for V0 > 820 mV is shown in Fig. 5. For V0
between 0.820 mV and 0.841 mV the bandwidth of V1 is
practically zero reflecting the periodicity of V1(t) oscilla-
tions. However, when V0 exceeds 0.841 mV the bandwidth
of V1(t) becomes finite, implicating the onset of chaos. The
bandwidth of the corresponding oscillations change signifi-
cantly between ∼ 650 MHz for V0 = 858 mV and ∼ 3 GHz.
This fact proposes that V0 can be used for effective control-
ling the bandwidth of signal generated in the SL. Evidently,
the wide-band chaotic regimes can be interesting for devel-
opment of THz chaotic semiconductor sources for commu-
nication systems with chaotic carriers or superlattice–based
fast random number generators [10, 12, 15].

5. Conclusion

We demonstrated theoretically and experimentally that
the SL coupled to a resonator can generate chaotic sub-THz
oscillations of current and voltage. Appearance of chaos
was confirmed by calculation of spectra and the Laypunov
exponents. Remarkably that variation of V0 can change the
relative bandwidth within a significant range 0–28%. This
make the SL promising for for development of broadband
sources of chaotic microwaves or superlattice–based fast
random number generators [10, 12, 15], which could have
applications in high-speed chaotic communications.
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Abstract—This report is devoted to information pro-
cessing and real-time analysis of EEG signals in brain-
computer interface for prediction and suppression of
epileptic seizures. Our subject under study is the genetic
WAG/Rij rat model for childhood absence epilepsy which
becomes instrumental in developing theories on the ori-
gin of absence epilepsy, the evaluation of new and exper-
imental treatments, as well as in developing new methods
for automatic seizure detection, prediction and or interfer-
ence of seizures. Here the novel method for automated on-
line analyses of EEG is developed for the special brain-
computer interface for SWD interference by different types
of electrical deep brain stimulation.

1. Introduction

Visual analyzes of the electroencephalograms (EEGs)
reveal that the electroencephalographic hallmark of ab-
sence seizures, spikewave discharges (SWDs), appears
abruptly from a normal background activity. Forerunners
of SWDs cannot be easily detected in EEG, there are also
no clinical signs from which absence seizures could be
predicted. SWDs are known to be produced in an in-
terconnected cortico-thalamo-cortical neuronal network, in
which the cortex interacts with an intact thalamus.

The classical description of the spike-wave discharges
in the multi-channel EEG is that the SWD appear abruptly
from a normal background activity [1]. However, a grad-
ual increase in power in the low frequencies at frontal but
also at other cortical locations toward the beginning of the
SWD has been found in patients in both EEG and MEG
studies [2, 3]. Whether precursor activity could also be
reliably found in frontal cortex and thalamus (in the ge-
netic absence models was investigated in WAG/Rij rats. It
is obvious that the reliable detection of precursor activity,
in combination with different forms of electrical stimula-
tion, may not only open new research tools, but also the
possibility to investigate whether the prevention of SWD
might be possible. The development of on-line SWD de-
tection methods gives new possibilities for understanding
the absence epileptic brain, the origin of SWDs, the con-

sequences of seizures, but also to investigate whether new
and different interventions, dependent on real-time seizure
detection might be putative effective treatment options. Ex-
amples are neuro feedback training in WAG/Rij rats [4] and
deep brain stimulation, both can be given contingent upon
the real-time detection of SWDs [5, 6, 7, 8].

In this report we discuss the results of the information
processing and real-time analysis of EEG signals for pre-
diction and suppression of epileptic seizures. We develop
the novel method and corresponding experimental setup
for the automated on-line analyses of EEG for the special
brain-computer interface for SWD interference by different
types of electrical deep brain stimulation.

2. WAG/Rij rat model of absence epilepcy

WAG/Rij rats were used as model of absence epilepsy
[9]. Animals were born and raised at the laboratory of the
Center for Cognition, Donders Institute of Brain, Cogni-
tion and Behavior of Radboud University Nijmegen (The
Netherlands). They were kept in pairs in standard cages
with food and water available ad libitum under a 12–12 h
lightdark cycle, with white lights on at 18:00 at a constant
environment temperature of 21 C. After surgery, housing
conditions were the same except that rats were housed in-
dividually. Distress and suffering of animals was kept to a
minimum. The experiments were conducted in accordance
with the legislations and regulations for animal care and
were approved by The Ethical Committee on Animal Ex-
perimentation of the Radboud University Nijmegen.

Animals were equipped with six stainless steel elec-
trodes (two pairs of MS 333/2A, Plastic One Inc., Roanoke,
VI, USA) for monopolar recordings. Three EEG electrodes
were placed epidurally over the cortex in the frontal cortical
areas, skull flat. Four depth electrodes were implanted into
the thalamus (ANT, PO, VPM and caudial RTN) (see for
details [7]). Ground and reference electrodes were placed
symmetrically over both sides of the cerebellum. Elec-
trodes were permanently attached to the rats skull with den-
tal cement. EEG signals were fed into a multi-channel
differential amplifier via a swivel contact, band-pass fil-
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tered between 1 and 500 Hz, digitized with 1024 sam-
ples/s/channel (Data Acquisition Hardware and Software,
DATAQ Instruments Inc., Akron, OH).

3. Network analyses of cortico-thalamo-cortical
seizure-precursors at the frequency band of SWDs

To consider and predict SWD precursor activity we have
applied both time-frequency and network analyses of EEG
multichannel recordings.

To time-frequency analysis of automatically identified
SWD we have used continuous wavelet transform (CWT)
with complex Morlet mother wavelet, which would pro-
vide an optimal timefrequency resolution and allow to lo-
calize precisely different oscillatory patterns in the EEG
[10, 11, 12]. Earlier, based on wavelet time-frequency anal-
ysis we have found [13] that SWDprecursors are observed
in EEG recordings in cortex and thalamus. This precursor
activity consists of several frequency components in the
range from 2 to 12 Hz. The two most powerful rhythmic
components in frequencies 3 ÷ 5 Hz (Delta precursor) and
7÷12 Hz (Theta/alpha precursor) immediately preceded the
onset of SWD, considering their predominance and close
proximity in time to the onset of SWD. Theta/alpha pre-
cursor activity was found in the cortex and thalamus at the
same time. However, the delta events appeared first in the
cortex and it was followed by a small but significant delay
by delta precursor activity in the thalamus.

The discovered Delta– and Theta/alpha– precursors
might be difficult to detect considering the low spatial res-
olution of having only single cortical and single thalamic
EEG recording electrodes. Moreover, there is some varia-
tion in the exact location of the focal region. The thalamus
is heterogeneous regarding projections to and from the cor-
tex. Therefore, analysis of multi-channel EEG might be
more promising for efficient and accurate diagnostics of the
EEG activity preceding SWDs. In addition, it allows a bet-
ter spatial resolution for mainly the contribution of the var-
ious thalamic nuclei in SWD generation and maintenance.

Under the assumption that SWD represent synchronous
activity in the cortico-thalamo-cortical network, it was
proposed a network approach to establish a measure of
synchronization along the frequency domain. The pre-
ictal 7→ ictal transition periods of 6 s duration were selected
for 12 laboratory WAG/Rij rats. Epochs of non-epileptic
activity were used as control data: for each rat 30 epoch of
10 s duration were randomly selected during passive wake-
fulness distant (by at least 5 min) to SWD. A major propor-
tion of SWD tends to emerge during this state of vigilance
(Drinkenburg et al., 1991).

The wavelet spectra of the pre-ictal 7→ ictal transition pe-
riods of each of the considered EEG channels were calcu-
lated and the local maxima at the each time moment was
extracted. In other words, the ‘skeletons’ of wavelet sur-
face was constructed. If maxima of wavelet spectra (points
of skeletons) of the different channels in one time-point in

one place on frequency f axis are observed, then it can
be concluded that these EEG oscillations corresponding
to different points of registration in the brain demonstrate
synchronous dynamics because their fundamental frequen-
cies coincide [14]. So, before the SWD a set of unordered
points are present in the skeleton representation. This in-
dicates that oscillations in each channel are characterized
by its own frequencies which are not correlated with other
channel frequencies. In other words, there is no inter-
channel synchronization. This situation is observed both
in the cortex and thalamus.

In the time period before SWD the time-frequency dy-
namics of multi-channel EEG dramatically changes. The
maxima of wavelet surfaces begin to cluster in this time
interval, demonstrating the presence of synchronization
between EEG channels. Two clusters were found: one
with typical frequency about 8 ÷ 10 Hz (corresponding to
Theta/alpha–precursor) and a second one 3 ÷ 4 Hz (Delta
precursor) before SWD. Analysis of the sets of SWDs (10
epochs per each of 8 animals) showed that Delta precur-
sor activity was more pronounced in the thalamus than in
the somatosensory cortex. Conversely, the Theta/alpha–
precursors were more clearly expressed in the channels
from the somatosensory cortex. Immediately prior to SWD
onset he destruction of synchronization between channels
was observed. It corresponds to the uncorrelated set of dif-
ferent channel oscillations frequencies. A well-pronounced
inter-channel synchronization in the frequency band 8 ÷
11 Hz (main rhythm of SWD oscillations in WAG/Rij rats)
and occasionally in Delta-range where a synchronous clus-
ter is formed and destroyed the irregularly. It illustrates
how SWD emerge.

So, we can conclude that in contrast to a long last-
ing view that SWD are sudden and unpredictable events
(Panayioutopoulos, 1997; ref), SWD generation is a grad-
ual process which already starts more than a second prior
to the onset of a full blown SWD. Such early changes
might open the possibility for SWD prediction. The ob-
tained results obtained received with both time-frequency
and network analyses demonstrate the possibility to detect
SWD preceding activity. It is by no means clear which
of the methods is preferable, and most robust. The well-
pronounced synchronous cluster at the frequency band of
SWDs (8 ÷ 11 Hz) suggests that synchronization in the
cortico-thalamo-cortical network at the 8 ÷ 11 Hz range
might be a possible candidate to act as a biomarker of the
subsequent formation of SWD in cortex and thalamus.

4. The design of brain-computer interface for the auto-
matic seizure prediction system based on the multi-
channel EEG set

The network algorithm described in Section 3 may be
implemented with the help of the interface for the auto-
matic seizure prediction shown in Fig. 1. Typically, there
is no need to analyze a lot of channels of ECoG to detect
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Figure 1: The brain–computer interface for the automatic
seizure prediction system based on the multichannel EEG
set

the precursor, especially, in the real-time regime. ECoG
channels based on properties of skeletons of wavelet sur-
faces corresponding to different ECoG channels were cho-
sen. The selection of the channels for the effective analysis
should be based on the skeletons that reflect the most dif-
ferent time-frequency dynamics. Usually, all cortical chan-
nels show the same frequency dynamics, therefore only
one cortical channel (Layer 5) was included. Frequency
dynamics of thalamic recordings is significantly different
from the cortex dynamics. Among thalamic channels the
largest difference in frequency dynamics holds for the ante-
rior nucleus (ATN) and posterior nucleus of thalamus (PO).
Therefore these three channels, namely, Cortex 5 channel
(ctx5), Anterior nucleus of thalamus (ATN) and Posterior
nucleus of thalamus (PO) were used.

In this case the expression for the resulting product of the
wavelet energy values of the different EEG channels may
be written as

R(t) = ⟨|Wctx5(t)|⟩ f × ⟨|WAT N(t)|⟩ f × ⟨|WPO(t)|⟩ f , (1)

where ⟨|Wctx5(t)|⟩ f is the wavelet energy calculated in the
considered 8 ÷ 11 Hz SWD frequency band for Cortex 5
channel, ⟨|WAT N(t)|⟩ f and ⟨|WPO(t)|⟩ f are the energy values
obtained for ATN, and PO, respectively.

The example of typical dependence of the characteristic
(1) on time before and during the onset of the seizure is
given in Fig. 2. It can be seen that before the onset of SWD
the value of R(t) starts to increase; it witnesses the simulta-
neous increase of the wavelet energy within the frequency
range corresponding to SWD oscillations for all examined
channels of EEG. The time intervals when the value of the
energy product exceeds the threshold are the markers of the
precursor activity. So, we can conclude that the analysis of
the wavelet energy in the frequency range corresponding
to SWD dynamics allows not only to recognize automati-
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Figure 2: The ECoG recordings electrodes location in the
brain (a,b,c), ECoG recordings corresponded to different
ECoG channels (d), the dependency of the considered char-
acteristics R(t) on time (e). The moments of time, consid-
ered as the precursor and the onset of seizure (the point of
clinical attack is marked as “SWD onset”) are shown by
the dashed and solid lines, respectively). (f) The result of
prediction, based on the use of threshold value R0 = 0.2

cally the seizure event but also predict it by means of the
well-known threshold method [10, 11, 12].

According to the results concerning the online SWD pre-
diction, based on the considered wavelet-based method, we
can find the high (up to 90%) percent of predicted seizures
(high sensitivity of the algorithm). But at the same time
it comes with the large amount of false detections, which
are caused by the appearance of any other oscillatory pat-
terns on EEG during light-slow wave sleep. Mean value of
false detection during light-slow wave sleep time intervals
is close to 20 events per minute. Whether these precursors
are only present in these genetic epileptic rats, or whether
these precursors a marker of a process of synchronization
of cortical brain activity in general during the process of the
transition from passive wakefulness to drowsiness and light
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slow wave sleep, needs further analyses. In this regard, the
future development of algorithms for seizure prediction is
connected with the achievement of a good balance between
their sensitivity (number of predicted epochs) and speci-
ficity (the relation between the number of predicted SWDs
and number of false alarms). The combination of our al-
gorithm with a light-slow wave sleep detection system will
already reduce quite a number of false alarms.

5. Conclusion

Based on both time-frequency and network analyses we
can conclude that absence seizures are preceded by short
lasting delta and theta precursor oscillatory activity in cor-
tex and thalamus and that the combination rarely occurs
during control periods. Our studies show that the well-
pronounced synchronous cluster at the frequency band of
SWDs observed in the pre-ictal–ictal transition period sug-
gests that synchronization in the cortico-thalamo-cortical
network at the 8 ÷ 11 Hz range can be considered as a pos-
sible candidate to act as a biomarker of the subsequent for-
mation of SWD in cortex and thalamus. We have proposed
effective wavelet-based method of identification of precur-
sor synchronous cluster in the cortico-thalamo-cortical net-
work by means of multi-channel EEG recording.

The successful detection of a pre-seizure state before
clinical onset gives a possibility of special brain computer
interfaces development for the automatic on-line identifica-
tion of absence seizure and chance for a therapist to prevent
seizure by means of new treatment techniques, such as the
delivery of an electric impulses series or transcranial stim-
ulation to avoid an oncoming seizure.
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Abstract– We propose a method for detecting the 

generalized synchronization which does not exploit an 
auxiliary system approach. The method is based on using 
only one response system in the receiver, but this system 
is driven in turn by the transmitted signal itself and its 
delayed copy. Using the proposed method we develop a 
secure communication scheme exploiting the generalized 
synchronization. The scheme shows very high tolerance 
to noise in a communication channel. 
 
1. Introduction 
 

Communication systems based on the employment of 
chaotic synchronization [1] are usually characterized by 
comparatively low resistance to noise and amplitude 
distortions of the signal in a communication channel. 
However, communication systems based on the 
generalized synchronization are an exception from this 
rule [2]. They possess very high tolerance to noise and 
signal distortions. Different methods have been proposed 
to detect the regime of generalized synchronization in 
unidirectionally coupled systems. The most popular 
among them are the auxiliary system approach [3], the 
conditional Lyapunov exponent calculation [4], and the 
nearest neighbor method [5]. In the experiment, the 
generalized synchronization was observed in [6].  

The communication systems exploiting the generalized 
synchronization are based on the following idea. A binary 
information signal m(t) modulates one or more parameter 
of the transmitter, i.e. m(t) controls a switch whose action 
changes the parameter values of the transmitter. The 
binary 0 corresponds to one parameter set value p1 of the 
transmitter and binary 1 corresponds to another parameter 
set value p2. The parameters of the receiver should be 
chosen so as to ensure that the generalized 
synchronization with the transmitter could take place at a 
transmission of only one of binary symbols (0 or 1). 

The auxiliary system method may be generally 
considered as the most easy, clear and powerful technique 
to detect the generalized synchronization regime in 
chaotic systems. This approach utilizes a second, identical 
response system to monitor the synchronized motions. If 
we drive two identical response systems, one the original 
response system and the other the auxiliary system, with 

the same input signal from the drive system, then we can 
identify the presence of the generalized synchronization 
by observing the stable regime of identical oscillations in 
auxiliary and response systems [3]. 

The auxiliary system approach is a promising 
technique for employing in a physical experiment since it 
can provide the detection of the generalized 
synchronization in real time in contrast with other 
methods requiring the signal recording for further 
processing. However, the main technical problem of this 
method is the construction of two identical response 
systems in the receiver. This problem is especially 
difficult for solving at high frequencies.  

In the present paper, we propose a new method for 
detecting the generalized synchronization which does not 
exploit an auxiliary system approach. This method allows 
one to exploit only one response system in the receiver. 
Using the proposed method we develop a secure 
communication scheme exploiting the generalized 
synchronization. 

The paper is organized as follows. In Section 2, the 
method proposed for the generalized synchronization 
detection is described. In Section 3, we illustrate the 
method application to hidden data transmission in a 
numerical experiment. In Section 4, we consider the 
operation of the experimental communication scheme 
based on the generalized synchronization. In Section 5, 
we summarize our results. 
 
2. Method Description 
 

We propose a method for detecting the generalized 
synchronization which exploits the idea of auxiliary 
system approach, but utilizes only one response system 
which is driven in turn by the transmitted signal itself and 
its delayed copy. 

If we drive the self-oscillating response system twice 
with the same input signal from the autonomous drive 
system, then after the transient process it will exhibit 
identical oscillations in both cases in the presence of the 
generalized synchronization between the drive and 
response systems. To ensure the identity of the signal that 
twice drives the response system we use a delay line.  

At first, within the time interval τ we drive the 
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response system in the receiver with the signal incoming 
from a communication channel. Then, within the same 
time interval τ we drive the same response system with 
the delayed signal incoming from the output of the delay 
line having the delay time τ. At last, we compare the 
signals of the response system in the considered two cases. 
With this purpose we calculate the difference between the 
signal at the response system output and the signal of the 
response system which is passed through one more delay 
line with the delay time τ. In the presence of the 
generalized synchronization, this difference vanishes after 
the transient process. 

A block diagram illustrating the proposed method is 
shown in Fig. 1. The information signal m(t) representing 
a sequence of binary 0 and 1 modulates one the 
transmitter parameters. The chaotic signal x(t) from the 
transmitter output is transmitted into the communication 
channel. The receiver is composed of the self-oscillating 
response system, two delay lines with the same delay time 
τ, square-wave generator (SWG), commutator, and 
difference amplifier. The parameters of the receiver are 
chosen so as to ensure that the generalized 
synchronization with the transmitter takes place only at a 
transmission of binary 0. 

 
Fig. 1. Block diagram of a communication system 

based on the generalized synchronization: (DS) drive 
system, (RS) response system, (DL1 and DL2) delay lines, 
(SWG) square-wave generator, (S) commutator, and (A) 
difference amplifier. 

 
The SWG controls a switch whose action changes the 

signal driving the response system. During the first half of 
the period of SWG signal, the response system is driven 
by the signal x(t). During the second half of the period of 
SWG signal, the response system is driven by the signal 

( )x t τ−  incoming from the output of the delay line DL1. 
The period T of SWG signal is chosen so as to ensure that 
the transient process preceding the regime of generalized 
synchronization terminates at a time less than T/2. The 
delay times of delay lines DL1 and DL2 are 2.Tτ =  

In the second half of the period of SWG signal, the 
difference ( ) ( ) ( )t y t y t τΔ = − −  of the response system 
signals vanishes after the transient process in the presence 
of the generalized synchronization between the drive and 
response systems. In the absence of the generalized 
synchronization, the difference Δ(t) shows nonvanishing 
oscillations within the entire second half of the period of 
SWG signal.  

During the first half of the period of SWG signal, the 
value of Δ(t) contains no useful information for the 

detection of the generalized synchronization. Within this 
time interval, Δ(t) shows nonvanishing oscillations 
similarly to the case of the absence of the generalized 
synchronization in the second half of the period of SWG 
signal. For better detection of the generalized 
synchronization, one could connect detector and low-pass 
filter to the output of the difference amplifier. 
 
3. Numerical Investigation of Communication System 
 

We study numerically the communication system 
exploiting the generalized synchronization (Fig. 1) for the 
case where the drive and response systems represent time-
delayed feedback oscillators. A block diagram of the drive 
system in the transmitter is shown in Fig. 2(a).  

 
Fig. 2. Block diagrams of the drive (a) and response (b) 

systems: (DL3, DL4, and DL5) delay lines, (ND) 
nonlinear devices, (F) filters, and (S) commutator. 

 
The drive system represents a ring system composed of 

two delay lines DL3 and DL4 with delay times τ 1 and τ 2, 
respectively, a nonlinear element, and a linear low-pass 
filter. The binary information signal m(t) switches the 
delay time in the system in such a way that the delay time 
is equal to τ 1 at a transmission of binary 0 and it is equal 
to 1 2τ τ+  at a transmission of binary 1. The drive system 
is described by a first-order delay-differential equation 

( )( )( )1 1 2( ) ( ) ( ) ,x t x t f x t m tε τ τ= − + − +          (1) 

where x(t) is the system state at time t, ε is the parameter 
that characterizes the inertial properties of the system, and 
f1 is a nonlinear function. The signal x(t) from the filter 
output is transmitted into the communication channel. 

A block diagram of the self-oscillating response system 
in the receiver is shown in Fig. 2(b). The delay line DL5 
has the same delay time τ 1 as the delay line DL3. The 
response system is driven in turn by the signals x(t) and 

( ).x t τ−  It is described by the following equation: 
( )

( )
2 1( ) ( ) ( )

( ) ( ) ( ) ( ) ,

y t y t f y t

k Z t x t Z t x t

ε τ

τ

= − + − +

− −
               (2) 

where f2 is a nonlinear function, k characterizes the 
strength of the unidirectional coupling, Z(t) is the signal 
of the SWG, and ( )Z t  is the inversion of Z(t). A half of 
the period of Z(t) the response system is driven by the 
signal x(t). In this case ( ) 1Z t =  and ( ) 0.Z t =  Another 
half of the period of Z(t) the response system is driven by 
the signal ( ).x t τ−  In this case ( ) 0Z t =  and ( ) 1.Z t =  

Let us illustrate the efficiency of the proposed 
communication system for the case where the drive and 
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response systems represent a time-delayed feedback 
oscillator with quadratic nonlinear function and a low-
pass first-order Butterworth filter with cutoff frequency 

1 .cf ε=  We choose the following values of the 
transmitter and receiver parameters: 1 100,τ =  2 10,τ =  

0.2cf =  ( 5),ε =  2
1 1( ) ,f x xλ= −  2

2 2( ) ,f y yλ= −  
where 1 1.7λ =  and 2 1.3λ =  are the parameters of 
nonlinearity, k=0.13, T=40000 and 20000.τ =  With these 
parameters, the transmitter generates a chaotic signal x(t) 
(Fig. 3) and the receiver in the absence of coupling 
( 0)k =  oscillates in a periodic regime. It has been shown 
that the threshold of the generalized synchronization 
occurrence is smaller in the case of periodic regime of the 
response system [7]. 

 
Fig. 3. The time series of the driving chaotic signal x(t) 

without noise (black color) and corrupted with additive 
noise (gray color). 

 
Fig. 4. The time series of the difference signal Δ(t), 

information signal m(t), and the signal Z(t) of the SWG. 
 
To investigate the tolerance of the proposed 

communication system to noise we added a zero-mean 
Gaussian white noise ξ(t) filtered in the bandwidth of the 
chaotic carrier to time series of the signal x(t) transmitted 
into the communication channel. Fig. 3 shows in gray 
color a part of the time series of x(t) corrupted with noise 
for the case where the variance of ξ(t) is 2 0.63.ξσ =  The 
signal x(t) at the output of the drive system has the same 

variance 2 0.63.xσ =  Thus, the signal-to-noise ratio (SNR) 
in this case is equal to 0 dB. 

Fig. 4 shows the results of the scheme operation for the 
case SNR 0=  dB. At a transmission of binary 0, the 
difference Δ(t) oscillates at ( ) 1Z t =  and vanishes at 

( ) 0Z t =  indicating the presence of the generalized 
synchronization between the drive and response systems 
(Fig. 4). For ( ) 1m t =  the signal Δ(t) shows nonvanishing 
oscillations both at ( ) 1Z t =  and ( ) 0Z t =  indicating the 
absence of the generalized synchronization. Thus, the 
scheme is still efficient in spite of very high level of noise 
in the communication channel. 
 
4. Results of the Experimental Scheme Operation 
 

We implemented the proposed secure communication 
system in a radio physical experiment in which the drive 
and response systems were constructed using electronic 
ring oscillators with time-delayed feedback. These 
oscillators contain analog low-pass first-order RC filters 
and digital delay lines and nonlinear elements 
implemented using programmable microcontrollers of the 
Atmel SAM3A family. The nonlinear elements have 
quadratic nonlinear function. 

The drive system is described by Eq. (1) with 
47RCε = =  mcs, 1 930τ =  mcs, 2 93τ =  mcs, and 

1 1.7.λ =  With these parameters, the transmitter generates 
a chaotic signal x(t) (Fig. 5). 

 
Fig. 5. Oscillograms of temporal realizations of the 

chaotic signal x(t) in the communication channel (on top), 
signal Z(t) of the SWG (in the middle), and filtered 
difference signal Δ(t) (below) in the case of the 
transmission of binary 0. 

 
The response system in the receiver is described by 

Eq. (2) with 95RCε = =  mcs, 1 930τ =  mcs, and 

2 1.3.λ =  In the absence of coupling, the response system 
generates periodic oscillations. The delay lines DL1 and 
DL2 in the receiver are also implemented using 
microcontrollers having an integrated 12-bit analog-to-

- 536 -



   

digital converter and digital-to-analog converter. The 
delay time of these delay lines is set to 90τ =  ms. The 
period of Z(t) signal is 180T =  ms. The coupling 
coefficient is 0.1.k =  

Part of the time series of the driving chaotic signal x(t), 
signal Z(t) of the SWG, and difference signal Δ(t) passed 
through a low-pass filter with cutoff frequency 

200f =  Hz are presented in Fig. 5 for the case of the 
transmission of binary 0. The time scale over the 
horizontal axis is 200 ms/div. The scale over the vertical 
axis is 1 V/div, 5 V/div, and 200 mV/div for the signals 
x(t), Z(t), and Δ(t), respectively. 

As it can be seen from Fig. 5, at high values of Z(t), the 
amplitude of oscillations of the signal Δ(t) is appreciably 
greater than at small values of Z(t). This abrupt decrease 
of the amplitude of Δ(t) indicates the presence of the 
generalized synchronization between the drive and 
response systems. 

Fig. 6 shows a part of the time series of the signals x(t), 
Z(t), and Δ(t) for the case of the transmission of binary 1. 
As well as in Fig. 5, the difference signal Δ(t) is passed 
through a low-pass filter with cutoff frequency 

200f =  Hz. The scales over the axes are the same as 
those in Fig. 5. 

In contrast to Fig. 5 corresponding to the transmission 
of binary 0, the amplitude of the difference signal Δ(t) in 
Fig. 6 is practically the same within the both halves of the 
period of the SWG signal Z(t). Such behavior of Δ(t) 
indicates the absence of the generalized synchronization 
between the drive and response systems.  

 
Fig. 6. Oscillograms of temporal realizations of the 

chaotic signal x(t) in the communication channel (on top), 
signal Z(t) of the SWG (in the middle), and filtered 
difference signal Δ(t) (below) in the case of the 
transmission of binary 1. 

 
It should be noted that the considered communication 

scheme has a low rate of data transmission. It is explained 
by a long time of transient processes that precede the 
occurrence of the generalized synchronization regime in 
the time-delayed feedback oscillators used as the drive 

and response systems in our study. However, one can 
increase the rate of information transmission by choosing 
other oscillators as the drive and response systems, which 
have a short time of transient processes preceding the 
occurrence of the generalized synchronization. 
 
5. Conclusion 
 

We have proposed the method for the generalized 
synchronization detection which does not exploit an 
auxiliary system approach. Using the proposed method 
we have developed the secure communication system 
exploiting the regime of generalized synchronization 
between the transmitter and receiver. The receiver utilizes 
only one self-oscillating response system which is driven 
in turn by the transmitted signal itself and its delayed copy. 
In our communication system, the transmitter and receiver 
represent time-delayed feedback oscillators.  

The proposed communication scheme is studied 
numerically and realized in the physical experiment. We 
have illustrated the scheme efficiency for the transmission 
of binary information signal. It is shown that the proposed 
scheme possesses high tolerance to noise in the 
communication channel. 
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Abstract—Photonics is a priviledged playground for the
investigation of the dynamical complexity exhibited by de-
lay equations. In this particular field of Physics, these infi-
nite dimensional dynamics become tractable, controllable,
and can be experimentally explored under a wide set of pa-
rameter settings. Beyond the fundamental and theoretical
interest aimed at the understanding of their numerous dy-
namical mechanisms, photonic even provides opportunities
to exploit this dynamical complexity for advanced infor-
mation processing principles. In this contribution, we will
review two such applications implemented in photonic, op-
tical chaos communication, and Reservoir Computing.

1. Introduction

High speed photonic devices and systems have been
strongly pushed by the development of optical telecommu-
nications. Broadband electro-optic modulators and detec-
tors have been successfully developed, as well as advanced
modulation format involving phase or combined phase and
amplitude modulations. Instead of being used in a point-
to-point optoelectronic link where the information is for-
warded or transmitted in a single way, one can imagine a
feedback architecture of such an optoelectronic link, where
the output of a photodiode receiver is amplified and used to
modulate again the light at the emitter side. Such a simple
architecture is actually the basic concept of a delayed feed-
back loop, in which the delay time is time of flight of the
light from the emitter to the receiver and back to the emit-
ter. Nonlinear transformation of the signal is also involved
in such a delayed feedback loop oscillator, simply through
the interference phenomena typically used to convert the
electro-optic phase modulation into an intensity modula-
tion; provided the amplitude of the optical phase modu-
lation is large enough compared toπ, the strength of the
nonlinear effect can be considered as significant.

Following this concept of an electro-optic and optoelec-
tronic nonlinear delayed feedback loop, high-dimensional
nonlinear dynamical system becomes at disposal, moreover
with high stability, high controlability, high structuralflex-
ibility, and of course high speed capability limited by elec-
tronic telecom devices (up to a few tens of GHz) only. Such
a nonlinear delayed feedback dynamics can be modeled in

Figure 1: Bloc diagram of a nonlinear delayed dynamics.

different ways. In the Fourier domain, the definition of the
Fourier filtering imposed by the electronic feedback reads
as an input to output linear filter:

X(ω) = H(ω) · Z(ω) (1)

whereZ(ω) = FT{ fNL [x(t−τD)]} = e−iωτD ·FT{ fNL [x(t)]} is
the Fourier transform (FT) of the nonlinear delayed feed-
back signal, andH(ω) is the linear Fourier filtering transfer
function of the electronic feedback. Considering a band-
pass type electronic filtering delimiting the actual feed-
back bandwidth of the oscillator, the simplest model for
is H(ω) = iωθ/[(1 + iωθ)(1+ iωτ)], whereτ andθ are the
characteristic time scales determining the high and low cut-
off frequenciesfh = (2πτ)−1 and fl = (2πθ)−1 respectively.
Under this simplifying asumption, an integro-differential
delay equation can be deduced as one converts the Fourier
domain description into the time domain one, leading to:

1
θ

∫ t

t0

x(ξ) dξ + x(t) + τ
dx
dt

(t) = z(t) = fNL [x(t − τD)], (2)

where FT[x(t)] = X(ω) and FT[z(t)] = Z(ω). A third pos-
sible formulation of the dynamics, rarely used in the lit-
erature, can however bring useful insights for the under-
standing or illustration of the space-time analogies occur-
ring when temporal information is processed by a delayed
feedback dynamics:

x(t) =
∫ t

−∞

h(t − ξ) · fNL [x(ξ − τD)] dξ, (3)
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whereh(t) is the impulse response of the linear filter, de-
fined as the inverse Fourier transform ofH(ω).

In the following, we will use the latter formulation of a
nonlinear delay dynamics to describe theoretically two par-
ticular applications, namely optical chaos communication
[1], and photonic Reservoir Computing [2].

2. Optical chaos communications

The emitter-receiver architecture for a chaotic optical
secure link is based on the so-called open loop receiver
scheme, also referred sometimes as to chaos modulation.
The principle of operation consists of a closed loop emitter
ruled by an equation of any of the forms (2) to (3) when op-
erating in an autonomous configuration, and which param-
eters are set so that it generates a chaotic waveform. When
used in an emitter-receiver chaos communication scheme,
the chaotic oscillation is actually permanently perturbedby
the information to be encoded, usually through a simple in-
loop addition (see Fig.2). Under practical situation, the am-
plitude of the information can be as high as that of the free
running chaotic oscillation, at the point where the signals
are added. If the latter point is before the nonlinear trans-
formation, a simple convolution product description of the
encdoded signal generated at the emitter simply reads as
follows:

e(t) = m(t) +
∫ t

−∞

h(t − ξ) · fNL [e(ξ − τD)] dξ. (4)

As suggested by the spelling of the encoded signal of con-
cern here,e(t), it has significantly different origines com-
pared to the autonomous solutionx(t) described in the in-
troduction. Rigorously speaking,e(t) can not be considered
as a chaotic signal, it is even partly non-deterministic de-
pending on the properties of the message signalm(t). If
m(t) is a real information signal, it is not predictable, and
its role in the emitter dynamics is a strong perturbation of
the original chaotic solutionx(t), thus necessarily destroy-
ing the phase space attractor observed in the autonomous
operation. A more realistic view of this transmitted sig-
nal would thus be a complex recurrent nonlinear delayed
transformation of itself. The nonlinear self delayed feed-
back used to generate a chaotic waveform, is transformed,
for chaos communication, into a complex function (i.e. dif-
ficult to reversely transform without the knowledge of the
nonlinear delayed feedback rule itself) of the signal to be
transmitted and encoded.

At the receiver side, the authorized decoder explicitly
makes use of the knowledge of this complex function,
mathematically expressed by the convolution product:

r(t) =
∫ t

−∞

hR(t − ξ) · f R
NL [e(ξ − τRD)] dξ, (5)

where the superscript R underlines function and parameters
that need to be precisely known by the authorized receiver

in order to achieve a real time recovery of the original infor-
mationm(t). This knowledge forms the key of the chaos en-
cryption procedure. It is indeed obvious from Eqs. (4) and
(5) that if we assume (hR, f R

NL , τ
R
D) ≡ (h, fNL , τD), one has

thenm(t) = e(t)−r(t): the decoded information simply cor-
responds to the received signale(t), from which one would
have to properly subtractr(t), i.e. the locallyreplicated
filtering and nonlinear delayed transformation of the same
received signale(t). The receiver appears thus as a feedfor-
ward processing without any closed loop, which fact moti-
vates its denomination as a replication receiver (open loop)
better than a synchronization receiver (closed loop, or at
least partially closed loop).

Figure 2: Experimental setup demonstrating optical phase
chaos communication up to 10 Gb/s.

As long as the receiver parameters and functions can
be accurately matched to the emitter ones, and controlled
again possible drifts, continuous and unconditionally stable
decoding can be achieved at a bit bit which is limited by
the bandwidth of the filter, e.g.fh − fl ≃ fh. This approach
is indeed the one which led to successful demonstrations
on field experiments, moreover with state of the art perfor-
mances. Figure 2 shows the schematic of the electro-optic
phase setup used to achieve the latest best performances
in optical chaos communications [3] at 10 Gb/s over more
than 100 km of an installed commercial fiber optic link.

The previous example exploits the dynamical complex-
ity provided by a nonlinear delayed optoelectronic feed-
back loop, to perform a recurrent nonlinear processing on
an information signal. The latter signal is thus somehow
expanded in a continuously transient fashion into the in-
finite dimensional phase space of the delay dynamics. A
similar expansion was also used more recently to develop
another application based on a recurrent delayed feedback
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loop, Reservoir Computing (RC), also known originally in
the literature as Echo State Network [4] and Liquid State
Machine [5].

3. Photonic Reservoir Computing

The concept of RC is derived from recurrent neural net-
work (RNN) computing approaches, however simplifying
extremely the learning phase of the computational steps.
The latter indeed represents traditionally a very critical
issue in standard RNN, because the optimal set of cou-
pling parameters is very difficult to determine by a learn-
ing procedure, particularly when they concern many sets
of such connectivity strength, the ones of the input and out-
put layer, and the ones of the internal connectivity defining
the network structure itself. RC considers that the output
connectivity, also called the read-out or output layer, needs
to be learnt only, the two other sets of connectiviy coef-
ficients not needing optimization, and being chosen sim-
ply at random for example. Such a simplification trans-
forms the learning phase into a very simple, very efficient,
very fast, and always converging solution. Beyond this sur-
prising simplification, RC has moreover shown surprising
computation accuracy, with comparable results, and some-
times even better ones, compared to traditional neural net-
work computing [7].

More recently, RC has reached another important step
forward through its successful hardware demonstration [8],
moreover with an initially unexpected structural solution
for the so-called Reservoir: the usual network of intercon-
nected nodes was physically realized through the internal
complexity of a delay dynamical system. Delay dynam-
ics are indeed known to present qualitative similarities with
spatio-temporal dynamics such as a network of dynamical
nodes, which fact has indeed motivated its choice of de-
lay dynamics as a way to emulate a neural network. In
the present section, we will again take the opportunity of
the unusual modeling of delay dynamics through Eq.(3),
in order to analytically derive a rigorous correspondence
between a delay dynamics seeded by a time division multi-
plexed input information, and a network of interconnected
nodes excited by an input information through the usual
input layer.

A key concept in the use of a delay system to emulate a
neural network, is to consider the dynamical nodes of the
network as being temporal positions within the time inter-
val corresponding to the delay. One needs then to re-define
the time variablet, so that it can reflect the emulation of
a virtual spatial positionσ ∈ [0, τD], which is updated in
time each round trip of the signal in the delayed feedbak
loop, i.e. each time delayτD. Such an approach indeed
reveals the intrinsic multiple time scale feature of a delay
dynamics, the fast time scaleτ related to the high cut-off
frequency fh, and the slow time related to the delayτD:
t = σ + n · τD (the role of the even slower integral time
scaleθ is omitted here, partly because it is not essential to

RC processing since the first delay-based RC demos were
involving a high cut-off only, without low cut-off).
If one then assumes that the virtual nodes correspond to
sampled positionsσk = k δτ, the number of virtual nodes
in the delay dynamics amounts toK = τD/δτ. Address-
ing each of these nodes with an input vectoru(n) ∈ RQ

is achieved, as already stated, through a standard time di-
vision multiplexing technique. Distributing “randomly”
each vector component ofu(n) onto each of theK virtual
nodes of the delay dynamics, is an operation typically per-
formed according to a so-called input connectivity matrix
WI = [wI

kq] ∈ RK×RQ. The resulting scalar signal obtained
from this time division multiplexed distribution of the input
vector reads as:

uI
σ(n) =

K
∑

k=1

















Q
∑

q=1

wI
kq uq(n)

















pδτ(σ − σk), (6)

wherepδτ(t) is a rectangular temporal window having a unit
amplitude over [0;δτ], and being zero everywhere else.

From Eq.(3), one can arrange the integration interval for
the convolution product so that the node amplitudexk ≡ xσk

at timen can be expressed as an update of the amplitude of
the same node, but at time (n − 1), i.e. xk(n − 1). Taking
also into account that the dynamics is seeded by the infor-
mation to be processed according to the connectivity rule
expressed in (6), one obtains:

xk(n) = xk(n − 1)+
∫ σk

σk−τD

h(σ − σk) ×

fNL

[

xσ(n − 1)+ ρ · uI
σ(n − 1)

]

dσ. (7)

The latter expression reveals in a rigorous way the analogy
of delay-based RC with the original Echo State Network
approach as proposed in [4, 7].
The output layer consists also in a matrix multiplication,
corresponding physically to a circular convolution operated
on the response signalxσ(n) and involving the Read-Out
matrix WR = [wR

mk] ∈ R
M × RK . The computed output is a

vectory(n) ∈ RM, which is the expected calculation result
obtained from the input informationu(n):

ym(n) =
K
∑

k=1

wR
mk xk(n). (8)

The Read-Out matrixWR is practically the solution of a
ridge regression problem minimizing the error of the out-
put vector considering a set of known pairs of answer/ re-
sponse (u(n); ỹ(n)). This ridge regression step precisely
corresponds to the learning phase of such a delay-based
RC.

This delay-based RC concept was practically imple-
mented recently by different authors, with very successful
computational performances. A classical speech recogni-
tion problem was for example performed experimentally
[2, 8], with record word error rate (WER) down to 0% for a
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Figure 3: Electro-optic phase delayed dynamics for ultra-
fast photonic Reservoir Computing demonstration.

clean spoken digit database, thus achieving state of the art
performances.

With a very similar setup (see Fig.3) compared to the
one reported previously for optical chaos communication,
a record speech recognition speed up to 1 million words per
second was demonstrated, with a very small WER degra-
dation only [6].

4. Conclusion

We reported a signal theory approach for the theoreti-
cal description of two unusual applications involving com-
plex nonlinear dynamics, namely optical chaos communi-
cations and photonic neuromorphic computing. In both
cases, a convolution product description of the dynamics
allowed on the first example to explain how chaos replica-
tion and decoding can be successfully operated at the re-
ceiver, and on the second example we could analytically
derive a close correspondance of delay based RC process-
ing with the original idea of Echo State Network. In the lat-
ter example, space-time analogy of purely temporal delay
dynamics could have been also highlighted, thus justifying
the emulation capability of such a particular class of infinite
dimensional dynamics to emulate a virtual newtrok of cou-
pled dynamical nodes. It is also remarkable to notice that a
similar analogy recently revealed the existence of chimera
states, a recently discovered self-organizationin networks
of identical coupled oscillators, in nonlinear delay dynam-
ics [9]. The same convolution product description allowed
in the latter case to also reveal a clear analogy between
delay-based chimera states, and the traditional network of
coupled Kuramoto oscillators [10].
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Abstract–In recent years, various image encryption 

schemes based on the permutation–diffusion architecture 

have been proposed. Under this architecture, the pixel 

positions are firstly shuffled by one map in the 

permutation stage, and then the pixel values are modified 

sequentially by another map in the diffusion stage. In this 

paper, 2D Henon maps are employed to all encryption 

stages including permutation, diffusion, and key stream 

generation. Unlike the pixels processed one by one in the 

diffusion stage in most image ciphers, two pixels are 

processed simultaneously in our scheme. The extensive 

security analyses have been carried out and the results 

demonstrate the high security of the proposed scheme. 

 

1. Introduction 

 

Nowadays, security of image has become increasingly 

important as more and more confidential images are 

transmitted over public Internet or stored in a third party. 

In this respect, various image encryption schemes have 

been proposed as encryption is a simple and direct way to 

protect private information.  

The methods for image encryption can be classified 

into three categories according to their architecture: 

permutation-only, diffusion-only and permutation-

diffusion. Among them, the permutation-only type image 

encryption is commonly referred to as a lightweight image 

cipher. In [1], the authors present a pure image 

permutation scheme based on bit-level permutation and a 

single chaos map. In [2], a two-stage bit-level permutation 

algorithm is proposed using chaotic sequence sorting and 

Arnold cat map. However, the permutation-only 

encryption schemes are vulnerable to some powerful 

attacks. In [3], Li et al. proposed the quantitative 

cryptanalysis of permutation-only cipher against 

known/chosen plain-text attack. For the diffusion-only 

image cipher, Zhu [4] presented a hyperchaotic sequences 

based image encryption scheme with only two rounds 

diffusion operation. But, Li et al. [5] re-evaluated the 

security of [4] and found it can be broken with only one 

known plain-image. Compared with the former two 

structures, the permutation-diffusion is the most widely 

used architecture for image encryption. For example, Zhu 

et al. [6] presented an image encryption scheme 

employing the Arnold cat map for bit-level permutation 

and the logistic map for diffusion. Zhang et al. [7] 

successfully cryptanalyzed this scheme and developed an 

improved one.  

In this paper, we propose a novel image encryption 

scheme based on 2D Henon map. The special attributes of 

the proposed scheme can be summarized as follows: (1) 

the 2D Henon maps are employed to all encryption stages. 

In the permutation stage, pixels are shuffled by an 

invertible discrete Henon map whose scrambling effect is 

better than Arnold cat map under the same iteration time. 

In the diffusion stage, unlike pixels processed one by one 

in most image ciphers, two pixels are processed 

simultaneously by the discrete Henon map. (2) In the key 

generation stage, the key stream generated from the 

classical Henon map is dependent on the plain-image. As 

a result, different plain images produce distinct key 

streams which enhance the resistance to chosen-plaintext 

attack. The security and performance analyses of the 

proposed image encryption demonstrate that our scheme 

is robust and secure and can be used for the secure image 

communication applications. 

 

2. Two-Dimensional Henon Map 

 

The Henon map is a two-dimensional discrete-time 

dynamical system which was introduced by Michel Henon 

as a simplified model of the Poincare section for the 

Lorenz model [8] .The Henon map equation is defined by: 

 

2

1

1

1 ,n n n

n n

x ax y

y bx





   



 (1) 

where x , y  are state variables, a , b are two positive 

control parameters, n is the number of iteration, 

0,1,2...n  . The Henon map is widely studied in detail for 

1.4a  and 0.3b  , where the chaotic behavior was found. 

For classical Henon map, the time is discrete but the state 
variables ,x y  are continuous. In order to facilitate the 

processing of discrete digital images, we define a discrete 
Henon map as follows 

 

2

1

1

1    mod 

   mod  

n n n

n n

x ax y N

y x c N





   


 
 (2) 

where , {0,1,2,..., 1}x y N   are discrete state variables, 

N  is the order of digital image matrix. a , c are two 

control parameters. It is obvious that the discrete Henon 
map is invertible. The invertible transformation of Henon 
map is given by 
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n n
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 (3) 
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3. The Proposed Scheme 

 

In our scheme, the process of encryption contains 

multiple rounds of permutation-diffusion to guarantee a 

satisfactory security level [9]. The 2D discrete Henon 

maps with different parameters are used in both 

permutation and diffusion stages, while the 2D classical 

Henon map is used in key generation. In the following 

section, we explain the one-round permutation and 

diffusion operation, which can be easily expanded to 

multiple rounds of permutation-diffusion. 

 

3.1. Image Permutation 

 

The image permutation stage involves following steps: 

Step 1: Determine whether the image is square. If the 

image is not square, we should expand the image to a 

square one. The expanded image is denoted by P . The 

size of the expanded image is N N pixels. Let ( , )i j  

stand for the position of the pixel, , {0,1,2,..., 1}i j N  . 

Step 2: For each pixel ( , )i j , calculate the new address 

code ( , )i j   according to the discrete Henon map with 

parameters 
0 0,a c , and then move the pixel ( , )i j  to ( , )i j  .  

Step 3: Repeat step 2 in an output feedback mode until 

discrete Henon map iterates 
0t  times. As a result of 

iterating, we obtain the final permuted image P . 

 

3.2. Image diffusion 

 

It is well known that a permutation-only cipher is 

vulnerable to plaintext or chosen-plaintext attacks [3]. For 

the security enhancement, diffusion is introduced after the 

permutation stage so as to alter the pixel values 

sequentially and make the cipher sensitive to the plaintext. 

In the diffusion stage of our proposed scheme, two pixels 

are processed simultaneously, which improves the 

efficiency of the cryptosystem. The diffusion stage here is 

on the basis of obtained the permuted image P . All the 

pixels of the permuted image are scanned horizontally 

from the upper left corner to the lower right corner to 

form a sequence 1A , 2A ,…, MA , if the image is gray, then 

2M N , if the image is color, then 23M N  . The 

cipher image C  in the diffusion stage is calculated as 

follows: 

(1) The first round 

Step 1: Let 0 1 0 2,x A y A  , the discrete Henon map 

with parameters 1 1,a c  iterates 1t  times and generates two 

final states 
1 1
,t tx y . Then, let 

1 11 2,t tC x C y  . 

Step 2: Let 0 3 1( )mod256x A C  , 

0 4 2( )mod256y A C  , the Henon map with parameters 

2 2,a c  iterates 2t  times and generates two final states 

2 2
,t tx y . Then, let 

2 23 4,t tC x C y  . 

Keep on doing until 

Step M/2: Let 
0 1 3( )mod256M Mx A C   , 

0 2( )mod256M My A C   , the Henon map with 

parameters 
/2 /2,M Ma c  iterates 

/ 2Mt  times and generates 

two final states
/2 /2

,
M Mt tx y . Then, let 

/2 /21 ,
M MM t M tC x C y   . 

(2) The second round 

Let 
1 MA C , 

2 1MA C  ,
3 2MA C  ,…, 

1MA C , and 

then repeat the steps in the first-round diffusion, where the 

control parameters 
1 2 /2, ,..., Ma a a   ,

1 2 /2, ,..., Mc c c   and 

iteration time 
1 2 /2, ,..., Mt t t    are used. 

Finally, we obtain the cipher image by converting the 

pixel sequence of the second-round diffusion 

1 2, ,..., MC C C  into a pixel matrix. 

The decryption is similar to image encryption and is a 

reverse process of the encryption algorithm. 

 

3.3. Key generation 

 

In our scheme, the key generation produces the 

parameters and iteration times of the discrete Henon map. 

There are two sets of parameters, denoted by 

(
0a ,

1a ,...,
/2Ma ,

1a ,…, 
/2Ma ), (

0c ,
1c ,...,

/2Mc ,
1c ,…, 

/2Mc ), and one set of iteration time , denoted by 

(
0t ,

1t ,...,
/ 2Mt ,

1t  ,…, 
/ 2Mt ), used for the permutation and 

diffusion stages. To make the known-plaintext and 

chosen-plaintext attacks infeasible, we adopt a method 

proposed in [10] where the keystream is dependent on the 

plain image. The key generation algorithm is as follows: 

Step 1: Calculate the image feature of a plain image P  

by 

 
,

2

,

( ( , ) ( , ) ( , ))
,0 1

( ( , ) ( , ) ( , ))

R G Bi j

R G Bi j

P i j P i j P i j

P i j P i j P i j
 

 
  

 




 (4) 

Step 2: Give the initial conditions 
0x ,

0y  of the 

classical Henon map defined by Eq.(1). Here, parameters 

1.4a  and 0.3b  . 

Step 3: Update the initial conditions 
0x ,

0y  using 

Eq.(5). 

 

5 5 5

0 0

5 5 5

0 0

( 10 10 ) 10

( 10 10 ) 10

x x

y y

 

 





         


        

 (5) 

where x    denotes the floor function of x . Here, we 

choose the  operation if the updated initial condition is 

still in area; otherwise, the operation is used instead. 

Step 4: iterate Eq.(1) with the updated initial conditions 

0x , 0y , and get a sequence { 0x , 0y , 1x , 1y ,…}. Then, 

select 3 (1 )M   values from it after removing the former 

transient values and obtain a sequence { 1r , 2r ,…, 3 (1 )Mr   }. 
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Finally, generate a sequence {
1r  ,

2r  ,…, 
3 (1 )Mr  
 }using 

Eq.(6). 
 

15

15

10 mod ,  1,2,..., 2 2 

( 10 mod10) 3,   2 3,2 4,...,3 3  

i i

i i

r r N i M

r r i M M M

        

          

 (6) 

Step 5: the sequence {
1r  ,

2r  ,…, 
2 2Mr 
 } is sequentially 

assigned to {
0a ,

1a ,...,
/2Ma ,

1a ,…,
/2Ma , 

0c ,
1c ,...,

/2Mc , 

1c ,…, 
/2Mc }, and the sequence {

2 3Mr 
 ,

2 4Mr 
 ,…, 

3 3Mr 
 } 

is sequentially assigned to {
0t ,

1t ,...,
/ 2Mt ,

1t  ,…, 
/ 2Mt }. 

 

3.4. Simulation Results 

 
Extensive computer simulations have been done with 

Mathematica 8.0 to examine the validity and robustness of 
our proposed algorithm. Fig.1(a) shows a color image with 
256 256  pixels. By virtue of the encryption algorithm 

described in section 3, Fig.1(b) shows the intermediate 
image after the permutation stage while Fig.1(c) is the final 
cipher image and Fig.1(d) is the decrypted image for 
recovery of plain image. 

 

     
(a)                                                 (b) 

     
(c)                                                 (d) 

Figure 1 The simulation results 

 

4. Security and Performance Analysis 

 

4.1. Key Space 

 

The key space refers to the set of all possible keys that 

can be used in the cipher system. In our proposed image 

encryption algorithm, the image feature   and the initial 

values of the classical Henon map 0x , 0y  consist of a 

external key. If the greatest accuracy is 1510 , the key 

space is about 3010 which is sufficient to prohibit 

exhaustive attack. 

 

4.2. Correlation Analysis 
In general, adjacent pixels of most natural images are 

highly correlated. An effective encryption scheme should 

produce the cipher image with sufficiently low correlation 

of adjacent pixels. To test the correlation between 

horizontally, vertically, and diagonally adjacent pixels in 

the image the following procedure is carried out. First, we 

select N pairs of two adjacent pixels from an image. 

Then, we calculate the correlation coefficient by using the 

following formulas[11]: 

0 0 0

2 2
2 2

0 0 0 0

( )

( ( ) ) ( ( ) )

N N N

i i i ii i i

r
N N N N

i i i ii i i i

N x y x y
C

N x x N y y

  

   

   


    

  

   

 

 (7) 

where x  and y represent gray values of two adjacent 

pixels in an image. Table 1 shows the correlation 

coefficients of 20000 pixels pairs adjacent randomly 

selected. The correlation of plain image is close to 1, 

whereas the correlation of cipher image is close to 0, 

therefore, the proposed scheme can resist a statistical 

attack. 

 
Table 1 The correlation coefficients of adjacent pixels (N=20000) 

  correlation coefficient 

Image  
Horizontal Vertical Diagonal 

Plain image 

Fig.1(a) 

R 0.942551 0.860094 0.865182 

G 0.958109 0.863036 0.858106 

B 0.970492 0.875905 0.887813 

Cipher image 

Fig.1(c) 

R -0.004530 0.007052 -0.015839 

G 0.005464 0.005547 0.011636 

B -0.010408 -0.012224 -0.005633 

 

4.3. Differential Analysis 

 
Generally, the attacker can make a slight change of the 

plain image, and then observes the change of the result. 
Thus, he may find out a meaningful relationship between 
the plain image and the ciphered image. If one minor 
change in the plain image can cause a significant change in 
the ciphered image, with respect to diffusion and confusion, 
then this differential attack would become very inefficient 
and practically useless. Two common measures named 
NPCR (number of pixels change rate) and UACI (unified 
average changing intensity) [12] are usually applied to 
examine the performance of resisting differential attack. 

Tests are carried out with the plain image by using the 
above-mentioned NPCR and UACI. The average values of 
NPCR and UACI obtained by the proposed algorithm and 
another algorithm [11] are shown in Table 2. It is clear that 
the values of NPCR and UACI produced by these 
algorithms are very close to the expected values, so these 
algorithms are good at resisting differential attack. 
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Table2 NPCR and UACI results of different proposed schemes 

 Average NPCR (%) 

Proposed R :0.996414 G :0.996521 B:0.996521 

Ref.[11] R :0.996262 G :0.996307 B:0.996216 

 Average UACI (%) 

Proposed R :0.335926 G :0.334027 B:0.333906 

Ref.[11] R :0.335115 G :0.332994 B:0.334841 

 

4.4. Key sensitivity 

To evaluate the key sensitivity of our scheme, the plain 

image is encrypted using the test key 
84.37149755615800 10  , 

0 0.358435602421958x   

and 
0 0.605080191163888y  . Then, the cipher image 

obtained is decrypted with the wrong key 
84.37149755615800 10  , 

0 0.358435602421959x   

and 
0 0.605080191163888y  . Fig.2 shows the test 

results, in which Fig.2(a) is decrypted by correct key and 

Fig.2(b) is decrypted by wrong key. As we can see that 

even the key is slightly changed, the decrypted image is 

completely different from the original image. This means 

that the proposed scheme has a high degree of sensitivity 

to the key. 

 

     
(a)                                                 (b) 

Figure 2 Key sensitivity test 
 

4.5. Chosen-plaintext attack 

In the proposed scheme, the parameters of the discrete 

Henon map used in both permutation and diffusion stages 

are determined not only by the secret key but also by the 

plain image. As a result, different plain images produce 

distinct key streams which enhance the resistance to 

chosen-plaintext attack. 

 

5. Conclusions 

 

We have designed a novel image encryption scheme 

based on 2D henon map. Our scheme differs from others 

in two ways. First, 2D Henon maps are employed to all 

encryption stages including permutation, diffusion, and 

key stream generation, which can simplify the hardware 

implementation. Second, unlike the pixels processed one 

by one in the diffusion stage in most image ciphers, two 

pixels are processed simultaneously in our scheme. The 

results of computer experiments and performance analyses 

further demonstrate that the scheme can not only achieve 

good encryption result but also resist against common 

attacks. 
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Abstract—Design and cryptanalysis of chaotic encryp-
tion schemes are major concerns to provide secured infor-
mation systems. Pursuing our previous research works,
some well-defined discrete chaotic iterations that satisfy
the reputed Devaney’s definition of chaos have been pro-
posed. In this article, we summarize these contributions
and propose applications in the fields of pseudorandom
number generation, hash functions, and symmetric cryp-
tography. For all these applications, the proofs of chaotic
properties are outlined.

1. Introduction

Applying chaotic systems to construct cryptosystems has
been extensively investigated since 1990s, and this field of
research has attracted more and more attention in the near
decades. Some researchers have pointed out that there ex-
ists tight relationship between chaos and randomness, thus
it is a natural idea to use chaos to enrich the design of
cryptographic applications. However, almost all current re-
searches of chaotic systems consider real domain. Since all
operations (iterations) are on the real numbers, Real Do-
main Chaotic Systems (RDCSs) realized in a computer or a
digital device will inevitably lead to finite precision effects,
and may result in consequent dynamic degradation, such as
short cycle-length, non-ideal distribution and correlation,
low linear complexity, and so on. Chaotic iterations (CIs),
for its part, refers to chaotic systems defined on integer do-
main. They have been deeply studied in our previous col-
laborative works, in order to solve degradation of chaotic
dynamic properties by finite precision effects on traditional
RDCSs. In this research work, we intend to deepen the the-
oretical and practical knowledge already obtained on CIs.
More general theoretical designs and applications for secu-
rity will be done to further investigate and learn more about
the CIs framework.

The remainder of this research work is organized as fol-
lows. The basic recalls of CIs are given in Section 2, while
results of Devaney’s chaos are provided in Section 3. Sec-

This work was supported by China Postdoctoral Science Foundation
under Grant 2014 M552175; by the Scientific Research Foundation for
the Returned Overseas Chinese Scholars, State Education Ministry.

tions 4, 5, and 6 show applications to pseudorandom num-
ber generation, hash functions, and symmetric cryptogra-
phy respectively. This article ends by a conclusion section
in which the article is summarized.

2. Basic recalls

2.1. Devaney’s theory of chaos

In the remainder of this article, S n denotes the nth term
of a sequence S while XN is the set of all sequences whose
elements belong to X. Vi stands for the ith component of
a vector V . f k = f ◦ ... ◦ f is for the kth composition of a
function f . N is the set of natural (non-negative) numbers,
while N∗ stands for the positive integers 1, 2, 3, . . . Finally,
the following notation is used: J1; NK = {1, 2, . . . ,N}.

Consider a topological space (X, τ) and a continuous
function f : X → X on (X, τ).

Definition 1. The function f is topologically transitive if,
for any pair of open sets U,V ⊂ X, there exists an integer
k > 0 such that f k(U) ∩ V , ∅.

Definition 2. An element x is a periodic point for
f of period n ∈ N, n > 1, if f n(x) = x.
f is regular on (X, τ) if the set of periodic points for f is
dense in X: for any point x in X, any neighborhood of x
contains at least one periodic point.

Definition 3 (Devaney’s formulation of chaos [8]). The
function f is chaotic on (X, τ) if f is regular and topologi-
cally transitive.

Banks et al. have proven in [7] that, when the topolog-
ical space is a metric one (X, d), chaos implies sensitivity,
defined below:

Definition 4. The function f has sensitive dependence on
initial conditions if there exists δ > 0 such that, for any
x ∈ X and any neighborhood V of x, there exist y ∈ V and
n > 0 such that d ( f n(x), f n(y)) > δ.
δ is called the constant of sensitivity of f .

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015
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2.2. Chaotic Iterations

Define by SX the set of sequences whose elements be-
long in X ⊂ N, X , ∅, that is, SX = XN.

Definition 5. The set B denoting {0, 1}, let N ∈ N∗, f :
BN −→ BN be a function, and S ∈ SJ1,NK be a sequence of
integers between 1 and N. The so-called chaotic iterations
are defined by x0 ∈ BN and

∀n ∈ N∗,∀i ∈ J1; NK, xn
i =

 xn−1
i if S n , i(
f (xn−1)

)
S n

if S n = i.
(1)

In other words, at the nth iteration, only the S n−th com-
ponent of the vector xn is updated. Note that in a more gen-
eral formulation, each S n can be a subset of {1, 2, . . . ,N}.
Let us remark that the term “chaotic”, in the name of these
iterations, has a priori no link with the mathematical theory
of chaos, recalled before.

3. Chaos results about chaotic iterations

We now recall how to define a suitable metric space
where chaotic iterations are continuous. For further expla-
nations, see, e.g., [5]. Let δ be the discrete Boolean metric,
δ(x, y) = 0⇔ x = y.Given a function f , define the function
F f : J1; NK ×BN −→ BN by:

(k, E) 7−→
(
E j.δ(k, j) + f (E)k.δ(k, j)

)
j∈J1;NK

where + and . are the Boolean addition and product oper-
ations. Consider the phase space: X = J1; NKN × BN, and
the map defined on X by:

G f (S , E) =
(
σ(S ), F f (i(S ), E)

)
, (2)

where σ is the shift function defined by σ : (S n)n∈N ∈

J1,NKN −→ (S n+1)n∈N ∈ J1,NKN and i is the initial func-
tion i : (S n)n∈N ∈ J1,NKN −→ S 0 ∈ J1; NK. Then the
chaotic iterations proposed in Definition 5 can be described
by the following discrete dynamical system, whose topo-
logical chaos can now be studied:{

X0 ∈ X

Xk+1 = G f (Xk). (3)

To do so, a relevant distance between two points X =

(S , E),Y = (Š , Ě) ∈ X has been introduced in [5] as fol-
lows: d(X,Y) = de(E, Ě) + ds(S , Š ), where

de(E, Ě) =

N∑
k=1

δ(Ek, Ěk),

ds(S , Š ) =
9
N

∞∑
k=1

|S k − Š k |

10k .

(4)

It has been established in [5] that,

Proposition 1. G f is continuous in the metric space (X, d).

The chaotic property of G f has been firstly estab-
lished for the vectorial Boolean negation f0(x1, . . . , xN) =

(x1, . . . , xN) [5]. To obtain a characterization, we have
secondly introduced the notion of asynchronous iteration
graph recalled thereafter [2]. Let f be a map from BN to
itself. The asynchronous iteration graph associated with f
is the directed graph Γ( f ) defined by: the set of vertices is
BN; for all x ∈ BN and i ∈ J1; NK, the graph Γ( f ) contains
an arc from x to F f (i, x). We have then proven in [2] that,

Theorem 1. Let f : BN → BN. G f is chaotic (according
to Devaney) if and only if Γ( f ) is strongly connected.

Finally, we have established in [2] that,

Theorem 2. Let f : Bn → Bn, Γ( f ) its iteration graph,
M̌ its adjacency matrix and M a n × n matrix defined by

Mi j = 1
n M̌i j if i , j and Mii = 1 − 1

n

n∑
j=1, j,i

M̌i j otherwise.

If Γ( f ) is strongly connected, then the output of the
chaotic iterations follows a law that tends to the uniform
distribution if and only if M is a double stochastic matrix.

These results of topological chaos and uniform distribu-
tion have led us to study the possibility of building a pseu-
dorandom number generator (PRNG) based on chaotic iter-
ations. As G f , defined on the domain J1; NKN×BN, is built
from Boolean networks f : BN → BN, we can preserve the
theoretical properties on G f during implementations (due
to the discrete nature of f ).

4. Application to pseudorandom number generation

Let N ∈ N∗, f : BN → BN, andP ⊂ N∗ a non empty and
finite set of integers. Any couple (u, v) ∈ SJ1,NK×SP defines
a “chaotic iterations based” PRNG, which is denoted by
CIPRNG2

f (u, v) [11]. It is defined as follows:
x0 ∈ BN

∀n ∈ N,∀i ∈ J1,NK, xn+1
i =

{
f (xn)i if i = un

xn
i else

∀n ∈ N, yn = xvn
.

(5)
The outputted sequence produced by this generator is
(yn)n∈N.

The formerly proposed CIPRNG1
f (u) [3, 6] is equal to

CIPRNG2
f (u, (1)n∈N), where (1)n∈N is the sequence that

is uniformly equal to 1. It has been proven as chaotic
for the vectorial Boolean negation f0 : BN −→ BN,
(x1, . . . , xN) 7−→ (x1, . . . , xN) in [3] and for a larger set of
well-chosen iteration functions in [2] but, as only one bit
is modified at each iteration, this generator is not able to
pass any reasonable statistical tests. The XOR CIPRNG(S ),
for its part [4], is defined as follows: x0 ∈ BN, and
∀n ∈ N, xn+1 = xn ⊕ S n where S ∈ SJ1,NK and ⊕ stands
for the bitwise exclusive or (xor) operation between the
binary decomposition of xn and S n. This is indeed a
CIPRNG2

f0
(u, v) generator: for any given S ∈ SJ1,NK, vn
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is the number of 1’s in the binary decomposition of S n

while uvn
, uvn+1, . . . , uvn+1−1 are the positions of these ones.

The XOR CIPRNG has been proven chaotic and it is able to
pass all the most stringent statistical batteries of tests [4],
namely the well-known DieHARD, NIST, and TestU01.
Furthermore, the output sequence is cryptographically se-
cure when S is cryptographically secure [4]. Following
the same canvas than in the previous section, we have then
characterized which CIPRNG2

f (u, v) is chaotic according to
Devaney.

Denote by XN,P = BN × SN,P, where SN,P = SJ1,NK ×SP.
We then introduce a directed graph G f ,P as follows.

• Its vertices are the 2N elements of BN.

• Each vertex has
p∑

i=1

Npi arrows, namely all the

p1, p2, . . . , pp tuples having their elements in J1,NK.

• There is an arc labelled a1, . . . , api , i ∈ J1, pK
between vertices x and y if and only if y =

F f ,pi (x, (a1, . . . , api )).

We have finally proven that

Theorem 3. The pseudorandom number generator
CIPRNG2

f is chaotic on XN,P if and only if its graph G f ,P is
strongly connected.

5. Application to hash functions

For the interest to add chaos properties to an hash func-
tion, among other things regarding their diffusion and con-
fusion, reader is referred to [1]. Recall that, among other
cryptographical properties, an hash function must be resis-
tant to collisions: an adversary should not be able to find
two distinct messages m and m′ such that h(m) = h(m′).
Furthermore, an hash function must be second-preimage
resistant, that is to say: an adversary given a message m
should not be able to find another message m′ such that
m , m′ and h(m) = h(m′).

Let us now give a post-operative mode that can be ap-
plied to a cryptographically secure hash function without
loosing the cryptographic properties recalled above.

Definition 6. Let

• k1, k2, n ∈ N∗,

• h : (k,m) ∈ Bk1 × B∗ 7−→ h(k,m) ∈ Bn a keyed hash
function,

• S : k ∈ Bk2 7−→
(
S (k)i

)
i∈N
∈ J1, nKN:

– either a cryptographically secure pseudorandom
number generator (PRNG),

– or, in case of a binary input stream m =

m0||m1||m1|| . . . where ∀i, |mi| = n,
(
S (k)i

)
i∈N

=(
mk

)
i∈N

.

• K = Bk1 ×Bk2 ×N called the key space,

• and f : Bn −→ Bn a bijective map.

We define the keyed hash functionHh : K × B∗ −→ Bn by
the following procedure

Inputs: k = (k1, k2, n) ∈ K
m ∈ B∗

Runs: X = h(k1,m), or X = h(k1,m0) if m is a stream
for i = 1, . . . , n :

X = G f (S i, X)
return X

Hh is thus a chaotic iteration based post-treatment on
the inputted hash function h. The strategy is provided by
a secured PRNG when the machine operates in a vacuum
whereas it is redetermined at each iteration from the input
stream in case of a finite machine open to the outside world.
By doing so, we obtain a new hash function Hh with h,
and this new one has a chaotic dependence regarding the
inputted stream. Furthermore, we have stated that [10],

Theorem 4. If h satisfies the collision resistance property,
then it is the case too forHh. And if h satisfies the second-
preimage resistance property, then it is the case too forHh.

Finally, as Hh simply operates chaotic iterations with
strategy S provided at each iterate by the media, we
have [10]:

Theorem 5. In case where the strategy S is the bitwise
XOR between a secured PRNG and the input stream, the
resulted hash functionHh is chaotic.

6. Application to symmetric cryptography

Let us now present our last discoveries in the field of
chaotic iteration based security. We have recently proven
that the well-known Cipher Block Chaining (CBC) mode
of operation, invented by IBM in 1976, can behave chaot-
ically. The demonstration of this result is outlined there-
after, while details regarding the CBC mode of operation
can be found in Patent [9].

Let us consider X = BN × SN, where:

• N is the size for the block cipher,

• SN = J0, 2N − 1KN, the set of infinite sequences of
natural integers bounded by 2N−1, or the set of infinite
N-bits block messages,

in such a way that X is constituted by couples of internal
states of the mode of operation together with sequences of
block messages. Let us consider the initial function:

i : SN −→ J0, 2N − 1K
(mi)i∈N 7−→ m0

that returns the first block of a (infinite) message, and the
shift function:

σ : SN −→ SN

(m0,m1,m2, ...) 7−→ (m1,m2,m3, ...)
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which removes the first block of a message. Let m j be the
j-th bit of integer, or block message, m ∈ J0, 2N − 1K ex-
pressed in the binary numeral system, and when counting
from the left. We define:

F f : BN × J0, 2N − 1K −→ BN

(x,m) 7−→
(
x jm j + f (x) jm j

)
j=1..N

This function returns the inputted binary vector x, whose
m j-th components xm j have been replaced by f (x)m j , for all
j = 1..N such that m j = 1. So the CBC mode of operation
can be rewritten as the following dynamical system:{

X0 = (IV,m)
Xn+1 =

(
Ek ◦ F f0

(
i(Xn

1), Xn
2

)
, σ(Xn

1)
) (6)

where IV is the input vector, m the message to encrypt, and
Ek the keyed symmetric cypher which has been selected.
For g : J0, 2N − 1K × BN −→ BN, we denote Gg(X) =

(g(i(X1), X2);σ(X1)). So the reccurent relation of Eq.(6)
can be rewritten in a condensed way, as follows.

Xn+1 = GEk◦F f0
(Xn) . (7)

Using all this material, we have proven that:

Theorem 6. Let g = εk ◦ F f0 , where εk is a given
keyed block cipher and f0 : BN −→ BN, (x1, ..., xN) 7−→
(x1, ..., xN) is the Boolean vectorial negation. We consider
the directed graph Gg, where:

• vertices are all the N-bit words.

• there is an edge m ∈ J0, 2N −1K from x to x̌ if and only
if g(m, x) = x̌.

So if Gg is strongly connected, then Gg is strongly transi-
tive, and so the CBC mode of operation is chaotic.

7. Conclusion

In this article, the research works we have previously
done in the field of chaotic iterations are summarized and
clarified. Applications for pseudorandom number genera-
tion, hash function, and symmetric cryptography have then
been outlined. Both theoretical analysis and experimental
results confirm the feasibility of this approach.
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Abstract–It may be difficult for traditional chaining 

type Message Authentication Code (MAC) to work 
efficiently in parallel computing environment. In this paper, 
a chaos-based non-chaining MAC for parallel realization is 
proposed, whose structure can ensure the uniform 
sensitivity of MAC value to the message. By means of the 
mechanism of both changeable-parameter and self-
synchronization, the keystream establishes a close relation 
with the algorithm key, the content and the order of each 
message block. The entire message is modulated into the 
chaotic iteration orbit, and the coarse-graining trajectory is 
extracted as the MAC value. Theoretical analysis and 
computer simulation indicate that the proposed algorithm 
can satisfy the performance requirements of MAC. It is a 
good choice for MAC on parallel computing platform. 
 
1. Introduction 

 
Message Authentication Code (MAC) is a basic 

technique for information security [1]. Hash function is a 
special kind of one-way function which can be classified 
into the following two categories: unkeyed hash function, 
whose specification dictates a single input parameter, a 
message; and keyed hash function, whose specification 
dictates two distinct inputs, a message and a secret key. 
The keyed hash function can also be used as Message 
Authentication Code (MAC). Most keyed hash functions 
are designed as the traditional chaining structure, which is 
essentially realized in a sequential mode. The processing of 
the current message block cannot start until the previous 
one has been processed. This limitation restricts their 
applications on the platform supporting parallel processing. 
Besides, the sensitivities of MAC value to the message 
blocks at different positions of the message are uneven. 

Recently, a variety of chaos-based MAC or hash 
functions have been proposed [2]-[4]. However, they still 
inherit the traditional chaining structure. Therefore, they 
inevitably have the above same flaws. 

In this paper, a chaos-based non-chaining MAC for 
parallel realization is proposed, whose structure can ensure 
the uniform sensitivity of MAC to the message. The 
mechanism of both changeable-parameter and self-
synchronization is utilized to achieve the performance 
requirements of MAC. The rest of this paper is arranged as 
follows. Section 2 introduces the algorithm and its 
characteristics in detail. In Section 3, its performance 
analysis is given. Section 4 is the conclusion. 
 
2. The proposed algorithm 
2.1. Algorithm Structure 

 
Let 128N  be the bit-length of hash value without 

loss of generality. First of all, the original message M  is 
padded such that its length is a multiple of 128: let m  be 
the length of the original message M ; the padding bits 

2)0100(   with length n  (such that 
1281,6464128128mod)(  nnm ) are 

appended. The left 64-bit is used to denote the length of 
the original message M . If m  is greater than 264, then 

642modm . After padding, M  is constituted by blocks 
with 128 bits, ),,,( 21 sMMMM  , and each block 
is indicated as N

iiii MMMM 21 . The initial N -bit 
vector 

0H  is set. 
The whole structure of the algorithm can be illustrated 

in Fig. 1 and described in (1). 

 
Fig.1 General model for the non- iterated type MAC 









),,,,()(
,,2,1),,,(
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  (1) 

where iM  is the ith message block; i  is the order of 
each block; and ( )MAC M  is the final MAC value. The 
whole algorithm consists of two parts: In the first part, the 
process of the ith message block iM , the core task can be 
summarized as: under the control of ),,( iMikey , the 
keystream iK  is generated by compression function F . 

The above keystream iK  ( si ,,,2,1  ) 
corresponding to different message block 

iM ( si ,,,2,1  ) can be generated in a parallel 
mode, respectively. In the second part, based on all the 
generated keystream iK  ( si ,,,2,1  ), the 
MIXING operation are performed on 

sKKKH ,,,, 210  to get the final MAC value. Through 
the analysis on (1), we may notice that the effect of each 
message block iM  on the final MAC value )( MMAC  

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015

- 550 -



   

 

is equivalent. This overcomes the flaw in existing 
algorithms that the sensitivities of MAC value to the 
message blocks at different positions of the message are 
wavy. 
 
2.2. Algorithm Description 
 

Piecewise Linear Chaotic Map （PWLCM）is: 
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where )5.0,0(],1,0[  uxk  are the iteration 
trajectory value and parameter of PWLCM, respectively. 
The initial 0x  and 0u  are set as the algorithm key. 

The ith 128-bit message block iM  

( si ,,,2,1  ) is re-divided into L  units as (3), 
each unit has 8 bits (actually a character). 

         
Lw

N
i

N
i

N
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 (3) 
Step 1. The current order “ i ” is normalized as 

]1,0[iz  by computing )1/()1(  siz i , and 

)1,0(2/)( 00  izuuu  is set. Then, 

Lwww ,,, 21   of iM  is pre-mapped into 

Lwrwrwr ,,, 21   in )1,0[  by means of linear 

transform Liwwr ii ,,2,1,256/  . 
Step 2. The iteration process of PWLCM is as follows: 
(a) 1j : Set the initial condition and parameter 

)5.0,0(4/)(, 01100  uuwrPxy , 

respectively, and iterate 8-time 
1PF , then obtain 

8,,2,1},{ ryr ; 
(b) Lj ~2 : Set the initial condition and parameter 

)5.0,0(4/)(, )1(8)1(80   jjjj ywrPyy ,respective

ly, and iterate 8-time 
jPF , then obtain 

8)1(8,,2)1(8,1)1(8},{  jjjry r  ; 
(c) 1 Lj : Set the initial condition and parameter 

)5.0,0(4/)(, 880   LLjL ywrPyy , respectively, 

and iterate 8-time 
jPF , then obtain 

88,,28,18},{  LLLryr  ; 
(d) LLj  2~2 : Set the initial condition and 

parameter )5.0,0(4/)(, )1(8)12()1(80   jjLjj ywrPyy , 

respectively, and iterate 8-time 
jPF , then obtain 

8)1(8,,2)1(8,1)1(8},{  jjjry r 
. 

Step 3. Obtain Nryy r ,,2,1},{  from  
Nry r 2,,2,1},{  by setting 

NjNjyjyy ,,2,1),()(  . 
Step 4. Utilize the same method in [5] to extract all the 

2nd bits of Nryyr ,,2,1},{   and form a binary 
sequence, which is composed of independent and 
identically distributed (i.i.d.) binary random variables. 

Let x  represent Nryyr ,,2,1,  , 
respectively. Denote the a floating point number x  as 

}1,0{)(],1,0[,)()()(.0 21  xbxxbxbxbx ii         (4) 

The ith-bit  )(xbi  can be expressed as 

)()1()( )2/(

12

1

1 xxb i

i

q
q

q
i 





                   (5) 

where )(xt  is a threshold function which is defined 
as 









tx
tx

xt 1
0

)(                          (6) 

Set 2i , a binary sequence N
rr

r yybB 122 )}({   
(where r  is the length of the sequence and ryy  is the rth 
floating point value) can be obtained. This N -bit 
sequence is iK , the keystream corresponding to ith 

message block iM , generated by compression function  
F . 

The keystream iK  ( si ,,,2,1  ) 
corresponding to different message block 

iM ( si ,,,2,1  ) can be generated in a parallel 
mode, respectively, and then XOR operations are 
performed all together to obtain the final )(MMAC . The 
most important point is that the generation of the 
keystream iK  must be under the control of the 

corresponding ),,( iMkey i , namely, iK  must have a 
close relation with the algorithm key, the content and the 
order of current message block iM , which can guarantee 
the security. 

During the process of each message block 

iM ( si ,,,2,1  ), cipher block chaining mode 
(CBC) [1] is introduced to ensure that the parameter P  in 
each iteration is dynamically decided by the last-time 
iteration value and the corresponding message bit in 
different positions. On the one hand, perturbation is 
introduced in a simple way to avoid the dynamical 
degradation of chaos; on the other hand, self-synchronizing 
stream is realized [1], which ensures that the generated 
keystream iK  is closely related to the algorithm key, the 
content and the order “ i ”of each message block 
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iM ( si ,,,2,1  ). Different message block 
iM  

leads to different keystream iK ; and even the same 
message block 

iM , when the order “ i ” changes, the 

corresponding keystream iK  will be also totally different. 
 
3. Performance analysis 
3.1. Distribution of MAC Value 
 

Uniform distribution is one of the most important 
requirements of MAC value, which is directly related to 
security. Simulation experiment has been done on the 
following message-“As a ubiquitous phenomenon in 
nature, chaos is a kind of deterministic random-like 
process generated by nonlinear dynamic systems. The 
properties of chaotic cryptography includes: sensitivity to 
tiny changes in initial conditions and parameters, 
random-like behavior, unstable periodic orbits with long 
periods and desired diffusion and confusion properties, 
etc. Furthermore, benefiting from the deterministic 
property, the chaotic system is easy to be simulated on the 
computer. Unique merits of chaos bring much promise of 
application in the information security field.” 

2-dimensional graphs are used to demonstrate the 
differences between the original message and the final 
MAC value. In Fig.2, the ASCII codes of the original 
message are localized within a small area; while in Fig.3, 
the hexadecimal MAC value spreads around very 
uniformly. No information (including the statistic 
information) of the original message can be left after the 
diffusion and confusion. 

 

Fig.2  Distribution of the original message in ASCII 

 

Fig.3 Distribution of the MAC value in hexadecimal format 

 
3.2. Sensitivity of MAC Value to the Message and Key 
 

In order to evaluate the sensitivity of MAC value to the 
message and secret key, MAC simulation experiments 
have been done under the following different 8 conditions: 

C1: The original message is the same as the one in 
Section 3.1; 

C2: Changes the first character A in the original 
message into B; 

C3: Changes the word unstable in the original message 
into anstable; 

C4: Changes the full stop at the end of the original 
message into comma; 

C5: Adds a blank space to the end of the original 
message; 

C6: Changes the secret key 0x  from 0.232323 to 
0.2323230000000001; 

C7: Changes the secret key 0u  from 0.454445 to 
0.454445000000001; 

C8: Exchanges the 1st message block 1M -“As a 
ubiquitous ” with the 2nd message block 2M -
“phenomenon in na”. 

The corresponding MAC values in hexadecimal format 
are gotten as follows: 

C1: B861DC813886168227D2CEF568762393 
C2: CF5BEEA2754AD50F9F86C66AD1F758B2 
C3: B2777A4C86BA12A6217018D50983284A 
C4: 58839676B70448E52B34A38E472E1B23 
C5: BD0C93DCD8C87A3D55B896065CB67B7E 
C6: 9854FDF54E412544FBA73676EADBD580 
C7: 5C3CCDFE32CBA412BA21DD1ECE3DA7A5 
C8：F504F69E60E1CD399945A1D80ED1816F.  
The simulation result indicates that the sensitivity 

property of the proposed algorithm is so perfect that any 
least difference of the message or key will cause huge 
changes in the final MAC value. The initial condition 0x  

and initial parameters 0u  of PWLCM are set as the 
algorithm secret key. The key space is large enough to 
resist all kinds of brute-force attacks. Moreover, for the 
sensitivity to tiny changes in initial conditions and 
parameters of chaotic map, it is impossible to deduce 

00 ,ux  from the iteration value. 
 
3.3. Statistic Analysis of Diffusion and Confusion 
 

For the MAC value in binary format, each bit is only 1 
or 0. So the ideal effect should be that any tiny changes in 
original conditions lead to the 50% changing probability 
for each bit of MAC value. We have performed the 
following diffusion and confusion test: A paragraph of 
message is randomly chosen and MAC value is generated; 
then a bit in the message is randomly selected and toggled 
and a new MAC value is generated. Two MAC values are 
compared and the number of changed bit is counted as iB . 
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This kind of test is performed N -time. Four statistics are 
defined: 

Mean changed bit number 



N
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Through the tests with N =256, 512, 1024, 2048, 
respectively, the corresponding data are listed in Table I. 
The mean changed bit number B  and the mean changed 
probability P are both very close to the ideal value 64 bit 
and 50%. While B  and P  are very little, which 
indicates the capability for diffusion and confusion is 
stable. 

Table 1 Statistics of  the  number of changed bit Bi 
 N=256 N=512 N=1024 N=2048 Mean 
B  63.9023 63.7715 64.0742 63.9673 63.9288 

P /% 49.92 49.82 50.06 49.97 49.9425 
B  5.7205 5.5125 5.6750 5.7637 5.6679 
P /% 4.47 4.31 4.43 4.50 4.4275 

 
3.4. Analysis of Collision Resistance 

 
The following test has been performed [2]-[4]: first, the 

MAC value for a paragraph of message randomly chosen 
is generated and stored in ASCII format. Then a bit in the 
message is selected randomly and toggled. A new MAC 
value is then generated and stored in ASCII format. Two 
MAC values are compared, and the number of ASCII 
character with the same value at the same location in the 
MAC value, namely the number of hits, is counted. 
Moreover, the absolute difference of two MAC values is 

calculated using the formula: |)()(|
1

i

N

i
i etetd 



, 

where ie  and '
ie  be the ith ASCII character of the original 

and the new MAC value, respectively, and the function 
)(t  converts the entries to their equivalent decimal 

values. This kind of test has been performed 2048 times, 
with the key 454445.0,232332.0 00  ux . The 
maximum, mean, minimum values of d  and 
Mean/character are listed in Table II. The distribution of 
the number of hits is given in Fig.4. It is noticed that the 
maximum number of equal character is only 2 and the 
collision is very low. 
Table 2 Absolute differences of two hash values  
Maximum Minimum Mean Mean/character 
2224 653 1466.3 91.644 

 

 

Fig.4 Distribution of the number of ASCII characters with the same 
value at the same location in the MAC value 

 
3.5. Analysis of Efficiency 
 

Since the proposed algorithm can support parallel 
mode, therefore its efficiency is predominant compared to 
other hash algorithms in sequential mode. 
 
4. Conclusion 
 

In this paper, a chaos-based non-chaining MAC for 
parallel realization, whose structure can overcomes the 
existing flaw that the sensitivities of MAC value to the 
message blocks at different positions of the message are 
wavy, is proposed. The proposed algorithm fulfils the 
performance requirements of MAC, which is with high 
potential to be adopted for e-Business. 
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Abstract—This paper introduces a 2D chaotic sys-
tem, called 2D-LSM. It is derived from the Logistic
and Sine maps. Using 2D-LSM, a new image encryp-
tion algorithm based on the image content is also pro-
posed. It can encrypt different kinds of images in-
to random-like ones. Simulation results and security
analysis show that the proposed image encryption al-
gorithm can encrypt images with a high security level.

1. Introduction

Image encryption attracts more and more attentions
in the past few decides [1–3]. Because there are many
similar properties between the chaotic systems and im-
age encryption, the chaotic systems are widely used
in image encryption. Many chaos-based image en-
cryption algorithms have been developed [4–6]. When
chaotic systems are used in image encryption, their
chaos performance usually partly determines the secu-
rity level. For some 1D chaotic systems, they usually
have simple structures and poor chaos performance
that make their behaviors easily to be predicted [7].

In this paper, we first introduce a new 2D chaotic
system, which is derived from the Logistic and Sine
maps. Using the proposed 2D chaotic system, we fur-
ther propose an image encryption algorithm. The im-
age content is used as a portion of security key to
generate the initial conditions of 2D chaotic system.
Simulation results and security analysis show that the
proposed algorithm has high encryption performance.

The rest of this paper is organized as follows. Sec-
tion 2 introduces a new 2D chaotic system; Section 3
proposes an image encryption algorithm; Section 4
simulates the image encryption algorithm and analyzes
its performance and Section 5 gets a conclusion.

2. The 2D Logistic-Sine map

Firstly, we give the definition of the 2D Logistic-Sine
map (2D-LSM).{

xi+1 = a(3 sin(πyi) + 1)xi(1− xi)
yi+1 = a(3 sin(πxi+1) + 1)yi(1− yi)

(1)

where a is the control parameter within the range of
[0, 1]. From its definition, we can see that the 2D-LSM
is derived from the Logistic and Sine maps. It first uses
the output of Sine map to control the parameter of
Logistic map, and then extends the phase plane from
1D to 2D. Fig. 1 shows the distribution of its attractors
in the 2D phase plane.

Figure 1: The distribution of attractors of 2D-LSM.

3. Image encryption using 2D-LSM

This section proposes an image encryption algorith-
m using 2D-LSM introduced in the previous section.
Its structure diagram is depicted in Fig. 2. As can

Figure 2: The structure diagram of the proposed image encryp-
tion algorithm.

be seen, P is the original image that to be encrypted
and C is the encrypted result. P is first hashed to
get a fixed length bit-stream. The bit-stream is com-
bined with the encryption key to generate initial con-
ditions for 2D-LSM. For 2D-LSM, its output chaotic
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sequence {xi|i = 1, 2, · · · } is used to do the row trans-
form and diffusion and its another output sequence
{yi|i = 1, 2, · · · } is used to do the column transform
and diffusion. After 4 times of these operations, the
original image P can be encrypted into a random-like
encrypted image C. The decryption is the inverse op-
erations of the encryption and the decryption key is
generated by appending the hash result of P to the
end of the encryption key. The encryption procedure
is represented as C = En(P,Ke) and the decryption
procedure is represented as D = De(C,Kd).

3.1. Security key schedule

The encryption key is combined with the hash result
of the original image to generate the initial conditions
for 2D-LSM. Here, a 128-bit stream H will be gen-
erated by the hash operation and the encryption key
Ke = {x0, y0, a0}. Firstly, transform H into a float
number T and an integer vector P = {p1, p2, p3, p4}.
Then the detailed operations to generate initial condi-
tions for 2D-LSM in each iteration are defined as

xi0 = (x0 + T × P (i)) mod 1

yi0 = (y0 + T × P (i)) mod 1

ai0 = ((a0 + T × P (i)) mod 0.1) + 0.9

(2)

where i = 1, 2, 3, 4. From Eq. (2), we can get that the
initial values (xi

0, y
i
0) are into the range of [0, 1] and the

control parameter ai0 falls into the range of [0.9, 1] to
make 2D-LSM achieve good chaos performance. Total
4 groups of initial conditions {xi

0, y
i
0, a

i
0} (i = 1, 2, 3, 4)

can be generated. They will be used for 2D-LSM to
generate chaotic sequences X = {xi|i = 1, 2, · · · } and
Y = {yi|i = 1, 2, · · · } in each encryption/decryption
iteration.

3.2. Transformation

The transformation is to randomly change the pixel
positions within the image. Here, we randomly change
the pixel positions horizontally and vertically. The row
transformation is to shuffle the pixel positions in each
row while the column transformation shuffles the pixel
positions in each column, which are similar with the
operations proposed in [5].

3.2.1. Row transformation

Suppose the original image is with size of M × N ,
a chaotic sequence S1 = {x1, x2, · · · , xN} is generated
by 2D-LSM. Sort S1 to get the index vector I and the
sorted sequence S1. Then

S1(i) = S1(I(i)) for i = 1, 2, · · · , N (3)

Using the index vector I, a row transformation ma-
trix W1 can be generated

W1(i, j) =

{
1 if I(i) = j

0 otherwise
(4)

where i, j ∈ [1, N ]. Then the row transformation is
defined as C = PW1.

In the decryption procedure, the inverse row trans-
formation is defined as P = CW−1

1 .

3.2.2. Column transformation

A chaotic sequence S2 = {y1, y2, · · · , yM} is gener-
ated by 2D-LSM. Sort S2 to get the index vector R
and the sorted sequences S2. Then

S2(i) = S2(R(i)) for i = 1, 2, · · · ,M (5)

Using the index vector R, a column transformation
matrix W2 can be obtained

W2(i, j) =

{
1 if R(j) = i

0 otherwise
(6)

where i, j ∈ [1,M ]. Then the column transformation
is defined as C = W2P .

In the decryption procedure, the inverse column
transformation is defined as P = W−1

2 C.

3.3. Diffusion

The diffusion operation is to make the little change
in the original image spread over all the pixels in the
encrypted image. In our algorithm, we do the diffusion
operations in the finite field (GF (28)).

3.3.1. Row diffusion

When doing row diffusion, a chaotic sequence S3 =
{x1, x2, · · · , xN×N} is generated by 2D-LSM. Firstly,
rearrange S3 with the size of N ×N and then convert
its elements into the range of [0, 255] by S3 = bS3×220c
mod 256.

Convert the values in the original image P and S3

into the finite field GF (28), and then the row diffusion
is defined as C = PS3.

The inverse operation of row diffusion is defined as
P = CS−1

3 .

3.3.2. Column diffusion

In the procedure of column diffusion, a chaotic se-
quence S4 = {y1, y2, · · · , yM×M} is generated by 2D-
LSM. We first rearrange S4 with the size of M ×M
and then convert its elements into the range of [0, 255]
by S4 = bS4 × 220c mod 256.

Convert the values in the original image P and S4

into the finite field GF (28), and then the column dif-
fusion is defined as C = S4P .

The inverse operation of column diffusion is defined
as P = S−1

4 C.

4. Simulation results and security analysis

This section simulates the proposed image encryp-
tion algorithm and analyzes its security performance.
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4.1. Simulation results

The proposed image encryption algorithm can en-
crypt different kinds of images into random-like ones
with a high security level. Fig. 3 shows the simulation
procedures of the grayscale and color images. As can
be seen, the original images are all with some pattern-
s, especially the text image in Fig. 3(a), but their en-
crypted images are all randomly distributed. Attack-
ers can not obtain any useful information by analyzing
their pixel statistic distributions.

(a) (b) (c)

Figure 3: Simulation results of different types of images. (1)
The text image; (b) the natural image and (c) the color image.

4.2. Security analysis

For a good encryption algorithm, it should have high
security level. This sub-section analyzes the security
level of the proposed image encryption algorithm.

4.2.1. Key sensitivity

The encryption algorithm should be very sensitive
with its key’s change. This means that when the en-
cryption/decryption key has little changes, the encryp-
tion/decryption results should be totally different.

For the proposed image encryption algorithm, we
randomly generate two encryption keys Ke1 and Ke2,
which have one bit difference. Kd1 is the correspond-
ing decryption key of Ke1. Kd2 and Kd3 are two de-
cryption keys that have one bit difference with Kd1 and

they are also different with each other. Fig. 4 shows
the analysis results of key sensitivity. As can be seen,
when encrypting the original image with Ke1 and Ke2,
the two encryption results are totally different, which
can be verified by Fig. 4(d). When decrypting the en-
crypted image C1 with Kd1, Kd2 and Kd3, respectively,
only the decryption result D1 can successfully recon-
struct the original image. Using other decryption keys
that only have one bit difference result in random-like
images (Figs. 4(f) and (g)), which are also different
with each other (Fig. 4(h)).

(a)

(e)

(b)

(f)

(c)

(g)

(d)

(h)

Figure 4: Key sensitivity analysis. (a) The original image P ;
(b) the encrypted image C1 = En(P,Ke1); (c) the encrypted
image C2 = En(P,Ke2); (d) the difference between C1 and
C2, |C1 − C2|; (e) the decrypted image D1 = De(C1,Kd1);
(f) the decrypted image D2 = De(C1,Kd2); (g) the decrypted
image D3 = De(C1,Kd3); (h) the difference between D2 and
D3, |D2 −D3|.

4.2.2. Adjacent pixels correlation

Natural images usually have high data redundan-
cy, and thus their pixels are highly related with the
adjacent pixels. A secure image encryption algorithm
should have the ability to break up the high correla-
tions between adjacent pixels.

(a) (b) (c)

Figure 5: Pixel correlation analysis results. The first and second
rows plot the distributions of adjacent pixel pairs of the original
and its encrypted images along with the (a) horizontal, (b) ver-
tical and (c) diagonal directions. The original and its encrypted
images are from Figs. 4(a) and (b), respectively.
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In our experimental, we randomly select 2000 pix-
els in the original and its encrypted images, and then
plot these pixels with their adjacent pixels along with
the horizontal, vertical and diagonal directions. The
original and its encrypted images are from Figs. 4(a)
and (b), respectively. Fig. 5 plots the results. As can
be seen, for the original image (Fig. 4(a)), the pixel
pairs of the randomly selected pixels with their adja-
cent pixels are mostly distributed on or nearby the di-
agonal line, which means that the pixels in the original
image have high correlation with their adjacent pixels.
For its encrypted image (Fig. 4(b)), the pixel pairs are
randomly distributed in the whole data range, which
means the pixels are highly independent and they have
no relationship with their adjacent pixels.

4.2.3. Differential attack

The differential attack is one of the commonly used
chosen-plaintext attacks. By encrypting little differ-
ent original images with the same key, the attackers
attempt to find the regular connections between the
encrypted results.

(a)

(d)

(b)

(e)

(c)

(f)

Figure 6: Differential attack analysis results. (a) The original
image P1; (b) the original image P2 that has one pixel difference
with P1; (c) the difference between P1 and P2, |P1 − P2|; (d)
the encrypted image C1 = En(P1,Ke); (e) the encrypted image
C2 = En(P2,Ke); (f) the difference between C1 and C2, |C1 −
C2|.

We simulate the procedure of the differential attack
in our experiment and Fig. 6 shows the simulation re-
sults. As can be seen, by randomly changing one pixel
of an original image to obtain another original image,
and then encrypt the two original images using the
same encryption key, the two encrypted images are
random-like and totally independent. They have no
relationship with each other, which can be seen from
their difference in Fig. 6(f).

5. Conclusion

In this paper, we have introduced a new 2D chaotic
system, which is derived from the Logistic and Sine
maps. Using this new 2D chaotic system, we have fur-
ther propose an image encryption algorithm. It can
encrypt digital images into noise-like ones. Simulation
results and security analysis have shown that the pro-
posed image encryption algorithm can encrypt images
with a high security level.

Acknowledgments

This work was supported in part by the
Macau Science and Technology Developmen-
t Fund under Grant FDCT/017/2012/A1 and
by the Research Committee at University of
Macau under Grants MYRG2014-00003-FST, M-
RG017/ZYC/2014/FST, MYRG113(Y1-L3)-FST12-
ZYC and MRG001/ZYC/2013/FST.

References

[1] Z. Hua, Y. Zhou, C.-M. Pun, and C. L. P. Chen,
“2D Sine Logistic modulation map for image en-
cryption,” Information Sciences, vol. 297, no. 0,
pp. 80–94, 2015.

[2] T. Habutsu, Y. Nishio, I. Sasase, and S. Mori,
“A secret key cryptosystem by iterating a chaotic
map,” in Advances in CryptologyEUROCRYPT91.
Springer, 1991, pp. 127–140.

[3] Y. Zhou, Z. Hua, C. M. Pun, and C. L. P. Chen,
“Cascade chaotic system with applications,” IEEE
Transactions on Cybernetics, vol. PP, no. 99, pp.
1–1, 2014.

[4] M. Franois, T. Grosges, D. Barchiesi, and R. Er-
ra, “A new image encryption scheme based on a
chaotic function,” Signal Processing: Image Com-
munication, no. 0.

[5] Y. Zhou, L. Bao, and C. L. P. Chen, “Image en-
cryption using a new parametric switching chaot-
ic system,” Signal Processing, vol. 93, no. 11, pp.
3039–3052, 2013.

[6] Z. Hua, Y. Zhou, C.-M. Pun, and C. L. P. Chen,
“Image encryption using 2d logistic-sine chaotic
map,” in 2014 IEEE International Conference on
Systems, Man and Cybernetics (SMC), 2014, pp.
3229–3234.

[7] A. Skrobek, “Cryptanalysis of chaotic stream ci-
pher,” Physics Letters A, vol. 363, no. 12, pp. 84–
90.

- 557 -



  

An Effective Selective Encryption Scheme for HEVC based on Rossler Chaotic 
System 

 
Fei Peng†, Han-yun Li†, Min Long‡  

 
† College of Computer Science and Electronic Engineering, Hunan University, Changsha, Hunan, PRC, 410082 

‡ College of Computer and Communication Engineering, Changsha University of Science and Technology, Changsha, 
Hunan, PRC, 410014 

 
Abstract–To strengthen the protection of privacy 

information in videos, a selective encryption scheme for 
high efficiency video coding (HEVC) is proposed in this 
paper. In this scheme, the pseudo random binary sequence 
generator is first constructed based on Rossler chaotic 
system. After that, the generated key stream is used to 
encrypt the motion information and residual coefficients of 
HEVC. Especially for the encryption of residual 
coefficients, the improved scrambling effect is achieved by 
encrypted DC coefficients. Experimental results and 
analysis show that the proposed scheme can produce a 
good encryption effect, and keep the encrypted stream 
format-compliant. 
 
1. Introduction 
 

HEVC is the latest video coding standard [1], which 
can get a lower bitrate than those of the previous video 
coding standards. However, the computational complexity 
is greatly increased. As video has the characteristics such 
as large amount of data, real-time demands, and diverse 
storage format, etc., traditional encryption algorithms 
which encrypt all data cannot meet the requirement of the 
video encryption. In addition, different application 
scenarios for video encryption algorithms have different 
security requirements.  

As the encoding details of HEVC is different from that 
of H.264, the existed encryption algorithms for H.264 
cannot directly used for HEVC. Therefore, the encryption 
of HEVC should consider the encoding characteristics of 
HEVC.  

The rest of the paper is organized as follows. The 
related work is introduced in Section 2. The selective 
encryption scheme for HEVC based on Rossler chaotic 
system is presented in Section 3. Experimental results and 
analysis are provided in Section 4. Finally, some 
conclusions are drawn in Section 5. 

 
2. Related works 

Currently, the existed video encryption methods can be 
classified into two categories: full video encryption and 
selective video encryption. 
  
2.1 Full video encryption  

 

Full video encryption encrypts all video data with 
traditional encryption algorithms such as DES, AES and 
RSA. A typical full encryption algorithm is video 
encryption algorithm (VEA) proposed by L. Qiao [2]. A 
symmetric encryption algorithm international data 
encryption algorithm (IDEA) is used as a key generator, 
and the MPEG video stream is completely encrypted. Full 
encryption can keep the size of video stream and achieves 
the highest security, but the computational cost is high and 
capability of format-compliance is limited.   
 
2.2 Selective video encryption 
 

Selective video encryption only encrypts partial data of 
video that has the most significant influence on the 
construction of video image, which can achieve high 
computational efficiency and format-compliance of 
bitstream. In addition, it can encrypt different sensitive 
data to meet different security requirements. 

In the past years, a variety of selective encryption 
algorithms have been proposed for H.264. J. Ahn et al. 
proposed to scramble the intra prediction modes [3]. It can 
obtain effective scrambling effect and keep the 
compression ratio. Meanwhile, it is format-compliance. Y. 
Wang et al. proposed to encrypt the sign of MVD [4]. The 
encryption of the sign of MVD distorts the pictures 
predicted by inter prediction. It can achieve a high 
computational efficiency. Z. Shahid et al. proposed to 
encrypt nonzero coefficients of residual coefficients [5]. 
As the encrypted video with error residual information 
results in unrecognized images, a good perceptual security 
is obtained. 

Due to the differences between HEVC and H.264, the 
selective encryption algorithms for H.264 cannot be 
directly used for HEVC. For example, if intra prediction 
modes of HEVC are encrypted, the encrypted video 
cannot be decoded by general decoder of HEVC because 
the encryption of intra prediction modes of HEVC is not 
format-compliance. To adapt for the new characteristics, 
G.V.Wallendae et al. observed some syntax elements of 
HEVC which are suitable for video encryption with 
format-compliance [6], and a format compliance 
encryption algorithm for HEVC was proposed in [7]. 
However, the scrambling effect is limited.  

From the above analysis, although some selective 
encryption algorithms for H.264 have been put forward, 
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their adaption capability for HEVC is limited. Meanwhile, 
as a new video encoding standard, the encryption methods 
which are aimed specially at HEVC are few. In this paper, 
based on the method in [7], a selective encryption scheme 
for HEVC is proposed to strength the perceptual security. 
 
3. Proposed Encryption Scheme 
 
3.1 Rossler Chaotic System 

Chaotic system is sensitive to initial conditions and 
system parameters, and it has characteristics such as 
pseudo randomness, uncertainty, ergodicity and fractal 
dimension, etc. So, there has close connection between 
chaos and cryptography. In the past decades, some studies 
have been done on how to use chaos in cryptosystems 
[8].Several image and video encryption methods based on 
chaotic system are reported in [9-11]. 

Rossler chaotic system [12] is defined as: 

( )

x y z

y x ay

z b z x c

= − −

= +

= + −






,                          (1) 

where a, b and c are the parameters of the system. When 
a=0.2, b=0.2, c=5.7, the chaotic system is in a chaotic 
state.  
 
3.2. Generation of Chaotic Sequence 
 

When Rossler system is in a chaotic state, the sequence 
{(xk , yk , zk)|k=0, 1, 2, …} generated from Rossler system 
by fourth order Runge-Kutta method is sensitive to initial 
values, aperiodic and non-convergence. Therefore, the 
binary key sequence generator based on Rossler chaotic 
system is constructed as follows: 

Step 1: Set the initial values (x0, y0, z0) for Rossler 
system. 

Step 2: Iterate Rossler system for t+len times with 
fourth order Runge-Kutta method, where len is the length 
of key sequence and the step length h is 0.001. To avoid 
the transition effect in the iteration, the first t iteration 
results are discarded. 

Step 3: For each iteration results zn , select the 
continuous 8 numbers after its decimal point to form an 
integer number Zn. Sn can be obtained as 

    1 ( mod12)n nS Z= + ,                        (2) 

where 8(| | | | ) 10n n nZ z z = − ×    . 
Step 4: Generation of binary sequences. Select the Sn

th 
number after the decimal point of xn and yn, respectively, 
to get Xn and Yn. keyi can be obtained as 

1,

0,
i in n

i

both X and Y are odd or even
key

otherwise
=





,   (3) 

where 
1 1

1 1

(| | 10 | | 10 ) 10

(| | 10 | | 10 ) 10

n n

i

n n

i

S S

n n n

S S

n n n

X x x

Y y y

− −

− −

= × − × ×

= × − × ×

       


       
. 

In this way, a binary sequence key={key1, key2, …, 
keyn} is generated from Rossler system. 
 
3.3. Description of the Encryption Algorithm 

 
(1) Encryption of the Sign of MVD  
In the entropy encoding of MVD, the sign and the 

absolute value are separately encoded. The encryption of 
the sign of MVD is represented as 

 _ = en MVDSign MVDSign key⊕ ,   (4) 
where key represents the key stream generated by Rossler 
system ， MVDsign and en_MVDSign represent the 
original sign bit of MVD and the encrypted sign bit of 
MVD sign, respectively, and ⊕ represents XOR operation.  

(2) Encryption of Motion Vector Prediction (MVP) 
Index 

Before the entropy encoding of MVP index, it is 
encrypted by key stream generated from Rossler system 
and an encrypted MVP index is obtained. The encryption 
is represented as 

=en_MVPIdx MVPIdx key⊕ ,          (5) 
where MVPIdx and en_MVPIdx represent the original 
MVP index and the encrypted MVP index, respectively. 

(3) Encryption of Reference Index 
Similar to the encryption of MVP index, the encryption 

of reference index is obtained by performing XOR 
operation between the key steam and the reference index, 
and it is described as 

( 2 3)
=

( 2 3)

RFI key RFI or RN
en_RFI

RFI RFI = and RN

⊕ ≠ ≠

=





, (6) 

where RFI and en_RFI represent the original reference 
index and the encrypted reference index, respectively, and 
RN represents the number of candidate reference pictures. 

It should be noted that the reference index cannot be 
encrypted when it equals 2 when the number of candidate 
reference pictures in the reference picture list is 3. 
Because the encryption results may be 3, which will be 
out of the preset range (from 0 to 2), it impose influence 
on the format compliance of the HEVC stream.  

(4) Encryption of Merge Index 
In the merge mode of HEVC, the number of merging 

candidates is set as 5, so the range of merge index is from 
0 to 4. If the merge index equal 4, the result of encryption 
maybe 5, which is out of the range and format compliance 
of HEVC stream will be influenced. Here, only the merge 
indices whose values less than 4 are selected for 
encryption, and it is described as 

        { 4)
=

 (  = 4)

MI key (MI
en_MI

MI MI

⊕ ≠
,                  (7) 

where MI and en_MI represent the original merge index 
and the encrypted merge index, respectively. 
  During the encoding process of HEVC, the encryption of 
the matched motion parameters will results in the 
prediction errors in B frame or P frame in the decoding 
process. Thus, the video images will be scrambled. 
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(5) Encryption of the Sign of Residual Coefficient 
The encryption of residual coefficient sign is similar to 

that of the sign of MVD. It is described as 
=en_CoeffSign CoeffSign key⊕ ,       (8) 

where CoeffSign and en_CoeffSign represent the sign of 
the original residual coefficient and the sign of the 
encrypted residual coefficient, respectively. 
  Since the encryption of the above syntax are 
accomplished by using XOR operation with key stream 
generated by Rossler chaotic system, the decryption of 
them is just the inverse of it. 

(6) Encryption of DC Coefficient 
For the encryption of DC coefficient, every bit of the 

key stream is regarded as a switch to control whether the 
current DC coefficient in residual information is 
encrypted or not. If the current key bit is 1, the encrypting 
operation will be performed. Otherwise, the DC 
coefficient will be kept unchanged. In order to preserve 
format-compliance of HEVC and guarantee the decrypted 
DC coefficients is the same as the original one, different 
encryption policy is implemented for the DC coefficients 
with the value of 0 and 1. The encryption process is 
described as 

-2 , (  1, 2) ( 1)

 = -3 , (  =1, 2) ( 1)

( 0)

CDC CDC key

en_CDC CDC CDC key

CDC key

≠ =

=

=






,            (9) 

where CDC and en_CDC represent the original DC 
coefficient and the encrypted DC coefficient, respectively. 

The decryption of DC coefficient is just the inverse 
process of the encryption, and it is described as  

2 ( 2 1) ( 1)

 = 3 ( 2 1) ( 1)

( 0)

en_CDC + , CDC -  - key =

de_CDC en_CDC + , CDC = - , - key =

en_CDC key =

≠




, (10)  

where de_CDC represents the decrypted DC coefficient. 
 
4. Experimental Results and Analysis 
 

Experiments are performed on HEVC test Model 
12.0(HM 12.0), whose encoding mode is random access 
mode[13]. 7 video sequences are selected for the 
experiments, and the comparison is also made between the 
encryption method in [7] and the proposed method. 50 
frames are encoded for every video, and their quantization 
parameter (QP) is 32. 
 
4.1. Analysis of Perceptual Security 
 

Perceptual security specifies the perception of video 
contents in human’s eyes. If the encrypted video contents 
are more difficult to be understood and identified, it 
demonstrates that the perceptual security of encryption is 
better. The encrypted results of City, Coastguard and 
Foreman obtained from the method in [7] and the 
proposed method are shown in Figure 1. 

 

     
(a)                                (b)                              (c) 

Figure 1 The encrypted results of Foreman with different methods. (a) 
represent the original video sequence, (b) represent the encryption results by 

using method in [7], and (c) represents the encryption results by using the 
proposed method 

 
As seen from Figure 3, it can be found that the 

scrambling effect of the proposed method is better than 
that of the method in [7]. In addition, PSNR and SSIM 
[14] are used for the evaluation of perceptual security of 
the encryption methods. The results are shown in Table 1. 

 
Table 1. PSNR and SSIM of the encrypted video sequences 

Method in [7] Our Method 
Sequences 

PSNR  SSIM PSNR  SSIM 

City 15.41  0.1337  11.91  0.0770  

Coastguard 14.44  0.1239  11.37  0.0881  

Flower 9.48  0.2412  7.12  0.1412  

Foreman 10.94  0.2292  7.95  0.1374  

Mobile 9.56  0.0807  7.65  0.0571  

Soccer 11.61  0.2410  9.28  0.1517  

Stefan 12.27  0.1895  10.59  0.1486  

Average 11.96  0.1770  9.41  0.1144  

 
As seen from Table 1, the PSNR and SSIM of the 

encrypted results of the proposed method is smaller than 
that of the method in [7] for every video sequence, which 
indicates that the good perceptual security of the proposed 
method. 

 
4.2. Analysis of computation complexity 

 
In the scheme, encryption operations are performed to 

approximate 50% of the syntax elements. However, the 
encryption operations are XOR or subtraction, whose 
computation complexity is relatively low. Thus the 
executions of proposed encryption scheme are at high 
speed, whose influence on encoding efficiency is very 
limited. 
 
4.3. Analysis of key space 
 

Key space specifies the number of keys for generating 
different key stream. A larger key space means that a good 
capability of resisting exhaustive attack. For the proposed 
algorithm, the initial value and the iteration time of 
Rossler chaotic system can be used as key. Given the 
initial values (x0, y0, z0) are in double-precision floating-
point format, and the range of iterations is [2000, 4000], 
the key space is  
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0 0 0

15 15 15 3 48 160

=Card{ } Card{ } Card{ } Card{ }

    =10 10 10 2 10 2 10 2

kS x y z t⋅ ⋅ ⋅

× × × × × ≈=
    (11) 

where Card{}⋅ represents the cardinality of a set. 
As the key space is approximately 2160, it is effective in 

resisting exhaustive attack. 
 
4.4. Analysis of key sensitivity 
 

Key sensitivity is very important for a cryptosystem. 
Here, experiments are done to evaluate the key sensitivity 
of the proposed method. When a small value 1014 is added 
to the initial value x0 of Rossler system (the other 
parameters are kept the same), the results are shown in 
Figure 2. 
 

         
(a) Decrypted video with                     (b) Decrypted video with 

 correct key                                        changed key 
Figure 2.  The results of sensitivity test 

 

As seen from Figure 2, it can be found the decrypted 
video with a changed key displays obvious error 
comparing with the correct decrypted video, which 
demonstrates that the proposed encryption algorithm has 
good key sensitivity. 
 
5. Conclusion 
 

In this paper, a selective encryption scheme for HEVC 
based on Rossler chaotic system is proposed. 
Experimental results and analysis show that the proposed 
encryption scheme is format-compliance, and has better 
perceptual security than the method in [7]. Furthermore, 
the key stream generated from Rossler system has large 
key space and key sensitivity, which provides high 
security to the proposed encryption scheme. The proposed 
selective encryption of HEVC has great potential in video 
data protection. 
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Abstract—In this paper, the cluster synchronization
problem is addressed for a class of impulsive delayed dy-
namical networks with hybrid coupling. A more gen-
eral delayed coupling term including different transmis-
sion delay and self-feedback delay is considered. Based
on the average impulsive interval approach, a novel uni-
fied globally exponential cluster synchronization criterion
is derived, which is valid for delayed dynamical networks
with synchronizing impulses or desynchronizing impulses
simultaneously. It is shown that the derived unified cri-
terion are related to impulse strengths, average impulsive
interval, and the coupling structure of the networks.

1. Introduction

Over the past decade, basic properties of complex dy-
namical networks have drawn a great deal of attention from
diverse fields of science and engineering [1, 2], especially
with respect to synchronization which is a kind of typical
collective behavior. From the literature, there exist two
common phenomena in many dynamical networks: delay
effects and impulsive effects [3–8]. Due to the finite speeds
of transmission and spreading as well as traffic congestion,
time delay is inevitably encountered in dynamical networks
[3, 4, 6–8]. On the other hand, the states of nodes in re-
alistic networks are often subject to instantaneous pertur-
bations and experience abrupt changes at certain instants,
which may be caused by switching phenomenon, frequency
change, or other sudden noise; that is, they exhibit impul-
sive effects [5–8]. Recently, impulsive dynamical networks
have drawn increasing attention for their various applica-
tions in information science, economic systems, automated
control systems, etc., [6–8]. Since time delays and im-
pulses can heavily affect the dynamical behaviors of the
networks, it is necessary to study both effects of time delays
and impulses on synchronization of dynamical networks.

In practice, due to the specific goals, many technologi-
cal, social and biological networks can be divided into clus-
ters (communities), and nodes in the same cluster usually
have the same function or property [1, 9]. This interest-
ing and significant phenomenon can be described as clus-
ter synchronization. By general definition, cluster synchro-
nization is the phenomenon that the nodes in a dynamical
network split into clusters, such that the nodes belonging to
the same cluster are are completely synchronized (i.e., all

the nodes in the same cluster approach to a uniform dynam-
ical behavior), but those in different clusters are not [9].
Owing to its significance in biological sciences and com-
munication engineering, cluster synchronization of com-
plex dynamical network has recently received notable at-
tention, and many excellent results have been obtained [10–
12]. However, few results on cluster synchronization of im-
pulsive delayed dynamical networks have been reported.

In general, there exist two types of time delays in dy-
namical networks. One is internal delay occurring inside
the dynamical node [4, 6–8, 11]. The other is coupling
delay caused by the exchange of information between dy-
namical nodes [3, 4, 7, 11]. Therefore, both the internal
delay and coupling delay should be taken into account to
describe real-world networks. Recently, much efforts have
been devoted to synchronization in delayed dynamical net-
works [3, 4, 6–8, 11]. Unfortunately, most of the exist-
ing researches focus on the delayed coupling term given by
Γ1

(
x j(t − σ) − xi(t − σ)

)
[3, 11] (i.e., the node’s own state

and neighbors’s states are affected by the same delay) or
that described by Γ1

(
x j(t − σ) − xi(t)

)
[4] (i.e., only trans-

mission delay for signal sent from node j to node i exists
in the network). In a real-word signal transmission pro-
cess, however, delay may affect both the node’s own state
and neighbors’s states and self delay may be different from
neighboring delay [7]; that is, the coupling term has the
form of Γ1

(
x j(t − σ1) − xi(t − σ2)

)
, which is feedback with

nonidentical delay. Hence, the delayed coupling term in-
volving different transmission delay and self-feedback de-
lay would be more close to the realistic situation. Obvi-
ously, this type of delayed coupling term takes the afore-
mentioned two types of delayed coupling terms as a spe-
cial case. Hence, a general model of impulsive delayed
dynamical network with the internal delay and the delayed
coupling term as Γ1

(
x j(t − σ1(t)) − xi(t − σ2(t))

)
will be

discussed in this paper.
The purpose of this paper is to investigate the cluster

synchronization of a class of impulsive delayed dynamical
networks with both the internal delay and coupling delay.
A more general delayed coupling term including different
transmission delay and self-feedback delay is considered.
Based on the average impulsive interval approach, a novel
unified globally exponential cluster synchronization crite-
rion is derived, which is simultaneously valid for synchro-
nizing and desynchronizing impulses.
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2. Problem formulation and preliminaries

In this paper, we consider a general complex delayed dy-
namical network consisting of N dynamical nodes with m
clusters, where each node is an n−dimensional dynamical
system with time-varying delay. Without lose of general-
ity, the ith cluster is denoted by Ci (1 ≤ i ≤ m) and let
C1 = {1, 2, . . . , l1}, C2 = {l1 + 1, l1 + 2, . . . , l1 + l2}, . . .,
Cm = {l1 + l2 + · · ·+ lm−1 + 1, l1 + l2 + · · ·+ lm−1 + 2, . . . , l1 +
l2 + · · · + lm−1 + lm}, where 1 < lm ≤ N and

∑m
r=1 lr = N.

The dynamical behavior of the complex delayed dynamical
network can be described as

ẋi(t) = fr(t, xi(t), xi(t − τr(t))) + c0

N∑
j=1, j,i

b(0)
i j Γ0

(
x j(t)

−xi(t)
)
+ c1

N∑
j=1, j,i

b(1)
i j Γ1

(
x j(t − σ1(t))

−xi(t − σ2(t))
)
, i ∈ Cr, (1)

where r ∈ R=
{
1, 2, · · · ,m

}
, xi(t) = (xi1(t), xi2(t), . . . , xin(t))⊤

∈ Rn is the state variable of each isolated node, fr :
[0,+∞) × Rn × Rn → Rn is a continuously vector-valued
function governing the evolution of each individual node
in the cluster Cr. The time delays τr(t), σ1(t), and σ2(t)
may be unknown but are bounded by known constants, i.e.,
0 ≤ τr(t) ≤ τr, 0 ≤ σ1(t) ≤ σ1, and 0 ≤ σ2(t) ≤ σ2,
in which τr(t) denotes the internal delay occurring inside
the individual node in the cluster Cr, σ1(t) represents the
transmission delay for signal sent from node j to node i,
and σ2(t) is the self-feedback delay. The positive constants
c0 and c1 are the coupling strengths. Γ0 = (γ0

i j)n×n > 0
and Γ1 = (γ1

i j)n×n represent the inner connecting matri-

ces. B(0) = (b(0)
i j )N×N and B(1) = (b(1)

i j )N×N are the cou-

pling matrices, in which b(0)
i j and b(1)

i j are defined as fol-
lows: if node i receives direct information from node j
at time t and t − τ2(t), respectively, then b(0)

i j , 0 and

b(1)
i j , 0; otherwise, b(0)

i j = 0 and b(1)
i j = 0. Additionally, the

diagonal elements of matrices B(0) and B(1) are defined by
b(l)

ii = −
∑

j=1, j,i b(l)
i j , i = 1, 2, . . . ,N, l = 0, 1, and thus one

has
∑N

j=1 b(l)
i j = 0, i = 1, 2, . . . ,N, l = 0, 1. In general, B(0)

and B(1) are the asymmetric matrices and may not be iden-
tical. This implies that the network is directed. Throughout
the paper, we always assume that there exist some positive
constants L0

r and Lτr such that(
x(t) − y(t)

)⊤(
fr(t, x(t), x(t − τr(t))) − fr(t, y(t), y(t − τr(t)))

)
≤ L0

r

(
x(t) − y(t)

)⊤(
x(t) − y(t)

)
+Lτr

(
x(t − τr(t)) − y(t − τr(t))

)⊤(
x(t − τr(t)) − y(t − τr(t))

)
,

(2)

for any x(t), y(t) ∈ Rn and r ∈ R.

In practical, the states of nodes in many realistic net-
works are often subject to instantaneous perturbations and
experience abrupt changes at certain instants due to switch-
ing phenomenon, frequency change or other sudden noise,
i.e., they exhibit impulsive effects [5–8]. Hence, it is rea-
sonable to assume that at time instants tk, there are “sudden
changes” (or “jumps”) in the state of node i such that

∆xi

∣∣∣
t=tk

△
= xi(t+k ) − xi(t−k ) = dk xi(t−k ), i = 1, 2, . . . ,N, (3)

where {t1, t2, t3, . . .} is an impulsive sequence satisfy-
ing tk−1 < tk and limk→∞ tk=+∞, xi(t+k )=limt→t+k xi(t),
xi(t−k )=limt→t−k xi(t), and dk ∈ R represents the strength of
impulses. Then, we can obtain the following impulsive de-
layed dynamical network:

ẋi(t) = fr(t, xi(t), xi(t − τr(t))) − c1b(1)
ii Γ1

(
xi(t − σ1(t))

−xi(t − σ2(t))
)
+ c0

m∑
p=1

∑
j ∈Cp

b(0)
i j Γ0x j(t)

+c1

m∑
p=1

∑
j ∈Cp

b(1)
i j Γ1x j(t − σ1(t)), t , tk,

∆xi = xi(t+k ) − xi(t−k ) = dk xi(t−k ), t = tk, k ∈ Z+,

xi(t0 + s) = φi(s), s ∈ [−σ, 0], i ∈ Cr, t ≥ t0,

(4)

where r ∈ R, Z+={1, 2, . . .} denotes the set of positive in-
teger numbers, and σ=max{σ1, σ2, τ} with τ = maxr∈R τr.
Without loss of generality, we suppose that xi(t) is left con-
tinuous at t = tk, i.e., xi(tk) = xi(t−k ). The initial condi-
tions φi(s) ∈ PC

(
[−σ, 0],Rn

)
, in which PC

(
[−σ, 0],Rn

)
denotes the set of all functions of bounded variation and
left-continuous on any compact subinterval of [−σ, 0].

As preliminaries, the following statements are necessary.
Definition 1. The impulsive delayed dynamical network
(4) with N nodes is said to realize cluster synchronization,
if N nodes can be divided into m clusters as defined above
such that

lim
t→+∞

||xi(t) − x j(t)|| = 0, ∀i, j ∈ Cr, r ∈ R, (5)

and

lim
t→+∞

||xi(t) − x j(t)|| , 0, i ∈ Cr1 , j ∈ Cr2 ,

r1 , r2, r1, r2 ∈ R. (6)

Definition 2. [5] (Average Impulsive Interval) An impul-
sive sequence ζ = {t1, t2, t3, . . .} is said to have average im-
pulsive interval Ta if there exist positive integer ς0 and pos-
itive number Ta such that

T − t
Ta
− ς0 ≤ Nζ(T, t) ≤

T − t
Ta
+ ς0, ∀T ≥ t ≥ 0, (7)

where Nζ(T, t) denotes the number of impulsive times of
the impulsive sequence ζ on the time interval (t,T ), the
constant ς0 is called the “elasticity number” of the im-
pulsive sequence, which implies that, on the time interval
(t,T ), the practical number of impulsive times Nζ(T, t) may
be more or less than (T − t)/Ta by ς0.
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Assumption 1. Suppose that there exist constants ar for
r ∈ R such that the diagonal elements of the coupling ma-
trix B(1) of dynamical network (4) satisfy

b(1)
11 = . . . = b(1)

l1, l1
= −a1,

b(1)
l1+1, l1+1 = . . . = b(1)

l1+l2, l1+l2
= −a2, . . . ,

b(1)
l1+l2+···+lm−1+1, l1+l2+···+lm−1+1 = . . . = b(1)

NN = −am.

Assumption 2. Suppose the coupling matrix B(l) (l = 0, 1)
of dynamical network (4) has the following block form:

B(l)
11 B(l)

12 · · · B(l)
1m

B(l)
21 B(l)

22 · · · B(l)
2m

...
...

. . .
...

B(l)
m1 B(l)

m2 · · · B(l)
mm


(8)

where each block B(l)
uv=(b(l)

i j ) ∈ Rlu× lv (u, v ∈ R) is a zero-

row-sum matrix, i.e.,
∑

j ∈Cv
b(l)

i j = 0, i ∈ Cu, and each diag-

onal block B(l)
uu=(b(l)

i j ) ∈ Rlu× lu satisfies b(l)
i j ≥ 0 (i , j) and

b(l)
ii =−

∑
j ∈Cu

b(l)
i j . In addition, rank

(
B(0)

uu

)
= lu − 1, u ∈ R.

Remark 1. In general, b(l)
i j > 0 (or < 0), i , j, l = 0, 1, is

viewed as the cooperative (or competitive) relationship be-
tween node i and node j [13]. Hence, Assumption 2 implies
that nodes belonging to the same cluster only have cooper-
ative relationships, while the nodes in different clusters can
have both competitive and cooperative relationships. Ad-
ditionally, the matrix B(0)

uu can be regarded as the Laplacian
matrix of a weighted graph with a spanning tree, and B(0)

uu
has an eigenvalue 0 with multiplicity 1 [14].

In this paper, we are mainly interested in studying the
cluster synchronization problem for the impulsive delayed
dynamical network (4). For this purpose, we introduce sr(t)
= 1

lr

∑
w∈Cr

xw(t), r ∈ R, and define error vectors as eir(t) =
xi(t) − sr(t), i ∈ Cr and r ∈ R. Based on Assumption 2,
one has

∑
j ∈Cp

b(0)
i j Γ0sp(t) =

∑
j ∈Cp

b(1)
i j Γ1sp

(
t − σ1(t)

)
= 0n for

i =1, 2, . . . ,N and p = 1, 2, . . . ,m, where 0n denotes the
n−demensional vector of zeros. Hence, we obtain

ėir(t) = ẋi(t) − ṡr(t) = ẋi(t) −
1
lr

∑
w∈Cr

ẋw(t)

= f̃r(t, xi, sr, x
τr
i , s

τr
r ) + ar c1Γ1

(
eir(t − σ1(t))

−eir(t − σ2(t))
)
+ c0

m∑
p=1

∑
j ∈Cp

b(0)
i j Γ0e jp(t)

+c1

m∑
p=1

∑
j ∈Cp

b(1)
i j Γ1e jp

(
t − σ1(t)

)
+ Jr, t , tk,

∆eir(tk) = eir(t+k ) − eir(t−k )

= xi(t+k ) − xi(t−k ) − 1
lr

∑
w∈Cr

(
xw(t+k ) − xw(t−k )

)

= dk xi(t−k ) − dk

lr

∑
w∈Cr

xw(t−k ) = dkeir(t−k ), t = tk,∑
i∈Cr

eir(t) =
∑
i∈Cr

(
xi(t) − sr(t)

)
=

∑
i∈Cr

xi(t) − lr sr(t) = 0n,

where f̃r
(
t, xi, sr, x

τr
i , s

τr
r

)
= fr

(
t, xi(t), xi(t − τr(t))

)
−

fr
(
t, sr(t), sr(t − τr(t))

)
and Jr = fr

(
t, sr(t), sr(t −

τr(t))
)
− 1

lr

∑
w∈Cr

fr
(
t, xw(t), xw(t − τr(t))

)
−

1
lr

∑
w∈Cr

(
c0

∑N
j=1 b(0)

w j Γ0x j(t) + c1
∑N

j=1 b(1)
w j Γ1x j(t − σ1(t))

)
.

Note that xi(t) is left continuous at t=tk, i.e., xi(tk)=xi(t−k ),
then the error dynamical system can be characterized by:

ėir(t) = f̃r(t, xi, sr, x
τr
i , s

τr
r ) + arc1Γ1

(
eir(t − σ1(t))

−eir(t − σ2(t))
)
+ c0

m∑
p=1

∑
j ∈Cp

b(0)
i j Γ0e jp(t)

+c1

m∑
p=1

∑
j ∈Cp

b(1)
i j Γ1e jp

(
t − σ1(t)

)
+ Jr, t , tk,

eir(t+k ) = (1 + dk)eir(tk), t = tk, k ∈ Z+, t ≥ t0, i ∈ Cr.

(9)

where r ∈ R. Clearly, if the zero solution of the error
system (9) is globally exponentially stable, then globally
cluster synchronization of the impulsive delayed dynami-
cal network (6) is achieved according to Definition 1.
Remark 2. When |(1 + dk)| > 1, i.e., the impulsive
strengths dk > 0 or dk < −2, the impulses can poten-
tially destroy the synchronization of the impulsive delayed
dynamical network (4) because the absolute values of the
synchronization errors are enlarged. Hence, the impulses
with |(1 + dk)| > 1 are desynchronizing impulses. Con-
versely, when |(1 + dk)| < 1, i.e., the impulsive strengths
−2 < dk < 0, the impulses are synchronizing impulses,
since the absolute values of the synchronization errors are
reduced. In addition, when |(1+dk)| = 1, i.e., the impulsive
strengths dk = 0 or dk = −2, the impulses are neither bene-
ficial nor harmful for the synchronization of the impulsive
delayed dynamical network (4), since the absolute values
of the synchronization errors are unchanged. This type of
impulses are called inactive impulses [5]. Due to the fact
that inactive impulses have no effect on the synchronization
dynamics of the impulsive delayed dynamical network (4),
we will not discuss this trivial case in this paper.

3. Main results

For convenience, define the matrix B̃(0)
r as B̃(0)

r
∆
=

(
B(0)

rr +

B(0)
rr
⊤) − Ξr, where Ξr = diag

(
ξr1, ξ

r
2, · · · , ξrlr

)
with ξrj =∑

u∈Cr
b(0)

u j . Under Assumption 2, it is easy to see that the

matrix B̃(0)
r (r ∈ R) is a symmetrical irreducible matrix with

zero-row-sum and nonnegative off-diagonal elements. This
means that zero is an eigenvalue of B̃(0)

r (r ∈ R) with mul-
tiplicity 1, and all the other eigenvalues of B̃(0)

r (r ∈ R) are
strictly negative [15]. Hence, eigenvalues of B̃(0)

r (r ∈ R)
can be ordered as 0 = λ̃r

1 > λ̃
r
2 ≥ · · · ≥ λ̃r

lr
.
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Theorem 1. Suppose that Assumptions 1-2 hold, and the
impulsive sequence ζ = {t1, t2, t3, . . .} satisfies (7) with av-
erage impulsive interval Ta and elasticity number ς0. Then
the impulsive delayed dynamical network (4) is globally
cluster synchronized if there exist positive constants ς1, ς2,
ς3,ς4, d and a constant q1 such that

(i) (1 + dk)2 ≤ d, k ∈ Z+,

(ii) Ωr + Θrλ(Θr)Ilr − q1Ilr ≤ 0, r ∈ R,

(ii) ϖ ∆
=

ln d
Ta
+ q1 + γ q2 < 0,

where Ωr =

(
2L0

r +arc1ς1λmax(Γ1Γ
⊤
1 )+arc1ς2λmax(Γ1Γ

⊤
1 )+

(m − 1)ς3 max
1≤r, q≤m, r,q

(
λmax

(
B(0)

rp B(0)
rp
⊤))
λmax

(
Γ0Γ

⊤
0

)
+ (m −

1)ς−1
3 + mς4 max

1≤r, q≤m

(
λmax

(
B(1)

rp B(1)
rp
⊤))
λmax

(
Γ1Γ

⊤
1

))
Ilr , q2 =

2
(

max
1≤r≤m

Lτr
)
+arc1ς

−1
1 +arc1ς

−1
2 +mς−1

4 , γ=max{ d−ς0 , 1, d ς0 },

and Θr = c0

(
λ̃r

2 +
(

max
1≤ j≤ lr

ξrj
))

with

λ(Θr) =


λmax(Γ0), if Θr > 0,
0, if Θr = 0,
λmin(Γ0), if Θr < 0.

(10)

Remark 3. It can be seen that the condition 0 < d < 1 or
d > 1 is not imposed in Theorem 1. This means that the
cluster synchronization criterion derived in Theorem 1 not
only can be applied to the case with |1+dk | < 1 (synchroniz-
ing impulses) but also to the case with |1 + dk | > 1 (desyn-
chronizing impulses). Thus, Theorem 1 gives a unified
globally cluster synchronization criterion for the hybrid-
coupled impulsive delayed dynamical network (4), which
is simultaneously applicable for synchronizing impulses
and desynchronizing impulses.

4. Conclusion

This paper deals with the globally cluster synchroniza-
tion of general delayed dynamical networks with hybrid
coupling and impulsive effects. The delayed coupling
term considered includes the transmission delay and self-
feedback delay; more general than most existing results.
By the average impulsive interval approach, a unified glob-
ally cluster synchronization criterion is obtained for the
proposed hybrid-coupled impulsive delayed dynamical net-
works, which is simultaneously effective for synchronizing
and desynchronizing impulses.
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Abstract—The stabilization of a novel fractional-
order chaotic financial systems involving market con-
fidence is concerned in this paper. Based on fractional
stability theory, we apply a state feedback controller to
stabilize such system to desirable equilibrium and the
equilibriums of the original system are kept complete-
ly. Finally, numerical examples are given to demon-
strate the correctness of the theoretical results.
Keywords: Chaotic system, Fractional-order finan-
cial system, State feedback, Stability, Stabilization.

1. Introduction

Researches have shown that fractional derivatives
provide an excellent tool for describing the memory
and hereditary properties of various materials and pro-
cesses. Recently, control of fractional-order financial
systems have fascinated many researchers [1, 2, 3]. In
[1], the sliding control law was achieved to stabilize the
fractional-order system by the sliding control strategy.
In [3], it is shown that an appropriate time delay can
enhance or suppress the emergence of chaotic or peri-
odic motions.

It is well known that the most important factor to
influencing or rescue the economic crisis is confidence,
the confidence of the people was very important [4, 5].
The author revealed that confidence is easy to lose
and hard to gain in [4]. It is shown that the economic
emerges, the people losing confidence would bring a
series of chain reaction and vicious cycle in [6], such
as stopping consuming, canceling investment, and re-
ducing producing, which will lead to less confidence,
less investment, less employment, more layoffs, more
stock of product, more deficit. Governments always
do their best to provide a balancing platform that fos-
ters savings and investments by adopt some strategies.
It is important to reduce or eliminate the chaos phe-
nomenon in fractional financial systems via stabiliza-
tion to improve the performance of economy, such as
preserving stability. Hence, it is meaningful to inves-

tigate the stabilization of fractional financial systems.

To our knowledge, the stabilizations of fractional-
order financial systems via state feedback are not ful-
ly studied. Motivated by this fact, in this paper, we
present a state feedback controller to stabilize chaos of
the financial system to the desirable equilibriums. The
study indicates the proposed method can effectively e-
liminate chaos and stabilize the financial market.

2. Preliminaries

In this section, we present the widely accepted
Caputo definition of fractional derivative. The main
theoretical tools for the qualitative analysis of frac-
tional dynamical systems are given in [8][9].

Definition 1.[7] The Caputo fractional deriva-
tive of order α of a continuous function f(t) with
respect to t is defined as follows

Dα
t f(t) =

1

Γ(m− α)

∫ t

0

f (m)(τ)

(t− τ)α−m+1
, (1)

where m is the first integer larger than α,
m− 1 ≤ α ≤ m, Γ(·) is the gamma function.

Definition 2.[9] Consider the equilibrium points
of fractional system

Dαxi(t) = fi(xi(t)), i = 1, 2, . . . , n, (2)

where xi(t) = (x1(t), x2(t), . . . , xn(t)), fi(t) =
(f1(t), f2(t), . . . , fn(t)).
The equilibrium solutions are defined by fi(x

∗
i ) =

0, therefore, we can get the equilibrium points
(x∗

1, x
∗
2, . . . , x

∗
n).
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3. Model description

In [6], the authors modelled a novel financial system
with market confidence, this model is described by

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Dαx1 = x3 + (x2 − a)x1 +m1x4,

Dαx2 = 1− bx2 − x2
1 +m2x4,

Dαx3 = −x1 − cx3 +m3x4,

Dαx4 = −x1x2x3,

(3)

where 0 < α ≤ 1, x1 stands for the interest rate,
x2 represents the investment demand, x3 denotes the
price index, x4 denotes the market confidence, a is the
saving amount, b is the cost per investment, c is the
demand elasticity of commercial market, a, b and c
are nonnegative. m1, m2 m3 are the impact factors,
the detailed account to the system (3) can be found
in [6]. When α = 0.95, a = 2.1, b = 0.01, c = 2.6,
m1 = 8.4, m2 = 6.4, m3 = 2.2, system (3) indicates
chaotic attractor in [6], which is depicted in Figure.1.

−5

0

5

−1

−0.5
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0.5
−1

−0.5

0

0.5

1

1.5

2

x2(t)x3(t)

x 4(t)

Figure 1: The chaotic attractor of system (3).

Following the ideas developed in [10], in this paper,
we will design a linear state feedback controller to sta-
bilize the fractional-order system (3). The controlled
fractional-order chaotic system is given by

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Dαx1 = x3 + (x2 − a)x1 +m1x4 − k1(x1 − x∗
1),

Dαx2 = 1− bx2 − x2
1 +m2x4 − k2(x2 − x∗

2),

Dαx3 = −x1 − cx3 +m3x4 − k3(x3 − x∗
3),

Dαx4 = −x1x2x3 − k4(x4 − x∗
4),

(4)

where k1, k2 k3, k4 are feedback gain, (x∗
1, x

∗
2, x

∗
3, x

∗
4)

is a desirable equilibrium.

4. Main results

In this section, we will discuss the equilibriums of
the uncontrolled system (3) and consider the stabi-
lization of the controlled system (4). Obviously, the
controlled system (4) and the uncontrolled system (3)
have identical equilibriums.

To discuss conveniently the equilibrium of system
(3), the assumptions are given as follows.

(A1) b > 0.
(A2) cm1 +m3 = 0.

(A3) cm1 +m3 �= 0.
(A4) m1 = 0, m3 = 0.
(A5) m1 �= 0, m3 = 0.
(A6) m3 �= 0 and m2

2 − 4m3[m3(ab− 1)−m1b] ≥ 0.
In the following, we discuss the equilibriums of un-

controlled system (3). Considering the steady state of
uncontrolled system (3), we have

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x3 + (x2 − a)x1 +m1x4 = 0,

1− bx2 − x2
1 +m2x4 = 0,

− x1 − cx3 +m3x4 = 0,

− x1x2x3 = 0.

(5)

To obtain the equilibrium of the system (3), it is
necessary to solve Eq.(5). From the last equation of
Eq.(5), it can be seen that several cases should be con-
sidered separately.

Assume that x1 = 0, then Eq.(5) becomes

⎧⎪⎨
⎪⎩

x3 +m1x4 = 0,

1− bx2 +m2x4 = 0,

− cx3 +m3x4 = 0.

(6)

According to Eq.(6), we easily derive that
(i) If b > 0 and cm1 +m3 �= 0, then x1 = 0, x2 = 1

b ,
x3 = 0, x4 = 0, then the system (3) has an equilibrium
(0, 1

b , 0, 0).
(ii) If b > 0 and cm1 + m3 = 0, then x1 = 0, x2 =
1+m2γ1

b , x3 = −m1γ1, x4 = γ1. Therefore, the system

(3) has an equilibrium (0, 1+m2γ1

b ,−m1γ1, γ1).
Similar to the above discussion, we can easily discuss

others cases: x2 = 0, x3 = 0, x1 = x2 = 0, x1 = x3 =
0, x3 = x3 = 0, x1 = x2 = x3 = 0. Due to page limit,
the discussions are omitted.

From the above analysis, we can conclude the
following results:

Theorem 1. Consider system (3), the following
results hold.
1) If (A1) and (A2) hold, then system (3) has an
equilibrium (0, 1+m2γ1

b ,−m1γ1, γ1).
2) If (A1) and (A3) hold, then system (3) has an
equilibrium (0, 1

b , 0, 0).
3) If (A2) holds, then system (3) has an equilibrium
(0, 0, m1

m2
,− 1

m2
).

4) If (A3) holds, then system (3) has an equi-

librium ( (cm1+m3)γ2

1+ac , 0, (am3−m1)γ2

1+ac , γ2), where

γ2 =
m2(1+ac)2±

√
m2

2(1+ac)4+4[(cm1+m3)(1+ac)]2

2(cm1+m3)2
.

5) If (A1) and (A4) hold, then system (3) has an
equilibrium (0, 1+m2γ3

b , 0, γ3).
6) If (A1) and (A5) hold, then system (3) has an
equilibrium (0, 1

b , 0, 0).
7) If (A1) and (A6) hold, then system (3) has an

equilibrium (m3γ4,
1−m3

3γ
2
4+m2γ4

b , 0, γ4),
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where γ4 =
m2±

√
m2

2−4m3[m3(ab−1)−m1b]

2m2
3

.

Remark 1: In Theorem 1, in general, the num-
ber of the equilibrium of the system (6) is different
for given parameter values a, b, c, m1, m2 and m3.

It is not difficult to see that characteristic equation
of the controlled system (4) at the equilibrium point
(x∗

1, x
∗
2, x

∗
3, x

∗
4) is

λ4 + P1λ
3 + P2λ

2 + P3λ+ P4 = 0, (7)

where

P1 =(k1 + k2 + k3 + k4) + a+ b+ c− x∗
2,

P2 =(k1k2 + k1k3 + k1k4 + k2k3 + k2k4 + k3k4) + [a(k2

+ k3 + k4) + b(k1 + k3 + k4) + c(k1 + k2 + k4)]

− (k2 + k3 + k4 + b+ c)x∗
2 +m1x

∗
2x

∗
3 +m2x

∗
1x

∗
3

+m3x
∗
1x

∗
2 + 2(x∗

1)
2 + ab+ bc+ ac+ 1,

P3 =(k1k2k3 + k1k2k4 + k1k3k4 + k2k3k4) + a(k2k3

+ k3k4 + k2k4) + b(k1k3 + k1k4 + k3k4) + c(k1k2

+ k1k4 + k2k4) + ab(k3 + k4) + bc(k1 + k4) + ac

· (k2 + k4) + k2 + k4 + (bm3 +m3k2 + am3 + am2

+m3k1 −m1)x
∗
1x

∗
2 + (cm2 +m2k3 +m2k1)x

∗
1x

∗
3

+ (cm1 +m1k3 + bm1 +m1k2 +m3)x
∗
2x

∗
3 − (k2k3

+ k2k4 + k3k4 + bk4 + ck4 + bk3 + ck2 + bc)x∗
2

+ 2(k3 + k4 + c)(x∗
1)

2 − 2m1(x
∗
1)

2 −m3x
∗
1(x

∗
2)

2 + b,

P4 =k1k2k3k4 + ak2k3k4 + bk1k3k4 + ck1k2k4 + abk3k4

+ bck1k4 + ack2k4 + k2k4 + (abc+ b)k4 + (−bm1

−m1k2 + abm3 + am3k2 + bm3k1 +m3k1k2)x
∗
1x

∗
2

+ (bm3 +m3k2 + bcm1 + bm1k3 + cm1k2 +m1m2

·m3)x
∗
2x

∗
3 +m2(1 + ac+ ak3 + ck1 + k1k3)x

∗
1x

∗
3

−m3(b+ k2)x
∗
1(x

∗
2)

2 − 2(cm1 +m3)(x
∗
1)

2x∗
3

−m2(x
∗
1)

2x∗
2 − 2(m1k3 − ck4 − k3k4)(x

∗
1)

2

+ 2m3(x
∗
1)

3x∗
2 − k4(bc+ bk3 + ck2 + k2k3)x

∗
2.

According to Theorem 1, we can obtain the follow-
ing Theorem 2 without difficulty.

Theorem 2. If a = 2.1, b = 0.01, c = 2.6,
m1 = 8.4, m2 = 6.4, m3 = 2.2, then the controlled
system has the following five equilibriums:

E∗
1 = (0, 100, 0, 0),

E∗
2 = (2.1788, 0,−0.3426, 0.5855),

E∗
3 = (−0.4589, 0, 0.0727,−0.1233),

E∗
4 = (3.2245,−1.7182, 0, 1.4657),

E∗
5 = (−0.3155,−1.7182, 0,−0.1434).

Applying the results in [10] and together with Theo-
rem 2 and (7), we can obtain the following Theorem.

Theorem 3. When a = 2.1, b = 0.01, c = 2.6,
m1 = 8.4, m2 = 6.4, m3 = 2.2, E∗

1 = (0, 100, 0, 0), the
controlled system (4) converges to the equilibrium E∗

1

if the feedback gain k1, k2, k3, k4 satisfy following
conditions:

P1 > 0, P1P2−P3 > 0, P1P2P3−P 2
3−P 2

1P4 > 0, P4 > 0.

Proof. Substituting a = 2.1, b = 0.01, c = 2.6,
m1 = 8.4, m2 = 6.4, m3 = 2.2 x∗

1 = 0, x∗
2 = 100 and

x∗
3 = 0 into Eq.(7), then we can obtain the coefficients

of Eq.(7). According to Routh-Hurwitz criterion of
fractional-order differential equation, from Eq.(7), we
obtain that

P1 > 0,

∣∣∣∣P1 1
P3 P2

∣∣∣∣ > 0,

∣∣∣∣∣∣
P1 1 0
P3 P2 P1

0 P4 P3

∣∣∣∣∣∣ > 0, P4 > 0.

Hence, P1 > 0, P1P2 −P3 > 0, P1P2P3 −P 2
3 −P 2

1P4 >
0, P4 > 0. The proof of Theorem 3 is completed.

Similarly, if the proper feedback gains k1, k2, k3, k4
are given, the controlled system (4) converges to the
desirable equilibriums E∗

2 , E∗
3 , E∗

4 , E∗
5 , respectively,

which are omitted here.

Remark 2. The obtained conditions of Theo-
rem 3 are merely sufficient conditions.

Remark 3. Comparing with [1, 6], the con-
trollers used in our paper are more convenient and
flexible, for each case, a variety of options can be
adopted to stabilize the controlled system (4) to the
desirable equilibrium.

5. Illustrative examples

To evaluate the effectiveness of proposed scheme,
simulation results are presented based on the fractional
predictor algorithm developed in [11].

The selected parameters all are taken from [6],
α = 0.95, a = 2.1, b = 0.01, c = 2.6, m1 = 8.4,
m2 = 6.4, m3 = 2.2. [6] displays that the un-
controlled system (4) is chaotic. Choosing the feed-
back gains (k1, k2, k3, k4) = (100, 6, 2, 4), which satis-
fies Theorem 3, from Eq.(7), we get (λ1, λ2, λ3, λ4) =
(−2.6,−4,−4.1,−6.01). Figure.2 displays that the e-
quilibrium E∗

1 = (0, 100, 0, 0) of the controlled system
(4) is asymptotically stable.

In addition, we may select other appropriate gain
parameters k1, k2, k3, k4, the controlled system (4)
converges to the desirable equilibriums E∗

2 , E∗
3 , E∗

4 ,
E∗

5 , respectively, which are demonstrated in Figure.3-
6.
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Figure 2: The trajectories of the controlled system (4)
converge to the equilibrium E∗

1 = (0, 100, 0, 0) when
α = 0.95, where k1 = 100, k2 = 6, k3 = 2, k4 = 4.
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Figure 3: The trajectories of the controlled
system (4) converge to the equilibrium E∗

2 =
(2.1788, 0,−0.3426, 0.5855) when α = 0.95, where
k1 = 1, k2 = 3, k3 = 2, k4 = 1.
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Figure 4: The trajectories of the controlled
system (4) converge to the equilibrium E∗

3 =
(−0.4589, 0,−0.0727,−0.1233) when α = 0.95, where
k1 = 2, k2 = 1, k3 = 2, k4 = 3.
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Figure 5: The trajectories of the controlled
system (4) converge to the equilibrium E∗

4 =
(3.2245,−1.7182, 0, 1.4657) when α = 0.95, where
k1 = 2, k2 = 2, k3 = 3, k4 = 4.
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Figure 6: The trajectories of the controlled
system (4) converge to the equilibrium E∗

5 =
(−0.3155,−1.7182, 0,−0.1434) when α = 0.95, where
k1 = 1, k2 = 1, k3 = 1, k4 = 1.

6. Conclusion

In this paper, we have proposed a state feedback
controller to stabilize fractional chaotic system to de-
sirable equilibrium, and the equilibriums of the origi-
nal system are kept completely. Analysis reveals that
our control technique is feasible to implement and the
obtained results are more simpler.
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Abstract– In a complex dynamical network, one node
of the network often has multidimensional dynamics. In
this paper, the controllability of complex dynamical
networks with multidimensional node dynamics is studied.
Using the Maximum Matching principle, the minimum
number of controlled nodes is obtained. Rigorous criteria
are deduced to find out the driver nodes and some
simulations are given to effectively verify the proposed
schemes.

1. Introduction

A complex dynamical network is composed of
numerous nodes, which are driven by time-dependent
characteristics diversely [1-3]. Multiple existences of
complex dynamical networks have extended everywhere
from social networks [4], communication networks [5],
power grids [6], the Internet [7], etc, which have a far-
reaching influence on our daily life. For a long time,
people have been arguing that how to control a complex
dynamical network effectively and have developed many
methods, including adaptive feedback control [8], pinning
control [9], impulse control [10], event-triggered control
[11], etc.

Recently, much attention has been paid on the
controllability of complex dynamical networks [12-17].
Liu  .et al [12] firstly studied this problem, and proposed
the so-called minimum input theorem. It is used to decide
the minimum number of driver nodes by using the
Maximum Matching principle in graph theory. Their most
contribution is that they introduce the Maximum
Matching principle into the study of network
controllability. In [12], the dynamic of each node in the
network is described by the one-dimensional linear system,
thus the network they considered is actually a
multidimensional linear system. However, in most
physical complex dynamical networks, the node often has
multidimensional dynamics. In [13], the control centrality
is introduced to quantify the ability that one single node
fully control a directed and weighted complex network.

An exact controllability example of complex dynamical
networks is introduced by Yuan  .et al [15]. Based on the
eigenvalues and rank of the network matrix, they shown
that the minimum number of driver nodes is fixed and
determined by the maximum geometric multiplicity of the
network matrix. Their framework is valid for both
directed and undirected networks. A perturbation approach
to optimizing the controllability of complex dynamical
networks is proposed in [16]. They selected proper
locations judiciously at which as few as possible links are
added so that the full rank condition could be satisfied,
that is, the whole perturbed complex network could be
fully controlled by only one external input. However,
most existing researches on the controllability of complex
dynamical networks [12-16] are still concentrated on the
network characterized by one-dimensional node dynamics,
which is impractical to most complex networks whose
node dynamics are often multidimensional. The node
dynamics should be the vital factor to determine the
controllability of complex networks [17]. If all nodes in a
complex dynamical network could perceive and use their
own states, which means each node has its own self-loop,
then the whole network is perfect matching and its
controllability is not determined by the degree distribution
but the node dynamics.

In this paper, we investigate the controllability problem
of the complex dynamical network assuming that the node
of the network has n-dimensional  1n  dynamics. By
using the Maximum Matching principle, we achieve the
minimum number of driver nodes. Corresponding criteria
have been obtained. The rest parts of this paper are
arranged as follows. In Section 2, considering the states of
driver nodes could be fully controlled, the controllability
of complex networks with n-dimensional node dynamics
is studied. In Section 3, several simulation examples are
given to demonstrate the validity of the proposed schemes.
Some conclusions are provided in Section 4.

2. Controllability of general complex networks
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Consider a complex dynamical network ( )G D whose
topology structure is represented by D consisting of N
nodes with n-dimensional dynamics, shown in Eq. (1):

1
( ) ( ( )) ( ),

N

i i i ij ij j
j

x t f x t d x t


   (1)

where , 1,2,...,i j N ,  1 2( ) ( ), ( ), , ( ) T n
i i i inx t x t x t x t R 

is the state vector of the thi node, : n n
if R R R  is a

smooth nonlinear vector field, which describes the
dynamic behavior of the thi node.   N N

ij N N
D d R 


  is

the configuration matrix which implies the interactive
structure underlying the complex network. 0ijd  if there
exists a directed connection from node i to node j
( i j ), otherwise 0ijd  . Define the diagonal elements

of D as
1,

N

ii ij
j j i

d d
 

   .   n n
ij pq ij

R    is the inner

coupling matrix whose elements represent relations
between each node and the whole network, suggesting
that how combinations of state variables in different nodes
influence the complex network.

For generality, three hypotheses are introduced here:
Hypothesis 1 (H1) The topology matrix D is symmetric,
i.e., ij jid d , which means all the interconnections
between any two nodes are undirected.
Hypothesis 2 (H2) The inner coupling matrix ij is
simplified as identity matrix which describes a mostly
common type of coupling. The coupling manner between
any two nodes is actually reflected in the interactions
between corresponding states in each node.

For simplicity, we assume the node dynamics of the
network as an n-dimensional linear system. The complex
network ( )G D could be expressed by Eq. (2) from Eq. (1):

1
( ) ( ) ( ) ( ),

N

i i ij j i i
j

x t Ax t d x t b u t


    (2)

where  1 2( ) ( ), ( ), , ( ) T m
i i i imu t u t u t u t R  is called the

input vector, which is injected to control the
corresponding node through the input matrix n m

ib R  .

  n n
ij n n

A a R 


  is the system matrix. It is assumed that

there exist zero elements in A , which means the linear
system is not fully coupling.
Hypothesis 3 (H3) For a given complex network, if there
exist certain nodes needed to be controlled, that is, every
state of those nodes then would be imposed control inputs
on independently.

In the following, the Maximum Matching principle is
utilized to find out which nodes and state variables are
unmatched such that we could impose effective inputs
accordingly. For the complex network ( )G D composed of
N n-dimensional dynamical nodes, it could be view as n

simple artifact networks  ( ) | 1, 2,...,kG D k n , as Fig. 1
shows:

Fig. 1 ( )G D is viewed as  ( ) | 1, 2kG D k  .

Select one ( )kG D arbitrarily and implement the
Maximum Matching principle on it, it is easy to decide
whether ( )kG D is perfect matching: if so, any one node
could be chosen as the driver one; if not, unmatched nodes
would be imposed control inputs on directly. If only those
nodes singled out through the Maximum Matching
principle are injected effective inputs accordingly, the
origin complex network ( )G D would be controllable.
Theorem 1 Suppose that (H1), (H2) and (H3) hold. For
the complex network ( )G D with n-dimensional node
dynamics, its controllability is equivalent to the
counterpart of ( )kG D with one-dimensional node
dynamics.
Proof The key to address the structural controllability
problem of the complex network with n-dimensional node
dynamics lies in ‘isolating’ the origin network ( )G D into
n artifact subnetworks  ( ) | 1, 2,...,kG D k n . There are
two prerequisites for the so-called ‘isolation’: (1) (H2)
holds. Whether the node states could be matched or not
completely depends on the coupling structure D rather
than the node dynamics A (2) (H3) holds. (H3)
guarantees that all  ( )kG D would not differ from each
other after imposing control inputs on certain nodes. In
every ( )kG D , it takes the same way to fulfill the
maximum matching and eliminate the unmatched nodes
with external inputs. Once these two prerequisites are
satisfied, ( )G D , with n-dimensional node dynamics,
could be viewed as n independent subnetworks  ( )kG D ,
with one-dimensional node dynamics. By now one
arbitrary ( )kG D would be available for the Maximum
Matching principle. If one ( )kG D is controllable, the
others would be either. Then the origin complex network

( )G D would be controllable. The proof is done. □

Theorem 1 has essential interpretations to the
controllability of undirected complex networks attached
multidimensional node dynamics, which is significant in
practical applications.

3. Simulation examples
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A complex network ( )G D composed of ten dynamical
nodes is chosen here for simulation, which is shown as Eq.
(3):

10

1
( ) ( ) ( ),i i ij j

j
x t Ax t d x t



   (3)

The star-shaped structure is selected as the node
dynamics, which is described by the system matrix A as
shown in Fig. 2:

0 0 0 0
1 0 0 0

,
1 0 0 0
1 0 0 0

A

 
 
 
 
 
 

1 0 0 0
0 1 0 0

,
0 0 1 0
0 0 0 1

 
 
  
 
 
 

1

2

3

4

( )
( )

( ) ,
( )
( )

i

i
i

i

i

x t
x t

x t
x t
x t

 
 
 
 
 
 

Fig. 2 The node dynamics.

The topology structure of ( )G D is set as D , which is
shown in Fig. 3:

0 0 0 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 1 0 0
0 0 0 1 0 0 0 0 0 0

,
0 1 0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 1 0
0 1 0 0 0 0 0 1 0 1
0 0 0 0 0 1 0 0 1 0

D

 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

Fig. 3 The topology structure of ( )G D .

It evidently satisfies Hypothesis 1 and 2. If every state
of the driver node is controlled directly, namely
Hypothesis 3 holds, then ( )G D could be viewed as four

subnetworks  1 2 3 4( ), ( ), ( ), ( )G D G D G D G D , which have
the same coupling structure D as shown in Fig. 4:

Fig. 4 The coupling structure of  ( ) | 1, 2,3, 4kG D k  .

Apply the Maximum Matching principle on an arbitrary
( )kG D and its bipartite graph is demonstrated as Fig. 5:

Fig. 5 The bipartite graph of ( )kG D .

From Fig. 5, it seems obviously that nodes  5, 8X X
are unmatched, which should be chosen as driver nodes:

Fig. 6 The controlled network ( )G D .

Eq. (3) is rewritten as Eq. (4), with injected inputs
 5, 8U U , which is shown as follows:

10

1
( ) ( ) ( ) ( ),i i ij j i i

j
x t Ax t d x t b u t



    (4)

where

1

2

3

4

( )
( )

( )
( )
( )

i

i
i

i

i

u t
u t

u t
u t
u t

 
 
 
 
 
 

, 5 8

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

b b

 
 
  
 
 
 

, ib O ,

1,2,3,4,6,7,9,10i  .
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Fig. 7 illustrates that every state of all nodes in the
complex network ( )G D converges eventually to zero
after imposing proper inputs on fully controlled driver
nodes, which verifies the correctness of the proposed
criteria that only controlling the minimum number of
nodes could control the whole network with
multidimensional node dynamics.

.

Fig. 7 Node states of the controlled network ( )G D with fully controlled
driver nodes.

5. Conclusions

The structural controllability of general complex
networks with multidimensional node dynamics is
investigated specifically in this paper. The Maximum
Matching principle plays an important role in picking out
the minimum number of nodes which should be controlled
directly. Rigorous criteria are deduced and proofs are
given accordingly. Simulation examples verify the
feasibility of the control scheme we proposed.

On the one hand, this paper provides a fully sufficient
condition; on the other hand, it might be still too ideal to
be met in practice. Thus, the more subtle problem that
whether it is possible to control complex dynamical
networks with only partial states of driver nodes would be
investigated in our future work.
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Abstract—This paper investigates the global robust

stability problem for the complex-valued networks with

constant delay, where the system matrix parameters are

time-varying within the given intervals. Based on the Lya-

punov functional method and some properties of the norm

of matrices, sufficient criteria are presented to ascertain the

global stability of the uncertain networks. The activation

functions discussed here are no longer required to be

derivable. What is more, the results established depend

not only on the lower bound but also the upper bound

information of the uncertain matrices, whereas the existed

related criteria just utilize the lower bound information

of the uncertain self-feedback matrices. One numerical

example is also provided to illustrate the effectiveness of

the obtained results.

1. Introduction

In the past few years, due to the extensive applications

such as classification of signal processing, pattern recogni-

tion, and associative memory and so on, the recurrent net-

works have been widely studied, see [1, 2] for example. It

is well known that time delays often occur in signal trans-

mission among neurons in the electronic implementation

of networks, which would influence the dynamics of the

networks. Recently, dynamics of complex-valued neural

networks with time delays have been widely studied, see

[3, 4] and the references cited therein.

As is known to us, the activation functions play an im-

portant role in the dynamics of neural systems. Howev-

er, according to Liouville’s theorem, every bounded entire

function must be a constant function in the complex do-

main. Therefore, it is a big challenge to choose appropriate

activation functions for the complex-valued networks. Re-

cently, different kinds of complex-valued activation func-

tions have been proposed. It should be mentioned that in

[5], the derivatives of the activation functions are supposed

to exist and be continuous, however, in this paper, both the

real part and imaginary part of the activation functions are

no longer required to be derivable.

In practical implementation of neural systems, the val-

ues of the weight coefficients are subject to uncertainties.

Robust stability results could be seen in references [6, 7].

To the best knowledge of the authors, there are not enough

papers which are concerned about the robust stability of

uncertain complex-valued networks with delays. Motivat-

ed by the above discussions, the aim of this paper is to s-

tudy the robust stability of complex-valued recurrent neu-

ral networks with interval parameter uncertainties and time

delays.

2. Preliminaries

Consider the following complex-valued recurrent neural

networks with time delay as follows:

�
z(t) = −Cz(t) + A f (z(t)) + B f (z(t − τ)) + L, (1)

where z(t) = (z1(t), . . . , zn(t))T ∈ C
n is the state

vector of the neural networks with n neurons at

time t, C = diag{c1, · · · , cn} ∈ R
n×n with ck > 0

(k = 1, . . . , n) is the self-feedback connection weight

matrix, A = (ak j)n×n ∈ C
n×n and B = (bk j)n×n ∈ C

n×n are,

respectively, the connection weight matrix and the delayed

connection weight matrix. τ is the constant time delay

and L = (l1, . . . , ln)T ∈ C
n is the external input vector.

f (z(t)) = ( f1(z1(t)), . . . , fn(zn(t)))T : C
n → C

n denotes

the vector-valued activation function, which satisfies the

condition given bellow.

Assumption 1. Let z = z1 + iz2 with z1, z2 ∈ R.

fk(z) can be expressed by its real and imaginary parts with

fk(z) = f R
k (z1) + i f I

k (z2),

where k = 1, 2, · · · , n; f R
k (·), f I

k (·): R → R are bounded

and monotonically nondecreasing which satisfy the follow-

ing Lipschitz continuous condition

| f R
k (z1) − f R

k (̂z1)| ≤ rk |z1 − ẑ1|,
| f I

k (z2) − f I
k (̂z2)| ≤ sk |z2 − ẑ2|;

in which rk, sk are known constants, and z1, z2, ẑ1, ẑ2 are

any numbers in R.

With the above Assumption, if we denote z(t) = x(t) +
iy(t) with x(t), y(t) ∈ Rn, then the complex-valued recurrent

neural network (1) can be rewritten as follows:

�
v(t) = −C̃v(t) + Ãg(v(t)) + B̃g(v(t − τ)) + ζ, (2)

where g(v(t)) = (( f R(x(t)))T , ( f I(y(t)))T )T , v(t) =

(xT (t), yT (t))T , ζ = ((LR)T , (LI)T )T , C̃ = diag{C,C},

Ã =
(

AR −AI

AI AR

)
, B̃ =

(
BR −BI

BI BR

)
.
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It is well known that the bounded activation function-

s could always guarantee the existence of the equilibrium

points for system (2). Assume that v∗ = (v∗1, v
∗
2, . . . , v

∗
2n) is

an equilibrium point of (2). In order to simplify the proofs,

by setting u(t) = v(t) − v∗, system (2) can be transformed

into the following form:

�
u(t) = −C̃u(t) + Ãφ(u(t)) + B̃φ(u(t − τ)), (3)

where φ(u(t)) = g(u(t)+ v∗)−g(v∗). According to Assump-

tion 1, it is easy to know that the function φ(·) is monoton-

ically nondecreasing and

|φk(uk)| ≤ hk |uk |, ∀uk ∈ R, k = 1, 2, . . . , 2n (4)

where hk = rk (k = 1, 2, . . . , n) and hk = sk (k =
n + 1, n + 2, . . . , 2n).

Lemma 1.[8] For matrix E = (ek j)n×n ∈ [E, E], i.e.,

ek j ≤ ek j ≤ ek j with E = (ek j)n×n and E = (ek j)n×n, we have

‖E‖2 ≤ ‖E∗‖2+‖E∗‖2, where E∗ = (E+E)/2, E∗ = (E−E)/2
and ‖E‖2 is the induced 2-norm of matrix E.

3. Main results

In this section, by utilizing the Lyapunov functional

method and some inequalities analysis, we give, respec-

tively, the result for the deterministic networks and the

result for uncertain networks.

Theorem 1. Suppose that the Assumption 1 is sat-

isfied, then the complex-valued neural network (1) is

globally asymptotically stable if there exist two di-

agonal matrices P = diag{p1, p2, . . . , p2n} > 0 and

D = diag{d1, d2, . . . , d2n} > 0 such that

Ξ = PC̃ + C̃P − PÃC̃−1ÃT P

−PB̃D−1B̃T P − (C̃ + D)H2 > 0. (5)

where H = diag{h1, h2, . . . , h2n}.
Proof. First, the uniqueness of the equilibrium point will

be proved. Consider the equation as follows:

C̃u∗ − Ãφ(u∗) − B̃φ(u∗) = 0. (6)

It is easy to know that if u∗ = 0, then equation (6) holds,

i.e., u∗ = 0 is an equilibrium of (3). Now, let u∗ � 0,

multiply both sides of (6) by 2(u∗)T P, one gets that

2(u∗)T PC̃u∗ = 2(u∗)T PÃφ(u∗) + 2(u∗)T PB̃φ(u∗)

≤ (u∗)T PÃC̃−1ÃT Pu∗ + (u∗)T PB̃D−1×
B̃T Pu∗ + φT (u∗)(C̃ + D)φ(u∗). (7)

It follows from (4) that

φT (u)φ(u) ≤ uT H2u, ∀u ∈ R (8)

from which, one could obtain that

φT (u∗)(C̃ + D)φ(u∗) ≤ (u∗)T (C̃ + D)H2u∗. (9)

Substituting inequality (9) into (7) yields that

(u∗)TΞu∗ ≤ 0. (10)

From condition (5), one has that for u∗ � 0

(u∗)TΞu∗ > 0, (11)

which contradicts with (10) and hence implies that the e-

quilibrium point u∗ = 0 is unique. This means the equilib-

rium point of system (1) is also unique.
Second, we shall prove that system (3) is globally

asymptotically stable. Consider the following Lyapunov
functional candidate:

V(u(t)) = uT (t)Pu(t) +
∫ t

t−τ
φT (u(s))Dφ(u(s))ds. (12)

Calculating the time derivative of V(u(t)) along the trajec-

tories of (3), it can be obtained that

�
V(u(t)) ≤ − 2uT (t)PC̃u(t) + uT (t)PÃC̃−1ÃT Pu(t)

+ φT (u(t))C̃φ(u(t)) + φT (u(t))Dφ(u(t))

+ uT (t)PB̃D−1BT Pu(t)

≤ − u(t)T
(
PC̃ + C̃P − PÃC−1ÃT P

−PB̃D−1B̃T P − (C̃ + D)H2
)

u(t).

Since PC̃ + C̃P− PÃC̃−1ÃT P− PB̃D−1B̃T P− (C̃ +D)H2 is

positive definite, hence
�

V(u(t)) < 0 holds for all u(t) � 0.

Therefore, network (3) or equivalently system (1) is glob-

ally asymptotically stable. The proof is complete. �

As discussed in the Introduction, system matrices are al-

ways indeterministic when describing the practical physi-

cal plant due to various reasons. In this paper, it is assumed

that the parameters C, A and B of the complex-valued re-

current neural networks (1) are uncertain and bounded. To

be specific, C ∈ Cr, A ∈ Ar and B ∈ Br, where matrices

sets Cr, Ar and Br are described as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Cr := {C = diag{c1, . . . , cn}| 0 < ck ≤
ck ≤ ck},

Ar := {A = (ak j)n×n| aR
k j ≤ aR

k j ≤ aR
k j,

aI
k j ≤ aI

k j ≤ aI
k j},

Br := {B = (bk j)n×n| bR
k j ≤ bR

k j ≤ b
R
k j,

bI
k j ≤ bI

k j ≤ b
I
k j; k, j = 1, 2, . . . , n},

(13)

in which C = diag{c1, . . . , cn}, C = diag{c1, . . . , cn}, A =
(ak j)n×n, A = (ak j)n×n, B = (bk j)n×n and B = (bk j)n×n

are given known matrices in C
n×n. Therefore, the param-

eters C̃, Ã and B̃ of the complex-valued recurrent neural
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networks (2) are also uncertain and bounded. In the fol-

lowing, for represention brevity, denote C̃ = diag{C,C},
C̃ = diag{C,C},

Ã =
(

AR −A
I

AI AR

)
, B̃ =

(
BR −B

I

BI BR

)
,

Ã =

⎛⎜⎜⎜⎜⎜⎝ A
R −AI

A
I

A
R

⎞⎟⎟⎟⎟⎟⎠ , B̃ =

⎛⎜⎜⎜⎜⎜⎝ B
R −BI

B
I

B
R

⎞⎟⎟⎟⎟⎟⎠ .
Definition 1. The complex-valued recurrent neural net-

works (1) with the parameters range defined by (13) is

globally robustly stable if the equilibrium point z∗ =
(z∗1, . . . , z

∗
n)T of the system (1) is globally asymptotically

stable for all C ∈ Cr, A ∈ Ar, B ∈ Br.

Theorem 2. Suppose that the Assumption 1 is sat-

isfied, then the complex-valued recurrent neural network

(1) subject to parameter uncertainties in (13) is globally

robustly stable if there exist two diagonal matrices P =
diag{p1, p2, . . . , p2n} > 0 and D = diag{d1, d2, . . . , d2n} > 0

such that

2ρ − α−1‖P‖22(‖Ã∗‖2 + ‖Ã∗‖2)2 − ‖P‖22(‖B̃∗‖2
+‖B̃∗‖2)2‖D−1‖2 − β‖H2‖2 > 0, (14)

where ρ = min1≤k≤n{pkck, pn+kck}, α = min1≤k≤n{ck}, β =
max1≤k≤n{c̄k + dk, c̄k + dn+k}.
Proof. Similar to Theorem 1, construct the Lyapunov func-

tional candidate in (12) and calculate the time derivative of

V(u(t)) along the trajectories of (3), by utilizing Lemma 1

and (9), one gets that

�
V(u(t)) ≤ − 2uT (t)PC̃u(t) + uT (t)PÃC̃−1ÃT Pu(t)

+ u(t)T (C̃ + D)H2u(t)

+ uT (t)PB̃D−1B̃T Pu(t)

≤ − 2ρ‖u(t)‖22 + ‖P‖22‖Ã‖22‖C̃−1‖2‖u(t)‖22
+ ‖P‖22‖B̃‖22‖D−1‖2‖u(t)‖22
+ ‖C̃ + D‖2‖H2‖2‖u(t)‖22
≤ − 2ρ‖u(t)‖22 + α−1‖P‖22(‖Ã∗‖2
+ ‖Ã∗‖2)2‖u(t)‖22 + ‖P‖22(‖B̃∗‖2
+ ‖B̃∗‖2)2‖D−1‖2‖u(t)‖22
+ β‖H2‖2‖u(t)‖22. (15)

It follows from condition (14) that
�

V(u(t)) is negative defi-

nite for u(t) � 0. Hence, the uncertain complex-valued net-

work (1) with parameters in (13) is globally robustly stable.

The proof is complete. �

Remark 1. In [9], the global robust stability of complex-

valued recurrent neural networks with time-delays and un-

certainties has been investigated. However, the sufficient

conditions obtained there only utilized the information of

C, while the information of C was omitted. In this paper,

the given condition in Theorem 2 includes not only the in-

formation of C but also the information of C.

4. Illustrative examples

In this section, an numerical example is given to demon-

strate the effectiveness of the proposed criteria. Consid-

er a two-neuron complex-valued recurrent neural network

described by (1) with τ = 2, L = (−2 + i, 6 + 8i)T , and

the parameter uncertainties are in the form of (13) with

C = diag{2.8, 2.9}, C = diag{3.1, 3.2},

A =

[ −0.1 − 0.2i 0.1 − 0.1i
0.1 + 0.2i −0.2 + 0.1i

]
,

A =

[
0.1 + 0.3i 0.2 + 0.2i
0.3 + 0.4i 0.2 + 0.3i

]
,

B =

[ −0.1 + 0.1i −0.1 + 0.2i
0.2 − 0.3i 0.3 − 0.1i

]
,

B =

[
0.1 + 0.3i 0.2 + 0.4i
0.4 − 0.1i 0.4 + 0.1i

]
.

For zk = xk + iyk with xk, yk ∈ R, the activation functions in

(1) are taken as

f R
k (zk(t)) =

1

2
(|xk + 1| − |xk − 1|),

f I
k (zk(t)) =

1

2
(|yk + 1| − |yk − 1|), k = 1, 2.

It is easy to verify that fk(·) satisfies Assumption 1 with

rk = 1 and sk = 1.

By resorting to Theorem 2, it is observed that there ex-

ist two diagonal matrices P = D = I satisfying condition

(14), i.e., 2ρ − α−1‖P‖22(‖Ã∗‖2 + ‖Ã∗‖2)2 − ‖P‖22(‖B̃∗‖2 +
‖B̃∗‖2)2‖D−1‖2 − β‖H2‖2 = 0.0575 > 0. Therefore, it fol-

lows from Theorem 2 that the complex-valued recurren-

t neural network (1) is globally robustly stable.

For simulation aim, we take C = diag{2.9, 3} and

A =
[
−0.05 + 0.1i 0.15 + 0.1i

0.2 + 0.3i −0.1 + 0.2i

]
,

B =
[

0.05 + 0.2i 0.1 + 0.3i
0.3 − 0.2i 0.35 + 0.05i

]
.

Figure 1 and Figure 2 illustrate the time responses of the

states for the recurrent neural network (1).

5. Conclusion

In this paper, based on the Lyapunov functional method

and the matrix analysis technique, not only the lower bound

information but also the upper bound information of the un-

certain self-feedback matrix have been considered to estab-

lish the sufficient conditions to ascertain the robust stability
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Figure 1: Trajectories of the real parts x(t) of the states z(t)
for network (1).
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Figure 2: Trajectories of the imaginary parts y(t) of the s-

tates z(t) for network (1).

for the complex-valued recurrent neural networks with in-

terval time-varying parameters and constant delay. One nu-

merical simulation further demonstrates the effectiveness

of the obtained criteria. In the near future, research top-

ics include the stability analysis of the complex-valued re-

current neural networks with discontinuous activation func-

tions and stochastic disturbances.
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Abstract—In this paper, we study the bifurcation and bifurcation 
control of a single-gene expression model mediated by small 
RNAs (sRNAs) with two delays. We first show the effect of 
sRNAs on the stability and bifurcation of the single-gene 
expression model. Then we control the Hopf bifurcation by using 
a hybrid control strategy. Under the control, the onset of the 
critical value of the undesirable Hopf bifurcation is postponed, 
and thus the model can remain stable for a larger delay. Finally, 
we verify the correctness of the theoretical results through the 
numerical simulations. 

 

Keywords- single-gene expression model, small RNAs, Hopf 
bifurcation, Bifurcation control. 

 

I.  INTRODUCTION 
As we know, the studies on genetic regulatory networks not 

only involve a discussion of stability properties [1]–[3], but 
also involve other dynamic behaviors, such as periodic 
oscillatory behaviors [4], chaos and bifurcation [5]–[7]. The 
bifurcations, which involve the emergence of oscillatory 
behaviors, may provide an explanation for the parameter 
sensitivity observed in practice in many realistic genetic 
regulatory networks. On the other hand, if we understand more 
about the bifurcation behaviors of genetic regulatory networks, 
we can apply the bifurcation control methods to achieve some 
desirable behaviors that benefit the networks. Thus, the study 
of bifurcations on genetic regulatory networks is quite 
important. 

In general, bifurcation control refers to the control of 
bifurcation properties of nonlinear dynamic systems, thereby 
resulting in some desired output behaviors of the systems, 
such as delaying the onset of an inherent bifurcation, 
stabilizing an unstable bifurcated solution or branch, and 
changing the critical values of an existing bifurcation [8]. 
Various bifurcation control approaches have been proposed in 
the literature [9]–[13]. Particularly, for the problem of 
relocating an inherent Hopf bifurcation, a dynamic state 
feedback control law incorporating a washout filter was 
proposed [9]. Later, the state feedback scheme was 
successfully developed to control Hopf bifurcations of 
autonomous systems [10], [11]. It should be noted that the 
state feedback scheme was first proposed to realize the control 
of the Hopf bifurcation for time-delayed systems [13], [14]. 
However, much less is known in the case of applying the 

hybrid to control bifurcations arising from time-delayed 
systems.    

To motivate our present study in this area, we recall that the 
gene regulation process in cells is governed not only by 
mRNAs and proteins, but also by small RNA (sRNA) 
molecules [18], [22]. There has been considerable 
experimental evidence that sRNAs can play a major role in 
gene regulation processes [17], [24]. The sRNAs are 
transcripts of an organism’s genome, similar to the mRNAs 
that encode proteins. Unlike mRNAs, however, the main 
function of sRNAs is to regulate the expression of other genes, 
which they accomplish by binding to target mRNAs or by 
interacting with proteins. The sRNAs act as guides to direct 
mRNAs degradation, translational repression, hetero-
chromatin formation and DNA elimination [16], [20]. It would 
be logical to suppose that the sRNAs in gene regulatory 
networks could have a significant impact on network 
dynamics. 

To our knowledge, the first gene regulatory model mediated 
by sRNAs was proposed by Shen et al. [15]. They derived the 
theoretical results of the globally asymptotic stability and 
provided the sufficient conditions for the oscillation. In this 
paper, we illustrate the effect of sRNAs on the gene regulation 
by a comparison analysis of the dynamics between a single-
gene regulatory network without and with sRNAs firstly. Then 
a new method is presented to control the Hopf  bifurcation of a 
delayed single-gene expression model. Finally, through the 
numerical simulations we verify the correctness of the 
theoretical results. 

II. SINGLE-GENE EXPRESSION MODEL WITHOUT OR WITH 
SRNAS 

In this section, we introduce a single-gene regulatory 
network without or with sRNAs. This network is an important 
class of genetic regulatory networks. Its mathematical model 
has been derived and has been experimentally and/or 
theoretically investigated in [15], [19]. Then we give the effect 
of sRNAs on the stability and Hopf bifurcation of the single-
gene regulatory network model. 

SINGLE-GENE EXPRESSION MODEL WITHOUT SRNAS 
Lewis [19] has proposed a single-gene regulatory network 

model with time delays described by the following equations 
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where and ( )p t  are the concentrations of the mRNA and 
protein, respectively, 0a >  and 0b >  are the degradation 
rates of the mRNA and protein, respectively, and 0a >  is the 
synthesis rate of the protein. Then a significant time, 1t  
elapses between the initiation of transcription and the arrival 
of the mature mRNA molecule in the cytoplasm. Likewise, 
there is a delay, 2t  between the initiation of translation and 
the emergence of a complete functional protein molecule. In 
addition, ( ( ))g p t t-  is the rate of the production of the 
mRNA, and ( )g x   is a function in the Hill form as follows: 

0

( ) ,
1 ( )n

g x
x
p

b
=

+
 

where the Hill coefficient representing the degree of 
cooperation is ( 0)n n > , and 0, pb  are positive constants. It is 
shown in [19] that model (2.1) can exhibit Hopf bifurcations 
as the sum of delays passes through some critical values. 

SINGLE-GENE EXPRESSION MODEL WITH SRNAS 
The sRNAs are often shown to act as inhibitors of the 

translation by base pairing with mRNAs in the ribosome 
binding site [17]. Shen et al. [15] incorporated the sRNA into 
the single-gene network (2.1) to study the regulatory effects of 
the sRNA. The corresponding differential equation model is 
described as follows 
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m t cm t ds t m t g p t
s t e ds t m t fs t
p t bp t am t
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ï = - + -î
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         (2.2) 

where ( )m t , ( )s t  and ( )p t  are the concentrations of the 
mRNA, sRNA and protein, respectively, 0c > , 0f >  and 

0b >  are the degradation rates of the mRNA, sRNA and 
protein, respectively, 0a >  is the synthesis rate of the protein, 

0e >   is the transcription rate of the sRNA, 0d >   is the rate 
of the sRNA pairing with the mRNA and ( )g x  is the sigmoid 
function or the function of the Hill form. In network (2.2), 

( )s t , ( )m t  represents the effect of base pairing between ( )s t  
and ( )m t . Shen et al. [15] have proved that there are periodic 
solutions for model (2.2) when the total delay 1 2t t t= +  
exceeds the critical value 0t  and the gene oscillation is also 
robust in the model. 

THE EFFECT OF SRNAS ON THE STABILITY AND HOPF 
BIFURCATION OF THE SINGLE-GENE EXPRESSION MODEL 

In this subsection, the comparison of the stability between 
network (2.1) without sRNAs and network (2.2) with sRNAs 

is given by some numerical examples, and the effect of sRNAs 
on the stability of the single-gene regulatory network model is 
shown. 

In [19], Lewis took the biologically meaningful values of 
parameters in network (2.1) without sRNAs as 4.5,a =  

0.23,b c= =  and ( )
2

2 2
33 40 .

40
g x

x
´

=
+

 He estimated the values 

of the total delay 1 2t t t= +  and the period of the oscillation 
which are far from the results observed in a real-life zebra fish. 
In [23], under this group of data, Wu accurately predicted 

7.55t =  min. It can be seen from Theorem 4.3 in [23] that the 
equilibrium ( ) ( )* *, 8.27,  161.76m p =  of network (2.1) is 

asymptotically stable when 0t t<  (see Fig. 2.1). On the other 
hand, as t  passes through the critical value 0 7.55t =  min, 
the equilibrium loses its stability and a Hopf bifurcation 
occurs, i.e. a periodic oscillation bifurcates from the 
equilibrium (see Fig. 2.2). 

For a consistent comparison, we consider the special case of 
network (2.2) with sRNAs: 4.5,a =  0.23,b c= =  and 

( )
2

2 2
33 40 ,

40
g x

x
´

=
+

   1,e =    0.1d = and   0.2f = , where the 

values of parameters , , ,a b c  and ( )g x  are same as those of 
network (2.1) without sRNAs used in [19], [23]. It follows 
from Equation (2.10) in [15] that 4.965t =  min. Note that the 
equilibrium ( ) ( ), 7.23,  1.08,  141.3, 9m s p* * * =  of network 
(2.2) is different as that of network (2.1), and the critical value 

0t  for network (2.2) decreases from 7.55 min to 4.965 min, 
implying that the onset of the Hopf bifurcation is advanced. 

Under these values of parameters, we choose 4.8t =  min 
0 .t<  According to Theorem 1 in [15],  trajectories of network 

(2) converge to the equilibrium ( ), ,m s p* * * , as shown in Fig. 
2.3. 

Under these values of parameters, we choose 5.2t =  min 
0t> , which is the same value as that used in Fig. 2.1. From 

Theorem 1 in [15], we conclude that instead of having a stable 
equilibrium, the equilibrium of network (2.2) becomes 
unstable and a Hopf bifurcation occurs, as shown in Fig. 2.4. 

 
Fig. 2.1 Phase portrait of system (2.1). The equilibrium point ( )* *,m p  is 
asymptotically stable, where 1 2 01.5 4 5.5 7.55.t t t t= + = + = < =  
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Fig. 2.2. Phase portrait of system (2.1). The equilibrium point ( )* *,m p  is 

unstable, where 1 2 01.5 6.2 7.7 7.55.t t t t= + = + = > =   

 
Fig. 2.3 Phase portrait of system (2.2). The equilibrium point ( )* * *,,m s p  is 

asymptotically stable, where 1 2 01.5 3 4.5 4.965.t t t t= + = + = < =  

 
Fig. 2.4. Phase portrait of system (2.2). The equilibrium point ( )* * *,,m s p  is 

unstable, where 1 2 01.5 4 5.5 4.965.t t t t= + = + = > =  

III. HOPF BIFURCATION CONTROL OF SINGLE-GENE 
EXPRESSION MODEL WITH SRNAS AND TWO DELAYS VIA 

HYBRID 
In this section, we design a hybrid law to the original single-

gene system (2.2) for controlling the Hopf bifurcation. 

It is well known that time delays cannot change the number 
and location of equilibriums of system (2). Let ( )* * *,,m s p  be 
the equilibrium of (2.2), which is the solution of the following 
equation 

( )=0,
0,
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The controlled system will be assumed as the follows 
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where the feedback gain parameter a  is negative.  

Remark 3.1: The hybrid controller can keep the equilibrium 
( ), ,m s p* * *  of system (2.2) unchanged. Thus, the bifurcation 
control can be realized without destroying the properties of the 
original system  (2.2). 

Remark 3.2: The hybrid scheme has been successfully used 
to control the Hopf bifurcation in various autonomous systems. 
However, we first apply this scheme to the time-delayed 
genetic regulatory network. 

We can get j
kt  after we linearize system (3.1) 

( ) ( )
( )

( )( )
( )( )

( ) ( )

1 2

1

4 2
5 1 4 1 6 3 4 2 5 3 6

2 4 2 2 2
4 5

3

6 6

6

4

2

4

5

2 ,

1 arccos
2

,

0,1, 2,....

,

,

,

,

,

k
k

k

j k

k c f b

k cf c b c f

k b cf f

k k k k k k k k k k k
k k k k k

ds dm

dm fds ds dm

ds cdm

ds d

k

k c f ag p

k

m

c

p
w

t t t

a

a

a

a

w w
t

w w w

a

a * *

* * * *

* *

* * *

+ =

= +

=

é ù- + + - -
ê ú=

+ - +ê ú

+ + -

= +

ë û

+ +

+ + - +

+

+

+ +

= - +

=

¢= + + -

= ( ) ( )( ).ds cdm dm ff f ag p* * * *¢+ -+ +

The method of calculation is same as [15]. 

Theorem 1: For (3.1), the following results hold. 
(i) System (3.1) is stable when 0(0, )t tÎ  and it is unstable 

when 0.t t>  

(ii) System (3.1) undergoes a Hopf bifurcation at the 
equilibrium when 0t t= . 

IV. NUMERICAL SIMULATION 
Now we illustrate the effectiveness of the state feedback 

control strategy through the numerical simulation. We  put 
into the same parameters as [21] 

4.5, 0.23, 0.1, 1, 0.2,a b c d e f= = = = = =  ( )
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2 2
33 40 ,
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then system (3.1) is 
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where the equilibrium point ( )* * *,,m s p  of the system (3.1) is 

( )7.23,1.08,141.39 .   

- 580 -



 
 

When 0a = , system (4.1) is the non-controlled system  
(2.2). From [21], we can get 0 00.278, 4.965w t= = . When 

[ )0, 4.965t Î , the equilibrium point ( )* * *,,m s p  is 
asymptotically stable. When 4.965t >  , the equilibrium point 
( )* * *,,m s p  becomes unstable, and the Hopf bifurcation 
appears (see Fig. 3.1).  

Now, we choose an appropriate  to control the bifurcation. 
We take 0.1.a = - We can get 0 00.256, 5.967w t= = . The 
controlled system (4.1) has the same equilibrium point as that 
of the non-controlled system (2.2), but the critical value 0t  
has increased from 4.965 to 5.967,  which means that the onset 
of the bifurcation is delayed. Under the state feedback control 
with 0.1a = - , we take 1 2 03.5 1.5 5.967t s s t= + = + < = , 
which is the same value as that used in Fig. 3.1. We can see 
the equilibrium ( )* * *,,m s p  of the controlled model  (4.1) is 
stable, as shown in Fig. 3.2.    

 
Fig. 3.1. Phase portrait of the non-controlled system (2.2) with 0a =  . The 
equilibrium point ( )* * *,,m s p   is unstable, where 

1 2 03.5 1.5 5 4.965.t t t t= + = + = > =   

 
Fig. 3.2. Phase portrait of the controlled system (3.13) with 0.1a = - . The 
equilibrium point ( )* * *,,m s p  is asymptotically stable, where 

1 2 03.5 1.5 5 5.976.t t t t= + = + = < =  
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Abstract—In this paper, quasi consensus of second-
order leader-following heterogeneous multi-agent systems
has been investigated. A sufficient criterion for guarantee-
ing quasi consensus has been derived. Furthermore, some
simulations are given to illustrate the effectiveness of the
theoretical theorems.

1. Introduction

Heterogeneous complex systems are ubiquitous in real
world systems such as society, technology, biology and
nature. Therefore, the collective behaviours of heteroge-
neous complex systems have attracted an increasing inter-
est [1, 2, 3, 4, 5]. The heterogeneous complex systems are
composed of different linked nodes. [1] studied the robust-
ness of output synchronization in heterogeneous agent dy-
namics. [3] studied quasi synchronization of a heteroge-
neous system, i.e., the states of all nonidentical nodes can
not reach synchronization but reach an bounded error with
the weighted average of all node states as the synchroniza-
tion target. By introducing a goal state and an impulsive
algorithm, [4] studied complete synchronization of a het-
erogeneous coupled Duffing oscillation systems. Similar
to synchronization [6], consensus in multi-agent system is
the other typical collective behaviour of complex systems
[7, 8, 9, 10, 11, 12, 13]. To achieve the consensus of multi-
agent systems, some controllers are usually added. Since
complex system has a number of nodes, it is very difficult
to add controller to all nodes of complex systems. Pinning
control is a reasonable choice [10, 11].

Few papers are focused on consensus of heterogeneous
multi-agent systems with nonlinear dynamics. Motivat-
ed by the above work and discussions, this paper studies
quasi consensus of a second-order leader-following hetero-
geneous multi-agent system. By adopting a pinning con-
trol, a sufficient criterion for guaranteeing quasi consensus
has been derived. It has been proved that all the followers
will keep a bounded error with the leader.

Throughout this paper, we adopt the following notation-
s. Let Rn denote the n-dimensional Euclidian space. Let
ON and IN be the N × N zero matrix and identity matrix,
respectively. If M is symmetric, then λmin(M) and λmax(M)
be its minimum and maximum eigenvalues of M, respec-
tively. For a symmetric M, M > 0 (M < 0) means that

M is positive definite (negative definite). Let 1N and 0N

denote the N × 1 column vectors of all ones and all zeros
respectively. The symbol ⊗ denotes the Kronecker product.

2. Preliminaries

An undirected graph [14] denotes G = (V,E,A) con-
sists of a vertex set V = {v1, v2, · · · , vN} and a set of undi-
rected edges E ⊂ V ×V and a weighted adjacency matrix
A = [ai j] with nonnegative entries. An undirected edge
of graph G is an unordered pair of distinct vertices. We use
ei j = (vi, v j) to denote an undirect edge, meaning that nodes
vi and v j can exchange information with each other. The
weighted adjacency matrix A = [ai j] are defined as fol-
lows: ai j = a ji > 0 if there is an edge between nodes vi and
v j; otherwise ai j = 0. We assume that aii = 0. The Lapla-
cian matrixL = [li j] associated with adjacency matrixA is
defined as follows: li j = −ai j if i , j and lii =

∑N
j=1, j,i ai j,

which ensures the property that
∑N

j=1 li j = 0. For an undi-
rected graph,A and L are symmetric.

Consider a second-order heterogeneous multi-agent sys-
tems with nonlinear dynamics [7, 8, 9, 10, 11, 12]{

ẋi(t) = vi(t),
v̇i(t) = fi(t, xi(t), vi(t)) + ui(t),

(1)

where xi(t) = (xi1(t), xi2(t), · · · , xin(t))⊤ and
vi(t) = (vi1(t), vi2(t), · · · , vin(t))⊤ are position and ve-
locity states of agent i, respectively. fi(t, xi, vi) =

( fi1(t, xi, vi), fi2(t, xi, vi), · · · , fin(t, xi, vi))⊤, i = 1, 2, · · · ,N
are N nonidentical vector-valued continuous functions
implying the inherent dynamics of agent i, ui(t) is the
control input to be designed.

Since the nonlinear dynamics of N agents are different,
the heterogenous multi-agent system is difficult to achieve
consensus. Consider a virtual leader for multi-agent sys-
tems (1) is described by{

ẋ0(t) = v0(t),
v̇0(t) = f0(t, x0(t), v0(t)), (2)

where x0(t) ∈ Rn and v0(t) ∈ Rn are the position and
velocity states of the virtual leader, respectively. f0 :
R × Rn × Rn → Rn is continuous.
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Definition 1. The heterogeneous multi-agent system (1) is
said to achieve quasi consensus with the leader if there ex-
ists a positive constant ε such that

lim
t→∞
∥xi(t) − x0(t)∥ ≤ ε, and lim

t→∞
∥vi(t) − v0(t)∥ ≤ ε,

i = 1, 2, · · · ,N, hold for all initial values.
Consider the following pinning control algorithm to

achieve quasi consensus between the heterogeneous multi-
agent system (1) and the leader (2)

ẋi(t) = vi(t),

v̇i(t) = fi(t, xi(t), vi(t)) + α
N∑

j=1, j,i
ai j(x j(t) − xi(t))

+ β
N∑

j=1, j,i
ai j(v j(t) − vi(t))+

di[(x0(t) − xi(t)) + (v0(t) − vi(t))],

(3)

where α > 0 and β > 0 are the coupling strengths, the
pinning control gain di > 0 if the ith node is selected to be
pinned, otherwise di = 0.

Let ei1(t) = xi(t) − x0(t) and ei2(t) = vi(t) − v0(t), i =
1, 2, · · · ,N. One can derive the following error systems

ėi1(t) = ei2(t),
ėi2(t) = [ fi(t, xi(t), vi(t)) − f0(t, x0(t), v0(t))]

− α
N∑

j=1
li je j1(t) − β

N∑
j=1

li je j2(t)

− di[ei1(t) + ei2(t)].

(4)

Let e1(t) = [e11(t), e21(t), · · · , eN1(t)]T ,
e2(t) = [e12(t), e22(t), · · · , eN2(t)]T , D =

diag{d1, d2, · · · , dN}, and F(t, x(t), x0(t), v(t), v0(t)) =
f1(t, x1(t), v1(t)) − f0(t, x0(t), v0(t))
f2(t, x2(t), v2(t)) − f0(t, x0(t), v0(t))

...
fN(t, xN(t), vN(t)) − f0(t, x0(t), v0(t))

.
Rewrite (4) as
ė1(t) = e2(t),
ė2(t) = F(t, x(t), x0(t), v(t), v0(t))
− ((αL + D) ⊗ In)e1(t) − ((βL + D) ⊗ In)e2(t).

(5)

Throughout the rest of the paper, the following assump-
tions are needed.
Assumption 1. The isolate node of virtual leader moves in a
bounded region consistently, that is, there exists a compact
set S ⊂ Rn ×Rn such that the isolate node will be always in
S if it starts with (x0, v0) ∈ S .
Remark 1. The assumption 1 was adopted by some papers
such as [5, 15] and can be satisfied by many well-knowing
systems, such as Lorenz system, chaotic Chua system and
so on.
Assumption 2. There exist positive numbers θi1 and θi2 such
that

∥ fi(t, x, v) − fi(t, y, u)∥ ≤ θi1∥x − y∥ + θi2∥v − u∥,
∀t ∈ R, x, y, v, u ∈ Rn, i = 1, 2, · · · ,N.

In order to derive the main result of this paper, the fol-
lowing lemmas are need.

Lemma 1. (Schur complement, [16]). The following linear
matrix inequality (LMI)[

Q(x) S (x)
S T (x) R(x)

]
> 0,

where Q(x) = QT (x), R(x) = RT (x), is equivalent to either
of the following conditions:
(i) Q(x) > 0, R(x) − S T (x)Q−1(x)S (x) > 0;
(ii) R(x) > 0, Q(x) − S (x)R−1(x)S T (x) > 0.
Lemma 2. ([17]) Let matrix A ∈ RN×N be symmetric. One
has

λmin(A)xT x ≤ xT Ax ≤ λmax(A)xT x, x ∈ RN .
Consider a new graph G contains n followers (related to

graph G) and the leader. G is connected if at least one agent
in each of its component of followers is connected with the
leader. Throughout this paper, we always assume that G is
connected. One has the following lemma.
Lemma 3. ([18]) If graph G is connected, then the symmet-
ric matrix αL + D and βL + D are positive definite.

3. Main result

In this section, we establish a sufficient condition for
quasi consensus between the heterogeneous multi-agent
system and the leader.
Theorem 1. Under Assumptions 1 and 2, the multi-agent
systems can achieve quasi consensus with the leader if
λmin(αL+D) > 2θ1 + 1 and λmin(βL+D) > 2θ2 + 2, where
θ1 = max{θ211, θ

2
21, · · · , θ2N1}, θ2 = max{θ212, θ

2
22, · · · , θ2N2}.

Proof. Let e(t) = (e1(t), e2(t))⊤. Consider the following
Lyapunov functional candidate:

V(t) =
1
2

e⊤(t)(P ⊗ In)e(t), (6)

where P =
(
αL + βL + 2D IN

IN IN

)
. By Lemma 1 and

Lemma 3, we know that P > 0 is equivalent to αL + βL +
2D − IN > 0. Therefore, we can derive that P > 0 from the
conditions of theorem.

Rewrite (6) as

V(t) =
1
2

e⊤1 (t)[(αL + βL + 2D) ⊗ In]e1(t) +

e⊤1 (t)e2(t) +
1
2

e⊤2 (t)e2(t) (7)

Taking the derivative of V(t) along the trajectories of (5)
yields

V̇(t) = e⊤1 (t)[(αL + βL + 2D) ⊗ In]ė1(t) +
ė⊤1 (t)e2(t) + e⊤1 (t)ė2(t) + e⊤2 (t)ė2(t)

= e⊤1 (t)[(αL + βL + 2D) ⊗ In]e2(t) + e⊤2 (t)e2(t)
+[e⊤1 (t) + e⊤2 (t)][F(t, x(t), x0(t), v(t), v0(t))
−((αL + D) ⊗ In)e1(t) − ((βL + D) ⊗ In)e2(t)]

= e⊤2 (t)e2(t) − e⊤1 (t)(αL + D) ⊗ In)e1(t)
−e⊤2 (t)((βL + D) ⊗ In)e2(t) (8)
+[e⊤1 (t) + e⊤2 (t)]F(t, x(t), x0(t), v(t), v0(t))
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Let F(t, x(t), x0(t), v(t), v0(t)) = F1 + F2, where

F1 =


f1(t, x1(t), v1(t)) − f1(t, x0(t), v0(t))
f2(t, x2(t), v2(t)) − f2(t, x0(t), v0(t))

...
fN(t, xN(t), vN(t)) − fN(t, x0(t), v0(t))

 ,
and

F2 =


f1(t, x0(t), v0(t)) − f0(t, x0(t), v0(t))
f2(t, x0(t), v0(t)) − f0(t, x0(t), v0(t))

...
fN(t, x0(t), v0(t)) − f0(t, x0(t), v0(t))

 ,
Therefore, one has

[e⊤1 (t) + e⊤2 (t)]F1

≤ 1
2

e⊤1 (t)e1(t) +
1
2

e⊤2 (t)e2(t) + F⊤1 F1, (9)

and

[e⊤1 (t) + e⊤2 (t)]F2

≤ 1
2

e⊤1 (t)e1(t) +
1
2

e⊤2 (t)e2(t) + F⊤2 F2, (10)

By Assumptions 1, 2, one derives

F⊤1 F1 ≤ 2θ1e⊤1 (t)e1(t) + 2θ2e⊤2 (t)e2(t), (11)

and

F⊤2 F2 =

N∑
i=1

∥ fi(t, x0(t), v0(t)) − f0(t, x0(t), v0(t))∥2 ≤ M0, (12)

where θ1 = max{θ211, · · · , θ2N1}, θ2 = max{θ212, · · · , θ2N2} and

M0 = max
(x0(0),v0(0))∈S

{
N∑

i=1
∥ fi(t, x0(t), v0(t))−g0(t, x0(t), v0(t))∥2}.

Substituting (9)-(12) into (8), one obtains

V̇(t) ≤ M0 − e⊤1 (t)(αL + D) ⊗ In)e1(t)
−e⊤2 (t)((βL + D) ⊗ In)e2(t)
+(2θ1 + 1)e⊤1 (t)e1(t) + (2θ2 + 2)e⊤2 (t)e2(t)

= −e⊤(t)(Q ⊗ In)e(t) + M0, (13)

where

Q =
(
αL + D − (2θ1 + 1)IN ON

ON βL + D − (2θ2 + 2)IN

)
.

By the conditions of Theorem 1, we can conclude that Q is
positive definite. Therefore

V(t) ≤ V(0)e−λmax(Q)t +
M0

λmax(Q)
, (14)

together with Lemma 3 yields

lim
t→∞
∥e(t)∥2 ≤ M0

λmax(Q)λmin(P)
(15)

According Definition 1, the heterogeneous multi-agent sys-
tems (1) can achieve quasi consensus with the leader (2).

4. Numerical results

Consider a heterogeneous multi-agent system with 3
nonidentical Chua’s circuits of the nonlinear function f

fi(t, xi, vi) =

 γi(−vi1 + vi2 − ι(vi1))
vi1 − vi2 + vi3
−δivi2

 .
where ι(vi1) = bvi1 + 0.5(a − b)(|vi1 + 1| − |vi1 − 1|), γ1 =

10, γ2 = 20, γ3 = 30, δ1 = 20, δ2 = 40, δ3 = 60. Selecting
a = −4/3, b = −3/4, the coupling strength α = β = 0.5,
pinning control gains d2 = 2, and the coupling configura-

tion matrixA is selected as

 0 1 1
1 0 1
1 1 0

 .
Defining the virtual leader of the nonlinear dynamics

f0(t, x0, v0) =

 γ0(−v01 + v02 − ι(v01))
v01 − v02 + v03
−δ0v02

 − x0.

where γ0 = 1, δ0 = 2. Then by Theorem 1, quasi consen-
sus between the heterogenous multi-agent system and the
leader can be achieved.

Fig. 1 shows the trajectories of xi1(t) and vi1, Fig. 2
shows the trajectories of xi2(t) and vi2, and Fig. 3 shows
the trajectories of xi3(t) and vi3, i = 0, 1, 2, 3. The red star
line is the trajectory of the leader.
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Figure 1: The trajectories of xi1(t) and vi1, i = 0, 1, 2, 3.
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Figure 2: The trajectories of xi2(t) and vi2, i = 0, 1, 2, 3.
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Figure 3: The trajectories of xi2(t) and vi2, i = 0, 1, 2, 3.

5. Conclusions

This paper deals with leader-following consensus of het-
erogeneous multi-agent systems. By adopting a pinning
controller, a sufficient condition for quasi consensus is ob-
tained. In the future research, we will investigate the quasi
consensus over the directed graph and in the general het-
erogeneous multi-agent systems.
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Abstract—The digital spike map is a simple digital
dynamical system on a set of finite number of lattice
points. Depending on parameters and initial condi-
tion, the map can exhibit various periodic/transient
spike-trains. In order to analyze the map, this pa-
per presents two simple feature quantities. The first
one can characterize plentifulness of the periodic spike-
trains. The second one can characterize deviation of
the transient phenomena. Using the two quantities,
we demonstrate several fundamental results.

1. Introduction

The digital spike map (DSM) is a simple dynamical
system on a set of a finite number of lattice points.
Depending on parameters and initial condition, the
DSM can generate a variety of spike-trains ( [1] and
Refs. therein ). The DSM can be ragarded as a di-
gital version of the analog 1D maps [2]. The DSM
can have a variety of periodic spike-trains (PSTs) as
steady states. The PSTs can co-exist and the DSM
exhibits either PST depending on the initial value.
As motivations for studying the DSM include the

following two points. First, the DSM can be a simple
and typical example digital dynamical systems such
as cellular automata, dynamic binary neural networks,
and digital spiking neurons [3]-[6]. Such systems have
been studied not only for analysis of its nonlinear dyn-
amics but also for variety of applications such as image
processing and information compression [7] [8]. Se-
cond, the DSM can be a basic system for spike-based
engineering applications such as spike-based commu-
nication and information processing [9]-[11].
This paper presents two simple feature quantities for

analysis of the DSMs and investigate several examples
of the DSMs. The first quantity is the rate co-existing
PSTs. The DSM can have plural PSTs and exhibits
either of them depending on the initial condition. It
can characterize plentifulness of the PSTs. The se-
cond quantity is the concentricity of transition to the
PSTs. This quantity can characterize deviation of the
transient phenomena to the PSTs and is based on the
concentricity of state transition [12]. Using the two
quantities, we then demonstrate fundamental results
for DSMs based on the bifurcating neuron (BN). The
BN is a simple analog dynamical system that can ge-
nerate various chaotic/periodic spike-trains [13]-[15].

2. Digital Spike Map

Fig. 1 shows the spike-position map on a set of
lattice points

τn+1 = F (τn), F : L → L
τn ∈ L ≡ {l1, l2, · · ·}, li ≡ (i− 1)/N, i = 1, 2, · · ·

(1)
where we assume that the system has normalized pe-
riod 1 and devide L into subintervals of each period:

L =
⋃∞

n=0, L1 ≡ {l1, l2, · · · lN}
Lk ≡ L1 + k − 1

We also assume that the map satisfies periodic condi-
tion and the law of cause and effect.

F (τ + 1) = F (τ) + 1, F (τ) > τ (2)

Let τn denote the n-th spike-position on L As an ini-
tial spike train τ1 is given as shown in Fig. 1, the
map generate a spike-train characterized by the spike-
positions

Y (τ) =

{
1 for τ = τn
0 for τ �= τn

(3)

Note that the spike-positions are restricted on the lat-
tice points. This map can generate a variety of spike-
train. For simplicity, we assume that the initial spike-
position is given in the first subinterval and that initial

Figure 1: Digital spike-position map and spike-train
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condition generates a spike-train such that one spike
exists in each subinterval

τ1 ∈ L1, F (Lk) ∈ Lk+1, k = 1, 2, · · ·

Introducing the spike phase, θn = τn mod 1, we define
the digital spike-phase map from L1 to itself

θn+1 = f(θn) ≡ F (τn) mod 1, f : L1 → L1 (4)

Hereafter, we refer to this map as the digital spike map
(DSM). The iteration of Eq. (4) generates a sequence
of the phases {θn} and the sequence defines a sequence
of spike-positions: a spike-train.

τn = θn + n− 1 for θ1 = τ1 ∈ L1

Since the number of lattice points is finite, the steady
state must be periodic. Note that the initial spike-
position (spike-phase) in given in L1 and one initial
spike-position gives one spike-train.
Definition 1 (see Fig. 2): A point p ∈ L1 is said

to be a periodic point (PEP) with period k if p =
fk(p) and f(p) to fk(p) are all different where fk is
the k-fold composition of f . The PEP with period
1 is referred to as a fixed point. A sequence of the
PEPs {p, f(p), · · · , fk−1(p)} is said to be a periodic
orbit (PEO) with period k. A PEP corresponds to an
initial spike-position in L1 that gives one PST. Hence
one PEP with period k corresponds to one PST with
period k and one PEO with period k corresponds to k
PSTs with period k.

3. Feature Quantities

Since the domain L1 consists of N lattice points
and each lattice point has one image, the DSM has
NN variations. Depending on parameters and initial
condition, the DSN can exhibit extremely complicated
dynamics and it is very hard to give general theory for
the dynamics. This paper tries to consider dynamics
of typical examples of DSMs. In order to classify and
consider the dynamics, we introduce two simple fea-
ture quantities.
Let Np be the number of PEPs on N lattice points.

The first feature quantity is the rate of PEPs (PSTs):

α =
#PEP

N
=

Np

N
, 1/N ≤ α ≤ 1 (5)

This quantity characterize plentifulness of steady sta-
tes (PSTs).
In order to define the second feature quantity, we

define the initial point histogram (IPH).
Definition 2: Let a DSM has Np pieces of PEPs.

Let pi be the i-th PEP, i = 1 ∼ Np. We classify
PSTs for its initial spike-position τ1 ∈ [0, 1). If a PST
started from τ1 = pi ∈ L1 then the PST is referred to

Figure 2: Disital sipke map and initial points histo-
gram.

as the i-th PST. The transient states for the i-th PST
is characterized by EPP(s) falling into the i-th PST.
The IPH is frequency of initial points falling into the
each PST:

Mi = #initial points falling into the i-th PST (6)

The second feature quantity is the concentricity of
transition to the PSTs:

β =

NP∑
i=1

(
Mi

N

)2

, 1/N ≤ β ≤ 1 (7)

In Fig. 2, the IPH of N = 16 is constructed for 4 pieces
of PEPs. The 1st to 3rd PEPs (i = 1 ∼ 3) construct
a PEO with period 3 and the 4th PEP (i = 4) is
the fixed point. Since M1 = 7, M2 = 4,M3 = 4,and
M4 = 1, we obtain β = 82/256. The IPH characterizes
the basin of attraction to the PSTs and The quantity
β characterizes the variation of the basin.

Using the two feature quantities α and β, we con-
struct steady versus transient plot (ST-plot) as shown
in Fig. 3. In the figure, two examples of the DSM and
IPH for N = 16 and Np = 4 are shown. In Fig. 3 (a),
the DSM has three PEPs with period 3 and one fixed
point. The IPH is uniform and we obtain α = 1/4 and
β = 1/4. In Fig. 3 (b), the DSM has four fixed points
and all the EPPs fall into the third fixed point (i = 3).
The IPH is delta-function-like and we obtain α = 1/4
and β = 172/256.

For the ST-plot, we introdue two characteristic cur-
ves. If the IPH is uniform the feature quantities are
plotted on

The uniform curve: αβ =
1

N
(8)

If all the initial poins (not PEPs) fall into one PEP,
then the feature quantities are plotted on

The concentrate curve: β = (1− α)2 +
2− α

N
(9)
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Figure 3: (a) ST plot. (b) DSM/IPH on the uniform
curve. (c) DSM/IPH on the concentrate curve. (N =
16, Np = 4).

The endpoints of the two curves are (1/N, 1) where the
DSM has only one fixed point and (1, 1/N) where the
all the lattice points are PEPs. The feature quantities
must not be plotted out of the region surrounded by
the uniform curve and concentrate curve,

4. Numerical experiments

Here we analyze examples of DSM based on the ana-
log spike map (ASM):

θn+1 = ga(θn) =

⎧⎨
⎩
aθn for 0 ≤ θn < d1
−a2(θn − 1

2 ) +
1
2 for d1 ≤ θn < d2

a(θn − 1) + 1 for d2 ≤ θn < 1

where 0 < d1 < 1/2, d2 ≡ 1 − d1, and a2 = (2ad1 −
1)/(1 − 2d1). This ASM is deribed from the bifurca-
ting neuron (BN). Discretizing the ASM, we obtain
the DSM:

θn+1 =
1

N
INT(Nga(θn) + 0.5) ≡ gd(θn) (10)

where θn ∈ L1 and INT(X) means the integer part of
X. For simplicity, this paper studies the case

d1 = 1/3, (a2 = 2a− 3), 3/2 < a < 3, N = 32 (11)

In this case, the ASM is expanding and exhibits chao-
tic spike-trains.

Case 1: α is very small and β is very large. Fig.
4(a) shows a typical example of DSM for a = 2.35.
This DSM has two fixed points l1 and l16. All the
other points are EPPs. The fixed point corresponds
to a PST with period 1. This DSM has #PST = 2,
α = 0.07. All the EPPs fall into one fixed point l16
and The concentricity of transition to the PEPs is very

large: M1 = 1, M2 = 31 and β = 12+312

322 � 0.94, On
the ST-plot of Fig. 7 (α, β) closed to the endpoints
(1/N.1).

Case 2: α is very large and β is very small. Fig.
4(b) shows a typical example of DSM for a = 3.0.
All the points are PEPs. This DSM has #PST =
32, α = 1.0. This DSM has 6 PEOs. two fixed
points, PEO with period 2 (2PSTs), PEO with period
4 (4PSTs), PEO with period 8 (8PSTs), PEO with
period 16 (16PSTs). The DSM has no EPP. (Fig. 5)
M1 = M2 = · · · = M32 = 1 and β = 1. As shown in
Fig. 7, (α, β) is plotted at the end point (1, 1/N) of
two characteristic curves on the ST-plot.

Case 3: α and β are small. Fig. 6(a) shows a
typical example of DSM for a = 2.24. This DSM has 2
fixed points and 4 PEPs with period 2. The DSM has
6 PEPs and α = 0.19. As shown in Fig. 7, (α, β) is
plotted between the uniform and concentrate curves.

Case 4: α is large and β is small. Fig. 6(b) shows
a typical example of DSM for a = 2.38. This DSM has
2 fixed points and 10 PEPs with period 5. The DSM
has 14 PEPs and α = 0.19. As shown in Fig. 7, (α, β)
plotted almost on the uniform curve.

Figure 4: (a)DSM and IPH for a = 2.35 and N = 32.
α = 0.07, β = 0.94. (b)DSM and IPH for a = 3.0 and
N = 32. α = 1.0, β = 1/32.
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Figure 5: DSM for a = 3.0 and N = 32. (a) fixed
points and PEO with period 2. (b) PEO with period
4. (c) PEO with period 8. (d) PEO with period 16.

5. Conclusions

In order to analyze the DSM, two feature quantities,
α and β, are presented in this paper. The ST-plot is
useful for classification and investigation of the dyna-
mics of DSMs. Using typical examples based on the
BN, basic results are demonstrated. Future problems
include analysis of bifurcation phenomena of the DSMs
and classification of the PSTs on the ST-plot.
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Abstract– Recently, GPU is used for general purpose of 
computing. In this study, we implement particle swarm 
optimization (PSO) algorithms, which are applicable to 
various engineering applications, on GPU, and evaluate the 
performance using benchmark functions. Also we compare 
PSO with one with stochastic coupling. 
 
1. Introduction 
 
GPU is a graphic controller that is dedicated to display 
images to screen for PC, but it is used for general purpose 
of computations [1], [2]. Since the parallel feature with 
many high speed core processors enables us to process a 
large amount of data. As one of the most imperative 
computations that need heavy computation power, 
optimization algorithms are picked up. 
 In this paper, we focus how to accelerate PSO algorithm. 
PSO was proposed by Kennedy and Eberhart in 1995, and 
it is a metaheuristic optimization algorithm inspired by 
swarm intelligence of birds and fish [3]. PSO has generated 
much wider interests due to the simple concept and 
implementation easiness. The PSO algorithm consists of 
multiple individual agents called “particles” and searches 
the solution space of an objective function by the particles 
moving around. Each particle flies toward the position of 
the current global best and its own best position in history. 
To find a good solution in wide searching area over many 
dimensions, many particles would be necessary. Then, the 
finding process would require huge computational efforts 

To reduce the computation cost, we implement PSO on 
GPU. Finding process of PSO is called dynamics that is 
expressed by difference equations. Since the dynamics of a 
particle is independent to another particle, it is computed in 
parallel to another particle. This means that all the 
dynamics can be calculated efficiently on GPU. However, 
the selection of global best position is essentially serial 
computation, which requires many access to global 
memory of GPU. To reduce the number of access, we 
introduce lbset PSO which has sparse connection with 
neighboring particles. Moreover, robustness of PSO with 
stochastic coupling is known [4], [5]. Hence, we also 
introduce the PSO with stochastic coupling. 

In the illustrative examples using benchmark functions, 
we confirm that the GPU implementation is maximally 20 
times faster than the CPU. 

 

2. GPU and CUDA 
 
CUDA, which is an integrated development environment 
for GPU, is provide by NVIDIA [2]. Using a large number 
of computing cores within the processor, it becomes 
recently possible to use for general-purpose computations 
with dramatically faster speed. A program of CUDA 
consists of host and device codes operated on CPU and 
GPU, respectively. 
Shared and global memories can be used in CUDA. 

Shared memory is shared by many threads and global 
memory can be accessed by not only threads but host as 
shown in Fig. 1. Although shared memory is fast, the 
capacity is small and up to 16KB per block is available. On 
the other hand, capacity of global memory is large, but the 
accessible speed is slow. All threads can read from and 
write into global memory. Therefore, if a specific addressed 
content in global memory is accessed several times, the 
users should use shared memory as a cache in order to 
accelerate the operations. 

In CUDA, up to 65535 × 65535 × 512 threads can be run 
with streaming processor of GPU. To process such a large 
number of threads effectively, the concept of grid and 
blocks is introduced, and threads are managed 
hierarchically.  
 

 
 
Figure 1:  Memory model of CUDA 
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3. GPU Implementation 
 
3.1. PSO 
 
The dynamics of PSO is described by  
 

1 1 ,                     (1) 
1 , 	  

              	 , ,            (2) 
 

In (1) and (2),  is the velocity,  is the position, ,  
are acceleration coefficients, and ω is an inertia weight. 

,  is a random number that is uniformly distributed in 
the range [0, 1] for each dimension. 	  is a minimum 
point (personal best position) that each particle is ever 
found. 	   is a minimum point (global best position) 
that is discovered by the swarm so far. 
PSO does not require differentiability, which implies that 

it is a direct search algorithm capable of solving nonlinear 
optimization problems by only information of the objective 
function. However, for multimodal function the swarm is 
caught to a sub-optimal solution. Hence, probability 
binding to the swarm is introduced in order to overcome 
this issue [4], [5]. 
 
3.2. Implementation  
 
With the structural features of GPU, we can process a 

large amount of data simultaneously. It is possible to 
calculate (1) and (2) in parallel. Then, we assign each 
particle to a thread, and the dynamics expressed by (1) and 
(2) is calculated in parallel to another particle. However, 
since the minimum point 	  for the swarm has the star 
structure as shown in Fig. 2, the selection becomes a 
sequential processing basically and is done after all the 
threads are synchronized. Then, efficiency of the 
computations can be lowered. Hence, we introduce a ring-
shaped coupling as shown in Fig. 3(a), which is called lbest 
PSO. In lbest-PSO, the minimum point (locally global best) 
from the three adjacent particles including itself is extracted. 
Therefore, the selection of minimum point is easier than 
that in standard PSO, and we do not have to halt all the 
threads to select the global best. Hence, we use lbset PSO 
and implement it on GPU. 
To avoid being trapped to a local minimum, the coupling 

in (2) is stochastically changed at every iteration. Although 
this idea is realized in IPSO [4], [5], it is too complex to 
implement it on GPU. Therefore, in order to take advantage 
of the feature of IPSO, we consider a random connection 
shown in Fig. 3(b). Although a particle in lbest PSO is 
connected to the right and left neighboring particles, it is 
coupled to two particles randomly. Using such connections, 
we expect that a better solution can be obtained. Since the 
PSO has random coupling, we call it stochastically                                                                                                                         
connected PSO (SCPSO). 
 

 
Figure 2: Relationship between each particle and the 
global best position. 
 

 
(a)                             (b) 

Figure 3: PSOs used for GPU implementation. (a) lbest 
PSO. (b) SCPSO. 
 
4. Results 
 
We implemented lbest-PSO and SCPSO on GPU and 
evaluated by using the objective functions given in Table 1. 
The environments used for evaluation are shown in Table 
2. The computation times using CPU and GPU are 
respectively shown in Table 3, where lbest PSO was used. 
The comparison of computation times for SPSO is given in 
Table 4. In the results of Tables 3 and 4, 10,000 iterations 
were done for both PSOs with the Sphere function. The 
computation times were measured on Env. 1 in Table 2. For 
all the dimensions of dependent variables of objective 
functions, the results of CPU with 10 particles were faster 
than those of GPU. The computation times by GPU were 
compatible to the CPU for 16 × 16 particles, they were 
slower than those of CPU except for one example. 
For the case of 256 × 256 particles, the GPU 

implementation for both lbest-PSO and SCPSO was about 
20 times faster than the CPU. However, efficiency was 
reduced when dimension is 20. This is because access to 
global memory increases with higher dimensions. 
 Figures 4 and 5 show the convergence curves of lbest 

PSO and SCPSO for the Sphere function. The convergence 
of GPU is slightly different from that of GPU. The 
difference relies on each single-precision floating point 
operation. For lbest PSO in Fig. 4, all the trials are 
converged. Although convergence has been achieved for 
the trial of 5 dimensions for SCPSO as shown in Fig. 5, 
minimum solutions are not obtained for the trials for 10, 15, 
and 20 dimensions. PSOs with stochastically coupling are 
generally more robust than standard PSO in searching 
ability. However, lbest-PSO with stochastic coupling 
presented as Fig. 3(b) could not find a good solution. This 
means that we need to contrive ways to couple. 

●：connected particle ○：isolated particle
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Figures 6 and 7 show the convergence curves of lbest PSO 
and SPSO, respectively, for the Rosenbrock function. The 
convergence curve of GPU is largely different from that of 
CPU. This situation also appeared for the 3rd De Jong 
function. Using another environment (Env 2. in Table 2), 
we wrote the convergence curve for the Ronsenbrock 
function. This result is shown in Fig. 8, where a large 
difference in convergence between CPU and GPU was not 
observed. From this fact, the differences in convergence in 
Figs. 6 and 7 would depend on the environment used for 
evaluation. 
 
5.  Conclusions 
 
We have presented implementation of particle swarm 
optimization algorithms on GPU and evaluated it using 
benchmark functions. As a result, we could achieve 20 
times speed-up in comparison to the CPU. Also we 
evaluated PSO with stochastic coupling, but could not 
confirm its superiority.  In the near future, we will improve 
the performance of PSO with stochastic coupling. 
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Table 1: Test objective functions used for evaluation. 

Sphere 1 			 ∈ 5.12,5.12  

3rd De Jong | 1| 			

∈ 2.048,2.048  

Rosenbock 100 1
	

 

∈ 5.12,5.12  

 
 
 
 
 
 

Table 2: Environments used to evaluate the 
performance of GPU implementation. 

 Env. 1 Env. 2 

CPU Intel® Core™ i7 Intel® Core™ i5 

Memory 5954 MB 4096 MB 

GPU Tesla C2050 GeForce 9800GT 

Global 
Memory 

2.62 GB 512 MB 

Shared 
Memory 

48 KB 16 KB 

Clock Rate 1.15 GHz 1.5 GHz 

 
 
Table 3 Comparison of computation times for lbest PSO. 

Dimensions Particles
CPU 
[sec.] 

GPU 
[sec.] 

CPU/
GPU

5 

10 0.07 2.26 0.03

16×16 1.36 2.56 0.53

256×256 357.2 17.85 20.01

10 

10 0.08 2.29 0.03

16×16 2.79 2.83 0.99

256×256 705.96 30.69 23.00

15 

10 0.15 2.29 0.07

16×16 3.60  3.19 1.13 

256×256 948.36  48.48 19.56 

20 

10 0.150 2.30 0.07 

16×16 3.16  3.64 0.87 

256×256 1127.67  77.32 14.58 
 
 
Table 4: Comparison of computation times for SCPSO. 

Dimensions Particles
CPU 
[sec] 

GPU 
[sec] 

CPU
/GPU

5 

10 0.080 2.280 0.04

16×16 1.190 2.590 0.46

256×256 358.550 19.430 18.45

10 

10 0.110 2.280 0.05

16×16 2.010 2.820 0.71

256×256 690.140 32.890 20.98

15 

10 0.150 2.280 0.07

16×16 3.470 3.160 1.10

256×256 856.560 51.700 16.57

20 

10 0.180 2.300 0.08

16×16 4.700 3.620 1.30

256×256 789.510 77.849 10.14
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Figure 4: Convergence curves for lbest PSO (Sphere). 

 
 

 
Figure 5: Convergence curves for SCPSO (Sphere). 

 
 

 
Figure 6: Convergence curves for lbest PSO 
(Rosenbrock). 

 

 
Figure 7: Convergence curves for SCPSO (Rosenbrock). 
 
 

 
Figure 8: Convergence curves for SCPSO (Rosenbrock). 
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Abstract—Many mathematical models in various
scientific fields are represented by complicated differ-
ential equations and such models cannot be solved an-
alytically. Therefore, numerical analysis using com-
puters is essential. However, when the system is more
complicated, the analysis time is longer. In this study,
we propose a fast numerical analysis method using
FPGA (Field Programmable Gate Array). FPGA is a
reconfigurable integrated circuit, and it is good at par-
allel processing. We develop the calculators of bifurca-
tion diagrams and basins of attraction on the FPGA
board. As a result, we obtain at most 22 times faster
calculator than using CPU.

1. Introduction

Mathematical models are important to capture the
essence of complicated natural phenomena. We con-
sider that one of the most important mathematical
models is the Hodgkin-Huxley neuron model [1]. Since
the publication of this model, many conductance-
based neuron models have been proposed. Among
them, we are interested in cardiac cell models be-
cause the suppression of arrhythmia through studies
of mathematical models can reduce the risk of sudden
cardiac arrest. A recent model consists of 45 ordinary
differential equations [2]. Usually, such mathemati-
cal models are described by nonlinear equations. The
nonlinear differential equations cannot be solved ana-
lytically. Thus, numerical analysis using computers is
effective. In numerical analysis, more accuracy needs
more computational costs. Moreover, detailed mathe-
matical models also require much time for simulation.
Thus, we must construct a fast numerical calculator
with low electric power consumption.

In nonlinear dynamical systems, we observe compli-
cated phenomena such as quasi-periodic states, chaotic
states and co-existence of attractors. The generation
of these phenomena is related to bifurcations. The bi-
furcation is defined by the qualitative change of the
solutions due to a perturbation of parameter values.
It is very important to understand bifurcation struc-
ture in parameter space because dynamical diseases
such as Cheyne-Stokes respiration and chronic granu-
locytic leukemia are caused by bifurcations [3]. How-
ever, studying parameter space in complicated dy-

namical system (high-dimensional dynamical system)
needs much time because we should investigate bifur-
cations in many combinations of parameters contained
in the system.

In this paper, we design nonlinear analysis tools
for bifurcations and basins of attraction using FPGA
(Field Programmable Gate Array). FPGA is a recon-
figurable integrated circuit, and it is good at paral-
lel processing [4, 5, 6]. By numerical experiment, we
show that our method is faster than the conventional
numerical calculation using CPU.

2. Preliminaries

2.1. Fixed-point Operation

In this research, we use the 32 bits (1, 7 and 24 bits
for the sign, integer and fractional part) fixed-point
number representation for operation. Our FPGA has
a multiplier with 18 bits. We use the Booth algorithm
and the multiplier on FPGA for multiplication. The
multiplier on FPGA is faster than the Booth method;
however, accuracy becomes worse. Thus, we compare
these methods on FPGA to check the relationship be-
tween speed and accuracy. The CORDIC algorithm [7]
is used for the calculation of mathematical functions.

2.2. Model Equations

Duffing’s equations which describe the dynamics of
the oscillatory circuit with a nonlinear inductor [8] are
given by:

dx

dt
= y

dy

dt
= −ky − c3x

3 −B0 +B cosωt.

(1)

We fix the parameter values as k = 0.1, c3 = 1.0,
ω = 1, and B0 = 0.075.

The BVP (Bonhöffer-van der Pol) model [9] with an
external force is given by:

dx

dt
= c(y + x− 1

3
x3 + h sinωt)

dy

dt
= −1

c
(x+ by − a).

(2)

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015

- 594 -



We fix the parameter values as a = 0.0, b = 0.4, and
c = 1.5. This model was proposed as simplification of
the Hodgkin-Huxley neuron model and its bifurcation
structures of the single model [10, 11] and the coupled
models [12, 13, 14] were widely studied.

We define the Poincaré map for Eqs. (1) and (2) as

T : R2 → R2; ξ 7→ T (ξ, λ) = ψ(2π/ω, ξ, λ),

where ξ = [x, y]T, λ is a parameter vector, ψ(t, ξ0, λ)
is assumed to be a solution of Eq. (1) or (2) with an
initial condition ξ0 = [x0, y0]

T at t = t0. Then the
l-periodic point ξ∗ of Eq. (1) or (2) is defined as

ξ∗ − T l(ξ∗, λ) = 0. (3)

3. Results

We use the computer (CPU: i5-560m with clock fre-
quency 2.66 GHz) for software calculation (compiler:
Borland bcc55) and the FPGA board (DE2-115). This
board has the VGA port, so results (diagrams) are
shown on a display through this port. FPGA (Cyclone
IV E: clock frequency is 50 MHz and logic elements are
114,480) is equipped on the board.

3.1. Basin of attraction

If attractors of the system coexists, then the basin
of attraction gives us useful information of initial state
dependency. A plane of initial states on a grid is con-
sidered, and we check which attractor is obtained from
each initial point. We put distinct color for attractors.
Usually, the basin boundary gives a stable manifold
of a saddle type periodic solution. Thus, using the
basin we can visualize the global structure of stable
manifolds. Moreover, its fractalization is related to
homoclinic points [15, 16], and its qualitative change
is related to synchronization [17].

Figures 1, 2, and 3 show the basins of attrac-
tion for Duffing’s equations using the software, FPGA
(Booth method) and FPGA (multiplier), respectively.
There coexist a fixed point and two-periodic points at
B = 0.15. From the initial states colored by blue, we
observe the fixed point as an attractor. Two-periodic
points are obtained from the initial states colored by
red and green. Increasing the value of B to 0.185,
four-periodic points appear as a result of the period-
doubling bifurcation of the two-periodic points. The
boundaries of four colors are fractalized because of
the appearance of homoclinic points [18]. Compar-
ing between the results of the software and FPGA,
the shape of each colored region is almost the same;
FPGA can calculate the basin of attraction. Table
1 shows the comparison of runtime for the software,
FPGA (Booth), and FPGA (multiplier). When the
degree of parallelism is one, the software is faster than

Table 1: Results for Duffing’s equations
degree of runtime occupied
parallelism (hh:mm:ss) LE (%)

software 1 01:49:7 -
FPGA 1 22:55:44 4
(Booth) 2 11:27:52 6

44 00:31:16 99.8
FPGA 1 16:13:05 3

(multiplier) 2 08:06:32 5
54 00:18:02 99.8

FPGA. When the degree is two, FPGA (Booth) and
FPGA (multiplier) occupied 6 and 5% of total logic
elements (LE). Considering the increasing rate from
the no parallel processing, FPGA (Booth) and FPGA
(multiplier) can have 44 and 54 parallel processings at
most. Thus, runtimes are estimated to be 31 and 18
minutes, which is 3.5 and 6.1 times faster than using
software.

(a) B = 0.15. (b) B = 0.185.

Figure 1: Basin of attraction of Duffing’s equations
obtained by using software.

(a) B = 0.15. (b) B = 0.185.

Figure 2: Basin of attraction of Duffing’s equations
obtained by using FPGA (Booth).

3.2. Bifurcation diagram

We show results of calculating bifurcation diagrams
for the BVP model. The meaning of colors is shown
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(a) B = 0.15. (b) B = 0.185.

Figure 3: Basin of attraction of Duffing’s equations
obtained by using FPGA (multiplier).

Table 2: Color assignment
period color period color

1 blue 7 white
2 red 8 slate blue
3 magenta 9 pink
4 green 10 purple
5 cyan non-period or black
6 yellow divergence

in Tab. 2 [19]. Figures 4(a), 4(b), and 4(c) represent
the result of using the software, FPGA (Booth), and
FPGA (multiplier), respectively. Comparing these fig-
ures, we can see that both methods of FPGA obtain
the almost same result as the software’s. The BVP
model without the external force has an oscillatory so-
lution at the parameter values we decided. The pa-
rameter region of the entrainment of the frequency
for the oscillatory solution is colored by blue. Other
colors indicate the regions of the existence of stable
sub-harmonic oscillations. The results of runtime are
shown in Tab. 3. The degree of parallelism is changed
from 1 to 2, occupation of the FPGA (Booth) and
FPGA (multiplier) are 3 % and 2 % raise. Thus, theo-
retically 32 and 61 degrees of parallelism are possible,
and it is 3.2 and 22 times faster than using the soft-
ware.

Table 3: Results for BVP model
degree of runtime occupied
parallelism (hh:mm:ss) LE (%)

software 1 02:17:14 -
FPGA 1 22:55:44 5
(Booth) 2 11:27:52 8

32 00:42:59 99.8
FPGA 1 06:20:17 3

(multiplier) 2 03:10:09 5
61 00:06:14 99.8

(a) Software.

(b) FPGA (Booth)

(c) FPGA (multiplier)

Figure 4: Bifurcation diagram of BVP model.
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4. Conclusion

We developed nonlinear analysis tools on FPGA.
The calculators of bifurcation diagrams and basins of
attraction were constructed on FPGA. We confirmed
the accuracy of our calculators and showed that our
method is faster than the conventional method using
CPU. Also, the calculator on FPGA has an advantage
of using less electric power. We are now trying to use
OpenCL to combine different platforms such as CPU,
GPU, DSP, and FPGA.
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Abstract—Recently, graphics processing units (GPUs)
are used for general purpose computing which is called
GPGPU. A feature of GPGPU is executing parallel com-
putation by many GPU cores. In this paper, GPGPU cal-
culation is used for several methods of optimization prob-
lems. We show a reduction of computation time by apply-
ing GPGPU in the execution of a method for quadratic as-
signment problems using chaotic neurodynamics and of a
method for multi-objective problems using particle swarm
optimization and chaotic neurodynamics.

1. Introduction

The authors have proposed a method for solving multi-
objective optimization problem[1]. The proposed method
switches more than two particle swarm optimization (PSO)
methods[2] with switching by chaotic neurodynamics[3].

Generally, a method for combinatorial optimization
problems using chaotic neurodynamics needs to set opti-
mum parameters. However, searching the optimal param-
eters is difficult. Therefore, we consider the parameter
search problems as multi-objective optimization problems.

In this paper, the proposed method is applied to pa-
rameter search problems for solving quadratic assignment
problems (synchronous exponential chaotic tabu search,
SECTS)[4]. The proposed method finds equal or better
parameter values for the search performance than that by
known values. However, this parameter search problem is
very large computational cost problem. We use general-
purpose parallel computation using graphics processing
units (GPU) called GPGPU. Therefore, we try to speed up
the computation by using GPGPU. Hence, the calculation
by GPGPU succeeded in finding a solution with high speed
as compared with calculation by the CPU.

2. Proposed method

The multi-objective optimization problems (MOP)[5] is
an optimization problem when there are more than two ob-
jective functions.

We propose an algorithm for switching method that uses
a chaotic neural network. A feature of this method is that

the number of neurons is equal to the number of algorithms.
The updating of the internal state of each neuron is repre-
sented by the following set of equations.

ξi (t+ 1) = −βswΔsw (t) , (1)

ηi (t+ 1) = −W
∑N

k=1,k �=i
xk (t) , (2)

ζi (t+ 1) = −αsw

∑t

d=0
kdrxi (t− d) + θ, (3)

xi (t+ 1) = f (ξ (t+1)+ηi (t+1)+ζi (t+1)) (4)

where, xi(t) is the output of the i-th exchanging neuron at
time t. ξi(t) is the internal state for the gain effect of the
exchanging neuron. ηi(t) is the internal state for the feed-
back effect of the exchanging neuron. ζi(t) is the internal
state for the tabu effect of the exchanging neuron. kr is
a decay parameter of the gain effect. Δsw(t) is a gain of
the objective function value when the candidate exchange
is executed. θ is a positive bias. αsw is a scaling parameter
of the internal effect. βsw is a scaling parameter of the gain
effect.

The proposed method[6] uses switching three particle
swarm optimization (PSO) methods[2]. These PSO meth-
ods are shown in below.

The first method is multi-objective optimization PSO
(MOPSO) [7]. The second method is optimized multi-
objective PSO (OMOPSO) [8]. This method is added
mutations such as in the genetic algorithm to MOPSO.
The third method is speed-constrained multi-objective PSO
(SMPSO) [9]. This method is added a limit to the speed of
particle motions to OMOPSO.

3. Formulation of parameter search for QAP

Reference [10] shows the following. When we minimize
the spatial mutual information, a result of the QAP is im-
proved. One of objective functions is minimizing spatial
mutual information.

We were focusing on autocorrelation of internal state for
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Figure 1: Example of the autocorrelation when SECTS was
achieving to the global solution.

the tabu effect of the exchanging neuron.

φ (τ) =

T∑

m=1

N∑

i=1

N∑

j=1

ζij (m) · ζij (m+ τ) (5)

(τ = 0, 1, 2, · · · , N) ,

A (τ) =φ (τ) /φ (0) (6)

where, A (τ) is the autocorrelation of constituent neurons
in the neural network. ζij (·) is the internal state for the
tabu effect of SECTS.

As a preliminary experiment, we used Lipa20b problem
[11]. It is reported that SECTS achieves to the global so-
lution in every trial [10]. We set SECTS’s parameters val-
ues as αζ = 1.0, αη = 0.1, β = 0.4, kr = kf = 0.9,
R = 0.1. Fig. 1 shows an example of the autocorrelation
when SECTS was achieving to the global solution. Fig.
2 shows an example of the autocorrelation when SECTS
failed to achieve the global solution.

From these results, we confirmed that as the delay time
τ increases, A (T ) is reduced. We used this property as
an evaluation function of the parameter search. In con-
crete, we evaluated the summation of A (τ) delay time
from τ = 0 to a certain time. In the case shown in Fig.
1, the summation of A (τ) became a small value. However,
in the case shown in Fig. 2, the summation of A (τ) became
large value. The summation of A (τ) can be also useful for
evaluating periodicity at a certain range of summation.

Therefore, we formulate two objective function are
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Figure 2: Example of the autocorrelation when SECTS was
NOT achieving to the global solution.

shown in the following.

minimize f1 (r) =
∑T

τ=0
A (τ) , (7)

r = {αη, k, R} ,
subject to 0 < αη < 1, 0 < k < 1, 0 < R < 1,

minimize f2 (t) =
1

n2

∑n

i=1

∑n

j=1
MIij (8)

MIij=H(xi (t))−H(xi (t)|xj (t− 1)) ,

where, αη is the scaling parameter of SECTS, k is the time
decay constant of SECTS. We set k = kr = kf . R is a pos-
itive bias of SECTS, MIij denotes the spatial mutual in-
formation of the i th neuron and the j th neuron of SECTS,
H(xi (t)) is the entropy of the output of the i th neuron
at time t, H(xi (t)|xj (t− 1)) is the conditional entropy of
xi (t) and xj (t).

4. Application of GPGPU to Proposed Method

A parameter search of SECTS is a very expensive prob-
lem in computation cost. The first one is the procedure to
update the position and the speed of particles of PSO. The
second one is the procedure that updates CNN of SECTS.
These procedures can be realized in parallel computing.
We can accelerate PSO and SECTS by applying GPGPU.
In our previous work[12], SECTS was implemented in
GPGPU.

4.1. Parallel computation of PSO

PSO requires the calculation of the position and the ve-
locity of many particles. The calculation of each particle
the same; therefore, calculation of one particle is can be
executed as one thread.
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4.2. Parallel computation of SECTS

We have implemented SECTS [12]. We use the same
method as in [12] in this paper.

5. GPGPU Computer

We show the specifications of two computers used in the
experiments in Tables 1 and 2.

Table 1: Spec of Computer 1

CPU1 Intel Xeon E5–2620 (octa core, 2.0GHz)
CPU2 Intel Xeon E5–2620 (octa core, 2.0GHz)
RAM DDR3–1600 16GB (quad channel)
GPU nVIDIA NVS 300 (VRAM: DDR3 512MB)

GPGPU nVIDIA Tesla K20c (VRAM: GDDR5 5GB)
OS Microsoft Windows Server 2012 R2 (64bit)

ADE Microsoft Visual Studio 2013 Update 4
CUDA Toolkit 6.5 Release

Table 2: Spec of Computer 2

CPU Intel Core i7 2820QM (quad core, 2.3GHz)
RAM DDR3–1333 8GB (dual channel)
GPU nVIDIA GeForce GT 540M (VRAM: DDR3 1GB)
OS Microsoft Windows 8.1 Update (64bit)

ADE Microsoft Visual Studio 2013 Update 4
CUDA Toolkit 6.5 Release

The computer 1 is a high-performance configuration that
has two physical CPU. This CPU has 8 physical cores per
one unit that is a maximum of 16 cores per one unit, in-
cluding Hyper-Threading Technology. Also, the GPGPU
board of the computer 1 in Kepler architecture, the num-
ber of single precision CUDA core is 2496, the number of
double-precision CUDA core is 832.

However, the computer 2 is a general configuration that
has one physical CPU. This CPU has 4 physical cores
that are a maximum of 8 cores, including Hyper-Threading
Technology. Also, the GPU board of the computer 2 in
Fermi architecture, the number of CUDA core is 96.

6. Results of numerical experiment

We numerically evaluated the performance of the
proposed method for some benchmark problems of
QAPLIB[11], by performing 10 trials for each problem.
We show results of the average of computation time of the
proposed method and that of the conventional method in
Fig. 3 and Table 4. In Fig. 3 and Table 4, the calculation
using GPGPU is about 4 to 8.5 times faster than calculating
using the CPU. From these result, we find that efficiency of

using GPGPU in the computer 2 is higher than the com-
puter 1.

From Fig. 3 and Table 4, the computer 1 is seem to be
slower than the computer 2. The difference is caused by the
following two factor. The computer 1 is 2.5GHz maximum
frequency when turbo boost is in use. However, the com-
puter 2 is a 3.4GHz maximum frequency when turbo boost
is in use. Thus, the difference can be caused by the effect
when it is calculated in a single thread. Also, the difference
between Kepler and Fermi architectures was also affected
for the GPU.

7. Conclusion

In this paper, we have proposed a method of the param-
eter search of QAP in high speed by using the GPGPU. As
a result, it is possible to realize 8 times faster as compared
to the calculation by the CPU as maximum performance.
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Abstract—In this paper, a multi-compartment dendrite
model based on an asynchronous bifurcation processor is
presented. It is shown that the presented model can ex-
hibit propagation phenomena of membrane potentials that
are typically observed in dendrites of neurons.

1. Introduction

A neuron typically consists of a dendrite (input cable), a
soma (cell body), and an axon (output cable), where the
dendrite sometimes has a complicated physical structure
such as the one in Fig. 1 [1]. It has been suggested that
the physical structure of the dendrite plays a certain role
in signal processing of a neuron. One of the major mod-
eling method of a dendrite is to discretize a dendrite into
a set of small compartments and to model the dendrite by
a coupled system of the compartments, where such a den-
drite model is often called a multi-compartment dendrite
model [2]. Note that each compartment model is designed
to reproduce the nonlinear dynamics of a membrane poten-
tial of the corresponding part of the dendrite. Concerning
the membrane potential model (i.e., a single compartment
model in the context of this paper), many mathematical
and electronic hardware models have been presented (see
the references in [3]). These membrane potential models
can be classified into the following four classes based on
the continuousness and discontinuousness of state variables
and times.

• Class CTCS (continuous time and continuous state):
A nonlinear differential equation model of a mem-
brane potential, which has a continuous time and con-
tinuous states. Such a model can be implemented by
an analog nonlinear circuit.

• Class DTCS (discrete time and continuous state):
A nonlinear difference equation model of a mem-
brane potential, which has a discrete time and con-
tinuous states. Such a model can be implemented by
a switched capacitor circuit or by a Poincare map.

• Class DTDC (discrete time and discrete state):
A numerical integration model of a membrane po-
tential, which has a discrete time and discrete states.
Such a model can be implemented by a digital pro-
cessor. A cellular automaton model of a membrane

(a)

(b)

Figure 1: (a) Complicated structure of dendrite of Purkinje
cell [1]. (b) Multi-compartment model of dendrite [2].

potential also belongs to this class, which has a dis-
crete time and discrete states. Such a model can be
implemented by a traditional synchronous sequential
logic circuit.

• Class CTDS (continuous time and discrete state):
An asynchronous cellular automaton model of a mem-
brane potential, which has a continuous (state transi-
tion) time and discrete states. Such a model can be
implemented by an asynchronous sequential logic cir-
cuit.

Our group has been developing several neural system
models belonging to the class CTDS (see [3][4] and ref-
erences therein) and is referring to class CTDS systems
designed to exhibit nonlinear phenomena (especially, bi-
furcation phenomena) as asynchronous bifurcation proces-
sors. In this paper, a multi-compartment dendrite model
based on the asynchronous bifurcation processor is pre-
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sented. It is shown that the presented model can reproduce
typical phenomena observed in dendrites. Note that our
group has presented a multi-compartment dendrite model
coupled via firing spikes [4], whereas this paper present a
multi-compartment dendrite model coupled via membrane
potential (i.e., coupling via gap junction).

2. Multi-compartment dendrite model based on ABP

2.1. Structure of the whole dendrite model

Fig. 2 shows a sketch of the presented multi-
compartment dendrite model based on the asynchronous
bifurcation processor. Major components of the dendrite
model are as follows.

• The whole multi-compartment dendrite model has
Q > 0 asynchronous cellular automaton membrane
potential models.

• Each i-th compartment can accept the following stim-
ulation input (not necessarily).

Ii(t) =
{

1 if t ∈ {t(1)
i , t

(2)
i , · · ·},

0 otherwise,

where t(n)
i is the n-th spike timing (or rising edges) of

the stimulation input Ii(t).

• Each i-th compartment has a membrane register stor-
ing a discrete membrane potential Vi ∈ {0, 1, · · · ,N −
1}, where the integer parameter N > 0 determines the
resolution of the discrete membrane potential Vi.

• Each i-th compartment has a recovery register storing
a discrete recovery variable Ui ∈ {0, 1, · · · ,M − 1},
where the integer parameter M > 0 determines the
resolution of the discrete membrane potential Ui.

• The i-th and the j-th compartments are coupled via a
discrete conductance gi j ∈ {0, 1, · · · , L − 1}, where the
integer parameter L > 0 determines the resolution of
the discrete conductance gi j.

• Each i-th compartment has the following internal
clocks.

CLKVi(t) =
{

1 if t ∈ {t(1)
V , t

(2)
V , · · ·},

0 otherwise,

CLKUi(t) =
{

1 if t ∈ {t(1)
U , t

(2)
U , · · ·},

0 otherwise,

CLKgi(t) =
{

1 if t ∈ {t(1)
g , t

(2)
g , · · ·},

0 otherwise,

which trigger asynchronous transitions of the discrete
states, where t(n)

V , t(n)
U , and t(n)

g represent spike timings
(or rising edges) of the clocks.

(a)

(b)

Figure 2: A sketch of the presented multi-compartment
dendrite model based on asynchronous bifurcation pro-
cessor. (a) Structures of the i-th and j-th compartments
for the case of Ci = CLKVi = CLKUi = CLKgi and
C j = CLKV j = CLKU j = CLKg j. (b) Structure of multi-
compartment model consisting of Q = 6 compartments
studied in this paper.

2.2. Nonlinear dynamics and parameter setting of each
compartment

Referring to our previous work in [4], in this paper we
introduce a single compartment model based on the asyn-
chronous bifurcation processor whose parameter values are
specialized to this paper. The discrete states of the compart-
ment transit as follows.

Asynchronous states transitions triggered by clocks

Vi(t+) = Vi(t) + DV (Vi,Ui) if CLKV (t) = 1,

Ui(t+) = Ui(t) + DU(Vi,Ui) if CLKU (t) = 1,
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where DV and DU are discrete functions defined by

DV (Vi,Ui) = 1 if (Vi,Ui) ∈ S++i ∪ S+−i ,
DV (Vi,Ui) = −1 if (Vi,Ui) ∈ S−+i ∪ S−−i ,
DV (Vi,Ui) = 0 if (Vi,Ui) ∈ S0

i ,
DU(Vi,Ui) = 1 if (Vi,Ui) ∈ S++i ∪ S−+i ,
DU(Vi,Ui) = −1 if (Vi,Ui) ∈ S+−i ∪ S−−i ,
DU(Vi,Ui) = 0 if (Vi,Ui) ∈ S0

i ,

S++i ≡ {(Vi,Ui)|Ui < fV (Vi),Ui ≤ fU (Vi)},
S−+i ≡ {(Vi,Ui)|Ui ≥ fV (Vi),Ui < fU (Vi)},
S+−i ≡ {(Vi,Ui)|Ui ≤ fV (Vi),Ui > fU (Vi)},
S−−i ≡ {(Vi,Ui)|Ui > fV (Vi),Ui ≥ fU (Vi)},
S0

i ≡ {(Vi,Ui)|(Vi,Ui) � S++i ∪ S+−i ∪ S−+i ∪ S−−i },
where fV and fU are discrete functions defined by

fV (Vi) = α(�k1(Vi)2 + k2Vi + k3�),
fU(Vi) = α(�k4Vi + k5�),
k1 =

f1 M
N2 ,

k2 = −2k1� f2N�,
k3 = k1(� f2N�)2 + � f3M�,
k4 =

f4 M
N ,

k5 = � f5M�.
Asynchronous state transition triggered by stimulation

Vi(t+) = Vi(t) + 1 if Ii(t) = 1,

where �·� is the floor function.
In this paper we propose to use the following parameter

values for the multi-compartment model.

(N,M, f1, f2, f3, f4, f5, α, )
= (64, 64, 3.5, 0.45,−0.05, 1.5,−0.43, 10).

2.3. Coupling dynamics and parameter setting

In this paper we present the following coupling dynam-
ics from the j-th soma-side compartment to the i-th spine-
side compartment.
Asynchronous coupling dynamics triggered by clock

Vi(t+) = Vi(t) + gi j(Vi(t) − V j(t)) if CLKgi = 1,

where

gi j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 if Vi − V j >= 20,
1 if 20 > Vi − V j >= 0,
5 if Vi − V j > −20,
3 if − 20 >= Vi − V j,
1 otherwise,

g ji =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

8 if V j − Vi >= 20,
8 if 20 > V j − Vi >= 0,
5 if 0 > V j − Vi > −20,
2 if − 20 >= Vi − Vi,
6 otherwise.

2.4. Reproductions of typical dendritic phenomena

Figs. 3 and 4 show reproductions of typical dendritic
phenomena by the presented model. In Fig. 3(a), stimu-
lations I4 and I5 are applied to the 4-th and the 5-th com-
partments, respectively. In this case, activities of the mem-
brane potentials of the 4-th and the 5-th compartments are
evoked, but these activities do not propagate to the somatic
compartment. In Fig. 3(b), the same stimulations I4 and I5

are applied to the 4-th and the 5-th compartments, respec-
tively, and a very weak noisy spike-train n is applied to each
compartment. In this case, activities of the membrane po-
tentials of the 4-th and the 5-th compartments do not prop-
agate to the somatic compartment. In Fig. 3(c), the same
stimulations I4 and I5 are applied to the 4-th and the 5-th
compartments, respectively, and a weak noisy spike-train
n is applied to each compartment. In this case, activities
of the membrane potentials of the 4-th and the 5-th com-
partments propagate to the somatic compartment, i.e., the
presented model exhibits forward propagations of mem-
brane potentials. In Fig. 4(c), a stimulation I0 is applied
to the 0-th somatic compartment. In this case, activities of
the membrane potentials of the 0-th somatic compartment
propagates to spine-side compartments, i.e., the presented
model exhibits backward propagations of membrane poten-
tials.

3. Conclusions

In this paper, the multi-compartment dendrite model
based on an asynchronous bifurcation processor was pre-
sented. It was shown that the presented model can re-
produce typical phenomena observed in dendrites. Fu-
ture problems include (a) more detailed analysis of the
presented model, (b) hardware implementation of the pre-
sented model, and (c) quantitative comparisons of hard-
ware costs of the presented model and a DSP dendrite
model.

This work was partially supported by the KAK-
ENHI Grant-in-Aid for Scientific Research Grant Number
15K00352.
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(a)

(b)

(c)

Figure 3: Reproductions of typical dendritic phenomena by
the presented model. Stimulations I4 and I5 are applied to
the 4-th and 5-th compartments, respectively. (a) Failure of
forward propagation. (b) Failure of forward propagation. A
very weak noisy spike-train n is applied to each compart-
ment. (c) Forward propagation. A weak noisy spike-train
n is applied to each compartment.

(a)

(b)

(c)

Figure 4: Reproductions of typical dendritic phenomena by
the presented model. A stimulation I0 is applied to the 0-th
somatic compartment. (a) Failure of backward propaga-
tion. (b) Failure of backward propagation. A very weak
noisy spike-train n is applied to each compartment. (c)
Backward propagation. A weak noisy spike-train n is ap-
plied to each compartment.
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Abstract—In this paper, a processor which realizes the
parallel processing of Particle Swarm Optimizer (PSO) is
proposed. As the main operations in PSO, there are initial-
ization of particles, calculation of evaluation values, update
of the best solution information, update of velocity and po-
sition vectors, and so on. In our processor, these operations
are executed by parallel circuits. Also, in order to adapt
various objective functions, the evaluation values are cal-
culated by software program using a RISC-type processor.
Performing the experiments, the results for the evaluation
of the circuit scale by logic synthesis and for the measure-
ment of the clock cycles by HDL simulator are shown.

1. Introduction

The Particle Swarm Optimizer (PSO) is one of optimiza-
tion algorithms, which is classified into swarm intelligence
[1]. In PSO, particles located in a solution space share the
solution information to each other, and find a design vari-
able vector as a solution which minimizes or maximizes an
objective function. Each particle has a velocity vector and a
position vector (corresponding to a design variable vector),
and memorizes the best solution information in its search
process. Also, all the particles share the best solution in-
formation in their search process to each other. Based on
the information, each particle repeats to update the veloc-
ity and position vectors and the best solution information.
PSO can be executed by simple arithmetic operations, and
can efficiently provide good solution candidates.

On the other hand, recently, engineering systems have
become large-scale and complex. Since the solution space
can be significantly large in the design problems for these
systems, it is difficult to search acceptable solutions by us-
ing the small number of particles. Therefore, this paper
considers effective search algorithms by using the large
number of particles. The basic PSO with the large num-
ber of particles can easily trap into undesirable local solu-
tions. However, it is possible to overcome such a problem
by introducing the following approaches: (1) the PSO al-
gorithms with network topologies [2]-[7], and (2) the PSO
algorithms with multi-swarm structure [8]-[11].

In this paper, the parallel processing of PSO is consid-
ered. The operations to each particle are independent ex-
cept for sharing the best solution information. Also, the
operations to each component in velocity and position vec-
tors are independent. That is, it can be said that the oper-

ations in PSO have significantly high parallelism. Then, a
processor which realizes the parallel processing of PSO is
proposed. In our processor, the high-speed execution of the
PSO algorithm is possible. Performing the experiments,
the results for the evaluation of the circuit scale by logic
synthesis and for the measurement of the clock cycles by
HDL simulator are shown.

2. Basic PSO algorithm

In this section, the basic PSO algorithm is explained.
Let us consider that an optimization problem with D de-
sign variables is solved by N particles. At the search
iteration t, each particle (the ith particle) has a velocity
vector vt

i = (vt
i1, v

t
i2, · · · , vt

iD) and a position vector xt
i =

(xt
i1, x

t
i2, · · · , xt

iD), and memorizes the personal best solu-
tion (Pbest) pt

i = (pt
i1, p

t
i2, · · · , pt

iD) in its search process.
Also, all the particles share the global best solution (Gbest)
gt

i = (gt
i1, g

t
i2, · · · , gt

iD) in their search process to each other.
The basic PSO algorithm for minimizing an objective

function f (x) is described by the followings.

Step 0: Preparation
Set the total number of particles N, the parameters of
the particles (w, c1, c2), and the maximum search iter-
ation tmax.

Step 1: Initialization
Let t = 1. Initialize velocity vector v1

i and position
vector x1

i for all i by random numbers. Initialize Pbest
p1

i for all i and initialize Gbest g1 by the following
equations.

p1
i j = x1

i j, i = 1 ∼ N, j = 1 ∼ D (1)

k = arg min
i

f (p1
i ) (2)

g1
j = p1

k j, j = 1 ∼ D (3)

Step 2: Update velocity and position vectors
Update the velocity vector vt+1

i and the position vector
xt+1

i by the following equations.

vt+1
i j = wvt

i j + c1r1(pt
i j − xt

i j) + c2r2(gt
i j − xt

i j)(4)
i = 1 ∼ N, j = 1 ∼ D

xt+1
i j = xt

i j + vt+1
i j (5)

i = 1 ∼ N, j = 1 ∼ D
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Figure 1: The structure of particle modules

where r1 and r2 in Eq. (4) are the uniform random
numbers in [0, 1].

Step 3: Update the best solutions
Update Pbest pt+1

i and Gbest gt+1 by the following
equations.

pt+1
i j =

{
xt+1

i j , if f (xt+1
i ) < f (pt

i)
pt

i j, otherwise (6)

i = 1 ∼ N, j = 1 ∼ D

k = arg min
i

f (pt+1
i ) (7)

gt+1
j = pt+1

k j (8)
j = 1 ∼ D

Step 4: Judgment of termination
If t , tmax, let t = t + 1 and go to Step 2.

PSO can be executed by the simple arithmetic opera-
tions, and can efficiently provide good solution candidates
for various optimization problems.

It should be noted that the operations in PSO have sig-
nificantly high parallelism. The operations of vt+1

i and xt+1
i

in Step 2, and of pt+1
i in Step 3 are independent for i and

j. The operations of v1
i , x1

i and p1
i in Step 1 are also inde-

pendent for i and j. In addition, the operations of f (xt+1
i )

and f (pt
i) are independent for i, and the operations of gt+1

are independent for j. That is, the operations in PSO have
significantly high parallelism. By implementing multiple
functional units in parallel, the high-speed execution of the
PSO algorithm is possible.

3. Design of a PSO processor

Figure 1 shows the structure of the particle modules. The
operations in this processor is based on the single precision
floating point number. In the figure, “Particle 1” ∼ “Par-
ticle N” are the particle modules, and “Swarm” is the hub
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Figure 2: “Swarm” module
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Figure 4: “Pbest” moudule

module to connect all the particle modules. Each particle
module has the lower layer modules which correspond to
the PSO algorithm explained in the previous section. Each
particle module can operate in parallel; the parallel pro-
cessing can be easily realized.

Figure 2 shows the block diagram of the “Swarm” mod-
ule. In the figure, “Min” and “Max” are the minimum and
maximum value registers, respectively. They are used in
the initialization process. “Gbest” is the module which up-
dates Gbest gt. This module outputs the values g1 (=gt)
and f(g1) (= f (gt)).

Figure 3 shows the block diagram of the “Init” module.
In the figure, “Mseq” is the M-sequence generator to be
used as a pseudo-random number generator, “x/v mem” is
the memory module for xt

i or vt
i, and “dim” is the counter

which holds the design variable index j. “Init” module
generates random numbers and stores these values in “x/v
mem” as follows:

r1 ← [1, 2) ; +1.rrr · · · r(2) × 20

r2 ← [0, 1) ; r1 − 1
r3 ← [0,Max −Min) ; r2 × (Max −Min)

mem ← [Min,Max) ; r3 −Min

where rrr · · · r is the 23-bit random significand value. Since
this module has the pipeline structure for the design vari-
able index j, the clock cycles of all the operations are pro-
portional to the number of design variables D.

Figure 4 shows the block diagram of the “Pbest” module.
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Figure 3: “Init” module
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Figure 5: “Gbest” module

The values f(x1) (= f (xt+1
i )) and f(p0) (= f (pt

i)) are com-
pared. Then, the values f(p1) (= f (pt+1

i )) and p1 (=pt+1
i )

are output.
Figure 5 shows the block diagram of the “Gbest” mod-

ule. In the figure, “num” is the counter which holds the par-
ticle index i. The values f(g0) (= f (gt)) and f(p1) (= f (pt+1

i ))
are compared. Then, the values f(g1) (= f (gt+1

i )) and g1
(=gt+1

i ) are output.
Figure 6 shows the block diagram of the “Position” mod-

ule. From the “v mem” and “x mem”, each component of
the velocity and position vectors are sequentially read out
by using “dim” as the memory address, and these values
are added. Then, the added values are sequentially output.
Note that the boundary value Min or Max is output if an
added value exceeds the boundary.

The “Velocity” module is desined by the 4-stage pipeline
structure for the design variable index j, as shown in Ta-
ble 1. By the above operations, the same results by using
Eq. (4) are obtained. Since this module has the pipeline
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Figure 6: “Position” module

Table 1: Pipeline stage in the “Velocity” module
Stage 1: k11 = w · vt

i j, k12 = c1 · r1, k13 = c2 · r2

k14 = pt
i j − xt

i j, k15 = gt
j − xt

i j
Stage 2: k21 = k12 · k14, k22 = k13 · k15

Stage 3: k3 = k21 + k22

Stage 4: k4 = k11 + k3

structure for the design variable number j, the clock cy-
cles of all the operations are proportional to the number of
design variables D.

The “Eval” module is constructed by a RISC-type MIPS
pipeline processor including the single precision floating
point number units. By this design, various benchmark
functions can be easily executed by software.

4. Experiments

The PSO processor is described by Verilog-HDL, and
the performances are evaluated. The parameters of each
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particle are fixed to w = 0.9, c1 = c2 = 1.0. Altera
Quartus II is used for the logic synthesis, and ModelSim-
Altera is used for the logic simulations. Altera Cyclone IV
EP4CE30F23I7N is selected as the target device.

In order to perform basic circuit operation verification,
only 2 particles are implemented. Table 2 shows the num-
ber of the Logic Elements (LEs) for each module. Note
that the LEs of higher layer modules include those of lower
layer modules. “I/O” includes the control modules of input
and output devices. “Top” is the top module which con-
nects the “Swarm” and “I/O” modules.

The “Velocity” module are designed by the pipeline
structure with 9 single precision floating point number
functional units. Therefore, the LEs of this module are
dominant. The “Particle” module operates based on the
PSO algorithm and has the exclusive operations between
the lower layer modules. Therefore, by sharing their func-
tional units, the total LEs can be reduced further.

Next, the execution time of the PSO processor is con-
sidered. As an example, the clock cycles of the “Velocity”
module are focused on. From Eq. (4), 9 arithmetic oper-
ations are executed in updating a single component of the
velocity vector. The clock cycles of the velocity update in
serial processing are given by CC0 = 9NDL, where N, D
and L are the number of particles, the number of design
variables and the maximum latency of the functional units,
respectively. On the other hand, the PSO processor has
multiple “Particle” modules in parallel and has the pipeline
structure for the design variable index j. If D is assumed to
be large, the clock cycles of the velocity update in the PSO
processor are given by CC1 ' DL. From CC0/CC1 ' 9N,
the PSO processor is 9N times faster than the serial pro-
cessing.

The PSO processor has an advantage in executing the
PSO algorithm by the large number of particles. The pro-
posed prosessor has a development potential espesially for
solving larger-scale problems.

5. Conclusions

This paper has proposed the PSO processor suitable for
parallel processing. The logical simulations and the logi-
cal synthesis on FPGA have been performed, and the cor-
rect circuit operations have been confirmed. Future prob-
lems include the evaluation of the performances for vari-
ous benchmark problems, and the implementation of the
PSO algorithm with the network topologies[2]-[7] and/or
the multi-swarm structures [8]-[11].
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Abstract—Quadratic assignment problem (QAP) is a
typical example of NP-hard problems. Therefore, we need
to develop algorithms for finding good approximate solu-
tions in a reasonable time frame. In this paper, we proposed
a new algorithm that controls execution of the 2-exchange
method, which is one of the heuristic algorithms for solving
QAPs by chaotic dynamics. In the proposed algorithm, we
modified the assignment of neurons and proposed a param-
eter tuning method for connection weights. As a result, our
algorithm can find not only good solutions but also reduce
the memory consumption.

1. Introduction

In our life, many optimizaion problems exist, for exam-
ple, scheduling, vehicle routing, facility location problem,
and so on. It is important to solve these probrems, because
the cost can be reduced. However, it is almost impossible to
obtain an optimal solution, because these problems such as
scheduling, vehicle routing, facility location problem are
classified into nondeterministic polynomial time solvable
(NP)-hard problems. Therefore, we need to develop ap-
proximate algorithms to obtain near optimal solutions in a
reasonable time frame.

On the other hand, several approximate algorithms
are proposed for solving Quadratic Assignment Problem
(QAP). For example, the 2-exchange method is well known
to solve QAP. However, local searches such as the 2-
exchange method are generally trapped into local min-
ima. For this reason, many methods to escape from the
local minima have also been proposed: for example, tabu
search[1, 2], genetic algorithm[3], chaotic dynamics[4, 5]
and so on. In Ref.[4], the 2-opt method for solving travel-
ing salesman problems is controlled by the chaotic dynam-
ics, while in Ref.[5], the 2-exchange method for solving
QAPs is controlled by the chaotic dynamics. In Refs.[4, 5],
the chaotic dynamics is introduced to control the heuris-
tic algorithms. In this paper, we propose an algorithm for
solving QAPs based on Ref.[5]. In the proposed algorithm,
the assignment of neurons is modified to reduce memory
consumption. In addition to control chaotic dynamics, we
adaptively decide a parameter depending on the state of the
solution. As a result, we succeeded to improve the perfor-
mance of the proposed algorithm.

2. QAP

The QAP is one of the most difficult NP-hard combi-
natorial problems. The QAP is formulated as follows:
when two n × n matrices, a distance matrix D and a flow
matrix R are given, we are asked to find an assignment
p = {p(1), p(2), · · · , p(n)} that minimizes an objective func-
tion. The objective function of QAP is defined by Eq.(1):

F(p) =
n∑

i=1

n∑
j=1

Di jRp(i)p( j), (1)

where p(i) is the element i of the permutation p. If p(i) = j,
the element i is assigned to the location j. In the follow-
ing, we explain the algorithm of the 2-exchange method
for solving QAPs.

Step1：A random solution q is made.

Step2： The objective function F(q) is calculated.

Step3： From all the elements, two elements s1 and s2 are
chosen. Then, locations assigned to s1 and s2 are
changed. Let us describe a provided solution as q′.

Step4： The objective function F(q′) is calculated.

Step5： If F(q) > F(q′), then let q = q′. Return to Step3．
When a solution was not improved, even if any two
elements s1 and s2 were chosen, we stop a solution
search.

Generally, the 2-exchange method is trapped into local
minima. Therefore, we used a chaotic dynamics to escape
from the local minima.

3. Proposed algorithm

The dynamics of the chaotic neuron i in the chaotic neu-
ral network[6] is described as follows:

ξi(t + 1) = keξi(t) +
m∑

j=1

vi ja j(t), (2)

ηi(t + 1) = k f ηi(t) +
l∑

j=1

wi jhi j(x j(t)), (3)

ζi(t + 1) = krζi(t) − αxi(t) + θi, (4)

xi(t + 1) = f {ξi(t + 1) + ηi(t + 1) + ζi(t + 1)} . (5)
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To control the 2-exchange method by the chaotic neural
network, we transformed Eqs.(2) ∼ (5) into Eqs.(6) ∼ (9).

ξ j(t + 1) = β∆i j(t), (6)

η j(t + 1) = k f η j(t) +
n∑

i=1,(i, j)

w ji(t)xi(t), (7)

ζ j(t + 1) = krζ j(t) − αx j(t) + (1 − kr)θ j, (8)

x j(t + 1) = f
{
ξ j(t + 1) + η j(t + 1) + ζ j(t + 1)

}
, (9)

where ξ j(t) is an external input to the chaotic neuron j, η j(t)
is a feedback input from other neurons in the network to the
chaotic neuron j, ζ j(t) is a refractoriness term of the chaotic
neuron j, and ∆i j(t) is a gain of the objective function when
we change p( j) to p(i) by the 2-exchange method, k f and
kr are decay constants, w ji(t) is a connection weight from
the chaotic neuron i to the chaotic neuron j at time t, α is
a scaling parameter of refractoriness effect, θ j is a thresh-
old of the chaotic neuron j, and f is a sigmoidal function
defined by f (y) = 1/(1 + e−y/ϵ).

In the conventional method[5], when the problem size
is n, the n × n chaotic neurons are prepared to represent
each (i, j) assignment. If the chaotic neuron (i, j) fires,
the element i is assigned to the location j. Although
this method[5] shows good performance, this method uses
much memory. On the other hand, in the proposed method,
we use n chaotic neurons for solving the problem of size n.
For this reason, we can reduce the memory consumption.
If the chaotic neuron i fires, we perform the 2-exchange
method for the element i. We explain the proposed algo-
rithm as follows.

Step1： Let i = 1.

Step2： Internal state values of all chaotic neurons except
the chaotic neuron i are updated asynchronously by
Eqs.(6) ∼ (8).

Step3： The output of the chaotic neuron j is calculated by
using Eq.(9).

Step4： If max
j
{x j(t + 1)} > 1/2, the chaotic neuron j fires

and the element p(i) and p( j) are exchanged by the
2-exchange method.

Step5： If i = n, this iteration is finished. Otherwise let
i = i + 1 and return to Step2.

4. The parameter tuning method

In this paper, we also introduce a parameter tuning
method for deciding connection weights. The connec-
tion weight wi j is controlled as follows. First, wmax =

max
i j
{Di jRp(i)p( j)}, the largest matrix element of the product

of the distance matrix D and the flow matrix R, is calcu-
lated. Then, the connection weight from the neuron j to
the neuron i is decided by Eq.(10):

wi j =
Di jRp(i)p( j)

wmax
. (10)

If the elements p(a) and p(b) are exchanged by the 2-
exchange method, the parameters wai,wbi,wia, and wib(i =
1, 2, . . . , n) are updated by Eq.(10).

5. Results

Table 1 shows the parameter values that we used for
solving each problem. In the numerical experiments, ∆i j(t)
is normalized by dMrM where dM = max

i j
{di j} and rM =

max
i j
{ri j}. We evaluated the performance of the proposed al-

gorithm using benchmark problems from QAPLIB[7]. To
evaluate the performance, we used the gap which is defined
by the following Eq.(11).

gap[%] =
found best solution − optimal solution

optimal solution
× 100. (11)

We calculated 10 trials for each parameter, and calculated
the average gap across trials.

Table 1: The parameters that we used for solving each
problem.

Problem α β θ k ϵ

Bur26a 5 1400000 0.05 variable 0.002
Bur26b 5 1400000 0.05 variable 0.002
Bur26c 5 1400000 0.05 variable 0.002
Bur26d 5 1400000 0.05 variable 0.002

Ste36a 5 10000 0.05 variable 0.002
Ste36b 1 10000 0.05 variable 0.001
Ste36c 1 10000000 0.05 variable 0.0001

Tai20b 5 variable 0.05 0.9 0.0001
Tai30b 2 variable 0.05 0.9 0.00005
Tai40b 1 variable 0.05 0.9 0.0001
Tai50b 1 variable 0.05 0.9 0.0001
Tai60b 1 variable 0.05 0.9 0.0001
Tai80b 1 variable 0.05 0.9 0.0001

Tai150b 10 variable 0.05 0.9 0.009
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Table 2 shows the best gaps for all parameters. Numerals
with bold faced types indicate the best gap. From Table
2, even though our method consumes less memories, we
can get almost equivalent performance to the conventional
method[5].

Table 2: Results of gaps[%] for (i) the conventional method
with the chaotic search(CS), and (ii) the proposed method.
The best parameters for each problem are shown in paren-
theses. The values of the parameter k are shown in
BurXXX and SteXXX, and the values of the parameter β
are shown in TaiXXXb.

Problem (i) Conventional method (ii) Proposed method
Bur26a 0.159 0.293 (0.9)
Bur26b 0.0814 0.111 (0.3)
Bur26c 0.0496 0.130 (0.1)
Bur26d 0.0234 0.080 (0.7)

Ste36a 5.65 3.86 (0.9)
Ste36b 12.7 8.29 (0.9)
Ste36c 4.40 3.68 (0.1)

Tai20b 1.80 3.14 (15000000)
Tai30b 2.33 1.91 (15000000)
Tai40b 3.70 4.58 (10000000)
Tai50b 2.21 3.96 (10000000)
Tai60b 2.52 2.48 (13000000)
Tai80b 2.88 2.08 (11000000)

Tai150b 2.44 1.46 (100000)

Figure 1 shows the change of the gap in case of chang-
ing k. In Fig.1, red line indicates the result of the proposed
algorithm, blue line indicates the result of the conven-
tional algorithm[5] with chaotic search (CS). The conven-
tional method has higher performance for any value of k in
Fig.1(a)(Bur26a). However, as shown in Fig.1(b)(Ste36a),
the proposed method finds better solutions than the con-
ventional method with chaotic search depending on k. In
Fig.1(c)(Ste36b), we find that the proposed method has
higher performance than the conventional method with
chaotic search for almost any value of k.

Figure 2 shows the temporal change of the internal state
of the chaotic neuron 1. From Fig.2, temporal behavior of
the chaotic neuron looks like chaotic.
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Figure 1: The result of the average gap for each k. Ordi-
nates show the gap and abscissas show values of the param-
eter k. The result of the proposed method is shown in red
lines and CS is shown in blue lines.
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Figure 2: The value of the internal state of the chaotic neu-
ron 1 for each times of update. Ordinates show the internal
state of the chaotic neuron 1 and abscissas show the times
of update of the chaotic neuron 1.

6. Conclusion

We proposed a new algorithm to find good approximate
solutions for QAP. We also introduced a parameter tuning
method to get good solutions for any kind of problems. In
comparison with the conventional algorithm[5], our algo-
rithm can get equivalent performance. However our al-
gorithm has an advantage, because the number of neuron
is reduced, which means that, we can reduce the mem-
ory consumption. It is an important future work to intro-
duce chaotic simulated annealing into the proposed method
and compare its performance with the conventional chaotic
simulated annealing method[5].
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Abstract—In recent years, many researchers pay atten-
tion to swarm intelligence as the application of the opti-
mization problem solver. Firefly algorithm is one of such
swarm intelligence algorithms, it is inspired by the flash-
ing and attracting behavior of fireflies. In this article, we
consider a deterministic firefly algorithm to analyze the dy-
namics rigorously. The state update equation of the deter-
ministic firefly algorithm contains two important parame-
ters;β0 andγ. We analyze the effect of the solution search
of these parameters. Based on the analysis result, we pro-
pose a modified firefly algorithm to improve the solution
search performance. We confirm the solution search per-
formance by using come benchmark functions.

1. INTRODUCTION

Under the given constraints, Optimization Problem is to
find a solution that a certain objective function gives the
maximum value or the minimum value. The optimization
problem has been studied in various fields such as engi-
neering, economics, and et al.

In recent years, many researchers pay attention to swarm
intelligence as the application of the optimization prob-
lem solver. The swarm intelligence algorithms is between
agents to emerge the behavior by local interaction [1]. For
example, some methods are based on the behavior of ants
colony, slime mold colony, fish flock, and so on. Firefly
Algorithm (abbr. FA) is also one of such swarm intelli-
gence algorithms. It is developed based on the characteris-
tics of the blinking of natural firefly by Xin-She Yang etal.
in 2007[2].

To analyze the dynamics of FA, we proposed a determin-
istic FA. Based on the analysis results of the deterministic
FA, we propose an improved deterministic FA. We confirm
the solution search performance of the proposed FA by us-
ing some benchmark functions.

2. FIREFLY ARGORITHM

In the firefly algorithm, there are two important points:
the variation in the light intensity and the formulation of the
attractiveness. So for optimization problems, a firefly with
high/low intensity will attract another firefly with high/low
intensity. The distancer i j is the distance between thei-
th firefly and thej-th firefly. The light intensityI (r) is in
inverse proportion into the square of the distance.

I (r) = Is/r
2 (1)

where,Is is the light intensity at the source. The light
intensity I varies with the distancer i j depending upon a
fixed light absorption coefficientγ.

I = I0e−γr (2)

where,I0 is the initial light intensity
Each firefly has its distinctive attractivenessβ which im-

plies how strong it attracts other members of the swarm.
The attractiveness is varied and it changes depending upon
the distance between thei-th firefly andi-th firefly. Since
the attractiveness is proportion to the light intensity seen by
adjacent fireflies, the attractiveness function is defined as

β = β0e−γr
2

(3)

where,β0 is the attractiveness atr = 0 andγ is a light
absorption coefficient.

Cartesian distance between any two firefliesi and j at xi

andx j , respectively is

r i j = ||xi − xi || =

√√√ D∑
d=1

(xi,d − x j,d)2 (4)

The movement of thei-th firefly is attracted to another more
attractive (brighter)j-th firefly is determined by

xt+1
i = xt

i + β0e−γr
2
i j (xt

j − xt
i )

+α(rand− 1/2)
(5)

where rand ∈ [0,1] is a uniform distributed random
number[3].

3. DETERMINISTIC FIREFLY ALGORITHM

In order to analyze the dynamics of FA, we consider our
proposed deterministic FA[4]. Without loss of generality,
we can consider the case of one-dimensional. We assume
that the j-th firefly found the optimum solution. The opti-
mum solution locates at the origin. Also, the initial posi-
tions of other fireflies are located excepting the origin. We
consider the case oft = 0 of Eq. (5) as follows.

xt+1
i = xt

i − β
γ(xt

i )
2

0 xt
i (6)
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Since the system described by Eq. (6) does not contain
stochastic factor, the system can be regarded as a deter-
ministic system. Thus, we call this system a deterministic
FA. The dynamics of thei-th firefly of the deterministic
FA is described by a one-dimensional return map as shown
in Fig. 1. It shows the cases the parametersγ andβ0 are
varied. Figure 1 indicates that the characteristic of the one-
dimensional return map is depended on the parameter. In
the case whereγ is large, the most of the domain of the
return map into itself. On the other hand, whenγ becomes
small, the return map is varied depending onγ. In this case,
the search range is enlarged. Therefore, the search range is
determined by theγ. If β0 is large, the amount of the move-
ment in the vicinity of thej-th firefly increases. Namely,β0

controls search range around the found best position.
As shown in Fig. 1, the absolute value of the slope of the

one-dimensional return map at the origin is controlled of
β0. So we consider the slope of the one-dimensional return
map.

dxn+1
i

dxn
i

= 1+ (2γ(xn
i )2 − 1)β0e−γ(x

n
i )2

(7)

In this case, we assume the optimal position is the origin.
If the absolute value of the slope of the origin is greater
than 1, the dynamics around the origin is expanded. On the
other hand, if the absolute slope around the origin is less
than 1, the trajectory converges to the origin. From Eq. (7),

the slope of the origin is
d(xn+1

i )
dxn

i
|xi=0 = 1− β0. Therefore, if

β0 > 2, the map is expandable. Also, if 0< β0 < 2, the
map is regarded as a contraction map.

Figure 2 illustrates the time evolution of the search posi-
tion on the return map depending on the parameters. Fig.
2(a) that the parameter isβ0 = 0.5, the search point is
monotonously attenuated, and all fireflies converge to the
origin which corresponds to the optimal position. Fig. 2(b)
that the parameter isβ0 = 1.5, the search point converges
to the origin with oscillation. Fig. 2(c) that the parameter
is β0 = 3.5, the search point converges to the two periodic
points. In this case, the firefly to search for only two points.
Fig. 2(d) that the parameter isβ0 = 5.5, the time-series
of the search point exhibits non-periodic motion. In or-
der to improve the performance of exploration, we propose
the novel deterministic FA that the initial attractiveness pa-
rameterβ0 is varied. The initial attractiveness controls the
search range.

4. THE PROPOSED METHOD

From the analysis results of one-dimensional determin-
istic FA, β0 determines how to explore around the location
of the best location. The parameterγ determines the scope
of the exploration of each firefly. The state update equation
of the deterministic FA is described as

xn+1
i = xn

i + β0e−γr
2
i j (xn

j − xn
i ) (8)

(a) β0 = 0.5 (b) β0 = 1.5

(c) β0 = 3.5 (d) β0 = 5.5

Figure 2: Individual behavior by attractivenessβ0

Based on the deterministic FA, we propose a novel de-
terministic FA with a time variant intension parameter to
improve the solution search performance of the determin-
istic FA. If β0 is large, the system exhibits non-periodic
motion into large search region. In this case, the system
is said to be a global search state. On the other hand, if
β0 is small, the system searches the narrow region around
the found best position. Such motion is regarded as a lo-
cal search state. To combine these two states, we change
the parameterβ0 to the time variant parameter. At first, the
parameterβ0 sets the maximum valueβmax. The parameter
is gradually decrease until the value reaches the minimum
valueβmin.

Figure 2(a) shows the case where all fireflies are con-
centrated in one place and the solution search process is
terminated whenβ0 is less than equal to 2. To avoid such
solution search termination to improve the search perfor-
mance, it is need to change the search state if all fireflies
are centralized around the found best potion. So, we define
a criterion regionϵ, if all fireflies are concentrated in this
criterion region, we apply re-arrangement process.

The parameterβ0 and the update equation of the novel
FA is described as

xn+1
i = xn

i + β0e−γr i j (x j − xi)

βn+1
0 =

{
βmin (βn

0 − δ < βmin)
βn

0 − δ (otherwise)
(9)

However, if all fireflies are concentrated in one criterion
regionϵ, Namely,|xn

best− xn
i | < ϵ, The parameterβ0 and the

update equation of the novel FA is is changed as follows
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(a) γ = 0.01 (b) γ = 0.1 (c) γ = 1

Figure 1: Effect of parameters to search region

Table 1: Simulation conditions
Item Conditions
β0 5.5(Deterministic FA)

1 < β0 ≤ 6.5(Proposed FA)
γ 0.001
δ 0.01

Dimension of Evaluation function 10
Number of trials 10

Number of fireflies 10
Maximum iteration 10000

Initial value [-20:20]

{
xn+1

i = Uniform (lmin, lmax)
βn+1

0 = βmax
(10)

Uniform (lmin, lmax) is a uniform distributed random
number whose region is [lmin, lmax]

5. NUMERICAL SIMULATIONS

In order to confirm the effect of the parametersβ0 and
γ, we use two-dimensional Sphere function to the search
range and parameterγ are shown in Fig. 3. The horizontal
axis represents the light absorption coefficient γ, and the
vertical axis represents the search range. From this result,
we confirm that the search range is narrowed whenγ is
increased.

Figure 4 shows the relationship between the search range
and the parameterβ0. Whenβ0 is less than equal to 2, The
firefly converges to the found best position. Such motion
corresponds to the stagnation of the solution search pro-
cess. Our proposed method can overcome such situation.

To confirm the search performance of our proposed FA,
we carry out some numerical simulations. In order to con-
firm the search ability, we compare FA, the determinis-
tic FA, and the proposed deterministic FA. The simula-
tion conditions conditions are shown in Table 1. Table 2
shows benchmark functions used in our numerical simula-
tions. Table 3 shows the simulation results. The simulation

results indicate that the performance of the proposed FA is
better than the deterministic FA. However, the performance
of the proposed FA is worse than the conventional FA.

At first, theβ0 is a large value then the proposed method
performs global search. After that,β0 is reduced. The sys-
tem exhibits the state transition to the local search state.
Depending on such state transition, the proposed system
can find a good solution than the deterministic FA.

6. CONCLUSIONS

In this article, we confirmed the effect of the parame-
tersβ0 andγ. Based on the analysis results, we proposed
the novel a deterministic FA with time variant parameter
β0 The numerical simulation results indicate that the solu-
tion search performance of the proposed deterministic FA
is better than the deterministic FA. However, the perfor-
mance is inferior than the conventional FA. To improve the
search performance is the most important issue of our fu-
ture problems.
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Table 2: Benchmark Functions
Function Equation

Shifted Griewank Function f1(y) = 1+ 1
4000

∑D
d=1 y2

i −
∏D

d=1 cos(yi√
i
), y = x − o

Shifted Rosenbrock Function f2(y) =
∑D−1

d=1 (100(yd+1 − y2
d)2 + (yd − 1)2), y = x − o

Shifted Rastrigin Function f3(y) = 10N +
∑D

d=1((y2
d − 10 cos(2πyd))), y = x − o

Rotated Griewank Function f4(x) = f1(z), z= Mx
Rotated Rosenbrock Function f4(x) = f2(z), z= Mx
Rotated Rastrigin Function f6(x) = f3(z), z= Mx

o is uniform random number,M is D × D rotating matrix

Table 3: Simulation results
Function Method Mean value Deviation Best value Worst value

DFA 1135.69 83.09 938.64 1264.60
Shifted Griewank Function The proposed DFA 852.89 136.57 718.29 1094.45

FA 701.05 0.03 700.10 701.10
DFA 10082.96 2255.75 6622.65 14361.05

Shifted Rosenbrock Function The proposed DFA 1779.76 1668.28 732.96 6391.67
FA 474.42 47.18 408.09 579.64

DFA 1039.71 28.46 981.54 1079.02
Shifted Rastrigin Function The proposed DFA 1007.59 49.36 925.08 1089.97

FA 874.72 19.47 849.28 908.83
DFA 705.96 1.80 703.80 710.13

Rotated Griewank Function The proposed DFA 852.89 136.57 718.29 1094.45
FA 700.90 0.09 700.76 701.020

DFA 520.43 49.27 446.94 625.26
Rotated Rosenbrock FunctionThe proposed DFA 403.96 2.79 401.36 411.96

FA 400.41 0.19 400.12 400.75
DFA 932.93 11.65 914.94 955.46

Rotated Rastrigin Function The proposed DFA 864.90 37.72 821.45 934.85
FA 821.51 16.60 804.16 856.32
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Abstract—This paper studies the ring-type growing par-
ticle swarm optimizer (RGPSO) for multi-solution prob-
lems where the number of solutions is unknown. This al-
gorithm uses ring-topology and has no random parameter.
The number of particles can increase and the swarm can
grow. The RGPSO can identify all the solutions and can
clarify the number of solutions. The necessary number of
particles depends on the number of solutions and is esti-
mated based on the increasing number of particles.

1. Introduction

The particle swarm optimizer (PSO) is a population-
based optimization method inspired by flocking behavior
of living beings [1]-[3]. The particle positions correspond
to potential solutions and is evaluated by an objective func-
tion. The particles search desired optimal solution(s) based
on inter-particle communication. The PSO is simple in
concept, is easy to implement and has been applied to opti-
mization problems in various systems, e.g., signal proces-
sors, filters, switching power converters, renewable energy
systems, and nonlinear dynamical systems [4]-[11].

For single solution problems, the PSO is suitable for
global search. Because it can find an optimal solution by
few particles even if the search apace is vast. However,
standard PSOs are not suitable for multi-solution problems
(MSP [12]-[16]) where particles are often trapped into par-
tial/local solutions.

This paper studies ring-type growing particle swarm op-
timizer (RGPSO) for the MSP. Especially, we consider the
case where the number of solutions is unknown. The RG-
PSO is defined on a particle swarm of ring-topology and
the swarm can grow by generation of new particles. If pa-
rameter values are selected suitably, the RGPSO can iden-
tify all the approximate solutions. Also, the RGPSO in-
cludes no random parameters: it is deterministic. Such a
deterministic system is convenient in motion analysis and
reproducibility performance evaluation.

2. Algorithm

The objective function for the RGPSO is defined by

FA : S A → R+,
S A = {(x1, x2)|XL ≤ xi ≤ XR, i = 1, 2} (1)

where S A is a search space and R+ denotes positive reals.
Assuming FA has plural minima, the solutions xi

s are de-
fined by

FA(xi
s) = 0,

xi
s ≡ (xt

s1, x
t
s2) ∈ S A, i = 1 ∼ NA

(2)

where i = 1 ∼ NA and NA is the number of solutions. The
RGPSO uses N particles. For the objective function F. The
i-th particle Pi is characterized by its position xi and veloc-
ity vi. The update of the particle is based on the personal
best (Pbesti) and local best (Lbesti). The Pbesti gives the
best value in the past history of Pi. Lbesti is the best of the
personal best in the neighbor of Pi. The neighbor particles
are given depending on the structure of the particle swarms.
We use the ring structure where the both sides particles are
the neighbors of a particle. In order to defined the algo-
rithm, let t be a search step and let Pt denote the particle
swarm at time t. Let Pt

i be the i-th particle, let xt
i be its

position and vt
i be its velocity where i = 1 ∼ N.

In this paper, we assume that the number of solutions
NA is unknown. Our purpose is to identify positions of
all the approximate solutions and to clarify the the number
solutions. The RGPSO is defined as the following.

STEP 1 (Initialization 1): The number of approximate so-
lutions is initialized: k = 0. The number of areas of ap-
proximate solutions is initialized: S = 0.
Let the number of particles be N.

STEP 2 (Initialization 2): Let search step t = 0. Particle
positions xt

i and velocities vt
i are initialized where i = 1 ∼

N. Personal bests and local bests are initialized: �xpbesti =

�xlbesti = �x
t
i.
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STEP 3 (Approximate solutions): If the i-th particle posi-
tion satisfies

F(�xt
i) < CA (3)

then xt
i is declared as an approximate solution. The approx-

imate solution is labelled by ak. (If this is the first approxi-
mate solution then S = 1).

STEP 4 (Area judgement): If ak is not included in an area
of existing approximate solutions then a new area is gener-
ated.

S ← S + 1 if |�ak − �a j| > r for j < k (4)

where | · | denote the Euclidean distance and the parameter
r decides the approximate solution area. We have used the
descending sort algorithm in the judgement. Let k = k + 1.

STEP 5 Personal and local bests are updated:

�xt
pbesti

← �xt
i if F(�xt

i) < F(�xt
pbesti

)

�xt
lbesti
← �xt

pbesti
if F(�xt

pbesti
) < (�xt

lbesti
)

Position and velocities are updated:

�vt+1
i ← w × �vt + c × (�xt

lbesti
− �xt

i)

�xt+1
i ← �xt + �vt+1

i

(5)

where w and c are deterministic parameters. Note that the
RGPSO includes no random parameters.

STEP 6 (Increase of particles):
At t = n1T1, N1 pieces of new particles are added and are

assigned randomly in the ring-topology, where n1 denote
integers and T1 is a time interval.

N ← N + N1 at t = n1T1

STEP 7 Let t ← t + 1, return to STEP 3 and repeat until
t = tmax. At t = tmax, go to STEP 8

STEP 8 If the number of solution regions is not change af-
ter repeating STEP 3 to STEP 7 M times then the algorithm
is terminated. Otherwise, go to STEP 2.

3. Numerical Experiments

We have applied the RGPSO to MSPs defined by the
following simple cost function

fm(x1, x2) = cos
4mπ
N

x1 + cos
4mπ
N

x2 + 2

x1 ∈ {−N,N}, x2 ∈ {−N,N}
(6)

where N = 128 and m ∈ {2, 3, 4, 5} Depending on the pa-
rameter X, the search area and the number of solutions vary.
For simplicity, we have selected four values of X as shown
in Table 1. Figure 1 shows typical results. Table 1 summa-
rize results of 100 trials.

Figure 1: Typical search results

Table 1: Parameters and results. #SOL = the average num-
ber of solutions. #PLC = the average number of particles.
#ASL = the average number of identified solutions.

X 2 3 4 5
#SOL 16 36 64 100
#PCL 73.5 206.5 328 713
#ASL 15.5 35.45 63.55 98.65

4. Conclusion

We have studied the RGPSO for MSPs where the num-
ber of solutions is unknown. Performing numerical exper-
iments for fundamental MSPs, the algorithm efficiency is
investigated.
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Abstract– This paper presents design of resonant class 

E DC/DC converter with class E switching circuits. To 
achieve high power conversion efficiency at high 
frequencies, we apply particle swarm optimization using a 
circuit simulator to adjust the passive elements including 
the circuit. In the illustrative examples, we confirm the 
validity of the proposed method. 
 
1. Introduction 
 
Appropriate DC voltage is required for various building 
blocks in a circuit. Therefore, it is necessary to convert a 
DC level to another. The switching DC/DC converter 
attains this purpose. It features being fabricated with small 
size and high power conversion efficiency. However, 
since the circuit is switched, the electromagnetic 
interference (EMI) level is high. 
 Alternatively, resonant class E DC/DC converter is 
proposed [1]. It is known that the class E switching 
circuits are noiseless, when the switching conditions 
satisfy. Therefore, resonant class E DC/DC converter is of 
low EMI level, which is an advantage in comparison to 
other switching converters. However, the design is 
difficult, because the switching conditions satisfy on the 
steady state.  

In this paper, our aim is to determine the passive 
elements included in resonant class E DC/DC converter 
by using particle swarm optimization (PSO) [3]. 
Calculating the steady state response by a circuit 
simulator, the objective function associated with the 
switching conditions is minimized. Then, we can obtain 
the designed circuit with the optimized passive elements.   

This paper is organized as follows. In Sect. 2, we 
review resonant class E DC/DC converter. In Sect. 3, the 
class E inverter and rectifier are provided. In Sect. 4, the 
optimization method is provided. In Sect. 5, the 
illustrative examples are presented. Section 6 is 
conclusions. 

 
2. Resonant DC/DC Converter 
 
Figure 1(a) shows block diagram of resonant DC/DC 

converter. Resonant DC/DC converters consist of two 
parts, inverter and rectifier. Both inverter and rectifier 
must be realized so that they have high power-conversion 
efficiency at high frequencies to obtain an efficient 
DC/DC converter. Using the inverter and rectifier with 

class E switching conditions as shown in Fig. 1(b), we can 
obtain a DC/DC converter with high power-conversion 
efficiency [1]. When the class E switching conditions 
satisfy, the EMI level is extremely low. This is the most 
advantageous feature of the resonant DC/DC converter 
with class E switching conditions. 

 
(a) 

 
(b) 

Figure 1: Block diagram of resonant DC/DC converters. 
(a) General configuration. (b) Converter with class E 
switching conditions. 
 
3. Class E Inverter and Rectifier 
 
Figure 2 shows the basic configuration of class E inverter. 
Class-E inverter is composed of input DC voltage VDD, 
capacitors CS, Co, inductors LC, LO, resistor R, and 
MOSFET. The circuit is switched by applying a clock 
voltage VC to the MOSFET. Since DC voltage VD is 
converted to AC voltage VO, the circuit is an inverter. 
When the MOSFET is turned on, the drain-source voltage 
becomes almost zero. On the other hand, when the switch 
is turned off, the drain-source voltage is amplified. 
Behavior of the class E inverter is constrained by 
switching of the MOSFET. In other words, it is necessary 
to minimize loss when the drain-source voltage is 
switched. 

Class E inverter must satisfy the class E switching 
conditions. Figure 3 shows an ideal waveform of class E 
inverter that satisfies the switching conditions. Class E 
switching conditions for class E inverter is defined so that 
when the switch is turned on, the switch voltage Vs across 
the capacitor Cs is zero and the slope is also zero. These 
conditions are mathematically expressed as 
 

0)( TVS                                                                (1) 
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where T is the period of input voltage source VC. The 
conditions (1) and (2) are called zero voltage switching 
(ZVS) and zero derivative switching (ZDS) conditions. 
However, since these conditions must satisfy in the steady 
state, adjustment of passive elements is a tremendous task.  
 

 
Figure 2: Configuration of class E Inverter. 
 

 
Figure 3: Ideal waveform of class E inverter. 

 
Figure 4 shows the configuration of class-E rectifier. 

Class-E rectifier is composed of input AC current IR, 
capacitors CD, Cf, inductor Lf, resistor R1 and Schottky 
barrier diode as the switching device. The input AC 
current is rectified in a half-wave by the diode and is 
converted to DC voltage by the low-pass filter consisting 
of Lf and Cf. The class E switching conditions must satisfy 
in the rectifier, but it is different from class E inverter. The 
class E switching conditions of class-E rectifier is defined 
that when the switch is turned off, the diode voltage Vs 
and the slope are both zero. Figure 5 shows an ideal 
waveform of class E rectifier. 

Class E rectifier can achieve high power conversion 
efficiency when the class E switching conditions satisfy. 
The values of passive elements do not have to be adjusted, 
because the E class switching conditions satisfy, when the 
diode is off. However, since magnitude of the output 
voltage is constrained by the passive elements, we need to 
give appropriate values for a specified DC output. 

 
 
Figure 4: Configuration of class E rectifier. 
 

  
Figure 5: Ideal waveform of class E rectifier. 

 
4. Optimization 
 
4.1. PSO 
 
PSO is a method for optimization without making use of 
explicit information of gradient of objective function. PSO 
consists of many particles, the vertex of which is 
corresponding to optimized variables. PSO is used to 
determine optimum parameters of the DC/DC converter. 
Updating the position and the velocity of particles of PSO 
is performed by 
 

← ,                                                                  (3) 
← ,                    (4) 

 
where x and v are position and velocity of particle, 
respectively,  is an inertia, c1 and c2 are acceleration 
coefficients of particles, and r1 and r2 are random numbers 
in [0,1].   is the current best position in the particle.  is 
the best position for all the particles.  
 
4.2. Objective Function 
 
The objective function is required to execute PSO 
associated with the class E switching conditions (1) and 
(2). Since (2) is more sensitive than (1), we use (1) only 
and define the objective (cost) function by 
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cost  VS
2 (T ) .                                                   (5) 

 
PSO provided in Sect. 4.1 finds the minimum point where 
(5) is minimized. To obtain (5), the steady state response 
have to be calculated. We use the time-domain shooting 
method of HSPICERF [4]  to obtain VS . 
 
5. Results  
 
We calculated the transient response of the resonant DC/ 
DC converter shown in Figure. 6, where as a specification, 
VDD=5V, CS=3nF, Co=3nF, LC=7.96mH, LO=7.96µH, 
CD=2.35nF, Cf=470µF, and Lf=318µH were given. Figure 
7 shows the transient response of the switch voltage VS, 
where the class E switching conditions do not apparently 
satisfy. Although the class E conditions satisfy for the 
class E inverter only, the operating conditions are 
disturbed by connecting a rectifier to the inverter. This 
implies that we need to adjust values of passive elements. 
Hence, we applied PSO provided in Sect. 4.1, where 
0.729  and c1=c2=1.494. As a result, Cs=2.1127nF, 
Co=98.8555nF were obtained. The transient response of 
the circuit with these capacitances is shown in Figure. 
8(a). We also show the diode voltage VD in Fig. 8(b). 
Form Figs. 8(a) and 8(b), we can see that the class E 
switching is achieved for both the switch voltage Vs and 
the diode voltage VD. Accordingly, we can say that the 
designed DC / DC converter is that the switching loss and 
electromagnetic interference are small. 
 

 
Figure 6: Configuration of class E DC/DC converter. 
 

 

 
Figure 7: Transient response of  DC/DC converter, the 
passive elements of which are not optimized. 

 

 
(a) 

 

 
(b) 

 
Figure 8: Transient response of class E DC/DC converter 
that is optimized by PSO. (a) Switch voltage. (b) Diode 
voltage. 
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The output voltage Vo is shown in Figure. 9. Since it has 
a DC value, the designed DC/DC converter converts the 
input DC voltage to an AC voltage and converts again into 
a DC voltage. This validates that the resonance DC/DC 
converter behaves correctly.  
However, PSO with (5) cannot change the output voltage 

freely. Hence, we applied PSO again to change the output 
voltage. The specified voltage was assumed to be 10V, 
and CD, Lf, and R1 were selected as optimization variables. 
The cost function is redefined by 
 

cost  (10V )2

.                                                
(6) 

 
As a result, CD=3.8275nF, Lf =379.4785μH, and R1 = 
128.8611Ω were obtained. The output voltage of 
optimized circuit is shown in Fig. 9. We can see that the 
output voltage is roughly 10V. 
 

 
Figure 9:  Output voltage of class E DC/DC converters. 
 
6. Conclusion 
 
We have presented an optimization method for designing 
the resonant class E DC/DC converter, applying PSO. The 
method is used to satisfy the class E operating conditions. 
Further, we apply PSO again to obtain the desired output 
voltage. Behavior of the optimized circuit was confirmed 
by transient analysis. The class E switching conditions 
then are broken due to changing some parameters in order 
to obtain the desired output voltage. Hence, we should 
consider satisfying the class E switching conditions by 
changing the duty ratio of clock voltage. 
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Abstract—This paper proposes an Artificial Plasmod-
ium Algorithm (APA) mimicked a contraction wave of a
plasmodium of physarum polucephalum. Plasmodia can
live using the contracion wave in their body to communi-
cate to others and transport a nutriments. In the APA, each
plasmodium has two information as the wave information:
the direction and food index. We apply APA to a maze
solving and route planning of road map.

1. Introduction

Of late years, many algorithms which mimicked various
creatures have proposed. Major examples are follows: Par-
ticle Swarm Optimization (PSO) [1]: based on the swarm
behavior such as fish and bird schooling in nature, and Bees
Algorithm (BA) [2][3]: based on the food foraging behav-
ior of swarms of honey bees. They can perform smart in
the nature making full use of their memory and own ability
although they are small.

By the way, the creature, which we focus on in this study
is the plasmodium of Physarum polucephalum. This plas-
modium is multinuclear and unicellular organism, and it
does not have any differentiated organ. Thereby, the plas-
modium senses environment, decides and moves using the
whole body. When the plasmodium is cultivated, their body
is getting bigger like 5m2. However, no matter how big
their body become, they can behave like in a body in spite
of unicellular organism. In addition, the results that this
highly homogenized plasmodium can solve the maze and
find the shortest path were reported [4][5][6]. This is in-
deed true and was experimentally proved.

In this study, we consider about how the plasmodium
solves the maze and find a shortest path. Furthermore,
based on our consideration, we propose a new algorithm
modeled on the plasmodium, called “Artificial Plasmodium
Algorithm (APA)”, and confirm its an effectiveness.

2. Plasmodium in nature

2.1. Behavior of Plasmodium

Plasmodium is a large unicellular organism with a lot of
nucleuses and network of flowing protoplasm. Plasmodium
can move to flow the protoplasm as its direction switches

(a) (b) (c)

Figure 1: Process of the plasmodial maze-solving[4].
(a) Initial state. (b) Intermediate state. (c) Final state.

back and forth periodically known as shuttle streaming.
Small components of the flowing tube are very densely
connected at the frontal part and there are reticulate tubular
structure at the rear part when the plasmodium explores a
food. This reticulate tube plays an important role in intra-
cellular transport of material, since it becomes a pathways
of shuttle streaming. The shuttle streaming includes the in-
formation of direction when the tube structure developed.
In other words, the tube structure develops and grows along
a contraction wave. Thus, the plasmodium is gathered at
comfortable place (i.e. nutriment, warmth and humidity)
or escape from harsh conditions (i.e. coldness and drying).

2.2. Application of real physarum polycephalum to
solve a maze

It had been reported that the true plasmodium of
physarum polycephalum can solve and find the shortest
path in a maze by T. Nakagaki et. al. [4][5][6][7]. The
process of true experimentation shown in Fig. 1.

Plasmodia propagate from original sites along pathways,
avoiding walls, and they merge into a single cell (a). After
two pieces of nutrients are placed as a start and exit point
in the maze, the network of pronounced tube is approxi-
mated (b). Protoplasmic tubes are connected all the path
between two points and only the shortest path are remained
gradually with time progress (c).

3. Artificial Plasmodium Algorithm (APA)

We propose an artificial plasmodium algorithm (APA)
mimicked the contraction wave of the true plasmodium.
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The contraction wave is part of the shuttle streaming and
it has the information of propagation direction. The wave
sources are frontal part of the plasmodium and any food
sources. When there are two food sources, the contraction
wave propagates between two sources, and it is switched
from one food source to another every several waves.

In our algorithm, the search space is defined as a maze
which divided into discrete space of arbitrary size ofx× y
cells. The maze is composed of pathways and walls. Plas-
modia can propagate and exist on such pathways. Each cell
has a propagation direction to neighbors which are located
on the four points of the compass: north, south, east and
west. During process of the contraction wave, the contrac-
tion wave transmits transport direction to each cell from
frontal part or food sources. After the wave, each cell has
and knows the direction to the destination. In order to find
the path, they trace their own direction. Four processes to
find a path are follows.

1. Initialization.
2. Placement of two foods in the maze.
3. Spread of contraction waves.
4. Search for the path.

3.1. Initialization

In the initial state of APA, all the pathways of the maze
are covered by plasmodia, namely,M plasmodia exist in
the maze.

3.2. Placement of two foods in the maze

We put two food sources as the start and the exit points
on the pathways of the maze. The food sources are distin-
guished that respective food sources have a food index like
food “1” and “2”.

3.3. Spread of contraction waves

A contraction wave starts to spread between two food
sources to find a path. The example is shown in Fig. 3(a)–
(d). Each plasmodiumi (i = 1,2, · · · ,M) has two informa-
tion: a direction and the food index. We call these two in-
formation “wave information”, and they are decided by the
contraction wave. The direction comes in 4 types (north,
south, east and west) and it denotes which neighbor the
contraction wave came from. Note that decision of the di-
rection by the contraction wave is once. Moreover, the food
index comes in 2 types, and it denotes which food source
the contraction wave came from. For example, the wave
from food “1” has the food index “1”.

First, the contraction wave spreads into circumference
of the two food sources. This is to say, the four plasmodia
in the neighborhood of each food source have the food in-
dex and the direction of each food source ( as shown in
Fig. 3(a)).

Then, the plasmodiumi, which have no wave informa-
tion, is chosen randomly. When one or more plasmodia,
which have the wave information exist in the neighborhood

of i, the plasmodiumi obtains the food index and the direc-
tion. The food index ofi is copy of that of the neighbor, and
the direction information ofi is a direction of the neighbor
viewed fromi. We repeat these process. In this way, the
contraction wave gradually spreads into all the plasmodia.

When all the plasmodia have the wave information, the
contraction wave stops propagating.

The contraction wave spreads from each food source 
and

neighborhood of each food source have the wave information.

The plasmodium i which have no wave information, 
is chosen randomly.

Neighborhood of i have 
the wave information?

Plasmodium i obtains the wave information.

All plasmodia have the 
wave information?

End

Yes

Yes

No

No

Figure 2: Flowchart of spread of the contraction waves

3.4. Search for the path

After the contraction wave finishes propagating, two
plasmodia are chosen randomly with fulfilled following
rules:

1. Two plasmodia have different food indexes, respec-
tively.

2. Two plasmodia are located in the neighborhood of
each other.

In Fig. 3(c), two plasmodia with ellipse shape are possible
candidacy. After two plasmodia are chosen, the two plas-
modia become a way point between two food sources and
pursue the each direction to food sources as a path, with
using the direction information obtained by Sec. 3.3 shown
in Fig. 3(d).

4. Computer simulations

We simulate APA in comparison to Breadth-first Search
and Best-first Search which are graph and tree search algo-
rithms. Both algorithms start at the some arbitrary node of
a graph. Breath-first Search explores the all neighbor nodes
first, before moving to the next level neighbors. In contrast,
Best-first Search explores the most promising noden de-
cided by an evaluation functionf (n). In this study, we use
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(a) (b)

(c) (d)

Figure 3: The extraction of process of the contraction wave
in APA. (a) The contraction wave spreads from two food
sources, then the neighborhood of each food source have
the wave information. (b) The contraction wave gradually
spreads into all the plasmodia. (c) Two plasmodia are cho-
sen randomly. (d) The path is appeared pursuing the each
direction from the two chosen plasmodia.

a Manhattan distanceD between a noden and a goal as an
evaluation function decided by

D(x, y) =
n∑

k=1

|xk − yk|, (1)

where x= (x1, x2, · · · , xn) and y= (y1, y2, · · · , yn).

4.1. Simulation in the maze

We use the maze which is as same as used in previous
research [4][5][6][7] shown in Fig. 4. The maze is set as
16 cells length× 16 cells width and composed pathways
(Passage width= 1) and walls. Red circles in the maze
indicate the start and exit point. We note that the maze has
4 possible routes between the start and exit: the shortest
path is routeα1 + β1 andα2 + β1. A routeα1 + β2 and
α2 + β2 are longer approximately 1.04 times.

Simulation results of 100 trials are shown in Table 1. We
can see that APA found all possible routes including the
shortest path with high percentages although Breath-first
and Best-first found only the shortest path. This is because
the contraction wave and its update of APA are depend-
ing on randomly, thus the path is changed every each time.
This results indicate that APA can find multiple solutions
in addition to optimal solutions.

4.2. Application to navigation of road map

We now apply APA to road navigation [8]. Figure 5(a)
shows the network of US interstate highways. In this case,
we suppose that we are planning car trip from Houston to
Seattle using interstate highways. Each city is connected to

α1

α2

β1 β2

(a)

α1

α2

β1 β2

(b)

Figure 4: (a) Maze used in the simulations.Two red circles
indicate the start and the exit points, respectively. (b) The
shortest path is indicated as yellow color in the maze.

Table 1: Simulation results
Breath-first Best-first APA

α1 + β1 49% 50% 36%
α2 + β1 51% 50% 34%
α1 + β2 0% 0% 17%
α2 + β2 0% 0% 13%

others by highway networks, many possible routes between
2 points are considered.

In order to confirm an effectiveness of APA, we also
simulate by using Breath-first search and Best-first search
algorithm. The shortest routes is shown in Fig. 5(c), the
simulation results are shown in Fig. 5(b), Fig. 6 and Ta-
ble 2. Breath-first search found only one route which is
the shortest. Best-first search found the shortest route by
3%, and also other routes which are within 10% of differ-
ence of distance from the shortest route are 31%. On the
other hand, APA found the shortest route by 47%, and all of
found routes are within 10% of difference of distance from
the shortest route. This is to say, if we are informed that
somewhere of the shortest route is unavailable because of
an accident, APA can find approximately short route than
other search algorithms.

5. Conclusions

We have proposed artificial plasmodium algorithm
(APA) mimicked the contraction wave of the plasmodium
of physarum polucephalum. In APA, each plasmodium
has two information as the wave information: the direction
and food index. The contraction wave spreads from the
two food sources and when the plasmodium received the
contraction wave, the plasomodium can know the direction
of either food source. After the contraction wave finishes
propagating, two plasomodiums are chosen randomly and
pursued each direction to the food sources as a path.

We have applied APA to the maze solving and route
planning of road map. From these results, we can say that
the proposed APA found the optimal route in any cases. In
addition, the found routes are not only the shortest path but
also approximately short routes with high percentages.
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Figure 5: (a) The network of US interstate highway is indicated by the orange lines. The start point (Houston) and the
goal (Seattle) are indicated by black and white stars, respectively. (b) All conceivable routes which are obtained by APA.
There are not only the shortest path, but also a near routes. (c) The shortest path.
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Figure 6: Scatter graph of the simulation.

Table 2: Simulation results

Breath-first Best-first APA

Average 445 518 447.56
Standard deviation 0 41.27 14.10

Minimum 445 445 445
Maximum 445 595 489
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Abstract—In order to achieve global-scale elastic opti-
cal networks, it is important to solve a virtualized-elastic-
regenerator (VER) placement, and routing and spectrum
assignment (VER-PRSA) problem. This study proposes
application method of the binary real coded firefly algo-
rithm (BRCFF) for the VER-PRSA problem. BRCFF is
used for determining regenerating node candidates where
zero or more VER can be installed. We confirm that the
proposed method reduce the total number of VERs in com-
parison with the conventional method.

1. Introduction

The elastic optical network (EON) is scalable opti-
cal transport network architecture, and it alleviates the
stranded bandwidth issue of current wavelength-routed op-
tical networks. In order to achieve global-scale EONs, a
virtualized elastic regenerator (VER) was proposed as a so-
lution for efficiently regenerating various bandwidth super-
channels, including tightly aligned Nyquist WDM super-
channels as well as inverse-multiplexed discrete superchan-
nels, in translucent EONs [1]. Although VER is absolutely
necessary to EON, VER placement and the applicable rout-
ing between source-destination nodes are important factors
to reduce the total number of VERs, from a viewpoint of in-
stallation costs. Furthermore, routing and spectrum assign-
ment in the transparent segment are also important prob-
lems to efficient use spectrum resources in each link.

In order to solve the VER placement, and routing and
spectrum assignment (VER-PRSA) problem, this study
propose a VER placement method using Firefly Algorithm
(FA) [3]. FA is one of nature-inspired multi-agent meta-
heuristic algorithms and is a metaheuristic algorithm in-
spired by the flashing behavior of fireflies. The primary
purpose for a firefly’s flash is to act as a signal system to
attract other fireflies, and the fireflies of FA search optimal
solution with moving toward other brighter fireflies. Be-
cause the standard FA is suitable for continuous optimiza-
tions, we apply the binary real coded firefly algorithm (BR-
CFF) to solve VER placement problem. In the proposed
algorithm, each position vector of firefly corresponds to re-

generation sites. Ifn th element of the position vector is
1, it denotes thatn th node is a candidates of regeneration
site and VER can be installed at noden. If n th element
of the position vector is 0, VER cannot be installed at the
node even if it is necessary. The proposed method is the
first application of FA or other multi-agent metaheuristic
algorithm to VER-PRSA problem. Even if other problems
except of VER placement or routing and spectrum assign-
ment are required to optimize EONs, FA can adapt flexi-
bly by modifying the fitness function. We apply the pro-
posed method using BRCFF to four network models, and
we confirm that the proposed method can reduce the to-
tal number of VERs in comparison with Shortest-Path and
Farthest Node (SP-FN) algorithm [2].

2. Constraint Conditions of VER-PRSA Problem

We explain about the definition of the VER-PRSA prob-
lem for a set of static traffic demands in a translucent EON.
Note that variables used in this section have no relevance
to the variables used in the Section 4.

The following information are given in advance;

• Network graphG = (V, E) which comprises a set of
nodesV = 1,2, . . . ,N and a set of linksE ∈ V ×
V connecting nodes inV. Edge costs between two
directly connected nodes.
• An ordered set of frequency-slot units (FSUs)F =
{ f1, f2, . . . , f|F |} for each link
• Optical reachL
• The total number of sub-regenerators in a VERS
• Traffic demand setD = {d1,d2, . . . , d|D|}

Each demandd is determined by a source nodes, a destina-
tion nodeg, and the requested number of contiguous FSUs
nsg between source-destination node pair (s, k).

The constraints are follows;

• Regarding the optical path, the length of each trans-
parent segment does not exceed the optical reachL.
• Regarding each transparent segment of the opti-

cal path, FSUs allocated to the transparent segment
should be contiguous to each other, should be the
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same for each link on the transparent segment, and
should not overlap with those of other optical paths.
• All subchannels within the superchannel for the opti-

cal path should be regenerated using the same VER.

Goal of this optimization is to find an optical path for
each demand under the constraints and to minimize the to-
tal number of VERs which the whole network needs.

3. Shortest-Path and Farthest Node (SP-FN)

SP-FN algorithm is a one of the simplest algorithms to
solve VER-PRSA problem. In SP-FN, the shortest path
calculated by Dijkstra method is always adopted as the op-
tical path between source-destination node pair, and the re-
generation is performed at the farthest node on the path
from the source node (or the previous regenerated node)
within the optical reachL. The demand setD is sorted
according to the product of the requested number of con-
tiguous FSUsnsg and the shortest distance between each
node pair (s, k) in descending order. The required contigu-
ous FSUs are placed according to First-Fit algorithm.

4. Firefly Algorithm (FA)

The FA is inspired by the flashing behavior of fireflies.
The M fireflies search the global optima with being at-
tracted to other fireflies according to their attractiveness.
The attractiveness is proportional to their brightness, and
for any two fireflies, the less brighter one will be attracted
by the brighter one. However, the brightness can decrease
as their distance increases. If there are no fireflies brighter
than a given firefly, it will move randomly. The brightness
of a firefly is determined by the objective function.

Let xi = (xi1, xi2, · · · , xiN) be the position vector for fire-
fly i (i = 1,2, · · · ,M). The initial positions of fireflies are
generated at random (xi ∈ [xmin, xmax]N).

The movement of a fireflyi is attracted to another more
attractive fireflyj having better solution, is determined by

xnew
i = xold

i + β(x j(t) − xold
i ) + α(t)ε i , (1)

where the second term of Eq. (1) is due to the attraction.
The attractivenessβ is determined by

β = β0eγr i j , (2)

whereβ0 is the parameter, and an absorption coefficientγ
determines the speed of the convergence. Thus, the attrac-
tiveness will vary with the distancer i j between fireflyi and
j;

r i j = ‖xi − x j‖ =
√
ΣD

d=1(xin − x jn)2. (3)

The third term of∆xi is randomization withα(t) being the
randomization parameter which increases with time, and
ε i = (εi1, εi2, · · · , εin) is a vector of random numbers;

ε i = (rand − 0.5)L, (4)

whererand is a random number generator uniformly dis-
tributed in [0,1], andL is the scale of the problem,|xmax−
xmin|. The fireflyi is attracted to all the brighter fireflies by
repeating Eq. (1) if two or more brighter fireflies exist. The
brightest fireflyi moves randomly according to

xi(t + 1) = xi(t) + α(t)ε i . (5)

5. Binary Real Coded Firefly Algorithm (BRCFF)

In order to select regeneration nodes in VER-PRSA
problem, binary numbers 0 and 1 are used. In other words,
there are zero or more VERs at a node taking the status 1,
and there is no VERs at a node taking the status 0. Due to
the normal FA explained in Section 4 is a real-coded algo-
rithm, we use a binary coded FF algorithm. The position
vectorxi in Eq.(1) is represented byyi = (yi1, yi2, · · · , yiD)
which takes a value of 0 or 1. The corresponding variation
of r i j value varies between -1 to 1, which can be calculated
by

r i j d = yin − y jn. (6)

When the position of the firefly is updated,δy can be cal-
culated by

ynew
i = yold

i + β(y j(t) − yold
i ) + ε2i , (7)

where the third termε2 is the random number generated in
the range (−1,1), andyold

i andy j takes a value of 0 or 1. On
the other hand,ynew

i varies between -2.180 to 4.3. To code
y, we set a threshold levelth. If ynew

in > th, thenyin = 1. If
ynew

in ≤ th, thenyin = 0. In this study, the threshold level is
made by a sigmoid function

f (ynew
in ) =

1
1+ exp(−ynew

in )
. (8)

6. Application of BRCFF for VER placement

This section explains the algorithm of solving VER-
PRSA problem by using BRCFF. BRCFF is used to de-
termine candidates of regeneration nodes and optimizes the
number of total VERs installed in whole network.

The proposed algorithm composed of the following
steps.
(Step1)Initialize each firefly positionyi = (yi1, yi2, . . . , yiN)
randomly in the range [−1,1]. N represents the dimension
of search space and is equivalent to the number of nodes in
the network.
(Step2)Order demand setD as is the case with SP-FN.
(Step3)Find optical paths for respective demands, install
VERs and place required contiguous FSUs, by using each
firefly positionyi .
(Step3-A)Find k path candidates for each demandd by K
shortest path routing algorithm (Yen’s algorithm).
(Step3-B)Check whether a path of the candidates is usable.
When the length of the transparent segment exceeds the
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Figure 1: Benchmark network models. (a) 2× 5 regular ladder network model. (b) 3× 5 regular ladder network model.
(c) JP13 network model. (d) DE14 network model.

optical reach, it must be regenerated by VER. The regen-
eration is performed by the farthest node method, however,
VERs can be installed at only nodesn whereyin = 1. If
all the transparent segment is regenerated before the length
exceeds the optical reach, the path is adopted as the path
for the traffic demandd. If not, check next shortest path.
Repeat the Step3-B until the reachable path is found. If all
k path candidates are rejected, the fitnessf (yi) of the firefly
i is set as∞, and consider next firefly.
(Step3-C)Repeat the Step3 until all the demand of all the
fireflies are considered.
(Step4)Evaluate the fitness of each fireflyi by

f (yi) = #total VERsi , (9)

where #total VERsi denotes the total number of VERs.
Therefore, this is a minimum optimization problem.
(Step5)Updateyi of each fireflyi by Eq. (7) and Eq. (8).
(Step6)Return to the Step 3 and repeat these steps until the
generation step is terminated.
(Step7) With respect to the best firefly needing the least
number of VERs, place the required contiguous FSUs ac-
cording to First-Fit algorithm and calculate the highest
FSU-index.

7. Simulation Results

7.1. Networks and Parameters

In order to evaluate the proposed FA-FN, we consider
four networks containing 2× 5 and 3× 5 regular network
models and real-world network models: Japan network
model JP13 and Germany network model DE14, as shown
in Fig. 1. The traffic demand for each node pair was cho-
sen uniformly from 100 Gb/s , 200 Gb/s, 300 Gb/s and
400 Gb/s. For each traffic demand, we assumed the fol-
lowing required number of 25-GHz width FSUs, and sub-
regenerators, expressed as a tuple as (100 Gb/s,2,1), (200
Gb/s,3,2), (300 Gb/s,4,3) and (400 Gb/s,5,4). We carry out
30 simulations with different traffic demand sets.

The parameters of the proposed algorithm using BRCFF
are summarized in Table 1. The number of firefliesM is

Table 1: Parameters that are used in simulations.
Parameter Symbol Value

Attractiveness parameter β0 0.2
Absorption coefficient γ 1

Maximum number of evaluations T 300

equivalent to the number of network nodesN, namely, 10,
15, 13 or 14. In the same way, the number of dimensions
of fireflies is equivalent toN.

7.2. Results

Figure 2 shows comparison results of SP-FN and the pro-
posed method using BRCFF. The node occupancy rate de-
notes the percentage of the number of nodes where one or
more VERs are installed. Regarding the three priorities,
the smaller values are better. We can see that on all the
optical reachL for all the network models, the proposed
method needed less VERs than SP-FN. Furthermore, the
node occupancies of the proposed method are smaller than
SP-FN. From these results, we can conclude that the pro-
posed method can effectively place VERs.

On the other hand, the highest FSU-index of the pro-
posed methods is bigger than SP-FN. This is because the
cost function of BRCFF (Eq. (9)) considers only the total
number of VERs. If this function is modified to consider
not only the total number of VERs, but also the highest
FSU-index, we can expect to obtain better results with a
balance between the number of VERs and the highest FSU-
index.

8. Conclusions

This study has been proposed a novel VER placement
method using BRCFF. BRCFF is used to optimize VER
placement problem and reduces the total number of VERs.
The simulation results showed that the proposed method
can effectively place VERs. Future works include the mod-
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Figure 2: Comparison results of SP-FN and the proposed method in terms of the total number of VERs, the highest FSU-
index and the node occupancy rate on VER. (a) 2× 5 regular ladder network model. (b) 3× 5 regular ladder network
model. (c) JP13 network model. (d) DE14 network model.

ification of the fitness function, parameter tuning, path
planning and so on.
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Abstract– Brains are believed to be capable of 
information processing with remarkable efficiency but low 
metabolic cost. Here we provide computational evidence 
that salient features of irregular firing, oscillations and 
criticality in cortical activity can be simultaneously 
accounted in a generic neural circuit capturing the 
excitation-inhibition balance with realistic synaptic 
dynamics. Their simultaneous organization achieves 
maximal information efficiency and minimal firing rate. 
 
1. Introduction 
  Cortical information processing with synaptic 
transmission and action potentials is metabolically 
expensive [1]. Therefore, neural codes are required to 
achieve “economy of impulses” [2] by reducing mean 
spike rate and increasing energy efficiency, e.g. 
representational capacity per energy unit. Cost-efficiency 
of neural codes is likely an underlying design principle for 
constraining cortical activity level and organizing cortical 
activity patterns. The constraint on neuronal firing rate 
can be understood by taking into consideration the relative 
energy distribution for spikes and resting states [3]. 
However, so far, the connection of cost-efficiency with 
cortical activity patterns is still lacking. 
      Cortical activities represent neural codes by generating 
various spatiotemporal spike patterns, with salient features 
at multiple scales: irregular firings [4,5], synchronized 
oscillations [6,7] and neuronal avalanches [8,9]. They 
have been studied separately in different models about 
different implications for information processing, such as 
accuracy and speed of information relay by firing rate 
[10,11], coordination and communication between neural 
populations [12,13], and sensitivity to signals and 
perturbations [14].  
    Here we demonstrate that cost-efficient neural 
representation is reflected in the co-organization of these 
multi-scale features in neuronal network model.  
  
2. Model 
   We simulate large random networks of excitatory-
inhibitory (E-I) spiking neurons with E-I ratio 4:1 and 
connection probability 0.2 (Fig. 1A). The network is 
biologically plausible with conductance-based integrate-
and-fire (IF) neurons (Fig. 1B) interacting through 

voltage-dependent synaptic currents [15]. Each neuron 
also receives external excitatory projections independently. 
The conductance change due to a pre-synaptic spike is 
modeled as a bi-exponential function with conduction 
delay time τl , rise time τ  and decay time τ  (Fig. 
1C). The coupling strengths are chosen to realize a 
balanced state, where neurons fire irregularly [10]. We 
study the parameter space of excitatory and inhibitory 
decay times (ττ) for various dynamical modes and cost-
efficiency of the corresponding spike patterns. 
 
 
3. Results 
    In this model, with suitable pair of parameters (τde, τdi), 
multi-scale cortical activities can indeed be 
simultaneously generated. There are three different 
dynamical states with different synchrony degree: 
asynchronous irregular state (both decay times are large, 
e.g., τde=6ms, τdi=6ms), moderately synchronized state 
(inhibitory synapses are relatively slower, e.g. τde=4ms, 
τdi=10ms) and highly synchronized state (excitation very 
fast and inhibition much slower, e.g. τde=2ms, τdi=14ms)). 
The moderately synchronized state is the most interesting 
regime. Here we can observe the co-organization of multi-
level dynamics: (1) The firing activity of individual 
neurons is irregular, with CV (standard deviation over 
mean of inter-spike intervals (ISI)) close to 1, indicating 
that the spiking train is very close to random poison 
process. (2) However, the whole network displays 
collective oscillations in the gamma band (40-60 Hz), 
where the oscillation power increases with the degree of 
synchronization. (3) The oscillations are induced by 
constantly changing clustering of the neuronal firing like 
neural avalanches.  Interestingly, the distribution of the 
avalanche size follows a power-law distribution in this 
region, suggesting that the system is at the self-organized 
critical state due to the interaction between excitatory and 
inhibitory populations. The co-organization of the 
dynamical modes is shown in Fig. 2.  
     Importantly, in the regime of co-organization of the 
multi-level dynamical modes as experimentally observed, 
the firing patterns are cost–efficient. The firing rate in this 
regime is minimal, while the energy efficiency of the 
neural representation η=H/E is maximal. Here H (the 
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entropy) measures the abundance of different spike 
patterns, and E=nr+m is the average energy expenditure 
per pattern (m spikes among n neurons), with r being the 
energy usage for resting neurons relative to a spike (1/r 
measures the relative energy constraint level on the spike 
patterns [3]). Here we considered both the binary case 
(Fig. 3A,C) where in a time window we examine whether 
a neuron is active or not, irrespective of how many spikes, 
and the analogy case (Fig. 3B,D) by taking the number of 
spikes into account.  The neuron representation is cost-
efficient in both cases.  
 

 
  
 
Fig. 1 Schematics of network architecture, neuronal 
integration and spike, synaptic conductance traces. (A) 
The local recurrent neuronal network consists of 
excitatory (Exc) and inhibitory (Inh) spiking neurons with 
synaptic connections (blue, excitatory; red, inhibitory) and 
external inputs. (B) The IF neurons with refractory period 

and leaky current. (C) The unitary conductance response 
to a pre-synaptic spike is described by a bi-exponential 
function with latency τl, rise time τr and decay time τd. 
Parameters from [15].  

 
Fig. 3. Co-existence of multi-scale cortical activities at moderately synchronized states. (A, B) Average pairwise 1-ms 

synchrony between excitatory neurons (E--E Synchrony) (A) and average CV (standard deviation/mean) of the inter-spike 

intervals (ISIs) (B) in the parameter space (!!_! , !!_!) (unit: ms). (C) Power spectra of population activity for 3 different 

parameter sets indicated in (F). (D, E) Peak frequency (D) and peak power (E) of population activity. (F) Avalanche size 

distribution for 3 different parameter sets. (G) Distance of avalanche size distribution from the best-fitting power-law 

distribution, with respect to average avalanche size. (H) ISI CV (red), distance from power-law (black) and peak power 

(blue) vs. E--E Synchrony, showing the co-existence of irregular firings, synchronized oscillations and neuronal avalanches 

at moderately synchronized states. 
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Fig. 2. Co-existence of multi-scale cortical activities at 
moderately synchronized states. ISI CV (red), distance 
of avalanche size distribution from power-law (black) and 
peak power of network oscillations (blue) vs. E--E 
Synchrony (synchronization between the spikes of 
excitatory neurons), showing the co-existence of irregular 
firings, synchronized oscillations and neuronal avalanches 
at moderately synchronized states. 
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Fig. 3. Cost-efficient neural representation in critical region. (A, B) Average excitatory firing rate (A) and energy 
efficiency η of analog patterns at r=0 (B) in the parameter space (τde, τdi) (unit: ms). (C, D) Energy efficiency η at 
various r (colors) and average excitatory firing rate  (black) with respect to E--E Synchrony for both binary (C) and 
analog (D) cases. Cost-efficiency is achieved robustly in the critical region across the empirical range of r. 
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3. Conclusion 
 We showed that experimentally observed salient 
features of neural activity, including irregular firing of 
individual neurons, collective oscillations of the network 
and self-organized critical states can be accounted 
simultaneously in a biologically realistic E-I balanced 
network, and such co-organization of the dynamical 
modes achieves cost-efficient neural representation. It will 
be interesting to study in the future how the cost-efficient 
neural dynamics are employed in neural information 
processing, memory and learning.  
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Abstract—In cortical networks, it has been known that
neurons generate self-sustained low-frequency firings in
the absence of sensory stimuli. The so-called “spontaneous
activity” typically gives rise to irregular and asynchronous
firing among cortical neurons. Despite numerous theoret-
ical attempts, the mechanism underlying the spontaneous
activity remained unclear. A breakthrough has been re-
cently made by Teramae et al. who proposed a neuronal
network model, in which EPSPs (Excitatory postsynaptic
potentials) obey a lognormal distribution. The model im-
plied that the lognormal distribution of EPSPs in cortical
networks was the key to sustain low-frequency firing of
the neurons. Whereas their model mainly focused on the
lognormal distribution, correlation of the EPSPs observed
between bidirectionally coupled neurons has been disre-
garded. In our previous study, we added correlated EPSPs
to the lognormal network and showed that the correlated
EPSPs generated synchronized firing among the neurons.
Extremely high firing frequencies were also observed in a
group of neurons. The aim of this paper is to study further
details of the neuronal dynamics in a network of correlated
EPSPs. We show that periodic fluctuations exist in short-
term population firing of the neurons. Such periodic fluctu-
ations seem to arise from periodic spikings of neurons with
high firing frequencies.

1. Introduction

The brain is composed of a huge number of neurons
that communicate with each other by sending or receiv-
ing spikes. In the cortex, the so-called “spontaneous activ-
ity” of neurons that generate ongoing spikes even without
external stimuli has been observed in both in vitro and in
vivo experiments [1]. The dynamics of spontaneous activ-
ity are characterized typically by low-frequency [2], irreg-
ular [3], and asynchronous firings of the neurons [4]. The
underlying mechanism of the spontaneous activity, how-
ever, remained unclear. To elucidate the origin of spon-
taneous activity, several models have been proposed, in
which independent noise was generated internally within
neurons or synapses [5]. Although such noise could sus-
tain irregular firings and propagate various information in

the neural network, the origin of the internal noise has not
been well explained. To resolve this remaining issue, an
alternative model composed of a large network of spiking
neurons with conductance-based synapses has been stud-
ied [6]. That model, however, generated unexpectedly
high firing frequencies and moreover weak input stimuli
were needed to sustain the spontaneous activity. In con-
trast to the former studies, Teramae et al. [7] recently pro-
posed a mathematical model focusing on a lognormal dis-
tribution of the excitatory postsynaptic potentials (EPSPs),
which have been measured experimentally in local cortical
circuit [8]. Without any internal noise, the model could
successfully reproduce main features of the spontaneous
firing activity including self-sustained low-frequency fir-
ings. Although their model provided a breakthrough in
the field, their study was still preliminary in the sense that
they model mainly focused on the lognormal distribution of
EPSP and disregarded correlation of the EPSPs observed
between bidirectionally coupled neurons [8]. In our pre-
vious study, we introduced correlated EPSPs to the log-
normal network model and observed synchronized firing
among the neurons as well as extremely high firing fre-
quencies in a certain portion of neurons. The aim of this
paper is to study further details of the neuronal dynamics
in a network of correlated EPSPs. In particular, we show
that periodic fluctuations exist in the population firings of
the neurons, which may contribute to synchronized firings
of the network dynamics.

2. Model and Analysis Method

2.1. Dynamics of a single neuron

The dynamics of individual neurons can be described by
a leaky Integrate-and-Fire model:

dv
dt
= − 1
τm

(v − VL) − gE(v − VE) − gI(v − VI), (1)

where v represents the membrane potential. In our simu-
lation, the membrane time constant τm was set to 20 ms
for excitatory neurons and 10 ms for inhibitory neurons.
The reversal potential of leak and excitatory and inhibitory
postsynaptic currents were set to VL = −70 mV, VE = 0
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mV, and VI = −80 mV, respectively. The excitatory and in-
hibitory synaptic conductance values gE and gI change in
time according to

dgX

dt
= −gX

τs
+
∑

j

GX, j

∑
s j

δ(t− s j − d j), X = E, I, (2)

where the index X denotes either excitatory neuron (X = E)
or inhibitory neuron (X = I). δ(t) stands for Dirac’s delta
function and GX, j, d j, and s j are weight, delay, and spike
timing of synaptic input from j-th neuron, respectively.
The decay constant τs was set to 2 ms. The synaptic de-
lays d j were selected from an uniform random number in
the range between d0 − 1 and d0 + 1 ms, where d0 = 2
ms was for excitatory-to-excitatory connections and d0 = 1
ms was for other connection types. The membrane poten-
tial threshold for a neuron to generate a spike was set to
Vthr = −50 mV, where v was reset to Vr = −70 mV after
the spiking. The refractory period was set to 1 ms.

2.2. Network structure of the cortical neuron model

The network model was composed of 2000 inhibitory
neurons and 10000 excitatory neurons. The excitatory-
to-excitatory connections were classified into bidirectional
and unidirectional connections, whose coupling probabili-
ties were set to Puni = 0.123 and Pbi = 0.0542, respectively
[8]. The EPSPs x obeyed a lognormal distribution:

p(x) =
exp[−(log x − µ)2/2σ2]

√
2πσx

, (3)

where the values µ − σ2 = log(0.2) and σ2 = 1.0 were set
based on the experimentally observed ones [8]. The corre-
sponding weight value GE, j( j ∈ E) was determined in such
a way that the membrane potential v reached to the EPSP
value of x from the resting state v after a spike input was
injected. We removed any unrealistic values of GE, j that
gave rise to EPSP amplitude larger than 20 mV. In addi-
tion to the lognormally distributed EPSPs, correlation be-
tween bidirectionally coupled EPSPs has been observed in
physiological experiment [8]. To introduce the correlation
between EPSP strengths of bidirectionally connected exci-
tatory neurons, we construct the EPSPs x1 and x2 as

x1 = exp [µ + σ(
√

1 − aY1 +
√

aX)],
x2 = exp [µ + σ(

√
1 − aY2 +

√
aX)],

(4)

where X, Y1, Y2 are independent Gaussian random num-
bers. The parameter a controls the correlation R between
x1 and x2. According to our numerical simulations, their
relation is approximated by a polynomial equation of R =
0.4252a2 +0.5579a. The correlation value of R = 0.36 was
reported in the physiological experiment [8].

Excitatory-to-inhibitory, inhibitory-to-excitatory, and
inhibitory-to-inhibitory connections were set to have con-
stant values of GE, j( j ∈ I) = 0.018, GI, j( j ∈ E) = 0.002,

and GI, j( j ∈ I) = 0.0025, respectively. The coupling prob-
abilities between excitatory-and-inhibitory, inhibitory-and-
excitatory, and inhibitory-and-inhibitory neurons were set
to PEI = 0.1157, PIE = 0.5785, and PII = 0.5785, respec-
tively.

In the simulation of the neural network model based on
Eqs. (1) and (2), we applied external Poisson spike trains
to all neurons during the initial period of 100 ms [7]. The
excitatory-to-excitatory synaptic transmissions failed at an
EPSP amplitude-dependent rate of pE = b/(b + EPS P),
where b = 0.1 mV.

2.3. Cross-correlogram

The level of synchronization between spike trains was
evaluated by the cross-correlogram (CCG). The CCG is
defined as a histogram of inter-spike intervals of 1000 ran-
domly selected excitatory neurons among a total of 10000
neurons. The time lag was set to range between −20 ms
and 20 ms with an increment of 1 ms. The CCG histogram
was normalized by the maximum value to remove its fre-
quency dependence. For spike trains with asynchronous
firings, the normalized CCG appears with a flat structure,
whereas it has a sharp peak at zero time lag for spike trains
with synchronous firings.

2.4. Coefficient of Variation

The regularity of spike train was evaluated by the Co-
efficient of Variation (CV). The CV is defined as standard
deviation of inter-spike intervals normalized by their mean
value. For regular spike trains, the CV is close to zero,
whereas it can be larger than one for irregular spike trains.

3. Result

3.1. Synchronization and periodic fluctuations in neu-
ral firings

This section provides simulation results of the network
dynamics for R = 0.5, which is larger than the one ob-
served in the physiological experiment [8]. Raster plot of
Fig. 1A shows spike timings of the individual neurons. For
the model with correlated connections, the observed fir-
ing dynamics showed two features. First, the spike trains
appeared simultaneously among different neurons, indi-
cating their synchronous firings (Fig. 1 A). This observa-
tion is consistent with the normalized CCG displaying a
sharp peak at the zero time lag (Fig. 1B). Second, short-
term average (time window of 1 ms) of population firing
frequencies shows periodic fluctuations in both excitatory
and inhibitory neurons (Fig. 2A). In two-dimensional rep-
resentation of the firing frequencies of excitatory and in-
hibitory neurons, the orbit resembled a limit cycle oscil-
lation (Fig. 2B). To confirm the limit cycle oscillations,
fluctuations observed in the short-term average frequencies
were analyzed by the fast Fourier transform for excitatory
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Figure 1: Simulation results with correlated EPSPs (R =
0.50). (A) Raster plot. Spike timings are indicated for ex-
citatory neurons (number from 0 to 10000) and inhibitory
neurons (number from 10000 to 12000). (B) Histogram
of the normalized cross-correlogram (CCG). Time lag is in
the range from −20 ms to 20 ms with a bin size of 1 ms.

(Fig. 2C) and inhibitory neurons (Fig. 2D). The result indi-
cates that their fluctuations indeed shows a strong period-
icity at around 150 Hz.

3.2. Effect of regular firings induced by high firing fre-
quencies

Fig. 3A shows distributions of the firing frequencies of
excitatory neurons. The firing frequency was computed by
counting the number of spikes generated from each neu-
ron for duration of 10 s. About 6 % of neurons shows fir-
ing frequencies higher than 10 Hz (Fig. 3A). According to
our visual inspection of Fig. 1A, neurons with high firing
frequencies tend to generate regular spikes. To evaluate
the level of regularity in the spikes, the CV was computed
for two neurons, which showed a frequency of about 60
Hz. Fig. 3B shows time series (duration of 10 s) of the
CV and firing frequency computed in a short time win-
dow of 500 ms. When neurons show high frequency firing,
small values of CV were observed (Fig. 3B: solid line from
t = 2500 ms to t = 4000 and dotted line around t = 3000
ms). Conversely, large CV values were observed when the
neurons showed low frequencies (Fig. 3B: solid line from
t = 4000 ms to t = 6500 and dotted line from t = 6500
ms to t = 9000). Indeed, as shown in a two-dimensional
plot (firing frequencies v.s. CVs) of Fig. 3C, the CVs tend

to be inversely proportional to the firing frequencies. This
implies that neurons fire with a strong periodicity as their
frequencies get high.
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Figure 2: Fluctuations of firing frequencies in the network
of correlated couplings (R = 0.50). (A) Time series of
averaged population firing frequencies for excitatory (bot-
tom) and inhibitory (top) neurons are shown from t = 1400
ms to t = 1600 ms. (B) The corresponding orbit in two-
dimensional space (excitatory v.s. inhibitory firings). The
power spectra of time series of averaged firing frequencies
are shown for excitatory (C) and inhibitory neurons (D).
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4. Discussions

This paper studied the effect of correlated bidirectional
connections on the neural network of lognormally dis-
tributed EPSPs. We observed that the correlation induced
synchronized oscillations among neurons, which are not
usually observed in spontaneous firing activities. Short-
term average of population firing frequencies showed peri-
odic fluctuations. Our analysis, which focused on neurons
with high firing frequencies, revealed that the neurons gen-
erate regular spikes when their firing frequencies are high,
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Figure 3: (A) Histogram of the firing frequencies of excita-
tory neurons. The inserted figure is a magnification of the
range from 10 to 150 Hz. (B) Short-term averaged firing
frequency (top) and CV (bottom) of two excitatory neu-
rons are shown from t = 100 ms to t = 10100 ms (t = 10
s). (C) Two-dimensional representation of (B), in which
firing frequencies are plotted against their corresponding
CV. Two makers denote different excitatory neurons (circle
and square points correspond to solid or dotted line of (B),
respectively).

whereas they generate irregular spikes when their firing fre-
quencies are low. Our result suggests that the regular firings
may induce periodic fluctuations of the population firings,
whereas irregular firings may contribute to self-sustained
firings of the spontaneous activity.
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Abstract—The cycle shuffled surrogate algorithm pro-
vides a straightforward method to randomise cyclic time
series. This randomisation can then be employed as a form
of Monte-Carlo hypothesis testing — do the randomised
realisations differ, statistically, from the original? If they
do, then one may conclude (with some additional caveats)
that the original data included deterministic inter-cycle dy-
namics: deterministic chaos, for example. In this commu-
nication we will re-examine this algorithm, point to several
technical issues that may arise and discuss suitable pallia-
tives.

1. Introduction

When chaotic dynamics and nonlinear time series anal-
ysis first became en vogue [12], evidence of chaos arose in
a wide range of settings (for example [13]). However, the
primary indicators of chaos; positive Lyapunov exponents
[19] and fractional correlation dimension [2, 3]; were prob-
lematic for several reasons. Some of those problems were
technical and address with later, improved, algorithms [12].
However, another statistical problem remained: to say with
confidence that the observed data represented something
“‘interesting” one needed a statistical model of the appro-
priate “boring” alternatives. For random looking signals,
the method of surrogate data came to the rescue [17].

Surrogate data methods provide a framework with which
to test whether observed data is consistent with a specific
hypothesis by generating an ensemble of realisations —-
the surrogates — that are both “like” the original data and
also consistent with the hypothesis under consideration.
For example, to test the hypothesis that observed data is in-
dependent and identically distributed noise, one can gener-
ate surrogates by shuffling the order of observations in the
original time series. Other hypotheses posited by Theiler
[17] tested for correlated noise by shuffling the phases of
the Fourier transform. These algorithms worked well and
spawned a cottage industry in developing increasingly eso-
teric surrogate generation algorithms (the contributions of
the current first author include [8, 9, 10, 11, 7, 5]). How-
ever, problems remain in those instances where the surro-
gate simply looked wrong. In particular, if the data had
cyclic oscillations then most of these methods would lead
to rejection of the hypothesis under consideration simply

because the surrogates look different to the data.
Theiler and Rapp [18] initially demonstrated a solution

to this problem in 1996 — the cycle surrogate algorithm.
The algorithm is very simple and intuitive: first break the
time series signal into cycles and then shuffle the order of
those cycles before reassembling the signal. Long term de-
terministic dynamics would be destroyed and one could test
the hypothesis of a noisy periodic orbit. The method was
originally demonstrated for, and shown to work well with,
strongly cyclic time series of epileptic electroencephalo-
gram recordings. The mechanistic shuffling posed some
conceptual problems for the statement of the null hypothe-
sis and did not always work equally smoothly for all time
series. Some finesse was required and an embedding based
[16] alternative [15, 14] was proposed to circumvent these
issues.

However, the cycle shuffle algorithm remains, and re-
mains intuitive and attractive. Unfortunately, it does still
suffer from some issues, including problems of aliasing
which have previously not been properly recognised. In
the following sections we catalogue these problems, and
propose solutions.

2. Corrected cycle shuffled surrogates

The cycle shuffle surrogate algorithm was briefly de-
scribed in the introduction and is illustrated in Fig. 1. Fig-
ure 1 depicts a typical experimental time series — in this
case a sound recording of a constant tone. The sound is
produced by the vibration of an air column in a woodwind
instrument with air intake periodical occluded by a vibrat-
ing reed. The initial and final phase of the sound have been
removed and depicted in Fig. 1 is the presumably “sta-
tionary” sustained phase. As the sound is a single musical
tone it is approximately periodic and even typically char-
acterised by its Fourier spectrum. Just as with vibrating
strings [6, 4] it is natural to ask whether this recording is
the output of a chaotic dynamical system. To test this hy-
pothesis we can estimate Lyapunov exponents, correlation
dimension and build nonlinear models. However, to ensure
that the results we obtain are not artefacts of some sim-
pler system, surrogate data should be generated and also
tested alongside the original. The challenge is to generate
surrogate data that looks like this experimental recording
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Figure 1: The cycle shuffled surrogate method. Two
views of the same time series (a sound recording from a
standard B[ clarinet intoning the note A5, toward the up-
per end of the clarino register, sustain only — attack and
decay removed). Peaks and troughs are identified (using a
sliding window method) to identify individual cycles of the
recording. These are then separated and then pieced back
together in a random order in Fig. 2.

but that contains no long-term (inter-cycle) determinism.
Hence, cycle shuffled surrogates are applied to the cyclic
decomposition of Fig. 1.

In Fig. 1 we have identified the location of each peak and
trough of each cycle. While there are also issues associated
with doing this automatically, we have manually checked
that the estimates in this case are accurate. From these in-
dividual cycles, we can then break the time series into these
cycles, re-arrange and re-order, and re-assemble — shift-
ing cycles vertically to ensure continuity. Unfortunately,
ensuring continuity introduces long-term non-stationarity
through correlations across the peaks or troughs. In each
sub-panel of Fig. 2 this non-stationarity is evident.

In would be trivial to detect statistical difference between
the time series in Fig. 1 and a random ensemble like those
evident in Fig 2. However, it would be erroneous to con-
clude that the original data contains long term deterministic
dynamics — the non-stationarity introduced in these surro-
gates may merely be due to correlations across the break-
points. The problem is that when the surrogates are re-
assembled each individual cycle is moved vertically to pre-
serve continuity. Unfortunately, this amounts to a shuffling
of the difference between the trough locations — and even
if this is a random process it is not necessary mean-zero and
so the shuffled version is not necessarily stationary. The so-
lution that we are exploring is to perform a linear dilation,
affine transformation or rotation (one is free to choose from
amongst the various alternatives — each only needing an
additional free parameter to enforce stationarity) on each
cycle in addition to the vertical translation — this ensures
that not only are the break points continuous, but that the
location of each trough is fixed between the surrogates.

Let {yt}
N
t=1 be the time series and suppose that we iden-

tify breakpoints {ti}ki=1 (ti < ti+1 and ti ∈ [1,N]∩Z) splitting
the time series into k− 1 cycles. Without loss of generality,

Figure 2: Naı̈ve cycle shuffled surrogates for experimen-
tal data. Three standard cycle shuffled surrogates are de-
picted for the time series in Fig. 1. In the upper panel cycles
are split at the peak; in the middle panel at the mid-point of
each cycle; and, in the lower panel at the trough. In each
case the act of piecing these back together has introduced
non-stationarity not present in the original. One could triv-
ially conclude that the null hypothesis is not true, however,
is this evidence of nonlinear determinism?

suppose t1 = 1 and tk = N (otherwise, we keep whatever
occurs before t1 and after tk fixed). A cycle shuffle surro-
gate is generated by constructing the sequence of pairs

{(t1, t2), (t2, t3), (t3, t4) . . . , (tk−1, tk)}

and then reordering those pairs

{(tπ(1), tπ(1)+1), (tπ(2), tπ(2)+1), (tπ(3), tπ(3)+1) . . . ,
(tπ(k−1), tπ(k−1)+1)}

where π is a permutation of the integers 1, 2, 3, . . . , k − 1.
The surrogate zt is then constructed iteratively from the seg-
ments

{ytπ(i) , . . . , ytπ(i)+1 }.

Let
Ci = {ytπ(i) , . . . , ytπ(i)+1 }

denote the i-th such segment. For each segment we perform
a translation correction to obtain C̃i = Ci−ytπ(i−1)+1 to ensure
continuity, and then zt is the concatenation of these cor-
rected segments zt := {C̃1|C̃2| · · · |C̃k}. This is the process
depicted in Fig. 2, and it is clear that preserving continuity
is at the expense of stationarity.

To preserve both continuity and stationarity we must
replace the correction operation C̃ with a more complex
translation and possibly either rotation or dilation to ensure
that both endpoints are preserved. Whereas C̃i translates
Ci that the first point of C̃i is identical to the successor of
the last point of ˜Ci − 1 we must also ensure that the final
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Figure 3: Naı̈ve cycle shuffled surrogates for an exactly
periodic time series. Depicted as a solid cyan line is the
time series, sampled at the sampling times of the red dots.
Clearly there is an aliasing effect due to sampling at a fre-
quency not exactly divisible by the period. When the cycle
surrogate is constructed (with any of the methods described
in this communication) that long-term aliasing pattern is
destroyed — the lower panel.

points line up as well. This introduces a single additional
degree of freedom — we can either parameterise that with
a dilation (scaling C̃i by a factor λ), affine transformation
(y = mx + b) or a rotation (through an angle θ). Either
approach will ensure that the sequence of breakpoints are
preserved yti ≡ zti for all i and hence the surrogates are
stationary in the same sense as the original data. The ran-
domisation achieved by shuffling the data is then a genuine
randomisation of the shape of the individual cycles and a
proper test of no inter-cycle determinism.

3. Aliasing

Implementing this solution works well for a wide range
of experimental time series — including those depicted
here. But it is worth noting that it does present new chal-
lenges. Consider strictly periodic orbits of a linear or non-
linear system and require only that the period is not exactly
divisible by the sampling time interval. A typical such time
series is depicted in the upper panel of Fig. 3. There is a
clear visual pattern in the location of the sampled points,
due to this aliasing. The cycle shuffled surrogate (con-
structed with any of the methods described in this paper)
destroys that pattern and produces subtle variation that can
be detected as a statistical discrepancy between data and
surrogate (we have found that self-mutual information is
sufficiently sensitive to detect this discrepancy). One would
therefore (incorrectly) reject the hypothesis that this signal
is periodic. The presence of small to moderate observation
noise1 does not resolve this problem.

At present we do not have a suitable correction to over-
come the problem of aliasing. However, it is necessary only

1Exactly how much noise one can tolerate is a function of the sampling
time as well.

Figure 4: Corrected cycle shuffled surrogates. Here we
depict five corrected (via an affine in time correction) cy-
cle shuffled surrogates of the data depicted in Fig. 1. The
lower three panels are enlarged so as to depict the detail
and illustrate the cycle-to-cycle variability. Clearly, these
surrogates look much more like the original data than the
surrogates of Fig. 2.

to be aware of it and interpret results of these surrogate
algorithms accordingly. It is really only a problem with
strictly periodic signals — in which case the nature of the
signal should be obvious. For more natural signals the dila-
tion and rotation corrections are sufficient. In the next, and
final, section we apply these corrected cycle shuffled meth-
ods to the data of Fig. 1 with typical nonlinear measures as
test statistics. Moreover, aliasing is only truly a “problem”
as we are asking the wrong question — clearly the aliased
times series does have non-trivial long term deterministic
dynamics, they are just not properly of the underlying dy-
namical system.

4. The chaotic clarinet

We now conclude by returning to the experimental data
of Fig. 1. In Fig. 4 we depict five surrogates generated
in such a way as to preserve the trough values precisely
using an affine transformation as described in this paper.
Clearly, the surrogate now “look” like the data. Drift as-
sociated with the naı̈ve application of the cycle shuffled
method in Fig. 2 is now eliminated. Figure 5 illustrates a
comparison of estimates of correlation dimension, entropy
and noise level [20, 1] for the experimental data and an en-
semble of 50 surrogates. As the data is clearly atypical of
the surrogates we reject the null hypothesis and conclude
that the data contains long-term deterministic dynamics —
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Figure 5: Hypothesis test In the three panels we present
histograms of: (a) correlation dimension; (b) entropy; and,
(c) noise using the Gaussian Kernel Algorithm (embedding
lag of 28 and embedding dimension of 2 and 5). The value
for the data is depicted by a red bar and the ensemble for
the surrogates as the blue histogram. For all three statistics,
the data is significantly different from the surrogates.

it is consistent with a chaotic dynamical system.
Finally, we must note that the corrected cycle shuffled al-

gorithm implemented in this section (there are alternatives,
which we have only alluded to) keeps the trough positions
fixed. If one was to construct a Poincaré section from these
trough values this would be a trivial and useless statistic
with which to test the underlying dynamics. This, in part,
is the reason for our choice of attractor based statistics in
this section.
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Abstract—We have developed a chaos-based cryp-
tographic method using the augmented Lorenz equa-
tions. In our method, the secret key is given as an
N -dimensional real diagonal matrix that specifies the
augmented Lorenz equations, being assumed to be
shared between legitimate users using a quantum key
distribution. We apply our method to speech encryp-
tion and evaluate its security on the basis of the degree
of visible determinism in chaotic sequences as pseudo-
random numbers generated by the augmented Lorenz
equations.

1. Introduction

The augmented Lorenz model is a system of 2N +1-
dimensional ordinary differential equations as a nondi-
mensionalized expression of the equations of motion
for a chaotic gas turbine [1]. This dynamical model
is represented as a star network of N Lorenz subsys-
tems sharing the variable X as the central node and
can simulate the motion of a convective flow in tur-
bulent Rayleigh-Bénard convection at high Rayleigh
numbers exceeding 106 [2]–[4], in the sense that it can
reproduce the statistical properties of the velocity field
in an actual turbulent convective flow.

We recently have applied the augmented Lorenz
model to chaotic cryptography [5]. In our method,
the sender and receiver of a message, called Alice and
Bob, respectively, have identical augmented Lorenz os-
cillators specified by a common N -dimensional real di-
agonal matrix, denoted as M, in their communication
systems. M works as a secret key, i.e., a symmetric
key, which is assumed to be securely exchanged be-
tween Alice and Bob using a quantum key distribu-
tion (QKD), e.g., the Bennett-Brassard 1984 (BB84)
protocol [6]–[9]. Within the limit of quantum physics,
QKD guarantees absolutely secure distribution of a se-
cret key that can be used as pseudorandom numbers
for message encryption. However, this does not mean
that the key securely distributed by QKD is always
sufficiently secure when it is used as pseudorandom
numbers for message encryption.

To circumvent this problem, we apply QKD to ex-
change M as a secret key and use the chaotic sequence
generated by the augmented Lorenz oscillators speci-
fied by M as the pseudorandom numbers. Here, we set

the dimension N of M to an appropriate number such
that the secret-key space has a large size but it takes a
short time to distribute M using QKD. For instance,
N is set to N = 101. Then, the size of the secret-key
space amounts to 2N−1 = 2100 ∼ O(1030), which pro-
hibits an eavesdropper (a hostile attacker), called Eve,
to identify M by a brute force attack. Thus, Alice and
Bob can make a long sequence of pseudorandom num-
bers, which is usually much longer than N , and can
practically use our cryptosystem as a one-time pad ci-
pher.

In this paper, we evaluate the degree of random-
ness of chaotic time series generated by the augmented
Lorenz equations and show how our cryptographic
method would be effective for speech encryption us-
ing the time series as a masking signal.

2. Augmented Lorenz Model and Chaotic
Cryptography

The augmented Lorenz equations as a dimensionless
dynamical model are defined as

dX

dτ
= σ

[
tr

(
(M−1)2Y

) − X
]

, (1)

dY
dτ

= RX − MZX − Y , (2)

dZ
dτ

= MYX − Z , (3)

R = R0M2ΦW ,

where X is a scalar variable, Y and Z are N ×N diag-
onal matrices whose diagonal components are denoted
as Yn and Zn with n running from 1 to N , respectively,
τ is dimensionless time, tr(·) denotes the diagonal sum
of a matrix, σ and R0 are bifurcation parameters cor-
responding to the Prandtl and Rayleigh numbers, re-
spectively. The matrix R is defined using

M = diag(M1, M2, . . . , MN ) , (4)
W = diag(sinφ, sin M2φ, . . . , sin MNφ) , (5)

Φ = diag
(
φ − 1

2
sin 2φ , . . . ,

1
Mn − 1

sin(Mn − 1)φ − 1
Mn + 1

sin(Mn + 1)φ , . . . ,

1
MN − 1

sin(MN − 1)φ − 1
MN + 1

sin(MN + 1)φ
)

(6)

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015

- 644 -



where φ is a bifurcation parameter.
In this study, the bifurcation parameters σ, R0, and

φ are set to σ = 25, R0 = 3185, and φ = 0.36 [rad],
respectively. These parameter settings were confirmed
to yield chaos [5].

In our cryptographic method, Alice and Bob share
M as a secret key, where M1 is always set to M1 = 1
and Mn with n running from 2 to N randomly takes
n or n + 1/2. M can be mapped to the corresponding
binary secret key Q = diag(Q1, . . . , QN ) accord-
ing to Qn = 0 if Mn = n and Qn = 1 otherwise for
n = 1, . . . , N . This procedure can be reversed. In-
deed, when sharing M, Alice and Bob first exchange
N binary numbers Qn using a QKD and transform Q
into M by reversing the rule mentioned above.

Alice and Bob perform speech encryption and de-
cryption with the following procedure. The bifurca-
tion parameters σ, R0, and φ, the initial values of X,
Y, and Z, and the algorithm for numerical integra-
tion of the augmented Lorenz equations as well as the
time width Δt and the initial truncation time T0 are
all opened to all users as public keys. Only M is used
as the secret key shared between Alice and Bob.

Alice records a speech signal as a time series in the
form of text, denoted as m(t). Here, t = iδt with non-
negative integers i = 1, . . . , L and δt represents the
sampling time of the speech with a real physical di-
mension. Alice yields a chaotic time series X(τ) (i.e.,
X(i)) with dimensionless time τ = iΔt (i = 1, . . . , L)
by running her augmented Lorenz oscillator specified
by M. She obtains a pseudorandom sequence of X(τ ′)
with τ ′ = iT (i = 1, . . . , LΔt/T ) and an appropri-
ately chosen sampling time interval T . She transforms
the pseudorandom sequence into X(t) as a function of
t with the real physical dimension using αt = T , where
α [s−1] is an appropriately chosen time coefficient. Fi-
nally, she performs speech encryption by adding X(t)
to m(t) and sends the ciphertext m + X to Bob.

Bob receives m + X and yields X by running his
augmented Lorenz oscillator identical to that of Alice
with T , δt and α shared between Alice and Bob. Thus,
he decrypts the ciphertext by subtracting X from m+
X.

3. Numerical Results and Discussion

3.1. Time Series Analysis

Randomness in the time series of X(i) is evaluated
in terms of the degree of visible determinism using the
algorithm introduced by Wayland et al. [10]. Their
method is briefly described below. From a time se-
ries, we construct d-dimensional embedding vectors
denoted as xi. Then, a vector xp(0) is randomly chosen
and its K nearest neighbors xp(k) (k = 1, . . . , K)
are found. Images of xp(k), denoted as xp(k)+T0 for

k = 0, . . . , K, are generated under an appropriate
time interval T0. Finally, the diversity in the direc-
tions of neighboring embedding vectors is estimated
in terms of the translation error Etrans defined by

Etrans =
1

K + 1

K∑
k=0

| vp(k) − v̄ |2
| v̄ |2 , (7)

v̄ =
1

K + 1

K∑
k=0

vp(k) , (8)

vp(k) = xp(k)+T0 − xp(k) . (9)

The smaller Etrans indicates the more visible deter-
minism in the time series. To reduce the statistical
error in estimates of Etrans, we take the mean over W
medians of Etrans for W sets of P randomly chosen
xp(0).

We ran the augmented Lorenz equations with N =
101 at a time width of 2.0×10−7. The initial conditions
of X, Y, and Z were given as pseudorandom numbers
subject to the standard normal distribution. The key
matrix M was given by randomly assigning n or n+1/2
to Mn for N = 2, . . . , N . Initial 250000 data points
of the time series were discarded to eliminate initial
transient part of the series.

Figures 1(a) and (b) show part of the time series
X(τ) (i.e., X(i)) with T = 100 and T = 10000, re-
spectively (α = 1000). Figure 2 shows estimates of
Etrans, where L = 1000, T0 = 5, W = 10, and
P = 51. The determinism underlying the time se-
ries with T = 10000 is much less visible than that
with T = 100, and the estimated translation errors are
close to those of uncorrelated white noise [11] when
T = 10000, although the time series have been gen-
erated by the augmented Lorenz equations as a fully
deterministic dynamical model. These observation in-
dicate that the time series with T = 10000 is useful as
a masking signal.

3.2. Message Encryption

We used speech data comprising the words “Yes, we
can.” as a plaintext, The speech was spoken by one of
the authors (K. C.) and recorded using a digital voice
acquisition system with a signal quantization level of
16 [bit] and a sampling frequency of 44.1 [kHz]. The
speech data were transformed into a plaintext m(t)
consisting of the numbers representing the air-pressure
intensities. The time series X(τ) with T = 10000 was
transformed with α = 1000 into a masking signal X(t).
Message encryption was performed by adding X(t) to
m(t).

Figures 3(a) and (b) show the plaintext m and the
ciphertext m+X, respectively. It can be seen that the
plaintext is entirely masked by the chaotic time series.
No peaks characteristic of the plaintext could be rec-
ognized in the power spectrum of the ciphertext. The
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Figure 1: Time series X(τ) under sampling time in-
tervals of (a) T = 100 and (b) T = 10000.

decrypted message was confirmed to be identical to the
original plaintext. Thus, our cryptographic method is
shown to be applicable to encrypting speech data.

4. Conclusions

We have estimated the degree of visible determinism
using the diagnostic algorithm by Wayland et al. for
the time series X with time intervals of T = 100 and
T = 10000. It has been shown that the time interval
T = 10000 generates a chaotic time series, the under-
lying determinism of which is as invisible as those of
uncorrelated Gaussian stochastic processes. Such ran-
domness suffices for encryption of speech data. The
size of the secret-key space of M with N = 101
amounts to 2100, which is prohibitively large for Eve
to break the key by a brute force attack and hence
enables us to practically use our method as a one-time
pad cryptography. The application of our method to
encrypting a binary-coded plaintext is an open ques-
tion to be investigated in future studies.
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Abstract—The inverse problem of estimating parame-
ters from spike trains needs a stochastic approach to find
most likely solutions. Since the brain exhibits complicated
dynamics that is difficult for the model to reproduce, the
modeling errors are inevitable. In our recent study, we
proposed a Bayesian framework to estimate two model pa-
rameters in a segment-wise fashion and then to merge the
segmental estimates into a single estimate. The segmen-
tal Bayes compensated the modeling errors caused by the
mismatch between the brain and the model. The previous
study, however, has not yet been properly validated, be-
cause it was applied to experimental data, the true parame-
ter values of which are unknown. The aim of this paper is
to evaluate the segmental Bayes using simulated spike data,
for which the true parameter values are known. The perfor-
mance evaluation confirmed that the segmental Bayes out-
performs other approaches. It also has a strong robustness
against non-stationarity of the spike data. We thus con-
clude that the segmental Bayes provides a useful tool in
neuroscience to estimate parameters from spike trains.

1. Introduction

Multiple electrodes have become a standard tool in neu-
roscience research that enables simultaneous measurement
of a population of neuronl activities in a brain region. Such
measurement data provide important analysis challenges
that must be resolved to understand the brain functions.
The parameter estimation is one of the indispensable ones,
because some parameters can not be experimentally mea-
sured but are needed to construct computational models of
the brain. Although the computational models are of exten-
sive use in neuroscience, they usually face two challenges:
first, non-stationarity of the brain activities and, second, in-
sufficiency of the computational model in space and time
compared with the brain. The first difficulty arises from
the fact that most models assume stationarity in the neu-
ronal dynamics. By contrast, the neuronal firings in the
real brain shows different dynamics from time to time. The
second difficulty is due to the fact that the computational
model is typically composed of a far smaller number of the
neuronal elements and connectivities compared to the real
network of the brain. These difficulties inevitably cause
modeling errors and thus cause inaccurate solutions of the
inverse problem for estimating model parameters from the
spike data [1, 2].

In our recent study [1], we proposed a stochastic ap-
proach to reduce the modeling errors by allowing the pa-
rameter values to be varied in time segments. In this
segment-wise approach, the parameters were firstly esti-
mated segment by segment. This relaxes the condition of
the parameter search and thus enables to capture the com-
plicated firing dynamics of experimental spike data. The
segmental estimates were then integrated by a hierarchical
Bayesian framework, resulting in a single estimate. As a
consequence, the segmental Bayes has been shown to min-
imize the fitting error between experimental and simulation
data in the feature space. Our approach, however, has not
yet been properly validated because the true parameter val-
ues of the experimental data were not known. To further
demonstrate its usability, validation of the previously de-
veloped approach is desired. By adopting the same task of
estimating two conductance values in the inferior olive net-
work model, this study utilizes simulated spike data as the
test data. The simulation data are suitable for the validation
purpose, because the true parameter values are known. The
present study confirmed that the segmental Bayesian infer-
ence provides smaller estimation errors than the conven-
tional Bayesian inference, which finds the estimates once
across the entire spike data, or the minimum error method
[2], which directly finds the closest match in the feature
space. Robustness of the segmental Bayesian approach
against highly non-stationary dynamics of the spike data
is also demonstrated. It thus provides an effective approach
to resolve the inverse problem even when the model is an
imperfect representation of the experimental data.

2. Methods

2.1. Simulation model

The simulation data was generated using the neuronal
model developed in the previous study [2]. The model con-
sisted of 3 × 3 neurons, each of which was connected to
its four neighbouring neurons via gap junctions (gc). Each
neuron was composed by the soma, dendrite and spine
compartments. All compartments received excitatory (ge)
and inhibitory (gi) inputs from Gaussian noise generators.
The two parameters of interest, gi and gc, were varied in
the range of [0–1.5 mS/cm2] with an increment of 0.05
mS/cm2.
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2.2. The segmental Bayesian inference

In this section, we briefly describe the segmental
Bayesian framework to estimate the two parameters, gi and
gc, from neuronal spike trains. The detailed formulas are
described in our previous paper [1]. The firing dynamics
were characterized by a feature vector (FV) composed of
sixty seven features, e.g., firing rate, local variation, cross-
correlation, auto-correlation, and minimal distance. The
FV was transformed into lower-dimensional space using
principal component analysis (PCA). Likelihood function
was estimated on the simulation (SIM) data using the Gaus-
sian mixture model in the 3-dimensional PCA space. Fi-
nally, the conductance values g = (gi, gc) can be deter-
mined from the feature vector y by maximizing the pos-
terior probability P(g|y) in accordance with the Bayes’ the-
orem:

P(g|y) ∝ P(y|g)P(g) (1)

where P(y|g) and P(g) are the likelihood and prior of pa-
rameter values g, respectively.

The main point of our proposed framework is introduc-
tion the neuronal constraint, which deals with the estima-
tion errors caused by the modeling errors, to the Bayesian
inference. To minimize such errors, we divided the spike
data of each neuron into small time-segments, applied the
Bayesian inference to estimate gi and gc for every segment,
and then merged the segmental estimates into a single es-
timate for each neuron (Figure 1). Here, the variance of
neuronal constraint was optimized so as to maximize the
model evidence value.

Figure 1: A schematic diagram of the segmental Bayesian
inference.

2.3. Simulating non-stationarity in test data

The basic idea of the segmental Bayes is to deal
with non-stationary dynamics of the experimental spike
data. Such non-stationarity arises typically from high-
dimensional spatio-temporal system. Unfortunately, our
mathematical model was not complicated enough to pro-
duce such non-stationary dynamics. Figure 2 shows the

firing rate extracted from spike trains of representative 13
experimental (EXP) and 9 SIM neurons. While exhibit-
ing a comparable mean firing frequency (around 1Hz), the
SIM neurons tend to fire periodic and stable in time, as
well as there is not much different in firings among those
neurons (STD of firing frequency across time and neurons,
0.23 and 0.30, respectively). By contrast, firing frequency
of EXP neurons vary strongly in both time and space (0.28
and 0.68). This example indicates that the present simu-
lation failed to precisely reproduce the non-stationarity of
EXP data, and thus was not suitable for testing the segmen-
tal Bayes.

Figure 2: Firing rate averaged over 13 EXP (black trace)
and 9 SIM (red trace) neurons. Shaded area represents stan-
dard deviation across neurons.

We thus propose a simple method to simulate non-
stationarity in the test data as follows. Suppose that the test
spike data was selected at a parameter value g = (gi, gc),
from which we generate 500s spike trains. Unlike the sim-
ulation of the forward model in which the parameter value
was fixed, the value of g in the simulation of test data
was adjusted in every 10s. The adjusting values of g was
randomly chosen from the normal (Gaussian) distribution
N(g, σ2) with the mean g and the variance σ2. Here, σ
can be regarded as a parameter to control the level of non-
stationarity in the test data. Then, the PCA scores y of the
test data is evaluated as mentioned previously. We conven-
tionally define the standard deviation of the first PCA score
of y as the non-stationary level. It is worth noting that sim-
ulating non-stationarity in the test data is independent to
the construction of the forward model.

3. Results

3.1. Effect of the neuronal constraint

Figure 3 are pseudo-color representation of the poste-
rior probability of gi and gc estimated for a representative
SIM neuron by the Bayesian inference under the relaxed
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neuronal constraint (Figure 3A). The estimates were dif-
fused broadly probably because of the fluctuations of the
segmental estimates. By contrast, the gi and gc of the same
spike data estimated by Bayesian inference under the opti-
mized neuronal constraint were localized at the true value
(0.75, 0.75) (Figure 3B).

Figure 3: Posterior estimates of a representative SIM neu-
ron with relaxed (A) and optimized (B) neuronal constraint.

3.2. Non-stationarity level of the test data

Figure 4 shows spike trains of 9 simulation neurons at
a representative model parameter g = (gi, gc) = (0.7, 0.7)
before (Figure 4A) and after (Figure 4B) the manipula-
tion process described in 2.3. The firing dynamics of the
test data significantly fluctuate: dense at certain times and
sparse at others, showing a clear improvement of the non-
stationarity.

Figure 4: Spike trains of representative simulation neurons
before (A) and after (B) the non-stationarity manipulation.

We also investigate the dependence of non-stationary
level of the test data on the parameter σ. Figure 5 indicates
that increasing the variance parameter σmonotonically im-
proved the non-stationarity of the test data. The amount
of improvement evaluated with σ = 0.3 (2.77 ± 0.8) and
σ = 0.5 (3.31 ± 1.01) were about 113% and 155%, respec-
tively, compared to that evaluated with σ = 0.1 (1.3±0.38).

3.3. Parameter estimation for the test data

For each test data, we applied three different approaches
to estimate the parameter values (gi and gc). They are the

Figure 5: Dependence of non-stationary level on the pa-
rameter σ ([0.1–0.5]). Solid and shaded area, mean and
standard deviation over 100 trials at each σ.

segmental Bayes, the non-segmental Bayes, which finds
the estimates once across the entire spike data, and mini-
mum error method, which determines the estimate as the
closest match in the PCA space [3]. The test data sets
were generated by a random set of 100 parameter values
g = (gi, gc) for varied parameter σ in the range [0.1–0.5].

Figure 6: Estimation errors of gi (A) and gc (B) by three
different approaches: Segmental Bayes (Seg, red trace),
Non-segmental Bayes (NSeg, green trace) and minimum
error method (MPE, blue trace). Error bars are standard
deviations across 100 trials.

Figure 6 shows the absolute differences between the
estimated and true parameter values of gi (Figure 6A)
and gc (Figure 6B), independently. Segmental Bayes out-
performed both non-segmental Bayes and minimum error
method for gi and gc estimation in all non-stationarity lev-
els. These results are consistent with our view that the
segmental Bayes minimizes errors in gi and gc estimates
because of the non-stationary firing dynamics. For the two
comparative approaches, there is a tendency that increasing
the non-stationary level of the test data decreased the accu-
racy of both gi and gc estimation, whereas it is less clear for
the segmental Bayes (Figure 6B). It is notable that gi errors
for all three approaches were higher than those of gc. This
situation is opposite to our findings in [3] and probably due
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to the effect of non-stationarity in the test data.
Finally, we tested the superiority of the segmental

Bayesian inference over the two comparative approaches in
terms of the combined estimation error (Euclidean distance
between the true and estimated values in the (gi, gc) space).
The magnitude of the estimation error was smaller for the
segmental Bayesian inference (Figure 7) than that for non-
segmental Bayes and minimum error method across the
three non-stationary levels, and the statistical significance
of the error was largest (p = 4.6E − 10 and p = 2.3E − 24
by t-tests between Seg-NSeg and Seg-MPE, respectively),
moderate (p = 6.9E − 5 and p = 1.3E − 23) and minimum
(p = 0.5 and p = 1.1E − 14) for σ = 0.5, σ = 0.3 and
σ = 0.1 values, respectively, corresponding to the degree
of the non-stationarity of the test data sets. These find-
ings confirm that segmental Bayesian inference performs
much better than the other methods in cases of highly non-
stationary spike data.

Figure 7: Superiority of segmental Bayesian inference
(Seg, red columns) over two other methods (NSeg, green
columns and MPE, dark blue columns) at three non-
stationary levels of test data sets. The non-stationary level
of the test data (orange trace) are from the results of Fig-
ure 5. Asterisks represent the significance level by t-tests
between Seg-NSeg and Seg-MPE. ***p < 0.0001.

4. Conclusions

The goal of our studies was to resolve the inverse prob-
lem of estimating two model parameters (gi and gc) from
spike train data. The fact that there is a huge mismatch
between the model and the brain, as well as the non-
stationarity of the firing dynamics of real neurons in-
evitably cause the modeling errors and, consequently, the
estimation errors. The segmental Bayes developed in our
previous study [1] aimed to compensate for these errors by
allowing segmental fluctuations of the parameter estimates
in the neuronal constraint based. The segmental Bayes
has been shown to perform better than the non-segmental
Bayes and the minimum error method. It significantly im-

proved the fitting between the simulation and experimental
data in the feature space. However, the estimation accuracy
has not yet been properly evaluated, because the true values
for gi and gc were unknown in the experiment conditions.

In this paper, we attempted to verify the segmental Bayes
approach using simulated spike data as the test data sets.
Due to a rather low complexity of the model, the simula-
tion data used for constructing the forward model is not
suitable for the verification purpose. We thus manipulated
the non-stationarity in the test data by adjusting the param-
eter values during the simulation. Since the true values of
gi and gc were known in the test data, it was straightfor-
ward to evaluate the estimation errors. The two impor-
tant findings in our previous study were confirmed from
this study. First, segmental Bayes significantly reduces the
estimation errors compared to the two comparative meth-
ods. Second, it is also robust to the non-stationarity of the
spike data. These results suggest that segmental Bayes is
highly recommended for estimating the model parameters
from spike data of real neurons that usually exhibits highly
non-stationary dynamics. In conclusion, we argue that the
segmental Bayesian inference is a useful tool to resolve the
inverse problem even in the presence of the imperfectness
of the model.
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Abstract—This paper presents a Ternary Content Ad-
dressable Memory with Individuality (ITCAM), which has
individuality for data retrieval that is caused by the manu-
facturing variations of each LSI. The results of the mask-
able search by the ITCAM are different for each LSI.
The ITCAM was implemented on three FPGA evalua-
tion boards and tested in practice. The evaluation results
showed that the data retrieval for each LSI is a little differ-
ent due to the manufacturing variations and there were 179
(13%) more occupied slices, when comparing the ITCAM
and conventional TCAM. Thus, the reported ITCAM is a
promising solution for providing a little individual differ-
ence to each LSI.

1. Introduction

Content Addressable Memory (CAM) has recently be-
come important for use in robotics technology [1] and arti-
ficial intelligence [2]. The processing capability of CAM is
also faster than when using software-based CPU and hard-
ware ASICs and is used in such as the obstacle avoidance
function of a robot. Robots are used for various applica-
tions, such as nursing care, and there are also robots that
can talk and express feelings [3].

The Ternary Content Addressable Memory with Individ-
uality (ITCAM) was developed as the first step in our study
for generating a little individual difference to the data re-
trieval of each LSI due to manufacturing variations. There
are several kinds of manufacturing variations, and we de-
cided to use delay variations in this study. The ITCAM
uses delay variations for effective maskable search process-
ing. The delay variations exist in the comparators that are
included in the ITCAM. The many ring oscillators were
configured by using the comparators of ITCAM and the
difference in their frequencies was used as the individual
difference. Therefore, it is an efficient method that can pro-
vide an individual difference to each LSI.

2. Related researches

There are researches currently being conducted to reduce
manufacturing variations [4], [5]. Several researchers have
tried to suppress the manufacturing variations because they
reduce the hardware reliability. On the other hand, sev-
eral researchers have used manufacturing variations to de-
velop unique LSIs like the Physical Unclonable Function
(PUF) [6-9]. PUF technology generates unique identifiers

due to their manufacturing variations. PUF has attracted
attention recently as a technique for preventing the replica-
tion of LSIs, and PUFs that use the delay variations of the
ring oscillators have been previously used. In addition, a
CAM and ring oscillator combination has been studied to
improve the performance of the CAM [10], [11]. The delay
variations of the ring oscillators of the ITCAM with excep-
tion of the PUF are considered in this study. The developed
ITCAM conducts slightly different data retrievals for each
LSI by taking advantage of the delay variations of the ring
oscillators.

3. Individuality Ternary Content Addressable Mem-
ory

This section discusses the architecture and describes the
block diagram of the ITCAM in detail. The ITCAM was
developed based on the TCAM so that the delay variations
of the comparators can be used as the individual differences
of each LSI.

The TCAM is obtained by adding mask memory cells to
each word block of the Binary Content Addressable Mem-
ory (BCAM) and a ‘don’t care’ can be used by setting a
mask in each bit. The ITCAM uses the comparators as a
ring oscillator and uses the mask memory as a counter. The
ITCAM can store the delay variations in the mask memory,
so the difference in each word and LSI will appear in the
search results. Figure 1 shows a conceptual diagram of the
ITCAM of word number 2a with a word length ofn bits.
The ITCAM has the input data ofn bits, the search data
of n bits, the mask data ofn bits, and the delay variations
acquisition signal of 1 bit. On the other hand, the outputs
are a 1 bit match signal and ana bits address value.

Figure 1: Block diagram of ITCAM.
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The memory cell, comparator, and mask memory cell in
a one word block are shown in Fig. 2. Here, Figs. 3 and 4
show the word block configuration.

When the variation acquisition signal is a 0, each word
performs a search using the input, search, and mask data.
The ITCAM performs the same operation as the TCAM.

When the variation acquisition signal is a 1, one of the
XNOR logic inputs is fixed at 0, and the XNOR logics is
used as inverters. The XNOR logics ofn bits are used as
a comparator to form a ring oscillator by connecting to the
ring form. The output of the ring oscillator is input to then
bits counter using a register of the mask memory cell. Since
the frequencies are different due to the delay variations, the
value of the counter is different for each word and LSI.
When performing a comparison operation, the value of the
counter is used as the mask value. A bit where a 1 is stored
in the mask memory cell is treated as a ‘don’t care’ when
performing comparisons. If the variation acquisition signal
passes a predetermined time, it automatically returns to 0,
and the ITCAM is transitioned to the state shown Fig. 3
for performing the comparison operation. The value stored
in the mask memory cell is the difference due to the delay
variations, so the search results for each word and LSI are
different.
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Figure 2: Block diagram of Word block.

4. Implementation and Experimental Results

The ITCAM was implemented in the FPGA evalua-
tion board to verify the difference in the search results
for each LSI. Figure 5 shows the experimental environ-
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Figure 3: Block diagram of Word block when variation ac-
quisition signal= 0. The ITCAM performs the same oper-
ation as the TCAM.

Figure 4: Block diagram of Word block when variation ac-
quisition signal= 1. The ITCAM performs the operation
for storing the delay variation of the ring oscillators.

ment. Three FPGA evaluation boards equipped with VIR-
TEX4 VC4VLX25 were used for checking the manufac-
turing variations. The images of the waveform in Fig. 5
represent the outputs of the ring oscillators of the ITCAM
that were downloaded to the board and their difference in
frequencies causes the ITCAM to output different results.
The frequency of the ring oscillator of board1 is 15.7 MHz,
board2 is 15.8 MHz, and board3 is 15.6 MHz. The IT-
CAM used in this experiment proposed 16 words that were
all 32 bits long. Furthermore, its floor-plan for fixing the
comparators is shown in Fig. 6. The floor-plan is required
in order to obtain stable variations by fixing the placement
and routing of the ring oscillators. Table 1 lists the imple-
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mentation results of the TCAM and ITCAM. The ITCAM
are calculated by using Xilinx ISE 14.6. Only about 1,490
of the slices in the ITCAM are occupied and this was an
increase of 179 (13%) slices when comparing it with the
TCAM.

Figures 7 and 8 confirm the variation values stored in
the mask memory cells. In Fig. 7, the variation values in
the addresses # 0, # 1, and # 2 on the same board are dif-
ferent. Thus we can see that different word blocks have
different variation values. Figure 8 confirms the variation
values for the same address word block of three boards are
different. Thus, different boards also have different varia-
tion values. Figure 9 shows the search results obtained by
using the ITCAM. The search data was set to all zeros, and
the Hamming distance between the data in the memory cell
was set to 2 for all the word blocks. The Hamming distance
between the data and search data considering the mask data
is shown in Fig. 9, and it was confirmed that the Hamming
distance was reduced. In addition, the hatchings show the
differences in the search results of each board in Fig. 9. It
was confirmed from these results that each board outputs
different search results.

Figure 5: Experimental environment and difference in fre-
quency of ring oscillators of each board.

Table 1: TCAM and ITCAM implementation results.

TCAM ITCAM

No. of Slice Flip Flops 1,164 1,135

No. of 4-input LUTs 1,364 2,301

No. of occupied Slices 1,311 1,490

Figure 6: ITCAM floor-plan for obtaining stable variations
by fixing placement and routing of ring oscillators.

Figure 7: Differences in variations of each word block.
Word for address 0 in Board1, word for address 0 in
Board2, and word for address 0 in Board3.

Figure 8: Differences in variations of each board. Word
for address 0 in Board1, word for address 1 in Board1, and
word for address 2 in Board1.

5. Conclusion

Ternary Content Addressable Memory with Individual-
ity (ITCAM) was proposed as the first technological step
for providing a little individual difference to the data re-
trieval of each LSI caused by delay variations. The ITCAM
outputs different search results for each word and LSI by
using the delay variations of the comparators as mask val-
ues. The confirmation of reproducibility of the variation
values and application of ITCAM is scheduled in the fu-
ture.
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Figure 9: Differences in search results of each board. The same ITCAM is mounted on each board and each ITCAM was
stored in the same dataset. Only the mask memory cell data is different.
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Abstract—We study a model of adaptive temporal net-
works that are regulated by human activity and vice versa.
Thereby we seek to develop a unifying understanding of the
mechanisms governing human social dynamics. We ana-
lyze the model using a master equation approach and show
that the temporal and structural heterogeneities seen in
real-world networks can emerge spontaneously from com-
pletely homogenous initial conditions. This theoretically
tractable model will promote further studies to understand
how our society is organized by the interplay between so-
cial relations and human activity.

1. Introduction

Human social behavior is a complex phenomenon that
depends both on single individuals and on the interactions
between them. In daily life, interactions between people
create contact patterns that can be mathematically repre-
sented by networks, i.e. a set of nodes, corresponding to the
people, connected by links, representing the contacts be-
tween the respective individuals [1]. In network terminol-
ogy, the number of contacts of a given person is called the
degree k of a node and thus the degree distribution pk is the
probability distribution that a randomly chosen node has
degree k. Real-life networks have a high level of hetero-
geneity in the number of contacts per node. The empirical
degree distributions are typically approximated by power-
law [2, 3]. Contact patterns however are not static and
more realistically nodes alternate between active and inac-
tive states [4]. Nodes that have many contacts for example
in one hour may be completely inactive in the following
hours [5]. Recent studies suggest that this temporal ac-
tivity, quantified by the inter-event intervals (IEIs), i.e. the
time between two subsequent node activations, is highly
heterogeneous and generates bursts of activity [6, 7, 4].

While several models have been proposed to explain the
heterogeneity in the degree distribution [8, 9, 10, 11], a few
studies have focused on modeling the burstiness of the tem-
poral activity. In particular, Barabási proposed a priority-
based model in which nodes prioritize tasks [6, 7]. Nodes
first execute the high-priority tasks, i.e. these tasks are ex-
ecuted within a short time, while low-priority tasks have to
wait longer times before leaving the queue. Every execu-
tion creates an activation of a node. Other models however
are based on inhomogeneous Poisson processes on each
node modulated by (daily and weekly) cycles of human

activity [12, 13]. Combined, these processes generate the
bursting or quiescent activities due to the changes of the
activation rates of each node.

The shortcoming of the previous models is that they
consider the network structure and node activity indepen-
dently, and thus miss the fact that the microdynamics regu-
lates the evolution of the network even if macroscopic net-
work quantities, such as the degree distribution, are con-
served [14, 5]. On the other hand, adaptive networks fill in
this gap and combine the dynamics on and of the network
in a single model [15, 16].

In this letter, we propose a model of temporal net-
works where the human activity and their connections are
adaptively regulated by past interactions, as illustrated in
Fig. 1(a). We analyze the master equation of the model
using generating functions and show that, under suitable
conditions, heterogeneous structural and temporal patterns
spontaneously emerge from completely homogeneous ini-
tial conditions.

Activation Connection Exchange

Repeat

InterplayRelationship Activities

(a)

(b)

Figure 1: (a) Structural and temporal heterogeneities
among people are interdependent. (b) Illustration of the
interaction-regulated stochastic contact model. Within one
time step, (i) nodes become activate, (ii) make random con-
nections, (iii) exchange resources, and finally (iv) break
down the links.

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015

- 656 -



2. Model

The model consists in three steps: (i) activation of nodes,
(ii) formation of pairs, and (iii) exchange of resources
(Fig. 1(b)). We initially assign an internal state xi(t) for
node i. The “resource” given by xi(t) triggers the activ-
ity of node i with a probability proportional to xi(t), and
thus represents its willingness to contact other nodes in the
network. At each time step t, a number of nodes NA be-
comes active. Each active node at time t forms a directed
link to another node in the network. For each link, the tar-
get node is uniformly selected from all nodes in the net-
work with probability κ (contact to anyone in the network),
and selected among the active nodes with probability 1 − κ
(contact to another active person, who has something to
share). Therefore, links are generated only between the ac-
tive nodes if κ = 0 [17], and with any network node if κ = 1
[18]. We thus extend previous models by considering inter-
mediate situations by simply controlling the parameter κ.

The internal states are updated by transferring a fixed
amount of resource D via each pair of directed links.

xi(t + 1) − xi(t) = D

∑
j

ai j(t) −
∑

j

a ji(t)

 , (1)

where ai j(t) is adjacency matrix at time t, i.e. ai j(t) = 1
if there is a link between nodes i and j and 0 otherwise.
This resource exchange means that the willingness to con-
tact someone will decrease among the persons who made
a contact to others, and it will increase among the persons
who received the contacts. Finally, the links are broken and
the entire routine is repeated in the next time step. We as-
sume the initial state of all nodes to be completely identical
and set xi(0) = 1.

3. Results

To derive the master equation of the model, let us con-
sider the node density un(t) whose state xi(t) = nD. We
assume that the number of nodes N and the active nodes
NA, are large enough, and the total fraction of the active
nodes NA/N is fixed. The active fraction an of un(t) is
proportional to its resource amount nDun(t). Therefore,
anun(t) = NA

N
nDun(t)∑
n nDun(t) =

NA
N nDun(t), where the total re-

source
∑

n nDun(t) is preserved to 1. The active nodes are
randomly connected to all nodes by NAκ links. In other
words, all nodes have a chance of getting incoming links
with 1/N(≡ ρ1) in NAκ(≡ M1) trials. Moreover, the ac-
tive nodes have a chance of getting incoming links with
1/NA(≡ ρ2) in NA(1 − κ)(≡ M2) trials, while they have an
outgoing link. The resource is transferred by a unit of D
through the directed links. Using the Binomial probability
B(m, ρ,M) of m success with probability ρ in M trials, the

master equation is:

dun(t)
dt

= A(−1)an+1un+1(t)

−C1anun(t) −C2ānun(t)

+

NA∑
m=1

an−mun−m(t)A(m)

+

NAκ∑
m=1

ān−mun−m(t)B(m, ρ1,M1), (2)

where ān(= 1 − an) is the inactive fraction of un(t), A(m) =∑
m1+m2=m+1 B(m1, ρ1,M1)B(m2, ρ2,M2), and C1 = 1−A(0),

C2 =
∑NAκ

m=1 B(m1, ρ1,NAκ).
Using a generating function Q(t, x) =

∑
n un(t)xn, we fi-

nally we finally obtain the mean µx and the variance σ2
x of

the stationary resource distribution P(x) 1:

µx = 1, (3)

σ2
x =

D
2κ

[
1 + 2

(
1
D
− 1

)
κ +

(
1 − NA

N

)
κ2

]
+ 1 − 1

D
. (4)

We find that the variance σ2
x → ∞ as κ → 0, while the

mean µx is fixed.
By tuning the parameter κ, this model is able to repro-

duce different structural and temporal patterns (Fig. 2). If
κ = 0, the active individuals only contact those individ-
uals that are also active, a dynamics that eventually lead
to a closed group of a few nodes monopolizing the re-
source. Nodes outside this group however are left without
any resources. In this situation, the diameter of the aggre-
gated contact network (formed by all links collected during
Ts = 104 time steps) shrinks and the temporal patterns of
the nodes inside this group exhibit a Poisson-like dynam-
ics, i.e. exponential inter-event times (Fig. 2(b)). In con-
trast, for larger κ, the active individuals may increasingly
link to any uniformly chosen node. This situation leads to
a homogeneous distribution of resources, which generates
a Gaussian-like in-degree distribution (Fig. 2(e)) and an
exponential (single-node) IEI distribution (Fig. 2(f)), the
later a result of the quasi-homogenous Poisson process.

In the intermediate case, in which active individuals
mainly contact other active individuals and occasionally
link to those inactive, we observe the emergence of highly
heterogeneous structural (Fig. 2(c)) and temporal patterns
(Fig. 2(d)). The contact network has a power-law in-degree
distribution with an exponential cutoff, similar to the re-
source distribution (Fig. 2(c)).

4. Conclusion

In this paper, we proposed a model of contact networks
where the human dynamics are adaptively regulated by past

1See the reference [19] for details of the calculations and the related
results.
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Figure 2: The degree distribution P(k) and single-node IEIs
distribution Ps(∆t) for (a,b) κ = 0 (Ps(∆t) is plotted in semi-
log graph), (c,d) κ = 0.001 (both graphs are log-log), and
(e,f) κ = 0.1 (Ps(∆t) is semi-log), with NA = 1024, N = 215,
and D = 0.01.

interaction and exchange of resources between the individ-
uals in the network. We analyzed the master equation of
the model and found that structural and temporal hetero-
geneities, as observed in real-world temporal networks, can
spontaneously emerge without any ad-hoc assumption on
heterogeneity but by simply regulating the choice of con-
tacts of the noes. In the model, these two heterogeneities
are observed in an intermediate regime in which the active
individuals typically communicate with other active peo-
ple (rich-club) but occasionally connect to anyone in the
network.
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Abstract—Advection is a general transport mechanism
whereby substances are conveyed by bulk flows. In
network-organized systems, advective processes are de-
scribed by using the advection matrix. Eigenvectors of the
advection matrix tend to localize on a subset of network
nodes which have similar flow intensities. Although this lo-
calization property can be observed numerically in a wide
range of networks, no theoretical explanation has been pro-
posed. In this paper, we establish a theoretical approach to
explain the localization property on the basis of the pertur-
bation approximation of the advection matrix. We demon-
strate the ability of the proposed theory to predict the local-
izing pattern of eigenvectors for several classes of random
networks.

1. Introduction

Advection is a general transport mechanism whereby
substances are passively conveyed by bulk flows. Ad-
vective processes are ubiquitously found in nature and
have been extensively studied in a wide range of research
fields [1, 2, 3]. One of the central topics of this field of re-
search is the collective dynamics of particles advected by
turbulent flows. The statistical properties of the advection
of passive particles have also attracted much attention.

Advective dynamics have mainly been studied for con-
tinuous media; however, they can also be considered in
network-organized systems. In an advection network, sub-
stances occupy each node and are transported by flows
along connecting links. Such a system may arise when we
consider a network of pipelines through which bulk flows
convey oil or pollutant to distribution branches or final des-
tinations. Another such example would be a transportation
network, in which traffic flows are established by trains,
ships, or aircraft on regularly scheduled services between
rail stations, ocean harbors, or airports. To describe the
transport dynamics in these systems, we recently proposed
a mathematical formulation of the advection equation in
network-organized systems [4].

In the network advection equation, the time evolution of
the concentration of particles at each node is described by
the advection matrix, which has the remarkable property
of having its eigenvectors localized on a subset of network
nodes. Namely, each eigenvector tends to have relatively
large values on the subset. This localization property plays

a decisive role in mixing dynamics of passive particles. In
advection networks, particle concentrations always equili-
brate to a uniform distribution. The equilibration firstly oc-
curs in the subset of nodes through which strong flows are
passing and, gradually spreads to the entire network. Such
dynamics can be explained by means of the localizing ad-
vection eigenvectors [4].

Although the localization property can be observed in a
wide range of networks, the property has only been shown
to exist numerically. Thus, no theoretical evidence of its
presence has been so far proposed. In this paper, we pro-
vide a theoretical explanation of the localization property
of the advection eigenvectors. Based on perturbation the-
ory, a standard approximation technique in quantum me-
chanics, the localization of eigenvectors is qualitatively
predicted. We apply the developed theory to several classes
of advection networks for illustration.

2. Localization of advection eigenvectors

2.1. Advection matrix

Let us briefly review the derivation of the advection ma-
trix. We consider a network of size N, which is formed by
discrete nodes labeled by i = 1, 2, · · · ,N and connected by
directed links. Flows are passing over the links to convey
substances. The network architecture is determined by the
adjacency matrix A = {Ai j} of which the value of the el-
ement is Ai j = 1, if there is a link from node j to node i;
otherwise its value is Ai j = 0. We consider that no self-
loops exist in the network so that Aii = 0 holds for any i.
The transportation capacity of each link is specified by the
weight matrix W = {Wi j}.

We employ a stochastic description for advective trans-
port in the network. If a node has multiple outgoing links,
a single particle on the node will be transported over one
of them with a certain probability. Stochastic transport of
this nature in network-organized systems can be described
as a Markov process, in which the time evolution of the
concentrations θi of the particles at node i is given by

∂θi

∂t
=

N∑
j=1

(
νi jAi jθ j − ν jiA jiθi

)
, (1)

where νi j is the transition probability of a single particle
from node j to node i. We assume that νi j is proportional
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to the intensity Ji j of the flow along the respective link,
νi j = νJi j, where ν is a normalization constant. It is also
assumed that the flows are incompressible such that the to-
tal incoming flow is equal to the total outgoing flow in each
node. Thus, the condition

Xi =

N∑
j=1

Ji jAi j =

N∑
j=1

J jiA ji, (2)

should hold at any node i, where we introduce the variable
Xi representing the total passing flow in node i for conve-
nience. The flow Xi is divided among the outgoing links
according to their relative transportation capacities Wi j, so
that we have

J ji =
W jiA ji∑N
l=1 WliAli

Xi. (3)

We consider only those networks in which each node has
at least one outgoing connection such that

∑N
l=1 WliAli , 0

and J ji does not diverge. By substituting the expression (3)
into Eq. (2), we have equations

N∑
j=1

 Wi jAi j∑N
l=1 Wl jAl j

− δi j

 X j = 0, (4)

of which the flows Xi at each node can be found as solu-
tions. We normalize {Xi} so that the total flow in the net-
work is fixed at

∑N
i=1 Xi = 1. For convenience, the node

indices {i} are enumerated according to the flows Xi, so that

X1 ≥ X2 ≥ · · · ≥ XN , (5)

holds. Once the total passing flows Xi on the nodes are
determined, the flow intensities Ji j for the links can be ob-
tained by using Eq. (3).

The advection matrix {Mi j} is defined by Mi j = Ji jAi j −∑N
l=1 JliAliδi j, such that the time evolution in Eq. (1) can be

rewritten as

θ̇i = ν

N∑
j=1

Mi jθ j. (6)

By rescaling the time as νt → t, we can set ν = 1 without
loss of generality.

2.2. Advection eigenvectors

The advection eigenvector ~ψ(α) and the corresponding
eigenvalue Λ(α) are defined by the equation

N∑
j=1

Mi jψ
(α)
j = Λ

(α)ψ(α)
i , (7)

for α = 1, · · · ,N. It can easily be checked that the advec-
tion matrix is negative semidefinite and, therefore, the real
parts of all eigenvalues are nonpositive, ReΛ(α) ≤ 0. For
convenience, the eigenmode index α is sorted in increasing

1 100 200 300 400 500
0

0.1

0.2

0.3

0.4

0.5

0.6

i

|ψ
(α
)

i
|

−8

−7

−6

−5

−8 −7 −6 −5

0 0.2 0.4 0.6 0.8 1

−8 −7 −6 −5

−8

−7

−6

−5

−8

−7

−6

−8 −7 −6

−7

−6

−7 −6

ln
(X

i)

ln
(X

i)
ln
(X

i)

ln
(X

i)

0 0.2 0.4 0.6 0.8 1

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

ln(−Re Λ
(α)
) ln(−Re Λ

(α)
)

ln(−Re Λ
(α)
) ln(−Re Λ

(α)
)

(a)

(b) (c)

(d) (e)

Figure 1: Localization of advection eigenvectors. (a) Three
advection eigenvectors for α = 50 (blue solid curve), α =
250 (green dotted curve), and α = 450 (red chained curve)
in a scale-free network. Magnitudes

∣∣∣ψ(α)
i

∣∣∣ are plotted and
large-deviation nodes where

∣∣∣ψ(α)
i

∣∣∣ > 0.1 are marked by dots
(α = 50), crosses (α = 250), and triangles (α = 450).
(b-e) Density plot of the large-deviation points for (b,c)
Barabási-Albert, and (d,e) Erdös-Rényi networks. Trans-
portation capacity Wi j is either (b,d) equal for all links, i.e.,
Wi j = 1, or (c,e) randomly drawn from the uniform dis-
tribution 0 < Wi j < 1. The network size and mean de-
gree are fixed at N = 500 and 〈k〉 = 20, respectively, for
all networks. Counting intervals for these density maps
are (b,c) ∆[ln(−ReΛ(α))] = ∆[ln(Xi)] = 0.1 and (d,e)
∆[ln(−ReΛ(α))] = ∆[ln(Xi)] = 0.08.

order of the real part of the eigenvalues such that we have
inequalities

ReΛ(1) ≤ ReΛ(2) ≤ · · · ≤ ReΛ(N). (8)

First, we show in Fig. 1 the localization of the advec-
tion eigenvectors. Note that the advection matrix is gen-
erally asymmetric, such that the eigenvector components
may have complex values and these values are displayed
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by using the magnitudes
∣∣∣ψ(α)

i

∣∣∣ of each component.
Three different eigenvectors of a scale-free network are

displayed in Fig. 1 (a). This scale-free network was gen-
erated by the Barabási-Albert preferential attachment algo-
rithm [6]. The transport capacities of all links are set to
Wi j = 1. It can be seen in the figure that all three eigen-
vectors localize in the network. Moreover, the eigenvec-
tor with smaller α is localized on the subset of nodes with
smaller i (α = 50), whereas the eigenvector with larger α
is localized at nodes with larger i (α = 450). This indicates
the correlation between the variable ReΛ(α) and the flow
intensity Xi at the localized node because we sort indices α
and i as Eqs. (5) and (8).

It is shown in Fig. 1 (b) that the localization holds for
all eigenvectors. The density plot has been constructed as
follows: All nodes were divided into groups according to
their flow intensities Xi. Each group contained the nodes
with Xi within the window of width 0.1 for ln(Xi). The
variable ln(−ReΛ(α)) was also divided into equal intervals
of window width 0.1. In each two-dimensional interval,
the number of large-deviation nodes specified by

∣∣∣ψ(α)
i

∣∣∣ >
0.1 are counted. The resulting relative number of large-
deviation nodes in each interval is displayed as a density
plot. As can be seen, a clear diagonal structure is observed
in the plots, indicating that the characteristic flow intensity
Xα exists for each eigenmode α specifying the localized
subset and

−ReΛ(α) ' Xα, (9)

holds. This localization property can be found even when
the transportation capacity Wi j is not equal but rather ran-
domly chosen [Fig. 1 (c)]. Furthermore, it is not sensitive
to the network architecture [Fig. 1 (d) and (e) for Erdös-
Rényi networks [7]].

3. Perturbation approximation of advection eigenvec-
tors

3.1. Perturbation approximation

To explain the localization of the advection eigenvectors,
we propose a perturbation approach. In the advection ma-
trix, the diagonal elements represent the total passing flows
on the nodes, Mii = −Xi, whereas the non-diagonal ele-
ments are the incoming flow along the links, Mi j = Ji jAi j

(i , j). The total flow Xi is divided at each node into flows
J ji along the outgoing links, resulting in non-diagonal ele-
ments of the order O(〈X〉/〈k〉), where 〈k〉 = ∑N

i, j=1 Wi jAi j/N
is the mean degree of the network.

Thus, by introducing a parameter ε = 〈k〉−1, the advec-
tion matrix can be split as

M =M0 + εM1, (10)

so that matrix elements M0,i j = −Xiδi, j and M1,i j =

〈k〉Ji jAi j have the same order O(〈X〉). If the network is
sufficiently dense, ε = 〈k〉−1 � 1 holds. Thus, we can

apply the perturbation approximation to evaluate eigenvec-
tors. A similar perturbation approach was used to analyze
the eigenvalues of the Laplacian matrix [8].

It is convenient to employ the bra-ket notation to denote
the advection eigenvectors, ~ψ(α) = |α〉, and drop the sum-
mation symbol as

∑N
j=1 Mi jψ

(α)
j = M |α〉. We expand the

advection eigenvectors and eigenvalues in the series of the
parameter ε as

|α〉 = |α〉0 + ε |α〉1 + ε2 |α〉2 + · · · , (11)
Λ(α) = Λ

(α)
0 + εΛ

(α)
1 + ε

2Λ
(α)
2 + · · · , (12)

and substitute them into the eigenvalue equation M |α〉 =
Λ(α) |α〉 to obtain a set of perturbation equations. In the
present study we use the equations up to the second order
of ε: (

L0 − Λ(α)
0

)
|α〉0 = 0, (13)(

L0 − Λ(α)
0

)
|α〉1 = −

(
L1 − Λ(α)

1

)
|α〉0 , (14)(

L0 − Λ(α)
0

)
|α〉2 = −

(
L1 − Λ(α)

1

)
|α〉1 + Λ(α)

2 |α〉0 . (15)

The exact solution of the zeroth-order equation (13) can
be found as

|α〉0 = (0, · · · , 0,
α
∨
1, 0, · · · , 0)t and Λ

(α)
0 = −Xα, (16)

for α = 1, ...,N. Each eigenvector has a single non-
vanishing element at the network node i = α, and the corre-
sponding eigenvalue Λ(α)

0 is equal to the negative of the to-
tal passing flow Xα at that node. Note that the zeroth-order
approximation (16) can explain the relation between the
spectrum and the characteristic flow intensity, i.e., Eq. (9).

By examining the perturbation equations (13)-(15), we
calculate the higher-order corrections to the eigenvector up
to the second order; |α〉approx = |α〉0+ε |α〉1+ε2 |α〉2. If there
is a degeneration, i.e., a set of zeroth-order eigenvectors be-
longs to the same eigenvalue, we should employ the degen-
erate perturbation theory to calculate perturbation correc-
tions. In the present case, we numerically verified that no
degeneration exists in all the networks considered in Fig. 1.
Thus, here we use the standard perturbation theory.

The first- and second-order correction can be obtained as
follows (see e.g., [5] for the derivation):

|α〉1 =
∑
β,α

|β〉0 0〈β|M1|α〉0
Λ

(α)
0 − Λ

(β)
0

, (17)

|α〉2 =
∑
β,α

∑
γ,α

|β〉0 0〈β|M1|γ〉0 0〈γ|M1|α〉0
(Λ(α)

0 − Λ
(β)
0 )(Λ(α)

0 − Λ
(γ)
0 )

−
∑
β,α

|β〉0 0〈β|M1|α〉0 0〈α|M1|α〉0
(Λ(α)

0 − Λ
(β)
0 )2

. (18)

The second term on the right hand side of Eq. (18) vanishes
in the present case because 0〈α|M1|α〉0 = 〈k〉JiiAii = 0.
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3.2. Predicted advection eigenvectors

In Figure 2, the predicted eigenvectors are displayed in
the density plots as used in Fig. 1. It can be seen in the fig-
ures that, in the predicted eigenvectors, the large-deviation
nodes exhibit diagonal structures for all considered net-
works. This indicates that the perturbation approximation
can explain the localization of the advection eigenvectors.

Moreover, it can also explain the localization strength of
each eigenvector. As can be seen in Fig. 1 (a), eigenvec-
tors with either a large or small class of α strongly localize
in the network, i.e., large-deviation points are shared by a
small number of nodes (α = 50 and 450). By contrast, the
localization of eigenvectors with an intermediate class of α
is weak and, a relatively large number of nodes share the
large-deviation points (α = 250). These characteristics are
represented by the color map of the density plot. Strongly
localized nodes are represented by a dark color because the
number of nodes sharing large-deviation points is small,
which causes the density to become high at these nodes. It
can be seen in Fig. 2 that the color code in the density plot
is qualitatively reproduced in the results of the perturbation
approximation, thereby indicating the ability of the approx-
imation to predict the localization pattern of the advection
eigenvectors.

Note that Eqs. (17) and (18) indicate that each com-
ponent of the approximate eigenvectors has real values
whereas, as mentioned before, the advection eigenvectors
may generally have components consisting of complex val-
ues. Thus, the perturbation approach cannot predict the
eigenvectors quantitatively. Nevertheless, it is remarkable
that the localization properties are successfully reproduced.

4. Conclusions

In this work, we developed a perturbation approach to
explain the localization of the advection eigenvectors in
networks. We divided the advection matrix into two parts
corresponding to the diagonal and non-diagonal elements.
If the network is sufficiently dense, the components of these
two matrices have a distinct order, so that we could use
the perturbation approximation to evaluate the eigenvec-
tors and eigenvalues. We calculated the perturbation cor-
rections up to the second order.

It was found that the zeroth-order approximation can ex-
plain the correlation between the real parts of the advection
eigenvalues and the characteristic flow intensities of local-
ized nodes. Moreover, the second-order approximation can
reproduce the localization property of the advection eigen-
vectors. The results are neither sensitive to the network
architecture nor to the weight of links.
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Figure 2: Prediction of the advection eigenvectors used in
Fig. 1. Density plot of the large-deviation points for (a,b)
Barabási-Albert, and (c,d) Erdös-Rényi networks. Trans-
portation capacity Wi j is either (a,c) equal for all links, i.e.,
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Abstract—A coupled-oscillator model for the central
pattern generator proposed by Golubitsky et al. [1], which
can exhibit various synchronized states that correspond to
typical quadruped gaits, is studied. The stability and sensi-
tivity of the synchronized states are quantified by the Lya-
punov exponents and the associated Lyapunov vectors. It is
shown that the stability of the synchronized state depends
on the gaits, and the Lyapunov vectors reflect the symmetry
of the gaits. The asymptotic phase response of the model to
external perturbations is characterized by the adjoint Lya-
punov vector associated with the zero Lyapunov exponent.
Phase response properties of the gait measured by direct
numerical stimulations reasonably agree with the adjoint
Lyapunov vectors.

1. Introduction

It is considered that the gaits (walking patterns) of ani-
mals and insects are generated by the central pattern gen-
erators (CPGs) in their neural systems [2]. Although phys-
iological details of the CPG are still under investigation,
various mathematical models for the CPG have been de-
veloped [1]. In particular, networks of mutually interacting
nonlinear oscillators, which can exhibit a variety of stable
rhythmic patterns, have been studied as prototypical mod-
els for CPGs. Such mathematical models are also applied
in controlling the locomotion of artificial robots with mul-
tiple legs [3].

In this study, we analyze a simple coupled-oscillator
model for the CPG introduced by Golubitsky et al. [1],
which consists of symmetrically coupled identical oscil-
lators and is capable of reproducing several representa-
tive gaits observed in real animals. Reflecting its symmet-
ric coupling networks, this model exhibits symmetric syn-
chronized states. Namely, the oscillators settle in steady
synchronized states with particular phase relations with
the other oscillators, which can be interpreted as rhythmic
gaits.

We characterize the stability and sensitivity of the syn-
chronized states by the Lyapunov exponents and the asso-
ciated Lyapunov vectors. Using recently developed numer-
ical methods [4, 5], we calculate the Lyapunov exponents,
covariant or characteristic Lyapunov vectors (simply called
Lyapunov vectors in the following), and the adjoint Lya-

punov vectors for several representative gaits and analyze
their properties.

1

2
7

8

3

4
5

6

Figure 1: Coupled-oscillator model for generating
quadruped gaits proposed by Golubitsky et al. [1]. Vari-
ables x1–x4 of the oscillators 1–4 correspond to the 4 legs.

2. Model

We consider a coupled-oscillator model for the CPG in-
troduced by Golubitsky et al. [1], which consists of 4n
identical oscillators for 2n-legged animals. Each oscillator
is described by the FitzHugh-Nagumo neuron model,

ẋ(t) = c
(
x + y − 1

3
x3

)
≡ f1(x, y),

ẏ(t) = −1
c

(x − a + by) ≡ f2(x, y), (1)

where the variable x corresponds to the membrane potential
of the neuron and y represents its activation level. Denoting
the i-th oscillator state as (xi, yi) where i = 1, 2, ..., 4n, the
CPG model is given by the following coupled dynamical
equations:

ẋi(t) = f1(x, y) + α(xi−2 − xi) + γ(xi+ε − xi),
ẏi(t) = f2(x, y) + β(yi−2 − yi) + δ(yi+ε − yi), (2)
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where

ε = 1 (when i is odd), −1 (when i is even), (3)

and the oscillator index is considered in modulo 4n, i.e.,
i − 2 = 4n + i − 2 for i = 1, 2.

We consider the case with n = 2, namely, the gaits of
quadrupeds with 4 legs. See Fig. 1 for a schematic of the
model. The variables x1, x2, x3, and x4 of the oscillators
1–4 are interpreted as the movement of the left-rear foot,
right-rear foot, left-front foot, and right-front foot, respec-
tively. The parameters a, b, and c specify the dynamics of
individual oscillator and are fixed at a = 0.02, b = 0.2,
and c = 0.44. The parameters α, β, γ, and δ specify mu-
tual coupling between the oscillators. As shown in [1], by
setting these coupling parameters appropriately, this model
can exhibit synchronized states corresponding to the fol-
lowing gaits: pace, bound, trot, jump, and walk. See [1]
for the details.

In this article, we focus only on the trot and walk gaits.
In the trot gait, the 8 oscillators form 2 clusters with x1 =

x4 = x5 = x8 and x2 = x3 = x6 = x7 (and similarly for
y). Thus, the left-rear foot and the right-front foot form
a pair, and the left-front foot and the right-rear foot form
another pair. Similarly, in the walk gait, the 8 oscillators
form 4 clusters with x1 = x6, x2 = x5, x3 = x8, and x4 = x7
(and similarly for y). See Table 1 for the parameter values
corresponding to various gaits, and Fig. 2 for the dynamics
of the oscillators 1–4 in the trot and walk states.

Gait α β γ δ

Pace 0.025 0.02 -0.01 -0.012
Trot -0.02 -0.002 -0.025 0.015
Bound -0.01 -0.0102 0.025 0.02
Jump -0.02 0.01 0.025 0.015
Walk -0.01 0.0102 -0.025 0.02

Table 1: Parameter values for the trot and walk gaits. Taken
from Golubitsky et al. [1].

3. Lyapunov exponents and vectors

The Lyapunov exponents quantify linear growth rates of
small variations from a given trajectory [4, 5, 6]. In m-
dimensional dynamical systems, there exist m independent
directions and therefore m Lyapunov exponents. The Lya-
punov vectors give the directions associated with the Lya-
punov exponents. When the system exhibits periodic dy-
namics, these quantities are essentially equivalent to the
Floquet exponents and the associated Floquet vectors of the
periodic orbit [6].

We consider a m-dimensional continuous dynamical sys-
tem described by

Ẋ(t) = G(X). (4)
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Figure 2: Examples of the oscillator dynamics. Trot (top)
and walk (bottom).

For the present CPG model, the state vector is given by

X = (x1, y1, · · · , x8, y8) (5)

and the dimension of the model is m = 16. The linearized
dynamics of the infinitesimal variation u(t) from the trajec-
tory X(t) is given by

u̇(t) = J(X)u (6)

where J is a Jacobian matrix of G(X). The fundamental
matrix M(t), whose columns are given by linearly indepen-
dent solutions of Eq. (6), obeys

Ṁ(t) = J(X)M, (7)

and the solution to Eq. (6) can be expressed as

u(t2) = F(t1, t2)u(t1), (8)

where the propagator is given by [5]

F(t1, t2) = M(t2)M(t1)−1. (9)

The Lyapunov exponents λ1 ≥ λ2 ≥ · · · ≥ λm and the
associated Lyapunov vectors v1(t),v2(t), · · · ,vn(t) satisfy

lim
t→±∞

1
t

ln ‖F(t1, t1 + t)u(t1)‖ = ±λ j (10)

if u(t1) ‖ v j(t1) for any t1 ( j = 1, 2, ...,m). Thus, if a small
variation u(t1) that is parallel to the Lyapunov vector v j(t1)
is given to the state point X(t1) at t = t1, it grows exponen-
tially with a rate λ j as

‖F(t1, t1 + t)u(t1)‖ ∼ eλ jt. (11)
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Following Kuptsov and Parlitz [5], an adjoint propagator

G(t1, t2) = F(t1, t2)−T (12)

can also be introduced, where −T denotes matrix in-
version and transpose. The adjoint Lyapunov vectors
w1(t),w2(t), · · · ,wn(t) then satisfy

lim
t→±∞

1
t

ln ‖G(t1, t1 + t)u(t1)‖ = ∓λ j (13)

if u(t1) ‖ w j(t1) for any t1 ( j = 1, 2, ...,m).
The Lyapunov and adjoint vectors {v1(t), · · · ,vm(t)} and
{w1(t), · · · ,wm(t)} form a biorthogonal basis and satisfy

vi(t) ·w j(t) = δi j (14)

for i, j = 1, 2, ...,m. These adjoint Lyapunov vectors can be
used to project the perturbations onto the direction of the
corresponding Lyapunov vectors, and therefore they char-
acterize the “sensitivity” of the limit-cycle orbit to given
perturbations.
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Figure 3: Lyapunov exponents for each gait in Table 1.

4. Results

We use the numerical algorithm proposed by Kuptsov
and Parlitz [5] to calculate the Lyapunov exponents and
vectors. Figure 3 shows the Lyapunov exponents for the
gaits shown in Table 1. The first Lyapunov exponent λ1
vanishes for all gaits and all other exponents are negative,
i.e., all gaits are linearly stable. The values of the sec-
ond and other Lyapunov exponents differ from gait to gait,
which shows that the stability of the synchronized state de-
pends on the gait. It can also be seen that the Lyapunov
exponents decrease with i stepwisely, indicating that some
of the exponents are degenerate. This reflects the symmetry
in the synchronized dynamics of the oscillators.

We first focus on the second and other Lyapunov vec-
tors v2,v3, · · · ,vn. These vectors correspond to the “am-
plitude deviations” away from the synchronized state and

perturbations given in these directions decay exponentially.
The Lyapunov vectors associated with the negative Lya-
punov exponents with the smallest magnitude characterize
the perturbations that decay most slowly, i.e., perturbations
that affect the stability of the gait most strongly. Figure 4
shows the Lyapunov vectors v2(t) and v3(t) for the trot gait
(a, b) and walk gait (c, d). As can be seen from Fig. 1,
the 2nd and 3rd Lyapunov exponents are degenerate, i.e.,
λ2 = λ3, except for the pace gait. Therefore, the corre-
sponding Lyapunov vectors v2 and v3 are not uniquely de-
termined, and external perturbations in the 2-dimensional
space spanned by v2 and v3 decay with the same rate.
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Figure 4: Lyapunov vectors v2 and v3 associated with the
Lyapunov exponents λ2 = λ3, plotted as functions of the
oscillation phase. (a) v2 for trot, (b) v3 for trot, (c) v2 for
walk, and (d) v3 for walk.

We now focus on the Lyapunov vector v1 associated with
λ1 = 0, which is tangent to the limit-cycle orbit. External
perturbations given in this direction do not grow or decay
exponentially. Therefore, this direction is neutrally stable
and corresponds to the “phase” direction of the synchro-
nized state, i.e., the collective limit-cycle oscillation of the
whole system. Figure 5 shows the Lyapunov vectors v1(t)
and the adjoint Lyapunov vectors w1(t) for the trot gait.
Similarly, Fig. 6 shows the Lyapunov vectors v1(t) and the
adjoint Lyapunov vectors w1(t) for the walk gait.

The effect of external perturbations that are parallel to
v1(t) remains as a constant phase shift in the collective os-
cillation of the system. More explicitly, if the system is
kicked by an instantaneous perturbation p at time t, the
phase shift is proportional to the projection of p onto the
direction of v1(t), i.e., the product of the adjoint Lyapunov
vector w1(t) and p [7]. Figure 7 compares the adjoint Lya-
punov vector w1(t) and the phase response of the gait mea-
sured by directly perturbing each of the x1-x4 variables with
an impulse of intensity 0.02 for the walk gait. The results
agree reasonably when appropriately rescaled, indicating
that the adjoint Lyapunov vector correctly characterizes the
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phase response properties of the synchronized state.
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Figure 5: Lyapunov vectors v1 (top) and the adjoint Lya-
punov vectors w1 (bottom) associated with λ1 = 0 for the
trot gait. Only x components are shown for one period of
oscillation.
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Figure 6: Lyapunov vectors v1 (top) and the adjoint Lya-
punov vectors w1 (bottom) associated with λ1 = 0 for the
walk gait. Only x components are shown for one period of
oscillation.
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Figure 7: Comparison of the adjoint Lyapunov vector w1
and the phase response function obtained by direct numer-
ical simulations. The axes are appropriately rescaled. Only
x1,2,3,4 components are shown.

5. Summary

We have characterized the stability and sensitivity of the
synchronized states in a coupled-oscillator model for gait
generation using the Lyapunov and adjoint Lyapunov vec-
tors. More details of the Lyapunov vectors, in particular
symmetry properties, will be discussed at the conference.
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Abstract—The uncontrolled manifold analysis provides
the synergy index, which quantifies how well a neuro-
musculo-skeletal system of the animal body is coordinated
to maintain a certain movement such as walking. The
synergy index has experimentally been estimated from ob-
served data. In this study, we propose a theory that gives
the synergy index of a stable rhythmic movement from dy-
namical models by using the Floquet theory for limit cy-
cles. The synergy index of an oscillatory motion in a sim-
ple model is calculated as an illustration of the theory.

1. Introduction

The body of animals has redundant degrees of freedom
(DOFs) to solve motor tasks in their voluntary movements.
For example, the arms and legs have more joints than
needed to specify the spatial position and orientation of the
hands and feet, and the muscles are influenced by more
motoneurons than needed to generate identical muscle ac-
tivities [1]. How animals coordinate the redundant DOFs
has been recognized as a central problem in the study of
motor control and learning [2].
Uncontrolled manifold (UCM) analysis is a quantitative

approach to this problem, which is based on the dynami-
cal systems perspective [3]. The UCM analysis provides
the synergy index, which quantifies the extent to which the
redundant DOFs is coordinated in stabilizing the perfor-
mance of motor tasks under internal and external pertur-
bations, and how flexible the coordination is. The synergy
index has experimentally been estimated and analyzed for a
number of functional tasks by the UCM analysis. However,
the relation between the synergy index and the underlying
dynamics of the motor behavior remains unexplored theo-
retically.
If a theory that relates the synergy index to the system

parameters such as the geometric parameters of the body
and viscoelasticity of actuators is established, it will facili-
tate parametric sensitivity analysis of the synergy in motor
tasks. It would also make optimization and assessment of
the robustness of the synergy index more tractable when
designing devices such as orthosis, prosthesis, exoskeletal
systems and autonomous robots. Furthermore, theoretical

knowledge of the dependence of the synergy index on the
body properties can be a guiding principle for clarifying the
causes of motor disorders and can give some implications
for recovery and rehabilitation [4].
In this study, we propose a theory that relates the syn-

ergy index of stable periodic motions in dynamical systems
subjected to weak white Gaussian noise on the basis of the
Floquet theory. The fundamental properties of the Floquet
vectors [5] simplify the analysis of the covariance matrix
of the periodic motion, from which the synergy index can
be calculated. We apply our theory to a simple model of
oscillatory motions and compare the results with direct nu-
merical simulation of the model equation.

2. UCM analysis using the Floquet theory

2.1. Model

We consider a randomly perturbed dynamical system for
a state variable x ∈ Ω ⊂ Rn,

ẋ = f (x) + εP(x)ξ(t), (1)

where f (x) ∈ Rn is a vector field describing the unper-
turbed dynamics, P(x) ∈ Rn×n is a matrix function, and
ξ(t) ∈ Rn is the random perturbation whose elements
ξi(t) (i = 1, 2, · · · , n) are mutually independent white Gaus-
sian noise of zero mean and unit variance. The constant
ε ≥ 0 determines the noise intensity and is assumed to be
small. We interpret the stochastic differential equation (1)
in the Ito sense [6]. It is assumed that the system Eq. (1)
has a linearly stable limit-cycle solution x0(t) with a period
T , i.e. x0(t) = x0(t + T ) when it is unperturbed (ε = 0).

2.2. Floquet vectors

The stability of a limit cycle is characterized by the Flo-
quet multipliers, which are the eigenvalues of the mon-
odromy matrix of the limit cycle, and by the associated
eigenvectors called the Floquet vectors [5]. We denote
the Floquet vectors as {zi(t∗)}ni=1, which are defined at each
point on the limit cycle x0(t∗). If the limit cycle is lin-
early stable, one of the Floquet multipliers is unity and
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the other multipliers lie within the unit circle. We de-
note the Floquet vector with the unit Floquet multiplier
as z1(t∗). We also introduce the adjoint Floquet vectors
{ z̃i(t∗)}ni=1 such that 〈 z̃i(t∗), z j(t∗)〉 = δi j holds, where 〈·, ·〉
denotes an inner product and δi j the Kronecker’s delta
symbol. We denote a matrix of the Floquet vectors as
Z(t∗) = (z2(t∗), z3(t∗), · · · , zn(t∗)) ∈ Rn×(n−1), and similarly
a matrix of the adjoint Floquet vectors as Z̃(t∗). The Flo-
quet vectors and their adjoints can be obtained by using the
numerical method developed for calculating the covariant
Lyapunov vectors of continuous dynamical systems [7].

2.3. UCM analysis of periodic motions

Suppose that we obtain sample paths from the system (1)
that can be decomposed into N cycles, {xi(t)}Ni=1. Each cy-
cle xi(t) is defined on its own time domain Ti ≡ [0, Ti]. By
using the normalization procedure that we explain later, we
transform all the cycles so that they have the same length
in time. The normalized cycles {x̃i(τ)}Ni=1 are defined on the
same time domain T̃ ≡ [0, T̃ ]. We denote the average of
the normalized cycles as x̃0(τ).
The performance of a periodic motor task is measured by

g(x) ∈ Rm, which is called a performance variable. When
the condition m < n is satisfied, the system (1) has redun-
dant DOFs in generating the identical performance. For
example, the position of the center of mass of the body and
the end-effector position can be taken as the performance
variables [2].
At each moment in the normalized time domain τ∗ ∈ T̃ ,

we define the UCMU(τ∗) as a subset ofΩ whose elements
have the same performance variable as that evaluated on
the averaged cycle, i.e.

U(τ∗) ≡ g−1(g(x̃0(τ∗))). (2)

The distribution of the data points {x̃i(τ∗)}Ni=1 gives the de-
gree to which the redundant DOFs are coordinated in sta-
bilizing the performance variable when the state variable is
perturbed, and how flexible the coordination is.
The deviation of the performance variable of the ith nor-

malized cycle x̃i(τ∗) from that of the averaged cycle x̃0(τ∗)
can be approximated as

g(x̃i(τ∗))− g(x̃0(τ∗))≈ J(τ∗)(x̃i(τ∗)− x̃0(τ∗)), (3)

where J(τ∗) ≡ Dg(x̃0(τ∗)) ∈ Rm×n is the Jacobian matrix of
g at x̃0(τ∗). We decompose the deviation σi(τ∗) ≡ x̃i(τ∗) −
x̃0(τ∗) of the ith normalized cycle from the averaged cycle
into two parts as

σi(τ∗) = σUCMi (τ∗) + σORTi (τ∗) (4)

with

σUCMi (τ∗) = (I − J+(τ∗)J(τ∗))σi(τ∗) (5)

and

σORTi (τ∗) = J+(τ∗)J(τ∗)σi(τ∗), (6)

where I is an identity matrix and J+(τ∗) is the Moore-
Penrose pseudoinverse of J(τ∗). The first term σUCMi (τ∗) is
the projection of the deviation onto the nullspace of J(τ∗),
which gives a linear approximation to the UCM at x̃0(τ∗).
The second term σORTi (τ∗) is the projection of the deviation
onto its orthogonal complement.
We denote the variances of the Euclidean norms of these

terms normalized by the number of DOFs in the corre-
sponding subspaces as

VUCM(τ∗) =
1

n − m
1
N

N∑
i=1
||σUCMi (τ∗)||2 (7)

and

VORT(τ∗) =
1
m
1
N

N∑
i=1
||σORTi (τ∗)||2. (8)

The synergy index is then given by

S (τ∗) =
VUCM(τ∗) − VORT(τ∗)
VUCM(τ∗) + VORT(τ∗)

. (9)

When this index is large, the coordination of the redundant
DOFs strongly stabilizes the performance of the task.

2.4. Time-normalization procedure

The time normalization procedure of the stochastic cy-
cles {xi(t)}Ni=1 has been performed by rescaling of the wave-
form x̃i(τ) = xi((T̃/Ti)t) in conventional experimental
studies. In this study, we propose an alternative procedure
that utilizes the asymptotic phase [8], because it gives a
more natural equivalence relation on the state space.
Suppose that the noise term of the system (1) is absent

for the moment. We can introduce an asymptotic phase
φ : A → [0,T ) within the basin of attractionA ⊂ Ω of the
limit cycle x0(t), such that

φ̇(x(t)) = 1 (10)

holds for any x ∈ A. The set of states Iφ ≡ {x ∈
A | φ(x) = φ} that share the same asymptotic phase φ,
called the isochron [8], produces the same long-term be-
havior. Namely, initial conditions taken from the same
isochron converge to the same trajectory on the limit cy-
cle when the system is unperturbed.
We normalize the stochastic cycles so that the states

share the same asymptotic phase, i.e., we define x̃i(τ) =
xi(t) where τ = φ(xi(t)) at each moment in the normalized
time domain T̃ = [0, T ]. We also require that t1 < t2 if
τ1 < τ2, so that the asymptotic phase monotonically in-
creases with time. In the following, we use the phase vari-
able φ to express the normalized time instead of τ.
The isochron Iφ∗ is generally difficult to obtain. There-

fore, we use a linear approximation to the isochron Īφ∗ in
evaluating the asymptotic phase of the state. It is known
that the adjoint Floquet vector z̃1(φ∗) corresponding to the
unit Floquet multiplier is a normal vector of the isochron
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at x0(φ∗) [9]. Therefore, the linear approximation of the
isochron is given by

Īφ∗ ≡ {x ∈ A | 〈 z̃1(φ∗), x − x0(φ∗)〉 = 0 }. (11)

2.5. Calculation of the synergy index

We introduce a coordinate transformation x �→ (φ, ρ) de-
fined by

x = x0(φ) + Z(φ)ρ. (12)

If we fix φ = φ∗ on the right-hand side of Eq. (12), the
asymptotic phase of x on the left-hand side is always given
by φ∗ for any ρ within the linear approximation, because,
from the biorthogonality of the Floquet vectors and their
adjoints, the vectors {zi(φ∗)}ni=2 span a plane Ĩφ∗ that is tan-
gent to the isochron. Hence, the conditional covariance of
ρ given φ = φ∗, which we denote as Σφ∗ ∈ R(n−1)×(n−1),
completely determines VUCM(φ∗) and VORT(φ∗) in the lin-
ear approximation.
As we will discuss in detail in our future publication,

we can derive approximate expressions for the conditional
mean μφ∗ ∈ Rn−1 and the covariance Σφ∗ up to the first order
in the noise intensity ε as follows. Firstly, the conditional
mean is approximated as

μφ∗ ≈ 0. (13)

Therefore, the average cycle x̃0(φ) of the normalized cycles
is nearly identical with the unperturbed limit-cycle orbit
x0(φ). Secondly, the conditional covariance approximately
satisfies

Σφ∗ ≈ AΣφ∗AT + ε2Πφ∗ , (14)

where

A = exp
∫ T

0
Λ(φ∗ + φ)dφ = exp

∫ T

0
Λ(φ)dφ, (15)

Πφ∗ = A
⎛⎜⎜⎜⎜⎜⎝
∫ T

0
Λ̂φ∗(φ)Z̃T(φ∗+φ)P(x0(φ∗+φ))

PT(x0(φ∗+φ))Z̃(φ∗+φ)Λ̂Tφ∗(φ)dφ
⎞⎟⎟⎟⎟⎟⎠AT, (16)

and

Λ(φ) = Z̃(φ)TD f (x0(φ))Z(φ), (17)

Λ̂φ∗(φ) = exp
∫ φ

0
−Λ(φ∗ + u)du. (18)

Here, the matrix AT is the transpose of A. By permutating
the column vector of Z(φ), we can assume, without loss of
generality, that the matrix A has a block diagonal form

A = diag(λ̄2,· · ·, λ̄r, Λ̄r+1,· · ·, Λ̄r+c), (19)

whose diagonal elements correspond to the Floquet mul-
tipliers. Here, λ̄i ∈ R, (i = 2, · · · , r), Λ̄i ∈ R2×2, (i =
r + 1, · · · , r + c), and r + 2c = n holds.

Once Σφ∗ is obtained, we can calculate the synergy index
using the following relations:

VUCM(φ∗)=
tr(ZT(φ∗)(I−J+(φ∗)J(φ∗))Z(φ∗)Σφ∗)

n − m
, (20)

VORT(φ∗)=
1
m
tr(ZT(φ∗)J+(φ∗)J(φ∗)Z(φ∗)Σφ∗ ), (21)

where tr(·) ∈ R is the trace of a matrix.

3. Example

As a simple example, we consider an analytically
tractable dynamical system for a two-dimensional state
variable x = (x, y)T given by

f (x) =
(

x − (2π + 1)y − (x2 + y2)(x − y)
(2π + 1)x + y − (x2 + y2)(x + y)

)
. (22)

This oscillator, called the Stuart-Landau oscillator [9], is
a generic example of stable periodic motions because it
arises universally in the vicinity of the supercritical Hopf
bifurcation. It has a stable limit-cycle orbit as shown in
Fig. 1. We set the zero point of the asymptotic phase as
φ((1, 0)T) = 0.
When we consider the case P(x) = I and g(x) = x,

where the performance variable is a scalar function, the
synergy index can be calculated as

S (φ) = sin 2φ, (23)

by the proposed theory. This result is compared with that
of direct numerical simulations of the stochastic differential
equation (1). As shown in Fig. 2, good agreement between
the results is observed.

4. Summary

We have proposed a theory that relates the synergy index
of a periodic motion to the Floquet eigenvalues and eigen-
vectors of the limit-cycle orbit, and applied it to a simple
mathematical model of noisy limit-cycle dynamics. The
theory would be useful in performing the UCM analysis
for dynamical systems models of body movement.

-1

-0.5

 0

 0.5

 1

 1.5

 0  0.2  0.4  0.6  0.8  1

x,
 y

 φ  

x
y

Figure 1: Limit-cycle solution of a Stuart-Landau oscilla-
tor.
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the proposed theory and by direct numerical simulations
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Abstract — A novel Neural Network Memory cell 

design is proposed. A Neural Network Static RAM 

(NN-SRAM) consists of internal latch that stores 

binary information. The stored information remains 

valid as long as power is applied to the NN-SRAM. The 

NN-SRAM is easy to use, where the simulation (using 

Matlab/Simulink) showed that the read and write 

cycles are short, reducing the energy consumption, 

thus it can be used in wireless sensor networks for 

extending the life time. The NN-SRAM is volatile, but 

no need to refresh. Also, this paper presents the neural 

network internal structure of m-words with n-bits 

SRAM chip. The chip is a combination of NN-SRAM 

cells and associated neural networks to select the word, 

read, write, input, and output; these neural networks 

are used to control the operation of the m x n NN-

SRAM chip. 

1. Introduction 

Memory is a major component of a digital computer 
and is present in a large proportion of all digital systems 
[1-6], such as wireless sensor networks. RAM stores data 
temporarily, and ROM stores data permanently. This paper 
introduces a new design of NN-SRAM cell. The NN-
SRAM cell is easy to use. The design and the operation of 
the internal latches that store the binary information of 
NN-SRAM cell will be introduced and described. The 
stored binary information remains valid as long as power is 
applied to the NN-SRAM. The simulation result (using 
Matlab/Simulink) proved that the read and write cycles are 
short. The NN-SRAM cell is volatile, but this memory cell 
does not need any refreshing or refresh circuit. The paper 
includes the internal structure of NN-SRAM chip of m-
words with n-bits per word, which is consisted of an array 
of m x  n binary storage cells and associated neural 
network circuitry to control the operation that select, read, 
write, input and output the word. 

2. Neural Model 

The paper begins by introducing the neuron model. 
Figure 1 shows a simplified mathematical model of the 
neuron, the weights modulate the effect of the associated 
input signals, and the transfer function. The neuron 
impulse is then computed as the weighted sum of the input 
signals, transformed by the transfer function. 

 

The mathematical characteristics and the activation 
function are: 

 

netj  = ∑ Xi  Wij 

 

Where Wij is the weight vector, Xi is the input vector; 
and Oj  is the output of the function that tests the net input 
netj with the threshold θj. This type of artificial neural 
network is called a linear threshold unit. 

 

 

Figure 1.   Artificial neuron model 

3. Neural Network SRAM 

Figure 2 shows the basic structure of the NN-SRAM 
cell, which is a binary data storage neural network that can 
be constructed using the basic neuron. The inputs to the 
NN-SRAM are enabled by a select control signal (S). For 
Select equal to 0, the stored content is held. For Select 
equal to 1, the stored content is determined by the values of 
D (Data Input). The operations are summarized in the truth 
Table 1. The D input is sampled when S=1; if D is 1, then 
the Q output goes to 1 placing the NN-SRAM in the set 
state. If D is 0, then Q goes to 0, placing the NN-SRAM in 
the reset state. 
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The NN-SRAM latch receives its designation from its 
ability to hold data in its internal storage. The binary 
information present at the data input D is transferred to the 
Q output when the control input is enabled; the output Q 
follows changes in the data input, as long as the select 
control input is enabled.  On the other hand, when the 
select control input is disabled, the binary information that 
is present at input D cannot be latched; and the Q output 
will retain its value until the select control input is enabled 
again.  Figure 3 shows the simulation result of the NN-
SRAM cell. 
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Figure 2.   NN-SRAM cell 

 

Table 1: Truth Table for the NN-SRAM 

Q S D nd nu Next Q Action 

0 

1 

0 

1 

0 

1 

0 

1 

0 

0 

0 

0 

1 

1 

1 

1 

0 

0 

1 

1 

0 

0 

1 

1 

0 

0 

0 

0 

0 

0 

1 

1 

0 
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0 
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0 
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0 
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0 

1 

0 

0 

1 

1 

hold 

hold 

hold 

hold 

DQ 

DQ 

DQ 

DQ 

NC 

NC 

NC 

NC 

Reset 

Reset 

Set 

Set 

 

Figure 4 shows the logic model of the NN-SRAM cell 
with the associated circuitry to control the operations 
(Select, Read/Write, and Input/Output). The storage part of 
the memory cell is the same model as shown in Fig. 2. The 
inputs to the latch are enabled by a select signal (S). For 
S=0, the stored contents is held. For S =1, the stored 
contents is determined by R’/W (Read/Write).  

To design the controlled NN-SRAM diagrams, the NN-
SRAM cell will be controlled by read and write control 
signal as shown in Fig. 4. The controlled NN-SRAM cell 
will be used as the main element to form the internal 
structure of m x n NN-SRAM chip, where Fig. 5 shows the 
structure of 4 x 4 NN-SRAM. The loading of the NN-
SRAM cell is now controlled by a Row Select input RSi. If 
RSi = 0, then the cell latch contents remain unchanged. If 
RSi = 1, then the values to be loaded into the latches are 
controlled by data input D. In order to change stored value, 
the read/write signal R'/W must be 1 and the selected RSi 
must be 1. If data in D is 1 the latch is set to 1, and if D is 0 

the latch is reset to 0, completing the write operation. In 
order to read stored value, R'/W must be 0 and RSi must be 
1. If the stored value is 1, then the output C is set to 1; if 
stored value is 0, then the output C is reset to 0, completing 
the read operation. Table 2 shows the operation for 
controlled m x n NN-SRAM cell. 

 

 

Figure 3.    Simulation results for NN SRAM cell. 
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Figure 4.   Controlled NN-SRAM cell 

 

Table 2: Truth table for controlled NN-SRAM cell 

S R'/W Memory Operation 

0 

0 

1 

1 

0 

1 
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NC 

NC 

Read 
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hold 

hold 

QC 

DQ 
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Figure 5: Diagram of a m x n SRAM cell array. 

 

Memory chips are usually consisted of SRAM cells 
plus additional control logic. Figure 5 shows the internal 
structure of a NN-SRAM chip of m-words and n-bits per 
word consists of an array of m x n binary NN storage cells 
and NN associated circuitry. The NN associated circuitry is 
made up to select the word to be read or written, and to 
input or output logic. Inside a RAM chip, the decoder with 
k inputs and 2

k
 outputs is used to control the row select in 

Fig. 5. Figure 6 shows the 2 x 4  NN decoder, and Table 3 
shows the operation. 
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Figure 6.  2 x 4   NN decoder 

 

In order to design a complete m x n NN memory chip, 
we proposed a 4 x 4 NN SRAM chip of Fig. 7, this is 
controlled by the decoder of Fig. 6, where the input signals 
a0 and a1 represent the address, and the output signals 
RS0, RS1, RS2, and RS3 represent the Row Select used to 
select the location (word). 

 

 

Table 3: Truth Table for 2 x 4 decoder 

a0 a1 RS0 RS1 RS2 RS3 Active RSi 

0 

0 

1 

1 

0 

1 

0 

1 

1 

0 
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0 

0 
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0 

0 
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RS0 

RS1 

RS2 

RS3 

 

4. Conclusion 

A novel Neural Network Static RAM (NN-SRAM) 

consists of internal latches that store the binary information 

was proposed. The NN-SRAM stores binary data and 

remain valid as long as power is applied. Since the NN-

SRAM reduces the energy consumption, it can be used in 

wireless sensor networks for extending the life time.  

Finally, this paper presented the structure of 4 x 4 NN-

SRAM chips, where the simulation results (using 

Matlab/Simulink) for this design validate the NN-SRAM 

functionality. 
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One-to-Many Association Ability of
Chaotic Quaternionic Multidirectional Associative Memory

— Relation between Damping Factors and One-to-Many Association Ability —
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Abstract—The association ability of associative memo-
ries composed of chaotic neuron models or chaotic neuron-
based models such as chaotic complex-valued neuron
model and chaotic quaternionic neuron model are very sen-
sitive to chaotic neuron parameters such as scaling factor of
refractoriness α, damping factors (km and kr) and so on. In
this paper, we investigate the relation between the damp-
ing factors (km and kr) and one-to-many association ability
of the Chaotic Quaternionic Multidirectional Associative
Memory (CQMAM). The CQMAM is based on the Mul-
tidirectional Associative Memory and composed of quater-
nionic neurons and chaotic quaternionic neurons, and it can
realize one-to-many associations of M-tuple multi-valued
patterns.

1. Introduction

Although a lot of associative memories have been pro-
posed, most of these models can deal with only one-to-
one associations[1][2]. In contrast, as a model which
can realize one-to-many associations, some models which
are based on the chaotic neuron models[3] or chaotic
neuron-based models such as chaotic complex-valued neu-
ron model[4] and chaotic quaternionic neuron model[5]
have been proposed[6]–[13]. However, the association
ability of neural networks composed of chaotic neuron
models or chaotic neuron-based models are very sensitive
to parameters such as scaling factor of refractoriness α,
damping factors (km and kr) and so on.

In this paper, we investigate the relation between the
damping factors (km and kr) and one-to-many association
ability of the Chaotic Quaternionic Multidirectional Asso-
ciative Memory (CQMAM)[13]. The CQMAM is based
on the Multidirectional Associative Memory and com-
posed of quaternionic neurons[14] and chaotic quaternionic
neurons[5], and it can realize one-to-many associations of
M-tuple multi-valued patterns.

2. Chaotic Quaternionic Multidirectional Associative
Memory

Here, we explain the Chaotic Quaternionic Multidirec-
tional Associative Memory (CQMAM)[13] which are in-
vestigated in this research.
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Figure 1: Structure of CQMAM.

2.1. Structure

The CQMAM has more than two layers as similar as
the conventional Multidirectional Associative Memory[2].
Figure 1 shows the structure of the 3-layered CQMAM.
In this model, each layer composed of two parts; (1) Key
Input Part composed of quaternionic neurons[14] and (2)
Context Part composed of chaotic quaternionic neurons[5].

2.2. Learning Process

In the CQMAM, the connection weights are trained by
the orthogonal learning. However, the orthogonal learning
can not deal with the training pattern set including one-to-
many relations because the stored common data cause su-
perimposed patterns. In the CQMAM, the patterns with its
own contextual information are memorized by the orthog-
onal learning as similar as the conventional CCMAM[9].

The connection weights from the layer y to the layer x,
wxy and the connection weights from the layer x to the layer
y , wyx are determined as follows:

wxy = Xy(X∗xXx)−1X∗x (1)
wyx = Xx(X∗y Xy)−1X∗y (2)

where * shows the conjugate transpose, and −1 shows the
inverse. Xx and Xy are the training pattern matrix which
are memorized in the layer x and the layer y, and are given
by

Xx = {X(1)
x , · · · , X

(p)
x , · · · , X(P)

x } (3)
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Xy = {X(1)
y , · · · , X

(p)
y , · · · , X(P)

y } (4)

where X(p)
x is the pattern p which is stored in the layer x,

X(p)
y is the pattern p which is stored in the layer y and P is

the number of the training pattern sets.

2.3. Recall Process

Since contextual information is usually unknown for
users, in the recall process, only the Key Input Part receives
input in the first step. For example, in the training sets
which is given by

{(X1 CX1,Y1 CY1, Z1 CZ1),
(X1 CX2,Y2 CY2, Z2 CZ2),
(X2 CX3,Y3 CY3, Z3 CZ3)}, (5)

and X1 is used as an input to the CQMAM. Here, Cxx (such
as CX1 and CY1) shows the contextual information. In the
CQMAM, when X1 is given to the network as an initial
input, since the chaotic quaternionic neurons in the Context
Part change their states by chaos, one-to-many associations
can be realized as follows:

(X1 0, ?, ?)→ · · · → (X1 CX1,Y1, Z1)→ · · ·
→ (X1 CX2,Y2, Z2)→ · · · (6)

The recall process of the CQMAM has the following pro-
cedures when the input pattern is given to the layer x.
Step 1 : Input to Layer x

The input pattern is given to the layer x.
Step 2 : Propagation from Layer x to Other Layers

When the pattern is given to the layer x, the information
is propagated to the Key Input Part in the other layers. The
output of the neuron k in the Key Input Part of the layer y
(y , x), xy

k(t) is given by

xy
k(t) = f

 N x∑
j=1

wyx
k j x

x
j(t)

 (7)

where N x is the number of neurons in the layer x, wyx
k j is the

connection weight from the neuron j in the layer x to the
neuron k in the layer y, and xx

j(t) is the output of the neuron
j in the layer x at the time t. f (·) is the output function
which is given by
f (u) = f (e)(u(e)) + f (i)(u(i))i + f ( j)(u( j)) j + f (k)(u(k))k (8)

f (e)(u) = f (i)(u) = f ( j)(u) = f (k)(u) = tanh
( u
ε

)
(9)

where ε is the steepness parameter, and i, j and k are imag-
inary units.
Step 3 : Propagation from Other Layers to Layer x

The output of the neuron j in the Key Input Part of the
layer x, xx

j(t + 1), is given by

xx
j(t + 1) = f

 M∑
y,x

 ny∑
k=1

wxy
jk xy

k(t)

 + vA j

 (10)

where M is the number of layers, ny is the number of neu-
rons in the Key Input Part of the layer y, wxy

jk is the connec-
tion weight from the neuron k in the layer y to the neuron j
in the layer x, v is the connection weight from the external
input, and A j is the external input (See 2.4) to the neuron j

in the layer x.
The output of the neuron j of the Context Part in the

layer x, xx
j(t + 1) is given by

xx
j(t + 1) = f

 M∑
y,x

 ny∑
k=1

wxy
jk

t∑
d=0

kd
mxd

k (t − d)


−α(t)

t∑
d=0

kd
r xx

j(t − d)

 (11)

where km and kr are damping factors. And, α(t) is the scal-
ing factor of the refractoriness at the time t, and is given
by

α(t) = a + b · sin(c · t) (12)
where a, b and c are coefficients.
Step 4 : Repeat

Steps 2 and 3 are repeated.

2.4. External Input

In the CQMAM, the external input A j is always given so
that the key pattern does not change into other patterns.

If the pattern is given to the layer x and the initial input
does not include noise, we can use the initial input pat-
tern xx

j(0) as the external pattern. However, since the initial
input pattern sometimes includes noise, so we use the fol-
lowing pattern x̂x

j(tin) when the network becomes stable tin
as an external input. Here, tin is given by

tin = min

t


nx∑
j=1

(x̂x
j(t) − x̂x

j(t − 1)) = 0

 (13)

where nx is the number of neurons in the Key Input Part of
the layer x. And x̂x

j(t) is the quantized output of the neuron
j in the layer x at the time t.

3. Computer Experiment Results

Figures 2∼5 show the relation between damping factors
(km and kr) and one-to-many association ability. From these
results, we confirmed that the combination of the damping
factors km and kr influences the one-to-many association
ability.

4. Conclusions

In this paper, we investigated the relation between the
damping factors (km and kr) and one-to-many association
ability of the Chaotic Quaternionic Multidirectional Asso-
ciative Memory (CQMAM). As a result, we confirmed that
the combination of the damping factors km and kr influ-
ences the one-to-many association ability.
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Abstract—In this paper, we investigate chaotic associa-
tive memory dynamics in a chaotic neural network model
(referred as CNN hereafter) with a time-dependent system
parameter. We have shown that an isolated chaotic neu-
ron model with a time-dependent system parameter gives
attractor coexistence behaviors depending on initial con-
ditions. In this paper, we introduce a time dependent sys-
tem parameter into Adachi & Aihara CNN with association
recalling dynamics. Consequently, the system possesses
two types of initial dependence, originating in (i) synap-
tic connections and (ii) a time-dependent system param-
eter. The purposes of this paper are (i) to show whether
two types of initial dependence could coexist or not, and
(ii) to investigate chaotic associative memory dynamics for
various initial configurations. From computer experiments,
two types of initial dependence can coexist and the system
shows complex associative memory dynamics. In several
parameter regions, the system reveals different chaotic as-
sociative memory dynamics depending on different initial
configurations of memory patterns, that is, the difference
originates in synaptic connections. On the other hands, for
the other initial configurations which are slightly different
from memory patterns, the system shows different periodic
orbits. The difference between chaotic and periodic origi-
nates in a time-dependent system parameter.

1. Introduction

Based on the fact that chaotic phenomena have observed
in biological systems, chaos would play important roles in
information processing of biological systems [1]-[9]. Nara,
Davis and their colleagues have presented fruitful results of
chaotic wandering behaviors of in a neural network model
[2, 3]. Related with complex memory search, they have
investigated sensitive responses to memory pattern frag-
ments in chaotic wandering behaviors. Kuroiwa and his
colleagues have investigated possibilities in realizing a hi-
erarchical memory search with chaotic wandering behav-
iors in CNNs [5]-[9]. They have investigated similarities
and differences of sensitive responses to memory pattern
fragments among three types of CNNs [5]-[8]. In addition,
they have investigated how to construct hierarchical mem-
ory patterns for the hierarchical memory search [9].

Based on our investigations, however, sensitive and

searchless access to target pattern could be realized. On
the other hand, fuzzy processing like the person is impossi-
ble. A key point to realize the hierarchical memory search
with fuzzy processing would employ a multistable chaotic
system. One of examples of the multistable chaotic system
is Logistic mapping with a time dependent system parame-
ter, which reveals that different attractors can coexist. [10].
In this paper, therefore, we introduce a time dependent sys-
tem parameter into Adachi & Aihara CNN [4], which could
possess two types of initial dependence, originating in (i)
synaptic connections and (ii) a time-dependent system pa-
rameter. Thus, the system could reveals different responses
to almost same inputs, meaning of different initial depen-
dence.

In Adachi & Aihara CNN with a time dependent sys-
tem parameter, therefore, the purposes of this paper is (i) to
show whether two types of initial dependence could coex-
ist or not, and (ii) to investigate chaotic associative memory
dynamics for various initial configurations.

2. Model Equations

2.1. Adachi & Aihara CNN

Let us present Adachi & Aihara CNN, briefly [4]. An
internal state of each element in Adachi & Aihara CNN
consists of two types of internal states, an associative term
and a refractoriness term. Thus, the internal state of the ith
element at time t, ui(t), is written by,

ui(t) = ηi(t) + ζi(t), (1)

where ηi(t) represents the associative term and ζi(t) denotes
the refractoriness term.

The associative term of the ith element at time t is given
by,

ηi(t + 1) = kηηi(t) +
N∑

j=1

wi j f (u j(t); βη) (2)

where kη and βη represent a decay parameter and a control
parameter of the steepness of the output function f (· · ·) for
the associative term, respectively, wi j denotes a synaptic
connection from jth element to ith one, and N describes
the total number of elements. The f (u j(t); βη) corresponds
to an output for the associative term.
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The refractoriness term of the ith element at time t is
written by,

ζi(t + 1) = kζζi(t) − α f (ui(t); βζ) + Ai, (3)

where kζ and βζ represent a decay parameter and a control
parameter of the steepness of f (· · ·) for the refractoriness
term, respectively, α denotes a refractory scaling parame-
ter, and Ai corresponds to a constant bias input.

The output function in this paper applies a sigmoidal one
with steepness parameter β defined by,

f (x; β) =
1

1 + exp(−βx)
. (4)

In this paper, different values of the steepness parameter of
βη and βζ are employed to represent different output func-
tions for the associative term and the refractoriness term,
respectively. It should be noted that the output of the sys-
tem corresponds to the output of the the associative term of
{ f (ui(t); βη)}.

2.2. Orthogonal learning method

In this paper, synaptic connections of {wi j} are calculated
according to an orthogonal learning method,

wi j =

P∑
a=1

L∑
µ=1

v(a)(µ+1)
i (v(a)(µ)

j )† (5)

where v(a)(µ) denotes µth memory pattern vector among ath
cycle, (v(a)(µ))† is a conjugate vector of v(a)(µ) and P repre-
sents the total number of cycle.

The conjugate vector is defined as follows:

(v(a)(µ))† =
P∑

b=1

L∑
ν=1

(O−1)(a)(µ)(b)(ν)v(b)(ν), (6)

where O−1 is an inverse matrix of the overlap matrix calcu-
lated by,

O(a)(µ)(b)(ν) =

N∑
k=1

v(a)(µ)
k v(b)(ν)

k . (7)

Note that applying the equation (5), P limit cycle mem-
ory patterns with a period of L are embedded in the system.

3. Adachi & Aihara CNN with time dependent system
parameter

Let us present Adachi & Aihara CNN with time depen-
dent system parameter. The internal state of ith element is
given by,

ui(t) = εηi(t) + ζi(t), (8)

where ε controls a contribution weight of the associative
term and the refractoriness term.

System parameters introducing chaotic associative mem-
ory dynamics are appropriate for the time dependent sys-
tem parameter. Therefore, a candidate are α, βζ or Ai. In

this paper, we employ βζ as a candidate of the the time de-
pendent system parameter. Thus, the refractoriness term is
rewritten by,

ζi(t + 1) = kζζi(t) − α f (ui(t); βζ(t)) + Ai, (9)

where βζ(t) is given by,

βζ(t) =
{
β1 (t = even)
β2 (t = odd). (10)

By switching β1 and β2 at time t, the refractoriness term in-
volves initial dependence originating in the time dependent
system parameter. On the other hand, the associative term
includes initial dependence originating in synaptic connec-
tions. Therefore, we expect that two types of initial depen-
dence could coexist by controlling the contribution weight
of ε

4. Computer Experiments

4.1. Purposes and Method

In this paper, we investigate whether two types of initial
dependence could coexist or not, and chaotic associative
memory dynamics for various initial configurations. There-
fore, we investigate output sequences for various β1 and β2
by direct observation. In addition, we employ visiting mea-
sure to characterize chaotic associative memory dynamics.

The visiting measure is evaluated by counting which
basins of memory patterns an orbit of the chaotic associa-
tive memory dynamics in Adachi & Aihara CNN passes at
each time step. In order to determine which basins the or-
bit passes, we set outputs of Adachi & Aihara CNN at each
time step among its updating as an initial configuration of a
recurrent neural network model (referred as RNN), and we
check which memory patterns RNN converges into within
100 steps. We evaluate the visiting measure with use of T
different points of the orbit of the chaotic associative mem-
ory dynamics from T0 + 1 to T0 + T steps.

1 2 3 4 5 6

7 8 9 10 11 12

13 14 15 16 17 18

19 20 21 22 23 24

25 26 27 28 29 30

a

µ

Figure 1: Multi-cycle memory patterns [2].
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Through all the simulations, we set parameters as fol-
lows, α = 3.3，Ai = 0.3, kη = 0.3，kζ = 0.8，ε = 0.5, and
βη = 100.0. In the calculation of the visiting measure, we
choose T0 = 20, 000 and T = 10, 000.

4.2. Results

We observed output sequences and visiting measures
with the change of β1 and β2 variously. We have succeeded
to confirm coexistence of two different initial dependence
in output sequences of Adachi & Aihara CNN for various
pairs of β1 and β2, where chaotic associative memory dy-
namics and periodic one, periodic one and the other peri-
odic one, or chaotic one and the other chaotic one coexist.

In this paper, we present typical example with β1 = 10.0
and β2 = 38.7. In Fig. 4.1, the visiting measure is given. A
relation of the figure indexes from (a) to (e) represents ini-
tial dependence originating in synaptic connections, where
different face patterns belonging in different cycles are em-
ployed as initial configurations. On the other hand, a re-
lation of the figure indexes of (1) and (2) represents initial
dependence originating in time dependent system parame-
ter, where quite similar initial configurations belonging in
the same face pattern are applied, that is, the difference is
decimal value of the pattern. A distribution of the visiting
measure is completely dissimilar among initial conditions,
suggesting all the orbits are entirely different. Thus, two
types of initial dependence can coexist. In Fig. 4.2, output
sequences are given. Even though quite similar initial con-
figurations belonging in the same face pattern are applied,
output sequences are different.

5. Conclusions

In this paper, we investigate chaotic associative mem-
ory dynamics in Adachi & Aihara CNN with the time-
dependent system parameter. The system can possess two
types of initial dependence, originating in (i) synaptic con-
nections and (ii) a time-dependent system parameter. Start-
ing from different initial face patterns, the system reveals
different dynamics, suggesting the initial dependence orig-
inating in synaptic connections. On the other hand, start-
ing from quite similar initial configurations belonging in

time step

’(a) (b)

Figure 3: Typical examples of output sequences.

the same face pattern, the system also shows different dy-
namics, suggesting the initial dependence originating in the
time dependent system parameter. The difference of dy-
namics where two types of initial dependence coexist or
not is a future problem.
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Abstract—In this paper, motion learning (maze prob-
lem) of bipedal walking robot in POMDPs (Partially Ob-
servable Markov Decision Processes) environment is real-
ized by the Profit Sharing that can learn deterministic pol-
icy for POMDPs environments. In this research, the Profit
Sharing that can learn deterministic policy for POMDPs
environments which can obtain the deterministic policy by
using the history of observations is employed. We carried
out a series of experiments using bipedal walking robot,
and confirmed that motion learning (maze problem) can be
realized by the Profit Sharing that can learn deterministic
policy for POMDPs environments.

1. Introduction

Reinforcement learning is one of the most active re-
search areas in artificial intelligence, and it is a computa-
tional approach to learning whereby an agent tries to max-
imize the total amount of reward[1]. Reinforcement learn-
ing algorithms attempt to find a policy that maps states of
the world to the actions the agent ought to take in those
states. Recently, we have proposed the Profit Sharing
that can learn deterministic policy for POMDP (Partially
Observable Markov Decision Processes)s environments[2].
This method can obtain the deterministic policy by us-
ing the history of observations. Moreover, we applied
this learning method to the real robots (bipedal robot and
quadrupedal walking robot)[4][5]. However, these problem
are not in POMDPs environments.

In this paper, motion learning (maze problem) of bipedal
walking robot in POMDPs environment is realized by
the Profit Sharing that can learn deterministic policy for
POMDPs environments[2].

2. Profit Sharing that can Learn Deterministic Policy
for POMDPs Environments

Here, we explain the Profit Sharing that can learn de-
terministic policy for POMDPs environments[2] which is
used in this research.

In the learning method, when an observation is judged as
perceptual aliasing, an action is selected based on the his-
tory of observations. In the observation judged as percep-
tual aliasing, if enough observation sequences are not con-
sidered when an action is selected, observation sequences

including past observation are also considered. Moreover,
in this learning method, the deterministic rate of actions of
each observation and the progress of learning in order to
detect perceptual aliasing.

The flow of the learning method is shown in Fig.1.

2.1. Action Selection

In this learning method, the action is selected based on
the ratio of rule values of the current observation by the
Boltzmann selection when the state which is not judged
as perceptual aliasing. In contrast, the action is selected
based on the ratio of rule values of observation sequences
by the Boltzmann selection when the state which is judged
as perceptual aliasing,

In the observation at the time x (ox), the action a is se-
lected based on the probability P(ox, a, x). The probability
P(ox, a, x) is given by

P(ox, a, x) =



exp(qn(ox, a)/T (ox))∑
b∈CA

exp(qn(ox, b)/T (ox)),
(ox < CPA)

exp(qn(ox, a)/T (ox)) + Q(ox, a, x)∑
b∈CA

(
exp(qn(ox, b)/T (ox)) + Q(ox, b, x)

)
,

(ox ∈ CPA)

(1)

where qn(ox, a) is the normalized value for the rule (ox, a),
T (ox) is the temperature for the observation ox, CPA is the
set of observations and observation sequences which are
judged as perceptual aliasing, and CA is the set of actions.

Observation

     Perceptual Aliasing?Yes No

Action Selection
based on Observation

History

Action Selection
based on Current

Observation

Get Reward? Yes

Judgement 
of Perceptual Aliasing

Learning
(Update Rule Value)

Reset Environment

No

Action

Start

Figure 1: Flow of Profit Sharing that can Learn Determin-
istic Policy for POMDPs Environments [2].
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And, Q(ox, a, x) is the summation of values for the rules on
the observation at the time x (ox) considering observation
sequences, and it is given by

Q(ox, a, x) =
∑

oi→O∈Cre f (x)

exp(qn(oi → O, a)/T (O)) (2)

where oi → O is the observation sequence which includes
the observation oi before the observation sequence O, and
Cre f (x) is the set of observations and observation sequences
which are used for the action selection at the time x.

2.2. Judgment of Perceptual Aliasing

(1) Judgment for Each Observation in Episode

In this learning method, whether each observation in per-
ceptual aliasing is judged using the deterministic rate of ac-
tions in each observation and the progress of learning.

(a) Deterministic Rate of Actions in Each Observation

In the learning process, if the plural actions to be selected
in order to obtain the reward in the same observation, the
action is selected stochastically. In this learning method,
the deterministic rate of actions in each observation which
is used in the Extended On-line Profit Sharing with Judg-
ment (EOPSwJ)[3] is used to detect perceptual aliasing.

The deterministic rate of actions in the observation at the
time x (ox), d(ox, x) (0 ≤ d(ox, x) ≤ 1) is given by

d(ox, x) =
∑
a∈CA

(P(ox, a, x) − Pini)2/N (3)

where CA is the set of actions, P(ox, a, x) is the action se-
lection probability for the action a in the observation at the
time x (ox), Pini is the initial action selection probability,
and N is the normalization constant.

(b) Progress of Learning

The progress of learning in the observation at the time x
(ox), l(ox, x) is given by

l(ox, x) =
{

I(ox), (ox < CPA)
min{I(O)|O ∈ Cre f (x)}, (ox ∈ CPA)

(4)

where I(ox) is the update times of the the rule value for the
observation ox, I(O) is the update times of the rule value
for the observation sequence O. And Cre f (x) is the set of
observations and observation sequences which are used for
the action selection at the time x in the last episode.

(c) Total Judgment

The observation whose progress of learning is high and
deterministic rate of actions is low (that is, the action se-
lection is stochastic) is judged as perceptual aliasing. That
is, for the observation at the time x (ox) in the last episode
which satisfies the condition which is given by

ϕ(l(ox, x))(1 − d(ox, x)) > θPA, (5)

the observation ox is regarded as perceptual aliasing. Here,
θPA is the threshold for judgment of perceptual aliasing.
And ϕ(·) is given by

ϕ(u) = 1/(1 + exp(−(u − θl))) (6)
where θl is the threshold.

(2) Update of Set of Observations and Observation Se-
quences Which Are Judged as Perceptual Aliasing CPA

The set of observations and observation sequences which
are judged as perceptual aliasing CPA is updated based on
the observations which are judged as perceptual aliasing.

(a) Decision of Observation Sequence Which Is Added
to CPA

If the condition given by Eq.(7) is satisfied, the observa-
tion sequence which is added to the set CPA is determined.

ox ∈ CPA ∩CPA E (7)

Here, CPA E is the set of observations which are judged as
perceptual aliasing in the last episode.

The observation sequence which is added to the set CPA

for the observation ox, OPA(x) is given by

OPA(x) = argmax
(o→O)∈{Cre f (x)∩CPA}

{d(o→ O)} (8)

where Cre f (x) ∩CPA is the set union of the set of observa-
tion sequences which are considered in the action selection
at the time x and the set of the observations which are not
judged as perceptual aliasing. d(o → O) is the determinis-
tic rate of actions for the observation sequence o → O and
it is given by

d(o→ O) =
∑
a∈CA

(P(o→ O, a) − Pini)2/N (9)

where Pini is the action selection probability and N is the
normalized constant. P(o → O, a) is the probability that
the action a is selected for the observation sequence o→ O
and it is given by

P(o→ O, a) =
exp(qn(o→ O, a)/T (O))∑

b∈CA

exp(qn(o→ O, b)/T (O))
(10)

where qn(o → O, a) is the normalized rule value (o →
O, a) and T (O) is the temperature in the observation se-
quence O.

(b) Update Set of Observations and Observation Se-
quences Which Are Judged as Perceptual Aliasing CPA

Then, the observation sequences determined in (a) and
the observations judged as perceptual aliasing are added to
the set CPA.

CPA ← CPA ∪CPA E ∪ {OPA(x)|x : ox ∈ CPA ∩CPA E} (11)
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2.3. Learning

When the agent obtains the reward, the rule values are
updated after the judgment of perceptual aliasing.

(1) Update of Value of Rule q(o, a)

The update times of the rule value I(o, a) and the rule
value q(o, a) are updated as

q(o, a) ←
(
1 − 1

I(o, a)

)
q(o, a) +

r · F(o)
I(o, a)

(12)

((o, a) ∈ {(ox, ax)|x = 1, · · · ,W})

where r is the reward, and F(o) is the reinforcement value
for the rules in the observation o and it is given by

F(o) =
1
/

(W − xo) (13)

where W is the episode length, and xo is first time when
the observation o is observed.

(2) Update of Value of Rule q(O, a)

If it is considered that the observation sequence O →
ox(∈ Cre f (x)) is used for only action selection at the time
x, the update time of the rule value (O → ox, ax) (I(O →
ox, ax)) and the rule value q(O→ ox, ax) are updated as

q(O→ ox, ax) ←
(
1 − 1

I(O→ ox, ax)

)
q(O→ ox, ax)

+
r · F(ox)

I(O→ ox, ax)
(14)

where r is the reward. F(ox) is the reinforcement value
for the observation sequence (O → ox) whose last is the
observation ox.

If it is considered that the observation sequence O →
ox(∈ Cre f (x)) is used for action selection at plural times, the
update time of the rule value (O → ox, ay) (I(O → ox, ay))
and the rule value q(O→ ox, ay) are updated as

q(O→ ox, ay) ←
(
1 − 1

I(O→ ox, ay)

)
q(O→ ox, ay)

+
r · F(ox)

I(O→ ox, ay)
(15)

where ay is the action at the time y which satisfies

ox = oy (16)

and

argmin
x=1,···,W

{(O→ ox) ∈ (Cre f (x) ∩Cre f (x′)) |x , x′} ≤ y. (17)

If the action ay appears plural times in the episode, the
values of all rules for the action are updated one time.

If the observation sequence O → ox appears in plural
times in an episode, the values of all rules for the pair of
the action and the observation ox after the observation se-
quence O → ox appears first in the episode are updated
equally.

sensor

servo

1

2

3

4

motor

Figure 2: Bipedal Walking Robot

3. Motion Learning of Bipedal Walking Robot

3.1. Bipedal Walking Robot

Figure 2 shows the bipedal walking robot (Rapiro) which
has 12 axes. In Fig.2, red circle shows PSD (Position Sen-
sitive Detector) distance sensor. And, 1∼4 show servo mo-
tors which are used to walk. The bipedal walking robot
moves from the start to the goal in a maze, and learns the
actions to move on shorter (shortest) route.

3.2. Observations

In this research, PSD distance sensor value is used as the
observation. The used PSD sensor can be detected 20∼150
cm. So, the quantized value (four states) is used as the
observation.

3.3. Actions

In this research, the robot selects one of three actions (a0
: Go Forward, a1 : Turn Light, a2 : Turn Right)

3.4. Reward

In this research, observation and action sequences from
the start to the goal are treated as one episode. In each
episode, the robot obtained the reward when the robot
reaches the goal. The reward r is calculated based on the
number of steps.

r =
{−0.1t + 10 (t < 100)

0 (otherwise) (18)

where t is the number of steps from the start to the goal.
If the number of steps until the robot reaches the goal is
small, the robot gains more rewards.

4. Experiment Results

Here, we examined motion learning (maze problem) of
bipedal walking robot by the Profit Sharing that can learn
deterministic policy for POMDPs environments.

4.1. Learning by Robot

Figure 3 shows the transition of steps per episode in the
learning of the robot. In this experiment, maximum steps
per episode was set to 100, and 100 steps means that the
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Figure 3: Transition of Steps in Learning of Robot.
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Figure 5: Transition of Steps in Learning (Simulation).
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Figure 6: Route in 3600th Trial (Simulation).

robot could not reach the goal. Figure 4 shows the route in
200th trial. In the 200th trial, the robot reaches the goal in
27 steps.
4.2. Learning in Simulation

Here, the learning in the simulation in the same maze
problem was carried out. Figure 5 show the transition of
steps per episode (average steps per 10 trials) in the learn-
ing. Figure 6 shows the route in 3600th trial. In the 3600th
trial, the robot reaches the goal in 17 steps.
4.3. Learning by Robot using Result in Simulation

Here, the learning by robot using the result in the sim-
ulation in the same maze problem was carried out. Figure

0

20

40

60

80

100

0 5 10 15 20 25 30 35 40

T
h

e
N

u
m

b
e

r
o

f
S

te
p

s

The Number of Trials

"srobste.txt"

Figure 7: Transition of Steps in Learning of Robot using
Result in Simulation.
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Figure 8: Route in 39th Trial (Robot after Simulation).

7 show the transition of steps per episode in the learning.
Figure 8 shows the route in 39th trial.

5. Conclusions

In this paper, motion learning (maze problem) of
bipedal walking robot has been realized by the Profit
Sharing that can learn deterministic policy for POMDPs
environments[2]. We carried out a series of experiments
using bipedal walking robot, and confirmed that the robot
can learn the route from the start to the goal by the Profit
Sharing that can learn deterministic policy for POMDPs
environments.
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Abstract—Among all chaotic generators, 1D discrete
maps are characterized by their simplicity and suitabil-
ity for digital implementation, in addition to their widely
spread applications. Generalizations on 1D discrete maps
enhance their unpredictability and increase their reliabil-
ity in secure communication and encryption. In this pa-
per, three parameterized maps are discussed: scaled pos-
itive logistic map (SPLM), scaled mostly positive logistic
map (SMPLM), and scaled tent map (STM). The impacts
of the introduced scaling parameters on the properties of
each map are discussed including: the bifurcation diagram
versus the main system parameter, the main keypoints, the
maximum chaotic range, and calculation of maximum Lya-
punov exponent (MLE) versus all system parameters.

1. Introduction

Chaos, first defined by Lorenz [1], is identified with non-
periodicity and sensitive dependence on initial conditions
and characterized by its complicated dynamics. Chaotic
generators, especially 1D maps, are employed in many
fields such as: biology, chemistry, physics [2], encryp-
tion [3, 4], finance, and others. This explains the need for
their analog and digital realizations [5–8]. Early contri-
butions on 1D discrete chaotic maps are owed to May [9]
and Feigenbaum [10]. Simple iterative relations may ex-
hibit chaotic behavior for some ranges of the involved pa-
rameters. Some of these relations are non-linear, e.g., the
logistic map (LM) [2] given by

xn+1 = f (xn, λ) = λxn(1 − xn), λ ∈ [0, 4], xn ∈ [0, 1], (1)

and the recently proposed mostly positive logistic map
(MPLM) [11] given by

xn+1 = f (xn, r) = −rxn(1 − xn), r ∈ [0, 2], xn ∈ [−0.5, 1.5],
(2)

while others are piece-wise linear such as the tent map
(TM) [2] given by

xn+1 = f (xn, µ) = µmin (xn, 1 − xn) , µ ∈ [0, 2], xn ∈ [0, 1],
(3)

where xn is the iterated variable, while λ, r, and µ are the
system parameters for each map respectively. Bifurcation
appears in the form of change of the type of steady state
solution versus parameter; from fixed point, followed by

a period doubling, quadrupling, etc., that accompanies the
onset of chaos. Figure 1 shows the bifurcation diagrams of
the three maps previously defined. Since chaos also rep-
resents rapid divergence of nearby points, a quantity that
measures the rate of this divergence would be quite useful.
Theoretically, chaotic behavior is associated with a posi-
tive value for the maximum Lyapunov exponent (MLE) [2]
given by

MLE = lim
n→∞

1
n

n−1∑
i=0

ln | f ′(xi)|

 , (4)

where ln is the natural logarithm. For TM, the maximum
chaotic behavior is recorded at µmax = 2 with MLE = ln 2.
This value could be proved for TM and by conjugacy for
LM at λmax = 4 [2], similarly for MPLM at rmax = 2. Fig-
ure 1 indicates this value for the three maps. The rest of
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Figure 1: Bifurcation diagram and MLE versus λ, r, and µ
for (a) LM, (b) MPLM, and (c) TM respectively

this paper discusses the properties of three generalized ver-
sions of the previously defined maps employing scaling pa-
rameters. Three sections are devoted to the scaled positive
logistic map (SPLM), scaled mostly positive logistic map
(SMPLM), and scaled tent map (STM) respectively. For
each map, the allowed ranges of parameters, fixed points
and their stability, and MLE versus all the parameters of the
generalized map are discussed. The impacts of the added
scaling parameters on multiple properties of each map are
studied emphasizing on maximum chaotic response. These
properties include: the value of the main system parameter
at which maximum chaos occurs, the corresponding output
range, and the calculated MLE. The last section concludes
the main contributions of the paper.
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2. Scaled Positive Logistic Map (SPLM)

In this map, two parameters a and b are added to allow
scaling both horizontal and vertical axes of the bifurcation
diagram and getting different system responses w.r.t. each
parameter according to [11]. The map is given by

f (x, λ, a, b) = λx(a − bx), λ, a, b ∈ R+, (5)

and is plotted as shown in Fig. 2(a).
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Figure 2: Function plot, cobweb diagram, and time wave-
form of chaotic (a) SPLM, (b) SMPLM, and (c) STM

2.1. Range of λ

The roots of the map, its critical point xc, and its maxi-
mum value xmax are given by:

f (x) = 0 for x = 0,
a
b
, (6a)

xc =
a

2b
, f (xc, λmax, a, b) =

a2λmax

4b
≤

a
b
→ λmax ≤

4
a
.

(6b)
This inequality not only provides us with information on
the maximum value of the parameter λ, but also that of
the parameter a. Therefore, the maximum values for the
parameters of the map are:

(λmax, xmax) =

(
4
a
,

a
b

)
, (7a)

a ∈ (0, amax] where amax =
4
λ
, (7b)

where confining x to the interval x ∈ [0, a/b] ensures
bounded output for all iterations. Figure 2(a) shows the
cobweb diagram and time waveform at λmax indicating
chaotic behavior in the full range.

2.2. Fixed Points and Stability Condition

The fixed points are given by x∗ = f (x∗, λ, a, b), then

x1
∗ = 0 and x2

∗ =
1
b

(
a −

1
λ

)
. (8)

The absolute value of the first derivative w.r.t. x at the fixed
points determines whether they are stable or unstable when
it is less or greater than “one” respectively. Otherwise, if
the absolute value equals “one”, then it is called a bifurca-
tion point. Therefore, the values of λ at which the system
bifurcates and their corresponding function values are

(λb, xb) =

{(
1
a
, 0

)
,

(
3
a
,

2a
3b

)}
. (9)

Figures 3(a) and (b) show snapshots of the bifurcation dia-
grams versus the main parameter λ at different values of
a while b is fixed, and different values of b while a is
fixed respectively. The diagrams indicate that the value
of λmax depends on the parameter a only irrespective of b,
while both parameters have an impact on the output range
which is consistent with the previous analysis. The same
results could be derived in another way using the substi-
tution xn = (a/b)yn in the iterative relation corresponding
to (5) that yields a map quite similar to LM except that
its parameter equals λa instead of λ. Thus, the output of
SPLM is (a/b) times that of LM and its parameter is (1/a)
times that of LM.

(a) (b)

Figure 3: Bifurcation diagram vs. λ for SPLM at (a)
b = 2 and a = {0.25, 0.5, . . . , 2} and (b) a = 4 and
b = {0.25, 0.5, . . . , 2}

2.3. Maximum Lyapunov Exponent

Figure 4(a) shows 3D plot of MLE as a function of both
λ and a at b = 2 for SPLM. It illustrates the dependence of
the allowed range of λ on the value of a according to equa-
tion (7a) where λmax is independent of b. The parameter
b has no impact on the range of the main system param-
eter as shown in Fig. 4(b). However, the value of MLE
approaches the same steady state value of ln 2 for maxi-
mum chaotic behavior, or at λmax. Figure 4(c) shows the
values of MLE at λmax in the a−b plane indicating that set-
ting the main system parameter to λmax corresponding to
a achieves maximum chaotic behavior irrespective of b. It
could be proved using the substitution defined in the previ-
ous subsection and the chain rule of derivatives that MLE of
SPLM is the same as that of LM with parameter λa instead
of λ. A similar proof could be conducted for SMPLM. Fig-
ure 4(d) shows the maximum chaotic output in the a − b
plane where generally the lower and upper bounds on the
range are constrained by the values of a and b according
to equation (7a). In order to get a wider output range, we
could increase a and/or decrease b.
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(a) (b)

(c) (d)

Figure 4: MLE of SPLM as a function of (a) λ and a at
b = 2, (b) λ and b at a = 4, (c) a and b at λmax, and (d)
Full-range chaotic output versus a and b

(a) (b)

Figure 5: Bifurcation diagram vs. r for SMPLM at (a)
d = 2 and c = {0.25, 0.5, . . . , 2} and (b) c = 4 and
d = {0.25, 0.5, . . . , 2}

3. Scaled Mostly Positive Logistic Map (SMPLM)

The mostly positive logistic map has been proposed
in [11] analyzing its properties in unity scaling case, and
extending the analysis to a scaled version utilizing two pa-
rameters c and d. The general equation of SMPLM is given
by

f (x, r, c, d) = −rx(c − dx), r, c, d ∈ R+. (10)

Its properties could be derived similar to SPLM where

(rmax, xmin, xmax) =

(
2
c
,−

c
2d
,

3c
2d

)
, (11a)

c ∈ (0, cmax] where cmax =
2
r
, (11b)

(rb, xb) =

(
1
c
, 0

)
. (12)

Figure 2(b) indicates that the map exhibits full range
chaotic behavior at rmax. Figure 5 shows that the depen-
dence of the SMPLM on the parameters c and d could be
described in a similar way to that of SPLM on the parame-
ters a and b respectively. Figure 6 shows the impact of both
c and d on MLE and chaotic output that could be described
similar to SPLM.

4. Scaled Tent Map (STM)

The scaled tent map proposed in [12] preserves the lin-
earity of the two intersecting lines providing the possibility

(a) (b)

(c) (d)

Figure 6: MLE of SMPLM as a function of (a) r and c at
d = 2, (b) r and d at c = 4, (c) c and d at rmax, and (d)
Full-range chaotic output versus c and d

of designing an asymmetric scalable tent shape.

f (x, µ, e, f ) = µmin(x, e − f x), µ, e, f ∈ R+, (13a)

f (x, µ, e, f ) =

{
µx x ≤ xk

µ(e − f x) xk < x , xk =
e

1 + f
. (13b)

4.1. Ranges, Fixed Points, and Stability Condition

The solution should belong to the interval x ∈ [0, e/ f ] to
guarantee boundedness.

(µmax, xmax) =

(
1 +

1
f
,

e
f

)
, (14a)

f ∈ (0, fmax] where fmax =
1

µ − 1
. (14b)

Figure 2(c) shows full chaos at µmax. The fixed points are
given by

x∗1 = 0 and x∗2 =
eµ

1 + fµ
. (15)

The value of µ at which the system bifurcates and the region
of trivial fixed point ends, in addition to its corresponding
function value is

(µb1, xb1) = (1, 0). (16)

For 0 < f < 1, a region of non-trivial fixed point appears
after which the response bifurcates to a period-2 solution
given by

(µb2, xb2) =

(
1
f
,

e
2 f

)
. (17)

Figure 7 shows that the impact of parameters is reversed in
the case of STM compared to logistic map(s). The value of
µmax depends only on the parameter f .

4.2. Maximum Lyapunov Exponent

Unlike logistic map(s), the allowed range of µ depends
on the parameter f only irrespective of e. The largest value
for MLE at µmax in the e − f plane is obtained at f = 1
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(a) (b)

(c) (d)

Figure 7: Bifurcation diagram vs. µ for STM at (a)
f = 0.5 and e = {0.25, 0.5, . . . , 2}, (b) e = 4 and f =

{0.2, 0.3, . . . , 0.8}, (c) f = 2 and e = {0.25, 0.5, . . . , 2}, and
(d) e = 4 and f = {2, 3, . . . , 8}

(µmax = 2) irrespective of the value of e, and equals ln 2.
Although this value slightly decreases for other values of f ,
it is still within the same positive range indicating chaotic
behavior. Yet, the full range at maximum chaos depends on
e/ f similar to logistic map(s) as shown in Fig. 8.

5. Conclusion

The impact of scaling parameters on the properties of
three generalized maps has been studied. In each map, a
term in the form of (m − nx) appears where m and n are
the scaling parameters. The lower and upper bounds on
the output range of each map are scaled by m/n. Thus, the
maximum output range could be controlled through adjust-
ing their values. For scaled positive and mostly positive
logistic maps, the value of the system parameter at which
maximum chaotic behavior or full output range is achieved
depends on the value of m. On the other hand, for scaled
tent map it depends on the parameter n. In both cases, the
main system parameter and the scaling parameter are in-
versely related. Maximum Lyapunov exponent and chaotic
outputs in the m−n plane have been calculated. The results
show that the maps exhibit controllable chaotic behavior
that could be adapted using the introduced parameters to fit
requirements of various applications.
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Abstract—We describe the reconstruction of bifurca-
tion diagrams with Lyapunov exponents for chaotic sys-
tems using only data from several time-series. The al-
gorithm, which was originally proposed by Tokunaga et
al., for reconstructing a bifurcation diagram with the cor-
responding Lyapunov exponents is as follows. First, we
model a dynamical system of several time-series by a time-
series predictor. In this paper, an extreme learning machine
is used as the time-series predictor. Next, we estimate the
number of significant parameters of the target dynamical
system from the modeled dynamical system by principal
component analysis. Then, we reconstruct the bifurcation
diagrams with the Lyapunov exponents of the target dy-
namical system. We show the results of numerical exper-
iments on the reconstruction of bifurcation diagrams with
Lyapunov exponents for the logistic and Hénon maps.

1. Introduction

The estimation of Lyapunov exponents is one of several
important methods used for the analysis of chaotic systems.
However, the targets of analysis among chaotic systems
were limited to only known systems.

Tokunaga et al. [1] have proposed reconstructing bifur-
cation diagrams from time-series data alone. This method
estimates the number of significant parameters and recon-
structs bifurcation diagrams of unknown systems. We have
proposed using extreme learning machines (ELMs) to re-
construct bifurcation diagrams [2, 3] because the computa-
tion time of this method is shorter than that of the conven-
tional method used by Tokunaga et al.. ELM is not only
the computation time is shorter but the prediction accuracy
also is higher for single time-series data.

In this paper, we estimate the Lyapunov exponents for
an unknown chaotic system using only the data of several
series [4, 5, 6].

2. Time-series Predictor

The reconstruction of the bifurcation diagram of a dy-
namical system uses the time-series predictor

y(t + 1) = G (w, y(t)) (1)

Figure 1: Structure of ELM.

where G(·) is a nonlinear function, y(t) and y(t + 1) are the
time-series to be predicted and the input and output of the
predictor, and w is learned connection weights.

In this paper, we use an ELM as the time-series predictor.
The ELM is a three-layer feed-forward neural network with
the structure shown in Fig. 1. The output of the lth hidden
neuron hl is

hl(t) = f

 K∑
k=1

w(h)
lk xk(t) + bl

 (2)

where w(h)
lk denotes the hidden weight from the kth input

neuron to the lth hidden neuron, bl is the bias of the lth
hidden neuron, and f (·) is the sigmoid function. The output
of the mth output neuron om is

om(t) =
L∑

l=1

w(o)
ml hl(t) (3)

where w(o)
ml denotes the output weight from the lth hidden

neuron to the mth output neuron. In this paper, the number
of output neurons M is set to be equal to the number of
input neurons K: that is, M = K. These numbers M and K
are set to be equal to the target dynamical system. W (o) is
obtained by the following linear regression for learning in
this model.

W (o) =
(
H−1D

)T
(4)

Here, T indicates transposition and H−1 is the pseudo-
inverse matrix of H. The matrices H, D and W (0) are given
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by

H =


h1(1) · · · hL(1)
...

. . .
...

h1(N) · · · hL(N)

 , (5)

D =


d1(1) · · · dM(1)
...

. . .
...

d1(N) · · · dM(N)

 , (6)

W (o) =


w(o)

1,1 · · · w(o)
M,1

...
. . .

...

w(o)
1,L · · · w(o)

M,L

 . (7)

3. Reconstruction of Bifurcation Diagrams

In this section, we describe the method for reconstruc-
tion of bifurcation diagrams using only time-series data.
We assume that the time-series data are generated by one
system and that this target system can be represented by
a smooth mapping of N points in a parameter space P =
[p(1), · · · , p(N)].

First, each set of time-series data is modeled by the
ELM. The output weights [w(o)(1),w(o)(2), · · · ,w(o)(N)]
corresponding to parameters [p(1), p(2), · · · , p(N)] are ob-
tained from Eq. (4). If the number of output neurons is
more than two, the output weight matrix becomes


w(o)(1)
...

w(o)(N)


T

=



w(o)
1,1(1) · · · w(o)

1,1(N)
w(o)

1,2(1) · · · w(o)
1,2(N)

...
. . .

...

w(o)
1,L(1) · · · w(o)

1,L(N)
w(o)

2,1(1) · · · w(o)
2,1(N)

...
. . .

...

w(o)
M,L(1) · · · w(o)

M,L(N)


. (8)

Next, we estimate a low-dimensional space of the out-
put weights by using principal component analysis. A
variance–covariance matrix Ω is constructed from the out-
put weights of Eq. (8):

Ω =


var(δw(o)(1)) · · · cov(δw(o)(1), δw(o)(N))
...

. . .
...

cov(δw(o)(N), δw(o)(1)) · · · var(δw(o)(1))

 (9)

where var (·) and cov (·, ·) denote variance and covariance,
respectively, and δw(o)(n) is given by

δw(o)(n) = w(o)(n) − w(o)
0 (n = 1, · · · ,N) (10)

with

w(o)
0 =

1
N

N∑
n=1

w(o)(n). (11)

We obtain the eigenvalues and eigenvectors of Ω by eigen-
value decomposition. The eigenvalues are arranged in de-
scending order

λ1 ≥ λ2 ≥ · · · ≥ λN . (12)

and the eigenvectors corresponding to eigenvalue λi is de-
noted ui. Then, δw(o) is determined by using the principal
component coefficients Γ = [γ1, γ2, · · · , γD] and the eigen-
vectors:

δw(o) = [u1, u2, · · · , uN]Γ (13)

where

Γ = [u1,u2, · · · ,uN]−1δw(o). (14)

Next, we determine the optimal dimension for δw(o) from
the eigenvalues. The contribution ratio E of the qth princi-
pal component and the cumulative contribution ratio CE to
λq from λ1 can be obtained from the following equations:

E =
λq∑D
i=1 λi

× 100[%], (15)

CE =

∑Q
q=1 λq∑D
i=1 λi

× 100[%]. (16)

We define a bifurcation path to be a sequence of points
(p(1)→ p(2)→ · · · → p(J)) in the parameter space of the
target system and a bifurcation locus to be a sequence of
points

(
γ(C)(1)→ γ(C)(2)→ · · · → γ(C)(J)

)
in the space of

the principal component coefficients. If the relations be-
tween the points in the bifurcation locus are preserved in
the bifurcation paths, then we can determine the space of
principal component coefficients that duplicates the param-
eter space of the target system.

By adding w(o)
0 to Eq. (13), a new output vector that can

be used in the reconstruction of the bifurcation diagram is
obtained

w̃(o) = [u1,u2, · · · ,uN]
[
γ(C)

0

]
+ w(o)

0 . (17)

The nonlinear map for the reconstruction of the bifurcation
diagram is then

y(t + 1) = G
(
w̃(o), y(t)

)
. (18)

4. Estimation of Lyapunov Exponents using Obtained
Nonlinear Map

We estimate the Lyapunov exponents using the obtained
nonlinear map[4, 5, 6]. The algorithm is as follows.

First, the Jacobian matrix of the nonlinear map G(·) in
Eq. (18) is decomposed by QR decomposition.

JG
(
w̃(o), y(t)

)
Qt = Qt+1Rt+1 (t = 0, · · · ,T ) (19)
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Figure 2: Bifurcation path of the logistic map.
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Figure 3: Bifurcation locus of the logistic map.

Here, Q is an orthogonal matrix (Q0 is the identity matrix),
R is an upper triangular matrix and

JG
(
w̃(o), y(t)

)
=


∂G(w̃(o)

1 ,y(t))
∂y1(t) · · · ∂G(w̃(o)

1 ,y(t))
∂yK (t)

...
. . .

...
∂G(w̃(o)

M ,y(t))
∂y1(t) · · · ∂G(w̃(o)

M ,y(t))
∂yK (t)

 . (20)

The Lyapunov exponents are obtained using the solution of
Eq.(19):

µi = lim
T→∞

1
T

T∑
t=1

log rii(t) (i = 1, · · · ,M) (21)

where rii(t) is the ith diagonal component of Rt.

5. Numerical Experiments

In this section, we show the results of reconstructions
of bifurcation diagrams with Lyapunov exponents for the
logistic and Hénon maps.
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Figure 4: Original bifurcation diagram with Lyapunov ex-
ponents of the logistic map.
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Figure 5: Reconstructed bifurcation diagram with Lya-
punov exponents of the logistic map.

5.1. Logistic Map

The logistic map, represented by

x(t + 1) = ax(t) (1 − x(t)) , (22)

has one parameter, a. We generated time-series data for a
9-tuple of parameter values of a determined by

ai = 0.15 cos (2π(i − 1)/8) + 3.7 (i = 1, · · · , L = 9). (23)

The bifurcation path is shown in Fig. 2. In the training pro-
cess, we set the number of input neurons, hidden neurons
and output neurons to 1, 15, and 1, respectively. The length
of the training data for each value of a was 1000. Figure
3 shows the bifurcation locus. The relation between points
in Fig. 3 are preserved in Fig. 2, so the space of the princi-
pal component coefficients is an approximation to the target
parameter space.

Figures 4 and 5 show, respectively, the original and
reconstructed bifurcation diagrams with Lyapunov expo-
nents. In Fig. 5, the Lyapunov exponent is negative in peri-
odic oscillation regions and is close to zero at the points of
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Figure 6: Original bifurcation diagram with Lyapunov ex-
ponents of the Hénon map.
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Figure 7: Reconstructed bifurcation diagram with Lya-
punov exponents of the Hénon map.

a period-doubling bifurcation. Furthermore, the Lyapunov
exponent in chaotic regions is positive. These results show
that the bifurcation diagram with Lyapunov exponent was
successfully reconstructed because they qualitatively coin-
side.

5.2. Hénon Map

The Hénon map, represented by

x(t + 1) = y(t) + 1 − ax2(t), (24)
y(t + 1) = bx(t), (25)

has two parameters, a and b. However, in this paper we
are considering the reconstruction of only one-parameter
bifurcation diagrams, so b is fixed at 0.3. We generated
time-series data for a 9-tuple of parameters values of a de-
termined by

ai = 0.2 cos (2π(i − 1)/8) + 1.2 (i = 0, · · · , L = 9). (26)

In the training process, we set the number of input neurons,
hidden neurons and output neurons to 2, 10, and 2, respec-

tively. The length of the training data for each value of a
was 1000.

Figures 6 and 7 show, respectively, the original and
reconstructed bifurcation diagrams with Lyapunov expo-
nents. In these figures, the solid and dashed lines show the
first and second Lyapunov exponents, respectively. These
figures show that the bifurcation diagram with Lyapunov
exponent of the Hénon map was also successfully recon-
structed because they qualitatively coinside.

6. Conclusion

In this paper, we have reconstructed bifurcation dia-
grams with Lyapunov exponents for the logistic and Hénon
maps by using an ELM. The results of simulation exper-
iments show successful reconstruction of bifurcation dia-
grams with corresponding Lyapunov exponents.

In future work, we will try to estimate other indices for
chaotic systems through the reconstruction of bifurcation
diagrams from time-series data.
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Abstract—We observe experimentally for the first time,
in a high-dimensional dynamical system experiencing gen-
eralized multistability, the sensitivity of the route to chaos
to the selection of the initial state. This demonstration is
performed using a semiconductor laser subjected to exter-
nal optical feedback from an external mirror for which we
developed an experimental initial-state selection method.
We observe that, as the feedback level is increased, de-
pending on the initial state, chaos develops from a di↵erent
mode of the external-cavity.

1. Introduction

External-cavity semiconductor lasers (ECLs) utilize an
external cavity formed by a mirror to provide time-delayed
optical feedback into the gain region of the laser diode
(LD). ECLs are known to display various dynamical be-
haviors depending on the operating and device parameters.
It is, for example, known that the delayed feedback pro-
duces an infinite-dimensional dynamical system–the infi-
nite dimensions are due to the infinite number of initial
conditions needed to specify the subsequent dynamics of
a di↵erential-delay system–in which hundreds of attractors
or attractor ruins can coexist, leading to a wealth of dynam-
ical regimes of varying complexity [1]. Thus, ECLs have
become a classical paradigm for generating high-speed
(subnanosecond) chaotic fluctuations in high-dimensional
time-delayed dynamical systems [2]. Their highly com-
plex dynamics further make them attractive for applications
as diverse as chaos communications [3] and ultrahigh rate
random-bit generation [4].

Despite years of interest in these systems, experimental
investigations on ECLs have su↵ered from a lack of de-
tailed and systematic experimental knowledge of the vari-
ous dynamical regimes that can be accessed as a function
of the various operating parameters, such as the feedback
strength ⌘, the current I injected into the laser, and the
external-cavity length L, which in turn determines the sys-
tem delay ⌧ = 2L/c with c the speed of light. A standard
tool for analyzing the dynamical regimes of a complex non-
linear system is the bifurcation diagram (BD), which maps
out the dynamical regimes as a parameter of the system is
continuously tuned. The BD is a plot of the histogram of
local extrema of a dynamical quantity as a single parame-

Figure 1: (a) Experimental setup. LD: laser diode, BS:
beam splitter, PD: photodetector, P : polarizer, QWP :
quarter-wave plate, OI : Optical isolator, OSA : Optical
spectrum analyzer. (b) Ellipse structure of fixed points
in the phase-di↵erence-vs.-N plane. Circles represent sta-
ble external-cavity modes; crosses represent unstable anti-
modes. The labels indicate the mode number.

ter of the system is varied; transitions between qualitatively
di↵erent dynamical regimes, known as bifurcations, are ev-
ident in the BD, and the sequence of bifurcations in a sys-
tem that eventually exhibits chaos is known as the route to
chaos.

In this study, we report a clear experimental dependence
on initial conditions of the route to chaos in a distributed
feedback laser (DFB) ECL biased at I⇠ (2�3)Ith in the long-
cavity case, in which, L is chosen such that the relaxation-
oscillation frequency fRO is higher than the external-cavity
free-spectral range f⌧ = ⌧�1. To do so, we select the initial
external cavity mode on which the laser operates at low ⌘
and map out the forward BD.

2. Experimental setup and theoretical background

The experimental setup is shown in Fig. 1(a) and was
described in Ref. [5]. A real-time oscilloscope is used to
capture the time-dependence of the optical output intensity
I(t). We also measure the spectrum of I(t) (RF spectrum)
with a spectrum analyzer and the optical spectrum with a
high-resolution optical spectrum analyzer. In all cases, we
choose L=30 cm, corresponding to ⌧=2 ns, amply satisfy-
ing the long-cavity criterion. The feedback strength ⌘, con-
trolled by the reflection associated with the external cavity
that is allowed to propagate back into the laser, is varied
via the angle of the quarter-wave plate (QWP) in the feed-
back loop. Maximum feedback, corresponding to ⌘= 1, is
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Figure 2: (a) Reverse BD for I = 22.59 mA and L= 30 cm
and (b) the corresponding VLD.

reached when the QWP angle is such that electric field is
not subjected to any rotation. In that case, ⇠20 % of the
optical power is fed back onto the collimating lens.

It is well-known that the delayed optical feedback has
a profound impact on the dynamics of the ECL and that
it leads to the creation of two types of CW modes: po-
tentially stable external-cavity modes ECMs, separated in
frequency by approximately f⌧, and unstable antimodes
[6]. Moreover, according to the widely-used Lang and
Kobayashi model [7], the ECMs and antimodes lie on an
ellipse in the carrier density N versus phase di↵erence
��(t) = �(t) � �(t � ⌧) plane projected from the three-
dimensional phase space (N,I, �), as shown in Fig. 1(b).
Among ECMs, two stand out: the minimum linewidth
mode (MLM) and the maximum gain mode (MGM). The
MGM is the one with the lowest frequency (high-gain end
of the ellipse), and is usually stable [6, 8]. The MLM is the
closest ECM in frequency to the solitary LD mode. The
evolution of the system can be visualized in terms of the
trajectory moving amongst the ECMs and antimodes lying
on this ellipse.

3. Initial-state dependence of the route to chaos

In numerical simulations, one simply chooses initial
conditions and computes from there. In experiment, how-
ever, this can be quite challenging. A typical example of
the reverse BD is shown in Fig. 2(a) and the correspond-
ing VLD is shown in Fig. 2(b). It has been shown [9] that
VLD tracks the changes in the time-averaged N. One ob-
serves two discontinuities in VLD at ⌘ = 0.1 and 0.18 [Fig.
2(b)]. These discontinuties reveal that di↵erent ECMs are
participating in the light emission for regions ↵, �, and �.
As will be discussed later, the discontinuities in VLD can be
correlated with the changes in the optical spectrum, which
evidence first a shift from ECM 2 to 1, followed by a shift
from ECM 1 to 0 as ⌘ is ramped from 0.24 down to 0: Fig.

Figure 3: Forward BDs for several initial conditions for I
= 22.59 mA and L = 30 cm; Initial mode: (a) ECM 0, (b)
ECM 1, and (c) ECM 2.

4(a) corresponds to Fig. 2 ↵ , Fig. 5(a) to Fig. 2 �, and Fig.
6(a) to Fig. 2 �.

Having illustrated the ability to detect the relevant ECM
dominating the emission at low feedback levels, in Fig.
3(a),(b), and (c) we show forward BDs beginning on dif-
ferent ECMs (ECMs 0,1, and 2, respectively). The way we
access di↵erent initial states is by ramping ⌘ down to a low
value and then using this as the initial state from which we
map out the forward BD. Though the lowest ⌘ reached in
the three BDs is di↵erent, the three BDs overlap for ⌘ be-
longing to the interval [0.18,1]. As a result, in this interval,
all the system parameters (including feedback phase) are
identical except for the initial state of the ECL at ⌘= 0.18.
As a result, the three BDs represent three di↵erent routes
to fully developed CC of the same ECL starting from three
di↵erent initial states. The di↵erence [see Fig. 3] among
the three BDs starting from di↵erent ECMs is found to be
significant in the sense that the route to chaos does depend
on the initial state, as will be illustrated below.

Figure 3 (a) shows the forward BD starting from ECM 0,
and Fig. 4 shows the corresponding optical spectrum. It is
clear from the optical spectrum that in region ↵ of Figs. 3(a)
only one ECM (ECM 0) of the solitary laser (MLM) par-
ticipates to the dynamics. As shown in Fig. 3(a), this sta-
ble mode survives over a large feedback interval (⌘<0.24)
and remains in a CW regime. When ⌘ is increased above
that level, the optical spectrum [Fig. 4(b)] reveals that sev-
eral ECMs (-3 to 3) start to participate in the emission. An
analysis of the corresponding I(t) (not shown here), shows
that the dynamical behavior is of a quasi-periodic nature.
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Figure 4: Optical spectrum with the initial condition ECM
0 for (a) ⌘=0, (b) 0.35, (c) 0.39, (d) 0.45, (e) 0.75, and (f)
0.9.

For a further increase in ⌘ (around 0.47), a discontinuity
appears in the BD [region � of Figs. 3(a)] that corresponds
to an abrupt change of the dynamical behavior toward a
limit-cycle oscillation. The optical spectrum [Fig. 4(c)]
shows that the oscillation occurs around ECM 2, and the
frequency of the oscillation 7.5 GHz as it corresponds to
the distance between ECM 2 and its sidebands.

As we further increase ⌘, at ⇠0.5, another limit cycle os-
cillating at fRO⇠7 GHz is observed [region � of Fig. 3(a)].
The optical spectrum of Fig. 4(d) further confirms that the
oscillation is manifested as sidebands at around ±7 GHz
from ECM 2. Interestingly, the dominant mode (ECM 2)
does not change in the transition from region � to � of Fig.
3(a), indicating two di↵erent frequencies at 7.5 GHz and 7
GHz on ECM 2. Previous works [2] show that our obser-
vation of two limit cycles with di↵erent frequencies around
the same ECM is compatible with the LK prediction.

For a further increase in ⌘, at ⇠ 0.6, intermittency be-
tween the dynamical behaviors of regions � and ✏ of Fig.
3(a) is observed.

Region ✏, which corresponds to ⌘& 0.74, displays a pe-
riodic oscillation with a fundamental frequency of ⇠ 3.5
GHz and a harmonic at ⇠ 7 GHz, centered around ECM
-11 [Fig. 4(e)]. The presence of the harmonic indicates that
the 3.5 GHz limit cycle originates probably from a period-
doubling bifurcation of a 7 GHz cycle that must have ex-
isted, at lower ⌘, around ECM-11.

If ⌘ is further increased, the limit-cycle oscillation disap-
pears, giving rise to fully-developed CC, (region �) which
involves multiple ECMs negatively-shifted in frequency
[Fig. 4 (f)].

Figure 3(b) shows the forward BD starting from ECM
1 and Fig. 5 shows the corresponding optical spectrum.
As expected, the ECL initially displays CW behavior [Fig.
5(a)] (region ↵ (⌘ ⇠ 0.22) of Fig. 3(b)] because only one
fixed point (ECM 1) participates in the output. As ⌘ is in-

Figure 5: Optical spectrum with the initial condition ECM
1 for (a) ⌘ = 0.15, (b) 0.24, (c) 0.35, (d) 0.42, (e) 0.47, (f)
0.55, (g) 0.75, and (h) 0.9.

creased above 0.22, it is clearly seen in the BD that the
ECL undergoes a periodic oscillation. This oscillation is
manifested as sidebands ±8 GHz from ECM 1 [Fig. 5 (b)].

With increasing ⌘, additional sidebands near ±f⌧ appear
in the optical spectrum [Fig. 5(c)], revealing the presence of
a second frequency in the dynamics. The undamping of a
second frequency close to f⌧ corresponds to a second Hopf
bifurcation and signals the development, in phase space, of
a torus attractor. Note that both the limit cycle and the torus
result from the destabilization of ECM 1 and are located
around it in phase space [Figs. 5(b),(c)].

For a further increase in ⌘, another limit cycle appears
in the BD. The optical spectrum shows [Fig. 5(d)] that this
cycle is still centered on ECM 1, and has now a frequency
of approximately ±7.5 GHz. One notes that the dominant
ECM 1 does not change in between Figs. 5(b) and (d), thus
providing experimental evidence of the existence, at di↵er-
ent ⌘, around the same ECM, of two periodic solutions with
di↵erent frequencies, 8 GHz and 7.5 GHz, whose separa-
tion is ⇠ f⌧. As ⌘ is further increased, and region ✏ of Fig.
3(b) is reached, a small discontinuity is observed in the BD.
The optical spectrum [Fig. 5(e)] reveals that this disconti-
nuity corresponds to a shift from ECM 1 to 2. The ECL
still oscillates periodically, and the optical spectrum con-
firms that the frequency of the oscillations is still 7.5 GHz.
Increasing ⌘ yet further, another limit cycle at fRO⇠7 GHz
is seen [region � of Figs. 3(b)]. The active ECM 2 does
not change in the transition from region " to � of Fig. 3(b),
indicating again the existence of two di↵erent oscillation
frequencies, 7.5 GHz and 7 GHz, again separated by ⇠ f⌧
around a single ECM.

As ⌘ is increased even further, the scenario is similar to
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Figure 6: Optical spectrum with the initial condition ECM
2 for (a) ⌘= 0.2, (b) 0.3, (c) 0.39, (d) 0.55, (e) 0.7, and (f)
0.9.

the one observed for Fig. 3(a): the trajectory moves toward
negatively-shifted ECMS: first, a period-doubled limit cy-
cle around ECM -11 is observed (region �) and then a
regime of fully-developed CC (region ⌘).

Figure 3(c) shows the forward BD starting from ECM 2
and Fig. 6 the corresponding optical spectrum. In the initial
region ↵ (⌘⇠0.22) of Fig. 3(c), only one fixed point (ECM
2) participates in the output, and the ECL displays a CW
behavior [Fig. 6 (a)]. As ⌘ is increased above 0.22 and re-
gion � is reached, the ECL undergoes a periodic oscillation
[Fig. 6 (b)], manifested as sidebands ±8 GHz from ECM
2. Increasing ⌘, the optical spectrum reveals the existence
of two regions, � and �, corresponding to the appearance
of two other limit cycles, of frequencies ±7.5 GHz [Figs.
6 (c)] and ±7 GHz [Figs. 6 (d)], still centered on ECM 2.
It is noteworthy that the active ECM (2) does not change
between Figs. 6(b),(c), and (d), thus providing evidence of
the existence, at di↵erent ⌘, of three periodic solutions with
di↵erent frequencies, 8 GHz, 7.5 GHz and 7 GHz, whose
separation is ⇠ f⌧. For larger feedback regions, the behavior
of the BD is similar to that of the two previous cases.

4. Conclution

To conclude, we show that the initial conditions chosen
have a profound impact on the route to chaos exhibited by
ECLs otherwise sharing identical parameters. We note in
particular that the qualitative behavior of the route to chaos
changes considerably at small ⌘; however, the chaotic win-
dows in Figs. 3 (a), (b), and (c) are of roughly the same
size and are reached from almost the same ⌘. These obser-
vations can be interpreted by the fact that at moderately low
⌘, various attractors have developed around several ECMS,
but have not yet merged or only a few neighboring attrac-
tors have merged [10]. As as result, the system is an con-

figuration of generalized muntistability in which the ini-
tial state will be crucial in determining the dynamics ex-
perienced by the ECL, confirming the predictions by [6].
For larger ⌘, most attractors have merged and, independent
of the initial state of the BD, the trajectories end being at-
tracted by a group of merged attractor ruins located around
ECMs with a large negative frequency detuning, as is typ-
ical in a regime of fully-developed CC. To the best of our
knowledge, these are also the first experimental observa-
tions of the sensitivity to initial conditions of the BD of a
high-dimensional dynamical system experiencing general-
ized multistability.
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Abstract–The local stability near a equilibrium of a 

viral dynamics with two delays is discussed in the paper. 

Taking one of the two delays as the control parameter, the 

stability is determined by checking the happens of stability 

switch through the critical delays. Numerical simulation is 

given for demonstration. 

  Keywords– two delays, virus,  stability switch 

1. Introduction 

    Infectious disease has always been a killer threatening 

to human’s health. The black death in 1340, the Spanish 

flu in 1918, and cholera in the 19th century all caused a 

death of tens of millions of people. In order to prevent or 

even eliminate these infectious diseases, it is necessary to 

clarify the pathogenesis of these viruses. The 

mathematical modeling of HIV, SARS, HBV and Ebola 

and so on, helps much not only in understanding the 

virus’s evolution and its dynamics mechanism, but also in 

finding possible strategies to prevent the virus’s spread 

and to control progression of disease. Thus, many 

mathematical models have been proposed for studying the 

virus dynamics. One popular model, proposed by Nowak 

and co-authors [1][2][3], is described by the following 

group of differential equations 

         

x a mx xv

y xv dy

v cy bv

       (1) 

where ,  x y denote the uninfected/infected cell 

population respectively, and v  is the virus load, a  is the 

production rate of uninfected cells, and the positive 

numbers m , c and b are the fractional rates at which 

uninfected, infected cells and viral particles die, 

respectively. The problems such as how fast does virus 

reproduce, what kills productively the infected cells, and 

the curative effect of treatment, were discussed. Usually, 

the different kinds of virus co-exist in every organism 

peacefully until the number of some bad virus increases 

to a threshold. That is to say, virus usually has incubation 

period, which can be called delay effect. Thus, it is more 

reasonable to model the virus’s dynamics with delay 

differential equations[4][5]. In [6], for example, two 

delays are introduced into Eq.(1) and the differential 

equations become 

         

1 2( ) ( )

x a mx xv

y xv dy

v cy t bv t

   (2) 

where 1  is the rate of virus produced after the dead of 

infected cell, 2 is the rate of virus eliminated after 

medical treatment (or from accepting medicine to kill 

virus). They are usually inevitable in the process of virus 

spreading. The global and local stability of equilibriums 

are discussed for three cases: 1 2 0   ; 1 20, 0   ; 

 1 20, 0   [6]; but no results are given for the more 

practical case: 1 20, 0   .  This motivates us to study 

the stability of  this case.  

  This paper is organized as follows. Section 2 deals with 

some theoretical results about stability switch of 

dynamics with two delays. In section 3, the numerical 

simulation is demonstrated when reproductive rate 

satisfies 0 1R . Finally, section 4 concludes  this paper..  

2. Stability analysis of the equilibrium  

  For Eq. (2), the virus spreading is measured by effective 

reproductive rate of infected cells, defined by  

0 /R ac bdm  

If 
0 1R , the virus will not spread, Eq. (2) has exactly  

one infection-free equilibrium
0 =( / ,0,0)E a m . When 

0 1R , Eq. (2) has exactly one infection equilibrium 

* * * *( , , )E x y z , where 

* /x bd c  

* ( ) /y a c bdm cd  

* ( ) /z a c bdm bd  

Both equilibriums don’t depend on 1 or 2 . The local 

dynamics near the equilibriums can be analyzed by using 

the method of stability switches in two steps: (i). To find 

the critical delay values at which the characteristic 

function has a pair of conjugate roots on the imaginary 

axis[7]; (ii). To determine the crossing direction of the 

branch of the characteristic root passing through the 

imaginary axis as the delay increases. The first step can 

be carried out in conventional routine, and the second 

step will be conducted by using the theorem proved by 
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Li and Ma[8], with which the crossing direction is 

determined by the sign of the Jacobi determinant of two 

auxiliary functions ( , , )E and ( , , )K  associated 

with the characteristic function with two delays. In case 

of only one delay, if the parameters are independent of 

delay, the crossing direction is determined directly by the 

sign of the derivative of the function ( )F   deduced  by  

Kuang[9], and  if the parameters are dependent of delay, 

the crossing direction is determined by the sign of the 

Jacobi determinant of two auxiliary functions ( , )F    

and ( , )G    defined by Wang [10][11] . 

   For simplicity, let us consider the case 2 12 only. 

This is a possible happen in reality[12], because the time 

of virus eliminated can be longer than virus produced 

when there are no special treatment for the virus. In this 

case, the corresponding characteristic equation reads     

         1 2

0 1 2( )p p p e p e            (3) 

Multiplying the two sides of Eq(3) by 
1exp( )  gives 

          1 1 1

0 1 2( )p e p e p p e         (4) 

Obviously 1( ) 0p e  if and only if ( ) 0p . Let 

i ( 0) , by separating the real and imaginary 

parts of Eq. (4), the following functions give 

0 1 2 1 0 1 1 2

2 2 2 2

0 0 2 2

0 1 2 1 0 1 1 2

2 2 2 2

0 0 2 2

cos( )
( ) ( ) ( ) ( )

sin( )
( ) ( ) ( ) ( )

r r i i i i r r

i r i r

r i r i i r r i

i r i r

p p p p p p p p

p p p p

p p p p p p p p

p p p p

  (5) 

Where 0 1 2, ,r r rp p p are real parts of 0 ( )p i  , 1( )p i  and 

2 ( )p i  respectively; 0

ip , 1

ip and 2

ip are imaginary parts 

of them. Based on trigonometric function,  a function with 

respect  to   can be obtained    

 2 2cos ( ) sin ( ) 1                  (6) 

 If Eq.(6) has the positive root , then  purely imaginary 

roots of  Eq.(3) exist, so stability switch may occur. 

According to the sign of sin( )  and cos( ) , the 

critical delays are expressed by 

 
*

2 arctan
sin 0 cos 0

2 arctan
sin 0 cos 0

2 2 arctan
sin 0 cos 0

2 arctan
sin 0 cos 0

k

k

k

k

，

，

，

，

    (7) 

for    and 0,1,2,k . By following the method 

in [7],  the two auxiliary functions are of the form 

  0 2 0 2 1

0 2 0 2 1

( , ) ( )cos ( )sin

( , ) ( )cos ( )sin

r r i i r

i i r r i

K p p p p p

E p p p p p
 (8) 

Then the direction of the characteristic root crossing 

through the imaginary axis is determined by  

   d
sgn Re( ) sgn

d
i

E E

K K

    (9) 

If the sign is positive (negative), then the crossing 

direction is from the left-half (right-half) complex plane to 

the right-half (left-half) complex plane, and one pair of 

conjugate characteristic roots with positive real part is 

increased (decreased) as the delay increases and passes 

through a critical value.  

3.Numerical simulation  

Let 100, 0.2, 0.1, 3, 0.3a m d b ,  and 

0.2c [6]，then effective reproductive rate of virus 

0 / 1R ac bdm , and the virus system has a non-zero 

equilibrium 
* * * *( , , )E x y z  with

* *22.5, 32.58x y  

and
* 21.72z .When 

1 2 0   , the characteristic 

function is  a polynomial and there is three roots with 

negative real part, so the equilibrium is locally 

asymptotically stable.  

3.1 1 20, 0  

This is the case when the virus can be eliminated 

effectively and quickly. Then the characteristic function is  

     1

1 10 11( )p p p e          (10) 

for 
3 2

10 7.74 15.7 4p  

11 (0.9 0.09)p  

Let ( 0)i , then separating the real and 

imaginary parts of Eq.(10), the equation with respect to 

   from  Eq.(6) gives 
8 6 4 20.81 23.37 145.7 14.41 0.13=0  

The above equation doesn't have the positive real root. So 

stability switch doesn’t occur and the equilibrium keeps 

stable. Pathologically, 2 0  implies that the virus can 

be eliminated immediately once the virus was produced, 

the virus won't cause a wild spread, so the system keeps 

stable.  

3.2
1 20, 0  

    In this case, the characteristic function is of the form 

2

2 20 21( )p p p e          (11) 

where 
3 2

20 7.44 +12.4 0.09p  

2

21 0.3 2.33 4p  

Based on Eq.(6), the equation gives 
10 8 6 4 259.23 +1207 9808 26800 2844  
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 The only positive real root is 
1 0.3198,so the 

corresponding critical delay can be simulated  

*

1

2 arctan 28.89
4.804,24.45,

0.3198
k

k  

The auxiliary function ( )F [9] can be shown 

 6 4 2( ) 30.46 153.3 16F          (12)              

The crossing direction  of the characteristic root can be 

judged by the sign of the derivative of the auxiliary 

function ( )F  

1

d d
sgn Re( ) =sgn 1

d d
i

F
 

 

 

 

 

 

 

             

                 

 

Figure1  The phase diagram when 
1 20, 4.7  

  This implies the crossing direction is always from the 

left-half complex plane to the right-half complex plane, 

and one pair of conjugate characteristic roots with positive 

real part is increased as the delay increases and passes 

through a critical value. Then, stability switch does occur 

as the delay pass through the first critical value 4.804 , 

and the number of characteristic roots with positive real 

parts in 
1,0 1,1 1,1 1,2 1,2 1,3( , ),( , ), ( , ),        are  2,4,6,  

respectively. The equilibrium is asymptotically stable if 

and only if 
1,00     .Then the stability switch doesn't 

occur any more and the system keeps unstable after 
10

 

(Figure2). 

 

   

 

 

 

 

 

 

                  

Figure2  The time history of v when 
1 20, 4.9  

 3.3 When  
2 12 , the characteristic function becomes 

                 1 12

3 30 31 32( )p p p e p e     (13) 

where 

3 2

30 7.444 +13.33p  

31 0.9 0.09p  

2

32 0.3 2.333 4p  

     Let i ( 0) ,the equation about   gives 

12 10 8 6 4 257.33 1171 9980 29715 5604 255.9  

The  equation  has  two  positive   real  roots
2 0.2940 , 

3 0.3064. So stability switch may occur, the critical 

delays 
*

2  and 
*

3  satisfy respectively 

* 2 2
2 2

2 2

sin( ) 0.7325
tan( ) 1.069

cos( ) 0.6850
 

* 3 3
3 3

3 3

sin( ) 0.6858
tan( ) 0.9343

cos( ) 0.7340
 

They follow that  

*

2

2 + +arctan1.069
13.47,34.84,56.21,77.58

0.2940
k

k  

*

3

2 +arctan 0.9343
2.451,22.96,45.30,66.67

0.3064
k

k  

Then the two groups of critical delays satisfy 

3, 2, 3, 1k k k
 

for 1,2, 10k , and 

2,10 3,11 3,12 2,11
 

The two auxiliary functions are of the form 
2 3

3 2

( , ) (4 7.74 )cos ( 11.1 )sin 0.09

( , ) (15.6 )cos (7.14 4)sin 0.9

K

E

 

So the crossing direction is determined by 

2

d
sgn Re( ) sgn( 185.7) 1

d
i

 

3

d
sgn Re( ) sgn(189.0) 1

d
i

 

 

Figure3  The phase diagram 
1 2.3   

It implies the first stability switch occurs as the delay 

increases and pass through  
3,0  ,  and the system keeps 

unstable till the second stability switch occurs when the 

delay pass through 
2,0 , then the system keep stable till 
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the stability switch occurs next time. Finally, stability 

switches don’t occur any more after the delay pass 

through  
3,11

 , so the dynamics keeps  unstable  after  
3,11

.  

 Then the stable intervals  are  
3,0 2,0 3,1 2,1(0, ) ( , ) ( ,      

3,2 2,10 3,11) ( , )   , unstable intervals  are
3,0 2,0( , )   

3,1 2,1 3,10 2,10 3,11( , ) ( , ) ( , )      .In fact, if the rate 

of virus eliminated is lower than that of virus produced, 

the disease is out of control. It is verified in Figure3-5, the 

original value is (23,33,22) , the time span is from 0 to 

1000. 

 
Figure4  The time history of y  when 

1 2.5   

 
Figure5  The phase diagram 

1 2.5   

4. Conclusion 

  The rate of virus produced after the dead of infected cell 

and the rate of virus eliminated after medical treatment (or 

from accepting medicine to kill virus) are two delays 

discussed in the paper. They play an important role in the 

stability of the viral dynamic system. With the increase of   

one of two delays from zero to infinity, the viral system 

undergoing a number of stability switches indicates the 

virus complex and uncontrolled, then the system keeps 

and it must be unstable ultimately.  
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Abstract– NIRS (Near infra-red spectroscopy) is a
spectroscopic device with which brain activity can be
measured non-invasively and low restrictedly. However,
the obtained data are easily contaminated with noise. In
addition, NIRS data, in principle, contain two unknown
constants, therefore, the analysis of NIRS data is not well
established. In this study recurrence plots are adopted to
visualize task period in NIRS data. In addition, we
examined the difference of brain activity between task
period and non-task period using recurrence plots. As a
result, it is shown that recurrence plots can visualize a task
period in noisy NIRS data. Moreover, it was found that
there are statistical differences in recurrence plots between
task period and non-task period. The proposed method is
robust to noisy NIRS data, hence it is suggested that
recurrence plots contribute to the better practical use of
NIRS.

1. Introduction

NIRS (Near infrared spectroscopy) is a device with
which activation of the cortical surface can be measured.
Using with different wavelengths of near infra-red light,
absorbing ratio of the light can be measured [1].
Measurement with NIRS is non-invasively and low
constrainedly, so subject can be patient.

2. NIRS

2.1. NIRS data

When neurons of the cortical surface activate, they
require oxygen sufficiently much. Oxygen is transported
in brain vessels, combined with oxygen-transporting
protein which is called hemoglobin. As a result, the
oxygenated hemoglobin concentration increases on the
cortical surface. These changes gains the absorption of
near infra-red light that is emitted from the extra cranial
light source. With different wavelengths of near infra-red
light, the relative oxygenated hemoglobin concentration
changes can be calculated [2]. The formula of NIRS data
is described below.

In principle, NIRS data contain two unknown constants.
One is baseline B, which is the initial state of
measurement. The other is optical path factor (OPF).
NIRS data can be described as follows.

y(t) = B + OPF*x(t) + noise, (1)

where x(t) is a time series of hemoglobin concentration
changes from baseline and y(t) is time series obtained with
NIRS.

Neurons in the brain are activated even in a steady state
so initial value of NIRS data is indeterminate. In addition,
OPFs are different in measuring points, wavelengths of
near infra-red light and subjects. That’s why the analysis
of NIRS data is not well established yet.

Two examples of NIRS data is shown in Fig. 1. In this
measurement, the task is performed five times (20-40sec,
80-100sec, 140-160sec, 200-220sec, 260-280sec). It is
difficult to estimate the task period from time series at a
glance.

2.2. Model-based Analysis

Despite of many advantages in NIRS measure-ments,
however, data analysis obtained by NIRS is not well
established.

In the earlier researches with NIRS data analysis,
subtraction between task period and non-task period was
used. This method can extract the difference between
those periods, but it still contains OPFs, so data measured
in different points cannot be compared directly with each
other [1].

Followed by subtraction, model-based analysis was
reported. One of the major researches is about
hemodynamic reactive function (HRF) [3]. This method
depends on HRF (such as Gaussian and derivative family)
and sometimes useful for static measurement (e.g. visual
perception or cognitive tasks). However, it stands on the
hypothesis that the error term obeys normal distribution.

In this study, we embedded NIRS data into high
dimensional space and depicted the recurrence plots in
reconstructed space.

3. Recurrence Plots

3.1. Embedding into high dimensional space

To extract the structure of time series, embedding in
high dimensional space is done.
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In this study, time delay τ is defined as the smallest
positive integer that gives the minimal mutual information.
Embedding dimension d is defined with a false nearest
neighbor (FNN, threshold is 15).

3.2. Recurrence Plots

Recurrence plots are one of the powerful methods for
characterizing time series [4] [5] [6], which enable us to
extract the hidden structure of attractor embedded in high
dimensional space.

Recurrence plots are primarily defined as a binary
matrix of which all the elements are classified under the
threshold. In broader definition, recurrence plots include a
distance matrix whose elements consist of the distance
among elements in the reconstructed space.

In this study, we adopted recurrence plots as distance
matrix for the purpose of clinical use including BCI (brain
computer interface), because recurrence plots as distance
matrix are sometimes used in clinical research [7] [8].

4. Experimental Design

4.1. Subjects and Methods

Twenty-two healthy subjects participated in the
experiment. They were all right-handed and were asked to
grasp their hands during task period. One session
consisted of three periods, pre-task period (20 sec), task
period (20 sec) and post-task period (20 sec). Each
measurement consists of five repetitive sessions. It is well
known that left primary motor cortex (M1) activates in
grasping [9], thus measuring point of NIRS was located
corresponding to left M1 in each subject.

All the measurements were done with OMM-3000
(Shimadzu Corp., sampling rate 130ms) in accordance
with the tenets of the Declaration of Helsinki and under
the approval of the Ethics Committee of Tokyo Denki
University. After the explanation of the nature and
possible consequences of the study, written informed
consent was obtained from all subjects.

4.2. Analysis of NIRS data

After acquiring raw NIRS data, we embedded them in a
high dimensional space. On the other hand, we performed
signal averaging over raw data, and calculated time delay
τ and embedding dimension d for signal averaging data.
Recurrence plots were depicted to visualize the hidden
structure among three periods.

Furthermore, to validate the difference among three
periods, histograms were constructed from signal
averaging data. Then the average, median, mode (position
of bin), AUC (area under the curve), skewness and
kurtosis were calculated in three periods.
.
5. Results

5.1. Embedding into high dimensional space

Raw NIRS data were embedded into high dimensional
space. The averaged results of time delay and embedding
dimension were τ = 2.1 ± 1.0 and d = 5.6 ± 0.6.

5.2. Signal averaging

Signal-averaged NIRS data were embedded into
reconstructed space. The averaged results of time delay
and embedding dimension were τ = 2.1 ± 1.0 and d = 4.3
± 0.5. We checked recurrence plots in the reconstructed
space. The results of characteristic subjects (#3 and #4)
are shown in Fig. 2, which visualize the difference
between the task period and the non-task period.
Compared with Fig. 1, these results indicate better
visualization of the task period.

5.3. Histogram

To validate the difference between task period and non-
task period, we extracted the recurrence plots of each
period, and constructed the histograms (the total number
of bins is 40).

At first, maximum of each histogram was calculated. It
was found that the maximum ranged widely (from .0240
to 0.568), therefore, with the aim of normalization, we
divided individual recurrence plots’ data with their
maximum and treated the statistics. The results are shown
in Table 1.

Secondly, to extract the difference among periods, we
performed one-sided t-tests under the significance α = .05.
The results are shown in Table 2.

Between pre-task period and task period, there found
the difference significantly. It was found that the average,
median, AUC (area under the curve) and the number of
bin which gives the mode were significantly larger in task
period than in pre-task period, and that the skewness was
significantly smaller in the period than in pre-task period.
There found no difference significantly in the kurtosis
between these two periods.

Surprisingly, there found no significant difference in
the statistics listed above both between task period and
post-task period, and between pre-task period and post-
task period.

6. Discussions

6.1. Main idea of the study

In previous study, the embedding of NIRS data in high
dimensional space has been reported [10] [11].
However, the research about recurrence plots based on the
reconstructed attractor has not been reported yet.

6.2. Theoretical background
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NIRS data contains two unknown constants, the baseline
and the optical path factor (OPF). In this study, effect of a
baseline is cancelled by calculating recurrence plots. In
addition, by standardization, the effect of OPFs was
removed. This standardization enables us to compare the
data not only within a subject but also among subjects.

Aside from the baseline and the optical path factor, the
data obtained with NIRS is easily contaminated by noise.
Above all, physiological noise (such as heartbeat,
pulsation and respiration), scalp blood flow and motion
artifact are the representative ones. However, these
physiological noise are regular, so they are expected to
appear as a regular striped patterns in the recurrence plots.
Scalp blood flow can be treated as constant [12], so it does
not affect recurrence plots. Furthermore, the examiner
checked postures of the subjects during measurements, so
motion artifact does not do much harm the obtained data
(sampling rate 130ms).

6.3. Recurrence plots as a result

Recurrence plots allow us to estimate the difference not
only within a period but also between two or more periods.
In Fig. 1, NIRS data obtained from characteristic subjects
(#3 and #4) does not seem to have the structure in their
time series, although, in Fig. 2, their recurrence plots has
their own texture. In subject #3, the texture seems to be
rather smooth, but it differs within each period. On the
contrary, in subject #4, it is easy to see the different
contrast between task period and non-task period. The
former indicates the difference in intra-period structure,
and the latter indicates the difference in inter-period
structure, especially the difference in amplitude between
periods.

6.4. Histograms of recurrence plots

It was shown that there is no significant difference in
kurtosis among three periods (one-way ANOVA, F = 3.14,
d = (2, 63), p = 0.61). In this study, all the calculation
were done with MATLAB2014, in which kurtosis of
normal distribution is defined as three. Therefore it is
suggested that, in each period, the histogram obeys the
normalized-like distribution, and that, in accordance with
periods, the distribution shifts horizontally and changes
mesoscopically.

There found a significant difference in the average
(<.01), median (<.01), number of bin that gives mode
(<.05), AUC (<.05) and skewness (<.05) between pre-task
period and task period. The reasons are as follows. The
brain activates with fluctuation even in a steady state [12].
On the contrary, the motor task such as grasping is the
collection of wired control of muscles, so the fluctuation
in the task period is greater than that in pre-task period.
Therefore, the average, median, the number of bin that
gives the mode, and AUC are larger in task period than
pre-task period.

The skewness in histogram is significantly smaller in
task period than in pre-task period. This is because
fluctuations of the data in task period are larger than those
in pre-task period because of the motor control, and the
range of data in task period spreads wide horizontally.

There are no significant difference both between pre-
task period and post-task period, and between task period
and post-task period in the statistics examined above. The
reason why no difference exists in both pairs is that
hemodynamic response fades out and go back to the
steady state in at most ten seconds after neuronal
activation quits.

6.5. For further study

Measurement with NIRS is excellent in versatility. If the
analysis method is getting better, the application of NIRS
will spread widely. Our proposed method is useful for
noisy NIRS data, especially for the out-put type brain
computer interface (BCI).

7. Conclusion

To visualize the task period in noisy NIRS data, we
performed an embedding into high dimensional space and
reconstructed the attractor. Then we depicted recurrence
plots and found that task periods could be visualized in
recurrence plots. Furthermore, there found the significant
difference between task periods and non-task periods with
testing histograms based on the recurrence plots. The
proposed method is robust to noisy NIRS data, so
recurrence plots is powerful tool for visualizing task
periods in noisy NIRS data.
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Fig. 1. Examples of NIRS data. Horizontal axis indicates time and vertical axis indicates oxygenated hemoglobin (Hb)
concentration changes in arbitrary unit (a.u.). Black bold lines in the figures indicate the task periods. It is difficult to
estimate the task period from time series at a glance. Upper row: subject #3, lower row: subject #4.

Fig. 2. Recurrence plots of signal averaging in representative subjects. Black lines along with each axis indicate task
period. Left (subject #3): Recurrence plots seems to be smooth but the textures differs from task period (bold line
square) and pre-task periods (dotted line square). Right (subject #4): Contrast in recurrence plots is obvious.

Table 1 Statistical results with elements in recurrence plots after standardization. Kurtosis of normal distribution is three
in MATLAB 2014, and there is no difference among periods (one-way ANOVA, F = 3.14, d = (2, 63), p = 0.61).

Average Median Skewness Kurtosis AUC Mode
mean std mean std mean std mean std mean std mean std

pre-task 0.31 0.07 0.30 0.07 0.34 0.18 3.18 0.36 6749.6 1635.7 11.9 3.1
task 0.33 0.06 0.32 0.06 0.34 0.22 3.09 0.22 7198.1 1275.7 12.6 3.1
post-task 0.33 0.06 0.32 0.06 0.39 0.24 3.14 0.30 7119.3 1196.3 12.5 2.9

Table 2 Post hoc paired t-tests of each period (α=.05). There is no significant difference between task period and post-
task period, and pre-task period and post-task period.

Mean Median Skewness AUC Mode
t p t p t p t p t p

pre<task 2.56 <.01 2.41 <.01 -0.48 <.05 2.17 <.05 1.73 <.05
task<post 0.05 n.s. -0.12 n.s. 1.03 n.s. -0.29 n.s. -0.23 n.s.
pre<post 1.57 n.s. 1.31 n.s. 0.74 n.s. 1.22 n.s. 0.89 n.s.
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Abstract—In most of the conventional image retrieval
systems, the Euclidean distance is used in order to com-
pare image features. However, in the Euclidean distance, 1
(which means the feature is included) and 0 (which means
the feature is not included) are treated equally. In this pa-
per, we propose a similarity-based image retrieval by self-
organizing map with refractoriness using new distance be-
tween images features. We carried out a series of com-
puter experiments and confirmed the effectiveness of the
proposed system.

1. Introduction

Recently, some similarity-based image retrieval systems
which make use of the flexible information processing abil-
ity of artificial neural networks have been proposed[1]-[7].
Most of these systems use the Euclidean distance in order
to compare image features. However, in the Euclidean dis-
tance, 1 (which means the feature is included) and 0 (which
means the feature is not included) are treated equally.

In this paper, we propose a similarity-based image re-
trieval by self-organizing map with refractoriness using
new distance between images features.

2. Image Features

Color, color and size of artifacts, shape (dis-
tance from circumcircle)[8], SIFT (Scale-Invariant Fea-
ture Transform)[9], HOG (Histograms of Oriented
Gradients)[10], spectrum, LBP (Local Binary Pattern)[11]
and keywords are used as image features.

2.1. Color

Each image is divided into some regions by the K-means
algorithm[12]. Then, normalized average x, y and z coor-
dinates in the HSV color space on each region are trained
in the self-organizing map, and they are used as image fea-
ture. Here, two self-organizing maps for natural objects
and artifacts are used. In the proposed system, the features
on color are calculated per nine areas.

The feature vector on the color of the natural objects at
the area s in the image p, xN(p,s) is given by

xN(p,s)
i = g

∑
l∈CN

s

xN(p,s,l)
i

 (1)

g(u) =
{ 1 (u > 0)

0 (u = 0) (2)

where CN
s is the set of the regions which belong to the area

s for the natural objects, xN(p,s,l)
i is the output of the neuron

i in the self-organizing map which learns the color of the
natural objects when the color information at the region l
which belongs to the area s in the image p is given.

The feature vector on the color of the artifacts at the area
s in the image p, xA(p,s) is given by

xA(p,s)
i = g

∑
l∈CA

s

xA(p,s,l)
i

 (3)

where CA
s is the set of the regions which belong to the area

s for the artifacts, xA(p,s,l)
i is the output of the neuron i in the

self-organizing map which learns the color of the artifacts
when the color information at the region l which belongs to
the area s in the image p is given.

2.2. Color and Size of Artifacts

The feature vector on color of artifacts xA2(p) is calcu-
lated by

xA2(p)
i =

∑
l∈CA

xA(p,l)
i rA(p,l) (4)

where CA is the set of artifact areas, xA(p,l)
i is the output of

the neuron i of the self-organizing map which learns the
color of the artifacts when the color information at the re-
gion l which belongs to the area s in the image p is given,
rA(p,l) is the rate in the whole artifacts areas of the area l of
the image p.

The feature on size of artifacts xA3(p) is calculated by
xA3(p) =

∑
l∈CA

S (p,l)/
∑

l

S (p,l) (5)

where S (p,l) is the number of pixels of the region l of the
image p.

2.3. Shape (Distance from Circumcircle)

As the method to describe the shape, we use the distance
between the point on the circumcircle and the edge of the
object [8]. In this method, first, the center of the object is
found by the moments, and the circumcircle centering on
the point is drawn. Then the distance from the point on the
circumference to the edge of the object toward the center is
calculated.
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2.4. SIFT (Scale-Invariant Feature Transform)

SIFT is an algorithm to detect and describe local features
in images. The feature vector on SIFT is generated based
on the idea of the Bag-of-Features[13].

2.5. HOG (Histograms of Oriented Gradients)

HOG is feature descriptors which is used for object de-
tection. The feature vector on HOG is generated based on
the idea of the Bag-of-Features as similar as the feature
vector on SIFT.

2.6. Spectrum

An image spectrum is used as one of image features.
Here, the calculated spectrum is divided into Nk×N l areas,
and binarized average spectrum in each area is used.

2.7. LBP (Local Binary Pattern)

LBP is the texture features which uses patterns that
shows the magnitude relation of local brightness in an im-
age. In this system, normalized histogram of LBP is used
as one of image features.

2.8. Keywords

Keywords such as sky, cloud also can be used as the
query.

3. Similarity-based Image Retrieval using Self-
Organizing Map with Refractoriness

3.1. Structure

The proposed image retrieval system is based on the self-
organizing map with refractoriness[2] and it has two layers;
(1) Input Layer and (2) Map Layer. The neurons in the
Input Layer receives the feature vector of key image(s) and
the neurons in the Map Layer whose connection weights
are similar to the input feature vector fires. In the proposed
system, each neuron in the Map Layer corresponds to one
of the stored images.

3.2. Learning Process

In the learning process of the proposed system, image
features of the images to be stored are trained in the self-
organizing map with refractoriness.
Step 1 : Extraction of Artifacts

In Step 1, the original image is divided into some regions
by the K-means algorithm, and whether or not artifacts are
included is judged for each divided area.
Step 2 : Generation of Feature Vectors

In Step 2, the image features are extracted from the im-
ages to be stored, and the feature vectors are generated.
Step 3 : Learning of Self-Organizing Map with

Refractoriness

In Step 3, the feature vectors generated in Step 2 are
trained in the self-organizing map with refractoriness.

3.3. Image Retrieval Process

In the proposed system, the following five search
requests are considered as similar as the conventional
system[7], and the feature vector is generated for the key
image based on the search request which is selected by a
user.

(1) Retrieval of images which are similar to key image

(2) Retrieval of images which are similar to a part of key
image

(3) Retrieval of images which have similar feature of
same positions

(4) Retrieval of images which have similar features to
common features in plural key images

(5) Retrieval of images which include similar artifacts in
different position

(1) Generation of Feature Vector

The feature vector is generated for the key image(s)
based on the search request which is selected by a user.

If Search Request 3 is selected, the feature vector on
color information of natural objects is given by

xN(p,s)
i =



−1 (if all regions in area s
are outside the selected
part by users)

g

∑
l∈CN

s

xN(p,s,l)
i

 (otherwise)

(6)

where CN
s is the set of the regions which belong to the area

s for the natural objects, xN(p,s,l)
i is the output of the neuron

i in the self-organizing map which learns the color of the
natural objects when the color information at the region l
which belongs to the area s in the image p is given. In
the proposed system, if all regions in area s are outside
the selected part by users are set to −1. In the same way,
the feature vector for the color information of artifacts is
generated. And, spectrum and LBP are not used.

If Search Request 4 is selected, the feature vector is gen-
erated from the plural key images. In the proposed sys-
tem, first, the feature vector for each key image x(p)(p =
1, · · · ,Nkey) is generated. Here, Nkey is the number of key
images. Then, the feature vector for the plural key images
x is generated from x(p) as follows:

xi =

 x(p)
i

Nkey−1∑
p=1

Nkey∑
q=p+1

|x(p)
i − x(q)

i | = 0


−1 (otherwise) .

(7)

As shown in Eq.(7), the proposed system uses only the
common features in all key images.
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(2) Image Retrieval

The image retrieval process of the proposed system has
four steps.

Step 1 : Input of Feature Vector
Image features of the key image(s) are given to the Input

Layer.

Step 2 : Calculation of Internal States of Neurons in
Map Layer

When the image feature of the key image(s) is given to
the Input Layer, the internal state of the neuron i of the
module y in the Map Layer at the time t, uy

i (t) is calculated
by

uy
i (t) =

∑
f∈CF

S f (wy
i , x)

F′
− α

t−1∑
d=0

kd
r xMAP

i ((t − 1) − d) (8)

where F
′

is the number of image features which are used
in the retrieval process, CF is the set of features which are
used in the retrieval process, α is the scaling factor, kr is the
damping factor, and xMAP(y)

i (t) is the output of the neuron i
of the module y in the Map Layer at the time t. S f (wy

i , x) is
the similarity the weight vector of the neuron i of the mod-
ule y in the Map Layer wy

i and the input x, and is defined
by

S f (wy
i , x)

=



2NC1
f (wy

i , x) + kw(NC2
f (wy

i , x) + NC3
f (wy

i , x))

Nw
f (wy

i ) + Nk
f (x)

( f = 11)
2NC1

f (wy
i , x)

Nw
f (wy

i ) + Nk
f (x)

(otherwise)

(9)

where f (= 1, . . . , F) is an image feature (1 : color (natural
objects), 2 : color (artifacts), 3 : color ratio of artifacts, 4 :
size of artifacts, 5 : shape (distance from circumcircle), 6 :
SIFT, 7 : HOG, 8 : spectrum (natural objects), 9 : spectrum
(artifacts) 10 : LBP, 11 : keywords).

In Eq.(9), Nw
f (wy

i ) is the number of elements whose value
are 1 corresponding to the image feature f in the weight
vector wy

i , and it is given by

Nw
f (wy

i ) =
∑

j:x j∈C f

wy
i j. (10)

Nk
f (x) is the number of elements whose value are 1 corre-

sponding to the image feature f in the feature vector x, and
it is given by

Nk
f (x) =

∑
j:x j∈C f andx j,−1

x j. (11)

NC1
f (wy

i , x) is the number of elements whose value are 1
corresponding to the image feature f in the weight vector
wy

i and the feature vector x, and it is given by

NC1
f (wy

i , x) =
∑

j:x j∈C f andx j,−1

wy
i jx j. (12)

Step 3 : Calculation of Outputs of Neurons in Map
Layer

Table 1: Precision, Recall and F-measure (without Key-
words).

Precision Recall F-measure
Search Conventional 0.981 0.467 0.633

Request 1 Proposed 0.942 0.645 0.766
Search Conventional 0.819 0.554 0.658

Request 2 Proposed 0.693 0.800 0.743
Search Conventional 0.795 0.627 0.701

Request 3 Proposed 0.847 0.721 0.779
Search Conventional 0.764 0.477 0.587

Request 4 Proposed 0.799 0.820 0.809
Search Conventional 0.953 0.461 0.622

Request 5 Proposed 0.966 0.783 0.865

Table 2: Precision, Recall and F-measure (with Key-
words).

Precision Recall F-measure
Search Conventional 0.992 0.824 0.900

Request 1 Proposed 0.960 0.855 0.904
Search Conventional 0.908 0.840 0.873

Request 2 Proposed 0.818 0.856 0.837
Search Conventional 0.884 0.775 0.826

Request 3 Proposed 0.877 0.885 0.881
Search Conventional 0.994 0.955 0.974

Request 4 Proposed 0.980 0.981 0.980
Search Conventional 0.968 0.835 0.897

Request 5 Proposed 0.981 0.826 0.897

The output of the neuron i of the module y in the Map
Layer at the time t, xMAP(y)

i (t) is calculated by

xMAP(y)
i (t) =

{
1 (i = c(y) and uy

i (t) > θs1 and S y(i)
min > θs2)

0 (otherwise)
(13)

where θs1 is the threshold for the internal state of the neu-
ron, and θs2 is the threshold for the similarity of each fea-
ture. S y(i)

min is given by
S y(i)

min = min
f

(wy
i , x). (14)

In the proposed system, each stored image corresponds
to a neuron in the Map Layer. So, the images corresponding
to the fired neurons in the Map Layer are output.
Step 4 : Repeat

Steps 2 and 3 are repeated.

4. Computer Experiment Results

Tables 1 and 2 show the precision, the recall and F-
measure of the proposed system and the conventional
system[7] which stores 550 images. Figure 1 shows the re-
trieval results of the proposed system and the conventional
system[7] which stores 550 images. From these results, we
confirmed that similar images can be searched with the pro-
posed system more correctly than the conventional system.

5. Conclusions

In this paper, we have proposed the similarity-based im-
age retrieval by self-organizing map with refractoriness us-

- 710 -



→

(a) Search Request 1 (Proposed System)

→

(b) Search Request 1 (Conventional System[7])

→

(c) Search Request 2 (Proposed System)

→

(d) Search Request 2 (Conventional System[7])

→

(e) Search Request 3 (Proposed System)

→

(f) Search Request 3 (Conventional System[7])

+ →

(g) Search Request 4 (Proposed System)

+ →

(h) Search Request 4 (Conventional System[7])

→

(i) Search Request 5 (Proposed System)

→

(j) Search Request 5 (Conventional System[7])

Figure 1: Retrieval Results.

ing new distance between images features. We carried out a
series of computer experiments and confirmed that images
can be searched with the proposed system more correctly
than the conventional system.
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Abstract—Waggle dance is a behavior performed by
honeybee workers for sharing information of feeding
sources among other workers. It is important to analyze the
occurrence timing and spatial distributions of dances in or-
der to illustrate how workers communicate with each other.
This paper proposes a scheme for automatically detection
of workers undergoing waggle dance from a sequence of
images. The performance of the proposed scheme is inves-
tigated through the experiments of detecting workers from
sets of images obtained by video camera.

1. Introduction

Waggle dance is a well-known behavior performed by
honeybee workers (Apis mellifera) [1]. This behavior is
used for transmitting the information, concerning the direc-
tion and distance to a feeding source, to the other workers
in their hive, so this is regarded as a kind of “language” [2].
It is important to analyze the timing and distribution for the
occurrence of waggle dances, in order to reveal the effects
of waggle dances to the collective behaviors of workers.

Traditionally, the analysis is conducted based on the
manual extractions from the sequence images taken by
video cameras. This tends to be time-consuming task, so
automated schemes for detection of waggle dance should
be desirable. There are few attempts to detect the work-
ers undergoing their waggle dances from a sequence of the
images, but several schemes have been proposed to track
and to analyze the trajectories of honeybees [3, 4]. These
approaches are effective for extracting and tracking a small
number of honeybees each of which can be separated, but
are not suitable for crowded group of honeybees. An-
other approach for detecting workers from crowded group
of workers has been proposed [5]. This scheme finds par-
ticular patterns occurred by waggle dance from so-called
cross-sectional images. It can detect workers with their
dance behavior effectively, however, it takes much com-
putational time to produce cross-sectional images from
spatio-temporal images obtained by a video camera. A
scheme with lower computational cost is necessary to con-
struct a detector for continuous monitoring of honeybee
colonies.

This paper proposes an automated scheme for detecting
workers in waggle dance behaviors from groups of work-
ers. Space-time correlations for image patches, proposed in
[6], are produced as a matrix containing differential vectors
on each of patches divided from an input image, then detec-
tion of behaviors by honeybees is judged by an eigenvalue
of the matrix. A computational cost for this correlation is
very small, and honeybees’ behaviors including their wag-
gle dances, can be represented by this correlation. The per-
formance of the proposed scheme is explored by using the
actual image sequences of honeybees, from the viewpoints
of detection accuracy, sensitivity, and computational cost.

2. Preliminaries

2.1. Materials

Figure 1 shows a trajectory of the worker performing
a waggle dance. A waggle dance consists of two perfor-
mances: first a worker goes forward with shaking its body
(waggle phase), and after that, this worker turns their di-
rection and circles back to the staring point (return phase).
The direction of turning switches on the return phase, to the
left or to the right, thus the trajectory by a worker becomes
the shape like figure-eight. The angle and distance showing
in this dance corresponds to the distance and direction to a
feeding source (see Fig. 2).

These behaviors are captured by a video camera (see
Fig. 3 for the capturing environment), and then obtained
as a set of image sequences with time.

2.2. Calculation for space-time correlation

In this section, we recapitulate the correlation between
two space-time patterns proposed in [6]. This correla-
tion uses gradients of pixel intensity for patches of space
with time, called ST-patches. A ST-patch is typically small
enough, e.g., a small patch consists of 7 pixels width, 7
pixels height and 3 frames, so that it can contain only a sin-
gle uniform motion. Behavioral property for this patch is
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Figure 1: A trajectory of worker in waggle dance.

Figure 2: Information indicated by waggle dance.

evaluated by composing the following matrix M:

M =


∑

P2
x

∑
PxPy

∑
PxPt∑

PyPx
∑

P2
y

∑
PyPt∑

PtPx
∑

PtPy
∑

P2
t

 , (1)

where Px, Py, Pt are gradients for a pixel in an ST-patch
for horizontal, vertical, and time directions, respectively.
Summation for each component is conducted for all pix-
els for a patch. The matrix M represents a space-time
property for a patch, and the submatrix of M represents
a space(appearance) property:

M� =

[ ∑
P2

x
∑

PxPy∑
PyPx

∑
P2

y

]
. (2)

Remaining elements (elements with the third row and the
third column) represents a time(motion) property.

Motions in a patch can be evaluated by calculating ranks
and eigenvalues of these matrices. Single/multiple motions
is discriminated by ∆rr defined as:

∆rr = rank(M) − rank(M�), (3)

where ∆rr = 0 and ∆rr = 1 are respectively single motion
and multiple motion detected in a patch. When two patches
are used for evaluation, ∆rr = 0 and ∆rr = 1 correspond to
consistent and inconsistent to each other, respectively.

Figure 3: A view for experiment.

The measurement ∆rr can only evaluate whether the mo-
tion in a patch is complex or not, and the degree of mo-
tion complexity (or consistency) cannot be evaluated. Con-
sistency of motions in a patch can be calculated by using
eigenvalues of matrices. Let λ1 ≥ λ2 ≥ λ3 be eigenvalues
for matrix M and let λ�1 ≥ λ

�
2 be eigenvalues for matrix M�.

Continuous rank-increase measure ∆rc is defined as

∆rc =
λ2 · λ3

λ�1 · λ
�
2
. (4)

This measure takes 0 ≤ ∆rc ≤ 1. ∆rc = 0 corresponds
that the rank does not increase, i.e. ∆rr = 0. In this case,
there is little motion in a patch. ∆rc = 1 corresponds that
the rank clearly increases, i.e. ∆rr = 1. Complex motions
contains in a patch for this case.

2.3. Scheme for detecting waggle dance

We have preliminarily conducted experiments for calcu-
lating ∆rc with respect to various space-time segments of
honeybee images. From the experimental result, it is found
that relatively higher ∆rc can be obtained for the segments
where a honeybee worker is in its waggle phase. This
can be achieved by high frequencies of pixel values for a
worker which is moving forward with shaking its body.

A scheme for detecting honeybees with their waggle
dance is described as follows. A sequence of image frames
that is obtained by a video camera is prepared, in which an
image frame consists of W pixels width and H pixels height
and the video camera captures F frames per second. Thus,
when an image sequence is assumed to be l seconds long,
the number of images is lF.

Each of image frames is subdivided into a set of w(� W)
pixels width and h(� H) pixels height, each of subimages
does not overlap each other. By collecting a stack of subim-
ages from t subsequent time frames at the same position,
correlation matrices and their measures can be calculated
by Eqs.(1)–(4). If a measure ∆rc exceeds to a threshold
value, we regard a honeybee in this subimage as being in
the waggle phase of waggle dances.
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3. Experimental results

This section describes experimental results for the space-
time correlation-based scheme applying to sets of image
sequences obtained by a video camera. Three sets of se-
quences, called Image-A, Image-B, and Image-C, are used.
These have 512 pixels width, 384 pixels height, and 32 sec-
onds long with 30 frames per second (960 frames in total).
An ST-patch used in experiments have 30 pixels width and
30 pixels height, which corresponds to the size of a honey-
bee in the image. The period of duration for a patch is set
to 20 frames so that waggle phase of a honeybee contains
in a duration. A threshold value of ∆rc for detecting a wag-
gle phase in an ST-patch is set to 0.9, which is determined
from the preliminary experiments. If ∆rc for an ST-patch
exceeds to this value, this patch could contain a dancing
honeybee with its waggle phase.

Figures 4(a), 4(b), and 4(c) illustrate examples of detec-
tions for waggle phase in the images, where red rectangles
in the images represent patches containing honeybees in
their waggle phase. The judgment for their correctness is
evaluated manually, and in these cases, there are honeybees
in their waggle phase in these red rectangles. Though the
images are not clearly obtained due to low illumination (for
not affecting honeybees’ activities), the presented scheme
can detect waggle phase.

More quantitative evaluations are performed for these
image sequences with compared to the previous scheme
in [5]. Let Nans be the number of waggle phases in a set
of image sequence that are manually measured. Let Ndet

be the number of patches detected as honeybees being in
their waggle phase by the presented (or previous) scheme,
and let Ncor be the number of patches that are correctly de-
tected. From these numbers, sensitivity (rS ) and accuracy
(rA) indices are defined as

rS [%] =
Ncor

Nans
× 100, (5)

rA[%] =
Ncor

Ndet
× 100. (6)

Tables 1, 2, and 3 show the performances of the pre-
sented and previous schemes for three image sets, where
‘time’ denotes the computational time for processing a set
of image sequences by a personal computer (CPU:Corei7,
3.40GHz, memory:8GB). The detecting performance for
these schemes are similar to each other, but the computa-
tional costs for processing by the presented scheme is much
less than those by the previous scheme, as shown in these
tables. This can be achieved by requiring a small number
of image sequences for calculating correlations by the pre-
sented scheme.

4. Conclusion

This paper presents and explores detections of honey-
bees in their waggle dance (waggle phase) from a set of im-

Table 1: Detection performance for the Image-A
Presented scheme Previous scheme

Nans 30 30
Ndet 44 46
Ncor 28 27

rS [%] 93.3 90
rA [%] 63.6 58.7

time [sec] 102.2 283.2

Table 2: Detection performance for the Image-B
Presented scheme Previous scheme

Nans 34 34
Ndet 46 40
Ncor 32 33

rS [%] 94.1 97.1
rA [%] 69.6 82.5

time [sec] 99.3 276.3

Table 3: Detection performance for the Image-C
Presented scheme Previous scheme

Nans 29 29
Ndet 45 57
Ncor 25 26

rS [%] 86.2 89.7
rA [%] 55.5 45.6

time [sec] 95.4 280.0

age sequences. The presented scheme makes matrices with
correlations for small patches of images, and its changes
are described by eigenvalues of these matrices. The per-
formances are evaluated by three sets of image sequences
obtained by a video camera. The presented scheme and
the previously proposed scheme based on making sectional
images have similar performance with respect to accuracy
and sensitivity for their detections, but the computational
cost by the presented scheme is much lower than by the
previous scheme. The presented scheme sometimes makes
misdetection of honeybees in shaking their bodies without
their waggle phase and in suddenly showing their bodies
from a crowd of honeybees. This is due to the use of single
measure (∆rc) to judge whether the motion in a patch is in
waggle dance.

For our future work, it is necessary to improve the accu-
racy for detections. It can be achieved by the combination
of obtaining properties for patches and machine learning,
such as support vector machine, for the discrimination of
behaviors in high-dimensional vector space spanned by the
obtained properties. Parameter dependencies for the pre-
sented scheme, such as a threshold value for the detection,
should also be explored. Another challenge for the pre-
sented scheme is to demonstrate the effectiveness of this
scheme with comparisons to other detection schemes, such
as the scheme presented in [7], from the viewpoints of de-
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(a) (b) (c)

Figure 4: Examples of detection for honeybees’ waggle phase

tection accuracy and computational cost.
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Abstract—Making a design of experiments is very im-

portant especially in considering multivariate analyses for

ultra large scale systems. It is because that it is too hard

to obtain whole or enough analysis data from such systems

which have exponentially large parameter space. Thus, a

design of experiments which makes it possible to analyze

such systems is required. In this paper, a novel framework

to dynamically obtain appropriate analysis data sets is pro-

posed. In the framework, an evolutionary algorithm (EA)

works so as to optimize analysis results. The results are ob-

tained by analyzing a part of whole data sets. Such sub data

set is treated as individuals of EAs. Numerical experiments

are performed to make sure that the proposed framework is

available to generate appropriate analysis data sets.

1. Introduction

There are many ways to optimize and analyze unknown

systems even if the problems are NP–hard. In a context of

optimization, for example, evolutionary computations get

much attentions because the algorithms are able to mini-

mize or maximize the system outputs and we usually can

obtain enough better solutions without evaluating whole

system outputs. On the other hand, in a context of anal-

ysis, we still have many trial and errors to obtain an insight

about the systems. Via analyzing systems, we usually try

to find three things, how many factors and what factors are

in the system and how the factors affect the system outputs.

To achieve to gets such insights, we have to obtain enough

data sets of system inputs and outputs. And the number of

data sets easily get larger as the number of system model

parameters are increasing. Nowadays, we believe that such

data is called big data even if the data sets are obtained by

numerical experiments using computers.

It may be possible to analyze ultra large systems with

fewer number of system input–output sets only when a de-

gree of freedom of analysis models is less than or equal to

the number of factors n. The ideas have been studied in

space modeling. For example, in finding brain areas pre-

dictive about brain states based on fMRI data, billions of

neural activity are described by several factors[2]. Thus,

it is required to estimate the number of factors and what

factors are from such big data.

The goal of this study is to develop a design of exper-

iments to estimate factors of systems with fewer number

of analysis data sets obtained by executing numerical sim-

ulations about the systems. A typical design of experi-

ments, for example, is analysis of variance to find factors of

systems[1]. Applying analysis of variance to data sets, we

can estimate factors though candidates of factors are given

before analyzing the data sets. Additionally, using orthog-

onal arrays makes it is possible to reduce the number of

experiments O(n) from O(nn). However, n as the number

of candidates of factors is still large in considering ultra

large scale systems .

In this paper, an analysis that simulation results are clas-

sified into two classes. In the analysis, data sets are de-

scribed by a system input as real numbers vector and a sys-

tem output as classes. The number of factors is given before

analyzing but what factors are is going to be estimated. The

patten classifier as the analysis learns a training data sets

as system outputs. Then, a novel framework as a design

of experiments works to obtain appropriate sub data sets.

In the framework, evolutionary computation techniques are

applied to dynamically obtain such sub data sets. So, the

proposed framework is called Evolutionary Design of Ex-

periments in sort EDoEs here. The availability of proposed

framework is discussed via several numerical experiments.

2. Definition of Evolutionary Design of Experiments

In this section, a definition of EDoEs is described. In

EDoEs, there are three components, Simulator, Analyzer

and Evolutionary algorithm (in short EA). Simulator is

given but is treated as an non–linear function. There are

several kinds of Analyzer as multi–variable analyses, e.g.

regression analysis, analysis of variance, machine learning,

data mining and so on. Analyzer has common features to

estimate the number of factors and estimate how factors af-

fect the perspectives. EA optimizes the result of Analyzer

for the output data sets of Simulator. For example, in con-

sidering neural network (in short NN) as an Analyzer learn-

ing classification of simulation outputs, a fitness function

is defined as the rate of classification.

There are two goals of EDoEs, one is to obtain fewer

appropriate data sets and another is to optimize results of

analyses. In other words, enough data sets can be obtained

but whole data sets can not be obtained. To obtain such

data set, there are following steps in EDoEs. In the first

step, initial simulation parameters are generated at random.

In the second step, Simulator makes the simulation outputs.

In the third step, the result of an Analyzer is obtained. In

2015 International Symposium on Nonlinear Theory and its Applications
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the forth step, a new set of simulation parameters are gen-

erated by EA. After the forth step, steps from the second to

the forth are repeated by conditions about the result of the

Analyzer are satisfied.

3. Numerical Experiment

In this section, numerical experiments are shown to esti-

mate availability of EDoEs. Results of NN as an Analyzer

using data sets obtained by EDoEs are compared with data

sets which are generated randomly or uniformly. In the

following paragraphs, Simulator, Analyzer and EA in nu-

merical experiments are defined.

3.1. Definition of Simulator

A function FS(·) as Simulation is defined by

FS(x) =















label1 (x ∈ S)

label2 (x < S)
(1)

where x is a real vector ([x1, x2, . . . , xd, . . . , xD]T ) and S is

a sub set of RD. Then, S is defined in table 1.

Table 1: A list of Simulator. Names of Simulator and re-

gion of S are shown. a, b, c and d are constant values.
Test name S

XOR XOR(
∑

x2d−1 > 0,
∑

x2d > 0)

SingleRectangle a < xd < b

DoubleRectangle OR(a < xd < b, c < x′
d
< d) s.t. b < c

HyperCone
∑

ad xd < b and xd > c

3.2. Definition of NN as an Analyzer

An usage to classify data set into several groups by using

NN is popular in the field of machine learning. NN can lean

patterns from a training data set and classify new inputs.

Applying a state of the art NN in EDoEs may be success-

ful, but studies to improve EDoEs is beyond the goal of this

paper which makes sure the availability of EDoEs. There-

fore, a single-hidden-layer NN introduced by Venables et.

al.[3] is applied as Analyzer here.

An example of patten classification using NN for XOR.

Here, the number of training data is one hundred or more

but the number of factors n is equal to two. An input x1 =

−2 and x2 = 2 is classified to label2. A comparison training

data set is obtained at random from uniform distribution

(U[−3, 3]) and another training data set is distributed in a

uniform grid pattern. (See figure 1.) Nodes in NN is defined

as a sigmoid function and NN outputs a scalar value 0 <

yi < 1 with an input x. label1 is associated with output y is

larger than 0.5 and label2 is associated with y is less than

0.5. Both the number of nodes in a middle hidden layer (Ni)

and network weights are tuned by R package “caret”[4].

It means that the number of Ni may be different in each

training data set.

Figure 1: Examples of pattern classification learning for

XOR test function. label1 is described as a mark of rect-

angle and label2 is described as a mark of circle. Level

curves of NN as a probability density function are drown.

In the left figure, a pattern classifier for grid pattern data

points is shown and in the right figure, a pattern classifier

for random pattern data points is shown.
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3.3. Definition of EA

EA works so as to optimize the results of Analyzer in the

proposed framework. It means that EA finds candidates of

training data set so as NN can learn appropriate patterns.

Here it is assumed that EA keeps balance between find-

ing borders between labels and covering parameter space

widely. Actually the result of NN shown in the left of figure

2 seems better than the result via randomly sampled train-

ing data sets. But NN can not classify correctly in some

areas far from the border. It is because that training data

is only concentrated nearby the border. On the other hand,

the result shown in the right of figure 2 seems not worse

than the grid pattern even if the number of training data is

less than the grid pattern. Thus, EA should find training

data set not only around the border but also covering result

space widely.

Figure 2: Results of pattern classification for XOR test

function with fewer data points. The left figure shows the

results of NN with data points nearby borders. And the

right figure shows that results of NN with data points not

only nearby borders and also a few additional points far

from border. The result in the right figure is better than the

left.
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In considering to find new candidates of training data,

it is required to mainly search around borders and also to
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obtain widely distributed data points for each label. Thus,

from the context of genetic algorithm (GA), methods of

crossover with selection and mutation are employed to gen-

erate a new set of candidates from evaluated training data

sets. The crossover tries to find new training data so as to

obtain data which are placed near by borders. The selection

tries to select better candidates from found training data

sets via crossover. The mutation tries to find new training

data so as to obtain data which are placed far from borders.

To generate training data points around borders (it calls

border points), a data sampling method inspired from

crossover in GA is proposed. In considering border points

are distributed between a label1 point and a label2 point.

So, a new candidate of border points is generated by a fol-

lowing equation.

|xnew − xlabel1| = |xnew − xlabel2| (2)

where xnew is a new candidate of border points, xlabel1 is

a randomly selected point from training data points which

belong to S test and xlabel2 is a randomly selected point from

training data points which do not belong to S test.

To obtain better border points, the selection inspired

from natural selection in genetic algorithm is applied. In

genetic algorithm, each individual is evaluated by an eval-

uation function. So, an evaluation function to find such

training points is defined as following equations.

Maximize f itness (3)

f itness = |0.5 − FNN(x)|, (0 < FNN(x) < 1)

where x is a new data point and FNN(x) is estimated prob-

ability density function as NN. In the evaluation function,

data points which are placed in borders estimated by NN

can get larger f itness. Generated border points are selected

based on fitness. Here, a selection randomly selected from

top 50% generated points is applied.

To generate training data points far fromborder points,

a sampling method inspired from mutation in GA is pro-

posed. a new candidate of training data is randomly sam-

pled from U[−3, 3].

Processes to obtain a training data set by using EA is

shown in following steps.

• Initial training data points are generated.

• NN learns whole generated data points.

• Additional data sets are found by EA.

– New candidates of data sets are generated via

crossover and mutation.

– Generated data sets are evaluated by the evalua-

tion function.

– Output N data points randomly selected from top

of 50% points based on fitness.

• The additional points generated by EA are added into

training data set.

• The above three steps are repeated until termination.

4. Numerical Experiments

In this section, numerical experiments are shown in order

to make suer that the proposed framework is available to

generate appropriate training data sets with fewer number

of data points. Common settings for numerical experiments

are defined as the following table.

Table 2: A list of Simulator: names of Simulator and re-

gions S are shown.
settings 2 dim.

# of final training data points (Nmax) 100

# of EA iteration 10

# of generated data points by EA (N) 10

crossover sampling border points

crossover rate (Nc) 8 over N

mutation sampling from U[-3, 3]

mutation rate (Nm) 2 over N

Fig. 3 shows examples of the data points in final iteration

each test, XOR(top left), SingleRectangle(top right), Dou-

bleRectangle(bottom left) and HyperCone(bottom right)

respectively. It seems that training data concentrates

around the border points in each S . Fig. 4 shows ex-

amples of pattern classification from randomly sampled

data points for each test, XOR(top left), SingleRectan-

gle(top right), DoubleRectangle(bottom left) and Hyper-

Cone(bottom right) respectively. Fig.5 shows iteration–

Figure 3: Results of pattern classification via proposed

framework for each test, XOR(top left), SingleRectan-

gle(top right), DoubleRectangle(bottom left) and Hyper-

Cone(bottom right) in final iteration.
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rate plots of NN for each test, XOR(top left), SingleRect-

angle(top right), DoubleRectangle(bottom left) and Hyper-

Cone(bottom right). Solid five lines represent transition of
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Figure 4: Results of pattern classification from ran-

domly sampled training data, XOR(top left), SingleRect-

angle(top right), DoubleRectangle(bottom left) and Hyper-

Cone(bottom right) in final iteration.
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the rates of answered correctly in proposed method. On

the other hand, dashed five lines represent transition of the

rates of answered correctly in sampling randomly from U[-

3, 3]. Rates of NN answered correctly increase as the num-

ber of training get large.

Figure 5: Plots of iteration–rate of NN for each test,

XOR(top left), SingleRectangle(top right), DoubleRectan-

gle(bottom left) and HyperCone(bottom right) in final it-

eration. Five solid lines represent the rate transitions with

training data obtained by proposed method and five dashed

lines represents the rate transition with randomly sampled

data.

5. Discussion

It seems that training data obtained by EDoEs concen-

trates around the border between labels in each test. So

EDoEs can keep balance between finding border points and

finding widely spreading points. This may implies that it

is possible to obtain a enough number of boder points via

EDoEs in high dimensional problem.

The rates of answered correctly via EDoEs are not differ-

ent from via randomly sampled data. This is because that

the number of dimension of parameter space is only two.

It seems that we may find differences in high dimension

parameter spaces.

6. Conclusion

In this paper, a novel framework to dynamically obtain

an appropriate analysis data sets via numerical simulations.

The proposed framework is defined by three components

Simulator as a no linear function, Analyzer as a multivari-

ate analysis and EA as design of experiments to optimize

the result of the Analyzer. In order to make sure the avail-

ability of the proposed framework, numerical experiments

are performed. From the results of experiments, it is shown

that it is possible to obtain some appropriate data sets by

using the proposed framework.

Making sure that availability of the proposed framework

for high dimensional Simulator will be expected. Moreover

The NN which is used in the experiments is a general neural

network. Applying online learning[5] as an Analyzer and

effective training data generation in EA are under consider-

ation to reduce the calculation cost to obtain training data

set.
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Abstract—PSO network is the method of dividing pop-

ulation of PSO into multiple sub-swarm groups, and each

sub-swarm group is connected based on network structure.

In PSO network, the parameters which characterize net-

work structure affect the search performances significantly.

However, such an effect has not been investigated. In this

paper, the deterministic PSO network with deterministic

couplings is proposed. The proposed model does not have

stochastic dynamics and has only deterministic dynamics.

We investigate the characteristic of the D-PSON-D and per-

form the numerical experiments. We then clarify the suit-

able parameters for the network structure.

1. Introduction

Recently, various systems become large and complicated

with developing technology. So, it is difficult to search op-

timum statements of the systems that satisfy constrained

conditions within realistic time. Meta-heuristics which

attract many researchers can search the acceptable solu-

tions within realistic time. Particle Swarm Optimization

(PSO)[1],[2] is one of the powerful meta-heuristics.

PSO has a lot of superior characteristics, such as low

computational cost, little number of parameters, fast con-

vergence characteristic and easy implementation, com-

pared with other meta-heuristics. PSO is based on social

behavior as a stylized representation of the movement of

organisms such as a bird flock or fish school. These crea-

tures determine the direction of movement by using their

velocity information, position information, and direction

of the swarm. In PSO, the particles corresponding to these

creatures move to the direction to desired solutions in the

search space.

Because particles share the best information in the

swarm, if the best information is updated by a local min-

imum, all particles can move to and converge to the local

minimum. Various method to improve the weak point have

been proposed. In network structure PSO (NPSO)[3], each

particle shares the information between neighbor particles.

Then, it is able to avoid propagating the best information si-

multaneously and trapping into local minimum. The algo-

rithms based on such a network topology between particles

have been proposed actively[3]∼[7]. Multi swarm methods

have also been proposed[8]∼[10].

In our previous work, we proposed PSO networks with

deterministic couplings (PSON-D)[10]. In PSON-D, the

population is divided into multiple sub-swarm groups. The

multiple sub-swarm groups are connected to each other for

purpose of communication. Each sub-swarm group con-

nects to the other sub-swarm groups based on network

structure. When the best information is updated in one

of sub-swarm groups, the interprocess communication oc-

curs between only connected sub-swarm groups. Even

if one of the sub-swarm groups traps into a local mini-

mum, the sub-swarm group can escape from the local min-

imum by the interprocess communication with neighbor

sub-swarm groups. In PSON-D, network topology between

sub-swarm groups and between particles affect the search

performances. However, a investigation of these has not

been performed sufficiently so far.

In this paper, we investigate the search performances of

PSON-D. In order to elucidate the influence of the net-

work topology, we propose the deterministic PSON-D (D-

PSON-D). D-PSON-D is evaluated in the numerical simu-

lations.

2. PSO networks with deterministic couplings (PSON-

D)

In this section, the PSO networks with deterministic cou-

plings (PSON-D) are explained. Figure 1 shows the exam-

ple of PSON-D. In this figure, four sub-swarm groups are

connected to two neighbor sub-swarm groups and six parti-

cles in each group are connected to two neighbor particles.

In PSO, ith particle only shares the information between

neighbor particles. The number of neighbor particles with

which each particle shares the information is characterized

as the Degree In the Group (DIG). In PSON-D, each sub-

swarm group shares the information between neighbor sub-

swarm groups. The number of neighbor sub-swarm groups

with which each group can communicate to each other is

characterized as the Degree Between the Groups (DBG).

In PSON-D, the velocity of each particle is updated by

using the personal best solution (pbest), the best solution

(lbest) between the neighbor particles and the best solution

(glbest) between the neighbor sub-swarm groups. The ve-

locity and position are updated by following equations.

vt+1
i = wvt

i + c1r1(pbestt
i − xt

i) + c2r2(lbestt
i − xt

i)

+c3r3(glbestt
g(i) − xt

i) (1)

xt+1
i = xt

i + vt+1
i (2)

where xt
i
and xt+1

i
denote the current and next position vec-

tors of the ith particle, vt
i

and vt+1
i

denote the current and

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015

- 720 -



swarm-SubParticle

g(i)glbest

jlbest

Figure 1: Example of PSON-D

next velocity vectors of the ith particle, and t denotes the

search iteration. w is an inertia coefficient. c1, c2 and c3

are acceleration coefficients, and r1, r2 and r3 are uniform

random numbers from 0 to 1. g(i) denotes the index of the

sub-swarm group to which the ith particle belongs. When

the best “lbest” is updated in g(i)th sub-swarm group,

g(i)th sub-swarm communicates to the neighbor sub-swarm

groups and updates “glbestg(i)” by receiving “lbests” of

connected sub-swarm groups. In PSON-D, even if one

sub-swarm group traps into local minimum, the sub-swarm

group can escape from the local minimum by the effect of

“glbestg(i)”.

The algorithm of PSON-D is described by the following

procedures.

Step:1 Let t = 0. For all i, the vectors v0
i

and x0
i

are ini-

tialized at random. Then, the best solutions “pbest0
i ”

is decided.

Step:2 For all i, the ith particle updates “lbestt
i”.

Step:3 If the best “lbestt
i” is updated, the g(i)th sub-

swarm group communicates to the neighbor sub-

swarm groups and updates “glbestt
g(i)”

Step:4 For all i, the vectors vt
i
and xt

i
are updated by Eq.(1)

and (2).

Step:5 For all i, fitness of the ith particle are evaluated

by the objective function and ith particle updates

“pbestt
i”.

Step:6 Let t = t+ 1. Step 2 to 5 are repeated until t = tmax.

3. Deterministic PSON-D (D-PSON-D)

The search performances of PSO are affected by iner-

tia coefficient, acceleration coefficients and DIG. In addi-

tion to these parameters, in PSON-D, DBG also affects the

search performances. In order to analyze the search perfor-

mances of PSON-D, it is necessary to investigate the effects

of DIG and DBG. Since PSO uses random numbers, PSO

can be regarded as a stochastic system. These random fac-

tors influence the diversity of search. DIG and DBG also

influence the diversity of search. In order to investigate the

effects of DIG and DBG, we propose Deterministic PSON-

D (D-PSON-D) in which the random factors are removed

from PSON-D. That is, we apply PSON-D to the ideas of

deterministic PSOs[11],[12]. We investigate the search per-

formances by using the D-PSON-D.

In PSON-D, the random factors are uniform random

numbers from 0 to 1. The effect that the random factors

give acceleration coefficients can be regarded as average

0.5. Then, in D-PSON-D, the random factors are fixed to

0.5. Hence, Eq. (1) can be transformed to Eq. (3)

vt+1
i = wvt

i + 0.5c1(pbestt
i − xt

i) + 0.5c2(lbestt
i − xt

i)

+0.5c3(glbestt
g(i) − xt

i) (3)

Let gt
i
be the balance point of pbest, lbest and glbest.

gt
i =

c1pbestt
i + c2lbestt

i + c3glbestt
g(i)

c1 + c2 + c3

(4)

And, let φ be sum of all acceleration coefficients.

φ = c1 + c2 + c3 (5)

Using these, Eq. (3) can be transformed to Eq. (6).

vt+1
i = wvt

i + 0.5φ(gt
i − xt

i) (6)

We define yt
i
= xt

i
− gt

i
. Then, Eqs. (2) and (6) become the

following equations.

vt+1
i = wvt

i − 0.5φyt
i (7)

yt+1
i = wvt

i + (1 − 0.5φ)yt
i (8)

If v∞
i
= 0, particles converge to a target point g∞

i
. Other-

wise, particles diverge or oscillate.

Eqs. (7) and (8) can be transformed to matrix expression.
[

vt+1
i

yt+1
i

]

=

[

w −0.5φ

w 1 − 0.5φ

] [

vt
i

yt
i

]

= A

[

vt
i

yt
i

]

(9)

From Eq. (9), D-PSON-D can be regarded as a discrete

system. In order for D-PSON-D to become asymptotic sta-

bility, eigenvalues which satisfy |λE − A| = 0 need to be

inside of the unit circle in the complex plane. Eigenvalues

of matrix A are given by Eq. (10).

λ =
(w + 1 − 0.5φ) ±

√

(0.5φ − 1 − w)2 − 4w

2
(10)

Therefore, the conditions of asymptotic stability of D-

PSON-D are given by Eqs. (11) and (12).

0 < φ < 4w + 4 (11)

0 ≤ w < 1 (12)
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Table 1: Benchmark Functions
Function Name Range

Rastrigin′s f1(x) = 10D +

D
∑

i=1

(x2
i − 10cos(2πxi)) [−5.12, 5.12]

Rosenbrock′s f2(x) =

D−1
∑

i=1

(

100(xi+1 − x2
i ) + (1 − xi)

2
)

[−2.048, 2.048]

Table 2: The ratio of acceleration coefficients
No. c1 c2 c3

1 1 1/4 3/4

2 1 1/2 1/2

3 1 3/4 1/4

4 1/4 1 3/4

5 1/2 1 1/2

6 3/4 1 1/4

7 1/4 3/4 1

8 1/2 1/2 1

9 3/4 1/4 1

4. Numerical Experiment

In order to confirm the effect of each parameter, the nu-

merical experiments are performed. The parameters of ac-

celeration coefficients, DIG and DBG in D-PSON-D are

varied. Then, the search performances of D-PSON-D are

investigated.

4.1. Simulation Settings

Two benchmark functions with D = 10 shown in Table

1 are used in the experiments. In Table 1, f1 is multimodal

functions with numerous local minimum. f2 is unimodal

functions. The optimum solution of f1 is x = (0, 0, · · · , 0)

and that of f2 is x = (1, 1, · · · , 1). In each function, the

evaluation value of the optimum solution is “0”.

The total number of particles is “40”. Two variations of

groups are performed in the experiments. First, the number

of groups is “5” and the number of particles is “8”. Second,

the number of groups is “10” and the number of particles is

“4”.

4.2. Numerical experiment

The parameters of acceleration coefficients, DIG and

DBG are varied. It is known that “w = 0.729” and

“c1 = c2 = 1.49445” are good parameters to search

solutions[2]. Then, in the experiments, w is fixed to

“0.729” and the sum of acceleration coefficients are fixed

to “1.49445 + 1.49445 = 2.9889”. Also, based on the con-

ditions (11) and (12), in the D-PSON-D, one acceleration

coefficient is fixed to “1.49445” and the sum of the others

are fixed to “1.49445”. Table 2 shows the parameter sets for

the acceleration coefficients used in the experiments, where

each value is represented by the ratio to the parameter value

“1.49445”.

Table 3: The parameters of DBG and DIG

DBG DIG

5 groups 10 groups 8 particles 4 particles

1,2,4 1,2,4,9 1,2,4,7 1,2,3

Table 3 shows the parameters of DBG in each group and

DIG in each particle. The experiments are performed for

all combinations of these parameters shown in Tables 2 and

3.

Table 4 shows the experimental results of Rastrigin′s.

Table 5 shows the experimental results of Rosenbrock′s.

In Tables 4 and 5, “Average” represents the best results

in the combinations of DBG and DIG. “S mall” means

ring topology. In the case of “S mall”, a information can

be propagated slowly. “Big” means star topology or near

star topology in which a particle or sub-swarm group con-

nects more than 40% of the whole particles or sub-swarm

groups. In the case of “Big”, a information can be propa-

gated quickly. “Middle” means the intermediate topology

between “S mall” and “Big”.

Tables 4 and 5 show DIG from “S mall” to “Middle”

makes good search performances. By smaller DIG, the

ith particle propagates own information to few neighbors.

Then, the best information is propagated to all particles

slowly. Hence, each particle can search solution space

more diverse and find good solution, although convergence

speed is slow. While, larger DBG makes good search per-

formances. When the jth sub-swarm group traps into a lo-

cal minimum, the best solution information which is bet-

ter than “glbest j” is needed. Communicating with many

sub-swarm groups can increase the probability of updat-

ing “glbest”. Even if a sub-swarm group traps into a lo-

cal minimum, the sub-swarm group can escape from the

local minimum by communicating with many sub-swarm

groups. Moreover, these results show that trends of DBG

and DIG do not almost depend on acceleration coefficients.

It can be said that “S mall” and “Middle” DIG and “Big”

DBG can lead good search performances to PSON.

5. Conclusion

This paper has investigated the effect of parameters such

as acceleration coefficients, DIG and DBG in PSON-D. In

order to confirm the effect of these parameters, we have

proposed Deterministic PSON-D (D-PSON-D). The vari-

ous parameters are varied. Then, search performances of

D-PSON-D are evaluated. The simulation results show

that larger DBG and relatively smaller DIG can lead good

search performances. Moreover, the trends of DBG and

DIG do not almost depend on acceleration coefficients.

Future problems are followings: (1) D-PSON-D is ap-

plied to various benchmark functions, and (2) D-PSON-D

is compared with PSON-D which includes random factors.
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Table 4: The results for Rastrigin′s

5 groups and 8 particles
DBG DIG C1 C2 C3 Average

Big S mall 1/4 1 3/4 1.83E + 001

Big S mall 1/4 3/4 1 1.97E+001

Big S mall 1/2 1 1/2 2.18E+001

Big S mall 1 1/4 3/4 2.72E+001

Big Middle 1/2 1/2 1 2.28E+001

Big Middle 3/4 1/4 1 2.65E+001

Big Middle 1 1/2 1/2 2.89E+001

Big Middle 1 3/4 1/4 3.12E+001

Big Middle 3/4 1 1/4 3.84E+001

10 groups and 4 particles
DBG DIG C1 C2 C3 Average

Big S mall 1/4 3/4 1 1.99E + 001

Big S mall 1/4 1 3/4 2.19E+001

Big S mall 1/2 1/2 1 2.31E+001

Big S mall 1/2 1 1/2 2.87E+001

Big S mall 1 1/4 3/4 2.94E+001

Big S mall 1 1/2 1/2 3.20E+001

Big S mall 3/4 1 1/4 3.53E+001

Big S mall 1 3/4 1/4 3.87E+001

Big Middle 3/4 1/4 1 2.55E+001

Table 5: The results for Rosenbrock′s

5 groups and 8 particles
DBG DIG C1 C2 C3 Average

Big S mall 3/4 1 1/4 5.05E + 000

Big S mall 1/2 1 1/2 5.06E+000

Big S mall 1/4 1 3/4 6.51E+000

Big S mall 1 1/2 1/2 8.60E+000

Big Middle 1 3/4 1/4 5.43E+000

Big Middle 1/4 3/4 1 9.59E+000

Big Middle 1 1/4 3/4 1.69E+001

Big Big 1/2 1/2 1 1.58E+001

Big Big 3/4 1/4 1 2.03E+001

10 groups and 4 particles
DBG DIG C1 C2 C3 Average

Big S mall 1/2 1 1/2 4.41E + 000

Big S mall 1 3/4 1/4 4.42E+000

Big S mall 3/4 1 1/4 4.84E+000

Big S mall 1/4 1 3/4 5.95E+000

Big S mall 1 1/2 1/2 8.26E+000

Big S mall 1/4 3/4 1 8.79E+000

Big S mall 1/2 1/2 1 1.23E+001

Big Middle 1 1/4 3/4 1.47E+001

Big Middle 3/4 1/4 1 1.89E+001
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Abstract—Recently, many researchers paid attention to
the studies of meta-heuristics for the continuous value op-
timization problems. Especially, Artificial Bee Colony al-
gorithm ( abbr. ABC ), Differential Evolution ( abbr. DE ),
and Particle Swarm Optimization ( abbr. PSO ) are applied
various optimization problems widely. In general, such
meta-heuristics can obtain good solutions of multi-modal
functions rapidly. However, solution search performance
becomes worse in the case of non-separable functions. In
this article, we focus on PSO to search an optimum solu-
tion of non-separable functions. We clarify the cause of the
degradation of the search performance. Based on the above
consideration, we propose a Norm linked PSO which so-
lution search performance is robust for the dependencies
among each design variable. We confirm the search perfor-
mance of the norm linked PSO by numerical simulations.

1. Introduction

Optimization problems are important issue in various
fields. In this paper, we consider a single object con-
tinuous value optimization problem. The purpose of this
problem is finding an optimal design variable vector x =
[x1, . . . , xD]⊤ ∈ RD that gives a minimum value of the ob-
jective function f (x). Many evolutionary algorithms ( abbr.
EAs) have been proposed to solve the problems[1]. For ex-
ample,, Artifitial Bee Colony algorithm ( abbr. ABC )[2],
Differential Evolution ( abbr. DE )[3], and Particle Swarm
Optimization ( abbr. PSO )[4] are applied to various opti-
mization problems widely.

In this article, we discuss the affect on the solution search
performance when each design variable is non-separable.
Based on the numerical simulation results of ABC, DE, and
PSO, we investigate the effect of the non-separable design
variables.

In Section 2, we introduce ABC, DE, and PSO. In Sec-
tion 3, we clarify the relationship between the effect of the
search performance and the strength of the dependencies
among each design variable. In Section 4, we propose
a norm linked PSO which solution search performance is
robust for the dependencies among each design variable.
The solution search performance is confirmed by numeri-
cal simulations. Finally, we will summarize the article in
Section 5.

2. ABC, DE and PSO algorithm

2.1. Artifitial Bee Colony

ABC is an optimization method that is based on the for-
aging behavior by stoked the bee. The swarm of bees con-
sists of employed bees, onlooker bees, and scout bees. The
employed bees and the onlooker bees generate a trial solu-
tion vi,t as the following equation.

vi j,t =

{
xih,t + ϕ(xih,t − xkh,t) if j = h
xi j,t if j , h (1)

xi j,t denotes a location variable of the j-th dimension of the
i-th bee at the t-th iteration. ϕ ∼ U[−1, 1] is a uniform
distributed random number. h is a random selected integer
from [1,D]. k is an individual number different from i.

2.2. Differential Evolution

The search strategy of DE is described by the selecting
base vector (base), the number of difference vector pairs
(num), and the crossover method (cross).

The algorithm of DE/rand/1/bin is classified into two
stages as follows.

Mutation: Three vectors xr1,t, xr2,t and xr3,t, are selected
randomly. The mutant vector vi,t is created as the fol-
lows.

vi,t = xr1,t + F(xr2,t − xr3,t) (2)

The mutation factor F is a constant.

Crossover: The trial vector ui,t is created from the target
vector xi,t and the mutant vector vi,t as the follows.

ui j,t =

{
vi j,t if ri j ≤ CR or j = k
xi j,t if ri j > CR and j , k (3)

CR is a crossover rate, ri j ∼ U[0, 1] is a uniform dis-
tributed random number, and k is a random integer
from [1,D].

2.3. Particle Swarm Optimization

The PSO is an optimization method that is based on
swarm intelligence. The PSO is described as

vi j,t+1 = wvi j,t + c1r1(pbi j,t − xi j,t)
+ c2r2(gb j,t − xi j,t)

xi j,t+1 = xi j,t + vi j,t+1

(4)
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w is an inertia weight coefficient, c1 and c2 are acceleration
coefficients, and r1, r2 ∼ U(0, 1) are uniform distributed
random numbers.

Each particle has a personal best position pbi,t that was
found untill the current iteration t, and the global best posi-
tion gbi,t that is the best pbi,t in the swarm.

3. Solution search performance of ABC, DE and PSO

3.1. Numerical simulation

Comparing with the solution search performance of
ABC, DE and PSO, we carry out some numerical simu-
lations by using well-known benchmark functions. The
benchmark functions are shown in Table1.

We evaluate the search performance by using the bench-
mark functions as shown in Table 1. Table 2 shows the so-
lution search performance evaluation results of ABC, DE,
and PSO. The dimension of the benchmark functions is 30,
and the number of individuals is 30. In each simulation, the
number of the maximum iteration is 3000, and the number
of trials is 30. Also, the rotation matrix M and the shift
vector o are the same in all trials. Table 3 shows the param-
eters used in the numerical simulations. Figure 2 shows the
variation of the mean value of the obtained optimum value.

The numerical simulation results indicate that the solu-
tion search performance of ABC and PSO becomes worse
in the case where the dependency among variables is
strong. The solution search performance of DE becomes
worse in the case of Shifted and Rotated Rastrigin func-
tion. However, the results of Rosenbrock function indicate
that DE is resistant to the dependency among the all design
variables. From Fig. 2, the solution search performance
of ABC and DE depends on the initial state. The solution
search performance of PSO is changed around 1500 itera-
tion.

The solution search performance of ABC becomes
worse because the only one dimension in the current so-
lution vector is changed. This update strategy performs ef-
ficiently in the case where the local minima are arranged in
a grid pattern as Rastrigin function. However, this update
strategy does not perform efficiently in the case of rotated
functions.

The solution search performance of DE is affected by the
dependency among design variables is due to the crossover
operation. If the crossover rate CR is a high value, the de-
pendency is strong. On the other hand, if the crossover
rate is low value, the dependency is weak. Thus, the lower
crossover rate is recommended[5]. In our numerical simu-
lations, we set high CR. Therefore, the results of DE indi-
cate that the performance of Shifted and Rotated Rosen-
brock function is better than one of Shifted Rosenbrock
function. The adaptive DE which can eliminate the depen-
dency among design variables is proposed[6][7].

Since the velocity of particle of PSO is determined in
each dimension, the dependency among design variables

vi2

vi1 xi

bi

(a) The bias is not occurred

The current 
search range 

vi2

vi1
xi

bi

(b) The bias is occurred

Figure 1: The search range is changed by the relationship
between the current position xi and the best position bi. vi

denotes the velocity of the particle. Note that this figure
does not consider the effect of the inertia coefficient and
the acceleration coefficient.

Table 2: Simulation results of well-known benchmarck
functions in Table 1

ABC DE PSO Proposed

f1
Best 3.38E+00 8.32E+01 6.21E+00 2.34E+01

Median 4.81E+00 2.10E+02 7.95E+01 2.91E+01
Worst 1.08E+01 5.91E+07 3.61E+02 3.97E+03

f2
Best 6.31E-03 1.89E+01 2.79E+01 3.88E+01

Median 6.31E-03 2.82E+01 4.97E+01 6.57E+01
Worst 1.40E-02 3.49E+02 8.56E+01 1.28E+02

f3
Best 2.21E+01 1.15E+01 2.46E+01 2.44E+01

Median 3.10E+01 2.55E+01 6.23E+01 2.87E+01
Worst 3.36E+01 9.52E+05 4.51E+05 6.07E+04

f4
Best 1.80E+02 2.59E+01 7.56E+01 3.38E+01

Median 1.80E+02 3.89E+01 1.30E+02 6.45E+01
Worst 3.35E+02 2.04E+02 2.69E+02 1.31E+02

affects the solution search performance. The velocity cor-
responds to the search range is determined by the differ-
ence between the current position and the best position as
shown in Fig. 1. The search direction is along each axis.
Therefore, the search performance of the rotated function
is deteriorated[8]. Koguma and Aiyoshi have proposed a
Linked Random Model to improve the performance of find-
ing a diagonal direction by allowing link the random num-
bers r1 and r2 in each dimension. However, Koguma and
Aiyoshi have reported that the solution search performance
becomes worse because the diversity is reduced by the al-
lowing link random numbers. The occurrence of such sit-
uation is shown in Fig. 1b that the inertia coefficients w
prevent. However, the effect of the inertia coefficient is de-
creased if the velocity is reduced. In this case, the search
range is restricted to the axes.

Table 3: The parameters setting of ABC, DE and PSO

ABC
The number of employed bees Ne = 15
The number of onlooker bees No = 15

The continuous search times upper limit 300
DE F = 0.5, CR = 0.9

PSO wt = w2 + (w1 − w2) tmax−t
tmax

w1 = 0.9,w2 = 0.4, c1 = c2 = 2.0
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Table 1: Well-known benchmark functions

Names Definition Properties Domain
Shifted Rosenbrock f1(y) =

∑D−1
i=1 [100(y2

i − yi+1)2 + (yi − 1)2], y = x − o multimodal

[−100, 100]DShifted Rastrigin f2(y) =
∑D

i=1[y2
i − 10 cos(2πyi) + 10], y = x − o multimodal

Shifted and Rotated Rosenbrock f3(x) = f1(z), z = My, y = x − o multimodal
Shifted and Rotated Rastrigin f4(x) = f2(z), z = My, y = x − o multimodal

o denotes a uniform random vector in the domain, M is a D × D rotation matrix.
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Figure 2: The variation of the mean best evaluation value
of the benchmark functions by using ABC, DE and PSO.
(D = 30,N = 30, Trial number: 30)

4. Norm linked PSO

4.1. Proposal of Norm linked PSO

The factor of PSO solution search performance is af-
fected dependencies among variables is that the velocity
of particles is determined in each dimension. To overcome
this problem, we propose a novel PSO unaffected depen-
dency among all design variables. In this article, this sys-
tem calls Norm linked PSO. The dynamics of Norm linked
PSO is described by the following equations.

vi j,t+1 = wvi j,t + s1r1 · sign(pbi j,t − xi j,t)
+ s2r2 · sign(gb j,t − xi j,t)

xi j,t+1 = xi j,t + vi j,t+1

(5)

s1 = α1||pbi,t − xi,t ||2 (6)
s2 = α2||gbt − xi,t ||2 (7)

where w is an inertia weight coefficient, c1 and c2 are ac-
celeration coefficients, and r1, r2 ∼ U(0, 1) are uniform dis-
tributed random numbers. α1 and α2 are constants, and s1
and s2 correspond to the euclidean norm.

Norm linked PSO determines the moving direction by
the sign function, and the velocity by the euclidean norm
between the current position and the best position. This
strategy prevents the occurrence of bias in the velocity of
the particles in each dimension. In Norm linked PSO, s1
and s2 are the same value in each dimension. Since all
dimension of the velocity makes the same, the moving di-
rection becomes an oblique direction, and the diversity of
the search is reduced. However, the random numbers r1
and r2 maintain the diversity of the search. Figure 3 shows
conceptual diagram of Norm linked PSO.

vi2

vi1
xi

bi

Figure 3: The search range of Norm linked PSO

(a) Conventional PSO (b) Norm linked PSO

Figure 4: The search trajectories of the particles for Rotated
Rastrigin function. (D = 30,N = 30, tmax = 10000)

Figure 4 shows the search trajectories of Norm linked
PSO and conventional PSO. The search direction of the
conventional is constrained to the coordinate axes. In con-
trast, the search direction of Norm linked PSO is not con-
strained to the axis.

The percentage of each dimension of velocity is defined
by the following equation .

µi j,t = |xi j,t |
/ D∑

k=1

|xik,t | (8)

Figure 5 shows the time variation of µi j,t in case of Rotated
Rastrigin function. Variations in the percentage increase in
the conventional PSO, the maximum value as overlapping
iterations becomes large. On the other hand, the percent-
age of each dimension in the proposed method to remain
roughly constant.
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(a) Conventional (b) Proposed

Figure 5: The variation of percentage of velocity µi j,t (D =
30,N = 30)

Table 4: The parameters setting of Norm linked PSO

wt = w2 + (w1 − w2) tmax−t
tmax

w1 = 0.9,w2 = 0.4, α1 = α2 = 0.194

4.2. The solution search performance of Norm linked
PSO

We carry out numerical simulations using the benchmark
functions in Table 1 to investigate the solution search per-
formance of Norm linked PSO. The parameters are shown
in Table 4, and the numerical simulation results is shown
are Table 2. Figure 6 shows the variation of the mean value
of the obtained optimum value.

These results indicate that the solution search perfor-
mance of Norm linked PSO is not affected by the depen-
dency among design variables comparing with the conven-
tional PSO.

5. Conclusions

The solution search performances of ABC, DE and PSO
were investigated by numerical simulations. We confirmed
the performances that is affected by the strength of the de-
pendency among the design variables. We clarified the
cause is that only one dimension was changed in the update
strategy of ABC. Also, we clarified that the optimal param-
eters of DE depend on the strength of the dependency. This
fact is the cause of the search performance of DE. In the
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Figure 6: The variation of the mean of the obtained optimal
evaluation value (D = 30,N = 30, Trial number: 30)

PSO, we clarified that the imbalance of the search range is
generated by the relationship between the current position
and the best position. And, we confirmed that the imbal-
ance affects the search performance of PSO.

To eliminate the deviation of the search range of the
conventional PSO, we proposed Norm linked PSO to de-
termine the velocity of the particles by Euclidean norm.
And we investigated the solution search performance of
Norm linked PSO by numerical simulations. As the re-
sults, we clarified that the solution search performance of
Norm linked PSO is not affected by the strength of the de-
pendency among design variables comparing with the con-
ventional PSO.
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Abstract—In this article, we propose a novel determin-
istic multi-agent solution solving method that is based on
the analysis result of our proposed canonical determinis-
tic particle swarm optimization. The proposed method im-
proves the local search ability by the controlling the search
range. The proposed multi-agent solution solving method
is similar to meta-heuristics. Comparing with other meta-
heuristics, the solution search performance of the proposed
multi-agent solution solving method is worse since the sys-
tem is a deterministic system. However, the deterministic
system is easy to implement because the system does not
contain the stochastic factors. Thus, if the optimum solu-
tion search ability of the deterministic system is improved,
the deterministic system is very useful. In this article, we
propose the novel method to improve the solution search
performance.

1. INTRODUCTION

Particle Swarm Optimization (abbr. PSO) which was
proposed by J. Kennedy and R. Eberhart, is an optimum
solution searching algorithm [1] [2]. Although the PSO
is a very simple conception, the PSO exhibits a superior
performance to search the optimum solution of the given
objective function. Each particle of the PSO flies the solu-
tion space based on its excellent location information and
the best location information in the swarm. In general, the
rigorous theoretical analysis of the dynamics of the particle
of the PSO is quite difficult since the PSO contains stochas-
tic factors. To analyze the dynamics theoretically, we pro-
posed a canonical deterministic PSO (abbr. CD-PSO) [4]
that does not contain the stochastic factors. [3]. The analy-
sis results indicate that the fundamental motion of the par-
ticles exhibits a spiral motion around the current best posi-
tion in the phase space. The spiral motion is described by
two parameters; a rotation angle and a damping factor. The
solution search performance of CD-PSO depends on these
two parameters. Our analysis results clarified that CD-PSO
exhibits superior performance if the rotation angle is set as
goldenangle. Also, we clarified that the damping factor re-
lates to the convergence property. In general, the search
performance of metaheuristics is caused by the stochas-
tic factors. In metaheuristics, the diversity of individuals
is the most important because plural individuals search an
optimal location. The stochastic factors generate the diver-
sity. Also, the escaping ability from the local minimum

is caused by the stochastic factors. Therefore, the search
performance of the deterministic system is inferior to the
stochastic system in metaheuristics. On the other hand, the
deterministic system is easy to implement because the sys-
tem does not contain the stochastic factor. Thus, if the op-
timum solution search ability of the deterministic system
can be improved, we can say the deterministic system is
very useful. In order to improve the search ability of the
CD-PSO, we proposed the modification CD-PSO [5]. The
most important point of the modification CD-PSO is its ro-
tation radius in the phase space becomes a constant. This
structure is useful to generate the diversity, and the parti-
cles can escape the local minimum [5]. However, the local
search ability of the proposed method is worse, because the
system expects to search exhaustively around the excellent
solution. To overcome this problem, we propose a novel
deterministic multi-agent solution solving method which is
based on the analysis result of the CD-PSO. The proposed
method will improve the local search ability by the control-
ling the search range.

2. CD-PSO

The novel deterministic multi-agent solution search
method is based on our proposed CD-PSO. Therefore, we
introduce our proposed CD-PSO at first.

The conventional PSO is described by the following
equations.

vt+1
j = wvt

j + c1r1(pbestt
j − xt

j) + c2r2(gbestt − xt
j)

xt+1
j = xt

j + vt+1
j

(1)
where, vt

j and xt
j denote the velocity vector and the location

vector of the j-th particle on the t-th iteration, respectively.
pbestt

j means the location that gives the best value of the
evaluation function of the j-th particle until the t-th itera-
tion. gbestt means the location which gives the best value
of the evaluation function on the t-th iteration in the swarm.
w ≥ 0 is an inertia weight coefficient, c1 ≥ 0, and c2 ≥ 0
are acceleration coefficients, and r1 ∈ [0, 1] and r2 ∈ [0, 1]
are two separately generated uniformly distributed random
numbers.

To analyze the dynamics of the conventional PSO, the
random coefficients have been omitted from the conven-
tional PSO. We rewrite the best location information as fol-
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lows. 
pt

j =
c1 pbestt

j + c2 gbestt

c

c = c1 + c2

(2)

We normalize the location information by pt
j. Without

loss of generality, we consider one-dimensional case. In
this case, Eq. (1) is transformed into the following matrix
form: [

yt+1
j

vt+1
j

]
=

[
w −c
w 1 − c

] [
yt

j
vt

j

]
, (3)

where, yt
j = xt

j − pt
j.

The behavior of the particle is governed by the eigenval-
ues of the matrix in Eq. (3). The eigenvalue λ is derived as
follows.

λ =
(1 + w − c) ±

√
(1 + w − c)2 − 4w
2

(4)

This system is a discrete-time system. Therefore, if the
eigenvalues exist within the unit circle on the complex
plane, the system is said to be stable. When the eigenvalues
are complex conjugate numbers, the behavior of the trajec-
tory of Eq. (3) in the phase space v j − y j becomes a spiral
motion. We have clarified that the system exhibits an excel-
lent solution search performance when the particle exhibits
the spiral motion in the phase space [4] [5]. In this case,
the damping factor ∆ and the rotation angle θ are given as
follows.

∆ =

√
Im(λ)2 + Re(λ)2 =

√
w, (5)

θ = arctan
Im(λ)
Re(λ)

= arctan

√
4w − (1 + w − c)2

(1 + w − c)
. (6)

To clarify the effect of the eigenvalues, we derive a
canonical deterministic PSO (abbr. CD-PSO) [4] [5].[

yt+1
j

vt+1
j

]
=

[
δ −ω
ω δ

] [
yt

j
vt

j

]
(7)

The damping factor ∆ and the rotation angle θ of CD-
PSO are derived as

∆ =
√
δ2 + ω2, (8)

θ = arctan
ω

δ
. (9)

By using these parameters, Eq. (7) is rewritten as fol-
lows. [

yt+1
j

vt+1
j

]
= ∆

[
cos θ − sin θ
sin θ cos θ

] [
yt

j
vt

j

]
(10)

If the rotational angle is set by the golden angle, the
search position becomes not overlapped [6] [7]. The golden
angle ϕ is defined as

ϕ = 180(3 −
√

5)[deg]. (11)

An example of the particle behavior in the phase space is
shown in Fig. 1. In this case, the rotation angle θ is set as
the golden angle ϕ, and the damping factor is set as∆ = 1.0.
Figure 1 indicates the system keeps to oscillate since the
damping factor ∆ equals to 1.0. If the absolute value of
the damping factor is less than 1, the particle converges to
the origin in the phase space which corresponds to a fixed
point. However, the particle of CD-PSO cannot escape the
local minimum if the particle traps the local minimum [6]
[7].

To improve the global search ability, we proposed a con-
trol method that set a lower limit of the rotation radius on
the phase space [5]. When the rotation radius is under a
criterion value R, the proposed method resets the velocity
of the particle as follows.[

xt
j

vt
j

]
=

[
pt

j + R cos θ
R sin θ

]
, if
√

yt
j
2
+ vt

j
2 < R. (12)

Figure 2 illustrates an example of the reset behavior of
the particle. In this case, the criterion value R is set as
the half of the search range. Figure 2 displays the parti-
cle keeps the rotational radius. Therefore, we can say this
method improves the global search ability. However, we
confirmed that the efficiency of the local search is reduced
because the criterion of the rotation radius is set [5]. To
overcome this problem, we will propose a novel control
method in the next section.

3. A multi-agent solution solving method

Since the criterion of the rotation radius is set, the CD-
PSO can keep the global search, but the efficiency of the
local search is reduced. Namely, the criterion value of the
rotation radius prevents the local search. Therefore, we
consider a method to vary the criterion adaptive.

The most important behavior of the particle of the CD-
PSO is a damping vibration motion. Based on the damping
vibration motion, we proposed a search system that con-
sists of a plural agent. The concept of the proposed system
is not based on the swarm intelligence, therefore, we call
this system ”multi-agent solution solving method” (abbr.
MAS method) [8]. The dynamics of each agent of the MAS
is desacribed by

xt
kd = R cos(αt) cos(θt) + pt

kd, (13)

where xt
kd denotes the d-th dimension location of the k-th

agent on the t-th iteration, pt
kd denotes the d-th dimension

location of the k-th agent that is obtained the best evalu-
ation value until the t-th iteration, and θ is a rotation an-
gle for each iteration. Also, α is another rotation angle
that controls the search range, and R denotes the maximum
search range.

R cos(αt) corresponds to the search range. If cos(αt) is
small, the MAS operates as a local search. Other hands,
if cos(αt) is large, the MAS operates as a global search.
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Figure 1: The behavior of a particle of CD-PSO on the phase space when the rotation angle is the golden angle.
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Figure 2: The behavior of a particle with a citerion rotation radius R

Therefore, α controls the variation speed of the search
range.

4. Asynchronous MAS

The MAS is quite simple, and the solution search per-
formance is similar to the CD-PSO. However, the perfor-
mance of the MAS is worse than the conventional PSO. The
reason is that the update of all dimension is a synchronous
update manner. The synchronous update leads to the dete-
rioration of the solution search performance. To overcome
this problem, we propose a novel MAS whose update man-
ner is asynchronous. The dynamics of the asynchronous
MAS is descrobed by the following equation.

xt
kd = R cos(βkdt) cos(θt) + pt

kd, (14)

where βkd is a rotation angle that is the different value on
each dimension and each agent. βkd is set as

βkd = α (kD + d − 1) (15)

where D is a dimension of the objective function, and α =
π/180.

The different point between the MAS of Eq. (13) and
the asynchronous MAS of (14) is the rotation angle βkd.
Namely, the rotation angle of the asynchronous MAS is
the different value on each dimension and each agent. The

asynchronous MAS strategy leads to the improvement of
the solution search performance.

We confirm the effects of the asynchronous strategy by
numerical simulations. In the numerical simulations, the
number of agents is 30, and the dimension of the objective
functions D is 30. The The maximam search range R is the
half of the defined search range, and the rotation angle θ is
set as the golden angle ϕ. The maximum iteration is 3000,
and the number of trials is 30. We apply the well-known
benchmark functions as shown in Table1.

To compare the performance, Table 2 shows the results of CD-
PSO, MAS, and the asynchronous MAS. These results indicate
that the solution search ability of the asynchronous MAS is ex-
cellent comparing with the CD-PSO and the MAS. The good per-
formance towards CD-PSO Comparing the conventional CD-PSO
and MAS but it can be confirmed that the performance is better
than the CD-PSO by asynchronously. This will be seen that im-
proved search performance by asynchronously from.

5. Conclusions

In this article, we proposed the novel asynchronous MAS that
the rotation angle of the asynchronous MAS is the different value
on each dimension and each agent. We confirmed the asyn-
chronous MAS is effective to improve search ability by some
numerical simulations. This setting strategy led to the excellent
solution search performance. Therefore, the rigorous theoretical
analysis of the asynchronous MAS is one of our future problems.
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Table 1: Benchmark functions
Function Definition Domain Optimum value

Shifted Sphere f (y) =
D∑

i=1

y2
i , y = x − o [−100,+100]D f (o) = 0

Shifted Rastrigin f (y) = 10D +
D∑

i=1

(
y2

i − 10 cos(2πyi)
)
, y = x − o [−100,+100]D f (o) = 0

Shifted Rosenbrock f (y) =
D−1∑
i=1

(
100(y2

i − yi+1)2 + (1 − yi)2
)
, y = x − o [−100,+100]D f (1 + o) = 0

Shifted Griewank f (y) = 1 +
1

4000

D∑
i=1

y2
i −

D∏
i=1

cos(
yi√

i
), y = x − o [−600,+600]D f (o) = 0

Rotated Rastrigin f (z) = 10D +
D∑

i=1

(
z2

i − 10 cos(2πzi)
)
, z =M x [−100,+100]D f (0) = 0

Rotated Rosenbrock f (z) =
D−1∑
i=1

(
100(z2

i − zi+1)2 + (1 − zi)2
)
, z =M x [−100,+100]D f (1) = 0

o denotes a random unform vector in the domain，M is rotation matrix of D× D

Table 2: Numerical simulation results
Function Manner Mean Best Worst Std. Dev.

CD-PSO 4.83e+04 2.30e+04 6.55e+04 8.58e+03
Shifted Sphere MAS 7.50e+04 5.65e+04 9.93e+04 8.56e+03

A-MAS 1.39e + 01 4.66e + 00 2.87e + 01 6.73e + 00
CD-PSO 4.85e+04 2.64e+04 6.54e+04 8.59e+03

Shifted Rastrigin MAS 7.52e+04 5.67e+04 9.95e+04 8.58e+03
A-MAS 3.24e + 02 2.50e + 02 4.12e + 02 4.22e + 01
CD-PSO 1.53e+10 4.35e+09 3.38e+10 6.49e+09

Shifted Rosenbrock MAS 3.54e+10 1.00e+10 4.65e+10 7.70e+09
A-MAS 1.66e + 04 2.64e + 03 4.94e + 04 1.12e + 04
CD-PSO 1.31e+01 6.74e+00 1.74e+01 2.15e+00

Shifted Griewank MAS 1.97e+01 1.51e+01 2.58e+01 2.14e+00
A-MAS 6.13e − 01 3.88e − 01 8.82e − 01 1.21e − 01
CD-PSO 1.65E+04 8.94E+03 2.31E+04 3.08E+03

Rotated Rastrigin MAS 1.38E+04 6.60E+03 2.06E+04 4.22E+03
A-MAS 3.48E + 02 2.77E + 02 5.09E + 02 5.49E + 01
CD-PSO 1.98E+09 6.43E+08 3.93E+09 8.34E+08

Rotated Rosenbrock MAS 1.10E+09 4.64E+08 2.84E+09 4.52E+08
A-MAS 7.65E + 04 1.12E + 04 4.07E + 0 8.44E + 04
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Abstract—
Implement of optimization methods by the circuit is one

of the practical ways to get the optimal solution within lim-
ited time. In previous study, we have proposed an optimizer
based on chaotic dynamical system that seems to be suited
for circuit implementation. In this paper, we consider the
system parameter of the previous proposed method. A pa-
rameter set that obtains statistically better solution was dis-
covered. Using the parameter, the chaotic system exhibits
characteristic time-dependent behavior.

1. Introduction

Many problems in engineering field can be considered as
optimization problems, such as design of artificial objects
and arrangement of equipment. For the optimization prob-
lems, it is required to quickly get an optimal solution that is
characterized by the maximum or minimum fitness value.
Implementation of optimization methods by the circuit is
one of the solutions of it.

Optimization methods that search the optima using some
searching points based on dynamical systems would be fea-
sible for the circuit implementation. This is because the up-
dating rules of searching points can be written by different
equations. However, most of them require stochastic terms.
Implementation of the stochastic terms would make the cir-
cuit complex. In previous study, we have proposed an opti-
mization method based on piecewise rotational chaotic sys-
tem (OPRC) [1]. OPRC is deterministic system and the
performance is better than particle swarm optimization [2].
It is expected that the circuit of OPRC is simpler than other
dynamical-based optimization methods.

In this paper, we consider system parameters of OPRC
that can obtain better solutions for general problems. Previ-
ously, parameters of OPRC are experimentally selected for
each benchmark function. However, it is difficult to change
the parameters in the circuit, comparing with numerical ex-
periments. Hence, it is required to consider the adequate
parameters that obtain better solutions for many functions.
Our investigation discovered the adequate parameters. The
correlation between the performance of OPRC and time-
dependent behavior of the chaotic system was also ob-
served.

In this paper, Sec. 2 describes the chaotic dynamical sys-
tem and its time-dependent behavior. OPRC is mentioned
in Sec. 3. Section 4 shows comparison results between
some parameter sets of OPRC for benchmark functions.

2. A piecewise rotational chaotic system

2.1. Dynamics

Dynamics is

[
y(t + 1)
v(t + 1)

]
=



[
2sgn(y(t))Th − y(t)

0

]
for(v(t), y(t)) ∈ Π,

(1a)

R
[

cos θ sin θ
− sin θ cos θ

] [
y(t)
v(t)

]
otherwise,

(1b)

Π =
{
(v(t), y(t))

∣∣∣ |y(t)| > Th, sgn(v(t)y(t)) = −1
}
,

sgn(a) =
{

1 for a > 0,
−1 for a ≤ 0.

where R > 1, 0 < θ < π2 and Th are system parameters, R
and θ refers to the expanding and rotational motion, respec-
tively. Th denotes y(t)-axis threshold of Π. The trajectory
rotates divergently around the origin by Eq. (1b), and when
the trajectory gets into Π, it is folded forward to the origin
by Eq.(1a). The trajectory repeats this manner and exhibits
chaotic attractor as show in Fig. 1. Figure 2 shows time-
series of the y(t).

Π

Π

y(t)

v(t)

(a) R = 1.07, θ = 20[deg]

Π

Π

y(t)

v(t)

(b) R = 1.56, θ = 41[deg]

Π

Π
y(t)

v(t)

(c) R = 1.37, θ = 50[deg]

Π

Π

y(t)

v(t)

(d) R = 1.69, θ = 31[deg]

Figure 1: Typical chaotic attractors of PRC
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Figure 2: Typical time-series of y(t)

2.2. Time-series analysis

Let us consider the time-dependent behavior of PRC’s
trajectory. We calculated autocorrelation function (ACF) of
y(t) that is given by Eq. (1). We gave yi(0) and vi(0), where
i ∈ {1 . . . 100}, by uniformed distribution with [−1, 1] and
Th = 1, then update yi(t) and vi(t) until t = 11000. Fo-
cusing on the time-series of yi(t), the ACF ϕi(m) and the
normalized ACF Φi(m) is calculated by

ϕi(m) =
11000−m−1∑

n=10000

yi(n)yi(n + m), (2)

Φi(m) =
ϕi(m)
ϕi(0)

. (3)

The ACF averaged by 100 sets of different initial condi-
tions, Φ(m), is given by

Φ(m) =
1

100

100∑
i=1

Φi(m). (4)

Figure 3 shows typical Φ(m). y(t) given by R = 1.07, θ =
20[deg] exhibits slowly damping and low-frequency Φ(m)
as shown in Fig. 3a. The ACF shows that y(t) keeps strong
time-correlation at least m = 30. In Fig. 3b, Φ(m) seems
converging faster than other typical parameters. It indicates
that the time-series given by R = 1.56, θ = 41[deg] has
weak time-correlation. y(t) given by R = 1.37, θ = 50[deg]
obtains damped oscillatedΦ(m), and it converges on almost
0 at m = 30 as shown in Fig. 3c. Damped oscillated Φ(m)
is also observed with y(t) given by R = 1.69, θ = 31[deg] as
shown in Fig. 3d. Comparing Fig. 3c, the ACF has more
high-frequency and converges faster. The y(t) has time-
correlation for only a short time.
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Figure 3: Autocorrelation function of y(t)

3. An optimization method based on PRC

This section describes OPRC [1]. OPRC searches the
optimal solution by n number of searching points

xi(t) = {xi1, xi2, . . . , xid}

and independent variables

vi(t) = {vi1, vi2, . . . , vid}

where i ∈ {1, 2, . . . n} is an index number, d is a number
of dimension of a given problem f , and t ∈ {0, 1, 2, . . . }
is time step. vi(0) and xi(0) are set to 0 and given by ran-
domly, respectability. The fitness value f (xi(t)) is calcu-
lated for each time step. xi(t) is stored as pbi when f (xi(t))
is the maximum or minimum value in own fitness history,
{ f (xi(0)), f (xi(1)), f (xi(2)), . . . }. pbi is stored as gb when
f (pbi) is the best in { f (pb1), f (pb2), . . . , f (pbn)}. To up-
date xi(t) with considering the pbi and gb, let shifted posi-
tion of xi(t) be yi(t):

yi(t) = xi(t) −
1
2

(pbi + gb). (5)

When yi(t) = 0, xi(t) is the middle point between pbi and
gb. yi(t) and vi(t) are updated by PRC dynamics as follows:

[
yi j(t + 1)
vi j(t + 1)

]
=



[
2sgn(yi j(t))Thi j − yi j(t)

0

]
for(vi j(t), yi j(t)) ∈ Π,

(6a)

R
[

cos θ sin θ
− sin θ cos θ

] [
yi j(t)
vi j(t)

]
otherwise,

(6b)
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Π =
{
(vi j(t), yi j(t))

∣∣∣|yi j(t)| > Thi j, sgn(vi j(t)yi j(t)) = −1
}
,

where j ∈ {1, 2, . . . , d} is an index number, and Thi j =
1
2 |pbi j − gb j|. The next searching points are given by

xi(t + 1) = yi(t + 1) +
1
2

(pbi + gb).

The searching points are updated until the termination cri-
terion, tmax, has been met. At the criterion, gb is a searched
solution.

4. Numerical experiment

Table 1: CEC 2013 benchmark functions [3].

Type f Optimal fitness Search range
Unimodal f1 -1400 [−100, 100]D

Unimodal f2 -1300 [−100, 100]D

Unimodal f3 -1200 [−100, 100]D

Unimodal f4 -1100 [−100, 100]D

Unimodal f5 -1000 [−100, 100]D

Multimodal f6 -900 [−100, 100]D

Multimodal f7 -800 [−100, 100]D

Multimodal f8 -700 [−100, 100]D

Multimodal f9 -600 [−100, 100]D

Multimodal f10 -500 [−100, 100]D

Multimodal f11 -400 [−100, 100]D

Multimodal f12 -300 [−100, 100]D

Multimodal f13 -200 [−100, 100]D

Multimodal f14 -100 [−100, 100]D

Multimodal f15 100 [−100, 100]D

Multimodal f17 300 [−100, 100]D

Multimodal f18 400 [−100, 100]D

Multimodal f19 500 [−100, 100]D

Multimodal f20 600 [−100, 100]D

Composition f21 700 [−100, 100]D

Composition f22 800 [−100, 100]D

Composition f23 900 [−100, 100]D

Composition f24 1000 [−100, 100]D

Composition f25 1100 [−100, 100]D

Composition f26 1200 [−100, 100]D

Composition f27 1300 [−100, 100]D

Composition f28 1400 [−100, 100]D

Table 2: Parameters

R θ[deg]

Set 1 1.07 20
Set 2 1.56 41
Set 3 1.37 50
Set 4 1.69 31

Table 3: Benchmark results

Gray rectangles denote the best averaged value for each function.

f set 1 set 2 set 3 set 4

f1
ave −1.40 × 103 −1.40 × 103 −1.40 × 103 −1.40 × 103

std 2.25 × 10−13 1.69 × 10−7 3.25 × 10−14 8.59 × 10−2

f2
ave 2.31 × 106 3.04 × 106 1.84 × 105 4.16 × 106

std 1.85 × 106 2.42 × 106 1.75 × 105 3.01 × 106

f3
ave 3.23 × 108 4.95 × 107 7.83 × 107 9.78 × 108

std 5.30 × 108 9.82 × 107 2.03 × 108 2.34 × 109

f4
ave 2.55 × 104 3.56 × 104 1.79 × 104 4.67 × 104

std 1.25 × 104 2.59 × 104 1.32 × 104 6.39 × 104

f5
ave −1.003 −1.00 × 103 −1.00 × 103 −1.00 × 103

std 3.34 × 10−8 6.08 × 10−5 8.59 × 10−14 3.19 × 10−1

f6
ave −8.832 −8.92 × 102 −8.97 × 102 −8.85 × 102

std 2.35 × 101 1.01 × 101 1.03 × 101 2.18 × 101

f7
ave −7.422 −7.61 × 102 −7.58 × 102 −7.39 × 102

std 3.48 × 101 2.15 × 101 2.86 × 101 3.28 × 101

f8
ave −6.802 −6.80 × 102 −6.80 × 102 −6.80 × 102

std 9.33 × 10−2 7.97 × 10−2 9.35 × 10−2 1.15 × 10−1

f9
ave −5.942 −5.91 × 102 −5.94 × 102 −5.91 × 102

std 1.68 1.58 1.53 1.40

f10
ave −4.952 −4.99 × 102 −5.00 × 102 −4.95 × 102

std 4.52 3.64 × 10−1 2.84 × 10−1 4.76

f11
ave −3.802 −3.95 × 102 −3.88 × 102 −3.88 × 102

std 9.27 2.23 7.77 5.17

f12
ave −2.742 −2.68 × 102 −2.78 × 102 −2.71 × 102

std 1.28 × 101 8.07 1.05 × 101 1.27 × 101

f13
ave −1.532 −1.66 × 102 −1.63 × 102 −1.62 × 102

std 1.94 × 101 1.03 × 101 1.82 × 101 1.45 × 101

f14
ave 5.53 × 102 7.51 × 102 3.15 × 102 7.05 × 102

std 2.11 × 102 3.08 × 102 1.89 × 102 3.92 × 102

f15
ave 9.83 × 102 1.84 × 103 1.04 × 103 1.62 × 103

std 3.15 × 102 2.50 × 102 3.11 × 102 4.82 × 102

f17
ave 3.29 × 102 3.27 × 102 3.19 × 102 3.31 × 102

std 8.68 5.45 4.20 8.73

f18
ave 4.32 × 102 4.47 × 102 4.30 × 102 4.51 × 102

std 1.07 × 101 6.91 1.15 × 101 1.05 × 101

f19
ave 5.01 × 102 5.02 × 102 5.01 × 102 5.02 × 102

std 5.63 × 10−1 4.35 × 10−1 3.63 × 10−1 6.60 × 10−1

f20
ave 6.04 × 102 6.04 × 102 6.04 × 102 6.04 × 102

std 5.29 × 10−1 3.43 × 10−1 3.83 × 10−1 3.64 × 10−1

f21
ave 1.09 × 103 1.09 × 103 1.09 × 103 1.10 × 103

std 4.96 × 101 3.96 × 101 3.41 × 101 1.37 × 101

f22
ave 1.65 × 103 1.75 × 103 1.34 × 103 1.79 × 103

std 2.83 × 102 3.75 × 102 2.17 × 102 5.17 × 102

f23
ave 2.14 × 103 2.84 × 103 2.08 × 103 2.66 × 103

std 3.03 × 102 2.17 × 102 3.70 × 102 4.33 × 102

f24
ave 1.21 × 103 1.23 × 103 1.22 × 103 1.23 × 103

std 1.47 × 101 2.29 4.75 3.99

f25
ave 1.31 × 103 1.33 × 103 1.31 × 103 1.33 × 103

std 1.32 × 101 1.50 4.59 2.27

f26
ave 1.44 × 103 1.44 × 103 1.44 × 103 1.45 × 103

std 8.24 × 101 6.68 × 101 8.07 × 101 7.05 × 101

f27
ave 1.91 × 103 1.76 × 103 1.76 × 103 1.83 × 103

std 1.12 × 102 4.84 × 101 3.65 × 101 6.43 × 101

f28
ave 2.34 × 103 1.85 × 103 1.96 × 103 1.82 × 103

std 2.36 × 102 2.70 × 102 2.40 × 102 1.98 × 102
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Table 4: Ranki j based on averaged values in Table 3.

f set 1 set 2 set 3 set 4
f1 1.5 3 1.5 4
f2 2 3 1 4
f3 3 1 2 4
f4 2 3 1 4
f5 2 3 1 4
f6 4 2 1 3
f7 3 1 2 4
f8 2 4 1 3
f9 2 3 1 4
f10 3 2 1 4
f11 4 1 2 3
f12 2 4 1 3
f13 4 1 2 3
f14 2 4 1 3
f15 1 4 2 3
f17 3 2 1 4
f18 2 3 1 4
f19 2 3 1 4
f20 2 3 1 4
f21 1 3 2 4
f22 2 3 1 4
f23 2 4 1 3
f24 1 3 2 4
f25 1 3 2 4
f26 2 3 1 4
f27 4 2 1 3
f28 4 2 3 1

Rank j 63.5 73 37.5 96

This section compares the performance of OPRC for
benchmark functions. We selected 27 functions from CEC
2013 benchmark test suite [3] as shown in Table 1. We se-
lected 4 typical parameters as shown in Table 2. The behav-
ior of PRC using these parameters is described in previous
sections. The conditions of the comparison are as follows:
number of searching points is 20, size of dimension is 10,
tmax = 1000. For each trial, the initial values of search-
ing points are given by the uniformed distribution with the
range in Table 1. The fitness of gb at tmax is stored for each
trial, and the final fitness values are averaged by 50 trials.
Table 3 shows the averaged fitness values and the standard
deviations. OPRC with parameter set 3 obtained the best-
averaged values for 18 functions, and it seems superior to
others. We tested the difference between the parameter sets
with pairwise-test [4]. The rank of i-th function and j-th
parameter set, Ranki j, is shown in Table 4. Two parameter
sets are significantly different when following an inequality
is satisfied:

|Rankn − Rankm| > t1−0.01/2

√
2b(A − B)

(b − 1)(k − 1)
= 18.3, (7)

where Rankn and Rankm is sum of ranks calculated by
Rank j =

∑b
i=1 Ranki j, n and m are indexes of a compared

parameter set, t1−0.01/2 is quantile of the F-distribution with
k1 = k − 1 and k2 = (b − 1)(k − 1) degrees of freedom at
0.01 significant level, b and k is a number of functions and
parameter sets, respectively, A =

∑b
i=1
∑k

j=1

(
Ranki j

)2
, and

B = 1
b
∑k

j=1

(
Rank j

)2
. The difference between Rank3 and

other sum of ranks is over 18.3, therefore, it is considered
that the parameter set 3 outperforms than others.

As shown in Sec. 2, the various time-dependent behav-
ior of PRC is observed among the 4 parameters sets. And
performance of OPRC is significantly different depending
on the parameters. This comparison indicates that there is
correlation between time-dependent behavior of PRC and
performance of OPRC.

5. Conclusion

Performances of OPRC between typical parameter sets
are compared statistically. A parameter set that obtains
better result than others are discovered. Moreover, in this
comparison performance of OPRC seems to be correlated
with time-depend behavior of PRC. The analysis of the cor-
relation and the circuit implementation of PRC is future
works. We are working on the implementation by field pro-
grammable analog arrays.
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Abstract—From the viewpoint of application of
nonlinear dynamics, this study focuses on a repro-
grammable logic-memory operation in a single non-
linear microelectromechanical system (MEMS) res-
onator. The nonlinear MEMS resonator shows coex-
istence of multi-states and can be used as mechanical
logic and memory devices. In order to realize the re-
programmable logic-memory operation in the nonlin-
ear MEMS resonator, the nonlinear dynamics with and
without control input is examined. Through numeri-
cal simulations, we achieve the reprogrammable logic
gate and the memory of the single nonlinear MEMS
resonator.

1. Introduction

Microelectromechanical systems or nanoelectrome-
chanical systems (MEMS or NEMS) resonators have
been used as frequency references, sensor elements,
and filters due to high quality factor [1]. At large
excitation force, the MEMS and NEMS resonators ex-
hibit the nonlinear responses that have two coexisting
stable states and one unstable state [1, 2]. Recently,
many studies have addressed mechanical computation
based on nonlinear MEMS or NEMS resonator [3]-[21].
In particular, we have demonstrated a “logic-memory
operation” that offers a combination of OR gate and
memory operations in a single nonlinear MEMS res-
onator [21]. Guerra et al. have reported that the
nonlinear mechanical resonator can be used as a repro-
grammable logic gate [7]. The next phase is to develop
a “reprogrammable logic-memory device” in the sin-
gle nonlinear MEMS resonator. From the viewpoint
of application of nonlinear dynamics in the MEMS
resonator, this paper numerically discusses the repro-
grammable logic gate and the memory operations.

2. Dynamical Model and Control Method

In this section, the nonlinear dynamical model of
the MEMS resonator and the control method are dis-
cussed.

2.1. Steady States

Figure 1 shows the fabricated MEMS resonator [22,
23] and the control system. The dynamical model of
the MEMS resonator under control is given by the fol-
lowing non-dimensional equation [21]:

d2x

dt2
+

1

Q

dx

dt
+ x+ α3x

3 = (kn + un) sinωt, (1)

where x denotes the displacement, ω the excitation fre-
quency, Q (= 282) the quality factor, kn the amplitude
of excitation, un the control input, and α3 (= 3.23) the
coefficient of cubic correction to the linear restoring
force. The parameter settings are due to Ref. [24] be-
cause the same design of MEMS resonator is assigned.

Figure 2 shows the numerically calculated
amplitude-frequency response curves of the MEMS
resonator at kn = 0.001 and un = 0.0. At nonlinear
responses, amplitude-frequency response curves bend
toward higher frequencies owing to a hard spring
effect [13, 18, 21, 24, 25]. The red (aqua) line
shows the responses at the upsweep (downsweep) of
frequency. The solid (red and aqua) lines correspond
to two stable solutions and the dashed (green) line
shows an unstable solution. At any given frequency
in the hysteretic region, the MEMS resonator has two
coexisting stable states. In the following simulations,
the excitation frequency ω is set at 1.02.

Figure 3 shows the hysteretic behavior as a function
of the excitation amplitude kn without control input
by numerical simulations. The model of the MEMS
resonator has the hysteretic behavior when the exci-
tation amplitude is swept from left to right (thick red
line) and right to left (thin aqua line). In the hysteretic
region, the nonlinear MEMS resonator shows two co-
existing stable states (solid line) and one unstable state
(dashed green line) [21]. These stable states are de-
fined as the two states of the single output of logic or
memory operations in a single nonlinear MEMS res-
onator [21]. In this study, a displacement amplitude
greater (less) than 0.100 is quantized as a logical “1”
(“0”) for logic and memory output.

2.2. Control System

This subsection addresses the control input as a logic
operation. Fig. 1 shows the control system to perform
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Figure 1: Schematic of MEMS resonator and control system.
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Figure 2: Numerical amplitude frequency response
curves at kn = 0.0001.
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Figure 3: Hysteretic characteristics as a function of
excitation force at ω = 1.02.

the logic operation. Recently, we experimentally and
numerically demonstrated a logic-memory operation
that uses a closed loop control and a nonlinear MEMS
resonator in which multiple states coexist [13]. Based
on the previous study, the feedback control is per-
formed and the logic inputs are applied to the MEMS
resonator as two inputs (Linn1 and Linn2). The control
input un is described by the following equations [21]:

un = Linn1 + Linn2 −KnA
2
nave, (2)

A2
nave =

A2
n1 +A2

n2 + · · ·+A2
nm + · · ·+A2

nM

M
, (3)

where Kn (= 0.08) denotes the feedback gain, m a
natural number, M (= 150) the average number, and
Anm the displacement amplitude of the previous m
period within 1 ≤ m ≤ M . In addition, Linn1 (Linn2)
shows the input signal that corresponds to the first
(second) logic input. In this study, the logic input is
quantized as logical 1 (logical 0), when the input signal
(Linn1 or Linn2) is set at 0.0008 (0.0001).

3. Reprogrammable Logic-Memory Operation

This section focuses on a reprogrammable logic-
memory operation in a nonlinear MEMS resonator
with multiple states by numerical simulations. Both
logic and memory operations can be obtained in the
single MEMS resonator. These operations are con-
firmed for the behavior of device at clock evolu-
tion. Here, the excitation force kn is set at either
0.00075 or 0.00150. Fig. 4(a) (4(b)) shows the cal-
culated time evolutions of the device at kn = 0.00150
(kn = 0.00075). In these figures, the purple, green,
yellow, aqua and black lines show the displacement
x as the output of the device, control input un, the
first logic input Linn1, the second logic input Linn2,
and clock signal, respectively. When the clock signal
is high (low), the control input is (is not) applied to
the MEMS resonator. Note that the nonlinear MEMS
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(a) OR gate and memory operations at kn = 0.00150
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(b) AND gate and memory operations at kn = 0.00075

Figure 4: Time evolution of reprogrammable logic-
memory operation.

Table 1: Truth table of OR gate.

Input Output (Displacement)
Linn1 Linn2 x
0 0 “0”
0 1 “1”
1 0 “1”
1 1 “1”

Table 2: Truth table of AND gate.

Input Output (Displacement)
Linn1 Linn2 x
0 0 “0”
0 1 “0”
1 0 “0”
1 1 “1”

resonator works as a logic (memory) device at high
(low) clock signal.

The logic inputs of input signals (Linn1, Linn2) start
from (0, 0) and continue to (0, 1), (1, 0), and (1, 1).
As shown in Fig. 4(a), when the logic inputs are (0, 0),
the output of the device becomes a logical “0” at kn =
0.00150. When the logic inputs are set at (0, 1), (1, 0),
or (1, 1), the output is a logical “1” at kn = 0.00150.
On the other hands, at kn = 0.00075, when the logic
inputs are set at (0, 1) or (1, 0), the output is a logical
“0”. Therefore, the nonlinear MEMS resonator works
as an OR (AND) gate at kn = 0.00150 (kn = 0.00075)
as shown in Tab. 1 (Tab. 2).

As shown in Fig. 4(a) (4(b)), when the control in-
put is off at low clock signal, the nonlinear MEMS res-
onator can be used as the memory device by storing
the output of OR (AND) gate. The single MEMS res-
onator combines the function of OR (AND) gate and
memory at kn = 0.00150 (kn = 0.00075). As a result,
we numerically demonstrate the reprogrammable logic
function that consists of OR/AND gate and the mem-
ory function in the single nonlinear MEMS resonator
due to the adjustment of the excitation amplitude.

4. Summary

In numerical simulations, the reprogrammable logic
gate and memory operations were demonstrated in a
single MEMS resonator. It was numerically shown
that when the excitation amplitude is adjusted, the
logic function as either AND or OR gates can be pro-
grammed. As a result, we numerically confirmed the
realization of the reprogrammable logic-memory oper-
ation in the single nonlinear MEMS resonator. The
demonstration of this reprogrammable logic-memory
device affords a path to the realization of an on-
demand device [26] with multi-functions based on the
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nonlinear MEMS resonator.
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Abstract– As the bifurcation frequency for the single 

cantilever is approached the linear response measurement 

of the frequency shift and peak height of the natural 

frequency (NF) resonance, which corresponds to a 

homogeneous solution of a driven nonlinear equation of 

motion, is in good agreement with analytical calculations 

for a single Duffing resonator. Linear response 

measurements also provide information about the 

bifurcation mechanism for an intrinsic localized mode in a 

micro-cantilever array.  We find that the most prominent 

structure in the linear response spectrum for the ILM is, 

again, the NF. When the measured NFs of the two 

geometrically different nonlinear systems are compared 

the results are very similar at large amplitudes, including 

the appearance of nonlinear damping, which grows with 

increased cantilever amplitude. 

 

1. Introduction 

 Micromechanical systems have attracted much interest 

because of their useful applications and/or novel 

dynamical behavior. [1, 2]  A cantilever array provides a 

platform where experiments on collective nonlinear 

behavior can be compared with theory. Intrinsic localized 

modes (ILMs) represent one novel property of the 

dynamical excitations of a nonlinear lattice.[3-5] ILMs 

can be generated and kept at steady state in the cantilever 

array by a continuous vibrational excitation, easily 

produced by a piezo-electric transducer (PZT) attached to 

the cantilever array. An ILM exhibits a bifurcation when 

the PZT frequency is changed beyond a stable region, or 

when a moveable impurity approaches an ILM and 

repulsion or attraction along the lattice take place. [6] A 

linear response measurement is a very powerful tool to 

investigate the mechanism behind such bifurcation 

dynamics.  

 Linear response is measured when a low level 

sinusoidal probe is applied to the ILM and a vibration 

response caused by this perturbation is measured as a 

spectrum by scanning the probe frequency. If some 

resonance peaks in the spectrum shift in frequency near 

the bifurcation point, we expect that those corresponding 

normal modes are connected to the transition. [7, 8] Peaks 

in the spectrum include a natural frequency (NF), linear 

local modes (LLMs) associated with the ILM [9], and 

band modes (BMs) of the lattice.  

 In this paper, we report on the NF measurement of a 

single micro-cantilever in a high amplitude state. Because 

of the driven-damped condition to maintain steady state, 

there should be one pair of peaks associated with the NF, 

symmetrically located about the pump frequency. We 

show that the measured NF results of a single Duffing 

resonator agree with those determined from analytical 

calculation or simulations and that these results also are 

similar at large amplitudes to those observed for the NF of 

an ILM in an array.  

 

2. Experiments 

 Figure 1 is a schematic of the experimental setup for 

the linear response measurement. The micro-cantilever 

sample is set in a vacuum chamber with a piezo-electric 

driver (PZT). Two oscillators are connected to the PZT, 

one is the pump to maintain the nonlinear large amplitude 

state by a large AC signal, and the other is a probe for the 

spectrum measurement with a very small AC amplitude. A 

cantilever is 50 m  long, 15 m width and 300 nm thick.  

The cantilever has a positive nonlinearity, that is, the 

spring constant becomes hard as the amplitude increases. 

 
  To make the linear measurement, first, the pump 

frequency is increased from a frequency below the linear 

resonance frequency to one above so that the oscillator 

reaches a high amplitude state. Then, the probe frequency 

 
Fig. 1  Experimental setup for the linear response 

measurement. A cantilever is set in a vacuum chamber and 

driven vertically by a piezo-transducer (PZT). A laser 

diode (LD) , beam splitter, and position sensitive detector 

(PSD) are employed for the vibration measurement. Large 

amplitude oscillation at 
pumpf and weak amplitude 

oscillation at 
provef  are induced in the cantilever. The 

response is analyzed with a lock-in amplifier. 

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015

- 740 -



   

 

is scanned across the pump frequency to obtain the 

required linear response spectrum. The probe signal is 

analyzed by a lock-in amplifier, which gives sine and 

cosine response when the cosine probe as used as a 

reference signal. Typical real and imaginary parts of the 

response curve are displayed in Fig. 2. The large central 

peak is due to the pump signal. 

 

 
 Figure 3 presents the pump frequency dependence of 

the probe response. Spectra are ordered from bottom to 

top with increasing pump frequency. The arrow on the 

ordinate identifies that particular spectrum when the pump 

frequency coincides with the linear resonance frequency 

of the cantilever. Below this frequency there is only one 

resonance peak, on the right hand side; but as the pump 

frequency increases another resonance appears on the left 

hand side. This peak height increases with the increasing 

pump frequency and at first the NF gap frequency 

increases as well. Then at still larger frequencies it 

decreases.  

 The amplitude dependence of the cantilever vs pump 

frequency, as well as the gap frequency and the peak 

height of the NF are summarized in Fig. 4. The amplitude 

responses for various pump excitation levels are presented 

in Fig. 4(a). Figures 4(b) and (c) show the gap frequency 

and NF peak height dependences, respectively. The gap 

frequency decreases as the pump frequency approaches 

the upper bifurcation point, while the peak height tends to 

diverge. These results are consistent with the simulations 

and analysis results described in the next section.  

 
3. Simulations and analysis 

(a) Single cantilever 

 For the model equation of the single Duffing oscillator, 

we have used 

 

   

3

2 4

1 2cos 2 cos 2pump probe

m
mx x k x k x

m f t m f t



   

   



    (1) 

where m is the mass,   is the relaxation time, 
2k  and 

4k  

are harmonic and quartic spring constants, 1  and 
2  are 

the driving acceleration amplitude for the pump and probe, 

and pumpf  and probef  are the pump and probe frequency, 

respectively. Values are 10 21.0 10 / (2 ) kgm   , s01.0 , 

mNk /0.12   and 8 3

4 5.0 10 /k N m   throughout the paper. 

 
Fig. 2.  Real (upper) and imaginary (lower) parts of the 

response curve vs probe frequency for the single cantilever 

in a high amplitude state. Sharp, large peak at 95.1 kHz is 

due to the large amplitude oscillation by the pump. 

Somewhat broader peaks symmetrically located about the 

pump frequency are the sideband responses. Pump 

amplitude is 0.41V and probe amplitude is 4.2mV. 

 
Fig. 3 Response spectra vs probe-pump difference frequency 

for various pump frequencies. PZT pump amplitude = 

0.41V; probe amplitude = 4.2mV. Pump frequency ranges 

from 92.30 to 95.78 kHz in 0.04kHz increments. Arrow 

identifies the linear spectrum for f
pump

= 92.812kHz . 

 
Fig. 4. (a) Cantilever amplitude vs pump frequency for 

various excitation levels of the pump: 0.14, 0.27, 0.41, 0.68 

and 1.0V. Solid and dashed curves are for up-scan and 

down-scan respectively. (b) Gap frequency between the NF 

and the pump vs pump frequency for the same pump 

excitation levels. (c) Peak height of the sideband response vs 

pump frequency for the different pump levels. 
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For the probe, we have used typically 2

2 0.01( / )m s  . To 

eliminate the large amplitude vibration oscillating at the 

pump frequency, we made two sets of simulations with 

opposite probe phase keeping the pump amplitude fixed. 

The difference between the two simulations contains only 

the effect of the probe. Then, the resulting displacement is 

multiplied by  cos 2 probef t    or  sin 2 probef t  and 

averaged over a certain time, like a lock-in amplifier, to 

obtain cosine and sine parts of the probe response. By 

changing the probe frequency, real and imaginary parts of 

the response spectra are calculated. 

 
 Figure 5 summarize the pump frequency dynamics of 

the Duffing resonator for three different pump excitation 

levels. Curves in Fig. 5 (a) represent the analytical pump 

response solutions. Markers in Fig. 5(b) identify the 

frequency difference of the NF peak and the pump 

frequency, as a function of the pump frequency. The linear 

resonance frequency is 100 kHz. The gap frequency 

increases with the pump frequency from the linear 

resonance frequency, then decreases beyond the middle of 

the high amplitude frequency region. It approaches zero as 

the pump frequency reaches the upper bifurcation 

frequency. The peak height in Fig. 5(c) increases with 

increasing pump frequency, and diverging near the upper 

bifurcation frequency. 

 The analytical curve was obtained as follows: [7] 
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Similar sideband curves were obtained by Dykman et al. 

[10], who studied the Duffing oscillator as a model of a 

stochastic resonance. Since noise plays an important role 

in the stochastic resonance, they calculated the spectral 

density of vibration analytically (Eq. (19) in Ref. [10]).  

Because of an approximation, their equation is not as 

simple as Eq. (2) and their peak prediction is distorted by 

that assumption. Also the gap frequency is related to the 

stability of the stationary state. For the Duffing equation, 

stability can be checked by evaluating the perturbed 

equations in the stationary state. [11-13] 

 (b) Cantilever array 
 The equations of motion for the cantilever array 

simulations have the form 
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3 ( )
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ji i i

i Oi i O i I i i j i j

j

I i i i i

i pump i probe

d x m dx
m k x k x k x x x

dtdt

k x x x x

m t m t



  

 

 

     

   

  



 

where 
im is the mass,  is the relaxation time, 

2Oik and 

4Ok  are harmonic and quartic onsite spring constant, 

( )

2

j

Ik is the harmonic spring constant for the intersite 

connection up to 6-th neighbor, and 
4Ik  is the quartic 

spring constant for the intersite connection. The right hand 

side is the driving term. Here to match experiment 
21000m/spump  is the pump acceleration and   is the 

pump frequency.  The second term is for the probe driver 

at frequency   and acceleration amplitude 
20.01m/sprobe  . In the cantilever array, it is observed 

that the driven ILM displays an amplitude dependence vs 

pump frequency similar to the Duffing, and bifurcation at 

a high frequency brings its sudden collapse. [7, 14] We 

have observed very similar pump frequency dependences 

of the NF shift and peak height as shown in Figs. 4(b) and 

(c). Frequency softening and amplitude diverging for 

these cases at the high frequency transition are sign of the 

approaching saddle-node bifurcation for the driven-

damped Duffing-like response.  

 To compare more precisely the single cantilever and the 

ILM cases in experiments and in analytical/simulation, we 

evaluate 
4

gapf , because it is known as a predictor of the 

saddle-node bifurcation for the undamped condition. [12] 

Four panels as a function of the driver frequency are to be 

compared in Fig. 6. In this representation, the saddle node 

bifurcation takes place where the gapf curve approaches 

zero at the high frequency location. In all four cases the 

 
Fig. 5.  (a) Nonlinear amplitude response of a single 
Duffing resonator vs pump frequency. Three pump 
amplitudes are shown: 1000  , 2000, and 3000 

2( / )m s . (b) Analytically determined sideband gap 
frequency (solid curves) and simulated peak heights 
(markers) vs pump frequency. Notation: 

1000  (circles), 2000 (crosses), and 3000 
2( / )m s (triangles). (c) Analytical sideband peak height 

(solid curve) and simulated gap frequency (markers) vs 
pump frequency.  
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curves look almost linear near the bifurcation point; 

however, the experimental curves in (a) and (c) both bend 

up as the curves move away from that point, while 

analytical or simulated cases in (b) and (d) bend down.  

 
We might have expected a difference between the 

single cantilever and ILM cases due to geometry but 

instead we have found differences between the 

experimental and analytical/simulated results for both 

cases. These findings indicate that there is a physical 

difference between the real cantilever systems and our 

model equations of motions. A likely candidate is 

nonlinear damping, with larger damping for the larger 

amplitude state. In both of the models used, we adopted 

linear damping with its constant obtained experimentally, 

but for the small amplitude state. 

 

5. Summary 

 For the positive nonlinear case studied here, the saddle 

node bifurcation takes place at the high frequency side of 

the amplitude spectrum where it drops suddenly as 

demonstrated in Figs. 4(a) and 5(a). We have found that 

the measured frequency shift and peak height of the NF 

resonance for the single cantilever is in good agreement 

with analytical calculations, as the bifurcation frequency 

is approached, i.e., the gap frequency decreases and the 

peak height diverges. We conclude that the analytical 

linear response equation is valid. The high frequency 

response of the ILM is comparable to that found for the 

single cantilever, near the bifurcation point. From both 

single cantilever and ILM studies, it appears that 

nonlinear damping in the silicon nitride cantilevers may 

modify how the NF gap frequency depends on the pump 

frequency. 
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Fig. 6. Predictor of the saddle-node bifurcation, 

4

gapf , vs 

pump frequency for four cases. (a) Experimentally 

measured single cantilever, (b) Analytically calculated 

single cantilever, (c) Experimentally measured ILM, and (d) 

Simulated ILM. (Data from Ref.[7].) The approach to zero 

on the high frequency side is the signature of the saddle-

node bifurcation. Dashed lines are guide to eye.  
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Abstract– We study interstate switchings induced by 
noise in nonlinear micromechanical oscillators. Under 
sufficiently strong periodic excitation, nonlinear 
micromechanical oscillators possess multiple oscillation 
states that have different amplitudes and phases. The 
presence of noise makes it possible for the system to 
switch between these states. Our data demonstrate that the 
dependence of the interstate switching rate on device 
parameters is qualitatively different for Gaussian noise and 
Poisson pulses. 

 
 

1. Introduction 
 

In micro- and nano-systems, the interplay of noise and 
nonlinearity often yields novel phenomena. These 
phenomena are of both fundamental and practical interest 
because they can potentially offer new functionalities and 
improve the performance of sensors. For instance, when  
nonlinear resonators are subjected to sufficiently strong 
periodic driving, multistability develops. Fluctuations can 
induce the system to escape from one metastable 
oscillation state into the other, with the escape rate given 
by W = C exp(-Q), where C is the prefactor that is largely 
independent of noise intensity and Q is the switching 
exponent. For the most common case of Gaussian noise, 
the switching has been shown to follow Kramer’s equation 
so that Q = R/D, where R is the activation barrier and D is 
the noise intensity [1-7]. 
 

Here, we explore activated switching out of nonlinear 
micromechanical oscillators that are periodically driven 
into bistability [8]. Between the bifurcation frequencies 
ωb1 and ωb2, two stable oscillation states coexist [5]. As 
the driving frequency ωd is tuned towards the bifurcation 
value ωb, one of the two stable oscillation states merges 
with the unstable state and the system becomes 
monostable. We focus on revealing the differences in 
switching induced by Gaussian noise and Poisson pulses. 
For Gaussian white noise, the switching rate obeys the 
Arrhenius relation, with Q ∝  1/DG, where DG is the 
intensity of the Gaussian noise. In contrast, for Poisson 
pulses, we observe a logarithmic dependence of Q on the 

Poisson noise intensity Dp, when we vary Dp by tuning the 
mean rate ν of the pulses. Theoretical analysis [9] 
predicted that Gaussian and Poisson pulses yield different 
dependence of Q on frequency detuning ∆ω = ωd – ωb. We 
observe that Q exhibits a power law dependence Q ∝  
(∆ω)η for Gaussian noise, with the measured value of η 
consistent with the predicted value of 3/2 for saddle-node 
bifurcations, as verified by a number of other experiments 
[5,8]. For Poisson noise, it is expected that instead of a 
simple power law dependence, Q depends on the square 
root of ∆ω with an additional logarithmic factor [9].  
 
 
2. Experimental Setup 
 
2.1. Micromechanical resonator 
 

Figure 1(a) shows a scanning electron micrograph of 
our device that consists of a polycrystalline silicon beam 
100 µm by 1.2 µm by 1.5 µm suspended above the 
substrate [8]. A close-up of one end of the beam is shown 
in Fig. 1(b). Both ends of the beam are anchored to the 
substrate. When an ac current is passed through the beam 
in a perpendicular magnetic field of 5T, vibrations of the 
beam in its in-plane fundamental mode can be excited by 
the Lorentz force. Motion of the beam generates an 
electromotive force that changes the transmitted ac power. 
  
 
2.1. Duffing resonator: Nonlinearity and hysteresis 
 

The beam can be modeled as a Duffing oscillator of the 
form 

)()cos(2 32 tfthqqqq do +=++Γ+ ωβω&&&  (1) 

 
where q is the normalized displacement, Γ = 96 rad s-1 is 
the damping coefficient, ωo = 7,133,339 rad s-1 is the 
resonant frequency, β = 2.3x109 m-1s-2  is the coefficient of 
the cubic nonlinearity, h and ωd are respectively the 
amplitude and frequency of the external driving force, and 
f(t) is the noise force.  
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As shown in Fig. 1(c), at small oscillation amplitudes, 
the resonator behaves as a simple harmonic oscillator. As 
the driving field increases, the resonance peak tilts 
towards high frequencies. When the oscillation amplitude 
exceeds the critical value, the resonator develops 
bistability in its frequency response due to the cubic term 
in Eq. (1). Within a certain range of driving frequencies 
(between ωb1 and ωb2), there are two stable dynamic states 
with different oscillation amplitude and phase [Fig. 1(c)].  

 
 

 
 

Fig. 1 (a) Schematic of the experimental setup (b) Scanning 
electron micrograph of one end of the doubly-clamped silicon 
beam. (c) The dependence of oscillation amplitude on driving 
frequency detuning ∆ω. In order of ascending amplitude, the 
curves correspond to linear, critical and nonlinear responses. All 
3 curves are normalized to the amplitude of the critical response. 
 
 
2.2. Generating the noise voltages 

 
Next, we fixed the driving frequency at a value in the 

bistable region close to the lower bifurcation frequency 
ωb1, with frequency detuning ∆ω = ωd - ωb1. By injecting 
noise in the driving force, the oscillator can be induced to 
escape from the low-amplitude state into the high-
amplitude state. In our experiment, we apply two different 
types of noise: Gaussian or Poisson. To create the 
Gaussian noise voltage, we amplify the Johnson noise of a 
50 ohm resistor. When this voltage is applied to one of the 

electrodes next to the beam [Figs. 1(a) and 1(b)], a 
random electrostatic noise force is exerted on the 
oscillating beam.  

 
Generating Poisson noise requires additional circuitry 

[8]. The Gaussian noise is used to trigger a pulse generator. 
Whenever the Gaussian noise voltage exceeds a 
predetermined threshold, the pulse generator outputs a 
square pulse of fixed height and duration. For each single 
pulse, the width (tg = 400 µs) is much smaller than the 
mean time between successive pulses (from 30 ms to 200 
ms). This train of voltage pulses is then used to amplitude-
modulate a sinusoidal rf voltage at the driving frequency 
of the resonator. This Poisson noise voltage is then applied 
to the electrode to create the noise force electrostatically. 

 
 

3. Interstate switching 
 
Next, we apply the Gaussian noise and Poisson pulses 

to the resonator and measure the switching rate W for 
different noise intensities at a fixed frequency detuning 
∆ω. For Gaussian noise, Fig. 2(a) shows that –log W 
depends linearly on the inverse noise intensity 1/DG, 
where DG is given by: 
   

( ) ( ) ( )tftfttDG ′=′−∂2      (2) 

 
Figure 2(a) confirms that interstate switching of our 
resonator under Gaussian noise obeys Arrhenius relations 
and is activated in nature.  
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Fig. 2. (a) The dependence of –log W on 1/DG for Gaussian noise. 
The frequency detuning ∆ω is 3.14 rad s-1. The solid line is a linear 
fit. (b) –log W as a function of 1/ν  at ∆ω = 12.56 rad s-1 for rf-
modulated Poisson pulses. The noise intensity is proportional to the 
mean pulse rate ν, provided that the height of the pulses is kept 
constant. Inset: the same data plotted vs log(1/ν). 
 
 

The intensity of Gaussian noise is characterized by a 
single quantity DG according to Eq. (2). For Poisson noise, 
however, the intensity DP depends on both the mean rate 
of pulses ν and the area under each pulse g. In our 
experiment, we change ν  and maintain both the height 
and the duration of the pulses fixed so that g remains 
constant. Figure 2(b) plots –log W as a function of 1/ν for 
Poisson rf pulses. The dependence is clearly sub-linear. 
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Instead, if we replace 1/ν by log(1/ν) on the x axis, a 
much improved linear fit [inset in Fig. 2(b)] is obtained. 
Since the Poisson noise intensity DP is proportional to ν, 
Fig. 2(b) shows that -logW is proportional to the logarithm 
of reciprocal of the noise intensity log(1/DP) as the pulse 
rate is varied. Our observation indicates that there are 
qualitative differences in the interstate switchings induced 
by Poisson pulses and Gaussian noise. 
 

 
 
Fig. 3. Near a bifurcation point, the motion in the 2D phase 
space of slow variables can be mapped onto a 1D potential of the 
form ψ(x) = -x3/3+ ηx. For Gaussian noise, switching is induced 
when a large outburst of noise overcomes the deterministic force 
from the barrier R = 4η3/2/3. For Poisson noise, each pulse 
translates the system by a distance dp along x. The system can 
reach the saddle point if no = do/dp pulses occur during the 
relaxation time. 

 
 
Near bifurcation points, the motion of our resonator can 

be mapped onto that of a Brownian particle in a 1D 
potential of the form ψ(x) = -x3/3+ η x, where η is the 
system parameter that decreases to zero at the bifurcation 
point (Fig. 3) [10]. Gaussian noise and Poisson noise 
induce switching out of the metastable state through 
qualitatively different mechanisms [8,9]. For Gaussian 
noise, switching is induced when a large outburst of noise 
overcomes the deterministic force from the barrier. For the 
effective potential ψ(x), the barrier height scales as η3/2. 
The switching rate is given by )exp( Q−∝Γ . For 

Gaussian noise, QG = 4η3/2/3DG where DG is the noise 
intensity. For Poisson noise, provided that the duration of 
a pulse is much shorter than the relaxation time of the 
system, prior theoretical and experimental works have 
shown that each pulse translates the system by a fixed 
distance dp in the X-Y phase space [9,11]. For potential 
ψ(x), the separation between the metastable state and the 
saddle point is do = 2η1/2. The system can reach the saddle 
point if no = do/dp pulses occur during the relaxation time 
tr before the system relaxes back to the metastable state. 
Such probability can be obtained using Poisson’s 

distribution ( ) ( ) ( ) !exp, or
n

rro ntttnP o υυ −= , yielding an 

estimate for the switching exponent:    
 

  )~/log()~/2( 2/1 υκηη ggQP = ,      (3) 

 
where υ  is the mean rate of pulses, g~  is the effective 

pulse area in phase space and κ is a constant. Here, the 
η1/2 factor originates from the square root dependence of 
do on η. Figure 3 illustrates the different mechanisms for 
switching induced by Gaussian and Poisson noise. QP and 
QG exhibit different dependence on η and the noise 
intensity, indicating that the noise statistics affect the 
dependence of the switching rates on device parameters. 

 
 

4. Summary 
 
We study noise induced switchings in nonlinear 

micromechanical oscillators periodically driven into 
bistabiliy. Our data demonstrate that the dependence of 
the interstate switching rate on device parameters is 
qualitatively different for Gaussian noise and Poisson 
pulses. The findings could create new opportunities for 
using driven nonlinear systems as detectors for non-
Gaussian noise.  
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Abstract– The scanning ion conductance microscope 

(SICM), a member of the family of scanning probe 

microscopes, can be used to study nano and micrometer 

scale biological samples. SICM images samples by 

detecting ion current flowing through a pipette aperture. 

However, the electrical charge of the sample surface 

influences the ion current detected by SICM.  

In this research, to investigate the influence of the 

charged sample on SICM imaging, the behaviors of the ion 

current on charged surfaces were studied. For the approach 

curve, current behavior as the nanopipette approaches the 

surfaces, the detail properties including non-linearity and 

its influence on imaging were investigated. Imaging of 

Indian muntjac that is spontaneously charged negatively in 

buffer solution was performed. When positive potential 

was applied to the pipette electrode, the topography of 

chromosome was successfully obtained.  On the other 

hand, when negative potential was applied to the pipette 

electrode, it was difficult to obtain the topography of the 

chromosome.  

 

1. Introduction 

Scanning probe microscopy (SPM) refers to a family of 
microscopy techniques that scan a probing tip over a 

sample surface to provide information about the local 

characteristics of solid samples. Among various SPM 

techniques, atomic force microscopy (AFM) [1] has been 

widely used for biological studies because it can obtain 

sample topography at nanometer scale resolution [2,3]. In 

particular, since the AFM works in various environments 

such as vacuum, air and liquid, biological soft samples 

have been observed in physiologically relevant aqueous 

conditions [4,5]. However, it has remained difficult to 

image the nanoscale topography of larger meso- and 

microscale biological samples by AFM, because there 

may be artifacts due to the force between the tip and 

sample, as well as other factors such as tip geometry and 

lateral forces [6,7]. To overcome these technical 

difficulties, some previous investigators have been 

interested in scanning ion conductance microscopy 

(SICM). SICM is another type of SPM technique that was 

first introduced by Hansma et al. [8], and is based on a 

glass micropipette that serves as a sensitive probe. The 

signal is modulated by an ion current that flows between 

an electrode located within the pipette and a bath 

electrode for feedback control of the pipette-sample 

distance (Fig. 1). The distance is maintained at the radius 

of the pipette during scanning, which allows noncontact 

imaging of the sample topography under liquid conditions. 

Biological application of SICM was first reported by 

Korchev et al. [9], who observed live cultured cells under 

liquid conditions. Since then, SICM has been used to 

image the surfaces of different cultured cells such as 

neurons and cardiomyocytes [10-14]. SICM can image 

samples without damaging by detecting ion current which 

flows through a pipette with an aperture.  However, there 

is a possibility that electrical charge of the sample surface 

influences the ion current detected by SICM.  

In this research, to investigate the influence of the 

charged sample on SICM imaging, the behaviors of the 

ion current on the charged surface were studied. In this 

report, we discuss the details of the non-linear relationship 

between the electric charge of the surface and SICM 

imaging. 

 

2. Experimental procedure 

 

2.1. Scanning ion-conductance microscopy (SICM) 

The SICM, which uses a glass nanopipette as the 

sensitive probe, was suitable for imaging non-conducting 

surfaces bathed with electrolytes. The SICM utilizes ion-

current flow through the pipette aperture. When the 

pipette edge approaches a sample surface within a 

distance between the pipette edge and the surface that is 

less than the aperture diameter, the ion current is reduced. 

By detecting the drop in the ion current, the operator can 

control the distance between the pipette edge and the cell 

membrane with nanometer-scale accuracy. Figure 2 shows 

the experimental setup of the SICM mounted on a sample 

stage of an inverted optical microscope (IX-71, Olympus). 

Biological samples prepared in a petri dish are put on an 

X-Y flat scanner (NIS-70, Nanonics). The sensitive SICM 

probe consists of a nanopipette filled with electrolyte with 

an Ag/AgCl electrode inserted into it.  
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The glass pipette was fabricated from borosilicate 

capillaries (inner diameter 0.6 mm, outer diameter 1.0 mm, 

Narishige, Tokyo, Japan) using a CO2-laser-based 

micropipette puller (P-2000, Sutter Instruments, Novato, 

CA, USA). The diameter of the aperture of the pipette 

edge was about 100 nm. A DC bias electrode is applied 

between the bath electrode and inner electrodes of the 

nanopipette. The inner electrode is connected to a high-

impedance head stage current amplifier (Axon patch 200B, 

Axon Instruments, Inc.) that detects the ion current 

passing from the liquid medium through the pipette 

aperture. The ion current of the probe close to the sample 

surface is amplified and then fed into a homemade SICM 

controller. The controller consists of a comparator, 

microcomputer, and 16-bit D/A converter. The output 

signal of the controller is fed to the piezo driver to drive a 

z-axis piezo actuator (Cedrat Technologies) holding the 

nanopipette probe. There are several operating modes for 

SICM. In the direct current (DC) mode, DC ion current is 

recorded during scanning, while, in the alternating current 

(AC) mode, the amplitude of the AC ion current 

modulated by oscillating the pipette probe is detected by 

using a lock-in amplifier [15]. In the hopping or backstep 

mode, ion current is recorded while the pipette is moved 

vertically and repeatedly approaches and retracts from the 

sample surface [16, 17]. In the present study, images were 

obtained in the hopping mode. In the hopping mode, the 

probe approached towards an insulating surface until the 

ion current reduction is exceeded a predefined threshold. 

The current reduction of 2% with respect to the basal 

current was used in this experiment to stop the approach.  

 

 

 

2.1. Cultured HeLa cell 

To examine the image quality of SICM for cultured 

cells, fixed HeLa cells were imaged by Hopping SICM in 

this study. At first, HeLa cells were grown on cover slips 

in culture dishes (50 mm in diameter) for 24–48 h in a 

CO2 incubator at 38◦C, fixed with 1% glutaraldehyde in 

0.1 M phosphate buffer (PB) at pH 7.4 for overnight at 4 ◦
C, and observed by SICM.  

 

2.3. Preparation of the Indian muntjac chromosome  

Chromosomes of Indian muntjac were prepared 

according to the standard air-drying method for light 

microscopy [18]. Briefly, Indian muntjac cells after 

cultivation were arrested in metaphase by adding 

colcemid to the culture medium at a final concentration of 

0.05 μg/ml for 1 h, exposed to 75 mM KCl for 30 min at 

room temperature and fixedwith Carnoy’s solution 

(methanol: acetic acid = 3:1, v/v). Chromosome spreads 

were then formed by dropping the cell suspension onto 

glass slides, briefly dried in air in order to fix them onto 

the glass slides. They were immersed in PBS and 

observed by SICM. 

 

3. Experimental results and discussion   

3.1 SICM imaging 

Figure 3(a) and (b) show the topographic data of the 

HeLa cell obtained in PBS with physiological saline 

concentratin (154 mM NaCl) with a pipette electrode of 

positive and negative potentials, respectively. In both 

potentials, the topographical images were successfully 

obtained. Both images show same topographical 

structures. The hopping mode of SICM can obtain high-

resolution topographic image of cultured cells with 

minimal deformation in liquid conditions. In general, 

SICM can image samples by detecting the current drop 

due to increase the aperture resistance as the pipette 

aperture edge is approached in the vicinity of the sample 

surface. In this principle in SICM imaging, it might be 

possible to image the samples with applying both positive 

and negative potential. However, in case of dealing with 

strongly charged samples, it is actually difficult to obtain 

topographical images because the ion current is strongly 

influenced in the vicinity of the charged surface.  

Fig. 1  Schematic representation of SICM 
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Fig. 3 SICM images of topographic data of the HeLa 

cell.  (a) Image obtained with a pipette electrode of 

positive potential.  (b) Image obtained with a pipette 

electrode of negative potential.  
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Figure 4 shows the topographic data of the 

chromosome of Indian muntjac. In general, 

chromosome surface is strongly charged negatively in 

buffer solution. Thus it is suitable to investigate the 

influence of the charged effect on SICM imaging. When 

positive potential was applied to the pipette electrode, 

the topography of chromosome could be obtained. On 

the other hand, when negative potential was applied to 

the pipette electrode, it was difficult to obtain the 

topography of chromosome. It is considered that the 

electric charge on the chromosome surface influences 

the ion current detected by SICM.  

 

3.2 Approach curve  

To investigate the difference between the imaging 

processes under negative and positive potentials, we 

obtained approach curves indicating how the ion current 

depends on the distance from the sample surface. Figure 

5(a) shows the approach curves obtained on the HeLa cell 

by applying a positive potential (+0.1 V) and a negative 

potential (-0.1V) to the nanopipette electrode in the PBS 

with physiological salt concentration (150 mM). As shown 

in the figure, in both cases of positive and negative 

potentials, the ion currents decreased monotonically as the 

pipette approached the sample surface, even the slight 

difference between the both curves were recognized. Thus, 

the reductions of the current could be detected when the 

pipette edge came close to the surface under each negative 

and positive potential in hopping mode SICM imaging. 

On the other hand, on the chromosome surface, the 

significant difference appeared between the approach 

curves obtained under the positive and negative potentials 

as shown in Fig. 5(b). With respect to the approach curve 

obtained under the positive potential of the pipette 

electrode, the current decreased as the pipette approached 

to the sample. However, under the negative potential of 

the pipette electrode, the current increased as the pipette 

approached to the sample, and then it dropped suddenly. 

Therefore, the chromosome image obtained under the 

negative pipette potential should be significantly different 

from that obtained under the positive pipette potential, as 

shown in Fig. 4(a) and (b). On the strongly charged 

sample surface such chromosome, an excess concentration 

of cation is likely due to double-layers formed on the 

surface. Thus, the cation flowing in the pipette aperture 

would be increased as the pipette edge is positioned in the 

vicinity of the chromosome surface under negative 

potential, as s result, the topography of the chromosome 

cannot be imaged in hopping mode because of no 

detection of the ion current reduction.  

 

3.3 Current-voltage curve  

In order to investigation the influence of the charged 

surface on SICM imaging, current–voltage curve was 

acquired. Figure 6 show the current voltage curves 

obtained with the nanopipette positioned on the 

chromosome surface. The current voltage curves were 

obtained as the pipette edge was positioned far away from 

the surface and in the vicinity of the surface of 30% 

dropped point of the current. In general, the absolute 

current value detected under positive potential is smaller 

than that detected under negative potential because of the 

non-linear rectification behavior of the charges pipette 

[19]. For the ion current obtained on the chromosome, 

even the reduction of the current by pipette approaching 
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could be confirmed under positive potential, the increase 

of the current by pipette approaching was seen under 

negative potential. As describe above, the effect of the 

excess concentration of cation due to double-layers on the 

strongly negative charged surface of the chromosome 

induces the increase of the ion current under negative 

potential. Thus, for SICM imaging of the chromosome, 

the pipette approaching in hopping mode cannot stop on 

the surface of the chromosome, and finally reaches at the 

substrate until the current is reduced by occluding of the 

aperture with the substrate. Therefore as for SICM 

imaging of the sample in liquid, ion distribution and 

structure on the charged surface of samples should be 

considered.  

 

4. Conclusion 
We investigate the influence of charge conditions of 

sample surfaces on imaging using SICM. For SICM 

imaging of biological samples, it should be considered 

that the ion current detected with a nanopipette electrode 

is significantly influenced by charged condition of the 

sample surface in liquid. On the strongly negative charged 

surface of the chromosome of Indian Muntjac, it was 

difficult to obtain the topographic image under negative 

bias potential of the nanopipette electrode. As for the 

current behavior as a function of the nanopipette 

approaching to the sample surface under negative bias 

potential, the current was increased in the vicinity of the 

chromosome surface due to the excess concentration of 

cation on the strongly negative charged surface of the 

chromosome. Thus, in hopping mode of SICM imaging, it 

was difficult to image the topography because the ion 

current reduction was not detected in the pipette 

approaching. Therefore we should consider the non-

linearity behavior of the ion current in the approaching 

process on charged samples for SICM imaging.  
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Abstract—We developed a multi-probe atomic force
microscopy (MP-AFM) systems using piezoelectric can-
tilevers and piezoresistive ones. The use of self-sensing
cantilevers with deflection sensors as probes markedly re-
duced complexity in the MP-AFM setup. Simultaneous
observation images can be acquired by the MP-AFM un-
der frequency modulation (FM) detection operations. The
minimum distance between these probes was 6.9 µm when
it used the piezoresistive cantilevers. We found that the
nanoscale interaction between the probes was detected by
determining the change in the amplitude of each cantilever.
It was clarified that the interaction effect depended on the
vibration amplitude of the cantilever-probe.

1. Introduction

Multi-probe atomic force microscopy (MP-AFM) devel-
opment is in strong demand as an evaluation system on the
nanometer scale [1]. Most of the present AFMs, the optical
beam deflection method is ordinarily used [2, 3]. With this
technique, high-resolution evaluation MP-AFM have also
been reported [4]. However, one of the difficulties in devel-
opment of multi-probe AFM is that the sensing method of
the cantilever deflection is quite complicated.

On the other hand, it is indispensable to simplify the
scheme that detects the position of the AFM cantilever
to attempt a high performance in MP-AFM. The use of a
self-sensing cantilever, in which a deflection sensor is inte-
grated, extremely reduces the complexity of the setup [5],
achieves the image observation with high resolution, ac-
complishes the practicable application in the nanoscale.

In this study, we chose piezoelectric cantilevers and
piezoresistive ones. The deflection signal is detected as the
current from the piezoelectric effect or piezoresistive effect
of the cantilever without a complex optical system. The
basic performance of the developed MP-AFM, the image
data obtained by the instrument, and interaction worked
distance of between cantilever-probes are described.

2. Using piezoelectric cantilever

2.1. Instrumentation

Figure 1 shows a schematic diagram of the multi-probe
AFM system [6]. The position of each probe (PZT can-
tilever) [7] is monitored using the microscope objective lo-
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Figure 1: Schematic of multi-probe AFM system.

cated right above the probes. Each PZT cantilever working
as a probe in the dynamic mode AFM (DFM) is at each
probe stage, which is an inertial slider. All the experiments
were carried out at room temperature in an atmospheric
condition.

Figure 2 shows an optical micrograph of the two PZT
cantilevers both of which were brought near each other by
each slider. Here, we described how to approach the op-
posing cantilever-probe each other by two different modes
of operation. Firstly, a single step motion of 100 - 1,000
nm is made by a stick-slip movement (SS-mode) of the
slider. Secondary, the slider produces continuous motion
that can be controlled by applying an external DC voltage
(DC-mode). The DC-mode is used for positioning the tips
in the z-direction, which is the main feedback control in the
AFM operation. The sample was scanned by a tube scanner
using an SPM controller (CNT-1000, RHK Technology).

Piezo electric

 cantilever (1)

Piezo electric

 cantilever (2)

100 µm

x

y

z

Figure 2: Top-view optical micrograph of two piezoelectric
cantilevers positioned in close proximity to each other.
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2.2. Simultaneous observation

Two PZT cantilevers were brought closer to each other
by the inertial slider using the SS-mode while the distance
between the two levers was monitored using an optical mi-
croscope so as not to avoid the contact. Then, each PZT
cantilever was independently brought in closer near prox-
imity to the surface of the address-patterned sample [6].

9
.2

 µ
m

(115,179)

(114,180)(113,180) (115,180)

(115,182)

(115,178)

(115,181)

10µmprobe(1)

probe(2)

9.2 µm

3 µm

Figure 3: Absolute position identification of images ob-
tained using address pattern. Inset: estimated configuration
of tips from the result.

There are still some difficulties in making the distance
between the probes shorter. The tip of the PZT cantilever
(1) was estimated to be almost in contact with the side of
PZT cantilever (2) in this experiment, as shown in the inset
of Fig. 3, the minimum distance between the tips was actu-
ally limited to 9.2 µm. Another problem is the fabrication
accuracy in the focused ion beam (FIB) process that limits
the actual sharpness of a fabricated tip apex [6].

2.3. Probe-to-probe interaction

When the two vibrating cantilever-probes are located
sufficiently close to each other, both vibration amplitudes
can be interfered because of the interaction forces acting
on each other. We found that each amplitude was reduced
depending on the distance between the probes, which can
be utilized for controlling distance.

These cantilevers were vibrated independently by the
piezoelectric plates mounted to the lever holders and were
brought close to each other by the DC-mode. Both PZT
cantilevers were vibrated at their resonance frequencies.
The vibration amplitude of PZT cantilever (1) was recorded
while it approached PZT cantilever (2), which was fixed in
a certain position.
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Figure 4: Distance dependence of cantilever oscillation
amplitude signal [PZT cantilever (1)].

The measured relationship between the vibration ampli-
tude and the relative cantilever distance is shown in Fig.
4. The vertical-axis is a normalized vibration amplitude
of PZT cantilever (1). When the distance was decreased
to a value smaller than about 40 nm, the amplitude sharply
dropped to zero, which indicated that there might be strong
interaction forces. When the amplitude vanished, the can-
tilevers have been actually in contact with each other. The
possible origins of the interaction forces are viscous resis-
tance of air, friction forces between the probes, surface ten-
sion on water at the probe edge, and atomic forces. Al-
though we monitored the approach of the cantilevers with
the optical microscope, it was impossible to confirm the
movement of each PZT cantilever because of a displace-
ment much smaller than the optical wavelength. The ob-
tained distance dependence of the amplitude is promising
for controlling the gap distance between the probes on a
nanometer scale. Since the origins of the interaction forces
are not understood, the reliability and reproducibility of the
dependence have to be verified experimentally.
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3. Using piezoresistive cantilever

3.1. Instrumentation

Figure 5 shows the instrument schematic of the devel-
oped MP-AFM using piezoresistive cantilevers [8]. The
variation of the piezo-resistance of this cantilever is de-
tected with a difference amplifier based on a homemade
Wheatstone bridge circuit. The cantilever had a three-axis
control slider, and each cantilever-probe could be indepen-
dently driven. Dynamic mode AFM observation by each
cantilever is achieved with this construction. Also, the
observation by MP-AFM and evaluation of interaction of
cantilever-probes were carried out at room temperature in
an atmospheric condition.
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Figure 5: Schematic diagram of multi-probe atomic force
microscope using piezoresistive cantilevers.

Figure 6 shows an optical micrograph of two piezo-
resistive cantilevers, both of which were brought closer to
each other by setting each slider. We can visually confirm
by optical microscope that the two cantilevers have not con-
tacted physically. Thereafter, piezoresistive cantilever (1)
and (2) are carefully brought close to the surface of the
sample.

piezoresistive
cantilever (1)

piezoresistive
cantilever (2)

200 µmx

y

z

Figure 6: Optical microscope image set up on two piezore-
sistive cantilevers.

3.2. Simultaneous observation

A simultaneous observation result by MP-AFM using
the piezoresistive cantilever (1) and the piezoresistive can-
tilever (2) under the FM detection operations are shown to
be comprehensible in the pattern diagram of the address,
and a schematic diagram of probe arrangement is shown
in the inset of Fig. 7. It was confirmed respectively that
the probe tip of the piezoresistive cantilever (1) is in the
(131, 149) neighborhood, and it is in the (130, 151) neigh-
borhood the probe tip of the piezoresistive cantilever (2).
It could be calculated that the distance between probe-tips
were 6.9 µm by comparison between these AFM simulta-
neous observation image and address patterns.

3 µm

(132,151)

(129,151)
(129,148)

(130,149)

(130,150)

(129,150)(129,149)

(132,149)(132,148)

(130,148)

6.9 µm
(131,151)

((((((111111133333000,,, 55555000000000))))))333330000033333000000 111111155551111555550000000))))))000000)))))

(a)

(b)

Figure 7: AFM images taken simultaneously using two in-
dependent probes. The upper-right image (a) was taken us-
ing cantilever (1), whereas cantilever (2) was used for (b).
Absolute position identification of images obtained using
address pattern.

3.3. Probe-to-probe interaction

We have aimed at the application to a single molecu-
lar measurement, and are verifying the principle to de-
velop the technique for controlling the probe spacing on
the nanoscale. When the vibrating piezoelectric-cantilevers
were located close enough, vibration amplitudes can be in-
terfered with because of the interaction forces acting on
each other. In the case where the distance between piezo-
electric cantilevers approaches 40 nm, we found the vibra-
tion amplitude signal of the cantilever decreases because
there is mutual interference.

The method of making two opposed cantilevers ap-
proach each other is described. First, to evaluate only the
interaction between two cantilevers, the effect of the sam-

- 754 -



ple surface is removed by giving enough separation be-
tween the sample and each cantilever. Second, piezore-
sistive cantilever (1) was vibrated at its resonant frequency.
Also, piezoresistive cantilever (2) was in a fixed position,
without excitation vibration. Subsequently, this probe was
made to approach roughly by the SS-mode during visual
confirmation with the optical microscope. Finally, it was
made to approach most by the DC-mode, and contact state
was performed.

The graph shown in Fig. 8 is plotted by the excitation
signal intensity of moving piezoresistive cantilever (1) as
the vertical axis, and by the distance between opposing can-
tilevers as the horizontal axis. Here, it is assumed to be the
contact point (0 nm) at which the amplitude vibration dis-
appeared. To evaluate and perform the attenuation distance
dependency by the vibration amplitude of the cantilever,
the amount of vibration amplitude measured 100 mVp−p,
200 mVp−p, and 300 mVp−p, respectively.
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Figure 8: Distance dependence of cantilever oscillation
amplitude signal of cantilever (1). The blue circle, the
green square and red triangle correspond to 100 mVp−p,
200 mVp−p, and 300 mVp−p, respectively.

First of all, it was confirmed that the interaction worked
between probes of the piezoresistive cantilever because the
vibration amplitude decreased. It was confirmed that a de-
crease in the vibration amplitude began from about 40 nm
when the vibration amplitude was 100 mVp−p. That is, it
did as well as when the piezoelectric cantilever was used
in our previous result. In a word, by the comparison with
our previous study, it was experimentally clarified that the
interaction was not the phenomenon that depended on the
structure and the material of the cantilever.

Moreover, when the distance at which the attenuation
was started was great, it was confirmed by an increase in
the vibration of the piezo-resistive cantilever. It is sug-
gested that the vibration of air by the cantilever causes

some kind of interaction between the probes that reduces
the vibration. Other possible explanations include the pres-
ence of water on the probe tip, which may cause shear force
[9].

4. Conclusions

We developed a multi-probe AFM system using piezo-
electric cantilevers and piezoresistive ones that markedly
reduce the complexity of an ordinary AFM system. Each
cantilever was three dimensionally positioned by inertial
sliders, both cantilever tips were brought in close prox-
imity to each other. The absolute distance between the
probes was evaluated using the address-patterned sample.
The minimum distance between the tips of two piezoelec-
tric cantilevers and piezoresistive ones were 9.2 µm, 6.9
µm, respectively. Whereas the distance between the can-
tilevers (probably the tip and some area of the side of the
cantilevers) was much shorter.

We found that the interaction forces between the can-
tilevers were detected by determining the change in the am-
plitude of each cantilever. The amplitude strongly depends
on the relative distance. The measured interaction range
was less than 50 nm. This strong distance dependence of
the amplitude can be used for the distance control of the
probes on a nanometer scale.
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Abstract—New results achieved in scientific research
carried out at universities are verified almost exclusively
only by computer simulations. The universities very rarely
have the necessary skill, access to IC technology and finan-
cial support to turn a new idea into a real-word working
system. This approach puts the university research into an
ivory tower and develops a gap between university research
and industrial applications.

Software Defined Electronics (SDE) offers a solution to
this challenge if band-pass signals are used to carry the
information. The band-pass property makes the substitu-
tion of each RF/microwave/optical analog signal process-
ing possible with a low-frequency digital one. In SDE all
band-pass signals are transformed into the BaseBand (BB)
by a universal HW device and every application is imple-
mented in BB, entirely in software. SDE concept uses (i)
the lowest sampling rate attainable theoretically and (ii) the
same universal HW transformer in every application. The
software defined implementation provides that huge level
of flexibility which is a must in scientific research and the
SDE concept generates and processes all real-world physi-
cal signals required to verify the new idea in a real applica-
tion scenario.

1. Introduction

Because of the high implementation cost, results of sci-
entific researches conducted at universities are verified al-
most exclusively by computer simulations. However, this
approach suffers from a very serious basic problem: if the
same mathematical model is used in both the research and
verification phases and if the model is inaccurate, for ex-
ample, it neglects important implementation or application
dependent effects, then the computer verification provides
false or misleading results and in a real application scenario
the new idea developed will fail to work or will not achieve
the performance improvement predicted by the computer
simulations.

This simulation oriented approach puts university re-
search into an ivory tower and develops a gap between
academia and industry. The verification of our new re-
search results with stand-alone equipment and in real appli-
cation environments is a must if our society wants to keep
its leading role in researching new ideas, systems and so-

lutions. To bridge the gap between university research and
industrial applications a university-friendly solution has to
be found.

The Software Defined Electronics (SDE) concept offers
a solution to this problem for the class of band-pass signals
and systems. In SDE, the band-pass signals and systems
are transformed into BaseBand (BB) by a universal HW de-
vice and every application is implemented in BB, entirely
in software. All BB equivalents are low-pass signals and
blocks, and the BB equivalents carry all information which
is available in the original band-pass signals. Hence, every
information carried by the physical band-pass signals can
be recovered in BB, and every band-pass signal processing
algorithm has its own BB equivalent. The main features of
SDE concept are as follows:

• it requires the lowest sampling rate attainable theoret-
ically;
• it does not introduce any kind of distortion or loss of

information;
• it uses the same universal HW device in every appli-

cation to perform the transformation between the BB
data sequences generated and processed by a com-
puter program and the physical signals measured in
the real world.

The SDE concept exploits the idea of embedded sys-
tems. The computer simulator developed for and used in
research is run in the application layer. If the simulator
is capable to generate and process the data sequences in
BB then the BB sequences can be transformed into real-
world physical signals by the universal HW transformers
embedded into the same computing platform and the real-
world physical signals can be measured, the performance
of the new idea proposed can be evaluated by stand alone
test equipment. Even real field tests can be performed if the
physical signals reconstructed by the universal HW device
are used in an already operating network or application.

The software defined approach provides the huge level
of flexibility required in research because each parameter
or even the system configuration can be changed in SW
and there is no need to design and implement a new and
expensive HW. Note, this level of flexibility is also essen-
tial in many industrial applications from cognitive radio to
reconfigurable adaptive systems.
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The SDE concept integrates many ideas and practices
used in mathematics to handle band-pass signals and sys-
tems [1], software defined radio [2]-[3], embedded sys-
tems, virtual instrumentation [4] into one solution. The
new contributions of SDE concept are as follows:

• many already known ideas are put into a unified
framework;
• the relationship between the real world and equivalent

BB domain is defined as a transformation performed
by universal HW device operating in an embedded
manner;
• solutions implemented on different SW platforms can

be integrated into one single application;
• a step-by-step process has been developed for the

derivation of BB equivalents.

Section 2 surveys the mathematical background of SDE
concept, it defines the complex envelopes and summarizes
the properties of equivalent BB implementation. The SDE
concept is discussed in Section 3 where it is interpreted as
a transformation performed between the real-world band-
pass and the low-pass BB domains. A step-by-step method
is given for the derivation of BB equivalents and the em-
bedded operation of universal HW transformers is also dis-
cussed.

Our main goal is to turn a simulator used in scientific
research directly into an operating system that can be used
even in an already operating network or application. This
issue is discussed in Section 4 where a MATLAB BB
simulator developed for studying FM-DCSK modulation
scheme is turned into a real-world digital radio transceiver
operating in the 2.4-GHz ISM frequency band.

The recent trend in ICT is that everything goes software
defined. The most important feature of SW implementa-
tion is that both the functionality and parameters of each
application can be changed easily in SW. This flexibility
is essential in many applications from cognitive radio to
adaptive systems. The industry specific issues are surveyed
in Section 5.

Telecommunications and test systems of our times (i) are
becoming more and more complex, (ii) everything is soft-
ware defined and (iii) operates in an embedded manner.
Since every application is implemented in SW, the main
challenge is not in the circuit design but in the integration of
many different HW and SW platforms into one application.
The next generation of engineers has to be able to cope with
this challenge, consequently, the teaching paradigm in elec-
trical engineering has to be changed. Section 6 is devoted
to this issue, i.e., the university education.

2. Mathematical Background:
Baseband Equivalents

Band-pass signals are used in many applications to con-
vey information either in communications or measurement

engineering. To implement an application entirely in soft-
ware, all analog signals must be digitized. The most cru-
cial issue is the assurance of minimum sampling rate with-
out corrupting the information carried by the RF bandpass
signal. The lowest sampling rate attainable theoretically
is obtained by using the complex envelopes and equivalent
baseband transformation.

2.1. Complex Envelopes

The idea of equivalent BB representation can be applied
to band-pass signals and systems. Consider a RF real-
valued band-pass signal x(t) and assume that the spectrum
X( f ) of x(t) is zero or negligible out of the RF bandwidth
2B centered about the center frequency ± fc as shown in
Fig. 1(a). Note, in case of a modulated signal fc is referred
to as carrier frequency.
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Figure 1: Derivation of complex envelope: spectra of
(a) the original RF band-pass signal, (b) its pre-envelope
and (c) its complex envelope.

In equivalent BB signal processing the RF band-pass sig-
nal is decomposed into a product

x(t) = < [x̃(t) exp( jωct)
]
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where the complex envelope x̃(t) is a complex-valued func-
tion and < denotes the real-part operator. The real and
imaginary parts of the slowly-varying complex envelope

x̃(t) = xI(t) + jxQ(t) (1)

are referred to as the in-phase and quadrature components
(denoted by I and Q), respectively.

The derivation of complex envelope can be better under-
stood in the frequency domain. The spectra of RF band-
pass signal x(t) to be transformed into BB is plotted in
Fig. 1(a). The goal is to transform this spectrum into BB as
shown in Fig. 1(c).

Recall, each real-valued signal has a two-sided spectrum
that cannot be shifted directly to BB. To solve the problem
a one-sided spectrum has to be formed by defining the pre-
envelope as

x+(t) = x(t) + jx̂(t)

where x̂(t) denotes the Hilbert transform [1] of x(t). As
shown in Fig. 1(b), the pre-envelope has a one-sided spec-
trum, consequently, it can be shifted to BB in order to get
the complex envelope depicted in Fig. 1(c). Note, except
the derivation of complex envelope, the pre-envelope is not
used in the SDE concept.

The complex envelope x̃(t) of Fig. 1(c) is a low-pass sig-
nal. Except the center frequency fc, x̃(t) carries all infor-
mation available in the original RF band-pass signal x(t),
consequently, signal processing to be performed in the RF
bandpass domain can be fully substituted by an equivalent
BB one. Equation (1) shows the only price that has to be
paid, not real- but complex-valued signals have to be pro-
cessed in equivalent BB implementation.

Comparison of Figs. 1(a) and (c) shows the two crucial
features of equivalent BB signal processing:

• sampling rate required to process the information car-
ried by the RF band-pass signal x(t) is reduced from
2( fc + B) to 2B in equivalent BB signal processing;

• because the information is carried in the frequency
band where the spectrum X( f ) of RF band-pass signal
differs from zero or is not negligible, the equivalent
BB signal processing assures the lowest sampling rate
attainable theoretically.

2.2. Properties of BB Signal Processing

Modeling of each band-pass system needs to consider
three basic constituting components:

• deterministic signals discussed already in Sec. 2.1;

• Linear Time Invariant (LTI) blocks;

• random processes.

As shown in [1], [3], [5]-[6], BB equivalents can be de-
rived for each of these constituting components. The most

important characteristics of BB equivalents are:

• BB equivalents of each RF band-pass deterministic
signal, LTI block and random process have a low-pass
property where the sampling rate required in BB is de-
termined by the half of bandwidth measured in the RF
band-pass domain;
• RF band-pass signal processing can be fully substi-

tuted by an equivalent BB one;
• except the center frequency fc, the BB equivalent re-

tains all information available in the RF band-pass do-
main;
• it is a representation and not an approximation, con-

sequently, distortion does not occur.

The relationships between the RF band-pass and BB
low-pass domains are summarized in Fig. 2 where the am-
plitude spectra of an RF band-pass deterministic signal, the
amplitude responses of an LTI block and the power spec-
tral densities (psd) of a random process are plotted in both
the RF band-pass and BB low-pass domains. Note the sim-
ple rule of thumb: every RF band-pass property becomes
low-pass in baseband.

3. The SDE Concept

In Software Defined Electronics every RF bandpass sig-
nal processing is substituted by an equivalent BB one im-
plemented entirely in SW. In SDE three components are
integrated into one solution:

• transformation between the RF band-pass and BB
low-pass domains is performed by a universal HW de-
vice;
• BB equivalent of an application to be implemented is

derived in a systematic manner;
• embedded operation, i.e., the universal HW trans-

former is embedded into a computing platform. This
approach allows the integration of an off-the-self soft-
ware (for example, a simulator used in scientific re-
search) into the SDE implementation of a new appli-
cation where the reused SW is run in the application
layer.

The generic block diagram of equivalent BB implemen-
tation is shown in Fig. 3. The analog RF bandpass sig-
nals x(t) and y(t), i.e., the real-world physical signals, are
available in the RF band-pass domain. These signals are
represented by their digitized complex envelopes x̃[n] =
xI[n] + jxQ[n] and ỹ[n] = yI[n] + jyQ[n], respectively, in
baseband.

The transformation between the RF band-pass and BB
low-pass domains is performed by the universal RF HW
device or transformer, that derives the I and Q components
of complex envelope from the incoming RF band-pass sig-
nal and, in the opposite direction, reconstructs the RF band-
pass signal from its I and Q components. The HW devices
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Figure 3: Generic block diagram of equivalent BB implementation. The transformations between the RF band-pass and
BB low-pass domains are performed in both directions by the universal HW device.

are referred to as universal because the same HW trans-
former is used to implement all applications without any
modification.

3.1. Universal HW device: Transformation between
the RF Band-Pass and BB Low-Pass Domains

In a mathematical sense, the universal HW transformer
performs the transformations between the RF band-pass
and BB low-pass domains. It can be considered as a cir-
cuit implementation of a mathematical transformation. As
shown in Fig. 4, the mathematical scheme developed to
derive the in-phase and quadrature components from an
RF band-pass signal includes two multipliers referred to
as quadrature mixer in circuit theory, two low-pass filters
and two amplifiers [1]. The I and Q components of com-
plex envelope available at the outputs of two amplifiers are
still analog signals, xI(t) and xQ(t) are converted into BB
data sequences by two analog-to-digital converters. Then
the BB data sequences xI[n] and xQ[n] are uploaded from
the universal HW transformer into the application layer
and processed in SW to implement the desired application.

Note, the universal HW device performs two tasks: (i) it
derives the I/Q components of the incoming RF band-pass
signal and then (ii) it digitizes them and returns the I/Q
data sequences.

The mathematical scheme required to reconstruct an RF
band-pass signal from the I/Q BB sequences is even sim-
pler, addition to the two digital-to-analog converters it
needs two mixers and an analog summer as depicted in
Fig. 5 [1]. Note again the two tasks performed: (i) conver-
sion of I/Q sequences into two analog signals and (ii) re-
construction of the RF band-pass signal.

ADC

ADC-2

2

sin(ωct)

cos(ωct)x(t)

xI [n]

xQ[n]

xI(t)

xQ(t)

Figure 4: Mathematical scheme for the derivation of com-
plex envelope of an RF bandpass signal.
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Figure 5: Mathematical scheme for the reconstruction of
an RF bandpass signal from its complex envelope.

There are three main categories of universal RF HW
transformers:

• integrated circuits;
• Universal Software Radio Peripheral (USRP) devel-

oped for university education and radio amateurs;
• PXI-based test bench developed for professional ap-

plications.

Each version performs the transformation between the RF
band-pass and BB low-pass domains, however, the inte-
grated circuits do not offer a built-in HW/SW interface to
connect the universal HW device to a host computer. The
operation principles of the USRP- and PXI-based univer-
sal HW transformers are identical, but only the PXI de-
vice offers the accuracy required in measurement engineer-
ing. More details on the PXI-based HW transformer will
be given in Sec. 4.4.

To illustrate the operation principle of universal HW
transformers, let the block diagram of a MAX2769 inte-
grated circuit depicted in Fig. 6 be compared with the math-
ematical scheme shown in Fig. 4. Note, first the MAX2769
IC derives the complex envelope of incoming RF bandpass
signal connected to the “MIXIN” input as analog I/Q sig-
nals then, after level controlling, the I/Q components are
digitized, and finally the xI[n] and xQ[n] sequences are sent
to the IC’s output pins.

Figure 6: Transformation from the RF band-pass domain
to BB: the block diagram of MAX2769 IC.

3.2. Derivation of BB Equivalent

In SDE, every signal processing task is performed in BB
by processing the digitized complex envelopes, and every
application is implemented in BB and entirely in SW. The
crucial issue is the derivation of BB equivalent of desired
application.

Two different approaches are available to derive the BB
equivalents:

• mathematical derivation of BB equivalents as a signal
processing algorithm [7], or
• transformation of the already known RF solutions into

a baseband equivalent.

In electrical engineering and signal processing, many so-
lutions to different demands have been developed. If we
want to reuse these already widely applied and proven so-
lutions then the latter approach has to be used.

A systematic step-by-step approach for the derivation of
BB equivalent from the RF band-pass model has been pro-
posed in [8]. To illustrate the main steps of derivation, the
BB equivalent of an AWGN radio channel [1] is discussed
here. Only the basic idea and the result of equivalent BB
transformation are presented here, for all details and many
more examples refer to [8].

The block diagram of an RF Additive White Gaussian
Noise (AWGN) radio channel is shown in Fig. 7 where
w(t) denotes the channel noise, K is the attenuation of ra-
dio channel, s(t) and r(t) are the transmitted and received
signals, respectively. Since the SDE concept can be ap-
plied only to band-pass signals and systems, the bandwidth
of Gaussian white noise w(t) has to be limited by an ideal
band-pass filter. If the bandwidth 2Bnoise of this band-pass
filter is greater or much greater than that of the transmitted
signal s(t) then the band limitation of channel noise does
not restrict the validity of AWGN channel model.

White Gaussian noise

signal

s(t)

Transmitted y(t)

+

+

n(t)

r(t)

Received
signalK

Attenuation
Friis formula

Physical transmission
medium

w(t)

2Bnoise

Figure 7: Block diagram of AWGN radio channel in the RF
band-pass domain.

First the BB equivalent of RF band-pass AWGN model
has to be derived. Then the relationship between the pa-
rameters of RF band-pass noise and the Gaussian Pseudo
Random Sequence Generators (PRSGs) used in BB to gen-
erate the BB equivalent of channel noise has to be found.
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The BB equivalent of AWGN channel derived in [8] is
depicted in Fig. 8. The BB equivalent includes the chan-
nel attenuation and two Gaussian PRSGs to generate the I
and Q components of channel noise. It is very important to
note that the two PRSGs have to generate two uncorrelated
PR sequences containing statistically independent samples.
Otherwise, the accuracy of BB equivalent is seriously cor-
rupted.

K

K

sI [n]

sQ[n]

yI [n]

rI [n]

nI [n]

yQ[n]

rQ[n]

nQ[n]

Figure 8: BB equivalent of AWGN radio channel.

The bandwidth of RF band-pass noise is determined by
the BB sampling rate fS

2Bnoise = fS (2)

and the variances of two PRSGs have to be equalled with
the noise power measured in the RF band-pass domain

var(nI[n]) = var(nQ[n]) = 2BnoiseN0 = N0 fS . (3)

In the equation above, N0 denotes the psd of white noise
measured in the RF channel.

To verify the SDE concept, the AWGN channel was im-
plemented in BB and SW using the block diagram of Fig. 8.
The parameters of channel noise were set according to (2)
and (3). Then, a universal HW transformer was used to re-
construct the analog RF band-pass channel noise from the
I/Q BB sequences.

The psd of channel noise measured in the 2.4-GHz
ISM frequency band by a stand-alone spectrum analyzer
is shown in Fig. 9. As expected, the channel noise has a
constant psd and its bandwidth is equal to the BB sampling
rate.

3.3. Cascading of BB Equivalents

Every measurement, telecommunications or information
processing system is constructed from signal processing
blocks connected in cascade. Since cascading is preserved
in baseband, a library of algorithms or a toolbox can be
developed.

Consider an O-QPSK transmitter with a half-sine pulse
shaping filter and assume that the transmitted O-QPSK sig-
nal travels through an AWGN channel. Recall, the BB
equivalent of AWGN channel has been already depicted in
Fig. 8. The library published in [8] has the BB equivalent
of O-QPSK transmitter.

Figure 9: SW implementation of AWGN radio channel:
psd of channel noise measured in the RF band-pass domain.
The center frequency is 2.417 GHz.

The BB equivalent of the noisy O-QPSK signal gener-
ator is constructed by connecting the BB equivalents of
O-QPSK transmitter and AWGN channel in cascade as
shown in Fig. 10. The I/Q sequences rI[n] and rQ[n] of
the noisy O-QPSK signal are generated by the BB equiv-
alent in SW and the I/Q sequences are processed by the
universal HW transformer to reconstruct the RF bandpass
signal s(t).

The NI LabVIEW platform offers a convenient way to
implement BB equivalents because LabVIEW provides all
drivers required by the universal HW transformers. In Lab-
VIEW, the BB implementation of each application is con-
trolled via a graphical user interface referred to as Front
Panel where the parameters of the desired application can
be entered and the results calculated in BB can be visu-
alized. The Front Panel of the noisy O-QPSK generator
is shown in Fig. 11 where, addition to the I and Q compo-
nents, both the constellation diagram (upper row, right) and
the spectrum (lower row) of generated noisy O-QPSK sig-
nal are plotted. Note, all signals generated and processed
in LabVIEW and visualized on the Front Panel are data se-
quences defined in BB.

The theory of complex envelopes claims that the BB rep-
resentation does not generate any distortion and, except fc,
all information carried by the RF band-pass signal is also
available in BB. To verify this statement the identity of the
two spectra (i) calculated from complex envelope in BB
and (ii) measured by a stand-alone spectrum analyzer in
the RF band-pass domain has to be checked.

The LabVIEW Front Panel, depicted in Fig. 11, gives the
spectrum calculated from the BB data sequences, while the
spectrum measured by a stand alone spectrum analyzer is
shown in Fig. 12. Note, the two spectra are identical, ver-
ifying the validity of equivalent BB transformation. The
effect of channel noise can be clearly recognized in each
figure: Gaussian clouds develop about the four QPSK mes-
sage points in the constellation diagram and the uniform
psd of channel noise appears in the spectra calculated in
BB and measured in the RF band-pass domain.
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Figure 10: SDE implementation of a noisy O-QPSK system. The BB equivalent of noisy O-QPSK signal is generated in
SW by a noiseless O-QPSK modulator and AWGN channel connected in cascade in BB. The real-world RF band-bass
signal s(t) is reconstructed by the universal HW transformer from the I and Q sequences given by rI[n] and rQ[n].

Figure 11: Front Panel of BB implementation of a noisy O-QPSK generator. The upper left and center waveform graphs
show I and Q components, respectively, of complex envelope generated in BB. The upper right figure depicts the noisy
constellation diagram while the lower one plots the spectrum of the noisy O-QPSK signal.

Figure 12: Measured spectrum of the noisy O-QPSK sig-
nal. The measurement has been done by a stand-alone RF
spectrum analyzer, the carrier frequency is 2.417 GHz.

3.4. Embedded Operation of Universal HW Device

The main feature of SDE concept is that any kind of the
band-pass telecommunications, measurement and informa-

tion processing systems operating in the RF, microwave or
optical frequency regions can be implemented entirely in
SW. Consequently,

• at verification of a new research result there is no need
to build an RF test bench which is a very expensive
and time consuming task and needs a lot of special
knowledge;
• during research or prototyping all parameters of the

new system can be changed easily in SW.

The SW platform used for simulation can be integrated into
the SDE concept, consequently, every BB simulator used in
the research phase can be turned directly into a real work-
ing system and all verifications and field tests required can
be performed without designing new circuits or building a
new HW.

The integration is achieved via the embedded operation
where the structure of protocol stack architecture elabo-
rated in IEEE Standard 802 is used. The universal HW de-
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vice performing the transformation is considered as a phys-
ical (PHY) layer. To communicate with the application
layer, the universal HW device offers two Service Access
Points (SAPs): (i) one for configuration and (ii) another
one for the transfer of complex envelope. The former SAP,
referred to as “HW management SAP,” is used to set the
configuration parameters such as center frequency, power
level, sampling rate, etc., while the latter one, referred to
as “HW data service,” provides the access to the I/Q se-
quences of complex envelope. The accessibility and use of
these SAPs will be shown later, in Sec. 4.3.

4. Use of SDE Concept in Research

Results achieved in scientific research are verified by
computer simulation, mostly on MATLAB platform. The
universal HW transformer processes the I/Q components
of complex envelopes, consequently, any software capable
of generating and processing the I/Q sequences can be in-
tegrated directly into the SDE platform. The complex en-
velopes provide the generic interface among the different
SW platforms.

To illustrate the efficiency of SDE concept in scientific
research, a MATLAB BB simulator is turned into a real
radio system in this section.

4.1. FM-DCSK: An Unconventional Modulation

The transmitted radio wave propagates via many parallel
paths from the transmitter to the receiver in indoor commu-
nications. The received signal components may be added
in a destructive manner at the receiver which results in a
deep frequency-selective multipath fading. To overcome
the multipath propagation problem wideband signals are
frequently used in indoor communications to convey the
information. The conventional solution is the spread spec-
trum approach [6] where the bandwidth of a narrow-band
modulated signal is spread by a PR sequence.

Frequency Modulated-Differential Chaos Shift Keying
(FM-DCSK) modulation [9] offers an alternative solution
where the digital sequence to be transmitted is mapped
into an inherently wideband chaotic carrier. Chaotic sig-
nals have no phase, frequency or amplitude, consequently,
the well-known conventional modulation schemes cannot
be applied and chaos-based communications systems can-
not be implemented by reusing the building blocks of con-
ventional telecommunications systems. Hence, FM-DCSK
is a good example to demonstrate the applicability and flex-
ibility of SDE concept.

Since amplitue-, phase- and frequency-shift keying mod-
ulations cannot be used in chaos-based communications,
new modulation schemes have been elaborated. In FM-
DCSK, the most efficient, robust and popular modulation
scheme, each bit is mapped into two chaotic waveforms
where the first waveform serves as a reference while the
second one carries the digital information. If a bit “1” is

transmitted then the information-bearing waveform is a de-
layed copy of the reference one. In case of bit “0,” the
information-bearing waveform is a delayed and inverted
copy of the reference one.

The demodulator correlates the reference and
information-bearing parts of the received signal and
the decision is done according to the sign of correlation.

The implementation of the FM-DCSK radio link is bro-
ken into three steps in the SDE concept:

1. Starting from the original RF band-pass model of FM-
DCSK radio link, first a MATLAB BB simulator is
developed.

2. Because LabVIEW offers all drivers for the universal
HW transformer, in the next step the MATLAB BB
simulator is integrated into the LabVIEW platform.

3. Finally the FM-DCSK system is implemented on a
PXI-based universal SDE platform.

4.2. Derivation of MATLAB BB Simulator

An FM-DCSK radio link includes three main building
blocks:

• FM-DCSK transmitter;
• radio channel;
• FM-DCSK autocorrelation receiver.

The block diagram of the FM-DCSK radio link is shown
in Fig. 13 where every signal and each constituting block of
the FM-DCSK radio link are identified. The binary infor-
mation to be transmitted is denoted by bi. The FM-DCSK
receiver makes an estimation b̂i of transmitted bits by ob-
serving the noisy received RF band-pass signal r(t) for the
observation time period T . Except two low-pass signals,
namely the chaotic signal m(t) in the transmitter and the
observation signal z(t) in the receiver, all signals shown in
Fig. 13 are RF band-pass signals.

To get the BB equivalent, all RF band-pass signals of
Fig. 13 have to be expressed by their complex envelopes
and the relationship between the two low-pass signals,
namely, the chaotic and observation signals, has to be es-
tablished in BB.

As shown in Fig. 13, the FM-DCSK radio link includes
many signal processing blocks connected in cascade. As
discussed in Sec. 3.3 cascading in the RF band-pass domain
is preserved in baseband, consequently, BB equivalents for
each block of the FM-DCSK radio link can be developed
independently from one another.

Originally the BB equivalent of the FM-DCSK radio link
was derived to develop a MATLAB simulator. The simula-
tor was necessary in the research phase to verify the feasi-
bility of the FM-DCSK radio transceiver and to determine
its BER performance in both AWGN and multipath radio
channels [9]. Universal HW devices and the SDE concept
were not available at that time, the MATLAB simulator was
developed in BB just to minimize the simulation time.
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Figure 14: Baseband equivalent of the FM-DCSK radio link. Note, BB equivalent of radio channel is also included.

The equivalent BB model is depicted in Fig. 14, for the
details of its derivation refer to [10]. To simplify the mod-
els and to get a figure which is easy to interpret, only the
analog signals are shown in Figs. 13 and 14. The parame-
ters of digitization were chosen in such a way in the MAT-
LAB BB simulator that the digitization did not introduce
any distortion.

To illustrate the use of SDE concept in research, next
paragraph will discuss how the MATLAB BB simulator
can be turned into a working FM-DCSK radio receiver
without any modification. As shown in Fig. 14, the BB
equivalent of FM-DCSK receiver includes two blocks, the
“Channel filter” and the “FM-DCSK autocorrelation re-
ceiver.”

4.3. Integration of MATLAB into LabVIEW

As discussed in Sec. 3.4, the universal HW transformer
constitutes the PHY layer of the computing platform. It
can be reached via two SAPs, one of them is used for con-
figuration while the other one serves to transfer the I/Q
sequences of complex envelope.

The FM-DCSK radio link was implemented on a PXI-

based universal SDE platform. All drivers for the universal
HW transformer are available in LabVIEW, consequently,
the LabVIEW was chosen to provide the SW interface be-
tween the PHY and application layers. The BB equivalent
of FM-DCSK radio link was implemented by the MAT-
LAB BB simulator, i.e., on MATLAB platform.

The crucial advantage of SDE concept is that the dif-
ferent SW platforms can be integrated into one application
where the complex envelopes provide the interfaces among
the different SW platforms. Figure 15 shows the block di-
agram of the implemented FM-DCSK receiver where the
lower part of block diagram shows the LabVIEW interface
to the universal HW transformer. From the left to the right
first the parameters of universal HW device are set and then
the I/Q components of the complex envelope are extracted
from the received RF band-pass signal by the block enti-
tled “1Rec1Chan, Complex Cluster.” Finally, the I/Q se-
quences are uploaded into the MATLAB script via the “Ac-
cess Point to I/Q Data” SAP.

The MATLAB script implements the FM-DCSK re-
ceiver, its algorithms are: “Channel filtering” and “Demod-
ulation by autocorrelation receiver.” The MATLAB script
returns the “Received bit Stream,” from which the BER
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Figure 15: Block diagram of the FM-DCSK radio link implemented in SW. Note, the MATLAB script which implements
the FM-DCSK receiver is integrated into the LabVIEW environment. The “Channel filtering” and “Demodulation by
autocorrelation receiver” algorithms of MATLAB BB simulator are used in the MATLAB script.

performance is evaluated and plotted.
Both the LabVIEW and MATLAB SW platforms have

been installed and run on the same host computer. Note
the crucial advantage of SDE concept: it turns the MAT-
LAB BB simulator developed in the research phase into a
working system that is capable to generate and process the
real-world physical signals. These signals can be measured
by stand-alone equipment, can be used to perform all field
tests and can be radiated into an existing network to evalu-
ate the performance of the new system proposed in a real-
world environment. Even more, the algorithms of a BB
simulator can be used directly, without any modification,
in the SDE implementation.

4.4. PXI-Based Universal SDE Platform

The PCI eXtensions for Instrumentation (PXI) is an in-
dustrial modular instrumentation architecture elaborated by
the PXI Systems Alliance [11]. It offers building modules
for flexible, PC-based and high-performance measurement
and automation systems. Any measurement, control or au-
tomation system can be constructed from the PXI off-the-
self modules available on the market.

Photo of the PXI-based universal SDE platform is shown
in Fig. 16. That testbed is suitable for the implementation
of any telecommunications and measurement engineering
applications in SW. The components of testbed are as fol-
lows:

• the PXI chassis, shown on the upper left part of the
photo. The chassis includes an embedded controller

and two universal HW transformers;
• a stand-alone microwave spectrum analyzer used to

check the real-world RF band-pass signals;
• a monitor, identified as “LabVIEW Front Panel,” used

to control the SDE platform and visualize the BB sig-
nals and test results.

The SDE implementation of FM-DCSK radio link in-
cludes the following blocks plugged in the PXI chassis:

• embedded controller, see the left block in the PXI
chassis.
The embedded controller provides the computing plat-
form for both MATLAB and LabVIEW. It is con-
nected to the other blocks of PXI chassis via a high
speed PCIe interface.
• universal HW device, see the block in the middle of

PXI chassis, marked by “Rx.”
This block derives the I/Q sequences from the incom-
ing RF band-pass signal and uploads them into the
embedded controller via the PCIe interface.
• universal HW device, see the right block in the PXI

chassis, marked by “Tx.”
This block reconstructs the RF band-pass signal from
the I/Q sequences generated in BB by the SW run on
the embedded controller.

Figure 16 shows the automated BER performance eval-
uation of FM-DCSK radio system both in an AWGN radio
channel and in a noisy multipath environment. Both the
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Figure 16: Photo of the PXI-based universal SDE platform. The PXI chassis and the stand-alone microwave spectrum an-
alyzer are on the top-left and top-right, respectively, of the photo while the monitor in the bottom visualizes the LabVIEW
Front Panel.

FM-DCSK radio transceiver and the noisy radio channels
are implemented in baseband and entirely in software.

The upper figure of LabVIEW Front Panel shows the
spectrum of received signal travelling via the noisy mul-
tipath channel. Both the channel noise and effect of
multipath propagation, i.e., the multipath-related, deep
frequency-selective fading can be observed.

The spectrum visualized on the LabVIEW Front Panel
was determined in BB by evaluating the I/Q sequences ex-
tracted from the received noisy and corrupted signal. How-
ever, the spectrum shown by the microwave spectrum ana-
lyzer was recorded in the RF band-pass domain by measur-
ing the real-world 2.4-GHz microwave signal. The identity
of the two spectra verifies the SDE concept and proves that
it does not introduce any distortion.

Lower figure of the LabVIEW Front Panel shows the
measured BER performance of FM-DCSK transceiver in
(i) an AWGN and (ii) a noisy multipath radio channel. The
PXI-based universal SDE platform has an implementation
loss of 0.7 dB which is the noise contribution of local os-
cillators, RF amplifiers and ADC and DAC modules used
in the universal HW transformers.

Figure 16 reveals a unique feature of the SDE concept,
namely, that many parallel signal processing tasks being
run simultaneously on the same host computer can be im-
plemented. In our example the same received noisy and
corrupted signal is used both (i) to demodulate the trans-
mitted data stream and (ii) to measure the spectrum of re-
ceived FM-DCSK signal. In radio communications this

feature enables the simultaneous reception of transmitted
information and the evaluation of channel conditions with-
out interrupting the data traffic.

5. Industry demands: low-cost, flexibility, multifunc-
tionality and embedded operation

Industry demands always have been (i) low production
and prototyping cost, (ii) short time from product planning
to market release and (iii) simple and cheap modification
of a product during its manufacturing life time. In our time
new requirements are arising, let the most important ones
listed here:

• because of the continuous and rapid change in stan-
dards, technology and/or applications the products al-
ready used have to be updated and modernized regu-
larly;

• new applications and services have to be implemented
on the same, already widely used products;

• certain applications such as cognitive radio rely on the
multifunctional use of the same HW platform;

• adaptivity is a must in many applications;

• market demands frequently cannot be identified in ad-
vance before releasing a new product. After evalu-
ating the market response, new services and applica-
tions have to be implemented on the already sold de-
vices.
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The old and new requirements summarized above can be
satisfied if a universal HW platform is used and the differ-
ent applications are implemented entirely in SW. A good
example for this trend can be observed in instrument in-
dustry where, instead of physical circuits, the concept of
virtual instrumentation is used to implement the signal pro-
cessing algorithms. Another important issue is that more
and more applications are embedded into a computing plat-
form. The last great challenge is that the systems and appli-
cations used today are becoming more and more complex.

The skill of university graduates has to meet these indus-
try demands. Every year less and less engineers are work-
ing on the development of new HWs and ICs but more and
more are developing applications in SW for standard uni-
versal HW platforms. This trend has been well known in
the low frequency applications for many years and, in re-
cent time, the rapid development in technology has enabled
the extension of SW defined approach up to even the opti-
cal frequency range.

6. Need for Change in Teaching Paradigm

University teaching paradigm does not match the indus-
try demands discussed above because electrical engineer-
ing is still taught in the conventional way where

• a bottom-up approach is used. The circuit theory is
taught first, then a lot of attention is devoted to the
design of circuits and HW blocks and the curriculum
is finished by teaching FPGA implementation;
• different subjects are taught in an isolated manner, in-

dependently of one another. To make the problem
even tougher, the different subjects are discussed by
using different terminologies;
• system level engineering is not taught, unity of math-

ematics and engineering is not highlighted;
• young unexperienced students are expected to under-

stand system level design and integration themselves
without any guidance.

To follow the changes in ICT industry, electrical en-
gineering should be taught in an opposite way, using a
top-down approach. After laying down the foundations
in mathematics and information processing, the education
should be started at system level engineering and the main
emphasis should be laid on the following topics:

• system level integration where the same terminology
should be used in each subject;
• implementation of complex systems from off-the-self

HW blocks. A little attention should be given to the
design and manufacturing of circuits and HW devices
because the majority of our graduates will never de-
sign HW devices;
• implementation of different applications entirely in

SW. Our graduates should have an applicable skill in
software defined implementations;

• analysis and design of embedded systems;
• more laboratory experiments should be involved in

university curriculum to narrow the gap between the
theory and practice.

Subjects taught in the conventional curriculum such as mi-
crowaves, optics, filters, etc. should be discussed but only
in that extent which is necessary to perform system level
analysis and design.

In the area where band-pass signals carry the informa-
tion, the problem can be solved if the SDE concept is in-
troduced into the university education. The SDE concept
uses a top-down approach and focuses on integration and
system level engineering. In SDE every application is soft-
ware defined, consequently, the direct relationship between
the theory of signal processing and SW implementation is
highlighted clearly. Because there is no need to design and
build HW devices, the students can design and implement
their own application in SW and then they can evaluate the
performance of their systems in the lab. The same universal
SDE platform can be used in each subject, consequently,
cost of lab experiments can be kept low and students have
to learn the use of only one universal SDE platform.

The SDE concept can also be used to bridge the gap be-
tween scientific research and practice because every BB
simulator used in the research phase can be turned directly
without any extra efforts into an operating system. This
approach was presented in Section 4 where a MATLAB
BB simulator developed in 1998 to verify the feasibility of
FM-DCSK modulation scheme [10] and used in 2000 in
research to evaluate its system performance in a noisy mul-
tipath channel [12] has been reused recently, without any
modification, to implement an operating FM-DCSK radio
transceiver.

7. Conclusions

SDE concept integrates many already known solutions
into one unified theory in order to get a universal software
defined platform for the implementation of band-pass in-
formation processing systems. This paper has provided an
overview of the SDE concept and showed its use in scien-
tific research.

In the SDE concept every application is implemented
in baseband and universal HW transformers are used to
perform the conversion between the RF band-pass signals
measured in the real world and their BB equivalents, the
digitized low-pass complex envelopes. The BB signals are
processed entirely in SW, consequently, every application
is implemented in SW.

The equivalent BB implementation relies on the complex
envelopes that assures the lowest sampling rate attainable
theoretically to process a band-pass signal without loosing
any information or suffering from any distortion.

The SDE approach offers a very high level of flexibility
where either the functionality or the parameters of an ap-
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plication can be changed in SW, even dynamically. This
feature

• is a must in many emerging applications such as cog-
nitive radio, adaptive systems, etc.;
• makes the verification of scientific research results

possible because a computer simulator used to ver-
ify the new theoretical result can be turned into a real
working system;
• reduces the time-to-the-market considerably in indus-

try because there is no need to redesign the HW dur-
ing prototyping. Any change to be done needs only to
modify the software;
• helps in education to fulfill the gap between the theory

and practice because the students can design and im-
plement any kind of real working telecommunications
and test systems in the lab.

Another unique feature of SDE concept is that many par-
allel signal processing tasks can be implemented and run si-
multaneously on the same host computer. For example, the
received signal can be used not only to recover the transmit-
ted information but also can be considered as a test signal
to determine the channel conditions.

The SDE concept relies on the transformation performed
between the RF band-pass and low-pass BB domains. The
transformation is done by universal HW devices, conse-
quently, the same HW transformer is used in every applica-
tion. To make the already proven RF band-pass solutions
reusable, a systematic step-by-step process has been elabo-
rated for the derivation of BB equivalents.

Real-world RF band-pass systems are constructed from
blocks connected in cascade. In SDE concept cascading is
preserved in BB, consequently, a library of frequently used
building blocks can be developed.

The SDE concept makes the integration of different SW
and HW platforms into one solution possible. A universal
SDE testbed can be developed where every application can
be implemented on the same universal SDE platform by
changing only the SW in the application layer.

To prove the efficiency of the SDE concept in scientific
research, the paper has shown (i) how a PXI-based uni-
versal SDE platform can be developed and (ii) how a BB
MATLAB FM-DCSK radio link simulator can be turned
into a real-world radio transceiver.
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Performance evaluation of FM-DCSK modulation in
multipath environments. IEEE Trans. Circuits and
Syst. I, 47(12):1702–1711, December 2000.

- 768 -



  

Non-Symmetric Single-Molecule Electrical Properties 
 

Takuji Ogawa† 
 

†Department of Chemistry, Graduate School of Science, Osaka University 
1-1 Matikaneyama-cho, Toyonaka, Osaka 560-0043, Japan 

Email: ogawa@chem.sci.osaka-u.ac.jp 
 

Abstract– Non-symmetric electrical properties, such as 
rectification, negative differential resistance, threshold gate, 
hysteresis effect, and integrated threshold gate, are 
essential to realize brain oriented electronic devices, which 
are believed to withstand noise and fluctuations. So far, 
there is no concrete design principle for single-molecule 
electronic devices. In the tunneling regime of the 
molecules, the I-V characteristics are essentially dependent 
on the density of states (DOS) of the system, while in the 
hopping mechanisms, the molecules can be charged to 
change their electronic properties. To understand this 
principle, we have synthesized a series of molecules to 
study the single-molecule electrical properties. 
 
1. Introduction 
 
1.1. The Concept of Single Molecule Devices 
 

Many types of devices are referred to as “single-
molecule devices.” In this paper, I will refer to the three 
types of devices shown in Figure 1 as single-molecule 
devices. Type A is the most scientifically correct “single-
molecule device,” in which the electrical properties of the 
single molecules are measured using metallic break 
junction methods or by using carbon electrode 
junctions.[1-4] Using carbon nanotube electrodes, it is 
possible to obtain the three-terminal measurements of 
“integrated single-molecule devices”.[5] However, it 
would be very difficult to make working devices using 
these measurement methods. Type B and Type C devices 
are similar to macro-sized molecular electronic devices. 

The important difference between conventional devices 
and “single-molecule electronic devices” is that in the 
latter, the physical properties of the molecule of interest 
can be retained even with a single molecular size. Some 
physical properties are observed only in larger size than 
certain limitations, because they arise from collaborative 
phenomena between molecules or atoms. For example, the 
doping effect, ferromagnetic effect, ferroelectric effect, 
super conductivity, and negative differential resistance 
(NDR) of molecular materials are in most cases properties 
that are characterized by the collaborative phenomena of 
large number of molecules, however, these properties do 
not occur when the size of the device unit is reduced to 
molecular scale (~1 nm3). 

Another merit of using a single molecule is that some 
multifaceted properties can be realized in one molecule 
through careful design, allowing the size of one device 
unit to be reduced to molecular scale without losing its 
properties. In Type B and Type C “single-molecule 
devices,” the size of the device unit is defined by the size 
of the electrodes, which is prepared by the conventional 
lithographic technique. For an electrode width of ~10 nm, 
the cross-bar section in Type B device contains hundreds 
of molecules. An important point to note is that once these 
devices work well with this size, the electrodes width can 
be reduced to ~1 nm while retaining single molecular 
properties. 

This concept can be easily understood by considering 
the atomic switch devices developed by Aono.[6] The 
atomic switch devices are made from two wires spaced ~1 
nm apart, and one of the wires is made from silver sulfide 
(Ag2S), from which the atomic bridges of silver are 
formed. The concept of the devices is utilized for 
practically working memories, which are now considered 
to commercialize by a private company. In this case, the 
size of one memory unit is defined by the width of the 
electrodes; however, it is smaller than the circuit size 
fabricated using conventional transistors. In other words, 
by choosing appropriate materials (in this case Ag2S) 
some functionality can be realized by just sandwiching 
them between two electrodes, which is simpler and easier 
than using transistors. Moreover, if the materials are 
“single molecules,” the size of one cross-bar can be 
reduced to the molecular size. Aono and Gimzewski have 
made use of atomic switch networks for natural 
computing by using Type C devices.[7] We have 
developed atomic switch devices functionalized by 

Upper electrodes

(Single) molecular layer

Lower electrodes
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Integration

Type B

Cross-bar

Type C

Electrodes
Molecular composite

 
 
Figure 1. Three types of “single-molecule devices.” 
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organic molecules,[8-9] and volatile/nonvolatile dual-
functional atom transistor.[10] 

 
1.2. Utilization of noise and fluctuation 
 

In general, nano-sized devices should withstand noises 
and fluctuation, as observed in single-molecule devices. 
However, utilization of noises and fluctuation can 
improve the performance of the system if it is adequately 
designed. For example, small signal detection using 
stochastic resonance is often observed in the behavior of 
animate beings.[11-15] Recently, Matsumoto reported 
usage of molecular redox for stochastic resonant 
devices.[16] 

During the discussion with Asai and Kasai in Hokkaido 
University about “bridging material science with 
information science,” they proposed the importance of 
non-linearity of the unit single-molecule devices to realize 
information processing utilizing noise and fluctuation. 

 
2. Non-linear behaviors in single-molecule devices 
 

We are interested in non-linear responses, such as 
rectification, NDR, hysteresis, and those shown in Figure 
2, to be realized in single-molecule devices. If these 
properties can be realized in single molecules, by 
combining them as shown in Figure 1, higher 
functionalities are possible, in which noise and fluctuation 
can be utilized. 

However, in the tunneling regime, the current-voltages 
(I-Vs) of single molecules are proportional to the integral 
of the density of states (DOS) (Figure 2, lower right), and 
they increase monotonically. It has long been unclear 
whether such complex non-linear and non-symmetric 
responses are possible in single-molecule devices or not. 

Through advancements in measurement techniques, some 
clarity has been achieved but not entirely. 
 
2.1. Rectification 
 

Rectification is a very important functionality to be 
realized by single-molecule devices. It was first proposed, 
by Aviram and Ratner in 1974, that by using donor-σ-
acceptor (D-σ-A) molecules, rectification was 
possible.[17] Metzger succeeded in showing that the 
monolayer of D-σ-A molecules can show 
rectification.[18] Tao clearly showed that single-molecule 
rectification is possible by using D-π-A molecules.[19]  

We have developed a new type of single-molecule diode, 
as shown in Figure 3, where the donor porphyrin is 
directly linked to the acceptor imide with perpendicular 
arrangement.[5] The characteristic feature of this molecule 
is that the donor part (D) and acceptor part (A) are not 
electronically connected strongly, because two π-
electronic systems are separated by the perpendicular 
bonding. In the first proposal by Aviram and Ratner, such 
an isolation of D from A is achieved by insertion of σ 
moiety, which works as the insulating part. However, such 
an insulating part diminishes conductivity of the molecule. 
In the present molecule D and A are separated 
electronically without inserting the insulating part, so that 
high performance is expected. Another characteristic 
feature is that the electronic state of the molecule can be 
tuned by changing the central metal ion in the porphyrin 
moiety. 

We measured the single molecule I-V characteristics of 
the molecule using the mechanically controllable break 
junction method (MCBJ)[2] and single-walled carbon 
nanotube electrodes with the PCI-AFM method[20-23], to 
show that these molecules show high rectification ratio, 
and the rectification ratio can be tuned by changing the 
central metal ion in the porphyrin core.  

 
2.2. Negative differential resistance 
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Figure 2. Non-linear behaviors to be realized in single-
molecule devices and a typical response curve of single-
molecule devices (lower right). V is for voltage, I for 
current, H for magnetic field, M for magnetization, G 
for conductance, ρ for density of states. Current is 
approximately proportional to the integral of the density 
of states of the molecule in the tunneling regime. 

N

N N

N
MHO N

R

R

N

O

O

O

O

OH

HOMO LUMO

M=Zn, Rh-I

 
Figure 3. Structure and molecular orbitals of 
porphyrin-imide single-molecule diodes. 
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NDR is another important feature to be realized by 
single molecules, because the response is known to be the 
key component of the FitzHugh-Nagumo model of 
neuronal excitability.[24-25] There are several reports of 
NDR observed in single molecules.[26-29]  

As described in the earlier section, the single molecule 
in the tunneling regime should show a monotonic increase 
in the I-V characteristics, so that NDR cannot be expected 
with this mechanism. One possible way to show NDR is 
chemical reaction during scanning the potential. As shown 
in Figure 4, if the molecule is in “state 1” within a lower 
potential range and shifts to “state 2” at a certain potential, 
which has higher conductivity, then again returns to low 
conductive “state 3”, this molecule will exhibit NDR.  

Phosphododecamolybdic acid (PMo12) is a kind of 
polyoxometalate compounds, which are known to be 
redox active molecules.[30] We found that PMo12 grafted 
on the single-walled carbon nanotube (SWNT) shows 
reproducible NDR peaks, and when high voltage is 
applied to the device, periodic pulse generation is 
observed. 

 
2.3. Hysteresis and magnetic hysteresis (Single 
molecule magnets) 
 

Hysteresis behavior is also expected when the molecule 
can perform some chemical reactions by the applied 
potential, as shown in Figure 4b. 

Terbium porphyrin double-decker complexes (Por2Tb in 
Figure 5) are interesting compounds, when they are 
protonated they do not show any magnetism; however, 
once a proton is removed to give the anionic or radical 
form, they exhibit single molecular magnetism. Therefore, 
a magnetic hysteresis loop is observed, as shown in Figure 
2 (lower left).[31-32] The technique of electron impact 
apart from chemical conversion can also be used to 
achieve the radical form from the protonated form, as 
shown in Figure 5, by using scanning tunneling 
microscopy (STM) under high vacuum. This experiment 
indicates that by applying a certain potential to the 
molecule by using the conventional nano-gapped 
electrodes, we can achieve the conversion of the 
protonated form to the radical form. Using terbium 
porphyrin phthalocyanine double-decker complexes 
(PorPcTb in Figure 5), the presence and absence of 
proton did not affect the single-molecule magnets.[33] 
However, the conductance of the protonated PorPcTb is 
16 times greater than that of PorPcTb in the anionic form. 

This result indicates that it is possible to achieve 
conductance hysteresis by using these compounds, as 
shown in Figure 4b. We have proposed molecules in 
which reversible conversion of protonated and anionic 
forms can be determined by DFT calculations.[34]  

 
Acknowledgments 
 

This study was supported in part by Grants-in-Aid for 
Scientific Research on Innovative Areas from the Ministry 
of Education, Culture, Science, Sports, and Technology of 
Japan (No. 25110002). 
 

References 
[1] M. A. Reed, C. Zhou, C. J. Muller, T. P. Burgin, J. M. 
Tour, "Conductance of a Molecular Junction," Science, 
vol.278, pp.252 - 254, 1997. 
[2] M. A. Reed, C. Zhou, M. R. Deshpande, C. J. Muller, 
T. P. Burgin, L. Jones, J. M. Tour, "The Electrical 
Measurement of Molecular Junctions," Ann. N. Y. Acad. 
Sci., vol.852, pp.133-144, 1998. 
[3] Y. Cao, S. H. Dong, S. Liu, L. He, L. Gan, X. M. Yu, 
M. L. Steigerwald, X. S. Wu, Z. F. Liu, X. F. Guo, 
"Building High-Throughput Molecular Junctions Using 
Indented Graphene Point Contacts," Angew. Chem., Int. 
Ed. Engl., vol.51, pp.12228-12232, 2012. 
[4] X. F. Guo, J. P. Small, J. E. Klare, Y. L. Wang, M. S. 
Purewal, I. W. Tam, B. H. Hong, R. Caldwell, L. M. 
Huang, S. O'Brien, J. M. Yan, R. Breslow, S. J. Wind, J. 
Hone, P. Kim, C. Nuckolls, "Covalently Bridging Gaps in 
Single-Walled Carbon Nanotubes with Conducting 
Molecules," Science, vol.311, pp.356-359, 2006. 
[5] M. Handayani, S. Gohda, D. Tanaka, T. Ogawa, 
"Design and Synthesis of Perpendicularly Connected 
Metal Porphyrin-Imide Dyads for Two-Terminal Wired 
Single Molecular Diodes," Chem. Eur. J., vol.20, pp.7655-
7664, 2014. 
[6] K. Terabe, T. Hasegawa, T. Nakayama, M. Aono, 
"Quantized Conductance Atomic Switch," Nature, vol.433, 
pp.47, 2005. 

 

State 1

State 2

State 2

State 1State 1 State 2 State 3

(a) (b)

 
Figure 4. Possible mechanism to exhibit NDR and 
hysteresis in single-molecule devices. 

H *

N
N N

N

N
N

N
N

Tb

N
N N

N

N
N

N
N

Tb

Anionic form Radical form
(neutral)

－
-e-

+e-

-H+ +H+

Protonated form
(neutral)

N
N HN

N

N
N

N
N

Tb
- HSTM pulse

N
N

N
N

N
N
N

N N
N

N

N

Tb

H

N

N
H

N
N

N
N

N
N
N

N N
N

N

N

Tb

tor
2
Tb tortcTb

 
Figure 5. Switching of magnetic hysteresis and 
conductivity by removing and adding H atom to 
terbium double decker complexes. 

- 771 -



   

[7] E. C. Demis, R. Aguilera, H. O. Sillin, K. 
Scharnhorst, E. J. Sandouk, M. Aono, A. Z. Stieg, J. K. 
Gimzewski, "Atomic Switch Networks-Nanoarchitectonic 
Design of a Complex System for Natural Computing," 
Nanotechnology, vol.26, pp.204003, 2015. 
[8] T. Hino, H. Tanaka, T. Hasegawa, M. Aono, T. 
Ogawa, "Photoassisted Formation of an Atomic Switch," 
Small, vol.6, pp.1745-1748, 2010. 
[9] A. Klamchuen, H. Tanaka, D. Tanaka, H. Toyama, G. 
Meng, S. Rahong, K. Nagashima, M. Kanai, T. Yanagida, 
T. Kawai, T. Ogawa, "Advanced Photoassisted Atomic 
Switches Produced Using Ito Nanowire Electrodes and 
Molten Photoconductive Organic Semiconductors," Adv. 
Mater., vol.25, pp.5893-5897, 2013. 
[10] T. Hasegawa, Y. Itoh, H. Tanaka, T. Hino, T. 
Tsuruoka, K. Terabe, H. Miyazaki, K. Tsukagoshi, T. 
Ogawa, S. Yamaguchi, M. Aono, "Volatile/Nonvolatile 
Dual-Functional Atom Transistor," Applied Physics 
Express, vol.4, pp.2011. 
[11] K. Wiesenfeld, F. Moss, "Stochastic Resonance and 
the Benefits of Noise - from Ice Ages to Crayfish and 
Squids," Nature, vol.373, pp.33-36, 1995. 
[12] A. J. Noest, "Tuning Stochastic Resonance," Nature, 
vol.378, pp.341-341, 1995. 
[13] F. Moss, X. Pei, "Stochastic Resonance - Neurons in 
Parallel," Nature, vol.376, pp.211-212, 1995. 
[14] J. J. Collins, C. C. Chow, T. T. Imhoff, "Stochastic 
Resonance without Tuning," Nature, vol.376, pp.236-238, 
1995. 
[15] J. K. Douglass, L. Wilkens, E. Pantazelou, F. Moss, 
"Noise Enhancement of Information-Transfer in Crayfish 
Mechanoreceptors by Stochastic Resonance," Nature, 
vol.365, pp.337-340, 1993. 
[16] Y. Hirano, Y. Segawa, T. Kawai, T. Matsumoto, 
"Stochastic Resonance in a Molecular Redox Circuit," J. 
Phys. Chem. C, vol.117, pp.140-145, 2013. 
[17] A. Aviram, M. A. Ratner, "Molecular Rectifier," 
Chem. Phys. Lett., vol.29, pp.277, 1974. 
[18] T. Xu, I. R. Peterson, M. V. Lakshmikantham, R. M. 
Metzger, "Rectification by a Monolayer of 
Hexadecylquinolinium Tricyanoquino-Dimethanide 
between Gold Electrodes," Angew. Chem., Int. Ed. Engl., 
vol.40, pp.1749-1752, 2001. 
[19] I. Díez-Pérez, J. Hihath, Y. Lee, L. Yu, L. Adamska, 
M. A. Kozhushner, I. I. Oleynik, N. Tao, "Rectification 
and Stability of a Single Molecular Diode with Controlled 
Orientation," Nat. Chem., vol.1, pp.635-641, 2009. 
[20] Y. Otsuka, Y. Naitoh, T. Matsumoto, T. Kawai, 
"Point-Contact Current-Imaging Atomic Force 
Microscopy: Measurement of Contact Resistance between 
Single-Walled Carbon Nanotubes in a Bundle," Appl. Phy. 
Lett., vol.82, pp.1944 - 1946, 2003. 
[21] Y. Otsuka, Y. Naitoh, T. Matsumoto, T. Kawai, "A 
Nano Tester: A New Technique for Nanoscale Electrical 
Characterization by Point-Contact Current-Imaging 
Atomic Force Microscopy," Jpn. J. Appl. Phys., vol.41, 
pp.L 742 - L 744, 2002. 

[22] H. Tanaka, T. Yajima, T. Matsumoto, Y. Otsuka, T. 
Ogawa, "Porphyrin Molecules Working as Nanodevice on 
Single-Walled Carbon Nanotube Wiring " Adv. Mater., 
vol.18, pp.1411-1415, 2006. 
[23] T. Yajima, H. Tanaka, T. Matsumoto, Y. Otsuka, Y. 
Sugawara, T. Ogawa, "Refinement of Conditions of Point-
Contact Current Imaging Atomic Force Microscopy for 
Molecular-Scale Conduction Measurements," 
Nanotechnology, vol.18, pp.095501 (095505pp), 2007. 
[24] J. Nagumo, S. Arimoto, S. Yoshizawa, "An Active 
Pulse Transmission Line Simulating Nerve Axon," Proc 
IRE., vol.50, pp.2061–2070., 1962. 
[25] R. FitzHugh, "Mathematical Models of Threshold 
Phenomena in the Nerve Membrane," Bull. Math. 
Biophysics, vol.17, pp.257-278, 1955. 
[26] J. Chen, M. A. Reed, A. M. Rawlett, J. M. Tour, 
"Large on-Off Ratios and Negative Differential Resistance 
in a Molecular Electronic Device," Science, vol.286, 
pp.1550-1552, 1999. 
[27] J. Chen, W. Wang, M. A. Reed, A. M. Rawlett, D. W. 
Price, J. M. Tour, "Room-Temperature Negative 
Differential Resistance in Nanoscale Molecular 
Junctions," Appl. Phys. Lett., vol.77, pp.1224-1226, 2000. 
[28] Y. Karzazi, J. Cornil, J. L. Bredas, "Negative 
Differential Resistance Behavior in Conjugated Molecular 
Wires Incorporating Spacers: A Quantum-Chemical 
Description," J. Am. Chem. Soc., vol.123, pp.10076-10084, 
2001. 
[29] J. Ma, C. L. Yang, L. Z. Wang, M. S. Wang, X. G. 
Ma, "Controllable Low-Bias Negative Differential 
Resistance, Switching, and Rectifying Behaviors of 
Dipyrimidinyl-Diphenyl Induced by Contact Mode," 
Physica B, vol.434, pp.32-37, 2014. 
[30] L. Hong, H. Tanaka, T. Ogawa, "Rectification 
Direction Inversion in a Phosphododecamolybdic Acid / 
Single-Walled Carbon Nanotube Junction," J. Mat. Chem., 
C, vol.1, pp.1137-1143, 2013. 
[31] T. Inose, D. Tanaka, H. Tanaka, O. Ivasenko, T. 
Nagata, Y. Ohta, S. De Feyter, N. Ishikawa, T. Ogawa, 
"Switching of Single-Molecule Magnetic Properties of 
Tb-Iii-Porphyrin Double-Decker Complexes and 
Observation of Their Supramolecular Structures on a 
Carbon Surface," Chem. Eur. J., vol.20, pp.11362-11369, 
2014. 
[32] D. Tanaka, T. Inose, H. Tanaka, N. Ishikawa, T. 
Ogawa, "Proton-Induced Switching of the Single 
Molecule Magnetic Properties of a Porphyrin Based Tbiii 
Double-Decker Complex," Chem. Commun., vol.7796-
7798, 2012. 
[33] D. Tanaka, N. Sumitani, T. Inose, H. Tanaka, N. 
Ishikawa, T. Ogawa, "Effect of Protonation on the Single-
Molecule-Magnet Behavior of a Mixed 
(Phthalocyaninato)(Porphyrinato) Terbium Double-
Decker Complex," Chem. Lett., vol.44, pp.668-670, 2015. 
[34] T. Inose, D. Tanaka, T. Ogawa, "Computational 
Investigation of a Photo-Switchable Single-Molecule 
Magnet Based on a Porphyrin Terbium Double-Decker 
Complex," Heterocycles, vol.86, pp.1549-1554, 2012. 

- 772 -



  

 

Current Oscillation and Pulse Generation Based on Nonlinear Conducting 
Behaviors in Organic Molecular Systems 

 
Hideo Kishida 

 
Department of Applied Physics, Nagoya University, 

Furo-cho, Chikusa-ku, Nagoya 464-8603 Japan 
Email: kishida@nuap.nagoya-u.ac.jp 

 
Abstract– Nonlinear conducting behaviors and negative 

differential resistance in organic solids and their physical 
mechanism are briefly introduced. The current oscillation 
and the pulse generation based on the nonlinearity in 
several materials are shown. The observed phenomena are 
the relaxation oscillation. The problems and the challenges 
inherent to the organic materials are discussed. 
 
1. Introduction 
 

The recent development of organic electronic materials 
is conspicuous. Their luminescence properties, 
photovoltaic effects and transistor behaviors are 
intensively studied. Nonlinear responses are widely 
investigated as well. They range from nonlinear optical 
effects which are purely electronic responses to nonlinear 
conducting behaviors, which sometimes involve the 
dynamics of not only electrons but lattices. In this paper, 
the author focuses on the nonlinear conducting behaviors 
and shows the examples and the applications. 

The nonlinear conducting behaviors in organic 
materials have been studied for a long time. Iwasa et al. 
reported the systematic study of the negative resistance in 
various organic charge-transfer complexes [1]. According 
to the paper, a wide variety of charge transfer complexes 
commonly show nonlinear behaviors to the electric field 
and negative differential resistance (NDR). Up to now, the 
nonlinear conducting behaviors in various organic 
complexes have been reported [2]. These studies are partly 
related to the guideline for development of organic 
conductors. Such studies aimed at charge transfer between 
the constituents, so that the open-shell electronic systems 
are obtained. The open-shell states do not always lead to 
organic conductors. Various interactions or ordering 
phenomena, most of which are related to the low 
dimensional nature, make the systems insulating. Namely, 
the conducting states and the insulating states are 
energetically competed. In such situations, the application 
of electric field or the injection of charge carriers might 
affect the electronic states and change the resistivity. 
Actually, several organic charge transfer complexes show 
nonlinear conductance. Such change of the states is often 
observed as switching phenomena, which are attractive 
from the viewpoints of not only materials science but 
information technology. Though the nonlinear conducting 
behaviors and the switching effects have long been 

studied, advanced studies beyond such observations to 
functionality are quite few. A notable exception is the 
study by Sawano et al. in 2005 [3]. They reported that -
(BEDT-TTF)2CsCo(SCN)4 salts show a current oscillation 
under the application of static voltage at 4.2 K. In their 
experiments, the external circuit components were only a 
series resistor and a voltage source and the frequency was 
controlled by the external voltage. The author was 
inspired by the study of Sawano et al. and started the 
study of the application of nonlinear conducting behaviors 
to the oscillation or other functionality. In this paper, the 
author reviews a part of nonlinear conducting properties in 
organic compounds and discusses the relevant 
functionality. Moreover, the strategy for improvement of 
the functionality and trials are discussed. 
 
2. Electronic States and Nonlinear Conductivity 
 

In organic charge transfer complexes, several electronic 
states are energetically competed and the external field 
might induce the change of the electronic states, leading to 
nonlinear conducting behaviors. Here, a typical example 
is shown. In K-TCNQ (TCNQ: tetracyanoquidimethane), 
TCNQ molecules stack and form one-dimensional 
columns. K+ ions also show a one-dimensional 
arrangement parallel to the TCNQ columns. One electron 
is transferred from K to TCNQ, so that TCNQ− molecules 
form open-shell states. At room temperature, TCNQ 
molecules are dimerized due to spin interaction between 
TCNQ molecules and the complex is insulating. Above 
395 K, the dimerization disappears and the molecular 
arrangement is uniform. These two states show different 
resistivities. It was revealed that, at room temperature, the 
current injection makes the dimerized state transit to the 
regular stacking state [4].  

Another example of the nonlinearity is observed in 
TTF-CA (TTF: tetrathiafulvalene, CA: chloranil). In this 
compound, TTF and CA are alternately stacked and form 
one-dimensional columns. TTF acts as donor and CA 
acceptor. The quantity of charge transfer between TTF and 
CA is dependent on temperature. At low temperature, TTF 
and CA form dimers, where the degree of charge transfer 
between TTF and CA,  , is beyond 0.5 (here, 1  

corresponds to one electron transfer from donor to 
acceptor) and the compound is regarded as in an ionic 
state. This state is stabilized by the Madelung energy, 
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which is the energy gain by an alternating arrangement of 
positive and negative charges. On the other hand, in the 
high temperature phase, the degree of charge transfer is 
small and a neutral state is formed. It was reported that the 
nonlinear conductance is observed in this compound [5]. 

The other example is seen in halogen-bridged nickel 
compounds. In this compound, halogen atoms and nickel 
atoms are arranged alternately and form one-dimensional 
chains. The valence of Ni atoms is +3 and the number of d 
electrons is 7, indicating the formation of open-shell 
electronic systems. However, due to the strong electron 
correlation, Mott insulating state is formed. The 
application of strong electric fields leads to the nonlinear 
conducting behaviors [6,7]. The origin of this nonlinearity 
is not clear at present.  

Thus, the materials discussed here commonly have 
open-shell and insulating electronic states and show 
nonlinear conducting behaviors. The mechanism which 
makes the open-shell systems insulating might govern the 
nonlinear conducting behaviors. In some cases, the field-
induced breakdown of the insulating mechanism leads to 
the nonlinear conducting behaviors.  
 
3. Current Oscillation Using Nonlinear Conducting 
Behaviors 
 

In this section, a method to give rise to current 
oscillation and pulse generation is shown. By combining 
the materials showing nonlinear conductance with the 
external circuit shown in Fig. 1, the spontaneous current 
oscillation is obtained. 

The abovementioned materials show not only the 
nonlinear conducting behaviors but the NDR behaviors. 
The schematic current(I)-voltage(V) behavior is shown in 
Fig. 2(a). At low current, the materials show a linear 
conductance which is described by Ohm’s law. With 
increase of current, the transition to a low-resistance state 
is achieved and NDR is observed. After the completion of 

the transition to the low-resistance state, I-V curve should 
show positive differential resistance. However, in a real 
material, such positive differential resistance is hardly 
observed experimentally because such recovery of 
positive differential resistance requires a large current 
which leads to the breakdown of the sample. In order to 
get a positive slope in the higher current region, one series 
resistor Rs is added as shown in Fig. 1. As a result, an S-
shaped I-V curve is obtained. Then, a voltage source 
(voltage: Vb) and a series resistor RL are connected as 
shown in Fig. 1. Here, the voltage between the two points 
p and q (Vpq) is discussed. Vpq of the path via the sample 
should be S-shaped, while that of the path via the voltage 
source should be described by a line (load line) 
determined by RL and Vb. The intersection shown in Fig. 
2(a) is the solution and the stable point of this circuit. 
Moreover, a parallel capacitor C is added for the 
introduction of temporal instability. Resultantly, the 
intersection of the S-shaped curve with the load line is not 
reached. After the voltage source is switched on, the 
charging to the capacitor starts and the operating point 
reaches the point A through the branch  (Fig. 2(b)). As 
Vpq is also the voltage of the capacitor, the temporal 
discontinuity of Vpq is prohibited. Then, after reaching the 
point A, it jumps to the branch , in which the discharging 
occurs, and reaches the point B. Due to the continuity of 
the voltage, it jumps down to the branch . Then, the 

Fig. 2 (a) Typical behaviors of NDR samples and sample+series resistors. Load line is also indicated. 
(b) Linear approximation of NDR+Rs. (c) Schematic of oscillatory current.  

Fig. 1 Circuit for current oscillation using the 
sample showing negative differential resistance. 
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cyclic motion is continued. The schematic of these 
temporal motions is shown in Fig. 2(c). In the materials, 
the branch  is the high-resistance state, namely, the 
insulating state and the branch  is the low-resistance state, 
namely, the state in which the insulating mechanism does 
not work or is weakened. 

The example of the current oscillation in K-TCNQ is 
shown in Fig. 3 [8]. A clear oscillation is achieved at room 
temperature. The oscillation is stably continued. The 
observed phenomenon is similar to the blinking of a neon 
tube which is known as the Pearson-Anson effect [9]. This 
phenomenon is classified as a relaxation oscillator. 
Judging from Fig. 3 (upper right), the oscillatory 
waveform is not sinusoidal but pulse trains. This comes 
from the fact that the sojourn times on the branches  and 
 ( α  and γ , respectively) are different. Using the linear 

approximation of the two branches shown in Fig. 2(b), the 
oscillation period T  and the ratio are described as follows 
[6]: 
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Here, )/( αLbα1 RRVRE  and 

)/()( γLbγ0L2 RRVRVRE  . Parameters are defined in 

Fig. 2(b). These equations indicate that the oscillation 
period and the pulse width can be controlled by the 
external circuit parameters. The examples of the control 
by the capacitance, the voltage and RL in halogen-bridged 
nickel compounds are shown in ref. [6,7].  

Specific circumstances of the organic crystals should be 
considered. In the low-resistance state, a relatively large 
current flows and the temperature change due to the joule 
heating might affect the I-V curve. As a result, the current 
and the voltage do not trace the static I-V curve. This 
heating effect might be reduced by the decrease of the 
sample size. 
 
4. Strategy for More Stable Oscillation and Trials 
 

The abovementioned mechanism induces phase 
transitions or changes of electronic states with each 
oscillation period. They are often accompanied by the 
change of lattice, namely, the change of position or form 
of molecules. Because it sometimes leads to a 
macroscopic damage to the crystal such as cracks, it is not 
preferable. In order to avoid this, the phase transition in 
which the lattice change is smaller should be used. One 
example is the field-induced breakdown of Mott 
insulating state. The other is the case that the long-range 
Coulombic interaction induces the ordering of the charge 
configuration, which leads to an insulating state without 
the help of lattice deformation. If the field-induced 
resistivity change is observed using the charge-ordered 
state of the organic compounds, it is preferable because 
the lattice change is expected to be small. The nonlinear 
conducting behaviors in such materials are reported in ref. 
[10,11], in which the target material is -(BEDT-TTF)2I3 
(BEDT-TTF: bis(ethylenedithio)-tetrathiafulvalene). This 
compound shows the charge-ordering below 135 K. The 
nonlinear conducting states are optically revealed by the 
electronic Raman scattering method [11]. By using this 
compound, Ito et al. achieved the current oscillation 
whose period is 63 msec [12].  

Fig. 3 (Upper left) I-V characteristic of K-TCNQ 
and a series resistor (dots) and the load line (dotted 
line). (Upper right) Temporal profile of current 
oscillation. (Lower) Temporal profile of voltage. 
Reprinted from the paper: H. Kishida et al., Appl. 
Phys. Express, vol. 4, 031601, 2011. © 2011 The 
Japan Society of Applied Physics. 
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Another target system is the materials which have a 
higher symmetry. To this end, the constituent molecule 
should be also a symmetric material. For example, the 
coronene complexes are a possible candidate. Actually, 
one coronene complex, (coronene)3Mo6Cl14, has a cubic 
lattice and shows charge disproportionation in the crystal 
[13]. This might lead to a more controllable field-induced 
change of the state. 
 
5. Conclusions 
 

Spontaneous current oscillation and pulse generation 
based on the NDR behaviors in several open-shell 
electronic systems such as organic charge transfer 
complexes and halogen-bridged nickel compounds were 
achieved. The oscillation is explained by alternating 
occurrence of high-resistance state and electric-field-
induced low-resistance state. The oscillation includes the 
alternating phase change or phase transitions. Therefore, 
to improve the oscillatory behaviors, we should consider 
the system in which the motion of the lattice is smaller. 
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Abstract– various non-linear conducting behaviors, 
such as higher order I-V characteristics, hysteretic behavior, 
rectification, gradual increase/decrease, are observed and 
induced in organic crystalline conductors, conducting 
polymers, and thin-film semiconductors.  
 
1. Introduction 
 
Chemists have developed various kinds of useful 
materials through imitating natural products such as 
medicines, fibers, dyes, etc. Furthermore, electric 
conductors, semiconductors, superconductors, and 
ferromagnets have been constructed only with organic 
molecules through imitating the electronic structure of 
corresponding inorganic materials, and the resulted 
knowledge became the basis of emerging organic 
electronics. One of the next frontiers of chemistry should 
be the information system. Since molecule is the smallest 
functional object, molecule-based integrated circuits 
consist of single molecule devices are expected to 
overcome the silicon-based technology especially in terms 
of the device density per volume. Actually, electric 
characteristics of single molecule have been investigated 
in various ways and deep knowledge has been 
accumulated. However, it would not be good idea to use 
single molecule devices as the substituting components of 
recent silicon-based integrated circuits because so many 
kinds and numbers of molecular devices are necessary and 
should be perfectly positioned and wired on the wafer 
avoiding any defect.  

Another possible strategy would be an artificial neural 
network consists of organic molecules having non-linear 
conducting properties. Organic conductor often shows 
various non-Ohmic conducting properties, such as higher 
order I-V characteristics, hysteretic behavior, rectification, 
gradual increase/decrease, etc. These non-linear 
conducting properties could be attributed to the internal 
freedom of molecular structures and packing structures of 
molecular assemblies. In this paper, non-linear conducting 
properties and their mechanism in organic crystalline 
conductor, conducting polymer, and organic thin-film 
transistor, are described and discussed in terms of the 
“epigenetic” functional circuit formation related to the 
artificial neural network. 
 
2. Non-linear Conducting Behavior in Organic Systems 
 

2.1. Conductivity Change in Crystalline Molecular 
Conductor through Structural Change of Molecular 
Structure [1] 

 
An ion-radical salt of a TTF-based dimeric donor with 

a cross-cyclophane-skeleton (Figure 1) was prepared and 
found that the conductivity of the salt was enhanced 
abruptly under the application of the external voltage, e.g. 
340 V at 170 K as shown in Figure 2. Since this process 
has relatively large hysteresis, the ion-radical salt was 
converted to a low-resistance “phase” under the 
application of high voltage. We succeeded an X-ray 
crystallographic analysis of the salt under applying the 
external current and revealed that the disproportionation 
of charge along the donor stack in the crystal became 
uniform during the current application in terms of the 
bond lengths of each donor unit. This result is interpreted 
that the class I mixed-valence state of the cation–radical 
salt of the dimeric donor was converted into the class III 
state by the application of the large current.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig.1 Molecular structure of cyclophane-type donor 
CPTD and the crystal structure of its ion-radical salt 
CPTD·Br(TCE)2. 

 
Fig.2 I-V Characteristic of CPTD·Br(TCE)2 at 170 K.
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2.2. Switchable Resistance in Organic Ion-radical Salt 
Having Hydrogen-bonded Counter Ion Network [2] 
 
 Electro-crystallization of BEDT-TTF, which is one of 
the most well-investigated organic conducting donor, in 
the presence of chloride ion and the droplets of H2O in a 
mixed solvent of 1,1,1-trichloroethane (1,1,1-TCE) and 
dichloromethane (DCM) afforded needle-like black 
crystal of (BEDT-TTF)2·Cl(H2O)4. This ion-radical salt 
was found to show the characteristic conducting property 
as shown in Figure 3. The resistance of the sample 
changes up to 20% by changing the direction of the 
applied current. However, since this resistance change 
takes place gradually and needs very long time (~10 min), 
it could not be attributed to the rectification due to the PN 
junction or Shottky barrier.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4 shows the crystal structure of (BEDT-
TTF)2·Cl(H2O)4. In this crystal, both donors and counter 
ions form two dimensional layers in ab plane. Interesting 
point is that the counter ions (chloride ion, Cl-) and water 
molecules form infinite hydrogen-bonding network 
parallel to the long axis of this needle-like crystal. Judging 
from the crystal structure, the mechanism of the gradual 
increase/decrease of resistance in this crystal could be 
estimated as shown in Figure 5. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
In the resistance measurements, direction of the current 
flow was parallel to the long axis of the needle-like crystal 
shape. This direction is also parallel to the 2D conducting 
plane of the donor assembly and the hydrogen-bonded 
counter ion network. Since the formal charge of each 
donor molecule in this crystal is +0.5, the donor layer is in 
the mixed-valence state and the resistance should be 
minimum for this structure. However, if the charge 
distribution of donor units has deviation, some part will be 
less than +0.5 and some other part will be higher than 
+0.5, and the resistance will be higher than the expected 
value for the uniform charge distribution. In usual ion-
radical salt, cationic charges of donors are compensated 
by anion and the distribution of both components and 
charges should be uniform in the crystal. On the other 
hand, counter ions have infinite hydrogen-bonding 
network parallel to the conducting path (2D donor layer) 
in this crystal, and the charge distribution could be 
changed through the formation of H3O

+ ions and OH- ions 
at the electrode surface resulted by the application of bias 
voltage assisted with proton-relay along the hydrogen-
bonding network as shown in Figure 5. This charge 
distribution could be controlled by loading current and the 
accumulated charge could be cancelled by loading current 
of opposite direction. This change of charge distribution in 
anionic layer should take effect in the donor layer and its 
total resistance. Although the proton-relay across the 
crystal should need relatively large potential gradient and 
such large electric field could not be obtained in usual 
bulk conductor, this crystal has high resistivity and can 
involve reasonably high electric field to drive the counter 
ions. The utilization of the field effect of counter ion is 
considered to be the key for developing bistability in 
conducting molecular materials. 
 

 
 
Fig.3 Gradual conductivity switching in (BEDT-
TTF)2·Cl(H2O)4. The direction of the loaded current 
was changed at the arrows.

 
Fig.4 Molecular packing in (BEDT-TTF)2·Cl(H2O)4 
Crystal. Counter ions (Cl-) and water molecules forms 
infinite hydrogen-bonding network in ab plane. 

 

 
 
Fig.5 Schematic drawings of the plausible mechanism 
and an expected equivalent circuit diagram of the 
gradual conductivity switching in (BEDT-
TTF)2·Cl(H2O)4 crystal. 
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2.3. Various Non-linear Behaviors in Electro-
polymerized Organic Conducting Polymer and Its 
“Epigenetic” Preparation [3] 
 
In the former section, non-linear conducting property in a 
crystalline organic conductor was discussed in terms of 
the dynamics of its counter ion system. To demonstrate its 
generality, the conducting properties of a typical 
conducting polymer was then investigated because 
electro-polymerized conducting polymers have various 
degrees of freedom, such as conformational variety of 
polymer main chain, degree of charge doping, position of 
counter ions, and incorporated solvent molecules. As the 
result, various kinds of non-linear I-V characteristics were 
observed on small strips of electro-polymerized poly(3-
ethylthiophene) although these samples were divided from 
the same film (Figure 6). Since these non-linear 
characteristics were not observed with 4-probe method, 
these non-linear characteristics could be attributed to the 
contact interface between the sample and the electrodes. 
Furthermore, some of non-linear character was obviously 
suppressed with increasing the speed of voltage sweeping. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
These results suggest that the dynamics of counter ions 
near the electrode surface is the key of the non-linear 
conductivity. In this kind of semiconducting material, 
applied voltage will drive not only electron (or hole) but 
also the counter ions incorporated as dopant as discussed 
in the former section. If the distribution of counter ions 
and doping level of the semiconducting polymer film was 
not uniform, it will be a cause of the rectifying I-V 
characteristics. If the distribution of counter ions was 
changed under the applied electric field, the conductivity 
will be enhanced or depressed, and it will be the cause of 
hysteretic behavior as shown in Figure 7. Gradual increase 
and decrease of the conductivity could be also explained 
in the same manner. In this mechanism, the non-linear 
character is governed by the distribution and the dynamics 
of the counter ions in the polymer film, which is 
incorporated in the electro-polymerization process. To 
control this situation, we tried to induce the non-linearity 
after the preparation of the polymer film. As shown in 
Figure 8, a piece of polymer film was added a drop of 
electrolyte solution and swollen. Then current was applied 
on the film to induce the distribution change of counter 
ions in the film. After drying the film, obvious rectifying 
I-V characteristic was successfully observed as we 
expected. Although these experiments were carried out in 
the millimeter sizes of samples, this mechanism would be 
applicable for any scale of devices, if the incorporated 
counter ions have appropriate degree of freedom.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig.6 Various I-V characteristics observed on poly(3-
ethylthiophene) films [3]. The polymer was prepared 
by electro-polymerization of 3-ethylthiophene in 0.1 
mol•L-1 tetrabuthylammonium tetrafuluorophosphate 
/ nitrobenzene solution with a pair of SUS304 plate 
electrode. 

 
Fig.7 Plausible mechanism for the non-linear I-V 
characteristics in electro-polymerized poly(3-
ethylthiophene). 

 
Fig.8 “Epigenetic” induction of non-linear I-V 
characteristics in an electro-polymerized poly(3-
ethylthiophene) film. 
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2.5. “Epigenetic” Device Preparation in Ambipolar 
Organic Semiconductor Thin Film [4] 
 

In recent years, electrostatic doping utilizing field-
effect transistor (FET) device structure has been studied 
intensively in terms of organic electronics. One of the 
advantages of this method is that various valence states 
(degree of charge doping) could be set seamlessly as the 
function of gate voltage (VG) without any chemical and 
structural change of the semiconductor material. On the 
other hand, the introduced charge carrier will leave the 
material when the VG was released. However, the 
introduced charge is often stabilized in semiconductor 
material, the relaxation time can be in mS range, and the 
resulted current between Source and Drain electrodes (ISD) 
become weaker. The phenomena, that the channel current 
in FET device become weaker under the applied gate 
voltage is known as “Bias-stress Effect”.  The above 
mechanism could be one of the explanations of “Bias-
stress Effect”. We found that the “Bias-stress Effect” of 
organic FET device is well suppressed at low temperature, 
typically below 100 K. This result could be explained in 
terms of the suppression of the structural relaxation of 
molecules in solid state. Then, we tried to decrease 
temperature of organic FET device under applying 
constant VG. After getting low temperature, typically at 
100K, the device characteristic was investigated. As the 
result, the device showed the shifted threshold voltage, 
almost the same to the applied VG during decreasing 
temperature. It becomes clearer when an ambipolar 
semiconducting material was used as shown in Figure 9. 
This result could be interpreted as the fixation of 
introduced charge carrier. At room temperature, the 
introduced charge will be stabilized gradually, and 
immobilized in the semiconducting layer. If the applied 
voltage was released, the immobilized charge will be also 
released gradually, and the neutral state will be recovered.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

However, if the temperature was decreased with keeping 
VG, the immobilized charge is further stabilized and could 
not be released even when the VG was released. At this 
stage, the immobilized “frozen” charge could be regarded 
as “counter ion” and behaves as the dopant for the 
opposite sign of charge carrier. Since the semiconducting 
material has an ambipolar character in this case, both p 
and n doping could be possible. For a demonstration, we 
prepared a pn-junction diode within this FET device. In 
this case, VGS was kept at the half of Drain-Source voltage 
(VDS) in the cooling process. As the result, rectifying IDS-
VGS characteristic was induced and the direction of the 
rectification could be changed repeatedly by changing the 
signs of VDS and VGS in the cooling process. Preparation of 
PNP and NPN transistors would be also possible with this 
method, if the corresponding charge doping could be 
controlled in sub-micrometer resolution. Although low 
temperature for freezing accumulated charge is necessary, 
this method is applicable for single-component organic 
semiconductors without any dopant. We will be able to 
prepare any kinds of devices and circuits on the same 
molecular semiconductor surface as we intended.  
 
3. Summary 
 
 Various non-linear conducting behaviors were observed 
in organic conductors due to their internal flexibility in 
molecular structure or molecular assembly. Furthermore, 
some of non-linearity was induced after the device 
preparation. These mechanisms for developing non-
linearity described in this paper could be generalized for 
various types of organic conductors. Organic conductors 
often include relatively big deviation and it brings bad 
reproducibility. However, there is the chance to find the 
portion having desired device property in such random 
molecular assembly. Otherwise, desired property could be 
induced in selected part of the assembly after device 
preparation due to the softness of the material. These 
strategies will be the keys for the “Epigenetic Molecular 
Integrated Circuit”. 
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cooling processes, respectively. 
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Abstract—Novel functional nonlinear nanodevices
based on “nature-inspired” and “bio-mimetic” techniques
are discussed. Here, the targeted nanodevices are single-
electron devices in particular. The important factor in
producing nature-inspired and bio-mimetic circuits or de-
vices is the consideration of how natural world phenom-
ena and biological behavior relate to targeted nanodevices.
To construct nature-inspired or bio-mimetic circuits, “per-
fect mimicking” and “rough mimicking” techniques can be
used. It is essential for each type of system to have non-
linear oscillators because original systems based on natu-
ral phenomena or biological behavior can be represented
as nonlinear oscillator systems. Nature-inspired and bio-
mimetic single-electron circuits are described as demon-
strations. These demonstrations indicate that such circuits
based on the proposed approaches are representative of
nature-inspired and bio-mimetic circuits and that they will
be considered useful and functional devices.

1. Introduction

Nano-scaled devices, e.g., single-electron devices, sin-
gle molecule devices, and quantum dot devices, are of par-
ticular interest because they have unique properties such
as nonlinearity and high integration, and unit elements of
them can be designed, constructed, and fabricated. There-
fore, many researchers have tried to design and develop
useful and functional systems for the construction of novel
information-processing devices. For instance, CMOS-like
nanodevices were proposed at the dawn of nanodevice
studies. Another approach, the “nature-inspired” or “bio-
mimetic” technique, is based on natural world phenom-
ena and biological behaviors for the purpose of develop-
ing novel functional nanodevices. The natural world and
living things often provide us with useful hints on how to
produce new materials and devices. For instance, from the
perspective of electrical engineering, various kinds of nat-
ural world phenomena or the behaviors of living things can
be assumed to process information very efficiently. There-
fore, mimicking such behaviors is important for produc-
ing novel and functional information processing devices.
An important factor in producing nature-inspired (or bio-
mimetic) devices is matching the behaviors of the targeted
devices with those of natural world phenomena or living
things. The successful mimicking of such behaviors is ex-
pected to result in the production of unique devices.

In this study, unique behaviors and properties in the nat-
ural world (including those of living things) have been fo-
cused upon to design novel, unique, and functional nano-
electronic circuits, i.e., single-electron circuits, which are
our targeted devices. A single-electron circuit can con-
trol an individual electron by controlling a quantum ef-
fect, i.e., the Coulomb blockade effect [1]. The single-
electron circuit has tunneling junctions as main compo-
nents. Since it can control only a few electrons in opera-
tion, the single-electron circuit should show nonlinear op-
eration and extremely low power consumption. However,
use of the single-electron circuit has been somewhat prob-
lematic. For example, the most appropriate information-
processing architecture has yet to be decided. In addi-
tion, the circuit is very sensitive to noise generated by heat
or light. Noise can cause circuit malfunction. For those
problems, the approaches of this study present strong can-
didates for solutions. Here, the previous studies of the
following actual proposed nature-inspired or bio-mimetic
single-electron circuits and their applications are discussed.
Moreover, it is considered how useful they are on the basis
of nonlinearity.

• Mimicking the behavior of chemical reaction-
diffusion systems

– Single-electron “reaction-diffusion” circuit and
its applications [2, 3]

• Mimicking the behavior of living things in the natural
world

– Single-electron “slime-mold” circuit and its ap-
plications [4, 5]

– Single-electron “soldier crab” ball gate circuit
and its applications [6]

– Single-electron “ant group” circuit and its appli-
cations [7]

• Mimicking the function of brains, i.e., neural net-
works

– Single-electron “stochastic resonance” circuit
and its applications [8, 9, 10]

– Single-electron “associative memory” circuit
and its applications [11]
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2. Mimicking Behavior of Reaction-Diffusion Systems

Originally, the reaction-diffusion (RD) system is a chem-
ically complex system in a nonequilibrium, open state
where chemical reactions and material diffusion coexist.
In such a system, many elementary reactions proceed with
the participation of various chemical substances, influenc-
ing one another through the synthesis and resolution of the
substances. As a result, an RD system exhibits high-order
nonlinear behavior and produces various dynamic phenom-
ena unpredictable from an equilibrium state. A particular
feature of the RD system is its generation of a dissipative
structure. As system parameters change, varied dissipa-
tive structures appear as spatiotemporal patterns of chemi-
cal concentration. The typical pattern is traveling excitable
waves, and the waves can be used for a certain type of
“wave computing system.” The behavior of RD systems
can be expressed by the “RD equation,” a partial differen-
tial equation with chemical concentrations as variables:

∂u
∂t
= f (u) + D∆u (u = (u1,u2,u3, · · ·)), (1)

wheret is time,u is the vector of chemical concentrations,
ui is the concentration of theith substance, andD is the di-
agonal matrix of diffusion coefficients. Nonlinear function
f (u) is the reaction term that represents the reaction kinet-
ics of the system. Spatial derivativeD∆u is the diffusion
term that represents the change ofu due to the diffusion of
the substance. The RD system can be considered an aggre-
gate of coupled chemical oscillators as described in Fig. 1.
Each oscillator represents the local reaction of chemical
substances and generates nonlinear dynamicsdu/dt = f (u)
that correspond to reaction kinetics in Eq. (1). The oscilla-
tor interacts with its neighbors through nonlocal diffusion
of substances; this corresponds to the diffusion term in Eq.
(1) and produces dynamicsdu/dt = D∆u.

To construct electrical RD systems mimicking the be-
havior of the RD systems, manufacturers can choose one
of two useful methods. The first method that represents
mathematical models (Eq. (1), for example) as circuits
or devices can be considered a “perfect mimicking type.”
Conversely, the other one that represents structures (Fig.
1, for example) as circuits or devices can be considered
a “rough mimicking type.” That is, if the manufacturers
choose the second method, they prepare certain arrayed
nonlinear oscillators that interact with their neighbors. An
important point in the construction of electrical RD systems
is the consideration of the correspondence of the natural
phenomena to the devices or the circuits. The author con-
siders that strict mimicking based on mathematical models
as described above, i.e., the perfect mimicking type, is not
always necessary. Here, a single-electron RD circuit de-
signed on the basis of the rough mimicking technique is
described in Fig. 2 (a). The main component of the cir-
cuit is an SE oscillator that consists of a tunneling junc-
tion,C j , and a high resistance,R, connected in a series at a

chemical oscillator
(enlargement)

diffusion of substances

Figure 1: Simplified model of RD systems, consisting of
many chemical oscillators [2].
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Figure 2: (a) Circuit configuration of single-electron RD
circuit [2] and (b) snapshots of traveling voltage wave that
is generated by the circuit (simulated) [2] .

node and biased by a positive voltage,Vd, or a negative one,
−Vd. It has a threshold value for electrons to tunnel. When
the electron tunneling occurs in aVd-biased SE oscillator,
for example, the voltageVnode of the node of the oscillator
suddenly changes from positive to negative. This sudden
change of voltage triggers other electron tunnelings in ad-
jacent oscillators. As a result, the circuit can generate trav-
eling voltage waves (distinctive spatiotemporal patterns) in
the same way as the original RD system, caused by the oc-
currence of an electron tunneling in each SE oscillator in
the circuit, as shown in Fig. 2 (b). Such results provide
evidence that the rough mimicking technique is certainly
useful for constructing certain types of nature-inspired cir-
cuits.

3. Mimicking Behavior of Living Things

Here, novel information processing circuits mimicking
the behavior of living things are discussed. In the natu-
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(a)

(b)

Figure 3: (a) 24 JR railway network stations in Tokyo,
Japan, chosen to demonstrate circuit operation (marked on
a Google map). (b) Snapshots of generated patterns that
can be obtained when dilation and contraction circuits op-
erate [5]. Circuits can show actual JR-network-like pat-
terns.

ral world, evolution favors the efficient behavior of living
things. That is, the biological systems of living things be-
have in various ways to keep energy to a minimum (they
try to remain in a stable state). Such behavior can be con-
sidered as “efficient operation” and “functional operation”
from the perspective of electrical engineering. Moreover,
systems that behave in a highly efficient manner can be
considered to be highly perfect. Therefore, such systems
should be considered as references for the creation of new
circuits and devices. To create highly efficient and high-
lyfunctional circuits and devices, manufacturers can apply
the perfect mimicking or the rough mimicking techniques
described above. The author has studied some organism-
and creature-inspired single-electron circuits [4, 5, 6, 7].
For example, when constructing a single-electron slime
mold circuit, two phenomena must be represented for the
circuit in terms of preserving the topology of the original
slime mold. One is “dilatation” behavior, and the other
is “contraction” behavior. Moreover, behaviors such as
“scanning for food” using dilatation, “securing food,” and
“effectively obtaining food” by contraction of the body can
be considered. It is known that a certain type of unicel-
lular slime mold has the capability to solve some nonlinear
problems, e.g., solving maze problems and making a ringed
network similar to a real railway network, despite being a
unicellular animal [12, 13]. The key points for informa-
tion processing are the two phenomena mentioned above.
The dilation behavior can be represented as traveling waves
because such waves behave similarly. Therefore, a single-
electron RD circuit can be used for the dilation circuit. For
the contraction circuit, for example, the medium of a spe-
cial chemical called cAMP that is generated by the slime
mold should be represented as the circuit. The designed
circuit has been simulated and shown to operate correctly
as shown in Fig. 3.

input

noise output 1

neuron

final output2

3

Figure 4: Schematic model of stochastic resonance pro-
posed by Collins, et al. [14].

4. Mimicking Behavior of Brains

In this section, novel information processing circuits
mimicking the functions of brains are discussed. It is
known that brains have many functions for information
processing. Moreover, recent reports have clarified that
brains can not only overcome noise and fluctuation but can
also harness them to operate correctly. In contrast, almost
all conventional electrical circuits and devices must avoid
them to operate. If the manufacturers succeed in develop-
ing brain-like functions for circuits and devices, they will
be able to harness noise and fluctuation to operate correctly,
for example. The author has studied some brain-inspired
single-electron circuits [8, 9, 10, 11]. Here, a construc-
tion of a single-electron circuit that mimics a certain func-
tion of the brain is described as an example. It is gen-
erally known that circuits are very sensitive to noise and
fluctuation, so many researchers have studied how to pre-
vent such noise affecting their operation. In contrast, the
brains of creatures, consisting of neurons that are very sen-
sitive to noise, can operate correctly as a whole in a noisy
environment because the brain harnesses the noise energy
to process information correctly. A unique technique that
imitates stochastic resonance (SR) behavior in neural net-
works has been focused upon to solve the noise problem.
The SR phenomenon, which was discovered in studies on
the brains of living things, can be considered as a type of
noise-energy-harnessing system. If a circuit can take ad-
vantage of such a phenomenon as a certain function, the
circuit would not only operate correctly in a noisy envi-
ronment but would also show better performance than if
it were not exposed to noisy conditions. It is known that
a certain type of neuron can be represented as a nonlinear
oscillator. Manufacturers can also construct neuromorphic
single-electron circuits and single-electron neural networks
because circuits can be constructed as nonlinear oscillators.
Actually, neuromorphic single-electron circuits that have
the stochastic resonance function based on a certain neural
network model by Collins [14] (Fig. 4) have been proposed
and confirmed to operate correctly, i.e., the circuits have
shown better performance in noisy environments than in
the absence of noisy conditions as shown in Fig. 5.
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Figure 5: Sample operation of single-electron oscillator.
(a) Under ideal condition (T = 0 [K]), (b) under thermal
noise condition (1 [K]). Random outputs (errors) occur.
(c) Sample operation of oscillator system based on Collins
model under thermal noise condition (4.3 [K]). System can
operate correctly, although a little fluctuation occurs. [15].

5. Conclusion

Nature-inspired and bio-mimetic single-electron circuits
based on natural world phenomena and biological behavior
were discussed. The important factor in producing nature-
inspired and bio-mimetic circuits or devices is the con-
sideration of how natural world phenomena and biologi-
cal behavior relate to targeted nanodevices. To construct
nature-inspired and bio-mimetic circuits, two types of tech-
niques can be used, i.e., the “perfect mimicking type” and
the “rough mimicking type.” Each type of system should
have nonlinear oscillators because original systems based
on natural phenomena or biological behavior can be rep-
resented as nonlinear oscillator systems. As mentioned
above, almost all of the original systems can operate cor-
rectly despite being placed in a noisy environment. More-

over, natural or biological systems are considered to ex-
ploit noise in their natural or biological activities. There-
fore, nature-inspired and bio-mimetic circuits are expected
to be able to operate correctly or exploit noise in noisy en-
vironments. Therefore, the author believes that such cir-
cuits based on the proposed approaches are representative
of nature-inspired and bio-mimetic circuits and that they
will be considered useful and functional devices.
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Abstract– Nonlinearity is a factor role in electronic 

circuit which realize a various functions including 

oscillation, amplification, frequency conversion, etc. 

Considering conduction through molecules, electron 

tunneling gives simple ohmic character. The expression of 

nonlinearity in molecular systems requires Coulomb 

repulsion and/or weakly coupled discrete energy levels in 

conduction paths. In search of nonlinear electric properties, 

we investigated electronic properties of polyoxometalate 

(POM), cytochorome c, and cytochrome c/DNA networks. 

In these nano-molecular systems, nonlinear current-voltage 

characteristics are observed. 

 

1. Introduction 

 

Molecular electronics has attracted much attention due 

to the potential of device miniaturization and the prospect 

of novel principle-based information processing. In past 

decade the investigations concerning single molecular 

conductance has been developed well by scanning probe 

and break junctions methods. The physics and chemistry 

of single molecular conductance are interesting but mostly 

reported current-voltage curve at low bias indicate linear 

characteristics reflecting tunneling conduction thorough a 

molecule between electrodes [1].  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.1. Schematic representation of energy 

diagrams and current-voltage characteristics of 

metal/molecule/metal junction for (a) strong 

coupling and (b) weak coupling cases.  

In general, nonlinearity is a key factor in electronic 

circuits which realize a various functions including 

oscillation, amplification, frequency conversion, etc. 

Therefore the appearance of nonlinearity in molecular 

system is one of the most important issue in molecular 

electronics. Figure 1 illustrates energy diagrams of 

electrode/molecule/electrode junction for strong coupling 

and weak coupling cases. In the strong coupling junction 

as shown in Fig.1 (a), molecular levels are broadened at 

the molecule/electrode interface due to formation of 

chemical bonds. As a result, electron tunneling occurs at 

Fermi level and zero-bias conductance is observed. On the 

other hand, in the weak coupling junction as illustrated in 

Fig.1 (b), the molecules has no chemical interaction with 

electrodes and the electronic states at molecule/electrode 

interface are little or nothing. In consequence, current-

voltage curve exhibits gap-like structure where 

conductance around zero-bias is not observed and the 

current arise with clear threshold. 

Intensive studies have been made to increase single 

molecular conductivity in accordance with the strong 

coupling case. This direction is useful to achieve single 

molecular field effect transistors but not appropriate to 

derive functions based on nonlinearity. In this paper, we 

report recent investigations of nonlinear electric 

conduction for single molecules and nano-scale molecular 

networks which are weak coupling systems.  

 

2. Single molecular conduction of {Mo154/152}-ring 
 

     Polyoxometalates (POMs) are condensed molecules 

which consist of transition metal oxyanions. POMs 

indicate high redox potential and semiconductive 

properties which are useful for catalysis, electrode and 

other applications related with electron transfer. Recently, 

POMs are expected for the elemental device of molecular 

electronics due to their multiple redox states [3]. For this 

reason, we focus single molecular conductance of 

{Mo154/152}-ring which is a huge ring-shaped POM [2]. 

This molecule has the diameter of 3.7 nm as shown in Fig. 

2 and thickness of 1.4 nm and contains pentavalent and 

hexavalent Mo atoms indicating multi-step redox states.  

     Current-voltage characteristics of single molecular 

Mo154/152 molecule were taken by point-contact 

measurement using atomic force microscopy. 

Conventional conductive atomic force microscopy is 

operated by contact mode which is inappropriate to obtain  
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Fig.2. Molecular structure of polyoxometarate 

{Mo154/152}-ring. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.3 Current-voltage characteristics and atomic 

force microscopy image of single {Mo154/152}-

ring molecule. 

 

electric properties of nano-material, in particular single 

molecule, because the nano-structures are degraded easily 

by contact-mode scan. For this reason, we performed 

point-contact measurements during the interruption of 

tapping-mode feedback. We have developed this kinds of 

operation mode as the point-contact current imaging 

atomic force microscopy (PCI-AFM) and the performance 

of such methods has been demonstrated for many kinds of 

nano-materials [4,5]. 

      Figure 3 shows current-voltage (I-V) characteristics 

and atomic force microscopy image (inset) of single 

molecule {Mo154/152}-ring [6]. The observed I-V curve 

arises with clear threshold at 0.5 eV and exhibits ohmic 

baseline for whole bias range including zero-bias. The 

results imply that there are no obvious interfacial 

electronic states and the current include the component of 

direct tunneling between the tip and substrate as illustrated 

schematically in energy diagram of Fig.4. Actually, the 

AFM image shows the height of {Mo154/152}-ring is 1.3 

nm that agrees in the molecular thickness of 1.4nm. This 

indicates that the {Mo154/152}-rings lie down on Au(111) 

surface. As a result, the distance between two electrodes, 

namely the tip and the substrate is only 1.3 nm that is 

enough short to occur direct tunneling between the tip and 

the substrate. Such direct tunneling is unfavorable to 

achieve strong nonlinearity.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4. Energy diagram and schematic 

representation of tunneling conduction of 

Au/{Mo154/152}-ring/Au junction. 

 

Single molecular conduction of cytochrome c  

 

Cytochrome c, electron transfer protein in biological 

system, is a candidate for elemental device in molecular 

electronics due to the suitable structure comprised of 

insulating and active parts. Cytochrome c has well-known 

structure including a heme, an iron redox center, that has 

two discrete energy levels corresponding to the oxidized 

(3+) and reduced (2+) states. Since this redox center is 

isolated from the surroundings by the insulating peptide, 

the structure of cytochrome c can be regarded as a double 

tunneling device for single electron tunneling as 

illustrated in Figure 5. This structure can be categorized in 

to weak coupling case (Figure 1b) and the I-V 

characteristics is expected to have strong nonlinearity by 

Coulomb blockade effect.  

In general, proteins are degraded easily when they are 

adsorbed on metal surface. In order to avoid this problem, 

chemical modification on electrode surface is necessary at 

electrode/protein interface. Figure 5 shows the setup of 

point contact measurement based on atomic force 

microscopy    for    single   cytochrome c   molecule.  Both  

 

 

 

 

 

 

 

 

 

 

 

 

Fig.5. Molecular structure of cytochrome c 

molecule and setup of point-contact 

measurement with SAM modified tip and 

substrate using conductive atomic force 

microscopy. 
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Fig.6. Current-voltage characteristics of single 

cytochrome c molecule. Four curves are 

superimposed.  

 

Au(111) substrate and Au-coated tip surfaces are modified 

by self-assembled monolayer (SAM) of bis-2-pyridyl 

disulfide (2,2’-PySSPy). It was well established by 

electrochemical studies that the electron-transfer function 

of cytochrome c is preserved on the SAM. 

Figure 6 shows I-V characteristics of single 

cytochrome c molecule where clear nonlinear gap-like 

structure is observed. The current is completely zero 

within the gap and arise at 0.3 eV with clear threshold. 

This type of behavior can be understood by Coulomb 

blockade in double tunneling system. 

 

4. Cytochrome c/DNA network 
 

Single molecular conductance measurements are 

essential to understand electronic structure and properties 

of molecules and molecule/electrode interfaces. However, 

such measurements have been performed by scanning 

probe or break junction methods. This type of 

investigations does not connect directly to any actual 

devices. As mentioned above, Coulomb blockade is one of 

the dominant phenomena to appear strong nonlinearity. 

Coulomb blockade network which is an extension of 

single molecular Coulomb islands, has a way to fabricate 

actual device.  

The devices were fabricated with DNA scaffold for the 

formation of the molecular network. The mixed solution 

of cytochrome c and DNA was deposited on the SiO2 

substrate. After drying gold (Au) nano-gap electrodes (ca. 

50 nm thickness) were fabricated on the molecular 

network using a top-contact configuration by angled 

incidence deposition under vacuum [7]. 

Figure 7 shows temperature-dependent current-voltage 

characteristics of cytochrome c /DNA network that 

indicate gap-like structures consisting of zero current 

within the gap and rising edge with clear thresholds. The 

observed I-V curves are very similar to those of single 

cytochrome c. However the most remarkable feature is the 

reduction  of  gap  width  as  increasing  temperature.  The  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.7. Current-voltage characteristics of 

cytochrome c /DNA network at 10, 50, 100 K. 

Plots are experimental data and solid line is 

curve fits calculated by Coulomb blockade 

network model.   

 

threshold voltages shift ca. 0.3 eV which is far larger than 

the thermal energy. 

Such electric properties can be described by Coulomb 

blockade (CB) network model. The I−V characteristic is 

well represented by simple formula I {(V/Vth)−1}ζ, 

where I, V, Vth, and ζ are the current, bias voltage, 

threshold voltage, and order parameter meaning 

dimension of conduction paths, respectively. The obtained 

ζ = 2.5 is in good agreement with those (2.2 < ζ < 2.8) that 

of two-dimensional nanoparticles array. This 

correspondence suggests that cytochrome c /DNA network 

include a number of Coulomb islands which have 

threshold properties, respectively.  

Since a step function of threshold device can be 

considered as an analog of neuron firing, artificial 

network of threshold device has a significance from the 

viewpoint of the mimic of information process of living 

matter including nerve circuits. Such threshold 

characteristics should yield stochastic resonance (SR) 

which enhances signal detection by superimposing noise. 

It has found in nonlinear response system, as typical 

example of sensors of living organisms and the neural 

network of the brain, and it is used in artificial systems for 

visual processing and associative functions. 

 

 

 

 

 

 

 

 

 

 

 

Fig.8. Setup for stochastic resonance experiment 

for cytochrome c/DNA network device. 
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Fig.9. Fast Fourie transform power specta of 

input voltage and output current for cytochrome 

c/DNA network device. 

 

 

 

 

 

 

 

 

 

 

Fig.10. Oscilloscope records of input voltage and 

output current of cytochrome c/ DNA device.  

 

Figure 8 represents experimental setup for 

observation of stochastic resonance where output signals 

were systematically measured by changing the amplitude 

of white noise against the small periodic square wave as 

input signal. Figure 9 shows fast Fourier transform (FFT) 

power spectra of input (a) and output (b) signals with 

various noise amplitude. No output signal is detected for 

the small input of periodic square wave with no noise. 

When the amplitude of white noise exceeds the threshold, 

the output signals corresponding to the input signal are 

clearly observed. Time-course records of input and output 

signals are also presented in Figure 10. As increasing 

noise amplitude, periodic signal synchronized to original 

signal appear with enhancement in output signal [8]. 

These results indicate that SR phenomena occur in the 

molecular network suggesting first step toward next-

generation architecture for future molecular neural 

network devices in molecular electronics. 
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Abstract—Different types of propagating waves can
emerge in a simple model of inductor-coupled bistable os-
cillators. In this study, we numerically investigate inter-
actions between the propagating wave phenomena in the
coupled bistable oscillators. The propagating waves are
reflected when one of the coupling parameter values in the
oscillator array is changed. Various interactions between
the two propagating waves in the 16 coupled oscillators
are shown.

1. Introduction

Propagating wave phenomena emerge in wide variety
of dynamical systems, and attract considerable attentions.
Examples include the propagating waves in FitzHugh-
Nagumo dynamics [1], in reaction-diffusion system [2],
and in micro-electro mechanical systems [3, 4]. Because
the dynamical systems correspond to a class of nonlinear
coupled oscillators, a study of propagating wave phenom-
ena in a nonlinear coupled system is significant.

In our previous study [5], we numerically studied a ring
of six-coupled bistable oscillator system, and confirmed
that various propagating waves occur though a global bi-
furcation of map based on heteroclinic tangle. Kamiyama
et al. succeeded in distinguishing these propagating waves
as well as attractive quasi-periodic oscillations [6]. In ad-
dition, these propagating waves in six-coupled bistable
oscillators can be observed in an actual circuit experi-
ment [7].

The interaction of traveling excitations is a subject of
great interest [8]. In this study, we show that the traveling
direction of the propagating waves in larger number of os-
cillators can be changed by varying the coupling strength
at a particular site of the oscillator array. The results im-
plies that it is natural to assume that multiple propagating
waves emerges in the coupled system. We numerically
investigate the interaction between the two propagating
waves moving the opposite direction with each other. In
particular, we use a coupling factor as a control parameter
and pay attention to interaction for two distinctive propa-
gating waves previously reported in the literatures [7].

2. Inductor-coupled bistable oscillators

Figure 1 shows one-dimensional array of inductor-
coupled bistable oscillators. An individual bistable oscil-
lator (Ok, k = 1, 2, . . . ,N) comprises an inductor (L), a
capacitor (C), and a nonlinear conductance (NC). These
oscillators are connected by inductors (L0). When the
voltage–current characteristics of NC are assumed to be
written by the fifth-order polynomial: ikNC = g1vk −
g3v3

k + g5v5
k , g1, g3, g5 > 0, the individual oscillator has

two steady-states: a stable focus and a limit cycle oscilla-
tion [7].

From Kirchhoff’s law, the circuit equation of Fig. 1 is
written as

d2vk

dt2 +
g1

C

(
1 − 3g3

g1
v2

k +
5g5

g1
v4

k

)
dvk

dt
+(

1
LC
+

1
L0C

)
vk −

1
L0C

(vk+1 − vk + vk−1) = 0,

k = 1, 2, . . . ,N (v0 = vN , vN+1 = v1).
(1)

Substituting

t =
√

LCτ, vk =
4
√

g1/5g5 xk,

ε ≡ g1
√

L/C, α ≡ L/L0, β ≡ 3g3/
√

5g1g5,
(2)

into Eq. (1) yields the following normalized equation:

ẋk = yk,
ẏk = −ε(1− βx2

k + x4
k)yk − xk + α(xk−1 − 2xk + xk+1),

(· = d/dτ).
(3)

The parameter ε indicates the degree of nonlinearity,
whereas α is the coupling factor. The parameter β deter-
mines the amplitude of oscillation.

In our previous work [5, 7], we use the different nor-
malized parameters: ε′ = g1/

√
(C/L) + (C/L0), α′ =

L/(L+ L0). In the circuit experiments, we recognize a dif-
ficulty that a key parameter for the observed phenomena
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becomes confusing by using the parameters. In particu-
lar, with the parameters, the value of coupling inductor
L0 changes both values of parameters. Therefore, in this
study, we use the normalized parameters in Eq. (2).

In the following results, we use the parameter values
ε = 0.447 and β = 3.2 to compare the results in Ref. [7],
and integrating Eq. (3) by using a fourth-order Runge-
Kutta method with step size 0.01.

Figure 1: Circuit diagrams of a large number of coupled
bistable oscillators.

3. Interactions between propagating waves

Several types of propagating waves, where a spatiotem-
porally localized excitation propagates in one direction
with constant speed, exist in the inductor-coupled bistable
oscillators [7]. When we set the coupling strength at a
particular site of the oscillator array much larger or much
smaller than the all other α, the propagating waves are cor-
rectly reflected at the site. Figure 2 shows the reflection of
two different types of propagating waves when we set the
coupling strength between x9 and x10 and between x9 and
x8 is a hundred times larger than that for all other oscil-
lators (α = 0.2). Comparing the trajectories on the phase
plane with those in Ref. [7], the two propagating waves in
Figs. 2 (a) and (b) are identical to those reported in the lit-
erature denoted by PW2 and PW3, respectively. In the fol-
lowing, for simplicity, we use the same notation to identify
the propagating waves. PW2 is generated through a global
bifurcation of maps based on heteroclinic tangle, and the
bifurcation point is near a pitch-fork bifurcation point of
a standing wave [5]. As far as our numerical calculations
are concerned, PW2 and PW3 appear around the differ-
ent pitch-fork bifurcation points of the distinctive standing
waves, namely αc = 0.1172 and αc = 0.1272, respectively.
Moreover, the reflection of PW2 is shown in Fig. 3, when
we use the coupling strength between x9–x10,8 is a hun-
dred times smaller than α = 0.2 for all other oscillators.
It is seen from the figure that the amplitude of x9 is al-
most zero, whereas those in Fig. 2 (a) undergoes a large
amplitude of oscillation.

The above results imply that the traveling direction of
the propagating waves can be easily changed by varying
the coupling strength at a particular site. Therefore, for a
large number of coupled oscillators, interaction between
the localized propagating excitation becomes a subject of
interest. We now pay attention to the interaction between
the propagating waves in the 16 coupled bistable oscilla-
tors.

Figures 4(a)–(d) show the 3D plots of the interactions
between the two PW2 moving the opposite direction for
α = 0.2, 0.18, 0.17, and 0.15, respectively. For α = 0.2,
PW2 disappears right after the first collision, whereas for
α = 0.15, the propagating waves survives and are reflected
successively at particular sites (around x4 and x12). More-
over, for the intermediate α, the spatiotemporally localized
excitations are observed as shown in Fig. 4 (b) and (c). For
larger α than 0.2, PW2 disappears without collision.

Next, we investigate the interaction between the two
PW3. In contrast with PW2, PW3 appears for wide range
of α greater than αc. In addition, almost same interaction
phenomenon for α is observed for PW3. Figures 5 show
the 3D plot and the corresponding time series of xk for
α = 0.2, respectively. It is seen that the successive re-
flection of the two propagating waves occur. Comparing
with the results in Fig 4 (d), xk at the points of collision
oscillate with large amplitude of oscillation.

4. Concluding remarks

We numerically investigated propagating waves and
their interaction in sixteen inductor-coupled bistable os-
cillators. It was shown that the traveling direction of the
propagating waves is changed by varying the coupling
strength at a particular site of the oscillator array. Further-
more, we observed the interaction for the two distinctive
propagating waves by changing the coupling strength of
the oscillator array.

Acknowledgments

This study was supported in part by the MEXT-
Supported Program for the Strategic Research Foundation
at Private Universities 2013–2017 (s1311004).

References

[1] J. C. Comte, S. Morfu, and P. Marquié, “Propaga-
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Figure 2: Reflection of propagating waves. the coupling
strength between x9 and x10 and between x9 and x8 is a
hundred times larger than that for all other oscillators (α =
0.2).
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Figure 3: Reflection of propagating wave PW2, when the
coupling strength between x9 and x10 and between x9 and
x8 is a hundred times smaller than that for all other oscil-
lators (α = 0.2).
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(b) α = 0.18.
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(c) α = 0.17.
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(d) α = 0.15.

Figure 4: 3D plot of interactions between two PW2 mov-
ing the opposite direction with each other for four values
of α.
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Figure 5: Interaction between two PW3 moving the oppo-
site direction with each other for α = 0.2.
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Abstract—Nonlinearity and discreteness can cause en-
ergy localizations called intrinsic localized modes (ILMs)
in a coupled oscillator array. A spatial physical manifes-
tation of this localization is the P-mode ILM, which is an
anti-symmetric spatial mode. By contrast, the ST-mode is a
symmetric spatial mode. In this effort, the P-mode is stud-
ied by means of the restricted normal mode approach, and
insights gained into the dynamics of this localization are
discussed.

1. Introduction

Intrinsic localized modes are nonlinear phenomena as-
sociated with coupled oscillator arrays. They are large
amplitude oscillations, which may cause damage to an ar-
ray. However, if properly understood, these energy local-
izations may be used advantageously in applications, for
example, for sending packets of energy through a certain
oscillator channel in an array. Given that bistable dynamic
states of a Duffing oscillator have been utilized in the im-
plementation of binary memory operations [1], this work
may have relevance for memory operation procedures as
well. Additionally, the localization phenomenon in a cou-
pled oscillator system can serve as a paradigm for localiza-
tion in other systems.

Experimentally, ILMs have been found to occur in a
range of physical systems, including macro-scale cantilever
arrays [2], micro-scale cantilever arrays [3, 4], photonic lat-
tices [5], and Josephson junctions [6]. Analytical and nu-
merical investigations into this phenomenon have also been
carried out. The restricted normal mode approach has been
used to investigate the ST-mode, and it has been discussed
that the ST-mode may be considered as a nonlinear vibra-
tion mode of an array [7]. The effect of cubic coupling
on the ST-mode was further explored in recent work [8],
wherein the influence of noise on this spatial shape has also
been examined. The effects of noise on an ST-mode ILM
has been explored both experimentally and numerically in
a recent work [9]. In another related work, it has been dis-
cussed that the stability changes of ST- and P-mode ILMs
are governed by the intersite nonlinearity and onsite non-
linearity [10].

In this paper, a restricted normal mode approach is used
to study the P-mode ILM. This approach is similar to that
employed in previous efforts [7, 8], wherein the focus was
on the ST-mode. Numerical studies are used to glean in-

formation about the dynamics of the P-mode ILM. The rest
of this paper is structured as follows. In Section 2, the re-
stricted normal mode approach is detailed. The P-mode
profile is predicted by using this method. In Section 3, the
system of equations for the coupled oscillator array are nu-
merically solved, by using the predicted P-mode profile as
the initial condition. Concluding remarks are presented in
the last section.

2. Restricted Normal Mode

The equations of motion for the ith oscillator in the cou-
pled oscillator array is given by

ẍi + ci ẋi + α1xi + β1x3
i + α2(xi − xi+1) + α2(xi − xi−1)

+β2(xi − xi+1)3 + β2(xi − xi−1)3 = Fcos(Ωt)
(1)

Here, α1 is the onsite linear stiffness term, α2 is the intersite
linear coupling term, β1 is the onsite cubic stiffness term,
β2 is the intersite cubic coupling term, ci is the damping
coefficient that is positive valued, F is the forcing ampli-
tude, and Ω is the forcing frequency. Note that the mass
coefficient has been normalized.

The construction of the restricted normal mode for the
P-mode requires a different set of initial assumptions than
those needed for the ST-mode, since the P-mode is anti-
symmetric while the ST-mode is symmetric. In the group’s
prior work, the restricted normal mode approach was used
for study of the ST-mode. In this symmetric mode, the peak
of the ILM is located at x0, and it is assumed that x+1 = x−1
and that the ±2 oscillators have negligible influence on the
ST-mode ILM profile. By contrast, for the P-mode, the
center of the ILM is between oscillators ±1. The follow-
ing assumptions are made to proceed with this method: 1)
x−1 = −x+1, 2) x−2 = −x+2, and 3) x−3 = 0 = x+3. The
first two assumptions ensure that the mode shape is anti-
symmetric, while the last assumption means that the ±3
oscillators have neglible influence on the P-mode ILM pro-
file. It should also be noted that there is no central (i.e., 0th)
oscillator with a peak response in this construction; there
is a zero crossing between the ±1 oscillators. After setting
the forcing to zero and considering the undamped case, the
equations of motion for oscillators 1 and 2 (which are in-
volved in the P-mode ILM) may be written as follows:
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ẍ1 + α1x1 + β1x3

1 + α2(x1 − x2) + α2(x1 − x−1)
+β2(x1 − x2)3 + β2(x1 − x−1)3 = 0

ẍ2 + α1x2 + β1x3
2 + α2(x2 − x3) + α2(x2 − x1)

+β2(x2 − x3)3 + β2(x2 − x1)3 = 0

(2)

By applying assumptions (1)−(3) to Eqs.( 2), the following
set of equations is produced:


ẍ1 + α1x1 + β1x3

1 + α2(x1 − x2) + α2(x1 + x1)
+β2(x1 − x2)3 + β2(x1 + x1)3 = 0

ẍ2 + α1x2 + β1x3
2 + α2(x2 − 0) + α2(x2 − x1)

+β2(x2 − 0)3 + β2(x2 − x1)3 = 0

(3)

After rearranging Eqs. (3), the following set of differen-
tial equations, which govern the shape of the P-mode ILM,
are found.


ẍ1 + α1x1 + (β1 + 8β2)x3

1 + α2(3x1 − x2)
+β2(x1 − x2)3 = 0

ẍ2 + α1x2 + (β1 + β2)x3
2 + α2(2x2 − x1)

+β2(x2 − x1)3 = 0

(4)

Following along the lines of the group’s earlier work [8],
assuming that the center oscillators (±1) and the adjacent
oscillators (±2) respond with the same frequency, the fol-
lowing solution is proposed:

x1(t) = A cos(ωt)
x2(t) = B cos(ωt) (5)

In Eqs. (5), A and B are amplitudes of the oscillator re-
sponses and ω is the response frequency. After substituting
Eqs. (5) into Eqs. (4), ω2 can be eliminated. The higher
harmonics are ignored in the analysis. In the parametriza-
tion that follows, the parameter R is introduced, where R2

is a measure of the system’s total energy. To let (A, B) be
one half period out of phase, the representation (R, θ) is in-
troduced and the oscillator amplitudes are expressed as

A = R cos(θ)
B = R sin(θ) (6)

The ratio of the amplitudes A and B is

p =
B
A

= tan(θ) (7)

After substituting Eqs. (5) into Eqs. (4) and ignoring
the higher harmonics, Eqs. (6) and (7) are substituted into
this equation. Then, the resulting polynomial in p can be
written as

p4 + γ3 p3 + γ2 p2 + γ1 p + γ0 = 0 (8)

wherein the different coefficients in Eq. (8) are read as

0.5 1.0 1.5 2.0
R

-0.5

0.5

1.0

1.5

2.0

pn

Figure 1: Roots of Eq. (8) from the restricted mode ap-
proach, for a uniform array of oscillators. The parameters
used are: α1 = 1.0, α2 = 0.1, β1 = 1.0, and β2 = 1.0.
Note that there are only two completely real roots for any
particular value of R.

-3 -2 -1 1 2 3
position

-1

1

Figure 2: Profile of the P-mode ILM, as predicted from
the restricted mode approach, with the parameters provided
with Fig. 1. Note the zero crossing between the ±1 oscilla-
tors.


γ3 =

α2−R2β1+R2β2
−α2−R2β2

γ2 = 0
γ1 =

α2+R2β1+6R2β2
−α2−R2β2

γ0 =
α2+R2β2
−α2−R2β2

(9)

For the numerical studies in the next section, the fol-
lowing parameter values are used: α1 = 1.0, α2 = 0.1,
β1 = 1.0, and β2 = 1.0. These values are similar to the pa-
rameters used in previous work [8], although the nonlinear
coupling term is much larger here. In Fig. 1, the real roots
of Eq. 8 are plotted with respect to R. It should be noted
that only two of the four roots are real, while the other two
form a complex conjugate pair.

To construct the profile for a P-mode ILM with an am-
plitude of 1, the pair (R, θ) is found, such that A = 1. This
is performed by numerically solving

1 = A = R cos(arctan(p)) (10)

where p is a root of Eq. (8), which is a function of R. The
root is chosen to produce an ILM profile with the lowest
energy level. The numerical solution to Eq. (10) leads to
R = 1.011. On substituting these values into Eqs. (6), the
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Figure 3: Time histories of oscillator responses in the un-
forced and undamped array. The initial state is a P-mode
ILM profile, with a maximum amplitude equal to 2. The
different shades of gray correspond to the oscillator dis-
placement level.

result is A = 1.0 and B = −0.1560. To find the amplitudes
of the ±3 oscillators, the obtained value of B is used to
solve

−0.1560 = A = R cos(arctan(p)) (11)

The numerical solution to Eq. (11) gives R = −0.1579.
Making use of these values in Eqs. (6), the authors obtain
A = −0.1560 and B = 0.0243.

3. Effect of Cubic Nonlinearity on Response

In this section, a P-mode ILM profile, which has been
calculated by using the restricted normal mode approach
of the previous section, is used as the initial state for a nu-
merical simulation. A large amplitude response is used, in
order to highlight the effects of cubic nonlinearity on the
response of the oscillator array.

In Fig. 3, the response time histories of the unforced and
undamped array are presented. A gray scale color map is
used to represent the different amplitude levels. In the bot-
tom portion of Fig. 4, the ILM profile obtained towards the
end of the time response is presented. In the top portion of
Fig. 4, the maximum frequency component of each oscilla-
tor (as calculated from a Fast Fourier Transform) is plotted.
The principal oscillators that participate in the ILM oscil-
late with a relatively high frequency, compared to that of
the oscillators not participating in the ILM, which oscillate
at a frequency near their linear natural frequency.

In order to synchronize the oscillators to the same fre-
quency, the array was forced at the oscillation frequency
of the oscillators that were participating in the unforced P-
mode ILM (Ω = 5.6846 rad). In Fig. 5, the time history of
this forced and damped array is presented. For this numer-
ical simulation, the values chosen are F = 2, Ω = 5.6846
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Figure 4: Oscillation frequencies and P-mode ILM profile
are presented for the unforced and undamped array. In the
bottom portion, the ILM profile obtained towards the end of
the time history is presented. In the top portion, the oscil-
lation frequency of each oscillator is plotted. The oscilla-
tion frequency of the main oscillators involved in the ILM
oscillate with a frequency of approximately ω = 5.6846
rad, while the oscillators that are not participating in the
ILM oscillate at a frequency close to their linear natural
frequency.

rad, and ci = 0.002. A shooting method was implemented
to find the response profile. The effects of forcing may be
seen more clearly in Fig. 6. In the bottom portion of Fig.
6, the spatial profile obtained towards the end of the time
response is presented. The effect of forcing causes a slight
asymmetry in the ILM profile previously obtained. In the
top portion of Fig. 6, the oscillation frequency component
of each oscillator (as calculated from a Fast Fourier Trans-
form) is plotted. As expected, the oscillation frequencies
of all oscillators are entrained to the forcing frequency.

4. Concluding Remarks

A restricted normal mode analysis was implemented to
study the formation of a P-mode intrinsic localized mode
in a coupled, oscillator array. Since this formation is an
anti-symmetric ILM, the initial assumptions differed from
those used to determine the formation of the ST-mode ILM.
The determined P-mode ILM profile was studied in both
the unforced and forced dynamics of a cubic coupled os-
cillator array. When studying the formation of an ST-mode
ILM with relatively low level to no cubic coupling, much
of the dynamics of the ILM could be predicted by the non-
linear response of a single Duffing oscillator. For instance,
the forced ST-mode is often found by forcing the oscillator
array at a frequency in the region of the single Duffing os-
cillator’s hysteresis curve where two stable solutions occur.
However, it is found that the P-mode ILM has a response
at a much higher frequency than the ST-mode counterpart.
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Figure 5: Time histories of oscillator responses of the
forced array. For this numerical simulation, F = 2, Ω =

5.6846 rad, and ci = 0.002. The initial state is a P-mode
ILM profile, with a maximum amplitude equal to 2. The
results shown in thiis figure may be compared with those
shown in Fig. 3.
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Figure 6: Oscillator response frequencies and spatial re-
sponse profile are presented for the forced array. In the
bottom portion, the spatial profile obtained towards the end
of the time history is presented. The effect of forcing causes
a slight asymmetry in the ILM profile obtained for the un-
forced case. In the top portion, the different oscillator re-
sponse frequencies are plotted. The results shown in thiis
figure may be compared with those shown in Fig. 4.

Forcing this system at the higher frequency maintains a
near P-mode ILM profile. Further studies are needed to
fully understand this localization phenomenon.

Acknowledgments

Partial support received for this work through NSF Grant
Nos. 1414764 and CMMI 1436141, the Ford Foundation,
and the Sloan Foundation is gratefully acknowledged.

References

[1] A. Yao and T. Hikihara, “Reading and writing oper-
ations of memory device in micro-electromechanical
resonator,” IEICE Electronics Express, vol. 9, no. 14,
pp. 1230–1236, 2012.

[2] M. Kimura and T. Hikihara, “Experimental manipula-
tion of intrinsic localized modes in macro-mechanical
system,” Nonlinear Theory and Its Applications, IE-
ICE, vol. 3, no. 2, pp. 233–245, 2012.

[3] M. Sato, B. E. Hubbard, L. Q. English, A. J. Siev-
ers, B. Ilic, D. A. Czaplewski, and H. G. Craig-
head, “Study of intrinsic localized vibration modes in
micromechanical oscillator arrays,” Chaos, vol. 13,
pp. 702–715, 2003.

[4] M. Sato, B. E. Hubbard, and A. J. Sievers, “Collo-
quium: Nonlinear energy localization and its manipu-
lation in micromechanical oscillator arrays,” Reviews
of Modern Physics, vol. 78, no. 1, pp. 137–157, 2006.

[5] J. W. Fleischer, M. Segev, N. K. Efremidis, and D. N.
Christodoulides, “Observation of two-dimensional
discrete solitons in optically induced nonlinear pho-
tonic lattices,” Nature, vol. 422, pp. 147–150, 2003.

[6] A. V. Ustinov, “Imaging of discrete breathers,”
Chaos, vol. 13, no. 2, pp. 716–724, 2003.

[7] A. Dick, B. Balachandran, and C. Mote Jr, “Intrin-
sic localized modes in microresonator arrays and their
relationship to nonlinear vibration modes,” Nonlinear
Dynamics, vol. 54, no. 1-2, pp. 13–29, 2008.

[8] B. Balachandran, E. Perkins, and T. Fitzgerald, “Re-
sponse localization in micro-scale oscillator arrays:
influence of cubic coupling nonlinearities,” Interna-
tional Journal of Dynamics and Control, pp. 1–6,
2014.

[9] E. Perkins, M. Kimura, T. Hikihara, and B. Balachan-
dran, “Effects of noise on intrinsic localized modes,”
In preparation, —-.

[10] M. Kimura and T. Hikihara, “Coupled cantilever ar-
ray with tunable on-site nonlinearity and observation
of localized oscillations,” Physics Letters A, vol. 373,
no. 14, pp. 1257–1260, 2009.

- 796 -



  

 

Linear local modes produced by an intrinsic local mode in a 

saturable nonlinear lattice 

 
S. Shige†, W. Shi†, T. Ishikawa†, T. Nakaguchi†, M. Sato† and A. J. Sievers‡ 

 

†Graduate School of Natural Science and Technology, Kanazawa University 

Kakumamachi, Kanazawa, Ishikawa 920-1192, Japan 

‡Laboratory of Atomic and Solid State Physics, Cornell University 

Ithaca, NY 14853-2501, USA 

Email: temde@stu.kanazawa-u.ac.jp, msato153@staff.kanazawa-u.ac.jp 

 

Abstract– An electrical transmission line array 

composed from FETs as nonlinear saturable elements is 

studied. As a function of the driving frequency the 

saturable nonlinearity causes the intrinsic local mode 

(ILM) width to change in a stepwise manner. At the step 

transition the mode symmetry changes between odd and 

even. Linear local modes associated with the ILM are 

observed to change in number as a step is crossed. 

 

1. Introduction 

 In a nonlinear lattice, a stationary stable localized 

excitation called an intrinsic localized mode (ILM) or 

discrete breather (DB) can be generated due to 

discreteness. [1-4] Progress has been made to produce 

traveling ILMs free from lattice pinning. [5-12] 

Introducing a saturable nonlinearity into the lattice is one 

such method. [13-17] With increase in ILM energy 

saturation of the nonlinearity increases the spatial width of 

the ILM. This is to be contrasted with the usual nonlinear 

case, which gives rise to a narrower ILM width with 

increasing energy. When the ILM width widens at a 

transition step, the symmetry of the ILM changes from 

even (odd) to odd (even), and the stability of odd and even 

modes are interchanged. At this transition point, both even 

and odd modes have the same stability, and this equality 

assists the lateral translational movement of the ILM. We 

have already reported the interchange of stability between 

even and odd symmetry ILMs by experimentally 

observing the frequencies of these modes in a nonlinear 

lattice containing MOS-FET's as the saturable nonlinear 

capacitor. [18] 

In this paper, we demonstrate that in addition to a linear 

local mode (LLM) nearby the ILM frequency, [19] other 

more distant LLMs exist when the ILM saturable 

nonlinearity is very large. By experimentally counting the 

number of LLMs associated with the ILM on either side 

of a width transition it is discovered that the number 

changes by one when the width transition is crossed. 

 

2.  Experiment 

 Figure 1(a) shows a schematic of the circuit set up, 

which produces the saturable nonlinear lattice. It is similar 

to the design used previously, [18] except for the saturable 

capacitor. In this study, the drain terminal of the FET is 

opened, causing a larger nonlinearity and a larger 

hysteresis at the transition. The measured saturable 

capacitance vs voltage is shown in Fig. 1(b).  Only a slight 

difference is observed between up and down scanning 

curves, probably due to some carriers remaining at the 

open drain terminal when the FET is turned off. This may 

be the cause of the large hysteresis at the step transitions. 

The linear dispersion curve for this transmission line is 

shown in Fig. 1(c). Because of the soft nonlinearity, the 

ILM frequency appears below the bottom of the 

dispersion curve.  

 

  
 

 

 
Fig. 1. (a) Circuit diagram of the saturable nonlinear 

lattice. Lattice size is 16. Two FETs are connected anti-

parallel and used as a saturable capacitor. (b) Capacitance 

as a function of the bias voltage. (c) Linear dispersion 

curve. Dotted line indicates typical pump frequency. 
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 Two oscillators are used in the measurements, one is 

called the pump and has a large ac voltage while the other, 

the probe, has a very small voltage. The pump is used to 

generate and maintain the ILM in steady state. The ILM is 

generated by lowering the pump frequency, F, starting 

from the bottom of the dispersion curve. The resulting 

amplitude pattern is changed by incrementally shifting the 

pump frequency. The probe is used to measure the 

resulting linear response spectrum for each pump 

increment. The probe frequency f is scanned across the 

pump frequency F, and the response caused by the probe 

is recorded. Since the probe voltage is small the ILM state, 

maintained by the large amplitude pump, is unchanged 

during the probe scan. 

 

 
3. Experimental Results 

 Figure 2 shows ILM patterns in real space as a function 

of the pump frequency, F. A darker pattern means larger 

oscillation amplitude. Solid arrows in Figs. 2(a)-(c) 

identify pump frequency scanning directions. (The pattern 

above 275kHz in (a-c) is due to an acoustic band 

excitation with a wavy modulation.) Figure 2(a) indicates 

that the ILM centered around site 5 becomes broader in a 

step-wise manner as the pump frequency is decreased. 

Hysteresis in the step frequency with scan direction can be 

seen by comparing step positions between Figs. 2(a) and 

(b). Note the very large hysteresis between Figs. 2(a) and 

(c). 

 Figure 3 presents the linear response spectra obtained 

by scanning the pump frequency according to the dashed 

arrow in Fig. 2(b). The pump frequency F is given along 

the right side. The large peak at negative ( )f F  values 

is the natural oscillator frequency (NF), which softens as 

the ILM becomes unstable, ( ) 0f F  . [20] At the top 

of this figure, the NF peak is very close to ( ) 0f F  , 

and gradually shifts left as pump frequency F increases 

from top to bottom. The other NF peak at the symmetric 

position to ( ) 0f F   is hard to see in this case. It is only 

barely visible in the frequency region F=263~274kHz, 

and identified by arrow NF*. Other peaks observed on the 

positive side of the figure have been identified with LLMs 

and band modes from the bottom of the dispersion curve. 

The series of peaks farthest to the right are such band 

modes. Three peaks for F= 234 KHz identified by the 

arrows are LLMs associated with the ILM. They appear 

when the ILM nonlinearity is very strong.  

 The three step transitions observed in Fig. 2(b) are 

found to produce sudden changes in the linear response 

curves in Fig. 3. They can be seen at around 244, 251 and 

262kHz. Approaching the 244kHz transition from 234 

KHz, the 1st LLM softens and disappears, so that only 

two LLMs remain. Since it is the closest LLM in 

frequency to the ILM we call it the 1st LLM. Its symmetry 

is opposite to that of the ILM. At the 251kHz transition, 

another 1st LLM softens and disappears so that only one 

LLM remains. At each transition step from top to bottom, 

one LLM peak softens and disappears. The direction of 

the pump frequency, identified by the dashed arrow in Fig. 

2(b), indicates that the ILM is step narrowing at each 

transition as it becomes weaker in amplitude and so the 

number of LLM decreases at each transition as well.  

Softening of the 1st LLM at the bifurcation point, and 

step narrowing represent regular behavior for an ILM in 

the saturable nonlinear lattice. [18] Moreover in a regular 

saturable nonlinear lattice, the LLM softens either as the 

pump frequency is increased or decreased towards the step 

transition. The unusual behavior displayed in Fig. 3 is 

noteworthy because the 1st LLM does not approach 

( ) 0f F   when the pump frequency decreases from 

bottom to top of Fig. 3.  

 
Fig. 2 Spatial pattern of the ILM in the saturable nonlinear 

lattice vs pump frequency. Arrows indicate direction of 

pump frequency change. (a) Frequency is varying up and 

down from middle of the figure. (b) Frequency is increased 

with the ILM present. Dashed arrow indicates the 

frequency direction for the linear response measurement. 

(c) Scan from low frequency where no ILM is observed. 
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 We also obtained linear response spectra for the down 

scanning case shown in Fig. 2(a). Figure 4 summarizes 

these results. The peak amplitude of the ILM in Fig. 2(a) 

as a function of the pump frequency is presented in Fig. 

4(a). The overall structure in the amplitude is similar to 

that of a Duffing-like response with small saw-tooth 

changes superimposed. Both of these features display soft 

nonlinearity and hysteresis. The small hysteretic shifts are 

produced by step changes in the width of the ILM.  

 The peak positions of NF, LLM and band edges in Fig. 

3 are summarized in Fig. 4(b), with the other 

measurement for down scanning case shown in Fig. 2(a). 

The NF shows some steps at these bifurcation points; 

however, its frequency shift still approaches zero with 

decreasing pump frequency as expected for a driven-

damped system. This is the expected behavior of NF for a 

Duffing oscillator at a saddle-node bifurcation. The down 

scanning case corresponds to thick curves in this figure, 

while red dots are for the up scanning case. Thick curve 

and dots for each mode overlap in common regions as 

shown. As described earlier, bifurcation at an up-scanning 

frequency is signaled by the softening of the 1st LLM. 

Because there is no softening of the LLMs for the down-

scanning case, it is hard to tell what signals the bifurcation 

in this direction.  

 
  

4. Conclusions 

 Because of lattice discreetness and the small size of the 

lattice used in these experiments we have been able to 

monitor the quantized behavior of the ILM width in a 

saturable lattice with increasing or decreasing pump 

frequency. Hysteresis is observed in these width 

transitions. Associated with the ILM are LLMs and we 

used linear spectroscopy to discern the dynamics of these 

modes at the ILM width transitions. We find that the 

number of such linear modes changes by one as a 

transition is crossed. With increasing pump frequency the 

closest LLM to the ILM shows soft mode behavior at the 

transition while with decreasing pump frequency the LLM 

change is abrupt. Either way as the ILM width is 

increased or decreased at each step one LLM is generated 

or destroyed. Although these experiments have been 

carried out on a lattice with only 16 members because the 

mode is strongly localized the same features are expected 

to appear for an ILM in a discrete transmission line of any 

length. 
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Fig. 4 (a) ILM amplitude as a function of the driver 

frequency F. Both frequency sweep directions are shown 

by the arrows. The hysteretic signatures are evident. (b) 

Pump frequency dependences of the NF and the LLMs 

obtained from linear response spectra.  

 
Fig. 3. Linear response spectra for up-scanning the pump 

frequency. Range from 235.5 to 274kHz as in Fig. 2(b). 

Spectra are aligned from top to bottom with increasing 

pump frequency. Abscissa, difference frequency f-F, where 

F is pump and f is probe frequency.  Right ordinate: pump 

frequency for each spectrum. 
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Abstract—Energy localized vibrations known as intrin-
sic localized modes or discrete breathers were observed in
a magnetically coupled cantilever array. It has been ex-
perimentally confirmed that the observed ILMs are stable
against small perturbation. In this paper, it is shown that
such stable ILMs can be destabilized by periodically vary-
ing on-site potentials. The destabilized ILM becomes a
traveling ILM under the fixed boundary condition.

1. Introduction
Energy localization is known as intrinsic localized mode

(ILM) or discrete breather (DB) in nonlinear coupled os-
cillators. ILM was discovered in an anharmonic crystal as
a spatially localized and temporally periodic solution [1].
Many theoretical/numerical researches have been reported
for diverse physical systems [2]. Existence of ILM in real
physical systems is now recognized by researchers owing
to experimental studies such as an observation of ILM in
antiferromagnet [3]. In addition to the observation of ILM
in natural structures, ILM was also identified in artificial
structures, for instance, Josephson junction ladders [4], op-
tic wave guides [5], electronic circuits [6, 7], and micro-
cantilever arrays [8].

Intrinsic localized modes in micro-cantilever arrays can
be manipulated by a locally induced impurity [9] and
moved by tuning the frequency of an external excitor [10].
For manipulation method, we proposed “capture and re-
lease manipulation” in which the stability change of ILM
is utilized [11]. In this method, an initially excited ILM
begins to wander in the array when the nonlinear coupling
coefficient is varied in a step-like manner. On the other
hand, a stable ILM can also be destabilized by sinusoidally
changing the nonlinear coupling coefficient, namely, para-
metric excitation [12]. Although the capture and release
manipulation requires that the micro-cantilever array has to
be designed to be close to the bifurcation point at which the
stability of ILM is changed, the parametric excitation can
be applied to any micro-cantilever arrays. Therefore, the
parametric excitation is a useful way to create a traveling
ILM from a static ILM in practical engineering.

In our previous work, a macro-mechanical cantilever ar-
ray with magnetic forces were proposed [13]. The can-
tilever array can be classified into nonlinear Klein-Gordon
(NKG) lattice because a nonlinearity caused by the mag-
netic force only exists in on-site potentials. The coupling
is linear. In this array, ILM was successfully excited and
manipulated by locally adding an impurity. Recently, a

Front view Side view

Electromagnet

Permanent
Magnet

Support

Cantilever

`
1

`
0

Support

Figure 1: Configuration of magneto-mechanical lattice

cantilever array having nonlinearity in coupling forces has
been proposed [14]. It is already confirmed that an unstable
ILM can travel the array with keeping its energy concentra-
tion if a small perturbation is applied. This implies that the
magnetically coupled cantilever array permits ILM to move
in the whole array.

In this paper, a possibility of creating a traveling ILM
via parametric resonance is discussed. In next section, a
model describing motions of cantilevers are briefly intro-
duced. Then, a stable ILM, its Floquet multipliers, and
eigenvectors are shown. Finally, unstable regions where
the stable ILM loses stability and begins to move are com-
puted. It is discussed whether the destabilized ILM begins
to travel the array or not via parametric resonance.

2. Magnetically coupled cantilever array

Figure 1 shows a schematic image of a magnetically cou-
pled cantilever array [14]. Each cantilever has a permanent
magnet at the lower end and an electromagnet beneath the
tip which makes the restoring force nonlinear. The other
permanent magnet is attached below the middle of each
beam. The magnetic force between the permanent magnets
causes a nonlinear coupling force between adjacent can-
tilevers. By using the magnetic charge model and nondi-
mensionalization [14, 15], the following equation of mo-
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Table 1: Nondimensionalized parameters of Eq.(1). Unit
length and unit time are chosen at 1 mm and 28.57 ms, re-
spectively.

xn Displacement of nth cantilever
χ′O = 133.1a On-site magnetic force coefficient
χ′I = 243.1a Inter-site magnetic force coefficient
d′1 = 3 Gap between permanent magnet and electromagnet
d′2 = 2.8b Gap between coupling permanent magnets
a This value is estimated at IEM = 30 mA.
b Coupling magnets are attached at `1 = 50 mm. The length of cantilever is `0 =

70 mm.
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Figure 2: Wave form of an intrinsic localized mode cen-
tered at n = 4.

tion is obtained:

ẍn = −(2π)2 xn − χ
′
O

xn(
x2

n + d′1
2
)3/2

− χ′I
xn − xn+1{

(xn − xn+1)2 + d′2
2
}3/2 − χ

′
I

xn − xn−1{
(xn − xn−1)2 + d′2

2
}3/2 .

(1)

Parameters in the equation is listed in Table 1. In numerical
simulations, the number of cantilevers is set at 8 and the
boundary condition is assumed to be periodic, namely, x0 =

x8, x9 = x1.

3. Floquet multipliers and eigenvectors

Several types of ILM coexist in the magnetically coupled
cantilever array [14]. In this paper, a site-centered ILM
shown in Fig.2 is focused on. The period of the ILM is
TILM = 0.98. The current flowing in electromagnets is fixed
at IEM = 30 mA.

The stability of ILM is determined by computing Floquet
multipliers [16]. In Fig. 3, all the Floquet multipliers are on
the unit circle in the complex plane. Therefore, the ILM is
not linearly unstable. In this paper, such ILM is simply
called stable ILM.

Floquet multipliers of ILM can be classified into two
groups by referring the shape of eigenvectors. One group
has spatially localized eigenvectors whereas the other has
spatially extended eigenvectors [16]. In Fig.3, eigenval-
ues having spatially localized eigenvectors are labeled as
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 1

I
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0 1

Figure 3: Wave form of an intrinsic localized mode cen-
tered at n = 4.
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Figure 4: Real part of eigenvector of ρ3.

ρk (k = 1, 2, 3, 4), where ρ̄k denotes the complex conjugate
of ρk. ρ1 and ρ2 are called the growth mode and the phase
mode [16]. They are always located at +1 because the ILM
is periodic solution and the system is Hamiltonian system.

Real part of eigenvector of ρ3 and ρ4 is shown in Fig.4
and Fig.5, respectively. In this case, x-components of
the eigenvectors are very small comparing with the v-
components. Hereafter, the eigenvector of ρk is denoted
by pρk . As shown in Fig. 4, the v-components has a peak
at n = 4. The symmetry of the eigenvector pρ3 is the same
as the ILM. Therefore, the symmetry of ILM will not be
changed when the ILM is perturbed along pρ3 . On the other
hand, the v-components of pρ4 is antisymmetric with re-
spect to n = 4 as shown in Fig.5. If the ILM is perturbed
along pρ4 , the amplitude of the central cantilever of ILM is
not changed because the v-component of pρ4 is zero. For
the other cantilevers, the phases are changed in antisym-
metric to n = 4. This deformation will force the ILM to
move along the array.

4. Parametric destabilization

The frequency of the fluctuation caused by a perturbation
along pρ4 is given by Ω4 = θ4/TILM. Therefore, to amplify
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Figure 5: Real part of eigenvector of ρ4.
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Figure 6: Unstable regions resulting from the parametric
resonance. The displacement of ILM exceeds 10−6 at t =

neTILM.

the fluctuation, a parameter in Eq.(1) should be varied with
the frequencies 2Ω4, Ω4, 2Ω4/3, Ω4/2, and so on accord-
ing to the previous work in a micro-cantilever array [12].
As shown in Fig.1, the cantilever array has electromagnets.
Thus, the on-site potentials can be adjusted in time. In this
section, the current flowing the electromagnets are varied
sinusoidally IEM = IA sin νt+ I0, where I0 is fixed at 30 mA.

In Fig.6, unstable regions where the ILM becomes un-
stable and fluctuated along the array are shown. The fluc-
tuation is detected based on the energy distribution (see
Ref. [12] for details). The color ne is the elapsed period
when the displacement of ILM’s position exceeds 10−6.
The horizontal axis ω′ = Ω4/ν corresponds to ω in the
Mathieu equation ẍ + ω2(1 + ε sin t)x = 0.

Two regions are located at ω′ ' 0.5 and 1. The region
at ω′ ' 0.5 has a similar shape to those in the Mathieu
equation. However, the lower peak of the region does not
rigorously coincide with ω′ = 0.5. The reason is still un-
clear.

The other region around ω′ ' 1 is somewhat different in
shape to the case of the Mathieu equation. For the region,
the period of the parametric excitation is about several ten
times of TILM. The ILM is thus subjected to the state for
relatively long time in which χ′O is too small to exist ILM.
Therefore, the ILM is possibly destabilized by decreasing
χ′O below a critical value at which a bifurcation occurs. The
region at ω′ ' 1 is emerged due to both the bifurcation and
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Figure 7: Behavior of a destabilized ILM when ω′ = 0.47
and IA = 20 mA.
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Figure 8: Behavior of a destabilized ILM when ω′ = 1 and
IA = 20 mA.
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Figure 9: Traveling ILM resulting of parametric resonance
in the array with fixed boundaries. The solid curve indi-
cates the center of ILM. The parameter setting is the same
as in Fig.8 except the boundary condition.

the parametric resonance.

To show how the ILM behaves when it is destabilized by
the parametric excitation, time development of the energy
distribution is plotted in Fig.7 and Fig.8. The open circles
in Fig.6 indicate where the parameter is chosen. For both
figures, the energy is initially concentrated at n = 4, but it
is split into two parts. The two separated energy concentra-
tions collide at the opposite side of the array. After the first
collision, they are reflected and collided at the original po-
sition n = 4. This implies that the ILM is destabilized not
only along pρ4 but also pρ3 or other eigenvectors. On the
other hand, if the array has fixed boundaries as well as the
real experimental setup, the ILM begins to travel the array
as shown in Fig.9. Breaking the translational symmetry of
the ringed array may prevent ILM from splitting.
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5. Conclusion

In this paper, the possibility of creating a traveling ILM
via parametric resonance was investigated. As a result, it
was clarified based on the shape of unstable regions in a
parameter space that a stable ILM can be destabilized via
parametric resonance as well as in the micro-cantilever ar-
ray. However, destabilized ILMs break into two parts in-
stead of traveling in the array under the periodic boundary
condition whereas there exists an eigenvector having anti-
symmetric shape. On the other hand, a traveling ILM was
successfully created in the array having fixed boundaries.
This implies that boundary conditions plays crucial roles
for creating traveling ILMs especially for a small degree
of freedom system. In the future work, the destabilization
of ILM by the parametric excitation will be confirmed in
our experimental system in which the cantilever array has
fixed boundaries. It will be investigated numerically and
experimentally whether the effect of the boundaries can be
utilized to create traveling ILMs.
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Abstract—Nonlinear dynamics of local resonators of an
acoustic metamaterial is investigated. The fully nonlin-
ear formulation is performed, and the asymptotic analysis
of equations of motion is performed in weakly nonlinear
dynamics. Both theoretical equations are verified numer-
ically, and it is found a good agreement of them. Then,
numerical study is performed in detail in weakly nonlinear
dynamics. It is found that DC component and vibrations
with local resonance frequency and twice higher frequency
than an eigen frequency arise in local resonators. More-
over, this local resonance leads to quasi-periodic oscillation
of local resonators.

1. Introduction

In recent years, acoustic metamaterials or artificial pe-
riodic structures have attracted great attention of many re-
searchers. Local resonator, which has been introduced by
Liu. et. al.[1], is often employed as unit structures. Many
researchers have confirmed numerically and experimen-
tally that artificial unit structures enable materials to have
newly dynamical characteristics such as negative effective
mass density[2] and negative effective bulk modulus[3]
around frequencies of local resonance. Huang and Sun
have proposed a 1D mechanical model with local res-
onators, which has extreme Young’s modulus[4]. Its unit
structure consists of two local resonators which act external
force on mass points in the oblique direction to that of mo-
tion of mass points (i.e., wave propagating). Owing to this
geometrical constraint, effects of local resonators on wave
propagation becomes anharmonic with respect to wave am-
plitude.

It is known that nonlinear interactions generally cause
complex dynamics; for example, subharmonic/high-
harmonic resonance, unstabilization and chaotic behav-
ior, and, especially in the case that the system has dis-
crete structure, intrinsic localized modes[5]. In addi-
tion, by using analogy of acoustic metamaterials, research
developments of mechanical metamaterials[6] or seismic
metamaterials[7] for controlling various types of waves
have been accelerated recently. Thus, it is more impor-
tant to understand nonlinear dynamical property of periodic
structures like acoustic metamaterials.

In this study, we construct a mechanical model based on
Huang and Sun’s concept and focus on the nonlinear dy-

namics of local resonators by means of numerical simula-
tion and asymptotic analysis.

2. Model

Figure 1: A unit structure.

We consider a periodic structure which is constructed by
combiningN(= 50) unit structures alongx-axis, as shown
in Figure 1. A unit structure consists of a mass point M1,
an elastic spring K1, and two “local resonators.” A local
resonator consists of a mass point M2 and an elastic spring
K2, and five massless rigid bars. A size of unit structure
without external force isL and D in x- and y- direction,
respectively. Variablesu1, v2i , andv1i (i = x, y) represent
displacements of M1, M2, and a massless connecting point
which joints rigid bars and K2, respectively.ζ is the angle
betweenx-axis and a rigid bar. A subscriptionn of each
variables is a unit number. Owing to the symmetry of unit
structure, M1 is allowed to move only inx-direction. M2

and K2 are supported by a vertical rigid bar so that motion
of M2 is restricted in the center of unit structure. Therefore,
v(n)

1x andv(n)
2x are represented in terms ofu(n)

1 andu(n+1)
1 ,

v(n)
1x = v(n)

2x =
u(n)

1 + u(n+1)
1

2
. (1)

We ignore the effects of friction by assuming that friction
is negligible small. We ignore the effect of gravity.

Equations of motion of M1 and M2 are given as Eq. (2)
and Eq. (3), respectively,

m1
d2u(n)

1

dt2
= k1(u(n+1)

1 − 2u(n)
1 + u(n−1)

1 )

+
k2(v(n)

2y − v(n)
1y )

tanζ(n)
−

k2(v(n−1)
2y − v(n−1)

1y )

tanζ(n−1)
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−m2

2

d2u(n−1)
1

dt2
+ 2

d2u(n)
1

dt2
+

d2u(n+1)
1

dt2

 , (2)

m2

d2v(n)
2y

dt2
= −k2

(
v(n)

2y − v(n)
1y

)
, (3)

wherev(n)
1y and tanζ(n) are

v(n)
1y = −

D
2
+

√√√(D
2

)2

− L
u(n+1)

1 − u(n)
1

2
−

u(n+1)
1 − u(n)

1

2

2

,

(4)

tanζ(n) =
2v(n)

1y + D

u(n+1)
1 − u(n)

1 + L
. (5)

Eqs. (2) and (3) can be nondimensionalized by intro-
ducing nondimensional parameters as follows; mass ratio
θ = m2/m1, spring constant ratioδ = k2/k1, aspect ra-
tio of a unit structureµ′ = L/D, and angular frequency
ratio η = ω/ω0, and new time scaleT∗ = ω0t. Here,
ω0 =

√
k2/m2 is the local resonance frequency. In the fol-

lowing, ¯(·) represents terms nondimensionalized byL.
By using Taylor expansions of Eqs. (2) and (3) in terms

of u(n)
1 andu(n+1)

1 , it’s found that nonlinear terms are repre-
sented as both of odd- and even-order terms ofu(n+1)

1 − u(n)
1

multiplied by functions ofµ′. This indicates that the non-
linearity of mechanical model depends on difference of
neighboring displacement of unit structure and its aspect
ratioµ′.

By linearizing equations of motions, we obtain the dis-
persion relation of mechanical model,

{1+ θ(cosξ + 1)} η4 + 2
θ

δ
(1− cosξ)

−
{

1+ θ(cosξ + 1)+ θ

(
2
δ
+ µ′2

)
(1− cosξ)

}
η2 = 0, (6)

where ξ = q/L and q is a wavenumber. According to
Eq. (6), there is a band gap up toη = 1, i.e., a local res-
onance frequancy[4].

2.1. Numerical calculation and results

In order to investigate the dynamical properties of me-
chanical model, we perform numerical calculations of free
vibration of the system. Nondimentional parameters are
selected as (θ, δ, µ′) = (2.0,0.5,2.0). Numerical integration
is performed by the 4th order Runge-Kutta method until
T∗ = 200 and timestep of that is∆T∗ = 10−4. The initial
displacement is assigned to M1 and M2 as,

ū(n)
1 (0) = (−1)nĀ, v̄(n)

2 (0) =
µ′

1− η̃2
Ā, (7)

which is one of normal modes withξ = π found in the lin-
earized equations of motion under the periodic boundary
condition,u(N+1)

1 ≡ u(1)
1 . Here,η̃ is the largest eigen angu-

lar frequency derived from Eq. (6) (in this case, ˜η ≈ 5.7).

Figure 2 shows the temporal evolution of displacements
of M1 and M2 at the positionsn = 23,24, · · · ,27, where
Ā = 0.001 (the inset in Fig.2(b) is temporal evolution of
displacement of M2 at the positionn = 25 in T∗ = 0− 50).
The results of spectral analysis of M1 and M2 at the posi-
tion n = 25 in the same case of that in Fig.2 are shown in
Fig.3.
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Figure 2: Temporal evolution of displacements(Ā = 0.001).
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Figure 3: Results of spectral analysis (Ā = 0.001).

It is found that as shown in Fig.2(a) and Fig.3(a), M1

oscillates with constant amplitude and single frequency, on
the other hand, as shown in Fig.2(b) and Fig.3(b), the vibra-
tion amplitude of M2 varies and oscillations atη = 0 (DC
component),η ≈ 1.0, andη ≈ 2η̃ are excited. It should be
noted that each excited oscillation except the eigen vibra-
tion is same phase and amplitude at all positionn, and that
each center of vibration of M2 shifts in the direction com-
pressing K2 (that is, DC component is negative). Then,
Fig.4 shows the frequency profile with various eigen oscil-
lation ampliudesĀ under the same conditions of Fig.2.
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Figure 4: Frequency profile vs.̄A.

Fig.4 indicates that though large eigen frequency shift
cannot be seen in the region of̄A smaller than 10−2, eigen
freuquency becomes higher as̄A increases in the region of
Ā larger than 10−2. In this region, vibrations of both of M1
and M2 are no longer stable.

2.2. Asymptotic analysis

In the regionĀ ≤ 10−2, that corresponds to the weakly
nonlinear region, we use the ansatz of displacements of M1

and M2,

ū(n)
1 = εũ

(n)
1 +ε

2(δu(n)
1 )+O(ε3), v̄(n)

2y = εṽ
(n)
2y+ε

2(δv̄(n)
2y )+O(ε3),

(8)
where|ε| ≪ 1. By substituting Eqs.(8) into Eqs. (2) and (3)
and assembling terms atO(ε) andO(ε2) leads to Eqs. (9)
and (10),

¨̃u(n)
1 =

(
θ

δ
+
θµ′

2

) (
ũ(n+1)

1 − 2ũ(n)
1 + ũ(n−1)

1

)
(9)

+θµ′
(
ṽ(n)

2y − ṽ(n−1)
2y

)
− θ

2

(
¨̃u(n−1)

1 + 2¨̃u(n)
1 +

¨̃u(n+1)
1

)
,

¨̃v(n)
2y = −ṽ(n)

2y −
µ′

2

(
ũ(n+1)

1 − ũ(n)
1

)
, (10)

and Eqs. (11) and (12),

δ̈ū
(n)
1 =

(
θ

δ
+
θµ′

2

) (
δū(n+1)

1 − 2δū(n)
1 + δū

(n−1)
1

)
+θµ′

(
δv̄(n)

2y − δv̄
(n−1)
2y

)
+ θ

(
µ′2 + 1

)
×

{
ṽ(n)

2y

(
ũ(n+1)

1 − ũ(n)
1

)
− ṽ(n−1)

2y

(
ũ(n)

1 − ũ(n−1)
1

)}
+

3
4
θ
(
µ′2 + 1

) {(
ũ(n+1)

1 − ũ(n)
1

)2 −
(
ũ(n)

1 − ũ(n−1)
1

)2
}

− θ
2

(
δ̈ū

(n−1)
1 + 2δ̈ū

(n)
1 + δ̈ū

(n+1)
1

)
, (11)

δ̈v̄
(n)
2y = −δv̄(n)

2y −
µ′

2

(
δū(n+1)

1 − δū(n)
1

)
−1

4

(
µ′2 + 1

) (
ũ(n+1)

1 − ũ(n)
1

)2
, (12)

where ¨(·) ≡ d2/dT∗2. Since Eqs. (9) and (10) are identi-
fied with linearlized equations of motion, ˜u(n)

1 and ṽ(n)
2y are

obtained as follow,

ũ(n)
1 = Ān cos(ηT∗), ṽ(n)

2y =
µ′

1− η2
Ān cos(ηT∗), (13)

whereĀn = Ācos(nξ), Ā is constant, and the relationship
betweenξ andη is represented as Eq. (6).

In order to compare the solution of Eq. (9)-(12) with that
of Eqs. (2) and (3), we perform numerical calculations of
free vibrations of the system for both formulations. The
same numerical calculation method and conditions of Sec-
tion 2.1 are used, and some eigen scillation patterns are
selected as initial displacements. One of the results of tem-
poral evolution at the positionn = 25 initial displacement
pattern are shown in Fig.5 and Fig.6, respectively. Here,
max(Ān) = 0.001.
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Figure 5: Initial displacement pattern.
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Figure 6: Comparison of temporal evolution. (a),(b): The
line of apploximate solution (green dashed line) overlaps
the line of numerical solution (blue solid line) considerably.
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It is found that as shown in Fig.6, the ansatz (in
Fig.6, “Approximate Solution”) agrees with the solution of
Eqs. (2) and (3)(in Fig.6, “Numeical Solution”). The re-
sults at other position or these with other initial displace-
ments also agree with the solutions. Therefore, dynamics
in weakly nonlinear region can be represented well by the
ansatz Eq. (8) and its evolution equations Eqs. (9) and (12).

By substitutingξ = π (which is the same normal mode
applied to M1 and M2 in the case of Fig.2) into Eq. (13),
both of the third and forth term on the right-hand side
of Eq. (11) are eliminated, which indicates that Eq. (11)
is identical with Eq. (9). Thus, by the assumption that
δū(n)

1 (0) = 0, no perturbation of M1 is caused in the re-
gion Ā ≤ 10−2, i.e. δū(n)

1 (T∗) = 0. Insertingδū(n)
1 (T∗) = 0

into Eq. (12) leads to Eq. (14),

δ̈v̄
(n)
2y = −δv̄

(n)
2y −

1
2

(
µ′2 + 1

)
Ā2 {1− cos(2ηlT

∗)} , (14)

whereηl is one of the frequencies obtained by substitut-
ing ξ = π into Eq. (6). Therefore, the solution

(
δv̄(n)

2y

)
sol

is
obtained,

(
δv̄(n)

2y

)
sol
=

(µ′2 + 1)(2η2
l − 1)

4η2
l − 1

Ā2 cos(T∗)

+
µ′2 + 1

2(4η2
l − 1)

Ā2 cos(2ηlT
∗) − 1

2

(
µ′2 + 1

)
Ā2.

(15)

This result agrees with the results of spectral analy-
sis(Fig.3) which shows that DC component and oscillations
at η = 1 and twice as high frequency as eigen frequencyηl

of local resonators are excited. According to Eq. (15), it is
found that in the case ofξ = π, i.e., the eigen oscillation
with minimum wavelengths, the amount of DC component
(the third term on the right-hand side of Eq. (15)) depends
only on aspect ratioµ′ whereas both of amplitude of vibra-
tion atη = 1 and that atη = 2ηl depend on not onlyµ′ but
eigen frequencyηl .

It should be noted that in the case ofξ = π, oscillation at
the local resonance frequency (η = 1) is excited according
to Eq. (15). If the same nondimensional parameters are
selected, we obtainηl = (5 ±

√
41)/2 (the higher one is

η̃), which are irrational numbers. Thus, the frequency ratio
of ηl to local resonance frequency is irrational so that M2

vibrates quasi-periodically[8].

3. Conclusion

We constructed a mechanical model based on an acous-
tic metamaterial consisting of local resonators which inter-
act nonlinearly with propagating waves; and investigated
numerically dynamics of free vibration under the periodic
boundary condition. The results show that in the region
of vibration amplitudeĀ smaller than 10−2, only exitation
of some vibrations of local resonators occurs, on the other

hand, that in the region of̄A larger than 10−2, eigen fre-
quency shift occurs. Then, we performed asymptotic anal-
ysis in weakly nonlinear region under the periodic bound-
ary condition, and confirmed that the ansatz can represent
dynamics well. Moreover, we found that in the case of
ξ = π, vibrations of local resonators with at local resonance
frequency and twice as high one as the eigen frequency, and
DC component of which the amount only depends on the
aspect ratioµ′ are excited because of the nonlinearity. As
the ratio of some eigen frequencies of mechanical model to
local resonance frequency is irrational, local resonators will
vibrate quasi-periodically in case of some normal modes.
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Abstract– Many experimental studies reported the 

surface modification of tungsten material under helium 

plasma irradiation. To investigate the effects of the 

structural modification to the penetration process of 

helium ions in atomic scale, binary-collision-

approximation-based simulation of helium injection into 

tungsten material with nanoporous structure is performed. 

 

1. Introduction 

 

The largest international nuclear fusion device called 

ITER is currently under construction in Cadarache, France. 

In the fusion device, deuterium and tritium plasma is 

confined by magnetic fields. The temperature of the 

plasma becomes more than 100 million degrees Celsius. 

As a result of nuclear fusion of deuterium and tritium in 

ITER, helium ash is generated. The helium ash transports 

along magnetic force line and impacts to the divertor 

plates. Although the plasma temperature around the 

divertor plates is relatively low in the steady state 

operation, the helium ash injects into divertor plates with 

higher energy when transient thermal events such as 

disruption occur. The helium atoms are retained in the 

bulk of divertor plates after plasma irradiation. The 

retention of helium atoms affects the tolerance as plasma 

facing material.  

Many experimental studies reported bubble formation 

on the surface of tungsten material under helium plasma 

irradiation [1-4]. Furthermore, a number of experiments 

show that helium plasma constructs filament (fuzz) 

structures [5, 6] whose diameter is in nanometer-scale on 

the tungsten material under the suitable condition (i.e., 

material temperature of 1000-2000 K and incident energy 

of 20–100 eV). The surface modification of divertor plates 

also affects the penetration and retention processes. For 

the steady-state operation of ITER, it is required to 

understand deeply the elementary processes of the helium 

penetration under plasma irradiation in atomic scale. 

The penetration process of energetic incident ions in 

materials is often investigated by binary-collision-

approximation-based (BCA) simulation code, for example 

ACAT [7], EDDY [8], ERO, TRIM [9] codes. In our 

previous research [10-14], we developed AC∀T code 

which was the extended ACAT code to handle any 

structure of target materials, including monocrystals, 

polycrystals, crystals with defects, and amorphous. In this 

study, therefore, we perform BCA simulation of helium 

injection into tungsten material by AC∀T code to 

investigate the penetration depth of incident helium ions. 

 

2. Simulation Method [10, 11] 

 

Figure 1 shows the schematic diagram of BCA 

simulation. A projectile is injected into a target material. 

The projectile collides with the nearest neighbor atom. 

The other interaction between surrounding atoms and the 

projectile is neglected in BCA simulation. The momentum 

of the projectile changes at the collision, then the 

projectile collides with the next target atom. In the 

collision process of BCA, the motion of target atoms 

which collide with the projectile depends on their received 

kinetic energy Et. When Et is lower than the binding 

energy Eb of the target atom, the target atom dose not 

move. On the other hand, when Et is larger than Eb, the 

target atom recoils. The motion of recoil atoms is solved 

in the same way as the projectile. The scattering angle of 

the projectile and the target atoms at each collision are 

obtained analytically in a two-body interatomic potential 

V(r), where r is the distance between the projectile and the 

target atom. In our BCA code named AC∀T, the Moliere 

approximation to the Thomas-Fermi potential [15] is 

employed. 

 

3. Simulation Model 

 

Simulation of helium injection into tungsten material is 

performed by AC∀T code. The size of target material is 

set to 158.0 Å×15.8 Å×1580.0 Å, as shown in Fig. 2. The 

tungsten atoms are arranged as bcc crystal with the lattice 

constant of 3.16 Å. The length of a size of cell is set to the 

half of the lattice constant, therefore the target material 

consists of 100×10×1000 cells. The z-axis of the 

simulation box is set parallel to the edge of the target 

material whose length is 1580.0 Å. Periodic boundary 

conditions are used in x- and y-directions. The initial 

temperature of the target material is set to 0 K. A total of 

100,000 helium atoms are injected one by one into the 

target material. The incident energy of helium atoms are 

fixed to 500 eV. The incident angle is set to parallel to z-

axis, i.e., perpendicular to (100) surface of bcc crystal. 

2015 International Symposium on Nonlinear Theory and its Applications
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The x- and y-coordinates of the starting positions of the 

helium atoms are set randomly. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

To make nanoporous structure of tungsten material, 

many holes are generated near the surface by removing 

the tungsten atoms in spheres whose diameter is 10.0 Å. 

Figure 3 shows the example of the surface of target 

material which has 50 holes. The center positions of holes 

are distributed as Gaussian function N(μ=0 Å, σ2=502 Å2) 

in z-direction, while they are uniformly distributed in x- 

and y-direction. The total number of holes are set as a 

parameter up to 1000. The dependence of mean 

penetration depth for 100,000 helium atoms on the 

number of holes is investigate in this study. 

 

4. Simulation Results 
 

Figure 4 shows the graph of mean penetration depth 

against the number of holes. It is clear that the mean 

penetration depth decreases as the number of holes 

increases although the surface of target material becomes 

less dense. Moreover, the slope of the graph becomes 

smaller as the number of holes increases. The reasons of 

the two facts are discussed in the next section. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5. Discussion 
 

To investigate the dependence of the slope of mean 

penetration depth on the number of holes, we estimate the 

surface area of target material. The surface becomes wider 

as the number of holes increases. However, the surface 

area is not proportional to the number of holes because the 

area where two holes are overlapped increases as the 

number of holes increases as shown in Fig. 5. By 

calculating the surface area, it is possible to remove the 

effect of the increase of overlapped area from the 

dependence. 

To estimate the surface area of target material, all atoms 

located near the surface boundary of target material are 

detected. Figure 6 shows the method of the detection of 

the surface atoms. In order to determine whether an atom 

is located at the surface or not, a sphere, whose center is 

located at the positon of the atom and the radius is re = 4 

Å, is considered. In the case of perfect bcc tungsten  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Schematic diagram of system of our simulation. 
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Fig. 4. Dependence of mean penetration depth on the 
number of holes. 

Fig. 1. Schematic diagram of binary collision 
approximation. [11] 
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crystal with the lattice constant of 3.16 Å, 15 atoms are 

located in the sphere in the case of the atom in the bulk of 

the target material (i.e. represented by the blue balls in Fig. 

6). However fewer atoms are located in the sphere in the 

case of atoms near the surface (i.e. represented by the red 

balls in Fig. 6). Therefore, surface atoms can be detected 

when the number of atoms in the sphere is fewer than 15. 

Figure 7 (b) shows the result of detection. White dots 

denote the atoms which are detected as the surface atoms. 

In the case of Fig. 7 (b), Nb=2854 tungsten atoms are 

detected as surface atoms. Figure 7 (a) shows the result 

obtained by the same procedure for the case of perfect 

crystalline structure. In the case of perfect crystalline 

structure, only Na=250 tungsten atoms of first layer of 

material are detected as the surface atoms. The surface 

area Sa of Fig. 7 (a) case is equal to 15.8 Å×158.0 

Å=2496.4 Å2. By multiplying the ratio Nb/Na to the 

surface area Sa of Fig. 7 (a), the surface area of Fig. 7 (b) 

can be estimated as Sb=28498.9 Å2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 8 shows the graph of relation between number 

of holes and the surface area calculated by the above 

mentioned method. As we mentioned before, the surface 

area is not proportional to the number of holes. As 

increase the number of holes, the slope of Fig. 8 decreases 

because the overlapped area of holes increases.  Figure 9 

shows the graph of the mean penetration depth against the 

surface area. From this figure, it is clearly seen that the 

mean penetration depth proportionally decreases as the 

surface area increases. Therefore, it is concluded that the 

decrease of the slope of Fig. 4 is caused by the increase of 

overlapped area of holes. 

To investigate the reason of the decrease of mean 

penetration depth against the increase of surface area in 

detail, we carefully observed the trajectory of each 

incident helium atom. From the observation, it is 

discovered that the decrease of mean penetration depth is 

caused by the channeling effect at holes. The 
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Fig. 5. Schematic diagram of overlapped area of holes. 

re 

Fig. 6. Detection of atoms on the surface the boundary 
of target material.  

Fig. 9. Surface area dependence of mean penetration depth. 
Fig. 7. Results of detection of surface boundary. White 
dots denote the atoms detected as boundary. 

(a) (b) 

Fig. 8. Relation between the surface area and number of holes. 
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channeling is the phenomenon that incident atoms with 

specific incident angle corresponding to crystalline 

structure move straightly without causing large angle 

scattering in the target material. It is known that the 

channeling is mainly caused when the scattering angle of 

the first collision is smaller than tan-1(1/2) as shown in Fig. 

10 [13]. Therefore, the many incident helium atoms move 

straightly and penetrate to deep place by repeating the 

collision with tungsten atoms with fixed scattering angle 

in the case of perfect crystal. However, when holes exist 

in the target material, the repetition of the collisions with 

tungsten atoms stops at the hole. As a result, the incident 

helium atom deviate from its channeling path. This 

phenomenon is called dechanneling. 

Figure 11 shows a typical trajectory of incident helium 

atoms move in tungsten material with holes. The helium 

atom moves straightly in vertical direction by channeling 

before the helium atom reaches to the hole (A in Fig. 11). 

When the helium atom reaches to the hole, the direction of 

helium atom is changed by causing large angle scattering 

(B in Fig. 11). After that, the helium atom moves 

straightly again (C in Fig. 11). Because of the 

dechanneling, the mean penetration depth decreases as the 

surface area increases. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6. Summary 

 

BCA simulation of helium injection into bcc tungsten 

with nanoporous structure is performed. The mean 

penetration depth decreases as number of holes increases. 

From the trajectory analysis, it is found that the decrease 

of mean penetration depth of incident helium atoms is 

caused by the dechanneling at the holes. 
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Abstract—Tungsten nano structure, e.g. a bubble or
a fuzz structure, has been studied recently by a lot of
plasma-wall interaction researchers. The purpose of these
researches is to avoid the decrease of the mechanical prop-
erty and the heat conductivity of the original tungsten ma-
terial. To achieve this purpose, we estimate the sputtering
yield, the absorptivity and the mean depth of helium gas
for the tungsten using BCA simulation code AC∀T (atomic
collision in any structured target) We obtain the sputtering
yield, the absorptivity and the mean depth of helium gases
for the tungsten with crystal surfaces. We also found that
these physical quantities depend on the crystal orientation
of the target tungsten.

1. Introduction

Tungsten fuzz structure is one of the phenomena which
attracts attention in the fusion science [1–4]. In our pre-
vious works, we showed the absorptivity as well as the
penetration depth and sputtering yield which are basic in-
formation to reveal the fuzz formation of tungsten [5]. In
these calculation, we used a binary collision approxima-
tion (BCA) to solve scattering phenomena between tung-
sten atoms and injected atoms, i.e., noble gas atoms. The
BCA simulation is performed by AC∀T (atomic collision
in any structured target) code [6–11]. In this paper, to fo-
cus on the target structure, we consider the crystal structure
of tungsten whose surfaces are (100), (110) and (111). It is
well-known that irradiated atoms can enter the crystal more
deeply than the amorphous structure, because “channeling
phenomena” occurs in the crystal [9]. Moreover, we treat
the simplified fuzz structure in BCA simulation, to com-
pare with crystals.

2. Simulation method

The algorithm of the simulation is the same as our previ-
ous papers [6–9]. Though carbon and hydrogen atoms are
treated in our previous works, helium atom injection onto
tungsten atoms is considered in the present work (see Fig.
1 ). In spite of the above difference, it is appropriate to em-
ploy the Moliere approximation [12] to the Thomas-Fermi

He irradiationz

y

o

Figure 1: Schematic picture of He irradiation to tungsten
targets: an amorphous structure and BCC crystals with
(100), (110) and (111) surfaces. Thexyz coordinate is
adopted and the origin O is set in the surface of the tung-
sten. Periodic boundary conditions are used in the x- and
the y-directions.

potential as the interatomic potentialV(r),

V(r) :=
Z1Z2

r
ϕ
( r
a

)
, (1)

a :=
0.4685(

Z1/2
1 + Z1/2

2

)2/3
, (2)

ϕ(x) :=
3∑

i=1

αie
−βix, (3)

wherer is the distance between the projectile and the target
atoms (see Fig. 2).Z1 andZ2 are the atomic numbers of the
projectile and target atom, respectively, anda is the screen-
ing length. Moreover,α1 = 0.35, α2 = 0.55, α3 = 0.10,
β1 = 0.3, β2 = 1.2, β3 = 6.0 are fitting parameters in
Eq.(3) [10,12].

The trajectories of projectile and target atoms are ob-
tained using the scattering angleΘ in the center-of-mass
system, which is related to the scattering angleθ1 and the
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θ1: scattering angle 

θ2: recoil angle  initial location 
 of target atom

b: impact 
parameter

projectile 
atom

path of the center of mass

∆ x1

∆ x2

rc

τ 
1+Α

Figure 2: Schematic picture of two particles interaction
with a conservative central repulsive force fieldV(r) in the
laboratory system [6,10]. The parameterA is the mass ratio
of the projectile and the target,i.e.,m2/m1.

recoil angleθ2 in the laboratory system in Fig. 2 as follows:

tanθ1 =
sinΘ

cosΘ + m1+m2
m2

vg

v

, (4)

tanθ2 = tan

(
π

2
− Θ

2

)
, (5)

wherevg andv are the velocity of the center of mass and
the relative velocity, respectively. Moreover, the scattering
angleΘ is given as follows [6,10].:

Θ = π − 2b
∫ ∞

r0

1
r2g(r)

dr, (6)

whereb is the impact parameter and

g(r) :=

√
1− b2

r2
− V(r)

Er
, (7)

Er :=
m1

m1 +m2
E0. (8)

Herem1 andm2 are the masses of the projectile ant target
atoms, respectively.r0 is the solution ofg(r0) = 0 andE0

is the incident kinetic energy of the projectile.
In BCA simulation, the trajectories of the projectile and

the target atoms are approximated as the asymptotes in
the laboratory system [6, 10]. These trajectories consist of
linked straight-line segments. The starting points∆x1 and
∆x2 of the projectile and recoil atoms after the collision are
given by

∆x1 =
2τ +

(
m2
m1
− 1

)
b tan

(
Θ
2

)
1+ m2

m1

, (9)

∆x2 = b tan

(
Θ

2

)
− ∆x1, (10)

where

τ :=
√

r2
0 − b2 −

∫ ∞

r0

[
1

g(r)
− r
√

r2 − b2

]
dr. (11)
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Figure 3: Sputtering ratio of He for tungsten targets,i.e.,
amorphous structure and BCC crystals with (100), (110),
(111) surfaces.

3. Simulation model

We adopted the four types, that is, BCC crystals with
(100), (110) and (111) surfaces and an amorphous struc-
ture as the tungsten target, which is 15.825 Å long, 15.825
Å wide and 31650 Å deep, which consists of 5× 105 tung-
sten atoms. Periodic boundary conditions are imposed on
the horizontal direction. The lattice constant of tungsten is
3.165 Å. All tungsten atoms are fixed to the lattice points
of BCC crystal without vibration, which means that the ini-
tial temperature of the tungsten is set to 0 K.Z1 = 2 and
Z2 = 74 are adopted in Eqs. (1) and (2) as atomic numbers
of He and W.

He atom whose the kinetic energy is in the range of 10
eV to 104 eV is injected vertically into the tungsten from its
upper side (see Fig.1). W and He atoms are collided with
each other, and then the final positions of all atoms,i.e.,W
and Ar, are detected in each simulation. We repeated the
above simulationNsim = 2 × 105 times for each injection
energy of He. The initial injection position of an He atom
is changed randomly on each simulation.

4. Results

Using AC∀T, sputtering yieldY, mean depthR and ab-
sorptivityA of He for each tungsten structure are calculated
(see Figs. 3, 4 and 5).

The sputtering yieldY is obtained as follows. InNsim =

2 × 105 simulations for the tungsten target, the number of
tungsten atom released from the tungsten surfaceNW was
counted. The sputtering yieldY is given asY = NW/Nsim.

Next, the mean depthR is given by the following equa-
tion; R =

∑Nsim

i=1 |zf
i |/Nsim, wherezf

i is thez−coordinate of
the final position of the irradiated He in thei−th simula-
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Figure 4: Absorptivity of He for tungsten targets,i.e.,
amorphous structure and BCC crystals with (100), (110),
(111) surfaces.

tion. Thez = 0 plane denotes the surface of the tungsten
target as Fig. 1.

Concerning to the absorptivityA, the number of the He
atoms whosezf

i < 0 is counted first (this number is defined
asNa

He). Using these quantities, the absorptivityA is given
asA = Na

He/Nsim

For amorphous structure, the sputtering yield is largest
in almost all of injection-energy region. However, the ab-
sorptivity and the mean depth is smallest in almost all of
injection-energy region. Thus, it is found that amorphous
structure is most fragile for He injection. Therefore it
is concluded, from our BCA simulation, that amorphous
structure is not adequate to the plasma facing material com-
paring with the other tungsten crystals. However, it is nec-
essary to consider the other physical quantities,i.e., melt-
ing point, thermal conductivity, to choose the plasma facing
material.
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Abstract– As one of the important tasks in the next 

generation Free Electron Laser (FEL), the Pure-type High-
Tc Superconductor (HTS) undulator has been developed. 

We have been developing a numerical simulation code 

based on the T-method for assisting design of the 

appropriate magnet alignment before the HTS 

magnetization. This paper presents the design for uniform 

distribution of sinusoidal vertical magnetic field 

component which is needed for stable FEL operation. 

 

1. Introduction 

 

The next generation X-ray Free Electron Laser (X-

FEL) is expected to contribute remarkable progress of 
various kinds of advanced technologies in biology and 

chemistry. In the development of the X-FEL, achievement 

of a small size and high intensity magnetic field undulator 

is one of the most important tasks, and it is considered to 

use High-Tc Superconductor (HTS) for undulator magnets. 

In fact, several types of HTS undulators were already 

proposed [1-2]. In general, it is known that very uniform 

sinusoidal magnetic field is required in the FEL undulator 

for stable operation. On the other hand, the adjustment of 

the individual magnets of the undulator is almost 

impossible after the HTS undulator is installed inside a 
cryostat and changed to a superconducting state. 

Accordingly, the appropriate magnet alignment has to be 

determined before the HTS magnetization. Then 

numerical simulation of the magnetization process of the 

HTS plays a very important role for determining the 

suitable magnet alignment in the device design stage. For 

this purpose, we have been working in a development of a 

numerical simulation code for the magnetization process 

of the HTS undulator based on the current vector potential 

method (T-method) combining with the critical state 
model for the shielding current in the HTS [3-4]. In 

particular, it was shown that the magnetic field 

distribution in the magnetization process of the Pure-type 

HTS undulator can be simulated appropriately to compare 

with magnetic field measurements [2] [4]. In this paper, 

the simulation code is applied to the design of the Pure-

type HTS undulator magnets which leads to uniform 

sinusoidal distribution of the vertical component of the 

magnetic field along the electron trajectory. In addition, a 

single electron trajectory in the magnetic field produced 

by the Pure-type HTS undulator is calculated. 

 

2. Pure-type Superconducting Undulator 

 

An overview of the Pure-type HTS undulator 

constructed by ten HTSs is shown in Fig. 1(a). In the 

Pure-type HTS undulator, circulating horizontal shielding 

currents are induced in the individual HTS by applying 

the time dependent vertical magnetic field B0 (see Fig. 

1(b)). Then, alternative vertical magnetic field is formed 

along the traveling direction of the electron beam by the 

superposition of the magnetic field created by ten HTSs, 

and the electron performs undulator motion as in the 
typical FEL. In this paper, we show the design of the 

magnetic field created by ten HTSs by using the 

simulation of the HTS magnetization process. 

 

3. Simulation of magnetization process of Pure-type 

HTS undulator based on T-method 

 

We here use the current vector potential method (T-

(a)                                                                                          (b) 
Fig. 1. Overview of Ten-magnet Pure-type HTS undulator 
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method) combing with the critical state model on 

shielding current for the simulation of the magnetization 

process [3-4]. The shielding current J induced in the HTS 

is expressed by using the current vector potential T 

defined by TJ  and the governing equation for T is 

the following integro-differential equation,  

，
t

Sd
tt

s
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              (1) 

where, σ is conductivity, µ0 is permeability, S is the 

surface of the HTS, n is a unit normal vector on S, and B0 

is externally applied magnetic field. Then the current 

vector potential has to satisfy the following boundary and 

gauge conditions respectively, 

S,on     0,nT                                                  (2) 

domain.in      0, T                                         (3) 

It is assumed that the shielding current is induced in x-y 

horizontal plane, then the HTS can be expressed by the 
thin-plate model, and the current vector potential has only 

z-component [4]. In addition, Ohm's law is modified to the 

following critical current model for describing the 

shielding current behavior in the HTS, 

 




















.0if0
t

,0ifJc

E
J

E
E

E
BJ  

              (4) 

where Jc is the critical current of the HTSs and E is the 

electric field. In particular, we here use the following 

Bean's model for the critical current, 

.constJ)(J CC B                                               (5) 

However, a straightforward implementation of the critical 

current model (4) in the T-method is not easy because the 

electric field E in the HTS can be calculated after the 

current J is obtained. Therefore, the following artificial 

conductivity scheme is used instead of (4), 

                                                            
            (6) 

 

In this work, we employ the Finite Difference Method 

(FDM) for a numerical scheme of (1), and the Runge-

Kutta method for calculations of electron trajectories 

under the magnetic field in discretized space. 

A flowchart of the simulations of the magnetization 
process of the Pure-type HTS undulator based on the T-

method is indicated in Fig. 2. In particular, the 

magnetization simulation for all HTSs are iteratively 

executed in each time step for obtaining the converged 
solution to a consistent shielding current distribution to 

take into account an influence of the magnetic field 

created by all other HTSs.  

 

4. Numerical example 

 

Figs. 3 indicate the numerical results of the shielding 

current distribution on a horizontal plane (Fig. 3(a)), the 

magnetic field distribution on vertical cross section (Fig. 

3(b)) and the profile of the vertical magnetic field 

component along the electron trajectory (Fig. 3(c)) for ten 
HTSs undulator of Fig. 1. The size of the individual HTS 

is taken to be 10mm × 15mm × 4mm, and Jc is 7×108 

[A/m2] for all HTSs. In general, a uniform sinusoidal 

distribution of the vertical magnetic field component 

along a longitudinal direction of the FEL undulator is 

required for stable laser operation. For obtaining such the 

uniform profile of Fig. 3(c), we here propose to use 

different values of Jc for the individual HTSs. Fig. 4(a) 

indicates a modified profile of the magnetic field 

component in which Jc = 6.53×108 [A/m2] for the left- and 

right-most HTSs, 6.87×108 [A/m2] for the second left- and 
right-most HTSs, and 7×108 [A/m2] for all others. It is 

shown that the uniform sinusoidal distribution of the 

vertical component of the magnetic field is obtained by 

appropriately choosing Jc values. The fluctuation of the 

amplitude of the vertical sinusoidal magnetic field 

component is suppressed within 1% in Fig. 4(a). Fig. 4(b) 

shows the estimated single electron trajectory with 2GeV 

energy for X-ray radiation, which is calculated by the 

Runge-Kutta method to use the calculated magnetic field 

distribution of Fig. 4(a). We can find that the center axis 

of the undulator motion of the electron takes a curved line, 

although the undulator magnetic field (Fig. 4(a)) is 
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sufficiently uniform. Figs. 5 indicate the simulation of the 

magnetic field distribution (Fig. 5(a)) and the electron 

trajectory (Fig. 5(b)) in which an offset vertical magnetic 

field of -0.41T is additionally applied on that of Fig. 4(a). 

It is found that the further modification of the magnetic 

field of Fig. 5(a) gives the reasonable electron trajectory. 

 

5. Conclusion 

 

 This paper has presented the design study of the HTS 

magnets alignment for the Pure-type HTS undulator by 
using the T-method with the critical current model. And 

predicted single electron trajectories in the calculated 

magnetic field have been also given. It is demonstrated 

that the sinusoidal vertical magnetic field component 

distribution and the electron trajectory can be improved to 

individually adjust the value of the critical current of the 

HTS at the design stage. 
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Abstract—In the present study, the communication
avoiding technique is numerically evaluated. Generally, the
algorithm of Krylov subspace method is very simple, so
that the method have a good chemistry with parallelization
techniques. However, communication time becomes top
issue to derive the high performance calculation. To avoid
the communication issue, we have implemented the k−skip
conjugate gradient (CG) method, and the numerical charac-
ter have been evaluated. In case of k−skip CG method, the
linear system can be solved by k = 1 and k = 2. However,
the residual norm behaves unstable as increase the value of
k. This is because that the orthogonality of residual vector
vanishing on k−skip account.

1. Introduction

Recently, the performance of the Central Processing Unit
(CPU), the Graphics Processing Unit (GPU) and Many In-
tegrated Core (MIC) have increased in each of the past ten
years. In addition, these devices are constituted by mul-
titudes of processing units. Therefore, a parallelization
scheme must be implemented on the simulation code in or-
der to educe the performance of the devices.

As is well known that the speedup of the parallelization
technique is governed by Amdahl’s law. The simulation
code can be divided into two parts. One is the paralleliz-
able part, the other part consist of preprocessing, sequential
calculation part. Thus, the value of speedup S is defined by
following equation.

S =
1

1 − r +
r
n

. (1)

Here, r denotes a ratio of parallelizable part in the code,
and n denotes a number of process. Equation (1) indicates
that although the calculation cost decreases as increases the
number of processing unit, the lower limit inevitably exist
i.e. 1 − r. According to the idea of Amdahl’s law, the cal-
culation time decreases as the number of processing unit
increases. However, the communications between the pro-
cessing units are excluded. Generally speaking, the com-
munication time increases as number of processing unit in-
creases.

Let x0 be an initial guess.
Set r0 = b − Ax0
Set p0 = r0
for k = 0, 1, · · · , until ∥rk∥2/∥b∥2 ≤ ε do
αk =

(rk, rk)
(pk, Apk)

xk+1 = xk + αk pk

rk+1 = rk − αkApk

βk =
(rk+1, rk+1)

(rk, rk)
pk+1 = zk+1 + βk pk

end for

Figure 1: The algorithm of the conjugate gradient (CG)
method. Here, A denotes a coefficient matrix of a linear
system and b denotes a known vector.

The conjugate gradient (CG) method is one of a solver
for a large-sparse linear system. In addition, the algorithm
of CG method is very simple, and the most of all the pro-
cedure of the method is constituted by addition of vectors,
inner products and multiplication of matrices and vectors
as shown in Fig. 1. These operations are very easy to get a
high performance by parallelization. However, the commu-
nication between processing units (PUs) must be necessary
for parallelized inner products calculation, and the amount
of the communication time increases as the size of the sys-
tem increase. That is to say, the communication time is
bottle neck for the effective parallelization [1, 2].

A variable preconditioning method has been developed
as a new preconditioning strategy for Krylov subspace
methods [3]. The Variable Preconditioned (VP) Krylov
subspace method has two nested iteration for main Krylov
subspace method and variable preconditioning for Krylov
subspace method are called as outer-loop and inner-loop.
In the preconditioning procedure, the residual equation is
solved roughly by using some iterative method with only a
few iteration. Therefore, the algorithm of VP Krylov sub-
space method is very simple, so that the method have a
good chemistry with parallelization techniques. However,
the cost of communication i.e. moving data between levels
of the memory hierarchy and each processor, is consider-

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015

- 820 -



 0

 5

 10

 15

 20

 25

case(1) case(2) case(3)

C
o

m
p

u
ta

ti
o

n
 T

im
e

 [
s
e

c
]

Communication Time
Calculation Time

3.344(55.5%)

2.68(44.5%)

10.001(60.7%)

6.487(39.3%)

15.549(60.8%)

10.023(39.2%)

Figure 2: The computation time of CG for various types of
linear system.

ably higher than the cost of the computations. Thus, in
order to enhance the performance of VP Krylov subspace
method, new strategies for the communication bound ker-
nels should be explored to minimize communication and
data movement [5, 6, 7, 8].

The purpose of the present study is to implement
Krylov subspace method with communication avoiding
techniques, and to evaluate the numerical characters of the
method.

2. Communication Time of Krylov Subspace Method

Let us first investigate the communication time of stan-
dard CG on GPU. Three types of coefficient matrices are
adopted for the evaluation, and the dimension size of the
matrices are case(1): 428650, case(2): 6,010,480, case(3):
10,641,602, respectively [9]. The computation time of the
standard CG on GPU is shown in Fig. 2. This figure indi-
cates that the communication time increases as the dimen-
sion size increases. Furthermore, about 55 % to 60 % of
total computation time spent for the communication time
of transferring data between CPU and GPU global mem-
ory. That is to say, the communication time is bottle neck
for the effective parallelization.

In the original variable preconditioned Krylov subspace
method has the sufficient condition for convergence. The
residual of the linear system converges if the relative resid-
ual norm of inner-loop satisfies the inequality in each steps.
The condition is derived from the behavior of monotonic
decreases of GCR. That is to say, the solver for the outer-
loop should be included the behavior of monotonicity. In
the previous study, we have extended the algorithm of vari-
able preconditioned method using various Krylov subspace
method for outer-loop, and the convergence characteris-
tics of VP Krylov subspace method have been numeri-
cally evaluated [4]. The algorithm of variable precondi-
tioned conjugate gradient (VPCG) method is shown in Fig.

Let x0 be an initial guess.
Set r0 = b − Ax0
Roughly solve Az0 = r0 using some iterative
method
Set p0 = z0
for k = 0, 1, · · · , until ∥rk∥2/∥b∥2 ≤ ε do
αk =

(rk, zk)
(pk, Apk)

xk+1 = xk + αk pk

rk+1 = rk − αkApk

Roughly solve Azk+1 = rk+1 using some iterative
method
βk =

(rk+1, zk+1)
(rk, zk)

pk+1 = zk+1 + βk pk

end for

Figure 3: The algorithm of variable preconditioned conju-
gate gradient (VPCG) method.

3. In the preconditioning procedure (inner-loop), various
Krylov subspace method was adopted because Krylov sub-
space method is easy to parallelize than stationary iterative
method such as SOR method. As the results, the commu-
nication time of parallelized inner products increase.

3. k−skip Conjugate Gradient Method [6]

The communication avoiding technique is one of a set-
tlement for communication bottle neck issue for the paral-
lelization CG. Although the algorithm of Krylov subspace
method with the communication avoiding technique is dif-
ferent from original method, the theoretical methodology is
equivalent. In the technique, inner products is rewritten to
the recurrence formula using the basis of Krylov subspace,
and the inner products are transcribed into scalar calcula-
tion. As the results, communications between PUs can be
gathered in only one time. As is obvious the communica-
tion time for the parallelization CG can be reduced.

Let us derive the k−skip conjugate gradient method [6].
The inner product (ri+1, ri+1) can be rewritten by using αi =

(ri, ri)/(ri, Api) as follows.

(ri+1, ri+1) = α2
i (Api, Api) − (ri, ri). (2)

Other inner products can be also rewritten as follows.

(pi+1, A j pi+1) = (ri+1, A j pi+1) + βi(pi, A jri)
+ β2

i (pi, A j pi) − αiβi(pi, A j+1 pi), (3)
(ri+1, A j pi+1) = (ri+1, A jri+1)

+ (ri, A j pi) − αiβi(pi, A j+1 pi), (4)
(ri+1, A jri+1) = (ri, A jri)

− 2αi(ri, A j+1 pi) + α2
i (pi, A j+2 pi). (5)

The values of left hand side of (2), (3), (4) and (5)
can be calculated by using i−th step values αi, βi,
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Let x0 be an initial guess.
Set r0 = b − Ax0
Set p0 = z0
n = k
for while |γk |/∥b∥2 ≤ ε do

calculate rn, Arn, A2rn, · · · , Ak rn

calculate pn, Apn, A2 pn, · · · , Ak pn, Ak+1 pn

calculate γn

calculate δn,1, · · · , δn,2k

calculate ηn,1, · · · , ηn,2k, ηn,2k+1
calculate ζn,1, · · · , ζn,2k, ζn,2k+1, ζn,2k+2
for i = n, 1, · · · , n + k do
αi = γi/ζi,1
βi = αi ζi,2/ζi,1 − 1
γi+1 = βi γi

for j = 1, · · · , 2k − 2(i − n) do
δi+1, j = δi, j − 2αi ζi, j+1 + α

2
i ζi, j+2

ηi+1, j = δi+1, j + βi ηi, j+1 − αi βiζi, j+1
ζi+1, j = ηi+1, j + βi ηi, j + β

2
i ζi, j − αi βiζi, j+1

end for
xi+1 = xi + αi pi

ri+1 = ri − αiApi

pi+1 = ri+1 + βi pi

end for
n = n + k + 1

end for

Figure 4: The algorithm of k−skip conjugate gradient
method.

(pi, A j pi), (pi, A j+1 pi), (pi, A j+2 pi), (ri, A j pi), (ri, A j+1 pi)
and (ri, A jri). Especially, in CG method, (i + 1)−th step
values (ri+1, ri+1), αi+1 and βi+1 can be calculated using
(pi+1, Api+1) and (pi+1, A2 pi+1), and the step can be for-
warded one step without inner product calculation. By
using following notations, the algorithm of k−skip CG
method can be derived as shown in Fig. 4.

γi = (ri, ri),
δi, j = (ri, A jri),
ηi, j = (ri, A j pi),
ζi, j = (pi, A j pi).

From Fig. 1 and Fig. 4, we can derive the number of op-
eration of the methods as shown in Table 1. We can see
from Fig. 4 and Table 1 that the number of operation of
k−skip CG is higher than that of CG. However, inner prod-
uct communication occurs only one time in unit iteration
[6].

4. Numerical Results

In this section, k−skip CG method is evaluated by using
two types of tridiagonal matrices. The values of subdiago-
nals are set to −1, and main diagonals are set to 25 (Type

Table 1: Number of operations of CG and k−skip CG in
k + 1 iterations. Here, NMV, Nin, Ncomm, Ns and Nv de-
note number of matrix vector multiplication, number of in-
ner product, number of communication for inner product,
number of scalar operation and number of addition of vec-
tor, respectively.

Method NMV Nin Ncomm Ns Nv

CG k + 1 2k + 2 2k + 2 O(k) 3k + 3
k−skip 3k + 2 3k + 3 1 O(k2) 3k + 3
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Figure 5: The residual histories of k−skip CG method. The
values main diagonals of the coefficient matrix are 25.

1) and 2.5 (Type 2). The condition number of the matri-
ces become 1.17 (Type 1) and 8.97 (Type 2), respectively.
That is to say, we can control the illposedness of the linear
system by changing the value of main diagonals. More-
over, elements of right hand side vector are set to 1, and
termination condition is set to 10−10.

It is known that (2) causes the calculation instability be-
cause the equation includes subtraction. To avoid the trun-
cation error, following procedure is adopted for γi calcula-
tion [1, 6].

tmp0 = γi − αi ηi,1,

tmp1 = ηi,1 − αi ζi,2,

γi+1 = tmp0 − αi tmp1.

The residual histories of k−skip CG method are shown
in Fig. 5 (Type 1) and Fig. 6 (Type 2). In case of Type
1, the linear system can be solved by k = 1 and k = 2.
However, the residual norm behaves unstable as increase
the value of k. This is because that the orthogonality of
residual vector vanishing on k−skip account. This tendency
is significantly enhanced in case of Type 2 because of the
high condition number (see Fig. 6). As the results, the
iteration number increase as the value of k increases. On
the other hand, the number of communication decreases as
the value of k increases. Thus, the effective parallelization
should be expected.
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Figure 6: The residual histories of k−skip CG method. The
values main diagonals of the coefficient matrix are 2.5.

The detail results of the parallelization will be presented
at the NOLTA2015.

5. Conclusions

In the present study, we implemented CG method on
GPU and evaluated the communication time of the method.
Furthermore, numerical character of k−skip CG method
have been evaluated.

Conclusions obtained in this study are summarized as
follows.

• In case of standard CG method, about 55 % to 60 %
of total computation time spent for the communica-
tion time of transferring data between CPU and GPU
global memory. That is to say, the communication
time is bottle neck for the effective parallelization.

• Although the linear system can be solved by k−skip
CG method with k = 1 and k = 2, the residual norm
behaves unstable as increase the value of k. This is
because that the orthogonality of residual vector van-
ishing on k−skip account.

• The number of communication decreases as the value
of k increases. Thus, the effective parallelization
should be expected.

In the future work, k−skip CG method is implemented
on variable preconditioning Krylov subspace method to re-
duce the communication time of the method. Moreover,
stabilization technique will be implemented on the method
as well.
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Abstract—The extended boundary node method with
the adaptive cross approximation has been proposed. As
the future work, we will investigate its performance numer-
ically.

1. Introduction

Recently, the boundary node method (BNM) [1], which
is one of boundary-type meshless methods, has been pro-
posed. As the feature of the BNM, a boundary does not
need to be divided into a set of elements before executing
the BNM code. In addition, a smooth numerical solution is
obtained because the shape function is determined by us-
ing the moving least-squares approximation. However, the
BNM has the demerit: integration cells must be used for
calculating matrix elements.

In order to resolve the above demerit, the BNM has been
reformulated without using integration cells. Throughout
the present study, the method is called the extended BNM
(X-BNM) [2]. The results of computations have shown that
the accuracy of the X-BNM is much higher than that of the
dual reciprocity boundary element method (DRM) [3, 4].

In spite of a high usefulness of the X-BNM, the calcula-
tion speed for obtaining the numerical solution is extremely
slow. This is because the coefficient matrix of the resulting
linear system becomes asymmetric and dense. In effect,
this means that the X-BNM is difficult to be applied to a
large-scale simulation.

The purpose of the present study is to develop the X-
BNM with the adaptive cross approximation (ACA) [5, 6]
and to investigate the performance numerically by applying
it to the Grad-Shafranov (G-S) equation.

2. X-BNM

2.1. Boundary Integral Equation

For simplicity, we consider a boundary-value problem of
the G-S equation in the cylindrical coordinate (r, z):

−L̂ψ = rg inΩ, (1)
ψ = ψ̄ on ∂Ω, (2)

where Ω denotes a domain bounded by a simple closed
curve ∂Ω in the r-z plane. Furthermore, g and ψ̄ are a
known function in Ω and on ∂Ω, respectively. In addition,
L̂ denotes the G-S operator defined by

L̂ ≡ ∂2

∂z2 + r
∂

∂r

(
1
r
∂

∂r

)
.

By following the standard manner of the DRM, we as-
sume that g is approximated as

g(r, z) =
N+M∑
l=1

αl ḡl(r, z), (3)

where N,M and αl are the number of boundary nodes, the
number of poles and the lth coefficient, respectively. Fur-
thermore, ḡl(r, z) is defined by

ḡl(r, z) =
2
c

(
1 +

rl

r
− 2

dl

c

)
e−

dl
c ,

where dl is defined by dl ≡ (r − rl)2 + (z − zl)2 and (rl, zl)
denotes the lth pole. Moreover, c is a constant.

By substituting (3) into the right-hand side of (1), the
G-S equation is transformed to the equivalent boundary-
only integral equation:

c(y)ψ(y)

−
∮
∂Ω

1
r

(
w∗
∂ψ (x(s))

∂n
− ∂w∗

∂n
ψ (x(s))

)
ds

=

L∑
l=1

αl

{
c(y)ψ̂l(y)

−
∮
∂Ω

1
r

(
w∗
∂ψ̂l (x(s))

∂n
− ∂w∗

∂n
ψ̂l (x(s))

)
ds

}
.

(4)
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Here, w∗ and ∂w∗/∂n denote the fundamental solution of
−L̂ψ = rδ (x(s) − y) and its normal derivative, respec-
tively. Furthermore, ψ̂l and ∂ψ̂l/∂n are the particular so-
lution of −L̂ψ̂l = fl and its normal derivative, respectively.
In addition, s indicates an arclength along ∂Ω and c(y) is a
shape coefficient defined by

c(y) = −
∮
∂Ω

1
r
∂w∗ (x(s),y)

∂n
ds.

It must be noted here that c(y) = 1 is exactly satisfied
for y ∈ Ω. This suggests that, for the case with y ∈ Ω, the
solution ψ(y) can be calculated from the solution ψ and its
normal derivative ∂ψ/∂n on the boundary ∂Ω. Therefore,
we have only to obtain ψ and ∂ψ/∂n on ∂Ω.

2.2. Discretization

For the purpose of obtaining ψ and ∂ψ/∂n on ∂Ω, let
us discretize (4) and (2). If N nodes are placed on ∂Ω,
RPIM shape functions ϕi’s [7] can be easily determined.
Furthermore, ψ, ∂ψ/∂n, ψ̂l and ∂ψ̂l/∂n are assumed as

ψ (x(s)) =
N∑

i=1

ϕi(s)ψi,

∂ψ (x(s))
∂n

=

N∑
i=1

ϕi(s) qi,

ψ̂l (x(s)) =
N∑

i=1

ϕi(s) ψ̂l
i,

∂ψ̂l (x(s))
∂n

=

N∑
i=1

ϕi(s) q̂l
i,

where ψi and qi are the solution on ith boundary node and
its normal derivative, respectively. Furthermore, ψ̂l

i and q̂l
i,

are the lth particular solution on ith boundary node and its
normal derivative, respectively.

Under the aforementioned assumptions, (4) and (2) are
discretized as the following equation:

Gq = Hu −
[
HÛ −GQ̂

]
F−1α. (5)

Here, u, q and α are defined by

u =
N∑

i=1

ψi ei,

q =
N∑

i=1

qi ei,

α =
M∑

i=1

αi e
∗
i ,

where {e1, e2, · · · , eN} and {e∗1, e∗2, · · · , e∗M} are the or-
thonormal system of the N-dimensional vector space and

that of the M-dimensional vector space, respectively. In
addition, H, G, Û, Q̂ and F are given by

H =
N∑

i=1

N∑
j=1

{∮
∂Ω

∂w∗(x(s),xi)
∂n

[
ϕ j(s) − δi, j

]
ds

}
ei e

T
j ,

(6)

G =
N∑

i=1

N∑
j=1

{∮
∂Ω

w∗(x(s),xi)ϕ j(s) ds
}
ei e

T
j , (7)

Û =
N∑

i=1

M∑
j=1

ψ̂l
i ei e

∗T
j ,

Q̂ =
N∑

i=1

M∑
j=1

q̂l
i ei e

∗T
j ,

F =
M∑

i=1

M∑
j=1

f j (x̂i) e∗i e
∗T
j ,

where xi and x̂i are the ith boundary node and ith poles,
respectively. In this way, the boundary-value problem of
the G-S equation is reduced to the problem in which (5) is
solved.

2.3. Determination of Matrices H and G

The BNM needs integration cells for calculating contour
integrals in (6) and (7). In contrast, in the X-BNM, contour
integrals in (6) and (7) are directly calculated by use of a
vector equation of the boundary ∂Ω.

The vector equation of ∂Ω is determined by means of
the following three steps. First, we determine the implicit-
function representation f (x) = 0 [8,9] for the curve passing
through all boundary nodes. Next, we numerically solve
the following ordinary differential equation:

dx
ds
= R

(
π

2

)
· ∇ f
|∇ f | , (8)

where R(θ) denotes a tensor representing a rotation
through an angle θ. Finally, the resulting P data points,
x(1),x(2), · · · ,x(P), are interpolated with the cubic spline.
In this way, we can get the vector equation x = g(s). Since
the vector equation of ∂Ω is represented as a function of
s, we can easily calculate contour integrals in (6) and (7)
without using integration cells in the X-BNM.

Even if the higher-order Runge-Kutta method is ap-
plied to (8), the numerical solution does not always satisfy
f (x) = 0. In order to resolve the above problem, Saitoh
et al. proposed the algorithm in which x(n+1) is calculated
from x(n) by use of the following four steps:

Step1 If the boundary node exists in the δs-neighborhood
of x(n), it is employed as x(n+1) instead of the execu-
tion of Steps 2-4. Here, δs is a constant.
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Step2 An approximate solution of x∗ at the (n + 1)th step
is modified by

x∗ = x(n) +R
(
π

2

)
·
[ ∇ f
|∇ f |

]
x(n)
δs.

Step3 In order to calculate an intersection of the straight
line x = x∗ + λ(∇ f )x∗ and the curve f (x) = 0, the
nonlinear equation f

(
x∗ + λ(∇ f )x∗

)
= 0 is solved by

using the Newton method.

Step4 The numerical solution x(n+1) is determined by
x(n+1) = x∗ + λ

(∇ f
)
x∗ .

The above three steps are repeated until the following ter-
mination conditions:

(i) G̃(x(n−1)) < 0 and G̃(x(n)) > 0.
Here, G̃(x) is defined by

G̃(x) ≡
{
R

(
π

2

)
·
[ ∇ f
|∇ f |

]
x

}
·
(
x − x(1)

)
.

(ii)
∣∣∣x(n) − x(1)

∣∣∣ < γ ∣∣∣x(2) − x(1)
∣∣∣ ,

where γ is a constant such that γ ≃ 1.

are fulfilled.

2.4. RPIM Shape Function

In many meshless methods, the moving least-squares
(MLS) approximation has been generally adopted as one of
the interpolation schemes. This reason is that shape func-
tions can be generated by using only the geometrical lo-
cation of boundary nodes. However, note that the shape
function with the MLS approximation (MLS shape func-
tion) does not satisfy the delta function property. In other
words, the MLS shape functionΦM

i (s) fulfillsΦM
i (s j) , δi, j

where δi, j is the Kronecker’s delta. This means that both
ψ(x(s j)) = ψ j and q(x(s j)) = q j do not satisfied. There-
fore, the number of unknowns equals twice as much as the
number of boundary nodes.

In order to resolve the demerit of the MLS shape func-
tion, the interpolation scheme used in the RPIM has been
proposed. By using the radial basis function ri(s) and the
monomial basis function pi(s), the shape function can be
determined. Then, the curve passing through all boundary
nodes is assumed as the approximate function. The approx-
imate function f h(s) of f (s) in the influence domain can be
written as

f h(s) = hi(s)
[
rT (s) b(s) + pT (s) a(s)

]
. (9)

Here, hi(s) is given by

hi(s) = H (1 − |s − si| /Ri) ,

where r(s) ≡ [r1(s), r2(s), · · · , rN(s)]T . In addition, Ri and
b(s) denote a ith support radius and a N-dimensional vector
such that all components are functions of s, respectively.

In order to determine a(s) and b(s), we enforce the in-
terpolation to satisfy the given value at boundary nodes as[

R(s) P(s)
PT (s) O

] [
b(s)
a(s)

]
=

[
f
0

]
, (10)

where R(s) and P(s) are defined by

R(s)=
N∑

i=1

hi(s) r(si) rT (si),

P(s)=
N∑

i=1

hi(s) ei p
T (si).

By solving (10) and substituting it into (9), we can get

f h(s) =
N∑

i=1

ΦR
i (s) f (si), (11)

where

ΦR
i (s)=

[
rT(s),pT(s)

] [ R(s) P(s)
PT (s) O

]−1[
ei

0

]
. (12)

Throughout the present study, ΦR
i (s) is called the RPIM

shape function. Since it has the Kronecker’s delta function
property, the number of unknowns is equal to the number
of boundary nodes.

3. Fast Calculation of Matrix-Vector Production

As is well known, coefficient matrices G and H become
asymmetric and dense. Therefore, we cannot solve (5) by
using stationary iterative methods. For this reason, the
GMRES method has been so far adopted as the solver of
(5) [10]. In order to further accelerate, the ACA is applied
to matrix-vector multiplications in the GMRES method.

In the ACA, a hierarchical structure, which is called a
cluster, is generated by dividing a coefficient matrix into a
sub-matrix based on a location of the focussed boundary
node. When the cluster distance is near, the sub-matrix is
stored as the usual matrix. In contrast, the sub-matrix is
approximated as a potential low-rank matrix for the case
where the cluster distance is far. When the ratio of the
number of the potential low-rank matrices to the number
of clusters is large, the matrix-vector production is com-
puted fast. As a result, the speed of the X-BNM becomes
fast.

4. Conclusion

We have proposed the approach for improving the per-
formance of the X-BNM by applying of the ACA. By using
the proposed approach, it will be able to apply the X-BNM
to a large-scale simulation.

As the future work, we will investigate its performance
numerically.
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Abstract—This paper presents a simple microscopic
model of defective conductors. The model consists of par-
ticles, particle guides, and switch boxes. The particles and
probabilistic switch boxes respectively represent electrons
and lattice defects scattering electrons. The model is con-
sidered as a probabilistic hybrid system since the scattering
is discontinuous change of continuous motion of electrons.
We have analyzed packets of probability distribution of the
particle location and found that the particles lose their ini-
tial momentum at around time 1/(1 − p), p : probability
that the switch boxes do not change particle direction, and
diffuse like random walkers.

1. Introduction

Hybrid systems are defined as systems consisting of both
continuous and discontinuous parts. Microscopically, con-
ductors including impurities and lattice defects scattering
electrons are considered as hybrid systems since scattering
is regarded as discontinuous change of continuous motion
of electrons. In this paper, assuming that the collision of
electrons against impurities and defects is completely elas-
tic, we will model such conductors with particles represent-
ing electrons, particle guides, and switches scattering the
particles at certain probability. We then analyze evolving
packets of probability distribution of the particle location
by referring to [1] and [2]. The model can be applied to
the analysis of propagation of sharp pulses on conducting
lines.

2. A Model and its Description

Figure 1 shows the proposed model. It contains particles
all of which move at equal speed. The model is built of
equal length guides on which the particles move and prob-
abilistic switch boxes in which the particles pass at prob-
ability p or return at probability 1 − p. Pairs of forward
and backward guides and the switch boxes are connected
alternately. Because of equal particle speed and one-way
guides, particles do not collide against each other.

Let l/v (l: guide length, v: particle speed) be normalized.
Then, location x of a particle is described by the following
discrete-time equation [1]:

x(n + 1) = x(n) + Γ(n) (1)

......

(a) Switch box

location i i+1i-1

guides

(b) Switch array

forward

backward

sw

box

Pass Return

Figure 1: Model structure.

where n is the integer independent time variable and {Γ(n)}
is a binary random sequence given by

Γ(n) ∈ {+1,−1}, (2)
Prob(Γ(n) = +1|Γ(n − 1) = +1) =

Prob(Γ(n) = −1|Γ(n − 1) = −1) = p, 0 < p < 1,
Prob(Γ(n) = +1|Γ(n − 1) = −1) =

Prob(Γ(n) = −1|Γ(n − 1) = +1) = 1 − p,

As p increases/decreases from 1/2, {Γ(n)} becomes colored
noise and contains more lower/higher frequency compo-
nents.

Let PF/B(i, n) denote a probability that a particle is at the
left / right input of a switch box at position i at time n.
Then, evolution of PF/B(i, n) is described similarly to [2] by

PF(i, n + 1) = pPF(i − 1, n) + (1 − p)PB(i + 1, n) (3)
PB(i, n + 1) = (1 − p)PF(i − 1, n) + pPB(i + 1, n) (4)

Now, the model is regarded as a kind of probabilistic cellu-
lar automata [3, 4, 5].

3. Numerical Experiments

We compute a probability that a particle is on a guide
at position i at time n on a condition that the particle is
at the left entrance of a switch box at position 0 at time
0. Figures 2 and 3 show wave packets of probability dis-
tributions PF(i, n)+PB(i, n) obtained by the numerical in-
tegrations of the probabilistic difference equation (1) with
(2) for 5000 particles and of the evolutional equation set of
the distribution, Eqs. (3), (4), for p = 0.95 and 0.99. The
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obtained distributions are regarded as a dispersion process
of an impulsive pulse propagating on a resistive conductor
with impurities and defects. Figures 4 (a) and (b) respec-
tively show the expectation of the particle location and the
variance of the distribution plotted against the time for p
= 0.95, 0.98, and 0.99. The plot points and the lines in
the figures are obtained respectively by the numerical inte-
grations of the probabilistic difference equation and of the
evolutional equation set.

4. Discussion

The continuum approximation of the model transforms
difference equation set (3) and (4) to the following differ-
ential equation [2]:{

(2p − 1)
∂2

∂t2 + 2(1 − p)
∂

∂t
− p
∂2

∂x2

}
P(x, t) = 0 (5)

where P is PF or PB, x and t are independent space and
time variables. When p = 1, Eq. (5) expresses lossless
wave systems. When p = 1/2, Eq. (5) represents diffusion
systems with no advective term.

We extend the range of P(x, t) from real to complex do-
main and let it be given by

P(x, t) = exp(γt + jkx), j2 = −1 (6)

Substituting Eq. (6) into Eq. (5), we obtain the following
characteristic equation:

(2p − 1)γ2 + 2(1 − p)γ + pk2 = 0 (7)

with its characteristic exponent given by

γ = α ± jω, (8)

α = − 1 − p
2p − 1

, ω =

√
(2p − 1)pk2 − (1 − p)2

(2p − 1)

When the dissipation of the wave system (5) is very
small, that is, the coefficient of the first-order derivative
term is 2(1 − p) ≈ 0, speed of the wave propagation is ω/k
=
√

p/(2p − 1). When 2(1 − p) > 0, the time constant of
attenuation of the wave is τ = (2p− 1)/(1− p) ≈ 1/(1− p).
At around the time, propagating components almost dis-
appear and dispersed components remain. Then, the par-
ticles on the model lose their momentum at around time n
= 1/(1 − p) and the particle distribution spreads around lo-
cation i = (ω/k)τ/2 = 1/2/(1 − p). This estimation agrees
with the results shown in Fig. 4(a). When wave packets dis-
tribute in space with width σ = k−1 =

√
(2p − 1)p/(1 − p)

≈ 1/(1 − p), we find ω = 0 from Eq. (8). Then, they can
not propagate. The deviation of the distribution of the par-
ticles presented in Fig. 4(b) is roughly σ at time τwhen the
particles lose their momentum.

5. Conclusions

We have analyzed packets of probability distribution of
the particle location, that is the statistical behavior of the
particles, on a hybrid systems consisting of pairs of for-
ward and backward guides and switch boxes. As a result
of the analysis, we have found that the particles lose their
momentum at around time n = 1/(1 − p) and diffuse like
random walkers.
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Figure 2: Probability distributions of particle location (p = 0.95).
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Abstract—When a common non-periodic signal injects
to non-linear oscillators, it exhibits synchronization phe-
nomena. This phenomena is called as an injection locking
for some oscillators against the external force. In general,
it supposes that all oscillators are identical. Therefore, the
discussion of the case where the oscillators are not iden-
tical is not sufficient. Then, we investigate a relationship
between individual difference and synchronization. We ex-
periment with the relaxation oscillator circuit having indi-
vidual differences.

1. Introduction

When a common noise is injected into oscillators, the
oscillators exhibit synchronization phenomena[1]. Such
phenomenon is called a noise-induced synchronization.
Teramae and Tanaka analyzed the noise induced synchro-
nization phenomena numerically and theoretically when a
white noise is induced into the oscillators[1]. Also, the
synchronization phenomena are observed too in the case
where the colored noise is induced[2][3]. The noise in-
duced synchronization is confirmed by an implementation
circuit[4][5].

The noise induced synchronization phenomenon is real-
ized that the oscillators are driven by the common noise
signal. In other words, the oscillators are not dependent
on the initial value. In the precedence research, the syn-
chronization state of the oscillators is measured by Lya-
punov exponents[1][6][5]. However, if each oscillator has
some differences, the discussion of the synchronization is
not sufficient. Such differences prevent the oscillators syn-
chronization. To develop engineering applications by the
noise synchronization, we have to clarify the relationship
between the oscillator mismatching and the synchroniza-
tion.

In this article, we consider the effect of individual differ-
ence of oscillators. Our objective oscillator is a piecewise
linear relaxation oscillator that can be analyzed by exact
solution. Also, an implementation of the relaxation oscil-
lator is easily. By using such relaxation oscillator, we in-
vestigate the noise synchronization phenomena in the case
where each oscillator has parameter mismatching. By us-
ing the implementation relaxation oscillators, we observe

the oscillator state depending on the individual difference.
We develop the noise generator to apply the external force
to the oscillators. The generator can change the range of
the values that is a uniform distributed noise. By using this
generator, we investigate the effect of the variation of the
external force noise signal.

2. Relaxation oscillator with a time variant threshold

In order to clarify the synchronization phenomena of the
relaxation oscillators, when the common non-periodic ex-
ternal force is injected, we measure the synchronization
status. Figure 1 shows a circuit diagram of the relaxation
oscillator. The oscillator consists of a piecewise linear
bipolar hysteresis element. The threshold of hysteresis is
driven by a binary optical signal. The system injects the
external force by the optical signal in order to insulate be-
tween each oscillator circuit. This circuit is regarded as a
electric firefly (EFF)[7]. Therefore, this relaxation oscilla-
tor circuit is called an EFF in this article.

The circuit equations of the EFF are shown in the fol-
lowing equations.

C(R1 + R2) d
dt vc(t) = −vc(t) + vo(t),

vo(t) =

+E vc(t) < vs(t)
−E vc(t) > vw(t)

,
(1)

 vs(t) =

Ea1 u(t) is 1
Ea2 u(t) is 0

,

vw(t) = Eb,
(2)

{
a1 = −b = (VR4 + R5)/(R3 + R4 + R5)
a2 = (VR4 + VR5)/(R3 + R4 + VR5) , (3)

where, VR4 ∈ [0, 1k], VR5 ∈ [0, 100k] is the variable re-
sistor. vc(t) is a capacitor voltage, vo(t) denotes a binary
output voltage. These vc(t) and vo(t) are internal state vari-
able of the EFF. vs(t) and vw(t) are the upper threshold and
the lower threshold of the bipolar hysteresis, respectively.
vs(t) is changed by the external force u(t).

Here, we consider the following conversion.

τ =
t

RC
, x =

vc

E
, y =

vo

E
, S =

vs

E
, W =

vw

E
(4)
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Figure 1: EFF circuit diagram.

By using the above conversion, we derive the normalized
equation. The normalized equation is described by

d
dτ x(τ) = −x(τ) + y(τ),

y(τ) =

1 x(τ) < S (τ)
−1 x(τ) > W(τ)

,
(5)

 S (τ) =

a1 u(τ) is 1
a2 u(τ) is 0

,

W(τ) = b,
(6)

where, x(t) denotes a state variable of the relaxation oscil-
lator, y(t) denotes a bipolar hysteresis output. S (t) and W(t)
are threshold of the binary hysteresis. S (t) is time-variant
that is driven by a external force of u(t). EFF has three
threshold parameters a1, a2, and b.

u(t) is described by the following equation.

u(τ) =

0 τn ≤ τ < τn + rnhn

1 τn + rnhn ≤ τ < τn+1
, n ∈ N, (7)

τn+1 = hn + τn, (8)

where, u(τ) = 1 means the light injected state, and u(τ) = 0
is the light non-injected state. τn denotes a start timing of
the n-th pulse, hn > 0 denotes an interval of the n-th pulse,
and rn ∈ (0, 1) denotes a duty rate of the n-th pulse.

This oscillator has a long-period oscillation mode and a
short-period oscillation mode. These oscillation modes are
switched by the external force.

3. The response to non-periodic external force

In this section, we investigate the response of the re-
laxation oscillator, when a common non-periodic external
force is injected. The non-periodic external force is a pulse
waveform that has random period, and the duty rn of the
pulse is fixed to 0.5. The distribution of the random peri-
ods corresponds to the frequency distribution in the exter-
nal force.

Figure 2: Experimental system.

Figure 2 shows the experimental system. Our developed
signal generation circuit generates the common external
force. The signal generator is configured by the Arduino
Uno. The signal generator derives a light signal into the
EFF. The data logger (GRAPHTEC GL900-4) records the
oscillation states of EFFs and the external force signal. For
accurate measurements, each recording channel of the data
logger must be insulated each other. The used data logger
satisfies this requirement.

3.1. EFFs of small individual differences

In this section, we investigate the synchronization phe-
nomena when EFFs have small individual differences.

First, we measure the characteristics of EFFs where the
external force is a constant. In other words, u(τ) = 0 or
u(τ) = 1. Table 1 shows the measured oscillation period of
each EFF. In this table, ‘on’ denotes the oscillation period
of long-period oscillation mode, ‘off’ denotes the oscilla-
tion period of short-period oscillation mode. The oscilla-
tion period of each EFF will almost match.

We measure synchronization phenomena when a non-
periodic pulse is injected into EFFs. The pulse interval of
the non-periodic external force is driven by uniform distri-
bution random noise. The pulse interval τn is fluctuated as
the following equation.

hn = T + Uniform(−∆T, ∆T ), (9)

hn is a uniform distribution random number in the range
form T − ∆T to T + ∆T , and the expected value is T . ∆T
is varied from 0[ms] to 30[ms] in interval at 10[ms]. The
excepted period T is varied form 150[ms] to 300[ms] in
interval at 1[ms]. The data logger records the measurement
data. The sampling interval is 1[ms], and the measurement
time is 3[min].

Next, we calculate the temporal correlation coefficients
of the outputs to investigate the synchronization state. Fig-
ure 3 shows the temporal correlation coefficients between
each EFF and the external force. Figure 4 shows the tem-
poral correlation coefficient between each EFF. cci, j i, j ∈
{1, 2, 3, EF} denotes the temporal correlation coefficient
between i and j. If two signals are in-phase synchroniza-
tion state, the temporal correlation coefficient is 1. We con-
sider the relationship between the external force and each

- 833 -



Table 1: Oscillation period (individual difference is small)

Oscillation period[ms]
on off

EFF1 250.1 200.2
EFF2 250.1 200.1
EFF3 250.0 200.0

EFF. Figure 3a is a case that the periodic external force is
injected. Each EFF and the external force are synchronized
when the period of the external force is from 200[ms] to
300[ms]. The synchronization range is narrow when ∆T
is large. We investigate the synchronization between each
EFF. Figure 4a shows the case where a periodic external
force is injected Each EFF is synchronized when the pe-
riod of the external force is from 200[ms] to 300[ms]; This
is consistent with the synchronization range of the exter-
nal force and each EFF. In addition, the synchronization
observed in the other range. The cause is that the EFF
driven by the periodic external force has multiple stable
states. Therefore, if each EFF has the same stable state,
EFF archives a synchronization. In addition, each EFF
has a stable state when the period of external force is from
200[ms] to 250[ms]. Therefore each EFF is synchronized
with each other in this case. If ∆T is large, the temporal
correlation coefficient increased. That is, when the varia-
tion of the external force is large, the synchronization can
be easily induced.

Results of the average period indicate that the EFF has
the same response to the external force. Almost synchro-
nization in this system is in-phase synchronization. The
in-phase synchronization range of EFF is large, when the
variance of the external force is large. In the case where
the individual difference of EFF is small, these observed re-
sults indicate that the variation in external force is affected
to induce in-phase synchronization.

3.2. EFFs of large individual differences

Next, we consider the case where the individual differ-
ence is large. First, we measure the characteristics of EFFs
where external force is constant. Table 2 shows the oscilla-
tion period of each EFF. Each EFF has a different oscilla-
tion period.

We inject the uniform distribution signal into the EFF
that has a large individual difference. ∆T is varied from
0[ms] to 30[ms] in interval at 10[ms]. The excepted period
T is varied form 150[ms] to 300[ms] in interval at 1[ms].
The data logger records the measurement data. The sam-
pling interval is 1[ms], and the measurement time is 3[min].

To investigate the synchronous state, we calculate the
temporal correlation coefficients of the output time series.
Figure 5 shows the temporal correlation coefficients be-
tween each EFF and the external force. Figure 6 shows the
temporal correlation coefficients between each EFF. The
correlation coefficients between each EFF and the external

Table 2: Oscillation period (individual difference is large)

Oscillation period[ms]
on off

EFF1 250.1 200.1
EFF2 255.2 205.1
EFF3 245.0 195.0

force are the same tendency as if the individual difference
is small. However, in-phase synchronization range of the
external force and the EFF is different for each EFF. The
synchronization range between each EFF is the only over-
lapping area of the synchronization range between each
EFF and the external force. If ∆T is large, the trend is
similar. In addition, when ∆T is large, the synchronization
range between each EFF becomes narrow. In other words,
the variation of the external forces interferes with the syn-
chronization. This situation is quite different from the case
where the individual difference is small.

The synchronization range is given by the overlap range
of all EFF and the external force in the case where the in-
dividual difference is large. In addition, the variation of the
external force interferes with the synchronization. There-
fore, the synchronization range becomes narrow.

4. Conclusions

In this article, we observed the synchronization phenom-
ena in the EFF whose threshold driven by the common non-
periodic external force. As a result, we have been con-
firmed the synchronization phenomena between the EFF
with the common non-periodic external force. In the case
where the individual difference is small, we confirmed that
the synchronization range is wide. In this case, the syn-
chronization range has been extended by the variation of
the external force. If the individual difference is large, the
synchronization range is narrow. In addition, the variation
of the external force affects to narrow the synchronization
range. Thus, the influence of the variations in the exter-
nal force is different from the individual differences of the
oscillators.

We will derive the synchronization condition theoreti-
cally in the future.
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Figure 3: Temporal correlation coefficient between each EFF and external force (individual difference is small).
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Figure 4: Temporal correlation coefficient between EFFs (individual difference is small).
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Figure 5: Temporal correlation coefficient between each EFF and external force (individual difference is small).
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Abstract—Creatures with rhythm phenomenon is
shown mutual emphasis and combination, this is called
synchronization phenomenon that is one of typical phe-
nomenon in nonlinear systems. As the example of creatures
causing synchronization phenomenon, there are group
emissions of light of fireflies and chorus of crickets [1] [2]
[3]. In this paper, we observe bifurcation phenomenon of
periodic solutions on forced LED fireflies that constructed
from an RC square wave generator with a periodic exter-
nal force in order to simulate the synchronization of fire-
flies. On forced LED fireflies, characteristic periodic solu-
tions called isolation periodic solution is observed at broad
parameter regions. It can be considered these solutions
causes synchronization phenomenon. Waveforms and pe-
riods of them are changed by border-collision bifurcations
that are occurred by varying the frequency of an external
force. Moreover, chaotic waveforms are observed at cer-
tain parameters. There can observe chaos waveform by a
certain parameter.

1. Introduction

There is the autonomous oscillation is called rhythm
phenomenon in creatures such as respiration and heart
beat[1] [2] [3]. For example, there are the group singing
of crickets, collective emission of fireflies and so on. In
previous studies, in order to simulate the synchronization
of fireflies, we proposed an electronic firefly circuit that
constructed from an RC square wave generator and ana-
lyzed the synchronization in the mathematical model. We
observe the bifurcation phenomena of periodic solutions in
electronic firefly circuit with the periodic external force.
Part of firefly is synchronized by light, is implemented by
applying the phototransistor to square wave oscillator cir-
cuit, can be observed synchronization phenomena similarly
the fireflies in the real world. On forced LED fireflies are
six in total, rhythm of emission upon binding the circuit
to each other depending on the type of circuit is synchro-

nized with same phase or reverse phase. Moreover, bifur-
cation phenomena on qualitative nature of the time wave-
form with a change of the parameters by using the Brute
force method in Ito et al reported was also observed. How-
ever, the analysis of the electronic firefly in the prior studies
have used mainly numerical analysis in mathematical mod-
els based on the ideal nature of the electronic circuit fire-
flies have been made. In this study, in the study the bifur-
cation phenomena of periodic solutions in electronic firefly
under periodic external force, to perform numerical exper-
iments and circuit experiments confirm the reasonableness
of the phenomenon of a phenomenon and the actual circuit,
which is observed in the ideal mathematical model to. In
laboratory experiments, the light of any frequency is ap-
plied to the phototransistor of the electronic firefly circuits
are compared with the results of simulation in a computer
by using a function generator. In electronic circuits fire-
fly plus a periodic external force is referred to as isolated
periodic vibration, characteristic periodic solutions are ob-
tained, they may be at different synchronization area occurs
to cause a bifurcation. Therefore, the bifurcation of isolated
periodic solution causes the confirmation of analysis of the
phenomenon by using a computer experiment using the nu-
merical methods, to observe the same phenomenon in the
subsequent circuit experiment.

2. Electronic firefly circuit

We consider electronic firefly circuit. It is E with the
maximum of the power supply voltage, circuit equation for
the capacitor potential v is expressed by the following equa-
tion (1).

C1
dv
dt

=


− v

R2
if v ≥ αE

−v − E
R2

if v ≤ βE
(1)
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Figure 1: Electronic firefly circuit，Type A．

The following equation (1) is normalized circuit equation
(2).

dx
dτ
=

{
−x if x > α
1 − x if x < β (2)

(t = C1R2τ, v = Ex) (3)

And since it is, the threshold α, β is represented by the
following equation (4).

αoff|on =

1
R3
+

1
R5

1
R3
+

1
R4
+

1
R5

βoff|on =

1
R5

1
Roff|on

+
1

R4
+

1
R5

(4)

(Roff|on = R3|
R3r3

R3 + r3
)

An example of the capacitor potential to change by the peri-
odic external force in electronic firefly (Type A) it is shown
in Fig.2. The trajectory of the capacitor potential x(t).
When electronic firefly detects the light input, the thresh-
old change from βoff to βon, according to the light it can
be changed the threshold. Because, the photo-transistor is
turned on, whereupon the combined resistance of the volt-
age divider circuit is reduced, as a result of the threshold β
is lowered by Eq.(4).

2.1. Isolated periodic solution

On forced LED fireflies exist isolated periodic solutions
that are periodic solutions occur in the synchronization
phenpmenon. The isolated periodic solution is periodic so-
lution that asymptote a periodic solution in certain param-
eters, feature point exists single solution in solution orbit.
The feature point, causing the synchronization phenomena
becomes a phase lock. For example, we consider discharge
capacitor, switch on optical input and βon < x(t) < βoff
in the threshold. Light input is on, so after a solution orbit

Figure 2: Capacitor potential to change by the periodic ex-
ternal force，Orbit of the capacitor potential x(t)，periodic
T．

reached βon, a solution orbit will be a turn charge mode, but
when light input is switched over off, a minimum threshold
value is switched over to βoff . However, because of the
x(t) < βoff , so that the switch at the same time the circuit
state is also to match it to the charging state. As a result,
the circuit state x(t) is a lower limit threshold βoff , βon of
neither, in the intermediate value (x0). When the Light in-
put is switched so that the charging and discharging switch
simultaneously.

Figure 3: Isolated periodic waveform，αoff = αon =

0.7577，βoff = 0.5155，βon = 0.0021，T = 4.0．

2.2. Border–Collision bifurcation

x0 is to move to the top and the bottom with the param-
eter change in the parameter I present with isolation peri-
odic solution, and structural stability is maintained. How-
ever when movement of x0 with a parameter change finally
reaches the threshold alpha and beta, the isolation periodic
solution can’t exist and become extinct. This phenomenon
is called Border-Collision bifurcation. It is one of dynamic
typical in the large bifurcation phenomena with the inter-
mittent special quality. Two threshold values by which a
threshold value is off, on exist by an electronic firefly cir-
cuit of this research, x0 saves and reaches those for a pos-
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sibility that Border-Collision bifurcation happens. When
doing, it occurs. In other words, it’s clear that branch with
two patterns can happen.

Figure 4: Border–Collision bifurcation，βoff = x0．

Figure 5: Border–Collision bifurcation，βon = x0．

2.3. Special response of electronic firefly circuit

Figure 6 shows the steady-state response time waveform
with parameter α = 0.9, βoff = 0.7, βon = 0.5 and T =
0.8. From the figure, the turning point at the edge is seen
multiple. However, they take all different positions, it is
not observed periodicity in the time response waveform.
Moreover, it was shown in the literature, unlike other non-
periodic waveform, called a quasi-periodic waveform, it is
considered to be chaotic phenomena. Compared to Fig.3,
it can be seen that the threshold x0 is in irregular values.

3. Bifurcation analysis

We consider doing circuit implementation using a pa-
rameter in Fig.3 and observing isolation periodic wave-
form. In addition, changing the frequency of light, we ob-
serve occur Border-Collision bifurcation. The parameter is
as follows.

Comparator : LM741CM, C1 = 1µF, R2 = 1MΩ,
R3 = R4 = 100kΩ, R5 = 47kΩ, r3 = 100Ω (5)

αoff = αon = 0.7577, βoff = 0.5155, βon = 0.0021 (6)

Figure 6: Chaos waveform，αoff = αon = 0.9，βoff = 0.7，
βon = 0.5，T = 0.8．

Optical input waveforms from the top, the circuit of the out-
put waveform, and has a capacitor voltage. Minus line, the
threshold βoff , βon, and isolated periodic solution x0. As the
procedure of the experiment, the frequency of the circuit is
fixed, the value of isolated periodic solutions by changing
the frequency of the lighting a function generator. First,
there are isolated periodic solutions under the conditions in
Fig.3, therefore we could confirm the same waveform as
the computer experiment. Fig.8 is increasing frequency of
the light by Fig.7. x0 and βoff are the same value mostly. In
other words, Fig.8 shows the Border-Collision bifurcation,
it is changing the stationary property of the system. As a
result, focusing the output waveform of the optical input
and the circuit, it is not synchronized with an edge.

Figure 7: Isolated periodic waveform，βoff = 0.5155，
βon = 0.0021，T = 0.111．

Next, when we set an appropriate parameter in a math-
ematics model by Fig6, we showed that a chaos phe-
nomenon was observed in a real circuit. The parameter is
as follows.

Comparator : LMC6482,C1 = 1µF, R2 = 100kΩ,
R3 = 62kΩ, R4 = 82kΩ, R5 = 11kΩ, r3 = 16kΩ (7)

αoff = αon = 0.9073, βoff = 0.7583, βon = 0.5627 (8)

However, the parameter is a little different than computer
experiment by error of element. Fig.9,10 can be analyzed
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Figure 8: Border–Collision bifurcation，βoff = 0.5155，
βon = 0.0021，T = 0.103．

irregular same as the computer experiment. Turning points
are located between βoff and βon while those points can’t
observe periodicity. In other words, the time waveform is
chaotic waveforms, it agrees very well with the results of
numerical experiments.

Figure 9: Chaos waveform，αoff = αon = 0.8977，βoff =

0.7624，βon = 0.5002，T = 1.8．

Figure 10: Chaos waveform，αoff = αon = 0.8977，βoff =

0.7624，βon = 0.5002，T = 1.8．

4. Conclusion

In this paper, we conducted experiments on forced LED
fireflies to simulate Synchronization phenomenon of the
fireflies. There is called isolation periodic waveform ob-
served in Synchronization phenomenon on forced LED

fireflies. Additionally, when it changes parameter of the
threshold, there can ascertain border-collision bifurcations.
There confirmed chaos waveform by a certain parameter.

In the future works, we try designing the new electronic
firefly circuit and observing synchronization phenomenon
with the new circuit and the current circuit.
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Abstract—In this study, we consider drive-response of
a coupled system of three dimensional piecewise-constant
oscillators (PCOs). The oscillator consists of three linear
capacitors, three voltage-controlled current sources with
signum characteristics, and a rectifier diode. We construct
a simple drive-response system of 3-D PCOs with master-
slave couplings. We confirmed that the system exhibited
chaotic generalized synchronization. In this paper, we dis-
cuss the chaotic generalized synchronization of piecewise-
constant systems and confirm typical phenomena by labo-
ratory experiments and rigorous solutions.

1. Introduction

Coupled oscillators are good models to explain com-
plex nonlinear phenomena of nature and society. Chaotic
synchronization [1] is an interesting problem for various
fields such as physical, biological, and electrical engi-
neering. Many reports of the synchronization of coupled
chaotic systems have been released. Such synchroniza-
tion includes some concepts such as complete synchroniza-
tion X2(t) = X1(t), lag synchronization X2(t) = X1(t + τ),
and generalized synchronization X2(t) = G [X1(t)], where
X1 and X2 mean state variables of coupled oscillators. In
this study, we will focus on generalized synchronization.
In previous works, same interesting discussions have been
provided by using numerical analysis and electrical circuit
experiments [2, 3]. However the analysis often are dif-
ficult, because its complex behaviors. Then we consider
a coupled system of third order piecewise-constant oscil-
lators (3-D PCOs) [4]. Piecewise-constant oscillator is a
simple switched dynamical system, and it exhibits some
interesting nonlinear phenomena. The system can be an-
alyzed by using rigorous solutions, because the dynamics
is dominated by piecewise-constant vector fields. We ob-
served generalized chaotic synchronization of the proposed
system in laboratory, and confirmed the appropriateness by
rigorous solutions. In this paper, we provide more detailed
analysis and consider the bifurcations. In the Sec. 2, we
explain the 3-D PCO. In Sec. 3, the drive-response cou-
pled system of 3-D PCOs is represented. In Sec. 4, we
show typical results of laboratory measurements and rigor-
ous solutions. This paper is concluded in Sec. 5.

𝑖2 𝑖3 

𝐶1 𝐶2 𝐶3 𝑣1 𝑣2 𝑣3 

𝑖𝑑1 

+ + + 

− − − 

𝑖1 

Figure 1: Block diagram of 3-d Piecewise-Constant Oscil-
lator.

𝑖3 = 𝐼𝑠3 ⋅ sgn(𝑣1) 

𝑣1 

𝑖3 

0 

𝐼𝑠3 

−𝐼𝑠3 

𝑖𝑑 

𝑣3 
𝐸 0 

(𝑎) (𝑏) (𝑐) 

Figure 2: The symbol and characteristics.

2. 3-D piecewise-constant oscillator with a diode

In this section, we explain a 3-D piecewise-constant os-
cillator with a diode, and show typical behaviors on phase
space. The block diagram of the system is shown in Fig.
1. The oscillator consists of three capacitors, three voltage-
controlled current sources (VCCSs) with signum character-
istics as shown in Fig. 2(a), and a rectifier diode which has
an ideal characteristic as shown in Fig. 2(c). The dynam-
ics of the system is described by two differential equations
and idealized switching of the diode. When the diode is
ON (id = Is3 · sgn(v1) > 0), the dynamics is represented as
follows,


C1

dv1

dt
= Is1 · sgn(v2 − E),

C2
dv2

dt
= Is2 · sgn(v2 − v1),

v3 = E,

(1)
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and when the diode is OFF (v3 < E), the dynamics is as
follows, 

C1
dv1

dt
= Is1 · sgn(v2 − v3),

C2
dv2

dt
= Is2 · sgn(v2 − v1),

C3
dv3

dt
= Is3 · sgn(v1).

(2)

The dynamics (1) and (2) are rewritable as follows,
ẋ = sgn(by − 1),
ẏ = sgn(y − ax),
z = 1,

(3)


ẋ = sgn(by − z),
ẏ = sgn(y − ax),
ż = sgn(x),

(4)

by using following normalized variables and dimensionless
parameters.

a =
C2Is1

C1Is2
, b =

C3Is2

C2Is3
, τ =

Is3

C3E
t, ẋ =

d
dτ

x,

x =
C1Is3

C3Is1

1
E

v1, y =
C2Is3

C3Is2

1
E

v2, z =
1
E

v3.
(5)

The switching condition is also renewed as follows, if z =
1, then OFF(4) → ON(3), and if x = 0, then ON(3) →
OFF(4). Typical behavior of 3-D PCO is shown in Fig. 3.
Some chaotic attractors are observed.

𝑖2 𝑖3 

𝐶1 𝐶2 𝐶3 𝑣1 𝑣2 𝑣3 

𝑖𝑑1 

+ + + 

− − − 

𝑖1 

𝑖5 
𝑖3 

𝐶4 𝐶5 𝐶6 𝑣4 𝑣5 𝑣6 

𝑖𝑑2 

+ + + 

− − − 

𝑖4 

𝑖𝑐 = 𝐼𝑠𝑐 ⋅ sgn 𝑣2 − 𝑣5  

Drive system 

Response system 

Figure 4: Coupled system block diagram.

3. A drive-response coupled system of 3-D PCOs

In this section, we explain a drive-response coupled sys-
tem of 3-D PCOs. The block diagram is shown in Fig. 4.
The upper circuit is a drive system, and the lower circuit is
a response system.

The coupling factor ic is given by difference between v2
and v5,

ic = Isc · sgn(v2 − v5). (6)

The normalized differential equations of the coupled sys-
tem are represented as follows,


ẋd = sgn(bdyd − 1),
ẏd = sgn(yd − ad xd),
zd = 1,

(7)


ẋd = sgn(bdyd − zd),
ẏd = sgn(yd − ad xd),
żd = sgn(xd).

(8)


ẋr = sgn(bryr − 1),
ẏr = sgn(yr − ar xr) + ε · sgn(yd − γyr),
zr = 1,

(9)


ẋr = sgn(bryr − zr),
ẏr = sgn(yr − ar xr) + ε · sgn(yd − γyr),
żr = sgn(xr).

(10)

ad, bd, ar and br are circuit parameters of each systems, γ is
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Figure 5: The phase portrait of laboratory measurements. 1st row: horizontal division [1V], vertical division [0.5V]. 2nd
row: horizontal division [1V], vertical division [0.2V]. 3rd row: horizontal division [1V], vertical division [1V]. 4th row:
horizontal division [0.2V], vertical division [0.2V].

a ratio of coupled elements, and ε is a coupling strength.

τ =

√
Is6Is3

C3C6E
t, xd =

√
C2

1Is3Is6

C3C6I2
s1

1
E

v1,

yd =

√
C2

2Is3Is6

C3C6I2
s2

1
E

v2, zd =

√
C3Is6

C6Is3

1
E

v3,

xr =

√
C2

4Is3Is6

C3C6I2
s4

1
E

v4, yr =

√
C2

5Is3Is6

C3C6I2
s5

1
E

v5,

zr =

√
C6Is3

C3Is6

1
E

v6, ad =
C2Is1

C1Is2
, bd =

C3Is2

C2Is3
,

ar =
C5Is4

C4Is5
, br =

C6Is5

C5Is6
, γ =

C2Is5

C5Is2
, ε =

Isc

Is5
.

(11)

Switching condition of each systems differential equations
are also renewed as follows, for drive system if zd = 1, then
OFF(8) → ON(7), and if xd = 0, then ON(7)→ OFF (8),
and for response system, if zr = 1, then OFF(10)→ ON(9),
and if xr = 0, then ON(9)→ OFF(10). The coupled sys-
tem exhibits the complete synchronization if the parameter
condition satisfies follows,

ad = ar, bd = dr, γ = 1, ε >> 1. (12)

4. Circuit experiments and rigorous solution

In this section, in order to consider chaotic generalized
synchronizations, we prepare a second response system.
The construction and parameters of the 2nd response sys-
tem are same as 1st one, but thier initial conditions are dif-
ferent. The parameters of the 1st and 2nd response system
are a′r ≈ ar, b′r ≈ br, γ

′ ≈ γ, and ε′ ≈ ε. If the drive-
response system exhibits the complete synchronization, 1st
and 2nd response systems also synchronize completely. In
the laboratory measurements, we observed two cases de-
pended on the parameter mismatch between br and bd:

1. All response systems are synchronized, that is com-
plete synchronization.

2. The 1st and 2nd response systems are synchronized,
but the drive system is not synchronized, that is gen-
eralized synchronization.

In the case where parameter mismatch is sufficiently small,
we can observe experimental measurements as shown in
Fig. 5(a). In the case where parameter mismatch is rel-
atively large, we also observe attractors as shown in Fig.
5(b). The coupled states yd and yr are synchronized re-
gardless of the magnitude of the parameter mismatch. The
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Figure 6: Rigorous solution. The parameters are ad =

4.4, bd = 0.3334, br = 0.3444.

phase portraits of rigorous solution are shown in Fig. 6.
The results are qualitatively consistent with the Fig. 5(b).

We confirmed the transition of the synchronization re-
late to the parameter mismatch between the drive system
and both response systems, by using the cross-correlation
coefficients.

Cxdr =

∑M
i=0(xdi − x̄d)(xri − x̄r)√∑M

i=0(xdi − v̄d)2∑M
i=0(xri − x̄r)2

. (13)

The cross-correlation coefficients of 1st response system
versus the drive system (Cxdr,Czdr) and 2nd response sys-
tem (Cxrr,Czrr) are represented in Fig. 7. If the parame-
ter mismatch is small, both response systems are synchro-
nized. By increasing the parameter mismatch, the corre-
lation coefficients of 1st response system versus the drive
system decreasing, but one of both response systems does
not decreased until br = 0.353. It is generalized synchro-
nization. If the parameter mismatch is further increased, it
goes to asynchronous.

5. Conclusion

We consider drive-response system with 3-D piecewise-
constant oscillators. On the laboratory measurements
and rigorous solutions, the proposed system are observed
to exhibit the synchronization phenomena when coupling

-0.2
 0.2
 0.6

 1

 0.34  0.36  0.38  0.4

C

br

ad=ar=4.4,bd=0.4

Cxrr
Cxdr
Czrr
Czdr

Figure 7: One-parameter bifurcation diagram. Horizontal:
the parameter of the 1st response system br, vertical: cross-
correlation coefficients.

strength is sufficient stronger. We observed transition of
cross-correlation coefficients with increasing the parameter
mismatch between drive and response systems. Therefore,
we confirmed bifurcation to the asynchronous via the gen-
eralized synchronization from the complete synchroniza-
tion. In the future, we will analysis using the Lyapunov
exponent.
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1. Abstract

We, first, experimentally stabilize a quasi-periodic orbit
in a switched-capacitor asymmetric 3-neuron chaotic neu-
ral network (CNN) circuit through a pole-placement con-
trol. The test method for quasi-periodicity suitable for
noisy data is used to confirm the results. Second, we extend
the 3-neuron CNN to a 5-neuron CNN. From the numeri-
cal simulations, we confirm the effectiveness of the control
procedure to stabilize an unstable quasi-periodic orbit in
the 5-neuron CNN.

2. Introduction

Chaos controls aim at stabilization of an inherent un-
stable periodic orbit in the chaotic attractor. An example
of such chaos control methods is the OGY method pro-
posed by Ott, Grebogi, and Yorke [1]. Another example is
the delayed feedback control method proposed by Pyragas
[2]. Unlike these chaos controls, Ichinose et al. proposed a
method to stabilize an unstable quasi-periodic orbit instead
of the periodic one [3][4].

They demonstrated the stabilization of the unstable
quasi-periodic solution using the pole placement method
[5] in an asymmetric chaotic neural network (CNN) [6]
through numerical simulations. However, the effectiveness
of the proposed method has not been confirmed by phys-
ical experiments. In [7], we constructed the asymmetric
CNN with 3 chaotic neurons using a switched-capacitor
circuit technique in order to experimentally observe the sta-
bilization of the quasi-periodic orbit. The experimental re-
sults confirmed that the stabilization technique is effective
in real systems with noise and mismatches among circuits
elements.

In this paper, we first continue the circuit experiments
with the 3-neuron CNN with different set of the parameter
values from that in [7]. Second, we extend the 3-neuron
CNN to a 5-neuron asymmetric CNN. Then, we confirm
the stabilization of the quasi-periodic orbits through nu-
merical simulations.

3. Stabilization of an unstable quasi-periodic solution
in the asymmetric CNN

The chaotic neural network (CNN) used below is based
on the chaotic neural network model proposed in [6], but
we introduce an asymmetric mutual connections among
neurons. The asymmetric CNN with 3 chaotic neurons [7]
is defined as

x1(n + 1)=kx1(n) − (α − β)y1(n) + a

−β+d
2

y3(n)− β−d
2

y2(n)+F · u(n), (1)

x2(n + 1)=kx2(n) − (α − β)y2(n) + a

−β+d
2

y1(n)− β−d
2

y3(n)+F · u(n), (2)

x3(n + 1)=kx3(n) − (α − β)y3(n) + a

−β+d
2

y2(n)− β−d
2

y1(n)+F · u(n), (3)

where xi(n) (i = 1, 2, 3) is the internal state of the neuron
i at discrete time n, yi(n) = f (xi(n)) is the output of the
neuron i, k is a refractory decay constant, α is a scaling pa-
rameter of the refractoriness, a is an external input, β is the
basic coupling strength, d introduces the asymmetric con-
nection strength, u(n) is a control input, and F is a control
gain.

The output function f (·) is sigmoidal and given by

f (x) =
1

1 + e−x/ε , (4)

where ε gives the steepness of the function. When u(n) = 0,
i.e., without control, the CNN given by Eq. (1) to Eq. (3),
has a complete synchronized solution of x1(n) = x2(n) =
x3(n) by certain values of parameters. In this case, the be-
havior of the CNN can be reduced to that of a single neuron
as

x1(n + 1) = kx1(n) − αy1(n) + a. (5)

Therefore, the fixed point x∗, if exist, of the CNN satisfies
x∗ = kx∗ − α f (x∗)+ a. Defining γ = f ′(x∗) and solve for x∗

yields

x∗ = −ϵ log
1 − 2ϵγ ±

√
1 − 4ϵγ

2ϵγ
. (6)
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Therefore, the completely synchronized CNN has the fixed
point of x∗ = x1(n) = x2(n) = x3(n), which is referred to as
the complete synchronization fixed point.

With the eigenvalues of the Jacobian matrix J at x∗ given
by Eq. (7), we can examine the stability of x∗.

λ1 = k − αγ, λ2,3 = k −
(
α − 3

2
β

)
γ ± i

√
3

2
dγ. (7)

The real eigenvalue λ1 corresponds to the synchronous
direction of the eigenvector. On the other hand, the com-
plex eigenvalues λ2 and λ3 give the asynchronous direc-
tion of the eigenvector, which contribute to desynchroniza-
tion. By destabilizing λ2 and λ3 while keeping λ1 stable,
the fixed point x∗ will bifurcate to a stable quasi-periodic
solution. In order to realize the bifurcation of x∗ to the
quasi-periodic solution, we use the state-feedback control
method based on a pole-placement technique [5].

The bifurcation diagram of x1(n) when we change the
value of a is shown Fig. 1(a). The parameter values of
k = 0.7, α = 1, ε = 0.05, β = 2/3, and d = 0.3 were
used to obtain the figure. In Fig. 1(a), the dashed-line indi-
cates the point where a = 0.059776. When a > 0.059776,
|λ1| > 1 (unstable); as a result, a period-doubling bifurca-
tion occurs. In addition, the solid line in Fig. 1(a) shows the
point where a = 0.140223. When a > 0.140223, λ2 and λ3
become unstable because |λ2,3| > 1. As a result, an unsta-
ble quasi-periodic solution occurs by the Neimark-Sacker
bifurcation. In this case, a synchronized chaotic solution is
stabilized.

Next, we replace λ1 with a stable λ′ by the state feed-
back technique with pole placement method [9], using the
additional feedback input u(n) given by

u(n) = y1(n) + y2(n) + y3(n) − 3f (x∗). (8)

In this case, the feedback gain can be set as

F =
λ′ − k + αγ

3γ
. (9)

The bifurcation diagram of x1(n) when we change a is
shown in Fig. 1(b) with λ′ = −0.9, k = 0.7, α = 1,
ε = 0.05, β = 2/3, and d = 0.3. As shown in Fig. 1(b), λ1
does not bifurcate even if the value of a passes the dashed-
line 1 , which corresponds to the case where |λ1| > 1 in
Fig. 1(a). On the other hand, when the value of a crosses
the line 2 , a quasi-periodic solution is generated because
|λ2,3| > 1.
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Figure 1: The bifurcation diagram of x1(n) when we swept
a, (a) without, and (b) with the feedback control. ((a) and
(b): k = 0.7, α = 1, ε = 0.05, β = 2/3, and d = 0.3), (b);
λ′ = −0.9).

4. Numerical simulations and circuit experiments

The CNN with the feedback input u(n) was implemented
with the switched-capacitor circuit technique [8]. The cir-
cuit equations of the CNN circuit proposed in [7] are given
by

Vx1(n + 1) =
(
1 − Ck

Ci

)
Vx1(n) −

C f

Ci
Vy1(n) +

Ca

Ci
Va

−C13

Ci
Vy3(n)−C12

Ci
Vy2(n)+

Cu

Ci
Vu(n), (10)

Vx2(n + 1) =
(
1 − Ck

Ci

)
Vx2(n) −

C f

Ci
Vy2(n) +

Ca

Ci
Va

−C21

Ci
Vy1(n)−C23

Ci
Vy3(n)+

Cu

Ci
Vu(n), (11)

Vx3(n + 1) =
(
1 − Ck

Ci

)
Vx3(n) −

C f

Ci
Vy3(n) +

Ca

Ci
Va

−C32

Ci
Vy2(n)−C31

Ci
Vy1(n)+

Cu

Ci
Vu(n). (12)

In the following simulations and experiments, we use
the network parameters of k = 0.7, α = 1, β = 0.66, d =
0.2, and F = 0.26. Note that these values are different from
those used in [7]. In order to set these parameter values by
the capacitor ratios in the circuit in [7], we used the capac-
itance values listed in Table 1.

Figure 2(a) shows the bifurcation diagram with a as a
bifurcation parameter obtained from the numerical simula-
tion without the feedback control. The bifurcation diagram
changed with the feedback control as shown in Fig. 2(b).
In the simulations, Gaussian noises were added consider-
ing the noises in the experiments.

On the other hand, the corresponding measured bifurca-
tion diagrams obtained through the circuit experiments are
shown in Fig. 3. That is, Fig. 3(a) shows the measured bi-
furcation diagram when we swept Va without the feedback
control, while that with the feedback control is shown in
Fig. 3(b). In Figs. 3(a) and (b), the voltages Va and Vx1(n)
were normalized by 4 V and 5 V, respectively, for easy
comparison to the results in Figs. 2(a) and (b). From Figs.
2 and 3, we confirm the good agreement between the sim-
ulation and experiment results even with noise and device
mismatches in the circuit.

Figure 4 shows phase-plane plots of x1(n) and x2(n)
when (a) a = −0.0625, (b) a = −0.03, (c) a = 0.125,
and (d) a = 0.03 obtained through numerical simulations.
The corresponding measured phase-plane plots with (a)
Va = −0.2, (b) Va = −0.05, (c) Va = 0.1, and (d) Va = 0.2

Table 1: Capacitance values.
Ci 470 pF
Ck 141 pF
Ca 470 pF
C f 157 pF

C12, C23, C31 110 pF
C13, C21, C32 204 pF

Cu 122 pF
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Figure 2: The simulated bifurcation diagrams of x1(n)
when we change a, (a) without, and (b) with control.
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Figure 3: The measured bifurcation diagrams of Vx1(n), (a)
without, and (b) with the feedback control.

are shown in Fig. 5. Again in the figure, voltages Vx1(n)
and Vx2(n) are normalized by 4 V. The attractors shown in
Figs. 4(b) and (d), and Figs. 5(b) and (d) seem to be pe-
riodic solutions. In contrast, the attractors shown in Figs.
4(a) and (c), and Figs. 5(a) and (c) are the closed curves so
that the solutions would be quasi-periodic.

The Lyapunov exponent is effective to distinguish the at-
tractors. However, it is difficult to accurately calculate the
Lyapunov exponents from the measured values because of
noises. Therefore, we use the test method proposed by Ichi-
nose [10] for quasi-periodic solution time-series for noisy
experimental data.

5. The test method for quasi-periodic orbits
The test method utilizes the similarity between the ran-

dom walk and the effect of dynamical noise on the quasi-
periodic orbit in which the largest Lyapunov exponent is
zero [10]. This method is also effective to test the noisy pe-
riodic orbit. In this test, whether a given time series is the
random walk or not is determined based on the augmented
Dickey-Fuller test. If p-value < 0.05, we can say the time
series under test is not quasi-periodic.

We tested the attractors in Figs. 4 and 5, and the results
are shown in Table 2. From Table 2, we find that the attrac-
tors of Figs. 4(a) and (c), and Figs. 5(a) and (c) are quasi-
periodic solutions, while the attractors of Figs. 4(b) and (d),
and Figs. 5(b) and (d) are the periodic solutions.

Table 2: Test results of the attractors.
Fig. 4 : Simulations Fig. 5 : Circuit experiments
Attractors p-value Attractors p-value

(a) 0.4974 (a) 0.2042
(b) 0.01 (b) 0.01
(c) 0.6431 (c) 0.2974
(d) 0.01 (d) 0.01

-0.2

-0.1

 0

 0.1

-0.2 -0.1  0  0.1

x 2
(n

)

x1(n)

(a) -0.15

-0.05

 0.05

 0.15

-0.15 -0.05  0.05  0.15

x 2
(n

)

x1(n)

(b)

-0.1

 0

 0.1

 0.2

-0.1  0  0.1  0.2

x 2
(n

)

x1(n)

(c) -0.1

 0

 0.1

 0.2

-0.1  0  0.1  0.2

x 2
(n

)

x1(n)

(d)

Figure 4: The phase-plane portrait of x1(n) and x2(n) ob-
tained by the numerical simulation, (a) a = −0.0625, (b)
a = −0.03, (c) a = 0.125, and (d) a = 0.03.
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Figure 5: The measured phase-plane portrait of Vx1(n) and
Vx2(n), (a) Va = −0.2, (b) Va = −0.05, (c) Va = 0.1, and (d)
Va = 0.2.

6. The asymmetric CNN with 5 neurons
We extend the 3-neuron CNN to the 5-neuron CNN as

x1(n + 1) = kx1(n) − (α − β)y1(n) + a − β−d1−d2

4
y2(n)

−β−d1+d2

4
y3(n) − β+d1−d2

4
y4(n)

−β+d1+d2

4
y5(n) + F · u(n), (13)

x2(n + 1) = kx2(n) − (α − β)y2(n) + a − β−d1−d2

4
y3(n)

−β−d1+d2

4
y4(n) − β+d1−d2

4
y5(n)

−β+d1+d2

4
y1(n) + F · u(n), (14)

x3(n + 1) = kx3(n) − (α − β)y3(n) + a − β−d1−d2

4
y4(n)

−β−d1+d2

4
y5(n) − β+d1−d2

4
y1(n)

−β+d1+d2

4
y2(n) + F · u(n), (15)
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x4(n + 1) = kx4(n) − (α − β)y1(n) + a − β−d1−d2

4
y5(n)

−β−d1+d2

4
y1(n) − β+d1−d2

4
y2(n)

−β+d1+d2

4
y3(n) + F · u(n), (16)

x5(n + 1) = kx5(n) − (α − β)y2(n) + a − β−d1−d2

4
y1(n)

−β−d1+d2

4
y2(n) − β+d1−d2

4
y3(n)

−β+d1+d2

4
y4(n) + F · u(n), (17)

where d1 and d2 enforce the asymmetric connection.
When the u(n) = 0, the eigenvalues of the Jacobian ma-

trix J at the synchronized fixed point x∗ can be given as

λ1 = k − αγ,

λ2,3 = k −
(
α − 5

4
β

)
γ

±i

√
(5d2

1+5d2
2)γ2+2

√
5|(d2

1+d1d2−d2
2)γ2|

4
,

λ4,5 = k −
(
α − 5

4
β

)
γ

±i

√
(5d2

1+5d2
2)γ2−2

√
5|(d2

1+d1d2−d2
2)γ2|

4
. (18)

The bifurcation diagrams of x1(n) obtained through nu-
merical simulations are shown Figs. 6(a) and (b), without
and with control, respectively. The parameter values used
for these figures are: k = 0.7, α = 1, β = 0.66, d1 = d2 =

0.15, and F = 0.16. These results show that the control
procedure is applicable to the networks with 5 neurons.

7. Conclusion
We have experimentally demonstrated the stabiliza-

tion of the unstable quasi-periodic orbit in the asymmet-
ric 3-neuron CNN circuit constructed with the switched-
capacitor circuit technique. The experimental results
showed good agreements with those obtained from numer-
ical simulations even with noise and device mismatches
in the circuit. This confirms the robustness of the control
method.

The obtained attractors have been tested through the test
method dedicated to noisy time series. With this test, we
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Figure 6: The simulated bifurcation diagrams of x1(n)
when we change a, (a) without, and (b) with control.

distinguished the quasi-periodic and periodic orbits ob-
tained from experiments.

We then have extended the 3-neuron CNN to the 5-
neuron CNN. We apply the same control procedure to the
5-neuron asymmetric CNN as for the 3-neuron CNN to sta-
bilize the quasi-periodic orbits. As a results of numerical
simulations, we confirmed the effectiveness of the control
method.

As a future problem, the quasi-periodic orbit in the 5-
neuron CNN circuit will be experimentally stabilized. In
addition, more general connection structure in the CNN
will be used.
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Abstract—Near-infrared spectroscopy (NIRS) is a 

method that uses the near-infrared band of the 

electromagnetic spectrum. Currently, brain–computer 

interfaces (BCIs) using NIRS are being actively studied. 

Classifying NIRS time-series data according to mental 

concentration or relaxation is useful for BCI systems. In 

this study, we used NIRS to measure changes in 

oxygenated hemoglobin concentration during a mental 
arithmetic task. We then estimated the correlation 

dimension and the Higuchi fractal dimension from the 

NIRS time-series data. As a result, the correlation 

dimension and the Higuchi fractal dimension during a 

mental arithmetic task were found to be higher than those 

during relaxation in most of the NIRS measurement 

channels. 

 

1. Introduction 

  

Integrated functions of the brain such as cognition and 

recollection involve the complexity of the cerebral cortex, 
which performs a variety of information processing tasks 

[1]. Chaotic time-series analysis is therefore necessary for 

evaluating complex brain systems. It is also necessary to 

improve the intermediation accuracy of intention and 

information between humans and machines to grasp 

human mental activity accurately. Mental arithmetic is 

typical mental work requiring attention and concentration. 

Prior research demonstrates that during such typical 

mental work there is increased cerebral blood flow in the 

frontal area of the brain [2], where there is also a 

difference in Lyapunov exponents between discomforting 
tasks and relaxation [3]. Therefore, we measured changes 

in oxygenated hemoglobin concentration during a mental 

arithmetic task using near-infrared spectroscopy (NIRS) 

and calculated the correlation dimension (CD) and the 

Higuchi fractal dimension (HD) from the resulting time-

series data. 

 

2. Near-infrared spectroscopy 
 

NIRS is used to measure variation in oxygenated 

hemoglobin concentration caused by oxygen metabolism 

in brain blood flow associated with neural activity. 
Hemoglobin in the blood scatters light, and the 

hemoglobin accompanied by oxygen changes the levels of 

absorption and scattering. NIRS detects the levels of 

absorption and scattering and thereby measures the 

changes in concentration of oxygenated hemoglobin. 

NIRS uses light with wavelengths of about 700–900 nm. 

Near-infrared light is difficult to transmit through the 

human head. One solution is using optical fibers for 

intracerebral irradiation from the surface of the head; 

absorbed and scattered light in the cerebral cortex 

converges in the optical fiber, which is located about 
30 mm from the irradiated point on the head surface. 

Then, light reaches depths of about 20 mm from the 

surface of the head and is absorbed by hemoglobin in the 

cerebral cortex. A portion of the scattered light reaches an 

optical fiber, and is then guided to a photomultiplier and 

converted into an electrical signal. 

 

3. Correlation Dimension 

 

The method of Grassberger and Procaccia [4] 

reconstructs single-variable time-series data to higher-

dimensional space by using the embedding theorem to 
calculate CD, which represents the characteristic of the 

attractor. To plot N data points in m-dimensional space by 

the embedding theorem, each data set reconstructed in 

shifting time is represented as a vector Xi. The distance 

from Xi to each of the remaining (N – 1) points is 

calculated. Data points within a scale r are counted, and 

this process is iterated against each point. This gives a 

statistic called the correlation sum. The correlation sum at 

scale r for a given embedding dimension is defined as  

 

 

 

 

 

 

 

 

Displacement vectors yi and zi are given by 

 

  
 
 

  

  

  s . t s ki i 

t   , ki i 

X X z 

X X y 

Cm 𝑟 = lim
n→∞

1

N2
 I 𝑟 −  yi − zj  

N

i,j=1
i≠j

, 

 

Dm(𝑟) =
log Cm  𝑟 

log 𝑟
. 

(1) 

(2) 

(3) 

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015

- 848 -



   

 

 
Fig. 1 Displacement after S seconds. 

 

An attractor point at a specific time t and the 

corresponding time-series data are given by 

 

 
 

Here, the following notations are used: 

 

 
Cm is the correlation sum, Dm is CD, I(t) is the Heaviside 

function, and N is the number of neighborhood points. 

 

4. Higuchi Fractal Dimension 

 

The Higuchi fractal dimension HD is calculated using a 

non-parametric time-series analysis method[5]. A 

peculiarity of this analysis technique is the use of pattern 

recognition when series figures drawn in a plane are 
heterogeneous. The length of the curve indicated by the 

time series on the graph is therefore defined as a function 

of time t, which can be a coarse time series. Furthermore, 

when the length of the curve shows a fractal nature, such 

as <L(τ)>∝τ-D, we can define the fractal dimension of the 

time-series data to characterize the data’s turbulence. In 

other words, if a point (log τ,log<L(τ)>) travels a straight 

line over the analysis object’s time scale  min ≤   ≤  max, 

then the time-series data at this time scale may be fractal. 

The curve length is then 
 

 

 
 

 

 

and HD is  
 

 

 

 

Here, N is the number of data points, t is {1, 2, 3…N/2}, k 

is the time interval, time series X is {x1, x2, …, xN}, D is 

HD, and [ ] is Gauss’ notation. 

 

5. Experiment and analysis 
 

We measured changes in oxygenated hemoglobin 

concentration during a mental arithmetic task using NIRS. 

Fig. 2 shows the block design for this experiment. One 

operation consists of 30 s of rest, followed by a 30-s task, 

and then 10 s of rest. This operation is repeated five times. 

The task is mental arithmetic work, iteratively subtracting 
13 from a random value over 500 up to 1000. The random 

value is given to participants just before the experiment. 

During the pre- and post-task rest periods, participants are 

asked to relax as much as possible. The frontal area of the 

brain is measured over 22 channels with a 3 × 5 probe 

arrangement (Fig. 3) based on the 10–20 electrode system. 

Participants were 4 healthy men in their 20s. The study 

was approved by the ethics committee of Tokyo Denki 

University and was conducted in accordance with the 

current version of the Declaration of Helsinki. All 

participants gave informed consent after the study was 
explained to them.  

 

 

 
Fig. 2 Block design. 
 

 
Fig. 3 Channel locations. 

 

To remove noise from the measured NIRS time-series 
data we applied a fourth-order low-pass filter to the data 

and used the Student's t-test (p = 0.05). We then calculated 

CD and HD from the concatenated NIRS time-series data 

during five task periods. The same calculations were 

performed for the rest periods. 

 

6. Results 

 

Figs. 4 and 5 show the results for CD and HD in each 
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channel for participant C. CD was higher during the task 

than during rest in 18 of the 22 channels. HD was higher 

during the task than during rest in 19 of the 22 channels. 
 

 
 
 

Fig. 4 CD for participant C in each channel. 

 

 

 
 
 

Fig. 5 HD for participant C in each channel. 
 
 

Fig. 6 shows the average and standard deviation of CD 

over all channels for each participant. For all the 

participants, CD was higher during the task than during 

rest, but there was no significant difference between the 

task and rest. 

Fig. 7 shows the average and standard deviation of CD 
over selected channels for each participant. Although 

channels are selected and CD was higher during the task 

than during rest, no significant difference was found 

between the task and rest.  
 

 
 
Fig. 6 Average and standard deviation of CD over all channels 
for each participant. 

 
 

 
Fig. 7 Average and standard deviation of CD over selected 
channels for each participant. 

 

Fig. 8 shows the average and standard deviation of HD 

over all channels for each participant. HD was higher dur-

ing the task than during rest in 3 of the 4 participants. 

These differences between the task and rest were signifi-
cant in the 3 participants.  

Fig. 9 shows the average and standard deviation of HD 

over selected channels for each participant. HD was high-

er during the task than during rest, and there was a signifi-

cant difference in the average between the task and rest in 

3 of the 4 participants. 

 

 
 
Fig. 8 Average and standard deviation of HD over all channels 
for each participant. 
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Fig. 9 Average and standard deviation of HD over selected 
channels for each participant. 
 

 

6. Conclusion 

 

We measured variation of oxygenated hemoglobin 

concentration during a mental arithmetic task by using 

NIRS and calculated CD and HD from time-series data for 
4 participants. In most channels, CD and HD were higher 

during the task than during rest for all participants. 

A significant difference in HD was found between the 

task and rest in 3 of the 4 participants. This may suggest 

that HD is more effective than CD for distinguishing 

between mental tasks and relaxation. We will increase the 

number of participants in future experiments. Here, we 

calculated CD and HD from the concatenated NIRS time-

series data during five operations. 

We will also plan to calculate CD and HD from the 

averaged NIRS time-series data during of five operations 

in future work. 
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Abstract—In this paper, we investigated common noise-
induced synchronization of nonidentical chaotic oscilla-
tors. We used the Rössler oscillator and the Lorenz oscil-
lator and found that the synchronizabilities in the Rössler
oscillator and the Lorenz oscillator are different. To exam-
ine why these chaotic oscillators exhibit different synchro-
nizabilities by common noise-induced synchronization, we
analyzed contraction regions of these oscillators. As a re-
sult, we found that common noise-induced synchronization
of nonidentical chaotic oscillators relates to their contrac-
tion regions.

1. Introduction

Common noise-induced synchronization has been ob-
served theoretically and experimentally in various nonlin-
ear dynamical systems: for example, neural systems[1, 2],
laser systems[3] and so on. It has also been shown that
common noise-induced synchronization can be observed
in a general class of limit-cycle oscillators[4]. Common
noise-induced synchronization using the chaotic oscilla-
tors has also been numerically investigated. For exam-
ple, Zhou and Kurths numerically investigated the noise-
induced synchronization of chaotic oscillators[5]. They
used the Rössler equation[6] and the Lorenz equation[7]
and showed that identical Lorenz systems[7] can per-
fectly synchronize when large common white Gaussian
noise is applied. They also showed that a nonidentical
Rössler system exhibits phase synchronization with white
Gaussian noise. In our previous study, we experimen-
tally and numerically investigated common noise-induced
synchronization[8, 9]. We investigated common noise-
induced synchronization of chaotic oscillators using elec-
tric circuits[8]. We also performed numerical experiments
of common noise-induced synchronization those of mathe-
matical models[9].

In this paper, to investigate why nonidentical chaotic
oscillators synchronize by common noise, we focused on
the chaotic dynamics. In our numerical experiments, we
used the Rössler equation[6] and the Lorenz equation[7]
as chaotic oscillators. We clarified that the tendency of
synchronization is different in the Rössler oscillator and
Lorenz oscillator. In addition, we show why these non-
identical chaotic oscillators are synchronized by common

noise.

2. Numerical experiments

In this section, we explain how numerical experiments of
common noise-induced synchronization in chaotic oscilla-
tors are conducted in this paper. First of all, we defined the
noise strength based on signal-noise ratio (SNR) described
by the following equation:

SNR = 10 log10
S
N
, (1)

where S is the variance of outputs from chaotic oscillators
without applied noise and N is the variance of noise.

In our numerical experiments, we used two uncoupled
Rössler oscillators[6] and Lorenz oscillators[7], respec-
tively. The Rössler oscillator is described by the following
differential equations:

dxi

dt
= −(yi + zi) + Dxξ,

dyi

dt
= µixi + ayi + Dyξ,

dzi

dt
= b + zi(xi − c)x + Dzξ,

(2)

where a, b, c and µi (i = 1, 2) are parameters. The param-
eters a, b and c in Eq. (2) were set to a = 0.2, b = 0.2
and c = 5.0 in our numerical experiments. The parame-
ter µi is a parameter which make the oscillators (Eq. (2))
nonidentical and these parameters are set to µ1 = 1.0 and
µ2 = 0.95. ξ is a white Gaussian noise whose average and
variance are described as: 〈ξ〉 = 0 and 〈(ξ − 〈ξ〉)2〉 = 1. DN

(N ∈ {x, y, z}) is a parameter which controls the variance
of white Gaussian noise. In our numerical experiments, we
applied common noise to the terms of x, y and z, respec-
tively. When we applied the common noise to x, we set
the noise strength DN as Dy = 0 and Dz = 0. In case of
applying common noise to y, we set the noise strength DN

as Dx = 0 and Dz = 0. In case of applying common noise
to z, we set the noise strength DN as Dx = 0 and Dy = 0.

We also used the Lorenz equation[7] as a chaotic oscilla-
tor. We performed the numerical experiments of the noise-
induced synchronization of the Lorenz oscillator described
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by the following differential equations:

dxi

dt
= ρ(−ωixi + yi) + Dxξ,

dyi

dt
= −xizi + rxi − yi + Dyξ,

dzi

dt
= xiyi − bzi + Dzξ,

(3)

where ρ, r, b and ωi (i = 1, 2) are parameters. We set these
parameters to ρ = 10, r = 28 and b = 8/3. The nonidenti-
cal parameter ωi is set to ω1 = 1.0 and ω2 = 0.95. We also
used the parameters DN and ξ which are the same as in the
case of the Rössler oscillator. In our numerical experiments
of common noise-induced synchronization, we performed
Eqs. (2) and (3) using the Euler-Maruyama method[10].

To evaluate the synchronizability of common noise-
induced synchronization of these chaotic oscillators, we
used cross correlation coefficient. The cross correlation co-
efficients RN (N ∈ {x, y, z}) is described by the following
equations:

Rx =
σx1 x2

σx1σx2

, Ry =
σy1y2

σy1σy2

, Rz =
σz1z2

σz1σz2

, (4)

where σx1 x2 , σy1y2 and σz1z2 are covariances of output time
series xi, yi and zi (i = 1, 2) of two Rössler oscillators or
two Lorenz oscillators, and σxi , σyi and σzi are standard
deviations of outputs xi, yi and zi of these chaotic oscilla-
tors.

We also focused on the phase difference whether the
chaotic oscillators synchronize by common noise. To in-
vestigate the phase of the chaotic oscillators and the phase
difference between the chaotic oscillators, we used the
method based on the Poincaré section. We defined the
phase θi (i = 1, 2) of two Rössler oscillators and the phase
difference φ(t) as follows:

θi(t) = tan−1 yi(t)
xi(t)
, (5)

φ(t) = θ1(t) − θ2(t), (6)

where xi(t) and yi(t) are outputs from the Rössler oscilla-
tors, respectively.

When we calculated the phase and the phase difference
of the Lorenz oscillator, we used the method based on the
Poincaré section in Ref. [11]. We defined the phase θi(t)
and the phase difference φ(t) by the following equations:

ui(t) =

√
x2

i (t) + y2
i (t), (7)

θi(t) = tan−1 zi(t)
ui(t)
, (8)

φ(t) = θ1(t) − θ2(t), (9)

where xi(t), yi(t) and zi(t) are outputs from the Lorenz oscil-
lator and ui(t) is a variable to convert the three dimensional
space to a two dimensional plane for the Lorenz oscillator.
We evaluated the synchronizability using Eqs. (4)-(9).

Figure 1: Cross correlation coefficients between the chaotic
oscillators. Red, green and blue lines show the results of
the Rössler oscillator. Purple, light blue and yellow lines
show the results of the Lorenz oscillator. The results of ap-
plying common noise to (a) the variable x, (b) the variable
y and (c) the variable z.

3. Results

Figure 1 shows the results of the cross correlation co-
efficients between two chaotic oscillators. Focusing on
the results of the Rössler oscillator, we observed that the
cross correlation coefficients increase in the case of apply-
ing common noise to x and y. However, the maximum
value of cross correlation coefficients of the Rössler oscil-
lator is 0.3. It means that only weak synchronization can
be observed in the Rössler oscillator. We confirmed that
the Rössler oscillator is diverged if the noise level is below
8dB in case of applying common noise to x and y. In case
of applying common noise to z, we also confirmed that the
Rössler oscillator is diverged with noise level below 34dB.

From the results of the Lorenz oscillator, we found
higher cross correlation coefficients than those of Rössler
oscillator in all cases (Fig. 1). We also found that the high-
est cross correlation coefficients are observed in case of ap-
plying common noise to y. In case of applying common
noise to z, we can also observe high cross correlation only
in the output of z.

Figure 2 shows the transition of the peak of the fre-
quency distributions of the phase difference between the
chaotic oscillators. We found that the Rössler oscillator
shows weak phase synchronization only in the case of ap-
plying common noise to x. We also found that the Lorenz

- 853 -



Figure 2: Transition of the peak of the frequency distri-
butions of the phase difference between the chaotic oscil-
lators. Red line shows the results of the Rössler oscillator
and blue line shows the results of the Lorenz oscillator. The
results of applying common noise to (a) the variable x, (b)
the variable y and (c) the variable z.

oscillator shows phase synchronization below 0dB.
Considering these results of cross correlation coefficients

and phase synchronization, we can summarize the tendency
of noise-induced synchronization of the chaotic oscillators
as follows: the Rössler oscillators can be synchronized by
smaller common noise than the Lorenz oscillators. How-
ever, the maximum synchronizabilty of the Rössler oscilla-
tors is low. On the other hand, the Lorenz oscillators can
be synchronized very well by common noise. However, to
make the Lorenz oscillators synchronize, we need larger
noise than that of the Rössler oscillators. We also found
from the results of the cross correlation coefficients and the
phase synchronization that the highest synchronizability is
realized in the case of applying common noise to the output
y of the Lorenz oscillator.

We discuss why these chaotic oscillators show the dif-
ferent tendency of synchronization. In Ref. [5], Zhou
and Kurths examined contraction region of chaotic oscil-
lators and showed that the contraction regions influenced
common noise-induced synchronization. They showed that
complete synchronization can be achieved by the contrac-
tion region when identical chaotic oscillators are used.
Therefore, we investigated how the contraction region af-
fected common noise-induced synchronization of noniden-
tical chaotic oscillators.

The contraction region is defined as follows: In the
contraction region, the real parts of eigenvalues λ j ( j =
1, . . . ,M, M ∈ N ) which are calculated by the Jacobian
matrix of chaotic oscillators are all negative. In our cases,
we calculated the eigenvalues λ j ( j = 1, 2, 3) of the Jaco-
bian matrix.

The Jacobian matrix of the Rössler oscillator is described
as follows:  0 −1 −1

1 a 0
z 0 x − c

 , (10)

where a and c are parameters of the Rössler oscillator and
x and z are variables of the Rössler oscillator. The Jacobian
matrix of the Lorenz oscillator is described as follows: −σ σ 0

r − z −1 −x
y x −b

 , (11)

where σ, r and b are parameters and x, y and z are variables
of the Lorenz oscillator.

We calculated the contraction region of the chaotic at-
tractors using Eqs. (10) and (11). We also calculated how
frequent trajectories of these chaotic attractors exist in their
contraction regions.

Table 1 shows the frequency that of the Rössler oscillator
and the Lorenz oscillator stay in the contraction regions. In
case of the Rössler oscillator, the frequences in the contrac-
tion region are low when we do not apply common noise to
the Rössler oscillator. In addition, when we applied com-
mon noise to various variances of the Rössler oscillator, we
cannot observe the increase of the frequency in the contrac-
tion region.

In contrast, in case of the Lorenz oscillator, the rate of
trajectories within the contraction region is higher than that
of the Rössler oscillator even in the absence of noise. By
applying noise, we can observe the increase of the rate
within the contraction region. In particular, the highest fre-
quency in the contraction region is achieved when applying
common noise to y. We also found that the highest synchro-
nizability is realized in case of applying common noise to
the output y of the Lorenz oscillator. From these results, it
is indicated that common noise-induced synchronization of
nonidentical chaotic oscillators relates to those of contrac-
tion region.

4. Conclusion

In this paper, we investigated the common noise-induced
synchronization of nonidentical chaotic oscillators. We
used two uncoupled Rössler oscillator and Lorenz oscilla-
tor, respectively. To evaluate the synchronizability of these
chaotic oscillators, we used the cross correlation coefficient
and the phase difference between these chaotic oscillators.
As a result, we found that the tendency of synchronization
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Table 1: The frequencies that trajectories of chaotic oscillators exist in their contraction region.

Rössler oscillator Lorenz oscillator
Noise applied to Variance of Noise (SNR) Average [%] Noise applied to Variance of Noise(SNR) Average

None - 3.326 None - 45.771
x 1.5 (10.2dB) 2.453 x 100.0 (-23.1dB) 49.470
y 1.5 (9.6dB) 2.395 y 100.0 (-22.2dB) 79.866
z 0.005 (53.6dB) 3.331 z 100.0 (-22.6dB) 55.377

induced by common noise is different in the Rössler oscil-
lator and the Lorenz oscillator. To investigate this tendency,
we investigated the contraction region of these chaotic os-
cillators. We calculated how frequent the trajectories of
these chaotic oscillators stay in their contraction regions.
As a result, we found that the common noise-induced syn-
chronization of nonidentical chaotic oscillators relates to
their contraction regions.
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Abstract—Collective spontaneous behavior of net-
worked dynamical systems and their structures of net-
works closely relate to each other. In this paper, we
focus on the networked dynamical systems in which
nodes are classified into two types, leaders and fol-
lowers. In this system, the states of the leaders are
not affected by other nodes, and they facilitate the
synchronization of the followers. We here propose
a method for reducing time required for reaching to
a synchronous state by selecting leaders based on the
eigenvectors of the graph Laplacian and show its per-
formance by numerical simulations.

1. Introduction

Coupled dynamical systems are one of effective
tools to understand collective spontaneous behavior in
several real systems. In particular, the synchroniza-
tion attracts great attention from several fields, be-
cause the synchronous behavior is widely observed
in several real technological and biological systems
[1–6], for example collective opinion or consensus
formation in social systems, synchronization of re-
production among plants in biological systems, and
synchronous behavior in a power grid to maintain a
steady power supply. From the technological and bio-
logical points of view, to facilitate the synchronization
is one of important issues.

In this paper, focusing on the facilitation of the syn-
chronization, we propose a method for reducing the
time that the networked dynamical systems reach to a
synchronous state in which all nodes in the network
follow the same trajectory. We start with a simple
linear consensus model described by using the graph
Laplacian which is a matrix that reflects the coupling
topology. We next propose the method for facilitat-
ing the synchronization based on the graph Lapla-
cian and show that our method effectively reduces the

time required for reaching to the synchronous state of
the consensus dynamics. We further show that our
method also works well in the case of coupled Rössler
systems used as an example of coupled nonlinear dy-
namical systems.

2. Graph Laplacian and networked dynamical
systems

The graph Laplacian appears in the several contexts
of the network science. Let A = (aij) be the n × n
adjacency matrix of a given network, where aij = 1
if the node i connects to j, aij = 0 otherwise. The
graph Laplacian of the network is defined by

L = K −A. (1)

The diagonal matrix K consists of degrees of nodes,
namely K = diag(k1, . . . , kn), where the degree of
the node i is described by ki =

∑n
j=1 aij . In this

paper, we simply assume that all networks are undi-
rected graphs (aij = aji), and each node does not
connect to itself (aii = 0).

Consensus in a networked individual units indicates
that a certain quantity that depends on the state of all
units reaches to a state of agreement [2]. The consen-
sus dynamics describes how each unit interacts with
its neighbors on the network. A simple consensus
model in the discrete-time is described as the follow-
ing linear dynamical system consisting of n nodes

u(t+ 1) = (I − ϵL)u(t), (2)

where u(t) = (u1(t), . . . , un(t))
⊺, ui(t) ∈ R is the

state of the node i at time t, R is a set of real numbers,
I is the n × n unit matrix , and ϵ ∈ [0, 1/maxi(ki))
is the temporal step size.

On the other hand, in the case of coupled nonlin-
ear dynamical systems, a system consisting of n iden-
tical dynamical systems interacting with each other
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through a connected network is described by

ẋi = F (xi)− γ
n∑

j=1

LijC(xj), (3)

where xi is the multidimensional state vector of the
ith dynamical system, γ is a coupling strength, F de-
termines the intrinsic dynamics of isolated individual
dynamical systems, and C is the coupling function
that defines the dynamics of links. Equation (3) cov-
ers wide variety of coupling forms and thus the graph
Laplacian performs a crucial role in estimating the sta-
bility of the coupled dynamical systems [5].

In both models described by Eqs. (2) and (3), if the
sum of squares of the differences between all pairs of
the state vectors of connected nodes crosses a certain
threshold θ, we consider that consensus is reached,
or a synchronous state is achieved in this paper. The
sum of squares ϕ(t) is described by using the graph
Laplacian

ϕ(t) = X⊺LX, (4)

where the matrix X consists of the n state vectors of
nodes X = (x1(t), . . . ,xn(t))

⊺. In the case of the
consensus model described by Eq. (2), X = u(t) =
(u1(t), . . . , un(t))

⊺.
In this paper, we focus on the networked dynamical

systems with leaders-followers [2, 4]. In this model,
there exist m (< n) leaders that are the nodes whose
states are the same as the states of other leaders. The
states of the leaders are not affected by the other non-
leader nodes (followers), but nodes connected to the
leaders are affected by the leaders. For example, in
the consensus model with leaders-followers, Eq. (2)
is rewritten by

u(t+ 1) =

[
I + ϵ

(
Lff Llf

0 0

)](
uf (t)
ul(t)

)
,

(5)
where u(t) = (uf (t)

⊺,ul(t)
⊺)⊺, uf (t) =

(uρ1(t), . . . , uρn−m(t))
⊺ is the state vector of the fol-

lowers, ul(t) = (uρn−m+1(t), . . . , uρn(t))
⊺ is the

state vector of the leaders, the (n − m) × (n − m)
matrix Lff represents the interaction between the fol-
lows, and the (n−m)×m matrix Llf represents the
connections from the leaders to the follows. The in-
dex of the node i is relabeled by ρi (i = 1, . . . , n)
such that the graph Laplacian is partitioned into two
block matrices Lff and Llf . In the same manner
as the consensus model, classifying nodes into two

types, namely the leader and the follower, and rela-
beling the index of the node i as a new index ρi, we
can partition the graph Laplacian in Eq. (3) as follows

L =

(
Lff Llf

0 0

)
. (6)

In the networked dynamical systems with leaders-
followers, it is expected that the presence of leaders
reduces time when the consensus is reached or the
synchronization is achieved.

3. Method

In our method, selecting leaders by using the eigen-
vector corresponding to the second smallest eigen-
value of the graph Laplacian, we propose a method
for facilitating the synchronization. From the perspec-
tive of the community detection method, the number
of links R between two groups, or communities, is
described by the graph Laplacian as follows [7]

R =
1

2

n∑
i=1

n∑
j=1

(1− sisj)

2
aij

=
1

4

n∑
i=1

n∑
j=1

sisj(kiδij − aij)

=
1

4
sTLs, (7)

where δij is the Kronecker delta, namely if i = j,
δij = 1, otherwise zero, s = (s1, . . . , sn)

T is an index
vector in which si = 1 if the node i belongs to one
group, but si = −1 if the node i belongs to another
group. The relation

∑n
i=1

∑n
j=1 aij =

∑n
i=1 s

2
i ki =∑n

i=1

∑n
j=1 sisjkiδij is used in the second equality.

If the nodes i and j belong to the same group, then the
term (1− sisj)/2 is zero, but unity if not, and thereby
the number of links between two groups are calculated
by Eq. (7). By using eigenvalues λi (λ1 = 0 ≤ λ2 ≤
· · · ≤ λn) and their eigenvectors vi of L, Eq. (7) is
rewritten by

R =
1

4
sTLs =

1

4

n∑
i=1

λi(v
T
i s)

2. (8)

By minimizing R, nodes in a network can be classi-
fied into two communities. If s is proportional to v2,
Eq. (8) is minimized, because the eigenvector v1 cor-
responding to λ1 (= 0) is 1 and this vector does not
give any division of the network. However, under the
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situation that si only takes −1 or 1, it is not possible to
define s as the vector proportional to v2. One of possi-
ble ways to determine si is to set si = 1 if vi2 ≥ 0 and
si = −1 if vi2 < 0 such that Eq. (8) is minimized as
much as possible. In addition, allowing si to take an
arbitrary real number, we obtain the relaxed objective
function of Eq. (8). The relaxed objective function of
Eq. (8) is minimized when s = v2. In this case, the
sign of si represents the group to which the node i be-
longs, and the absolute value |si| is considered as the
importance or centrality of the node i in the group. In
our strategy, using the importance of each node in the
group, namely the absolute values of the elements in
the eigenvector corresponding to the second smallest
eigenvalue, we select m leaders in a descending order
of their values.

4. Numerical experiments

To evaluate the performance of our method, we
conduct numerical experiments. We first apply our
method to coupled linear dynamical systems in which
the dynamics of each node obeys the consensus model
described by Eq. (2). The topology of networks are
generated from the model proposed by Watts and Stro-
gatz (WS model) in which the links in the initial ring-
lattice with the degree k is rewired with a probability
p [9]. Then we can generate the ring-lattice (p = 0),
the small-world networks, and the random networks
(p = 1) from the WS model. In the numerical simu-
lations, the number of nodes in the network generated
from the WS model is set to 500, the degree of the
initial ring-lattice is ten, and the number of leaders m
is five.

We also employ the model proposed by Barabási
and Albert (BA model) that can generate networks
whose degree distribution obeys a power law [8]. In
the BA model, a single new node with l links is repeat-
edly added to the current network whose initial state is
a complete graph consisting of l nodes. In the numer-
ical simulations, the number of nodes in the network
generated from the BA model is set to 5,000, l is set
to three, and m is ten.

In addition, we use the real networks: a social net-
work of 62 dolphins [11], human relations between
34 members in the Zachary karate club [12], a co-
appearance network between 77 characters in the fa-
mous novel Les Miserables [13], and the neural net-
work of C. elegans [9]. In these real networks, we set

m to five.
We next apply our method to the coupled Rössler

systems as an example of the coupled nonlinear dy-
namical systems [6,10]. The ith Rössler system obeys
the following dynamics

ẋi = −(yi + zi)− γ

n∑
j=1

Lijxj ,

ẏi = xi + ayi,

żi = b+ zi(xi − c),

(9)

where γ is a coupling strength, a = b = 0.2, c = 7,
γ ∈ (α1/λ2, α2/λn), α1 = 0.1232, and α2 = 4.663
according to Refs. [5, 6]. In the numerical exper-
iments, selecting m leaders from n nodes, we at-
tempt to reduce the time T when ϕ(t) crosses a
given threshold θ. The states of leaders are set to
the average of the states of followers in this pa-
per. The state of the leaders in the consensus model
is

∑n−m
i=1 uρi(t)/(n − m), and that in the coupled

Rössler system is
∑n−m

i=1 uρi(t)/(n − m), where
uρi(t) = (xρi(t), yρi(t), zρi(t))

⊺. The threshold θ
is set to 10−9 through this paper. In the following,
we call the time when the ϕ(t) crosses the threshold
θ the time of consensus. Let TL be the time of con-
sensus under the situation that the leaders are selected
by the proposed method, Tr be the time of consensus
under the situation that the leaders are randomly se-
lected, and To be the time of consensus under the case
without leaders. Investigating the time of consensus
TL, Tr, and To, we evaluate how our method affects
to the time when the synchronization is achieved.

5. Results

Figure 1 shows a typical example of trajectories of
ϕ(t) obtained from the consensus model whose net-
work topology is a random network generated by the
WS model with p = 1. Table 1 shows the summary
of the time of consensus. In Table 1, TL, Tr, and To

are averaged over 100 trials. From Table 1, the ratio of
the time of consensus TL to To is smaller than or equal
to unity, and the ratio TL/To is also smaller than the
results of the random selection Tr/To in most cases.
From these results, our method can effectively reduce
the time of consensus. In particular, our method works
well in the real networks. The networks of dolphins,
members in Zachary’s karate club, and characters of
Les Miserables have community structures according
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to Refs. [7, 11]. Our method uses the eigenvector
v2 corresponding to the second smallest eigenvalue
of the graph Laplacian. Because the values of ele-
ments in v2 represents an importance of the nodes in
the group, the leaders are likely to be arranged onto
each group in our strategy, and thereby our method
shows higher performance in the real networks hav-
ing the community structures than the performance in
other networks.

10-7

10-6

10-5

10-4

10-3

10-2

10-1

100

 0  100  200  300  400  500  600  700  800

φ(
t
)

t

Proposed Method
Random selection

Without leaders

Figure 1: Typical examples of trajectories of ϕ(t). The
results for the proposed method (red line), the random se-
lection strategy (blue line), and the simple consensus model
without leaders-followers (gray line). The number of lead-
ers m is set to five.

Table 1: The results of the time of consensus.
Dynamics Network TL/To Tr/To

Consensus WS model (p = 0.1) 0.98 1.00
Consensus WS model (p = 0.5) 0.96 1.00
Consensus WS model (p = 1) 0.85 0.99
Consensus BA model 1.00 1.00
Consensus Dolphins 0.63 0.70
Consensus C. Elegans 0.74 0.99
Consensus Zachary’s karate club 0.63 0.72
Consensus Les Miserable 0.80 0.88
Rössler WS model (p = 0.1) 0.57 0.52

Rössler WS model (p = 0.5) 0.98 1.02
Rössler WS model (p = 1) 0.85 0.96

6. Conclusion

In this paper, we focused on the networked dynam-
ical systems in which nodes are classified into lead-
ers and followers. In the networked dynamical sys-
tems with leaders-followers, the states of the leaders
are not affected by other nodes, and they facilitate
the synchronization of the followers. We proposed
a method for reducing time required for reaching to
a synchronous state by selecting leaders based on

the eigenvectors corresponding to the second small-
est eigenvalue of the graph Laplacian. In the numeri-
cal experiments, the consensus model and the Rössler
systems were arranged onto the nodes in several net-
works generated from mathematical models and also
onto some real networks. As the results, our method
works well in most networks that we used in this pa-
per. It is one of important future works to investigate
analytically the performance and its limitation of our
method analytically.
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Abstract– The plant bioelectric potential responses are 

correlated with the physiological activity. Thus, we 
considered that the cultivation environment operating 
system will be improved by using the bioelectric potential 
response as an evaluation index. 

 In this study, we aimed to develop the light intensity 
control system using plant bioelectric potential. 
 
1. Introduction 
 

Recently, the artificial plant cultivation facility such as 
a plant factory has been in practical use for ensuring a 
stable food supply and cultivating high quality vegetables 
[1]. However, these facilities have problems with capital 
and operating expenditures, because it needs to maintain a 
stable and full environment control system that includes 
an air conditioner, a feed nutrient solution line, and some 
sensing devices. Especially, the electricity expense take up 
around 40 % of the operating expenditure. Therefore, the 
important issues are cost reduction and productivity of the 
improvement [2].  

On the other hand, the number of people enjoying a 
kitchen garden has been increasing at an ordinary 
household. However, most people are said to give up the 
cultivation within approximately one year, because it 
needs knowledge and environment for cultivating 
vegetables. Some systems or devices for a kitchen garden 
such as an operating system and a hydroponics device 
with LED light are already commercially available. These 
systems can automatically control nutrition concentration, 
sprinkling water, sowing seed.  

In our previous work, we focused on the measurement 
of plant bioelectric potential responses as a low-cost and a 
high sensitivity technique of real-time evaluating plant 
physiological activities. We reported that the bioelectric 
potential varies when the illumination is started or stopped, 
that the amplitude of this variation is correlated with the 
photosynthetic rate, and the characteristics of the potential 
depend on the illumination period, wavelength, and light 
intensity[3]-[5]. Thus, we considered that the energy 
saving performance and the usability of the cultivation 
environment operating system will be improved by using 
the bioelectric potential response as an evaluation index. 

 In this study, we aimed to develop the light intensity 
control system for an indoor kitchen garden using plant 
bioelectric potential. Generally, the condition of an 

optimal light intensity varies from kinds of plants and 
several growing phases. In addition, a photoinhibition 
caused by too strong light illumination, and the 
photosynthetic activity is suppressed [6]. The light 
intensity control system contribute to the improvement of 
the cultivation environment and the energy saving effect.  

 
2. Materials and Methods 
 
2.1. Typical plant bioelectric potential response 
 

In our previous study, the bioelectric potential 
difference between the two electroencephalographic 
(EEG) disk type electrodes (the diameter: 9mm, NE-155A, 
Nihon Kohden Corp.) was measured with a high-input-
impedance (> 1G ohm) digital multimeter (DMM in 
Figure 1, R6552A, ADC Corp.) and was recorded by a 
computer. 

The plant was placed in a 22.4 L closed vessel, and the 
change in CO2 concentration caused by plant metabolism 
such as photosynthesis and respiration was measured 
using an NDIR-type CO2 analyzer (LI-840, Meiwafosis 
Co., Ltd.). The light source consisted of blue (470 nm), 
green (525 nm), red (660 nm) and infrared (735 nm) 
LEDs, and light irradiation patterns were controlled by a 
control unit. 

Figure 2 shows the typical bioelectric potential 
responses when illumination was started. The potential 
rose immediately after light irradiation and passed a peak, 
and slowly returned to approximately the initial value. We 
defined the difference Von as that between the biggest 
potential increase and the value before light irradiation. 

 

 
Figure 1. Previous measurement system. 
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Figure 2. Typical bioelectric potential response to light 

irradiation and definition of evaluation 
parameter, Von. 

 
 

Regression line   

 
 
 
Figure 3. Relationship between Von and CO2 consumption. 

(Correlation coefficient: about 0.81) 
 
 

 
 

Figure 4. Photograph of our developed system. 

 
 

 
Figure 5. Pattern arrangement of LEDs light source. 

(       : blue,       : red,       : white) 
 
 

We reported that the amplitude of the potential 
variation Von by starting the illumination has a strong 
correlation with the photosynthetic rate (Figure 3). The 
results suggested that this parameter can be used to 
evaluate the plant physiological activity. 
 
2.2. Light intensity control system 
 

At first, we constructed a new system for detecting 
bioelectric potential and controlling light intensity (Figure 
4). The required conditions for this system are as follows: 
measurement and feedback functions, compact size and 
easy to practical use. Therefore, we prepared a 
microcomputer (H8/3664), small LEDs light source 
device capable of the light quantity adjustment, 
hydroponics devices, EEG needle type electrodes (NE-
224S, Nihon Kohden Corp.) and sample plant, cabbage 
(Brassica oleracea var. capitata), seedlings. The 
microcomputer amplified and analyzed the bioelectric 
potential. Then, a control signal depending on the 
analyzed result was transmitted to the light source 
equipped with light intensity controller from the 
microcomputer.  

Figure 5 shows the pattern arrangement of LEDs light 
source. The light source consisted of blue (470nm), red 
(660nm) and white LEDs, because the chlorophyll of 
plants have light absorption peaks in the wavelength of 
blue and red. Especially, red is the most influential 
wavelength for the photosynthetic rate. In this study, the 
photosynthetic photo flux density (PPFD, μmol m-2 s-1), 
used as an index of the illumination intensity, was 
measured at the leaf surface. The PPFD of blue, red and 
white LEDs when 100% light irradiation were 60, 340 and 
30 respectively.  

To improve the photosynthetic rate and productivity in 
a cultivation environment, it is desirable that the light 
interruption time is as short as possible. However, in our 
previous evaluation method, light has to be interrupted for 
at least 30 min to observe a significant potential response 
Von. Therefore, we adopted a weak blue light (25 μmol 
m-2 s-1) instead of the light interruption in this system. 
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In the experiment, the temperature and the humidity 
were not controlled but used an air conditioner in the 
room, because we assumed this system was used in a 
kitchen or a living room of an ordinary household. The 
room temperature is about 22 oC.  

 
3. Results and discussion 
 
3.1. Light intensity control parameters and conditions 
 

Figure 6 shows one of an observed potential response 
by our system and the definition of the parameters for 
making a feedback signal. In this figure, the potential 
responses changed immediately with full lighting (ON) 
and blue lighting (Blue). We also observed the amplitude 
of the bioelectric potential variation when the full lighting. 
From this result, when the system used a weak blue light 
instead of the light interruption, the amplitude of the 
potential variation was also observed. As mentioned 
previously, it is considered that this amplitude has a 
correlation with the photosynthetic rate. 

 In this system, the light intensity control parameters 
and conditions were decided from this correlation and the 
previous operating condition of the light intensity. The 
light intensity was controlled from 20 to 100 % at 10 % 
intervals depending on a feedback signal. 

When the system changes the light intensity at time 0 in 
Figure 6, we defined the potential difference of the last 
full light illumination as Von, and also defined the 
difference of the next to the last full light illumination as 
pre_Von. Specifically, we use the difference between Von 
and pre_Von as the parameter. 

Table 1 shows the automatic light intensity control 
conditions of this system. This system was controlled by 
the difference between Von and pre_Von and previous 
operating conditions of light intensity. These conditions 
were considered from the point of view of the relation 
between the photosynthetic rate and the potential response, 
and the photoinhibition. 

For example, if it was not observed the increasing 
potential when the light intensity changes 10 % UP, it was 
judged to spend the consuming power and to suppressed 
the photosynthesis. Therefore, the light intensity will be 
controlled 10 % DOWN in the next time.  

 
3.2. Execution of light intensity control system  

 
Figure 7 shows the execution example of the light 

intensity control system using the plant bioelectric 
potential. This figure include the raw data of the 
bioelectric potential, auto controlled light intensity and the 
value of Von. Symbols A to C in this figure indicate the 
time of the full light irradiation. The light intensity was 
increased from time A to time B depending on the 
previous operating condition and the difference of Von and 
pre_Von. But the variation of Von in time B does not 
increase at this time. Thus, in time C, the light intensity 
was decreased again.  

 
 

 
 
 
Figure 6. Bioelectric potential response and definition of  

parameters for making feedback signal. 
 
 
 

Table 1. The automatic light intensity control conditions. 
 

 Previous operating conditions 
of light intensity 

 UP DOWN STAY 

Von -
pre_Von 

More than 
10mV UP STAY UP 

Less than 
-10mV DOWN UP DOWN 

Otherwise DOWN STAY STAY 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7. Example of automatic light intensity control 
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These results showed that our developed system can 
operate correctly depending on the feedback signal made 
from the plant bioelectric potential. We suggested that the 
system contribute to the improvement of the cultivation 
environment control system and the energy saving effect. 
A more detailed investigation of the usability and the 
energy saving performance of this system should be 
carried out in our future work. 
 
4. Conclusions 
 

In this study, we aimed to develop the light intensity 
control system for an indoor kitchen garden using the 
plant bioelectric potential. At first, we constructed a new 
system for detecting bioelectric potential and controlling 
light intensity using a microcomputer, small LEDs light 
source device capable of the light quantity adjustment, 
hydroponics devices and EEG needle type electrodes. The 
sample plant were some cabbage grown in hydroponics. 

We measured and analyzed the bioelectric potential 
when the full lighting and the blue lighting instead of the 
light interruption are started. And then a control signal 
depending on the analyzed result was transmitted to the 
light source equipped with light intensity controller from 
the microcomputer. The light intensity control parameters 
and conditions were decided from the correlation between 
the photosynthetic rate and the potential difference Von 
and the previous operating condition of the light intensity. 
The light intensity was controlled from 20 to 100 % at 
10 % intervals depending on a feedback signal. 

These results showed that our developed system can 
operate correctly depending on the feedback signal made 
from the plant bioelectric potential. We suggested that the 
system contribute to the improvement of the cultivation 
environment control system and the energy saving effect. 
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Abstract– In this paper, a practical circuit is introduced 

for the first time which can portray both the self and 

mutual characteristics of two flux coupled meminductors. 

The induced power transferred from one meminductor to 

the other is analyzed in accordance with the mutual action. 

Agreement between PSPICE simulation and theoretical 

analysis verifies the practicability and flexibility of this 

new emulator.  

 

1. Introduction 

 

Meminductor (MI) and memcapacitor (MC) are newly 

generalized energy storage elements from the conception 

of memristor (MR) [1]-[2]. The MI links the charge and 

the time integral of the flux (TIF), and will open up a new 

area of possibilities and functionalities in electronics.  

Since MI is still commercially unavailable, significant 

motivation in the research community has emerged on 

analyzing the dynamic behavior of MIs, by means of its 

emulators. D. Biolek and his research team have 

established several behavioral models for meminductive 

systems based on the constitutive relations, and they also 

proposed mutators for mimicking MI by the grounded MR 

[3]-[5]. An effective interface circuit constructed by only 

two current conveyors which can provide six connecting 

combinations for transforming a MR into meminductive 

and memcapacitive systems is designed in [6]. A universal 

mutator for bidirectional transformations among MR, MC, 

and MI by making use of only three off-the-shelf active 

devices is reported in [7]. By establishing a MI emulator 

using off-the-shelf components, the response of the MI 

under DC, sinusoidal, and periodic current signals is 

discussed by simulation and a general closed-form 

expression for meminductance is also derived in [8]. In [9], 

a mutator-based MI emulator with inductance varied along 

with an external current source is proposed. The 

simulation analysis shows that multiple MI circuits can be 

built in various configurations with MRs combined within 

this proposed mutator. With regard to hardware 

implementation of MI, in [10], a practical flux-controlled 

MI emulator with floating terminals and variable structure 

is designed without using a MR. These emulators have 

assisted researchers commendably in discovering the 

dynamic behaviors and potential applications of MIs in 

circuit design. The investigation presented in [11] 

demonstrates pinched hysteretic magnetic flux–current 

signals at room temperature based on the spin Hall 

magnetoresistance effect in several-nanometer-thick thin 

films, exhibiting the nonvolatile memorizing property and 

magnetic energy storage ability of the MI. This research 

result could open an avenue for nanoscale MI design and 

manufacture. 

The existence of mutual inductance of regular inductors 

via magnetic field is well known. Many electrical devices 

operate on the basis of mutual inductance. Recently, 

definition of a flux controlled mutual meminductive 

system is interestingly proposed in [12] based on the 

constitutive relation of MI. However, in addition to the 

self meminductance not being included in this definition, 

no corresponding emulators are provided in [12]. In this 

paper, we propose an emulation circuit which can portray 

both the self and mutual characteristics of two coupled 

MIs and the induced power transferred from one MI to the 

other is also analyzed for the first time. 

 

2. The Mutual MI Emulator 
 

The symbol proposed in [11] for indicating mutual 

meminductive system is enclosed by dotted frame as 

shown in Fig.1. By referring to [2], a TIF controlled MI 

without mutual effects can be described by 

-1

 MI M( ) ( ( )) ( )i t L t tρ ϕ= ,                       (1) 

where LM
-1 

is the inverse self meminductance, ρ(t) is the 

time integral of flux φ(t) and iMI is the meminductive 

current.   

AB2vAB1v

1A

1B

2A

2B

MI1i
MI2i

R

Ri

 
Fig. 1 Mutual MIs 

The expression of inverse meminductance LM
-1

 could 

possess very high complexity according to the inside 

structure of MI [11]. Here, we consider ideal MIs with 
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very simple constitutive relations for the sake of simplicity. 

LM
-1

 is defined by a linear relation as 

-1 -1

M M0 ( )L L tαρ= + .                          (2) 

LM0
-1 

is the initial value of inverse meminductance. It can 

be seen that in this case, the instantaneous inverse 

meminductance is proportional to ρ(t) with coefficient α. 

Hence, the experimental implementation can be simplified 

as well by adopting ideal MIs with the controllable 

meminductance of (2). 

The proposed schematic of mutual MI emulators is 

shown in Fig. 2. Without considering the mutual effects, 

the two circuits (MI1 and MI2) enclosed by dotted frame 

can be independently operated as the TIF controlled MIs 

[9]. 

The upper MI, enclosed by red dotted frame, is taken 

for demonstration first without considering the mutual 

effect by connecting the left terminals of Rc1 and Rc2 to the 

ground. Four transimpedance operational amplifiers 

(AD844), three amplifiers (one TL084 chip), and one 

multiplier (AD633) are employed and tagged as U11, U21, 

U31, U41, U51, U61, U81 and U71, respectively. In 

accordance with the inherent input-output performance of 

AD844, there is no current flowing into terminal y, the 

voltage of terminal x equals to the voltage of terminal y, 

and the current flowing into terminal x equals to the input 

current of terminal z. Hence, the output voltages at 

terminal p of U11 can be written as 

c11 A1B1

11 11

1
v

R C
ϕ= .                        (3) 

Equation (3) reveals that the output voltage of U11 is in 

proportion to φA1BA. The value of vc11 can be easily altered 

by tuning the values of R11 and C11. The output voltage 

vu51 of the integrator constructed by amplifier U51, as well 

as a DC offset voltage vs1, are delivered to an inverting 

adder, whose output is then sampled by multiplier U71 as 

the input. According to the input-output performance of 

AD633, we have 

61 11
w1

10

u cv v
v

⋅
= .                             (4) 

where, 

51 A1B1

11 21 11 21

1
uv

R R C C
ρ= − ,                  (5) 

51 51
61 A1B1 s1

11 21 31 11 21 41

u

R R
v v

R R R C C R
ρ= − .          (6) 

The output voltage vw1 is delivered to U21 via an inverting 

proportional amplifier to control the current going through 

R81. Note that, due to the action of AD844s, the current 

flowing through R81 is equivalent to the input current of 

the upper MI emulator,  

71 w1
MI1

61 81

R v
i

R R
= − .                           (7) 

By combining (3) with (6), we have 

11 11 61 81 MR1
61

71 A1B1

10
u

R C R R i
v

R ϕ
= ⋅ .               (8) 

Hence, the flux-controlled W1 can be derived as, 

( )-1 -1MR1
M1 A1B1 1 A1B1 M01

A1B1

i
L L

v
ρ α ρ= = + ,              (9) 

where α1 reflects the variation rate of meminductance. 

Parameter α1 and initial value β1 can be computed as 

71 51
1 2 2

11 21 31 61 81 11 2110

R R

R R R R R C C
α = ,               (10) 

-1 71 51
M01 1

11 41 61 81 11

s=
10

R R
L v

R R R R C
− .               (11) 

Equation (11) reveals that the initial value of 

meminductance can be adjusted by resistor R41 and DC 

voltage supply vs1.  
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Fig. 2 The proposed mutual MI emulator 

For the mutual MIs of Fig.1, two extra inputs of 

inverting adders U81 and U82 are introduced to achieve 

the mutual operation, as exhibited by Fig.2. The left 

terminal of Rc1 is connected to the output terminal of U72, 

while the left terminal of Rc2 is shorten to the output 

terminal of U71. Two op amps U51 and U52 are operated 

as integrators in order to obtain equivalent TIF ρ(t). The 

two DC voltage sources vs1 and vs2 are for configuring the 
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initial value of each meminductance. By considering the 

TIF controlled mutual meminductance, the set of system 

equations can be written as 

-1 -1

 MI1 M01 1 1 1 1 M02 2 2 2

-1 -1

 MI2 M02 2 2 2 2 M01 1 1 1

( ) ( )

( ) ( )

i L L

i L L

α ρ ϕ β α ρ ϕ

α ρ ϕ β α ρ ϕ

 = + + +


= + + +
, (12) 

where β1(LM02
-1

+α2ρ2) and β2(LM01
-1

+α1ρ1) are the inverse 

mutual meminductance and both β1, β2 are the coefficients 

which decide the mutual strength. Equation (12) 

demonstrates that the current going through each MI is in 

fact aroused by self and mutual fluxes. 

According to operational functions of the active chips 

and Kirchhoff’s Voltage and Current Laws, we can obtain 

the parameters for describing the lower MI emulator 

(enclosed by blue dotted frame) and the mutual strength, 

-1 52 72 2
M02

12 42 62 82 1210

sR R v
L

R R R R C
= − ,                  (13) 

52 72
2 2 2

12 22 32 62 82 12 2210

R R

R R R R R C C
α = ,               (14) 

71 62 82
1

1 81 72c

R R R

R R R
β = , 72 61 81

2

2 82 71c

R R R

R R R
β = .                (15) 

Equations (10)-(15) reflect that LM01
-1

, LM02
-1

, α1, α2, β1 

and β2 can be conveniently adjusted by tuning the values 

of resistors and capacitors. 

 

3. Experimental Analysis 

 

The experimental parameters for testing the mutual MI 

emulators are given as: R11=20kΩ, R12=10kΩ, R21=80kΩ, 

R22=100kΩ, R31=80kΩ, R32=50kΩ, R41=100kΩ, 

R42=200kΩ, R51=30kΩ, R52=80kΩ, R61=300kΩ, R62=15kΩ, 

R71=750kΩ, R72=100kΩ, R81=2kΩ, R82=2kΩ, C11=300nF, 

C12=200nF C21=400nF, C22=200nF, vs1=vs=-15V, 

Rc1=17kΩ, Rc2=300kΩ. On the basis of this parameter 

configuration it can be calculated that the initial inverse 

meminductance values satisfy LM01
-1

=0.09375mH
-1

 and 

LM02
-1

=0.5 mH
-1

.  

In order to perform a comparative investigation with 

theoretical and simulation analysis, the simulation data are 

transferred from PSPICE into OriginPro8.0 software to 

obtain the dictated curves. Firstly, a sinusoidal voltage of 

vA1B1=3sin(2πft) is imposed on A1B1 to verify the single 

MI emulator without considering the mutual effects. In 

this case, the inverting adder structured by U61 is in fact 

operated as an inverting proportional amplifier. Note that, 

since voltage -vr81 is in proportion to the current going 

through MI1 and hence is sampled for describing iMI1.The 

relations between current and terminal flux are portrayed 

in Fig.3 using -vr81 and vc11, with the excitation frequency f 

taking values of 8Hz, 10Hz and 15Hz, respectively. It can 

be seen that the flux versus current loops are passing 

through the origin and evidently shrunk as the frequency f 

increases, which is a typical feature of MI called the 

frequency dependence of pinched hysteresis loops. 

Then, a voltage source and a resistor R are connected to 

the primary side (A1B1) and the secondary side (A2B2), 

respectively, to verify the mutual actions of the proposed 

emulator, as shown in Fig.1. By configuring 

vA1B1=3sin(20πt) and R=1kΩ, the sampled voltage vA1B1, 

equivalent current -vr81 and flux vc11 in time domain are 

shown in Fig.4. It can be seen that the excitation voltage 

vA1B1 is a 10Hz standard sinusoidal waveform with the 

phase ahead of vc11 and -vr81. The phase difference 

between vA1B1 and -vr81 (iMI1) is less than π/2. Also, it is 

worth noting that vc11 and -vr81 are no longer 

simultaneously passing through zero, but with a noticeable 

time difference ∆t=1.93ms. This time difference is in fact 

caused by the mutual action from the secondary MI, and 

can be decreased by attenuating the mutual strength 

(increasing Rc1).  

Referring to the well-known mutual inductors, it can 

be deduced that the mutual action from the primary MI 

will result in induced current in the secondary MI. On the 

basis of Kirchhoff’s Current Law, the sum of currents iMI2 

and iR is equal to zero, hence vr82 is captured to represent 

current iR.  
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Fig. 3 Curves of the pinched hysteresis loops 
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The induced voltage and current of the secondary MIs, 

vA2B2 and vr82, are shown in Fig.5. It can be observed that 

the voltage and current are in linear proportion and 

simultaneously passing through zero. The flux is evidently 

lagging off voltage and current with a phase angle of π/2. 

Note that current, voltage and flux are no longer 

sinusoidal waveforms due to the action of nonlinear self 

and mutual meminductance. The power dissipated P(t) on 

the load resistor R is also displayed in Fig.5 by dotted line. 

The maximal value of P(t) is 3.312uW, which appears 

with the peak value of voltage vAB2 instead of vAB1. These 

simulation results reveal that this emulator is capable of 

demonstrating the dynamic complexities of energy 

delivering process of two mutual MIs.  

Inspired by the preceding analysis, it can be deduced 

that, in similarity with normal mutual inductors, two flux 

coupled MIs could transform electrical energy into 

magnetic energy, then back into electrical energy via the 

mutual action. Hence, the mutual MIs can be redefined as 

a transformer with variable inductance and called as 

“memtransformer”. Since its operation depends on the 

electromagnetic induction between two stationary MIs and 

the variable magnetic flux with changing magnitude and 

polarity, the so-called memtransformer is supposed to be 

used as AC device. 
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Fig. 5 Waveforms of vA2B2, vr82 and vc12 

 

4. Conclusions 

 

This paper proposes a novel circuit emulator which can 

be flexibly modified and used for analyzing the dynamic 

behaviors of two mutual MIs. The PSPICE results unfold 

that induced power can be generated in the secondary MI 

due to the mutual flux action. Although the system 

equations (12) are specific, the work presented in this 

letter can provide references for future research related to 

mutual MIs. The practical implementation of this mutual 

MI will be carried out in our future research. 
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Abstract—In this work, cellular automata on content
addressable memory (CAM2) is implemented on FPGA,
which is highly parallel two-dimensional cellular automata
architecture. It can achieve various cellular automata
(CA) processing such as pixel level snakes, morpholog-
ical wavelet transform and pattern spectrum. These ap-
plications are currently offered on ASIC. CAM2 on ASIC
cannot change its capacity and configuration, while in con-
trast, CAM2 on FPGA is flexible in terms of capacity and
configuration, can perform optimum processing, and is low
cost. As a result, max frequency and capacity of CAM2 on
FPGA is respectively fourth and one eighth that of, CAM2

on ASIC. Capacity frequency product realizes one twice as
much as CAM2 on ASIC. CAM2 on FPGA is thus poised
to make a significant contribution to the development of
compact, high-performance systems.

1. Introduction

CAM2 is a highly parallel two-dimensional cellular au-
tomata architecture [1], [2], [3] that can realize various CA-
based processing such as pixel level snakes [4], morpholog-
ical wavelet transform [5], [6], and pattern spectrum [7],
[8]. However, CAM2 on ASIC has serious issues; namely,
it capacity and configuration cannot be changed, and the
cost of developing a new CAM2 has become huge. In con-
trast, FPGA has continued to advance. If CAM2 is imple-
mented on FPGA, it becomes an accelerator of various CA-
based processes. Moreover, CAM2 on FPGA can change
its capacity and configuration, and it keeps expenses below
that of ASIC. Therefore, CAM2 on FPGA is a very appeal-
ing platform.

This paper is organized as follows. First, we introduce
cellular hardware platforms: CAM2 and give an example
of its application on ASIC. In sect. 3, CAM2 on FPGA is
described and the differences between CAM2 on FPGA and
CAM2 on ASIC are discussed. In sect. 4, implementation
reslts of CAM2 on FPGA is shown. We conclude with a
brief summary in sect. 5.

2. Cellular Hardware Platform

2.1. CAM2

CAM2 is being developed for several digital appliances
and is composed of content addressable memory (CAM),
that makes it possible to embed within it a large number

of processing element (PEs) corresponding to Cellular Au-
tomata (CA) cells. Table .1 list the specifications of the
CAM2 processor and Fig. 3 is photograph of CAM2 on
FPGA. The CAM2 is a compact, high-performance, flexi-
ble, and highly parallel 2-D cellular automata. In light of
the above, real-time morphological pattern spectrum pro-
cessing can be realized with the CAM2 evaluation sys-
tem. The CAM2 evaluation system and a block diagram
of CAM2 are shown in Fig. 1 and the CAM cell of CAM2

on ASIC is shown in Fig. 2. The CAM2 evaluation sys-
tem consists of a CAM2 processor, a FPGA that controls
the evaluation board, various memories, a monitor, and a
host PC. The most prominent features of the configuration
are the dedicated CAM blocks, included in the CAM2 pro-
cessor for the highly parallel PE array. Each CAM block
performs various types of parallel data processing for CA
in each word. Moreover, the CAM2 processor can be eas-
ily controlled by command sequences generated from the
FPGA. Since the FPGA can easily rewrite the logic, CAM2

can perform various types of CA-based image processing
either alone or in combination with another system.
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Figure 2: CAM2 cell on ASIC

Table 1: specification of CAM2 processor
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Figure 3: CAM2 on ASIC

While the CAM2 processor is suitable for CA process-
ing, it also enables effective parallel bit-serial cipher pro-
cessing that consists of logic operations and table-lookup

coding. CA and cipher processing with the CAM2 pro-
cessor are carried out by iterative data transfer and update
operations. To perform the above processing, the follow-
ing functions are absolutely essential: maskable OR search
(A), maskable parallel write (B), and hit-flag shift up down
(C). In the case of CA processing, the value of the original
cell is transferred to its nearest neighboring cell. In the CA-
value update process, the next value of the original cell is
calculated by a transition rule using the original and nearest
neighboring cell values.

(A) Maskable OR search
Search data from input are compared with word con-
tents. The maskable search results are accumulated in
hit-flag registers through OR logic.

(B) Maskable partial-parallel write
Data are written into specific bit positions of multiple
word locations.

(C) Hit-flag shift up and down
The hit-flag registers are shifted to upper or lower
words.

Through the iteration of these functions, the CA-value
transfer and update processes can be carried out in a bit-
serial, word-parallel manner. The processing drawbacks
are that it takes a long time for such complex operations as
the multiplication of longer bits. Moreover, the processing
time for the CA-value transfer is proportional to the transfer
bit length. Thus, a low-bit CA-value update is required to
shorten the processing time.

2.2. Application of CAM2

(A) Cellular neural network [9],[10]
In a cellular neural/nonlinear network (CNN), infor-
mation processing is done in parallel through network
dynamics, which means CNN has the potential to re-
alize a highly parallel real-time information process-
ing system. To demonstrate the flexibility and pro-
grammability of CAM2, nonlinear template CNN was
implemented.

(B) Pixel level snakes [4]
The snakes algorithm was originally formularized
as a variational method. Using the Euler-Lagrange
method, it can be transformed into a partial differential
equation that can be related to cellular network mod-
els. In PLS, the authors developed this model to con-
nect with CNN more easily, and succeeded in leading
the snakes algorithm to pixel level cellular computa-
tion. In PLS, an external potential is calculated with
the gradient of the original image. An active con-
tour dynamically deforms its shape with both its in-
ternal energy and the external potential. In the initial
state, an active closed curve is given to enclose ob-
jects. The shape of the active closed curve iterates the
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deformation and the active closed curve contracts un-
til both the internal energy and the external potential
are equivalent. When the internal energy and the ex-
ternal potential are reasonable, the equilibrium point
of the active closed curve is the contour image of the
object.

(C) Morphological wavelet transform [5], [6]
Morphological wavelet transform is wavelet transform
based on max-plus algebra. Morphological wavelet
transform is not affected by any restrictions regardless
of the type of sampling windows. Morphological pro-
cessing on the CAM2 using various structure elements
has already been proposed.

(D) Morphological pattern spectrum-based image ma-
nipulation detector [7], [8]
The CAM2 can realize real-time parallel image-
manipulation detection and 1,024-parallelism AES
processing. For verifying the effectiveness of the pro-
posed image-manipulation method with the CAM2,
two types of benchmark images are analyzed by the
proposed detection method. The number of clock cy-
cles of the CAM2 is up to 58% lower than that of
conventional processors. Consequently, the proposed
image-manipulation detector with the CAM2 imple-
mentation is very effective for the investigation of
crimes and photographic evidence.

3. CAM2 on FPGA

The main benefits of CAM2 on FPGA are its flexibility
and low cost. In the case of CAM2 on ASIC, bit length,
number of words, and number of blocks are respectively
fixed at 64 bits, 512 words, and 32 blocks. In contrast,
CAM2 on FPGA can change its configuration and capacity.
For example, word can be changed from 64 bits to 32 bits
and the number of blocks can be changed to from 16 to 32.

This flexibility can result in better processing. FPGA can
also change the configuration and capacity if we change the
IP. The CAM2 cell on FPGA is shown in Fig. 4. The big
difference between CAM2 on ASIC and CAM2 on FPGA
is the CAM cell: on ASIC, it has little flexibility, and on
FPGA, it has excellent flexibility, as shown in Fig. 4. The
function of CAM2 on FPGA was implemented as follows.
The maskable OR search takes exclusive OR of the key data
and cell data and takes logical conjunction of its result and
the search mask. Next, the maskable partial-parallel write
takes the logical conjunction of the word line and partial-
write signal line. Hit-flag shift up and down is constant to
ASIC. There functions are realized easily.
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Figure 4: CAM2 cell on FPGA

4. Implementation results

CAM2 on FPGA is estimated to use three types of
FPGA: Spartan-6, Kintex-7, and Virtex-7. A picture of
Virtex-7 is shown in Fig. 5. The CAM2 on ASIC is 40 MHz
and has a 32-block configuration. The maximum capacities
of each FPGA are 128 words× 8 blocks (Spartan-6), 512
word × 4 blocks (Kintex-7), and 512 words × 4 blocks
(Virtex-7). The maximum implemented capacity of FPGA
is smaller by one eighth than ASIC.
The max frequency of FPGA is smaller by 10% when the
configuration becomes double blocks and smaller by 20%
when it becomes double words. The maximum frequency
of FPGA is fourth bigger than ASIC. From these results,
multiply max frequency and capacity are about one twice.

Figure 5: CAM2 on FPGA
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Table 2: Implementation results
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5. Conclusion

In this paper, we discussed our implementation of CAM2

on FPGA. CAM2 has previously been used to conduct pro-
cesses such as pixel level snake, morphological wavelet
transform, and pattern spectrum. CAM2 is implemented on
FPGA, on which it can change its capacity and configura-
tion and realize a low cost. The biggest difference between
CAM2 on ASIC and on FPGA is the CAM cell. Simula-
tions showed that the CAM2 on FPGA achieves approxi-
mately four times the frequency compared with on ASIC,
and the capacity became one eighth. Hence, using state of
the art FPGA, CAM2 on FPGA becomes larger and larger.
CAM2 implemented on FPGA has great potential as the
accelerator of various CA-based processes.
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Abstract—The emission limits of UWB impulse radio is regu-
lated by FCC (USA). However exact mathematical descriptionof
the prescribed peak and average power limits are not provided in
the literature. This contribution gives closed form unifiedexpres-
sions for the FCC power limits exploiting Jacobi theta functions
and based on models elaborated for the interpretation of FCC
Regulations and UWB IR carriers. Different UWB IR carriers
appearing in the literature are compared in terms of UWB system
design parameters. The relationship between the design parame-
ters and FCC Regulations is provided.

1. Introduction

Carriers used in ultra-wideband (UWB) systems are not exactly
defined however spectral emission limits are strictly regulated and
interoperability among UWB nodes from different vendors in a
network must be assured, therefore the prescriptions of FCCReg-
ulations [1] and IEEE 802.15.4a Standard [2], respectively, must
be obeyed. The determination of FCC emission limits are based
on mainly heuristic approach and exact mathematical modelsand
formulas are hardly provided in the literature. This contribution
provides mathematical models for the interpretation of FCCReg-
ulations and also for the UWB impulse radio (IR) carriers further-
more determines the peak and average power limits introducing
Jacobi theta functions. The model introduced is unified so not
only deterministic but even chaotic signals, e.g. FM-DCSK mod-
ulated UWB IR carriers can be applied to the model. The paper
compares the different type of UWB IR carriers in terms of the pa-
rameters circuit and system designers rely on, namely, peakvolt-
age and pulse energy, respectively and provides the relationship
between these parameters and FCC Regulations.

2. Restrictions on UWB IR carriers

Exact shapes of UWB IR carriers are not defined. Instead,
the properties of UWB IR signals are regulated both in the
time and frequency domains by the (i) FCC Regulations [1] and
(ii) IEEE 802.15.4a Standard [2].

2.1. FCC Limits on Radiated UWB IR Signals

The restrictions on UWB IR signals were published by FCC in
2002 [1]. To limit the interference caused in other radio systems
both the peak and average values of the Equivalent Isotropically
Radiated Power (EIRP) transmitted by a UWB device are limited:

1. “There is a limit on thepeak level of the emissions contained
within a 50-MHz bandwidth centered on the frequency at
which the highest radiated emission occurs· · · That limit is
0 dBm EIRP.”

2. The average “radiated emissions· · · shall not exceed” -
41.3 dBm EIRP “when measured using a resolution band-
width of 1 MHz” over the frequency band of 3.1 GHz to
10.6 GHz.
“The RMS average measurement is based on the use of a
spectrum analyzer with a resolution bandwidth of 1 MHz,
an RMS detector, and a 1 ms or less averaging time.”

The 50-MHz and 1-MHz RF bandpass filters are referred to as
FCC bandpass filters in the rest of the paper.

2.2. Requirements of IEEE Standard

The IEEE Standard gives the specification for the physical layer
of the Low-Rate Wireless Personal Area Networks [2].

The implementation of the UWB pulse generator is the key is-
sue in the design of UWB transceivers. To give a high level of
freedom, the IEEE Standard does not specify the exact shape of
UWB carrier. Large variation of UWB IR carriers has been pro-
posed in the literature [3]–[4]. Any kind of UWB pulses can be
used provided that they satisfy the FCC Regulations and obeythe
transmit spectrum mask of IEEE Standard.

However, UWB transceivers manufactured by different vendors
have to operate in the same network. To assure interoperability
among the different UWB transceivers, the IEEE Standard defines
a square root raised cosine (RRC) reference pulse and specifies
the properties of cross-correlation of the envelope of UWB pulse
used by an IEEE 802.15.4a-compliant UWB transceiver and the
reference pulse. For details, please refer to [2].

3. Mathematical Model

The UWB circuit and system designers need two basic param-
eters, namely, (i)Vpeak, i.e., the peak voltage of the envelope of
UWB pulse generated at the transmitter and (ii)Ep, i.e., the en-
ergy carried by one UWB pulse.Vpeak gives the required output
voltage swing to be assured at the UWB transmitter whileEp de-
termines the attainable radio coverage.

This paper provides the relationship among these UWB param-
eters and the FCC Regulations. Only those UWB pulses are con-
sidered here which satisfy the IEEE Standard. To derive the ana-
lytical expression, first the FCC Regulations have to be interpreted
and a mathematical model has to be elaborated.

3.1. Interpretation of FCC Regulations

Let PFCC
peak and PFCC

avg denote the FCC peak and average power
limits, respectively. The mathematical model constructedfrom
the FCC Regulations is depicted in Fig. 1 wheregT (t) denotes the
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train of UWB IR carrier pulses to be measured,hFCC (t) is the im-
pulse response of the FCC bandpass filter,ωCF = 2π fCF andRBW
give the center frequency and resolution bandwidth, respectively,
of that filter. Note, the FCC peak power limit is determined from
the peak value of FCC filter outputyT (t) while the measurement
of the FCC average power limit needs an RMS detector (RMS
DET) and averaging (AVG).

RMS

DET
AVG

K

pT
δ
(t)

PFCC
peak

PFCC
avg

hFCC(t)
yT (t)

ωCF , RBW

≈ gT (t)

Figure 1: Mathematical model for the interpretation of FCC Regulations.

One bit information can be carried by either a single UWB IR
carrier pulse or a burst of them. The latter solution has beenused
in [2] to improve the coverage of UWB radio. The periodicity of
UWB IR signals is reflected by the upperT index in both Fig. 1
and the rest of this contribution.

3.2. IEEE 802.15.4a-compliant UWB IR Pulses

The use of the RRC function as UWB IR carrier gives the trivial
solution and it assures the implementation of an ISI free Nyquist
channel however it cannot be generated by simple CMOS analog
microwave circuits.

The most popular UWB envelope is theGaussian pulse [3]

p[GAUS S ] (t) = Vpeak exp

(

−t2

2u2
B

)

(1)

where the upper index [GAUSS] identifies the type of
UWB envelope but in general upper index is dropped, and
uB = 1/(2π fB

√

lg(e)) is determined by the 10-dB RF bandwidth
2 fB of the UWB carrier.

Researchers at the Massachusetts Institute of Technology
(USA) approximated the Gaussian pulse in their built UWB trans-
mitter by generating aTanh pulse ([TANH]) as UWB envelope.
As alternative they proposed a square pulse filtered by a second
order low-pass filter ([FILT]) as UWB envelope [5].

To get the UWB IR carrier,gT (t), the UWB envelopes given
above are upconverted into the microwave frequency region

gT (t) = pT (t) cos(2π fCF t) (2)

3.3. Unified Model for UWB Impulses

To get a single unified mathematical model for the different
UWB IR carriers, they are approximated as the product of a Dirac
delta functionpT

δ
(t) and a weighting constantK in Fig. 1. K es-

tablish connection between the unified model and the parameters
of different UWB IR carriers that meet the FCC Regulations.

To verify the approximation recall that, according to the FCC
Regulations, the RF bandwidth of a UWB signal has to be at least
500 MHz, consequently, the bandwidth of a UWB IR signal is
always much greater than that of the FCC bandpass filter. If so
then, over the frequency band where the frequency response of
FCC filter is not negligible, the spectrum ofgT (t) can be substi-
tuted by the spectrum of weighted Dirac delta functions, i.e., the
UWB pulse can be considered as an impulse excitation to the FCC
filter.

To get a unified model, the UWB IR carrier given by (2) is
decomposed into a product

gT (t) ≈ K pT
δ (t) (3)

as shown in Fig. 1 where

pT
δ (t) =

+∞
∑

k=−∞
δ(t − kT ) (4)

Taking the Fourier transform of (3) exploiting (4) we get

F
{

gT (t)
}

≈ K
T

+∞
∑

m=−∞
δ

(

f − m
T

)

(5)

Note, two conditions have to be met, namely (i) the FCC peak
limit is read and (ii) spectral line should appear at the frequency
of highest emission.

As an example let’s apply the unified model to a UWB IR car-
rier with Gaussian envelope of (1) to get

K = Vpeak

√
2πuB/2 and Ep =

√
πuBV2

peak/(2Z0)

whereZ0 is the impedance of termination.

4. Derivation of Peak and Average Power Limits

Section 3.3 has shown that a UWB IR signal can be considered
as an impulse excitation to the FCC bandpass filter. FCC limits
are derived fromyT (t) of Fig. 1, i.e., from the output of FCC filter.

According to the FCC Regulations let bothPFCC
avg andPFCC

peak be
measured by a spectrum analyzer.

The most common type of IF filters used in spectrum analysis
is a Gaussian filter [6], its impulse response is

hFCC(t)=
2
√

2π λ
exp

[

− (t − τCF )2

2λ2

]

cos [ωCF (t − τCF )] (6)

whereτCF denotes the total delay of the spectrum analyzer and

λ =

√

2 ln
√

2/(πRBW). Note, the Resolution BandWidth,RBW,
is equal to the 3-dB bandwidth of the FCC bandpass filter.

The mathematical model of Fig. 1 shows that the response of
FCC filter toa single isolated UWB pulse g(t) is

y(t) =
2K
√

2π λ
exp

[

− (t − τCF )2

2λ2

]

cos [ωCF (t − τCF )] (7)

Let us apply a UWB pulse train to the input of FCC filter. Since
the FCC filter is a LTI system, the superposition theorem can be
applied andyT (t) can be expressed as a sum of delayed weighted-
by-K impulse responseshFCC (t) of the FCC filter.

4.1. FCC Peak Power Limit

To derive an analytic expression for the FCC peak power limit
three conditions have to be met, namely, (i) center frequency fCF

of FCC filter shown in Fig.1 has to be set to the UWB frequency
at which the highest radiated emission occurs, (ii)RBW has to be
set according to FCC Regulations, and (iii) peak voltage of FCC
filter output has to be determined.

To get the peak power only thepeak voltage has to be ex-
pressed, consequently, the calculation can be simplified consid-
erably by substituting the output voltage of FCC filter by itsenve-
lope in (7)

y(t) ≤ yenv(t) =
2K
√

2π λ
exp

[

− (t − τCF )2

2λ2

]

(8)
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When the pulse repetition frequency,PRF ≪ RBW, the
responses of FCC filter to the individual UWB pulses are com-
pletely separated and overlapping does not occurs. This situation
is shown in Fig. 2, where the Gaussian waveform depicted is the
envelope of bandpass RF signal measured at the FCC filter output.
Note, the envelope,yT

env(t) is a periodic waveform with the period
timeT = 1/PRF and its peaks appear atτCF ±nT, n = 0, 1,2, . . . .

0

1

τCF

y
T e
n
v
(t
)

τCF − T τCF + T
t

Figure 2: Envelope of FCC filter output whenPRF≪RBW.

In the general case overlapping occurs. The dashed, dotted and
dash-dotted curves gives the responses of the FCC filter to three
consecutive individual UWB pulses in Fig. 3, while the solidone
is the envelope of FCC filter output. Only three individual re-
sponses are plotted in the figure, the presence of the furtherones
is marked by three dots on both sides. A few important conclu-
sions can be drawn: (i) since the worst-case situation has tobe
considered and the superposition theorem holds to the FCC fil-
ter, the individual responses have to be summed and the peaks
increase in size with increasing overlappin, (ii) the peaksof FCC
filter output appears atτCF ± nT, n = 0,1, 2, . . . .

Figure 3: Envelope of FCC filter output whenPRF > RBW. Note, the
FCC filter outputs generated by the individual UWB pulses overlap one
another.

Let the peak power be calculated att = τCF . At this time instant
the peak value of FCC filter output is

yT
env(τCF )=

2K
√

2πλ

(

· · ·+exp

[

− (T )2

2λ2

]

+1+exp

[

− (−T )2

2λ2

]

+· · ·
)

(9)

where the three terms in the bracket give, from the left to the
right, respectively, the contributions of the dashed, dotted and
dash-dotted curves shown in Fig. 3.

Exploiting the symmetry of the exponential terms we can put
(9) into the form

yT
env(τCF ) =

2K
√

2πλ















1+ 2
∞
∑

n=1

exp

[

− (nT )2

2λ2

]















(10)

To get a closed-form expression for the FCC peak power limit,
the sum of exponentials has to be expressed.

The Jacobi theta functions are defined in mathematics. One of
them takes the form in the notation of Whittaker and Watson [7]
as

ϑ3(z, q) = 1+ 2
∞
∑

n=1

qn2
cos(2nz) (11)

whereq andz denote the nome and argument, respectively.
A comparison of (10) and (11) shows that if we substitutez = 0

andq = exp
(

− T 2

2λ2

)

= exp
[

− 1
2(λPRF)2

]

in (11) then the peak voltage
of FCC filter output can be expressed by the Jacobi theta function
as

yT
env(τCF ) =

2K
√

2πλ
ϑ3

(

0,exp

[

− 1
2(λPRF)2

])

(12)

Although an analytic expression is not available for the calcula-
tion of ϑ3(z, q), its value can be determined numerically [8].

Jacobi theta function with argumentz = 0 and nomeq =
exp

(

− T 2

2λ2

)

= exp
[

− 1
2(λPRF)2

]

can be approximated by a piece-wise
linear function with a negligible error

ϑ3 (0, λPRF) =

{

1, if λPRF ≤ 1/
√

2π√
2π λPRF, otherwise

(13)

Now all equations are available to express the peak power at
the FCC filter output.

Let the FCC bandpass filter be terminated byZ0. As shown by
Figs. 2 and 3, the peak voltage at the FCC filter output appearsat
t = τCF ± nT, n = 0,1, 2, . . . and the peak power is obtained as

Ppeak =
[

yT
env(τCF )

]2
/Z0 (14)

Substituting (12) into (14), taking into account the piece-wise lin-
ear approximation of (13) and substitutingλ the peak power at
the FCC bandpass filter output is obtained as a functions of the
parameters of UWB pulse and FCC Regulations

Ppeak =
π

ln
√

2
(RBW)2 K2

Z0

{

1, if λPRF ≤ 1/
√

2π
2π(λPRF)2, otherwise

(15)

4.2. FCC Average Power Limit

Figures 2 and 3 show that the output of FCC bandpass filter
is a periodic signal so it can be represented by its Fourier series.
According to Parseval’s Relation to get the average power atthe
FCC filter output, the Fourier coefficients ofyT (t) has to be calcu-
lated. The steps of investigation can be determined from Fig. 1:
(i) first the Fourier coefficients ofK pT

δ
(t) are calculated, (ii) then

those of FCC filter output are derived and (iii) finally, the average
power measured at the FCC filter output is determined.

The FCC filter is driven by a sequence of Dirac delta functions
K pδ(t). The Fourier coefficients of this periodic excitationK pT

δ
(t)

can be calculated from the Fourier transform of one period as

ak =
1
T
F {K pδ(t)}

∣

∣

∣

∣

∣

f= k
T

=
K
T
δik (16)

where δik is the Kronecker delta function,i = f T and k =
0,±1,±2, . . . .

The Fourier coefficients of the periodic FCC filter outputyT (t)
are obtained as

bk = HFCC( f )
∣

∣

∣

∣

∣

f= k
T

ak =
K
T

HFCC

(

k
T

)

(17)

whereHFCC( f ) = F
{

hFCC(t)
}

.
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Figure 4: The spectrum of the response of Gaussian filter usedin spectrum
analyzers, i.e. the FCC filter to the UWB IR carrier train.

The absolute value of Fourier coefficients bk are plotted for
f > 0 in Fig. 4. Note, their values reflects the frequency response
of Gaussian FCC bandpass filter.

The average power at the FCC filter output can be determined
by the Parseval’s Relation

Pavg =
1
Z0

∞
∑

k=−∞
|bk |2 =

1
Z0

(K
T

)2 ∞
∑

k=−∞
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∣

∣

∣

∣
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)
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∣

∣

∣

∣

∣

2

(18)

The next step is the determination of the sum ofHFCC( f ).
SubstitutingHFCC( f ) into the right hand side of (18), a com-

pact equation is obtained

∞
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∣
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∣
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= 4
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k=1

exp
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[

πλ(
k
T
− fCF )

]2










(19)

Assume thatfCF is an entire multiple ofPRF, then substituting
(19) into (18) and applying the approximation procedure with the
Jacobi theta function as done in Sec. 4.1 we get the average power
as

Pavg = 4 (PRF)2 K2

Z0

{

1/(
√

4π λPRF), if λPRF ≤ 1/
√

4π
1, otherwise

(20)

5. Interpretation of results

As mentioned in Sec. 3 the peak voltage and pulse energy of the
UWB pulse generated at the transmitter are important parameters
for circuit designers. Eqs. (15) and (20) establish the relationship
between the FCC Regulations andVpeak and alsoEp through the
parameterK. The graphical interpretation of the FCC peak and
average power via parameterK when the FCC limits are just met
is shown in Fig. 5 as a function of PRF. Observe, the low-rate
UWB IR systems arepeak power limited while high-rate ones are
average power limited. The crossing point of the low-rate and
high-rate systems is at the PRF of 396 kpulse/s.

Table 1 shows the calculated values ofVpeak andEp for different
UWB pulse candidates, having 500 MHz 10-dB RF bandwidths,
at 104 pulse/s and 106 pulse/s pulse repetition frequencies where
the peak and average, respectively, FCC limits take effect. The
greater the value ofEp the larger the coverage of the UWB trans-
mitter.

The values ofVpeak and Ep for different pulse shapes only
slightly varies, therefore those pulse shapes are reasonable to pre-
fer whose implementation is simple.

10
3

10
4

10
5

10
6

10
7

10
8

10
9

0

0.5

1

1.5

2
x 10
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Figure 5: Maximum allowable values of parameterK versus pulse repeti-
tion frequency. The solid and dashed curves show the values of parameter
K that are compliant to the FCC peak and average, respectively, power
limits. The RBW values are 1 MHz and 50 MHz for the FCC peak and
average power limits, respectively.

PRF = 104 [pulse/s] PRF = 106 [pulse/s]
Vpeak [V] Ep [pJ] Vpeak [V] Ep [pJ]

[RRC] 1.28 32.59 0.80 12.86
[GAUSS] 1.22 25.77 0.77 10.17
[TANH] 1.25 25.57 0.79 10.09
[FILT] 1.2 26.53 0.76 10.47

Table 1: Allowable peak voltages and pulse energies for different UWB
pulse candidates having 500 MHz 10-dB RF bandwidth at pulse repetition
frequencies of 104 [pulse/s] and 106 [pulse/s].

6. Conclusions

Starting from the FCC Regulations and IEEE 802.15.4a Stan-
dard this contribution elaborated unified mathematical models for
(i) the interpretation of FCC Regulations and (ii) the UWB IRcar-
riers. Based on the models unified formulas for the determination
of peak and average power limits have been elaborated. We have
shown that Jacobi theta functions describe the nonlinear behavior
of peak and average power limits as a function of pulse repeti-
tion frequency. Power limits of low-rate and high-rate systems
determines a special value of pulse repetition frequency at396
kpulse/s. Before and after that point, the peak and average power
limit, respectively, takes effect.
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Abstract– This paper discusses self turn-on and its 

consequence of self-sustained oscillations observed in a 

half-bridge configuration of SiC (Silicon Carbide) 

MOSFETs in experiments and circuit simulation. The 

oscillation is triggered by self turn-on at the non-driven 

device, due to its large feedback capacitance and relatively 

low threshold voltage. The generated oscillation seems to 

be maintained by feed through resonance caused by 

parasitic inductances and capacitances. We do circuit 

simulation for the oscillation, and discuss how the 

oscillation develops and the trajectory of non-driven 

device moves.  

 

1. Introduction 

 

Recently, the development of wide band gap materials, 

such as Silicon Carbide (SiC) and Gallium Nitride (GaN) 

power devices, are at the phase of application into devices 

taking advantage of their physical characteristics. The 

device can be designed based on the withstanding voltage.  

It implies that a thin drift layer leads to a low on-state 

resistance (Ron). It also allows smaller chips without 

reducing current-carrying capacity[1]. Small chips 

produce small input capacitance (Ciss), facilitating high 

speed switching. Conversely the thin drift layer leads to 

close separation of the gate and drain electrodes and 

results large feed-back capacitance (Crss).  

Two serial connected transistors configuration, 

constituting a half-bridge (HB) is a typical circuit 

configuration in power electronics. In a HB, the serially 

connected transistors often form a short-circuit caused by 

unintentional turn-on[2, 3]. This phenomenon is called 

self turn-on[3], and periodically occurs as a so called as 

self-sustained oscillation under certain conditions[4 - 6]. 

In this paper the oscillation is called a self-sustained 

oscillation.  

This paper discusses self turn-on and the consequential 

self-sustained oscillations observed in a HB configuration 

with SiC MOSFETs (metal-oxide-semiconductor field-

effect transistors) in experiments and circuit simulation. 

The experimental circuit configuration and setups are 

described in section 2, and the experimental results are 

provided in section 3. In section 4, the authors show that 

circuit simulation reflects well the experimental results 

and the mechanism of the self sustained oscillation are 

discussed. The experimental Id - Vd trajectory is displayed 

in section 5 to discuss the oscillation from a different 

point of view, and finally we conclude the paper in section 

6.   

 

2. Circuit configuration and setup 

 

2.1. HB configuration with SiC MOSFETs 

 

Here are introduced a switching circuit with a HB 

geometry with an inductive load. SiC MOSFETs with 

trench-gate structure are adopted for the experiments in 

this paper.  The Crss/Ciss value of the device is double of Si 

devices. We have found that a relatively large Crss of SiC 

MOSFETs actually enhances the possibility of self turn-on 

and self-sustained oscillation in a HB configuration.  

Figure 1 shows the schematic diagram of the circuit.  In 

the figure, HS denotes the MOSFET on the side with 

directly fed input voltage and LS is the other device on the 

ground side. The HS and LS each consist of a single bare-

die SiC MOSFET attached to a direct bond copper 

substrate with solder.  

Gate

Driver

E
=

1
0

0
V

SiC MOSFET

(HS)

SiC MOSFET

(LS)

C=1.2µF

Vds,L

Vds,H

Id,L

Id,H

Vgs,L

Vgs,H

 

 
 

2.2. Experimental setup 

 

The gate driver drove LS applying +18 V/0V square 

pulses with a 50% duty cycle and a frequency of 120 kHz. 

HS worked as the freewheeling device with its gate and 

source comprising a short circuit. The inductive load is 

connected between the drain and the source of HS. The 

measured voltages at 4 nodes and the currents at 2 

branches are measured as shown in Fig.1. E denotes the 

Figure 1: Experimental circuit configuration 
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voltage of the source supply with 100V. In measurement, 

Vds,H and Vds,L are obtained by differential probe, 

YOKOGAWA 700924. Vgs,H and Vgs,L are detected by use 

of differential probe, YOKOGAWA 700921. Id,H and Id,L 

are measured by using a Rogowskii coil type current 

probe, PEM  CWT mini.  
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3. Experimental results 

  

Figure 2 shows how HS and LS behave when Vgs,L is 

applied. When the switch is turned on, Vgs,L goes up to 

+18V, and Vgs,H = 0 V, Vds,L = 0 V, and Vds,H = 100V will be 

achieved. Unanticipated oscillations, however, are 

definitely observed in the experimental results as in Fig.2 

(a)-(c) through on-state of HS device. In particular, the 

current waveforms in Fig.2 (c) show that the same amount 

of current flows through HS and LS. The current indicates 

that the short circuit formed by HS unintentionally turns 

on in spite of HS intending to maintain off-state when LS 

turns on. The unintentionally turn-on is caused by 

unexpected current through Crss of HS occurred by high 

dVds,H/dt. After that, the current through Crss charges Ciss of 

HS, entailing that Vgs,H exceeds the gate threshold voltage 

(Vth~2.8V) of HS. The waveform of Vgs,H in Fig.2 (a) 

shows that Vgs,H exceeds the gate threshold voltage. The 

vibrations gradually develop during on-state of LS and 

finally stop increasing in amplitude. The oscillation ceases 

when LS turns off. The oscillation is so called as self-

sustained oscillation[4 - 6].  

 

4. Simulation of self-sustained oscillation 

 

4.1. Circuit simulation including parasitic inductances 

 

LTspice was used to simulate the experimental circuit by 

use of a VDMOS model [7] to represent the static 

characteristics of the SiC MOSFET. The parameters to set 

up the model are listed in Table 1. The Vto parameter to 

determine the threshold voltage of a SiC MOSFET (Vth), 

however, inevitably contains ambiguity to some extent, 

because it is very difficult to determine Vth due to the 

shape of Id-Vg curve of a SiC MOSFET around Vg~Vth.[8] 

The simulation implemented by use of the circuit in Fig.1 

provides the ideal waveforms, if parasitic inductances in 

the circuit are not taken into account. Accordingly the 

authors added parasitic inductance in the power loop (loop 

A) and the signal loop (loop B) as drawn in Fig.3. These 

parasitic elements completely change the simulation 

results, and the simulated waveforms coincide well with 

the experimental results of self-sustained oscillation. Fig. 

4 shows a single cycle of the oscillation in experiments 

and circuit simulations. The total inductance value in loop 

A is determined by the slope of the short-circuit current 

obtained based on experimental data explained in the next 

section. On the other hand, the parasitic inductance in 

loop B is adjusted so as to reproduce the experimental 

results because of inevitably undetermined factors in Vth 

as mentioned above in spite of its very important role in 

producing self-oscillations discussed here. Thus we take 

the option of putting the very large parasitic inductance in 

loop B to compensate the uncertainty of Vth. 

 
R g 2.0 Ω C gs 650 pF

V to 2.8 V C jo 900 pF

R d 0.0 Ω I s 90 pA

R s 0.0 Ω V ds 1200 V

K p 8.0 A/V
2 R on 40 mΩ

C gdmax 1.25 nF Q g 120 nC

C gdmin 20 pF  
 

 
 

Gate

Driver Loop A

Loop B

Unexpected 

current

10nH 27nH

30nH

10nH

600nH

30nH

 

 

Figure 3: Schematic circuit for simulation with 

parasitic inductances 

Table 1: Parameters of VDMOS model of SiC 

MOSFET using in simulation 

Figure 2: Self sustained oscillation observed in 

experimental Vg, Vd and Id during LS turn-on. 
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4.2. Simulation using a simplified circuit and the 

mechanism of self-sustained oscillation  

 

The team tried to simplify the circuit generating 

oscillation in order to clarify the minimum factors which 

reproduce the observed oscillations. LS is replaced by a 

pure resistor with 80 mΩ, which is equal to the Ron value 

of LS, because LS maintains on-state as shown in Fig.2 

(a). Id,L+Id,H is almost zero, indicating that the oscillation 

current flows through loop A, and thus the inductive load 

is ignorable.  Finally the circuit is simplified to the one 

shown in Fig. 5. 

 

Loop A

Loop B

80mΩ, Ron of LS

+

̶

600nH

67nH

100V

 

 
 

A single triangle pulse exceeding Vth is applied to the 

gate of HS just once in this simplified circuit. The 

simulated results are shown in Fig.6. The simulated results 

for the simplified circuit produce waveforms very similar 

to the self-sustained oscillations, as clearly seen in Fig.6. 

This coincidence elucidates that self turn-on at HS 

initiates the self-sustained oscillation, and hence we can 

substantially discuss the mechanism of the self-sustained 

oscillations based on the circuit of Fig.5. 
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We explain how the self-sustained oscillation develops 

after self-turn of HS as follows: 

 (Phase-1) The self-turn on at HS is the beginning of all 

the following circuit behaviors. When LS turns on, Vgs,H 

shoots up from 0 to E with high dV/dt due to the high 

switching speed of a SiC MOSFET. High dV/dt lowers the 

impedance of Crss, so that unexpected current flows 

through Crss and then charges Ciss. Charged Ciss raises Vgs,H 

and finally HS unintentionally turns on when Vgs,H reaches 

the Vth of HS. Both HS and LS become on, and current 

inevitably starts to flow through HS and LS (Id,L= - Id,H), 

as you can see in Fig.4 (f). 

(Phase-2) The short-circuit current flows along loop A, so 

that power supply E is applied to the total parasitic 

inductance. Thus Id,L linearly increases with E/Ls in Figs.4 

(f). LS denotes the total parasitic inductance along loop A 

(67nH). 

(Phase-3) Id,L does not infinitely increase because of the 

saturation current of a SiC MOSFET. When Id,L reaches 

the saturation current, the electromotive force of Ls is zero 

due to dId,L/dt=0. Thus E is directly applied to HS, and Id,L 

inevitably flows into parasitic capacitances of HS. 

Consequently Vds,H increases as shown in Fig.6.   

(Phase-4) Id,L decreases and finally reaches 0 A. The 

charge of parasitic capacitances of HS decreases and Ids, L 

flows in the opposite direction in Fig.4 (f). Discharging 

Ciss finally turns HS off, and then the RLC resonance in 

loop A begins as you can see relatively small peak and 

valley waveforms appear in Figs. 4 (d)-(f). The resonance 

is superimposed on the on-going RLC resonance in loop B. 

(Phase-5) The RLC resonance in loop B pushes Vgs,H over 

the Vth of HS again. Then the circuit operation returns to 

(1) and the oscillation continues. 

Figure 4 

(a)-(c): Single-cycle of experimental self sustained 

oscillation waveforms 

(d)-(f):  Single-cycle of simulated self sustained 

oscillation waveforms 

Figure 5: Simplified circuit for simulation 

Figure 6: Simulated waveforms using the simplified 

circuit displayed in Fig.5 
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5. Trajectory of self turn-on and self-sustained 

oscillation  

 

Figure 7 presents the Id - Vd trajectory of experimental 

-Ids,H and Vds,H of HS to analyze the self-sustained 

oscillation. The current and voltage do not show the 

coincidence at their beginning due to a different delay 

time of the measurement probes. Here they are given a 

time offset dVds,L/dt =0 for adjustment at Id,L=0.  It is 

because the waveforms of Vds,L depend on the self-induced 

electromotive force of the parasitic inductance in the 

copper substrate between the differential probes. 

The first cycle of the self-sustained oscillation rotates 

as shown by dashed lines A, B, C and D. HS first stays 

around the origin of the trajectory plane before LS turns 

on. After self turn-on at HS, both -Ids,H and Vds,H linearly 

increase, as indicated by line A. The operating point 

moves along the static Id-Vd characteristic as indicated by 

black solid line in Fig.7. This reveals that the initial stage 

of the self-sustained oscillation is governed by the static Id 

- Vd characteristics.  

The trajectory changes the direction when -Id,H reaches 

the saturation current of HS. Thereby -Id,H decreases 

accompanying with Vds,H surge. As a result, the trajectory 

proceeds downwards as indicated by line B. The trajectory 

along dashed line B depends on RLC resonance in loop A. 

Finally the trajectory reaches the zero current line, and 

then proceeds, as indicated by line C, to converge to the 

ideal off-state equilibrium that Vds,H=100V and -Id,H=0A 

are satisfied. The trajectory along dashed line C which 

rotates around the off-state equilibrium depends on LC 

resonance between Ls and the drain-to-source capacitance 

of HS in loop A.  
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The resonance in loop B is generated by the gate-to-

source capacitance of HS and the parasitic inductance. 

The resonance eventually pushes Vgs,H over Vth. 

Consequently the trajectory heads for the area of high 

current and low voltage along the line D by the static Id - 

Vd characteristics.  

The current flowing in loop A partly goes into loop B. It 

implies the electrical energy accumulated in loop B 

increases the area of the closed loop of trajectory.  Thus 

the area of a trajectory cycle increases as the cycle 

proceeds. This explanation does not complete with 

comparison to the results of experiments.   

  

6. Concluding remarks 

 

In this paper the experimental self-sustained 

oscillation is discussed for the high speed switching 

operation of a HB circuit of two SiC MOSFETs with 

inductive load. The phenomenon could be reproduced 

through the simulation by LTspice when considering 

parasitic components. The simulated results give a 

possibility of the self-sustained oscillation. This 

oscillation seems triggered by self turn-on at HS and 

developed by RLC resonances in the power line loop and 

the signal line loop. The Id-Vd trajectory analysis also 

clarifies that the initial and final stage of the oscillation 

are governed by the static Id-Vd characteristics. The 

mechanism is not confirmed exactly in this report. A clear 

understanding of circuit behavior will aid in the design of 

high switching frequency power circuits. Research in this 

area is not yet mature and must be continued. 
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Abstract– In this paper, I propose, design and evaluate 

3-input 2-output comparator circuit based on rail-to-rail 

operational amplifier using subthreshold region. Proposed 

circuit has additional pMOSFET and nMOSFET input pair 

and cascade output circuit. As the results, less than a few 

MHz operations at 0.5V power supply can be achieved. 

 

1. Introduction 

 

For low speed (less than a few MHz) sensor systems, 

such as gas detector, and pressure sensor, it is very 

important to reduce power consumption because of a 

long-term operation. One of the method of reducing 

power is to design using subthreshold region [1-3].  

To achieve power consumption for analog signal 

processing, I proposed PWM analog differential inputs 

operational circuit [4]. Fig.1 shows PWM analog 

differential operational circuit. Vin1 and Vin2 are the 

analog signal input. Two analog signals are translated and 

generated to PWM signals using triangle or sawtooth 

wave in comparator circuits. Converted signals are 

calculated to the absolute value by EXOR. EXOR output 

is represented as the pulse width proportional to the 

absolute value of the Vin1-Vin2 like analog differential 

operation. EXOR signal is entered to current amplifier 

using large width MOSFETs. Final output will be square 

wave with the time axis information, but connected off-

chip integral circuit, which is designed by capacitor and 

resistor, can be restored analog signal.  Proposed circuit 

has mixed signal architecture and can be achieved the 

same performance as ultra-low voltage analog amplifier, 

under 1uW@1MHz under 0.5V power supply. 

However, PWM generator uses two rail-to-rail 

operational amplifiers. Fig.2 shows the 3-input 2-output 

rail-to-rail comparator using two operational amplifiers. 

The circuit size is very large and variation characteristic of 

each comparator may have problem.  

In this paper, I propose and evaluate 3 input 2 output 

analog comparator based on only one simple rail-to-rail 

operational amplifier.  

 

2. The circuit architecture and principles 

 

2.1 The circuit architecture 

 

 
Fig.1 0.5V PWM differential operational circuit 

 

 
Fig.2 3-Input 2-Output comparator using two comparators 

 

Fig.3 shows the circuit architecture of proposed 3-input 

2-output rail-to-rail comparator. This circuit has additional 

one pMOSFET and nMOSFET input pair and one cascade 

output circuit. VPLUS has common analog input signal, and 

VMINUS1 and VMINUS2 have another analog signal. Vout1 

produces the result of comparison between VPLUS and 

VMINUS1, and Vout2 produces the result of comparison 

between VPLUS and VMINUS2. Vout1 and Vout2 are generated at 

the same time.  
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A number of MOSFETs in fig.3 and fig.2 are 22 and 48, 

respectively. Proposed circuit can be reduced about the 

half larger than two parallel analog amplifiers. 

 

 
Fig.3 Proposed 3-input 2-output comparator 

 

2.2 The principles 

 

This circuit operates under the subthreshold region. 

The equation of subthreshold operation is as follows [5]. 

, 
which IO is a process parameter, such as L, W, µ, and etc., 

and VGS, Vth, n, and VT are gate voltage, threshold voltage, 

n factor, and thermal voltage, respectively. From the 

equation (1), subthreshold current is exponential of gate 

voltage. 

     Fig.4 shows an equivalent circuit of 3-input 2-output 

comparator. V1 has common analog input signal, and V2 

and V3 have another analog signal. I2 produces the result 

of comparison between V1 and V2, and I3 produces the 

result of comparison between V1 and V3. From the equation 

(1) for each MOSFETs, I2 and I3 are expressed as 

follows: 

 
and 

, 
which 

 

 
. 

 
From the equation (2) and (3), if V2 = V1 or V3 = V1, I2 

and I3 are zero, respectively. But, if V2 > V1 or V2 < V1, 

I2 is equal to negative or positive value like hyperbolic 

tangent of V2 (=V2 - V1). If V3 > V1 or V3 < V1, I3 is also 

equal to negative or positive value like hyperbolic tangent 

of V3 (=V3 - V1).   

Thus, by defining large or small state as negative value 

or positive value, 3-input 2-output comparator can output 

the results of two comparison data between V1 and V2 and 

between V1 and V3 at the same time.  

 

 
 

Fig.4 Equivalent circuit of 3-input 2-output comparator 

 

3. Simulation results 

 
This circuit is designed and evaluated by using 65 nm 

CMOS process technology. Power supply voltage (VDD) is 
set to 0.5V. In this simulation, corner evaluation are 
applied, such as SF (slow nMOS and fast pMOS), FS (fast 
nMOS and slow pMOS), and TT (typical nMOS and 
pMOS). In this evaluation, unity-gain frequency and input-
output transfer characteristics are used because they are 
important for determining the maximum operation 
frequency and comparison characteristics. 

 

 
Fig.5 Input-output transfer characteristics 

 
Fig.5 shows the results of the output characteristics of 

Vout1 and Vout2. Fig.6 shows the results of frequency 
characteristics when VMINUS1=0.45V and VMINUS2=0.05V, 
and fig.7 shows the results of frequency characteristics 
when VMINUS1=VMINUS2=0.25V, respectively.  

From fig.5, Vout1 and Vout2 are the results of comparison 
operation between VPLUS and VMINUS1 and between VPLUS  

…(4) 

- 881 -



   

 
Fig.6 Gain and phase characteristics @ VMINUS1 is not 

equal to VMINUS2 

 
and VMINUS2, respectively. Vout1 and Vout2 can realize 
simultaneous and non-inverted outputs. In addition, the 
gain of this circuit is almost high from the gradient of 
input-output transfer characteristic.  

From fig. 6 and 7, in case of differential VMINUS1 and 
VMINUS2, unity-gain frequency is the same as 5.6 MHz. 
Nevertheless, in case of VMINUS1=VMINUS2, unity-gain 
frequency is decreasing to 2.2 MHz. Because three pair of 
input MOSFETs flow the same bias currents, operation 
current is lower. As a result, unity-gain is also lower. 
When a difference between VMINUS1 and VMINUS2 is 
increased, unity-gain frequency is increased. The 
maximum power consumption is 71.0nW from input-
output transfer operation.  
 

4. Conclusion 

 

In this study, I designed and evaluated 3-input 2-output 

comparator circuit. This circuit has additional one 

pMOSFET and nMOSFET input pair and one cascade 

output circuit. In fig.3, VPLUS has common analog input 

signal, and VMINUS1 and VMINUS2 have another analog 

signal. Vout1 produces the result of comparison between 

VPLUS and VMINUS1, and Vout2 produces between VPLUS and 

VMINUS2. As results, two outputs, Vout1 and Vout2, can be 

generated the results of comparison at the same time. The 

maximum power consumption is 71.0nW. 

 

 

Fig.7 Gain and phase characteristics @ VMINUS1=VMINUS2 
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Abstract—Stochastic resonance (SR) is an interesting
phenomenon in that noise enhances system responses. De-
spite an attractive phenomenon of SR that noise enhances
a weak signal below a receiver sensitivity, few researchers
have addressed the SR effect in communication systems.
Previously, we proposed an analysis method for the SR
receiver with a device exhibiting SR and evaluated its bit
error rate (BER) performance. However, the device was
limited to a non-dynamical device, and there is room for
improving the performance of the SR receiver by changing
the device. In this paper, we use two typical devices ex-
hibiting SR, i.e., a comparator as a non-dynamical device
and a Schmitt trigger as a dynamical device. We evaluate
the BER performances of these devices with analysis meth-
ods and numerical simulations. A performance comparison
of these devices is also shown.

1. Introduction
Stochastic resonance (SR) is an interesting phenomenon

in that noise enhances system response. Since its discov-
ery by Benzi et al. in 1981 [1], this characteristic has been
discussed in the context of nonlinear physics [2, 3], and its
application in signal processing has spread to various fields,
such as signal detection theory [4–6], wireless communica-
tion [7, 8], and imaging [9].

Despite attractive phenomenon of SR that noise en-
hances a weak signal below a receiver sensitivity, few re-
searchers have addressed the SR effect in communication
systems [7, 8]. So far, the tremendous amount of research
into SR established for obtaining a weak signal in a strong
noise environment and enhancement of the weak signal be-
low the receiver sensitivity. The key is an intentional noise
additionally applied at receivers. It is reported that a non-
Gaussian intentional noise plays an important role in the
weak signal reception. In fact, in [6], a nonlinear device
designed for a non-Gaussian noise has exhibited better per-
formance than linear filtering and achieves the Cramer-Rao
lower bound. And also, in the subthreshold signal recep-
tion, an improvement of BER performances has been de-
rived by adding Gaussian intentional noise [8].

This paper discusses the SR effect in a binary communi-
cation system for the reception of the subthreshold signal.
We focus on the problem in which communication cannot
be established when the received signal strength is below
the receiver sensitivity. Overcoming receiver sensitivity
introduces new and attractive challenges in wireless com-

not detectable
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Figure 1: An example of the subthreshold signal (a) and
both the channel noise and the intentional noise are added
to it (b).

munication systems. If the receiver sensitivity can be im-
proved, we can simultaneously reduce transmission power
and interference to other users. Low-power wireless sys-
tems can provide solutions for both energy-efficient green
wireless communications and wireless spectrum shortage.

Previously, we proposed an analysis method of the SR
receiver with a 3-level device as a non-dynamical device
exhibiting SR, and presented an improvement of the bit er-
ror rate (BER) performance by the SR effect [8]. However,
in general, a dynamical system can have better performance
since it has a memory effect [5].

Stochastic resonance occurs in both dynamical systems
and non-dynamical systems. In dynamical systems, a
Schmitt trigger is known as a simple device exhibiting
SR [2]. It has a memory and depends on the current in-
put and state. While in non-dynamical systems, a threshold
device such as a comparator is known as a simple device
exhibiting SR [3]. It depends on only the current input. In
this paper, we use a Schmitt trigger and a Comparator as
typical devices in these systems. The distinction of these
devices is whether they have a memory effect or not. A dy-
namical system can yield higher SNR than non-dynamical
systems due to a memory effect [5]. For this reason, it
is expected that the SR receiver with the Schmitt trigger
has better performance than the Comparator for the recep-
tion of the subthreshold signal. In this sense, we propose
an analysis method of the SR receiver with these devices
and compare their BER performances. Reception sensitiv-
ity could be modeled as the threshold of a Schmitt trigger
and a Comparator.

2. System model
In this paper, a received signal level is assumed to be be-

low a receiver sensitivity. As shown in Fig. 1, when the
received signal level is denoted by A, and the receiver sen-
sitivity is denoted by η, we observe that |A| < η. A conven-
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Figure 2: System model.

tional receiver cannot detect such a subthreshold signal, as
shown in Fig. 1 (a).

Figure 2 shows the system model of the SR receiver. In
Fig. 2, the SR receiver consisting of the SR system receives
a desired signal s(t) and channel noise nc(t). The desired
signal s(t) is expressed as follows.

s(t) =
∑

i

dig(t − iTs). (1)

where di is a binary data sequence {±1} of the ith symbol,
Ts is a symbol duration, and g(t) is a rectangular pulse that
g(t) = +1 in 0 ≤ t < Ts/2 and g(t) = −1 in Ts/2 ≤ t < Ts.
The desired signal s(t) in the symbol duration is shown
in Fig. 3. In each data, the signals have the same inter-
val of positive and negative during symbol duration. This
contributes to the decision rule. The data of di = +1 and
di = −1 occur randomly.

In the receiver, the signal is received at the received sig-
nal level A and added to the channel noise nc(t). The re-
ceived signal is expressed as follows.

r(t) = As(t) + nc(t). (2)

The channel noise nc(t) is the zero-mean white Gaussian
noise with variance σ2

c .
The channel noise is primarily dominated by the thermal

noise that occurs in the receiver; thus, its power spectral
density (PSD) is assumed to be uniform and is expressed
as N0 = kBT0, where kB is the Boltzmann constant and T0
is the noise temperature. In this paper, we set T0 = 300 K,
the noise PSD N0 ' 4.1 × 10−21 W/Hz.

Unfortunately, the channel noise is always added to the
received signal and cannot be separated from the signal
component. The SR receiver differs from a conventional re-
ceiver in that it adds intentional noise at the receiver front
end. The SR system is used for detecting a subthreshold
signal which cannot be detected by conventional receivers.
After that, the detected signal by the SR system can be op-
erated by conventional receivers. Figure 1 (b) illustrates
the detection of a subthreshold signal by the additional in-
tentional noise. This shows a simple SR effect. The signal
described in Fig. 1(b) is obtained by adding both the chan-
nel and the intentional noise to the subthreshold signal in
Fig. 1(a). The intentional noise nS R(t) is assumed to be the
zero-mean white Gaussian noise with variance σ2

S R. The
intentional noise should be optimally tuned to obtain the
best SR receiver performance.

Reception sensitivity can be modeled as the threshold of
the nonlinear devices which are simple nonlinear devices
that exhibits the SR effect. The received signal, which is
composed of As(t), nc(t), and nS R(t), is fed into the non-
linear device. In this paper, we use a Comparator as a

Figure 3: The desired signals s(t) in the symbol duration:
for di = +1 (left) and for di = −1 (right).

+η
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−V

Output

Input

(b)

+V

−η

-V

+η

(a) Output

Input
rSR(t)rSR(t)

y(t)y(t)

Figure 4: Input-Output characteristics of a Schmitt trigger
(a) and a Comparator (b).

non-dynamical device and a Schmitt trigger as a dynami-
cal device. Input-output characteristics of these devices are
shown in Fig. 4. As shown in this figure, the Comparator
has two outputs and one threshold. The output of the Com-
parator depends on the current input. While the Schmitt
trigger has a hysteresis that exhibits a memory effect. If
a subthreshold signal plus noise exceeds the threshold, the
subthreshold signal can be detected when the noise is tuned
optimally. This phenomenon is known as SR.

When the input signal rS R(t) is fed into the Comparator,
the output of the Comparator is expressed as follows.

y(t) =

+V (rSR(t) > η)
−V otherwise

. (3)

While in the Schmitt trigger, the threshold is changed ac-
cording to the current state as follows.

Vth =

−η i f y(t) = +V
+η i f y(t) = −V

. (4)

When the input signal rS R(t) is fed into the Schmitt trigger,
the output of Schmitt trigger is expressed as follows.

y(t) =

−V i f rS R(t) < Vth

+V i f rS R(t) > Vth
. (5)

The η is the threshold of the Schmitt trigger or the Com-
parator and is assumed to be equivalent to the reception
sensitivity of the conventional receiver.

These outputs of the nonlinear devices are sampled N
times during the symbol and multiplied by g(t) for detec-
tion. We represent the sample of the device output as yi[n]
and the decision variable yi as

yi =

N−1∑
n=0

yi[n]g[nTs/N]. (6)

In the detector, we restore the data using the decision
variable with a decision threshold. We restore the data de-
pending on whether the output is positive or negative as the
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Table 1: Parameter settings for the computer simulation.
Parameter Value

Symbol duration Ts [µsec] 1.0

Received signal level A [µV] 1.0

Sensitivity of the conventional receiver η [µV] 1.1

Numbers of samples per symbol N 10

Number of trials for simulation 105

10
-2

 10
-1

 1

 0  1  2

B
E

R

PSD of intentional noise(×10
−19

)

Schmitt trigger

Comparator

η =1.1 µV

N = 10

simulation: point
analysis:line

Figure 5: BER performance of the SR receiver with a
Schmitt trigger and a Comparator.

following manner.

d̂i =

+1 (yi > 0)
−1 otherwise

. (7)

This means that the detector performs the major decision.
As N increases, the BER performance can be improved. In
our system, sampling rates should be high for an enhance-
ment of the subthreshold signal. One of the application
scenario may be in the system with small bandwidth.

Note that the decision method comes from the character-
istics of the device and the desired signal. In this paper, as
shown in Fig. 4(b), the comparator does not have symmet-
rical thresholds. This causes asymmetry of P[y(t) = +V]
and P[y(t) = −V] between the signal level +A and −A. To
avoid this asymmetry, we set that the desired signals in the
data di = ±1 have the same interval of positive and negative
during symbol duration.

3. Numerical results
3.1. BER performance of the SR receiver with a

Schmitt trigger and a Comparator
Figure 5 shows the BER performance versus the PSD

of the intentional noise in the SR receiver with a Schmitt
trigger and a Comparator. The analytical and simulation
results are shown by the solid line and points respectively.
Parameter settings are shown in Table 1. As shown in
Fig. 5, the BER performances are improved with increased
PSD of the intentional noise. This is a typical phenomenon
exhibiting SR. This figure also shows the analysis method
is appropriate to the system model since the analytical re-
sults are perfectly consistent with the simulation results.

Figure. 5 also shows the minimum of BER of the Com-
parator is better than that of the Schmitt trigger. This is

+η

−η

+V

−V

Output

Input
rSR(t)

y(t)

Figure 6: Input-Output characteristics of a 3-level device.

The desired signal s(t)

Schmitt trigger

bad memory effect

(a) 3level device(b)

time time

no contribution for error

The desired signal s(t)

Figure 7: An output signal of the Schmitt trigger (a) and
the 3-level device (b).
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Figure 8: BER performance of the SR receiver with a 3-
level device.

an unexpected result since a Schmitt trigger has a memory
effect, and it should have better performance than a Com-
parator. Why is the performance of the Comparator better
than that of the Schmitt trigger?
3.2. Comparison to the 3-level device

In this subsection, we discuss why the BER performance
of the Comparator is better than that of the Schmitt trigger.
We consider that a memory of the Schmitt trigger has a bad
effect on the BER performance. To explain this effect, we
use a 3-level device as a simple thresholds device without
a memory shown as Fig. 6. As is the same as the Schmitt
trigger, the 3-level device has two non-zero outputs and two
thresholds but also has a zero output. The zero output has
no contribution in the detection. This means 3-level device
has no memory.

Fifure 7 shows an output signal of the Schmitt trigger
and the 3-level device. In Fig. 7(a), the circled parts show
the memory has a bad effect on the performance, while in
Fig. 7(b), these parts has no contribution for error.

In our previous research, we proposed an analysis
method of the SR receiver with the 3-level device [8]. Now
we use the method for comparing the performances be-
tween these devices. Figure 8 shows the BER performance
versus the PSD of the intentional noise in the SR receiver
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Figure 9: Input-Output characteristics of a 3-level device
after changing the threshold.
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Figure 10: BER performances of the 3-level device after
changing the threshold.

with the Comparator, the Schmitt trigger, and the 3-level
device. Parameter settings are the same in Table 1. Fig-
ure. 8 shows the BER performance of the 3-level device
has the best performance between these devices. This sug-
gests that these BER performances depend on the threshold
value, sampling rate, and noise bandwidth. The 3-level de-
vice has the good compatibility with binary communication
systems.
3.3. Consideration

In this subsection, we compare the performances be-
tween the 3-level device and the Comparator by changing
the threshold of the 3-level device. As shown in Fig. 9, we
change the threshold −η to η′. According to the character-
istics, the output of 3-level device is changed as follows.

y(t) =


+V (rSR(t) > η)
−V (rSR(t) < η′)
0 otherwise

. (8)

When η′ = η, the Input-Output characteristics of the 3-level
device is coincident with that of the Comparator.

Fig. 10 shows the BER performances of the 3-level de-
vice after changing the threshold. Parameter settings other
than the threshold are the same in Table 1. We change the
threshold η′ from 1.0µV to 1.1µV . In this situation, the
received signal level is below the threshold of the device.
As the threshold η′ approaches to η, the BER performance
of the 3-level device approaches to that of the Comparator.
This shows the BER performance of the 3-level device is
superior to that of the Comparator.
4. Conclusion

We proposed an analysis method of SR receiver with a
Schmitt trigger and a Comparator and evaluated BER per-
formances. Numerical results show improvements of the

BER performances by SR and an exact BER performances
coincidence with simulated results. The performance com-
parison shows the performance of the Comparator is better
than that of the Schmitt trigger. This is due to the memory
effect of the Schmitt Trigger in the subthreshold signal re-
ception. We also used a 3-level device as a simple thresh-
old device without a memory for comparing BER perfor-
mances to the Comparator and the Schmitt trigger. Numer-
ical result shows that the 3-level device has the best perfor-
mance between these devises and it has the good compati-
bility with binary communication systems.
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Abstract – In this paper, a novel wireless positioning 

approach combining the traditional multilateration method 

and the dynamic stochastic resonance (SR) system is 

proposed, which can be used in the wireless sensor 

networks (WSN) node positioning. According to the fact 

that the wireless signal will attenuate through the wireless 

channel, which will lead to the degradation of received 

signal-to-noise ratio (SNR), the traditional quartic double-

well bistable SR is analyzed. And by choosing the 

appropriate SR noise and corresponding driving 

parameters, the SNR gain of the received signal can be 

obtained, then the positioning accuracy will be enhanced. 

Computer simulation results show the advantages over the 

traditional multilateration poisoning method especially 

under low SNR circumstances. 

 

1. Introduction 

 

Nowadays the requirements of wireless positioning 

have increased sharply in various kinds of commercial 

applications, including the indoor and outdoor 

environments. Within many positioning applications, the 

wireless signal is often used to realize the positioning 

objective, such as the application in the wireless sensor 

networks (WSN). While in the wireless positioning 

methods, there are many different wireless transmission 

signals which can be used, for example the received signal 

strength indicator (RSSI), direction of arrival (DOA), 

angle of arrival (AOA), time of arrival (TOA), time 

difference of arrival (TDOA), and so on [1]. Although the 

principles of these approaches are simple and clear, the 

positioning accuracies of these methods are influenced by 

the received signal-to-noise ratio (SNR) seriously. 

Especially under low SNR, the positioning accuracy may 

be degraded drastically. 

In this paper, a novel positioning approach used in 

WSN is introduced, which combines the traditional 

multilateration positioning method and the dynamic 

stochastic resonance (SR) technique. By analyzing the 

SNR in the traditional quartic double-well bistable SR 

system, the corresponding optimal driving parameters can 

be derived, which can guarantee the SNR gain of the 

proposed approach, and correspondingly the positioning 

accuracy of the improved multilateration can then be 

enhanced. The computer simulation results also show the 

advantages of the proposed approach especially under low 

SNR circumstances. 

The remains of the paper are organized as follows: The 

traditional WSN positioning method of multilateration is 

first explained in Section II, together with its positioning 

performance deficiency. Section III introduces the 

proposed novel SR-based improved multilateration 

positioning approach, focusing on the optimization and 

the SNR gain of the proposed SR system. Section IV 

gives the computer simulation results, which reveals the 

improvement of the positioning accuracy of the proposed 

approach. And Section V concludes the whole paper. 

 

2. Traditional Multilateration Positioning Method 
 

In the various wireless sensor networks positioning 

methods, it can be found that the multilateration method is 

frequently discussed and used [2]. Fig.1 shows the 

schematic diagram of the traditional multilateration 

method. So in the following, we give a brief explanation 

to this wireless positioning technique. 

To simplify the analysis, we assume that all the nodes 

(including the beacon nodes, reference nodes and the 

target node) are located in the same 2-dimensional 

coordinate plane. As shown in Fig.1, L1, L2, …, LM are M 

beacon nodes with fixed two dimensional coordinates 

(x1,y1), (x2,y2), …, (xM,yM), respectively; and L0 is the 

target node with coordinate (x,y). Suppose the distances 

from the target node L0 to each beacon nodes L1, L2, …, 

LM are d1, d2, …, dM, respectively. Then we can get 

   

   

   

2 2

1 1 1

2 2

2 2 2

2 2

          

M M M

d x x y y

d x x y y

d x x y y

    


    



    

.                 (1) 

When the distances d1, d2, …, dM can be measured 

correctly, the target node coordinate (x,y) can then be 

estimated unbiasedly. 
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Fig.1. Traditional Multilateration Method 

While in many applications, the distances information 

cannot be achieved accurately, so there may exist some 

measurement error between  1 2, , , Md d d  and their 

estimates  1 2
ˆ ˆ ˆ, , , Md d d . By introducing the maximal 

likelihood (ML) estimation method [2], the final 

multilateration poisoning result can be expressed as 
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 is the ML estimation vector of the target 

node coordinate 
x
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b  is an estimate 

vector corresponding to the vector 
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b . 

The positioning error of the above ML-based 

multilateration estimation can be calculated by 

   
1ˆ

ˆ
ˆ

T T

ML

ML

x x

y y

   
      
   

e A A A b b ,        (3) 

where 
ˆ

ˆ
ML

ML

x x

y y

   
    
   

e  is the ML estimation 

positioning error vector of the multilateration method, and 

  is the modulo operator. 

It can be found clearly in (3) that the positioning 

precision of the multilateration method depends on the 

deviation of ˆ b b  for the matrix A can be regarded as a 

fixed matrix. In other words, the measurement error 

between  1 2, , , Md d d  and  1 2
ˆ ˆ ˆ, , , Md d d  will 

influence the positioning precision performance seriously. 

In order words, if ˆ
md  (m=1,2,…,M) is written as the 

summary of dm (m=1,2,…,M) and a measurement noise or 

additive noise, the signal-to-noise ratio (SNR) of ˆ
md  

(m=1,2,…,M) will be a critical factor to the traditional 

multilateration positioning method. Obviously, the higher 

the SNRs of ˆ
md  (m=1,2,…,M) are, the smaller the 

positioning error of the ML-based multilateration 

positioning method will be. 

In many real WSN positioning applications, the 

distance information or other positioning information is 

transmitted through the wireless channel, which may bring 

lots of channel fading, multi-user interference, multi-path 

effect, inter-symbol interference and many other 

uncertainties. And they will lead to the attenuation of the 

receiving SNR and reduce the SNR of ˆ
md  (m=1,2,…,M) 

at the receiver. So it restricts the real applications of the 

traditional multilateration method seriously. 

 

3. Proposed Multilateration Positioning Approach 

Based on Stochastic Resonance 

 

Due to the deficiency of the traditional multilateration 

method stated above, a novel WSN positioning approach 

based on the dynamic stochastic resonance technique is 

proposed, which can improve the positioning accuracy of 

the traditional multilateration method. 

In the WSN positioning methods, the received signal 

strength indicator (RSSI) signal is often used to measure 

the distance between the beacon node and the target node, 

which can be expressed by [2] 

0 0 10

0

( ) ( ) 10 logr

d
P d P d X

d


 
   

 
,                (4) 

where ( )rP d  is the received signal strength at the target 

node, d is the distance between the target node and the 

beacon node, 0 0( )P d  is the reference signal strength at 

certain reference node, d0 is the corresponding reference 

distance from the reference node to the beacon node,  is 

the a signal fading parameter within the range [2,4], X  

is the additive channel noise which can always be 
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supposed to obey the white Gaussian distribution with 

mean 0 and variance 2

n . 

Under the real application of WSN positioning 

circumstance, suppose that many RSSI time samples can 

be obtained at certain target node, then (4) can be changed 

to 

( ) ( ) ( )r t s t n t  ,     1,2, ,t T                  (5) 

where ( )r t  is the received signal, ( )s t  is the transmission 

signal, ( )n t  is the additive channel noise which is the time 

sample of X  and it is independent to ( )s t , and T is the 

total sampling number. For simplicity, we assume 2

s  and 

2

n  are the variances of ( )s t  and ( )n t , respectively. 

When the locations of the beacon nodes and the target 

node are all determined, the signal ( )s t  in (5) can be 

regarded as a direct-current signal with mean value s , so 

the RSSI signal ( )r t  also possesses the white Gaussian 

distribution with mean s  and variance 2

n . According to 

the analyses in the last Section, when the SNR of ( )r t  is 

low, the positioning accuracy will be very poor. 

So to improve the positioning accuracy, an apparent 

methodology in the multilateration is to increase the SNR 

of the received signal. While in the dynamic system theory, 

stochastic resonance (SR) is a kind of interesting dynamic 

system which can help to increase the signal SNR to some 

extent under some certain conditions. Here we introduce 

the idea of SR to improve the positioning accuracy of the 

traditional multilateration method. 

Without loss of generality, a traditional quartic double-

well bistable SR system is used in the following analysis, 

whose dynamic differential equation can be expressed by 

[3] 

3
1 2

( ) ( )
2 ( ) ( ) ( ) ( )

z t t z t
z t z t g t g t

t
 

 
     


,     (6) 

where ( )z t  is the state variable, t  is the sampling period, 

( )t  is the driving signal, ( )t  is the inner SR noise, g1 

and g2 are the driving parameters corresponding to ( )t  

and ( )t , respectively. 

In the proposed approach, the normalized received 

signal ( )r t  in (5) is used as the driving signal ( )t  in (6), 

and an inner additive white Gaussian noise ( )t  with 

mean 0 and variance 1 is used as the inner SR noise. So 

(6) can be changed to 

3
1 2

3
1 1 2

( ) ( ) ( )
2 ( ) ( ) ( )

( )

( ) ( )
       =2 ( ) ( ) ( ).

( ) ( )

z t t z t r t
z t z t g g t

t r t

s t n t
z t z t g g g t

r t r t





  
     



      

    (7) 

If we define 

3 1 ( )g g r t ,                                   (8) 

and 

2

2 21

4 22
ˆ

( )
n

g
g g

r t
   ,                            (9) 

where 2ˆ
n  is the estimate of 2

n , which can be calculated 

by 

 
22ˆ ( ) [ ( )]n E r t E r t   

 
,                        (10) 

according to the previous study, it is found the output 

SNR of the traditional quartic double-well bistable SR 

system can be approximated by [4] 

0

2
4

2
2 2 2
3

0 4 2 2 2
4 3

2

2

U

gag c
SNR e

g g c










,                        (11) 

where 2a  , 1b  , c a b  and 2
0 4U a b  are 

constants; 2 22s   is a parameter related to the signal 

power. 

To ensure the SNR gain through the SR processing, it 

requires that 

2 2
o i nSNR SNR s   ,                          (12) 

where SNRi is the input SNR of the SR system, or the 

SNR of the received signal. While it can be deduced from 

(12) that 

0 0

2 2
4 4

2 2
42 2

2 4
0 32 2

2
2

U U

g g

n n

gc
U e g e



 

 
  
 
 

.                 (13) 

Considering a low SNR circumstance, (13) can be 

simplified as 

0

2
4

2
4

2 4
3 2

02 2

U

g

n

g
g e

U 
 .                            (14) 

In (14), it can be found that the right side of the inequality 

can reach its maximum when 4 0g U , so if the 

following condition can be fulfilled 

2 20
3 22 2 n

U
g e


 ,                                   (15) 

the SNR gain of the SR system can be obtained. For 

example, when 10iSNR dB , we can choose 

2 20
3 2

11

2 2 ( )

U
g e

E r t




 
 

.                          (16) 

By taking 4 0g U  and a big enough value of 3g  which 

fulfills (15) back into (8) and (9), the driving parameters 

g1 and g2 can be defined. 
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At last, take the values of z(t) into the traditional 

multilateration positioning to calculate ˆ
md  (m=1,2,…,M) 

again. The positioning accuracy of the proposed approach 

can then be improved based on the increasing of SNRo 

corresponding to SNRi in the SR system. 

 

4. Computer Simulations 

 

In this section, we give some computer simulation 

results to show the exact positioning performance of the 

proposed approach, which are compared with those of the 

traditional multilateration method in the WSN positioning 

applications. 

In the computer simulations, the traditional discrete 

overdamped bistable oscillator SR system presented in (6) 

is used, while the initial value (0)z  is chosen randomly 

within (1,+1), and the sampling period is 0.0195t  . 

The simulation scene is as follows: suppose that there 

are ten beacon nodes and one target node within a 1010 

square meters area. The total sampling number is T=10
5
, 

the signal fading parameter in (4) is =2. 
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Fig.3. Average Positioning Error Performance 

Comparison 

Fig.2 firstly gives the SNR improvement of the 

proposed SR system while SNRi varies from 8dB to 18dB. 

The SNR gains can be observed clearly in the figure. And 

Fig.3 presents the average poisoning error performance 

comparison results of the proposed approach and the 

traditional multilateration positioning approach within the 

same SNR range. It can be found that the positioning 

accuracy is improved significantly, especially under low 

SNR circumstances, which shows the positioning 

advantage of the proposed SR-based approach. 

  

5. Conclusions 
 

In this paper, an improved multilateration positioning 

approach used in WSN is proposed, which is based on the 

SR technique. Theoretical analyses indicate the SNR 

improvability can be achieved by using the proposed SR-

based approach. And the computer simulations also certify 

the advantages of this novel positioning approach. And it 

can certainly be extended to some other wireless 

positioning applications such as indoor LED localization 

and so on. 
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Abstract—A nonlinear filtering method was previously
proposed that can estimate a weak signal buried in strong
non-Gaussian noise. This method is useful in signal pro-
cessing because it can realize the Cramér-Rao lower bound
in the estimation. To determine the filter characteristics, a
mathematical expression for the probability density func-
tion (PDF) of the noise is necessary. The original study as-
sumed that the PDF was known, but in practical situations,
this assumption is not true. The present study considers the
use of the filter in a situation where the PDF is unknown. A
method for estimating the PDF is presented, together with
the corresponding filter function. Kernel density estimation
is employed using Epanechnikov kernel in order to reduce
the computational complexity, and the optimum bandwidth
(at which the estimation performance is maximized) is de-
rived. Through numerical evaluation, the proposed method
is confirmed to be effective.

1. Introduction

The estimation of a weak signal buried in strong noise
has been well discussed in the signal processing field [1,2].
The theoretical limit, which is called the Cramér-Rao lower
bound, states that the estimation error is not less than the
inverse of the Fisher information [3, 4]. Our previously
proposed method [5, 6] is attractive since it can achieve
the bound in the case of non-Gaussian noise cases. From
the input signal x, which contains the weak signal and the
noise, a device/algorithm with the following in-out func-
tion can output the signal component:

Fopt(x) = a − b
{
∂

∂n
log ρ(n)

}
n=x
. (1)

Note that ρ(n) is the probability density function (PDF) for
the noise, and a is constant and b is non-zero constant.

Since Eq. (1) involves a derivative of the noise PDF, an
estimated mathematical expression for the noise PDF is re-
quired. In our previous studies, the PDF was assumed to be
known. However, in practical situations, the noise charac-
teristics depend on the surrounding environment, and hence
should be estimated from noise samples before filtering the
noisy input.

The present paper proposes an estimation framework
for the noise PDF and the corresponding in-out function.

The estimation method is optimized for the in-out function
Fopt(x) in order to satisfy the following requirements: 1)
the estimation performance should be high enough to max-
imize signal-to-noise ratio (SNR) at the output, 2) the pro-
posed method can be applied to any type of white noise,
and 3) the estimated PDF is differentiable. The function
in Eq. (1) was derived for the purpose of maximizing the
output SNR. In this sense, the method proposed in present
study should also yield a maximum SNR. To improve its
validity, we focus on non-parametric estimation because
the method should be applicable to any type of white noise.
The third point listed above is obvious since the function is
obtained by taking a differential.

Many types of non-parametric estimation methods have
been discussed, including those based on the traditional
histogram, kernel density estimation (KDE) [7, 8], and the
characteristic kernel [9–11]. The method in the present
study is based on the kernel density method because A)
the estimated function is differentiable if the Epanechnikov
kernel is employed, B) the computational complexity us-
ing the Epanechnikov kernel is reduced to half that for
other kernels, and C) the optimum bandwidth, which gives
the maximum output SNR, is analytically derived. It is
well known that the performance of KDE depends on the
“bandwidth”. The optimum value has been theoretically
derived [12], but it cannot be calculated because the origi-
nal PDF ρ(n) is required. Sub-optimum methods have also
been proposed. In many cases, a Gaussian kernel is as-
sumed, and/or additional cost is required (e.g. the plug-in
method) [13, 14]. As will be discussed in Sec. 3, the pro-
posed method exploits the characteristic of the in-out func-
tion Fopt(x), which gives a simple solution for optimum
parameter tuning. The numerical evaluation enhances the
effectiveness of the proposed method.

2. Proposed filtering system with PDF estimation

A schematic diagram of the proposed method is shown in
Fig. 1. The nonlinear filter has an input xi which contains a
weak signal si and white noise ni. The subscript i represents
the time index. The filter extracts the weak signal compo-
nent from the noisy input, and then outputs the signal yi.
The filter function F̂opt(x) is calculated based on estimated
noise PDF ρ̂(n). For simplicity, it is assumed that a large

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015

- 891 -



Weak signal

White noise

Bank of
noise samples

Nonlinear filter

KDE-based
es"ma"on 

of noise PDF

is

in
iyix

( )nρ̂

( )⋅optF̂

jn
~

Figure 1: Schematic diagram of proposed system with
noise PDF estimation.

number of noise samples ñ j are measured in advance, and
ni and ñ j have the same PDF ρ(n). In addition, to consider
the situation where a weak signal is buried in the noise, the
noise intensity is large compared to the signal power.

The KDE method estimates the PDF by using a kernel
function K(u) such as,

ρ̂(n) =
1

Nh

N∑
j=1

K
(

n − ñ j

h

)
(2)

where N is the number of the noise samples ñ j, and h is
bandwidth, which is the key parameter for the estimation
performance [7]. Substituting Eq. (1) into Eq. (2), we have

F̂opt(xi) = a − b

∑N
j=1

∂
∂xi

K
( xi−ñ j

h

)
∑N

j=1 K
( xi−ñ j

h

) . (3)

This expression indicates that to calculate the function, a
computation of the order 2N is required, which is denoted
by O(2N). Each of the summations in Eq. (3) requires N
addition operations.

The proposed method employs the Epanechnikov kernel
which is expressed as,

K(u) =
3
4

(1 − u2)U(|u| ≤ 1) (4)

where

U(|u| ≤ α) =
{

1 (|u| ≤ α)
0 (|u| > α) (5)

and α is constant. From Eq. (5), the kernel is discontinu-
ous at the point |u| = α; thus, the third requirement given
in Sec. 1 is not satisfied. To obtain a differentiable ker-
nel, a small parameter ϵ is now introduced. In the region
ñ j − h + ϵ ≤ xi ≤ ñ j + h − ϵ, the kernel function K( xi−ñ j

h )
is continuous, i.e., differentiable. Substituting Eq. (4) into
Eq. (3) gives the proposed function as

F̂opt(xi) = a +
b
h

 1

1 − xi−µxi
h

− 1

1 + xi−µxi
h

 . (6)

The variable µxi denotes the averaged value of the noise
samples ñ j included in the region ñ j−h+ϵ ≤ xi ≤ ñ j+h−ϵ.

It may be thought that since other kernels such as Gaus-
sians are differentiable, the merit of Eq. (6) is not apparent.
However, one of the advantages of using the Epanechnikov
kernel is that the computational complexity can be reduced
by a factor of two. As previously mentioned, KDE-based
functions generally require O(2N) computations. For ex-
ample, in the case of a Gaussian kernel, the derivative is an
exponential function, and then Eq. (3) involves two differ-
ent summations of exponential functions. Each requires
O(N) computations, and the resulting function does not
have a simple form like the in Eq. (6). Due to the use of
the second-order kernel, the function in Eq. (6) is derived,
and the filter output can be obtained only by calculating
the average of the noise samples, µxi . Such an operation
requires O(N) computations, which means that the compu-
tational complexity of the proposed method is half that for
other kernels.

3. Optimization of the bandwidth

The estimation performance in KDE depends on the
bandwidth. Indeed, the function in Eq. (6) has an im-
plicit bandwidth dependence due to the presence of µxi . In
this section, a method is proposed for setting the optimum
bandwidth in order to obtain a filtering performance close
to the theoretical one.

The optimum bandwidth hopt can be derived by minimiz-
ing the asymptotic mean square error (AMSE)

hopt =

 R(k)
β2

2(k)R(ρ(n))

 1
5

N−
1
5 , (7)

where R(z) =
∫

z2(v)dv and β2(k) is the second moment of
the kernel function [7]. In practice, the value of hopt cannot
be calculated because the original PDF ρ(n) is required.

A method optimized for the function in Eq. (1) is pro-
posed in this study. This is obtained by exploiting the char-
acteristics of the filter; the optimum function Fopt(x) gives
the maximum output SNR. From this viewpoint, the op-
timum bandwidth ĥopt can be derived using the following
criterion:

ĥopt = arg max
h

[
γ
]
. (8)

Note that γ = ⟨ ∂∂x F̂opt(x)⟩2
⟨F̂2

opt(x)⟩−⟨F̂opt(x)⟩2 denotes the normalized out-

put SNR and ⟨z⟩ = 1
N

∑N
i=1 zi [6].

Equation (8) is unfortunately not solvable since it is im-
possible to take the derivative of the estimated function
F̂opt(x) (more precisely, the variable µxi is not differen-
tiable). An alternative method is now introduced using the
relation between the output SNR and the in-out correlation.
The correlation C between the weak signal and the filter
output is defined as

C =
1
N

∑N
i=1(si − ⟨s⟩)(yi − ⟨y⟩)√

1
N

∑N
i=1(si − ⟨s⟩)2

√
1
N

∑N
i=1(yi − ⟨y⟩)

. (9)
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Figure 2: Schematic diagram of proposed filter with opti-
mum bandwidth calculation.

It is considered that the signal si is sufficiently small com-
pared to the noise ni. In this situation, a Taylor expansion
can be applied to the filter output [6], so the correlation is
simply expressed as,

C ≈
[
1 +

1
Psγ

]− 1
2

. (10)

For a signal power Ps = 1.0, the optimum bandwidth is
obtained as,

ĥopt = arg max
h

 1
1

C2 − 1

 = arg max
h

[
C2

]
. (11)

Figure 2 presents a schematic diagram of the proposed
method with an optimum bandwidth estimation. The key
point in this approach is that the correlation is calculated
using a dummy signal s̆ j, which is introduced to the fil-
ter instead of the original weak signal si. From Eq. (9),
the correlation should be calculated using the original weak
signal, but this is obviously unknown on the filter side. Ow-
ing to the lack of dependence of Eq. (1) on the shape of the
weak signal, any weak signal can be chosen to represent
si. The proposed method consists of two steps. In the first
step, the switch “SW” is set to “2.”, and the optimum band-
width is calculated based on Eq. (11). In the next step, the
switch is changed to “1.” and the value of µxi corresponding
to the input signal xi is calculated. Then, the filter function
Eq. (6) is obtained, and finally, the weak signal component
is extracted from the noise input xi.

4. Numerical examples

The aim of employing the filter is to extract a weak signal
buried in strong noise. In this section, the performance of
the proposed method is numerically evaluated in terms of
the output SNR and the bandwidth.

Table 1: Evaluation parameter settings.

Parameter Value
White noise Mixed Gaussian noise

Mean ν1 = 2.0, ν2 = −1.0
Variance σ2

1 = 2.0, σ2
2 = 1.0

Weight parameter β = 0.5
Weak signal Sinusoidal

Frequency fc = 100[Hz]
Amplitude A = 0.10[V]

Num. of noise samples N = 30000

Table 2: Numerical example of optimum bandwidth and
output SNR.

Estimate Theory
Optimum bandwidth 0.140 0.406
Output SNR [dB] -2.65055 -2.65040

The settings used for the evaluation are as follows. Mix-
ture Gaussian noise is used for the white noise ni and ñ j

because the filter in Eq. (1) is valid for non-Gaussian noise.
The PDF is given by ρ(n) = βΨ(ν1, σ2

1) + (1 − β)Ψ(ν2, σ2
2),

where β is a weight parameter, and Ψ(ν, σ2) represents a
Gaussian PDF with a mean ν and a variance σ2. The weak
signal is sinusoidal with a frequency fc and an amplitude A.
The parameter values are given in Table 1. The power of
the weak signal is confirmed to be sufficiently small com-
pared to the white noise. The N noise samples ñ j are nu-
merically generated, and the noisy input samples xi are then
filtered out to obtain the output. The filter parameter, a and
b are set as 0 and 1, respectively.

The values of the output SNR and the optimum band-
width are shown in Table 2. These values were obtained
by averaging the results of 50 trials. The theoretical band-
width was calculated based on Eq. (7). From this table, the
output SNR for the proposed method is almost the same
as the theoretical value, indicating that it is likely to be an
effective filtering method.

Although the output SNR is very close to the theoretical
value, the estimated bandwidth is different to the theory.
Figure 3 shows the dependence of the bandwidth on the
output SNR. For reference, the input SNR is also shown.
It can be seen that the output SNR does not change very
much in the region 0.05 ≤ h ≤ 1.00; an output SNR close
to the theoretical value can be achieved for any bandwidth
in this region. Even though there is a difference between
the estimated and theoretical bandwidths in Table 2, this is
not a problem in terms of the filtering performance. Note
that the effectiveness of Eq. (1) is confirmed because the
output SNR is improved compared to the input.

- 893 -



0.01 0.05 0.10 0.50 1.00 5.00 10.00

-1
0

.0
-8

.0
-6

.0
-4

.0
-2

.0
0

.0

Input S/N

Output S/N
Theory

w/ PDF es!ma!on

 S
/N

 [
d

B
]

Bandwidth h

Figure 3: Dependence of output SNR on the bandwidth.

5. Conclusion

The present paper described a method for estimating the
noise PDF and the corresponding in-out function. The pro-
posed method is based on KDE, which is a nonparametric
estimation method, thus allowing it to be applied to any
type of white noise. Due to the use of a second-order
Epanechnikov kernel, the computational complexity was
reduced to half of that for other kernels. The optimum
bandwidth for achieving the maximum output SNR was
also derived. The effectiveness of the proposed method was
confirmed by a numerical evaluation, which implies that it
is likely act as a practical filtering system.
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Abstract—This paper provides an overview of the re-
cent development of our noise-driven electrical circuits and
devices whose architectures were inspired by biological
nervous systems. Noises are inevitable under natural en-
vironment, however, one usually tries to “attenuate” noises
and fluctuations on semiconductor circuits and devices by
using, for example, special shielding equipments, precise
fabrication process, special layout or circuit techniques,
and so on. On the other hand, biological systems certainly
“exploit” noises to increase performances on neural com-
putation. In this paper, some examples of noise-driven neu-
ral computing on semiconductor circuits and devices are
presented, which may show what noise-driven circuits and
systems can do now, and what they may do in the future.

1. Introduction

Noise and fluctuations are usually considered as “obsta-
cles” in the operation of both analog and digital circuits,
and most strategies to deal with them are focused on the
suppression. This paper gives an overview of neural sys-
tems that employ different strategies, i.e., neural strategies
that can “exploit” the properties of noise to improve the ef-
ficiency of operations. This concept may be especially use-
ful in the design of computing systems with noise-sensitive
devices (e.g., extremely low-power but noise-sensitive de-
vices like single electron/molecule devices and subthresh-
old analog CMOS devices).

Table 1 shows some examples of noise-driven neural
processing and their possible applications in electronics.
Stochastic resonance (SR) [1] is a phenomenon where a
static or dynamic threshold system responds stochastically
to a subthreshold or suprathreshold input with the help
of noise. In some biological systems SR is utilized to
detect weak signals under a noisy environment. SR on
some emerging nanoelectronic devices (a SET network and
GaAs nanowire FETs) has been demonstrated [5, 6, 7]. SR
can be observed in many bi-stable systems, and will be uti-
lized to facilitate the state transitions in emerging logic (bi-
stable) memory devices. Noise-driven fast signal transmis-
sion is observed in neural networks for the vestibulo ocular
reflex [8], where signals are transmitted with an increased
rate over a neuronal path when non-identical neurons and
dynamic noise are introduced. Implementation in terms of
a SET circuit [10] has demonstrated that when several non-
identical pulse-density modulators were used as noisy neu-
rons, performances on input-output fidelity of the popula-

Table 1: Noise-driven neural processing and its possible
applications on semiconductor circuits and devices

Neurophysiological
phenomena

Type of
noise

Applications and
device examples

stochastic resonance
[1]

dynamic,
static

sensors and logic
(CMOS [2, 3], SET
[4], GaAs nanowire
FET [5, 6, 7])

fast signal transmis-
sion on slow trans-
mission pathway [8]

dynamic,
static

fast signal transmis-
sion, pulse-density
modulation (CMOS
[9], SET [10])

phase synchroniza-
tion among isolated
neurons [11]

dynamic phase synchro-
nization among
isolated circuits,
PLL (CMOS) [12]

synaptic depression
[13]

static burst signal detec-
tion (SET) [14]

Noise-shaping in in-
hibitory neural net-
works [15]

dynamic,
static

noise shaping AD
conversion (CMOS
[16], SET [17])

tion increased significantly as compared to that of a single
neuron circuit. Phase synchronization among isolated neu-
rons [11] can be utilized for skew-free clock distribution
where independent oscillators are implemented on a chip
as distributed clock sources, while the oscillators are syn-
chronized by a common temporal noise. Noise in synap-
tic depression [13] can be used to facilitate the operation
of a neuromorphic burst-signal detector, where the output
range of the detector is significantly increased by noise.
Noise-shaping in inhibitory neural networks [15] has been
demonstrated in subthreshold CMOS [16], where static and
dynamic noises can positively be taken if one could not re-
move a certain level of noise or device mismatches. The
circuits exploit properties of device mismatches and ex-
ternal (temporal) noise to perform noise-shaping 1-bit AD
conversion (pulse-density modulation).

In this paper, we introduce two examples among the en-
tries avobe. First, noise-induced synchronization among
sub-RF CMOS analog oscillators for skew-free clock dis-
tribution [12] is introduced. Independent oscillators are im-
plemented on a chip as distributed clock sources, while the
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oscillators are synchronized by a common temporal noise.
Second, a high-fidelity pulse-density modulator with noisy
neuromorphic circuits based on a model of vestibulo-ocular
reflex [9] is introduced. When several non-identical pulse-
density modulators are collected as noisy neurons, perfor-
mances on input-output fidelity of the population is signif-
icantly increased as compared with that of a single neuron
circuit.

All the components above can be implemented by using
standard CMOS processes. These strategies may be im-
portant in the designs of emerging computer architectures
consisting of nanometer-scale (so noise-sensitive) devices.

2. On-chip CMOS clock generators exhibiting noise-
induced synchronous oscillation

Synchronous sequential circuits with global clock-
distribution systems are the mainstream of implementation
in present digital VLSI systems where the clock distribu-
tion is the core of synchronous digital operations. Practical
clocks given through external pads are distributed to se-
quential circuits being synchronous to the same clocks via
distributed clock networks. System clocks for synchronous
digital circuits must arrive at all the registers simultane-
ously. In practice, time mismatches of clock arrival which
are called ‘clock skew’ occur in LSIs [18]. The major rea-
sons for these mismatches derive from the system clock
distribution (wiring defects or asymmetric clock paths), the
propagation delay of the clock chip, and the clock traces on
the board. The propagation delay is dependent on the fab-
rication process, voltage, temperature, and loading, which
makes the clock skew even more complicated. Small clock
skews prevent us from increasing the clock frequency, and
large skews may result in severe malfunctions. Indeed
clock-skew effects on the circuit performance rise as the in-
tegration density (∼miniaturization) or the clock frequency
increases.

To resolve these clock-skew issues, various technolo-
gies on clock distribution are widely used in present dig-
ital systems such as zero-skew clock distribution [19], in-
serting buffers for skew compensation [20] and controlling
the clock-wire length [21]. In regular circuit structures,
clock skews are effectively reduced by designing clock
paths based on H trees. For large-scale complex clock net-
works, optimizing buffers in the clock distribution tree usu-
ally reduces clock skew. One possible way to cancel clock
skew is to use asynchronous digital circuits where only lo-
cal clocks are used instead of global system clocks . How-
ever, the functions of these circuits currently cannot sat-
isfy various sophisticated demands. Moreover, major LSI
designers have recently started using advanced genetic al-
gorithms in their post-manufacturing processes to calculate
the required margin.

The present solutions for the skew problems may in-
crease both the total length of clock distribution wires and
the power consumption, as well as optimization and post-

processing costs. Here, we introduce another solution for
the skew problems. Nakao et al. recently reported that
independent neural oscillators can be synchronized by ap-
plying appropriate noises to the oscillators [11]. We regard
neural oscillators as independent clock sources on LSIs;
i.e., clock sources are distributed on LSIs, and they are
forced to synchronize with the addition of artificial (or nat-
ural if possible) noises.

We designed a Wilson-Cowan oscillator circuit for sub-
RF operations [12]. The circuit consists of a differential
pairand a buffer circuit composed of two standard invert-
ers, and we confirmed the limit-cycle oscillations where
the trajectory was effectively fluctuated by the M-sequence
circuit with the RC filter. The oscillation frequency was
about 1 GHz. All the circuits exhibited independent os-
cillations when random sequence was not given to them,
whereas they exhibited complete synchronization when
random sequence was given. Our results indicated that if
we distributed these circuits as ubiquitous clock sources
on CMOS LSIs, they could be synchronized when com-
mon random impulses were given to the circuits. Although
this may cancel out the present clock skew problems, de-
vice mismatches between the clock sources may prevent
the sources from complete synchronization. We also inves-
tigated the device-mismatch dependence of the proposed
circuits. For our distributing purposes, local mismatches
in a single oscillator circuit would be negligible; i.e., mis-
matches in a differential pair and a current mirror. How-
ever, mismatches of bias transistors between the oscilla-
tors may drastically change each oscillator’s intrinsic fre-
quency.

3. High-fidelity pulse-density modulation with
noisy neuromorphic circuits based on a model
of vestibulo-ocular reflex

Here we introduce possible ways to construct an elec-
trical circuit that can perform high-speed information pro-
cessing with slow devices. Regarding this point, neural
networks seem to be a possible choice because they are
considered to perform high-speed parallel information pro-
cessing with neuron elements which are relatively slower
than CMOS transistors. In recent study, Hospedales et
al. reported that a neural network with temporal noises
and spatial noises in neurons that was used to perform
“vestibulo-ocular reflex” (VOR) could conduct a tempo-
ral signal whose frequency was higher than operation fre-
quency of a single neuron in networks [8]. VOR stabilizes
the visual field by moving the eyeballs in such a way that
compensates for rotations of the head. They reported that
this function could be achieved by using temporal and spa-
tial noises of neurons. When no noises are applied to this
network, all the neurons generate spike output at the same
time (phase). However, when they are affected by tempo-
ral noises and spatial noises, they no longer can generate
spike output at the same time. It represents that the net-
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work shows asynchronous firing and it can thus respond to
relatively faster input signal than a single neuron.

The operation frequency in electrical circuits of a sin-
gle device is limited by several conditions that derive from
physical limitations. Electrical circuits are often limited by
power consumption or chip area size especially in mobile
appliances or sensor appliances. Information processing
done by the brain is considered to have an energy-efficient
structure. The architecture observed in the brain may pro-
vide possible solutions to electrical engineering. Further
more, electrical-circuit engineers often try to reduce or
eliminate the effects of noises and device mismatches of
transistors because these effects degrade circuit character-
istics and they even cause erroneous circuit operation. Typ-
ical circuit designs to reduce these effects often require
additional transistors and larger transistors (larger chips
and greater power consumption), which makes it more dif-
ficult to meet the specification. Here, by implementing
Hospedales et al.’s model in electrical circuits, noises and
device mismatches in these circuits could be utilized to im-
prove operations while group of slow devices could achieve
faster operation. We constructed a simple neural-network
circuit to confirm the improvements in fidelity and we then
demonstrate that the operation frequency of a noisy net-
work circuit is higher than that of a noiseless network cir-
cuit [9].

4. Summary

In this paper, a brief review of noise-driven neural pro-
cessing and their applications were introduced.

First, an overview of noise tolerance and noise utilization
in neural systems and their possible application in electron-
ics was introduced. Noise and fluctuations are usually con-
sidered obstacles in the operation of both analog and digital
circuits and systems, and most strategies to deal with them
focus on suppression. Neural systems, on the other hand,
tend to employ strategies in which the properties of noise
are exploited to improve the efficiency of operations. This
concept may be especially useful in the design of comput-
ing systems with noise-sensitive devices.

Second, we introduced CMOS sub-RF oscillators that
could be synchronized using common random impulses,
based on a theory in [11]. The synchronization prop-
erties of the modified model were qualitatively equiva-
lent to those of the original model. A sub-RF oscilla-
tor circuits based on the modified model was designed.
The circuits exhibited the same synchronization properties
as in the original and modified models. For our clock-
distributing purposes, synchrony dependence on device
mismatches between the distributed oscillator circuits was
investigated. The result showed that the synchrony was
gradually decreased when variance of the mismatch was
linearly increased, which indicated that our ‘ubiquitous’
clock sources with small device mismatches would be syn-
chronized by optimizing our parameter sets.

Finally, we introduced a neuromorphic circuit with high
fidelity in its output spike train based on the Vestibulo-
Ocular Reflex model. The network circuit was composed
of neuron circuits, an M-sequence circuit, and an OR logic
circuit. A single neuron circuit could operate up to O(102)
Hz and it operated incorrectly over the frequency. When
four neurons were employed, the network without noises
had the same characteristics while the network with noises
had higher performance than that without noises. The noisy
network could operate correctly at O(103) Hz and we con-
firmed that fidelity could be increased by noises. We were
forced to limit the operation frequency of the neuron cir-
cuit that we introduced here forced to a certain value due
to the size of capacitance in the circuit. We plan to use a
subthreshold CMOS circuit that allows an ultra-low power
circuit even though device mismatches strongly degrades
circuit characteristics.

We have extended our noise-driven CMOS circuits
to “single-electron circuits” towards their application to
“single-molecule devices”, that are much more sensitive
to both external and internal (thermal) noises, e.g., single-
electron neural network for synchrony detection [14],
stochastic resonance in single-electron circuits [22, 5],
single-electron circuits performing dendritic pattern for-
mation with nature-inspired cellular automata [23], single-
electron image processing architectures for edge detection
[24] and motion detection [25], a noise-shaping single-
electron pulse-density modulator [17], and so on.
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Abstract– Mobile localized oscillations in finite chains
of the Fermi-Pasta-Ulam (FPU) of -type are studied
numerically. With both ends of the chains free, the
localized oscillation is imposed initially near one end of
the system. While localized near the end for a moment, it
begins to be propagated down the system subject to
reflections at both ends. In this process, there occurs a case
in which the speed and the sense of propagation change
irregularly. The mobile localized oscillation gradually
loses its energy by radiation and is settled down into the
stationary oscillation.

1. Introduction

It is now known that the intrinsic localized modes
(ILMs) or the discrete breathers (DBs) are generic in
spatially periodic, discrete and nonlinear systems (see, for
example [1-5].) It is also known that in the system of
celebrated FPU- chains [6], which spatially extends
infinitely, the stationary type and mobile type of ILMs can
be excited [7]. There are two types of the stationary ILMs,
the odd and even modes [1, 8], which have been shown
that the former is linearly unstable while the latter stable
in the FPU- chains [9]. As for the mobile ILMs, however,
the distinction between the odd and even modes is
meaningless because they can take both modes and even
their hybrid modes in the course of propagations [10].

In this paper, we consider finite chains of the FPU-
type and study numerically the localized oscillation
imposed initially near one end of the system. Initial
displacements of the masses are given in the form of the
stationary, odd mode. The existence of the ends sets the
localized oscillation in motion from its excited position
and has effects on the propagation of the oscillation. Many
calculations are carried out for the combinations of values
of three parameters: the number of masses, N, the offset of
the center position of initial localized displacements from
the center of the chain, , and the maximum of initial
displacement, A.

2. Formulation

We consider the FPU- type chains which consist of N
(>>2) identical masses numbered consecutively by integer

j ( 1 j N  ), arranged along the x direction and

interacted with the neighboring masses through the
nonlinear potentials. The potential, V, is given by the form
of a quadratic plus quartic function of relative
displacement r between the adjacent mass:

2 4( ) / 4,V r r r  (1)

where  is the parameter on the nonlinear coupling
strength and to be set = 4 in the following calculations
in this paper. The motions of masses are restricted in the
x-axis.

We denote the position from the equilibrium point of
the j th mass by xj(t), t being the time. The equation of
motion for each mass with the mass of unity is expressed
as follows:
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where the dot means the derivation with regard to t,
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for 1 j N  .
1r 

and
Nr 

are taken to vanish due to the

free boundary conditions at the both ends of system. The
N equations with the boundary and initial condition for
positions are to be solved simultaneously in the next
section. Linear analysis to these equations shows that all

the angular eigenfrequencies n ( 1, , 1n N  ) lie

below the limit value 2  .

3. Numerical Analysis and Results

3.1. Initial Condition

The initial conditions are given by values for xj in the
form of the type of odd mode:

 
 1

0 ,
0 / 2,

c

c

x A
x A







 


 

(4)

where c,  and A are constants, c=(N+1)/2 is the center of
the system for N taken to be odd number (N = 65), and the
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integer  (  0 1 / 2N   ) indicates the offset of the

center position of deflection from c. Initial velocities of all
masses are taken to vanish,  0 0jx  . The initial

positions of masses for the special cases =0 and =31
are shown in Fig. 1.

(a)

(b)

Fig.1. Initial positions of the masses for (a)=0, (b)=31
with A = 0.30.

3.2. Numerical Results

The nonlinear simultaneous equations (2) are solved
by the standard Runge-Kutta method with the free
boundary conditions at both ends of the system and
appropriate initial conditions (4). The accuracy of
numerical solutions is checked by monitoring the total
energy to be conserved. In the following calculations, the
relative error is found to be of order 10-12.

In the case of  = 0, the excitation of one stationary
ILM of odd mode is confirmed. The masses in the
localized part oscillate periodically in time with the
frequency higher than 2. The excited ILM remains
stationary at the center and preserves its initial profile for
long-time calculations (Fig. 2). Even if the value of || is
not much smaller than c ( 27  ), the excited ILM

remains stationary at its excited position unless the excited
position is not so close to the end of the system that the
border of localized part touches the end.

In contrast, in the case of the large value of |
( 28 32  ), the excited localized oscillation is set in

motion from its excited position and propagates the
system. Typical result for =31 is shown in Fig. 3. The
localized part is propagated toward the other end at a
constant speed and is reflected at the free end (j=65) to
return back to the initial position. Then it is reflected at
the free end (j=1) and propagated toward the other end.
This regular process repeats for a long time. Our detail
observations of the ILMs show that the localized parts are

neither decayed nor dispersed by reflections at ends (see
Fig. 4.). The propagating speed of localized oscillation is
higher as the larger value of || is taken.

In the case that the value of  is fixed at 31, the ILM is
excited for A > 0.18. As the value of A becomes larger, the
frequency of ILM becomes higher. For 0.18 < A <0.36,
the localized oscillation is propagated with a constant
speed with reflections at both ends, which becomes
smaller inversely proportional to the value of A. For the
value of A beyond 0.36, the propagating speed is no
longer constant (Fig. 5(a)). For A > 0.48, moreover, not
only the speed but also the sense of propagation changes
irregularly (Figs. 5(b) and (c)). It is observed in our
calculations that such localized oscillation is finally
trapped at somewhere in the system and the mobile ILM is
settled down into the stationary one.

(a)

(b)

Fig.2. (a)Spatio-temporal profile and (b) the trace of the
maximum amplitude in the envelope of the stationary
ILM in the j-t plane for =0 and A=0.30.

Fig.3. Trace of the maximum amplitude in the envelope of
the mobile ILM in the j-t plane for =31 and A=0.30.
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Fig.4. Snapshots of reflection of ILM at the free end (A
=0.30)

(a)

(b)

(c)

Fig. 5. Trace of the maximum amplitude in the envelope
of the mobile ILM excited for =31 with (a) A=0.44, (b)
A=0.60 and (c) A=0.67.

3. Conclusions

The propagations of nonlinear localized oscillation in
the finite chains of the FPU- type with free ends have
been numerically studied. The oscillation excited initially
near one end of system is set in motion by the interaction
with the end of system. The existence of the ends triggers
the localized oscillation to set in motion, while the
localized oscillations are reflected at the free ends without
any losses. It has been shown, however, that although total

energy of the system is conserved, the energy of localized
oscillation is lost gradually by radiation, when it moves
the position from one mass to another [10]. Specially for
large-amplitude case, the localized oscillation irregularly
moves in the system. Such mobile ILM is finally settled
down into the stationary one.
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Abstract—Discrete breathers are spatially localized pe-
riodic solutions in nonlinear discrete dynamical systems.
The anti-integrable limit is defined for the discrete non-
linear Schrödinger equation as the limit of vanishing cou-
plings. There are infinitely many trivial discrete breathers
in this limit, each of which consists of a finite number of
excited sites. The existence of discrete breathers continued
from them has been proved for sufficiently weak couplings.
In this paper, we focus on the case of non-weak couplings
and present existence theorems of discrete breathers.

1. Introduction

Spatially localized excitations in nonlinear space-
discrete dynamical systems have attracted great interest
since the seminal work by Takeno et al. [1]. The localized
modes are called discrete breathers (DBs) or intrinsic lo-
calized modes. The DBs are time-periodic and spatially lo-
calized solutions of the equations of motion. Considerable
progress has been achieved in understanding the nature of
DB so far (e.g., [2, 3, 4, 5]).
The discrete nonlinear Schrödinger equation (DNLSE) is

one of the fundamental lattice models (e.g., [6, 7]), which
appears in various contexts of physics. The DNLSE is the
system of differential equations

i
dψn
dt
+ κ(Δψ)n + γ|ψn|2ψn = 0, (1)

where n = (n1, . . . , nd) ∈ Zd, ψn ∈ C, κ ≥ 0, γ = ±1, and Δ
is the discrete Laplacian on a cubic d-dimensional lattice,

(Δψ)n =
d∑
j=1

(
ψn+e j + ψn−e j − 2ψn

)
, (2)

and {e1, . . . , ed} are the standard unit vectors on Zd. Two
cases of γ = +1 and −1 are called the focusing and defo-
cusing cases, respectively.
In this study, we address the existence of DB solutions

to Eq. (1) of the form

ψn(t) = φn exp(iωt), (3)

where φn is the time-independent amplitude of site n and
ω ∈ R is the frequency. We confine our attention to the

solutions such that φn is real and satisfies |φn| → 0 as
|n| → +∞, where |n| = ∑dj=1 |n j|. These DB solutions are
sometimes called bright discrete solitons in the context of
DNLSE.
The existence of bright discrete solitons has been in-

vestigated by several authors using different mathematical
methods [8, 9, 10, 11, 12, 13]. The anti-integrable (AI)
limit is a useful concept for proving the existence of DBs.
The AI limit was originally introduced by Aubry to study
chaotic trajectories of the standard map [14] and then ex-
tended to study DBs in nonlinear lattices [15]. The AI limit
of the DNLSE is defined by the limit of κ = 0 in Eq. (1).
The system has infinitely many trivial localized periodic
solutions such that a finite number of sites are excited with
φn � 0 and the others are at rest with φn = 0, provided that
ω is fixed. We call these trivial solutions the anti-integrable
solutions. The existence of bright discrete solitons with the
ω has been proved by continuing the AI solutions for small
coupling constant, using the implicit function theorem [15].
The continuation is possible up to some positive value κc.
However, no explicit lower bound for κc has been obtained
except for the case of d = 1 [12]. For d ≥ 2, the continua-
tion has been proved only for sufficiently weak couplings.
In this sense, the existence of bright discrete solitons con-
tinued from AI solutions has not been fully proved for the
DNLSE with non-weak couplings.
In this paper, for any dimension d, we explicitly give a

non-small range of the coupling constant and prove that the
bright discrete soliton uniquely continued from an arbitrary
AI solution exists over the range. In the one-dimensional
case, our estimation is much improved than that obtained in
Ref. [12]. The present approach uses Banach’s fixed point
theorem, and it may apply for different types of localized
periodic solutions such as dark discrete solitons near the AI
limit in the DNLSE.

2. Stationary DNLSE and anti-integrable limit

The bright discrete solitons can be sought by using the
steady-state ansatz Eq. (3). Under substitution of the ansatz
into Eq. (1), the amplitudes φn ∈ R are determined by the
set of algebraic equations

−ωφn + κ(Δφ)n + γφ3n = 0, n ∈ Zd, (4)
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and the condition of spatial localization φn → 0 as |n| →
+∞, where |n| = ∑dj=1 |n j|. We call Eq. (4) the stationary
DNLSE.
The phonon band of Eq. (1) is given by −4dκ ≤ ω ≤ 0.

The bright discrete solitons are expected to exist for ω out-
side the phonon band. Solutions of Eq. (4) for γ = +1, ω >
0 and those for γ = −1, ω < −4dκ relate with each other as
follows: if {φn}n∈Zd is a solution of Eq. (4) for γ = +1 and
ω = ω0 > 0, then {(−1)|n|φn}n∈Zd is a solution of Eq. (4) for
γ = −1 and ω = −4dκ − ω0. This one-to-one correspon-
dence implies that it is enough to consider only one of the
focusing and defocusing cases. Let us consider the focus-
ing case γ = +1. It is known that the stationary DNLSE
(4) has no nonzero localized solution when ω < −4dκ [7].
Therefore, we assume γ = +1 and ω > 0 in this paper.
In order to transform Eq. (4) into a simpler form, let us

introduce the new variables {un}n∈Zd defined by φn = √μ un,
where μ = ω + 2dκ. If we use {un}n∈Zd and assume γ = +1,
the stationary DNLSE (4) can be rewritten as

un − u3n = ε
d∑
j=1

(
un+e j + un−e j

)
, n ∈ Zd, (5)

where the parameter ε is defined by ε = κ/μ. Hereafter,
equation (5) is used for our study instead of Eq. (4). The
AI limit of Eq. (5) is defined as the limit of ε = 0. When
ε = 0, equation (5) has an infinite number of AI solutions
given by

un = σn, σn ∈ {0,±1}. (6)

The site amplitudes un are independent of each other, and
each un can take one of the three values 0 and ±1. Thus
any AI solution can be coded by an infinite sequence σ ≡
{σn}n∈Zd , which is called the coding sequence. Let S be the
set of coding sequences σ which have only a finite number
of nonzero elements, i.e., S = {σ; ∑ |σn| < ∞}. Each
σ ∈ S gives a localized AI solution.
It is known that all the AI solutions can be continued

for sufficiently small ε by the implicit function theorem
[15]. The purpose of this study is to show that the con-
tinuation is possible for non-small ε, using Banach’s fixed
point theorem. Let l∞(Zd) be the Banach space of real-
valued bounded sequences u = {un}n∈Zd endowed with the
norm ‖u‖ = supn∈Zd |un|:

l∞(Zd) =
{
u ; ‖u‖ = sup

n
|un| < +∞

}
. (7)

We consider Eq. (5) as a nonlinear equation in the space
l∞(Zd).

3. Main results

Given σ ∈ S, let A(σ) be the set of indices for nonzero
elements of σ, i.e., A(σ) = { n; σn � 0 } ⊂ Zd. Our the-
orem for the existence of bright discrete solitons in the d-
dimensional DNLSE is stated as follows.

Theorem 1. Let ε0, c0, and r0 be the constants given by

ε0 =
9
√
65 − 71
16d

, c0 =
√
65 − 7
4

, r0 =
1
10
.

For any σ ∈ S and ε ∈ [0, ε0), there exists a unique family
of solutions {un(ε)}n∈Zd of Eq. (5) such that it is continuous
with respect to ε and un(0) = σn, n ∈ Zd. For each ε ∈
[0, ε0), the solution {un(ε)}n∈Zd satisfies

|un(ε) − σn| ≤
{
c if |n| ≤ m + 1,
c r|n|−m−1 otherwise, (8)

with c = c0 ε/ε0, r = r0 ε/ε0, and m = maxn∈A(σ) |n|.
Remark 1. By definition of m, σn = 0 when |n| > m.
Thus the second inequality in Eq. (8) reduces to |un(ε)| ≤
c r|n|−m−1. This indicates that the amplitude un(ε) decays
exponentially as |n| → ∞ since r < 1.

In Theorem 1, the AI solution {σn}n∈Zd is used as an ap-
proximate solution for Eq. (5) with nonzero ε. It is pos-
sible to improve the range of ε in which the existence of
solution {un(ε)}n∈Zd is guaranteed if a better approximation
is used. It is rather easy to compute a better approximation
in the one-dimensional case, although it is cumbersome for
higher-dimensional cases.
Consider the case of d = 1 and suppose that σ ∈ S

has nonzero elements only for n = n1, . . . , nm, i.e., A(σ) =
{n1, . . . , nm} ⊂ Z. An improved approximation can be ob-
tained as follows:

u∗n(ε) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
σn1ε

n1−n if n < n1,
σn + χ(σn)(σn+1+σn−1)ε if n1 ≤ n ≤ nm,
σnmε

n−nm if n > nm,
(9)

where χ(q) is the function defined by χ(q) = (3δq,0 − 1)/2
and δq,0 is Kronecker’s delta. Using this approximate solu-
tion, we can obtain the following theorem.

Theorem 2. Suppose that d = 1, σ ∈ S, and A(σ) =
{n1, . . . , nm}. Let {u∗n}n∈Z be an approximate solution given
by Eq. (9). Let ε0 = 0.1457, c0 = 0.16, and r0 = 0.3.
Then there exists a unique family of solutions {un(ε)}n∈Z of
Eq. (5) for ε ∈ [0, ε0] such that it is continuous with re-
spect to ε and un(0) = σn, n ∈ Z. For each ε ∈ [0, ε0], the
solution {un(ε)}n∈Z satisfies

|un(ε) − u∗n(ε)| ≤
⎧⎪⎪⎪⎨⎪⎪⎪⎩
c rn1−n if n < n1,
c if n1 ≤ n ≤ nm,
c rn−nm if n > nm,

(10)

with c = c0 ε/ε0 and r = r0 ε/ε0.

Remark 2. The solution un(ε) decays exponentially as n→
±∞ since |un(ε)| ≤ (1+ c)rn1−n (resp. (1+ c)rn−nm) holds for
n < n1 (resp. n > nm) from Eqs. (9) and (10).

Remark 3. An essential parameter of Eq. (4) is α ≡ κ/ω
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when γ = +1, and α = 0 defines the AI limit. It was proved
in Ref. [12] that any AI solution can be continued at least
up to α = (3

√
3− 1)/52 � 0.0807. The parameter α relates

with ε as α = ε/(1 − 2dε). Our estimation ε0 = 0.1457
corresponds to α = 0.2056 · · ·, which is much improved
and close to the boundary of continuation α � 0.28958
obtained numerically in Ref. [12].

4. Formulation of a fixed point problem

We formulate the problem of solving Eq. (5) as a fixed
point problem. Consider Eq. (5) in the space l∞(Zd). Let
a = {an}n∈Zd ∈ l∞(Zd), and define a new variable x =
{xn}n∈Zd by

un = an + xn, n ∈ Zd. (11)

The sequence {an}n∈Zd is an approximate solution of Eq. (5),
and it is chosen such that 1 − 3a3n � 0 for all n ∈ Zd. If we
use Eq. (11), we can rewrite Eq. (5) as follows:

xn =
1

1 − 3a2n

⎡⎢⎢⎢⎢⎢⎣ ε
d∑
j=1

(
xn+e j + xn−e j

)
+ 3anx2n + x

3
n + Rn(a)

⎤⎥⎥⎥⎥⎥⎦,
(12)

where n ∈ Zd and Rn(a) is the residual given by

Rn(a) = ε
d∑
j=1

(
an+e j + an−e j

)
− an + a3n. (13)

The right hand side of Eq. (12) defines the nonlinear map
Fε : l∞(Zd)×R→ l∞(Zd), (x, ε) → Fεx, which depends on
the parameter ε. In this notation, equation (12) is written in
the simple form

x = Fεx, x ∈ l∞(Zd). (14)

This shows that a solution of Eq. (12) is regarded as a fixed
point of the map Fε.
In the present formulation of fixed point problem, we

did not remove all the terms that are linear in x from the
right hand side of Eq. (12), but kept the linear terms having
the small coefficient ε. The explicit form of the map Fε is
available due to this formulation, and thus it is possible to
precisely evaluate Fεx. It should be noted that the map Fε
is still contractive because of smallness of ε.
We are interested in solutions of Eq. (14) that are expo-

nentially localized in space. Therefore, it is necessary to
define an appropriate subset of l∞(Zd) for solving Eq. (14),
which guarantees the localization property of the obtained
solutions.
Let σ ∈ S, A(σ) = { n; σn � 0 }, and m = maxn∈A(σ) |n|.

Define a closed convex subset Bσ(c, r) ⊂ l∞(Zd) as follows:
Bσ(c, r) =

{
x ; |xn| ≤ c if |n| ≤ m + 1,
|xn| ≤ cr|n|−m−1 otherwise

}
,

where c > 0 and 0 < r < 1 are the parameters specifying
Bσ(c, r). We use this subset to prove Theorem 1.

In order to prove Theorem 2, we use a slightly different
subset. Consider the case of d = 1, and let σ ∈ S and
A(σ) = {n1, . . . , nm}. We define a closed convex subset
B1σ(c, r) ⊂ l∞(Z) as follows:

B1σ(c, r) =
{
x ; |xn| ≤ crn1−n if n < n1,
|xn| ≤ c if n1 ≤ n ≤ nm, |xn| ≤ crn−nm if n > nm

}
,

where c > 0 and 0 < r < 1 are the parameters specifying
B1σ(c, r).

5. Outline of proofs

A basic tool of our proofs of Theorems 1 and 2 is the
following Banach’s fixed point theorem for a parameter-
dependent map. We sketch the proof of Theorem 1 in this
section. Theorem 2 can be proved in a similar manner, us-
ing {u∗n}n∈Z and B1σ(c, r).
Theorem 3. (e.g., [16]) Let B be a nonempty closed convex
set in a Banach space X and Λ ⊂ R be an interval. Let
Fλ : X × Λ → X be an operator which is dependent on a
parameter λ ∈ Λ and continuously differentiable with re-
spect to x for each λ ∈ Λ. Suppose that the operator Fλ
satisfies the conditions

1. for each λ ∈ Λ, B is mapped into B by Fλ;
2. there exists a λ-independent constant K ∈ [0, 1) such
that ‖DFλ(x)‖ ≤ K for all x ∈ B and all λ ∈ Λ, where
DFλ(x) is the Fréchet derivative of Fλ with respect to
x;

3. for a fixed λ0 ∈ Λ, and for all x ∈ B, limλ→λ0 Fλx =
Fλ0 x.

Then, the equation x = Fλx has a unique solution x(λ) ∈ B
for each λ ∈ Λ, and x(λ) is continuous with respect to λ.

5.1. Proof of Theorem 1

We can prove the following two lemmas to apply the Ba-
nach’s fixed point theorem.

Lemma 1. Let ε ≥ 0, c > 0, and 0 < r < 1. Suppose that
the following inequalities are satisfied:

(a) c − c3 − 2εd(1 + c) ≥ 0,
(b) 2c − 3c2 − c3 − 2εd(1 + c) ≥ 0,
(c) εd

(
r + r−1

)
+ c2r2 ≤ 1.

Then Bσ(c, r) is mapped into Bσ(c, r) by Fε with an =
σn, n ∈ Zd.
Lemma 2. Let ε ≥ 0, c > 0, and 0 < r < 1. Given K > 0,
suppose that the following inequalities are satisfied:

(d) 2εd + 3c2 ≤ K,
(e) εd + 3c +

3
2
c2 ≤ K.
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Then the Fréchet derivative of Fε with an = σn, n ∈ Zd
satisfies ‖DFε(x)‖ ≤ K for all x ∈ Bσ(c, r).
Let us consider the subset Bσ(c0, r0), where c0 and r0

are the constants given is Theorem 1. Obviously, Bσ(c0, r0)
is a nonempty closed convex subset of Banach space X ≡
l∞(Zd). Fix an arbitrary ε′0 ∈ (0, ε0) and assume ε ∈ I ≡
[0, ε′0]. We consider the map Fε : X × I → X with the
approximate solution an = σn, n ∈ Zd, and check the con-
ditions (i)-(iii) to apply Theorem 3.
The left hand side of (a) equals to (

√
65 − 3)(9√65 −

71 − 16εd)/32 for (c, r) = (c0, r0), and this is larger than
zero for ε ∈ I. Similarly, we have (√65 − 3)(5√65 − 27 −
112εd)/224 > 0 and (57 − 7√65)/800 + 101εd/10 < 1 for
the left hand sides of (b) and (c) when ε ∈ I, respectively.
By Lemma 1, we have Fε(Bσ(c0, r0)) ⊂ Bσ(c0, r0) for all
ε ∈ I.
Substituting c = c0, we obtain 2εd+3c20 ≤ 2ε′0d+ (171−

21
√
65)/8 and εd+3c0+3c20/2 ≤ ε′0d− (9

√
65−71)/16+1

for the left hand sides of (d) and (e) when ε ∈ I, respec-
tively. Let h(ε′0) = max{ 2ε′0d + (171 − 21

√
65)/8, ε′0d −

(9
√
65 − 71)/16 + 1 }. Since h(ε′0) < 1, there exists an

ε-independent constant K ∈ [h(ε′0), 1) such that both (d)
and (e) hold for c0 and ε ∈ I. By Lemma 2, we have
‖DFε(x)‖ ≤ K < 1 for all x ∈ Bσ(c0, r0) and all ε ∈ I.
The conditions (i) and (ii) are satisfied as shown above,

and (iii) is obvious. By Theorem 3, the equation x = Fεx
has a unique family of solutions x(ε) ∈ Bσ(c0, r0) for ε ∈ I
which is continuous with respect to ε. Since ε′0 ∈ (0, ε0)
is arbitrary, x(ε) exists for all ε ∈ [0, ε0). The solution of
Eq. (5) is obtained as u(ε) = σ + x(ε).
Let c(ε) = c0ε/ε0 and r(ε) = r0ε/ε0. The left hand

sides of (a)-(e) are polynomials of ε under substitution
of (c, r) = (c(ε), r(ε)). Fix an arbitrary ε ∈ [0, ε0). It
can be checked that the inequalities (a)-(c) hold, and then
Fε(Bσ(c(ε), r(ε)) ⊂ Bσ(c(ε), r(ε)) follows by Lemma 1. It
also can be checked that the left hand sides of (d) and (e) are
strictly less than unity. By Lemma 2, there exists K ∈ [0, 1)
such that ‖DFε(x)‖ ≤ K < 1 for all x ∈ Bσ(c(ε), r(ε)).
Thus the equation x = Fεx for the fixed value of ε has a
unique solution x∗ in Bσ(c(ε), r(ε)) ⊂ Bσ(c0, r0), by Ba-
nach’s fixed point theorem. This solution x∗ coincides with
x(ε) because of the uniqueness of x(ε) in Bσ(c0, r0). Equa-
tion (8) follows from x(ε) ∈ Bσ(c(ε), r(ε)). �
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Abstract—In this talk, we propose numerical method
for investigating dynamics of discrete breathers (DBs) in
carbon nanotube (CNT) by molecular dynamics (MD)
based simulations. Method for Numerical precise periodic
solutions of DBs are derived in various geometrical con-
figurations of CNTs such as zig-zag CNTs and armchair
CNTs. Linear stability of DB is also investigated numeri-
cally.

1. Introduction

Recently, discrete breathers (DBs) or intrinsic local-
ized modes (ILMs)[1] have attracted great interests in the
field of nonlinear physics, material science and mechanical
engineering[2, 3]. DB is a time-periodic solution which has
localized structure. Discreteness of the system and nonlin-
earity between elements in the system support such a struc-
ture, since nonlinearity supports the vibration out of dis-
persion band which is limited in finite ranges of frequency
due to the discreteness of the system. It has been known
that DB can be exited in a wide range of theoretical lattice
model such as Fermi-Pasta-Ulam (FPU) β lattice, discrete
nonlinear Klein-Gordon (NKG) lattice and discrete nonlin-
ear Schrödinger system. In these systems, existence, struc-
ture and stability of DB have been investigated. It should
be noted that existence of DB is not require special prop-
erty except nonlinearity and discreteness. Therefore DB
can be excited whether considering system is integralable
or not. This means that DB can be excited in a wide range
of physical systems. Recently it has been reported that DB
can be excited in various physical systems such as micro-
[4] and macro-[5] mechanical systems, magnet-mechanical
systems[6] and optical systems[7].

One of the promising physical systems in which exci-
tation of DB is expected is crystal structure. In a micro-
scopic view, crystal structure is just a discrete structure of
atoms. Usually, interaction between atoms is considered
as linear interaction. However, in the case of large defor-
mation of materials and dynamics of atoms in large ampli-
tude, interaction between atoms can be described as non-
linear function. Therefore in these situation, nonlinearity
and discreteness become dominant in dynamics of the sys-
tem. Discreteness of crystals appears in dispersion bands
in phonon dispersion relation. Nonlinearity of crystal leads
to excitation of vibration of higher or lower frequency of
dispersion band. Therefore DB can be excited as atomic

vibration in a region of a few atomic length.
There have been a lot of reports on DB in crystals. In

early stage, one-dimensional lattice with a realistic model
potential is considered. Kiselev has been investigated DB
in a one-dimensional lattice with Born-Mayer-Coulomb
potentials[8]. Cuevas has been reported interaction of
DB with defects in a one-dimensional lattice with Morse
potentials[9]. DBs in more complex crystals, such as
two dimensional hexagonal systems with Lennard-Jones
potential[10], and three dimensional bcc metals with EAM
potential[11] has been also investigated by using molecular
dynamic (MD) method.

Carbon structure such as carbon nanowire, graphene and
carbon nanotube (CNT) has been attracted significant in-
terests since they have special characteristics in mechan-
ics, electrics and vibrations other than previous carbon
compounds such as diamonds and graphite. It is also ex-
pected that DB can be excited in these carbon structures.
Yamayose has been reported that DB can be excited in
graphene from modulational instability[12]. DB is excited
in three directions which can be corresponds to direction of
bond of hexagonal lattice. Kinoshita has been reported that
DB can be excited in CNT by the same way of graphene[?].
Lifetime of DB in CNTs depends on its chirality, since cur-
vature along to circumference affect on stability of DBs.
Linear stability of DB in graphene has been investigated
numerically by Doi[14]. In there report, stability depends
on strain enforced in graphene and unstable perturbation
mode sometimes forms shear motion against the motion of
DB. This result imply that DB in graphene becomes trig-
ger of the deformation or rearrangement of structure of
atoms. Shimada have performed direct simulation of dy-
namics of DB in strained CNT[15]. In their simulations,
DB in the strained CNT becomes a trigger of Stone-Wales
transformation, which transforms four hexagons into two
pentagons and two heptagons.

In this study, we investigate the dynamics of DB in CNT
from the view point of linear stability and direct simulation
by MD method. MD method is a powerful tools for in-
vestigating deformation of materials. MD is performed by
direct integration of equation of motion which is estimated
by the heuristic model potential describing the interaction
between atoms. We couple the MD method with linear sta-
bility analysis based on nonlinear dynamics. At first, we
search localized solution in CNT by a iteration method cou-
pled with MD method. Then we investigate linear stability
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Figure 1: Schematic description of formation of CNT from
graphene.

of DB in CNT. Detailed procedure is described in the fol-
lowing sections.

2. Models

We consider two types of CNT with different structure:
armchair CNT and zigzag CNT. Fig. 1 shows schematic
description of structure of armchair CNT and zigzag CNT.
CNT can be formed by rolling the graphene. Difference of
structure between armchair CNT and zigzag CNT is due to
difference of direction of rolling. As a result of difference
of direction of rolling, armchair CNT has bonds which is
parallel to circumference of CNT. Zigzag CNT, on the other
hand, has bonds which is parallel to the rolling axis.

CNT consists of carbon atoms. We use the heuristic
interaction potential for hydrocarbon atoms proposed by
Brenner. Brenner potential is described as follows:

H =
N∑
i

∑
α

(pαi )2

2M
+

1
2

N∑
i

N∑
j,i

N∑
k,i, j

Φi jk(ri j, r jk, θi jk), (1)

where N is the number of atoms in the system, α is the
coordinates x, y and z, i, j and k are the indices of the
atoms, M is the mass of carbon atom, pαi is the momentum
of i-th atom in α coordinate, Φi jk is interaction potential,

ri j =
√∑

α(qαj − qαi )2 is bond length of between i-th and
j-th atoms, θi jk is the angle between bond i − j and bond
i − k, qαi is the position of i-th atom in α coordinate. The
function Φi jk is determined from the mechanical properties
of hydrocarbon crystal.

CNT is placed in the simulation region such that rolling
axis of CNT is parallel to the z-axis. Periodic boundary
conditions for x-, y- and z-axis is considered. Length of
simulation cell in x- and y-axis is wide enough to effect
from mirroring simulation cell is negligible. In z-axis, CNT
is connected at boundary.

We consider the condition for very low temperature.
Atoms except for DB is excited are at rest. Energy con-
servation in the system is also considered. Therefore, any
heat bath is not connected to the system.

3. Simulation

We investigate the dynamics of atoms in CNT by MD
method. Equations of motions for i-th atom is given as
follows:

q̇αi =
∂H
∂pαi

(2)

ṗαi = −
∂H
∂qαi
. (3)

We integrate these equations of motion numerically. The
integration method is 4-th order symplectic integration
method. As discussed in the above section, we do not con-
sider any heat bath to the system since we consider energy
conservation dynamics. MD method also used in the calcu-
lation of temporal evolution in iteration method and linear
stability analysis.

We also investigate numerically exact solution of DB
in graphene. Consider a state in the phase space X0 =

{qx
1, q

y
1, q

z
1, q

x
2, . . . , q

z
N , p

x
1, p

y
1, p

z
1, p

x
2, . . . , p

z
N}T . Temporal

evolution from X0 is described by the equation of motion
(2)-(3). Let V(X) be a vector field defined as follows:

V(X) = AT (X) − X, (4)

whereAt′ is a map defined as follows:

At′X = X(t + t′). (5)

If X0 is on the periodic orbit in period T in the phase space.
The following relation holds,

V(X0) = AT (X0) − X0 = 0. (6)

When we consider a small error δX around X0, we obtain
the difference δX for the Newton-Raphson method by using
Taylor expansion for vector filed,

δX = −(∂A(X0) − I)−1V(X0), (7)

where ∂A(X0) is a tangent map. The tangent map ∂A(X0)
can be calculated numerically by solving the linearized
equation of (2)-(3) with initial conditions which have only
nonzero component. Main periodic orbit which appears in
coefficient in the linearized equation can be estimated from
the numerical results for MD method. Therefore, Newton-
Raphson method for the DB in CNT is constructed by the
following procedure:

1. Calculate the temporal evolution of the orbit in the
phase space from a initial guess X by numerical inte-
gration of equation of motion (2)-(3) by MD method.
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2. Evaluate the vector field (4). If V(X) is small enough.
The initial guess is numerically exact solution of DB.

3. If V(X) is not small enough, we construct a tangent
map ∂A(X) by integrating the linearized equation of
motion on the periodic orbit calculated in procedure
1.

4. Calculate the correct vector (7) and update the initial
guess from X to X + δX.

We also investigate linear stability of the obtained nu-
merically exact solution of DB in CNT. Once numerically
exact solution is obtained, linearized equation of motion
around the solution is obtained,

ξ̇αi =∑
( j,β),(i,α)

∂2H

∂pαi ∂q
β
j

∣∣∣∣∣∣∣
XDB

ξ
β
j +
∑

j,β

∂2H

∂pαi ∂pβj

∣∣∣∣∣∣∣
XDB

η
β
j

(8)
η̇αi =

−
∑

( j,β),(i,α)

∂2H

∂qαi ∂q
β
j

∣∣∣∣∣∣∣
XDB

ξ
β
j −
∑

j,β

∂2H

∂qαi ∂pβj

∣∣∣∣∣∣∣
XDB

η
β
j ,

(9)

where ξαi and ηαi are perturbations around qαi and pαi , re-
spectively.

Consider that the numerically exact solution of DB has
period T . Coefficient of Eq.(8)-(9) is T -periodic. There-
fore, Eq.(8)-(9) is rewritten as follows:

Ẏ = CY, (10)
C(t) = C(t + T ), (11)

where Y = {ξx
1 , ξ

y
1, ξ

z
1, xix

2, . . . , η
z
N , η

x
1, η

y
1, η

z
1, η

x
2, . . . , η

z
N}T . It

is known that equation of motion (10) with T -periodic co-
efficient matrix (11) has temporal evolution with following
linear relation:

Y(t + T ) =M(T )Y(t). (12)

The matrix M(T ) is known as the monodromy matrix. The
monodromy matrix gives information of linear stability of
the periodic solution. By solving eigenvalue problem of
M(T )

M(T )Yn = σnYn, (13)

we obtain the growth rate of the perturbation and the pat-
tern of corresponding perturbation mode Yn. Using the re-
sult of eigenvalue problem, an arbitrary perturbation Y(t)
is decomposed into

Y(t) =
∑

n

an(t)Yn, (14)

where an(t) is amplitude of n-th component of the pertur-
bation. Using (12)-(14), temporal evolution of perturbation
after one period of DB vibration is given as follows:

Y(t + T ) =
∑

n

an(t)σnYn. (15)

Eq.(15) indicates that if |σn| > 1, corresponding perturba-
tion mode grows during vibration. Therefore DB is un-
stable if there exists eigenvalues of the monodromy matrix
with |σn| > 1. The system under consideration is Hamilton
system. In this case, if σn is an eigenvalue, 1/σn is also
eigenvalue. Therefore, the obtained DB is stable only if all
eigenvalues |σn| = 1.

Monodromy matrix can be constructed numerically.
Consider 3N-vectors dn as

d1 = {1, 0, 0, . . . , 0}T

d2 = {0, 1, 0, . . . , 0}T
...

d3N = {0, 0, 0, . . . , 1}T . (16)

Then we calculate temporal evolution during T of Eq.(8)-
(9) from initial conditions (16). The monodromy matrix is
obtained by arranging obtained vectors which describe the
solution of t = T of Eq.(8)-(9).

4. Conclusion

Using the proposed method, we can investigate numer-
ical precise solution of DB in CNT. Adding to this, lin-
ear stability is also investigated using the method which is
coupling method MD and stability theory. Some numerical
results will be discussed in the presentation.
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Abstract—In this paper, a new community analysis
method with overlapping nodes suitable especially for so-
cial networks is proposed. It is a natural extension of well-
known Clique Percolation Method(CPM). The essence of
our method is reducing the conditions of CPM to find miss-
ing potential communities. To determine the systematic
and optimal parameter values for our method still remains
for future work.

1. Introduction

Thanks to the power of statistical physics, the progress
of study of complex networks is remarkable these ten years.
Study of networks based on the relationship has its roots in
graph theory by L. Euler. After that in sociology many
studies of human activity and social structure based on
their relationships have been carried out. Since friend-
ship between two people is invisible generally, its analy-
sis has been performed by the method with high indeter-
minacy like questionnaire data. While recent diffusion of
social media enabled us to observe and obtain relationships
among people and the stream of information propagation
easily, so their networks have been studied energetically.
As social media has developed rapidly, their observed net-
work data became enormous and the development of com-
puters have enabled us to analyze them.

In this paper, among several network analysis we focus
on community analysis and aim to pick up hidden informa-
tion from the network. In that process we compare our pro-
posed community analysis method and existing ones and
discuss the validity and possibility of our method.

2. Community Analysis

Community analysis researches have been carried out for
several purposes like the analysis of the strength or robust-
ness of network structure and the extraction of potential
communities and so on. In traditional sociology, several
methods like dendrogram, K-means method etc. have been
mainly used for that. From scale-free property, which one
of the most important keywords in complex network, each
node is not uniform in most case, and a community analy-
sis method based of the difference of importance of nodes
and edges has developed[2]. The essence of this method
is betweenness and its accuracy though, it costs a lot of

computational time and some improved methods have been
developed and widely used these years[3, 4, 6].

However all above methods divide network definitely
into some groups, so they are not proper for social network
where each node can belong to different communities at
the same time. Thus some overlapping community analysis
methods have been studied. The most representative one is
Clique Percolation Method(CPM)[5] and it has many ap-
plication. This method is based on k-clique and two com-
munities are fused if (k − 1) nodes are shared among them.
As we continue this process as possible as we can, we can
obtain widely spread communities.

3. Improvement of CPM

Though CPM is rather simpled and effective method, its
condition is sometimes too strict to detect proper commu-
nities. Thus we have proposed ACPM which we loosed a
little its condition[1]. In that method we make the fusion
condition variable, and observe widely the dependence of
the parameter to determine the proper decomposition. If we
select the condition as k− 1, it is exactly the same as CPM,
so we can consider our method as the natural extension of
CPM.

Even in this method the base of units is still k-clique, so
all nodes that cannot form any cliques are excluded from
the beginning. We can say it is rather strict condition. Thus
we extend our method to use not k-clique but pseudo k-
clique. Pseudo means we do not constrain complete clique
and permit a few lacks of edges. That leads to ACPM with
alleviated initial conditions. For a example, let us consider
a graph with 8 nodes. If it composes a complete clique,
the total number of edges is 28. Even if two of them are
missing, the occupation rate of edges is 26/28 � 0.93. It
might be reasonable that we regard it as a pseudo clique in
the ordinal meaning.

4. Community analysis of SNS network

Our method is suitable to detect communities in social
network, where a lot of nodes, typically people belong
to some regional, educational, business, hobby and other
communities at the same time. Since in human network,
real relationships seldom become open, it is almost impos-
sible to assemble their network data. On the contrary, it
is relatively easy to obtain network data on social media
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like SNS in recent years. Thus many researches of network
structures and communities on them have been proceeded.

In order to investigate the network dynamics in SNS, we
have constructed SNS site a.k.a. “tomocom.jp”, and an-
alyzed its network data. This SNS is only for college stu-
dents and completely invitation-based system, that is differ-
ent from other popular SNS systems. Several college teach-
ers all over Japan invited their seminar students to this SNS
for their activities. It possesses higher reliability thanks
to its guardian system. This site was opened in 2009, and
captured more than 400 users by the end of 2010, and many
students in several colleges have been still making use of it.
Though the interaction within their own seminars is basic,
the connections between different seminars have been cre-
ated by writing and browsing their blogs. Since activation
event of the site over several times were held, the connec-
tions became denser. The network structure of this SNS at
the end of 2010 is shown in Fig.1(a).

5. Results and Discussion

According to geometrical and social metrics,connections
inside the same seminar are so strong that communities
based on them tend to be created preferentially. Thus the
number of seminars is one of the most important and basic
measure for the estimation of our method. That is, it pro-
vides a case in which there exists a correct solution of the
number of communities.

The parameters in our simulation are as follows.

k : Degree of cliques.
α : Allowance parameter for pseudo cliques.

=
Number of edges in pseudo cliques

k(k − 1)/2
σ : Number of shared nodes to fuse cliques.

In case of k = 6 and α = 0.95, we demonstrate the whole
network and the change of detected communities for σ =
1, 3, 5 in Fig.1.

In that figure, yellow, red and blue circles are indicated
the first, second and third largest communities respectively.
We can find the larger the fusing parameter σ becomes,
the smaller the size of communities becomes. It is very
important and still open that what are the optimal values of
k, αandσ in each network and how we find to decide them
in generally.

If we fix the degree of clique k, we can vary the param-
eter σ from 1 to k − 1. For each k and σ, we can calculate
the number of communities using ACPM as shown in Ta-
ble 1. As you can see, the larger k becomes, the smaller the
number of communities becomes. However in large k, the
number is small and almost constant. Moreover if we fix k,
the larger σ becomes, the larger the number becomes. That
is because the increase of σmeans tightening the condition
of the fusion of cliques, and the fusion becomes difficult.
For pseudo cliques, similar characteristics are observed as

 

  

 

 

 
 

 

  

 

 
 

 

 

  
 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 
 

  

 

 

 

 

 

 
 

 

 

 

 

 
 

 

 
 

  

 

 

 
 
 

  

 

 

  

 
  

 
 

 
 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 
 

 
 

 

 
 

 

 

 

 

 
 

 
 

 

 
 

 

 

 
 

 

 

 

 

 

 

 

    

 

 

 

 

 

 

 
 

 

 

  

 
 

 

 

  

 

 

 

  

 
 

 
 

 

 

 

 
 

  

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

   

 
 

 

 

 
 

 

 
 

 

 

  

 
 

 

 

 

 

 

 

 

 

 
 

  
 

 

  

 

 

 

 
 

 
 

 
 

 

 
 

 

 

 
 

 
  

 

 

 

 
 

 

 

 

 
 

 

 

 

 

  

 
  

 
  

 

 
 

  

 
  

 

 
 

 

 
 

 

 
  

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

  

 
 

 

 

 

 

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 
 

 

 

 

 
 

 

 

 
 

 

 

 

 

 

  

 

 

 

 

 

 
  

 

 

 

 

 
 

 

 

 

 

 

 
 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 
 

  

 
 

 

 

 
 

 

 

 
 

 

 

(a) Whole network of tomocom.jp

(b) k = 6, α = 0.95, σ = 1

(c) k = 6, α = 0.95, σ = 3

(d) k = 6, α = 0.95, σ = 5

Figure 1: Whole network structure and community detec-
tion in tomocom.jp using Alternative CPM with pseudo
cliques.
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Figure 2: Change of number of communities in tomo-
com.jp using (a) ACPM and (b) pseudo ACPM.

shown in Table 2 though, the numbers of communities be-
come a little large. These tables gives us some important
aspects of our community analysis.

On the way we decrease k, the marginal region of such
states can be found. The number of communities there is
likely to be optimal. Namely no changes imply obviously
different communities, and the hypothesis that the marginal
region provides the optimal solution is considered to be nat-
ural.

The most important problems to be solved are which σ,
the parameter of overlapping nodes, is optimal , and what
extent conditions can be loosened in pseudo cliques. Of
course we have not solved that problem yet, and is one of
the most important issues. However, as a promising possi-
bility, we pay attention to the change of communities along
with the change of the degree of cliques and the parameter
σ. As shown in Table 1 and 2, if we change these param-
eters, the number of communities also change. In large k,
the number of communities is almost constant for all σ. On
the other hand, in small k, it changes significantly.

For each degree k in Fig.2(a), the number of communi-
ties is increasing according to the increase of overlapping
nodes σ. For large k, the change becomes small though,
the transition is not clear. On the contrary, for the pseudo

cliques, we can find the critical value of the transition in
Fig.2(b). Therefore the method with pseudo cliques is
promising to find optimal parameters for this community
analysis.

From the computational time point of view, the cost of
finding cliques or pseudo cliques is very high and dominant
in this community extraction algorithm. We have to deal
with the combination of k nodes from all the nodes, then it
causes the explosion of the cost. In fact, our computational
time of our method is very high. However to solve this dif-
ficulty, Zero-suppressed binary Decision Diagram(ZDD)
for combinatorial problem proposed by Minato[7] is very
promising.

6. Summary

We proposed new community analysis method with
overlapping nodes suitable especially for social networks.
It is a natural extension of well-known Clique Percolation
Method(CPM). If we start with pseudo cliques, not normal
cliques, we can find new community decomposition. By
using pseudo cliques we can discriminate the critical value
for community analysis. To determine the systematic and
optimal parameter values for our method still remains for
future work.
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Table 1: Number of communities in tomocom.jp using ACPM. k, σ are order of initial clique and minimum overlapping
nodes respectively.

HHHHHσ
k

3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

1 1 2 2 3 5 3 3 2 2 1 1 1 1 1 1 1 1 1
2 25 14 11 7 5 3 3 2 2 1 1 1 1 1 1 1 1 1
3 19 12 7 6 3 3 2 2 1 1 1 1 1 1 1 1 1
4 13 7 6 3 3 2 2 1 1 1 1 1 1 1 1 1
5 9 6 3 3 2 2 1 1 1 1 1 1 1 1 1
6 6 3 3 2 2 1 1 1 1 1 1 1 1 1
7 3 3 2 2 1 1 1 1 1 1 1 1 1
8 3 2 2 1 1 1 1 1 1 1 1 1
9 2 2 1 1 1 1 1 1 1 1 1
10 2 1 1 1 1 1 1 1 1 1
11 1 1 1 1 1 1 1 1 1
12 1 1 1 1 1 1 1 1
13 1 1 1 1 1 1 1
14 1 1 1 1 1 1
15 1 1 1 1 1
16 1 1 1 1
17 1 1 1
18 1 1
19 1

Table 2: Number of communities in tomocom.jp using pseudo-ACPM. k, σ are order of initial clique and minimum
overlapping nodes respectively.

HHHHHσ
k

3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

1 1 2 2 2 2 5 5 3 3 2 1 1 1 1 1 1 1 1
2 25 14 11 8 7 5 5 3 3 2 1 1 1 1 1 1 1 1
3 19 13 9 8 5 5 3 3 2 1 1 1 1 1 1 1 1
4 16 9 9 5 5 3 3 2 1 1 1 1 1 1 1 1
5 9 9 5 5 3 3 2 1 1 1 1 1 1 1 1
6 9 5 5 3 3 2 1 1 1 1 1 1 1 1
7 5 5 3 3 2 1 1 1 1 1 1 1 1
8 5 3 3 2 1 1 1 1 1 1 1 1
9 3 3 2 1 1 1 1 1 1 1 1
10 3 2 1 1 1 1 1 1 1 1
11 2 1 1 1 1 1 1 1 1
12 1 1 1 1 1 1 1 1
13 1 1 1 1 1 1 1
14 1 1 1 1 1 1
15 1 1 1 1 1
16 1 1 1 1
17 1 1 1
18 1 1
19 1
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Abstract– This paper presents a time-domain 

macromodeling using model order reduction based on 

Padé approximation via the Lanczos method. In this 

method, the transfer function which describes input-output 

relation of an electromagnetic device obtained by PVL-

based MOR in Laplace domain is transferred to time 

domain. It is shown that the transient currents of a DC-DC 

converter and transformer computed by this method are in 

good agreement with those obtained by time-domain FE 

analysis. Fast analysis can be performed using the present 

macromodel. 

 

1. Introduction 

 

Finite element method (FEM) has been widely used to 

analyze electromagnetic devices such as inductors, 

reactors and transformers. For analysis of these devices, 

equivalent circuits [1] and behavior models [2] are also 

adopted because of their light computational burden. 

However, it is difficult to accurately express frequency 

characteristics over wide frequency range using these 

methods. FE analysis of these devices is expected to be 

more accurate, while it is time-consuming. 

Model order reduction (MOR) [3]-[6] has been 

proposed to reduce the computational time for the analysis 

of electromagnetic devices without deterioration of 

accuracy. In this method, the original system is reduced by 

projecting the original unknown vector onto the reduced 

space spanned by the basis vectors generated by MOR. It 

has been successfully applied to quasi-static and high 

frequency problems [3-5] as well as optimization 

problems [6]. The authors have proposed macromodel 

generation from FE models using MOR [7][8]. However, 

it has remained unclear if this method is valid for analysis 

of multi-port devices. 

In this paper, we propose a novel method to generate 

macromodel of multi-port devices using MOR based on 

Padé approximation via the Lanczos processes (PVL) [5]. 

This method allows us to realize accurate and fast analysis 

of multi-port devices. 

To test the performance, the present method is applied 

to modeling of an inductor in a DC-DC converter and 

transformer in a flyback converter which has two inputs 

and outputs. 

 

 

2. Time-domain Macromodeling 
 

Let us consider a linear system with p inputs and 

outputs in Laplace domain (s-domain) 
 

vxx BKN            (1a) 

xi
tL            (1b) 

 
where v, i∊Rp are the voltage and current vectors. The 

unknown vector is defined by x=[a, , i]t , where a and 

are vectors composed of magnetomotive force along 

element edges and scalar potential at nodes. The matrices 

in (1) are defined by 
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where 
 

 

V

jiij VM dNN         (3a) 

 

V

jiij VNC dgradN       (3b) 

 

V

jiij VNNS dgradgrad      (3c) 

 

V

jiij VH dJN         (3d) 

 

V

jiij VF drotrot NN       (3e) 

 qRR 1diagR  .       (3f) 

 
and , Ni, Ni, Ji and Rj (j = 1,…,q) are the conductivity, 

vector and scalar interpolation functions, unit current 

density and dc resistance. 

From (1), the admittance matrix 
 

B)NK(L)(Y 1 ss t        (4) 
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is obtained. Expanding (4) around s0, we obtain 
 

G)AI(L)(Y 1
0

  ts        (5) 
 
where s=s0+, A=(K+s0N)1N and G=(K+s0N)-1B. 

Applying spectral decomposition to A in (5), we obtain 
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     (6) 

 
where j are the eigenvalues of A and S denotes a matrix 

whose columns are its eigenvectors. The transfer function 

for p-inputs and outputs is given by (6). It is 

computationally prohibitive, however, to perform spectral 

decomposition of A. 

To modify (6), we apply Neumann series expansion to 

each element of Y(s0+) to obtain 
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where L=[l1, l2,…,lp]t, G=[g1, g2,…,gp]t. We still need 

heavy computational burden to calculate power of A in (7). 

To effectively calculate the power of A, we employ 

Lanczos method whose details and algorithm can be found 

in [9]. 

Applying Lanczos method to mi in (7), we obtain the 

reduced transfer function which is equivalent to (6) as 
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where Tij∊Rq×q is a tridiagonal matrix obtained by Lanczos 

method, and q is number of iteration for Lanczos method, 

and e1=[1,0,…,0]t. We now apply the spectral 

decomposition to Tij 
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where ij=Sij

te1, ij=Sij
-1e1. Note that spectral 

decomposition of Tij is not time-consuming because the 

size of Tij is much smaller than that of A. The reduced 

transfer function can be expressed by 
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Because =s-s0, the transfer function in frequency domain 

is given by 
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The relation between the inputs and outputs can be written 

by 
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Moreover, by applying the inverse Laplace transform to 

(12), we obtain the relation in time domain as 
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where 
 







q

m

tps

ijmij
ijmekty

1

)( 0)(       (14) 

 
Note that if s0+pijm is greater than zero, this transfer 

function is not passive. 

 

3. Numerical Analysis 
 

3.1. Single input and output model 

 

First, we consider an inductor used in the DC-DC 

converter which has the single input and output shown in 

Fig. 1 (a) and (b). The magnetic saturation in the core is 

taken into account by employing the frozen permeability 

technique whose detail is found in [10]. The driving 

voltage, frequency, duty factor and resistance are set to 

0.35V, 100kHz, 0.9 and 0.05, respectively. Eddy current 

flows through the coil windings of the inductor whose 

conductivity is set to 5.76×107S/m. Figure 1 (c) represents 

the macromodel constructed by the present method. 

In conventional FE analysis of the DC-DC converter 

shown in Fig.1(a),  FE equations (1) coupled with the 

circuit equation 
 

0),( ivf             (15) 
 
are solved in time domain. This FE analysis is time-

consuming for design of inverter topology and 

optimization of circuit parameters. This analysis needs 

long computational time when the number of variable n 

for FE analysis is large. 

By replacing the FE model with the macromodel shown 

in Fig. 1 (c), we can drastically reduce the computational 

time. After we construct the macromodel in the time 

domain, we simultaneously solve (13) and (15) to analyze 
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the DC-DC converter. In this study, we set q=5. Figure 2 

shows the resistance currents where green and red lines 

represent the results obtained by conventional FEM and 

the macromodel. The both results are in good agreement 

during the transient analysis and steady states.  

The computational time for construction of the 

mancromodel is about 12min. using Xeon 

W5590/3.2GHz(12GB RAM). Once the macromodel of 

LFEM is constructed, we can analyze the DC-DC converter 

less than 1 sec. On the other hand, analysis of the DC-DC 

converter with FEM takes about 2 hour under the same 

computational environment. 

 

3.2. 2-multi-port problem 

 

We now consider a transformer model shown in Fig. 3. 

The relative permeability of the magnetic core is assumed 

to be 100 and the frequency of interest is set to 0 < f ≤ 

1MHz. 

The frequency characteristics for the impedances of 

transformer shown in Fig. 3 (b) are shown in Fig. 4 in 

which (a) and (b) represent Z11 and Z12, respectively. The 

lines and dots represent results obtained by macromodel 

 (q=15) and conventional FEM. The results obtained by 

macromodel agree well with those obtained by FEM in 

the high frequency domain. In the low frequency domain, 

there exist differences between them. To reduce the 

differences, q should be increased. 

Figure 5 shows a flyback converter. The diode in this 

converter is assumed to have V-I characteristic given by 
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Fig. 3  transformer model. 
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Fig. 4 Impedance with respect to frequency domain. 
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Fig. 5 Flyback converter. 
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(c) Macromodel connected to DC-DC converter 

Fig. 1 DC-DC converter with FE model and macromodel. 
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Fig. 2 Current which flows in R0. 
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In the analysis for the flyback converter, the driving 

voltage, frequency and duty factor are set to 100V, 

100kHz and 0.5, respectively. The resistances R1 and R2 

are set to 10-3 and 1. 

The currents i1 and i2 which flow through R1 and R2 are 

shown in Fig. 6 where we set t =T/80 and t =T/20 for 

present method and FEM, respectively. Both results are in 

good agreement during the transient and steady states. On 

the other hand, as can be found in Fig. 7 the discrepancies 

become large when we set t = T/20 in the present method. 

It is concluded from these results that time discretization 

must be enough fine to reduce the errors in evaluation of 

the convolution integral in (13). 

 

4. Conclusion 
 

We have proposed a construction method of the 

macromodel from FE model using MOR based on PVL. It 

has been shown that this method can be extended to 

analysis of multi-ports devices. It is shown that the results 

obtained by the macromodel are in good agreement with 

those obtained by full FE analysis in time and frequency 

domains. We can perform fast analysis using the proposed 

macromodels, which is effective for design and 

optimization of electromagnetic devices. 
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Abstract– This paper presents a fast and stable topology 

optimization method based on normalized Gaussian 

network. The novelty of the proposed method is to control 

smoothness of the device shapes obtained by the topology 

optimization. In this method, a regularization term which 

characterizes the spatial change near the shape boundaries 

is introduced. The proposed method is applied to 

optimization of a magnetic shield and synchronous 

reluctance motor. The optimization result shows that the 

present method results in smooth optimal shapes with 

satisfactory performance. 
 
1. Introduction 

Synchronous reluctance motor (SynRM) has attained 

attentions because of its simple rotor structure without 

permanent magnets and high torque density. It has widely 

been used for, e.g., elevators and robots [1]. For this reason, 

there have been many studies on optimization of the 

SynRM [2, 3]. To find novel optimal rotor shapes of 

SynRM, topology optimization methods would be effective 

[4]-[6]. 
There are two major topology optimization methods: 

level-set based and on/off-based method. In the former 

method, material shapes are represented by contour lines of 

an implicit function called level-set function. This method 

advantageously results in smooth material boundaries [7, 8]. 

Moreover, it has relatively low computational cost because 

optimization is performed by gradient methods. The 

objective and restriction functions must be, therefore, 

differentiable and the optimization results highly depend on 

the initial solution. 
In the latter method, the on/off states of small cells are 

optimized by the metaheuristic algorithm such as genetic 

algorithm (GA). This method can alleviate the above 

mentioned difficulties of the level-set method. However, 

the resultant shapes tend to be complicated because of its 

high degree of freedom. To avoid this problem, on/off states 

have been determined from the levels of normalized 

Gaussian network (NGnet) [9]. This method has been 

successfully applied to optimization of the rotor shape of 

SynRM [2]. However, this method does not always result 

in smooth material boundaries. 
We have proposed a method to control smoothness of 

material boundaries obtained by the NGnet-based method 

[10]. However, validity of this method for optimization of 

SynRM remains unclear. In this paper, we discuss the 

performance of this method applied to optimization of rotor 

shapes of SynRM considering iron losses. 

2. Optimization method 
In this method, the on/off status of each element is 

determined from the output of NGnet φ(xe) given by 

( ) ( )∑
=

=
gN

i
eiie bw

1

xxφ        (1) 

( ) ( )
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G
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where xe, Gi, wi and Ng are the center of finite element e, 

Gaussian function, weighting coefficient and the number of 

the Gaussian functions. When the value of wi is given, the 

state Ve of element e is determined from 
( )
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x
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       (3) 

If Ve is on (off), the material property of Ve is set to magnetic 

material (air). In the optimization process, wi is optimized 

by using real-coded GA to minimize objective function. An 

example of the material boundary determined from NGnet 

is shown in Fig.1, where wi is set to {0.5, -0.5}. 
To control smoothness of the material boundaries, the 

objective function f is modified by introducing the 

regularization term as follows: 

( )( ) SkfF e dtanh
2

∫ ∇+= xαφ      (4) 

Note that the integrand becomes large only near the 

material boundaries. 
 

 
 
3. Optimization results 

To examine the validity of the present method, we apply 

it to optimization of a magnetic shield and then rotor 

structure of the SynRM. 

 
Fig. 1 Determination of material boundary 
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3.1. Magnetic Shield 
The optimization model is shown in Fig. 2 [11]. This 

model is axisymmetric and the number of nodes and finite 

elements are 101441 and 100800. The relative permeability 

of the magnetic material is set to 1000. The goal of this 

optimization is to minimize the flux density B in the target 

region as well as to minimize the volume of magnetic 

material V. The optimization problem is defined by 

.,mind)tanh(
2

TT
d

→∇++= ∫
Ω

Sk
V

V

B

B
F αφ   (5) 

where the normalization constants are set as follows: 

BT=5.0 µT, VT=1.07 cm3. In this optimization, α is set to 10 

and 75 Gaussian bases are deployed uniformly in the design 

region Ωd as shown in Fig. 3. 
Fig. 4 shows the resultant shapes and flux lines. When 

there is no regularization term, the shield shape is found 

rather complicated. In addition, there is a small magnetic 

island. On the other hand, when the regularization term is 

introduced, the smooth-shaped double shielding structure 

is obtained. 
The distribution of |∇tanh(αφ)| is shown in Fig. 5. The 

regions where |∇tanh(αφ)| takes large values localize near 

the material boundaries in Fig.5 (a). On the other hand, the 

distribution of |∇tanh(αφ)| is rather uniform in Fig. 5 (b). 
The convergence history of GA is shown in Fig. 6. 

Introduction of the normalization term leads to better 

convergence. This suggests that the present method can 

accelerate the optimization process. 
 

 
 

 

 
 

 
 

 
 
3.2. SynRM 

The optimization model of SynRM is shown in Fig. 7. 

The design region of this model is 1/8 of the rotor because 

of its symmetry. The number of nodes and finite elements 

are 13971 and 13628. 
To evaluate iron loss in the SynRM, we employ 1D 

method [12] in which the magnetic vector potential 

distribution in an electrical steel sheet is evaluated in the 

post processing of the 2-D FE analysis. In this method, 

electromagnetic fields in a steel sheet are determined by 

solving 1-D equation of quasi-static electromagnetic field. 

The iron loss which is composed of eddy current and 

hysteresis loss is calculated from the resultant vector 

potential. 

 
Fig. 2 Magnetic shield model 
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To evaluate iron loss in the stator of 4-pole SynRM 

accurately, we have to perform the 2-D FE analysis at fine 

angular pitch ranging from 0 to 180 degrees because of the 

cycle of the flux density in the stator core. Because it takes 

long computational time, this fine analysis would be 

unsuitable for the optimization processes. For this reasons, 

we perform the 2-D FE analysis at 5 degree intervals in the 

optimization process. In the post process, the field analysis 

is performed at 1 degree intervals. 
The Gaussian bases are uniformly distributed in the 

design region as shown in Fig. 8. The analysis condition 

and specifications are summarized in Table I. In this 

optimization, the core material is assumed to be 50A470. 
The goal of this optimization is to minimize the iron loss 

Wloss in the rotor and stator core keeping the average torque 

Tave higher than 0.8Tref where Tref is the average torque of 

reference model shown in Fig. 9, which is obtained by the 

parameter optimization. The optimization problem is 

defined by 

.,mind)tanh(
2

ref

loss

D

→∇+= ∫
Ω

Sk
W

W
F αφ     (6) 

2,8.0tosub. arearefave <> NTT        (7) 

where the normalization constants are set as follows: 

Wref=7.19 W and Tref=2.32 Nm, which correspond to the 

iron loss and the average torque of the reference model. 

Furthermore, Narea is the number of isolated iron cores. In 

this optimization, α is set to 10 again. 
Fig. 10 shows the resultant shapes and flux lines. The 

iron loss in both optimal shapes are smaller than that of the 

reference model. The reason why the iron loss of the 

optimal shapes is reduced is that magnetic material near the 

surface of the rotor core in which iron loss concentrates is 

scraped off. The average torque in Fig. 10 (a), which is 

computed in the post processing, violates restriction (7) 

because the field computation is performed at 5 degrees 

intervals in the optimization process. The material 

boundary in Fig. 10 (b) has simpler shape than that of (a). 
The distribution of |∇tanh(αφ)| is shown in Fig. 11. The 

tendencies in the distributions are similar to those of the 

magnetic shield problem shown in Fig. 5. Fig. 12 shows 

distribution of iron loss density. The iron loss is suppressed 

small near the rotor surface in Fig. 12 (a) while it is rather 

uniform in (b). 
The convergence history of GA is shown in Fig. 13. It is 

found again that introduction of the regularization term 

accelerates convergence. 
 

 
 

  

  

  

  

 

Table I 
Analysis conditions and specifications 
Rotation speed [rpm] 1500 
Current amplitude [A] 8.48 
Number of turns [turn] 35 

Current phase angle [degree] 45 

 

 
Fig. 7 SynRM model 
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Fig. 8 Deployment of Gaussian 

  
Wloss=7.78 W, 
Tave=2.37 Nm  

(a) Shape and flux lines (b) Iron loss density distribution 
Fig. 9 Reference SynRM model [3] 

  
Wloss=6.75 W, Tave=1.71 Nm, Wloss=7.01 W, Tave=1.90 Nm 

(a) k = 0.0 (b) k = 5.0×10-3 
Fig. 10 Optimized shapes and flux lines of SynRM 
 

  

 
(a) k = 0.0 (b) k = 5.0×10-3 

Fig. 11 Distribution of |∇tanh(αφ)| in the design region 
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4. Conclusion 

In this paper, we have discussed the topology 

optimization method based on NGnet in which the 

regularization term is introduced to control smothness of 

material boundaries. The shapes of magnetic shield and 

SynRM are successfully optimized by the present method. 

It has been found that introduction of the regularization 

term does not only make the material boundaries smoother 

but also improves convergence of GA processes. The 

determination of suitable values of k is remained for future 

work. 
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Fig. 12 Distribution of iron loss density 
 

 
Fig. 13 Convergence history of GA 
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Abstract—Acceleration technique for analyzing the
shielding current density in a high-temperature supercon-
ductor with multiple cracks has been proposed. In this
technique, it is necessary to solve the simultaneous linear
equations obtained from the discretization of the finite el-
ement method and the Backward Euler method. By ap-
plying the linear equations to the GMRES(k) method with
H-matrix method, the results of computations show that
the CPU time of the GMRES(k) with H-matrix method is
much faster than that of the LU decomposition.

1. Introduction

As a contactless and a high-speed measurement method
of a critical current density jC in a high-temperature super-
conductors (HTSs) film, Hattori et al. proposed the scan-
ning permanent magnet method [1]. In the method, a per-
manent magnet is moved along a HTS surface. They found
that a spatial distribution of jC can be estimated from the
distribution of an electromagnetic force acting on the film.

In order to simulate a scanning permanent magnet
method, a numerical code was developed for analyzing the
time evolution of a shielding current density in an HTS film
with multiple cracks. After an initial-boundary-value prob-
lem of the shielding current density is spatially discretized
with the finite element method (FEM), the resulting ordi-
nary differential system is solved by using the backward
Euler method and the Runge-Kutta (R-K) method with an
adaptive step-size algorithm. In particular, it is found that
the R-K method is a useful tool with increasing the number
of nodes for the FEM. However, it is necessary to consider
the further high-speed of the shielding current analysis for
a large-scale problem.

The purpose of the present study is to propose a further
high-speed method for analyzing the time evolution of the
shielding current density in an HTS film containing multi-
ple cracks. In addition, we investigate the performance of
the proposed method.

2. Governing equations

In Fig. 1, we show a schematic view of a scanning per-
manent magnet method. In the method, a cylindrical mag-
net of radius R and height H is located just above an HTS

Figure 1: A schematic view of a scanning permanent mag-
net method.

thin film, and a distance between a magnet bottom and film
surface is denoted by L. We assume a rectangle-shaped
HTS film of length l, width w, and thickness b, and the
square cross-section of the film is denoted by Ω. If a crack
is contained in the film, Ω has not only the outer boundary
C0 but the inner boundaries C j ( j = 1, 2, · · · ,m).

In the present study, we use the Cartesian coordinate sys-
tem ⟨O : ex, ey, ez⟩, where the z-axis is parallel to the thick-
ness direction and the origin O is the centroid of the film.
In terms of the coordinate system, the symmetry axis of the
coil is determined as (x, y) = (xM, yM). For characteriz-
ing the magnet flux density at (x, y, z) = (xM, yM, b/2) for
v = 0 mm/s. The movement of the magnet is assumed as
xM(t) = vt − l/2, where v is the magnitude of the scanning
velocity.

As is well known, a shielding current density j in an HTS
is closely related to the electric field E. The relation can be
written as E = E(| j|) j/| j|. As a function E( j), we assume
the power law E( j) = EC[ j/ jC]N , where EC is the critical
electric field and N is a constant.

By using the thin-layer approximation [3], the shielding
current density j can be expressed as j = (2/b)∇S × ez, and
the time evolution of the scalar function S (x, t) is governed
by the following integro-differential equation:

µ0
∂

∂t
(ŴS ) + (∇ × E) · ez = −

∂

∂t
⟨B · ez⟩. (1)

where a bracket ⟨ ⟩ is an average operator over the thick-
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ness of the HTS film. Also, Ŵ is defined by

ŴS =
!

Ω

Q(|x − x′|)S (x′, t)d2x′ +
2
b

S (x, t), (2)

and an explicit function Q(r) in (2) is expressed as follows:

Q(r) = − 1
πb2

(
1
r
− 1√

r2 + b2

)
. (3)

The initial and boundary conditions to (1) are assumed
as follows:

S = 0, on C0 (4)
∂S
∂s
= 0, on Ci (5)

h(E) ≡
∮

Ci

E · tdt = 0, (6)

Here, s and n are an arclength along Ci and a normal unit
vector on Ci, respectively.

3. Discretization

In the present study, we discritize the initial-boundary-
value problem of (1) in time and space using the finite
element method (FEM) and the Backward Euler method,
respectively. A region Ω is divided into a number Ne of
square elements Ωe:

Ω ≃
Ne⋃

e=1

Ωe,

whereΩe is eth element. On the other hand, a crack is given
by a line segment.

By using the Backward Euler method, the initial-
boundary-value problem of (1) is transformed into the non-
linear boundary-value problem as follows:

(∗1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

G(S (n+1)) = 0, in Ω (7a)
S (n+1) = 0, on C0 (7b)
∂S (n+1)

∂s
= 0, on Ci (7c)

∮

Ci

E(n+1) · tds = φi, (7d)

N(E(n+1)) = 0. (7e)

Here, a superscript (n) is a value at time t = tn(≡ n∆t). In
addition, G(S(n+1)) is defined by

G(S (n+1)) ≡ µ0ŴS (n+1) + ∆(∇ × E(n+1)) · ez − u, (8)

where u is

u = µ0ŴS (n) − (⟨B(n+1) · ez⟩ − ⟨B(n) · ez)⟩. (9)

Note that numerical solution contains the error due to
which a boundary condition (9) is not satisfied. In or-
der to resolve this problem, we propose the virtual voltage

Figure 2: Two cracks in an HTS film.

method. In the method, a virtual voltage φ is added to a nu-
merical boundary condition (7e). Here, N(E) is evaluated
from h(E). Therefore, the solution of the problem (*1) in-
clude not only S (n+1) but also φi.

When the FEM and the Newton method are applied to
the problem (*1), we get simultaneous equations system:

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

A(S) C F(φ)
CT 0 0

DT (S) 0T O

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

δS
λ
δφ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

g(S,φ)
0

−h∗(S)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦ , (10)

at each time step of the Newton method. Here, S is the n-
vector, and the n is a number of nodes for the FEM. The
(m−n)-by-n matrices A(S)(≡ W+ J(S)) is determined from
Ŵ, where J(S) is the Jacobian matrix. The matrix C, F(φ),
D(S), and the vector g(S, φ) are obtained by the cracks.
As a result, the initial-boundary problem of (1) is reduced
to the simultaneous equations system at each time step of
the Newton method. The procedure for the system is as
follows:

1. By solving the simultaneous equations, we get the cor-
rection δS and δφ.

2. We update an approximate solutions by means of
S( j) ⇐ S( j−1) + δS and φ( j) ⇐ φ( j−1) + δφ.

Two procedures are repeated until the termination condi-
tion:

max
( ||δS||
||S|| ,

||δφ||
||φ||

)
≤ ε, (11)

is satisfied. Here, ε is a constant, and || || denotes the
maximum norm. Under the numerical method, we de-
velop the numerical code for analyzing the time evolution
of the shielding current density in an HTS film with multi-
ple cracks.

4. High-speed method for shielding current analysis

In this section, we propose a high-speed analysis of a
shielding current density in an HTS film. To this end,
we use the GMRES(k) method as a solver of simultane-
ous equations (10), and we measure the CPU time for the
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Figure 3: Residual norm history of the Newton method for
the case with (a) xM = −17.9 mm and (b) xM = −8.8 mm.
Here, k = 100 and n = 3816.

simulation of a scanning permanent magnet method Here, a
convergence criterion of the GMRES(k) method is denoted
by εG.

Throughout the present study, the physical and geomet-
rical parameters are fixed as follows: w = 12 mm, l = 36
mm, b = 1 µm, jC = 1 MA/cm2, EC = 1 mV/m, N = 20,
L = 0.5 mm, R = 0.8 mm, H = 2 mm, BF = 0.1 T, v = 10
cm/s, m = 2, d = 12 mm, Lc = 2 mm, ε = 10−7. In Fig. 2,
we show the two cracks, C1 and C2, in the HTS film. The
crack distance d and the crack size Lc are given by d = 12
mm and Lc = 2.4 mm.

4.1. Implementation of GMRES(k) method

Firstly, we investigate the influence of the Newton
method on the convergence determinant of GMRES(k)
method. In Figs. 3, we show the residual norm history
of the Newton method. We see from Fig. 3 (a) that, for
εG = 10−1 and εG = 10−2, the residual norm of the New-
ton method becomes constant, whereas the Newton method
converges in 6 iterations. Also, we cannot obtain the solu-

Figure 4: Dependence of the CPU time on the restart coef-
ficient k.

Figure 5: Dependence of the CPU time on the number n of
nodes.

tion at this step for εG = 10−3 (see Fig. 3 (b)). On the other
hand, for εG = 10−4 and εG = 10−4, the Newton method
converges in 5 iterations. Consequently, it is necessary that
the convergence determinant is εG ≤ 10−4. In the follow-
ing, the value of εG is fixed to εG = 10−5.

Next, we investigate the influence of the restart coeffi-
cient k on the CPU time. In the following, note that we
measure the CPU time from t = 0 s to t = 1.2 × 10−2 s.
In Fig. 4, we show the dependence of the CPU time on
the restart coefficient k. From this figure, the CPU time
decreases with increasing the value of k monotonously,
and it almost becomes a constant. In addition, the CPU
time drastically increases with the number n of nodes for
25 ≤ k ≤ 75. As a result, it is found that the CPU time
decreases by using the large value of k. Hereafter, we use
k = n/5 as the the value of the restart coefficient.

Finally, we compare the CPU time of the two solvers
for the simultaneous equations. In Fig. 5, we show the
dependence of the CPU time on the number n of nodes.
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The results of the computations show that the CPU time of
the GMRES(k) method is much faster than that of the LU
decomposition. Especially, it is found that, for n = 2821,
the GMRES(k) method is about 52 times faster than the LU
decomposition.

4.2. Implementation ofH-matrix method

As is well known, a matrix-vector multiplication is the
dominant operation in the GMRES(k) method. In the
present study, we adopt the H-matrix method for calcu-
lating the matrix-vector multiplication with a high-speed.

In this method, firstly, a coefficient matrix is transformed
into a set of a block matrices (a hierarchical matrix) by us-
ing the clustering from the node information of the FEM.
Note that the matrix is hierarchized until the number of the
node is less than Nmin in the cluster.

Next, an admissibility condition, min(diam(τ), diam(σ))
≤ ηdist(τ,σ), is applied to the all block matrices. Here, τ
and σ are bounding boxes, and η is a constant. In addition,
diam(τ) and dist(τ,σ) are diagonal of the bounding box t
and a distance between the bounding boxes τ andσ, respec-
tively. If the condition is satisfied, a block matrix becomes
a low lank matrix by using the adaptive cross approxima-
tion (ACA). In other words, the block matrix B ∈ Rt×s is
approximated by B ≃ UVT , where the matrices U and V
are t-by-r matrix and r-by-s matrix, respectively. On the
other hand, if the condition is nod satisfied, the block ma-
trix B is stored as the general matrix. In Fig, 6, the matrix
W is applied to theH-matrix method and the ACA. We see
from this figure that the row lank matrices are shown in the
rainbow color.

In Fig. 7, we show the dependence of the speedup ra-
tio τN/τH on the number n of the nodes. Here, τN and τH
are the CPU time of the GMRES(k) method and the GM-
RES(k) method with the H matrix method, respectively.
From this figure, the speedup ratio monotonously increases
with n. In this sense, the GMRES(k) method with the H-
matrix method is a powerful tool for analyzing the shield-
ing current density in the HTS film.

5. Conclusion

For the purpose of a high-speed analysis of a shielding
current density in an HTS film with cracks, we apply the
resulting linear equations to the GMRES(k) method with
H-matrix method. The results of computations show that
the CPU time of the GMRES(k) with H-matrix method is
much faster than that of the LU decomposition. Therefore,
this method is a powerful tool for analyzing the shielding
current density in the HTS film for a large-scale problem.
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Abstract—In this study, we investigate synchronization
states observed in coupled time delayed chaotic circuits by
inductor. Time delay of chaotic circuit depends on attractor
types. We focus on relationships between synchronization
state and time delay. Single type synchronization state can
be observed by changing time delay of subcircuits. Co-
existing synchronization states depending on initial values
can be observed in specific time delay values. Moreover,
we investigate the effect of various time delay values on
the subcircuit to changing synchronization states.

1. Introduction

There are many nonlinear systems containing time de-
lay, such as neural networks, control systems, meteorolog-
ical systems, biological systems and so on in the natural
world. Namely, it is considered that investigation of sta-
bility in such time-delay systems is important [1]. Genera-
tion of chaos of them all is reported self excited oscillation
system containing time delay. This chaotic circuit can be
easily realized by using simple electric circuit element and
analyzed exactly [2]. There are examples of nonlinear phe-
nomena, chaotic synchronization, clustering phenomenon
and so on [3]. In particular, a number of studies on synchro-
nization of coupled chaotic circuits have been made [4]. In
previous study, we have investigated synchronization state
observed in coupled time delayed chaotic circuits by in-
ductor [5]. Coupled nonlinear circuits by inductor can be
observed two types of synchronization states [6][7]. As a
result, two types of synchronization state is caused by in-
creasing the chaotic strength of subcircuit. In roughly di-
vided, two types of synchronization states depending on
initial values and number of subcircuits can be observed.

C
1

1

d1

th

v SW

G-g

L

V

i

T

Figure 1: Time delayed chaotic

circuit.

Figure 2: Chaotic attractor ob-

tained by computer simulation.

Moreover, synchronization state can be classified by the
number of coupled chaotic circuit whether the number is
even or odd.

In this study, we investigate synchronization states by
changing time delay of subcircuits in the proposed systems.
The proposed systems denote coupled time delayed chaotic
circuits by inductor as a bridge or a ring. By carrying out
computer simulations, time delay of subcircuits effects a
change synchronization state.

2. Circuit Model

Figure 1 shows the time delayed chaotic circuit. This
circuit consists of one inductorL , one capacitorC , one
linear negative resistor−g and one linear positive resistor
Rof which amplitude is controlled by the switch containing
time delay. The current flowing through the inductorL is
i, and the voltage between the capacitorC is v. The circuit
equations are normalized as Eqs. (1) (2) by changing the
variables as below.
(A) In case of switch connected to−g,{

ẋ = y
ẏ = 2αy− x.

(1)

(B) In case of switch connected toG,{
ẋ = y
ẏ = −2βy− x.

(2)

the switch is connected to negative resistor

Td

Vth

time

Tth

OPERATION

v

(a) v <

(b) v >

Vth

time

time

Vth

(a) (b) (a)

Figure 3:Switching operation.
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By changing the parameters and variable as follow:

i =

√
C
L

Vthx, v = Vthy, t =
√

LCτ,

g

√
C
L
= 2α andG

√
C
L
= 2β.

Figure 2 is chaotic attractor observed from the circuit. The
switching operation is shown in Fig. 3, it controls the am-
plitude of the oscillator. This switching operation is in-
cluded time delay.Td denotes the time delay. First, the
switch is connected to a negative resistor. In state of that,
the voltagev is amplified up to whilev is oscillating, the
amplitude exceeds the threshold voltageVth which is the
threshold control loop. Second, the system memorize the
time asTth while v is exceeding the threshold voltageVth

and that state is remained forTth. In subsequent the instant
of exceeding thresholdVth, the switch stays the state for
Td. After that switch is connected to positive resistor dur-
ing Tth. The switch does not immediately connect in the
positive resistor however the switch is connected afterTd.
A set of switching operations control the amplitude ofv.
Figure 4 is bifurcation of time delayed chaotic circuit. By
increasing the parameter value of time delayTd, width of
dot area changes. Time delayed chaotic circuit is changed
time delay fromπ/2 to 3π/2 in previous study [5]. In this
study, we consider range ofTd is changed from 5π/8 to
π. We investigate synchronization state when coupled of
periodic attractor and chaotic attractor.

Figure 4:Bifurcation.Td is variable.α = 0.015 andβ = 0.8.
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Figure 5:Coupled time delayed chaotic circuits.

3. Two Coupled Chaotic Circuits

Figure 5 shows the coupled chaotic circuit by inductor.
The normalized circuit equations of the system are given as
follows:

(A) In case of that switch is connected to−g,{
ẋn = yn

ẏn = 2αyn − xn + γ(xn+1 − xn).
(3)

(B) In case of that switch is connected to G,{
ẋn = yn

ẏn = −2βyn − xn + γ(xn+1 − xn).
(4)

where (n = 1,2) andx3 = x1. By changing the parameters
and variable as follow:

in =

√
C
L

Vthxn, vn = Vthyn, t =
√

LCτ,

g

√
C
L
= 2α, G

√
C
L
= 2β andγ =

L
L0

.

We investigate the synchronization when time delay
Td1 and Td2 of chaos circuits are changed from 1.96 to
3.14. Figure 7 shows some of simulation results. Ta-
ble 1 shows the synchronization states each time delay.
When (Td1,Td2) = (1.96,3.14), coexisting in-phase
synchronization and anti-phase synchronization state can
be observed depending on initial values. By increasing
(Td1,Td2) = (2.60,3.14) or (Td1,Td2) = (3.14,3.14), syn-
chronization state is fixed anti-phase synchronization. In-
phase synchronization is readily induced whenTd is small.

4. A Ring of Three Coupled Chaotic Circuit

Figure 6 shows the schematic of a ring of three coupled
time delayed chaotic circuits coupled by the inductor. The
normalized system equations are given as follows:

(A) In case of switch connected to−g,{
ẋn = yn

ẏn = 2αyn − xn − γ(2xn − xn+1 − xn−1).
(5)

(B) In case of switch connected to G,{
ẋn = yn

ẏn = −2βyn − xn − γ(2xn − xn+1 − xn−1).
(6)

where (n = 1,2,3) , x0 = x3 andx4 = x1.
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Figure 6:A ring of three coupled time delayed chaotic circuits.
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(1) In-phase synchronization stateTd1 = 3.14 andTd2 = 1.96.

(2) Anti-phase synchronization stateTd1 = 3.14 andTd2 = 1.96.

(3) Anti-phase synchronization stateTd1 = 3.14 andTd2 = 3.14.

Figure 7:Simulation results of bridge chaotic circuits. Attractor. Time
waveform. Red and blue colors denotey1 andy2 respectively.

We investigate the synchronization when three chaos cir-
cuits are changed time delay range from 1.96 to 3.14. Ta-
ble 2 shows synchronization states. We observed the two
types of synchronization state. Figure 8 shows some of
simulation results. Switching synchronization states can be
observed as shown in time waveform of Fig. 8 (1). Switch-
ing synchronization state is constituted anti-phase synchro-
nization and three-phase synchronization state. However
only three-phase synchronization state can be observed as
shown in time waveform of Fig. 8 (2). When anti-phase
synchronization state is observed, single voltage amplitude
of subcircuits1 or 2 becomes about zero for only a moment.

5. Conclusions

In this study, we have investigated synchronization state
observed in two coupled variable time delayed chaotic cir-
cuits by inductor. As a result, when time delay is small,
in-phase synchronization state can be observed. How-
ever induction of anti-phase synchronization state caused
by increasing time delay to 3.14 of subcircuit has con-
firmed. Furthermore, we have investigated synchronization
state observed on a ring of three coupled variable time de-
layed chaotic circuits by inductor. As a result, induction
of three-phase synchronization caused increasing time de-

Table 1:Synchronization stateN = 2.
Timedelay Synchronization state
Td1 Td2 In -phase Anti-phase

1.96 ◦
2.20 ◦
2.35 ◦

1.96 2.40 ◦
2.52 ◦
2.60 ◦
3.14 ◦ ◦
2.20 ◦
2.35 ◦

2.20 2.40 ◦
2.52 ◦
2.60 ◦
3.14 ◦
2.35 ◦
2.40 ◦

2.35 2.52 ◦
2.60 ◦
3.14 ◦
2.40 ◦

2.40 2.52 ◦
2.60 ◦
3.14 ◦
2.52 ◦

2.52 2.60 ◦
3.14 ◦

2.60 2.60 ◦
3.14 ◦

3.14 3.14 ◦

Table 2:Synchronization stateN = 3.
Timedelay Synchronization state
Td1 Td2 Td3 Three-phase Switching

1.96 ◦
2.20 ◦
2.35 ◦

3.14 3.14 2.40 ◦
2.52 ◦
2.60 ◦
3.14 ◦

lay to 3.14 of subcircuit has confirmed. However switch-
ing synchronization state can be observed when single time
delay of subcircuits is too small. Moreover, switching syn-
chronization state is constituted anti-phase synchronization
and three-phase synchronization states when a ring of three
coupled time delayed chaotic circuits.

References

[1] X. Liu, “Stability of impulsive control systems with
time delay. Mathematical and Computer Modelling,”

- 928 -



(1)Switching synchronization stateTd1 = 3.14,Td2 = 3.14 and

Td3 = 1.96.

(2) Anti-phase synchronization stateTd1 = 3.14,Td2 = 3.14 and

Td3 = 3.14.

Figure 8: Simulation results of a ring coupled three chaotic circuits.
Attractor. Time waveform. Red, blue and green colors denotey1, y2 and
y3 respectively.

Vol.39, pp.511-519, 2004.

[2] T. Maruyama, N. Inaba, Y. Nishio and S. Mori, “Chaos
in an Auto Gain Controlled Oscillator Containing Time
Delay,” Trans. IEICE, vol. J 72-A, pp. 1814-1820, Nov.
1989.

[3] T. Maruyama, N. Inaba, Y. Nishio and S. Mori, “Chaos
in Self Oscillator Circuit Containing Time Delay,” Pro-
ceedings of IEEE Midwest Symposium on Circuits and
Systems (MWSCAS’90), vol. 2, pp. 1055-1058, Aug.
1990.

[4] L. M. Pecora and T. L. Carroll, “Synchronization in
Chaotic Systems,” Physical Review Letters, vol. 64,
no.8, pp. 821-824, Feb. 1990.

[5] S. Kita, Y. Uwate and Y. Nishio, “Synchronization
State of Coupled Chaotic Circuits Containing Time
Delay,” Proc. NOMA’15 (accepted).

[6] M. Wada, Y. Nishio and A. Ushida, “Analysis of Bi-
furcation Phenomena in Two Chaotic Circuits Coupled
by an Inductor,” IEICE Transactions on Fundamentals,
vol. E80-A, no. 5, pp. 869-875, May. 1997.

[7] M. Wada, Y. Nishio and A. Ushida, “Wave Propaga-
tion Phenomena of Phase States in Oscillators Coupled
by Inductors as a Ladder,” IEICE Transactions on Fun-
damentals, vol. E82-A, no. 11, pp. 2592-2598, Nov.
1999.

- 929 -



Dynamic Behavior of Current-Controlled Full Bridge Inverter

Hiroki Kawano†, Takuji Kousaka‡ and Hiroyuki Asahara†

† Faculty of Engineering, Okayama University of Science,
1-1 Ridai-cho, Kita-ku Okayama-shi, Okayama 700-0005, Japan.

‡ Faculty of Engineering, Oita University,
700 Dannoharu, Oita-shi, Oita 870-1192, Japan.

Email: kawano@nonlineargroup.net, takuji@oita-u.ac.jp, asahara@ee.ous.ac.jp

Abstract—In the previous study, we have started to ana-
lyze the nonlinear phenomena in the current-controlled full
bridge inverter under a practical circuit parameter using
which the ac waveform of 60Hz is generated. However,
the detail analysis of the circuit is insufficient. In this pa-
per, we analyze the dynamic behavior of the circuit in more
detail. First, we show the circuit model and the waveform
behavior. Then, we define the discrete map of the fast- and
slow-scale dynamics, respectively. Finally, we investigate
the relationship between the fast- and slow-scale dynamics.

1. Introduction

Power converter circuits are used in many electrical
equipment. Therefore, proposing the new circuit model,
studying the circuit theory, improving the power conver-
sion efficiency, etc. are important. Some of the power
converter circuits have the switching devices and it causes
the nonlinear phenomena. Analyzing the nonlinear phe-
nomena in the power converter circuits can contribute to
developing the circuit theory and be a help for understand-
ing the dynamic behavior of the circuit in a wide param-
eter space. Therefore, there are many papers which study
the nonlinear phenomena in the power converter circuits
since 1990s [1, 2]. In recent years, it can be said that the
nonlinear phenomena in the power converter circuits with
low-dimensional topology are analyzed in detail [3, 4].
However, analyzing the nonlinear phenomena in the power
converter circuits with high-dimensional topology or with
complicated dynamics are insufficient.

This paper focuses on the current-controlled full bridge
inverter. The circuit structure of the full bridge inverter is
simple. However, the carrier signal and the reference sinu-
soidal signal, which is used for controlling the switching
action, make the circuit dynamics complicated. In general,
the waveform behavior observed in the time interval corre-
sponding to the carrier signal is called as the fast-scale dy-
namics [5], whereas that of corresponding to the sinusoidal
signal is called as the slow-scale dynamics [6]. Nonlinear
phenomena observed in the fast- and slow-scale dynamics
have been investigated in the previous study [7]. The pre-
vious studies analyzed the circuit with two or more dimen-
sional topology. Therefore, for clarifying the basic prop-
erty of the nonlinear phenomena observed in the fast- and

slow-scale dynamics in detail, we have started to analyze
the simple interrupted electric circuit in Refs. [8, 9, 10, 11].
In particular, Refs. [10, 11] analyzed the full bridge in-
verter with one dimensional topology. However, the cir-
cuit parameters was not practical in Ref. [10]. Although
Ref. [11] improved the circuit parameter and analyzed the
nonlinear phenomena observed in the fast- and slow-scale
dynamics separately, the relationship between the fast- and
slow-scale dynamics is not discussed.

In this paper, we deal with the relationship between the
fast- and slow-scale dynamics in the full bridge inverter.
First, we show the current-controlled full bridge inverter
with one dimensional topology. Then, we explain the
waveform behavior. Next, we define the discrete map of
the fast- and slow-scale dynamics, respectively. Finally, we
discuss the relationship between the fast- and slow-scale
dynamics.

2. Current-controlled full bridge inverter

Figure 1 shows the circuit model, which is proposed in
Ref. [12]. We have studied the nonlinear phenomena in
the circuit in Ref. [13]. Moreover, we have improved the
controller as shown in Fig. 2 in Ref. [10]. The nonlinear
phenomena in the improved circuit were studied in Ref.
[11].

In the following analysis, we shows circuit dynamics
based on Ref. [11]. The circuit parameters are fixed as
E = 50[V], L = 1[mH] and R = 4.8[Ω]. The circuit
has four switches, where switch-1 (SW1) and switch-4
(SW4) being a pair. Likewise, switch-2 (SW2) and switch-

RL
i

E

SW1

SW4

SW3

SW2

D1

D4D2

D3

CT

i(t)

Figure 1: Full bridge inverter.
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3 (SW3) being a pair. If SW1 (SW4) is ON and SW2
(SW3) is OFF, we call it as state-A, otherwise we call it
as state-B. The switching signal un is as follows:

un = k
(

Vs
ref(nTf) − in

)

, (1)

where k is a gain of the controller, V s
ref(nTf) and in denote

the sampling data of the carrier signal and the inductance
current at a time of t = nTf . Note that n = 0, 1, 2, 3, . . .,
and Tf denotes a period of the carrier signal, where T f =

83.3[µs]. Moreover, we use the following dimensionless
variables.

i =
E
R

x, t =
2L
R
τ, Tf =

2L
R

T ′f , Ts =
2L
R

T ′s (2)

Therefore, the circuit equation is derived as follows:

dx
dτ
=



















−2(x − 1), forstate − A

−2(x + 1), forstate − B
. (3)

Note that Ts = NTf denotes the period of the reference si-
nusoidal signal, where N = 200. In the following analysis,
we rewrite the variables T ′f and T ′s with Tf and Ts, for the
sake of the simplicity. Therefore, the solution of Eq. (3) is
derived as follows:

x(τ) =



















ϕa (τ, xn, λ) , forstate − A

ϕb (τ, xn, λ) , forstate − B
, (4)

where λ denotes a parameter. Note that xn denotes an initial
value of the inductance current at a time of τ = nT f, where
n = 0, 1, 2, 3, . . . ,N − 1. Figure 3 shows the waveform
behavior, where (a) shows a long time scale view, which
we call the slow-scale dynamics and (b) shows a short time
scale view, which we call the fast-scale dynamics. Note
that the switching signals are shown in Fig. 3 (b). Here,
let the minimum value of the carrier signal be 0, whereas
maximum value of that is VU. The circuit keeps state-B dur-
ing a time that satisfies un ≤ V f

ref(τ), otherwise the circuit
keeps state-A. Therefore, the discrete map of the fast-scale
dynamics is defined as follows:

xn+1 = Fn(xn)

=



























fi = ϕa (Tf , xn, λ) , un ≥ VU

fii = ϕb (Tf , xn, λ) , un ≤ 0

fiii = ϕb (τb, x(τa), λ) ◦ ϕa (τa, xn, λ) , 0 < un < VU

,

(5)

+
-

k un

in

Vref (nT )f
f

Figure 2: Control block.

where τa and τb denote a time during which the circuit
keeps state-A and state-B, respectively. Likewise, the dis-
crete map of the slow-scale dynamics is defined as follows:

xp+1 = G(xp)

= FN−1 ◦ · · · ◦ F1 ◦ F0(xp)

= FN−1 ◦ · · · ◦ F1 ◦ F0(x0)

. (6)

Note that xp denotes an initial value of the inductance cur-
rent at a time of τ = pTf with n = 0, where p = 1, 2, 3, . . ..

3. Analytical results

Figure 4 shows the waveform behaviors by changing
the parameter k, which is the gain of the controller. It is
clear that a bifurcation phenomenon occurs in the circuit
by changing the parameter k. For example, a periodic so-
lution can be observed at k = 3.0, while the non-periodic
solutions are observed in the other parameter values of k. In
the following analysis, we consider the bifurcation mecha-
nism.

The stability of the fast-scale and slow-scale dynamics
can be calculated based on the following equations:

dFn(xn)
dxn

− µf = 0, (7)

dG(xp)
dxp

− µs = 0, (8)

where µf and µs denote the characteristic multipliers of
the fast- and slow-scale dynamics, respectively. Note that

t

i(t)

(a) Slow-scale dynamics

t

i(t)

vref
f (t)

un

SW1/SW4

SW2/SW3

(b) Fast-scale dynamics

Figure 3: Waveform behavior.
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Figure 4: Waveforms in the slow-scale dynamics.

dG(xp)/dxp is derived as follows:

dG(xp)
dxp

=
dxp+1

dxp

=
dFN−1

dxN−1
· · ·

dF1

dx1

dF0(xp)
dxp

,

=
dFN−1

dxN−1
· · ·

dF1

dx1

dF0(x0)
dx0

(9)

If |µf | < 1 is satisfied, we regard that the fast-scale dynam-
ics is approximately stable. Likewise, it is said that the
slow-scale dynamics is stable if |µs| < 1 is satisfied.

Table 1 shows the stability calculation results with T f =

0.2. In the table, µM
f denotes the maximum value of the

characteristic multiplier in the fast-scale dynamics within
the one cycle of the slow-scale dynamics. It is clear that
both the fast-scale dynamics and the slow-scale dynamics
keep stable state at k = 4.311 and k = 4.312. On the other
hand, a part of the fast-scale dynamics becomes unstable
at k = 4.313 because

∣

∣

∣µM
f

∣

∣

∣ > 1 is satisfied. The slow-scale
dynamics becomes unstable at k = 6.64. Therefore, it can
be concluded that a part of the fast-scale dynamics becomes
unstable, however, the slow-scale dynamics keeps stable
oscillation during 4.313 ≤ k ≤ 6.63. More complicated
nonlinear phenomena may occurs during 4.313 ≤ k ≤ 6.63.

4. Conclusion

This paper analyzed the nonlinear phenomena in the
current-controlled full bridge inverter under a practical cir-
cuit parameter using which the ac waveform of 60Hz can

be generated. First, the full bridge inverter was shown.
Then, the control block was formed by using 12kHz of the
sampling data of the carrier signal and the inductance cur-
rent. The switching devices were controlled by output of
the control block. Next, the discrete map of the fast- and
slow-scale dynamics were defined. Finally, nonlinear phe-
nomena in the circuit were shown by changing the param-
eter value of k, which is a gain of the controller. More-
over, stabilities of the fast- and slow-scale dynamics were
calculated by using the discrete map. Based on the sta-
bility calculation results, the relationship between the fast-
and slow-scale dynamics was discussed. It was found that
the fast-scale dynamics became unstable and then the slow-
scale dynamics became unstable by changing the bifurca-
tion parameter of k. This characteristic may be the same
with all of the current-controlled full bridge inverter. We
consider that more interesting nonlinear phenomena can be
observed in the parameter range in which a part of the fast-
scale dynamics becomes unstable, whereas the slow-scale
dynamics keeps stable oscillation.

In future, we will focus on the above parameter range
and clarify the relationship between the fast- and slow-
scale dynamics. Moreover, we will report the dynamical
mechanism of the appearance of the harmonic distortion
in the full inverter. The experimental investigation is also
included in the future work.
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Table 1: Stability calculation results (Tf = 0.2)

k µs µM
f Remarks

4.31100 0.00000 -0.99960 Stable fast-scale dynamics and stable slow-scale dynamics
4.31200 0.00000 -0.99999 Stable fast-scale dynamics and stable slow-scale dynamics
4.31300 0.00000 -1.00039 Unstable fast-scale dynamics and stable slow-scale dynamics
4.31500 0.00000 -1.00119 Unstable fast-scale dynamics and stable slow-scale dynamics
· · · ·

5.00000 0.00953 -1.27406 Unstable fast-scale dynamics and stable slow-scale dynamics
5.01000 0.01877 -1.27804 Unstable fast-scale dynamics and stable slow-scale dynamics
5.01068 0.01966 -1.27832 Unstable fast-scale dynamics and stable slow-scale dynamics
5.01100 0.02008 -1.27844 Unstable fast-scale dynamics and stable slow-scale dynamics
5.03000 0.07229 -1.28601 Unstable fast-scale dynamics and stable slow-scale dynamics
5.05000 0.27590 -1.29399 Unstable fast-scale dynamics and stable slow-scale dynamics
5.06000 0.53717 -1.29797 Unstable fast-scale dynamics and stable slow-scale dynamics
5.08000 0.02132 -1.35537 Unstable fast-scale dynamics and stable slow-scale dynamics
5.09000 -0.00443 -1.36055 Unstable fast-scale dynamics and stable slow-scale dynamics
· · · ·

6.60000 -0.89972 -1.96539 Unstable fast-scale dynamics and stable slow-scale dynamics
6.62000 0.83537 -1.97034 Unstable fast-scale dynamics and stable slow-scale dynamics
6.63000 -0.96308 -1.95823 Unstable fast-scale dynamics and stable slow-scale dynamics
6.64000 -2.13303 -1.97459 Unstable fast-scale dynamics and unstable slow-scale dynamics
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Abstract—In the non-autonomous system with dry fric-
tion, the bifurcation phenomena are observed upon vary-
ing parameters such as the coefficient of friction and the
amplitude of the external force. In this paper, we dis-
cuss the bifurcation phenomenon from stick-slip vibration
to slip vibration in the non-autonomous system with dry
friction. First, we explain the physical model of the non-
autonomous system with dry friction. Next, we define the
Poincaré map by focusing on the local sections and the
time. Finally, we investigate the bifurcation phenomenon.

1. Introduction

Non-autonomous system with dry friction is often ob-
served in the mechanical fields. The typical examples of
the system are seismic isolation systems [1], disk brakes
[2], dynamic absorbers [3] and rail wheels [4]. It is known
that the bifurcation phenomena are observed in these sys-
tems upon varying parameters such as the coefficient of
friction and the amplitude of the external force [5]- [9].
Thus, it is important to analyze the bifurcation phenom-
ena in a wide parameter area. However, the systems are
difficult to analyze due to theirs complexity. Therefore, the
physical model was proposed to analyze the system in de-
tail [9]. There are many papers that have analyzed bifur-
cation phenomena occurring in the physical model. Some
papers investigated generating region of chaos and periodic
pull-in vibration of harmony vibration. We also proposed
a simple stability analysis method for this model [10] and
analyze bifurcation phenomena in a wide parameter area
[11]. However, there are few papers discuss the bifurcation
analysis from stick-slip vibration to slip vibration.

In this paper, we analyze the bifurcation phenomenon
from stick-slip vibration to slip vibration in the non-
autonomous system with dry friction. First, we explain
the physical model of the non-autonomous system with dry
friction. Next, we show the Poincaré map by focusing on
the local sections and the time. Finally, we clarify the bi-

furcation phenomenon.

2. System and its behavior

Figure 1 shows the physical model of the non-
autonomous system with dry friction, which has single de-
gree of freedom. The following notation is used; mass m,
spring constant k, displacement of mass u(t) and velocity
u̇, gravity g, normal force P, external force F0 cos(ωt), belt
speed V , and relative velocity Vr = V − u̇. The motion of
equation is described as follows:

mü(t) − f0(V) + ku(t) = F0 cos(ωt) (1)

During the slip mode (Vr , 0), the friction force can be
determined via the friction coefficient µ(Vr). The friction
force is described as follows:

f0(Vr) = µ(Vr)m
(
g +

P
m

)
(2)

where µ(Vr) is given by

µ(Vr) =


γ0 − γ1Vr + γ3V3

r , Vr > 0

[−γ0, γ0], Vr = 0

−γ0 − γ1Vr + γ3V3
r , Vr < 0

(3)

where γ0, γ1 and γ3 are decay constants. In particular, γ0 is
the maximum static fricttion force. We use the dimension-
less value as follows:

ω2
n =

k
m
, τ = ωnt, x =

uωn

V
, ν =

ω

ωn
,

F =
F0ωn

kv
, A0 =

γ0c
(Vωn)

, A1 =
γ1c
ωn
,

A3 =
γ3V2c
ωn
, Vr = 1 − y, c = g +

P
m
.

(4)

Thus, Eq. (1) can be described as follows:
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dx
dτ
= y

dy
dτ
= −x + f0(y) + F cos(ντ)

(5)

where f0(y) is given by

f0(y) =


−A0 + A1(1 − y) − A3(1 − y3), y > 1

[−A0, A0], y = 1

A0 + A1(1 − y) − A3(1 − y3), y < 1

(6)

Figure 2 shows stick-slip vibration of period-1 orbit.
Figure 3 shows example of the waveforms of the displace-
ment x and the velocity y. Black dots are the time when
the slip mode (kinetic friction force) changes to the stick
mode (static friction force). On the other hand, white dots
are the time when the stick mode changes to the slip mode.
The parameters are fixed as follows: A0 = 1.50, A1 = 1.50,
A3 = 0.45, F = 0.35．
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Figure 1: Physical model.
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Figure 2: Example of the phase plane.

3. Analysis

3.1. Coexistence phenomenon

Figure 4 shows the phase planes for ν=0.44, 0.45 and
0.46. Figure 5 shows waveforms. Dotted line in Fig. 4(b)
and 5(b) is slip vibration. Stick-slip vibration occurs at
ν = 0.44. Slip vibration occurs at ν = 0.46. Here, we
focus on the bifurcation parameter. Stick-slip and slip vi-
brations occur depending on the initial value at ν = 0.45.
Namely, coexistence phenomenon exists by changing the
initial value.

3.2. Return map

We define the Poincaré map T from τk to τk+1 for qualita-
tive analysis in the system. Behavior of the system changes
from stick mode to slip mode at a time τ = τk. Here, the
deplacement xk and velocity yk are described as follows at
the discrete time τk.

xk = A0 + F cos(ντk), (7)

yk = 1. (8)

xk is the function of the time τk and yk is constant. Thus,
the behavior of the system can be assumed as function of
the time τk. The discretization makes the analysis of the
behavior of the system easy. Moreover, we use modulus
and function θk in order to calculate the fixed point [12].
Then, θk and T (θk) are given by:

θk =
ν

2π
τk mod 1, (9)

θk+1 = T (θk) =
ν

2π
τk+1 mod 1. (10)

Figure 6 shows example of the return map of period-1
orbit. More detailed discussion is shown in Ref. [12].

3.3. Bifurcation phenomenon from stick-slip vibration
to slip vibration

We focus on the return map in Fig. 7. The mapping
point disappears at 0.88 < θk < 0.92. Here, this interval
corresponds to slip mode. Therefore mapping point can
not be defined.

In the following, we discuss bifurcation phenomenon
from stick-slip vibration to slip vibration. When the param-
eter is ν = 0.455, the slope of the return map for period-1
orbit is 1.0. We conclude that the saddle node bifurcation
occurs at ν = 0.455. After the saddle node bifurcation oc-
curs, the fixed point disappears. As a result, the system
settles into slip vibration by disappearing coexistence phe-
nomenon of stick-slip and slip vibrations.
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Figure 4: Phase planes.

0 20 10040 60 80

0 20 10040 60 80 0 20 10040 60 800 20 10040 60 80

0 20 10040 60 80 0 20 10040 60 80

��

-1.0

0

1.0

2.0

3.0

x
�

-1.0

0

1.0

2.0

3.0

x
�

-1.0

0

1.0

2.0

3.0

x
�

�� ��

���� ��

y
�

-1.5

-1

-0.5

0

0.5

1

1.5

y
�

-1.5

-1

-0.5

0

0.5

1

1.5

y
�

-1.5

-1

-0.5

0

0.5

1

1.5

(a) ν = 0.44 (b) ν = 0.45 (c) ν = 0.46
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4. Conclusion

In this paper, we reported the bifurcation phenomenon
from stick-slip vibration to slip vibration in the non-
autonomous system with dry friction. First, we explained
the physical model of the non-autonomous system with
dry friction. Next, we defined the Poincaré map by fo-
cusing on the local sections and the time. We showed the
return map therefore the Poincaré map can be defined as
one-dimensional. The mapping point disappears when slip
mode is observed. As a result, the saddle node bifurca-
tion caused slip vibration by disappearing coexistence phe-
nomenon of stick-slip and slip vibrations.
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Abstract– The photoplethysmography is one of the 

widely used techniques in medical settings and sports 

equipment to measure biological signals produced by 

cardiovascular system (CVS). It is recognized that the 

photoplethysmogram (PPG), which can be defined as the 

continuous recording of the light intensity scattered from a 

given source by the tissues and collected by a suitable 

photodetector, can provide valuable information about 

CVS performance, however, PPG dynamics is not yet fully 

understood [1]. This study sought to investigate properties 

of local (in chosen region on reconstructed trajectory) and 

global (overall trajectory) short-term prediction 

performance of the PPG. The results demonstrated certain 

similarities between global prediction performance of the 

PPG and noise induced Duffing’s forced oscillator; and 

that local and global predictability may differ considerably, 

that may explain fluctuations observed in the global 

prediction performance and give insight into local 

properties of the PPG. 

 

1. Introduction 

Photoplethysmogram (PPG) is one of the widely used 

in applications biological signal produced by the 

cardiovascular system (CVS). In our previous studies it 

was shown that PPG dynamics is consistent with chaotic 

motion definition and deterministic nonlinear prediction 

(DNP) is one of nonlinear time series analysis methods 

that can provide important information about chaotic 

characteristics of the PPG [2].  

 Previously PPG predictability was compared with 

Rössler’s single band chaos and chaotic Lorenz models; 

and results explicitly demonstrated that long-term 

prediction is impossible [2]. However, as it can be seen in 

Fig. 1 the correlation coefficient (CC) declining trend of 

their short-term DNP was considerably different, which 

gave rise to new questions concerning PPG predictability 

properties. One of them is related to the rapid decline of 

predictability performance in the very short range. As 

shown in Fig. 1, the short-term DNP’s performance for 

Lorenz and Rössler remains high significantly longer than 

for PPG data. Although this difference does not put into 

question the existence of short-term prediction, this 

indicates that in very short-term evolution, Rössler’s 

single band chaos and the PPG underlying processes have 

considerable differences. Therefore, one question 

originating from results of comparison of the PPG 

prediction performance with Rössler’s and Lorenz 

predictability is what type of dynamics exhibits similar to 

the PPG prediction properties. Since, as seen from results 

shown in Fig. 1, chaotic Lorenz and Rössler’s models do 

not possess short-term prediction properties that resemble 

those of the PPG, different types of chaotic models should 

be chosen for comparative study of the PPG’s short-term 

prediction characteristics. As both Lorenz and Rössler’s 

models belong to autonomous systems [3], in this study 

the PPG predictability is compared with a non-

autonomous chaotic system. Therefore, one of the goals in 

this study is investigation of the PPG dynamics’ short-

term predictability characteristics in comparison with a 

well-known chaotic non-autonomous system.  

 

 
FIG. 1 CC curves for DNP of Rössler’s single band 

chaos, chaotic Lorenz, chaotic Duffing’s forced oscillator 

and the PPG. 

 

Another question that inevitably arises from the DNP 

results of the previous studies is related to the wide 

fluctuation of prediction performance that can be observed 

in DNP’s CC curve, as seen in Fig. 1. As variations in 

these fluctuations might be meaningful, what causes this 

phenomenon is another question under investigation in 

this study. Therefore, here particularly careful attention is 

paid to the short-term prediction properties of the PPG.   

Conventionally the results of DNP’s CC and relative 

root mean squared error (RRMSE) are averaged over the 
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PPG reconstructed trajectory and therefore correspond to 

the reconstructed trajectory overall. Results representing 

the properties of PPG dynamics obtained from whole 

reconstructed trajectory will be referred to herein as global 

scale results or properties; thus conventional prediction 

results shown in Fig. 1 will be called global prediction. As 

seen from the Poincaré sections (Fig. 2), trajectories 

expansion and density depend on the local region along 

the reconstructed attractor and therefore it can be assumed 

that prediction performance might differ locally on each 

part of the reconstructed trajectory. This possible variation 

of dynamical properties among different parts or regions 

along the reconstructed trajectory might be able to explain 

the considerable fluctuations observed in global prediction 

performance. At the same time, by itself, investigation of 

local dynamics properties might provide one with a deeper 

understanding of the PPG dynamics and as a result 

promote further development of PPG applications, since 

every region along the reconstructed attractor can be 

associated with the cardiac cycle’s phases. 

In contrast with global prediction, prediction calculated 

on a fixed region of the reconstructed trajectory will be 

called local prediction. Therefore, for a better 

understanding of PPG dynamics, in addition to the 

comparative study of global short-term prediction, this 

study also aims to investigate local short-term prediction.  

 

FIG. 2 Poincaré section for the PPG (left), where Y(t) = 

√𝑥(𝑡)2 + 𝑥(𝑡 + 𝜏)2 ; and the reconstructed trajectory 

sliced by the rotating plane for the PPG (right).  

 

2. Methods and Materials 

2.1 Data collection 

The PPG signal was recorded using a finger PPG 

recorder by detecting the near infrared light reflected by 

vascular tissue following illumination with a LED. Data 

were collected from nine healthy 19- to 27-year old 

volunteers among Tokyo University of Agriculture and 

Technology (TUAT) students. Experimental data 

collection was approved by TUAT authorities. Written 

informed consent was given to participants prior the 

experiment. At the time of the study all subjects were 

healthy non-smokers, physically active to similar levels, 

were not taking any medication, and all of them declare 

no history of heart disease.  

For each subject five measurement repeats were done. 

The measured period was 5 min with 5 msec sampling 

steps. For all data collection sessions, a BACS (Computer 

Convenience, Inc.) PPG sensor was located on the right 

forefinger. Every measurement was preceded by a blood 

pressure check and was done with the subject in a relaxed 

sitting position in a room with temperature, noise and 

vibration control. Each test subject was asked to rest for 5 

min under quiet conditions in the laboratory room in the 

same sitting position in which the recordings were 

obtained, and with the test site uncovered. An example of 

a 30-second long portion of the obtained PPG signal is 

shown in Fig. 3.  

 

FIG. 3 Example of 30-second long portion of the healthy 

young subject PPG signal. 

 

2.2. Comparative study of global short-term DNP 

As mentioned above, in this study a non-autonomous 

chaotic system is used for comparative investigation of the 

PPG’s short-term predictability. One of the well-known 

examples of non-autonomous systems is the chaotic 

Duffing’s forced oscillator, which is utilized in this study. 

Duffing’s forced oscillator is described by the following 

equation: 

�̈� + 𝑘�̇� + 𝑥3 = 𝐵𝑐𝑜𝑠(𝜔𝑡),              (1) 

where the system coefficients were chosen as k=0.05, 

B=7.5, ω=1, which corresponds to a chaotic regime [3]. 

Numerical simulation was done by the 4th order Runge-

Kutta method with time step 0.01. 

DNP CC for Duffing’s forced oscillator in comparison 

with Rössler, Lorenz and PPG DNP are shown in Fig. 1, 

where it is seen that the short-term CC curve 
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corresponding to Duffing’s data has a significantly faster 

drop, compared with Rössler’s and Lorenz’s curves.  

 

2.3 Local DNP 

In order to estimate local short-term predictability of 

the PPG in a fixed region on the reconstructed trajectory, 

CC and REMSE need to be calculated over this local 

region.  Let 𝑡1
𝑖  and 𝑡2

𝑖  be starting and ending points of the 

i
th

 region on the reconstructed trajectory, then formulas for 

global prediction CC and RRMSE can be rewritten as  

𝐶𝐶𝑖(𝑝) =
∑ (𝑍(𝑡 + 𝑝) − �̅�(𝑡 + 𝑝))(𝑍∗(𝑡 + 𝑝) − 𝑍∗̅̅ ̅(𝑡 + 𝑝))

𝑡2
𝑖

𝑡=𝑡1
𝑖

√∑ (𝑍(𝑡 + 𝑝) − �̅�(𝑡 + 𝑝))2𝑡2
𝑖

𝑡=𝑡1
𝑖 √∑ (𝑍∗(𝑡 + 𝑝) − 𝑍∗̅̅ ̅(𝑡 + 𝑝))

2𝑡2
𝑖

𝑡=𝑡1
𝑖

, 

𝑅𝑅𝑀𝑆𝐸𝑖(𝑝) = √
∑ (𝑍(𝑡 + 𝑝) − 𝑍∗(𝑡 + 𝑝))

2𝑡2
𝑖

𝑡=𝑡1
𝑖

∑ (𝑍(𝑡 + 𝑝) − �̅�(𝑡 + 𝑝))2𝑡2
𝑖

𝑡=𝑡1
𝑖

 . 

CCi and RRMSEi defined by these formulas are the local 

correlation coefficient and relative root mean square error 

corresponding to the i
th

 region. 

 

3. Results 

3.1. Global short-term prediction 

DNP was applied to the collected PPG data sets. 

Duffing’s chaotic forced oscillator (1) was chosen as the 

model for comparison instead of Rössler and Lorenz 

models.  

Fig. 4 (a) and (b) demonstrate short-term prediction’s 

CC and RRMSE, respectively, for the PPG, chaotic 

Duffing’s time series and Duffing’s time series with 7% 

noise induction. Results for Rössler’s single band chaos 

prediction were added to illustrate differences in 

prediction performance. As seen from Fig. 4, even a short-

term prediction performance for both Rössler and 

Duffing’s time series shows considerable differences, and 

while the CC curve for Rössler’s time series does not 

demonstrate any noticeable decline for short-term (30 

time steps forward) prediction, the CC curve 

corresponding to Duffing’s time series has a 

distinguishable decline.  Noise induction on the Duffing’s 

data preserves the CC’s curve declining trend and results 

in a decrease in the prediction performance. As is clearly 

seen in Fig. 4 (a), PPG short-term prediction’s CC has 

significant similarity with 7% noise induced Duffing’s 

forced oscillator over a range from 1 to 16 steps forward 

prediction; what is significant is that for both, the PPG 

and noise induced Duffing’s data show a similar trend of a 

relatively rapid CC curve decline. Differences between 

prediction performance for the PPG and Duffing with 

Rössler are even more enhanced in RRMSE plots. The 

RRMSE for Duffing and the PPG have a rapid increase 

unlike the RRMSE for Rössler, which curve remains close 

to zero and almost flat. Additionally, DNP performance 

for Duffing’s data and the PPG have similar high 

fluctuations of CC and RRMSE curves as seen in Fig. 1. 

Therefore, the PPG short-term predictability has some 

similarity with the predictability of noise induced 

Duffing’s forced oscillator’s data rather than with Rössler. 

  

 
(a)  

 
(b)  

FIG. 4 (a) CC and (b) RRMSE curves for DNP of 

Rössler’s single band chaos, chaotic Duffing’s forced 

oscillator, chaotic Duffing’s forced oscillator data with 7% 

additive noise and the PPG. 

 

3.2. Local regional short-term prediction 

In order to achieve a better understanding of local PPG 

dynamics by utilizing short-term prediction, 4 regions on 

the reconstructed trajectory (Fig. 5, upper plot) were 

chosen empirically for conducting local short-term 

prediction.  

The middle and bottom plots in Fig. 5 show the local 

CC and RRMSE, respectively, over the four chosen 

regions and global short-term DNP (blue lines). As seen in 

Fig. 5 in the range of 1-5 steps forward prediction there is 

almost no observable difference in the prediction 

performance between different regions on the 

reconstructed trajectory for the CC, while more clear 

differences can be seen in the RRMSE; and for 

predictions longer than 5 steps considerable differences in 

both local CC and RRMSE curve shape can be observed. 

Fig. 5 demonstrates examples of local components that 

contribute to global short-term prediction performance 

after averaging along the reconstructed trajectory. With 

the same prediction step length, but different predictee, 

the predicted value may appear in a region with higher or 

lower averaged prediction performance, i.e. global CC or 

RRMSE values might be affected by local predictability. 

Therefore, predictability differences on the local level 
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might be able contribute to understanding of significant 

fluctuations observed in global short-term predictions 

(Fig. 1). 

 

Fig. 5 Four local regions on part of reconstructed PPG 

trajectory in which local short-term prediction was 

conducted (upper plot); CC (middle plot) and RRMSE 

(bottom plot) curves for local short-term deterministic 

nonlinear prediction in 4 regions of reconstructed PPG 

trajectory. 

 

4. Discussion 

The objective of this study was to provide additional 

insight into the short-term predictability of the PPG as it 

may uncover new characteristics of PPG dynamics. 

Previously only the existence of short-term prediction was 

proven [2], while its characteristics were of no interest. 

Besides that, none of the numerous studies dealing with 

conventional or nonlinear time series analysis of the PPG 

have investigated the behavior of short-term predictability. 

However short-term prediction itself can provide useful 

and valuable information about the features of PPG 

dynamics. Thus, the performance of global short-term 

prediction showing rapid decline, which was not observed 

in the Rössler and Lorenz models, was found to be similar 

to short-term prediction properties of 7% noise induced 

Duffing’s forced oscillator. Besides that, similarities in CC 

and RRMSE fluctuations could be observed in the PPG 

time series and noise induced chaotic Duffing’s forced 

oscillator prediction performance. As Duffing’s chaotic 

forced oscillator is classified as a non-autonomous system, 

these results reveal the possibility that PPG dynamics is a 

non-autonomous system, although further detailed 

investigation of the similarities between non-autonomous 

systems and the PPG is required.  

An additional investigation of local predictability (Fig. 

5) showed that depending on the region along the 

reconstructed trajectory, DNP performance can 

significantly differ from forming a slowly growing 

RRMSE curve to its quick rise. These differences 

emphasize the importance of studying local dynamics 

behavior. Predictability differences between local regions 

might be one of the reasons leading to significant 

fluctuations in the global CC and RRMSE curves. 

 

5. Conclusion 

In this study careful attention was paid to the 

performance of global as well as the local short-term DNP. 

Global short-term prediction was investigated by 

comparisons with Duffing’s forced oscillator in the 

chaotic regime. Results of a comparative study of the PPG 

signal demonstrated certain similarities between global 

prediction performance of the PPG and 7% noise induced 

Duffing’s forced oscillator. Based on these results it is 

expected that further comparative investigation of the 

PPG and non-autonomous systems might be beneficial for 

revealing the PPG dynamics properties. 

Additional analysis of local predictability demonstrated 

that local regions along the reconstructed attractor have 

considerably different predictability. Since different areas 

on the PPG attractor refers to different phases of blood 

pulsation information of local, differences between 

regions on the reconstructed PPG trajectory might provide 

useful data for new application studies and a deeper 

understanding of the PPG dynamics. However, further 

investigation of the local characteristics of the 

reconstructed dynamics is required. 
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Abstract– We investigated common noise-induced 

synchrony observed in agricultural and ecological systems. 

Citrus alternate bearing at the national market level is 

modelled as uncoupled collective dynamics, and acorn 

masting is modelled as coupled collective dynamics. 

Isagi’s resource budget model (RBM) is employed as a 

nonlinear oscillator for describing each individual tree. 

The oscillator is the main element of collective dynamics. 

Induced common noise can simulate principal features of 

synchrony observed in citrus alternate bearing and masting.       

 

1. Introduction 

Various species of tree crops demonstrate significant 

fluctuations in annual yield, producing a large amount of 

flowers and fruits one year (on-year) and significantly 

smaller amounts in the following years (off-years) until the 

next on-year. This phenomenon is well known as 

“alternate bearing” for citrus and “masting” for nuts and 

acorns (Sakai, 2001). 

 

 
Fig. 1 Citrus alternate bearing data 

(a)  Number of fruit produced annually from two citrus treesat 

Nebukawa Experimental Station (b) Increment of total 

production of Citrus unshui in Japan (tons) 

 

The term of alternative bearing can be applied not only to 

an individual citrus tree’s production, but also to total 

production of a population from an orchard or to the 

national market level. Alternate bearing of Citrus unshiu 

has clearly occurred in at the national market in Japan as 

shown in Fig. 1. 

Masting (mast seeding) is a phenomenon in which acorn 

production alternates between large and small yields over 

years (Kelly 1994). Masting is recognized as an important 

process for both wild-life management and natural 

regeneration in secondary forests. Large fluctuations in the 

acorn production of individual trees are due to nonlinear 

dynamics described as shown in Fig. 2 (Isagi,1996), and 

collective synchrony can be demonstrated by introducing 

pollen coupling between trees.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 2 Time series of 26 individual acorn yields over three years. 

Global synchrony was not observed. Pearson’s correlation 

coefficient = 0.67 of the yield between 2003 and 2005 (Akita et 

al., 2008) 

 

2.  Mathematical model for resource budget model for 

N trees 

2.1 Resource Budget Model 

The dynamics of citrus production can be modelled by 

Isagi's resource budget model (RBM). The photosynthate 

is used for growth and maintenance of the plant, and any 

surplus (Ps) accumulates at the plant body’s trunk. Let S(t) 

be the amount of energy reserve at the beginning of year t. 

If the accumulated photosynthate (I(t)+Ps) exceeds the 

threshold of the pool (Lt), the excess amount (I(t)+Ps -Lt) 

is used for flowering, Cf. The cost of pollinating flowers 

and bearing fruits is designated as Ca. The ratio Ca/Cf is 
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assumed to be a constant, RC. After the reproductive stage, 

the accumulated photosynthate becomes LT-Ca=LT-RcCf.  

N denotes the population size of citrus trees. RBM for the 

tree i can be written as:  

 
Fig. 3 Resource budget model 

(a) Compartment model of RBM (b) Bifurcation diagram of 

RBM (c) Return map of RBM 
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where, I
i
(t) is the amount of energy reserve at the 

beginning of year t for tree i;  tC i

a
 is the cost of fruits 

produced in tree i at the end of year t;  tC i

f
 is the 

flowering cost for tree i in year t; the system parameters Ps, 
Lt, and Rc are assumed to be constants over all citrus trees. 

In this model, the annual production is calculated as the 

sum of fruits from each single tree, i.e.,  tC i

a
(i=1..N). 

The annual mean of N trees’ production m(t) is defined as:  
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Pollen coupling is modelled by replacing Eq. (3) with Eq. 

(5) 
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Noise is induced on PS in the manner of PS + . 

where,  is a normally distributed random number. 

In these numerical experiments, the population size N is 

set at 10,000.  is set as 0.0 and 0.5 for the uncoupled and 

the coupled cases, respectively.  

 

2.2 Index for Quantifying Synchrony 

Synchrony is quantified with the two indexes. The average 

correlation coefficient over all possible pairs is defined as: 
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where (i,j) is the correlation coefficient between each pair 

of trees z
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(t) and z
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The population coefficient of variance (CVp) is the 

coefficient of variance for the annual mean production m(t).   
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. 
3. Numerical Experiments and Discussions 

3.1. Uncoupled Dynamics Simulating Alternate Bearing 

As Citrus unshiu is a self-pollinating tree, it is appropriate 

to be modelled with uncoupled collective dynamics. In the 

model described above,  is set to zero in Eq. (6).  Fig. 4 

demonstrates the behavior of synchrony by changing RC 

with (a) the average correlation coefficient   and (b) the 

population coefficient of variance CVP. The noise-free and 

noise-induced cases are represented by blue and red lines, 

respectively. In RC >1.5, There is no significant difference 

in between the noise-induced case and noise-free case in 

Fig. 4(a). However, the CVP in the noise-induced case is 

apparently larger than that of noise-free case as shown in 

Fig. 4(b). These results indicate that synchrony did not 

occurr at the individual level but was clearly observed at 

the population level. This is the new finding in this 

experiment and may possibly explain why the national 

production of citrus shows the oscillating motion annually 

as demonstrated in Fig. 1. The national production of 

citrus can be modelled with collective dynamics with 

common induced noise. In other words, citrus alternate 

bearing in the national market can be recognized as 

common noise-induced synchrony.  Fig. 4 illustrates the 

synchrony for two cases in the time domain for RC=1.5 as 

a typical case. For the noise-free case, the mean annual 

production m(t) is almost constant as shown in Fig. 5(a) 

and (b) with blue lines for m(t) and m(t). The individual 

trees behave independently as shown with 20 samples 

plotted in the green lines of Fig. 5(a). In contrast, for the 

noise-induced case, significant fluctuation is observed at 

m(t) and m(t) in the red lines of Fig. 5(c) and (d). Twenty 

individual trees (in magenta) look random as well as in the 

noise-free case, however, as expressed with blue lines of 

m(t) and m(t), the common noise induction generates 

synchrony in the population level. In the collective 

Fruits 

Production
Ca(t)=RCCf(t)

Ca(t)
Ca(t)

Cf(t) 

C
a
(t

)
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dynamics, this mechanism (common induced noise 

synchrony) can  demonstrate Moran’s effect. 

 
Fig.4  Synchrony in the uncoupled dynamics 

(a) The average correlation coefficient     

(b) The population coefficient of variance CVP 

Fig. 5 Numerical experiment for RC=1.5 on the uncoupled 

dynamics. (a) Twenty individual productions (in green) and the 

annual  mean m(t) (in blue) (b) annual increment m(t)  for the 

noise-free case (in blue)  (c) Twenty individual productions (in 

magenta) and the population mean m(t)  (in red) (d) annual mean 

increment m(t) for the noise-induced case  (e) ratio of induced 

noise to PS. 

 

3.2. Coupled Dynamics Simulating Acorn Masting 

The proximate factor is the dynamics of individual plants 

and the collective synchrony (dynamics) are due to pollen 

coupling. The synchrony is modelled as the mean field 

collective dynamics in which the coupling term is 

implemented by pollen coupling due to self-

incompatibility (Isagi et al. 1997; Satake and Iwasa 2000). 

This is so- called Isagi’s RBM, and spatial synchrony are 

demonstrated with coupled map lattice (Satake and Iwasa 

2002) and many experimental studies (e.g. Rees et al. 

2002; Crone et al. 2005; Akita et al. 2008). Coupling and 

induced common noise in collective dynamics, which 

consists of nonlinear oscillators, are the two main causes 

of acorn masting. The first corresponds to pollen coupling, 

and the second is due to Moran’s effect in the context of 

ecology.  We investigate how the combination of these two 

factors works on synchrony in the modelled collective 

dynamics. Fig. 7 demonstrates the behavior of synchrony 

by changing RC with (a) the average correlation coefficient 

  and (b) the population coefficient of variance CVP. The 

noise-free and noise-induced cases are represented by the 

blue and red lines, respectively. In RC<1.5, individual level 

synchrony is apparently observed in the both cases as their 

  are close to 1. There is significant difference in   

between the two cases when RC=1.5.  

 
Fig.6 Synchrony in the coupled dynamics 
(a) The average correlation coefficient      

(b) The population coefficient of variance CVP 

 

Fig. 7 shows the numerical results for RC=2.5. For the 

noise-free case, ‘out of phase synchrony (period 2)’ is very 

clearly illustrated with 20 samples in the green plots in Fig. 

7(a). Because of predominant ‘out of phase synchrony’, 

the fluctuation of m(t) is small.  In the noise- induced case, 

‘in-phase synchrony’ occurs with ‘out of phase synchrony’ 

as shown in Fig. 7(c) with 20 sample productions (in 

magenta) and leads to large degree of masting.  
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 Fig. 7 Numerical experiment for RC=2.5 on the coupled 

dynamics  

 (a) Twenty individual productions (in green) and the annual  

mean m(t) (in blue) (b) annual increment m(t)  for the noise-

free case (in blue)  (c) twenty individual productions (in 

magenta) and the population mean m(t)  (in red), (d) annual 

mean increment m(t) for the noise-induced case  (e) ratio of 

induced noise to PS. 

 

4. Conclusions 

Numerical experiments indicate that national market-level 

citrus alternate bearing can be modelled as a phenomenon 

of common noise induced uncoupled collective dynamics.  

Also, acorn masting can be explained with a combination 

of pollen coupling and  Moran’s effect which is modelled 

with common noise induction. In this modelling, 

synchrony at the individual level is not observed, however, 

population level synchrony is clearly observed. This is the 

most interesting new finding of this paper. The results 

clearly show that even with independent fruiting (without 

coupling) of a large enough number of trees, the total 

production will not be a constant as might be expected 

statistically, but that alternate bearing appears to be a 

reason for production fluctuation observed in the national 

market. 
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Abstract—Noise-induced synchronization is a phe-
nomenon that uncoupled nonlinear oscillators synchronize
by adding common noise. We have proposed a new syn-
chronization method using the cross-correlated natural en-
vironment data instead of a common input noise. Wire-
less devices obtain environmental data by their own sen-
sors, and input these data independently. Based on noise-
induced synchronization theory, nonlinear oscillators run-
ning in wireless devices are synchronized without any in-
teraction or communications. In our implementation, de-
vices use time average values of the environmental data as
an input noise. There is interval of noise input because
devices calculate time average of obtained data indepen-
dently. Therefore, the timing of inputting noise is different
among devices. In this paper, we propose a novel data input
method, that adjusts data input interval to achieve synchro-
nization of timing of input between devices. We use time
series of Rössler system as input data in our numerical sim-
ulation. Our proposed scheme minimize different of input
timing among two FitzHugh-Nagumo oscillators by adding
time series of Rössler system at some specific phases.

1. Introduction

There are many researches about a phenomenon of
synchronization between nonlinear oscillators with exter-
nal force, such as periodic injection, noise injection and
so on. As one of those phenomena, there is the phe-
nomenon that uncoupled nonlinear oscillators are synchro-
nized by common noise, which is called noise-induced
synchronization[1, 2]. In the previous studies, some types
of noises, such as white Gaussian noise and so on, are used
for the input of noise-induced synchronization. On this
phenomenon, it is not necessary that the inputs of noise-
induced synchronization are perfectly common. We apply
this phenomenon to synchronization of wireless devices.

We have already investigated the feasibility of our pro-
posed synchronization scheme that uses natural environ-
mental fluctuation, such as temperature, environmental
sound, electromagnetic wave and so on, and propose novel
natural synchronization scheme[3, 4, 5]. Environmen-
tal fluctuations are similar to each other in neighboring
area[3, 4, 5], and we use these fluctuations as cross-
correlated input noise to achieve synchronization between
oscillators running on neighboring wireless devices. Based
on noise-induced synchronization theory, if each devices

actuate according to some timing of phases of the oscilla-
tor running on their own, the actuation of these devices will
be synchronized.

Previously, we have investigated feasibility of our pro-
posed natural synchronization scheme using various types
of natural environmental fluctuations. And, we have al-
ready shown feasibility of the natural synchronization
scheme by real implementation using temperature data,
natural environmental sound and so on[3, 4, 5].

In this paper, we study a perfect synchronization method
of our proposed natural synchronization scheme. In our
proposed natural synchronization scheme, every wireless
device have their own sensors to obtain the natural envi-
ronmental data. To avoid the effect of measurement errors,
time average of sampling data is used for the input noise
of noise-induced synchronization, which are intermittently
input to the oscillators. However, the noise input timing are
not synchronized among the devices.

In this paper, we propose a method that is able to syn-
chronize noise input timing. Time average value of natural
environmental data is used as input noise in our synchro-
nization scheme. Therefore, if the timing of input is dif-
ferent among devices, cross-correlation coefficients among
input noise of each device differ from other devices. We
propose new method to adjust the input timing. Time av-
eraged environmental data is input at the timing of specific
phases of oscillator in the devices. If the synchronization of
phase of oscillators is achieved, the input timing also syn-
chronize. To investigate the feasibility of this new method,
we introduce the input sequence of deterministic process
assuming natural environmental fluctuation. We evaluate
the phase difference of oscillators adding these correlated
noise sequences by the our new approach.

2. Synchronization of uncoupled nonlinear oscillators
by natural environmental noises

Our proposed synchronization scheme can make wire-
less devices synchronized by using environmental fluctua-
tion. As the environmental fluctuation, we obtain the cir-
cumference environmental data, such as temperature data,
environmental sound data, electromagnetic wave and so
on, by sensors, such as heat indicator, microphone, and
so on. Our scheme is based on the phenomenon that un-
coupled nonlinear oscillators are synchronized by adding
common noise sequence or periodic sequence. Oscillators
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can achieve synchronization autonomously even if there is
not any interaction or communication between them[1, 2].
These oscillators also synchronize even though environ-
mental data is used as input noise to them[3, 4, 5]. In
our proposed natural synchronization scheme, nonlinear
oscillators synchronize by natural environmental data, we
achieve perfect synchronization between wireless devices
according to the phase of their own phase synchronized os-
cillators.

Figure 1: Schematic image of our proposed natural syn-
chronization scheme.

3. Our proposed synchronization scheme using natural
environmental noises

Figure 1 shows the schematic image of our proposed
scheme. In our proposed synchronization scheme, we use
wireless devices which have their own sensors. They obtain
environmental data by their own sensor and calculate time
average of obtained data, and input these data to their own
oscillator running independently. Based on noise-induced
synchronization, these oscillators are synchronized inde-
pendently. Therefore, if each device actuate according to
the phase of their own oscillator, the timing of actuation is
synchronized, that means wireless devices which use our
proposed synchronization scheme can achieve time syn-
chronization. In this case, these devices use only circum-
ference environmental fluctuation without any interactions
or communications. For the instance, if this time synchro-
nization apply to the communication, it is able to achieve
intermittent communication. In the intermittent communi-
cation, it is necessary to boot the communication function
of wireless devices simultaneously to communicate each
other. By applying our proposed synchronization scheme
to such communication method, we achieve most efficient
power saving.

We have already shown that the limit cycle oscillators
can be synchronized by using real natural noises, such
as the temperature, humidity, environmental sound and
electro-magnetic wave [3, 4, 5]. We have implemented
this proposed scheme on the wireless sensor network de-
vices, and show the feasibility of the proposal on real un-
connected devices [5]. We have also implemented the pro-
posed synchronization scheme using several PCs equipped
with microphones. Each PC in neighboring area obtains the

environmental sound independently and inputs the sound
to running nonlinear oscillator. The oscillators on the PC
could be synchronized without any interactions between
them [4].

In our proposed method, devices calculate time average
to avoid the effect of measurement error, and the timing of
calculation and input is different among the devices. Ob-
tained natural environmental fluctuation is similar to each
other in neighboring area at the same time. However, if the
time of calculating time average of environmental fluctu-
ation is different among devices, cross-correlation of these
time averaged value of environmental fluctuation should be
low. Therefore, it is necessary to synchronize not only the
phase of oscillators but also the input timing of noise.

Figure 2: The image of time average and gap of calculation
interval.

4. Interval of input timing in proposed time synchro-
nization method

Nonlinear oscillator Xi with adding noises is expressed
by following equation.

Ẋi(t) = F(Xi(t)) + αYi(t) + ϵξi(t). (1)

Where, α means amplitude of input, Yi(t) means environ-
mental data. ϵ，ξi are amplitude of error noise and mea-
surement error.

Di(t) is the discrete sensing data obtaining by device i.
Time average D̄i(t) is expressed like,

D̄1(T1(s1)) =

1
n(T1(s1 + 1)) − n(T1(s1))

n(T1(s1+1))−n(T1(s1))∑
k=n(T1(s1)+1)

D1(k),(2)

D̄2(T2(s2)) =

1
n(T2(s2 + 1)) − n(T2(s2))

n(T2(s2+1))−n(T2(s2))∑
k=n(T2(s2)+1)

D2(k).(3)
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where Ti(si) means discrete time n(Ti(si)) means number
of data obtained at device i by the time Ti(si). Difference
of input timing of device 1 and device 2 is expressed as
γ = |T1(s1) − T2(s2)|, input interval is expressed as ∆T =
Ti(si + 1) − Ti(si).

The average of all sensing data
∑n(Ti(si+1))−n(Ti(si))

k=n(Ti(si)+1) Di(k)
obtained within the time interval ∆T is time average value
D̄i(Ti(si)). Time difference of input timing between devices
is γ.

Figure 3: the image of proposed method that input noise
to oscillator at specific phase (example of inputting 4 times
per cycle).

5. Proposed method to adjust the gap of input timing

In this paper, we propose new method that adjust the
initial gap of input timing to achieve perfect synchroniza-
tion. Figure 3 shows the image of proposed input method.
Sensing data Di(k) is saved on the memory of the de-
vice by the timing Ti(si). Devices calculate time average
D̄i(Ti(si)) by the equation (2) at input timing Ti(si). There-
fore, they input time average value to their own oscillator
as Y(t) = D̄i(Ti(si)), and sample the sensing data by the
time Ti(si + 1). Devices run this loop.

In the new input method, we input time average at some
specific phases. After achieving synchronization of phase
of oscillator, the input timing of devices should be synchro-
nized. We investigate feasibility of new input method by
numerical simulation.

In this paper, we use two FitzHugh-Nagumo oscillators
X1 and X2 as nonlinear oscillator. FitzHugh-Nagumo os-
cillator is expressed by following equation.

v̇(t) = v − v3/3 − u + I (4)
u̇(t) = ε(v + a − bu) (5)

The parameters of the oscillator is set to ε = 0.08，a = 0.7，
b = 0.8，I = 0.4. And we also use Rössler system which
have deterministic chaos fluctuation as input noise. Rössler
system is written like following equation.

ẋ(t) = −wy − z (6)
ẏ(t) = wz + ay (7)
ż(t) = b + z(x − c) (8)
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Figure 4: Time series of phase difference between oscilla-
tors without noise.
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Figure 5: Time series of difference between the input tim-
ing of oscillators without noise input.

We set parameters as w = 0.97，a = 0.15，b = 0.4，c =
8.5. In this paper, we use x value of Rössler system as the
input Yi(t) of equation (1). We input Yi(t) to the u value
of FitzHugh-Nagumo oscillator X1 and X2. We investigate
the phase difference and time difference of input timing.

Figure 4 shows the phase difference between two
FitzHugh-Nagumo oscillators with inputting sequences of
Rössler system. In this case, we input the sequences at the
phases of {0, 0.13π, 0.25π, 0.51π, 0.75π, π, 1.254π, 1.63π}.
Input amplitude is set α = 0.4. From the time series of
Figure 4, we can find that phase difference is gradually re-
duced, and achieve synchronization finally. Figure 5 shows
the time series of time difference γ of input timing. We
can find that time difference between the input timing of
devices is gradually reduced.

We also investigate about the situation that there
are measurement errors. In this paper, we use
Rössler system as the natural environmental fluctua-
tion Yi(t) and white Gaussian noise as the measure-
ment error ξi(t). The inputting phases are set to
{0, 0.13π, 0.25π, 0.51π, 0.75π, π, 1.254π, 1.63π}. Figure 6
shows the time series of phase difference between oscil-
lators. We set the amplitude of Rössler system to α = 0.4
and the amplitude of white Gaussian noise to ϵ = 2.0. From
the Figure 6, we can find that phase difference is gradually
reduced, and finally achieve synchronization. It shows that
oscillators can synchronize by inputting of Rössler system
even if there is white Gaussian noise. Figure 7 shows time
series of time difference of input timing between oscilla-
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Figure 6: Time series of phase difference between oscil-
lators with noise (with applying proposed method of this
paper).
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Figure 7: Time series of difference between the input tim-
ing of oscillators with noise input(with applying proposed
method of this paper).

tors. From the Figure 7, we can find that time difference
between the input timing of devices is gradually reduced.
Figures 8 and 9 shows the result without our proposed in-
put method. The parameters and initial values are same as
the case of using our proposed method. From the Figure
8, oscillators can achieve phase synchronization even if we
don’t use our proposed input method. However, time series
of Figure 9 have constant value, that means the timing of
input is not synchronized. From these results, FitzHugh-
Nagumo oscillators can achieve perfect synchronization
even when there are some errors in input sequences.

6. Conclusion

In our proposed natural synchronization scheme, we use
natural environmental data as the input sequence, and oscil-
lators synchronize based on noise-induced synchronization
theory. To avoid the effect of measurement errors, time av-
erage of sampling data is used for the input sequences of
our method. In this paper, we have proposed the method
that is able to synchronize calculation timing of time aver-
age.

We have used two FitzHugh-Nagumo oscillators as the
nonlinear oscillator with adding the sequences of Rössler
system, and the input timing of these oscillator is differ-
ent. These two oscillators have been run in the situation
with errors and without errors by the simulation. We have

 0

 50

 100

 150

 200

 250

 300

 350

 0  20000  40000  60000

P
h
a
s
e
 
d
i
f
f
e
r
e
n
c
e

Time

Figure 8: Time series of phase difference between oscilla-
tors with noise (without applying proposed method of this
paper).
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Figure 9: Time series of difference between the input tim-
ing of oscillators with noise input(without applying pro-
posed method of this paper).

shown that the synchronization of phase and input timing
are able to achieve even when there are some errors in input
sequences.

As the future work, we study about the situation when
other deterministic system is used as input sequences, and
we will show the most efficient input sequence to achieve
synchronization between wireless digital devices.
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Abstract—Coupled electron wave guide can be used as
a frequency discriminator in the receiver part of a terahertz-
band frequency shift keying communication system. How-
ever, failure of the discriminator arises because of quantum
uncertainty. In this study, we examine the error reduction
by direct sequence spread spectrum technique. We have
created a mathematical model of the frequency discrimina-
tor based on stochastic quantization for quantum mechan-
ical systems. By using the model, we confirmed that the
data transmission error decreased with the spreading code
length.

1. Introduction

Communication and sensing using terahertz (THz) fre-
quency band has been researched. Recently, photo-
electronic devices converting terahertz photons to single-
electron streams have been built by using semiconductor
quantum wells or carbon nano tubes [1, 2]. Such electro-
magnetic wave detectors will contribute to increasing per-
formance of the communication and sensing systems.

Coupled electron wave guides (CEWG) can separate
electrons by the difference in momenta [3]. If the ki-
netic energy of the outputted photoelectrons from the tera-
hertz wave detectors is proportional to the frequency of the
waves, the CEWG can be applied as frequency discrimi-
nators. Single-electron tunneling (SET) circuits processing
streams of single-electrons have been developed. They in-
clude many static and dynamic functions useful for signal
processing [4, 5]. Then, a very small and low power re-
ceiver for terahertz frequency shift keying (FSK) commu-
nication can be built of the detector, the CEWG, and the
SET bit-stream processing circuit, as shown in Fig. 1.

For the devices and the circuits in the receiver, functional
error which is due to quantum uncertainty or quantum noise
is concerned. In this paper, we will present a procedure of
quantitatively estimating the error of the CEWG frequency
discriminator. We then will attempt to reduce the commu-
nication error caused by the discrimination error. Direct se-
quence spread spectrum (DSSS) technique [6] will be em-
ployed for the error reduction.

The behavior of electrons in the detector and the dis-
criminator is described by the evolution of the wave func-

Data FSK
modulator

ω1 / ω2

Quantum
detector

CEWG
frequency

discriminator
SET decoderData

Single-electron
stream   p1 / p2

Discriminated
electrons

Figure 1: Terahertz communication system using quantum
effect devices.

Data
FSK

modulator
ω1 / ω2

Quantum
detector

CEWG
frequency

discriminator
Data

Single-electron
stream   p1 / p2

Discriminated
electrons

Spectrum
spreading
(coding)

SET spectrum
depreading
(decoding)

Figure 2: Spread-spectrum FSK communication system us-
ing CEWG discriminator.

tion, that is, the solution of the Shrödinger equation. On
the other hand, the electrons in the SET circuits are de-
scribed as probabilistic particles in the circuit simulator [7].
It is necessary to obtain sample states of probabilistically
behaving electrons from the wave function at the output
terminals of the discriminator for the future simulation of
whole the receiver. Stochastic quantization [8] is useful to
obtain the samples. In this paper, we will employ it for the
procedure of estimating the discrimination error. The error
caused only by the quantization noise is evaluated. Errors
caused by channel noise are not considered in this paper.

2. Spread-spectrum FSK system using CEWG

Figure 2 shows a spread spectrum FSK communica-
tion system using the CEWG discriminator. Serial binary
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Figure 3: Potential structure of the CEWG discriminator.

data sequence is multiplied by a spreading sequence. The
spread spectrum binary sequence is binary FSK modulated.
The modulated terahertz signal switches its frequency be-
tween ω1 and ω2. The photoelectronic detector at the re-
ceiver outputs a photoelectron of momentum p1 / p2 if the
frequency of the received terahertz signal is ω1 / ω2. The
CEWG discriminator leads the photoelectron of momen-
tum p1 / p2 to its left / right output. The SET circuit receiv-
ing the photoelectrons from the two outputs reconstructs a
spread spectrum binary sequence and despreads it to obtain
the transmitted data.

3. CEWG discriminator

3.1. Structure

The CEWG discriminator is a quantum potential system.
Figure 3 shows the potential structure. Photo-electrons
from the detector enter into the discriminator. The entrance
is defined as an interval given by 0 < x ≤ L + L0/2, y = 0.
The left and the right outputs are defined as intervals given
by 0 < x ≤ L + L0/2, y = l and L + L0/2 < x ≤ 2L + L0, y =
l, respectively. The potential height is given by

V(x, y) =


V1 if x ≤ 0 or 2L + L0 < x (I, V),
V2 if L ≤ x ≤ L + L0 (III),
0 Otherwise, (II, IV)

(1)

Potential V(x, y) is independent of the y-coordinate.

3.2. Wave function expression

The state of a photoelectron in the CEWG discriminator
is described by the Shrödinger equation,

i~
∂

∂t
Ψ(x, y, t) =

[
− ~

2

2m
∇2 + V(x, y)

]
Ψ(x, y, t) (2)

where m is the electron mass and ~ is the Plank constant
divided by 2π. Since V(x, y) = V(x) + V(y) and V(y) = 0,
the wave function can be the following product:

Ψ(x, y, t) = ψx(x, t)ψy(y, t) (3)

Then, Eq. (2) separates into the following two equations:

i~
∂

∂t
ψx(x, t) =

[
− ~

2

2m
∂2

∂x2 + V(x)
]
ψx(x, t) (4)

i~
∂

∂t
ψy(y, t) = − ~

2

2m
∂2

∂y2ψy(y, t) (5)

We express the eigen wave function of Eq. (4) for dis-
cretized eigen energy En by ψx(x, t) = φn(x)Tx,n(t). In each
region s (∈ {I, II, · · ·, V}) of the discriminator shown in Fig.
3, φn(x) is given by

φs
n(x) = As

n exp(−iαs
nx) + Bs

n exp(iαs
nx) (6)

αs
n =



√
2m (En − V1)
~

if s ∈ {I,V}
√

2m (En − V2)
~

if s ∈ {III}
√

2mEn

~
if s ∈ {II, IV}

(7)

Tx,n(t) is a periodic function given by

Tx,n(t) = exp(− i
~

Ent) (8)

Setting boundary conditions including the conditions that
φn(x) and its derivative are continuous at the boundaries
between regions s and s+ 1, we determine En, As

n, and, Bs
n.

Then, φn(x) is computed [9, 10]. When initial distribution
φ0(x) of the wave function is given, ψx(x, t) is obtained by

ψx(x, t) =
Nmax∑
n=1

cnφn(x)Tx,n(t), cn =

∫
φ0(x)φn(x)dx (9)

where Nmax is the number of the possible states that an elec-
tron in the CEWG can take.

We express the wave function of Eq. (5) by ψy(y, py, t) =
φ(y, py)Ty(t) depending on the y-directional momentum py.
Functions φ(y, py) and Ty(t) are given by

φ(y, py) = exp(i
py

~
y) (10)

Ty(t) = exp(− i
~

E(py)t), E(py) =
p2

y

2m
(11)

When initial distribution φ0(py) of the y-directional mo-
mentum is given, the wave function can be obtained by

ψy(y, t) =
∫ +∞

−∞
φ0(py)ψy(y, py, t)dpy (12)

3.3. Probabilistic particle expression

A stochastic quantization theory presented in [8] states
that a classical probabilistic particle whose motion is gov-
erned by the Langevin equation,

dx
dt
= b(x, t) +

~

2m
Γ(t), (13)

Γ(t) : Gaussian white noise,
〈Γ(t1)Γ(t2)〉 = δ(t1 − t2)
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has the same probability distribution |ψ(x, t)|2 as a quantum
system with wave function ψ(x, t) if

b(x, t) = ℜ[χ(x, t)] + ℑ[χ(x, t)], χ(x, t) ≡ ~
m
∂

∂x
lnψ(x, t)

(14)
Sample two-dimensional trajectories of electrons in the dis-
criminator are computed by applying the theory to system
(4) for x-direction and to system (5) for y-direction.

4. Numerical experiments

This section presents a computation to estimate the rate
of the discrimination error that CEWG causes because of
the quantization noise. A possibility of DSSS to reduce the
communication error caused by the discrimination error is
also presented.

In this section, the following units are adopted: The
Planck constant ~ is normalized to 1.0. The energy of a
photon of frequency ωp = 2π×10THz is also normalized
to 1.0. Thus, unit of energy (kinetic energy of electrons
and potential energy) is ~ωp, which is approximately 10−20

Joule or 0.04 eV. Because of the energy normalization, unit
time corresponds to 0.1psec. We also normalize electron
mass m to 1.0 and the velocity of electron with kinetic en-
ergy ~ωp to 1.0. Then, unit velocity and unit length corre-
spond respectively to 105m/sec and 10nm.

4.1. Method and conditions

The parameters of the discriminator are as follows: L
= 3, L0 = 0.1, l = 52, V1 = 10, V2 = 5. Initial distribution
φ0(x) of x-directional location is given by the Gaussian dis-
tribution,

φ0(x) =
1

(2πσ2
x)

1
4

exp
(
− (x − x0)2

4σ2
x

)
(15)

with expectation x0 = 2, variance σ2
x = 0.09. Initial dis-

tribution φ0(py) of y-directional momentum is given by the
Gaussian distribution,

φ0(py) =
1

(2πσ2
y)

1
4

exp
− (py − p0)2

4σ2
y

 (16)

with expectation p0 = 2 or 4, variance σ2
y = 2.0. The ex-

pectation is the average momentum of the photoelectrons
outputted from the detector receiving terahertz waves of
frequency ω1 or ω2.

We compute the trajectories of electrons in the CEWG
discriminator by using the stochastic quantization in Sec-
tion 3.3. Figure 4 shows 15 samples of the trajectories. We
judge that the CEWG discriminator causes an error when
a photoelectron with p0 = 2 gets out of the right output
terminal or a photoelectron with p0 = 4 does from the left
terminal of the discriminator .

The length of the spreading codes of chip sequence
{c(n)}, c(n) ∈ {+1,−1}, n = 0, · · ·, N−1, which are expected
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Figure 4: Sample trajectories of electrons in the CEWG
discriminator.

to reduce communication error, is N = 5, 9, or 15. Let
{dm}, dm ∈ {+1,−1}, denote a data symbol sequence gen-
erated randomly. The expectation of the initial momentum
p0 determined to be 2 / 4 when the level of the spread se-
quence is dmc(n) = +1 / −1. Let sequence of left / right out-
puts from which the photoelectrons go out be represented
by sequence {cd(n)}, cd(n) ∈ {+1,−1}. The data symbol is
estimated by taking cross-correlation between {cd(n)} and
{c(n)}.

4.2. Results

Table 1 shows discrimination error rate of the CEWG,
the bit error rates when N = 1 and when spread spectrum
is applied, i.e., N = 5, 9, and 15. The numerically esti-
mated error rates are computed by the stochastic quanti-
zation. Since the structure of the CEWG discriminator is
simple, the theoretical error rates are estimated by the fol-
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Table 1: Bit error rate.

Code length (N)
Error rate          

Theory         Numerical Expr.

1

5

9

13

1.1 x 10-1

1.2 x 10-2

1.6 x 10-3

8.0 x 10-5

1.6 x 10-1

1.5 x 10-2

3.0 x 10-3

3.9 x 10-4

lowing integration of the wave function of Eq. (2):∫ ∞

0

∫ L2

L1

∫ ∞

0
|Ψ(x, y, t)|2δ(y − l)dydxdt (17)

where (L1, L2) = (0, L+ L0/2) if p0 = 4 and (L+ L0/2, 2L+
L0) if p0 = 2. It seems that much large number of trajecto-
ries are necessary to get numerically estimated error rates
close to the theoretically estimated error rates.

5. Conclusions

We have presented that CEWG have the capability to
function as a discriminator for terahertz FSK communica-
tion and that DSSS technique is effective to reduce com-
munication error caused by quantum noise. The stochastic
quantization is useful when it is difficult to generate sample
states of electrons according to the probability distribution,
the square of wave function, at the outputs of the CEWG
discriminator. Our future works include the optimization
of the CEWG structure and building a model of whole the
receiver for communication error estimation.
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Abstract—Electron wave lens effect can be applied as
a function of frequency discrimination in multi-frequency-
shift keying terahertz communication systems. Since this
lens effect is a quantum mechanical phenomenon, quan-
tum noise causes the discriminator errors. This study ex-
amines error reduction by frequency hopping spread spec-
trum (FHSS) technique. We made a mathematical model
of the frequency discriminator based on stochastic quan-
tization for quantum mechanical systems. We confirmed
error reduction effect of FHSS by numerical experiments
using the model.

1. Introduction

A receiver built of a quantum terahertz detector, two
electron wave guides coupled to each other, and single-
electron tunneling (SET) bit-stream circuits has been pro-
posed for two-level frequency shift keying terahertz com-
munication [1]. In this paper, we will attempt to extend the
receiver for multi-frequency-shift keying (m-FSK) com-
munication. It is not always a easy task to extend the cou-
pled electron wave guides that function as a frequency dis-
criminator so that they can be applied to m-FSK receiver.
Electron wave lenses (EWL) can separate electrons into
more than two groups by the difference in their momenta
[2]. Then, we will employ EWL as a frequency discrim-
inator of an m-FSK receiver. Figure 1 shows an m-FSK
communication system built of the terahertz wave detector,
the EWL, and the SET bit-stream processing circuit.

For the devices and the circuits in the receiver, functional
error which is due to quantum uncertainty or quantum noise
is concerned. In this paper, we will present a procedure of
quantitatively estimating the error of the EWL frequency
discriminator. We then will attempt to reduce the com-
munication error caused by the discrimination error. Fre-
quency hopping spread spectrum (FHSS) technique will be
employed for the error reduction.

The electrons in the detector and the discriminator are
described by the wave functions of the Shrödinger equa-
tions. On the other hand, electrons in the SET circuits are
described as probabilistic particles in their circuit simulator
[3]. It is necessary to obtain sample states of probabilisti-
cally behaving electrons from the wave function at the out-
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ω1 / ... / ω2N

Quantum
detector

EWL
frequency

discriminator
Data

Single-electron stream
 p1 / ... / p2N

Discriminated
electrons

Symbol
mapper

SET
inverse
mapper

Symbols
 s1 / ... / s2N

Figure 1: Terahertz communication system using quantum
effect devices.

put terminals of the discriminator for the future simulation
of whole the receiver. Stochastic quantization [4] is useful
to obtain the samples. In this paper, we will employ it for
the procedure of estimating the discrimination error.

2. M-FSK spread-spectrum system using EWL

Figure 2 shows an m-FSK spread spectrum communi-
cation system using the EWL discriminator. N-bit data is
mapped into one of sequence set S c ≡ {c1, · · · , c2N } of inte-
ger symbols belonging to set S s ≡ {s1, · · ·, sM}. The num-
bers of the elements of S c and S s are 2N and M respec-
tively. That is, (b1, · · ·, bN) → ci = (s1, · · ·, sL) ∈ S c, si ∈
S s. The length of the sequences is L. Receiving the symbol
sequence, the m-FSK modulator generates terahertz wave
of frequency ωi ∈ {ω1, · · ·, ωM} changing correspondingly
to the symbol si in the sequence. The terahertz wave de-
tector at the receiver outputs a photoelectron of momentum
p1, · · ·, pM corresponding to the frequencies. The EWL
discriminator having M outputs leads the photoelectron of
momentum pi to the i-th output, one of its M outputs. The
SET circuit receiving the photoelectrons from the M out-
puts reconstructs the symbol sequence and inversely trans-
forms it into the transmitted N-bit data. This communica-
tion system is a kind of FHSS system.
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Figure 3: Potential structure of the EWL discriminator and
the refraction of electron waves.

3. EWL discriminator

3.1. Structure

Figure 3 shows a quantum step potential which changes
its height in x-direction but is constant in y-direction. The
potential is given by

V(x) =
{

V if x ≥ 0,
0 if x < 0 (1)

The potential system functions as an electron wave lens.
When electron wave in area x < 0 propagates into area x ≥
0, its x-directional momentum decreases. Then, refraction
is observed. Let the x-directional momentum of the elec-
tron be px and p′x in areas x < 0 and x ≥ 0, respectively.
Since y-directional momentum does not change, we have
from the energy conservation low the following equation:

Ex =
p2

x

2m
=

p′2x
2m
+ V (2)

where m is the mass of an electron. Then, the relation be-
tween the expectations θ1, θ2 of the incident and refraction
angles is given by

sin θ2

sin θ1
=

√
Ex

Ex − V
(3)

3.2. Wave function expression

The state of a photoelectron in the EWL discriminator is
described by the Shrödinger equation,

i~
∂

∂t
ψ(x, y, t) =

[
− ~

2

2m
∇2 + V(x, y)

]
ψ(x, y, t) (4)

Since potential V(x, y) = V(x) + V(y), V(y) = 0, the wave
function can be the following product:

ψ(x, y, t) = ψx(x, t)ψy(y, t) (5)

Then, Eq. (4) separates into the following two equations:

i~
∂

∂t
ψx(x, t) =

[
− ~

2

2m
∂2

∂x2 + V(x)
]
ψx(x, t) (6)

i~
∂

∂t
ψy(y, t) = − ~

2

2m
∂2

∂y2ψy(y, t) (7)

We express the wave function of Eq. (6) by

ψ(x, px, t) = φ(x, px) exp(− i
~

Ex(px)t), Ex(px) =
p2

x

2m
(8)

with x-directional momentum px as a parameter. Function
φ(x, px) is the superposition of incident and reflected elec-
tron waves in area x < 0 and the transmitted wave in area x
≥ 0 [5], that is,

φx(px, x) =

 B exp(i
p′x
~

x) if x ≥ 0

exp(i
px

~
x) + A exp(−i

px

~
x) if x < 0

(9)
As we have Eq. (2), p′x does not need to be a parameter of
ψ(x, px, t). Setting boundary conditions that φ(x, px) and its
derivative are continuous at the boundary x = 0, we obtain
coefficients A and B. Let X(px) be the initial x-directional
momentum distribution. Wave function of Eq. (6) with
initial state X(px) is given by

ψx(x, t) =
1
√

2π

∫ ∞
−∞

X(px)ψ(x, px, t)dpx (10)

We may let the wave function of Eq. (7) be given by

ψ(y, py, t) = exp(i
py

~
y) exp(− i

~
Ey(py)t), Ey(py) =

p2
y

2m
(11)
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Table 1: The symbols, frequencies, momenta, refraction
angles, and output locations for the m-FSK communication
system.

14.46

15.49

17.43

22.36

            x <   62.1

  62.1 ≤ x <   86.0

  86.0 ≤ x < 102.8

102.8 ≤ x

Carrier freq.

ωi  [THz]

50º

45º

40º

35º

104.5

120.0

151.9

249.9

Momentum
pi  [(Kg.eV)1/2]

Symbol
si

Refraction
angle θ2

Outputs
x 5.29.10-11[m]

+2

+1

-1

-2

When initial y-directional momentum distribution Y(py) is
given, ψy(y, t) is obtained similarly as we get ψx(x, t) from
Eq. (10). That is, ψy(y, t) is given by

ψy(y, t) =
1
√

2π

∫ ∞
−∞

Y(py)ψ(y, py, t)dpy (12)

3.3. Probabilistic particle expression

A stochastic quantization theory presented in [4] states
that a classical probabilistic particle whose motion is gov-
erned by the Langevin equation,

dx
dt
= b(x, t) +

~

2m
Γ(t), (13)

Γ(t) : Gaussian white noise,
〈Γ(t1)Γ(t2)〉 = δ(t1 − t2)

has the same probability distribution |ψ(x, t)|2 as a quantum
system with wave function ψ(x, t) if

b(x, t) = ℜ[χ(x, t)] + ℑ[χ(x, t)], χ(x, t) ≡ ~
m
∂

∂x
lnψ(x, t)

(14)
Sample two-dimensional trajectories of electrons in the dis-
criminator are computed by applying the theory to system
(6) for x-direction and to system (7) for y-direction.

4. Numerical Experiments

This section presents a computation to estimate the rate
of the discrimination error that EWL causes because of the
quantization noise. A possibility of FHSS to reduce the
communication error caused by the discrimination error is
also presented.

4.1. Method and conditions

The communication system in this section uses (M =) 4
integer symbols and correspondingly 4 carrier frequencies.
They are shown in Tab. 1. The detector receiving electro-
magnetic waves of one of the four frequencies emits elec-
trons with one of four moment expectations. They are also

20 40 60 80 100 120-20-40-60 0

20

40

60

-20

-40

-60

80 1 2 3 4

x

y
Outputs

Figure 4: Sample trajectories of electrons in the EWL dis-
criminator.

shown in the table. The EWL discriminator has the step
potential given by Eq. (1). Its height is V = 60 [eV]. The
electron waves of the momenta are refracted at the angle
expectation shown in the table when incident angle expec-
tation is θ1 = 30◦. The four outputs of the discriminator are
then set as given in the table. The difference between sym-
bols si − s j is set large / small when the distance between
the i-th and the j-th outputs is long / short.

We compute the trajectories of electrons in the EWL dis-
criminator by using the stochastic quantization in Section
3.3. Figure 4 shows examples of the computed trajectories.
Initial momentum distributions in x and y-directions are as
follows:

X(px) =
1

(2πσ2~2)
1
4

exp
(
−i

px

~
x0 −

1
4

(px − p0,x)2

σ2~2

)
(15)

Y(py) =
1

(2πσ2~2)
1
4

exp
(
−i

py

~
y0 −

1
4

(py − p0,y)2

σ2~2

)
(16)

where x0, y0 and p0,x, p0,y are the expectations of initial
position of an electron and the expectations of its initial
momenta in x and y-directions and σ2 is the initial vari-
ance of the momenta. Momenta p0,x, p0,y are set so that the
absolute momenta and the incident angle expectation are
given as mentioned above. Variances of p0,x, p0,y are σ2~2

= 0.08. We judge that the EWL discriminator causes a sym-
bol identification error when a photoelectron with momen-
tum expectation of pi gets out of the j-th output, j , i, of
the discriminator. That is, the error rate is the conditional
probability Prob( output j | moment pi ), j , i.

The transmitter maps (N =) 2 or 3 bit data into 4 or 8
symbol sequences of length L = 1, 4, or 8. We examine 4
mapping, SM1, · · ·, SM4 shown in Tab. 2(a)-(d). Mapping
SM1 with L = 1 does not use FHSS technique. When L
= 4 or 8, the cross-correlations between the sequences are
shown in Tabs. 2. Since they are equal or smaller than 0.5,
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Table 2: Symbol sequences.

ci = (sj, sk, sl, ...)

     c1 = (-2)

     c2 = (-1)

     c3 = (+1)

     c4 = (+2)

(a) SM1

Correlation

Data

00

01

10

11

         ci = (sj, sk, sl, ...)

c1 = (+1,-1,+2,-2,-1,-2,+1,+2)

c2 = (-2,+1,+2,-1,+2,-2,-1,+1)

c3 = (+2,-2,-1,+1,+1,-1,+2,-2)

c4 = (-1,-2,+1,+2,-2,+1,+2,-1)

Data
Symbol Sequence

00

01

10

11

(c) SM3

c1        c2        c3        c4

 1      6/20   -1/20  -1/20

--         1      -9/20  -9/20

--         --        1       6/20

--         --        --         1

Correlation
ci = (sj, sk, sl, ...)

c1 = (+1,-1,+2,-2)

c2 = (-2,+1,+2,-1)

c3 = (+2,-2,-1,+1)

c4 = (-1,-2,+1,+2)

Data
Symbol Sequence

00

01

10

11

(b) SM2

c1        c2        c3        c4

 1      3/10      0     -1/10

--         1     -9/10      0

--         --        1      3/10

--         --        --        1

Correlation
Data

Symbol Sequence

000

001

010

011

100

101

110

111

(d) SM4

c1        c2        c3        c4        c5        c6        c7        c8

 1     3/10       0     -1/10   1/10   -9/10   5/10   -2/10

--         1     -9/10      0         0      1/10  -2/10    5/10

--         --        1      3/10  -3/10   -3/10   5/10   -4/10

--         --        --         1   -1/10    3/10    4/10    5/10

--         --        --        --        1     -3/10   4/10   -5/10

--         --        --        --        --         1    -5/10    5/10

--         --        --        --        --        --        1      3/10

--         --        --        --        --        --        --         1

ci = (sj, sk, sl, ...)

c1 = (+1,-1,+2,-2)

c2 = (-2,+1,+2,-1)

c3 = (+2,-2,-1,+1)

c4 = (-1,-2,+1,+2)

c5 = (+1,+2,-1,-2)

c6 = (-2,+1,-1,+2)

c7 = (+2,-1,+2,+1)

c8 = (-1,+1,+2,+2)

Symbol Sequence

Table 3: Sequence identification error rates for 4000 sym-
bols.

Sequence
length (L)

4

4

4

8

0.205

0.001

0.000

0.051

Mapping
Number of
sequences (2N) Error rate

SM1

SM2

SM3

SM4

Number of
data bits (N)

1

4

8

4

2

2

2

3

the receiver can identify the sequences by computing the
cross-correlations.

4.2. Results

We computed 4000 trajectories of photoelectrons in the
EWL discriminator by the stochastic quantization. We ob-
tained the rates of symbol identification error that the dis-
criminator caused and of sequence identification error, as
shown in Tab. 3. The sequence identification error can
be small, naturally, as we use mapping such that cross-
correlation is smaller in average.

5. Conclusions

We have presented that EWLs have the capability to
function as a discriminator for terahertz m-FSK communi-
cation and that FHSS technique is effective to reduce com-
munication error caused by quantum noise. The stochastic
quantization is useful when it is difficult to generate sample

states of electrons according to the probability distribution,
the square of wave function, at the outputs of the EWL dis-
criminator. Our future works include applying high mo-
bility graphene material to EWL, the optimization of the
EWL structure, and building a model of whole the receiver
for communication error estimation.
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Abstract—In this paper we study a facility location

problem in the form of transportation network. Based on

the cavity method developed in statistical physics, we de-

rive a message passing (MP) algorithm for solving this

problem. Moreover, we develop an MP guided decimation

strategy to facilitate convergence of the algorithm in loopy

networks. Optimal locations of facilities in tilted square lat-

tices and the corresponding scaling behaviours in different

regimes are also discussed.

1. Introduction

Optimizing the locations of facilities is crucial in com-

munication and supply networks. On one hand, a compre-

hensive coverage on a relevant region with facilities, e.g.,

outlets or sensors, is essential in supply networks or sensor

networks [1, 2]. On the other hand, maintaining high level

of coverage can be costly since extensive resources need to

be transported to destinations to satisfy the demands. It is

of great practical importance to strike a balance between

expanding network coverage and increasing transportation

cost. Traditional methods from operations research rely

on global optimizers like linear or quadratic programming,

which can be computationally demanding [3].

In our approach, we borrow the cavity method from the

studies of disordered systems by statistical physics and de-

rive a local and efficient message passing algorithm for

solving instances of the problem [4]. The cavity approach

applied to transportation network is exact on tree graphs

but an approximation in loopy graphs [5, 6]. Interestingly,

we found that a simple decimation strategy can make the

algorithm converge and yield satisfactory results. Based on

this approach, we identify the optimal facility locations and

study the behaviours of the systems in different regimes.

2. The Facility Location Model

Similar to [7], we consider a connected network of N

nodes. A node can be in active or idle state, denoted as

ni = 1, 0 respectively. An active node corresponds to an

outlet that serves the surrounding area. The commodities

are supplied from a single warehouse and need to be trans-

ported to the outlet. We denote the warehouse as a terminal

node T , and the commodity flow from node j to node i as

yi j(= −y ji) which is a continuous variable. The cost func-

tion or energy function to be minimized is

E = U
∑

i

(1 − ni) + V
∑

(i, j)

nin j +
∑

(i, j)

1

2
Ri jy

2
i j. (1)

In the first term, an idle node with the neighbourhood un-

served is penalized by a cost U. In the second term, a

short range repulsion of intensity V is introduced for ad-

jacent active nodes, which tends to spread the outlets and

enhance the coverage. This corresponds to a tendency to

avoid setting up outlets redundantly. The third term is the

transportation cost with weight Ri j analogous to resistance

in resistor networks. Such convex nonlinear transportation

cost tends to distribute flows on different routes to mitigate

congestion in supply networks [8]. To satisfy the demand

of each outlet, the variables are subject to the flow conser-

vation constraints
∑

j∈∂i yi j = ni for i , T where ∂i is the

set of nodes adjacent to node i.

It is interesting to study the behaviours of the systems

which balance the objectives of saving transportation costs

and increasing network coverage.

3. Message Passing Algorithm

In this section, we apply the cavity method to tackle the

problem. For latter convenience, let di = |∂i| be the degree

of node i and define fi j(yi j, ni, n j) = 1/2Ri jy
2
i j
+ Vnin j +

U(1−ni)/di+U(1−n j)/d j, based on which one can rewrite

the cost function in Eq. (1) as

E =
∑

(i, j)

fi j(yi j, ni, n j), (2)

Consider a node j and one of its neighbours node i as the

ancestor. Denote the set of nodes adjacent to node j exclud-

ing node i, or the descendants of node j, as ∂ j\i. We write

the summation over descendants
∑

k∈∂ j\i as
∑′

k. Based on

the tree approximation of the graph, breaking the edge (i, j)

will result in two sub-trees that are locally independent of

each other, which is a good approximation in the absence

of short loops. The cavity energy, i.e., the optimal energy

2015 International Symposium on Nonlinear Theory and its Applications
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Descendants of
node j, ∂j\i

Ancestor of
node j

j

nj

k

nk

i

Ek→j(yjk, nj, n
∗
k)

Ej→i(yij, ni, nj)

yjk

yij

Figure 1: An illustrative diagram for Eq. (3). The cavity

energy E j→i(yi j, ni, n j) is obtained by collecting and opti-

mizing the cavity energies of the descendants of node j.

of the sub-tree terminated at node j is,

E j→i(yi j, ni, n j) = min
{y jk |
∑′

k y jk=n j+yi j}

{
∑′

k

Ek→ j(y jk, n j, n
∗
k)
}

+ fi j(yi j, ni, n j), (3)

where the optimal value n∗
k
of nk was found in the update

of node k. An illustrative diagram is shown in Fig. 1. The

cavity energy E j→i(yi j, ni, n j) depends on the cavity ener-

gies of the descendants of node i, which indicates that a re-

cursion process to determine the energy of all the sub-trees

is needed.

As in [5], we approximate the cavity energy up to second

order in yi j and express it in the following quadratic form

[6]

E j→i(yi j, ni, n j) =
1

2
ai j(yi j − ỹi j)

2 + di j. (4)

We refer to ỹi j as the preferred cavity flow of edge (i, j),

which is favoured by the cavity energy E j→i. We term ai j
as the cavity resistance of the sub-tree terminated at node i

whose meaning will be clear in the following expressions.

By solving the cavity energy E j→i in Eq. (3) and express-

ing it in the form of Eq. (4), we can identify the messages

as follows,

ai j = Ri j +
1

∑′
k a
−1
jk

, (5)

ỹi j(n j) =
−n j +

∑′
k ỹ jk

1 + Ri j

∑′
k a
−1
jk

, (6)

di j(ni, n j) =
(−n j +

∑′
k ỹ jk)

2Ri j

2(1 + Ri j

∑′
k a
−1
jk
)
+
∑′

k

d jk(n j, n
∗
k)

+ Vnin j +
U

di
(1 − ni) +

U

d j

(1 − n j). (7)

It is interesting to draw an analogy between the cavity

resistance ai j of the sub-tree and the connections of electric

circuit. One first connects the cavity resistors of the de-

scendants of node j in parallel, yielding the parallel resis-

tance (
∑′

k a
−1
jk
)−1, and further connects it to edge (i, j) with

resistance Ri j in series, which gives the cavity resistance

of the sub-tree as expressed in Eq. (5). Once the network

structure is given, all the cavity resistances are determined

without knowing the state of nodes.

From Eq. (6), the preferred cavity flows of edge (i, j)

is obtained by first collecting the upstream preferred cavity

flows ỹ jk, subtracting the resource absorbed in node i of

amount ni, which is then re-weighted by a factor smaller

than one, i.e., (1+Ri j

∑′
k a
−1
jk
)−1. The re-weighting factor is

due to addition of a new edge of resistance Ri j such that the

new sub-tree favours a smaller cavity flow on edge (i, j).

The iterative updates of yi j and di j depend on the choices

of states of the nodes.

The updates of the state of node n j and the corresponding

messages are determined byminimizing the full energy, de-

fined by joining the cavity energies of the two disconnected

sub-trees and subtracting the double-counted energy fi j,

Efull
i j (yi j, ni, n j) = E j→i(yi j, ni, n j) + Ei→ j(−yi j, ni, n j)

− fi j(yi j, ni, n j). (8)

We then find out the optimal flow y∗
i j
and the optimal

state of node n j at the current step by

y∗i j(ni, n j) = argmin
yi j

Efull
i j (yi, j, ni, n j) =

ai jỹi j − a jiỹ ji

ai j + a ji − Ri j

, (9)

n∗j = argmin
n j

Efull
i j (y∗i, j, ni, n j). (10)

Special considerations are needed for the messages from

terminal nodes and dangling nodes, which we omit here.

The resulting message passing algorithm is summarized in

Algorithm 1.

Initialize the messages and states of nodes;

for t = 1 to tmax do

• Randomly pick a node j and one of its neighbours

node i as the ancestor;

• Collect the messages a jk, ỹ jk and d jk for k ∈ ∂ j\i,

and compute ai j, ỹi j, di j by Eq. (5)-(7);

• Compute y∗
i j
and n∗

j
by Eq. (9)-(10); update the

messages of E j→i as ai j, ỹi j(n
∗
j
), di j(ni, n

∗
j
); update

the state of node j as n∗
j
;

• If the messages converge, exit and output results of

all y∗
i j
and n∗

i
.

end

Algorithm 1: The Message Passing Algorithm

4. Results on Tilted Square Lattices

In this section, we use the above message passing algo-

rithm to identify the optimal facility locations on a tilted

square lattice constructed layer by layer starting from the

terminal node. We assume Ri j = 1 for all edges.
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Figure 2: The active frequencies of nodes in the 7-layer

tilted square lattice during the message passing process

with U = 40,V = 2. The central triangular node is the

terminal node.

(a) (b)

Figure 3: Optimal state with (a)U = 40, V = 2, (b)U = 20,

V = 0.8. Results are obtained by MP guided decimation.

Red nodes are active, and white nodes are idle. The width

of an edge indicates the flow intensity.

4.1. MP Guided Decimation

Due to the presence of numerous short loops, the algo-

rithm fails to converge in some regimes. We found that

the non-convergence instances are usually associated with

degenerate ground states or multiple local minima, from

which conflicting messages are sent along different routes

and confuse certain states of nodes.

For simplicity, we consider a 7-layer lattice with U =

40,V = 2. We show in Fig. 2 the relative frequency of oc-

currence of active state of each node i during the message

passing process. In Fig. 2, most of the nodes have a relative

frequency close to either 1 or 0, i.e., they are certain about

their states, except that there are eight nodes with interme-

diate relative frequencies on the 4th layer. In fact, only one

of the eight nodes will be active in the ground state (see Fig.

3(a)), but the algorithm could not fix a single active node

since the eight nodes are symmetric. Similar behaviours

also appear in other non-convergent regimes.

Based on this observation, we propose to fix the state of

oscillating nodes one by one heuristically according to their

relative frequencies, reminiscent of belief/survey propaga-

tion guided decimation [9]. Our MP guided decimation
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Figure 4: Upper panel : the ground state degeneracy of

a 7-layer lattice as a function of V for U = 40. Lower

panel: the convergence ratio of the MP algorithm without

decimation from 100 trials.

strategy is summarized as follows,

1. Initialize the messages and states of nodes;

2. Run message passing iterations for t times;

3. If theMP iterations in Step 2 converge, exit and output

y∗
i j
, n∗

i
; otherwise, go to Step 4;

4. Find the set of oscillating nodes, pick the most polar-

ized one and fix its state;

5. Repeat Step 2 to 4 until the system converges.

Remarkably, after such decimation process, the MP

algorithm always converges despite the numerous short

loops. With the help of this strategy, we are able to iden-

tify the optimal states and reveal the ground state symme-

try. We then verify in Fig. 4 that the non-convergence of

the original MP algorithm (Algorithm 1) is associated with

degenerate ground states, indicating a direct connection

between the algorithmic behaviours and the energy land-

scape. Local minima other than degenerate ground states

could also hamper algorithm convergence similarly. We re-

mark that our algorithm also works well in random graphs.

4.2. Optimal States

By applying the MP algorithm with decimation, we fur-

ther examine the optimal facility location in square lattices.

In the asymptotic limit of large U but small V , the system

favours an all active state, similar to the ferromagnetic state

in spin system; while in the limit of large U and V with

V/U ≫ 1, the system exhibits alternative active-idle pat-

tern, which corresponds to the anti-ferromagnetic state [7].

In the intermediate regime, the system exhibits interesting

ground state patterns.

In the two instances shown in Fig. 3, an active magne-

tized domain and an outer anti-ferromagnetic band coexist

in the ground states. Physically speaking, the systems set

up facilities extensively near the warehouse but only partly

far away from the warehouse in order to save supply cost

while still maintain comprehensive coverage.
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Figure 5: (a) The fraction of active node fa as a function of

Ũ = U/(N lnN) for Ṽ = 0. (b) The fractions fa−a, fa−i, fi−i
as a function of normalized Manhattan distance d/L from

the terminal node with Ũ = 0.2322, Ṽ = 0.0004644.

A continuous approximation shows that the transporta-

tion cost scales as N2 lnN in leading order in two dimen-

sion, which suggests a universal behavior as a function of

the rescaled parameters Ũ = U/(N lnN), Ṽ = V/(N lnN)

[7]. The presence of lnN in the rescaling factor is ubiq-

uitous in two dimensional systems. In Fig. 5a, we show

the fraction of active node fa versus Ũ for Ṽ = 0. Af-

ter the rescaling, fa for different N tends to collapse into

a universal function. In Fig. 5b, we plot fa−a, fa−i, fi−i,

the fraction of edges connecting two active nodes, one ac-

tive and one idle node, two idle nodes respectively, as a

function of their normalized Manhattan distance from the

terminal node with fixed Ũ = 0.2322, Ṽ = 0.0004644. In

this case, the system admits a mixed phase with the coexis-

tence of an active core, an anti-ferromagnetic band and an

outer idle area which looks like Fig. 3b. The data collapse

in Fig. 5b indicates the optimal states of different system

sizes behave similarly at the same Ũ and Ṽ .

5. Conclusion

We have derived a local message passing algorithm to

identify the optimal locations of facilities in networks. A

heuristic decimation strategy turns out to be effective to fix

the convergence problem and allows us to apply the MP

algorithm in loopy networks. In square lattices, it is ob-

served that an active core and an anti-ferromagnetic domain

can coexist to balance coverage and the transportation cost.

We further verify that two-dimensional systems of different

sizes behave similarly after applying the rescaling factors

of N lnN.
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