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Abstract—This paper proposes a nonlinear dynamical
model of electricity and heat supply in a simple two-sites
system. Each site includes a CHP (Combined Heat and
Power) plant with gas turbine-generator, and the two sites
are coupled via a power transmission line and a steam pipe.
The developed model represents short-term (zero to ten
seconds) and mid-term (several tens of seconds) dynam-
ics occurring in the system that are crucial for its operation
with a specification of supply stability. A numerical simu-
lation of the model is performed for investigating a feasi-
bility of simultaneous supply of electricity and heat in the
two-sites system.

1. Introduction

Energy systems integration has attracted a lot of interest
in science and technology [1, 2]. In this integration, it is
expected that multiple types of energy such as electricity,
heat, and gas are managed simultaneously in order to in-
crease the reliability and efficiency of energy supply at a va-
riety of different scales. A key technology for this integra-
tion is the so-called Combined Heat and Power (CHP) [3]
that has a gas-fired distributed generation system and uti-
lizes the waste heat as a by-product of the conversion of
fuel into electricity. It is shown in [3] that the installation
of CHP plants can increase the reliability of electricity sup-
ply, and also in [4] that it can increase the energy efficiency
of heat supply.

The purpose of this paper is to propose a nonlinear
dynamical model for electricity and heat supply. The
model can contribute to operational design of energy sup-
ply with multiple CHP plants. In particular, we intend the
CHPs’ operation for realizing fast change of energy supply
with satisfying the stability specification: see [3]. In this
case, the supply control possibly causes a rapid and large
change in generated energy of multiple CHP plants. This
brings about nonlinear problems on feasibility and stabil-
ity of the energy supply against a large change of operating
condition. The nonlinear model developed in this paper
represents short-term (zero to ten seconds) and mid-term
(several tens of seconds) dynamics, which correspond to
electromechanical dynamics of synchronous generators [5]
and internal dynamics of Heat Recovery Steam Genera-
tors (HRSGs) in heat supply systems [6]. To the best of
our knowledge, mathematical modeling for the dynamics
of multi-energy supply in this time domain has not been
reported. In this paper, we derive a nonlinear dynamical
model of a simple two-sites supply system, in which two
CHP plants are operating and coupled via not only a power
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Figure 1: Two-sites electricity and heat supply system

transmission line but also a steam pipe. A numerical sim-
ulation of the derived model is also performed for inves-
tigating a feasibility of simultaneous supply of electricity
and heat in the two-sites system.

2. Two-Sites Electricity and Heat Supply System

Figure 1 shows the two-sites system studied in this pa-
per. The system is based on our previous study [7, 8]. The
notion of site is a unit of energy system and consists of a
CHP plant with gas turbine-generator, and electric and heat
loads. One of practical examples of the site is a commercial
or large residential building with own CHP plant. The two
sites are interconnected via a transmission line and a steam
pipe. The transmission line is connected to a commercial
power grid. Understanding dynamics and stability of this
simple system is of significance because it corresponds to a
minimal structure where operational designs of the energy
supply can be clearly apprehended.

3. Modeling

In this section, we derive a nonlinear dynamical model
of the two-sites electricity and heat supply system. Fig-
ure 2 shows the block diagram of the system. Each arrow
in the figure shows the positive direction of power flow.
The time responses of the power flows are represented with
the model derived below. For the operational design, it is
desirable to derive a simple model capturing the essential
physics behind the energy supply. With this aim, we make
the following assumptions:

1) Dynamics of gas turbines, which are faster than elec-
tromechanical dynamics of generators and internal dy-
namics of HRSGs [9], are negligible.

2) Electromagnetic transients in generators and transmis-
sion lines, which are faster than the electromechanical
dynamics of generators [5], are negligible.

- 482 -

2014 International Symposium on Nonlinear Theory and its Applications
NOLTA2014, Luzern, Switzerland, September 14-18, 2014



Site #1

Electric load

 

CHP

 

Site #2

Q'1 Q'l1

Pm1

Pe1

Pl1

Pgas1

Q'l2

P

Pl2

Pgas2

Q'chp1

 

CHP

 

Pm2

e2

Q'chp2

Heat recovery
steam generator

Steam

pipe

Transmission

line

GeneratorGas turbine

Generator

Heat load

Heat load
Infinite

 bus
Pe0

Gas turbine

 

Q'2

Heat recovery
steam generator

Electric load

Displacement

along the pipe

Figure 2: Block diagram of the two-sites electricity and
heat supply system

3) The commercial power grid is regarded as a infinite
bus, which is a voltage source with constant phase,
magnitude, and frequency not affected by the amount
of current [5].

4) The boiler-wall temperature in HRSGs is equivalent
to steam/water mixture temperature, i.e. the saturation
temperature [10].

5) Feedwater to the boiler is at the condition of saturated
liquid [10].

6) The mass exchange between phases by condensation
due to the heat losses in steam pipes is negligible [11].

7) The influence of compressibility of a working steam
is negligible on its velocity profile because the steam
velocity used in standard heat management is suffi-
ciently small than the sound speed [12].

3.1. Gas turbine

The gas turbine at site #i converts the fuel flow rate Pgasi

to both the mechanical power Pmi and the heat flow rate Q′
i
.

The conversion of energy at each gas turbine is represented
by

[

Pmi

Q′
i

]

=

[

ηei

ηhi

]

Pgasi, (1)

where ηei stands for the thermal efficiency of the CHP plant
at site #i, and ηhi the ratio of recovered heat flow rate to
gas input rate. The coefficients ηei and ηhi are constant and
satisfy ηei + ηhi < 1. All the losses due to conversion of
energy in the CHP plants are included in these coefficients.

3.2. Electric Sub-system

The electric sub-system in Figure 2 consists of the two
generators, electric loads, transmission lines, and infinite
bus. The generator at each site #i converts the mechanical
input power Pmi to the electric output power Pei. Here, we
denote by δi the angular position of rotor with respect to
the infinite bus. The deviation of rotor speed relative to the
system angular frequency is denoted by ωi. The electrome-
chanical dynamics of the generator #i are represented by
the so-called swing equations [5]:

dδi

dt
= ωi,

dωi

dt
=

1
2Hi

(Pmi − Diωi − Pei), (2)

where Hi is the per-unit time constant of the generator, and
Di the damping coefficient of the generator. The electric
output power Pei is given by

Pei =GiiE
2
i +

∑

j∈I\{i}

EiE j{Gi j cos(δi − δ j)

+ Bi j sin(δi − δ j)}, (3)

where I = {0, 1, 2}, and δ0 (= 0) represents the infinite bus.
The constant Ei is the terminal voltage of the generator, and
Gi j + jBi j are the transfer admittances between generator #i

and # j. The influence of electric load consumptions and
transmission losses on Pei are represented by Gi j.

3.3. Heat Sub-system

The heat sub-system in Figure 2 consists of the two
HRSGs, heat loads and a steam pipe. A model of the
heat sub-system is derived from the standard boiler model
[6, 10] and one-dimensional gasflow equations [13]. The
state variables of the model are the steam pressure pi in the
HRSGs and the steam velocity u in the pipe.

First of all, we briefly review the nonlinear dynamical
model of the HRSG developed in [6, 10]. Let V represent
volume, ρ density, h specific enthalpy, T temperature, and
m′ mass flow rate. Furthermore, the four subscripts s, w, f
and m represent steam, water, feedwater, and metal, respec-
tively. According to [6], the pressure dynamics are formu-
lated as

ei

dpi

dt
= Q′i − m′fi(hwi − hfi) − m′si(hsi − hwi), (4)

with

ei = (hsi − hwi)Vsi

∂ρsi

∂pi

+ ρsiVsi

∂hsi

∂pi

+ ρwiVwi

∂hwi

∂pi

+mtiCp
∂Tmi

∂pi

− Vsi − Vwi, (5)

where mt stands for the total mass of the metal of the
HRSG, and Cp the specific heat of the metal. The ther-
modynamic properties hs, hw, ρs, ρw, and Ts are evaluated
from the steam table. In this paper, according to [6], the
steam tables are approximated by quadratic functions, and
these properties are represented as functions of pi, for ex-
ample, hsi = hs(pi). Furthermore, from the fifth assumption
implying hf = hw, Equation (4) becomes

ei(pi)
dpi

dt
= Q′i − m′sihc(pi), (6)

where hc = hs − hw corresponds to the condensation en-
thalpy.

The transient steam flow in a pipe is described by one-
dimensional mass and momentum continuity equations.
From the sixth assumption, the mass continuity equation
is represented as follows:

∂ρs

∂t
+
∂

∂x
(ρsu) = 0, (7)

where u is the velocity of the steam in the pipe and x the
displacement variable along the pipe. Also, the momentum
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equation is represented by

∂

∂t
(ρsu) +

∂

∂x
(ρsu

2) +
∂p

∂x
+ ∆p = 0, (8)

where ∆p is the shear force acting on a gas element due to
friction and condensation. Based on the sixth assumption,
∆p is approximated in [11, 13] as follows:

∆p =
λρsu|u|

2d
, (9)

where λ is the friction coefficient, and d the diameter of the
pipe. From the seventh assumption, Equation (7) and (8)
become

∂u

∂x
= 0, ρs0

∂u

∂t
+
∂p

∂x
+
λρs0u|u|

2d
= 0, (10)

where ρs0 stands for the density of the steam. Therefore,
by integrating the second equation of Equation (10) from
x = 0 (site #1) to x = L (site #2), the following ordinary
differential equation is derived for representing the dynam-
ics of heat transfer:

du

dt
=

1
ρs0L

(p1 − p2) −
λu|u|

2d
, (11)

where L stands for the distance between the sites and be-
comes an important parameter that characterizes the influ-
ence of spatial scales on dynamics and stability of the sys-
tem. Thus, the model of heat sub-system is derived from
Equation (6) and (11) with the mass continuity equation at
each site #i represented by

m′s1 −
Q′l1

hc(p1)
−
πd2

4
ρs(p1)u = 0,

m′s2 −
Q′l2

hc(p2)
+
πd2

4
ρs(p2)u = 0,































(12)

where the second term on the left-hand sides represents the
mass flow rate of the steam consumed in the load, and the
third term represents the steam entering into the pipe. The
heat flow rate Q′chpi

is derived as a product of the conden-
sation enthalpy hc and the mass flow rate as follows:

Q′chp1 = Q′l1 +
πd2

4
hc(p1)ρs(p1)u,

Q′chp2 = Q′l2 −
πd2

4
hc(p2)ρs(p2)u.































(13)

3.4. Derived Model

Consequently, the following nonlinear dynamical model
is derived for representing the short-term (zero to ten sec-
onds) and mid-term (several tens of seconds) dynamics of
the electric and heat sub-system shown in Figure 2: for the
electric sub-system,

dδ1

dt
= ω1,

dδ2

dt
= ω2,

dω1

dt
=

1
2H1

{

ηe1Pgas1 − D1ω1 − Pe1(δ1, δ2)
}

,

dω2

dt
=

1
2H2

{

ηe2Pgas2 − D2ω2 − Pe2(δ1, δ2)
}

,



















































(14)

and for the heat sub-system,

e1(p1)
dp1

dt
= ηh1Pgas1 − Q′chp1(p1, u),

e2(p2)
dp2

dt
= ηh2Pgas2 − Q′chp2(p2, u),

du

dt
=

1
ρs0L

(p1 − p2) −
λ

2d
u|u|.



















































(15)

Based on the state dynamics, this model describes the time
responses of the electric output power Pei and the heat flow
rate Q′chpi

via Equation (3) and (13).

4. Feasibility Study

This section performs a numerical simulation of the de-
rived model for investigating simultaneous supply of elec-
tricity and heat. A possible strategy for energy supply in
the two-sites system is firstly described. The feasibility of
the strategy is then studied numerically.

4.1. Possible Supply Strategy

In the two-sites system we have two supply objectives:
electricity supply and heat supply. These objectives are for-
mulated as follows. In a steady operating condition, the
total outputs of electricity and heat in the two-sites system
are represented by

[

Pe1 + Pe2
Q′chp1 + Q′chp2

]

=

[

ηe1 ηe2
ηh1 ηh2

] [

Pgas1
Pgas2

]

. (16)

Without any loss in the heat supply, the condition to bal-
ance the heat supply from the CHP plants and the load con-
sumption Q′li is described by Q′chp1 +Q′chp2 = Q′l1 +Q′l2. By
introducing a new parameter Q′n to represent the heat trans-
fer reference from one site to the other, the above condition
is rewritten as follows:

ηh1Pgas1 = Q′l1 + Q′n, ηh2Pgas2 = Q′l2 − Q′n. (17)

Therefore, the total output of electricity Pe1 + Pe2 is
parametrized by Q′n:

Pe1 + Pe2 =
ηe1

ηh1
Q′l1 +

ηe2

ηh2
Q′l2 +

(

ηe1

ηh1
−
ηe2

ηh2

)

Q′n. (18)

Equation (18) implies that by operation of the CHP plants
with different values of ηei/ηhi, it is possible to vary the to-
tal electricity output while maintaining the total heat out-
put. In the rest of this paper, we refer to ηei/ηhi as the
electricity-heat ratio of the CHP plant at site #i.

4.2. Numerical Simulation

For exploring a feasibility of the supply strategy pre-
sented above, we investigate the dynamics of the system
under a change of the heat transfer reference Q′n. Here,
we suppose that the CHP plant at site #1 has a higher
electricity-heat ratio than that of the CHP plant at site #2.
The setting of parameters for simulations is given in Ta-
ble 1. For the electric sub-system, all the parameters except
Gi j are based on the distribution networks in conventional
electric power systems [5]. The setting Gi j = 0 implies
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Table 1: Parameters for simulation
Pbase 5.0 MW 1.0 Q′base 6.25 MJ/s 1.0
ηe1 0.5 ηh1 0.4
ηe2 0.3 ηh2 0.4
Di 8.7 Hi 10 s 3770
Ei 1.0 Gi j 0
B12 0.5 Bi0 1.0
pbase 800 kPa ρs0 4.16 kg/m3

d 0.2 m L 200 m
λ 0.02 Q′li 5.0 MJ/s 0.8

no loss in the transmission lines and no consumed electric
power in the loads. The parameters for the heat sub-system
are based on the steam network for district heating systems
presented in [11].

Figure 3a shows the step responses of the state variables
δ1, δ2, p1, p2, and u. The heat transfer reference Q′n sud-
denly changes from 0 to 0.16 (1.0 MJ/s) at t = 10 s. Ini-
tially, the system has no heat transfer and is at a steady
operating condition. After Q′n changes, in the electric sub-
system, the phase angles δ1 and δ2 exhibit oscillatory re-
sponses and move to a new steady operating condition,
where the value of δ1 (or δ2) becomes larger (or smaller)
than the previous value. In the heat sub-system, after the
oscillations of pressure p1, p2 and velocity u, the values of
p1 − p2 and u become positive. This implies that the steam
is transfered from site #1 to site #2 accompanied with the
pressure drop p1− p2. Figure 3b shows the power flows Pe0
to the infinite bus and Q′chp1,Q

′
chp2 from the CHP plants.The

value of Pe0 becomes larger by 0.08 (400 kW). In the heat
sub-system, Q′chp1 and Q′chp2 change symmetrically, which
implies that the heat supply to the heat loads is compen-
sated by the heat transfer from site #1 to site #2. This result
clearly shows that the supply strategy presented above is
feasible.

5. Conclusions

This paper reported a mathematical model of the dynam-
ics occurring in the two-sites system for investigating the
simultaneous supply of electricity and heat. The nonlinear
dynamical model was derived by combining the standard
dynamic models of a synchronous generator and a heat re-
covery steam generator. A numerical simulation of the de-
rived model was performed to show the feasibility of regu-
lating the total electricity output while maintaining the total
heat output by heat transfer between the two sites. This re-
sult helps us to design a CHPs’ controller for simultaneous
supply of electricity and heat with satisfying the stability
specification. Future directions of the work are generaliza-
tion of the derived model for a system with multiple sites
and detailed analysis of nonlinear dynamics and stability of
the system.
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