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Greetings & foreword

On behalf of the Organizing Committee, we are extremely glad to welcome you to Bologna and to the 2006
International Symposium on Nonlinear Theory and its Applications (NOLTA2006). This is the 16th Symposium
sponsored by the Research Society of Nonlinear Theory and its Applications, IEICE, and, more recently, by the
Circuits and Systems Society, IEEE. Since its foundation, NOLTA has been held in Japan, USA, Switzerland,
Germany, China and Belgium. We consider a great honour and privilege to organize the 2006 edition in Italy
and offer you, for the first time, a taste of the Italian hospitality.

Italy is world-renowned for its history, arts and culture. Cities as Rome, Florence and Venice are everyday
the target of thousands of visitors and tourists. Despite not as famous, the beautiful city of Bologna was chosen
to host this edition of NOLTA also for its long lasting cultural tradition. Bologna, in fact, possesses the first
University in the western world, which was funded in 1088. The history of the city and of its University is rich of
great thinkers in science and humanities, making it an indispensable point of reference in the panorama of the
European culture. Dante Alighieri, Francesco Petrarca, Guido Guinizelli, Cino da Pistoia, Cecco d’Ascoli, Re
Enzo, Salimbene da Parma and Coluccio Salutati all studied in Bologna, as well as Paracelso, Raimundo de
Pegñafort, Albrecht Dürer, St. Carlo Borromeo, Torquato Tasso and Carlo Goldoni.

Beside its cultural tradition, Bologna is also famous for its numerous historical buildings and art masterpieces
as well as its delicious cuisine. NOLTA2006 will offer to its participants a taste of both during the "Bologna night
tour" on September 12th and the conference dinner at "Villa Bassi" on September 13th, that are only a part of
the social programme offered by this year’s Symposium.

The most important aspect of NOLTA is however its technical programme. From this point of view, we are
very pleased to see that we attracted a very high number of paper submissions. We highly appreciate the
invaluable cooperation of three colleagues of ours as Technical Program Committee Co-Chairs, Professors
Shinji Doi (Osaka University), Takashi Hisakado (Kyoto University), and Gianluca Mazzini (Ferrara University),
who put together a rich in content and high-quality technical program spanning two and a half days of 5 lecture
sessions running in parallel and covering all subjects of interest in the field of nonlinear Science and Engineering.
Thanks to the efforts of our Special Sessions Co-Chairs, Professors Taishin Nomura (Osaka University) and
Riccardo Rovatti (Bologna University), we are also pleased to announce the presence of 25 high-level special
sessions covering many cross-disciplinary aspects of nonlinear theory and its applications. Finally, for the first
time, the technical programme includes three "Work-in-Progress" sessions: we believe that this is an important
addition that aims to give young researchers the opportunity to present the latest results of their work in the
qualified NOLTA forum.

A special thank is devoted to authors, special session organizers and plenary speakers for their valuable
contributions and to all the Technical Programme Committee members and the reviewers for their professional
contributions. We express our gratitude to all the Organizing Committee members, and especially to the three
Program Co-Chairs, the two Special Session Co-Chairs and the two Publications Co-Chairs for their dedication
and efforts without which the symposium would not have been possible. Thanks also to the Bologna and Ferrara
Universities with their army of volunteers: we are very appreciative of their help.

We hope you will have fruitful discussions at the Symposium and that your stay in Bologna will be both
rewarding and memorable.

Gianluca Setti and Toshimitsu Ushio
NOLTA2006 General Co-Chairs
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On behalf of the Technical Committee of this year’s International Symposium on Nonlinear Theory and its
Applications, we are delighted to welcome all of you to Bologna. This year’s NOLTA conference is particularly
exciting, both technically and culturally.

The conference includes traditional concentration areas of bifurcation and chaos, analysis and design of
nonlinear oscillators and theory and application of signal processing, along with more exotics topics such
as complex systems and random number generators. There is much for everyone. The quality of papers
is particularly high, and we are confident that the conference attendees will enjoy the technical program. In
addition to the regular program, we have 25 exciting special sessions on a variety of topics dealing with the
application of nonlinear science to biological- and nano-systems, macroeconomics, complex networks as well
as multidimensional information networks.

The very strong program is composed of 265 papers spread over 60 sessions in three and a half long and
interesting days. Authors from around the world will be attending and presenting their research results. The
papers originate from 30 different Countries, making this symposium the place for learning and interacting
with important researchers in the areas of nonlinear theory and its applications. Regular papers have been
accepted on the basis of full paper submissions with an acceptance rate of 80% for the review process. The
special session contributions were by invitation only. We thank the many special session organizers for their
great efforts and initiative in setting up this large variety of interesting sessions. We want to take the opportunity
to thank once more everyone who contributed to make this symposium a memorable event: all participants,
authors, reviewers, secretaries and organizing committee chairs.

We are also thrilled to mention that we have four outstanding keynote presentations from worldwide experts
in the field of nonlinear Science and Engineering: Prof. Steven Boyd (Stanford University), speaking on
nonlinear convex optimization, Prof. Yoshimasa Nakamura (Kyoto University), presenting efficient singular value
decomposition algorithms, Prof. Sergio Rinaldi (Milano Polytechnic), talking on the goal of evolution in biological
network, and Prof. Karl Sigmund (Vienna University), lecturing about the cycles in evolutionary game theory.
We are very pleased to have these speakers presenting their ideas and vision at this year’s symposium.

Thank you very much again for coming. Enjoy the technical program, have fruitful discussions, and most of
all, have a great time.

Shinji Doi, Takashi Hisakado, and Gianluca Mazzini
NOLTA2006 Technical Programme Co-Chairs
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September 11, 2006 (Monday)

Time Room Schedule

11:00-18:30 San Giovanni in Monte cloister Registrations

15:00-15:30 Aula Absidale Santa Lucia Opening cerimony

15:30-16:30 Aula Absidale Santa Lucia Plenary talk

17:00-18:00 Aula Absidale Santa Lucia Plenary talk

18:30-21:00 San Giovanni in Monte cloister Welcome reception

September 12, 2006 (Tuesday)
Royal Hotel Carlton

Time Room Schedule

08:00 2nd  floor Registrations

08:30-10:10 Imperiale A, Imperiale B, Saturno A, Giove A, Giove B Morning session I

10:10-10:30 2nd  floor Coffee break

10:30-12:10 Imperiale A, Imperiale B, Saturno A, Giove A, Giove B Morning session II

12:10-14:00 Lunch break

14:00-16:00 Imperiale A, Imperiale B, Saturno A, Giove A, Giove B Afternoon session I

16:00-16:20 2nd  floor Coffee break

16:20-18:20 Imperiale A, Imperiale B, Saturno A, Giove A, Giove B Afternoon session II

September 13, 2006 (Wednesday)
Royal Hotel Carlton

Time Room Schedule

08:30-10:10 Imperiale A, Imperiale B, Saturno A, Giove A, Giove B Morning session I

10:10-10:30 2nd  floor Coffee break

10:30-12:10 Imperiale A, Imperiale B, Saturno A, Giove A, Giove B Morning session II

12:10-14:00 Lunch break

14:00-16:00 Imperiale A, Imperiale B, Saturno A, Giove A, Giove B Afternoon session I

16:00-16:20 2nd  floor Coffee break

16:20-18:20 Imperiale A, Imperiale B, Saturno A, Giove A, Giove B Afternoon session II

19:45 Bus leaving for the Gala Dinner site

20:30 Villa Bassi Gala dinner

September 14, 2006 (Thursday)
Royal Hotel Carlton

Time Room Schedule

08:30-10:10 Imperiale A, Imperiale B, Saturno A, Giove A, Giove B Morning session I

10:10-10:30 2nd  floor Coffee break

10:30-12:10 Imperiale A, Imperiale B, Saturno A, Giove A, Giove B Morning session II

12:10-14:00 Lunch break

14:00-15:00 Imperiale A+B Plenary talk

15:30-16:30 Imperiale A+B Plenary talk

16:30-16:45 Imperiale A+B Closing remarks 

Conference schedule
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Sessions at a glance

September 11, 2006 (Monday)

Time

15:00-15:30 Opening ceremony (Aula absidale Santa Lucia)

15:30-16:30 Plenary talk  (Aula absidale Santa Lucia)

17:00-18:00 Plenary talk  (Aula absidale Santa Lucia)

18:30-21:00 Welcome reception (San Giovanni in Monte cloister)

September 12, 2006 (Tuesday)

Time Imperiale A Imperiale B Saturno A Giove A Giove B

08:30

10:10

Synchronization I

Special Session
SS08

Hybrid Systems I
(Modeling and 

Behavioral Analysis)

Special Session
SS14

Fuzzy Measures 
and Cooperative 

Games

Neural Networks I Complex Systems

10:10
10:30

Coffee break

10:30

12:10

Synchronization II

Special Session
SS08

Hybrid Systems I
(Phenomena)

Analysis and 
Design

of Oscillators
Neural Networks II

Special Session
SS06

Nonlinear 
Dynamics in 

Macroeconomics I

12:10
14:00

Lunch

14:00

16:00

Special Session
SS11

Nonlinear Time 
Series Analysis I

Special Session
SS10

Hybrid Systems III
(Design, Control and 

Applications)

Special Session
SS05

Consistency
and 

Synchronization

Special Session
SS01

Computer Assisted 
Proof for Linear 
and Nonlinear 
Problems in Rn

Special Session
SS07

Nonlinear 
dynamics in 

Macroeconomics II

16:00
16:20 Coffee break

16:20

18:20

Special Session
SS12

Nonlinear Time 
Series Analysis II

Random Number 
Generators

Special Session
SS03

Discrete Event 
Systems

Special Session
SS02

Computer Assisted 
Proof for Partial 

Differential 
Equation

Special Session
SS17

Laser Dynamics 
and Nonlinear 

Optics
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September 13, 2006 (Wednesday)

Time Imperiale A Imperiale B Saturno A Giove A Giove B

08:30

10:10

Special Session
SS13

Topological and 
Computational 
Approaches to 

Nonlinear
Dynamics and 
Bifurcations 

Special Session
SS23

Multidimensional 
Mobile Information 

Networks I

Special Session
SS15

Neurodynamics 
and its Hardware 
Implementation I

Power Circuits and 
Systems

Complex 
Dynamics in 
Oscillators

10:10
10:30 Coffee break

10:30

12:10

Special Session
SS22

Complex Networks 
Applications

Special Session
SS24

Multidimensional 
Mobile Information 

Networks II

Special Session
SS16

Neurodynamics 
and its Hardware 
Implementation I

Neural Networks III Analysis of 
Oscillators

12:10
14:00

Lunch

14:00

16:00

Special Session
SS25

Statistical Physics 
of Complex 
Networks

Discrete Time 
Chaos

Special Session
SS21

Nonlinear Speech 
and Image 
Processing

Cellular Neural 
Networks

Special Session
SS19

Rhythmic and 
Synchronous
Activities in 

Biological Systems

16:00
16:20 Coffee break

16:20

18:20

Analysis of 
Dynamical and 

Uncertain Systems

Chaos 
Communication

Image Processing 
Theory and 

Applications of 
Signal Processing

Optimization

September 14, 2006 (Thursday)

Time Imperiale A Imperiale B Saturno A Giove A Giove B

08:30

10:10

Control

Special Session
SS04

Nonlinear 
Dynamics in 

Nanosystems

Mathematical 
Physics

Communications Work in Progress
I

10:10
10:30

Coffee break

10:30

12:10

Special Session
SS18

Advanced 
Modeling and 

Simulation 
Techniques

Special Session
SS18

Nonlinear 
Information 

Processing in the 
Auditory Feedback 

Loop 

Chaos and 
Bifurcation

Work in Progress
II

Work in Progress 
III

12:10
14:00

Lunch

14:00
15:00

Plenary talk ( Room: Imperiale A + B)

15:30
16:30

Plenary talk ( Room: Imperiale A + B)

16:30
16:45

Closing remarks ( Room: Imperiale A + B)
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Conference program

Day I, September 11th 2006

PLENARY SESSION – I

Date: Sep, 11th Time: 15:30 – 16:30 Room: Aula Absidale S. Lucia

Chaired by: Gianluca Setti (University of Ferrara)

15:30 – 16:30 Advances in Nonlinear Convex Optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . N/A

Stephen P. Boyd (Stanford University)

PLENARY SESSION – II

Date: Sep, 11th Time: 17:00 – 18:00 Room: Aula Absidale S. Lucia

Chaired by: Toshimitsu Ushio (Osaka University)

17:00 – 18:00 New Singular Value Decomposition Algorithm with High Performance in Terms of
Integrable Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . N/A

Yoshimasa Nakamura (Graduate School of Informatics, Kyoto University and PRESTO JST, Japan)

Day II, September 12th 2006

Synchronization – I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

Date: Sep, 12th Time: 08:30 – 10:10 Room: Imperiale A

Chaired by: Martin Hasler (EPFL), Masahiro Wada (Konan University)

08:30 – 08:50 Synchronization Regions and Behaviour of Nonlinear Periodic Circuits . . . . . . . . . . . . . . . . . . 39

Giancarlo S. Gajani (Polytechnic of Milano), Angelo Brambilla (Polytechnic of Milano)

08:50 – 09:10 Synchronization of Chaotic Circuits Linked by Cross Talk . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .43

Yuki Nakaaji (Tokushima University), Yoshifumi Nishio (Tokushima University)

09:10 – 09:30 Dual Synchronization of Chaos in Mackey-Glass Electronic Circuits with Time Delay . . . . 47

Satoshi Sano (Takushoku University), Atsushi Uchida (Takushoku University), Shigeru Yoshimori
(Takushoku University)

09:30 – 09:50 A Master Stability Function Approach for Separation and Synchronization of Chaotic
Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

Arturo Buscarino (University of Catania), Luigi Fortuna (University of Catania), Mattia Frasca (University of
Catania)

09:50 – 10:10 Synchronous Regimes in a Chain of Coupled Bonhoeffer-van der Pol Oscillators . . . . . . . . 55

Grigory Osipov (Nizhny Novgorod University), Alexey Kryukov (Nizhny Novgorod University), Andrey
Polovinkin (Nizhny Novgorod University), Jüergen Kurths (University of Potsdam)
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SPECIAL SESSION

SS08 — Hybrid Systems – I (Modeling and Behavioral Analysis) . . . . . . . . . . . . . . . . . . . . 59

Date: Sep, 12th Time: 08:30 – 10:10 Room: Imperiale B

Organized by: Kazutoshi Gohara (Hokkaido University), Toshimichi Saito (Hosei University),
Wolfgang Schwarz (Dresden University of Technology), Chi K. Tse (Hong Kong
Polytechnic University), Toshimitsu Ushio (Osaka University)

Chaired by: Wolfgang Schwarz (Dresden University of Technology)

08:30 – 08:50 Modeling and Analysis of a Class of Hybrid Systems by Return Maps . . . . . . . . . . . . . . . . . . . 59

Jöerg Krupar (Dresden University of Technology), Axel Schild (Ruhr-Universitaet Bochum), Wolfgang
Schwarz (Dresden University of Technology), Jan Lunze (Ruhr-Universitaet Bochum)

08:50 – 09:10 Classification and Analytical Method of Switched Dynamical Systems . . . . . . . . . . . . . . . . . . . 63

Yue Ma (The University of Tokushima), Soumitro Banerjee (Indian Institute of Technology), Takuji Kousaka
(Oita University), Tetsushi Ueta (The University of Tokushima)

09:10 – 09:30 Mixed-Signal Modeling and Design Aspects of Clock-Recovery Circuits and
Continuous-Time Sigma-Delta Modulators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

Florian A. Probst (University of Hannover), Judith Schmackers (University of Hannover), Wolfgang Mathis
(University of Hannover)

09:30 – 09:50 Switching Dynamics, Chaos, and Singular Perturbation Analysis of Heart Arrhythmia . . . . 71

Naoyuki Takahashi (Osaka University), Shinji Doi (Osaka Univeristy), Sadatoshi Kumagai (Osaka University)

09:50 – 10:10 Predicting Instability of Power Systems based on Hybrid System Reachability Analysis . . 75

Yoshihiko Susuki (Kyoto University), Takashi Hikihara (Kyoto University), Hiroaki Ebina (Kyoto University)

SPECIAL SESSION

SS14 — Fuzzy Measures and Cooperative Games . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

Date: Sep, 12th Time: 08:30 – 10:10 Room: Saturno A

Organized by: Masayo Tsurumi (Osaka University), Masahiro Inuiguchi (Osaka University)
Chaired by: Masahiro Inuiguchi (Osaka University), Masayo Tsurumi (Osaka University)

08:30 – 08:50 Fuzzy Measures and Integrals in Re-identification Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

Jordi Nin (Artificial Intelligence Research Institute IIIA-CSIC), Vicenç Torra (Artificial Intelligence Research
Institute IIIA-CSIC)

08:50 – 09:10 Generalizing Choquet Integral with Level Dependent Capacities . . . . . . . . . . . . . . . . . . . . . . . . .83

Salvatore Greco (University of Catania), Silvio Giove (University of Venice), Benedetto Matarazzo (University
of Catania)

09:10 – 09:30 Attribute Importance in the Setting of Variable Precision Rough Sets . . . . . . . . . . . . . . . . . . . . 87

Masahiro Inuiguchi (Osaka University), Masayo Tsurumi (Osaka University)

09:30 – 09:50 Solutions of Cooperative Fuzzy Games Extended from Ordinary Cooperative Games. . . .91

Tetsuzo Tanino (Osaka University)

09:50 – 10:10 A Solution for Fuzzy Generalized Multialternative Games . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

Masayo Tsurumi (Osaka University), Masahiro Inuiguchi (Osaka University), Tetsuzo Tanino (Osaka
University)
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Neural Networks – I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .99

Date: Sep, 12th Time: 08:30 – 10:10 Room: Giove A

Chaired by: Takahiro Nakanishi (Iwate University), Seiichiro Moro (University of Fukui)

08:30 – 08:50 Property of Random Series from Chaos Neural Network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

Takahiro Nakanishi (Iwate University), Hitoaki Yoshida (Iwate University), Satoshi Kawamura (Ishinomaki
Senshu University)

08:50 – 09:10 Fractal Analysis of Chaos Neural Network Outputs in Transient State and Steady State 103

Hitoaki Yoshida (Iwate University), Osamu Ohira (Iwate University), Hiroto Taira (Iwate University), Takahiro
Nakanishi (Iwate University)

09:10 – 09:30 Solving Ability of Hopfield Neural Network for QAP by Changing Chaotic Behavior of
Switching Noise. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .107

Yoshifumi Tada (Tokushima University), Yoko Uwate (Tokushima University), Yoshifumi Nishio (Tokushima
University)

09:30 – 09:50 Quinary Multiplier LOGO Neural Networks Based on Mixed Radices . . . . . . . . . . . . . . . . . . . 111

Ali M. Haidar (Beirut Arab University), Hassan A. Osseily (Beirut Arab University), Elias Nassar (Notre
Dame University), Hiroyuki Shirahama (Matsuyama University)

09:50 – 10:10 Global Path Searching Based on Local Corporative and Competitive Circuits on Vari-
able Resistive Network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

Masatoshi Sato (Sophia University), Hisashi Aomori (Sophia University), Mamoru Tanaka (Sophia Univer-
sity)

Complex Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

Date: Sep, 12th Time: 08:30 – 10:10 Room: Giove B

Chaired by: Oscar De Feo (University College Cork), Yasuteru Hosokawa (Shikoku Univer-
sity)

08:30 – 08:50 Identifying Returns Distribution by Using Mixture Distribution Optimized by Genetic
Algorithm and Its Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

Kangrong Tan (Kurume University), Shozo Tokinaga (Kyushu University)

08:50 – 09:10 A Decision Based Model of Addiction: Explaining Quitting Behavior . . . . . . . . . . . . . . . . . . . . 123

Chiara Mocenni (University of Siena), Giuseppe Montefrancesco (University of Siena), Silvia Tiezzi
(University of Siena)

09:10 – 09:30 Target and Spiral Waves in Cardiac Cultures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

Oleg Kanakov (Nizhny Novgorod University), Grigory Osipov (Nizhny Novgorod University), Chi-Keung
Chan (Academia Sinica)

09:30 – 09:50 A Basic Theory for Available Operation of Extremely Complicated Large-Scale Network
Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

Kazuo Horiuchi (Waseda University)

09:50 – 10:10 Analysis of Multi-fractal Signals in Artificial Markets Generated by Multi-Agents Using
the Genetic Programming for Learning and its Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

Yoshikazu Ikeda (Shinshu University), Shozo Tokinaga (Kyushu University)
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Synchronization – II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

Date: Sep, 12th Time: 10:30 – 12:10 Room: Imperiale A
Chaired by: Takaya Miyano (Ritsumeikan University), Masahiro Nakagawa (Nagaoka Uni-

versity of Technology)

10:30 – 10:50 Robust Stochastic Direct Adaptive Radial Basis Neural Networks Synchronization of
Chua’s Circuits with Unknown Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

Iman Saboori (The Amirkabir University of Technology), Mohammad B. Menhaj (The Amirkabir University of
Technology), Sayyed K. Nikravesh (The Amirkabir University of Technology), Bahram Karimi (The Amirkabir
University of Technology)

10:50 – 11:10 Instabilities of Synchronization in Ensembles of Circle Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

Grigory Osipov (Nizhny Novgorod University), Mikhail Ivanchenko (Nizhny Novgorod University), Jüergen
Kurths (University of Potsdam)

11:10 – 11:30 A New Spatio-temporal Chaotic System with Advantageous Synchronization and
Unpredictability Features . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

Soumaya Meherzi (SYSCOM/ENIT, LSS/SUPELEC/CNRS), Sylvie Marcos (LSS/SUPELEC/CNRS), Safya
Belghith (SYSCOM/ENIT)

11:30 – 11:50 Chaotic Synchronization in a Network of Living Mouse Pancreatic B-Cells . . . . . . . . . . . . . .151

Takaya Miyano (Ritsumeikan University), Kensuke Ninomiya (Ritsumeikan University), Takahiro Kanno
(Fukushima Medical University), Makoto Wakui (Hirosaki University School of Medicine)

11:50 – 12:10 Performance Analysis for Scheme of Synchronization-Manifold Shift Keying . . . . . . . . . . . . 155

Thang M. Hoang (Nagaoka University of Technology), Masahiro Nakagawa (Nagaoka University of Tech-
nology)

SPECIAL SESSION

SS09 — Hybrid Systems – II (Phenomena) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

Date: Sep, 12th Time: 10:30 – 12:10 Room: Imperiale B
Organized by: Kazutoshi Gohara (Hokkaido University), Toshimichi Saito (Hosei University),

Wolfgang Schwarz (Dresden University of Technology), Chi K. Tse (Hong Kong
Polytechnic University), Toshimitsu Ushio (Osaka University)

Chaired by: K. Gohara (Hokkaido University), C. K. Tse (Hong Kong Polytechnic University)

10:30 – 10:50 Complex Intermittency in Switching Converters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

Yufei Zhou (Anhui University), Herbert H.C. Iu (University of Western Australia), Chi K. Tse (Hong Kong
Polytechnic University), Jun-Ning Chen (Anhui University)

10:50 – 11:10 Experimental Confirmation of the Torus Birth through Border-collision Bifurcation in
Voltage Controlled PWM-1 Buck Converter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

Somnath Maity (I.I.T.Kharagpur), Tapas K. Bhattacharya (I.I.T.Kharagpur), Soumitro Banerjee
(I.I.T.Kharagpur)

11:10 – 11:30 Nonlinear Phenomena in Hybrid Replicator Dynamics with Changes of Interpretation
Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

Takafumi Kanazawa (Osaka University), Toshimitsu Ushio (Osaka University)

11:30 – 11:50 Fractals in Hybrid Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

Kazutoshi Gohara (Hokkaido University)

11:50 – 12:10 Interaction of Fast-Scale and Slow-Scale Bifurcations in Current-Mode Controlled
DC/DC Converters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

Yanfeng Chen (Hong Kong Polytechnic University), Chi K. Tse (Hong Kong Polytechnic University), Shui-
Sheng Qiu (South China University of Technology)
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Analysis and Design of Oscillators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

Date: Sep, 12th Time: 10:30 – 12:10 Room: Saturno A

Chaired by: Angelo Brambilla (Polytechnic of Milano), Tetsuro Endo (Meiji University)

10:30 – 10:50 Averaging Method Analysis for the Nonlinearly-Coupled van der Pol and Rayleigh
Oscillators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

Toshihiro Hishida (Meiji University), Kuniyasu Shimizu (Meiji University), Tetsuro Endo (Meiji University)

10:50 – 11:10 Averaging Method Analysis for Three-Coupled Van Der Pol Oscillators with Nonlinear
Coupling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

Kuniyasu Shimizu (Meiji University), Tetsuro Endo (Meiji University), Hisa-Aki Tanaka (The University of
Electro-Communications)

11:10 – 11:30 Didactic Methods of Synchronization of Continuous Nonlinear Systems . . . . . . . . . . . . . . . . 187

Ioan Grosu (University of Medicine and Pharmacy Gr. T. Popa), Anca Lazar (University of Medicine and
Pharmacy Gr. T. Popa), Servilia Oancea (University of Agriculture and Veterinary Medicine)

11:30 – 11:50 Transient Analysis for Phase Pattern Switching in Pulse-Driven Star-Coupled Wien-
Bridge Oscillators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191

Seiichiro Moro (University of Fukui), Tadashi Matsumoto (Fukui University of Technology)

11:50 – 12:10 Nonlinear Analysis of Varactor-tuned Voltage-Controlled Oscillators . . . . . . . . . . . . . . . . . . . . 195

Antonio Buonomo (Second University of Naples), Alessandro Lo Schiavo (Second University of Naples),
Massimiliano Martucci (STMicroelectronics)

Neural Networks – II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .199

Date: Sep, 12th Time: 10:30 – 12:10 Room: Giove A

Chaired by: Ruedi Stoop (ETHZ), Tadashi Tsubone (Nagaoka University of Technology)

10:30 – 10:50 Shooting SOM and its Application for Clustering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

Masato Tomita (Tokushima University), Haruna Matsushita (Tokushima University), Yoshifumi Nishio
(Tokushima University)

10:50 – 11:10 A Novel Logic Oriented Artificial Neural Network to Implement Sequential Logic Circuits203

Ali M. Haidar (Beirut Arab University)

11:10 – 11:30 Reunifying Self-Organizing Map . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207

Haruna Matsushita (Tokushima University), Yoshifumi Nishio (Tokushima University)

11:30 – 11:50 3D Mapping and Ranking Scheme Projection for the Self-Organizing Maps . . . . . . . . . . . . 211

Daisuke Shima (Sophia University), Kaname Kurokawa (Sophia University), Hisashi Aomori (Sophia
University), Mamoru Tanaka (Sophia University)

11:50 – 12:10 Chaotically Oscillating Sigmoid Function in Feedforward Neural Network . . . . . . . . . . . . . . . 215

Yoko Uwate (Tokushima University), Yoshifumi Nishio (Tokushima University)
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SPECIAL SESSION

SS06 — Nonlinear Dynamics in Macroeconomics – I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

Date: Sep, 12th Time: 10:30 – 12:10 Room: Giove B
Organized by: Akio Matsumoto (Chuo University)
Chaired by: Akio Matsumoto (Chuo University)

10:30 – 10:50 Comparative Dynamics for Climate Policy Choice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

Yasuo Nonaka (Kanto Gakuin University)

10:50 – 11:10 A Simple Structure of Bifurcating Economies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223

Junichi Minagawa (Chuo University)

11:10 – 11:30 Price Flexibility and Instability in a Macrodynamic Model with a Debt Effect . . . . . . . . . . . . .N/A

Toichiro Asada (Chuo University), Toshio Inaba (Waseda University), Tetsuya Misawa (Nagoya City
University)

11:30 – 11:50 Induced Technical Change and Economic Fluctuations: An Imperfect Competition
Model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .227

Hiroyuki Yoshida (Nihon University)

11:50 – 12:10 Simple Business Cycle Model with Policy Lags . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 231

Akio Matsumoto (Chuo University), Mami Suzuki (Aichigakusen University)

SPECIAL SESSION

SS11 — Nonlinear Time Series Analysis – I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235

Date: Sep, 12th Time: 14:00 – 16:00 Room: Imperiale A
Organized by: Michael Small (Hong Kong Polytechnic University), Yoshito Hirata (Tokyo Uni-

versity), Tomomichi Nakamura (Hong Kong Polytechnic University)
Chaired by: Michael Small (The Hong Kong Polytechnic University), Tomomichi Nakamura

(The Hong Kong Polytechnic University), Yoshito Hirata (The University of
Tokyo)

14:00 – 14:20 Detection and Quantification of Directional Coupling Using Recurrences . . . . . . . . . . . . . . . 235

Maria C. Romano (University of Potsdam), Marco Thiel (University of Potsdam), Jürgen Kurths (University
of Potsdam)

14:20 – 14:40 Direct or Indirect? Graphical Models for Phase Synchronization. . . . . . . . . . . . . . . . . . . . . . . .239

Björn Schelter (University of Freiburg), Matthias Winterhalder (University of Freiburg), Jürgen Kurths
(University of Potsdam), Rainer Dahlhaus (University of Heidelberg), Jens Timmer (University of Freiburg)

14:40 – 15:00 Twin Surrogates to Test for Complex Synchronization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243

Marco Thiel (University of Potsdam), Maria C. Romano (University of Potsdam), Jürgen Kurths (University
of Potsdam)

15:00 – 15:20 Assessing Dependences within Multivariate Time Series Partializing the Knowledge of
Thirds. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .247

Cristian Carmeli (Swiss Federal Institute of Technology of Lausanne), Oscar De Feo (University College
Cork)

15:20 – 15:40 Investigating the Limitations of Compartmental Disease Models with Kalman Filters . . . . 251

David M. Walker (Hong Kong Polytechnic University), Heung W. J. Lee (Hong Kong Polytechnic University),
Michael Small (Hong Kong Polytechnic University)

15:40 – 16:00 Deterministic Chaos of Human Cardiac Signals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255

Yi Zhao (Hong Kong Polytechnic University), Michael Small (Hong Kong Polytechnic University)
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SPECIAL SESSION

SS10 — Hybrid Systems – III (Design, Control, and Applications) . . . . . . . . . . . . . . . . . . 259

Date: Sep, 12th Time: 14:00 – 16:00 Room: Imperiale B

Organized by: Kazutoshi Gohara (Hokkaido University), Toshimichi Saito (Hosei University),
Wolfgang Schwarz (Dresden University of Technology), Chi K. Tse (Hong Kong
Polytechnic University), Toshimitsu Ushio (Osaka University), Shigemasa Takai
(Kyoto Institute of Tehcnology), Naly Rakoto-Ravalontsalama (Ecole des Mines
de Nantes)

Chaired by: Toshimitsu Ushio (Osaka University), Hiroyuki Torikai (Hosei University)

14:00 – 14:20 Design of a Low EMI Hysteretic Current-Controlled DC/DC Boost Converter Via Chaotic
Perturbation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 259

Michele Balestra (University of Ferrara), Fabio Pareschi (University of Ferrara), Gianluca Setti (University
of Ferrara), Riccardo Rovatti (Univesity of Bologna)

14:20 – 14:40 A Digital Spiking Neuron and its Simple Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263

Hiroyuki Torikai (Hosei University), Yoshiaki Shimizu (Tokyo Metropolitan Government), Toshimichi Saito
(Hosei University)

14:40 – 15:00 Probabilistic Controllability Analysis of Piecewise Affine Systems . . . . . . . . . . . . . . . . . . . . . . 267

Shun-ichi Azuma (Kyoto University), Jun-ichi Imura (Tokyo Institute of Technology)

15:00 – 15:20 Controller Optimisation for Hybrid Systems by use of Return Maps . . . . . . . . . . . . . . . . . . . . . 271

Jörg Krupar (Dresden University of Technology), Wolfgang Schwarz (Dresden University of Technology)

15:20 – 15:40 Supervisory Control of an Experimental Switched DES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275

Michael Canu (Ecole des Mines de Nantes), Jacky Haurogne (Ecole des Mines de Nantes), Dominique
Morel (Ecole des Mines de Nantes), Naly Rakoto-Ravalontsalama (Ecole des Mines de Nantes)

15:40 – 16:00 Control-invariance of Hybrid Systems with Sampled-data state Feedback Control . . . . . . 279

Yoshiyuki Tsuchie (Osaka University), Toshimitsu Ushio (Osaka University)

SPECIAL SESSION

SS05 — Consistency and Synchronization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283

Date: Sep, 12th Time: 14:00 – 16:00 Room: Saturno A

Organized by: Atsushi Uchida (Takushoku University)
Chaired by: Kazuyuki Yoshimura (NTT Corporation), Atsushi Uchida (Takushoku University)

14:00 – 14:20 Consistency of a Laser System Driven by Chaos and Noise Signals . . . . . . . . . . . . . . . . . . . 283

Atsushi Uchida (Takushoku University), Shigeru Yoshimori (Takushoku University), Ryan McAllister (Univer-
sity of Maryland), Rajarshi Roy (University of Maryland)

14:20 – 14:40 Consistency in Time-delay Systems with Periodic Feedback Functions . . . . . . . . . . . . . . . . . 287

Kazuyuki Yoshimura (NTT Communication Science Laboratories), Jun Muramatsu (NTT Communication
Science Laboratories), Peter Davis (NTT Communication Science Laboratories)

14:40 – 15:00 Consistency and ICA of Solvable Chaotic Maps with Non-Gaussian Stable Distributions291

Ken Umeno (National Institute of Information and Communications Technology), Atsushi Uchida (Takushoku
University), Minghui Kao (Waseda University)

15:00 – 15:20 Reproducibility of Limit-cycle Oscillators Induced by Random Impulses . . . . . . . . . . . . . . . . 295

Kensuke Arai (Kyoto University), Hiroya Nakao (Kyoto University)

15:20 – 15:40 Multiple Basins of Consistency in a Driven Mackey-Glass Electronic Circuit . . . . . . . . . . . . 299

Hoipang Yip (Takushoku University), Satoshi Sano (Takushoku University), Atsushi Uchida (Takushoku
University), Shigeru Yoshimori (Takushoku University)
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15:40 – 16:00 Consistency Caused by Various Types of Signals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 303

Shin-itiro Goto (NTT Communication Science Laboratories), Kazuyuki Yoshimura (NTT Communication
Science Laboratories)

SPECIAL SESSION

SS01 — Computer Assisted Proof for Linear and Nonlinear Problems in Rn . . . . . . . 307

Date: Sep, 12th Time: 14:00 – 16:00 Room: Giove A

Organized by: Shin’ichi. Oishi (Waseda University), Siegfried M. Rump (Hamburg University
of Technology)

Chaired by: Shin’ichi Oishi (Waseda University), Siegfried M. Rump (Hamburg University of
Technology)

14:00 – 14:20 Numerical Verification of Five Solutions in Two-transistor Circuits. . . . . . . . . . . . . . . . . . . . . . .307

Yusuke Nakaya (Waseda University), Shin’ichi Oishi (Waseda University), Tetsuo Nishi (Waseda University),
Martin Claus (Dresden University of Technology)

14:20 – 14:40 Error Bounds for Extremely Ill-conditioned Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 311

Siegfried M. Rump (Hamburg University of Technology)

14:40 – 15:00 Convergence Theorem of Rump’s Method for Inverting Arbitrarily Ill-Conditioned Matri-
ces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 315

Shin’ichi Oishi (Waseda University), Kunio Tanabe (Waseda University), Takeshi Ogita (Waseda University),
Siegfried M. Rump (Hamburg University of Technology / Waseda University)

15:00 – 15:20 Fast Verification for Sparse Linear Systems with Generalized Diagonally Dominant
Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 319

Takeshi Ogita (JST / Waseda University), Shin’ichi Oishi (Waseda University)

15:20 – 15:40 Adaptive Verification Method for Dense Linear Systems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .323

Katsuhisa Ozaki (Waseda University), Takeshi Ogita (JST / Waseda University), Shin’ichi Oishi (Waseda
University)

15:40 – 16:00 VSDP: A MATLAB Software Package for Verified Semidefinite Programming . . . . . . . . . . . 327

Christian Jansson (Hamburg University of Technology)

SPECIAL SESSION

SS07 — Nonlinear Dynamics in Macroeconomics – II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 331

Date: Sep, 12th Time: 14:00 – 16:00 Room: Giove B

Organized by: Akio Matsumoto (Chuo University)
Chaired by: Hiroyuki Kurokawa (Kanto-Gakuin University)

14:00 – 14:20 Fractal with Price Scale of High-frequency Data in Futures Market . . . . . . . . . . . . . . . . . . . . . 331

Yoshiaki Kumagai (Waseda University)

14:20 – 14:40 Monetary Policy Subject to Measurement Errors of Private Sector Adaptive Expecta-
tions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 335

Stefano Casaccia (University of Genova), Silvano Cincotti (University of Genova), Marco Raberto (University
of Genova), Andrea Teglio (University of Genova)

14:40 – 15:00 Nonconvex Variational Problem with Recursive Integral Functionals in Sobolev Spaces:
Existence and Representation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 339

Nobusumi Sagara (Hosei University)
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15:00 – 15:20 Analysis of Artificial Double Auction Markets Consisting of Multi-agents using Genetic
Programming for Learning and its Applications to Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .343

Yoshikazu Ikeda (Shinshu University), Shozo Tokinaga (Kyushu University)

15:20 – 15:40 Fractal Analysis of Euro Foreign Exchange Rates Using the R/S Analysis . . . . . . . . . . . . . . 347

Hiroyuki Kurokawa (Kanto Gakuin University)

SPECIAL SESSION

SS12 — Nonlinear Time Series Analysis – II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .351

Date: Sep, 12th Time: 16:20 – 18:20 Room: Imperiale A
Organized by: Michael Small (Hong Kong Polytechnic University), Yoshito Hirata (Tokyo Uni-

versity), Tomomichi Nakamura (Hong Kong Polytechnic University)
Chaired by: Michael Small (The Hong Kong Polytechnic University), Tomomichi Nakamura

(The Hong Kong Polytechnic University), Yoshito Hirata (The University of
Tokyo)

16:20 – 16:40 Detecting Nonlinearity in Non-stationary Time Series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 351

Tomomichi Nakamura (The Hong Kong Polytechnic University), Michael Small (The Hong Kong Polytechnic
University), Yoshito Hirata (The University of Tokyo)

16:40 – 17:00 Inferring on the Dynamical Nature of Spike Trains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 355

Oscar De Feo (University College Cork)

17:00 – 17:20 Phase Space Projection with Time Domain Constraint (TDC) for Noise Reduction . . . . . . 359

Xiaodong Luo (Hong Kong Polytechnic University), Jie Zhang (Hong Kong Polytechnic University), Michael
Small (Hong Kong Polytechnic University)

17:20 – 17:40 Predictive Models of Wind for Controlling a Wind Turbine . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 363

Yoshito Hirata (The University of Tokyo), Hideyuki Suzuki (The University of Tokyo), Kazuyuki Aihara (The
University of Tokyo/ERATO JST)

17:40 – 18:00 Chaotic Correlation among Cycles in Human Electrocardiograms . . . . . . . . . . . . . . . . . . . . . . 367

Jie Zhang (Hong Kong Polytechnic University), Dong X. Luo (Hong Kong Polytechnic University), Michael
Small (Hong Kong Polytechnic University)

18:00 – 18:20 The Recurrence Quantification Technique Applied to Liu’s System . . . . . . . . . . . . . . . . . . . . . 371

Francisco Balibrea (Universidad de Murcia), M.Victoria Caballero (Universidad de Murcia), Lourdes Molera
(Universidad de Murcia)

Random Number Generators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 375

Date: Sep, 12th Time: 16:20 – 18:20 Room: Imperiale B
Chaired by: Akio Tsuneda (Kumamoto University), Sergio Callegari (University of Bologna)

16:20 – 16:40 Entropy Enhancement in a Chaos-Based Random Bit Generator . . . . . . . . . . . . . . . . . . . . . . .375

Tommaso Addabbo (University of Siena), Massimo Alioto (University of Siena), Ada Fort (University of
Siena), Santina Rocchi (University of Siena), Valerio Vignoli (University of Siena)

16:40 – 17:00 A Study on Generation of Aperiodic Random Numbers Using Tent-Map-Type Feedback
Shift Registers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 379

Akio Tsuneda (Kumamoto University), Takashi Tanoue (Kumamoto University), Sho Mitsuishi (Kumamoto
University), Daisaburo Yoshioka (Kumamoto University), Takahiro Inoue (Kumamoto University)

17:00 – 17:20 Simple and Effective Post-Processing Stage for Random Stream Generated by a
Chaos-Based RNG . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 383

Fabio Pareschi (University of Ferrara), Riccardo Rovatti (University of Bologna), Gianluca Setti (University
of Ferrara)
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17:20 – 17:40 On the Robustness to Noise and Interference of ADC-Derived, Chaos-Based True
Random Number Generators. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .387

Sergio Callegari (University of Bologna)

17:40 – 18:00 Compensated True Random Number Generator Based On a Double-Scroll Attractor . . . 391

Salih Ergun (TUBITAK), Serdar Ozoguz (Istanbul Technical University)

18:00 – 18:20 A Low Cost Chaos-based Random Number Generator Realized in 8-bit Precision
Environment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 395

Kwok W. Tang (City University of Hong Kong), Wallace Tang (City University of Hong Kong)

SPECIAL SESSION

SS03 — Discrete Event Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 399

Date: Sep, 12th Time: 16:20 – 18:20 Room: Saturno A

Organized by: Florian Wenck (Ruhr-Universitaet Bochum ), Shigemasa Takai (Kyoto Institute
of Technology), Naly Rakoto-Ravalontsalama (Ecole des Mines de Nantes)

Chaired by: Florian Wenck (Ruhr-Universitaet Bochum), Shigemasa Takai (Kyoto Institute
of Technology)

16:20 – 16:40 Computational Complexity Analysis of a Petri Net Identification Procedure . . . . . . . . . . . . . 399

Maria P. Cabasino (University of Cagliari), Alessandro Giua (University of Cagliari), Carla Seatzu (University
of Cagliari)

16:40 – 17:00 On Reachability Analysis of Multi Agent Nets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 403

Toshiyuki Miyamoto (Osaka University), Masaki Sakamoto (Osaka University), Sadatoshi Kumagai (Osaka
University)

17:00 – 17:20 How to Obtain Coefficients for a Firing Count Vector Expanded by T-Invariants and
Particular Solutions in P/T Petri Nets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 407

Tadashi Matsumoto (Fukui University of Technology), Seiichiro Moro (University of Fukui), Masahiro
Osogami (Fukui University of Technology)

17:20 – 17:40 Computation of Controllable Sublanguages for Unbounded Petri Nets Using Their
Approximation Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 411

Shigemasa Takai (Kyoto Institute of Technology), Yongming Bai (Wakayama University)

17:40 – 18:00 Compositional Controllability Analysis for Partially-Strict Composed DES. . . . . . . . . . . . . . .415

Florian Wenck (Ruhr-Universitaet Bochum), Francisco de Assis Carvalho da Silva Neto (Federal University
of Santa Catarina)

18:00 – 18:20 A New Algorithm for Diagnosability Analysis of a Class of Hierarchical Finite State
Machines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 419

Andrea Paoli (University of Bologna), Stéphane Lafortune (The University of Michigan)
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SPECIAL SESSION

SS02 — Computer Assisted Proof for Partial Differential Equations . . . . . . . . . . . . . . . .423

Date: Sep, 12th Time: 16:20 – 18:20 Room: Giove A

Organized by: Michael Plum (Karlsruhe University), Nobito Yamamoto (The University of
Electro-Communications)

Chaired by: Michael Plum (Karlsruhe University), Nobito Yamamoto (The University of
Electro-Communications)

16:20 – 16:40 A New Mixed-type Embedding Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . N/A

Michael Plum (Universität Karlsruhe)

16:40 – 17:00 A Numerical Verification Method for ODEs based on Nakao’s Theory . . . . . . . . . . . . . . . . . . 423

Nobito Yamamoto (The University of Electro-Communications)

17:00 – 17:20 Some Computer Assisted Proofs on Three Dimensional Heat Convection Problems . . . . 427

Myoungnyoun Kim (Kyushu University), Mitsuhiro T. Nakao (Kyushu University), Yoshitaka Watanabe
(Kyushu University), Takaaki Nishida (Waseda University)

17:20 – 17:40 A Computer-assisted Proof for the Kolmogorov Flows of Imcompressible Viscous Fluid.431

Yoshitaka Watanabe (Kyushu University)

17:40 – 18:00 Enclosures for the Biharmonic Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . N/A

Borbála Fazekas (Universität Karlsruhe)

18:00 – 18:20 Enclosures for Nonlinear Hyperbolic Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . N/A

Vu Hoang (Universität Karlsruhe)

SPECIAL SESSION

SS17 — Laser Dynamics and Nonlinear Optics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 435

Date: Sep, 12th Time: 16:20 – 18:20 Room: Giove B

Organized by: Atsushi Uchida (Takushoku University)
Chaired by: Atsushi Uchida (Takushoku University)

16:20 – 16:40 Interplay of Optical Feedback and Polarization Dynamics in VCSELs. . . . . . . . . . . . . . . . . . .435

Krassimir Panajotov (Vrije Universiteit Brussel), Hugo Thienpont (Vrije Universiteit Brussel), Marc Scia-
manna (SUPELEC Campus de Metz)

16:40 – 17:00 Bifurcation to Polarization Chaos in VCSELs with Orthogonal Optical Injection . . . . . . . . . 439

Marc Sciamanna (SUPELEC Campus de Metz), Ignace Gatare (SUPELEC Campus de Metz), Hugo
Thienpont (Vrije Universiteit Brussel), Krassimir Panayotov (Vrije Universiteit Brussel)

17:00 – 17:20 Experimental Observation of In-phase and Anti-phase Synchronization of Chaos in
Coupled Vertical-cavity Surface-emitting Lasers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 443

Mitsutoshi Ozaki (Takushoku University), Takaya Mihara (Takushoku University), Hiroyuki Someya
(Takushoku University), Atsushi Uchida (Takushoku University), Shigeru Yoshimori (Takushoku University)

17:20 – 17:40 Chaos Synchronization in Modulated Lasers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 447

Riccardo Meucci (CNR-INOA), Francesco Salvadori (University of Florence), Kais Al-Naimee (University of
Baghdad), Fortunato T. Arecchi (University of Florence)

17:40 – 18:00 Chaotic Dynamics and Synchronization in Microchip Lasers Coupled with Opto-
electronic Feedback. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .451

Keisuke Mizumura (Takushoku University), Atsushi Uchida (Takushoku University), Shigeru Yoshimori
(Takushoku University)
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Day III, September 13th 2006

SPECIAL SESSION

SS13 — Topological and Computational Approaches to Nonlinear Dynamics and
Bifurcations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 455

Date: Sep, 13th Time: 08:30 – 10:10 Room: Imperiale A

Organized by: Hiroshi Kokubu (Kyoto University), Takashi Hikihara (Kyoto University)
Chaired by: Hiroshi Kokubu (Kyoto University)

08:30 – 08:50 Recent Developments in Topological-computational Approaches to Nonlinear Dynam-
ics: An Overview. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .455

Hiroshi Kokubu (Kyoto University)

08:50 – 09:10 Symbolic Dynamics and Heteroclinic Transitions for the Rossler System . . . . . . . . . . . . . . . 459

Piotr Zgliczynski (Jagiellonian University)

09:10 – 09:30 Computing Arnold Tongue Scenarios: Some Recent Advances . . . . . . . . . . . . . . . . . . . . . . . . 463

Frank Schilder (University of Bristol)

09:30 – 09:50 An Algorithm for Hyperbolicity Verification and its Application . . . . . . . . . . . . . . . . . . . . . . . . . . 467

Zin Arai (Kyoto Univeristy)

09:50 – 10:10 Rigorous Bounds for the Probability of Chaos in the Logistic Family . . . . . . . . . . . . . . . . . . . . 471

Stefano Luzzatto (Imperial College London)

SPECIAL SESSION

SS23 — Multidimensional Mobile Information Networks – I . . . . . . . . . . . . . . . . . . . . . . . . . 475

Date: Sep, 13th Time: 08:30 – 10:10 Room: Imperiale B

Organized by: Shoji Shinoda (Chuo University)
Chaired by: Kyung Sup Kwak (Inha University)

08:30 – 08:50 UWB Radio: A Real Chance for Application of Chaotic Communications . . . . . . . . . . . . . . . 475

Geza Kolumban (Budapest University of Technology and Economics), Tamas Krebesz (Budapest University
of Technology and Economics)

08:50 – 09:10 Ultrawideband Transceiver Platform Based On Chaotic Signals . . . . . . . . . . . . . . . . . . . . . . . . 479

Alexander Dmitriev (Institute of Radio engineering and Electronics of RAS), Andrey Kletsov (Institute of
Radio engineering and Electronics of RAS), Lev Kuzmin (Institute of Radio engineering and Electronics of
RAS), Anton Laktushkin (Institute of Radio engineering and Electronics of RAS), Anrey Panas (Institute of
Radio engineering and Electronics of RAS), Vladimir Sinyakin (Bauman Moscow State Technical University)

09:10 – 09:30 On Waiting Time for Path Reconstruction in Mobile Multi-hop Networks . . . . . . . . . . . . . . . . 483

Keisuke Nakano (Niigata University), Masakazu Sengoku (Niigata University), Shoji Shinoda (Chuo
University)

09:30 – 09:50 Distributed Opportunistic Wireless Spectrum Access Protocols . . . . . . . . . . . . . . . . . . . . . . . . 487

Jianhua He (University of Bristol), Alistair Munro (University of Bristol), Dritan Kaleshi (University of Bristol),
Joe McGeehan (University of Bristol)

09:50 – 10:10 Investigations on Throughput Gain of MIMO Multiplexing Schemes in HSDPA for
High-Speed Mobile Multimedia Services . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 491

Hidekazu Taoka (NTT DoCoMo, Inc.), Hiroyuki Atarashi (NTT DoCoMo, Inc.), Kenichi Higuchi (NTT
DoCoMo, Inc.), Mamoru Sawahashi (Musashi Institute of Technology)
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SPECIAL SESSION

SS15 — Neurodynamics and its Hardware Implementation – I . . . . . . . . . . . . . . . . . . . . . . 495

Date: Sep, 13th Time: 08:30 – 10:10 Room: Saturno A

Organized by: Koji Nakajima (Tohoku University)
Chaired by: Koji Nakajima (Tohoku University), Shigeo Sato (Tohoku University)

08:30 – 08:50 A CMOS Synapse with STDP Function and Its Application to Hopfield-type Associative
Memory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 495

Hideki Tanaka (Kyushu Institute of Technology), Takashi Morie (Kyushu Institute of Technology), Kazuyuki
Aihara (The University of Tokyo/ERATO JST)

08:50 – 09:10 Physical Chaotic Neuro-Dynamics and Optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 499

Yoshihiko Horio (Tokyo Denki University), Kazuyuki Aihara (The University of Tokyo/ERATO JST)

09:10 – 09:30 Dynamic Behavior and Characteristics of the Modified ID Model with Burst Firing . . . . . . 503

Shinya Suenaga (Tohoku University), Yoshihiro Hayakawa (Tohoku University), Koji Nakajima (Tohoku
University)

09:30 – 09:50 An STDP-type Learning by Minimizing K-L Divergence for a Spiking Neural Network . . . 507

Shigeo Sato (Tohoku University), Kun Ma (Tohoku University), Koji Nakajima (Tohoku University)

Power Circuits and Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 511

Date: Sep, 13th Time: 08:30 – 10:10 Room: Giove A

Chaired by: Wolfgang Schwarz (Dresden University of Technology), Kaoru Inoue (Doshisha
University)

08:30 – 08:50 Non-linear Model of a Parallel Hybrid Power Audio Amplifier . . . . . . . . . . . . . . . . . . . . . . . . . . . 511

Lorenzo Chiesi (University of Parma), Emilio Lorenzani (University of Parma), Giovanni Franceschini
(University of Parma), Alberto Bellini (DISMI-University of Modena)

08:50 – 09:10 Design-Oriented Hopf Bifurcation Boundary in Parallel-Connected Buck Converters
Under Democratic Current-Sharing Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .515

Herbert H.C. Iu (University of Western Australia), Chi K. Tse (Hong Kong Polytechnic University)

09:10 – 09:30 On the Application of a Server Type RTK-GPS to Electric Power Systems . . . . . . . . . . . . . . 519

Masashi Sakamoto (Kagoshima University), Hitoshi Takata (Kagoshima University)

09:30 – 09:50 Effects of Characteristics of Band-pass Filter to Operation of Class DE Inverter . . . . . . . . 523

Motoki Katayama (Chiba University), Hiroyuki Hase (Chiba University), Hiroo Sekiya (Chiba University),
Jianming Lu (Chiba University), Takashi Yahagi (Chiba University)

09:50 – 10:10 A Novel Control Method of a Regenerative Power Storage System for Energy Saving
of an Electric Machinery . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 527

Kaoru Inoue (Doshisha University), Kenji Ogata (Doshisha University), Toshiji Kato (Doshisha University)
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Complex Dynamics in Oscillators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 531

Date: Sep, 13th Time: 08:30 – 10:10 Room: Giove B

Chaired by: Keiji Konishi (Osaka Prefecture University), Hisato Fujisaka (Hiroshima City
University)

08:30 – 08:50 Pattern Dynamics of Phase Synchronization in a Family of Coupled Several One-
Dimensional Chaotic Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 531

Masahiro Wada (Konan University), Yoshifumi Nishio (Tokushima University)

08:50 – 09:10 Supertransients in Coupled Map Lattice with Distributed Feedback Control . . . . . . . . . . . . .535

Keiji Konishi (Osaka Prefecture University)

09:10 – 09:30 Stochastic Resonance in Coupled Costas Loops with Imperfect Phase Detectors . . . . . . 539

Hisato Fujisaka (Hiroshima City University), Asuka Watanabe (Hiroshima City University), Takeshi Kamio
(Hiroshima City University)

09:30 – 09:50 Asymmetrical Chaotic Coupled System Using Two Different Parameter Sets . . . . . . . . . . . 543

Yasuteru Hosokawa (Shikoku University), Yoshifumi Nishio (Tokushima University)

09:50 – 10:10 Parasitic Capacitances and Chaotic Dynamics in a Log-domain Oscillator . . . . . . . . . . . . . . 547

Alon Ascoli (University College Dublin), Orla Feely (University College Dublin), Paul Curran (University
College Dublin)

SPECIAL SESSION

SS22 — Complex Networks Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .551

Date: Sep, 13th Time: 10:30 – 12:10 Room: Imperiale A

Organized by: Francis C.M. Lau (Hong Kong Polytechnic University), Chi K. Tse (Hong Kong
Polytechnic University)

Chaired by: Francis Lau (Hong Kong Polytechnic University), Chi K. Tse (Hong Kong
Polytechnic University)

10:30 – 10:50 Packet Traffic Analysis in a Complex Network with Multiple Power-Law Properties . . . . . . 551

Yongxiang Xia (Hong Kong Polytechnic University), Chi K. Tse (Hong Kong Polytechnic University), Francis
C.M. Lau (Hong Kong Polytechnic University)

10:50 – 11:10 State-feedback Control of Complex Dynamical Networks. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .555

Zhengping Fan (City University of Hong Kong), Francesco Sorrentino (University of Naples Federico II),
Mario Di Bernardo (University of Naples Federico II), Guanrong Chen (City University of Hong Kong)

11:10 – 11:30 Growing Self-Organizing Maps for Network Construction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .559

Toshimichi Saito (Hosei University), Takeshi Ehara (Hosei University), Satoshi Suzuki (Hosei University),
Hiroyuki Torikai (Hosei University)

11:30 – 11:50 Study of LDPC Codes Built on Scale-Free Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 563

Xia Zheng (Hong Kong Polytechnic University), Francis C.M. Lau (Hong Kong Polytechnic University), Chi
K. Tse (Hong Kong Polytechnic University)

11:50 – 12:10 Graph-based Criteria for Synchronization of Diffusively Coupled Oscillators . . . . . . . . . . . . 567

Igor Belykh (Georgia State University), Martin Hasler (EPFL), Vladimir Belykh (Volga State Academy)
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SPECIAL SESSION

SS24 — Multidimensional Mobile Information Networks – II . . . . . . . . . . . . . . . . . . . . . . . . 571

Date: Sep, 13th Time: 10:30 – 12:10 Room: Imperiale B
Organized by: Shoji Shinoda (Chuo University)
Chaired by: Keisuke Nakano (Niigata University)

10:30 – 10:50 Tracking Cost of Mobile Agents in Ad Hoc Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 571

Ryo Nakanishi (Gunma University), Shota Kawakami (Gunma University), Yoshikuni Onozato (Gunma
University)

10:50 – 11:10 Location-aided Energy-aware Routing Method for UWB-based Sensor Networks . . . . . . . 575

Kyungsup Kwak (Inha University), Xizhi An (Inha University)

11:10 – 11:30 Context Acquisition via Multifarious Sensors in a Real World Home Ubiquitous Envi-
ronment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 579

Tatsuya Yamazaki (NICT)

11:30 – 11:50 Chaos-Based Generation of Optimal Spreading Sequences for DS-UWB Sensor
Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 583

Giampaolo Cimatti (University of Bologna), Riccardo Rovatti (University of Bologna), Gianluca Setti
(University of Ferrara)

11:50 – 12:10 Formulation of an Assignment Problem in Wireless LANs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 587

Hiroshi Tamura (Niigata Institute of Technology), Masakazu Sengoku (Niigata University), Shoji Shinoda
(Chuo University)

SPECIAL SESSION

SS16 — Neurodynamics and its Hardware Implementation – II . . . . . . . . . . . . . . . . . . . . . 591

Date: Sep, 13th Time: 10:30 – 12:10 Room: Saturno A
Organized by: Koji Nakajima (Tohoku University)
Chaired by: Hatsuo Hayashi (Kyushu Institute of Technology), Yoshihiro Hayakawa (Tohoku

University)

10:30 – 10:50 Slow Spiking and Variability of Inter-Spike Intervals near the Hopf Bifurcation in Simple
Single Neuron Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 591

Junko Inoue (Kyoto Koka Women’s University), Shinji Doi (Osaka Univeristy), Sadatoshi Kumagai (Osaka
University)

10:50 – 11:10 Theta Phase Coding in Entorhinal-Hippocampal Loop Circuits Organized by Afferent
Signals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 595

Jun Igarashi (Kyushu Institute of Technology), Hatsuo Hayashi (Kyushu Institute of Technology), Katsumi
Tateno (Kyushu Institute of Technology)

11:10 – 11:30 A Hierarchical Brain Inspired Computing System. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .599

Christopher Johansson (Royal Institute of Technology), Anders Lansner (Royal Institute of Technology)

11:30 – 11:50 Optimization at Work in the Cortex: Limit Cycle Computation, Minimization of the Total
Wiring Length, and Architectural Computational Classes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 603

Ruedi Stoop (Institute of Neuroinformatics ETHZ), Stefan Martignoli (Institute of Neuroinformatics ETHZ),
Clemens Wagner (Institute of Neuroinformatics ETHZ)

11:50 – 12:10 The Nontrivial Grammar of Drosophila Courtship Language Distinguishes among
Different Genetic Profiles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .607

Ruedi Stoop (Institute of Neuroinformatics ETHZ), Christian Heid (Institute of Neuroinformatics ETHZ),
Benjamin I Arthur (Institute of Neuroinformatics ETHZ)
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Neural Networks – III . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 611

Date: Sep, 13th Time: 10:30 – 12:10 Room: Giove A

Chaired by: Kenya Jin’no (Kanto Gakuin University), Petr Lansky (Academy of Sciences of
the Czech Republic)

10:30 – 10:50 Characteristic of Hysteresis Oscillatory Associative Memory . . . . . . . . . . . . . . . . . . . . . . . . . . . 611

Kenya Jin’no (Kanto Gakuin University)

10:50 – 11:10 Improved Hetero Chaotic Associative Memory for Successive Learning with Multi-
Winners Competition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 615

Yuko Osana (Tokyo University of Technology)

11:10 – 11:30 The Parameters of the Ornstein-Uhlenbeck Neuronal Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 619

Petr Lansky (Academy of Sciences of the Czech Republic), Pavel Sanda (Academy of Sciences of the
Czech Republic), Jufang He (The Hong Kong Polytechnic University)

11:30 – 11:50 Oscillation Mechanism in Cyclic Coupled Neurons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 623

Hiroyuki Kitajima (Kagawa University), Takashi Ishii (Kagawa University), Tetsuo Hattori (Kagawa University)

11:50 – 12:10 An Autoassociation Model based on Entropy Functionals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 627

Masahiro Nakagawa (Nagaoka University of Technology)

Analysis of Oscillators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 631

Date: Sep, 13th Time: 10:30 – 12:10 Room: Giove B

Chaired by: Peter Kennedy (University College Cork), Yoshihiko Susuki (Kyoto University)

10:30 – 10:50 Analysis of Phase Noise and the Effect of Large Signal Nonlinearity in Dual Cross-
Coupled LC Oscillators. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .631

Sohrab Samadian (UCLA)

10:50 – 11:10 3 GHz Spread Spectrum Clock Generator for Serial ATA-II using Random Frequency
Modulation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .635

Luca A. De Michele (University of Bologna), Fabio Pareschi (University of Bologna / University of Ferrara),
Riccardo Rovatti (University of Bologna), Gianluca Setti (University of Ferrara / University of Bologna)

11:10 – 11:30 Mathematical Analysis of Injection-Locked Frequency Dividers . . . . . . . . . . . . . . . . . . . . . . . . . 639

Tao Xu (University College Cork), Zhipeng Ye (University College Cork), Michael P. Kennedy (University
College Cork)

11:30 – 11:50 Analysis and Evaluation of Harmonic Distortion in the Hartley Oscillator . . . . . . . . . . . . . . . .643

Melita Pennisi (University of Catania), Gaetano Palumbo (University of Catania), Salvatore Pennisi (Univer-
sity of Catania)

11:50 – 12:10 Amplitude Response Curves of Frequency-locked Rotations . . . . . . . . . . . . . . . . . . . . . . . . . . . 647

Yoshihiko Susuki (Kyoto University), Yoshisuke Ueda (Future University-Hakodate)
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SPECIAL SESSION

SS25 — Statistical Physics of Complex Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .651

Date: Sep, 13th Time: 14:00 – 16:00 Room: Imperiale A

Organized by: Ljupco Kocarev (University of California, San Diego), Jose Amigo (Universidad
Miguel Hernandez)

Chaired by: Ljupco Kocarev (University of California, San Diego), Jose Amigo (Universidad
Miguel Hernandez)

14:00 – 14:20 Statistical Physics in Information Theory: An Overview. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .651

Ljupco Kocarev (UCSD), José M. Amigó (Universidad Miguel Hernandez)

14:20 – 14:40 Statistical Physics of Information Flow in Wireless Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . 655

Massimo Franceschetti (UC San Diego)

14:40 – 15:00 Network Structural Properties, Communication Models and Traffic Dynamics . . . . . . . . . . .659

Mario Di Bernardo (University of Bristol / University of Naples Federico II), Francesco Sorrentino (University
of Naples Federico II)

15:00 – 15:20 Queuing Networks with Periodic Fluid Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .663

Tommaso Addabbo (University of Siena), Ljupco Kocarev (University of California, San Diego)

15:20 – 15:40 Adaptive Traffic in Complex Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 667

Attila Fekete (Collegium Budapest), Gabor Vattay (Collegium Budapest), Ljupco Kocarev (University of
California, San Diego)

15:40 – 16:00 Information Processing in Networks of Coupled Hindmarsh-Rose Neurons . . . . . . . . . . . . . 671

Paolo Checco (Polytechnic of Torino), Marco Righero (Polytechnic of Torino), Mario Biey (Polytechnic of
Torino), Ljupco Kocarev (University of California, San Diego)

Discrete Time Chaos . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 675

Date: Sep, 13th Time: 14:00 – 16:00 Room: Imperiale B

Chaired by: David Arrowsmith (University of London), Antony J. Lawrance (University of
Warwick)

14:00 – 14:20 Queues, Long-range Dependent Traffic and Non-linear Maps . . . . . . . . . . . . . . . . . . . . . . . . . . 675

Raul J. Mondragon (Univeristy of London), David K. Arrowsmith (University of London)

14:20 – 14:40 An autonomous Piecewise-Constant System with Multirate Sample-Hold Controllers . . . 679

Tadashi Tsubone (Nagaoka University of Technology), Yasuhiro Wada (Nagaoka University of Technology)

14:40 – 15:00 Fractal Structures of Three-Segment Piecewise-Linear Map in Reverse Time . . . . . . . . . . 683

Alexey I. Tomashevskiy (Moscow Power Engineering Institute (Technical University)

15:00 – 15:20 Applications of High-Dimensional Cat Map and Its Mixing Nature. . . . . . . . . . . . . . . . . . . . . . .687

H. S. Kwok (City University of Hong Kong), Wallace Tang (City University of Hong Kong)

15:20 – 15:40 On Some Properties of Chaotic Maps Implemented in Finite-State Machines . . . . . . . . . . .691

Mieczyslaw Jessa (Poznan University of Technology)

15:40 – 16:00 Higher Order Dependency of Chaotic Maps. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .695

Antony J. Lawrance (University of Warwick), Theodore Papamarkou (University of Warwick)
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SPECIAL SESSION

SS21 — Nonlinear Speech and Image Processing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 699

Date: Sep, 13th Time: 14:00 – 16:00 Room: Saturno A

Organized by: Makoto Nakashizuka (Osaka University)
Chaired by: Makoto Nakashizuka (Osaka University), Akira Asano (Hiroshima University)

14:00 – 14:20 A Short Duration Noise Suppression Method for Speech Signals by Using a Sparse
Signal Representation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 699

Makoto Nakashizuka (Osaka University)

14:20 – 14:40 A Noise Variance Estimator for Speech Enhancement based on MAP Spectral Ampli-
tude Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 703

Arata Kawamura (Osaka University), Youji Iiguni (Osaka University)

14:40 – 15:00 Soliton Equations of Connection Energy for Speech Spectral Interpolations . . . . . . . . . . . . 707

Yoshinao Shiraki (Shonan Institute of Technology)

15:00 – 15:20 Unsupervised Structuring Element Optimization of Morphological Opening for Texture
Images . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 711

Atsusi Fujiki (Kansai University), Akira Asano (Hiroshima University), Mitsuji Muneyasu (Kansai University)

15:20 – 15:40 A Fast Binary Morphological Operator for Real Time Sequence Analysis . . . . . . . . . . . . . . . 715

Alessandro Bevilacqua (University of Bologna), Alessandro Gherardi (University of Bologna)

15:40 – 16:00 Combining Correlation Kernels and Kansei Information in Kernel CCA in Texture
Classification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 719

Yo Horikawa (Kagawa University), Yujiro Ohnishi (Kagawa University)

Cellular Neural Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 723

Date: Sep, 13th Time: 14:00 – 16:00 Room: Giove A

Chaired by: Norikazu Takahashi (Kyushu University), Marco Gilli (Polytechnic of Torino)

14:00 – 14:20 Comparing Two-Layer CNN with van der Pol Oscillators Coupled by Inductors. . . . . . . . . .723

Koji Urabe (Niihama National College of Technology), Yoshifumi Nishio (Tokushima University)

14:20 – 14:40 Study on the Number of Equilibrium Points for a 1-D DBCNN with No Input . . . . . . . . . . . . 727

Hajime Hara (Hiroshima Institute of Technology), Tetsuo Nishi (Waseda University), Norikazu Takahashi
(Kyushu University)

14:40 – 15:00 Prediction of Chaos Attractor by using DT-CNN . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 731

Masatomo Inoue (Sophia University), Yuta Watanabe (Fuji Xerox Co., Ltd.), Tatsuro Shimada (Toyota
Moter Corporation), Masayuki Yamauchi (Hiroshima Insutitute of Technology), Mamoru Tanaka (Sophia
University)

15:00 – 15:20 Further Analysis on Condition for 1-D CNNs to Perform Connected Component Detec-
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 735

Norikazu Takahashi (Kyushu University), Tetsuo Nishi (Waseda University)

15:20 – 15:40 Pattern Formation in Locally Coupled 1D Arrays of Square-wave Generator Cells . . . . . . 739

Mustak E Yalcin (İstanbul Technical University)

15:40 – 16:00 Global Optimization with Coupled Local Minimizers Excited by Gaussian White Noise . . 743

Serkan Günel (K. U. Leuven, ESAT-SISTA), Johan A. K. Suykens (K. U. Leuven), Joos Vandewalle (K. U.
Leuven)
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SPECIAL SESSION

SS19 — Rhythmic and Synchronous Activities in Biological Systems . . . . . . . . . . . . . 747

Date: Sep, 13th Time: 14:00 – 16:00 Room: Giove B

Organized by: Kunichika Tsumoto (ERATO JST/The University of Tokyo), Shigeki Tsuji (ER-
ATO JST/The University of Tokyo), Kazuyuki Aihara (ERATO JST/The University
of Tokyo)

Chaired by: Kunichika Tsumoto (The University of Tokyo/ERATO JST), Shigeki Tsuji (The
University of Tokyo/ERATO JST)

14:00 – 14:20 Dependence of Synchronous Activities in Coupled Inhibitory Neurons upon Excitability
Classes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 747

Shigeki Tsuji (The University of Tokyo/ERATO JST), Tetsushi Ueta (Tokushima University), Hiroshi
Kawakami (Tokushima University), Kazuyuki Aihara (The University of Tokyo/ERATO JST)

14:20 – 14:40 Synchronous Activities in Neuronal Networks Composed of Homogeneous and Het-
erogeneous Neurons. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .751

Kunichika Tsumoto (The University of Tokyo/ERATO JST), Hiroyuki Kitajima (Kagawa University), Kazuyuki
Aihara (The University of Tokyo/ERATO JST)

14:40 – 15:00 A Study on a Neural Network Model of Theta Rhythm and Sequential Memory . . . . . . . . . 755

Youhei Nakamura (The University of Tokyo), Kazuyuki Aihara (The University of Tokyo/ERATO JST)

15:00 – 15:20 Entrainment of Circadian Oscillations under 24h Light-Dark Cycles . . . . . . . . . . . . . . . . . . . . 759

Gen Kurosawa (The University of Tokyo/ERATO JST), Kunichika Tsumoto (The University of Tokyo/ERATO
JST), Kazuyuki Aihara (The University of Tokyo/ERATO JST)

15:20 – 15:40 Dynamic Transition among Memories on Neurocomputer Composed of Amoeboid Cell
with Optical Feedback. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .763

Masashi Aono (RIKEN (The Institute of Physical and Chemical Research), Masahiko Hara (RIKEN (The
Institute of Physical and Chemical Research)

15:40 – 16:00 Synchronization Experimentally Observed in Calling Behaviors of Japanese Rain Frogs
(Hyla-japonica). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .767

Ikkyu Aihara (Kyoto University), Hiroyuki Kitahata (Kyoto University), Shunsuke Horai (The University of
Tokyo/ERATO JST), Kazuyuki Aihara (The University of Tokyo/ERATO JST), Kenichi Yoshikawa (Kyoto
University)

Analysis of Dynamical and Uncertain Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .771

Date: Sep, 13th Time: 16:20 – 18:20 Room: Imperiale A

Chaired by: Yasunori Endo (University of Tsukuba), Yuchi Kanzawa (Shibaura Institute of
Technology)

16:20 – 16:40 Measurement Noise Reduction by Local Projection Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . 771

Maria E. Mera (Universidad Complutense de Madrid), Manuel Morán (Universidad Complutense de Madrid)

16:40 – 17:00 A Coalgebraic Approach to Behavioral Inheritance in Dynamical Systems . . . . . . . . . . . . . . 775

Cristian Secchi (University of Modena and Reggio Emilia), Marcello Bonfé (University of Ferrara), Cesare
Fantuzzi (University of Modena and Reggio Emilia)

17:00 – 17:20 A General SPICE Model of the Stochastic Resonance Process . . . . . . . . . . . . . . . . . . . . . . . . 779

Gabriel Vasilescu (LISIF, University P. & M. Curie), Luonan Chen (Osaka Sangyo University)

17:20 – 17:40 A New Approach to Predict the Possible Bit Streams of a Sigma Delta Modulator . . . . . . 783

Emer M. Condon (University College Dublin), Paul Curran (University College Dublin), Orla Feely (University
College Dublin)
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17:40 – 18:00 Two Types of Fuzzy c-Means for Data with Tolerance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 787

Yuchi Kanzawa (Shibaura Institute of Technology), Yasunori Endo (University of Tsukuba), Sadaaki
Miyamoto (University of Tsukuba)

18:00 – 18:20 Improvement of Fuzzy ARTMAP by Controlling Match Tracking . . . . . . . . . . . . . . . . . . . . . . . . 791

Takeshi Kamio (Hiroshima City University), Kentaro Nomura (Hiroshima City University), Kenji Mori (Hi-
roshima City University), Hisato Fujisaka (Hiroshima City University), Kazuhisa Haeiwa (Hiroshima City
University)

Chaos Communication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .795

Date: Sep, 13th Time: 16:20 – 18:20 Room: Imperiale B

Chaired by: Yutaka Jitsumatsu (Kyushu University), Geza Kolumban (Budapest University
of Technology and Economics)

16:20 – 16:40 Non-autonomous Chaotic Radio Pulse Generator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .795

Nikolay Atanov (Russian Academy of Sciences), Alexander Dmitriev (Russian Academy of Sciences),
Elena Efremova (Russian Academy of Sciences), Lev Kuzmin (Russian Academy of Sciences)

16:40 – 17:00 Detection of Information Symbols and Sequence Lengths Using Suboptimal Receiver
for Chaos Shift Keying . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 799

Shintaro Arai (Tokushima University), Yoshifumi Nishio (Tokushima University)

17:00 – 17:20 FIR Pulse Shaping Filter Makes Markov Codes Better than I.I.D. in Chip-Asynchronous
DS/CDMA Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 803

Yutaka Jitsumatsu (Kyushu University), Masato Ogata (Kyushu Sangyo University), Tohru Kohda (Kyushu
University)

17:20 – 17:40 Shannon Capacity of Chaos-Based and Conventional Asynchronous Multi-Code DS-
CDMA Systems over AWGN Channels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 807

Stefano Vitali (University of Bologna), Riccardo Rovatti (University of Bologna), Gianluca Setti (University
of Ferrara)

17:40 – 18:00 An M-ary Orthogonal-CSK communication system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 811

Pascal Chargé (INSA - LESIA), Danièle Fournier-Prunaret (INSA - LESIA)

18:00 – 18:20 A Connection Between Chaotic Message-embedding and Conventional Self-
synchronizing Stream . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 815

Gilles Millerioux (Henri Poincare University), José M. Amigó (Universidad Miguel Hernandez), Jamal
Daafouz (Institut National Polytechnique de Lorraine)

Image Processing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 819

Date: Sep, 13th Time: 16:20 – 18:20 Room: Saturno A

Chaired by: Mitsunori Makino (Chuo University), Noritaka Shigei (Kagoshima University)

16:20 – 16:40 Lossless Parallel Image Coding using Discrete Time Cellular Neural Networks . . . . . . . . . 819

Ryunosuke Okamura (Sophia University), Hisashi Aomori (Sophia University), Tsuyoshi Otake (Tamagawa
University), Nobuaki Takahashi (IBM Japan), Mamoru Tanaka (Sophia University)

16:40 – 17:00 Image Resolution Enhancement using Discrete-Time Cellular Neural Network . . . . . . . . . 823

Takefumi Konishi (Tamagawa University), Hisashi Aomori (Sophia University), Tsuyoshi Otake (Tamagawa
University), Nobuaki Takahashi (IBM Japan), Seiya Masuda (Tamagawa University), Mamoru Tanaka
(Sophia University)

17:00 – 17:20 A Novel Edge Detection Algorithm using Cellular Neural Networks . . . . . . . . . . . . . . . . . . . . . 827

Giuseppe Grassi (University of Lecce), Pietro Vecchio (University of Lecce), Eugenio Di Sciascio (Polytech-
nic of Bari), Luigi A. Grieco (Polytechnic of Bari), Donato Cafagna (University of Lecce)
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17:20 – 17:40 Measuring the Skin Surface Changes Due to Hydrating Treatments Through Capacitive
Images Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 831

Alessandro Bevilacqua (University of Bologna), Alessandro Gherardi (University of Bologna)

17:40 – 18:00 Learning Algorithm for Multiple Vector Quantization Based Image Compression . . . . . . . . 835

Noritaka Shigei (Kagoshima University), Hiromi Miyajima (Kagoshima University), Michiharu Maeda
(Kurume National College of Technology)

18:00 – 18:20 An Efficiently Adaptive Ray Tracing by Automatic Differentiation . . . . . . . . . . . . . . . . . . . . . . . . 839

Masato Misumi (Chuo University), Mitsunori Makino (Chuo University)

Theory and Applications of Signal Processing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 843

Date: Sep, 13th Time: 16:20 – 18:20 Room: Giove A

Chaired by: Shin Mizutani (NTT Corporation), Akira Ohsumi (Kyoto Institute of Technology)

16:20 – 16:40 Noise-assisted Quantization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 843

Shin Mizutani (NTT Corporation), Jun Muramatsu (NTT Corporation), Kenichi Arai (NTT Corporation), Peter
Davis (NTT Corporation)

16:40 – 17:00 A Study on the Method for Evaluation of Pitch Variation of Baby’s Cry . . . . . . . . . . . . . . . . . . 847

Hidenori Tanaka (Muroran Institute of Technology), Tomomasa Nagashima (Muroran Institute of Technology)

17:00 – 17:20 Nonlinear Parametric Estimation for Signals in Nonstationary Random Noise via
Stationarization and Wigner Distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 851

Hiroshi Ijima (Kyoto Institute of Technology), Akira Ohsumi (Kyoto Institute of Technology), Satoshi Yam-
aguchi (Kyoto Institute of Technology)

17:20 – 17:40 An Iterative Warping Algorithm for Arbitrary Frequency Maps . . . . . . . . . . . . . . . . . . . . . . . . . . 855

Salvatore Caporale (University of Bologna), Luca De Marchi (University of Bologna), Nicolò Speciale
(University of Bologna)

17:40 – 18:00 T-entropy of EEG/EOG Sensitive to Sleep State . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 859

Mark R. Titchener (University of Auckland)

18:00 – 18:20 Feature Extraction of New Imagery Tasks Using Time-Frequency and Statistical Analy-
sis for Brain-Computer Interface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .863

Montri Phothisonothai (Nagaoka University of Technology), Masahiro Nakagawa (Nagaoka University of
Technology)

Optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .867

Date: Sep, 13th Time: 16:20 – 18:20 Room: Giove B

Chaired by: Thomas Schimming (OCTAX Microscience GmbH), Keiji Tatsumi (Osaka Uni-
versity)

16:20 – 16:40 The Effect of the Parameter of the Inverse Function Delayed Model on the Success
Rate of the N-Queen Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 867

Akari Sato (Tohoku University), Yoshihiro Hayakawa (Tohoku University), Koji Nakajima (Tohoku University)

16:40 – 17:00 A New Three-level Tree Data Structure for Optimizing the Traveling Salesman Problem
by Lin-Kernighan Heuristic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 871

Hung D. Nguyen (University of Miyazaki), Ikuo Yoshihara (University of Miyazaki), Kunihito Yamamori
(University of Miyazaki), Moritoshi Yasunaga (University of Tsukuba)
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17:00 – 17:20 A Global Minimization Method for Separable Multimodal Functions Using a One-
Dimensional Global Search . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 875

Hideo Kanemitsu (Hokkaido University of Education), Tao Feng (Fuji Electric Information Service Co., Ltd.),
Hideaki Konno (Hokkaido University of Education), Masaaki Miyakoshi (Hokkaido University), Masaru
Shimbo (Hokkaido Information University)

17:20 – 17:40 Cooperative Behavior in Coupled Simulated Annealing Processes with Variance Con-
trol . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .879

Samuel Xavier-de-Souza (K. U. Leuven), Johan A. K. Suykens (K. U. Leuven), Joos Vandewalle (K. U.
Leuven), Desire Bolle (K. U. Leuven)

17:40 – 18:00 Metaheuristic Method by using a Chaos Generator with Sinusoidal Perturbations for
Global Optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 883

Keiji Tatsumi (Osaka University), Yoshinori Obita (Osaka University), Tetsuzo Tanino (Osaka University)

18:00 – 18:20 Metaheuristic Algorithms for Container Loading Problem Using Grouping Objects . . . . . . 887

Yasunori Endo (University of Tsukuba), Sadaaki Miyamoto (University of Tsukuba), Koki Hanzawa (Univer-
sity of Tsukuba), Yukihiro Hamasuna (University of Tsukuba)

Day IV, September 14th 2006

Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 891

Date: Sep, 14th Time: 08:30 – 10:10 Room: Imperiale A

Chaired by: Yuzo Ohta (Kobe University), Kazuo Komatsu (Kumamoto National College of
Technology)

08:30 – 08:50 On-line Reference Inputs Management for Constrained Servo Systems . . . . . . . . . . . . . . . . 891

Yuzo Ohta (Kobe University), Takaaki Taguchi (Kobe University), Tetsuya Yamaguchi (Kobe University)

08:50 – 09:10 A New Absolute Stability Criterion for 2-D Single Variable Lur’e Systems . . . . . . . . . . . . . . . 895

Róisín Duignan (University College Dublin), Paul Curran (University College Dublin)

09:10 – 09:30 On the Modeling of Nonlinear Multi-time-scale Systems — A Recursive Order Reduc-
tion Procedure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 899

Hajer Bouzaouache (LECAP/EPT), Nizar Rezgui (LECAP/EPT)

09:30 – 09:50 Multi-objective Design Scheme for Robust Pole Assignment . . . . . . . . . . . . . . . . . . . . . . . . . . . 903

Takanori Tagami (Anan National College of Technology), Kenji Ikeda (The University of Tokushima)

09:50 – 10:10 Design of Formal Linearization and Observer for Time-Delay Nonlinear Systems . . . . . . . 907

Kazuo Komatsu (Kumamoto National College of Technology), Hitoshi Takata (Kagoshima University)
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SPECIAL SESSION

SS04 — Nonlinear Dynamics in Nanosystems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 911

Date: Sep, 14th Time: 08:30 – 10:10 Room: Imperiale B

Organized by: Arvind Raman (Purdue University), Takashi Hikihara (Kyoto University), Igor
Mezic (University of California, Santa Barbara)

Chaired by: Takashi Hikihara (Kyoto University)

08:30 – 08:50 Chaos in Dynamic Atomic Force Microscopy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 911

A. Raman (Purdue University), SQ. Hu (Purdue University)

08:50 – 09:10 Intermittency in Dynamic Atomic Force Microscopy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 915

Ferdinand Jamitzky (Max-Planck-Institut f. Extraterrestrische Physik / Ludwig-Maximilians-Universität),
Robert Stark (Ludwig-Maximilians-Universität)

09:10 – 09:30 Energy of Floating Particles Aggregates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 919

Vakhtang Putkaradze (Colorado State University)

09:30 – 09:50 Traveling Localized Excitations in Micro-cantilever Arrays . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 923

Masayuki Sato (Kanazawa University), Albert J. Sievers (Cornell University)

09:50 – 10:10 Suppression of Subharmonics and Chaos in Tapping Mode Atomic Force Microscopy
Using Time Delayed Feedback Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 927

Kohei Yamasue (Kyoto University), Takashi Hikihara (Kyoto University)

Mathematical Physics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 931

Date: Sep, 14th Time: 08:30 – 10:10 Room: Saturno A

Chaired by: Maciej Ogorzalek (Jagiellonian University), Hideaki Matsueda (Kochi University)

08:30 – 08:50 Lagrangian Stability of Viscous Flows. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .931

Yodai Watanabe (National Institute of Informatics)

08:50 – 09:10 Maximum Amplitude and Instability of a Shallow Water Solitary Wave . . . . . . . . . . . . . . . . . . 935

Shinsuke Watanabe (Yokohama National University), M. Oikawa (Kyushu University), H. Tsuji (Kyushu
University), Y. Funakubo (Yokohama National University), K. Ohtsuka (Yokohama National University), T.
Minagawa (Yokohama National University)

09:10 – 09:30 Nonlinear Photonic Interactions among Electric Multipoles in Quantum Dots . . . . . . . . . . . 939

Hideaki Matsueda (Kochi University)

09:30 – 09:50 Fast High-Dimensional Boxcounting with Ternary Search Trees . . . . . . . . . . . . . . . . . . . . . . . . 943

Christian Merkwirth (Jagiellonian University), Maciej Ogorzalek (Jagiellonian University), Ulrich Parlitz
(University of Goettingen)

09:50 – 10:10 A Method of Proving Existence of Solution Curve for Nonlinear Equation using Affine
Arithmetic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 947

Yuchi Kanzawa (Shibaura Institute of Technology), Shin’ichi Oishi (Waseda University)
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Communications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 951

Date: Sep, 14th Time: 08:30 – 10:10 Room: Giove A

Chaired by: Hisa-Aki Tanaka (The University of Electro-Communications), Gianluca Mazzini
(University of Ferrara)

08:30 – 08:50 Evaluation of Route Expected Transmission Count of Routing Strategies in Multi-hop
Wireless Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 951

Kazuyuki Miyakita (Niigata University), Keisuke Nakano (Niigata University), Masakazu Sengoku (Niigata
University), Shoji Shinoda (Chuo University)

08:50 – 09:10 Channel Features Observed to Model the Long Term Behavior of Wireless Links . . . . . . . 955

Eugenio Costamagna (University of Pavia), Lorenzo Favalli (University of Pavia), Pietro Savazzi (University
of Pavia)

09:10 – 09:30 Self-adaptive Timing-synchronization Ability in Ad Hoc Networks based on IEEE 802.11
MAC Protocol . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 959

Hisa-Aki Tanaka (The University of Electro-Communications), Osamu Masugata (The University of Electro-
Communications), Daisuke Ohta (The University of Electro-Communications), Akio Hasegawa (ATR
Adaptive Communications Research Laboratories), Peter Davis (ATR Adaptive Communications Research
Laboratories)

09:30 – 09:50 P3P : a P2P Overlay Multicast Network for Multimedia Streaming . . . . . . . . . . . . . . . . . . . . . . 963

Andrea Odorizzi (University of Ferrara), Gianluca Mazzini (University of Ferrara)

09:50 – 10:10 Geographical Routing Algorithm Implementation on Wireless Sensor Networks . . . . . . . . 967

Raffaele Rugin (University of Ferrara), Gianluca Mazzini (University of Ferrara)

Work in Progress – I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .971

Date: Sep, 14th Time: 08:30 – 10:10 Room: Giove B

Chaired by: Toshimitsu Ushio (Osaka University)

08:30 – 08:50 Forced Synchronization of Class I and Class II Neurons with both electrical and
Chemical Synapses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 971

Eri Ioka (Kagawa University), Hiroyuki Kitajima (Kagawa University)

08:50 – 09:10 Critical Temperature Sensor Based on Spiking Neuron Models. . . . . . . . . . . . . . . . . . . . . . . . .975

Gessyca M. Tovar (Hokkaido University), Tetsuya Hirose (Hokkaido University), Tetsuya Asai (Hokkaido
University), Yoshihito Amemiya (Hokkaido University)

09:10 – 09:30 Consensus Problem of Multi-agent Systems with Non-linear Performance Functions . . . 979

Naoki Hayashi (Osaka University), Toshimitsu Ushio (Osaka University), Fumiko Harada (Osaka University),
Atsuko Ohno (Osaka University)

09:30 – 09:50 Learning Partial Synchronization Regimes with Imposed Qualitative Behavior on an
Array of Chua’s Oscillators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 983

Dániel Hillier (Péter Pázmány Catholic University), Serkan Günel (K. U. Leuven, ESAT-SISTA), Johan A. K.
Suykens (K. U. Leuven), Joos Vandewalle (K. U. Leuven)

09:50 – 10:10 Global Noise Estimation Based on Tensor Product Expansion with Absolute Error . . . . . . 987

Akitoshi Itai (Aichi Prefectural University), Hiroshi Yasukawa (Aichi Prefectural University), Ichi Takumi
(Nagoya Institute of Technology), Masayasu Hata (Chubu University)
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SPECIAL SESSION

SS20 — Advanced Modeling and Simulations Techniques . . . . . . . . . . . . . . . . . . . . . . . . . .991

Date: Sep, 14th Time: 10:30 – 12:10 Room: Imperiale A

Organized by: Hideki Asai (Shizuoka University)
Chaired by: Yuichi Tanji (Kagawa Univeristy)

10:30 – 10:50 Comparison between PSpice Simulation, PSIM Simulation and their Co-Simulation
with Simulink for Transient Analysis of Three-Phase Nonlinear Circuits . . . . . . . . . . . . . . . . . . . . . . . . . . .991

Giuseppe Acciani (Polytechnic of Bari), Francesco Vacca (Polytechnic of Bari), Silvano Vergura (Polytechnic
of Bari)

10:50 – 11:10 Reduced Bifurcation Diagram for Harmonic Balance Method using Invariant . . . . . . . . . . . 995

Masakazu Yagi (Kyoto University), Takashi Hisakado (Kyoto University)

11:10 – 11:30 On Optimization Algorithm for Attaining the Maximum DC Gain of CMOS Amplifiers . . . .999

Masayoshi Oda (Tokushima University), Yoshihiro Yamagami (Tokushima University), Yoshifumi Nishio
(Tokushima University), Junji Kawata (Tokushima Bunri University), Akio Ushida (Tokushima Bunri Univer-
sity)

11:30 – 11:50 Modeling and Simulation of Delta-Sigma Fractional-N PLL Frequency Synthesizer in
Verilog-AMS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1003

Zhipeng Ye (University College Cork), Michael P. Kennedy (University College Cork)

11:50 – 12:10 RLCG-MNA Formulation for Fast Simulation and MOR of RLC Networks . . . . . . . . . . . . . .1007

Yuichi Tanji (Kagawa University), Takayuki Watanabe (University of Shizuoka), Hideki Asai (Shizuoka
University)

SPECIAL SESSION

SS18 — Nonlinear Information Processing in the Auditory Feedback Loop . . . . . . . 1011

Date: Sep, 14th Time: 10:30 – 12:10 Room: Imperiale B

Organized by: Ruedi Stoop (Swiss Federal Institute of Technology Zurich)
Chaired by: Ruedi Stoop (Swiss Federal Institute of Technology Zurich)

10:30 – 10:50 Towards a Quantitative Theory of Biocomputation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1011

Ruedi Stoop (Institute of Neuroinformatics ETHZ), Thomas Ott (Institute of Neuroinformatics ETHZ)

10:50 – 11:10 Response of the Hopf Cochlea to Complex Input Sounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1015

Stefan Martignoli (Institute of Neuroinformatics ETHZ), Albert Kern (Institute of Neuroinformatics ETHZ),
Ruedi Stoop (Institute of Neuroinformatics ETHZ)

11:10 – 11:30 Acoustic Source Separation by Atomic Signal Decomposition . . . . . . . . . . . . . . . . . . . . . . . . .1019

Albert Kern (Institute of Neuroinformatics ETHZ), Thomas Ott (Institute of Neuroinformatics ETHZ), Ruedi
Stoop (Institute of Neuroinformatics ETHZ)

11:30 – 11:50 Loopy Belief Propagation: Benefits and Pitfalls on Ising-like Systems . . . . . . . . . . . . . . . . . 1023

Norbert Stoop (Institute of Neuroinformatics ETHZ), Thomas Ott (Institute of Neuroinformatics ETHZ),
Ruedi Stoop (Institute of Neuroinformatics ETHZ)

11:50 – 12:10 Faster Spike Sorting with Belief Propagation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1027

Thomas Ott (Institute of Neuroinformatics ETHZ), Albert Kern (Institute of Neuroinformatics ETHZ), Ruedi
Stoop (Institute of Neuroinformatics ETHZ)
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Chaos and Bifurcation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1031

Date: Sep, 14th Time: 10:30 – 12:10 Room: Saturno A

Chaired by: Federico Bizzarri (University of Genova), Hiroyuki Kitajima (Kagawa University)

10:30 – 10:50 Bifurcation Structure of Coexisting Two Duck Solutions and their Breakdown into Chaos1031

Munehisa Sekikawa (ERATO JST), Naohiko Inaba (Utsunomiya University), Kazuyuki Aihara (The University
of Tokyo/ERATO JST)

10:50 – 11:10 Analysis of Co-existence Phenomena of Superstable Periodic Orbit and Chaos in a
Non-autonomous Piecewise Constant Circuit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1035

Yusuke Matsuoka (Hosei University), Toshimichi Saito (Hosei University)

11:10 – 11:30 Codimension-2 Bifurcation Points Organizing the Bifurcation Scenario of a Hysteresis
Oscillator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1039

Federico Bizzarri (University of Genova), Oscar De Feo (University College Cork), Daniele Stellardo
(University of Genova), Marco Storace (University of Genova)

11:30 – 11:50 Study of Hyperchaotic Multi-scroll Attractors via Adomian Decomposition with Applica-
tion to Synchronization and Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1043

Donato Cafagna (University of Lecce), Giuseppe Grassi (University of Lecce)

11:50 – 12:10 Generating Chaos with a Linear Filter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1047

Ned J. Corron (U. S. Army RDECOM), Scott T. Hayes (U. S. Army RDECOM), Shawn D. Pethel (U. S. Army
RDECOM), Jonathan N. Blakely (U. S. Army RDECOM)

Work in Progress – II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1051

Date: Sep, 14th Time: 10:30 – 12:10 Room: Giove A

Chaired by: Sadayuki Murashima (Kagoshima University)

10:30 – 10:50 Model-Following Control for Nonlinear Plants with Time Delay . . . . . . . . . . . . . . . . . . . . . . . . 1051

Yoichi Ishikawa (Meiji University), Yoshihisa Ishida (Meiji University)

10:50 – 11:10 Lossless Image Reconstruction by Contractive Mapping of Neighboring Pixels . . . . . . . . 1055

Akira Hiramatsu (Kagoshima University), Korakot Prachumrak (King Mongkut’s Institute of Technology),
Takayasu Fuchida (Kagoshima University), Sadayuki Murashima (Kagoshima University)

11:10 – 11:30 A Distributed Hybrid Optimization System for NDET Inverse Problems . . . . . . . . . . . . . . . . 1059

Anton Duca (Polytechnic University Bucharest), Florian Tomescu (Polytechnic University Bucharest)

11:30 – 11:50 Sleep Mode Investigation in Ad Hoc Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1063

Alberto Bisello (University of Ferrara), Alessandra Giovanardi (University of Ferrara), Gianluca Mazzini
(University of Ferrara)
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Work in Progress – III . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1067

Date: Sep, 14th Time: 10:30 – 12:10 Room: Giove B

Chaired by: Ichiro Kanaya (Osaka University)

10:30 – 10:50 IC Implementations of Shinriki’s and Inaba’s Chaotic Circuits . . . . . . . . . . . . . . . . . . . . . . . . . 1067

Takuya Hamada (Tokyo Denki University), Munehisa Sekikawa (ERATO JST), Yoshihiko Horio (Tokyo Denki
University), Kazuyuki Aihara (The University of Tokyo/ERATO JST)

10:50 – 11:10 On the Estimation of Asymptotic Stability Regions for Nonlinear Discrete-time Polyno-
mial Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1071

Bacha Anis (Laboratoire d’Etude et Commande Automatique des Processus), Jerbi Houssem (Faculté des
Sciences de Sfax), Benhadj B. Naceur (Laboratoie d’Etude et Commande des Processus)

11:10 – 11:30 Synthesis and Analysis of Aesthetic Fractal Patterns for Textile Design. . . . . . . . . . . . . . . .1075

Takeshi Sakamoto (Osaka University), Ichiro Kanaya (Osaka University), Kosuke Sato (Osaka University)

11:30 – 11:50 Improved Parallel Processing Hardware Algorithm for Large-Scale Quadratic Assign-
ment Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1079

Naoki Ogawa (Tokyo Denki University), Yuya Ohashi (Tokyo Denki University), Yoshihiko Horio (Tokyo
Denki University), Kazuyuki Aihara (The University of Tokyo/ERATO JST)

PLENARY SESSION – III

Date: Sep, 14th Time: 14:00 – 15:00 Room: Imperiale A + B

Chaired by: Takashi Hisakado (Kyoto University)

14:00 – 15:00 Cycles in evolutionary game theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . N/A

Karl Sigmund (University of Vienna)

PLENARY SESSION – IV

Date: Sep, 14th Time: 15:30 – 16:30 Room: Imperiale A + B

Chaired by: Riccardo Rovatti (University of Bologna)

15:30 – 16:30 Locally Complex and Globally Simple: the Goal of Evolution in Biological Networks . . . . N/A

Sergio Rinaldi (Polytechnic of Milan)

35



This page has been intentionally left blank.



Conference Papers

37



This page has been intentionally left blank.



Synchronization Regions and Behaviour of Nonlinear Periodic Circuits
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Abstract—Nonlinear periodic circuits, i.e. oscillators,
are used in a large number of common applications for ex-
ample telecommunications. Robust simulation methods, in
particular methods capable of finding steady state solutions
in presence of small amplitude forcing signals are of great
importance and constitute the background for the determi-
nation of phase and amplitude noise in circuit simulators.
Most current approaches are based on the variational model
of the unperturbed oscillator. However synchronization ef-
fects can lead to incorrect or completely wrong results.

1. Introduction

The numerical computation by means of a circuit simulator
of the amplitude and phase modulation signals generated
when a small periodic perturbation forces an autonomous
periodic circuit is of great importance for example in cir-
cuits for telecommunications. Amplitude and phase mod-
ulation spread the bandwidth of each component of the
original spectra of unperturbed oscillators and the result-
ing spectra are of main importance, for example during the
design of radio frequency equipments, since the character-
istics of the local oscillator affect the performance of the
entire system.

The common approach in the simulation of the steady
state behaviour of nonlinear periodic circuits is based on
the variational model and assumes that the forcing signal
effects are additive to the steady state solution of the un-
perturbed circuit. We show that this choice is reasonable
if the frequency of the forcing signal is far from the work-
ing frequency of the unperturbed circuit, but can lead to
inaccurate or wrong results once the forcing frequency ap-
proaches that of the free-running oscillator. In this case,
synchronization effects must be accounted for, and, being
these phenomena intrinsically nonlinear [1], the variational
model, that assumes afixedrelative phase between pertur-
bation and system, in general fails. Two simple examples, a
Van der Pol oscillator and a “polar” oscillator, are analysed
showing some peculiar results and evident synchronization
with respect to the forcing signal.

2. The variational model

Variational models of autonomous systems are known since
a long time [4] [3]; main concepts are here recalled.

Consider the state equation

dy

dt
(t) = f(y(t), ν(t)) (1)

wherey(t) : R → RL, f(y(t), ν(t)) : RL+P → RL, be-
ing L the state dimension of the system andν(t) ∈ RP a
perturbation applied to the system. Assume that the corre-
sponding unperturbed system

dy

dt
(t) = f(y(t), 0) (2)

admits the asymptotically stableT -periodic solution
ỹ(t, t0), i.e. ỹ(t, t0) = ỹ(t + T, t0) ∀t. Different initial
conditions in general yield different steady state solutions;
assume that each of these solutions is a time shifted version
of ỹ(t, t0). The perturbed solution of the system can be ex-
pressed asy(t) = ỹ(t) + ys(t) whereys(t) ∈ RL is the
vector of state variable variations.

To describe the response of the perturbed system in a
neighborhood of the nominal periodic solutionỹ(t), state
equation (1) is linearized by adopting a Taylor expansion
of f(y(t), ν(t)) truncated at the first term

f(y(t), ν(t)) ≈ f(ỹ(t), 0)+

+
∂f

∂y
(t)

∣∣∣∣
y=ey,ν=0

(y(t)− ỹ(t)) +
∂f

∂ν
(t)

∣∣∣∣
y=ey,ν=0

ν(t)

(3)

Since ỹ(t) is a solution of (2), we obtain the linear time
varying system referred to as variational model

dys

dt
(t) = G(t) ys(t) + B(t) ν(t) (4)

whereG(t) ∈ RL×L andB(t) ∈ RL×P are

G(t) =
∂f

∂y

∣∣∣∣
y=ey(t),ν=0

, B(t) =
∂f

∂ν

∣∣∣∣
y=ey(t),ν=0

The nonlinearity in (1) corresponds to time dependency of
matrix functionsG(t) andB(t). The linearization was ob-
tained by adopting a precise time reference depending on
initial conditions, but, if the frequency of the forcing sig-
nal (supposed sinusoidal) is close enough to the frequency
of their unperturbed steady state solution and if the rela-
tive phase between the forcing signal and the oscillators is
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not properly chosen, the variational equation can have lit-
tle or no correspondence to the problem being analysed. In
other words, given an oscillator and a periodic perturbation
whose amplitude and frequency are inside the synchroniza-
tion region, different variational equations must be used for
perturbations having different phase values.

3. The Van der Pol oscillator

Consider a forced Van der Pol oscillator:

d2x

dt2
(t) + µ

(
x2(t)− 1

) dx

dt
(t)+

ω2
0x(t) + K cos(ωs t + φ) = 0 (5)

whereK is the amplitude of the forcing signal,ωs is its
angular frequency andφ is a generic phase; search for a
reasonable approximation of its steady state solution. With
the transformationτ = ωt, whereω is the unknown angu-
lar frequency of the oscillator, we have

ω2 d2x

dτ2
(τ) + µω

(
x2(τ)− 1

) dx

dτ
(τ)+

ω2
0x(τ) + K cos(β τ + φ) = 0 (6)

whereβ = ωs/ω. We assume thatω andx(τ) can be ex-
panded as power series with respect toµ that represents the
amount of “nonlinearity” characterizing the oscillator since
ω → ω0 asµ → 0

ω = ω0 + µω1 + µ2 ω2 + µ3 ω3 + . . .
x(τ) = x0(τ) + µx1(τ) + µ2x2(τ) + . . .

(7)

By substituting (7) in (6) we obtain an equation (not shown)
whose possible solution can be obtained by grouping the
coefficients of the powers ofµ and equating them to zero
(only the first two terms are shown):

µ0 → ω2
0

d2x0

dτ2
+ ω2

0x0 + K cos(βτ + φ) = 0 (8)

µ1 → ω2
0

d2x1

dτ2
+ 2ω0ω1

d2x0

dτ2
+

ω0

(
x2

0 − 1
) dx0

dτ
+ ω2

0x1 = 0 (9)

By substituting the particular solution we have
ζ cos(βτ + φ) in (8):

ω2
0

(
β2 − 1

)
ζ = K =⇒ ζ =

K

ω2
0 (β2 − 1)

showing thatβ must be different from 1, that is, the angular
frequency of the forcing signal must be different from that
of the oscillator. The solution of (8) is

x0(τ) = C0 cos(τ)+D0 sin(τ)+
K

ω2
0 (β2 − 1)

cos(βτ +φ)

(10)

With condition
dx

dτ
(0) = 0 we haveD0 = 0. Imposing

this condition is equivalent to set “a time reference”. The
φ phase of the forcing signal is thus related to a specific
oscillator reference and represents a “relative phase”. By
substituting (10) in (9) and solving inx1(τ) we haveω1 =

0, C0 =
√

4− 2ζ2 andβ 6= 3, (i.e. ωs different from the
third harmonic of the oscillator).

As expected, the expressions ofx0(τ) and ofx1(τ) show
that the spectrum of the solution is composed of the two
fundamentals at frequencyω and β respectively and by
their beats. The amplitude of theβ fundamental and that of
its beats depend onK and in particular vanish forK → 0.
In the derivation ofx1(τ) it is found thatC0 exists only if
ζ ≤

√
2. This is a key aspect, meaning that, if the ampli-

tude of the driving signal is sufficiently large, the approx-
imate steady state solution computed above is no longer
valid. In the following we show that whenK is sufficiently
large or whenωs → ω (i.e β → 1) the oscillator synchro-
nizes to the forcing signal and therefore the relative phase
between them must assume a specific value. This aspect
can not be accounted by the variational model. Recall that
ζ → ∞ whenβ → 1 meaning that for any value ofK
even extremely small there is aωs value close enough toω
to have synchronization. Furthermore the synchronization
process is a dynamic one with its own behavior; here we
consider only its steady state solution.
Substitute once more (10) in (9), and set to zero the coeffi-
cients of thecos(τ) andsin(τ) components:

{
8ω1C0 −D3

0 − 2D0(ζ
2 − 2)−D2

0C
2
0 = 0

8ω1D0 + 2C0(ζ
2 − 2) + C0(C

2
0 + D2

0) = 0

(11)
By recalling that we have assumed

√
2 < ζ ∈ R, from the

first equation of (11) we see that

{
if D0 < 0 then ω1C0 < 0 condition A
if D0 > 0 then ω1C0 > 0 condition B

and from the second equation of (11) we see that

{
if D0 < 0 then ω1C0 > 0 NOTcondition A
if D0 > 0 then ω1C0 < 0 NOTcondition B

ThereforeC0 = D0 = 0 is the unique admissible solution
of (11). If ωs = ω equations (8) and (9) are no longer valid
and must be rewritten as

µ0 →d2x0

dτ2
+ x0 = 0 (12)

µ1 → d2x1

dτ2
+ 2

ω1

ω0

d2x0

dτ2
+

1

ω0

(
x2

0 − 1
) dx0

dτ
+

K

ω2
0µ

cos(τ + φ) = 0 (13)
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Figure 1:Thex(τ) solution of the Van der Pol oscillator in two
cases;A waveform:β = 2, ζ =

√
2; B waveformζ = 1.1

√
2. C

represents the forcing signalK cos(2ωτ) (scaled by 0.5).

If for simplicity we assumeφ = 0, by solving (12), substi-
tuting it in (13) and setting to zero the coefficients ofcos(τ)
andsin(τ) we obtainω1 = 0, C0 = 0 and

D0

(
D2

0 − 4
)

= − 4K

ω2
0µ

(14)

In this case the oscillator is synchronous and the compo-
nents ofx0(τ) are orthogonal to the forcing signal, further-
moreD0 → 2 for K → 0. We end this section by reporting
some simulation results obtained after having implemented
(5) with a circuit and solved it through a circuit simulator.
In all simulationsω0 = 1 andµ = 10−3. WaveformA
shows thatC0 andD0 in (10) are different from 0. In fact
the period of this waveform is2π/ω while that of the forc-
ing signal isπ/ω. On the other hand, waveformB shows
thatC0 = D0 = 0 since there is evidence that the period
of x(τ) is equal to that of the forcing signal.

4. The “polar” oscillator

In polar coordinates a simple oscillator can be written as




dρ

dt
= λ(1− ρ)

dθ

dt
= 2π

(15)

if λ > 0, ast →∞, trajectories converge to the limit cycle,
i.e. a unit circle, and the period isT0 = 1. Assume now
θ(0) ≡ θ0 = 0 andfs ≡ ωs/2π. By adding a sinusoidal
perturbation to one of theCartesianstate components, we
have in polar coordinates





dρp

dt
= λ(1− ρp) + K cos(θp) cos(2πfst + φ)

dθp

dt
= 2π +

K

ρp

sin(θp) cos(2πfst + φ)

(16)

1.0

1.1

1.01

1.001

-2.0

-1.0

0.0

1.0

time [s]0 50 100 150

Figure 2: The difference∆θ ≡ θp(t) − θ(t) versus time for
some different values offs, K = 0.1, φ = π/2 andλ = 1.

Having setθ0 = 0, φ is the initial relative phase of the
perturbation with respect to the oscillator. Unfortunately
as for the Van der Pol oscillators a closed form solution
is quite difficult to find, but an approximate steady state
solution for the casefs = 1 can be determined and has the
form

{
ρp(t) ≈ C0 + C1 sin(4πt + C2 + 2φ)

θp(t) ≈ φ + 2πt + D1 cos(4πt + 2φ)
(17)

that, given some hypotheses on the value of coefficients
Cj andD1 satisfies with some approximation (16). The
componentθp(t) of (17) depends on the phaseφ of the
perturbation and the perturbed oscillator will synchronize
with the perturbation except for a small periodic variation,
the sinusoidal term with amplitudeD1, representing phase
modulation. Amplitude modulation is represented by the
term having amplitudeC1. After some computations we
find:

C0 ≈1 +
K

2λ
; C1 ≈

K/2

4π cos C2 + λ sin C2
≈ K/2

4π
;

C2 ≈ tan−1 λ

4π
; D1 ≈

λK

4π(2λ + K)

With this “highly symmetric” oscillatorD1 ≈ C1 for K →
0 and the effects of the perturbation distributes evenly be-
tween phase and amplitude modulation. In Fig. 2 we see
the behavior of relative phaseφ asfs → 1, including ini-
tial transient. When the frequency of the forcing signal is
very close to that of the unperturbed oscillator there is an
evident synchronization effect as predicted by the approxi-
mate steady state solutions (17).

5. The synchronization region

The two examples discussed above synchronize to a per-
turbation if the forcing frequency is equivalent to that of
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Figure 3: The synchronization regions of the normalized Van
Der Pol oscillator.x-axis: amplitude of the perturbation,y-axis:
frequency of the perturbation.

the free running oscillator. More in general it can be shown
[1] that synchronization occurs for all forcing signals that
satisfy a set of conditions on amplitude and frequency. The
corresponding region in the amplitude vs. frequency plane
is calledsynchronization region.

To determine the boundaries of this region, bifurcation
analysis is performed on the stroboscopic map obtained by
sampling the system at the same frequency as the perturba-
tion signal. In a general framework, consider a dynamical
system

ẋ(t) = F(x(t), t, Ts,K) (18)

perturbed by a periodic signal of periodTs and amplitude
K. ForK = 0 the system is autonomous andT0−periodic.
The time evolution operatorφt for (18) is described by
x(t + t0) = φt x(t0) and, numerically, is equivalent to
integratingF(x) from t0 to t0 + t. The correspondingTs

stroboscopic map is then defined as

xn+1 = Φ(xn, Ts,K) ≡ φTs
x(t0 + nTs) (19)

parametric inTs andK and any stable fixed point of (19)
corresponds to a periodic orbit of (18) that is phase locked,
i.e. synchronized, to the perturbation signal. Unfortu-
nately, in practical cases, it is impossible to write a closed
form expression forΦ, but it is easy to write a wrapper
function to the original system equationF( · ) that includes
an integration routine having the endpoint of the integration
interval mapped to parameterTs. This method has been
applied to a normalized Van Der Pol oscillator, a wrapper
function that includes a standard RADAU5 integrator has
been written and the continuation methods described in [2]
(included in the CONTENT dynamical system simulator)
have been used to simulate the system and trace the bound-
aries of the synchronization regions. Results of saddle-
node continuation for the Van Der Pol stroboscopic map are
shown in Fig. 3. Points marked with “CP” are cusps, cor-
responding, as expected, to points where the two branches

Figure 4: Boundaries of the 1:1 synchronization region for the
simple polar oscillator.

of the synchronization boundary meet. Note that the fre-
quency of the normalized unperturbed Van Der Pol oscil-
lator is approximatively151mHz. Three synchronization
regions are clearly visible and correspond, from top to bot-
tom, to 1:3, 1:2, and 1:1 resonances. The 1:2 resonance re-
gion is very small and degenerates into a single line. Con-
sidering once more the polar oscillator it is interesting to
see what happens for larger values of the perturbation sig-
nal, in this case we expect to find regions where other types
of bifurcations are found. Each region in Fig. 4 corre-
sponds to a different type of synchronization behaviour, in
particular in regions “a” and “d” phase is locked with real
multipliers in “a” and complex multipliers in “d” (part of
the boundary of “d” was not computed due to numerical
convergence problems). regions “b” and “e” correspond
to parameter values where no synchronization is obtained.
Multipliers are real in “b” and complex in “e”.
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Abstract—In this study, we investigate synchronization of
two Chua’s circuits with a lossless transmission lines. Two cir-
cuits with transmission lines placed in parallel cause the cross
talk phenomena. The effect of the cross talk is modeled by the
connections via coupling capacitors or mutual inductors.

By computer simulations, we investigate the synchronization
of the two chaotic circuits linked by the cross talk. Especially,
in this study, we pay our attentions to the breakdown of chaos
synchronization.

1. Introduction

Recently, several researchers have investigated synchro-
nization of chaotic circuits. Chua’s circuit is one of the
simplest autonomous chaotic circuits. Chua’s circuit con-
sists of a resistor, a capacitor, a nonlinear resistor and an
LC resonator. The nonlinear resistor in Chua’s circuit has
a piecewise linearv − i characteristics as shown in Fig. 1
and it is described by the following equation;

iR = m2v1 + 0.5(m0 −m1)[|v1 + Bp1| − |v1 −Bp1|]
+ 0.5(m1 −m2)[|v1 + Bp2| − |v1 −Bp2|], (1)

wherem0, m1 andm2 are the slopes in the segments of
the piecewise linear function, andBp1 andBp2 denote the
breakpoints. There are many studies about coupled Chua’s

iR R

C 1

+

-

v1

+

-

C 2 v2

L

i

iR

v R

Bp1 Bp2

-B p1-B p1

m0

m1
m2

(a) (b)

Figure 1: (a) Chua’s circuit. (b)v − i characteristics of
nonlinear resistor.

circuits, for example, master-slave coupling of Chua’s cir-
cuits [1], mutual coupling of Chua’s circuits [2], a lad-
der of Chua’s circuits, a ring of Chua’s circuits [3], two-
dimensional array of Chua’s circuits [4], etc. However,
almost researches consider the couplings by lumped ele-
ments. We have investigated chaotic phenomena observed
from Chua’s circuit when the LC resonator is replaced by
a transmission line [5]. Further, we have also investigated
synchronization phenomena of two Chua’s circuits coupled
by a transmission line [6].

We consider two Chua’s circuits with lossless transmis-
sion lines placed in parallel. Transmission lines placed
in parallel cause the cross talk phenomena. Cross talk
phenomena appear in long powerlines or very high speed
VLSI and its effect is normally not preferable. We have al-
ready confirmed that the two Chua’s circuit with transmis-

sion lines could be synchronized by the effect of the cross
talk [7]. In this study, we investigate the synchronization
of the two Chua’s circuits linked by the cross talk in detail,
especially, paying our attentions to the breakdown of chaos
synchronization.

2. Basic Circuit Model [7]

In our previous research, we reported that two Chua’s
circuits with lossless transmission lines could be synchro-
nized. The circuit model is shown in Fig. 2.

i1R R

C 10

+

-

v10

1

i2R R

C 20

+

-

v20

2

Figure 2: Two Chua’s circuits with transmission lines.

We modeled the transmission lines by LC ladder circuits
with finite numbers of lumped elements. Further, we mod-
eled the cross talk effect by coupling capacitors or mutual
inductors. The circuit equations could be derived as fol-
lows;

Cj0
dvj0

dt = vj1−vj0
Rj

−iRj(vj0)

Cj1
dvj1

dt = ij1− vj1−vj0
Rj

+C1
d(vj1−v(j+1)1)

dt

Cjk
dvjk

dt = ijk−ij(k−1)+Ck

d(vjk−v(j+1)k)

dt

Ljl
dijl
dt = vj(l+1)−vjl+

Mk
R2C10

d(ijk−i(j+1)k)

dt

(2)

wherev31 = v11, vj(n+1) = 0, i31 = i11, (k=2, 3, ...,n),
(l=1, 2, ...,n) and (j=1, 2). From Eqs. (1) and (2), we could
obtain the normalized circuit equations as follows;

˙x10 = x11 − x10 − f(x10)
˙x11 = α11(y11 − x11 + x10)

−β11(y21 − x21 + x20)
˙x1k = α1k(y1k − y1(k−1))− β1k(y2k − y2(k−1))
˙x20 = ζ(x21 − x20 − f(x20))
˙x21 = α21(y21 − ζ(x21 − x10))

−β21(y11 − x11 + x10)
˙x2k = α2k(y2k − y2(k−1))− βjk(y1k − y1(k−1))
˙yjl = γjl(xj(l+1) − xjl) + βl(x(j+1)(l+1) − xjl

(3)
wherexj(n+1) = 0,

f(xj0) = cjxj0 + 0.5(aj − bj)(|xj0 + 1| − |xj0 − 1|)
+ 0.5(bj − cj)(|xj0 + dj | − |xj0 − dj |),

(4)
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t = R1τ, “˙ ′′ =
d

dτ
, vjk = Bp1xjk, ijl =

Bp1

R1
yjl,

αjk =
CjkC10(C(j+1)k − Ck)

−C2
k − (C2

jk + 1)Ck + C2
jkC(j+1)k

,

βjk =
CjkC10Ck

−C2
k − (C2

jk + 1)Ck + C2
jkC(j+1)k

,

βl =
R2

1C10Ml

(L2l −Ml)(L1l −Ml)−M2
l

,

γjl =
R2

1Cj0

Ljl
, ζ =

C10

C20
, aj = Rjm0,

bj = Rjm1, cj = Rjm2, d =
Bp2

Bp1
,

C3k = C1k, (k=2, 3, ...,n), (l=1, 2, ...,n) and (j=1, 2).
Some examples of chaos synchronization obtained by

computer simulations are shown in Figs. 3 and 4. We con-
firmed that the circuits were synchronized in anti-phase in
the case of mutual inductors and in in-phase in the case of
coupling capacitors.

Figure 3: Anti-phase synchronization via mutual inductors
(γ=1.0 andβ=4.0).

Figure 4: In-Phase synchronization via coupling capacitors
(γ=1.0 andβ=0.092).

3. Breakdown of Synchronization

In order to understand the synchronization phenomena
via cross talk effects of the transmission lines, we investi-
gate the breakdown of the synchronization when the circuit
parameters are gradually changed.

We fix the coupling parameterβ and increase the error
between the two Chua’s circuits. Figure 5 shows the com-
puter simulated results when the cross talk effect is mod-
eled by mutual inductors. As the error between the Chua’s
circuitsα1k − α2k increases, the solution escapes from the
synchronized plane more often. Figure 5(c) shows the time
waveform ofx10 + x20. We can see from this figure that
the solution behaves under the on-off intermittency.

Figure 6 shows the computer simulated results when the
cross talk effect is modeled by coupling capacitors. We
can observe the similar phenomena to the case of mutual
inductors. However, the breakdown seems to be less sensi-
tive to the error of the parameters than the case of mutual
inductors.

(a)α1k=16.000000005,α2k=16.0, andβ=4.0.

(b) α1k=16.000000010,α2k=16.0, andβ=4.0.
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(c) Time waveform ofx10 + x20. Parameters are the same as (b).

Figure 5: Breakdown of synchronization. Cross talk effect
is modeled by mutual inductors.

4. Cross Talk from Opposite Direction

Now, we consider the two Chua’s circuits with lossless
transmission lines placed in parallel but from the opposite
direction as shown in Fig. 7.

Similar to the circuit model in Fig. 2, we model the loss-
less transmission lines by LC ladder circuits with finite
numbers of lumped elements as shown in Fig. 8.

Further, we consider that the effect of the cross talk is
modeled by mutual inductors as shown in Fig. 9.

We carry out computer simulation for this models by us-
ing the 4th order Runge-Kutta method. In this simulation,
we consider only the case that the two Chua’s circuits are
identical. So, we can rewrite the parameters as follows;

α1 = α2 = α, γ1 = γ2 = γ, a1 = a2 = a,
b1 = b2 = b, c1 = c2 = c, d1 = d2 = d. (5)

In the following simulations, we fix the parameters as fol-
lows;

a = −1.2, b = −0.75, c = 10, d = 8,
α = 18, γ = 1, n = 10. (6)

4.1. Cross Talk via Mutual Inductor M

Figure 10 shows the synchronization of the two circuits.
It is interesting to observe that the two circuits can be syn-
chronized even if they are placed from the opposite direc-
tion. The parameterm corresponds to the overlap of the
two transmission lines. Namely,m = 10(= n) means that
all of inductors are coupled to one of the other inductors via
mutual inductors. Whilem = 5 means that only the half
of the transmission lines is influenced each other. Further,
m=1 means that only the last inductors in the two transmis-
sion lines are coupled each other.

4.2. Cross Talk via Mutual Inductor −M

Next, we consider the case that the cross talk effect is
modeled by negative mutual inductors. Figure 11 shows
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Figure 6: Breakdown of synchronization. Cross talk effect
is modeled by coupling capacitors.

the simulation results for the case thatM is negative. In
this case, we confirm that the two circuits synchronize in
in-phase.

4.3. Effect of Coupling Strength

Finally, we carry out computer simulation as varyingβ,
namely, the coupling strength. Figure 12 shows the simu-
lation result whenm = 3. From Fig. 12, we can say that
the synchronization is robust against the coupling strength.

While Fig. 13 shows the simulation result whenm = 5.
This results show that the synchronization is sensitive to
the change of the coupling strength.

At the moment, we can not explain why the robust-

(a)m = 10 andβ = 6.5.

(b) m = 5 andβ = 9.

(c) m = 1 andβ = 14.

Figure 10: Simulation results of cross talk via mutual in-
ductorM .

ness of the synchronization against the coupling strength
is changed according to the position of the coupling of the
transmission line

5. Conclusions

In this study, we have considered the two Chua’s circuits
with lossless transmission lines placed in parallel. We have
modeled the effect of the cross talk by mutual inductors.
By computer simulations, we have investigated various in-
teresting phenomena related with chaos synchronization.

In our future work, we investigate Chua’s circuit with
lossy transmission line, because real transmission lines
should have loss actually. Furthermore, we investigate
crosstalk phenomena between conductor boards placed in
parallel and apply the result to chaotic circuits.
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Figure 9: Model of cross talk effect by mutual inductors.

(a)m = 10 andβ=−6.5.

(b) m = 5 andβ =−9.

(c) m = 1 andβ =−14.

Figure 11: Simulation results of cross talk via mutual in-
ductor−M .
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(a)m = 3 andβ = 6.3.

(b) m = 3 andβ = 7.0.

(c) m = 3 andβ = 8.0.

Figure 12: Effect of coupling strength whenm = 3.

(a)m = 5 andβ = 8.7.

(b) m = 5 andβ = 9.5.

(c) m = 5 andβ = 9.9.

Figure 13: Effect of coupling strength whenm = 5.

46



  

Dual Synchronization of Chaos in Mackey-Glass Electronic Circuits  
with Time Delay 

 
Satoshi Sano, Atsushi Uchida, and Shigeru Yoshimori 

 
†Department of Electronics and Computer Systems, Takushoku University 

815-1 Tatemachi, Hachioji, Tokyo 193-0985, Japan 
Email: sanosatoshi2005@yahoo.co.jp 

 
Abstract– We experimentally and numerically 

demonstrate the dual synchronization of chaos in two pairs 
of one-way coupled Mackey-Glass electronic circuits. The 
output of the two drive circuits are mixed and used both 
for the feedback signal to the two drive circuits and for the 
transmission signal to the two response circuits. We 
investigate the regions for achieving dual synchronization 
of chaos when the delay time is mismatched between the 
drive and response circuits. 
 
1. Introduction 

 
Synchronization of chaos in electronic circuits have 

attracted increase interests for the applications of secure 
communications [1,2] and spread spectrum 
communications [3]. Synchronization of chaos can be 
used for sharing the identical chaos in a transmitter and a 
receiver as a cryptographical code. Many studies on 
synchronization of chaos have been reported in one-way 
coupled chaotic systems [1,2]. However, since the 
configuration of synchronization is limited to a single pair 
of one-way coupled oscillators, this method cannot be 
applied for multi-user communication systems [4].  

The technique of multiplexing is a very important issue 
for high capacity communications [4]. Multiplexing chaos 
using synchronization has been reported in a simple map 
and electronic circuit model [5]. Dual synchronization of 
chaos for synchronizing two different pairs of chaotic 
maps and delay-differential equations has also been 
investigated [6]. To synchronize each pair of chaotic 
systems, all the parameter settings must be identical 
between the transmitter and the receiver, whereas they 
must be slightly shifted between different pairs of chaotic 
systems. We have recently reported dual synchronization 
of chaos in both microchip solid-state lasers and Colpitts 
electronic oscillators [7,8]. However, all the response 
systems need to be synchronized to achieve dual 
synchronization in electronic circuits [8].  

In this paper, we experimentally demonstrate the dual 
synchronization of chaos in two pairs of one-way coupled 
Mackey-Glass electronic circuits with time delay. The 
degree of synchronization is quantitatively evaluated by 
using the cross correlation. We investigate the parameter 
regions for achieving dual synchronization when the delay 
time is mismatched between the drive and response 
circuits. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig 2. Block diagram for dual synchronization 
of chaos in Mackey-Glass electronic circuits 

with time delay. 

Fig.3 (a) Chaos attractor generated in Drive 1.  
 (b) Chaos attractor generated in Drive 2. 
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Fig 1. Circuit diagram of the Mackey-Glass electronic circuit 
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2. Experiments 
 
2.1. Setup 

Figure 1 shows the diagram of the Mackey-Glass 
electronic circuit. The circuit consists of two field effect 
transistors (2SJ103 and 2SK30A) for the nonlinear part, 
three amplifiers, a RC filter, and a delay line. Fifty pairs 
of capasitors (10 nF) and inductors (4.7 mH) are 
combined to generate time delay. The total delay time 
corresponds to a half period of chaotic waveforms. 

Figure 2 shows a block diagram for dual 
synchronization of chaos in Mackey-Glass electronic 
circuits with time delay. Two of the electronic circuits are 
used as drive systems (Drive 1 and Drive 2). The other 
two circuits are used as response systems (Response1 and 
Response 2). The voltages in two drive systems are added 

and fed back to each drive system with time delay to 
generate chaotic oscillations. This feedback signal is also 
used as a transmission signal, and the signal is transmitted 
to the two response systems for dual synchronization. 
There exists symmetry between the drive and response 
systems in terms of the input signal. All the parameters 
need to be matched between the Drive 1 and Response 1, 
and between the Drive 2 and Response 2, whereas the 
delay times for the Drive 1 and Drive 2 are set to be 
different for achieving dual synchronization (228 and 307 
µs, respectively). When synchronization manifolds are 
stable between the Drive 1 and Response 1, and between 
the Drive 2 and Response 2, dual synchronization can be 
achieved. 
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Fig.4  Experimental results of temporal waveforms and their correlation plots. (a) (b) Drive 1 
and Response 1, (c), (d) Drive 2 and Response 2, and (e), (f) Drive 1 and Response 2.  

Dual synchronization is achieved in the pair of Drive1-Response1 and Drive2-Response2.  
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2.2. Experimental results 

 
Without coupling between the drive and response 

circuits, chaotic oscillations are observed through some 
bifurcation processes in all the circuits. Figure 3 shows 
chaos attractors generated in Drive 1 and Drive 2. Two 
different chaos attractors are observed for the two drive 
circuits with different delay times (228 and 307 µs, 
respectively). In the presence of coupling from the drive 
to response systems, dual synchronization is observed. 
Figure 4 shows temporal waveforms of the voltages for all 
the four electronic circuits and their correlation plots of 
the pairs of Drive1-Response1, Drive2-Response2, and 
Drive1-Response2. Synchronization of chaotic 
oscillations is independently achieved for the pairs of 
Drive1-Response1 and Drive2-Response2, as shown in 
Figs. 4(a) - 4(d). A good linear correlation is observed as 
shown in Figs. 4(b) and 4(d). Conversely, synchronization 
of chaos is not achieved for the pair of Drive1-Response2, 
as shown in Figs. 4(e) and 4(f). 
 
2.3. Parameter dependence 
 

We quantitatively investigate chaos-synchronization 
regions against parameter mismatch in the two pairs of 
Mackey-Glass electronic circuits. The delay times of 
Drive 1, Drive 2, and Response 1 are fixed at Drive 1 
delay time of Drive1 327 µs, delay time of Response 2 
327 µs, and, delay time of Drive 1 of 398 µs respectively. 
The delay time of Response 2 is shifted. Other parameters 
in the four circuits are set to be as identical as possible, 
although there still exist some errors in our experimental 
systems. Figure 5 shows the cross correlation of the two 
temporal waveforms for the pair of Drive1-Response2 and 
for the pair of Drive2-Response2. We found that 
synchronization can be achieved when the delay time for 

Response 2 is set to be equal to the delay time for either 
Drive 1 or Drive 2. The best correlation is obtained with 
the matched delay time for both of the pairs of Drive1-
Response2 and Drive2-Response2. This demonstrates that 
mismatched delay times reduce the accuracy of 
synchronization. We also found that it is important to set 
parameters significantly different between Drive 1 and 
Drive 2 for the achievement of dual synchronization. 

 
2.4. Simulation 

To explain our experimental observation, we 
numerically calculate a model for Mackey-Glass 
electronic circuits. The model equation is as follows. 

 
 
 
 

There are five parameters: a (height of the nonlinear 
function), b (RC constant), τ (delay time), n (shape of the 
nonlinear function), and c (feedback strength). We set 
these parameters as follows: a=3.2, n=4.5, τ=8.2, b=1.0, 
c=1.0 for Drive 1 and Response1, and a=2.0, n=10.0, 
τ=11.0, b=1.0, c=1.0 for Drive 2 and Response 2. Figure 6 
shows chaotic attractors generated in Drive 1 and 2. These 
attractors look similar to those observed in out experiment 
(see Fig. 3). Figure 7 shows numerical results of temporal 
waveforms and their correlation plots. Chaos 
synchronization is achieved between Drive 1 and 
Response1, and between Drive 2 and Response 2 as 
shown in Figs. 7(a)-7(d). Conversely, no synchronization 
is observed between Drive 1 and Response 2 (Figs. 7(e) 
and 7(f)). 
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Fig.5  Cross correlation as a function of the delay 
time for Response 2. Solid line: cross correlation 
between Drive 1 and Response 2. Dotted line: cross 
correlation between Drive 2 and Response 2. The 
vertical arrows indicate the parameter matching 
condition of the delay time. 
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 (b) Chaos attractor of Drive2 generated by simulation 
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3. Conclusion 
 
We have experimentally and numerically demonstrated 

the dual synchronization of chaos in two pairs of one-way 
coupled Mackey-Glass electronic circuits. The output of 
the two drive circuits are mixed and used both for the 
feedback signal to the two drive circuits and for the 
transmission signal to the two response circuits. We have 
investigated the regions for achieving dual 
synchronization of chaos when the delay time is 
mismatched between the drive and response circuits. The 
technique of dual synchronization could be useful for 
multiplexing communications using chaos and for the 
identification of chaos from mixed chaotic waveforms. 
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Abstract—In this paper, by using a negative feedback
scheme we study the problem of synchronizing two sys-
tems, each of them made of n independent piecewise lin-
ear (PWL) chaotic circuits, through the transmission of a
unique signal. The signal is the linear combination of the
chaotic signals generated by the n circuits and, thus, to syn-
chronize the two groups of chaotic circuits the slave circuit
has first to separate the contributions of the subunits consti-
tuting the master system. To find the appropriate values of
the feedback gains, an approach based on the master stabil-
ity function and an optimization procedure through genetic
algorithms is introduced. Numerical results showing that
with this approach separation and synchronization of n = 3
chaotic systems can be achieved are discussed.

1. Introduction

Since the seminal work by Pecora and Carroll [1] on syn-
chronization of chaotic systems, many schemes for syn-
chronization have been proposed [2]: negative feedback
[3], sporadic driving, active-passive decomposition, diffu-
sive coupling and some other hybrid methods. Moreover,
both bidirectional and unidirectional couplings have been
considered [2]. In the case of unidirectional coupling, the
evolution of one of the coupled systems is unaltered by
the other system. In this case, the two chaotic systems are
called master and slave or drive and response systems.

In the negative feedback scheme [3], an error signal,
built as the difference of two corresponding state vari-
ables (which are assumed measurable), is fed back into the
slave system. In this paper the simultaneous synchroniza-
tion of two groups of n chaotic subsystems instead of two
chaotic systems is investigated by using a negative feed-
back scheme. In our case, thus, the master system is formed
by n independent chaotic systems which do not interact
each other. In general, the synchronization of two groups of
such chaotic systems requires n independent feedback sig-
nals. In this paper it is investigated if and under which con-
ditions synchronization can be achieved by using a unique
feedback signal which depends on the n chaotic systems
of the master (i.e. it is for instance a linear combination
of the state variables of the master chaotic systems). This
problem is referred to as separation and synchronization of
chaotic signals.

A theoretical approach, based on the investigation of the

synchronization properties through master stability func-
tion (MSF) analysis [4] of multiplexed systems, is dis-
cussed. The synchronization properties of two multiplexed
systems depend on the choice of the variables used to build
the scalar signal. Given a fixed choice of these variables,
the analysis based on the MSF allows us to investigate if
synchronization can be achieved. When such synchroniza-
tion cannot be achieved, the choice of the parameters (state
variables and weights of the linear combination) can be op-
timized. The strategy proposed in this paper is based on ge-
netic algorithms with a fitness function based on the MSF
of the considered system.

Some examples for the case of n = 2 are shown. For the
case of n = 3 a numerical simulation showing the separa-
tion of the three chaotic dynamics and the synchronization
of the three pairs of chaotic systems is reported.

A similar topic, referred as multiplexing of chaotic sig-
nals using synchronization, was investigated in [5] and [6].
In particular, Tsimring and Sushchik [6] investigate the si-
multaneous synchronization of chaotic maps, while Carroll
and Pecora discuss how to combine two chaotic systems
with the multiplexing technique to make a communication
system.

Furthermore, the solution to the problem of separation
and synchronization, proposed in this paper, can be adopted
in chaotic communication systems.

2. Master stability function for multiplexed systems

In this paper we investigate the synchronization proper-
ties of systems made of n different and uncoupled chaotic
subunits. These systems are coupled through scalar sig-
nals obtained by summing the state variables of the chaotic
subunits. The scalar signal can then be transmitted into a
unique channel used to synchronize multiple independent
chaotic subsystems. Since multiple signals are sent to the
same channel, we refer to these systems as multiplexed sys-
tems.

We first describe how the scalar signal is used to connect
two multiplexed systems. The scheme proposed is based
on negative feedback. Let us consider two multiplexed sys-
tems as shown in Fig. 1, where a directional coupling from
the multiplexed system A to the multiplexed system B is
taken into account. The two multiplexed systems are con-
sidered identical, i.e. they contain the same n independent
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Figure 1: Separation and synchronization of two multi-
plexed systems. 1-1′, 2-2′ and n-n′ are identical chaotic
systems starting from different initial conditions; the error
is the difference between a linear combination of the state
variables of system A and the same combination of the cor-
responding variables of system B.

subsystems with equal parameters. A linear combination of
the state variables of system A is sent to system B, where
an error signal is built by comparing the received signal
with the same linear combination of the corresponding state
variables of system B.

The error signal is weighted by suitable gains and added
to each state variable of system B as in the negative feed-
back scheme for two chaotic systems [3].

Therefore, assuming that the equations of system A are:

ẊA = f (XA), (1)

system B will be described by the following equations:

ẊB = f (XB) + Ke, (2)

where K is the gains vector and e is the (scalar) error signal.
Assuming that each multiplexed system is composed by n
systems of order m1,m2, . . . ,mn, then XA ∈ Rm with m =

m1 + m2 + . . . + mn, XB ∈ Rm and K ∈ Rm.
The synchronization properties of multiplexed systems

can be studied with the master stability function (MSF).
The approach, introduced in [4], considers N identical os-
cillators coupled with the same function of the components
from each oscillator to the other oscillators into an arbitrary
network which admits the synchronization manifold as an
invariant manifold. The approach is based on the lineariza-
tion of the network dynamics around the synchronization
manifold.

In [4] the dynamics of each node is modelled as ẋi =

F(xi) + σ
∑

j Gi jH(x j) where ẋi = F(xi) represents the dy-
namics of each isolated node, σ is the coupling strength,
H : Rm → Rm the coupling function and G = [Gi j] is a
zero-row sum matrix modelling network connections. The
synchronization properties of this network are studied by
calculating the maximum Lyapunov exponent λmax of the

generic variational equation

ζ̇ = [DF + (α + iβ)DH]ζ (3)

as a function of α and β, where DF and DH represent the
Jacobian of F(xi) and H(x j) computed around the synchro-
nous state. Once obtained λmax, which does not depend on
the connection network, the stability of the synchronization
manifold in a given network can be evaluated by comput-
ing the eigenvalues γh (with h = 2, . . . ,N) of the matrix G
and studying the sign of λmax at the points σγh. If all eigen-
modes with h = 2, . . . ,N are stable, then the synchronous
state is stable at the given coupling strength. In fact, we
recall that, since G is zero-row sum, the first eigenvalue is
γ1 = 0 and represents the variational equation of the syn-
chronization manifold.

In particular, if G has real eigenvalues, as in our case, the
master stability function can be computed only as function
of α. In the following we will restrict our analysis to this
case. The functional dependence of λmax on α can give
rise to three different cases [7]. The first case, denominated
as type I, is the case in which network nodes cannot be
synchronized. In the second case (type II) increasing the
coupling coefficient σ always leads to a stable synchronous
state. In the third case (type III), network nodes can be
synchronized only if σγh for h = 2, . . . ,N lie in the interval
with negative values of λmax.

Referring to the formulation of the synchronization
problem of multiplexed systems in terms of equations (2),
the matrix DH becomes

DH =



k1b1 k1b2 . . . k1bm

k2b1 k2b2 . . . k2bm
...

...
. . .

...
kmb1 kmb2 . . . kmbm


(4)

where k1, k2, . . . , km are the gains (K =[
k1 k2 . . . km

]
) and b1, b2, . . . , bm with bi = {0, 1}

specify which state variables are used to build the error
signal e. Let us define B =

[
b1 b2 . . . bm

]
.

The master stability equation will in general depend on
these parameters K and B. At this point, the problem of
the possibility of synchronizing multiplexed systems can
be translated into the problem of the existence of suitable
values of K and B for which the master stability function is
either type II or type III.

To solve this problem, an approach based on genetic al-
gorithms can be used. Genetic algorithms are an optimiza-
tion procedure based on the evolution of a population of in-
dividuals coding the possible solutions to the problem [8].
During the population evolution, crossover and mutation
ensure the search for new solutions, while selection is per-
formed according to a given fitness function which defines
the optimization problem. In our case the problem is to ob-
tain a master stability function with λmax < 0. To this aim
the fitness function can be defined as follows:

f = min λmax (5)
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Given this fitness function, the genetic algorithms are used
to search K and B which minimize the maximum Lyapunov
exponent of Eq. (3). If the optimum value is such that
λmax < 0, then the problem of synchronizing multiplexed
systems will have a solution. Of course, the existence of
this solution is not related to the stability of the synchro-
nization manifold in a given complex network, but λmax < 0
ensures that there exists synchronizable networks with mul-
tiplexed systems as nodes. For instance, if two multiplexed
systems are coupled in a master-slave configuration (i.e.

G =

(
0 0
1 −1

)
and γ1 = 0, γ2 = −1), λmax < 0 ensures

that there exists a suitable value of the coupling strength (σ̄
such that λ(ᾱ) < 0 with ᾱ = σ̄γ2 = −σ̄) for which the two
systems will synchronize.

3. Numerical results

The proposed approach has been applied to multiplexed
systems of three well-known chaotic systems: Lorenz sys-
tem, Rössler oscillator and Chua’s circuit. The dimension-
less equations describing these three systems are reported
in the following with the parameters adopted in the paper.
All the parameters are chosen so that chaotic behavior is
obtained.

The Lorenz system is described by the following equa-
tions: ẋL = σ(yL−xL); ẏL = ρxL−yL−xLzL; żL = xLyL−bLzL

with σ = 10, bL = 8/3, ρ = 28.
The following dimensionless equations model the

Rössler oscillator: ẋR = −(yR + zR); ẏR = xR + aRyR;
żR = bR + zR(xR − cR) with aR = bR = 0.2, cR = 7.

The Chua’s circuit is described by the following equa-
tions: ẋC = α(yC − aC x3

C − cC xC); ẏC = xC − yC + zC;
żC = −βyC with α = 10, β = 16, aC = 1, cC = −0.143.

We applied the MSF approach to several multiplexed
systems obtained by pairing two of the three chaotic sys-
tems described above. Moreover, these multiplexed sys-
tems differ from the way in which the two subsystems are
coupled. In other words depending on the definition of the
error scalar signal adopted, different multiplexed systems
are obtained, which in general have different synchroniza-
tion properties.

In the following, the notation adopted to define the error
signal will be e = E(x1, . . . , xn, y1, . . . , yn, z1, . . . , zn) where

E(x1, . . . , xn, y1, . . . , yn, z1, . . . , zn) =

x1,m − x1,s + . . . + xn,m − xn,s+

+y1,m − y1,s + . . . + yn,m − yn,s+

+z1,m − z1,s + . . . + zn,m − zn,s

(6)

and x1, . . . , xn, y1, . . . , yn, z1, . . . , zn represent all the sub-
system state variables effectively used to build the error sig-
nal. For instance, if we consider two subsystems (a Lorenz
system and a Chua’s circuit), coupled through xL and xC ,
thus E(x1, . . . , xn, y1, . . . , yn, z1, . . . , zn) = E(xL, xC) where:

E(xL, xC) = xL,m − xL,s + xC,m − xC,s (7)

Table 1: Synchronization properties of multiplexed sys-
tems made of two chaotic subsystems with respect to dif-
ferent definition of the error signal with K = K1. The com-
pact notation indicates the state variables used, for instance
Exx = E(xi, x j) where i and j represent the two subsystems
used.

Exx Eyy Ezz Exyxy Exzxz Eyzyz Exyzxyz

L-C I I I I I I I
C-R I I I III I I I
L-R I III I I I I III

The first case analyzed was the case in which we fixed
K = K1 =

[
1 1 1 1 1 1

]
. Based on the results

obtained, the multiplexed systems can be classified accord-
ing to their synchronization properties reported in Table 1.

As an example, we can consider the case of a multi-
plexed system made of a Lorenz system and a Rössler os-
cillator, coupled through E(yL, yR) which as shown in Ta-
ble 1 is type III.

Considering only matrices G with real eigenvalues, the
MSF behavior for such multiplexed system is type III.
Thus, exists a range of α corresponding to negative values
of λmax. This means that synchronization can be achieved
choosing the coupling strength σ in order to put all the
eigenvalues σγh of matrix G inside such range.

As it can be noticed in Table 1, in most cases the multi-
plexed system is type I and therefore synchronization can-
not be achieved. This can be due to the choice of the cou-
pling parameters (i.e. K). For this reason, when the sub-
system is type I, we investigated the possibility of finding a
coupling vector such that the multiplexed system is type II
or III by applying genetic algorithms with the fitness func-
tion defined as in (5). With this approach it is effectively
possible to find suitable parameters in several cases.

For instance, in the case of a multiplexed system made of
a Lorenz system and a Rössler oscillator, coupled through
E(xL, yL, xR, yR) (which is type I for K = K1), we were
able to find a suitable coupling vector K = K̄LR such that
the multiplexed system is type III. Genetic algorithms (GA)
were used with cross-over probability pc = 0.7, mutation
probability pm = 0.7 and generation gap ggap = 0.9. The
elements of vector K were searched in the range [−2; 2]
generating 20 individuals that evolve for 30 generations.
Chromosomes are represented with 16 bit precision, thus it
is possible to select 216 values inside the fixed range.

The GA minimizes the fit-
ness function (5) finding the vector
K̄LR =

[
1.43 1.25 −0.13 0.96 0.10 −0.04

]
.

The resulting MSF is type III. This means that using
K = K̄LR the considered multiplexed system can be
synchronized setting σ such that the eigenvalues σγh of
G lie inside the range of α corresponding to the negative
values of the MSF.

Using GAs, we were also able to obtain a set of gains
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Figure 2: Master Stability Function for a multiplexed sys-
tem formed by a Lorenz system, a Chua’s Circuit and
Rössler oscillator. The error signal is defined as Exyxyxy and
K = K̄LCR.

K able to permit us the separation and synchronization
of a multiplexed system with n = 3. We considered a
multiplexed system made of a Lorenz system, a Chua’s
Circuit and a Rössler oscillator, coupled with the slave
through E(xL, yL, xC , yC , xR, yR) (which is type I for Ki = 1
∀i = 1, . . . , 9). We used GAs with the same parameters
of the previous case to minimize fitness function (5). The
optimization procedure gives a value of

K̄LCR = [−0.47 1.72 0.24 1.57 0.18 0.07
1.16 0.57 −0.15]

which leads to a MSF of type III, shown in Fig. 2. In this
case, therefore, it is possible to choose a suitable value of
the coupling strength to achieve separation and synchro-
nization. Since the eigenvalues of G (master-slave config-
uration) are γ1 = 0 and γ2 = −1, we can choose σ = 2.03.
Numerical results confirm that this choice leads to com-
plete synchronization of the three pairs of chaotic systems.
Fig.3 shows for example the state variables of the master
Lorenz system which are perfectly synchronized with the
corresponding slave variables. Similar trends are observed
for the Chua’s system variables and for the Rössler’s ones.

4. Conclusions

In this paper, the problem of separation and synchroniza-
tion of chaotic systems has been investigated by using an
approach based on the master stability function. With this
approach combined with an optimization strategy based on
genetic algorithms, it is possible to investigate if two multi-
plexed chaotic systems in a master-slave configuration can
be synchronized and to find the suitable parameters lead-
ing to synchronization. Furthermore, the approach is more
general and allows one to draw conclusion on the synchro-
nization properties of networks in which each node is given
by a system made of n independent chaotic subunits.
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Figure 3: Separation and synchronization of two multi-
plexed systems made of three chaotic subsystems: a Lorenz
system, a Chua’s Circuit and a Rössler oscillator. State
variables of the Lorenz system with K = K̄LCR.
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Abstract—Hybrid systems are subject of recent inter-
est for many applications. These systems are character-
ized by interactions of continuous and discrete dynamics,
which give rise to complex behavior. Various models for
specific subclasses of hybrid systems, such as hybrid au-
tomata, hybrid petri nets or switched systems, have been
suggested so far. This paper summarises a class of hybrid
systems, namely the class of discretely controlled contin-
uous systems, and proposes a general model for this class
from which an embedded map and a return map is derived.
We summarize different types of analysis that can be done
by use of the return map. The paper has tutorial character.

1. Introduction

In this paper a class of hybrid systems, called dis-
cretely controlled continuous systems (DCCS), is investi-
gated. Such systems are composed of a continuous and a
discrete subsystem arranged in a feedback loop (Figure 1).
The state of the discrete subsystem corresponds to the mode
of operation of the overall system and provides the only
controllable input to the continuous subsystem. Switching
the mode changes the continuous dynamics. In general, the
continuous subsystem possesses different equilibria for dif-
ferent discrete states. An event generator defines the inter-
face between the continuous and the discrete-event dynam-
ics. Depending on the value of continuous signals, such as
time and the continuous state, this device generates events,
which trigger discrete state transitions.

The presented structure is found in many applications,
e.g. in switching power converters, combustion engines
and anti-lock brakes.

The primary control objective in the design of a DCCS
is usually specified in terms of an invariant region of oper-
ation RO, inside which the continuous state has to remain
despite acting disturbances and parameter variations. Gen-
erally this region RO does not contain any equilibria of the
continuous dynamics. Hence, in each mode the continuous
state is driven out of RO, which necessitates that discrete
state transitions occur perpetually. Accordingly DCCS
usually exhibit either periodic or chaotic behaviour. The
control objective must be achieved by adequately switch-
ing among the modes of operation at the correct time in-
stants. Additional implementational requirements limit the
switching frequency, i.e. guaranteeing a minimal time span
between switching events.

In this paper a hybrid model for DCCS is proposed.
From this model a return map is derived, which samples

the system’s behaviour at specific switching instants. Typ-
ical analysis and control problems for DCCS addressed in
recent publications are listed, which can be investigated us-
ing the presented model.
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Figure 1: Block diagram and signal trajectories of a DCCS

2. Discretely controlled continuous systems

2.1. Hybrid model

A suitable hybrid model, which reflects the components
of a DCCS is shown in Figure 1. The continuous subsystem
is described by the equations

ẋ (t) = f (x (t) , d (t) , q (t)) , x (0) = x0 (1)
y (t) = h (x (t) , d (t) , q (t)) (2)

where x (t) : R → Rn, y (t) : R → Rm, d (t) : R → Rnd

and q(t) : R → Z denote the continuous state and output
signals, the disturbance input and the state of the discrete
subsystem respectively. Function f defines a Lipschitz-
continuous vector field and h is the output equation of the
continuous process. At the moment of a discrete state tran-
sition ẋ (t) is discontinuous, but not x (t).
The discrete subsystem is described by the transition func-
tion g, which maps the current discrete state q̄ (k) and the
generated event ē (k+1) to a successor state

q̄ (k+1) = g (ē (k+1) , q̄ (k)) , q̄ (0) = q0 (3)
q (t) = q̄ (k) , for t ∈ [t̄ (k) , t̄ (k+1)) . (4)

Symbols with a bar always denote signal values at switch-
ing instants, which are enumerated by the integer k ∈ N.
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Each value of the piecewise constant signal q (t) corre-
sponds to a mode of operation of the overall system.

The event generator is given by an event function

Φ(x (t) , q (t) , t) = min
e∈E

[
φ(x (t) , q (t) , t, e)

] ≤ 0 (5)

which selects the event e ∈ E from the set of possible events
such that φ(x (t) , q (t) , t, e) is minimal. Hence, the value
of the piecewise constant signal e (t) is determined by

e (t) = arg min
e∈E φ(x (t) , q (t) , t, e) . (6)

At the time instant

t̄ (k+1) = Φ−1
t (x (t) , q (t) , t)

∣∣∣t=t̄(k+1)

= min
t∈T t (7)

with T = {t ∈ R : t > t̄ (k) ∧Φ(x (t) , q (t) , t) = 0}(8)

the corresponding event

ē (k+1) = Φ−1
e (x (t) , q (t) , t)

∣∣∣t=t̄(k+1)

= e (t̄ (k+1)) (9)

is issued by the event generator. Depending on the
implemented control strategy, the event function (5) may
depend on a subset of its arguments [1].

The model presented above can be cast into the
framework of the well known hybrid automaton H =
(Q,X, f , Init, I, E,G,R) [2], with

Q finite set of discrete variables
X finite set of n continuous variables
f : Q × Rn → Rn vector field
Init ⊆ Q × Rn set of initial states
I : Q → I ⊆ Rn invariant set for mode q
E ⊆ Q × Q set of edges
G : E → G ⊆ Rn guard condition
R : E × Rn → Rn reset map

Considering Equations (1)-(4) for DCCS the set Init =
(q0, x0) is a singleton. Furthermore the guard conditions
are defined as

G (q, e) = {x : ∃t such that φ(x, q, t, e) = 0} (10)

x2

x1..

.

x( )t
x( )k

I(1)

G(1,1)

Figure 2: Graph of a hybrid automaton

These sets correspond to switching surfaces, which restrict
the invariant sets

I (q) = {x : φ(x, q, t, e) < 0, ∀t, e} . (11)

The trajectory x (t) will never leave these possibly un-
bounded sets I (q) before switching to another mode. Since
the state trajectory is continuous at the switching instants,
the reset map corresponds to the identity map.

2.2. Embedded map and return map of a DCCS

As DCCS produce infinitely long switching sequences
with finite activation durations τ̄ (k) = t̄ (k+1) − t̄ (k)
and since f and h are known, sampling the trajectories
at switching instants provides sufficient information to
uniquely reconstruct the behaviour between these instants.
Hence the switching sequence

Traj(x0, q0, t0) =




x̄(0)
q̄(0)
t̄(0)

,


x̄(1)
q̄(1)
t̄(1)

, ...


=: (s̄(0), s̄(1), ...) . (12)

is considered as the discrete-event trajectory of the system.
The vector s̄ (k) := (x̄ (k) , q̄ (k) , t̄ (k))T ∈ S̄ is called hybrid
switch point and S̄ is the set of all possible hybrid switch
points. From the hybrid model given by Equations (1)-(4)
the so called embedded map is derived.

Definition 1 The embedded map of a DCCS is a function

H : S̄→ S̄
s̄ (k+1) = H(s̄), (13)

which determines the next hybrid switch point s̄(k + 1) from
the current one.

For simple dynamics and event functions, an analytic ex-
pression for H can be obtained. Otherwise the map has to
be calculated numerically. By use of the embedded map
the analysis of the overall system can be simplified.

By successive application of the embedded map a first
return map is obtained, which helps in the analysis of pe-
riodic or chaotic behaviour. In the following definition let
m ∈ N be a new index.

Definition 2 The return map of a DCCS is a function

P : S̄→ S̄
s̄ (m+1) = P(s̄ (m)) = H(p)(s̄ (m))

= H (H (. . .H(s̄ (m)))) , (14)
with p being the minimal number such that q̄ (m+1) =
q̄ (m), relates a hybrid switch point s̄ (m) to the next hybrid
switch point s̄ (m+1), at which the same mode of operation
is first re-actived.

Note that this function is only defined for switch points
s̄ for which a cyclic switching sequence is generated by
the DCCS. For a bimodal system, the return map is just
obtained by P(s̄ (m)) = H(2)(s̄ (m)) = H(H(s̄ (m))).
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Similar to the embedded map, analytic expressions for
the return map may be obtained for special cases. For nota-
tional convenience both maps (13) and (14) can be decom-
posed into three components

H =
(
Hx,Hq,Ht

)
T, P =

(
Px, Pq, Pt

)
T. (15)

3. Power converters modelled as DCCS

+
−
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Figure 3: DC-DC converter modeled by the proposed hy-
brid model

Fig. 3 depicts a boost converter and its hybrid model cor-
responding to section 2.1. The power stage is the continu-
ous subsystem with x = (iL, vo)T. In continuous conduction
mode the event generator exactly matches with the genera-
tor of the implemented current programmed mode control
scheme used in the example and the discrete subsystem is
exactly the flip flop that controls the power switch. The
discrete states are q = 1 : S closed and q = 2 : S
open. The events are e1 : iL(t) = iref , e2 : τ = T
where T is the period length of the clock generator and
τ = t − maxk∈{k : t̄(k)≤t} [t̄ (k)] is the difference between the
actual time and the last event occurrence time.

The event function (5) for this control strategy is

Φ(x (t) , q (t) , τ) =

{
iref − iL(t), if q = 1
τ + τ̄(k) − T, if q = 2

The discontinuous conduction mode can be modeled by
q = 1 : S closed, D blocking, q = 2 : S open, D conduct-
ing, q = 3 : S open, D blocking. Then the events are e1 :

iL(t) = ire f , e2 :
{
τ = T q = 2
τ + τ̄(k) = T q = 3 , e3 : iL(t) = 0.

Φ(x (t) , q (t) , τ) =



iL(t) − iref , if q = 1
min (τ + τ̄(k) − T, −iL(t)) , if q = 2
τ + τ̄(k) + τ̄(k − 1) − T, if q = 3

g (ē (k+1) , q̄ (k)) :=

q̄ (k+1) q̄ (k) e (k+1)
2 1 e1
1 2 e2
1 3 e2
3 2 e3

Fig. 4 depicts Px in mixed continuous discontinuous con-
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Figure 4: Return map Px1(s̄(c))

duction mode for q̄ (m) = 1.
The planes iL (m+1) = 0 indicate the discontinuous con-

duction mode with p = 3. For iL (m+1) > 0, p = 2.

4. Applications of the Return Map

4.1. Analysis of Transient Behaviour

Transient analysis is used to rate the qualitative be-
haviour of a system. By iteration of the return map a
sampled trajectory of the system state variables arises. [3]
shows how to use the return map of a DC-DC converter to
investigate the transient behaviour.

4.2. Analysis of the Asymptotic Behaviour

4.2.1. Stability Analysis

The goal of control design in hybrid systems usually is
to obtain a stable limit cycle. A stable limit cycle in contin-
uous time domain corresponds to a stable fixed point of the
return map of the system or an iterate of the return map. So
small signal system stability investigation results in small
signal investigation of P around the fixed point s∞. This
can by done by use of the Jacobi matrix [4]

J∞ =
∂P(s̄)
∂s̄

∣∣∣∣∣
s̄∞
. (16)

If all eigenvalues of J are inside the unit circle the fixed
point and hence the corresponding limit cycle is stable. If
one eigenvalue of J is outside the unit circle the fixed point
and hence the corresponding limit cycle is unstable.

4.2.2. Bifurcations

If the stability of fixed points changes at a specific sys-
tem parameter value this value is called a bifurcation point.
Depending on the case what exactly happens with the fixed
points different types of bifurcation are distinguished. Ex-
amples are border collision, period doubling and saddle
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node bifurcations. Bifurcations widely occur in power
electronic systems [5]. Several publications [5] [6] investi-
gate the route to chaos via bifurcations and the reasons for
the occurrence of bifurcations in hybrid systems.

4.2.3. Chaos

Chaos occurs when all fixed points of the return map and
its iterates are unstable i.e. when one eigenvalue of each
fixed point is outside the unit circle. Several publications of
hybrid systems operating chaotically exist. Analysis usu-
ally is based on statistical properties of the signals or on
the eigenvalues of the return map.

One side effect of chaotic behaviour is that the power
density spectrum (PDS) of the continuous states x becomes
continuous. Several groups use this fact for EMC com-
liance purposes. This will be explained in the next sections.

However in many conventional applications chaotic op-
eration is not desired. So the knowledge about occurrence
of chaotic behaviour mostly is used to suppress chaotic op-
eration.

4.2.4. Zeno Behaviour

Zeno behaviour is a phenomenon thoroughly investi-
gated in hybrid systems theory. A system exhibits a Zeno
behaviour if it has an infinite number of switchings in a fi-
nite time interval. Zeno behaviour is indicated in the return
map by a stable fixed point s̄∞ = P(s̄∞) with

Pτ(s̄∞) = 0 . (17)

4.3. Statistical Analysis

Statistical analysis is used for system behaviour analysis
in chaotic mode.

Important statistical values are the moments of x [7] and
τ̄ e.g. to rate the ripple of continuous variables and the
mean switching frequency respectively. Another important
statistical value is the power density spectrum of x.

4.3.1. Power Density Spectrum of x

The power spectrum and power density spectrum (PDS)
of the continuous states are important criteria e.g. to rate
the EMC compliance of the system [8] or to rate audible
components appearing in hybrid systems.

Improvement in audible components suppression or EMI
suppression usually is rated by calculating the power within
a frequency interval [3].

Approaches to limit this power are passive and active
filtering of x (t), pulse shaping (designing the switching
waveform) and modulation of the system by the applica-
tion of a modulating signal to an additional input of Φ. The
modulation can be classified into periodic [9] and nonperi-
odic [10] modulation schemes.

In either case the power spectrum or PDS respectively
has to be calculated. A convenient method for obtaining
the PDS is by using a filtered pulse process [8].The event
times of the pulse process are obtained by Ht(s̄(k)) and the
pulse intensities and filter function can be obtained from f
for special continuous subsystems.

5. Conclusions

In the paper the class of DCCS was mentioned together
with its essential properties. The primary design objectives
for such systems were outlined and models of different ab-
straction levels were proposed. The classification of this
class within the existing modeling frameworks for hybrid
system was shown. Several analysis problems which rep-
resent recent directions of research were mentioned and the
use of the embedded map and return map for these analysis
problems was shown.
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[8] J. Krupar, A. Mögel, and W. Schwarz, “Emi-
performance of dc-dc converters – criteria and spec-
tral optimisation,” in Proc. NOLTA’04, Fukuoka,
Japan, November 2004.

[9] J. Krupar and W. Schwarz, “Emi tuning of hybrid sys-
tems by periodic patterns,” IEEE Transactions on Cir-
cuits and Systems–I, 2006, submitted to.

[10] M. Balestra, R. Rovatti, and G. Setti, “Power spec-
trum density tuning in random and chaos-based
timing signal modulation techniques with improved
emc,” in Proc. NDES’03, Scuol, Switzerland, May
2003, pp. 25–28.

62



Classification and Analytical Method of Switched DynamicalSystems

Yue Maa, Soumitro Banerjeeb, Takuji Kousakac and Tetsushi Uetad

a Dept. of Electrical and Electronic Engineering, The University of Tokushima, Japan
mayork@gmail.com

b Dept. of Electrical Engineering, Indian Institute of Technology, India
soumitro@iitkgp.ac.in

c Dept. of Electrical and Electronic Engineering, Oita University, Japan
kousaka@gmail.com

d Department of Information Science, Tokushima University,Japan
tetsushi@is.tokushima-u.ac.jp

Abstract—Switched dynamical systems are very com-
mon in engineering. Many studies have been done on
investigation of their dynamics and bifurcation problems.
However, there is still a lack of general classification on
this type of systems. Moreover, methods were often devel-
oped case by case without general capability. In this article,
we propose a new classification method according to prop-
erties of sub-systems and switching borders. Furthermore,
the approach to apply each kind of switched dynamical sys-
tems are summarized. Using this unified method, we can
easily find the periodic solution and determine the its sta-
bility, then solve complicated bifurcation problems. Spe-
cial emphasis will be put on those with non-autonomous
sub-systems.

1. Introduction

Switched dynamical systems have been subjected to in-
tense investigation in recent years, because such systems
find application in a number of engineering areas such as
power electronics [1, 2] and mechanical engineering [3].
Switched dynamical systems are defined by two or more
sets of differential equations (linear or nonlinear), and the
system switches from one set to another as some conditions
are satisfied, i.e., the switching borders are researched. For
a switched dynamical system, it is the most important and
basic problem to find the periodic solution(s) and to deter-
mine the stability property of specific solution. Because
this problem is the root of all kinds of extended issues such
as bifurcation analysis, complex phenomena, control strat-
egy, and so forth.

To solve a periodic solution and determine its stability
may seem simple, specially for those traditional continu-
ous dynamical systems for which a nearly complete theory
has been established, but is actually quite a complex task
for switched dynamical systems. Many methods have been
proposed. Most of them, however, are case studies which
can only deal with a particular situation. In our earlier stud-
ies [4, 5, 6], we proposed a method based on solution flow
and its variational equations. By writing equations of so-
lution flows in successive time intervals and then solving

them with appropriate numerical methods, we can obtain
the periodic solution of switched dynamical systems. Then
we define a discrete-time map and investigate the local lin-
ear behavior around the fixed point, obtained from the ref-
ormation of variational equations. From above process, sta-
bility can be studied easily.

But, our earlier studies are also described in some lim-
ited conditions, because there was no good classification
done for switched dynamical systems. In this article, we
will propose a new way to classify switched dynamical sys-
tems. This classification approach can cover all kinds of
systems and integrate well with our analytical methods. We
will extend our previews methods to new classifications.
This provides a unify framework for systematic analysis of
switched dynamical systems.

2. Classification and system description

2.1. Classification

Switched dynamical systems are consist of two or more
continuous dynamical sub-systems and border functions
(discrete events) which define the switching condition be-
tween those sub-systems. According to if it contains the
time explicitly in the sub-systems and the border functions,
we can classify switched dynamical systems into four types
as following.

1. The sub-systems are autonomous (without the time
contained explicitly), and the switching manifold is
defined in terms of a simple function of the states, as
f (x) = 0. Example: the Alpazur oscillator [4].

2. The sub-systems are autonomous, but the switching
condition is defined by a function of the states and
a periodic function of time. This case was called as
“moving border” in [5]. Example: PWM controlled
switching power dc/dc converters [1][5], where the
switching is controlled by an externally generated tri-
angular wave.

3. The individual sub-systems are non-autonomous, and
the border is defined simply as an algebraic equation
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involving the states. For example, mechanical impact
oscillators [3].

4. The sub-systems are non-autonomous, and the switch-
ing condition has explicit dependence on time. Ex-
ample: ac/dc power converter, forced neuron [7], bio-
oscillators and many complex natural models.

2.2. System description

Type-1 and Type-2 systems are usually described by
equations of the form

S1 : ẋ = f1(x, p1), if x ∈ M1,
S2 : ẋ = f2(x, p2), if x ∈ M2.

(1)

wherex ∈ Rn are the state variables,p1,2 are the system
parameters,f1 and f2 are the governing functions of sub-
systemS1 andS2 when the solution moves in sub-space
M1 andM2 respectively. The functionsf1 and f2 are inde-
pendent of time.

In contrast, systems of Types 3 and 4 are decribed by
equations of the form

S1 : ẋ = f1(t, x, p1), if x ∈ M1,
S2 : ẋ = f2(t, x, p2), if x ∈ M2,

(2)

In this case the functionsf1,2 contain time explicitly.
We assume that there are two sub-spacesM1 and M2.

For each sub-space, “border(s)” exist to make state jump to
the other one. For Type-1 and Type-3 systems, the border
is defined only by states:

B = {x ∈ Rn : β(x) = 0}, (3)

whereβ(x) is the border function. In systems of Type-2
and Type-4, the border functionβ has explicit dependence
on time, that is,

B = {x ∈ Rn : β(x, t) = 0}. (4)

We can summarize above classification method in Fig. 1
clearly.

Figure 1: An illustration of classification of switched dy-
namical systems.

3. Solution flow and fixed point

Obviously, only Type-1 systems are completely au-
tonomous, which is the simplest case. In such systems
the discrete-time map has to be obtained by placing a
Poincaré surface of section in the state space. Though
Type-2 systems have autonomous sub-systems, they are
non-autonomous as a whole. Therefore the discrete-time
map has to be obtained by stroboscopic sampling in syn-
chronism with the periodicity of the function that defines
the switching manifold.

Type-3 systems have non-autonomous sub-systems, and
also are non-autonomous as a whole. If the periodicity of
the forcing function in all the sub-systems is the same, it
is convenient to obtain the discrete map by stroboscopic
sampling in synchronism with the periodic input. Type-
4 systems can be very complicated if the periodicities of
the switching manifold and that of the sub-systems are not
identical. Fortunately, however, in most practical systems
they are the same, and hence the definition of the strobo-
scopic sampling is unambiguous. For those cases where
two frequencies are different, two types of map are often
considered.

The generalized methods of following periodic orbits
and obtaining the Jacobian matrix of Type-1 and Type-2
systems have been developed earlier [4][5]. As the logical
next step, in this paper we develop the method for handling
systems of Type-3.

For Type-1 and Type-3, the two sub-spaces are given by

M1 = {x ∈ Rn : β(x) > 0},
M2 = {x ∈ Rn : β(x) 6 0}.

(5)

The solution of the system is governed by the functionsf1
and f2 as given in (1) or (2), depending on whether the state
is in M1 or in M2. We express the solution functions as

x(t) = ϕ1(t, t0, x01), if x ∈ M1,

x(t) = ϕ2(t, t0, x02), if x ∈ M2,
(6)

wherex01 andx02 are the initial conditions, andt0 is the
starting time of the flow.

For Type-3 systems, we assume that bothf1(t, x, p1) and
f2(t, x, p2) are periodic functions with identical periodT,
i.e.,

f1,2(t, x, p1,2) = f1,2(t + T, x, p1,2). (7)

Now, define the stroboscopic mapping as

Fm : Rn → Rn; x(0) 7→ x(T). (8)

In this map, if a solution satisfiesx(0) = x(kT), k = 1, 2, · · ·,
it is a period-k solution.

For Type-3 systems, the sampling points will not gen-
erally lie on the switching manifold. Suppose there is a
solution flow in one period as follows.

1. Starting atx0 ∈ M1, the state moves inM1 until the
solution satisfies the switching conditionB at x1 after
time τ1;
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Bt = T
x = x3

t = 0
x = x0

t = τ1

x = x1

t = τ2

x = x2

ϕ1(t, 0,x0)

ϕ2(t, τ1,x1)

ϕ1(t, τ2,x2)

Fixed point

Figure 2: A period-1 orbit, and its Poincaré mapx0 7→ x3.

2. Crossing the borderB, the state moves intoM2. Then
at time τ2, the solution flow crosses the switching
manifold again atx2, and returns to sub-spaceM1;

3. Finally, the state reachesx3 after timeT.

According to (6) and (3), the above solution flow can be
described as

x1 = ϕ1(τ1, 0, x0) (9)

x2 = ϕ2(τ2, τ1, x1) (10)

x3 = ϕ1(T, τ2, x2) (11)

β(x1) = 0 (12)

β(x2) = 0 (13)

This is shown schematically in Fig. 2.
In the earlier work on Type-1 and Type-2 systems, the

initial time in (10) and (11) were taken as zero. That means
they can be reduced to the form

x2 = ϕ2(τ2 − τ1, 0, x1) and x3 = ϕ1(T − τ2, 0, x2), (14)

where only time differences were considered. However in
Type-3 systems, the value of initial time does matter, be-
cause the functionsf1 and f2 have explicit dependence on
time. Therefore the above reduced forms are not applica-
ble. This feature makes the handling of Type-3 systems
different from that of Type-1 and Type-2 systems.

The behavior of periodic solution flow of the system is
reduced to the behavior of fixed points of the map,Fm :
x0 7→ x3. In this section, we will introduce the method
to obtain the location of the fixed point and to analyze its
stability property.

For systems of Type-3, a fixed point exists ifx(0) = x(T),
i.e., if x0 = x3. There are 3n+2 scalar equations in (9)-(13),
which can be solved using appropriate numerical technique
to obtain the 3n + 2 scalar unknowns{x0, x1, x2, τ1, τ2}.
We have used the Newton’s method for this purpose. To
apply the Newton’s method, we need to know the partial
derivatives of the solution with respect to the unknowns,
for which the Jacobian matrix of the solution flow is neces-
sary.

Because we are considering the general case, we cannot
assume that the solutions can be obtained in closed form.
We therefore have to obtain the partial derivatives using
numerical method.

4. Stability of the fixed point

From (9), (10) and (11) we can write

∂x1

∂x0
=
∂ϕ1

∂t

∣

∣

∣

∣

∣

t=τ1

∂τ1

∂x0
+
∂ϕ1

∂x0
, (15)

∂x2

∂x0
=
∂ϕ2

∂t

∣

∣

∣

∣

∣

t=τ2

∂τ2

∂x0
+
∂ϕ2

∂τ1

∂τ1

∂x0
+
∂ϕ2

∂x1

∂x1

∂x0
, (16)

∂x3

∂x0
=
∂ϕ1

∂τ2

∂τ2

∂x0
+
∂ϕ1

∂x2

∂x2

∂x0
, (17)

where we have used the abbreviations like∂ϕ1/∂x0 to de-
note∂ϕ1/∂x|x=x0, etc.

Now, partial derivatives of the solution flow with respect
to time can be written as

∂ϕ1

∂t

∣

∣

∣

∣

∣

t=τ1
= f1(τ1, x1, p1), (18)

∂ϕ2

∂t

∣

∣

∣

∣

∣

t=τ2
= f2(τ2, x2, p2). (19)

On the other hand, partial derivatives of the solution flow
with respect to theinitial time pointsτ1 andτ2 [8] are

∂ϕ2

∂τ1
= −

∂ϕ2

∂x1
f2(τ1, x1, p2), (20)

∂ϕ1

∂τ2
= −

∂ϕ1

∂x2
f1(τ2, x2, p1). (21)

This is the key point by which Type-1&2 different from
Type-3&4. Because in Type-1&2, initial times of each flow
are always regard as zero, and no derivative is needed. Sub-
stituting these into (15), (16), and (17) we get

∂x1

∂x0
= f1(τ1, x1, p1)

∂τ1

∂x0
+
∂ϕ1

∂x0
, (22)

∂x2

∂x0
= f2(τ2, x2, p2)

∂τ2

∂x0

−
∂ϕ2

∂x1
f2(τ1, x1, p2)

∂τ1

∂x0
+
∂ϕ2

∂x1

∂x1

∂x0
, (23)

∂x3

∂x0
= −

∂ϕ1

∂x2
f1(τ2, x2, p1)

∂τ2

∂x0
+
∂ϕ1

∂x2

∂x2

∂x0
. (24)

Note that (24) gives the Jacobian matrix of the Poincaré
mapx0 7→ x3, which will be used to analyze the stability
property.

In order to evaluate (22), (23), and (24), we need to ob-

tain the values of
∂ϕ1

∂x0
,
∂ϕ2

∂x1
, and

∂ϕ1

∂x2
. These partial deriva-

tives of the solution functions with respect to the initial con-
ditions are obtained by solving the differential equations [8]

d
dt

(

∂ϕ1

∂x0

)

=
∂ f1
∂x

(

∂ϕ1

∂x0

)

,
∂ϕ1

∂x0

∣

∣

∣

∣

∣

t=0
= In (25)
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d
dt

(

∂ϕ2

∂x1

)

=
∂ f2
∂x

(

∂ϕ2

∂x1

)

,
∂ϕ2

∂x1

∣

∣

∣

∣

∣

t=τ1

= In (26)

d
dt

(

∂ϕ1

∂x2

)

=
∂ f1
∂x

(

∂ϕ1

∂x2

)

,
∂ϕ1

∂x2

∣

∣

∣

∣

∣

t=τ2

= In (27)

Finally, to evaluate (22), (23), and (24), we also need
the partial derivatives of the evolution times within each
sub-system with respect to the initial condition. Since the
times of evolution within each sub-system is determined
by the switching condition, these partial derivatives can be
obtained from the expressions of the switching manifolds.
From (12) and (13) we can write

∂β(x1)
∂x0

=
∂β

∂x
∂x1

∂x0
= 0, and

∂β(x2)
∂x0

=
∂β

∂x
∂x2

∂x0
= 0.

(28)

Because border functionβ(x) = 0 is a 1 dimensional equa-
tion, ∂β/∂x is a 1× n matrix. So, whenβ(x) is in a simple
form like x(1) = constant,∂β/∂x = [1, 0, · · · , 0]. Thus, if
∂β/∂x · ∂x1/∂x0 = 0 as given by (28), the corresponding
first row of ∂x1/∂x0 must be [0, · · · , 0]. But if the switch-
ing manifold is given by an equation involved more than
one state variable like the formβ(x) = x(1)−x(2)= 0, then
∂β/∂x = [1,−1, 0, · · · , 0]. Thus the difference between first
two rows of∂x1/∂x0 will be zero. Anyway,∂β/∂x sup-
plies the additional information of specific dimension(s) re-
lated to border function, by which we can solve the partial
derivatives of the times of evolution with respect to the ini-
tial statex0. Substituting (22) and (23) into (28), we get

∂τ1

∂x0
= −

∂β

∂x
∂ϕ1

∂x0

∂β

∂x
f1(τ1, x1, p1)

, and

∂τ2

∂x0
= −

∂β

∂x
∂ϕ2

∂x1

∂x1

∂x0
−
∂β

∂x
∂ϕ2

∂x1
f2(τ1, x1, p2)

∂τ1

∂x0

∂β

∂x
f2(τ2, x2, p2)

.

(29)
These expressions, substituted into (24), give the Jacobian
matrix ∂x3/x0 of the Poincaré map. Then by finding the
roots of the characteristic equation, we can determine the
stability of specific fixed point, i.e., corresponding periodic
solution.

Certainly, the system may exhibit more complicated or-
bits with higher periodicities and larger number of transi-
tions betweenM1 andM2. In those cases, the solution flow
can be formulated according to the time instants at which
the flow crosses the border or reaches the sampling time
nT. The process will only involve a larger number of equa-
tions of the form (9)-(13). Therefore, to compute a com-
plicated orbit we will only need to solve a larger number
of simultaneous algebraic equations for a larger number of
unknowns. An effective numerical method can solve them

and can find the position of the fixed point without much
difficulty. Note that for fixed points of period-2 or higher,
the Jacobian matrix is to be composed by multiplying the
Jacobian matrices of the individual submappings that take
the state from the start of one sub-system to the start of
the next sub-system, finally to the end of the periodicity.
Moreover, all the terms used to get the Jacobian matrix are
derived in the process of finding the fixed point. Thus, no
additional calculation is needed to determine the stability.

5. Conclusion

In this paper, we proposed a method to classify and ana-
lyze the switched dynamical systems. One of the types was
introduced in detail. The approach is general and easy to
apply.
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Abstract—In this paper we consider the applica-
tion of nonlinear mixed signal modeling equations for
advanced integrated analogue circuits and study so-
lution methods for these equations. Based on these
results we analyse current design concepts and discuss
improvements with respect to insert nonlinear model-
ing aspects.

1. Introduction

During the last decade RF microelectronics has been
focusing on so-called mixed-signal systems where the
functionality of the system can be divided into digi-
tal (binary) and analog operating parts. Typical ex-
amples are clock and data recovery circuits (CDRs)
and continuous-time (CT) Sigma-Delta (Σ∆) modu-
lators. CDRs are widely used in receiver architec-
tures of optical communications performing the task
of recovering the clock from noisy serial data and us-
ing this clock to sample the data providing noise free
binary signals for further processing. Applying high
oversampling ratios and noise shaping principles Σ∆
modulation can achieve high resolution A/D and D/A
conversion for low bandwidth demands although us-
ing a comparator for 1 bit quantization [1],[2]. Fur-
ther application areas are digital audio signal pro-
cessing and digital telephony. As mentioned above
CT Σ∆ modulators and CDRs include analog and
digital elements so that an accurate description sim-
ply with differential equations is difficult. However a
pure digital description is also not useful if an accu-
rate model is needed. Therefore mixed-signal models
should include CT as well as discrete-time (DT) equa-
tions which means we have difference-differential as
well as difference-integral equations.

Studying the modeling aspects of CDRs and CT Σ∆
modulators we will show that a unified approach to
mixed-signal systems seems to be impossible. However
we present some ideas to describe such types of sys-
tems. For this purpose we analyse conventional mod-
eling approaches of CDRs and CT Σ∆ modulators and
present some advanced ideas for mixed-signal model-
ing. Finally we discuss these approaches in relation to
system design.

2. Mixed Signal Modeling: Conventional
Methods

2.1. PLL-Based CDR

In this Section we consider CDR architectures. Ob-
viously CDRs are included in the class of mixed-signal
systems. Mainly there are two methods of realising the
phase detector (PD) in CDRs [3]. Since the incoming
data Din does not have a frequency component at the
clock frequency fCLK , simple PDs such as multipliers
or XOR gates that are used for PLLs do not suffice.
For this reason, the PD needs to perform edge detec-
tion in order to correctly detect the frequency. There
are two main types of PDs that meet this criterium,
the linear PD (e.g. Hogge PD) and the so called bang-
bang PD (e.g. Alexander PD). In a linear PD, the
resulting VCO control voltage VV CO consists of pulses
linearly dependent on the phase difference. An ideal
bang-bang characteristic only determines the sign of
the phase difference.

P D C P

V C O

D i n

V V C O

i C

V o , f C L K

f i n
l o w
p a s s

Figure 1: CDR Structure

2.1.1. Overview of Modeling Approaches

Both linear and bang-bang PDs are usually imple-
mented using flip-flops and therefore introducing a dig-
ital element into the circuit. From a CT point-of-
view, the phase detector is therefore highly nonlinear.
This means that the description of the phase detector
is the challenging part in modeling the CDR circuit.
The mixed-signal model presented in Section 3.1 is a
model for an Alexander PD that is an adaptation of
the model presented in Section 2.1.2 which character-
izes a linear PD. Whereas the model for the linear PD
uses the phase error between Din and Vo (see Figure
1), the model for the Alexander PD uses the structure
of the PD to derive conditions for the charge current

NOLTA 2006
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D i n

D i n , f

V C L K t p 1
T 1 -

t p 2
T 2 -

q e > 0 q e < 0

Figure 2: Definition of tp and T−

iC . iC can either be positive, negative or off. The
VCO is modeled as an integrator and the filter by its
impulse response in both approaches.

One possibility to describe the bang-bang PD more
accurately is to include effects such as metastability of
the flip-flops and jitter on the incoming data. Model-
ing input jitter and metastability introduces a linear
relation between the phase error ∆φ and the VCO
control voltage VV CO for small phase errors [4].

2.1.2. Model for the Linear Phase Detector

A method for modeling linear PDs such as the Hogge
PD consists of including the sampling nature of the
charge pump in the model [5],[6]. The input phase
difference θe can be described as follows if the input
signal is sinusoidal:

θi (t) = θi (0) + ωit, (1)

θo (t) = θo (0) + ω0t + KV CO

t∫

0

VV CO (τ)dτ, (2)

θe (t) = θi − θo. (3)

Here ωi is the input frequency, ω0 is the free running
frequency of the VCO and KV CO is the VCO gain. For
positive phase difference θe, the VCO control voltage
VV CO needs to be increased and decreased for θe < 0.
Therefore the charge current iC can be described with

iC =





ICP · sgn (θe) if 0 ≤ t ≤ tp (θe)
0 if tp (θe) < t

< T− (θe, fCLK , fin)
(4)

where tp and T− are illustrated in Figure 2 and ICP

represents the constant current provided by the charge
pump. In Figure 2 Din represents the input data
whereas Din,f is its clock frequency and VCLK rep-
resents the output of the VCO. The filter is described
by its impulse response f :

VV CO = f ∗ iC . (5)

Substituting Eq. (5) and Eq. (4) in Eq. (2), the loop
is closed and a complete description of the system is
available.

2.2. Continuous-Time Sigma-Delta Modulator

An overall model for all aspects of Σ∆ modulation
cannot be found because of the nonlinearity inside a
feedback system. There are mainly two conventional
modeling approaches used for Σ∆ modulation. The
most established modeling method replaces the non-
linear quantizer by an additive signal which is formed
by the difference between the output and the input of
the quantizer. This quantization error is often called
quantization noise and is assumed to be white. An-
other main issue of Σ∆ modulation is system stability.

2.2.1. Additive, white noise approximation

Replacing the nonlinear deterministic by a linear
stochastic system it is possible to give a qualitative
explanation of the system’s behaviour. Further it is
possible to approximately quantify the resolution of
the conversion by calculating a signal-to-noise-ratio
(SNR). Two independent transfer functions can be cal-
culated describing the influence of the quantization
noise and the signal input to the output bitstream
propagating the possibility to shape the noise totally
independent from the input signal.

The question arises whether the quantization noise
is actually white. Gray [7] was the first who demon-
strated mathematically that especially for Σ∆ modu-
lation the quantization noise is not white at all. By
developing a Fourier series of the quantization noise
he deduced several characteristic statistical properties
for DC- an sinusoidal inputs.

Furthermore the white noise approximation is not
able to answer stability issues due to the lack of in-
ternal dynamic behaviour description. Conventional
stability discussions are motivated by linearizing meth-
ods such as root locus or describing function methods
[1],[2] but also cannot include nonlinear effects.

2.2.2. Transformation between continuous-time and
discrete-time Sigma-Delta modulators

D/A

+

-

u(t)

y[n]x[n]
H(s)

Figure 3: Σ∆ CT to DT Transformation

Established designing methods of CT Σ∆ modula-
tors use DT designing approaches [1]. After designing
a DT loop filter the resulting transfer function is trans-
formed into an equivalent CT transfer function. CT
and DT Σ∆ modulators are meant to be equivalent if
they produce the same output bitstreams for the same
input signals. To assume the same output bitstream
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the comparator input has to have the same sign at
sampling times. The general approach is to cut of the
loop at the quantizer and to postulate that the impulse
responses of the DT and the CT modulator from the
quantizer output to its input have to be the same at
sampling times [1]. This idea is illustrated in Figure
3. According to impulse invariance the following con-
dition has to be satisfied

Z−1 {H(z)} = L−1
{

FDA(s)Ĥ(s)
}∣∣∣

t=n·∆t
, (6)

where H(z) denotes the DT and Ĥ(s) the as-
sociated CT transfer function, L{.} the Laplace-
Transformation, Z{.} the Z-Transformation and
FDA(s) the transfer function of the DAC in the feed-
back loop. Disregarding the influence of the filtered
modulator input signal on the quantizer input the con-
dition of equivalent output bitstreams cannot be sat-
isfied. Despite the fact that the approximation of an
CT integration by a DT summation is improved by the
small sampling time the discontinuity of the nonlinear-
ity cannot allow even small variations of the quantizer
inputs. Due to the closed loop structure of the Σ∆
modulator the system tries to hold the quantizer in-
put at zero which at the same time is the switching
threshold of the quantizer. Different loop filters re-
sult in different types of disturbances caused by the
modulator input signal. Hence it is impossible to find
equivalent CT and DT Σ∆ modulators.

3. Generalized Mixed Signal Modeling Ap-
proaches

3.1. PLL-Based CDR

The method described in Section 2.1.2 can be trans-
ferred to Alexander PDs (bang-bang type) as well. Eq.
(4) needs to be adapted so that the conditions for the
charge pump current are

iC =





ICP if y = 1
−ICP if x = 1
0 if x = 0 and y = 0,

(7)

where x and y are the UP and DOWN outputs of the
Alexander PD. In this description the phase difference
θe does not occur which is characteristic for bang-bang
PDs. A relation between the data input Din, the sam-
pling time of the flip-flops in the PD and the PD out-
puts x and y is needed. To achieve this, the D-flip-flop
input-output relation is described as

dout (T ) = F (din) = din (T − 1) (8)

where T represents the sampling time and din and dout

the in- and output data of the flip-flop [8]. The UP
and DOWN outputs of the Alexander PD can there-
fore be modeled with din = Din. One of the flip-flops

in the Alexander PD samples on negative edges. To
avoid sampling times of T = 3

2 we assume that data is
sampled on both positive and negative edges:

y (T ) = Din (T − 2)⊕Din (T − 3) , (9)
x (T ) = Din (T − 4)⊕Din (T − 3) . (10)

In a CDR the sampling times T = {T0, T1, T2, ..., Tn}
are not equidistant as in conventional sequential logic
since the clock period is the variable to be controlled.
Therefore,

Tn =
n∑

i=0

∆Ti =
n∑

i=0

tCLK,i

2
(11)

since the difference ∆Ti between sampling times Ti is
half a clock period tCLK .

∆Ti =
tCLK,i

2
6= const. (12)

With the VCO relation

ωC = ω0 + KV COVV CO (t) (13)

and with tCLK = 2π
ωC(t) follows

tCLK =
2π

ω0 + KV COVV CO
(14)

Eq. (5) and Eq. (7) can now be substituted and the
loop is therefore closed.

3.2. Continuous-Time Sigma-Delta Modulator

Usual modeling techniques for Σ∆ modulators use
linearized models in the frequency domain, as seen in
Section 2.2. A different approach was introduced in
[9], [10] by providing a time domain description and
solving the characteristic nonlinear difference-integral
equation. Finding a solution is complicated by the
nonlinear comparator which can ideally be described
mathematically by a Heaviside function. If certain
conditions will be satisfied the argument of the Heav-
iside function can be replaced by the greatest whole
number less or equal than the argument of the func-
tion.

Figure 4: First Order CT Σ∆ modulator

The model illustrated in Figure 4 shows a first order
Σ∆ modulator. According to the formula

x(t) = 2σ{w(t)} − 1 (15)
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the ideal comparator toggles its output x(t) due to
the sign of the input signal, where σ{.} denotes the
Heaviside function. The filter integrates the difference
between the analog input signal u(t) and the fed back
output bitstream x[k], weighted by αUref , resulting in
the integrator output

w(t) =
1
TI

t∫

t0

u(τ)− αUrefx(τ)dτ + w(t0). (16)

Combining the above equations and setting the initial
condition w(t0) = 0 yields to the following relation for
the output bitstream:

x(t) = 2σ





1
TI

t∫

t0

u(τ)dτ − αUref

TI

t∫

t0

x(τ)dτ



− 1. (17)

Due to the sampling inside the comparator the second
integral can be replaced by a sum since the output
bitstream is a discrete function x[k] := x(k∆t), which
is constant during a sampling period ∆t. Thus Eq.
(17) can be written as a nonlinear difference-integral
equation

x[k] = 2σ





1
TI

k∆t∫

t0

u(τ)dτ − αUref∆t

TI

k−1∑

j=0

x[j]



− 1. (18)

Applying the definitions for the first difference

y[k + 1]− y[k] := x[k] (19)
y[0] = 0 (20)

the difference-integral equation (18) can be solved ex-
plicitly. The solution is given by

y[k] = 2




 1
2αUref∆t

(k−1)∆t∫

t0

u(τ)dτ (21)

+
k − 1

2

⌋
+ 1

)
− k,

with ∀k ∈ N if the condition |u(t)| ≤ αUref is satisfied
and where bξc denotes the next whole number less or
equal than ξ [9],[10].

4. Design Aspects and Conclusion

Conventional design strategies mainly use linear
models that are unable to describe every phenomenon
occurring in the circuit. More generalized models such
as the ones presented here allow the designer to better
determine the behaviour of the circuit before realising
the circuit on transistor level.

CDRs are usually described with linearised base-
band models which are also used for PLL modeling.

The model described in Section 3.1 provides the possi-
bility of revising the design process so that more phe-
nomena occurring in CDRs are taken into account in
an early design step.

Popular design methods of CT Σ∆ use linearizing
models to find a DT filter transfer function which is
subsequently transformed into a CT filter as men-
tioned in Section 2.2.2. In opposition to those lin-
earized frequency domain approaches the time domain
model offers the possibility of analysing modulator sta-
bility and deducing decimation filter properties [11].
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Abstract—The Luo-Rudy model is the one of typical
models of ventricular myocardial cells and described by
Hodgkin-Huxley-type nonlinear ordinary differential equa-
tions. By analyzing the Luo-Rudy model from a view-
point of singular perturbation analysis (slow-fast decom-
position analysis), we show that the ventricular myocar-
dial cell model can be treated as a ‘2-slow’ singularly per-
turbed system rather than a 1-slow system; orbits or solu-
tions can be analyzed in terms of switching dynamics on
a two-dimensional slow manifold in a high-dimensional
state space. We also show that geometric conformation
changes of the slow (switching) manifold lead to anoma-
lous (chaotic) behavior and discuss the relation of this
chaotic behavior to heart arrhythmia.

1. Introduction

Action potential plays a crucial role in life, such as brain,
nervous systems, heart, pancreas, etc. The action poten-
tial is described by the so-called Hodgkin-Huxley(HH)-
type equations. Biological processes described by such
HH-type equations usually have multi-timescales: singu-
larly perturbed dynamical systems. Decomposition of sin-
gularly perturbed systems into fast and slow subsystems
is very useful to reveal the underlying dynamics of high-
dimensional systems. Many biological examples such as
bursting cells are usually explained in a framework of 1-
slow dynamics [2, 3].
In this paper, we show that the Luo-Rudy model [4]

of ventricular myocardial cells can not be treated as a ‘1-
slow’ system but can be explained in terms of ‘2-slow’ dy-
namics. In 2-slow dynamical systems, solution orbits fol-
low two-dimensional slow manifolds in a high-dimensional
state space and switch between several branches of a two-
dimensional slow manifold. The dynamics of 2-slow dy-
namical systems can produce essentially different behavior
from that of 1-slow dynamical systems since the switch-
ing or jumping at a two-dimensional manifold can produce
as rich dynamics as that of one-dimensional discrete-time
dynamical systems (1D mappings) [1]. Various phenom-
ena including an abnormal behavior which induces a bi-
ologically dangerous arrhythmia of heart are clearly ex-
plained in the framework of switching dynamics and from
the geometrical viewpoint of slow manifold conformation
changes. Thus, this paper presents not only an important
view on biological/medical sciences but also a significant
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Figure 1: Example of a solution of the Luo-Rudy model.
(a) Gating variables and intracellular Ca2+ concentration.
(b)Membrane potential V .

mathematical example with 2-slow dynamics.

2. Luo-Rudy Model of Ventricular Myocardial Cells

The Luo-Rudy (LR) model [4] of ventricular myocardial
cells is described by the following differential equations of
eight variables:

dV
dt
= − 1

Cm
(INa + Isi + IK + IK1 + IKp + Ib − Iext), (1a)

dy
dt
=

1
τy(V)

(y∞(V) − y), (y = m, h, j, d, f , X), (1b)

d[Ca]i
dt

= −10−4Isi + 0.07(10−4 − [Ca]i), (1c)

y∞(V) =
αy(V)

αy(V) + βy(V)
, τy(V) =

1
αy(V) + βy(V)

where the variable V (mV) is the membrane potential and
y denotes one of the six gating variables m, ..., X (dimen-
sionless). The variable [Ca]i denotes the intra-cellular con-
centration of Ca2+ ions. Thus the LR model has an eight-
dimensional dynamics. Cm = 1 μF/cm2 is the capacitance
of cell membrane. INa, ..., Ib are the ionic currents which
depend on the membrane potential V , the gating variables
and the Ca2+ concentration. See Appendix for the exact
formulae of these ionic currents and of the functions αy(V)
and βy(V).
Figure 1 shows a typical solution of eq.(1): Right panel

(b) is the waveform of V and waveforms of other six gat-
ing variables and Ca2+ are shown in (a). For the later ref-
erences, the ‘depolarized’ (high voltage) and ‘repolarized’
(low voltage) portions of the membrane potential V are de-
noted by solid and broken lines, respectively. We note that
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the LR model (1) with normal parameter values has a glob-
ally stable equilibrium point when Iext = 0. Thus the de-
polarization of Fig.1 is induced by the application of an
external input pulse: Iext > 0.

3. Slow-Fast Decomposition Analysis of the Luo-Rudy
Model of Heart Cells

3.1. Singularly-Perturbed Dynamical Systems

In general, a system with multiple time scales may be
denoted as follows:

dx/dt = f (x, y), x ∈ Rn, y ∈ Rm, (2a)

dy/dt = εg(x, y), ε � 1. (2b)

Equation (2b) is called a slow subsystem since the value
of y changes slowly while eq.(2a) a fast subsystem. The
whole equations (2) are called a full system especially. So-
called slow-fast analysis divides the full system to the slow
and fast subsystems. In the fast subsystem (2a), the slow
variable y is considered as a constant or a parameter. The
variable x changes more quickly than y and thus x is consid-
ered to stay close to the attractor (stable equilibrium points,
limit cycles, etc.) of the ‘fast’ subsystem for a fixed value
of y. Especially, if the attractor of the fast subsystem is
an equilibrium point x∗, x(t) stays near a slow manifold:
f (x∗, y) = 0. (Slow manifold is a surface in which the
equilibria of the fast subsystem are denoted as a function
of slow variable y. Thus, the slow manifold is considered
as a ‘bifurcation diagram’ of the fast subsystem as for the
bifurcation parameter y.)
The variable y changes slowly with a velocity εg(x, y)

in which x is considered to be in the neighborhood of the
attractor. The attractor of the fast subsystem may change
if y is varied. The problem of analysis of the dependence
of the attractor on the parameter y is a bifurcation problem.
Thus the slow-fast analysis reduces the analysis of the ‘full’
system to the bifurcation problem of the ‘fast’ subsystem
with a slowly-varying bifurcation parameter.
It is worth noting that the determination of which vari-

able(s) is slow or fast one in such differential equations as
the LR model (1) is not apparent at a glance of the equa-
tions; it is determined by the ‘relative speed’ among vari-
ables. Thus, we first examine which variable(s) is a slow
variable in the next subsection.

3.2. 1-Slow versus 2-Slow Dynamics

Figure 2 illustrates a slow-fast decomposition analysis
under an assumption that the LR model could be consid-
ered as a 1-slow dynamical system. The thin curves in
Fig.2 denote equilibrium points of a (seven-dimensional)
‘fast’ subsystem as a function of a slow variable (i.e. a
bifurcation diagram of the fast subsystem with a slow vari-
able considered as a bifurcation parameter). Each panel of
the figure considers one of all seven variables other than V
in eq. (1) as a slow variable.

Figure 2: Slow-fast decomposition analysis of Luo-Rudy
model under an assumption of 1-slow dynamics.

For example, the folded thin curve with a label HB in
panel (e) is the bifurcation diagram of the fast subsystem
where the gating variable f is the slow variable. The equi-
librium points of the fast subsystem suffer a Hopf bifurca-
tion at the point labeled by HB; the solid and broken curve
denotes stable and unstable equilibria. Thick curve (dots)
is the projection of solution orbit of the ‘full’ system to
the f -V phase plane where black and gray portions cor-
respond to the depolarized and repolarized membrane po-
tential, respectively, shown in Fig.1b (the border is marked
by an arrow). In none of seven panels of Fig.2, the orbit
of full system follows the equilibria of the fast subsystem
(one-dimensional slow manifold), which means that the LR
model can not be described as a 1-slow dynamical system.
Thus we seek the other possibility that the LR model has
two slow variables in the next subsection.

3.3. Switching Dynamics on Two-Dimensional Slow
Manifolds

We have examined the LR model as a 2-slow system
choosing various combinations of two variables and finally
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Figure 3: (a) Two-dimensional slow manifold and trajectory of full system. Vector field on the (b) lower and (c) upper
branches of the slow manifold.

found two gating variables f and X as a candidate of slow
variables. The folded surface (slow manifold) of Fig.3(a)
shows the equilibria V∗( f , X) of the fast subsystem as a
function of two slow variables: f and X (the surface is
connected, although two separate surfaces are seen in this
scale.). The nee or the folded portion (with SN labeled)
corresponds to the saddle-node bifurcation points of the
(six-dimensional) fast sub-system. Thus, both upper and
lower branches of the folded two-dimensional slow mani-
fold correspond to the stable equilibria of the ‘fast’ subsys-
tem and the middle one the unstable equilibria. The slow
manifold V = V∗( f , X) can be obtained by the following
equation:

GNam∞(V∗)3h∞(V∗) j∞(V∗) · (V∗ − ENa)
+Gsid∞(V∗) · (V∗ − Esi) · f +GKXi(V∗) · (V∗ − EK) · X
+GK1K1∞(V∗) · (V∗ − EK1) +GKpKp(V

∗) · (V∗ − EKp)
+Gb(V

∗ + 59.87) − Iext = 0. (3)

The orbit (trajectory) of the full system (the LR model (1))
shown in dark curve is also superimposed on Fig.3(a).
Solid and dotted portions correspond to the depolarized
and repolarized portions of membrane potential shown in
Fig.1(b), respectively. The starting point of depolarized
portion located in lower-right of Fig.3 (marked with a red
circle) corresponds to a stable equilibrium point of ‘full’
system. An application of a brief current pulse Iext moves
the state point of LR model almost vertically apart from the
stable equilibrium. After a slight overshoot of this vertical
movement, the state point moves down and follows the up-
per branch of the slow manifold to the lower-left direction.
When the orbit hits the nee (fold) of the slow manifold, it
changes the destination to lower-right direction and leaves
the upper branch toward the lower branch, and finally re-
turns to the starting point (a stable equilibrium) following
the lower branch of the slow manifold. Thus, various prop-
erties of a heart cell’s membrane potential can be analyzed
based on the geometrical characteristics of the slow mani-
fold shown in Fig.3.
Figures 3(b) and (c) show the vector field (denoted by

arrows) of the slow sub-system:

d f
dt

=
1

τ f (V∗( f , X))
( f∞(V∗( f , X)) − f ), (4a)

dX
dt

=
1

τX(V∗( f , X))
(X∞(V∗( f , X)) − X) (4b)

on the lower and upper branches of the slow manifold, re-
spectively, where V∗( f , X) is the slow manifold defined in
eq. (3) and other functions are described in Appendix. The
orbit of full system is also superimposed on this f -X phase
plane. The meaning of solid and dotted portions of this or-
bit is the same as Figs.1 and 3(a). Thus, we can see that the
repolarized portion (dotted curve) of the full system’s orbit
moves along the vector field on the lower slow manifold
(Fig.3(b)) while the depolarized portion (solid curve) fol-
lows the vector field on the upper slow manifold (Fig.3(c)).
The red circle shows the (globally) stable equilibrium of
the ‘full’ system.
The action potential duration (APD) is a very impor-

tant factor in heart arrhythmia and corresponds to the solid
curve shown in Figs.1 and 3. Thus a quantitative property
such as the APD can be also obtained by the flow of the
slow subsystem (4) as follows:

APD =

∫ f1

f0

τ f (V∗( f , X))
f∞(V∗( f , X)) − f d f ,

=

∫ X1

X0

τX(V∗( f , X))
X∞(V∗( f , X)) − XdX (5)

where f0 (X0) and f1 (X1) are the values of the slow variable
f (X) at the start and end points of the depolarized portion
on the upper branch of slow manifold in Fig.3, respectively.
The integral is evaluated (numerically) along the curve (tra-
jectory) on the upper branch of the slow manifold, and both
f and X take values along the curve.

3.4. Abnormal (Chaotic) Behavior Induced by Geo-
metrical Conformation Change of Slow Manifold

So far, we have examined the LR model with normal
parameter values. However, such parameter values vary
by various causes and the variation of parameter values
induces serious diseases. Especially, diseases caused by
the defect of ionic channel characteristics are called ionic
channel diseases. Figure 4 shows an example of abnormal
action potential where the value of [K]o is decreased from
the standard (normal) value 5.4 to 1.0. The folded surface
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Figure 4: An abnormal (chaotic) trajectory induced by
geometric conformation change of the slow manifold
([K]o=1.0).

of this figure shows the slow manifold similarly to Fig.3
and a dark messy curve shown near the middle of each
panel is the projection of the (eight-dimensional) full sys-
tem’s trajectory to the f -X-V phase space. Two panels (a)
and (b) show the slow manifold and full system’s trajectory
from two different viewpoints. The geometrical conforma-
tion of slow manifold is changed by the decrease of [K]o
from the normal case (Fig.3). This conformation change of
slow manifold changes the stable equilibrium to the unsta-
ble one and the membrane potential oscillates (chaotically)
without any current input (Iext = 0.0). We note that the
small messy oscillation of this chaotic orbit locates near
the ‘upper nee’ of the slow manifold. This chaotic orbit
has a similar structure to a so-called ‘canard’ solution [5];
it moves along not only the upper and lower stable branches
but also the middle ‘unstable’ branch of the slow manifold.
More detailed analysis of this chaotic oscillation and other
examples will be shown at the presentation.
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Appendix

Formulae of the LR model and standard (normal) values of pa-
rameters are listed below.

INa = GNam
3h j · (V − ENa), GNa = 23.0, ENa = 54.4

αm(V) =
0.32(V + 47.13)

1 − exp[−0.1(V + 47.13)] , βm(V) = 0.08 exp
(
− V
11

)

αh(V) =
{ 0.0 (V ≥ −40)
0.135 exp [−(V + 80)/6.8] (V < −40)

βh(V) =
{
1
/
0.13

{
1 + exp [−(V + 10.66)/11.1]} (V ≥ −40)

3.56 exp (0.079V) + 3.1 × 105 exp (0.35V) (V < −40)

α j(V) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0.0 (V ≥ −40)[
{−1.2714 × 105 exp(0.2444V)
−3.474 × 10−5 exp(−0.04391V)}(V + 37.78)

]
/{
1 + exp[0.311(V + 79.23)]

}
(V < −40)

β j(V) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

{0.3 exp(−2.535 × 10−7V)}/{1 + exp{−0.1(V + 32)}}
(V ≥ −40)

{0.1212 exp(−0.01052V)}/{1 + exp{−0.1378(V + 40.14)}}
(V < −40)

Isi = Gsid f · (V − Esi), Gsi = 0.09, Esi = 7.7 − 13.0287 · ln ([Ca]i)
αd(V) =

0.095 exp[−0.01(V − 5)}
1 + exp{−0.072(V − 5)] , βd(V) =

0.07 exp[−0.017(V + 44)}
1 + exp{0.05(V + 44)]

α f (V) =
0.012 exp[−0.008(V + 28)]
1 + exp[0.15(V + 28)]

, β f (V) =
0.0065 exp[−0.02(V + 30)]
1 + exp[−0.2(V + 30)]

IK = GKX · Xi(V) · (V − EK), [K]o = 5.4, [K]i = 145.0,

[Na]o = 140.0, [Na]i = 18.0, PRNaK = 0.01833

GK = 0.282

√
[K]o
5.4
, EK =

RT
F
ln

(
[K]o + PRNaK · [Na]o
[K]i + PRNaK · [Na]i

)

Xi(V) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
{
2.837 · [exp[0.04(V + 77)] − 1}/{

(V + 77) · exp[0.04(V + 35)]} (V > −100)
1 (V ≤ −100)

αX(V) =
0.0005 exp[0.083(V + 50)]
1 + exp[0.057(V + 50)]

, βX(V) =
0.0013 exp[−0.06(V + 20)]
1 + exp[−0.04(V + 20)]

IK1 = GK1K1∞(V) · (V − EK1),

GK1 = 0.6047

√
[K]o
5.4
, EK1 =

RT
F
ln

(
[K]o
[K]i

)

αK1(V) =
1.02

1 + exp[0.2385(V − EK1 − 59.215)]
βK1(V) =

{
0.49124 exp[0.08032(V − EK1 + 5.476)]
+ exp[0.06175(V − EK1 − 594.31)]}/{

1 + exp[−0.5143(V − EK1 + 4.753)]}

IKp = GKpKp(V) · (V − EKp ), GKp = 0.0183, EKp = EK1

Kp(V) = 1/

[
1 + exp

(
7.488 − V
5.98

)]

Ib = Gb(V + 59.87), Gb = 0.03921

T , R and F in the above formulae denote the absolute temper-
ature, gas constant and Faraday constant, respectively.

References

[1] Guckenheimer, J., “Towards a global theory of singu-
larly perturbed dynamical systems,” Prog. Nonl. Diff.
Eq. Appl. 19, 213–225, 1996.

[2] Izhikevich E. M., “Neural excitability, spiking, and
bursting,” Int. J. Bifn. Chaos 10, 1171–1266, 2000.

[3] Keener, J., Sneyd, J., Mathematical Physiology,
Springer-Verlag, New York, 1998.

[4] Luo, C. H., Rudy, Y., “A model of the ventricular car-
diac action potential. Depolarization, repolarization,
and their interaction,” Circ. Res., 68, 1501–1526, 1991.

[5] Szmolyan, P., Wechselberger, M., (2001) “Canards in
R3,” J. Diff. eqs. 177, 419–453, 2001.

74



Predicting Instability of Power Systems
based on Hybrid System Reachability Analysis

Yoshihiko Susuki, Takashi Hikihara, and Hiroaki Ebina†

Kyoto University, Department of Electrical Engineering
Katsura, Nishikyo, Kyoto, 615–8510, Japan

Email: susuki@dove.kuee.kyoto-u.ac.jp, hikihara@kuee.kyoto-u.ac.jp

Abstract—This paper shows a numerical approach
to predicting instability of a power system based on
reachability analysis of hybrid systems. The analy-
sis is performed by computing reachable sets of unsafe
sets in hybrid automata that represent both contin-
uous dynamics of generators and discrete operations
by relay devices. The unsafe sets here are subsets of
state space in which a power system shows unaccept-
able operations. Then instability of power system can
be estimated by investigating whether a system state
exists in the reachable sets or not. The estimation is
possible at any time in operation, for examples, onset
of relay operations. This paper numerically demon-
strates the proposed approach via analyses of simple
power transmission systems.

1. Introduction

There is growing recognition that the dynamics of
electric power systems have became complicated as the
current change of technological bases and economic en-
vironment [1, 2]. Various power apparatuses including
HVDC systems and FACTS are applied to conven-
tional ac transmission systems. Regulatory reforms
of electricity markets require a substantial modifica-
tion of conventional system operation. These possibly
cause the dynamics of power systems to become com-
plicated. It is by now widely recognized that we cannot
fully analyze and control such complex dynamics using
conventional power engineering. A comprehensive ap-
proach to the analysis and control has been therefore
strongly required [3].

This paper introduces a numerical approach to pre-
dicting instability of a power system based on hy-
brid systems theory. The concept of instability here
is concerned with a system’s ability to maintain an
acceptable operating condition following a load varia-
tion or event disturbance [4]. Hybrid dynamical sys-
tems and their control are active research subjects in
computer science and control engineering [5]. Several
researchers have recently worked on the intersection
of power system analysis and hybrid systems theory
[6, 7, 8, 9, 10, 11, 12, 13, 14]. A general framework

† Present affiliation: Kansai Electric Power Co., Ltd.

for modeling and stability analysis of power systems
based on hybrid systems theory is also proposed in
[15]. This paper focuses on instability problems and
introduces a numerical approach to predicting the in-
stability of power system. A key idea of the approach
is to compute backward reachable sets of unsafe sets
in hybrid automata as power system models. This pa-
per demonstrates the proposed approach via analyses
of simple power transmission systems. The contents
in this paper are presented in [16, 17, 18].

2. Predicting Instability of Power System

This section introduces a numerical approach to pre-
dicting the instability of power system [15, 16].

2.1. Hybrid Automaton as Power System In-
stability Model

A hybrid automaton [19] can combine continu-
ous dynamics of power systems with discrete opera-
tions and disturbances. The hybrid automaton is a
well-known formalism of hybrid systems which com-
prises continuous vectorfields and discrete transitions.
The continuous vector fields can represent electro-
mechanical and voltage dynamics of generators and
dynamic response of generator control systems and
transmission equipments. The discrete transitions can
model topological changes of transmission networks
and changes of transformer tap positions and shunt ca-
pacitor states. The hybrid automaton can also include
continuous control and disturbances such as dc links,
SVCs, and unanticipated power flow, and discrete con-
trol and disturbance actions such as relay operations
and event faults including lightning and timber con-
tact. The hybrid automaton is hence applicable to
the modeling of continuous dynamics in power systems
with taking discrete operations into account.

2.2. Predicting Instability Using Reachability
Analysis of Hybrid Automaton

This subsection explains a novel approach to pre-
dicting the instability of power system. Now define
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an unsafe set G [20] in state space of the hybrid au-
tomaton. The unsafe set is interpreted as a subset of
operating conditions in which a power system shows
unacceptable behavior: occurrence of large rotor speed
deviation, stepping-out of generators, and very low or
high voltages. A reachable set Rt(G) [20] for time
t(< 0) is then defined by a subset of state space from
which any trajectory reaches the boundary ∂G of G in
|t| time despite of any control. Fig. 1 shows the con-
cept of reachable sets in continuous state space. The
concept of reachable sets is important for estimating
the instability of power system. If a system state exists
in Rt(G), then we can estimate that the power system
will reach unacceptable operations in |t| time. The es-
timation is possible at any time in operation such as
onset time of event faults, clearing and re-closing oper-
ations. Namely, by computing reachable sets of hybrid
automaton, we can consider at any time whether the
power system reaches unacceptable conditions as time
passes. The reachability analysis thus makes it possi-
ble to predict the instability of power system.
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flow

G

reachable set

Figure 1: Concept of reach-
able sets for continuous
state space. G is an unsafe
set in which a power system
shows unacceptable behav-
ior.

3. Application of Simple Power Transmission
Systems

This section demonstrates the proposed approach
via analyses of simple power transmission systems.
The details of modeling and numerical simulations are
given in every refereed paper in the following subsec-
tion titles.

3.1. Transient Angle Instability [17]

The proposed approach is now applied to the anal-
ysis of transient angle instability in single machine-
infinite bus (SMIB) system in Fig. 2. The SMIB sys-
tem consists of a synchronous generator, an infinite
bus [21], and two parallel transmission lines. Suppose
that the power system undergoes a large fault in one
transmission line at time 0 s, that the faulted line is
cleared at time tc(> 0 s) by relay operations, and that
the line is re-closed at time trc(> tc). The present
application aims to investigate whether the generator
remains in synchronism, following the event fault, re-
lay operations, and continuous dynamics of generator.

G
δ

transmission line infinite
bus

generator

Figure 2: Single machine-infinite bus (SMIB) system
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Figure 3: Hybrid automaton including two control ac-
tions which represent the clearing and re-closing oper-
ations
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Figure 4: Hybrid reachable set for the prediction of
transient angle instability

The interaction of relay operations and continuous
dynamics of generator is represented by the hybrid au-
tomaton in Fig. 3. qi for i = 1, 2, 3 represents the dis-
crete variable: q1 is assigned to the fault-on operation,
q2 the one line operation, and q3 the two lines oper-
ation. σi for i = 1, 2 denotes the control action: σ1

represents the clearing operation and σ2 the re-closing
operation. The continuous electro-mechanical dynam-
ics of generator are described by a differential equation
as follows:

δ̇ = ω, ω̇ = pm − b sin δ −Dω. (1)

δ is the rotor position with respect to synchronous ref-
erence axis and ω the rotor speed deviation relative
to system angular frequency. pm, b, and D are the
system parameters. The changes of discrete variables
by the control actions σi are represented by discrete
transitions. The unsafe set G here is defined by the
subset of state space satisfying |ω| ≥ 2.0. Any state
in G physically implies the occurrence of large rotor
speed deviation and stepping-out.

Figure 4 shows a numerical result of hybrid reach-
able set under tc = 0.1 s and tr = 0.6 s. The numer-
ical integration is performed in sufficiently large time
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Figure 5: Single machine-load bus (SMLB) system
with AVR
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Figure 6: Hybrid automaton including one control ac-
tion which represents the route trip

at the discrete state q3. This implies that the time t
in Rt(G) is sufficiently large. The figure describes the
set of initial conditions at 0 s and the unsafe set G.
The reachable set is now decomposed into the three
subsets R1, R2, and R3. Ri is the subset from which
any trajectory reaches ∂G at the discrete variable qi.
The initial condition x1 in Fig. 4 exists in the comple-
ment of reachable set, and it is therefore determined
at 0 s that the power system does not show the un-
acceptable behavior as time passes. x2 in the figure
is in the subset R1, and it can be predicted that the
power system reaches the unacceptable behavior after
the re-closing operation. The prediction of transient
angle instability is hence possible at the onset of event
fault via the computation of hybrid reachable set.

3.2. Transient Voltage Instability [18]

The proposed approach in Section 2 is next applied
to the analysis of transient voltage instability in sin-
gle machine-load bus (SMLB) system with automatic
voltage regulator (AVR) in Fig. 5. The SMLB system
is given by Venkarasbramanian et al. [22] and consists
of a synchronous generator with AVR, a load bus, and
ac transmission lines. The application here aims to
investigate whether the load bus voltage reaches un-
acceptable levels, depending on a relay operation and
continuous dynamics of synchronous machine. This
subsection predicts the behavior of load bus voltage
at time 0 s and supposes that one transmission route
with two lines is tripped at time tc(> 0 s).

The interaction of relay operation and continuous
voltage dynamics is formulated by the hybrid automa-
ton in Fig. 6. qi for i = 1, 2 represents the discrete vari-
able: q1 is assigned to the two routes operation and q2

the one route operation. σ denotes the control action
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Figure 7: Hybrid reachable set for the prediction of
transient voltage instability

which represents the relay operation. The continu-
ous voltage dynamics are described by a differential-
algebraic equation (DAE) [22] as follows:

ẋ = f(x,E), 0 = g(x, E; xl), (2)

where x = (E′, Efd)T. E′ is generator voltage behind
transient reactance, Efd the field excitation voltage,
and E the load bus voltage. xl is the transmission
reactance and discontinuously changes at time tc. A
discrete transition is then defined by discontinuous so-
lutions [23, 24] of the DAE. The unsafe set G is now
the subset of state space satisfying E < 0.7. Any state
in G physically implies the decrease of load bus voltage
and the occurrence of voltage instability.

Figure 7 shows a numerical result of hybrid reach-
able set under tc = 2.5 s. The numerical integration is
also performed in sufficiently large time at the discrete
state q2. The figure shows the set of initial conditions
at time 0 s and the unsafe set G. The reachable set is
decomposed into the three subsets Ri (i = 1, 2, 3). R1

is the subset from which any trajectory reaches ∂G at
the discrete variable q1. R2 is the subset from which
any trajectory directly lands on G by the discrete tran-
sition. R3 is also the subset from which any trajectory
reaches ∂G after the discrete transition. The region
NR is the subset of I in which any discrete transition
cannot be defined. xS in Fig. 7 exists in the comple-
ment of reachable sets and it is therefore estimated at
0 s that the power system does not show the unac-
ceptable behavior as time passes. x1 in the figure is
in the reachable set R1, and it can be predicted that
the power system reaches the unacceptable behavior
in time tc. The prediction of transient voltage insta-
bility is hence achieved via the computation of hybrid
reachable set.

4. Summary

This paper explained a numerical approach to pre-
dicting the instability of power system based on hy-
brid systems theory. The proposed approach is based
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on modeling of power system dynamics via hybrid au-
tomata and their reachability analysis. The main con-
tribution of this paper is to show that by computation
of hybrid reachable sets we can predict the instability
of power system at any time in operation.
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Abstract—In this paper we give an overview of our ap-
proach of using aggregation operators, and more specifi-
cally, fuzzy integrals for solving re-identification problems.
We show that the use of Choquet integrals are suitable for
some kind of problems.

Keywords: Record linkage, Fuzzy integrals, OWA op-
erators, data mining, data cleaning, privacy preserving data
mining.

1. Introduction

Re-identification algorithms when applied to databases
permit to identify those objects that can be found in differ-
ent files but that correspond to the same entity. Two partic-
ular family of algorithms can be distinguished.

• Record linkage (or record matching) algorithms:
These algorithms intend to link records of one file
with those records in another file that correspond to
the same individual. The difficulties of the approach
are due to the fact that the records might be described
using different attributes, or, in the case of using the
same attributes, there are errors in the data.

• Schema matching or, more particularly, attribute
matching: They are algorithms to link attributes or
schemata in databases. The typical problems these al-
gorithms have to face is that the name of the attributes
in different files do not coincide, or that a single at-
tribute in one file corresponds to several ones in an-
other file. In the most general case, schema matching
needs to construct n : m relationships.

In recent years we have shown that some particular fuzzy
integrals can be used in some cases for re-identification.
They have been applied to both record linkage and attribute
matching.

In this paper we will describe how this problem is tack-
led using fuzzy integrals, the underlying assumptions of
our model, and describe why this approach works. Some
simple examples of application will be given.

The structure of the paper is as follows. In Section 2
we give some preliminaries. We focus on fuzzy measures
and integrals and on the re-identification methods. Then, in
Example 3 we present an example. The paper finishes with
some conclusions.

2. Preliminaries

This section is devoted to give a short review of fuzzy
measures and integrals and then, to some re-identification
methods.

2.1. Fuzzy measures and integrals

Definition 1 A fuzzy measure µ on a set X is a function
µ : 2X −→ R+ with the following properties:

1. µ(∅) = 0

2. m(A) ≤ m(B) whenever A ⊂ B and A, B ∈ 2X.

For the sake of simplicity, we assume X = {1, . . . ,N}.
Families of fuzzy measures have been defined in the lit-

erature. In this paper we focus on the so-called symmetric
fuzzy measures. In a symmetric fuzzy measure, the mea-
sure of a set only depends on the cardinality of the set but
not on the elements of the set.

Definition 2 A fuzzy measure µ is symmetric when µ(A) =
µ(B) whenever |A| = |B|.

Here, | · | represents the cardinality of a set.
Symmetric fuzzy measures can be represented by non-

decreasing functions f : [0, 1] → [0, 1] such that f (0) = 0
and f (1) = 1 so µ(A) = f (|A|/|X|).

Definition 3 [1] Given a fuzzy measure µ and a function f ,
the Choquet integral of f with respect to µ is defined using
the i-th order statistics (x(i)) as:

CIµ( f ) :=
n∑

i=1

f ((x(i)) − f (x(i−1)))µ({(i) · · · (n)})

where we define x(0) := 0.

The Choquet integral with respect to a symmetric fuzzy
measure corresponds to the OWA operator [9].

Definition 4 [4] Given a fuzzy measure µ and a function
f (into [0, 1]), the Sugeno integral of f with respect to µ is
defined using the i-th order statistics (x(i)) as:

S µ( f ) :=
n∨

j=1

f (x( j)) ∧ µ(A( j))

A(i) = {x(i), · · · , x(n)}, A(n+1) = ∅. Here ∧ denotes the mini-
mum and ∨ denotes the maximum.

NOLTA 2006
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2.2. Re-identification methods

As said in the introduction, standard record linkage
methods are centered on the linkage of objects belonging
to the same entities from two or more files when such files
share a set of variables, or any other kind of information. In
this case, the difficulties for a good performance of record
linkage algorithms are due to the fact that files contain er-
rors (e.g., the income of an individual is not the same in
both files or attributes are represented in different scales).

Two main approaches have been used for standard record
linkage. See [6, 7, 8] for more details:

Probabilistic Record Linkage(PRLB): For each pair of
records (a,b), we compute a conditional probability
of having a correct link using a coincidence vector of
variables. Then, we use this probability to classify
each pair (a,b) as either a linked pair (LP) or a non-
linked pair (NP).

Distance-based Record Linkage(DBRL): Records of
file A are compared to records of file B with respect to
a given distance function, and then each record in A is
linked to the nearest record in B using such distance
function.

3. Example: normal distributions

We describe below some experiments to test the perfor-
mance of fuzzy integrals in a re-identification problem. The
fuzzy integrals have been combined with fuzzy measures.

The experiments use normal distributions as entities, so
a normal distribution is considered as an individual or at-
tribute (either record linkage or attribute linkage).

The fuzzy integrals have been computed with respect to
symmetric fuzzy measures generated from the following
three parametric functions:

Qα1 (x) = xα for α = 1/5, 2/5, · · · , . . . , 10/5

Qα2 (x) = 1/(1 + e(α−x)∗10) for α = {0, 0.1, . . .0.9}

Qα3 (x) =

{
0 if x ≤ α
1 if x > α

for α = {0, 0.1, . . .0.9}

3.1. Data generation

We have generated two different synthetic data files us-
ing a pseudo-random gaussian generator. The files were
generated with twenty normal distribution (entities). The
first file contain normal distributions with (µ, σ) from the
sets µ = {0, 1, 2, 3, 4} and σ = {0.5, 1, 1.5, 2}. The sec-
ond file contains normal distributions from (µ, σ) with µ in
µ = {0, 2, 4, 6, 8} and σ in the same set σ = {0.5, 1, 1.5, 2}.
For each distribution we have generated twenty-five ele-
ments (variables).

These files correspond to the original data files. These
distributions are represented in Figure 1.

Figure 1: Normal distributions with different µ

Figure 2: Normal distributions with adding linear noise

Afterwards, we have generated four synthetic data files
for each original data file. These files have been generated
with the same normal distributions but adding linear noise
based on a normal distribution N(0, 1). We have considered
four levels of noise, ε = 0.1 ∗ N(0, 1), ε = 0.25 ∗ N(0, 1),
ε = 0.5 ∗N(0, 1) and ε = N(0, 1). These files are to be used
in the re-identification experiment. These distributions are
displayed in Figure 2.

According to this description, we obtain two original
files with twenty records (normal distributions) described
with twenty-five attributes. Additionally, we get eight dis-
torted files with an identical number of records belonging
to the same normal distributions but modified with some
noise. The number of attributes is the same, although in
this case, they are noisy attributes.

3.2. Re-identification

We have used the fuzzy integrals for re-identification. In
particular, we have used the Choquet integral with sym-
metric fuzzy measures. As said above, such operator is
equivalent to the OWA operator.

The integral, with a particular measure, is applied to each
record, obtaining a representative for such record. Different
parameterizations lead to different representatives.

Then, once we have representatives for all records, re-
identification is done comparing the representatives of each
record in one file with the representatives of each record in
the other file. The rationale is that when the representatives
are similar, the original records should also be similar.

In our case, we have considered the fuzzy measures
listed above with 10 different parameterizations. This leads
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to 10 representatives for each record (for each normal dis-
tribution, either original or distorted).

Taking this into account, new files are created with the
representatives. That is, for each pair of files, we obtain a
second pair of files. These new files have the same number
of records as the original files (representatives are built for
each original record) and 10 attributes (there is one attribute
for each parameterization). As the representatives of both
files have been obtained from the same parameterizations,
we can say that the new files are described using the same
attributes.

Therefore, as both file share attributes (the parameteri-
zations), we can use now standard record linkage methods
(e.g., probability or distance-based) to link the files.

3.3. Results

We have obtained good results with all fuzzy measures.
The results are given in Table 1. The table contains the best
number of re-identifications obtained for each experiment
with either distance-based or probabilistic record linkage.

The experiments show that the re-identification is pos-
sible, and that the larger the distortion, the worse the re-
identification. These are expected results.

ε µ Case 1 Case 2
N(0,1)*0.1 Qα1 (x) 14 16
N(0,1)*0.25 Qα1 (x) 11 14
N(0,1)*0.5 Qα1 (x) 10 14
N(0,1)*1.0 Qα1 (x) 8 11
N(0,1)*0.1 Qα2 (x) 14 18
N(0,1)*0.25 Qα2 (x) 14 17
N(0,1)*0.5 Qα2 (x) 10 17
N(0,1)*1.0 Qα2 (x) 11 11
N(0,1)*0.1 Qα3 (x) 15 17
N(0,1)*0.25 Qα3 (x) 11 18
N(0,1)*0.5 Qα3 (x) 12 16
N(0,1)*1.0 Qα3 (x) 11 11

Table 1: Results of the re-identification. Case 1: Files
with the following normal distributions N(0, 0.5)..N(4, 2);
Case 2: Files with the following normal distributions
N(0, 0.5)..N(8, 2)

3.4. Alternative example

In the previous section we have described the results
when the masked file are obtained with linear noise addi-
tion. But we can considered other ways to obtain a masked
file.

We can consider the addition of other kind of noise like
N(µ, σ)∗ε+ (1−ε)∗N(µ′, σ′). In this case we obtain a new
probability distribution like the one we can see in Figure 3.

If we apply the Choquet integral with a symmetric mea-
sure (OWA operator) to this family of distribution for small

Figure 3: normals

ε we will obtain similar results than when the distortion
corresponds to the addition of linear noise. This is so be-
cause the OWA operator sorts data values from the small-
est values to greatest ones and the resulting values after the
ordering are not so dissimilar. For larger values of ε this
would not be the case, the noisy distribution might be re-
identified with a time-series generated from N(µ′, σ′).

4. Conclusions

In this paper, we have studied the use of owa operators
for the re-identification individual problem, and focused in
the particular case in which individuals are represented by
normal distributions. We have proved that owa operators
are a suitable tools for such re-identification as they have
lead to good results with three different fuzzy measures.

Additional experiments have been done with real data.
Some of the results are reported in [5] (attribute matching)
and [2, 3] (record linkage).
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Abstract. We present a generalization of Choquet 
integral in which the capacity depends on the level of the 
aggregated variables. We show that as particular cases of 
our generalization of Choquet integral there are the Sugeno 
integral, the Sipos integral and the Cumulative Prospect 
Theory functional. We show also that many concepts such 
as Mobius transform, importance index, interaction index, 
k-order capacities and OWA operators, introduced in the 
research about Choquet integral can be generalized in the 
considered context.  
 
1. Introduction 

 
In many decision problems a set of actions are evaluated 
with respect to a set of points of view called criteria. For 
example, in evaluating a car one can consider criteria such 
as maximum speed, price, acceleration, fuel consumption. 
In evaluating a set of students one can consider as criteria 
the evaluations in examinations with respect to different 
subjects such as mathematics, physics, literature and so 
on. In general, evaluations with respect to different criteria 
can be discordant. For example, very often when a car has 
a good maximum speed, it has also a high price and a high 
fuel consumption or if a student is very good in 
mathematics, may be not so good in literature. Thus, in 
order to express a decision such as a choice among a set of 
car or a ranking of a set of students, it is necessary to 
aggregate the evaluations on considered criteria. This is 
the domain of multiple criteria decision analysis and in 
this context several methodologies have been proposed 
(for a collection of extensive state-of-art surveys see [3]). 
One of the simplest aggregation procedures is the 
weighted sum of the evaluation of criteria. Some more 
complex aggregation procedures have been proposed to 
take into account specific aspects in evaluating 
importance of criteria, such as interaction between 
criteria.  
The interaction of criteria has been considered through 
non-additive integrals such as Choquet integral [2] and 
Sugeno integral [13] (for a comprehensive survey see [5]). 
In this context, the importance of a set of criteria is not 
necessarily the sum of the importance of each criterion in 
the set. It can be greater or smaller, due to redundancy or 
synergy between criteria. An example of redundancy is 
the case of maximum speed and acceleration in evaluating 
cars: in fact a car that is speed very often has also a good 

acceleration and therefore, even if these two criteria can 
be very important for a person liking sport cars, the 
importance of them is smaller than the importance of the 
two criteria considered separately. An example of synergy 
is the case of maximum speed and price in evaluating 
cars: in fact a car that is speed, is often also a highly 
priced, and therefore a car with a high maximum speed 
and a not so high price is very well appreciated. So, the 
importance of these two criteria is greater than the 
importance of the two criteria considered separately. 
Introduction of a neutral point and consequent positive 
and negative sign of the evaluations with respect to 
considered criteria has been taken into account through 
some generalizations of the Choquet integral such as 
Sipos integral [12] and Cumulative Prospect Theory 
functional [14]. In this paper we propose a further 
generalization of the Choquet integral which takes into 
account the fact that the importance of criteria depends on 
the level of their evaluations. For example, in evaluating a 
car with respect to price, comfort and fuel consumption, 
for cars with low levels of price, comfort and fuel 
consumption, the price is more important than the 
comfort, while for cars having higher levels of price, 
comfort and fuel consumption, the comfort become more 
important than the fuel consumption. To model 
representation of the preferences in these situations we 
propose to assign importance to criteria depending from 
the level of evaluations and a consequent generalization of 
the Choquet integral. This is a very flexible model to 
aggregate evaluations of set of criteria. Moreover, in a 
very surprising way, this model presents as specific cases 
the Sugeno integral, the Sipos integral and the Cumulative 
Prospect Theory functional.           
The plan of the paper is as follows. In section 2 we 
introduce the generalized Choquet integral and 
characterize it on the basis of some simple and intuitive 
axioms. In section 3 we show that the classical Choquet 
integral and the Sugeno integral are specific cases of our 
generalized Choquet integral. In section 4 we generalize 
to the Choquet integral the concepts of Mobius 
decomposition, importance index and interaction indices. 
Moreover, in the same section, using the generalized 
Choquet integral, we generalize k-order capacity and  
Ordered Weigthed Aggregation (OWA). In section 8 we 
prove that Sipos integral and the Cumulative Prospect 
Theory functional can be interpreted as special cases of 
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generalized Choquet integral. The last section presents 
final conclusions.  
 
2. The generalized Choquet integral 
 
Let us consider a set of criteria N={1,…,n}. We define 
generalized capacity a function µG:2N×[0,1]→[0,1] such 
that     

1) for all t∈[0,1] and A⊆B⊆N, µ G(A,t)≤µ G(B,t) 
2) for all t∈[0,1], µ G(∅,t)=0 and µ G(N,t)=1. 

We consider also the following regularity property: 
3) for all x=[x1,…,xn], x∈[0,1]n,  and for all t∈[0,1], 

the function f: [0,1]n×[0,1]→[0,1] defined as  
)),,((),( ttAµtf G xx = , with , { txNitA i ≥∈= :),(x }

is continuous with respect to t almost 
everywhere. 

We define the generalized Choquet integral of 
x=[x1,…,xn], x∈[0,1]n, with respect to the generalized 
capacity µ as follows:  

Ch(x, µ G)= . ∫
1

0
t)dtt),(A(x,µG

Let us remark that condition 3) ensures that the 
generalized Choquet integral exists always.  
A similar approach has been proposed in the field of 
decision under uncertainty [1,6,7,10]. 
Any function G: [0,1]n→[0,1] is an aggregation function. 
The following properties of an aggregation function G are 
useful to characterize the generalized Choquet integral: 

- monotonicity: for all x,y∈[0,1]n, 
x≥y ⇒G(x)≥G(y), 

- idempotency: for all a∈[0,1]n such that 
a=[a,…,a], G(a)=a, 

- tail independence: for all x,y,w,z∈[0,1]n and 
A⊂N such that, for all i∈A and j∈N-A  

xi≥wj, xi≥zj, yi≥wj, yi≥zj 
we have   
G(xA,w-A)-G(yA,w-A)=G(xA,z-A)-G(yA,z-A) 
where, for all h,k∈[0,1]n, m=(hA,k-A) is defined 
in such a way that, for all i∈N, mi=hi if i∈A and 
mi=ki if i∈N-A. 

  
Theorem 1. An aggregation function G:[0,1]n→[0,1] is 
monotonic, idempotent and tail independent if and only if 
there exists a generalized capacity µ G such that, for all 
x∈[0,1]n 

G(x)=Ch(x,µ G). ♦ 
 

 
3. The generalized Choquet integral, the classical 
Choquet integral and the Sugeno integral 
 
Definition. A generalized capacity µ G is level independent 
if µ G(A,t)=µ G(A,u) for all t,u∈[0,1]. 
 

Remark 1. If the generalized capacity µG is level 
independent, then the generalized Choquet integral 
collapses to the standard Choquet integral [2]. 
 
Definition. A generalized capacity µG is Boolean if 
µG(A,t)∈{0,1} for all A⊆N and for all t∈[0,1].  
 
Theorem 2. Given a generalized capacity µ G, there exists 
another generalized capacity µ*(A,t) Boolean and 
monotonic non increasing with respect to t, such that   for 
all A⊆N µG(A,t)=µ*(A,t) almost everywhere with respect 
to t∈[0,1] if and only if there exists a capacity ν on N (i.e. 
a function ν:2N→[0,1] for which ν(A)≤ν(B) for all 
A⊆B⊆N, ν(∅)=0, ν(N)=1) such that, for all x∈[0,1]n, 

Ch(x, µ G)= { } ( )( )( )AAixminminmax i
NA

ν,, ∈
⊆

, 

i.e. the generalized Choquet integral is the Sugeno integral  
of x with respect to the capacity ν. ♦  

Remark 1 and Theorem 2 say that the generalized 
Choquet integral contains as particular cases the Choquet 
integral and the Sugeno integral. It is interesting to 
observe, that, anyway, it is much more general. 
 
4. Mobius Transform, importance indices and 
interaction indices 

 
4.1. Mobius transform of a generalized capacity.  
 
With respect to classical Choquet integral, Mobius 
transform has been deeply investigated in [4]. 
Given a generalized capacity µG the Mobius transform of 
a generalized capacity is a function mG:2N×[0,1]→R such 
that, for all A⊆N and all t∈[0,1], we have that 

µG(A,t)= . ( )∑
⊆ AB

G tBm ,

Expliciting Mobius transform we obtain that for all A⊆N 
and all t∈[0,1] 

mG(A,t)= ( ) ( )∑ µ−
⊇AB

A\B t,B1 . 

Theorem 3. For all x∈[0,1]n and for all generalized 
capacity µG   

Ch(x, µ G)= ( )
( )

∑ ∫
⊆

∈

NB

xmin

0

G
iBi

dtt,Bm .♦ 

 
 
4.2. Importance index and interaction index.  
 
With respect to classical Choquet integral the importance 
index in the form of Shapley value [11] has been 
introduced in [8]. 
Given a generalized capacity µG, i∈N and t∈[0,1] the 
Shapley index of importance can be calculated as 

φ(µG,i,t)=
( ) {}( ) ([ ]

{ }
∑ µ−∪µ

−−

−⊆ iNA

GG t,At,iA
!N

!1AN!A ) . 
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The Shapley value φ(µG, i,t) is an average with “proper 

weights” 
( )

!
!1!

N
ANA −−

of marginal contribution 

µG(A∪{i},t)- µG(A,t) of criterion i to all subsets A from 
N. It measures the importance of criterion i∈N with 
respect to generalized capacity µG and level t∈[0,1]. 
Importance index φ(µG, i,t) can be represented in terms of 
Mobius transform as follows: 

φ(µG, i,t)= {}( )
{}{ }

∑
∪
∪

−⊆ iNA

G

iA
tiAm ,  

 
An overall importance index φ(µG, i) averaging the 
importance indices φ(µG, i,t) relative to all level t,  t∈[0,1], 
can be calculated as follows 

φ(µG, i)= ( )∫
1

0
,, dttiGµφ . 

 
4.3. Interaction indices 
 
With respect to classical Choquet integral, interaction 
indices have introduced in [9] with respect to only pairs of 
criteria and in [4] with respect to all possible subsets of 
criteria. 
Given a generalized capacity µG, A⊆N and t∈[0,1] the 
Shapley interaction index can be calculated as 

I(µG,A,t)=
( ) ( ) ( )⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∑ ∪−∑

−−

⊆

−

−⊆ AC

GCA

ANB
tBC

N
ABNB

,1
!

!!
µ  

Interaction index I(µG, A,t) can be represented in terms of 
Mobius transform as follows: 

I(µG,A,t)= ( )
∑

∪
∪

−⊆ ANB

G

BA
tBAm , . 

The Shapley interaction index I(µG, i,t) is an average with 

“proper weights” 
( )

!
!!

N
ABNB −−

of interaction between 

criteria from A ( ) ( ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑ ∪−
⊆

−

AC

GCA tBC ,1 µ ) when adjoined 

to all subsets B from N−A. It measures the interaction of 
criteria from A with respect to the generalized capacity µG 
and the level t∈[0,1]. 
An overall interaction index I(µG,A) averages the 
interaction indices I(µG,A,t) relative to all levels t,  t∈[0,1], 
then it can be calculated as follows 

I(µG,A)= . ( )∫
1

0
,, dttAI Gµ

  
4.3. k-order generalized capacity 
 
With respect to the classical Choquet integral, the  k-order 
capacity has been introduced in [4]. 

A generalized capacity µG is k-additive (1≤k≤n-1) if  for 
all t∈[0,1]   

mG(A,t)=0 for all A⊆N such that |A|>k. 
Remembering Theorem 3 we get that if the generalized 
capacity µG is k-additive, then for all x∈[0,1]n  

Ch(x, µ G)= ( )
( )

∑ ∫
≤⊆

∈

kB:NB

xmin

0

G
iBi

dtt,Bm . 

 
4.4. Generalized Ordered Weighted Average 
 
Ordered Weighted Average (OWA) has been proposed in 
[15]. 
Let us generalize OWA by parameterizing the values of 
each weight to the level of the evaluation on considered 
criterion. Thus we introduce an ordered weighting 
functions:  

wi:[0,1]→[0,1], i=1,...,n 
and, given x∈[0,1]n, we define the generalized ordered 

weighted average as GOWA(x)=  

( )

( )

∑ ∫
=

−

n

1i
i

x

x
dt)t(

i

1i

w

where (⋅) is the permutation reordering the values xi, 
i=1,...,n, from the smallest to the greatest such that  

x(1)≤x(2)≤… ≤x(n). 
Moreover, we set x(0)=0. Let us remark that, if ordered 
weighting functions w(t) are constant, then we re-obtain 
the classical OWA operators.  
Theorem 4. The two following conditions are equivalent: 
a) for each x∈[0,1]n

 

GOWA(x)=ChG(x, µG)  
b) almost everywhere for t∈ [0,1] we have that for all 
A,B⊆N 

|A|=|B|⇒ µG(A,t)=µG(B,t).   ♦ 
 
 
5. Generalized Choquet integral, Sipos integral and the 
Cumulative Prospect Theory functional 
 
In this section we investigate the relationships between 
generalized Choquet integral, the Sipos integral [12] and 
the Cumulative Prospect Theory functional [14].  
Let us consider a generalized bi-partite capacity defined as 
follows: 

( ) ( )
( )⎪⎩

⎪
⎨
⎧

<µ
≥µ

=µ −

+

e tifA
e tifAt,AG  

where µ+:2N→[0,1] and µ−:2N→[0,1] are two capacities 
and e∈]0,1[. 
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Theorem 5.  If the generalized capacity is bi-partite, then 
Ch(x,µG)= 

{ }( )
{ }( ) edttxei

dttexi
e

iG

e
iG

+∫ ≥−−

+∫ ≥−
−

− +

0

1
0

:

:

µ

µ
 

 

where, for all A⊆N, ( ) ( )AAG
++ = µµ  and 

.♦ ( ) ( )ANAG −−= −− µµ 1
Let us remark that according to Theorem 5,  we can write   

Ch(x,µG)= Ch((x-e)+, )- Ch((x-e)−, )+e µ+
G µ−

G
where Ch(y,µ) denotes the classical Choquet integral of 
y∈[0,1]n with respect to capacity µ, x-e is the vector 
having as i-th element xi-e , (y) + is the positive part of 
vector y∈[0,1]n having as i-th element yi if yi≥0 and 0 if  
yi<0, (y) − is the negative part of vector y∈[0,1]n having as 
i-th element -yi if yi≤0 and 0 if  yi>0. Let us remember that  

Ch((y)+, )- Ch((y)−, ) µ+
G µ−

G
is the Cumulative Prospect Theory functional [14] of  

y∈[0,1]n with respect to the pair of capacities ( , ). 
Thus Theorem 5 says that even the Cumulative Prospect 
Theory functional can be written in terms of generalized 
Choquet integral. A specific case of the Cumulative 
Prospect Theory functional is given by the case in which 

(A)= (A) for all A⊆N. This specific case 
constitutes the Sipos integral [12] that, therefore, can be 
also expressed in terms of the generalized Choquet 
integral.  

µ+
G µ−

G

µ+
G µ−

G

 
6. Conclusions 
 

We presented a generalization of Choquet integral in 
which the capacity depends on the level of the aggregated 
variables. We showed that as particular cases of our 
generalization of Choquet integral there are the Sugeno 
integral, the Cumulative Prospect Theory functional and 
the Sipos integral. We showed also that many concepts 
such as Mobius transform, importance index, interaction 
index,k-order capacities and OWA, can be generalized in 
the considered context.  
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Abstract—Rough set analysis is often applied to multi-
attribute decision problems. Given a decision table,
attribute importance has been evaluated in three ways
through cooperative games constructed by rough set anal-
ysis. In this paper, we extend the approach considering a
case when a decision table may include errors. We show
that attribute importance can be evaluated from various
viewpoints in the case. It is emphasized that attribute im-
portance should be investigated from several perspectives.

1. Introduction

Rough set analysis [1] is one of useful tools to analyze
multi-attribute decision problems. The important attributes
can be known from the core and reducts and decision rules
can be induced from the rough set analysis of decision ta-
bles. Moreover, attribute importance is evaluated numer-
ically by cooperative games constructed from a decision
table through rough set analysis.

Given a decision table, quality of approximation and
classification power index [2] are defined based on the clas-
sical rough set model. Those indices are closely related to
reduct preserving all lower approximations (for short, L-
reduct) and reduct preserving all upper approximations (for
short, U-reduct), respectively. Constructing a cooperative
game corresponding to each index, we can define a degree
of attribute importance by the Shapley value or the Banzaf
value. Since we have three set functions, we obtain two
different evaluations of attribute importance.

In real world problems, decision tables may include
some errors and some relevant attributes may be missing.
In those cases, lower approximations and upper approxima-
tions of rough set become small and large, respectively, so
that the rough set analysis becomes ineffective. The vari-
able precision rough set (VPRS) model [3] is proposed to
overcome such a shortcoming. In VPRS model, by accept-
ing errors to some extent, it is possible to keep lower and
upper approximations in a proper size.

However, under such cases, evaluation of attribute im-
portance has not yet discussed considerably. As quality of
approximation and classification power index are closely
related to L-reduct and U-reduct, we may consider some
indices in connection with reducts in the VPRS model. β-
reduct [4] is proposed for the VPRS model. However, it
does not necessarily related to the structure induced from
lower approximations, upper approximations and bound-

ary regions due to the non-monotonicity with respect to
the set-inclusion of condition attribute sets. Namely, a
β-reduct can destroy the structure very much. Recently,
Inuiguchi [5, 6] has discussed reducts in view of the struc-
ture induced by variable precision rough set. There are
many kinds of reducts and divided into structure-preserving
reducts and structure-enhancing reducts. The structure-
enhancing reducts would be more useful since conditions
for structure preservation are rather strong requirements.

In this paper, we propose a way to construct cooperative
games corresponding to the structure-enhancing reducts
proposed by Inuiguchi [6]. The attribute importance can be
evaluated by Shapley values of the constructed cooperative
games. We demonstrate the variety of attribute importance.
We show that the proposed approaches are extensions of
previous approaches.

This paper is organized as follows. In Section 2, we
briefly introduce a variable precision rough set model and
structure-enhancing reducts. A way to construct a coopera-
tive game with respect to a given kind of reduct is proposed
in Section 3. Moreover, in Section 3, it is shown that the
previous attribute importance defined in the classical rough
set model is obtained as a special case. In Section 4, the
proposed approach is applied to a didactic example so that
the variety in evaluations of attribute importance is demon-
strated.

2. Variable Precision Rough Sets and Reducts

2.1. Decision Table

A decision table is characterized by 4-tuple I = 〈U, C ∪
{d}, V, ρ〉, where U is a finite set of objects, C is a finite
set of condition attributes, d is a decision attribute, V =⋃

a∈C∪{d} Va and Va is a domain of the attribute a, and
ρ : U ×C ∪ {d} → V is an information function such that
ρ(x, a) ∈ Va for every a ∈ C ∪ {d}, x ∈ U .

Given a set of attributes A ⊆ C ∪ {d}, we can define
an equivalence relation IA referred to as an indiscernibility
relation by

IA = {(x, y) ∈ U × U | ρ(x, a) = ρ(y, a), ∀a ∈ A}.

From IA, we have equivalence classes,

[x]A = {y ∈ U | (y, x) ∈ IA}, x ∈ U.
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[x]A shows a set of objects which cannot be discerned from
x by information about all attributes in A. When A = {d},
we define

D = {Dj, j = 1, . . . , p} = {[x]{d} | x ∈ U},
where we have Di 	= Dj (i 	= j) and Dj is called a
decision class. There exists some vj ∈ Vd such that
ρ(x, d) = vj for each x ∈ Dj .

2.2. The Variable Precision Rough Set Model

Let A ⊆ C. For x ∈ U , a rough membership value to a
decision class Dj is defined by

μDj (x|A) =
|[x]A ∩Dj |
|[x]A| ,

where |X | shows the cardinality of a set X . μDj (x|A)
shows the ratio of objects in a decision class Dj among ob-
jects indiscernible from x by information about attributes
in A. If μDj (x|A) = 1, we have [x]A ⊆ Dj . On the other
hand, if μDj (x|A) = 0, we have [x]A ∩ Dj = ∅. There-
fore, μDj (x|A) can be interpreted as a degree of inclusion
[x]A ⊆ Dj holds or a degree of implication ”y ∈ [x]A im-
plies y ∈ Dj”. From the information about attributes in
A, we cannot discern y ∈ [x]A from x, then y and x are
regarded as equivalent. The equivalent objects are assumed
to be in the same decision class. μDj (x|A) shows to what
extent this assumption is correct.

Given an allowable error ratio β ∈ [0, 0.5), in the vari-
able precision rough set (VPRS) model, lower and upper
approximations of X ⊆ U are defined as follows:

Aβ(Dj) = {x ∈ U | μDj (x|A) ≥ 1− β},
Aβ(Dj) = {x ∈ U | μDj (x|A) > β}.

A pair (Aβ(Dj), Aβ(Dj)) is called a variable precision
rough set of Dj with error ratio β. The boundary re-
gion of Dj with error ratio β is defined by BNβ

A(Dj) =
Aβ(Dj) − Aβ(Dj). When β = 0, the VPRS model of
Dj with error ratio β is reduced to the classical RS model.
Aβ(Dj) is a collection of objects belonging to Dj with
high probability 1 − β. On the other hand, Aβ(Dj) is a
collection of objects belonging to Dj with probability more
than β. We call Aβ(Dj), Aβ(Dj) and BNβ

A(Dj) a β-lower
approximation of Dj , a β-upper approximations of Dj and
a β-boundary region, respectively.

When 1/p > β, UNP β
A(D) = U − ⋃

j=1,...,p Aβ(Dj)
is not always empty. Then UNP β

A(D) is called the β-
unpredictable region of a partition D. Hence, given a de-
cision table, we obtain β-lower approximations Aβ(Dj),
j = 1, . . . , p, β-upper approximations Aβ(Dj), j =
1, . . . , p, β-boundary regions BNβ

A(Dj), j = 1, . . . , p and
β-unpredictable region UNP β

A(D) as classification struc-
tures. Among those, β-lower approximations Aβ(Dj),
j = 1, . . . , p, β-boundary regions BNβ

A(Dj), j = 1, . . . , p

and UNP β
A(D) compose a partition.

2.3. Reducts in The VPRS Model

Superfluous attribute information is often included in a
decision table. For removing the superfluous information,
L-reducts [2] and U-reducts [2] are proposed. An L-reduct
(resp. U-reduct) is a minimal set of condition attributes
preserving lower approximations (resp. upper approxima-
tions) where lower approximations (resp. upper approxi-
mations) are regarded as essential information contained in
the decision table.

The concept of reduct can be inherited in the VPRS
model. The β-reduct is proposed as a reduct in the VPRS
model, which is a minimal set of condition attributes pre-
serving the quality of classification for A ⊆ C defined by

γβ
A(D) =

∑p
j=1 |Aβ(Dj)|

|U | .

Here we note that the minimality is defined over all its sub-
sets in the VPRS model. Moreover, β-reduct is equivalent
to L-reduct when β = 0.

However, Aβ(Di) = Cβ(Di), i = 1, . . . , p. is not al-
ways satisfied with β-reduct A ⊆ C. Neither Aβ(Di) ⊆
Cβ(Di), i = 1, . . . , p is. Namely, it may destroy β-lower
approximations. This is because the β-lower approxima-
tions are not monotone with respect to β. This is not an
appropriate property since β-lower approximations are re-
garded as the essential information.

Inuiguchi [5, 6] proposed structure-preserving reducts
and structure-enhancing reducts. Structure preservation is
a strong condition and a structure-preserving reduct does
not reduce condition attributes very much. We consider
structure-enhancing reducts in this paper.

As structure enhancing properties, the following five ba-
sic requirements for a reduct A ⊆ C are considered:

(L̂) Aβ(Dj) ⊇ Cβ(Dj), j = 1, . . . , p,
(Û) Aβ(Dj) ⊇ Cβ(Dj), j = 1, . . . , p,
(Ǔ) Aβ(Dj) ⊆ Cβ(Dj), j = 1, . . . , p,
(B̌) BNβ

A(Dj) ⊆ BNβ
C(Dj), j = 1, . . . , p and

(ǓN) UNP β
A(D) ⊆ UNP β

C(D).
In consideration of relations among the basic require-

ments, the following 10 meaningful reducts are proposed:

• L̂β-reduct: A ⊆ C is called an L̂β-reduct if and only if
it is a minimal set satisfying (L̂).

• Ûβ -reduct: A ⊆ C is called a Ûβ-reduct if and only if
it is a minimal set satisfying (Û).

• ǓN
β

-reduct: A ⊆ C is called a ǓN
β

-reduct if and
only if it is a minimal set satisfying (ǓN).

• L̂Ûβ-reduct: A ⊆ C is called an L̂Ûβ-reduct if and
only if it is a minimal set satisfying (L̂) and (Û).

• L̂ǓN
β

-reduct: A ⊆ C is called an L̂ǓN
β

-reduct if and
only if it is a minimal set satisfying (L̂) and (ǓN).

• ǓǓN
β

-reduct: A ⊆ C is called a ǓǓN
β

-reduct if and
only if it is a minimal set satisfying (Ǔ) and (ǓN).

• ÛB̌β-reduct: A ⊆ C is called a ÛB̌β-reduct if and
only if it is a minimal set satisfying (Û) and (B̌).
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Figure 1: Relations among 10 kinds of reducts

• B̌ǓN
β

-reduct: A ⊆ C is called a B̌ǓN
β

-reduct if
and only if it is a minimal set satisfying (B̌) and (ǓN).

• L̂ǓǓN
β

-reduct: A ⊆ C is called an L̂ǓǓN
β

-reduct
if and only if it is a minimal set satisfying (L̂), (Ǔ)
and (ǓN).

• L̂B̌ǓN
β

-reduct: A ⊆ C is called an L̂B̌ǓN
β

-reduct
if and only if it is a minimal set satisfying (L̂), (B̌)
and (ǓN).

The strong-weak relation among those 10 reducts is de-
picted in Figure 1. In Fig. 1, names of reducts are abbrevi-
ated to their first characters. Reducts located in the upper
part of the figure enhance the structure more than those lo-

cated in the lower part. Namely a ǓN
β

-reducts is the least

enhancing the structure. On the other hand, an L̂ǓǓN
β

-
reduct and a ÛB̌β-reduct are the most enhancing the struc-
ture.

3. Attribute Importance in Decision Tables

3.1. Under Classical Rough Sets

The importance of each condition attribute can be evalu-
ated as the Shapley value or the Banzaf value of a coopera-
tive game defined in a decision table.

Corresponding to L-reduct, a game vL : 2C → [0, 1] is
defined by

vL(A) = γA(D) =
∑p

i=1 |A∗(Di)|
|U | , ∀A ⊆ C,

where we define ∅∗(X) = ∅ for any X ⊆ U . γA is called a
quality of approximation [2] and γβ

A is an extension of γA.
vL(A) takes the maximum value if and only if A satisfies
A0(Di) = C0(Di), i = 1, . . . , p.

Moreover, corresponding to U-reduct, ∂(x) = {Di |
x ∈ C

β
(Di), i = 1, . . . , p} is defined. Using ∂, we

can define an equivalence relation by I∂ = {(x, y) |
∂(x) = ∂(y), x, y ∈ U}. Accordingly, we have a partition
U |I∂d/C

= {E1, . . . , Eq}, where Ei is an elementary set
of U |I∂ . Finally a game vU : 2C → [0, 1] can be defined
by

vU (A) = πA(D) = γA(U |I∂) =
∑p

i=1 |A∗(Ei)|
|U | , ∀A ⊆ C.

πA(D) is called the classification power index. Note that
vU (A) takes the maximum value 1 if and only if A satisfies
A0(Di) = C0(Di), i = 1, . . . , p.

Once a cooperative game v is defined, we can evaluate
attribute importance by the Shapley value or the Banzaf
value. In this paper, we use the Shapley value, defined by

φ(a : v)

=
∑

A⊆U−{a}

(|U | − |A| − 1)!|A|!
|U |! {v(A)− v(A− {a})}.

Extending the Shapley value and the Banzaf value, we can
also evaluate the interaction among condition attributes [2].

3.2. Under Variable Precision Rough Sets

In the classical rough set model, L- and U-reducts are
essential and we can evaluate attribute importance corre-
sponding to them. In the VPRS model, we have 10 mean-
ingful structure-enhancing reducts. Then we would like
to evaluate attribute importance corresponding to the 10
reducts. To this end, we should define a cooperative game
corresponding to each reduct. Therefore the problem is
how to define such a game.

We define

∂L
β (x : A) = {Di | x ∈ Aβ(Di), i = 1, . . . , p},

∂U
β (x : A) = {Di | x ∈ Aβ(Di), i = 1, . . . , p}.

Using those, we further define the following predicates:

P L̂
β (x : A) = “∂L

β (x : A) ⊇ ∂L
β (x : C)”,

P Û
β (x : A) = “∂U

β (x : A) ⊇ ∂U
β (x : C)”,

P Ǔ
β (x : A) = “∂U

β (x : A) ⊆ ∂U
β (x : C)”,

P B̌
β (x : A) = “(∂U

β (x : A)− ∂L
β (x : A))

⊆ (∂U
β (x : C)− ∂L

β (x : C))”,

P ǓN
β (x : A) = “∂U

β (x : C) = ∅ or ∂U
β (x : A) 	= ∅”.

Then we have the following equivalences:

(L̂) ⇔ ∀x ∈ U, P L̂
β (x : A), (Û) ⇔ ∀x ∈ U, P Û

β (x : A),
(Ǔ) ⇔ ∀x ∈ U, P Ǔ

β (x : A), (B̌) ⇔ ∀x ∈ U, P B̌
β (x : A),

(ǓN) ⇔ ∀x ∈ U, P ǓN
β (x : A).

Utilizing those properties, for a given β ∈ [0, 0.5),
we can define a cooperative game corresponding to each
structure-enhancing reduct as follows:

vL̂(A : β) =

∑
x∈U ||P L̂

β (x : A)||
|U | ,

vÛ(A : β) =

∑
x∈U ||P Û

β (x : A)||
|U | ,

vǓN(A : β) =

∑
x∈U ||P ǓN

β (x : A)||
|U | ,
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Table 1: A Decision Table
obj. a1 a2 a3 a4 a5 a6 (f0, f1, f2)
p1 0 0 0 0 0 0 (5, 0, 0)
p2 1 0 0 0 0 0 (1, 1, 0)
p3 0 1 0 0 0 0 (1, 1, 1)
p4 1 0 0 1 0 0 (0, 1, 1)
p5 1 0 0 1 0 1 (1, 0, 1)
p6 1 0 1 1 0 0 (1, 1, 1)
p7 0 1 0 1 0 1 (0, 5, 0)
p8 0 1 0 1 1 1 (0, 0, 5)

vL̂Û(A : β) =

∑
x∈U ||P L̂

β (x : A) ∧ P Û
β (x : A)||

|U | ,

vL̂ǓN(A : β) =

∑
x∈U ||P L̂

β (x : A) ∧ P ǓN
β (x : A)||

|U | ,

vǓǓN(A : β) =

∑
x∈U ||P Ǔ

β (x : A) ∧ P ǓN
β (x : A)||

|U | ,

vÛB̌(A : β) =

∑
x∈U ||P Û

β (x : A) ∧ P B̌
β (x : A)||

|U | ,

vB̌ǓN(A : β) =

∑
x∈U ||P B̌

β (x : A) ∧ P ǓN
β (x : A)||

|U | ,

vL̂ǓǓN(A : β)

=

∑
x∈U ||P L̂

β (x : A) ∧ P Ǔ
β (x : A) ∧ P ǓN

β (x : A)||
|U | ,

vL̂B̌ǓN(A : β)

=

∑
x∈U ||P L̂

β (x : A) ∧ P B̌
β (x : A) ∧ P ǓN

β (x : A)||
|U | ,

where ||P || is the truth value of a statement P , i.e., ||P || =
1 if P is true and ||P || = 0 otherwise. The attribute impor-
tance can be evaluated by Shapley values of those games.

Note that vL(A) = vL̂(A : 0) − 1 + γC(D) = vL̂Û(A :
0) − 1 + γC(D) and vU(A) = vǓǓN(A : 0) = vÛB̌(A :
0) = vB̌ǓN(A : 0) = vL̂ǓǓN(A : 0) = vL̂B̌ǓN(A : 0).

4. An Illustrative Example

Consider a decision table given in Table 1. In Table 1, we
have six condition attributes C = {a1, a2, a3, a4, a5, a6}
and a single decision attribute d. Each condition attribute
ai takes an attribute value in Vai = {0, 1} while decision
attribute d takes an attribute value in Vd = {0, 1, 2}. Ob-
jects are partitioned into eight patterns pj (j = 1, 2, . . . , 8)
by condition attribute values. The row of Table 1 does not
correspond to an object but a pattern pj . fi stands for the
frequency of objects which has a pattern pj of condition
attribute values and decision attribute value i (i = 0, 1, 2).

Let β = 0.35. The 10 kinds of reducts to Table 2 are
shown in [6]. Calculating attribute importance as Shapley
values based on games defined in Subsection 3.2, we ob-
tain Table 2. From Table 2, we know a5 is most important

Table 2: Attribute Importance
φv vβ

L̂
vβ

Û
vβ

ǓN
vβ

L̂Û
vβ

L̂ǓN

a1 0.1167 0.0979 -0.025 0.1271 0.0042
a2 0.1167 0.1292 0.1938 0.0646 0.1292
a3 0.1333 0.0771 0.075 0.0729 0.0708
a4 0.1688 0.2583 0.2563 0.2458 0.2438
a5 0.3417 0.1896 0.2438 0.3 0.3542
a6 0.1229 0.2479 0.2563 0.1896 0.1979

φv vβ

ǓǓN
vβ

ÛB̌
vβ

B̌ǓN
vβ

L̂ǓǓN
vβ

L̂B̌ǓN

a1 0.0625 0.15 0.0833 0.0917 0.0833
a2 0.1979 0.0354 0.1042 0.1750 0.1042
a3 0.1521 0.1625 0.1667 0.1604 0.1667
a4 0.2 0.2479 0.2542 0.2167 0.2542
a5 0.25 0.2542 0.2708 0.2479 0.2708
a6 0.1375 0.15 0.1208 0.1083 0.1208

in many cases. a4 is also constantly important. On the con-
trary, a1 is not very important. As the requirement for the
corresponding reduct becomes strong, the importance of
a3 increases while the importance of a6 roughly decreases.
Because the monotonicity of each game is not guaranteed,
the importance of a1 becomes negative for vβ

ǓN
.

As is demonstrated in this example, the attribute impor-
tance can vary with the required level of structure enhance-
ment. If selection of structure enhancement is difficult, the
attribute importance should be evaluated from many view-
points. Moreover, the selection of β is also an important
problem. From the original purpose of the VPRS model,
β should be selected considering the size of lower approx-
imations and the allowable error level.
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Abstract–Cooperative fuzzy games are interest-
ing and useful since they can deal with partial co-
operation of players. In particular, special classes of
fuzzy games obtained as extensions of ordinary crisp
cooperative games have been studied by several au-
thors. They include the multilinear extension and the
Lovász extension. In this paper we focus on those
classes of cooperative fuzzy games and their solutions,
namely allocation schemes of profits among the play-
ers. We note that each crisp cooperative game can
be represented as a linear combination of unanimity
games with the coefficients called the (Harsanyi) div-
idends. We define solutions in terms of the dividends
and investigate relationships between the proposed so-
lutions and the existing solutions. We also study some
properties of the solutions.

1. Introduction

A cooperative game (or coalitional game) is usually
described by a set of players and a characteristic func-
tion. In a transferable utility game only one number is
attached to each coalition. In order to deal with prac-
tical situations in cooperative game theory, we have to
take into account partial cooperation by players. It has
been studied through fuzzy coalitions instead of ordi-
nary coalitions which are subsets of players and leads
to cooperative fuzzy games [1]. Each fuzzy coalition is
identified with a point in the hypercube [0, 1]n, while
an ordinary coalition is regarded as a vertex of this hy-
percube, i.e., a point in {0, 1}n. Another application
of fuzzy theory to cooperative games is in studies of co-
operative games with fuzzy worths (coalitional values)
[6]. In this paper, however, we deal only with cooper-
ative games with fuzzy coalitions as cooperative fuzzy
games.

We focus on cooperative fuzzy games which can be
obtained by extending ordinary cooperative games. A
special interesting class of those games, including the
multilinear extension and the Lovász extension, was
discussed in our former papers [11]. In this paper
we consider solutions of extended cooperative fuzzy
games, particularly those based on the dividends of
the original crisp game.

2. Cooperative Fuzzy Games

Let N be a finite set of n elements, i.e., N =
{1, 2, . . . , n}. Elements of N are called players. Any
subset of N is called a coalition. A (transferable util-
ity) game on N is a set function v : 2N → R with
v(∅) = 0. The function v is usually called a character-
istic function and each value v(S) is called the worth of
the coalition S. The set of all games on N is denoted
by ΓN . We use two kinds of symbols for set inclusion:
S ⊆ T means that S is a subset of T , while S ⊂ T
implies that S is a proper subset of T .
The sum v + w of two games v, w ∈ ΓN and the

scalar multiplication of v ∈ ΓN by a scalar α ∈ R are
defined by

(v + w)(S) = v(S) + w(S) for all S ⊆ N, and
(αv)(S) = αv(S) for all S ⊆ N.

resepctively. Thus the space ΓN of all games on N
is a vector space and its dimension is clearly 2n − 1,
since each game is specified by the worths v(S) for all
S ⊆ N with S 6= ∅. As a basis in this space we may
consider unanimity games uT defined by

uT (S) =

½
1 if S ⊇ T,
0 otherwise,

for any T ⊆ N , T 6= ∅. Then each game v ∈ Γ is a
linear combination of unanimity games,

v =
X
∅ 6=T⊆N

dT (v)uT .

The coefficient dT (v) is given by

dT (v) =
X
S⊆T

(−1)|T |−|S|v(S)

and called the (Harsanyi) dividend of T for the game
v. For convenience’ sake, we may put d∅(v) = 0. Then
we may write v =

P
T⊆N dT (v)uT . In combinatorics,

d·(v) viewed as a set function on 2N \ {∅} is called
the Möbius transform of v. The dividends satisfy the
following recursive formula:

dT (v) =

⎧⎨⎩ 0, if T = ∅,

v(T )−
X
S⊂T

dS(v), if T 6= ∅.
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In a cooperative game, the coalition S is identified
with the vector eS , defined by eSi = 1 if i ∈ S and
eSi = 0 otherwise, and the domain 2N of the char-
acteristic function v is identified with {0, 1}n, i.e.,
v : {0, 1}n → R. Hence extending {0, 1}n to [0, 1]n

implies extending ordinary coalitions to fuzzy coali-
tions. Thus, given the player set N , a cooperative
fuzzy game ξ on N is a function from [0, 1]n to R with
ξ(0) = 0. The set of all cooperative fuzzy games on N
is denoted by ∆N .
In this paper, for s, t ∈ [0, 1]n, vectors s ∨ t and

s ∧ t ∈ [0, 1]n are defined by

(s ∨ t)i = max{si, ti},
(s ∧ t)i = min{si, ti},

i = 1, . . . , n.

For s ∈ [0, 1]n, let supp s = {i ∈ N | si > 0}.

Definition 1 A cooperative fuzzy game ξ ∈ ∆N is
said to be

1. weakly superadditive if ξ(s) + ξ(t) · ξ(s ∨ t) for
all s, t ∈ [0, 1]n such that s ∧ t = 0.

2. strongly superadditive if ξ(s) + ξ(t) · ξ(s+ t) for
all s, t ∈ [0, 1]n such that s+ t ∈ [0, 1]n.

3. convex if ξ(s) + ξ(t) · ξ(s ∨ t) + ξ(s ∧ t) for all
s, t ∈ [0, 1]n.

It is obvious that if the game ξ is strongly superad-
ditive, then it is weakly superadditive. If ξ is convex, it
is weakly superadditive. In Brânzei et al. [3], a fuzzy
game is said to be convex if it satisfies the coordinate-
wise convexity condition in addition to the inequality
in the above definition.
The sum of two games ξ, η ∈ ∆N , and the scalar

multiplication of ξ by α ∈ R is defined by

(ξ + η)(s) = ξ(s) + η(s), ∀s ∈ [0, 1]n,
(αξ)(s) = αξ(s), ∀s ∈ [0, 1]n,

respectively. Thus ∆N is also a linear space.

3. Cooperative Fuzzy Games as Extensions of
Ordinary Cooperative Games

A typical cooperative fuzzy game is obtained from
an ordinary cooperative game v ∈ ΓN by extending v
in an appropriate manner. In the following we denote
by ξv ∈ ∆N a cooperative fuzzy game obtained by
extending v ∈ ΓN . Since ξv is an extension of v,

ξv(e
S) = v(S), ∀S ⊆ N.

When we assume that the way of extension, i.e., the
mapping which associates ξv ∈ ∆N with each v ∈ ΓN

is linear, we say that the obtained extension ξv is a

U-extension of v. If ξv is a U-extension, it can be rep-
resented as a linear combination of the U-extensions
ξuT of the unanimity games uT as

ξv =
X
T⊆N

dT (v)ξuT .

Moreover, we assume two additional conditions, re-
striction invariance and monotonicity, on extensions
to obtain W-extensions. The exact definitions of U-
extensions and W-extensions are given as follows:

Definition 2 The extension ξv of v is said to be a
U-extension of v if the way of extension is linear, i.e.,

ξv1+v2 = ξv1 + ξv2 , ∀v1, v2 ∈ Γ
N ,

ξαw = αξw, ∀w ∈ ΓN , ∀α ∈ R.

A U-extension is said to be a W-extension if for any
nonempty T ⊆ N ,

ξuT (s) = ξuT (s|T ), ∀s ∈ [0, 1]
n,

ξuT (s) · ξuT (t), ∀s, t ∈ [0, 1]
n such that s · t.

Here s|T ∈ [0, 1]n is defined by (s|T )i = si if i ∈ T and
(s|T )i = 0 otherwise.

Remark 1 Let ξuT be a W-extension of uT . Note
that 0 · s · esupp s for any s ∈ [0, 1]n. Therefore, if
T 6⊆ supp s, then

0 = ξuT (0) · ξuT (s) · ξuT (e
supp s) = uT (supp s) = 0.

Hence ξuT (s) = 0 for T 6⊆ supp s.

Thus, we obtain a stronger result for linear repre-
sentation of a W-extension.

Proposition 1 [8] If ξv ∈ ∆N is a W-extension of
v ∈ ΓN , then

ξv(s) =
X

T⊆supp s

dT (v)ξuT (s), ∀s ∈ [0, 1]
n.

Two well-known examples of W-extensions are the
multilinear extension mv introduced by Owen [9, 10]
and the Lovász extension lv [5]. They are given by

muT (s) =
Y
i∈T

si and luT (s) = min
i∈T

si.

Some properties of these extensions such as super-
additivity and convexity are given in Bilbao [2] and
Tanino [11].
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4. Solutions for U-Extensions of Ordinary Co-
operative Games

In this section we consider solutions for cooperative
fuzzy games obtained as U-extensions from ordinary
cooperative games. A point-valued solution of fuzzy
games is a function f : [0, 1]n × ∆N → Rn which
associates an n dimensional vecor with each pair of
a fuzzy coalition s and a fuzzy game ξ. We assume
linearity of f with respect to ξ. Then for each v ∈ ΓN ,
s ∈ [0, 1]n and i ∈ N ,

fi(s, ξv) = fi(s, ξX
T⊆N

dT (v)uT
)

= fi(s,
X
T⊆N

dT (v)ξuT )

=
X
T⊆N

dT (v)fi(s, ξuT ).

Therefore, this value is specified by values of fi(s, ξuT ).
When a fuzzy coalition s is formed, the players par-

ticipating in this coalition will share the worth ξuT (s)
for the extension of the unanimity game ξuT . We in-
troduce a sharing system p = (pTi )T⊆N,i∈T satisfying
pTi ≥ 0 and

P
i∈T p

T
i = 1. We put

fi(s, ξuT ) =

½
pTi ξuT (s), if i ∈ T,
0, if i 6∈ T.

Hence the value corresponding to the sharing system
p is given by

fpi (s, ξv) =
X

T⊆N,T3i
dT (v)p

T
i ξuT (s) for each i ∈ N.

In particular, the case pTi =
1
|T | for all i ∈ T corre-

sponds to the Shapley value and the obtained value
is

φi(s, ξv) =
X

T⊆N,T3i

dT (v)

|T |
ξuT (s) for each i ∈ N.

When ξv = lv (Lovász extension),

φi(s, lv) =
X

T⊆N,T3i

dT (v)

|T |
min
j∈T

sj for each i ∈ N.

It is clear that all these values are zero for i 6∈ supp s.
The above Shapley value for the Lovász extension

was studied by Tsurumi et al. [13] and also Moritani
et al. [7]. In Tsurumi et al. [13], though the explicit
formula is slightly different, they proposed the follow-
ing Shapley value for v ∈ ΓN and s ∈ [0, 1]n:

gi(s, lv) =

Z 1

0

ϕi([s]h, v)dh, i ∈ N,

where

[s]h = {j ∈ N | sj ≥ h}, h ∈ [0, 1]

and ϕi([s]h, v) is the Shapley value of i ∈ N for the
subgame v|[s]h of v on [s]h, i.e., in terms of dividends

ϕi([s]h, v) =
X

T⊆[s]h,T3i

dT (v)

|T |
.

We should note that T ⊆ [s]h if and only if sj ≥ h for
all j ∈ N , i.e., if and only if minj∈T sj ≥ h. Therefore
we can prove that gi(s, lv) = φi(s, lv) for any i ∈ N .
Moritani et al. [7] defined the induced Shapley value

and proved that it coincides with the Shapley value by
Tsurumi et al. [13]. This fact will be discussed more
generally in the next section.
The most fundamental set-valued solution for coop-

erative games is the core. Tsurumi et al. [12] defined
the core of a cooperative fuzzy game ξ depending on
the fuzzy coalition s:

C(s, ξ) = {x ∈ Rn|
X

i∈supp s
xi = ξ(s), xi = 0,

∀i 6∈ supp s,
X

i∈supp t
xi ≥ ξ(t), 0 · ∀t · s}.

5. Relationships with Solutions of Induced
Games

In this section we consider induced games defined
from a cooperative fuzzy game, which are slightly dif-
ferent from but essentially the same as those in [7].

Definition 3 Let ξ ∈ ∆N be a cooperative fuzzy game
and s ∈ [0, 1]n be a fuzzy coalition. Then a crisp game
wsξ ∈ Γ

N defined by

wsξ(T ) = ξ(s|T ), for all T ⊆ N

is called the induced game from ξ and s.

As for the convexity of the induced game we can
prove the following proposition easily as in [7].

Proposition 2 If a cooperative fuzzy game ξ ∈ ∆N

is convex, then for any fuzzy coalition s ∈ [0, 1]n the
induced game wsξ ∈ ΓN from ξ and s is convex as a
crisp cooperative game.

If ξv is a U-extension of v ∈ ΓN , then the induced
game from ξv and s is

wsξv (T ) = ξ(s|T ) =
X
R⊆N

dR(v)ξuR(s|T ), T ⊆ N.

Proposition 3 Let v ∈ ΓN , ξv ∈ ∆N be a W-
extension of v and s ∈ [0, 1]n be a fuzzy coalition.
Then, for all nonempty T ⊆ N ,

dT (w
s
ξv) = dT (v)ξuT (s).
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Remark 2 In view of Remark 1, dT (w
s
ξv
) = 0 for any

T 6⊆ supp s.

Moritani et al. [7] defined the induced Shapley value
for a cooperative game ξ ∈ ∆N and a fuzzy coalition
s ∈ [0, 1]n as the Shapley value of the induced game
wsξ . Analogously we define

Φi(s, ξ) =
X

T⊆N, T3i

dT (w
s
ξ)

|T |
, i ∈ N.

More generally, for the sharing system p =
(pTi )T⊆N,i∈T , we may define the payoff vector

F pi (s, ξ) =
X

T⊆N, T3i
pTi dT (w

s
ξ), i ∈ N.

In view of Proposition 5, we directly obtain the follow-
ing theorem, which was proved only for the Shapley
value of the Lovász extension in [7].

Theorem 1 Let v ∈ ΓN , ξv ∈ ∆N be a W-extension
of v and s ∈ [0, 1]n be a fuzzy coalition. Then, for any
sharing system p = (pTi )T⊆N,i∈T ,

fpi (s, ξv) = F
p
i (s, ξv), ∀i ∈ N.

In particular,

φi(s, ξv) = Φi(s, ξv), ∀i ∈ N.

6. Some properties of solutions

In this section we discuss some properties of the so-
lution fp(s, ξv).

Proposition 4 Let v ∈ ΓN , ξv ∈ ∆N be a U-
extension of v and s ∈ [0, 1]n be a fuzzy coalition. Then
for any sharing system p = (pTi )T⊆N,i∈T ,X

i∈N
fpi (s, ξv) = ξv(s).

Proposition 5 Let v ∈ ΓN , ξv ∈ ∆N be a W-
extension of v and s ∈ [0, 1]n be a fuzzy coalition. Then
for any sharing system p = (pTi )T⊆N,i∈T ,

fpi (s, ξv) =

⎧⎨⎩
X

T⊆supp s, T3i
dT (v)p

T
i ξuT (s) i ∈ supp s,

0 i 6∈ supp s.

Proposition 6 Let v ∈ ΓN be a positive cooperative
game, i.e., dT (v) ≥ 0 for all T ⊆ N , ξv ∈ ∆N be a
W-extension of v and s, t ∈ [0, 1]n be fuzzy coalitions
such that s · t. Then for any sharing system p =
(pTi )T⊆N,i∈T ,

fpi (s, ξv) · f
p
i (t, ξv).

Theorem 2 Let v ∈ ΓN be a positive cooperative
game, ξv ∈ ∆N be a W-extension of v, s ∈ [0, 1]n

be a fuzzy coalition and p be a sharing system. Then

fp(s, ξv) ∈ C(s, ξv).
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Abstract—In this paper, we shall propose a fuzzy gen-
eralized multialternative games. This game is obtained
through the following two steps. First, we define a general-
ized multialternative game which enables us to discuss sit-
uations where players have multiple alternatives and each
player chooses an alternative or nothing. Second, as a fuzzy
extension of generalized multialternative games, a fuzzy
generalized multialternative game (an FGM game) is pro-
posed. By FGM games, we can deal with a partial coop-
eration to each alternative. A fuzzy marginal contribution
for an FGM game is proposed. As a solution for FGM
games, we define the expected value of marginal contribu-
tion when all partial cooperative relations arise with equal
probability. As a special case of FGM games, we define
the multilinear extension of a generalized multialternative
game. Properties of our solution in this case is discussed.

1. Introduction

There are many situations where multiple decision mak-
ers (players) have multiple alternatives. Such situations
have been formulated as multialternative games or games
with r alternatives [4, 5, 6]. Conventional multialterna-
tive games are based on the proceeds when each player
chooses one among alternatives. However, in many situa-
tions, some players do not choose any alternatives or some
players choose several alternatives to certain extents.

In this paper, we shall formulate situations where some
players choose one alternative or none as generalized mul-
tialternative games. Furthermore, we shall define games for
situations where some players choose some alternatives to
certain extents as fuzzy generalized multialternative games
(FGM games). For FGM games, we shall give a definition
of fuzzy-type marginal contribution (fuzzy contribution).
The expectation of fuzzy contribution when all fuzzy co-
operative relations (fuzzy arrangements) are equally likely
to arise is considered. We will call it the Banzhaf-type
fuzzy marginal contribution and regard it as a solution for
FGM games. Moreover, we introduce the multilinear ex-
tension of generalized alternative games. We regard the set
of them as a class of FGM games and discuss the Banzhaf-
type fuzzy marginal contribution on this class.

2. Conventional cooperative games and their multilin-
ear extension

Let N = {1,2, . . . , n} be the set of all players. Then
v : 2N → R satisfyingv(∅) = 0 is called a conventional co-
operative game or simply a game. Equivalently, a conven-
tional cooperative game is represented byv : {0, 1}N → R
satisfyingv(0, . . . , 0) = 0. The set of all conventional co-
operative game is denoted byG.

A functiong : G → RN can be regarded as a solution for
conventional cooperative games. The Banzhaf value is one
of major solutions and is defined as follows;

Definition 1 [3] A function β : G → RN is called the
Banzhaf value if for any v∈ G and i ∈ N,

βi(v) =
1

2n−1

∑
S⊆N\{i}

[v(S ∪ {i}) − v(S)].

A functionh : Rn→ R is called a multilinear function if
there exist contstantsCS (S ⊆ N) such thath(p1, . . . , pn) =∑

S⊆N CS
∏

j∈S p j . Let us defineαS = (αS
1 , . . . , α

S
n ) ∈

{0,1}n by αS
i = 1 for any i ∈ S andαS

i = 0 otherwise.
Then the following theorem holds.

Theorem 1 [7] A multilinear function satisfying h(αT) =
v(T) for any T⊆ N is unique and represented by

hv(p1, . . . , pn) =
∑
S⊆N

∏
j∈S

p j

∏
j<S

(1− p j)

 v(S)

=
∑
S⊆N

∏
j∈S

p j

∑
T⊆S

(−1)|S|−|T |v(S). (1)

The function (1) is called the multilinear extension
(MLE) of v. Let hv

i (p1, . . . , pn) denote the partial deriva-
tive of h with respect topi . Then the following holds;

hv
i (p1, . . . , pn) =

∑
S⊆N,S∋i

∏
j∈S, j,i

p j

∏
j<S

p j [v(S) − v(S\{i})].

The following theorem holds.

Theorem 2 [8] The following holds for any v∈ G;

βi(v) =

∫ 1

0
· · ·

∫ 1

0
hv

i (p1, . . . , pn)dpn · · · dp1

= hv
i

(
1
2
, . . . ,

1
2

)
.
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For the class of voting games which is a formulation for
voting situations, Straffin[9] have given an interpretation of
Theorem 2.

A function f : [0,1]N → R satisfying f (0, . . . , 0) = 0 is
called a (conventional) fuzzy game [1, 2, 10, 11, 12, 13].
Note that the domain is [0,1]N while the domain of a
conventional cooperative game is{0,1}N. An element of
[0,1]N is called a (conventional) fuzzy coalition.

We shall give another interpretation of Theorem 2 as fol-
lows;

Remark 1 By restricting the domain of the MLE hv to
[0,1]n, we obtain a cooperative fuzzy game. Then the par-
tial derivative hvi of hv with respect to pi can be regarded
as a fuzzy-type of marginal contribution of the player i
(fuzzy contribution). Moreover, Theorem 2 means that the
Banzhaf value is the expected value of fuzzy contribution
when all fuzzy coalitions are equally likely to arise. Fur-
thermore, the Banzhaf value coincides with the fuzzy con-
tribution at the center of gravity of the set of all fuzzy coali-
tions.

3. Multialternative games

Conventional multialternative games deal with situation
where each player chooses just one alternative. LetR =
{1,2, . . . , r} be the set of all alternatives. These games are
based on arrangements which are defined as follows;

Definition 2 A partition Z = (Zk)k∈R of N is called an
arrangement, i.e., an arrangement is represented by Z=
(Zk)k∈R such that

1. Zk ⊆ N,∀k ∈ R,

2. Zk ∩ Zl = ∅, ∀k, l ∈ R; k , l,

3.
∪r

k=1 Zk = N.

The set of all arrangement is denoted by Ar or A.

Based on arrangements, multialternative games are de-
fined as follows;

Definition 3 [4, 5, 6] A function m′ : Ar → Rr is called a
multialternative game or a game with r alternatives if

m′(Z) = (m′1(Z), . . . ,m′r (Z)),
m′k(Z) = 0 , ∀k ∈ R s.t. Zk = ∅.

The set of all multialternative games with r alternatives is
denoted byMGr orMG.

For any multialternative gamem′, m′k(Z) represents the
proceeds ofZk in the arrangementZ.

Ar is isomorphic toA′r = {s = ((si,l)l∈R)i∈N ∈ ({0,1}R)N |∑k
l=1 si,l = 1,∀i ∈ N}. Hence, a multialternative game is

represented bym′ : A′r → Rr satisfyingm′k(s) = 0 for
any k ∈ R;

∑
i∈N si,k = 0. If R = {1}, then A′2 = {s =

(si,1)i∈N ∈ {0,1}N | si,1 = 1,∀i ∈ N} = {(1, . . . , 1)}. This is
not isomorphic to the domain of a conventional cooperative

game, i.e., 2N. If R = {1,2}, thenA′2 = {s = (si,1, si,2)i∈N ∈
({0,1}{1,2})N | si,1 + si,2 = 1,∀i ∈ N} = {s = (si,1, si,2)i∈N ∈
({0,1}{1,2})N | (si,1, si,2) ∈ {(0,1), (1,0)},∀i ∈ N}. This
is isomorphic to the domain of a conventional coopera-
tive game. ForR = {1,2}, a multialternative game is
m′ : A′2 → R satisfyingm′1(∅,N) = 0 andm′2(N, ∅) = 0.
Hence, a conventional cooperative game is corresponding
to the first elementm′1 of a multialternative gamem′ when
|R| = 2.

4. Generalized multialternative games

In this paper, we shall formulate generalized multialter-
native games as formulations of situations where players
choose one alternatives or none. These games are based on
subarrangements which are defined as follows;

Definition 4 Y = (Yk)k∈R is called a subarrangement if it
satisfies

1. Yk ⊆ N,∀k ∈ R

2. Yk ∩ Yl = ∅, ∀k, l ∈ R; k , l

Denote the set of all subarrangements by Br or B. For Y ∈
Br , let Y0 = ∪l∈RYl . Let B0 = B\{(∅, . . . , ∅)}.

It is also clear thatAr ⊆ Br for any alternative setR.
Based on subarrangements, we shall define generalized

multialternative games as follows;

Definition 5 A function m : Br → Rr is called a gener-
alized multialternative game or a generalized game with r
alternatives if

m(Y) = (m1(Y), . . . ,mr (Y)),
mk(Y) = 0, ∀k ∈ R, if ∪l∈R Yl = ∅.

The set of all generalized games with r alternatives is de-
noted byGMGr or GMG.

Here,mk(Y) represents the proceeds ofYk for the subar-
rangementY.

Note that a generalized multialternative game is obtained
by extending the domainAr of a multialternative game to
Br and relaxing the second condition.

For any Y = (Y1, . . . ,Yr ) ∈ Br , we have Z =

(Y1, . . . ,Yr ,N \
∪r

j=1 Yj) ∈ Ar+1. For m ∈ GMGr , define
m′ : Ar+1 → Rr+1 by m′k(Z) = mk(Y) for any k ∈ R and
m′r+1(Z) = 0. Then for anym ∈ GMG such thatmk(Y) = 0
for anyk ∈ R; Zk = ∅, the correspondingm′ can be consid-
ered as a game withr + 1 alternatives, i.e.,m′ ∈ MGn,r+1.

Br is isomorphic toB′r = {s = ((si,l)l∈R)i∈N ∈ ({0, 1}R)N |∑r
l=1 si,l ≤ 1}. A generalized multialternative game is rep-

resented bym : B′r → R satisfyingmk(S) for anyk ∈ R if
S0 = N. For R = {1}, a generalized multialternative game
coincides with a conventional cooperative game. Hence,
GMG1 = G, i.e., conventional cooperative games are spe-
cial cases of generalized multialternative games.
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5. Fuzzy generalized multialternative games (FGM
games) and their solution

We shall consider fuzzy generalized multialtenative
games (FGM games). To introduce them, we shall define
fuzzy multialternative subarrangements.

Definition 6 A vector s= ((s1,l)l∈R, . . . , (sn,l)l∈R) ∈ R|N|×|R|
is called a fuzzy subarrangement if

1. si,k ≥ 0,∀k ∈ R, i ∈ N,
2.

∑
k∈R si,k ≤ 1,∀i ∈ N.

The set of all fuzzy subarrangements is denoted by MFA.

Note thatMFA is a standardr-simplex. Forr = 1, a
fuzzy subarrangement is isomorphic to a fuzzy coalition.

Definition 7 A function m f: MFA→ Rr is called a fuzzy
generalized multialternative game (an FGM game) if

1. m f(s) = (m f1(s), . . . ,m fr (s)),
2. m fk(s) = 0,∀k ∈ R, if

∑
l∈R

∑
i∈N si,l = 0.

MFA is isomorphic toMFA′ = {s = ((si,l)l∈R)i∈N ∈
([0,1]R)N | ∑r

l=1 si,l ≤ 1,∀i ∈ N} while the domain
of a generalized multialternative games is isomorphic to
B′r = {s = ((si,l)l∈R)i∈N ∈ ({0,1}R)N | ∑r

l=1 si,l ≤ 1,∀i ∈ N}.
This difference is just the same as the difference between a
conventional cooperative game and a fuzzy game. Hence,
we consider an FGM game is a natural extension of a gen-
eralized multialternative game.

Note that an FGM game coincides with a fuzzy cooper-
ative game whenr = 1.

The set of all FGM games is denoted byFGMr or
FGM. Let us use the notationFGM1 = FGM1

r =

{m f ∈ FGMr | m fk ∈ FGMr is differentiable for any
k ∈ R and the number of discontinuous points of∂m fk/∂si,k

is finite for anyi ∈ N andk ∈ R}.
ForFGM′ ⊆ FGMr , a functiong : FGM′ → Rnr can

be considered as a solution onFGM′. We can consider
natural properties for a solutiong : FGM′ → Rnr.

Property 1 (linearity) For any α1, α2 ∈ R and
m f1,m f2, α1m f1 + α2m f2 ∈ FGM′, g(α1m f1 + α2m f2) =
α1g(m f1) + α2g(m f2).

A bijectionπ : N→ N is called a permutation andπ(i) ∈
N means that the playeri is on theπ(i)-th position in the
permutationπ. The set of all permutations is denoted by
Π(N). For anyπ ∈ Π(N), s ∈ MFA, k ∈ R and i ∈ N, let
π(s)i,k = sπ(i),k. For π ∈ Π(N), m f ∈ FGM andk ∈ R,
defineπm f ∈ FGM by πm f(π(s)) = m f(s) for s ∈ MFA.

Property 2 (symmetry) For any i ∈ N, π ∈ Π(N), k ∈
R,m f ∈ FGM′, gπ(i),k(πm f) = gi,k(m f).

Fors ∈ MFA, (i, k) ∈ N×Randt ≤ 1−∑l∈R;l,k si,l , define
(s−(i,k), t) ∈ MFA by (s−(i,k), t) j,l = sj,l for any (j, l) ∈ N × R
satisfying (j, l) , (i, k) and (s−(i,k), t)i,k = t. If m f(s−(i,k), t) =
0 for any 0≤ t ≤ 1−∑

l,k si,l ands ∈ MFA, then the player
i is called ak-null player.

Property 3 (k-null player property) If a player i is a k-
null player in m f∈ FGM′, then gi,k(m f) = 0.

Let us define a new solution based on the Banzhaf value.
Form f ∈ FGM1, let us use the notationm fi,k = ∂m f/∂si,k

for any (i, k) ∈ N × R. Then m fi,k represents the rate
of change of the proceeds when the playeri change to
choose the alternativek from choose nothing. We call
m fi,k fuzzy-type marginal contribution (fuzzy contribution)
of the playeri for the alternativek.

Proposition 1 The expectation of fuzzy contribution of the
player i for the alternative k when each player chooses a
fuzzy subarrangement independently with the uniform dis-
tribution is (r!)n

∫
MFA

m fi,k(s)ds.

Then we shall define the following solution.

Definition 8 For FGM′ ⊆ FGM1, a function β :
FGM′ → Rnr is called the Banzhaf-type expectation of
fuzzy contribution onFGM′ if for any (i, k) ∈ N × R and
for any m f∈ FGM′, βi,k(m f) = (r!)n

∫
MFA

m fi,k(s)ds.

It is clear that the Banzhaf-type expectation of fuzzy con-
tribution onFGM′ is a solution onFGM′.

6. Multilinear extension of generalized multialterna-
tive games

To introduce the multilinear extensions of a generalized
multialternative game, let us give a multilinear function.

Definition 9 A function f : Rnr → R is called a multilin-
ear function if there exists constants CS (S = (Sl)l∈R ∈ B0)
such that

f (((pi,l)l∈R)i∈N) =
∑
S∈B0

CS

∏
l∈R

∏
i∈Sl

pi,l .

For i ∈ N, k ∈ R,S = (Sl)l∈R ∈ B0, definepS
i,k = 1 if

i ∈ Sk andpS
i,k = 0 otherwise.

Theorem 3 For m ∈ GMG and k∈ R, a multilinear func-
tion fm

k : Rnr → R such that fmk ((pS
1,p)p∈R, . . . , (pS

n,p)p∈R)
= mk(S) for any S = (Sl)l∈R ∈ B0 is unique and given as
follows;

f m
k ((p1,l)l∈R, . . . , (pn,l)l∈R)

=
∑
S∈B0

∏
j∈S1

p j,1 · · ·
∏
j∈Sr

p j,r

∏
j∈S0

1− r∑
l=1

p j,l

 mk(S). (2)

We call the function (2) the multilinear extension ofm ∈
GMG for the alternativek. We can define a FGM game
f m : MFA → RR by ( f m)k(s) = f m

k (s) for any k ∈ R
and s ∈ MFA. Conversely, restricting the domain of the
obtainedf m to B0, then we havem ∈ GMG. It is noted that
there is a one-to-one correspondence between a generalized
multialternative game and an FGM game. Let us denote
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by FGMMLE the class of all such FGM games. Note that
FGMMLE ⊆ FGM1.

Define{i}k = (({i}k)l)l∈R ∈ B0 by ({i}k)l = {i} for l = k and
({i}k)l = ∅ otherwise.

Proposition 2 For any m f ∈ FGMMLE, the Banzhaf-type
expectation of fuzzy contribution is represented by

βi,k(m f) =
1

(r + 1)n−1

∑
S∈B0;S0∋i

{mk(S ∪ {i}k) −mk(S)},

where m∈ GMG is the generalized multialternative game
corresponding to m f∈ FGMMLE.

It is noted that the Banzhaf-type expectation of fuzzy
contribution coincides with the Banzhaf value for a con-
ventional game whenr = 1.

The following hold for the Banzhaf-type expectation of
fuzzy contribution form f ∈ FGMMLE.

Theorem 4 For any m f∈ FGMMLE, we have

βi,k(m f) = m fi,k

( 1
r + 1

)
k=1,...,r

, . . . ,

(
1

r + 1

)
k=1,...,r

 .
Namely, for any m f∈ FGMMLE, the Banzhaf-type expec-
tation of fuzzy contribution coincides with the fuzzy contri-
bution at the center of gravity of MFA.

Furthermore, we have the following property of the
Banzhaf-type expectation of fuzzy contribution.

Theorem 5 The Banzhaf-type expectation of fuzzy contri-
bution onFGMMLE satisfies linearity, symmetry, k-null
player property.

7. Conclusion

In this paper, we have formulated situations where some
players do not choose any alternatives as generalized mul-
tialternative games. As games for situations where some
players do not choose any alternatives, fuzzy generalized
multialternative games have been defined. For fuzzy gen-
eralized multialternative games, we have given a definition
of fuzzy-type marginal contribution. Based on it, we have
defined the expectation of fuzzy-type marginal contribution
when all fuzzy arrangements are equally likely to arise as
the Banzhaf-type fuzzy marginal contribution. It can be
regarded as a solution for fuzzy generalized multialterna-
tive games. Moreover, we have introduced the multilin-
ear extension of generalized alternative games. The set of
them can be considered as a class of fuzzy multialternative
games. Discussions of the Banzhaf-type fuzzy marginal
contribution on this class are given.

As a future research, we shall define the Shapley-type
fuzzy marginal contribution. Furthermore, we shall give an
axiomatization of the Banzhaf-type and the Shapley-type
fuzzy marginal contribution will be discussed.
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Abstract—We have presented a pseudo random number
generator using a chaos neural network (CNN) that consists
of conventional neurons , and also have presented appli-
cation of this pseudo random number generator to stream
cipher.

In this paper, we report a relation between parameters of
CNN and a property of random series from CNN, and also
report a relation between a difference in a way to extract of
random number from CNN output and property of random
number.
1. Introduction

We have continuously studied on the chaos neural net-
work (CNN) that consists of conventional neurons (CNN)
[1]-[4]. We have presented a pseudo random number gen-
erator using a chaos neural network that consists of conven-
tional neurons (CNP) , and also have presented application
of this pseudo random number generator (CNP) to stream
cipher (CNPC)[5].

Pseudo random numbers generated by CNP are suitable
for stream cipher, since they have uniformity and indepen-
dence. In order to generate the random number of good
character by CNP, coefficients of neural network need a
tuning.

In this paper, we report a relation between parameters of
CNN and a property of random series from CNN, and also
report a relation between a difference in a way to extract of
random number from CNN output and property of random
number.
2. Chaos Neural Network

A chaos neural network that composed of 4 neurons is
used for a chaos generator (Figure 1). The neuron is con-
ventional artificial neuron (Figure 2).

The internal state ofjth neuron at timet is defined as

u j(t) =

n∑

i=1

wi j x j(t − 1)− θ j + I j (1)

wherewi j is a synaptic weight betweenith neuron andjth
neuron,x j is an input fromjth neuron,θ j is a threshold of
jth neuron,I j is an external input ofjth neuron. An output
from jth neuron is defined as follows.

y j(t) =
1

1 + exp(−u j(t))
(2)

Poincare sections across an embedded manifold of C-
4nn in time-delay coordinate system is shown in Figure 3.
Attractor is reconstructed with same embedding dimension
m = 4 and embedding lagτ = 1. A maximum Liapunov
exponent is 1.7 and correlation dimension is 0.225.

w12

w21

w13

w34

w42

N1 N2

N3 N4

I1 I2

Figure 1: CNN having cyclic structure (C-4nn)

∑ fs

w1 j

w2 j

wnj

Θj
x1 (t- 1)
x2 (t- 1)

xn (t- 1)
yj (t)

Ij

Figure 2: Neuron Model

Figure 3: Poincare section ofN1’s output (I1 = I2 =
−0.497)
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Output(IEEE754 Representation)

PRNG Sequence

Chaos Neural Network

Figure 4: Pseudo Random Number Generation Method in
CNP

3. Extraction of Pseudo Random Number from Chaos
Output

3.1. Extraction method1
We have proposed a method of generating random num-

bers from CNN outputs which is representing double pre-
cision floating-point according to the IEEE 754 floating-
point standard. In this method, LowerL bits in fraction
bit field(52bit) is extracted from a CNN output as random
number(Figure 4,5). In this paper, this extraction method
is called method1.

3.2. Extraction method2
In method2, random numbers are extracted from CNN

output, too. Numeral system of CNN output is different
from one of the method1.

In this method, a CNN output is treated as fixed-point
number which is created from exponent field and fraction
bit field of a neuron output. Random numbers are obtained
from lowerL bits of fixed-point numbers (Figure 6).

4. Statistical tests of Random Number
Random numbers extracted from outputs of CNN’s ev-

ery neuron(N1 ∼ N4) with various external input(I1, I2) are
tested with standard statistical test suites. In this paper ,
following empirical test are performed with the DIEHARD
test suite [6]. The DIEHARD test is a battery of 18 strin-
gent statistical test. The DIEHARD program written by
G.Marsaglia can be found on the Web [7]. In this paper,
random numbers are performed with follow 11 tests the fol-
lowing.

• Birthday Spacing Test

• Count-the-1‘s Test on a stream of bytes

• The Craps Test: Throw

• Minimum Distance Test

• The Overlapping Sums Test

• The Binary Rank Test for 6x8 Matrices

• The Runs Test: Runs down

• The Runs Test: Runs up

• The Squeeze Test

• The 3DSPheres Test

Exponent Field Field of Fraction Bits

sign bit

upper lower

Random Number

Figure 5: Extraction of Pseudo Random Number from
Chaos Output

Lower Bits

Exponent Field Field of Fraction Bits

Fixed Point Data

Figure 6: Extraction of Pseudo Random Number from
Chaos Output

Results of tests are called “p-values” in the DIEHARD
test. These values are real number between 0 and 1. In
this paper, the rejection area of each test is 5%-level signif-
icance of two-sided alternatives. Given that numbers which
are test object are random number, rejected rate is closed to
5%.
5. Test Result
5.1. method1

Figure7,8 show relation between theDELT A and re-
jected rates with method1 on Count-the-1’s test on stream
of bytes (Count1’s test) and the CRAPS test: throw
(CRAPSthrow test) , where , extracted bit lengthL is 16,
DELT A is gain of the external inputs (I1 = I2). The exter-
nal inputsI1 andI2 are defined as Eq.(3) and (4).

I1 = −0.497+ 0.0001DELT A (3)
I2 = I1 (4)

Figure9 shows relation between theDELT Aand rejected
rates with method1 on the CRAPSthrow test with extracted
bit lengthL = 32.

These figure shows that rejected rates are closed to 5%
with almostDELT A. When a rejected rate of one neuron’s
output is far from 5% ,the rejected rate of the other neuron’s
output is far from 5%, too. Results of other tests (Birthday
Spacing Test, Minimum Distance Test,. . .) are similar to
this result.

According to these results, number sequence from all
neurons are random number when number sequence from
one neuron is random number with method1.
5.2. method2

Figure 10 shows relation between theDELT A and re-
jected rates with method2 on Count1’s test. This figure
shows that rejected rates of number sequence generated
from N4 are 100% with allDELT A, and that rejected rates
of N4 are unrelated to rejected rates of the other neuron.

We think that this phenomenon is caused by computa-
tional errors in extraction process. Figure 11 shows relation
between theDELT A and rejected rates on Count1’s test ,
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Figure 7: Relation betweenDELT Aand rejected rate with
extraction method1 (Count-the-1’s Test on stream of bytes,
L = 16)

the lowest 1 bit of extracted random number with method2
is discarded avoiding computational errors. In this paper,
this extraction method2 with discarding the lowest 1 bit is
called method2-2. In this figure, rejected rate of random
number which extracted from all neurons outputs are simi-
lar.

Figure 12 shows relation between theDELT A and re-
jected rates with method2-2 on Count1’s test withL = 33.
Although the lowest 1 bit is discarded, the test results of
N3,N4 are differ from the test results ofN1,N2.

According to these results, that number sequence gener-
ated from a neuron’s outputs is random number does not
support that number sequence generated from the other
neuron is random number with method2 and method2-2.

6. Conclusion

The relation between parameters of CNN and a property
of random series from CNN and the relation between a dif-
ference in a way to extract of random number from CNN
output and property of random number are reported in this
paper.

Empirical test result suggest that the extraction method1
,in which neuron outputs are teated as floating point num-
ber,is suited for generating random number.
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Figure 8: Relation betweenDELT Aand rejected rate with
extraction method1 (The Craps Test: Throw,L = 16)
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Figure 9: Relation betweenDELT Aand rejected rate with
extraction method1 (The Craps Test: Throw,L = 32)
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Figure 10: Relation betweenDELT Aand rejected rate with
extraction method2 (Count-the-1’s Test on stream of bytes,
L = 16)
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Figure 11: Relation betweenDELT Aand rejected rate with
extraction method2 (Count-the-1’s Test on stream of bytes,
L = 17, the lowest 1 bit is discarded.)

N1

 0

 20

 40

 60

 80

 100

-300 -200 -100  0  100  200  300

R
ej

ec
te

d 
R

at
e

DELTA

N2

 0

 20

 40

 60

 80

 100

-300 -200 -100  0  100  200  300

R
ej

ec
te

d 
R

at
e

DELTA

N3

 0

 20

 40

 60

 80

 100

-300 -200 -100  0  100  200  300

R
ej

ec
te

d 
R

at
e

DELTA

N4

 0

 20

 40

 60

 80

 100

-300 -200 -100  0  100  200  300

R
ej

ec
te

d 
R

at
e

DELTA

Figure 12: Relation betweenDELT Aand rejected rate with
extraction method2 (The Craps Test: Throw,L = 33, the
lowest 1 bit is discarded.)
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Abstract– We have continuously studied on the chaos 

neural networks (CNN) that consist of conventional 
artificial neurons.  In this study, we report fractal analysis 
of chaos neural network outputs both in a transient state 
and a steady state.  Fractal analysis of the transient state 
has revealed topological transformation and the route to 
the steady state (or the strange attractor).  Multifractal 
analysis of the steady state has revealed methods to 
synthesize new chaos series, computationally. 
 
1. Introduction 

 
We have continuously studied on the chaos neural 

networks (CNN) that consist of conventional artificial 
neurons and generate chaotic outputs [1-4].  Recently, we 
also have applied a CNN to a stream cipher [5-6], and 
have commercialized a CNN cipher as a security system. 

In this paper, we report fractal analysis of the chaos 
neural network output in both a transient and a steady 
state.  Fractal analysis is expected to afford a key property 
of the CNN.  The ultimate goal of our study is 
implementation of a universal chaos generator.   
 
2. Chaos Neural Network 

 
A chaos neural network that composed of 4 neurons in 

discrete-time system is used for a chaos generator (Figure 
1).  Inputs of jth neuron at time t is defined as  

 

jj

n

i
iijj Itxwtu +−−= ∑

=

θ
1

)1()(                   (1) 

 
where wij is a synaptic weight between ith neuron and jth 
neuron, xi is an input from jth neuron, jθ is a threshold of 
jth neuron, Ij is an external input of jth neuron. An output 
from jth neuron (an internal state of jth neuron) is defined 
as follows:  

 

))(exp(1
1)(

tu
tx

j
j −+

=                        (2) 

In this study, however, Eq. (3) is used instead of Eq. (1) 
and Eq. (2) to avoid a computing error originating from 
cancellation of significant digits.   
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Figure 1: CNN having bicyclic structure (B-4nn). 
 

3. Fractal Analysis of Steady State of B-4nn (Part I) 
 
Four internal states of the neurons in B-4nn represent a 

point, (xj(t), xj+1(t), xj+2(t), xj+3(t)) in four-dimensional (4-
D) phase space.  The time series of the internal states 
draws a chaos orbit (Figure 2).  The Box-counting method 
[8-9] gives a fractal dimension of a strange attractor of the 
chaos in the steady state (after t=1000 unit time), i.e., D(0) 
= 1.728 by using 10000 points (t=1001-11000).  

Moreover, Lyapunov spectrum of the strange attractor 
has also been obtained as (0.135, -0.103, -0.403, -0.814).  
The time series is a dissipative system, because Lie 
derivative [12] has been negative value, -7.37 (an 
averaged value during 3000 unit time).   

 
4. Fractal Analysis of Transient State of B-4nn 

 
A transient state of B-4nn leading to the strange 

attractor (t = 1-100) is analyzed by using Box-counting 
method [7-8].  Initial values of B-4nn are prepared as 
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10000 points that are arranged on lattice points of 4-D 
hyper cube.  The set whose members are the 10000 points 
is called a cloud in the following, and the side length of 
the 4-D hyper cube corresponds to the cloud size (s). The 
cloud has transformed nearly same attractor as shown in 
Figure 2.  Box-counting dimension (D(0)) of the cloud 
(10000 points) is investigated with changing the cloud 
size from s = 10-2 to 10-8 at each unit time. 

 
Figure 2: Strange Attractor of B-4nn during 10000 unit 
time.  The fourth axis of coordinates illustrates with 
color. 

 
Time course of D(0) when s = 10-5 and a minimum 

vertex of the starting 4-D hypercube is (0.1, 0.1, 0.1, 0.1) 
is shown in Figure 3 as a typical result.  The solid curve 
indicates D(0) that is calculated by using normalized data 
to keep dynamic range constant (the maximum value).  
Topological transformation of the transient state will be 
observed in this case.  While, the dotted curve indicates 
D(0) that is calculated by using data without 
normalization.  Density change of cloud, for example 
diffusion or condensation, will be observed. 
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In the time course of the normalized data, two meta-
stable stages have been observed.  In the first stage (t = 2-

7), the shape of the cloud is a 3-D cube as a result of 
squashing.  In the second stage (t = 15-50), the shape of 
cloud is a straight line as a result of further squashing.  In 
the following stages, the curve gradually approaches to 
the value of the steady state (D(0) = 1.7).  An arrival time 
to D(0) = 1.7, (ts) depends on a cloud size (s), and the least 
square method gives a following equation. 

 
ts = -9.3 log s + 77.0                                      (4) 

 
where log is a common logarithm. 

In the last stage, the curve shaped cloud is folding 
and tangling, and gradually approaches the strange 
attractor.  It is consistent with well-known Horseshoe map, 
which is characteristic in a dissipative system.  
Interestingly, rotational motion of the cloud has been 
observed during whole transient state.  The rotational 
motion may originate from bias of initial values, the detail, 
however, will be discussed in the further study. 
  In the graph of the data without normalization, up-and-
down feature of the curve is corresponding to folding and 
tangling motion of cloud in the 4-D phase space.  But as a 
whole, D(0) increase gradually.  It is corresponding to 
diffusion of the cloud to entire domain.  After the cloud 
size reaches to the dynamic range, the two curves coincide 
with each other. 
  The comparative method between normalized data and 
data without normalization is useful for distinction the 
steady state from the transient state, and for investigation 
of a route to a strange attractor.   
 
5. Border of Transient State and Steady State 
   
  The border of the transient state and the steady state is 
estimated to be ts=136 on the basis of D(0) value when 
s=10-5 (Eq.(4)).  But if we assume that the border is the 
stop time of the rotational motion, the border is estimated 
to be about t=200.  The detail will be discussed in the 
further study.  In this study, the values at t>1000 is used as 
the values at a steady state for safety. 
 
6. Fractal Analysis of Steady State of B-4nn (Part II) 
 
6.1. Deterministic Property of Time Series 
 
  We have been reported that nature of upper bits and lower 
bits of the chaotic output from CNN as a fix-point 
representation system (Figure 4) [3, 4].   
 

 
Figure 4: Chaotic output is divided into higher bits 
and lower bits. 

Chaotic Output 

Upper Bits 
(Unknown)

Lower Bits 
(Random Number) Lowest 1 Bit 

(Discard) 
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After transformation of variables from floating-point 
representation to fix-point representation, the original 
chaos time series, { }  is divided into two time series 

{ } and { }.  The former time series consists of 
upper n bits of the original time series {x

∞
=1ttx

up
tx low

tx
t} and the latter 

consists of lower m bits of {xt}.  Here,  
 
                                                           (5) low

t
up
tt xxx +=

 
Otherwise, we describe as follows: 
 

                                               (6) )()( mxnxx low
t

up
tt +=

 
   In this work the lowest 1 bit is discarded avoiding 
computational errors.  The time series, {xt}, { } and 

{ } are separately analyzed as independent time-series.  

up
tx

low
tx

In the previous work, randomness of { } become 
clear, and the time series is applied to a pseudo-random-
number generator, and to a stream cipher.  The result of 
the recurrence plot analysis [7] suggests that { } has 
deterministic character [3].  The result is shown in Figure 
5, by using more precise method than before: averaged 
values of repeated experiments with different initial 
conditions.  Figure 5 shows relation between the number 
of the extracted bits and a rate of deterministic points (R), 
which is defined as following equation:  

low
tx

up
tx

RPN
NR IDRPRP∩=                                  (7) 

where  is the number of the points in the recurrence 

plot (RP), and  is the number of the points in 
 that is the intersection of RP and the iso-

directional recurrence plot (IDRP) [11].  The IDRP 
visualizes points with the similar move direction.  In 
previous work, we used a point density, instead of R [3].  
The rate of deterministic points (R) represents 
deterministic property of a time series.   

RPN

IDRPRP∩N
IDRPRP ∩

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5: Deterministic Property of { (n)} and 

{ (m)}. 
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tx

Yet, { } is still unidentified so far.  In this work, 

{ }

up
tx

up
tx  is studied with multifractal analysis.  Identification 

of { } will lead implementation of a useful chaos 
generator. 

up
tx

 
6.2. Multifractal Analysis of { }up

tx
 

When a fractal figure is covered with cells (the size of 
the cell is l ), if we express the measure at ith cell as 

, the generalized correlation integral ( ) is 
written as, 

)(iPl )(qZl

∑=
)(

)]([)(
l

ll

N

i

qipqZ                              (8) 

 
where  is the number of occupied cells, and q is a 
real number.  Then the multifractal dimension (D(q)) is 
defined as  [8, 10] 

)(lN

 

  
l
l

l log
)(loglim

1
1)(

0

qZ
q

qD
→−

=                       (9) 

 
  In our study, obtained multifractal dimensions are shown 
in Figure 6.  The solid and bold curve indicates D(q) of 
the original chaos time series {xt}, and the solid and thin 
curve indicates D(q) of { }.  Both curves show 

nearly same tendency.  However, D(q) of { } 
changes gently (the dotted curve), probably because of 
uniformity. 

( )8up
tx

)24(low
tx

Next, relation between D(0),  D(1),  D(2),  and the 
number of extracted upper bits is studied to determine the 
boundary condition of the fractal property (Figure 7).  All 
D(q) values gradually approach the D(q) value of {xt}.  
The border of the fractal property has been 7-8 bits, which 
is in good agreement with the result in Figure 6.  
Moreover, the border of deterministic property has been 7-
8 bits in Figure 5.  Therefore, we concluded that { ( )8up

tx } 
is a deterministic fractal time series.  
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Figure 7: Relation between D(q) and the number of 
extracted upper bits.   

 
7. Preliminary Study of Chaos Generator 

 
According to the result, relation among three different 

systems is written as:   
( ) ( )458 low

t
up
tt xxx +=                             (10) 

Interestingly, it means that the chaos series is described 
as the linear combination of deterministic fractal series 
and random number series.  The equation shows new 
chaos generation methods.  One possible method is linear 
combination of newly synthesized { } and random 

number series { }.  New { } may generate 
as completely different fractal series, otherwise may 
transform by a mapping f.   
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Figure 8: Lyapunov Spectra of Synthesized Chaos 
Series.  
 

Only a preliminary result on study of a chaos 
generator is mentioned, here.  A simplest mapping is used 
for transformation of { } (Eq. (12)), where C=1, 2, 

…10.  The sum of  and  synthesizes new 

chaos series, and the result of Lyapunov spectrum analysis 
of the new series is shown in Figure 8.  It shows two 
positive index values when C>9.  More examples will be 
presented in the presentation.  
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8. Conclusion  
     In fractal analysis of CNN outputs in the transient state, 
the comparative method is useful for distinction the steady 
state from the transient state, and for investigation of a 
route to a strange attractor.  Multifractal analysis of CNN 
outputs in the steady state has revealed methods to 
synthesize new chaos series, computationally.  The 
ultimate goal of our study is implementation of a universal 
chaos generator.   
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Abstract—In our previous research, we confirmed that
the chaotic switching noise generated by the cubic map
gained a good performance for solving combinatorial opti-
mization problems when the noise was injected to the Hop-
field neural network. However, the reason of the good ef-
fect of chaotic switching noise has not been clarified com-
pletely. In this study, we investigate the solving ability of
Hopfield neural network for QAP when the chaotic behav-
ior of the switching noise is changed.

1. Introduction

Combinatorial optimization problems can be solved with
the Hopfield neural network (abbr. NN). If we choose con-
nection weights between neurons appropriately according
to given problems, we can obtain a good solution by the
energy minimization principle. However, the solutions are
often trapped into a local minimum and do not reach the
global minimum. In order to avoid this critical problem,
several people proposed the method adding some kinds of
noise for solving traveling salesman problems (TSP) with
the Hopfield NN [1]. Hayakawa and Sawada pointed out
the chaos near the three-periodic window of the logistic
map gains the best performance [2]. They concluded that
the good result might be obtained by a property of the
chaos noise; short time correlations of the time-sequence.
Hasegawa et al. investigated solving abilities of the Hop-
field NN with various surrogate noise, and they concluded
that the effects of the chaotic sequence for solving opti-
mization problems can be replaced by stochastic noise with
similar autocorrelation [3]. We have also studied the reason
of the good performance of the Hopfield NN with chaotic
noise. We imitated the intermittency chaos by the burst
noise generated by the Gilbert [4] model with 2 states; a
laminar state and a burst state. We concluded that the irreg-
ular switching of laminar part and burst part is one of the
reasons of the good performance of the chaotic noise [5]
[6]. Further, we have investigated a performance of chaotic
switching noise generated by the cubic map when the noise
is injected to the Hopfield NN for quadratic assignment
problem (abbr. QAP). We have confirmed that the chaotic
switching noise was effective for solving QAP similar to
the intermittency chaos noise near the three-periodic win-

dow [9]. However, the reason of the good effect of chaotic
switching noise has not been clarified completely.

In this study, we investigate solving ability of Hopfield
NN for QAP when the chaotic behavior of the switching
noise is changed. By computer simulation, we confirm that
the network can find good solutions, even when the chaotic
behavior is partly replaced by random time series.

2. Solving QAP with Hopfield NN

Various methods are proposed for solving the QAP
which is one of the NP-hard combinatorial optimization
problems.The QAP is expressed as follow: given two ma-
trices, distance matrix C and flow matrix D, and find the
permutation P which corresponds to the minimum value of
the objective function f (p) in Eq. (1).

f(P ) =
N∑

i=1

N∑
j=1

CijDp(i)p(j), (1)

where Cij and Dij are the (i, j)-th elements of C and D,
respectively, p(i) is the i th element of vector P, and N is
the size of the problem. There are many real applications
which are formulated by Eq. (1). One example of QAP is
find an arrangement of the factories to make a cost the min-
imum. The cost is given by the distance between the facto-
ries and flow of the products between the factories. Other
examples are the placement of logical modules in a IC chip,
the distribution of medical services in large hospital.

Because the QAP is very difficult, it is almost impossi-
ble to solve the optimum solutions in large problems. The
largest problem which is solved by deterministic methods
may be only 24 in recent study. Further, computation times
is very long to obtain the exact optimum solution. There-
fore, it is usual to develop heuristic methods which search
near optimal solutions in reasonable time.

For solving N -element QAP by Hopfield NN, N×N

neurons are required and the following energy function is
defined to fire (i, j)-th neuron at the optimal position:

E =

N∑
i,m=1

N∑
j,n=1

wim;jnximxjn +

N∑
i,m=1

θimxim. (2)
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The neurons are coupled each other with the following
weight between (i, m)-th neuron and (j, n)-th neuron and
the threshold of the (i, m)-th neuron is described by:

wim;jn = −2

{
A(1−δmn)δij+Bδmn(1−δij)+

CijDmn

q

}
(3)

θim = A + B (4)

where A and B are positive constant, and δij is Kroneker’s
delta. The state of N×N neurons are asynchronously up-
date due to following difference equation:

xim(t+1) = f

(
N∑

j,n=1

wim;jnxim(t)xjn(t)−θim+βzim(t)

)

(5)
where f is sigmoidal function defined as follows:

f(x) =
1

1 + exp
(
− x

ε

) , (6)

zim is additional noise, and β limits the amplitude of the
noise.

3. Chaotic Switching Noise

In this section, we describe chaotic switching noise in-
jected to the Hopfield NN.

The following cubic map is used to generate the chaotic
switching noise.

ŷim(t + 1) = −ŷim(t)(αcŷ
2
im(t) + 1− αc). (7)

Figure 1 shows the shape of the cubic map Eq. (7). The
one-parameter bifurcation diagram of this map is shown in
Fig. 2. The attractor becomes symmetric at around αc =
3.600 via an interior crisis. Because the transition of the
solution from the positive/negative part to the other part
is seldom just after the crisis, the behavior looks like an
irregular switching as shown in Fig. 3. We use these time
series after the following normalization.

yim(t + 1) =
ŷim(t)− ȳ

σy

(8)

where ȳ and σy are the average and the standard deviation
of ŷ(t), respectively.

In our previous research [9], we have confirmed that this
chaotic switching noise was effective for solving QAP.

4. Changing Chaotic Behavior of Switching Noise

We consider that the chaotic switching noise (Figs. 3)
contains two kinds of chaotic features; one is the switching
timing of the upper part and the lower part, the other is the
behavior inside the each part.

In the previous research [9], we have confirmed that reg-
ular switching between the two parts makes the perfor-
mance worse. Hence, the former chaotic feature can be
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Figure 1: Cubic map (αc = 3.600).

Figure 2: Bifurcation diagram of cubic map.
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Figure 3: Time series obtained from cubic map.
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said to be important for solving QAP. How about the latter
chaotic feature? In order to answer this question, we re-
place the chaotic time series inside the each interval of the
chaotic switching noise by other time series.

Figure 4 shows three kinds of time series made by re-
placing the original chaotic time series by chaos, random,
and torus. The switch was to multiply the sequance number
either by 1 or by −1. Please note that we keep the switch-
ing timing between the upper part and the lower part.
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Figure 4: Changing chaotic behavior of switching noise.

4.1. Switching Chaos

The logistic map is used to generate the chaotic time se-
ries inside the each interval.

l̂im(t + 1) = αl l̂im(t)(1 − l̂im(t)). (9)

Varying parameter αl, Eq. (9) behaves chaotically via a
periodic-doubling cascade. In this study, we carry out com-
puter simulations using the fully-developed chaos, which is
obtained from Eq. (9) for αl = 4.0.

4.2. Switching Random

Random time series are generated by using random func-
tion of C compiler. The range of random noise is set to 0 ∼
1.

4.3. Switching Torus

The sine circle map is used to generate the torus time
series inside the each interval.

x̂im(t + 1) = x̂im(t) + αx sin {6πx̂im(t)}+ D. (10)

The parameters are fixed as αx=0.04 and D=0.1.

5. Simulation Results

In this section, the simulation results of Hopfield NN
with three kinds of switching noise for 12-elements QAP
are summarized in Tables 1 and 2. The problem used here
was chosen from QAPLIB, whose name is “Nug12.” The
global minimum of this target problem is known as 578.
The parameters of Hopfield NN are fixed as A = 0.9, B =
0.9, q = 140, ε = 0.02 and β= 0.55.

The tables show the average of the obtained solutions
in 10 trials with different initial conditions, the minimum
solution in 10 trials, and the error between the average and
the optimal solution calculated by the following equation.

Error =
Ave− Opt

Opt
× 100, (11)

where Opt denotes the optimal solution of the target prob-
lem.

From these tables, we can confirm that the switching
chaos and the switching random can gain similar perfor-
mance to the cubic map (chaotic switching noise). This
means that the chaotic feature inside the each interval is
not very important for solving QAP.

However, we can also notice that the switching torus can
not find a good solution. We can conclude that some kinds
of irregularity are important inside the each interval of the
switching noise.
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Table 1: Solving abilities for 12-elements QAP. (αc=3.599)
Iteration switching chaos switching random switching torus Cubic Map

Ave Min error Ave Min error Ave Min error Ave Min error
1000 624.8 586 8.097 645.4 626 11.661 657.6 632 13.772 635.2 616 9.896
2000 620.2 586 7.301 631.2 606 9.204 654.8 632 13.287 627.0 616 8.478
3000 619.0 586 7.903 627.6 606 8.581 646.4 606 11.834 627.0 616 8.478
4000 617.8 586 6.886 623.4 594 7.855 646.4 606 11.834 626.0 616 8.304
5000 615.8 586 6.540 619.8 594 7.232 646.4 606 11.834 621.2 608 7.470
6000 615.8 586 6.540 617.2 594 6.782 646.4 606 11.834 619.6 608 7.197
7000 614.0 586 6.228 616.8 594 6.713 646.4 606 11.834 616.8 606 6.713
8000 613.4 586 6.125 614.6 594 6.332 646.4 606 11.834 616.6 606 6.678
9000 611.4 586 5.779 614.0 594 6.228 646.4 606 11.834 616.6 606 6.678

10000 611.4 586 5.779 612.6 594 5.986 646.4 606 11.834 615.6 606 6.505

Table 2: Solving abilities for 12-elements QAP. (αc=3.6)
Iteration switching chaos swithing random swithing torus Cubic Map

Ave Min error Ave Min error Ave Min error Ave Min error
1000 635.8 612 10.000 637.0 606 10.207 662.4 664 14.602 632.4 582 9.412
2000 633.6 612 9.619 627.4 606 8.547 656.6 622 13.599 625.4 582 8.201
3000 623.8 598 7.924 624.8 606 8.097 654.8 622 13.287 623.0 582 7.785
4000 621.4 598 7.509 617.8 606 6.886 654.8 622 13.287 615.8 582 6.540
5000 619.2 598 7.128 613.6 586 6.159 654.8 622 13.287 615.6 582 6.505
6000 614.6 598 6.332 613.6 586 6.159 654.4 622 13.218 614.6 582 6.332
7000 610.6 598 5.640 613.4 586 6.125 654.4 622 13.218 614.0 582 6.228
8000 609.4 598 5.433 613.4 586 6.125 654.4 622 13.218 608.8 582 5.329
9000 609.4 598 5.433 611.8 586 5.848 654.4 622 13.218 608.8 582 5.329

10000 608.4 598 5.259 611.8 586 5.848 654.4 622 13.218 606.6 582 4.948

6. Conclusions

In this study, we have investigated the solving ability of
Hopfield NN when the chaotic behavior of the switching
noise was replaced by another chaos, random and torus.
By computer simulation, we confirmed that the network
can find good solution, even when the chaotic behavior
was partly replaced by random time series. We conclude
that the reason of the good performance of the chaotic
switching noise generated from the cubic map is the chaotic
switching between the upper part and the lower part, and
that chaotic behavior inside the each interval is not impor-
tant but some kinds of irregularity are necessary.
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Abstract- The purpose of this paper is to build an 
optimized quinary multiplier by the help of the logic 
oriented neural network [1] (LOGO-NN) and by the use of 
the mixed radices of binary / quinary. It has been found [2] 
that mixed radices (binary / quaternary) provide a 
convenient way to analyze, synthesize and minimize the 
quaternary logic functions. Also, it has proven that the 
mixed radices LOGO-NN enable us to reduce the number 
of elements and interconnections. Here we will try to 
make mixing of radices between binary and quinary but by 
using quaternary as an intermediate stage.  

1. Introduction 
Recent advances in neural sciences and microelectronic 
technologies have greatly increased the challenges of 
development of high speed computational capability and 
efficiency of complicated engineering tasks. In this 
paper, a new approach of neural networks to implement a 
quinary arithmetic multiplier model has been proposed. 
The LOGO-NN is able to perform several independent 
computations in parallel [1]    by a single network. The 
multiple-valued logic LOGO-NN [2, 7] provide powerful 
computational capabilities for large quantity of data. The 
new LOGO-NN system is accompanied by mathematical 
tools which allow us to analyze and synthesize any logic 
models in a very simple systematic way. The LOGO-NN 
is proposed in order to from a complete system that can 
realize any multiple-valued logic function [3]. 

2. Neuron model 
The LOGO-NNs are composed of one neuron type and 
all synapse’s weights between neurons are natural 
integers. These two characteristics make LOGO-NNs 
useful, simple to design and more realistic in comparison 
with that of [4]. Since the Galois field algebra provides a 
convenient way to specify the structure of binary [5], 
ternary [6] and quaternary [2], the LOGO-NN operators 
of Galois field along with the logic constants form a 
finite field. 
 
A LOGO-NN structure of k-valued logic is defined as:  
 
                      NNQ = (G, GF (k), ƒ (Z))                       (1) 
Where, 
• G: Finite directed graph, and is defined as 

 
                                 G =-(N, L, W)                               (2) 
Where,   
N: Set of nodes (processing element or neurons), 
L: Set of links (connections), 
W: Set of synapse’s weights. 

 
 
 
 
 
 
 
 
 
• GF (k) = Galois field of k elements. 

GF (k) = {0, 1, 2,…., k – 1}                                     (3) 
 k≥ 2     
                                                                       (4) 

 •   ƒ (Z): Output signal of processing elements (neuron) 
 

                   Z   if Z > 0 
           ƒ (Z) =                                                     (5) 
   
                       0  if Z ≤ 0                         

                                           n 

              Z =  xi wi-θ                                      (6) 
                                 i=0 

 
Figure 1: Processing element 

 
 Where,  
 xi: Input signals, 
 xi ∈ GF(k) = {0, 1, 2, …, K – 1}, 
 wi: Multiplicative coefficient (weight) for xi, 
 i = 0, 1, …, n, 
 θ: Threshold of the processing element, 
 wi, θ ∈ {…, -2, -1, 0, 1, 2, …} 

 
Figure 2: Linear transfer function. 

 
3. Galois field of 2 elements 
Any binary logic function can be represented by the 
familiar Galois field structures [2]. The flexibility of this 
modular algebra demonstrated its suitability for the 
applications of LOGO-NN. The Galois filed of 2-element 
is defined as K = 2, then GF (2) = {0, 1}. Where GF(2)  
is defined by addition ⊕ and multiplication • Functions 
as given in the table 1. and as shown in figure 3. 
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Table 1: ⊕ and • Functions of GF(2). 
 

⊕ 0 1  • 0 1 
0 
1 

0 
1 

1 
0  0 

1 
0 
0 

0 
1 

 
Figure 3: LOGO-NN of GF(2) functions. 

 
4. Basic Binary LOGO neural networks  
4.1 Complement function 
The complement function is defined by Equation 7 and 
Table 2,  where its LOGO-NN operator is designed as 
shown in Fig. 4. 

                                 x = 1 – x                              (7) 
Table 2: Complement Functions 

 x x 
0 
1 

1 
0 

 
Figure 4: LOGO-NN of complement function 

 
4.2 GF (2) multiplication of n-input signals 
 The LOGO-NN of GF(2) multiplication of n-input 
signals (Fig. 5) is designed for: 

ω0 = ω1 = ω2 = …. = ωn  = 1  and θ = n 
Then : 
               ƒ(Z) = x0 • x1  • x2  • …. • xn                         (8)     

 
Figure 5: LOGO-NN for GF(2) multiplication of n-input.  

 
4.3  OR function 
The OR function is defined as given in Table 3and as 
shown in figure 6. 

Table 3: OR Functions 
+ 0    1 
0 
1 

0   1 
1   1 

 
Figure 6: LOGO-NN of OR function 

5. Minimization rule of LOGO Neural Networks 
The LOGO neural networks of Fig. 7 shows a simple 
example for a reduction rule that can be used to minimize 
LOGO-NN of the expression ( f= x • y • z) 

Figure 7: Minimized Rule for LOGO-NN. 

6. Quinary Logic Multiplier 
The quinary logic multiplication process of tow input 
variables is defined as given in the table 4, where M is 
the multiplier ( M = X • Y ) and C is the carry of M. 

Table 4: Quinary Multiplication process 
 

Y X M C 
0 0 0 0 

0 1 0 0 

0 2 0 0 

0 3 0 0 

0 4 0 0 

1 0 0 0 

1 1 1 0 

1 2 2 0 

1 3 3 0 

1 4 4 0 

2 0 0 0 

2 1 2 0 

2 2 4 0 

2 3 1 1 

2 4 3 1 

3 0 0 0 

3 1 3 0 

3 2 1 1 

3 3 4 1 

3 4 2 2 

4 0 0 0 

4 1 4 0 

4 2 3 1 

4 3 2 2 

4 4 1 3 
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X, Y and M belong to quinary set {0,1,2,3,4}. To represent 
these variables in binary, we need three bits for each. Then 
we will obtain 48 different binary combinations between X 
and Y where 23 of them will be unused.  

Let: Y=(Y3,Y2,Y1), X=(X3,X2,X1), M=(M3,M2,M1) while 
C=(c2,c1) 

To simplify the matter, we will try to represent the 
varibles by two bits only then the problem will become 
similar to the quaternary issue [2] where we will get only 
16 binary combinations and that will lead to minimize the 
expressions of the functions of M and C.  

For this purpose, we will apply the following:  

• We have noticed from table 4 that M=C=0 when X=0 
or Y=0 then let us omit and remove these cases from 
table 4. The values of X, Y and M now belong to the set 
{1,2,3,4}. 

• After removing the cases of X=0 or Y=0, let us 
substitute 1 from all digits of X, Y and M. The set of 
numbers becoms the same of quaternary one {0,1,2,3}.  

• After substituting 1, let us represent all numbers 0,1,2 
and 3 by two bits binary vectors where 0=(0,0), 
1=(0,1), 2=(1,0) and 3=(1,1). So with applying the 
following functions, the table 4 becomes as shown on 
table 5.  

                                   y=Y-1=(y2,y1)                             (9) 

                                   x=X-1=(x2,x1)                             (10) 

                                  m=M-1=(m2,m1)                          (11) 

                                      C=(c2,c1)                                  (12) 

Table 5: Substitution 1 from X,Y and M for X≠0, Y≠0 

y2,y1 x2,x1 m2,m1 c2,c1 
0,0 0,0 0,0 0,0 

0,0 0,1 0,1 0,0 

0,0 1,0 1,0 0,0 

0,0 1,1 1,1 0,0 

0,1 0,0 0,1 0,0 

0,1 0,1 1,1 0,0 

0,1 1,0 0,0 0,1 

0,1 1,1 1,0 0,1 

1,0 0,0 1,0 0,0 

1,0 0,1 0,0 0,1 

1,0 1,0 1,1 0,1 

1,0 1,1 0,1 1,0 

1,1 0,0 1,1 0,0 

1,1 0,1 1,0 0,1 

1,1 1,0 0,1 1,0 

1,1 1,1 0,0 1,1 

Now we have a traditional functions (m1,m2,c1 and c2) 
with four variables. Using karnaugh map [5] to minimize  

these functions, we obtain that: 

• m1=x1.y1.y2 + x2.y1.y2 + x1.y1.y2 + x2.y1.y2           (13) 

• m2= x2.y1.y2 + x1.y1.y2 + x2.y1.y2 + x1.y1.y2          (14) 

• c1= x2.y1.y2 + x1.y1.y2 + x1.x2.y2 + x1.x2.y1.y2       (15) 

• c2= x2.y1.y2 + x1.x2.y2                                         (16) 

But we have to find M(M3,M2,M1) where M= (m+1)Then 
the table 5 becomes as in table 6. 

Table 6: Addition of 1 for m (M=m+1)  

y2,y1 x2,x1 M3,M2,M1 c2,c1

0,0 0,0 0,0,1 0,0 

0,0 0,1 0,1,0 0,0 

0,0 1,0 0,1,1 0,0 

0,0 1,1 1,0,0 0,0 

0,1 0,0 0,1,0 0,0 

0,1 0,1 1,0,0 0,0 

0,1 1,0 0,0,1 0,1 

0,1 1,1 0,1,1 0,1 

1,0 0,0 0,1,1 0,0 

1,0 0,1 0,0,1 0,1 

1,0 1,0 1,0,0 0,1 

1,0 1,1 0,1,0 1,0 

1,1 0,0 1,0,0 0,0 

1,1 0,1 0,1,1 0,1 

1,1 1,0 0,1,0 1,0 

1,1 1,1 0,0,1 1,1 

 

From table 5 and 6, we conclude the equations of M:   

• M1=m1                                                 (17) 

• M2=m1 XOR m2=m1.m2+m1.m2             (18) 

• M3=(m1.m2)                                         (19) 

Figure 8 shows the LOGO-NN for equations of the carry 
C and the multiplier M (15,16,17,18 and 19). But in the 
cases where X=0 OR Y=0 all equations of M and C should 
equal to zero. Then the final equations of M should be 
anded by X.Y where: 

                   0  if X=0 or Y=0 

X.Y=                                                                             (20) 

            1 otherwise   

• M11=m1.X.Y                                                      (21) 

• M22=(m1.m2+m1.m2).X.Y                                 (22) 

• M33=(m1.m2).X.Y                                              (23) 

• c1=(x2.y1.y2 + x1.y1.y2 + x1.x2.y2 + x1.x2.y1.y2).X.Y (24) 

• c2=(x2.y1.y2 + x1.x2.y2).X.Y                                   (25) 
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 Figure 8: LOGO-NN  for the Quinary Multiplier. 

The block diagram in figure 9 shows the complete circuit 
of multiplier. The LOGO-NN in figure 8 is the heart of 
this Multiplier and the other blocks are peripherals having 
simple design and aimed to complete the operation. 

 Figure 9: Block Diagram  for Quinary Multiplier. 

7. Conclusion 
    This paper presented the development of a new 
technique concerning the quinary multiplier LOGO-NN  
through the use of mixed radices (binary / quinary)  in 
order to simplify,  and minimize as possible the used 
elements and to increase the performance of quinary 
multiplier to the maximum. The advantages of mixing the 
radices are the simplicity of binary design and the 
availibility of binary components. The algorithm here 
make possible the representation of the quinary as binary 
with two variables only while in general it needs to be 
represented with three bits for each quinary digit (quits). 
For evaluation, the advantages of the proposed quinary 
LOGO neural network multiplier in comparison with other 
techniques [1,2,4] are the following:  
 
1.The proposed multiplier is composed of one neuron 
type, while that of [4] is composed of three neuron types. 
2. The proposed multiplier performs the complete 
operation in a single LOGO neural network, while that of 
[4] is decomposed into three sub-circuits which are 
controlled by an individual circuit. 
3. Integers are representing the synapse’s weights, and 
thresholds of neurons while that of reference [1] are non 
integers numbers. 
4. The interconnection complexity is decreased 
comparing with Back propagation neural networks 
algorithm [1]. 
5. The proposed LOGO has linear transfer function, 
while in [1] has sigmoid function (non linear). Therefore, 
the computation process in our proposal will be faster 
and has the ability to implement several independent 
computations in parallel by a single network .  
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Abstract

In this paper we proposed a path searching method
based on the local Winner Take All(WTA) circuits.
The WTA is constructed by corporative and compet-
itive networks to find the maximum local current on
each node connected to variable resistance, and it is
used for planning the driving path of a robot. The
local current comparison method is deeply related to
the node analysis for Cellular Neural Network(CNN).
In our method, we used the m × n size of the lattice
net. The m × n size of the lattice net was able to ex-
press various maps. By putting WTA on each node,
we could find the path at the short time.

1. Introduction

Recently theories and applications about neuro-
computing are researched actively. However it is dif-
ficult to integrate those conventional neural networks
onto a silicon chip because of their structural complex-
ity. So the method called retinal information process-
ing has been remarkable for its easiness of fabrication
on a chip and for its concurrency.

For example, the cellular neural network (CNN)
[1][2] is a locally interconnected, large-scale nonlinear
analog neural network. In the principle of the CNNs
information is transmitted only to neighboring neu-
rons, and composition of the circuits of its neurons is
not so complex comparatively, so they are fit for inte-
gration, and we can apply parallel processing to them.

The WTA is deeply related to the node analysis for
CNN. It is commonly used in a wide variety of ap-
plications. One of the most used current-mode WTA
designs is proposed by Lazzaro et al. [3]. We used
WTA for finding the maximum local current on each
node connected to variable resistance.

In this paper, we propose a novel solution of the
path planning problem based on local current com-
parison method (LCC method) using an analog vari-
able resistive network and competitive network. Each
resistance is corresponding to the slope or length of a
road. It is based on retinal information processing and

analog dynamics, and can be speeded up by realizing
with the hardware.

In this paper, the m × n size of the lattice net was
realized by extending the n×n lattice. By generalizing
the size of lattice, we came to be able to make the lat-
tice net correspond to various maps. We have applied
this novel method to multi-robot driving control and
will show some simulation results of it.

2. Winner Take All

f
u1 f(u1)

E1

W1

f
u2 f(u2)

E2

W1

f
u3 f(u3)

E3

W1

f
u4 f(u4)

E4

W1

I

g

-W2

-W2

-W2

-W2

s1

s2

s3

s4

v

Figure 1: The competitive network to select the branch
of maximum local current.

The competitive network by which the branch hav-
ing maximum local current is selected at each node is
illustrated in figure 1. The network is constructed of
four elements E1, E2, E3, and E4, which have self-
feedback loop with the weight wi, and one suppressive
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element I. The suppressive element I gets the output
value of elements Ei with the weight 1 and its output
is connected to Ei with the wait −w2.

Each elements work in continuous time t and circuit
equations of the element Ei is defined as follows:

dui(t)
dt

= −ui(i) + w1f(ui(t))− w2g(v(t))− h1 + si,

(1)

τ
dv(t)
dt

= −v(t) +
n∑

i=1

f(ui(t))− h2, (2)

where h1, h2, w1, w2, and τ are constants, f(u) is
the output function of the exciting element, and g(v)
is the suppressive element respectively. Functions f(u)
and g(u) are given by:

f(u) =
1

1 + exp(−u/T )
, (3)

g(v) =
{

v v > 0
0 v < 0.

(4)

In our system, s1, s2, s3, and s4 are got as input
value and four elements E1, E2, E3 and E4 compete
with each other.

This network is arranged at each node respectively,
and the local current values of the four branches con-
nected to the node are put in elements Ei as input si.
In the equilibrium state, only one element in which
most large value was put become active, and it indi-
cates the branch of maximum local current.

The convergence condition to the state of the sta-
bility equilibrium in competitive network is as follows

h1 = smax > 0
0 < h2 < 1
w2 > (smax − h1)/(1− h2)
w2(2− h2) + h1 − smax > w1 > w2(1− h2)− h1

By the expression above, each constant of the net-
work is provided as follows.

w1=1.6, h1=0.005, τ=0.5,
w2=2.0, h2=0.45.

Using the constant, a multi-dimensional differential
equation of equation (2)and(3) is solved by using the
Runge-Kutta method, and state ui(t) of the element
and v(t) are obtained.

Figure2 shows the output result of excitatory ele-
ments E1, E2, E3 and E4 and inhibitory element I.
The cooperative and competitive state is from 0 to 6
second and the steady state is after 6 second. The

largest input value E4 wins, and the others are con-
trolled.
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E3(0.3)
E2(0.2)
E1(0.1)

Figure 2: The Dynamics of the competitive network.

3. Application to path searching by WTA

Node

WTA
i 1

i 3
i 4 i 2

Figure 3: The competitive network to select the branch
of maximum local current.

The path can be replaced with the resistance net-
work. The node is repleced as a intersection. The re-
sistance is repleced with consideration of the distance
and the crowded condition to the following intersec-
tion. The path at the shortest time can be found by
making the robot advance toward the maximum cur-
rent. The WTA enables to find the maximum current.

In our method, the size of the lattice was adjusted
to m× n. First, we made the n× n size of the lattice
net. In any size lattice net, we made the program that
the voltage of each node was requested by substituting
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the value of each resistance. The robot advances to the
maximum current value. Therefore, if there is a path
that the robot cannot pass, it only has to reduce the
current value very much. In fact, it only has to enlarge
resistance value very much (100000Ω). As a result,
the m× n lattice was realized by the n× n lattice.

The robot is made a current source and the robot
aims at the terminal point from the start point. When-
ever the robot moved, the node voltage of each node
is requested.

By putting WTA on each node, the maximum cur-
rent is detected by the current value from the node
that is now to the following each node as shown in fig-
ure 3. The moving direction of the robot is as follows;

• case 1 ) i1 > i2 > i3 > i4

The moving direction of the robot is south where
the maximum current value i1 flows.

• case 2 ) i1 = i2 = i3 = i4

The moving direction of the robot is south, ac-
cording to the predetermined priority level. If
there are same maximum current values, the di-
rection of the priority level is determined by i1 >
i2 > i3 > i4.

As a result, the neighboring direction of the move-
ment can be found. When it reaches the terminal by
this repetition, the program is ended.

4. Results of Simulation

Figure 4: The map around Kyoto station.

We had simulation of the path planning for multi-
robot driving and show the simulation result. We used

the map around Kyoto station. As show in figure4, the
start point is Kyoto Station, and the destination point
is Ginkakuji temple. The road that was able to pass
was shown in the heavy line. • is the intersection.
We assumed that the heavy black line was the double
crowded as much as the heavy gray line. The speed
of the robot is constant. Therefore we can assumed
that fraction of the distance was value of resistance.
And the part of heavy black line made double value of
resistance as show in figure5.

S-point

T-point

Figure 5: The lattice net about Kyoto.

By using our program, the path at the shortest time
can be found. The simulation result was as show in
figure6 and 7.

5. Conclusion

In this paper, we proposed the path searching using
WTA method in which the branch of the maximum
local current is selected by the competitive network,
and applied it to the planning the driving path of the
multi-robot . Using our method, the shortest route to
the terminal is automatically detected, and it reaches
the destination.

The local current comparison method is deeply re-
lated to node analysis in neighbor. And this method
suits to be constructed as the hardware on the analog-
digital hybird chip, and it is expected that this method
can be speeded up by realizing with the hardware
which consists of the analog resistive network and com-
petitive networks. So, we will be able to apply this
method for real time path searching and it can be
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S-point

T-point

Figure 6: Simulation result.

Figure 7: The path at the shotest time from Kyoto
station to Ginkakuji temple.

expected realization of the system which can gener-
ate plans for robots driving comparatively fast in real-
time.
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Abstract—The main research of this paper is to propose
a heuristic method to identify returns distribution more
accurately than well-assumed conventional distributions,
such as, normal, lognormal, or non-normal stable distri-
bution. Though, these assumptions have their merits, many
empirical researches have shown they are inconsistent with
the business realities, since either one cannot catch excess
kurtosis and fat tails behavior, or has infinite moments. Se-
rious bias could be introduced when applied to risk man-
agement, i.e., evaluating the Value at Risk (VaR). We pro-
pose to identify returns distribution by using a mixture dis-
tribution constructed by weighed sum of some radical dis-
tributions whose parameters and weights are to be opti-
mized by the Genetic Algorithm (GA).

1. Introduction

It is very important to identify asset returns distribution
accurately since crucial statistical information can be ob-
tained from the identified distribution, and can be applied
to risk management, such as, evaluating VaR. An improp-
erly selected distribution would provide wrong information
and even lead to serious biases. So far, three distributional
assumptions, namely, normal, lognormal, and non-normal
stable distribution ( for simplicity, we just call it stable dis-
tribution in the rest of this paper), have been proposed, and
widely applied. But, many empirical analyses have shown
these assumptions are in conflict with business realities,
since normal or lognormal one cannot catch the character-
istics of excess kurtosis or fat tails behavior, and stable dis-
tribution has infinite moments. It could introduce serious
biases in some cases if they are simply applied without any
consideration [1] [2] [5] .

In this paper we propose to identify returns distribution
more accurately than any above-mentioned assumptions
by using mixture distribution, which is constructed as a
weighed sum of a set of radical distributions, and the distri-
butional parameters of the radical distributions and weights
are to be optimized by GA. Through numerical experi-
ments, a mixture distribution constructed by our proposed
method shows it can overcome those demerits contained in
the above-mentioned assumptions. The rest of this paper is

Return Definition Expression
One-period simple Rt = Pt−Pt−1

Pt−1

Multiperiod simple 1 + Rt[K] = Pt

Pt−k

=
∏k−1

j=0(1 + Rt− j)
Rt[k] = Pt−Pt−k

Pt−k

One-period compounded rt = ln(1 + Rt) = ln Pt

Pt−1

Multiperiod compounded rt[k] = ln(1 + Rt[k])
= ln(1 + Rt) + . . .
+ln(1 + Rt−k+1)
= rt + rt−1 + . . . + rt−k+1

Table 1: Return definitions

organized as follows. In section 2, we summarize the mer-
its and the demerits of the above-mentioned distributional
assumptions. In section 3, we show how to construct mix-
ture distribution based upon a set of radical distributions
and how to optimize the parameters and weights by GA. In
section 4, we present some applications and their numerical
results. Finally in section 5, we provide some concluding
remarks.

2. Merits and demerits of distributional assumptions

So far, normal, lognormal, and stable distribution have
been well assumed and well applied in dealing with returns
distribution. The common return definitions are, seen from
Table-1, 1) one-period simple return, 2) multi-period sim-
ple return 3) one-period compounded return, and 4) multi-
period compounded return, wherept is asset price at time
t. Obviously, simple multi-period return can be regarded
as product of each one-period return. And compounded
multi-period returns can be regarded as sum of each single-
period return. That is a significant difference between the
two ones. It leads to be completely different distributions
on multiperiod returns. Some merits and demerits of these
distributional assumptions are discussed and summarized
as follows [1] [2] [4] [7] [8] [10] .

NOLTA 2006
11-14 september
Bologna - ITALY

119



1)Normal distribution
UsuallyRt is assumed as an i.i.d normal process.
<Merit and demerit>
The merit of such a setting is that it makes returns to

be tackled very easily. But, the demerits are, a) simple re-
turns’ low bound is -1, but there’s no low bound in normal
distribution, b) ifRt is normal thenRt[K] is not a normal
one, c) it is not supported by many empirical results since
it cannot catch excess kurtosis.

2)Lognormal distribution
Usually assumed thatrt is an i.i.d normal process.
<Merit and demerit>
The merits are, a) there is no low bound existing in such

a setting, b) it allows thatrt[k] = ln(1 + Rt) + . . . + ln(1 +

Rt−k+1) is also normally distributed. But, it is not supported
by many empirical analyses, since it cannot catch excess
kurtosis and fat tail behavior either.

3)Non-normal stable distribution
<Merit and demerit>
It allows the sum of returns still be stable distribution.

And it can catch excess kurtosis and heavy tails well in
many cases. But, the problem is that non-normal stable
distribution has infinite moments. The estimates of vari-
ance and kurtosis tend to be larger and larger and not to
converge even if sample size increases. It doesn’t match
the reality of the financial market. Furthermore, it is com-
plicated when it is applied to risk management.

3. Identifying returns distribution

3.1. Mixture distribution

Here, we assume that returns are always calculated by
rt = lnPt − InPt−1, and then standardized to have mean
0 and variance 1. We propose to identify returns distribu-
tion as a weighed sum of radical distributions, especially
we choose normals with different means and variances,
or Student-ts with different d.f.s as radical distributions.
Namely, let

rt ∼
n∑

i=1

βiφi ,

n∑

i=1

βi = 1 (1)

where φi is a radical distribution (normal or student-t).
Why normal distributions are chosen as radical distribu-
tions is that it allows mixture distribution do catch the char-
acteristicses of excess kurtosis and fat tails behavior much
better than the conventional normal distribution. Such a
mixture distribution has many good statistical properties
that prevail over those demerits contained in the conven-
tional assumptions, i.e., it has finite moments which stable
distribution doesn’t have. The p.d.fs of N(0,1), Studen-t
(ν=2.5), Mixture distribution((1−β)∗N(0,1)+β∗N(0,25)),
Cauchy (1

π
1

1+x2 ), and N(0,25), whereβ=0.05, and 0.25 are
shown in Figure-1. Seen from Figure 1, the kurtosis and
tails of a mixture distribution can position themselves be-
tween N(0,1) and Cauchy distribution, adjusted by chang-
ing parameterβ andσis. Thus, it can catch the character-

istics of returns with finite moments. Benefit in this case
is that the combination of normals in mixture distribution
will be easily applied in risk management, i.e., evaluating
the VaR. And scaled Student-t can more accurately catch
heavy tails in some cases combined with normals.
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Figure 1: Up:Plots of p.d.fs: top to bottom: N(0,1), Mix-
ture, t-2.5, Cauchy, N(0,25). Down: Plots of p.d.fs: top to
bottom: N(0,1), t-2.5, Mixture, Cauchy, N(0,25)(right)

3.2. Optimization of parameters and weights

Usually it is hard to estimate the distributional parame-
ters and weights in mixture distribution. Here we suggest
to apply GA to it. GA is known as one of the optimiza-
tion methods, which converges hardly in alocal optimal
solution while searching aglobal one. It has been widely
applied in many problems ranging from scientific studies
to social studies [3] [9] .

The basics of our GA are as follows. Step 1) Gener-
ate individuals by random numbers as the first generation
with certain population, each individual represents a set
of parameters and weights. Step 2) Evaluate each indi-
vidual by predetermined fitness function to get its fitness
value. Step 3) Select two individuals with higher fitness
values from the present generation, and apply genetic oper-
ations (crossover, mutation operation) to them to reproduce
new individuals (offsprings) as the next generation. Step 4)
Reevaluate the fitness of each individual of the new gener-
ation. If the results meet theTermination Conditions(i.e.,
repeating times, or error range), then GA terminates, other-
wise it goes back to step 3).

And fitness function forjth indiviual is defined by

Fitnessj = (1−
∑

i e2
i j∑

j
∑

i e2
i j

)/(n− 1) (2)
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Stock A Stock B Stock C
Mean 1.136E-5 4.693E-05 -6.405E-04
Median 1.325E-4 7.107E-05 6.063E-04
S.D 5.941E-3 0.0050128 0.031477
Kurtosis 9.330635 12.662960 128.1785
Skewness -0.12732 -0.3462761 -7.956173
Min -0.070071 -0.0686629 -0.608090
Max 0.053984 0.0395896 0.131183
Size 4189 4825 10800

Table 2: Descriptive statistics of returns of Stock A, B & C

wheree2
i = ( fi − f ′i )2, fis and f ′i s are observations and

estimates respectively.

4. Applications

In this section, we present some numerical applica-
tions. In application 1), we apply our proposed method
to daily stock price data set A (01/04/1985∼ 25/06/2001),
B (01/04/1983 ∼ 21/09/2001), and C (01/01/1962 ∼
08/12/2004, 9-day interval) to obtain mixture distributions.
We compare the numerical results from mixture distribu-
tions with the ones from the conventional normals and find
our results are more accurate than the normals’. In appli-
cation 2), we apply our method to evaluating the VaR. We
also find mixture distributions provide more accurate esti-
mates of the VaR than the normals do as well.

Stock A Stock B
β 0.729229569 0.791105806
σ1 1.750379085 1.898698568
σ2 1.000805616 1.020616769∑

i e2
i 0.000060073 0.000016352

Table 3: Mixture distributions

Application-1:Stock returns distribution
The descriptive statistics of returns of Stock A, B and C

are seen from Table 2. Skewnesses of A and B are -0.12732
and -0.34628 respectively, almost symmetric. But, the kur-
toses of A and B are 9.33064 and 12.66296 respectively,
excess kurtoses are observed. On the other hand, strong
skewness and kurtosis of Stock C, -7.956173, and 128.1785
respectively, are observed.

Our GAs’ parameters are set as follows. Population size
= 100, Crossover and mutation probabilities are 0.38 and
0.24. Andµi ∈ [−5,5], σi ∈ [0.1,50], andνi ∈ [2,50].
Furthermore, we employ elite-keeping policy in GAs. An
elite-keeping policy is to keep an individual with higher
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Figure 2: Up: Plots of p.d.fs; solidline: estimated mix-
ture distributions; dashline: standard normal distributions;
points: observations. Down: Plots of p.d.fs; solidline: es-
timated mixture distributions; dashline: standard normal
distributions; points: observations.

or highest fitness into next generation automatically. And
selection strategy used here is the roulette strategy.

Results for Stock A & B are shown in Table 3. Each
mixture distribution is etimated by GA as a weighed sum of
two normals with same means(µ=0) and different standard
deviationsσ1 andσ2. Namely, rt ∼ (1 − β)N(µ, σ2

1) +

βN(µ, σ2
2).

Seen from Figure 2, clearly, mixture ones are much more
closer to observations than the conventional normals. Mix-
ture distributions catch excess kurtosis and fat tails behav-
ior much better than normals. Plots of fitnesses and predic-
tion errors of individuals of the last generation are shown
in Figure 3. Clearly, fitnesses and prediction errors have
converged after GA has been implemented 50 generations.

For Stock C, it is estimated by GA as a weighed sum of
three normals and one Student-t, namely,

β1N(0.107733965,1.7304277422)
+β2N(0.079310417,1.2139146332)
+β3N(−1.70856595,1.7203025822)
+β4t(ν=25.24713135),
where the scaling weights areβ1=0.11709362,

β2=0.20807926, β3=0.0250332, β4=0.64979392, re-
spectively. And

∑
i e2

i = 1.19687E-05. And note, here,∑
i βi=1 holds.
It means that mixture distribution can identify returns

distribution accurately even if strong skewness and kurtosis
exsit.
Application-2:Evaluation of VaR
We apply our proposed method to portfolio management.

Three portfolios, p1, p2, and p3, are consisted of 5, 12 and
50 assets respectively. Ratios of the VaR based upon mix-
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Figure 3: Plots of fitnesse and errors of last generation

Portfolio α Ratio
p1 5% 1.082415556
p2 5% 1.065149874
p3 5% 1.216961073

Table 4: Ratios of VaR based mixture distributions and nor-
mal distributions

ture distributions and the conventional normal distributions
are shown in Table 4. Clearly, the evaluation of the VaR
based upon mixture distribution is larger than that based
conventional normal distribution. In other numerical ex-
periments, we find the max ratio of the VaR from these two
different methods could reach 1.37, which is a significant
difference, could cause serious bias if it is only estimated
by the conventional normal distribution. The reason is that
mixture distribution can catch excess kurtosis and fat tails
behavior more accurately than the normal distribution.

Considering different parameters, i.e., crossover and mu-
tation probabilities, or population size, etc., might bring
different results, we use many sets of different parameters
in GAs, and eventually we get the same final optimal solu-
tions although the middle processes are different.

5. Concluding remarks

In this paper, we have summarized and discussed the
merits and demerits of the well-applied conventional re-
turns distributions (normal, lognormal, and stable distribu-
tion). One problem of the conventional normal distribution
is that it cannot catch excess kurtosis and fat tails behav-
ior well. And for stable distribution, the problem is that it

doesn’t have finite moments. In order to solve these above-
mentioned problems, we have proposed and shown on how
to identify the returns distribution by a mixture distribution,
namely, modeling the returns distribution as a weighed sum
of a set of radical distributions, normal or Student-t distri-
butions, for example. And we also have proposed to apply
Genetic Algorithm to optimize the distributional parame-
ters and weights in mixture distribution. In our numerical
applications, we have confirmed that mixture distribution
is much better than the conventional normal distribution in
capturing excess kurtosis and heavy tails of returns distri-
bution with finite moments, and provides more accurate es-
timates in risk measurement and management.

Acknowledgments

The authors would like to thank NOLTA2006 organiz-
ing committee members for their fruitful suggestions and
comments.

References

[1] Campbell, J. Y., Lo, A. W., The econometrics of fi-
nancial markets, Princeton Press, 1997.

[2] Fama, E. F., ”Portfolio analysis in a stable Pare-
tian market”,Management Science, vol.11, pp.404-
419,1965.

[3] Goldberg, D., Genetic algorithm: in search, op-
timization, and machine learning, Addison-Wesley
Press, 1989.

[4] Hull, J., Options, futures, & other derivatives, 4th
edition, Prentice Hall, 1997.

[5] Jorion, P., Value at Risk: The New Benchmark for
Managing Financial Risk, McGraw-Hill, 1996.

[6] Nolan, J. P., Stable distributions, Springer-Varlag,
2002.

[7] Tan, K., ”Evaluation of VaR in the Japanese finan-
cial market”, Journal of the society for studies on
industrial economies, vol.43, 2, pp.449-467, 2002a.

[8] Tan, K., ”Fractality in financial market”,Journal
of the society for studies on industrial economies,
vol.43, 3, pp.553-566, 2002b,

[9] Tan K., Tokinaga S., ”Optimization of fuzzy infer-
ence rules by using the genetic algorithm and its ap-
plication to bond rating”,Journal of Operations Re-
search Japan, vol.42, 3, pp.302-315. 1999.

[10] Tsay, R. S., Analysis of financial time series, John
Wiley & Sons, 2002.

122



A decision based model of addiction: explaining quitting behavior

C. Mocenni†, G. Montefrancesco‡ and S. Tiezzi]

† Department of Information Engineering, Univ. of Siena, Via Roma 56, 53100 Siena (Italy)
‡ Centro Studi sulle Dipendenze Patologiche, Univ. of Siena, Policlinico Le Scotte, 53100 Siena (Italy)

] Department of Economics, Univ. of Siena, P.zza S. Francesco 7, 53100 Siena (Italy)
Email: mocenni@ing.unisi.it, montef@email.it, tiezzisilvia@unisi.it

Abstract—In this paper a simulation model of the dy-
namics of addictive behavior is proposed. Starting from
Bernheim and Rangel (B&R), addiction is modeled as a
progressive susceptibility to stochastic environmental cues
and is strongly related to the characteristics of the user, the
substance and the environment. The work is mainly fo-
cused on finding feasible mathematical formulation of the
model functions and parameters for obtaining successful
attempts to quit, a pattern of behavior observed in clinical
practice. Appropriate nonlinear settings of the model pro-
duce quitting behavior even though the addicted continues
operating either in cold or hot mode. Our approach can thus
be considered a generalization of the B&R results, where
the addicted foresakes drug abuse only by exercising cog-
nitive control and behaving in a cold mode.

1. Introduction

Addiction is currently defined as the consequence of re-
peated use of psychoactive drugs. It is characterized princi-
pally by a loss of control over drug seeking behavior, with
harmful effects on the individual and a high probability of
relapse even months or years after cessation of drug taking
[1], [2], [3].
The main problem is to understand how this phenomenon
“moves”, meaning how the various components of its mul-
tifactoriality (individual, substance and environment) can
trigger the start, sustain recurrence or generate the frustrat-
ing relapse.
Recent (economic) theories of addiction can be loosely
classified as variations or generalizations of the rational ad-
diction model by Becker and Murphy [5]. Such generaliza-
tions allow for the presence of random shocks [6]; ”pro-
jection bias” [7]; present-biased preferences and sophis-
ticated or naive expectations [8]; ”temptation” [9], where
well-being depends not only upon the chosen action, but
also upon the action not chosen.
The Bernheim and Rangel (B&R) [10] model instead re-
gards addiction as a progressive susceptibility to stochastic
environmental cues that can trigger mistaken usage. The
point of departure of this theory from previous ones is its
attempt to harmonize economic theory with evidence from
psychology, neuroscience and clinical practice so as to ex-
plain the relationship between behavior and the character-
istics of the user, substance and the environment mentioned

above ([10], p.1559).
Neuroscience and clinical practice have indeed shown
that addictive substances systematically interfere with the
proper operation of a process used by the brain to fore-
cast near term hedonic rewards (called Hedonic Forecast-
ing Mechanism, HFM henceforth) and lead to strong im-
pulses towards consumption that may interfere with higher
cognitive control.
The B&R model can explain several patterns of addictive
behavior, but there is one aspect left unexplained which is
abrupt and sudden quitting. Clinical practice shows that
this is not an infrequent pattern of behavior in long term
addicts, but the reasons for it are still to be recovered.
The main purpose of this paper is to find behavioral pat-
terns in the B&R model where abrupt cessation from con-
sumption occurs. This result is achieved by modeling the
payoff function with a nonlinear function. Performance
analysis of the modeling stage is carried out by compar-
ing the nonlinear settings with more simple linear choices
in the simulation parameters and functions.
The paper is organized as follows: Section 2 provides a
clinical description of the addictive phenomenon, while
Section 3 reports the mathematical formulation of the B&R
model. Section 4 shows the results of linear and nonlinear
settings of the model’s functions and parameters. Finally,
conclusions and future work are discussed in Section 5.

2. The clinic of addictive behavior

In human beings drugs produce an increase of dopamine
concentration at target-cells’ receptor levels, as they stim-
ulate the nigrostriatal (controlling motor coordination) and
corticolimbic (controlling emotions and cognitive abilities)
dopaminergic systems [11].
These cerebral systems have evolved not to entertain addic-
tive substances, but to ensure the survival of the individual
by controlling basic functions such as mating, consump-
tion, searching for food and water, etc. Once these systems
are engaged by natural rewards (food, or sex, for example)
or by addictive substances [12] dopamine release in the nu-
cleus accumbens and in other cerebral sites increases, caus-
ing specific affective states (for example, euphoria), that are
powerful drivers and reinforce that behavior. The individ-
ual is thus induced to repeat such positive experiences (or
avoid them when negative), precisely because he associates
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the specific function to its hedonic (likeable) effects [13],
[14], [15].
Addictive substances have an advantage over natural re-
wards: they produce a higher dopamine concentration by
stimulating the system more powerfully and for longer pe-
riods [16]. Moreover, in the case of natural rewards, a habit
develops after some time which reduces the importance of
the experiential act. In other words the quality and quantity
of the gained pleasure diminishes. Addictive substances,
however, act like powerful “novelties” activating each time,
in a non-decremental way, dopaminergic transmission even
after repeated use.
Chronic substance abuse induces profound alterations of
the cerebral mechanisms just mentioned, and they “force”,
in a way, the user to make compulsory and “wrong”
choices, i.e. choices that diverge from preferences. In
fact, drugs, by powerfully activating dopaminergic trans-
mission, reinforce excessively the associated learning pro-
cess, ending up by constraining the individual’s behavioral
choices [17].
The pleasure following use, the excessive and rapid hedo-
nic expectation induced by the HFM, the progressive fail-
ing of the frontal cortex to counterbalance with rational
choices the more alluring offer of drugs, all portray a pro-
cess that invariably regenerates itself and seems to have no
end [13], [18]. Although drug addiction seems to lead to
just one possible result, for still unclear reasons, often the
patient stops participating in the ineluctable dynamics of
his/her case and ceases to have this insatiable hunger and
compulsion for the drug.
This may happen as a consequence of psychological, so-
cial, pharmacological and individual interactions as well as
all other stimuli found inside and around an individual (de-
terministic or even stochastic events).
In more general terms, one could say that the multifactori-
ality sustaining drug addiction, sometimes, ceases to offer
those profits or conveniences considered up till then as in-
dispensable.

3. The Bernheim-Rangel Behavioral Model of Addic-
tive Consumption

The B&R model is based on the following premises: a)
consumption among addicts is frequently a mistake; b) pre-
vious experience with an addictive good sensitizes an indi-
vidual to environmental cues that trigger mistaken usage;
c) awareness of sensitivity to cue-triggered mistakes pro-
duces attempts to manage the process with some degree of
sophistication.
B&R consider a decision maker (DM) who can operate ei-
ther in a cold (involving rationality) or hot mode (where de-
cisions and preferences may diverge). He lives for an infi-
nite number of discrete periods and, in each of them, makes
two decisions in succession. First, he selects a ”lifestyle” a
from the set {E, A,R}; then he allocates resources between
an addictive substance (x ∈ {0, 1}) and a non addictive sub-

stance (e ≥ 0). Each period is entered in cold mode and the
DM chooses his lifestyle rationally. This choice, along with
his history of use (s) determines the probability pa

s with
which he encounters cues that trigger the hot mode. The
volume of substance related environmental cues, c(a, ω),
depends on the lifestyle and on an exogenous state of nature
ω drawn randomly from a state space Ω according to some
probability measure µ. The impulses from the HFM defeat
cognitive control and place the DM in hot mode when their
strength, measured by the function M(c, s, a, ω), exceeds
some threshold MT .
In state s, the DM receives an immediate hedonic payoff

ws(e, x, a) = u(e) + vs(x, a), where the utility derived from
non-addictive consumption, u(e), is separable from utility
derived from addictive consumption 1, vs(x, a), and where
vs(x, a) ≡ ua

s + ba
s . Here ua

s represents the baseline payoff

associated with successful abstention in state s and activity
a and ba

s represents the marginal instantaneous benefit from
use the individual receives in state s after taking activity a
([10], P. 1566). The DM discounts future hedonic payoffs
at a constant rate δ. His choices in the cold mode corre-
spond to the solution of a dynamic stochastic programming
problem with a value function Vs(θ) satisfying:

Vs(θ) = max
(a,x)∈C

ua
s + σa,x

s ba
s + δB, (1)

where

B =
[(

1 − σa,x
s

)
Vmax{1,s−1}(θ) + σa,x

s Vmin{S ,s+1}(θ)
]
.

In equation (1) C is the set of decision states
{(E, 1) , (E, 0) , (A, 0) , (R, 0)}, while σa,x

s represents the
probability of consuming the substance in state x with con-
tingent plan (a, x); θ is a vector specifying all pertinent
derivative parameters, i.e. it reflects the properties of the
substance, the method of administration, the characteristics
of the individual use and the public policy environment. Fi-
nally, S is the highest addictive state. There are S + 1 ad-
dictive states labelled s = 0, 1, ..., S . Usage in state s leads
to state min{S , s + 1} in the next period. No use leads to
state max{1, s−1} from state s > 1 and to state 0 from state
0.

In this model, unsuccessful attempts to quit occur when
there is an unanticipated or anticipated and sufficiently
slow shift in parameters θs= (ps,us,bs), from θ′ to θ′′.
Suppose that at state 0 the best choice for the DM is
(E, 1) if θ′ prevails forever and the best choice at state
1 is {(E, 0) , (A, 0) , (R, 0)} for all s if θ′′ prevails forever.
However, with pa

s > 0 the attempt is unsuccessful when
{(E, 0) , (A, 0)} is chosen in state 1.

4. Comparative analysis and simulation results

In this section a comparative analysis of the model op-
tions is presented. The analysis is performed by applying

1ws must be increasing, unbounded, strictly concave and twice differ-
entiable with bounded second derivative in the variable e.
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different choices on the mathematical formulation of the
main processes accounted by the B&R addiction model de-
scribed in Section 3.
In particular, according to the theoretical assumptions pro-
posed in [10], linear and nonlinear settings of the model
functions are pointed out in Table 1.

Table 1: Model formulation and parameter settings.

Function Linear settings Nonlinear settings
Exogenous cues, ω normally distrib. normally distrib.

random variable random variable
Volume c(E, ω) ω + E2 ω + E2

Volume c(A, ω) ω + A ω + A
Volume c(R, ω) ω +

√
R ω +

√
R

HFM impulses M(c, s, a, ω) c(a, ω) + s c(a, ω) + a
1+Ce−Ds

Hedonic payoff ws(e, 1, E) E + s +
√

ys − q E+Es(k−s)
10+hs2 +

√
ys − q

Hedonic payoff ws(e, 0, E) E + s +
√

ys
E+Es(k−s)

10+hs2 +
√

ys

Hedonic payoff ws(e, 0, A) A + s +
√

ys
A+As(k−s)

10+hs2 +
√

ys

Hedonic payoff ws(e, 0,R) R + s +
√

ys − rs
R+Rs(k−s)

10+hs2 +
√

ys − rs

Lifestyles E, A,R, income ys, rehabilitation costs rs, sub-
stance price q and activating threshold MT are chosen con-
stant 2.
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Figure 1: Hedonic payoff ws in the linear settings.

Figures 1-2 show the simulation results when linear pay-
off functions are chosen: increasing values of the function
V in the simulation period correspond to an addictive be-
havior with a stable dynamics of 2 period consumption - 3
period avoidance states. Similar dynamics can be achieved
by modifying, as an example, the substance costs q (see
Figure 2). The linear model settings may be unable to ac-
count for situations where any kind of quitting behavior is
achieved; Figure 2 shows that the history of use is always
increasing.

On the contrary, according to the clinic analysis of addic-
tive behavior, many cases of abstention in drug consump-
tion are observed. Furthermore, these situations are not
only due to the coercitive consequences of substance abuse,

2The following values of the parameters are chosen: ys = 30, rs = 10,
δ = 0.7, k = 60, C = 10, D = 0.05, E = 3, A = 2, R = 1 and MT = 0.7.
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Figure 2: History of use s corresponding to different values
of the parameter q. Linear settings.
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such as public policies or enforcement costs. Subjective in-
tentional abstention can also be a realistic scenario, due to
endogenous modifications and spontaneous rehabilitation.
Therefore a more complex setting up of the functions used

in the model is proposed. In particular, a nonlinear relax-
ing payoff function is chosen, as described in the second
column of Table 1. This choice is motivated by assuming
that the instantaneous hedonic payoff of drug consumption
can suffer, after a stiff increase in the beginning phase, neg-
ative feedbacks and reach asymptotic values (determined
by the value of the parameter h), so that the DM can move
into intentional abstention. This specification of the pay-
off function is also consistent with a decreasing natural re-
wards after some time of experimentation, as described in
Section 2.
The simulated behavior corresponding to these model set-
tings is shown in Figures 3-5. In particular, Figure 3 shows
the cue triggering mechanism described in Section 3 and
Figure 4 reports the nonlinear hedonic payoff function. Fi-
nally, in Figure 5 addiction (h = 3), recidivism (h = 1.6),
successful attempt to quit (h = 0.3) and rehabilitation
(h = 0) are simulated.
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5. Conclusions

In this paper we have simulated the B&R addiction
model in an attempt to achieve permanent and sudden ab-
stention from drug use, a consumption pattern often ob-
served in clinical practice. This is obtained by choosing
nonlinear functions describing the instantaneous payoffs
evaluation. Our nonlinear setting of the model produces
more general results than the B&R model in terms of the
simulation results. In the latter, successful attempts to quit
addiction depend on the assumption that the addicted ex-
ercises cognitive control and acts in a cold mode (pa

s = 0)
after an unanticipated or anticipated and sufficiently slow
change in the relevant vector of parameters (see [10], p.
1571 for details). In our simulations, instead, successful
attempts to quit may occur even when the addicted contin-
ues to operate either in cold or hot mode (pa

s ≥ 0).
Future work will focus on testing model simulations with
real patterns of DM’s history in order to obtain more reli-
able estimations of the model parameters.
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Abstract— We study collective phenomena in nonho-
mogeneous chains and lattices of coupled models of car-
diac cells. Global and cluster synchronization, appearance
of spiral and target waves were found.

1. Introduction

Modelling biological systems such as neuronal ensem-
bles, kidney and cardiac tissues is one of the most rapidly
developing fields of application of nonlinear dynamical
methods nowadays. The efficiency of these methods is con-
ditioned by the complex, though deterministic behavior of
individual cells constituting the tissue.

In particular, cardiac cells exhibit the properties of either
excitable or oscillatory systems. The former case is ob-
served in working myocardium, and the latter is found in
natural cardiac pacemakers (sinoatrial and atrioventricular
nodes, Purkinje fibers). Normal heart activity is controlled
by waves of excitation generated in the sinoatrial node and
propagating through the conducting system and working
myocardium. Deviations from the normal regime (arrhyth-
mias) are often associated with pathological types of wave
dynamics in the cardiac tissue. They include spiral waves
and spiral chaos (the latter manifests itself in heart fibrilla-
tion).

In the present paper we report of a series of numerical
experiments with cardiac cell culture models. We focus the
main attention on the transition from incoherent behavior
of uncoupled cells to global synchronization in ensembles
of strongly coupled cells, when the coupling coefficient is
increased from zero. This corresponds to the increase of
the number of gap-junctions in the culture.

We show, that this transition occurs via cluster synchro-
nization regimes in one-dimensional models and compli-
cated irregular spatio-temporal activity in two-dimensional
models. These dynamical effects arise from spatial dis-
creteness and inhomogeneity of the model.

Similar experiments in-vitro were reported in [1]. Ac-
cording to [1], after approximately 24 hours of culture time,
irregular spontaneous activity arises in the culture, further
it organizes itself into several pacemakers emitting target
waves. These pacemakers are subsequently destroyed, and
spiral wave activity sets in; the number of spiral cores is
changing in time [1].

2. The model

2.1. Excitable cells

We use the Luo-Rudy phase I model [2] to define the dy-
namics of a single cell. This model describes the dynamics
of excitable cardiac cells and is defined by a system of 8
ordinary differential equations (ODE). The first of them is
the charge conservation equation

Cmv̇ = −(INa + Isi + IK + IK1 + IKp + Ib) (1)

where v is the membrane voltage measured in millivolts,
Cm = 1 μF/cm2 is the membrane capacity. The time unit
is one millisecond. The ionic transmembrane currents in
the right-hand part are sodium current, slow inward cur-
rent (carried by calcium ions), potassium current, inward-
rectifier potassium current, plateau potassium current and
background Ohmic current, measured in μA/cm2. They
are defined by the following expressions

INa = GNa ·m3hj ·(v − ENa)
Isi = Gsi ·df ·(v − Esi(v, c))
IK = GK ·xxi(v) ·(v − EK)
IK1 = GK1 ·k1i(v) ·(v − EK1)
IKp = GKp ·kp(v) ·(v − EK1)
Ib = Gb ·(v − Eb)

(2)

Here Gq and Eq with q ∈ {Na, si,K, K1,Kp, b} de-
note the maximal conductance and reversal potential of the
corresponding ionic current. The gating variables gi ∈
{m,h, j, d, f, x} are governed each by an ODE of the type

ġi = αgi(v)(1− v)− βgi(v)v (3)

The 12 nonlinear functions αgi(v) and βgi(v) as well as
Esi(v, c), xi(v), k1i(v), kp(v) are fitted to experimental
data [2]. The dynamics of the internal calcium ion concen-
tration c is described by an ODE of the first order

ċ = 10−4Isi(v, d, f, c) + 0.07(10−4 − c) (4)

The eight ODEs (1), (3), (4) form a closed system for the
variables of state v, m, h, j, d, f, x, c.

The values of the constant parameters are the same as
used in [3].

This model lacks many details taken into account in
more recent models, which are much more complicated.
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However, it still demonstrates good qualitative and quan-
titative agreement with available experimental data on
single-cell dynamics [2], as opposed to simplest qualitative
models like the FitzHugh-Nagumo model.

2.2. Oscillatory cells and cell cultures

To describe the oscillatory activity of a cell, we mod-
ify the model by adding a constant depolarizing current to
the ionic currents in Eq. (1). When its value is increased
above a bifurcation value which depends upon other pa-
rameters, a limit cycle appears in the phase space of the
model, thus the cell becomes oscillatory. Though this ap-
proach seems to be artificial and might not account for real
physiological mechanisms of cell oscillation, the develop-
ment of a more adequate model is hindered by the lack of
understanding of the mentioned mechanisms in in-vitro ex-
periments. However, in real situations, it is known that the
leakage (depolarization) current of the non-pacemaker cells
can increase and turn into oscillatory cells when they are
dissociated from the heart tissues[4].

We model a cell culture by a square lattice with local dif-
fusive coupling. This type of coupling represents electrical
intercellular conductance coupling via gap-junctions.

The charge conservation equation (1) with the constant
depolarizing current and intercellular coupling taken into
account is rewritten as

Cmv̇ij = −(INa + Isi + IK + IK1 + IKp + Ib)−
− Id

ij + DΔd(vij) (5)

where i, j are lattice indices, Id
ij > 0 is the constant depo-

larizing current which is non-identical in different cells, D
is the coupling coefficient, Δd is the second-order central
difference operator (discrete Laplacian).

Note, that the spatial scale of one cell in the lattice model
corresponds to the characteristic scale of culture inhomo-
geneity rather then the size of a single cardiac cell.

3. One-dimensional case

To get some insight into the problem, we start with the
one-dimensional (1D) model. We consider a chain of 400
oscillatory cells with different individual oscillation fre-
quencies. For this we choose the current Id

i in each cell
randomly, uniformly distributed in the interval [2.4; 3.2]
μA/cm2. The initial conditions are chosen the same in
each cell, so that the whole system initially gets depolar-
ized simultaneously. In all our simulations we use free-end
boundary conditions.

For very low coupling (for example, D = 0.001) we
observe incoherent behavior with no large-scale collective
activity in the culture.

When the coupling coefficient D is increased, the evo-
lution of the system typically starts with the emergence of
several pacemakers emitting waves at different frequencies,

see space-time plot in Fig. 1. The subsequent evolution de-
pends strongly on the value of the coupling coefficient.
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Figure 1: Early stage of evolution in a chain of oscillatory
cells (D = 0.01).

At D = 0.01 (and higher) only one pacemaker remains,
and a globally synchronous regime sets in: all the elements
are oscillating at the same period dictated by the only pace-
maker, see Fig. 2 (taken after a waiting time of 3 · 105ms).
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Figure 2: Regime of global synchronization in a chain of
oscillatory cells (D = 0.01).

At lower values of D we observe regimes of cluster syn-
chronization, when the chain is split into several groups -
clusters, in each of them the oscillations are synchronized,
but different clusters oscillate with different periods (see
Fig. 3 for D = 0.005). In each cluster one can see the
leading pacemaker. The greater is the value of D, the larger
is the size of clusters, the smaller is their number and the
closer are their periods.

In Fig. 4 we plot the measured time-averaged period
of oscillation versus the element number for D = 0.001
(blue), D = 0.005 (red) and D = 0.01 (black). The
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Figure 3: Cluster-synchronized regime in a chain of oscil-
latory cells (D = 0.005).

transition from asynchronous oscillation to global synchro-
nization via cluster-synchronized regimes is clearly visible
here.
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Figure 4: Measured average oscillation period distributions
in a chain of oscillatory cells (D = 0.001, D = 0.005,
D = 0.1).

4. Two-dimensional case

We carried out two-dimensional (2D) simulations in two
settings. In the setting A the culture consists only of os-
cillatory cells with different individual oscillation frequen-
cies, same as in 1D simulations. In the setting B we con-
sider the culture as a mixture of excitable and oscillatory
cells. To achieve this, we let the depolarizing currents Id

ij

be uniformly distributed in the interval [0; 3.2]. In both set-
tings we study the character of collective activity in the cul-

ture when the coupling coefficient D is varied between zero
and the value when global synchronization sets in. The size
of the lattice is 50× 50, the initial conditions are specified
the same way as in 1D simulations.

The overall picture in both settings has many features
similar to that in the 1D case. In particular, for very small
coupling (D ≤ 0.002 in the setting A, D ≤ 0.01 in the set-
ting B) there is no large-scale activity in the culture. In the
setting B at this small coupling there are typically many in-
dependently oscillating islands separated by a non-excited
background (caused by the existence of non-oscillatory ex-
citable cells, which are not excited because of insufficient
coupling strength).

For large values of coupling (D ≥ 0.005 in the setting
A, D ≥ 0.025 in the setting B) the system remains with
a single pacemaker emitting target waves, which propagate
through the whole lattice, thus the regime of global syn-
chronization sets in, also similar to the 1D case.

In the setting B the further increase of the coupling
strength D ≥ 0.1 leads to a dying out of the oscilla-
tions. A possible intuitive explanation of this effect can be
as follows. Oscillatory cells too strongly coupled to non-
oscillatory excitable cells no longer can neither oscillate,
nor excite the excitable cells. Thus the whole system re-
mains at rest.

A qualitative difference from the 1D case can be ob-
served at intermediate values of the coupling strength, for
example at D = 0.003 (setting A), D = 0.02 (setting B),
see sample snapshots in Figs. 5 and 6. In these cases sev-
eral pacemakers are formed on the early stage, but sub-
sequently they get destroyed, giving rise to complicated
spatio-temporal regimes of activity which may exhibit spi-
ral waves, pieces of propagating fronts and pacemakers ap-
pearing intermittently in the system. This regime persists
up to very long simulation times (of the order 105 ms).

−70

−60

−50

−40

−30

−20

−10

0

10

i

j

t=280420

5 10 15 20 25 30 35 40 45 50

5

10

15

20

25

30

35

40

45

50

Figure 5: Snapshot of a 2D lattice, setting A, D = 0.003.
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Figure 6: Snapshot of a 2D lattice, setting B, D = 0.02.

5. Discussions

In the above discussions, it is clear that the coupling
constant D plays an important role in the global synchro-
nization of the parameters. In real situations, this D is
probably the connectivity between cells. In an experiment
with cardiac cell cultures from chicken embryos, Glass et
al have shown that the control of connectivity of the system
through the use of α glycerrhetinic acid and cultures den-
sity can indeed produce a transition of synchronized pat-
terns [5]. They have used a heterogeneous cellular automa-
ton model to understand their experiment findings. It seems
that heterogeneity and excitability are essential in their ex-
planations.

In our case, the system is essentially a mixture of ex-
citable and oscillatory cells. Although cells taken from the
ventricle [1] are considered to be only excitable when they
are in an intact heart, they will become oscillatory [4] after
they have been dissociated from the heart tissue and plated
on the culture dishes. It is known that their oscillation pe-
riod will be much longer than that of the pacemakers but
it is not clear what the oscillation period distribution is and
whether this distribution will depend on the growth condi-
tions. Even though all the cells might be eventually oscil-
latory, as a first approximation, one can still consider most
of the cells as excitable as they will be driven by a few cells
with the shortest oscillation periods. It is therefore reason-
able to assume that there is a mixture of excitable and oscil-
latory cells. In this sense, we also have heterogeneity and
excitability built into our systems. However, it is not clear
if this heterogeneity is the same as that of Glass et al [5].
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Abstract—In this paper, we shall describe about a ba-
sic theory based on the concept of set-valued operators,
suitable for available operation of extremely complicated
large-scale network systems. Fundamental conditions for
availability of system behaviors of such network systems
are clarified in a form of fixed point theorem for system of
set-valued operators. Here, the proof of this theorem is ac-
complished by the concept of Hausdorff’s ball measure of
non-conpactness.

1. Introduction

In extremely complicated large-scale network systems,
precise evaluation and perfect control, and also ideal op-
eration, of overall system behaviors cannot be necessarily
expected by using any type of commonplace technologies
for maintenance, which might be accomplished by simple
measure in usual hierarchical network structures.

In order to effectively evaluate, control and maintain
those complicated large-scale networks, as a whole, the
author has recommended to introduce some connected-
block structure:i.e., whole networks might be separated
into several blocks which are carefully self-evaluated, self-
controlled and self-maintained by themselves, and so,
which are originally self-sustained systems. However, by
always carefully watching each other, whenever they ob-
serve and detect that some other block is in ill-condition
by some accidents, every block can repair and sustain that
ill-conditioned block, through inter-block connections, at
once. This style of maintenance of system is sometimes
called as locally autonomous, but the author recommends
that only the ultimate responsibility on observation and reg-
ulation of whole system might be left for headquarter itself,
which is organized over all blocks just as United States
Government [1].

Here, let us consider complete metric linear spaces
Xi (i = 1, · · · ,n) andYj ( j = 1, · · · ,n), and their bounded
convex closed subsetsX(0)

i and Y(0)
j , respectively, corre-

sponding to each block,Bi andBj of whole network sys-
tem. Let us introduce operatorsfi j : Xi → Yj such that
fi j (X

(0)
i ) ⊂ Y(0)

j and letfi j be completely continuous onX(0)
i .

For each blockBi(i = 1, · · · ,n), dynamics of system be-

haviors can be represented originally by simple equations:

xi = αi fii (xi), (i = 1, · · · ,n), (1)

whereαi is a continuous operator:Y(0)
i → X(0)

i . These
equations have solutionsx∗i in everyX(0)

i (i = 1, · · · , n), ac-
cording to the well-known Schauder’s type of fixed point
theorem. Of course, these solutions represent original val-
ues of system behaviors.

But, in general conditions with inter-block connections,
system dynamics may be represented in the form of system
of equations:

xi = αi fii (xi) +
∑

j,i

β ji fi j (xi) +
∑

j,i

γ ji f ji (x j),

(i = 1, · · · ,n),
(2)

whereβ ji is a continuous operator:Yj → Xi andγ ji is a
continuous operator:Yi → Xi . In the right-hand side of
this system of equations, the first term represents the orig-
inal performance of thei-th block itself, the second term
represents the operation fed-back through all other blocks
( j , i) into the originali-th block, and the third term repre-
sents inter-block connections from all other blocks, in or-
der to repair and sustain thei-th block performance. This
system of equations also has solutionsx∗i (i = 1, · · · ,n) in
everyX(0)

i (i = 1, · · · ,n), which represent resultant behav-
iors of blockBi , as a whole. (See Fig. 1)

For general situations of mutual connections between
blocks, by newly introducingn composition-type operators
gi : Xi × Πn

j Yj × ΠnYi → Xi , whereΠn
j Yj means the direct

product ofn Yj ’s for all j ∈ {1, · · · ,n}, andΠnYi means the
direct product ofn Yi ’s for fixed i, we have a general system
of operator equations:

xi = gi(xi ; fi1(xi), · · · , fin(xi); f1i(x1), · · · , fni(xn)),
(i = 1, · · · ,n).

(3)

Here, we can present a fixed point theorem for this gen-
eral system of nonlinear operator equations [2], which is an
extension of the work by Melvin [3].

However, the fluctuation imposed on the actual system
is nondeterministic rather than deterministic. In this case,
even the effect due to a single cause is multi-valued, and the
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Figure 1: Situation between blocks

behavior is more naturally represented by a set of points,
rather than a single point.

Therefore, it is reasonable to consider some suitable-
subset of the range of system behavior, in place of single
ideal point, as target which the behavior must reach under
influence of system control. Now, we can name it as an
“available range” or a “tolerable range” of the system be-
havior. Thus, by the available or tolerable range, we mean
the range of behavior, in which every behavior effectively
satisfies good conditions beforehand specified, as a set of
ideal behaviors. From such a point of view, the theory
for fluctuation imposed on the system should be developed
concerning the set-valued operator.

By the set-valued operatorG defined on a spaceX is
meant a correspondence in which a setG(x) is specified in
correspondence to any pointx in X. In particular, when
G(X) ⊂ X, and if there exists a pointx∗ such thatx∗ ∈
G(x∗), x∗ is called a fixed point ofG.

The author has given a series of studies on set-valued
operators in functional analysis aspects, and has vigorously
applied it to analysis of uncertain fluctuations of network
systems [4], [5], [6].

Recently, the author gave a general type of fixed point
theorem for the system of set-valued operator equations, in
order to treat with extremely complicated large-scale net-
work systems [7], [8].

Namely, let us introducen set-valued operatorsGi : Xi ×
Πn

j Yj × ΠnYi → F (Xi) (the family of all non-empty closed
compact subsets ofXi) (i = 1, · · · ,n), whereΠn

j Yj means
the direct product ofn Yj ’s, for any j ∈ {1, · · · , n}, andΠnYi

means direct product ofn Yi ’s, for fixed i.
Under some natural conditions, the author presented an

important fixed point theorem on the system of set-valued
operator equations:

xi ∈ Gi(xi ; fi1(xi), · · · , fin(xi); f1i(x1), · · · , fni(xn)),
(i = 1, · · · ,n).

(4)

2. A Basic Fixed Point Theorem For System of Set-
Valued Operators

Now, we will present a basic theory of the fixed point
theorem for such a general system of set-valued operator
equations.

For the first step, let us introduce real Banach spaces
Xi (i = 1, · · · ,n), in which the norm is represented by
‖ · ‖, and also their non-empty bounded closed convex sub-
setsX(0)

i (i = 1, · · · ,n). Further, let us consider another
real Banach spacesYj ( j = 1, · · · ,n) in which the norm is
represented by‖ · ‖. Let us define a direct product space
Vi

4
=
∏n

j Yj ×
∏n Yi and also letV(0)

i be a non-empty
bounded closed convex subset ofVi . Here, let us consider
a vectorvi

4
= (xi , · · · , xi ; x1, · · · , xn) ∈ Vi and an operator

fi(vi) : Vi → Y i by

fi(vi)
4
= ( fi1(xi), · · · , fin(xi); f1i(x1), · · · , fni(xn)) . (5)

Here, we know thatyi j
4
= fi j (xi) ∈ Yj , y ji

4
= f ji (x j) ∈ Yi and

yi
4
= (yi1, · · · , yin; y1i , · · · , yni) ∈ Y i . Therefore, we have a

simple representation of the system of set-valued operators
(4), as follows:

xi ∈ Gi(xi ; fi(vi)), (i = 1, · · · ,n). (6)

Next, let us introduce a series of assumptions:

Assumption 1 Let the operator fi j : X(0)
i → fi j (X

(0)
i ) ⊂ Yj

be completely continuous (continuous and compact).

Assumption 2 Let the set-valued operator Gi : Xi ×Vi →
F (Xi) (a family of all non-empty closed compact subset of
Xi) satisfies the following Lipschitz condition with respect
to the Hausdorff distance dH: that is, there are two kinds of
constants0 < ki < 1 and hi > 0 such that for any x(1)

i , x
(2)
i ∈

Xi , for any y(1)
i j , y

(2)
i j ∈ Yj and for any y(1)

ji , y
(2)
ji ∈ Yi , Gi ’s

satisfy inequalities:

dH(Gi(x
(1)
i ; y(1)

i1 , · · · , y
(1)
in ; y(1)

1i , · · · , y
(1)
ni ),

Gi(x
(2)
i ; y(2)

i1 , · · · , y
(2)
in ; y(2)

1i , · · · , y
(2)
ni ))

≤ ki · ‖x(1)
i − x(2)

i ‖ + hi · (
∑n

j=1 ‖y
(1)
i j − y(2)

i j ‖
+
∑n

j=1 ‖y
(1)
ji − y(2)

ji ‖), (i = 1, · · · ,n),

(7)

that is,

dH(Gi(x
(1)
i , y

(1)
i ),Gi(x

(2)
i , y

(2)
i )

4
= ki · ‖x(1)

i − x(2)
i ‖ + hi · ‖y(1)

i − y(2)
i ‖) (i = 1, · · · ,n),

(8)
where the norm inY i is defined as

‖yi‖
4
=

n∑

j=1

‖yi j ‖ +
n∑

j=1

‖y ji ‖, (9)

and the Hausdorff distance dH between two sets S1 and S2

is defined by

dH(S1,S2)
4
= max{sup{d(x1,S2)|x1 ∈ S1},

sup{d(x2,S1)|x2 ∈ S2}},
(10)
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where d(x,S)
4
= inf {‖x− y‖ | y ∈ S} is the distance between

a point x and a set S .

Assumption 3 For any xi ∈ X(0)
i and yi j

4
= fi j (xi),

y ji
4
= f ji (x j), G(0)

i (xi ; yi1, · · · , yin; y1i , · · · , yni)
4
=

Gi(xi ; yi1, · · · , yin; y1i , · · · , yni) ∩ X(0)
i , φ.

Then, we have a final result:

Theorem 1 (Fixed Point Theorem) The system of set-
valued operator equations

xi ∈ G(0)
i (xi ; fi(vi)), (i = 1, · · · ,n) (11)

has at least one fixed point x∗i ∈ X(0)
i .

The proof of this theorem can be accomplished by the con-
cept of Hausdorff’s ball measure of the non-compactness,
as follows:

First, we remember Hausdorff’s ball measureβ(S) for
the non-compactness of bounded subsetS of real Banach
space [9]:

β(S)
4
= inf {ε ≥ 0| Scan be covered with

a finite number of balls of radii smaller thanε} (12)

Let V(0)
i , φ be a bounded closed convex subset ofVi .

Then, we can find that for anyxi ∈ X(0)
i ,

β(G(0)
i (xi , fi(V

(0)
i ))) = 0, (13)

where

G(0)
i (xi , fi(V

(0)
i ))

4
=
⋃

vi∈V(0)
i

G(0)
i (xi , fi(vi)) .

Eq. (13) means that the convex closure ofG(0)
i (x, fi(V

(0)
i ))

belongs toF (Xi) 1.
Next, by Eq. (13), we can obtain a relation

β(G(0)
i (X(0)

i , fi(V
(0)
i ))) ≤ k · β(X(0)

i ), (14)

where

G(0)
i (X(0)

i , fi(V
(0)
i ))

4
=

⋃
{

xi ∈ X(0)
i

vi ∈ V(0)
i

G(0)
i (xi , fi(vi)) .

Now, let us introduce a sequence{Wn} (n = 0,1,2, · · ·)
by the successive procedure such thatW0

4
= X(0)

i , andWn
4
=

conv G(0)
i (Wn−1, fi(V

(0)
i )), (n = 1,2, · · ·). Then, from Eq.

(14) we have in turn

X(0)
i =W0 ⊃W1 ⊃W2 ⊃ · · · (15)

and
β(Wn) ≤ kn · β(W0). (16)

1Remember: convS = convex closure ofS
4
= {the smallest convex and

closed set containingS}

From these relations, we see thatβ(Wn)→ 0, asn→ ∞.

Thus, for the setW∞
4
=

∞⋂

n=0

Wn, we have

G(0)
i (W∞, fi(V

(0)
i )) ⊂W∞, (17)

which means thatW∞ is a non-empty convex compact sub-
set invariant with respect to the operatorG(0)

i (xi , fi(vi)).

On the other hand, we can prove in a similar way
that the set-valued operatorG(0)

i (xi , fi(vi)) is upper semi-
continuous.

From this flow of deduction, we can see that the well
known Ky Fan’s fixed point theorem on set-valued opera-
tors [10] can be applied to our problem, and, as a result,
that the set-valued operatorG(0)

i (xi , fi(vi)) has a fixed point
x∗i in X(0)

i .

3. Concluding Remarks

The purpose of this paper is to give a mathematical
foundation for available operations of complicated large-
scale network systems, by means of functional-analysis-
methodology, described in the forms of fixed point theo-
rem.

The series of studies accomplished by the author, has
clarified their theoretical phases, step by step, in his reports
published in NOLTA2000[7], NOLTA2005[8], and to be
published in NOLTA2006, in turn.

The proof of fixed point theorem in ref.[7] was accom-
plished by natural assumptions, on the other side, the proof
of the theorem in ref.[8] was accomplished according to a
refined precise deduction, in weak topology.

The third theorem, in this NOLTA report, was proved
by using the concept of Hausdorff’s ball measure of non-
compactness, on a more basic foundation of mathematical
analysis.
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Abstract—This paper deals with the analysis of multi-
fractal signals in artificial markets generated by behaviors
of multi-agents who use the Genetic Programming(GP) for
learning and its applications. Agents prefer forecast mod-
els (equations) or production rules to support their decision
making, and irrational agents select decisions at random.
Depending on the composition of agents and the way of
decisions, the signal obtained from agents’ behavior bears
the multi-fractal characteristics. By applying prediction
method for mono-fractal surfaces, features of the multi-
fractal surfaces are extracted.

1. Introduction

There are many conventional methods for generating
mono-fractals time series and surfaces, even for giving
multi-fractal time series based on random numbers[1]-
[3]. However, there are few methods for generating multi-
fractal surfaces despite the extension of method for multi-
fractal time series is partly available.

In this paper, we show the analysis of multi-fractal sig-
nals (time series and surfaces) generated by behaviors of
multi-agents using the GP for learning and its applica-
tions. We emphasize the role of co-evolutionary GP and
the classifier systems to emulate the real market based
on the multi-agent systems[4]-[6]. In addition in the co-
evolutionary learning, agents are different in owning their
individual forecast model bases or just learning from pub-
lic base if a agent becomes to be not satisfied with the in-
crease of wealth. After examining the multi-fractal pro-
cesses, we apply the method for feature extraction based
on the prediction on mono-fractal signals proposed in pre-
vious works[10][11].

1.1. Architecture of Multi-agent System

The major component of this architecture is the hetero-
geneous adaptive agents. For generating multi-fractal time
series, we introduce artificial stock markets. Specifically,
five types of agents are defined in this architecture.

Agents of type 1 and type 3

The agents of both type 1 and type 3 are agents who
forecast the value of stock price and dividend of the next
period by using an adequate forecast equation model se-
lected from a forecast model base. The difference of these
two types is that the agents of type 1 possess their individ-
ual forecast model bases, but the agents of type 3 only learn
from a public forecast model base, without their own bases.

Agents of type 2 and type 4
The agents of both type 2 and type 4 are agents who

forecast the rise/fall of stock price and dividend of the next
period by using production rules. Agents of type 4 only
learn from a public forecast model base without their own
bases.

Agents of type 5
Different from these agents above, the agents of type 5

seem to behave irrationally, in the way that they do not use
any reasonable approaches to support their decision mak-
ing process.

Learning of agents based on GP
In this paper, the cognitive behavior of adaptive agents

will be modeled by applying the GP approach. Specifically,
forecast equation models are evolving in responding to the
market dynamics, enforced the genetic operations. In the
GP, each forecast model is represented in the tree structure
(called individual). In the parse tree, the non-terminal node
is taken from the function sets, containing +,-,÷,×,exp, abs
,sqrt
Terminal node consists of arguments chosen from set of
constants.
min(t):minimum price in period[itime-t,itime-1]

max(t):maximum price in period[itime-t,itime-1]
av(t):average price in period[itime-t,itime-1]
price(t):stock price in period itime-t
dividend(t):dividend in period itime-t We define the fitness of
forecast model is the reciprocal number of squared forecast
error denoted as ei, j,t, in which i is the index of agent, j is
the index of forecast model in the base and t accounts for
time horizon.

We find many literature for the description of the GP pro-
cedure, then we omit the details[4]-[6][8][9].

NOLTA 2006
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2. Fractality of Stock Price

For testing the time series to be fractal, we utilize the log-
arithm of the wavelet transform coefficients of stock price
by depicting the value along the axis of dilation index[10].
Namely, the spectrum of the time series is described by
using the variance σ2 of the time series, and the fractal di-
mension D.

S (ω) = σ2ω−γ, (1)

γ = 5 − 2D. (2)

Now, we assume that the time series is represented by using
the orthogonal Wavelet transform.

x(t) =
∑

n

∑

m

xm
n ψ

m
n (t). (3)

xm
n =

∫ ∞

−∞
x(t)ψm

n (t)dt. (4)

where ψm
n (t) is defined by using the scale and shift trans-

form of the basic function ψ(t). The numbers n,m mean
the indices of the scale and shift transform (dilation and
transform) , respectively. Since x(t) has the fractal geome-
try, we have next relation for coefficient xm

n based upon the
characteristics of the Wavelet function.

var(xm
n ) = σ22−γm. (5)

By taking the logarithm of equation (5), we have a linear
function of index m. Then we adopt a linear regression
curve to the logarithm of variance, and define the root mean
square error of the difference as

Rw =

[∑

m

(log(var(xm
n )) − c0 − c1m)2

]1/2
/(MXr). (6)

where M is the range of index m, and Xr is the difference
between the maximum and minimum of log(var(xm

n )). If
the time series x(t) is fractal, then Rw=0 theoretically.

Composition of agents
We consider six cases of composition of agents where Ni

mean the number of agents of type i.
Case 1:Ni=100,100,100,100,100
Case 2:Ni=100,100,0,0,100
Case 3:Ni=0,0,100,100,100
Case 4:Ni=100,100,0,0,0
Case 5:Ni=0,0,100,100,0
Case 6Ni=0,0,0,0,100

Then, Rw for Case i, i = 1 ∼ 6 are 0.0064, 0.0081,
0.0041, 0.0040, 0.053, 0.0069, respectively. We see that the
artificial stock prices deviate from mono-fractal processes
in each cases except for case 6.

Role of LCS
For the test of fractality, the randomness in agents’ be-

havior is expected to give good effect on the reality of artifi-
cial stock price. We employ a method for the explanation of

LCS (Learning Classifier Systems) effect on the stock price
by changing the range of selection of individuals from the
pool[7].

We define pS as a probability in selecting an individual
from the pool. We assume agents of type 1, 2, 3, 4 use one
of the individual at random from NS individuals which are
selected from the top of NG members in the pool. The prob-
ability pS is therefore defined as pS = NS /NG. If pS = 1
the method for the usage of individual is the original LCS
scheme. If NS = 1, pS = 1/NG, then the method corre-
sponds to the exclusion of LCS scheme, in which agents
use only individuals with highest fitness.

The result for several pS (pS = 1.0, 0.8, 0.6, 0.4, 0.2,
0.0 ) is summarized as Rw=0.0065, 0.0078, 0.091, 0.014,
0.024, 0.014 , respectively.

As is seen from the result, if pS < 0.6, the artificial stock
price is no more mono-fractal.

3. Characterizing multi-fractal by WTMM

In the following discussion, we use the Wavelet Trans-
form Modulus Mamxima (WTMM) method proposed by
Muzy and Bacry for finding the multi-fractal processes in
time series [3]. At first, we calculate the wavelet transform
of the time series x(t).

z(b, a) =
1
a

∫ ∞

−∞
φ(

x − b
a

)x(t)dt. (7)

where φ((t − b)/a) is obtained from the basic wavelet func-
tion φ(t) by using the translation index (scale parameter) a
and the dilation index (space parameter) b. Then, the multi-
fractal proceses can be characterized by using the maxima
of the q-th moment of the z(b, a). We define following func-
tion.

Z(a, q) =
∑

l∈L(a)

[sup(y,a′)∈l|z(y, a)|]q. (8)

where l denotes the lines called as the maxima lines , and
are obtained as a set of points by assigning a to a fixed value
and varying b as variable y giving the maximum value of
Z(a, b). Then, L(a) denotes the set of these lines. After
these calculation of maxima, we obtain the exponent τ(q)
in the limit a→ 0 as follows.

Z(a, q)→ aτ(q). (9)

Then, we can compute the singularity spectrum D(h) from
the Legendre transform of τ(h).

D(h) = min
q

[qh − τ(q)]. (10)

The singularity spectrum D(h) of the signal is then defined
as the function that gives, for a fixed h, the Hausdorff di-
mension of the set of points of x where the exponent H(x) is
equal to h. If the curve D(h) spreads along h, then the time
series bears multi-fractality, otherwise the curve converges
to a single point.

Fig.1 shows an example of D(h) for Case 1 and Case 2,
and we see multi-fractility for each case.
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Figure 1: Ecxample of Singularity spectrum D(h)

4. Generation of multi-fractal surfaces

Then, we extend the method for generating fractal time
series to then generation of fractal surfaces. In previous
discussion, we assume that agents invest and trade only one
kind of stock. Then, we assume following markets consist-
ing multiple stocks (issues).
(1) sorting issues according to same industries

It is assumed that stocks issues are sorted into a series
(list L) where resemble issues are placed in their neighbor-
hood. For example, stocks that are issued by companies
belonging to the same industry are placed on the neighbor-
hood in the list L. We also assume that the end of list L is
combined with another end of list L like a torus.
(2) agents invest to multiple issues

We assume that agents are allowed to invest to multiple
issues according to list L. An agent mainly invest to i th
issue on list L, but simultaneously, the agent invest to i +

is, i − is th issues on list L. If i + is exceeds the length of
L or i − is is less than 0, then agents switch them along the
torus.
(3) decision of buy/sale of issue

Agents predict future price of issues based on the
previous prices of issues. Then, the arguments such
as min(t),max(t) for a single issue are extended to
min(t, j),max(t, j) for the prediction of future price of j
th issue. These extended arguments are used in the pre-
fix representation of individuals for GP learning. Based on
the prediction of future prices of issues, agents decide to
buy/sale of issues and the volumes to be traded.
(4) fractal surface

Then, we summarize the data for i th issue at time t as
y(t, i) after sufficient time of learning by agents. As a result,
we find that the two-dimensional data y(t, i) reveals as a
fractal surface. After precise examination, we also find that
x(t, i) exhibits the characteristics of multufractality.

Fig.2 shows an example of x(t, i). Fig.3 shows an ex-
ample of log[var(xm

n )] (the logarithm of time series x(t) =

Figure 2: Example of multi-fractal surface
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log[var(Xm
n )]
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Figure 3: log-plot of wavelet coefficients

y(t, i) for a certain fixed i). As is seen from Fig.2, the seg-
ment of surface x(t, i) bears fractality, and then it is ex-
pected that x(t, i) becomes an fractal surface.

5. Feature extraction using Prediction

Since the multi-fractality is characterized by a short-term
feature rather than the long-term dependency of the mono-
fractal signals. Then, we employ the smoothing method
of the mono-fractal time series for detecting the feature of
multi-fractality.

The smoothing method has been proposed in previous
works, and the overview is summarized as follows[10][11].
Suppose time series sx(t) is represented as

x(t) =

∫ t0

0
h(t, t − τ)x(τ)dτ, t > t0. (11)

where the impulse response function h(t, τ) is represented
by the scaling function φ(t)

h(t, τ) =

∞∑

i=0

∞∑

j=0

hi jφNi(t)φN j(τ). (12)
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Figure 4: Example of feature extrcation of multi-fractal

φNi(t) = φ(2−N t − i). (13)

φ(t) =

{
1, 0 < t ≤ 1,
0, otherwise (14)

Then, we expande the time series as

x(t) = b−1
∫ bt0

0
h
( t
b
,

t − τ
b

)
x(τ)dτ, t > bt0, (15)

b = aD, a = T2/T1, T2 > T1. (16)

Then, we extend the prediction method for fractal time se-
ries to fractal surfaces by extending the representation us-
ing the impulse response functions. Suppose a fractal sur-
face z(x, y) is represented as

z(x, y) =

∫ x0

0

∫ y0

0
h(x, x − τ, y, y − µ)z(τ, µ)dτdµ, (17)

h(x, τ, y, µ) =

∞∑

i, j,k,l

hi jklφNi(x)φN j(τ)φNk(y)φNl(µ). (18)

Then, we can apply the same expansion for the surface as

z̃(x, y) = b−2
∫ bx0

0

∫ by0

0
h(

x
b
,

x − τ
b

,
y
b
,

y − τ
b

)z(τ, µ)dτdµ.

(19)
b = aD, a = X2/X1 = Y2/Y1, X1 = Xe − Xs,
Y1 = Ye − Ys, Xs ≤ x ≤ Xe,Ys ≤ y ≤ Ye.

(20)

We obtain distincted feature points for artificial stock prices
by using the method. Figure 4 shows an example for detect-
ing feature points.

Fig.5 shows an example an error of original artificial
stock price and mono-fractal prediction which is giving us
the feature extraction of fractal time series.

References

[1] E. Barcy, J. Delour and J. F. Muzy, ”Modeling fi-
nancial time series using multifractal random walks,”
Physica A, vol.299, pp.84–92, 2001.

0

5

10

15

20

25

30

0 50 100 150 200 250

er
ro

r o
f o

rig
in

al
 a

nd
 p

re
di

ct
io

n

time

Figure 5: Error of original artificial stock price and mono-
fractal prediction

[2] L. Calvet and A. Fisher, ”Forecasting multifractal
volatility,” Journal of Econometrics, vol.115, pp.27–
58, 2001.

[3] J. F. Muzy, E. Bacry and A. Arneodo, ”Multifrac-
tal fromalism for fractal signals:The structure- func-
tion approach versus the wavelet-transform modulus-
maxima method,” Physical Review E, vol.47, no.2,
pp.875–884, 1993.

[4] X. Chen and S. Tokinaga, ”Synthesis of multi-agent
systems based on the co-evolutionary Genetic Pro-
gramming and its applications to the analysis of
artificial stock market(in Japanese)”, Trans. IEICE,
vol.E86–A, no.10, pp.1038–1048, 2003.

[5] Y. Ikeda and S. Tokinaga, ”Chaoticity and frac-
tality analysis of an artificial stock market by the
multi-agent systems based on the co-evolutionary
Genetic Programming”, IEICE Trans.Fundamentals ,
vol.E87–A, no.9, pp.2387–2394, 2004.

[6] L. B. Brooker, D. E. Goldberg and J. H. Holland,
”Classifier system and genetic algorithm”, Artificial
Intelligence, vol.40, pp.235–282, 1989.

[7] J. R. Koza, Genetic Programming, MIT Press, 1992.

[8] J. R. Koza, Genetic Programming II: Automatic Dis-
covery of Reusable Programs, MIT Press, 1994.

[9] S. Tokinaga, H. Moriyasu, A. Miyazaki and T. Shi-
mazu, ”A forecasting method for time series bearing
fractal geometry and its application”, Trans. IEICE,
vol.J79–A, no.11, pp.1793–1800, 1996.

[10] Y. Ikeda and S. Tokinaga, , ”An estimation method for
fractal surfaces by using scale expansion and its ap-
plication”, Trans. IEICE, vol.J81-A, no.8, pp.1127–
1133, 1998.

138



 
 

 

  

Abstract— This paper presents a robust stochastic direct 
adaptive radial basis neural network synchronization of Chua’s 
circuit. Based on Lyapunov stability theory, an adaptive radial 
bases neural network is tuned and used in a nonlinear robust 
controller to make the states of two identical Chua’s systems 
with a bounded stochastic noise and fully unknown Chua’s 
diode characteristic nonlinear function, synchronized. It is 
worth mentioning that only one of the three states of master 
system is observed and used in control laws. Finally, some 
numerical simulations are performed to illustrate the efficiency 
and robustness of the proposed robust adaptive 
synchronization scheme. 

I. INTRODUCTION 

 
INCE its introduction by Pecora and Carrol in 1990 [1], 
chaos synchronization has received increasing attention 
due to its theoretical challenge and its great potential 

applications in secure communication, chemical reaction, 
biological systems and so on [2]. Basically, chaos 
synchronization problem can be formulated as follows. 
Given a chaotic system, which is considered as the master 
(or driving) system, and another identical system, which is 
considered as the slave (or response) system, the aim is to 
force the response of the slave system to synchronize the 
master system [3]. Great efforts have been devoted to 
achieving this goal in the last few years and a large variety 
of approaches has been proposed, such as sampled-data 
feedback synchronization method [4], impulsive control 
method [5], adaptive design method [6], and invariant 
manifold method [7]. 
In this paper, a new direct adaptive controller is developed 
for Chua’s system using radial basis neural networks and 
Lyapunov stability technique. In this work the nonlinearity 
term of the master system dynamics is fully unknown. It is 
shown that the tracing error between master and slave 
systems converges to zero in presents of a bounded 
stochastic noise in master system dynamics. 
The paper is organized as follows. Section 2 presents the 
problem statement. A few literatures on the radial basis 
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neural networks and linear parameter approximators are 
described in section 3. The procedure of control design is 
described in section 4 and global stability of the overall 
system is proved by the theorem that established in this 
section. This section followed by simulation results in 
section 5 to show the efficiency of presented method. 
Finally, section 6 concludes the paper. 

II. SYSTEM DESCRIPTION  
Consider the chaotic system of Chua’s oscillator given by 

the below equations [8]: 
( ) ( , , , )x px py pg x x y z t

y x y z
z qy rz

+ − + Ω⎧
⎪ = − +⎨
⎪ = − −⎩

= −
 (1) 

Where , ,x y z  are states, , , 0p q r >  are the system 
parameters, g(x) is a unknown nonlinear function which 
describe the voltage-current characteristics of the nonlinear 
resistor called Chua’s diode and , , , )x y z tΩ(  represents the 
stochastic noise and deterministic disturbance. We suppose 
that the , , , )x y z t H ∞Ω( ∈  is bounded by  
|| ( , , , ) ||x y z t ρ∞Ω ≤  (2) 

In order to observe the direct adaptive neural network 
synchronization behavior in the Chua’s system, we assume 
that we have two Chua’s systems so that the master system 
governed by equation (1) has uncertainties and an unknown 
nonlinear function, and a second system (the slave system) 
is described by 

ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ

x px py u

y x y z

z qy rz

⎧ = − + +
⎪⎪ = − +⎨
⎪ = − −⎪⎩

 (3) 

Where ˆ ˆ ˆ, ,x y z the states of slave system, and u represents 
the adaptive neural control input, which will be defined later 
for the purpose of synchronization the two Chua’s systems 
(1),(3). 

We define the synchronization errors between the states 
of master system and the slave systems as: 

ˆ
ˆ

ˆ

x

y

z

e x x
e y y

e z z

⎧ −
⎪

−⎨
⎪ −⎩

 (4) 

So, we can easily drive the synchronization error 
dynamical system from (1),(3) and (4): 
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( ) ( , , , )x x y

y x y z

z y z

e pe pe f x u x y z t

e e e e

e qe re

⎧ = − + + + − Ω
⎪

= − +⎨
⎪ = − −⎩

 (5) 

Where ( ) ( )f x pg x . We can rewrite the 
synchronization error dynamical system as follow: 

( ( ) ( , , , ))e A e b f x u x y z t= + + − Ω  (6) 

Where [ , , ]Tx y ze e e e and the matrix A and the vector b 

are: 
0 1

1 1 1 , 0
0 0

p p
A b

q r

−⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

 (7) 

III. RADIAL BASIS NEURAL NETWORKS 
A radial basis neural network (RBNN) is made up of a 

collection of parallel processing units called nodes. The 
output of the ith node is defined by a Gaussian function as: 

2

2
| |

( )
i

i

x c

iz x e σ
−

−

=  
(8) 

, where x is the input to the network, ic is the center of the 

ith node, and iσ  is its size of influence. The output of a 

radial basis network, ( , )y F x ψ= , may simply be 

calculated by either a summation so that 

1
( , ) ( )

n

i i
i

F x z xψ ψ
=

= ∑  (9) 

or by a weighted average 

1

1

( )
( , )

( )

n

i i
i

n

i
i

z x
F x

z x

ψ
ψ =

=

=
∑

∑
 (10) 

Where [ ]1 2, ,..., T
nψ ψ ψ ψ= is a vector of network 

weights. We notice that (9) and (10) may be rewritten as 
( , ) )TF x xψ ψ ζ= ( , where )xζ (  is a set of radial basis 

functions defined by (11) for the weighted sum (9), and; 
defined by (12) for the weighted average (10). 

[ ]1) ( ),..., ( ) T
nx z x z xζ ( =  (11) 

[ ]1
1

) ( ),..., ( ) / ( )
n

T
n i

i
x z x z x z xζ

=

( = ∑  (12) 

Given a single RBNN, it is possible to approximate a 
wide variety of functions simply by making different 
choices for A. In particular, if there are a sufficient number 
of nodes within the network, then there exists some *ψ  such 

that 
*sup | ( , ) ( ) |

xx S
F x f xψ ε0

∈
− ≤  

(13) 

Where xS is a compact set, and 0ε0 >  is a finite constant 
provided f(x) is continuous [9]. This lets us express 

*( ) ( , ) )f x F x xψ ε= + (  with ( )xε ε0≤ when xx S∈ . 

Notice that even though RBNN’s are linear in a set of 
adjustable parameters, we may, e.g., approximate a function 

( ) cos( )Tf x a bx x= +  which is not linear in an independent 

set of parameters [ ]Ta b . Thus we are using an 

approximator which is linear in the parameters to describe 
functions which are not necessarily linear in another set of 
parameters. Even though we will be defining the control 
laws in terms of radial basis networks, it should be noted 
that any universal approximator which is linear in the 
adjustable parameters may be considered. Other examples 
are standard fuzzy systems with adjustable output 
membership centers [10], Takagi–Sugeno fuzzy systems 
[11], CMAC networks, among others. 

IV. DIRECT ADAPTIVE NEURAL NETWORK 

SYNCHRONIZATION 
The controllability matrix for A, b is: 

2

2

1
0 1 1
0 0

p p p
b Ab A b p

q

⎡ ⎤− +
⎢ ⎥⎡ ⎤ = − +⎢ ⎥⎣ ⎦
⎢ ⎥−⎣ ⎦

 (14) 

Because 0q ≠  the controllability matrix is full rank and 
we can find the vector K such that the following matrix is 
Hurwitz: 

0TA bKΛ = − <  (15) 

But, we only can observe x from the state variables of the 
master system. So, we use [ 0 0]TK a= . From (16), it is 
easy to see that the Λ is Hurwitz. 

( ) 0
1 1 1
0

T

p a p
A bK

q r

− +⎡ ⎤
⎢ ⎥Λ = − = −⎢ ⎥
⎢ ⎥− −⎣ ⎦

 (16) 

By defining u as  
x nu ae u= − +  (17) 

Where nu is the neural control term. We can obtain (18) 
from (6), (15): 

( )( ) ( , )ne e b u f x x t= Λ + + − Ω  (18) 

Because the f(x) is an unknown function, we use a radial 
basis neural network ( , )F x ψ  with the following structure 

to approximate it.  
( , ) )TF x xψ ψ ζ= (  (19) 

We define the optimum network weights vector *ψ as: 

* arg min sup | ( , ) ( ) |
x

F x f x
ψ

ψ ψ⎡ ⎤= −⎢ ⎥⎣ ⎦
 (20) 

So, we can write the following equation: 
*( ) ( , ) )f x F x xψ ε= + (  (21) 

Where )xε ( is the representation error and depends on 
the network structure. Assume that representation error 

)xε (  is bounded by 0 0ε > , i.e. | ) |xε ε0( ≤ . 
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An adaptive algorithm will be defined to estimate *ψ  

with ψ . This estimate is then used to define the control law 

nu  as: 

) 2
| |

x
n

x

eu x
e

ψ ζ ρΤ
2= − ( −  (22) 

Where 2ρ ρ ε0+ . 
Theorem: The synchronization error dynamical system 

(6) will be asymptotically stable using the control law (23) 
and network parameter updating rule (24). 

) 2
| |

T x

x

eu K e x
e

ψ ζ ρΤ
2= − ( −  (23) 

)xe xψ ζ= Γ (  (24) 

Where Γ  is a symmetric positive definite matrix. 
Proof: From the error dynamical system (6) and (23) we 

can drive (25): 
) ( ) ( , )Te e b x b bw e b x tψ ζ ε= Λ − ( + + − Ω  (25) 

Where *ψ ψ ψ= −  is the network parameter estimation 

error and w(e) is 

( ) 2 2
| | | |

T
x

T
x

e e Pbw e
e e Pb

ρ ρ2 2= − = −  (26) 

In (24) P is a symmetric positive definite matrix, which 
defined in (27) and satisfies the Lyapunov equation (28) for 
the following positive definite matrix Q. 

1 0 0 2( ) 2 0
0 0 , 2 2 0
0 0 0 0 2

p a p
P p Q p p

p q rp q

+ −⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= = −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

 (27) 

TP P QΛ + Λ = −  (28) 

Consider the positive Lyapunov function ( , , )V e tψ  as 
1( , , ) T TV e t e Peψ ψ ψ−= + Γ  (29) 

The time derivative of V along with the synchronization 
error trajectory (25) is 

( )( , , ) 2 )

2 ( ) 2 ( , ) 2

T T T T

T T T

V e t e P P e e Pb x

e Pbw e e Pbd x t

ψ ψ ζ

ψ ψ−1

= Λ + Λ − (

+ − + Γ
 (30) 

Where ( , ) ( ) ( , )d x t x x tε= − + Ω . Using the fact that 

ψ ψ=  and (28), we can obtain (31) from (30). 

( , , ) 2 ( ) )

2 ( ) 2 ( , )

T T T

T T

V e t e Qe e Pb x

e Pbw e e Pbd x t

ψ ψ ζ ψ−1= − + − ( − Γ

+ −
 (31) 

 
Knowing that | ( , ) | | ( ) | | ( , ) |d x t x x tε ε ρ ρ0 2≤ + Ω ≤ + =  

and using the network parameters adaptive rule (24) and 
equation (26) we can drive: 

 
( , , ) TV e t e Qeψ ≤ −  (32) 

V. SIMULATION 
Consider the dimensionless version of the Chua’s master 

system (1) with unknown nonlinear function g(x) and the 

slave Chua system (3). We use the following function as 
g(x) to perform the simulation results. In particular, it is 
worthy to noting that the only measurable state is x(t). 

( )( ) .5( ) | 1| | 1|g x bx a b x x= + − + − −  (33) 

Where. a=-8/7, b=-5/7 The following set of parameters 
that exhibits chaotic behavior of system (1) is employed 

10 , 0.0385, 16p q r= = =  (34) 

Meanwhile, the initial conditions of the master and salve 
systems are taken as 

ˆ[0 0 .01] , [7 9 5]T Tx x= = −  (35) 

The noise signal is of the form 
1

2( , , , ) sin(2 ) cos( )x y z t t x y zΩ = + + +  (36) 

Figure 1 shows the chaotic attractor of the master system. 
Figure 2 shows the state evolution of the master and slave 
systems. Figure 3 depicts the tracking errors and clearly 
shows that the synchronization errors are converging to zero 
quickly, and Figure 4 illustrates the bounded ness of the 
radial basis neural network parameters. In the following 
simulation the controller parameters are as follows. 

2 1.6, 5000 , 20nI nρ = Γ = =  (37) 

Where n  is the nodes number of neural network.  
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Fig. 1.  Chaotic attractor of the master system 
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Fig. 2.  Actual states (solid lines) and their estimations (dot lines) 
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Fig. 3.  The synchronization error 
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Fig. 4.  Parameters of radial basis neural network 

 

VI. CONCLUSION 
This paper has addressed a robust adaptive RBFNN 

controller design for the synchronization problem of Chua’s 
systems with unknown diode nonlinear function and 
bounded noise. It is worth mentioning that only one of the 
three states of master system is observed and used in control 
laws. The proposed robust adaptive controller scheme has 
also been successfully applied to synchronize asymptotically 
both master and slave chaotic systems. The numerical 
simulation indicates the effectiveness of the proposed 
synchronization scheme. 
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Abstract— Stability conditions of synchronous regime
in the chains of coupled circle maps are studied. It
was shown that with increasing coupling (i) the transition
from a non-synchronous state to a synchronous one occurs
through the long-wave bifurcation and (ii) the transition
from a synchronous state to a non-synchronous one occurs
through the short-wave instabilities. Influence of asymme-
try of coupling was analyzed.

1. Introduction

In this paper we study conditions for an onset and
breakup of the chaotic synchronization regimes in ensem-
bles of coupled circle maps (CMs). For networks of cou-
pled maps different problems of synchronization, pattern
formation, and spatio-temporal chaos have been investi-
gated [1-6]. Synchronization in ensembles of coupled CMs
has found important practical applications in electronics,
radio- engineering or communications, in particular, in net-
works of digital phase-locked loops [7-12].

2. Common model

The main model is a chain of identical CMs which are
locally diffusively coupled [12]:

φ + = ω + φ − φ +

φ
+
− φ + φ − − φ .

(1)

Here = , ..., corresponds to the number of individual
CMs and , are the coupling strengths. The parameter
ω characterizes the individual frequency of rotation. The
function φ is a piecewise linear π-periodic function
of the form

φ =
φ

π
(2)

defined in the interval −π, π , and is the control parame-
ter. We consider negative values . In this case the eigen-
value of the autonomous map ρ = − ′

φ = − /π >
and therefore the rotations are chaotic.

We assume that the system is subjected to
(i) periodic boundary conditions:

φ = φ + (3)

(ii) or free-end boundary conditions:

φ = φ φ + = φ . (4)

3. Symmetrically coupled maps

First we study the case of symmetrically coupled maps,
i.e. = = . In homogeneous chains of chaotic os-
cillators the regime of complete chaotic synchronization is
possible. This regime is realized if the state

φ = φ = ... = φ = φ (5)

is stable.
The specific type of the considered function φ (2) al-

lows to find analytically the stability conditions of the syn-
chronous state.

Linearizing around the uniform solution (5), the system
(1) for deviations ξ = φ − φ is:

ξ + = ξ +
′
φ − ξ + ξ − + ξ + ,

= , ..., ,
(6)

or in the vector form:

ξ + = ξ , (7)

where ξ = ξ , ξ , ..., ξ , and the Jacobian matrix is

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ρ · · · δ
ρ · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
δ · · · ρ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where = − , and δ = for periodic boundary condi-
tions and δ = for free-end boundary conditions.

Because ρ is constant, the matrix consists of constant
coefficients, i.e. it does not depend on . This allows us to
find the eigenvalues of the solution (5). One of them is al-
ways equal to the eigenvalue of the individual map ρ . We
remind that ρ > as < . While ρ manifests chaotic
rotations, the stability of the synchronized state is deter-
mined by the other − eigenvalues. If |ρ | < for all
= , , ..., − , then state (5) is stable.
Let us consider separately both boundary conditions.
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3.1. Periodic boundary conditions

For periodic boundary conditions the eigenvalues read:

ρ = ρ − − ψ

= , , ..., − ,
(8)

where ψ = π / . If = , i.e. the maps are uncoupled,
hence all eigenvalues are equal to ρ . With increasing

, all eigenvalues except ρ decrease and enter the interval
− . The largest among them are ρ = ρ − . The small-

est eigenvalues are ρ / for even and ρ ± / for odd .
Therefore in order to obtain the stability region of the syn-
chronous state, it is sufficient to look on the eigenvalues ρ
and ρ / for even , and ρ and ρ + / for odd . Then
the synchronization region in (1) can be determined from
the inequalities:

ρ < ρ / > − for even ,

ρ < ρ + / > − for odd ,
(9)

which provides the interval of the coupling parameter that
corresponds to the synchronous regime:

(i) for even

∗∗ ≡
π − π/

< < −
π
≡ ∗ (10)

(ii) for odd

∗∗ ≡
π − π/

<

< π−
π − π + /

≡ ∗.
(11)

These conditions show that the stability of the synchronous
state is determined by (a) eigenvalue of the single map, and
(b) by the number of coupled maps. In Fig. 1 the depen-
dencies of ∗∗ and ∗ on the parameter for different is
shown. One can see that with increasing the synchro-
nization region become smaller.

From (10) for a chain of fixed length one can calculate
the maximal value of , such that at ≤ a synchronous
regime is impossible for any coupling. For even it is
(Fig. 2):

= π
π/ −
π/ +

(12)

With increasing coupling at the transition to a syn-
chronous regime the last unstable eigenmode corresponds
to the = eigenvalue ρ . In this case ψ = π/ . The
long-wave bifurcation takes place. For a bit less than
∗∗ the distribution of φ for fixed will be sinusoidal:

π / + , where and depend on .
For even the first mode which becomes unstable at the

transition from a synchronous to a non-synchronous regime
is the eigenmode corresponding to = / . Therefore for
a bit larger than ∗ the ”antiphase” (ψ / = π) distribution,
at which the values φ for all are identical for all even
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Figure 1: Synchronization regions in the chain (1) with
periodic boundary conditions (region bounded by
dashed lines) and free-end boundary conditions (region
bounded by solid lines) for = (a), = (b), =

(c).
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Figure 2: Dependence of the critical parameter value −
on the number of elements in the chain (1) with periodic
and free-end boundary conditions. Synchronization takes
place in regions under the curves.

elements, i.e. φ = φ as well as for all odd elements,

i.e. φ − = φ . The short-wave bifurcation takes place.
These and other distributions φ in the chain (1) with

periodic boundary conditions at = , = − .
for different couplings after 10 000 000 iterations are
shown in Fig. 3. For chosen parameters with increasing

the transition ”non-synchronous regime - synchronous
regime” occurs at ∗∗ ≈ . . The transition ”syn-
chronous regime - non-synchronous regime” takes place
at ∗ ≈ . . Sinusoidal and ”antiphase” distributions of
φ are presented in Fig. 3(a) and in Fig. 3(b), correspond-
ingly. With further increasing a modulation of φ takes
place. (Fig. (3(c)). Then more and more eigenvalues be-
come smaller than − , i.e. more and more corresponding
modes become unstable, which leads to more complex dis-
tribution of φ (Fig. (3(d,e)).

This analysis allows to identify only local stability of
synchronous states. Due to the homogeneity of the chain
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Figure 3: Distributions φ in the chain (1) with periodic
boundary conditions for = , = − . at different
coupling strength after 10 000 000 iterations. = .
(solid line), = . (dotted line corresponds to distribu-
tion φ = π / + , = . (dashed line corre-
sponds to homogeneous synchronous state) (a), = .
(”antiphase” distribution) (b), = . (c) (values φ only
for even are shown) , = . (d), = . (e).

other regimes are possible too, i.e. the system (1) is mul-
tistable. So there exist stable splay-state distribution with
linear distribution φ : φ̃ = + π / for all . For this

state the difference θ ≡ φ̃
+
− φ̃ = π/ does not depend

on . Therefore in the system for θ there exists the spatially

homogeneous state θ = θ = ... = θ − = θ . Its stability
can be analyzed in the same manner as the stability of the
state ϕ . θ looses its stability with increasing of coupling
and ”antiphase” distribution of θ is realized (Fig. 4).

3.2. Free-end boundary conditions

Now we study free-end boundary conditions: ξ = ξ
and ξ

+
= ξ in (6). The eigenvalues in this case are:

ρ = ρ − − ψ

= , , ..., − ,
(13)

where ψ = π / . As for periodic boundary conditions the
largest eigenvalue after ρ is ρ , but the smallest one is now
ρ − . Again one can calculate the stability region of the

0 20 40 60 80 100
j
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-1

0

1

2

3

φ j

d=0.504
d=0.509

Figure 4: Distribution φ in the chain (1) with periodic
boundary conditions at = , = − . for different
couplings after 10 000 000 iterations. At = . the
distribution φ is linear: φ = + π / . At = .
”antiphase” regime is stable.

synchronous state:

∗∗ ≡
π π/ − <

< π−
π + π/

≡ ∗
(14)

Such regions for different are presented in Fig. 1
which shows that for chains of fixed length the stability
region of the synchronous state in chains with periodic
boundary conditions is essentially larger compared to
those with free-end boundary conditions .

The critical value is:

= π −
π/

(15)

This curve lies below the curve (12) for periodic
boundary conditions (Fig. 2), i.e. we find again that for
chains closed in a ring the synchronous regime can exist
for larger size (larger ) than in chains with free ends.

In Fig. 5 the distributions of φ in the chain (1) with free-
end boundary conditions for = , = − . for
different after 10 000 000 iterations are shown. At the
transition to a synchronous regime at a bit less than ∗∗
the last unstable eigenmode corresponding to = is sinu-
soidal + π / (where , depend on ) (Fig. 5(b)).
In long chains at the transition to a non-synchronous regime
at a bit larger than ∗ the first stable eigenmode corre-
sponding to = − is close to the ”antiphase” (ψ − ≈ π
(Fig. 5(c)). With increasing > ∗, the distributions of φ
becomes more complex.

Therefore for both boundary conditions the transition
from a synchronous state to non-synchronous one occurs
through long- and short-wave instabilities [13].

4. Effect of asymmetry of coupling

In the case of asymmetrically coupled maps (Eq.(1)) the
stability conditions can be also found analytically. In Figs.
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for = , = − . for different coupling strength

after 10 000 000 iterations. = . (a), = . (b)
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6-7 the synchronization regions for both boundary condi-
tions are presented. One can see that for periodic bound-
ary conditions the asymmetry of coupling leads to decrease
of synchronization region, but for free-end boundary con-
ditions the asymmetry is a reason of the enhancement of
synchronization.
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Abstract– We address spatiotemporal chaotic systems 
as symbol sequences generators. We propose a new 

family of spatiotemporal systems which are advantageous 

in terms of synchronization. Moreover, by means of 

topological entropy, we show that these systems have 

better random-like behaviour, compared to conventional 

coupled map lattices (CML). 

1. Introduction 

 

The rich dynamics of chaotic systems is an attractive 

feature for many fields such as secure communications. 

Chaotic systems are, at the same time, deterministic and 

characterized by an unpredictable behaviour. Thus, from 

an information-theory viewpoint, they can be regarded as 

information sources [7]. Indeed, according to [10,11], a 

sequence of events conveys information if the events are 

not fully predictable.  

The gap between the two fields, dynamical theory and 

communication theory, has been bridged thanks to 

symbolic dynamics [14]. Indeed, symbolic dynamics 

makes possible the conversion of chaotic trajectories into 

symbol sequences. It consists in partitioning the phase 

space into a finite number of disjoint partitions and in 

attributing a symbol to each one, so that, values falling in 

a given partition are presented by the same symbol.  

The so obtained symbol sequences have shown to be 

good candidates in several communication applications 

such as in spread spectrum systems as pseudo-random 

codes [1-5]. 

For such applications, the chaotic sequences, used in 

the transmitter side of the communication system, have to 

be identically duplicated in the receiver side. Hence, 

chaotic systems, used in the transmitter and the receiver, 

have to be synchronized. The chaotic synchronization 

techniques which have been published to date are 

sensitive to both noise and distortion in the channel [1].  

For this reason, we are interested in spatiotemporal 

chaotic systems for which synchronization is more 

efficient [4-6]. In particular, the spatiotemporal system 

that will be investigated in this paper shows better time 

synchronization than the conventional Coupled Map 

Lattices (CML).  

 

Regarded as sources of information, we evaluate in this 

paper the amount of information generated by such 

systems, by means of topological entropy. Furthermore, 

we show that, besides the synchronization advantage, the 

proposed spatiotemporal system can generate sequences 

having better random-like behaviour, compared to the 

conventional CML.  

In the second section of this paper, we propose a new 

family of spatiotemporal chaotic systems and show that it 

is more advantageous than the conventional CML, in 

terms of synchronization. Next, section III deals with 

topological entropy as a measure of unpredictability. 

First, we give the definition of this measure and its 

application in the low-dimensional chaotic systems. Then, 

we present its application in spatiotemporal systems and 

last we show and discuss simulation results. At last, some 

conclusions are drawn in section IV.  

2. Synchronization of Spatiotemporal Chaotic Systems  

 
The conventional Coupled Map Lattices (CML) are 

defined as follows [4-5]: 

 

[ ] [ ]
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where i is the space index, i=1,…, M; k is the time 

index, k=1,…,N; ε is the coupling coefficient. 
f(.) is a one dimensional chaotic map, as for example 

the logistic map : )()( xxxf −= 14 or the piecewise-

linear map : )mod()( 14xxf = . 

x0(k) is the key sequence which is chosen to be a series 

of uniformed distributed values in [0,1]. 

 

It has been shown in [4, 6] that the synchronization of 

two identical CML maps (1) having different initial 

conditions xi(0) can be obtained, for some regions of 

values of the coupling strength ε, only by driving the two 
systems with the same key sequence. Moreover, we have 

shown in [6] that the behaviour of such a system, in terms 

of chaotic synchronization, depends on both  ε and f.  
Now, let’s consider a new family of spatiotemporal 

chaotic systems defined by: 
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where αi and β are the system parameters. We choose 
in this study αi =0.005

i
 and β=4. 

We point out that, owing to the mod operator, the 

proposed CML do not diverge when all initial conditions 

are within [0,1]. 

As the conventional CML (1), the synchronization of 

this system can also be obtained by using the same key 

sequence.  

Moreover, such a system can offer better chaotic-

synchronizing time, compared to both logistic- and 

piecewise-based CML (1). In fig.1 we present the time 

needed for synchronizing each lattice i (N, M=100) for 

the new spatiotemporal system (2) and the conventional 

logistic- and piecewise-based CML (1) for a coupling 

strength ε =0.97 (for which the CML shows the best 

behaviour [6]).  
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Fig.1 Synchronizing time versus lattice index. 

 

It is obvious that the synchronization of the new 

spatiotemporal system (2) is faster than both logistic- and 

piecewise-based CML.  

 

3. Topological Entropy  

1111....1111.... Low-Dimensional Chaotic Systems    

 

Topological entropy has been widely used as a 

powerful tool for characterizing unpredictability, and 

hence random-like behaviour, of chaotic systems[7-9]. In 

information theory, topological entropy is a measure of 

the rate at which information is conveyed [10-11]. As a 

sequence of events conveys information, if the events are 

not fully predictable [10-11], the topological entropy is 

then a measure of the amount of unpredictability, as well.  

For a perfect random process generating n-length 

symbol sequences one can observe all L
n
 possible 

different sequences, where L is the alphabet length. 

Consequently, the topological entropy takes its maximum 

value, which is [7-9]: 

 

L
n

L
h

n

n
T log

log
lim ==

∞→
                   (3)

  
  

Chaotic systems can generate an infinite set of orbits 

by iterating different initial conditions, thanks to their 

unpredictable behaviour, which is characterized by 

sensitive dependence on initial conditions. These orbits 

can be converted into symbol sequences, by means of 

symbolic dynamics, which consists in partitioning the 

phase space and assigning a symbol to each partition [14]. 

Hence, chaotic systems can be considered as information 

sources generating symbol sequences [7]. The amount of 

information generated by such sources is then quantified 

by the topological entropy.  

Thus, the greater the topological entropy, the greater 

the amount of unpredictability of the generated sequences 

and the better the random-like behaviour of the system. 

 For numerical computation, we consider a large set of 

n-symbols sequences generated as explained above, 

among which we compute the number of different 

sequences, say P(n). The topological entropy hT is then 

[12-13]: 

 

n

nP
h

n
T

)(log
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=                      (4) 

  

which can be approximated by a linear regression to 

the map log P(n) versus n, for n up to, say 16 [9]. 

We point out that the topological entropy depends on 

the chosen partition. However, we don’t address this topic 

in this paper. 

1.2. Spatiotemporal Systems 

 

Spatiotemporal systems have been investigated in 

secure communications for their advantageous behaviour, 

compared to low-dimensonal ones [4-5]. 

For spatiotemporal systems, we generate symbol 

sequences in a slightly different way. For instance, for the 

system (1) we consider lattice sites {xi(1), xi(2),… xi(N)} 

as orbits. Then, symbol sequences are obtained in the 

same way as low-dimensional chaotic systems, i.e. by 

means of symbolic dynamics. For instance we assign the 

symbol 0 or 1 to the values falling in [0,0.5[ or [0.5,1], 

respectively.  

The specificity, for such systems, is that each orbit 

depends not only on the initial condition (xi(0)), but also 

on the previous orbit, through the coupling. Moreover, for 

some system parameters and coupling values, for which 

synchronization is achieved, each orbit depends only on 

previous one. 

For i=1…M and k=1…N, such a system generates a set 

of M sequences of length N. We notice that M and N can 
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be as large as possible. Thus, the spatiotemporal system 

can be assimilated to a process generating N-symbol 

sequences. Consequently, the rate of information 

generated by such a system is given by the topological 

entropy, based on the computation of the number of 

different possible sequences. Thus, if the process is fully 

random, one could observe all 2
N
 possible sequences, in 

the case of two-symbol alphabet, for a given length N, and 

M≥ 2N
. In the ideal case, all these sequences are obtained 

for M=2
N
.  

1.3. Simulation Results 

 

In the following we give a comparison between 

different systems: logistic- and piecewise-based CML (1), 

spatiotemporal system (2), according to the topological 

entropy.   

The initial conditions and key sequences have been 

chosen the same for these comparisons.  

In the first figure (fig. 2) we show the dependence of 

the approximated topological entropy hTa on the coupling 

parameters.  

We define hTa  as: 

 

N

NP
hTa

)(log
=                           (5) 

 

P(N) is the number of different N-symbol sequences 

among the set M=2
N
 generated sequences. 
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Fig.2 hTa versus coupling parameters (N=10).  

 

From this figure, we can draw the following remarks: 

• The approximated topological entropy, hTa, of the 

logistic-based CML (1), depends closely on the 

coupling (ε). The highest values are obtained for 
ε near 1. 

• For the piecewise-based CML (1), this dependence 
is smaller. 

• The spatiotemporal system (2) shows a better hTa 

than the logistic-and piecewise-based CML, for all 

values of ε. 

• The piecewise CML shows entropy levels very 
close to the spatiotemporal system (2). 

We notice that the two first remarks confirm the results 

obtained in [6] concerning the correlation properties of 

the sequences generated by such systems. Indeed, we 

have shown that the best correlation levels (the lowest) 

are attained for high coupling values of the logistic-based 

CML, whereas, they maintain almost the same low level 

at all coupling values for the piecewise-based CML. 

In figures 3 and 4, we present the asymptotic behaviour 

of log P(N)/N versus N, for N up to 16, with M=2
N
 and 

M=2
N+2
, respectively. We choose ε=0.97 for the CML 

and β=4 for the spatiotemporal system (2). We can notice, 

for the two figures, that the proposed spatiotemporal 

system and the piecewise CML show the same asymptotic 

behaviour, hence the same topological entropy, whereas, 

the Logistic CML attain lower values than the two 

systems. This result is corroborated by the values of the 

topological entropy given in the table (1). These values 

have been obtained by linear regression of the map log 

P(N) versus N. 

 

0,86

0,88

0,9

0,92

0,94

0,96

0,98

1

9 10 11 12 13 14 15 16N

L
n
 P
(N
)/
N

Spatiotemporal s ys tem  (2)

Logis tic  CM L
P iecewise CM L

 
 

Fig.3 log P(N)/N  versus N for M=2
N
. 
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 System (2) Logistic CML Piecewise CML 

hT(N,2N) 0.945 0.931 0.945 

hT(N,2N+2) 0.998 0.988 0.998 

 

Tab.1 Topological entropy of the studied systems. 

 

When M>2
N 
(Fig.4), the topological entropy is close to 

1: the maximum value which can be attained with fully 

random process. Whereas, when M=2
N 
(Fig.3), the 

topological entropy attains lower values. Consequently, 

the system conveys less information than the former case. 

This can be interpreted as follows: there is some 

duplicated sequences among the first 2
N
 generated ones. 

This duplication may be due to the choice of the partition 

or to the length of the sequences. Indeed, the duplicated 

sequences doesn’t originate in the same trajectories. 

Moreover, we can notice the increasing growth of log 

P(N)/N with N in figure (3), which can be interpreted as 

follows: different trajectories may lead to symbol 

sequences having the same first sub-sequence up to some 

length. 

In all cases, we can say that the spatiotemporal system 

(2) and the piecewise CML convey more information than 

the logistic CML. Hence, a better random-like behaviour 

of the generated sequences, in terms of unpredictability.  

 

4444.... Conclusions    

 

In this work, we have proposed a new family of 

spatiotemporal chaotic systems for the generation of 

symbol sequences. We have proved that these systems 

show better time synchronization than the conventional 

Coupled Map Lattices (CML). Furthermore, we have used 

topological entropy as a measure of unpredictability, to 

show that the proposed systems are comparable to the 

piecewise CML and better than the logistic CML, in terms 

of random-like behaviour.  

Thus, the symbol sequences generated by such 

systems, show to be good candidates for secure 

communications and spead-spectrum systems, especially 

with the synchronization advantage.     
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Abstract—This paper is concerned with tolerance
in synchronous electrical activity of the pancreatic islet
of Langerhans to inhomogeneities in the channel con-
ductances of insulin secreting β-cells. Sherman’s β-cell
model is utilized to simulate the electrical activity of
living mouse pancreatic β-cells. Fidelity of numerical
solutions to actual counterparts is assessed in terms of
the permutation entropy of interspike time-intervals.
Comparison of the permutation entropy between ac-
tual and numerical activity indicates that the statis-
tical distribution in the channel conductances up to
15 % about their mean may be permissible to sustain
actual synchronous activity.

1. Introduction

Pancreatic β-cell is a basic component of the islet of
Langerhans as a micro-organ in the pancreas. Electri-
cal characteristics of the β-cell have certain degrees of
diversity, reflecting cell inhomogeneity. Single β-cells
usually generate irregular spike trains of membrane
potential. Surprisingly, a network of β-cells in the islet
gives rise to synchronous bursting that consists of an
alternating sequence of an active phase of spike gener-
ation followed by a quiescent phase [1], despite inho-
mogeneity of individual cells. Synchronous behavior
of the islet is known to closely correlated with sensing
glucose in the blood and subsequent insulin secretion
[2, 3].

In this paper, we study tolerance in synchronous
electrical activity of the pancreatic islet to inhomo-
geneities in the channel conductances of individual
cells. To simulate actual electrical activity, we utilize
Sherman’s model. There have been many propositions
about β-cell modeling since the original work by Chay
and Keizer [4]–[13]. Among others, Sherman’s model
[5, 6] is useful to get the central idea of β-cell mod-
eling. To assess the fidelity of numerical solutions to
their actual counterparts, we resort to the permutation

entropy of interspike time-intervals. The permutation
entropy has been recently introduced by Bandt and
Pompe to estimate a basic invariant measure of dy-
namical systems from time series [14]. β-cell activity
can be viewed as a point process in which dynami-
cal information is carried by a series of event timings.
As for point processes, Sauer guaranteed that there is
one-to-one correspondence between systems states and
interspike interval (ISI) vectors under an appropriate
embedding dimension [15, 16]. Based on estimates of
the permutation entropy, we discuss the statistical dis-
tribution in the channel conductances that is permis-
sible to sustain synchronous behavior of the islet.

2. Permutation Entropy

Permutation entropy is asymptotically equivalent to
the Kolmogorov-Sinal entropy in the limit of infinite
number of data points. See [14] for details. Let π = n!
be all possible permutations of order n ≥ 2, repre-
senting coarse-grained patterns of dynamical behav-
ior, for a sequence of n real numbers. Given a se-
quence of data points {ui}N−1

i=0 , we count the number
of realizations of π, denoting as m(π), for each em-
bedding vector ui = (ui, ui+1, · · · , ui+n−1) of dimen-
sion n. We calculate the relative frequency for π as
p(π) = m(π)/(N − n + 1) and define the permutation
entropy as H(n) = −∑

π p(π) log2 p(π). Bandt and
Pompe pointed out that H(n) increases linearly with
n. Thus a practical redefinition of the permutation
entropy is

h̄(n) =
H(n)

(n− 1) log2 n!
(1)

where 0 ≤ h̄(n) ≤ 1. The lower bound corresponds to
a monotonous increasing or decreasing process, while
the upper bound to a completely random sequence.
Throughout this work, we utilize h̄(n) to represent the
permutation entropy.
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3. Physiological Data

A physiological experiment was conducted for
NMRI mice under the approval for care and use of the
animals by the ethical committee of Hirosaki Univer-
sity. For details of the experiment, see [1]. The mem-
brane potential was observed using perforated patch-
clamp technique for mouse living β-cells perfused with
10 mM glucose. Figures 1 and 2 show electrophysio-
logical records for a single cell and an intact cell of the
islet during an active phase of bursting, respectively.
Interspike time-intervals were estimated by reading
times at which the voltage curve crossed upward the
level 2/3 of the amplitude between the maximum and
the minimum voltage. We thus obtained 30 and 39
ISI’s for the single cell and the islet, respectively.

Estimates of h̄(n) for the ISI data are shown in
Fig. 3. The single cell yields smaller estimates than
the intact cell of the islet. This implies more visible
determinism in spike generation by the single cell, pos-
sibly deterministic chaos, which was confirmed in our
previous work [17]. The aggregation of the cells in the
islet causes an enhancement of complexity, despite the
temporal order associated with synchronous activity.
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Figure 1: Electrophysiological record for an isolated
single β-cell.
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Figure 2: Electrophysiological record for an intact β-
cell of a pancreatic islet during an active phase.

4. β-Cell Model and Numerical Simulation

Sherman’s model is expressed as the following set of
nonlinear ordinary differential equations.

τ
dV

dt
= −ICa(V )− IK(V )− IS(V ) (2)
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Figure 3: Normalized permutation entropy of ISI ob-
servations: isolated single cell (� and solid line) and
intact cell of the islet (+ and dashed line).

τ
dn

dt
= λ (n∞(V )− n) (3)

τS
dS

dt
= S∞(V )− S (4)

ICa = gCam∞(V )(V − VCa) (5)
IK = gKn(V − VK) (6)
IS = gSS(V − VK) (7)

m∞ =
1

1 + exp[(Vm − V )/θm]
(8)

n∞ =
1

1 + exp[(Vn − V )/θn]
(9)

S∞ =
1

1 + exp[(VS − V )/θS ]
(10)

where ICa is the fast inward Ca2+ current, IK the
delayed-rectifier outward K+ current, and S a slow
variable whose biological origin has been controver-
sial. V is the membrane potential, determined by the
balance of the ionic currents. n is the gating variable
for the rectifier. The fast variables V and n generate
electrical spikes, while S is responsible for switching
spike generation on and off during bursting. The con-
ductances gCa, gK , gS are dimensionless and scaled to
remove the dependence on cell size, so that the equa-
tions include no capacitance.

We obtained numerical solutions for a single cell
with the following set of parameters [5, 6]: gK = 10,
gS = 4, τ = 0.02 sec, τS = 35 sec, VCa = 25 mV,
VK = −75 mV, Vm = −20 mV, Vn = −16 mV,
VS = −45 to −25 mV, θm = 12 mV, θn = 5.6 mV,
θS = 10 mV, λ = 0.85. The parameter VS works as a
bifurcation parameter to the variable S and is critical
for structural instability of dynamical behavior of the
β-cell. To find the optimal value of VS , we extracted
ISI’s from numerical sequences in much the same way
as in the case of the physiological data, estimating

152



h̄(n) as a function of VS . Results are shown in Fig. 4.
Seemingly large variance at VS > −39 mV reflects the
bifurcation diagram of VS versus S. It is found that
VS = −38.34 mV provides the closest estimate to that
of the actual single cell. This choice of VS agrees with
the previous works [7, 9].
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Figure 4: Normalized permutation entropy of numer-
ical ISI’s for a single cell as a function of VS at the
embedding dimension n = 3. A hundred thousands
data points were used to generate ISI’s.

Oscillatory bursting of the islet was simulated by
chaotic synchronization of β-cells with mutual diffu-
sive coupling[5]. The biological entity of the coupling
has been considered to be gap junctions between neigh-
boring β-cells. The coupling between the ith and the
jth cell is introduced as

τ
Vi

dt
= −ICa(Vi)−IK(Vi, ni)−IS(Vi, Si)−gc (Vi − Vj)

(11)
where gc is the dimensionless conductance. The sim-
plest cell-cluster simulating the islet is a coupled pair
of identical cells, where gc = 0.1 according to Sher-
man’s prescription. The second simplest structure is
an array of three identical cells. In this cluster, the
central cell shares gc = 0.05 with its neighboring cells.
A more complex structure is a 5 × 5 × 5 cell-lattice
consisting of 125 identical cells. In this case, a cen-
tral cell has its six nearest neighbors with which the
total coupling conductance is shared. Thus, gc is set
to 0.1/6 ≈ 0.017.

Numerical solutions of the homogeneous islet mod-
els were obtained at VS = −38.34 mV. We obtained
32, 15, and 24 ISI’s for an active phase (consisting of
about 3000 data points) of bursting of the 2-cell, 3-cell,
and 125-cell model, respectively. To see how exactly
each islet model mimics the actual islet, h̄(n) was es-
timated for the ISI data. Results are shown in Fig. 5.
The 2-cell and 3-cell models failed in mimicking even
the qualitative trend in the entropy relative to that

of the single cell. In contrast, the 125-cell model suc-
cessfully reproduced the actual trend. From these ob-
servations, the 125-cell model turns out to be a fairly
good platform for simulating the islet.
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Figure 5: Normalized permutation entropy of numeri-
cal ISI’s: single cell (�), 2-cell array (+), 3-cell array
(�) and 125-cell cluster (×).

In order to simulate cell inhomogeneity, we next in-
troduce statistical distributions to the channel conduc-
tances as:

gCa(i) = 3.6× [1 + rξ] (12)
gK(i) = 10× [1 + rξ] (13)
gS(i) = 4× [1 + rξ] (14)

where gCa(i), gK(i), gS(i) are the channel conduc-
tances of the ith cell, ξ ∈ N(0, 1) random real numbers
of the Normal distribution, r a coefficient determining
the variances: r = 0, 0.05, 0.1, 0.15, 0.2, 0.5. Figure
6 shows estimates of h̄(n) for actual and numerical
ISI data (21，21，18，20，and 23 ISI’s for r = 0.05,
0.1, 0.15, 0.2, and 0.5, respectively ). No synchronous
bursting appeared when r > 0.5. The variances given
by r = 0.1 and 0.15 are apparently able to reproduce
the complexity of the actual dynamical behavior.

5. Discussion and Conclusion

The present findings have been acquired by applying
a practical algorithm for estimating the Kolmogorov-
Sinai entropy to the actual and numerical electrical ac-
tivity as point processes. Inhomogeneities in the chan-
nel conductances relevant to ionic flows across the cell
membrane are shown to be crucial to reproduce actual
complex dynamical behavior. Such an effect would be
difficult to directly observe by means of existing exper-
imental methods, if not impossible. The tolerance in
synchronous activity of the pancreatic islet to the dif-
ferences in individual channel conductances is inferred
to be 10–15 % about their means.
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In previous literature on modeling the pancreatic
islet, authors often utilized cell-clusters of a size no
larger than a few cells. However, the present work has
demonstrated that the 2-cell model as well as the 3-cell
model does not work at all in that it fails in reproduc-
ing even the qualitative tendency in the complexity of
actual spike generation.

A remaining problem worth investigating might be
heterogeneity in the structure of the islet. Actual islets
consist of at least three distinct categories of cells,
i.e., α-cells, β-cells, and δ-cells [1]. Each cell secretes
distinct hormone, being organized into the islet in a
complex fashion. Suppose that some α-cells and/or δ-
cells are incorporated into a network of β-cells. These
“alien” cells could be external perturbations to the β-
cells to make some influence on spike generation. The
pancreatic islet can be viewed as a complex network
of the cells. It might be interesting to imagine a scale-
free structure [18] or a highly optimized tolerance state
[19] of the islet. Either structural characteristics could
enhance the degree of complexity in spike generation.

In conclusion, the present work has shown that the
permutation entropy can be a tractable and reliable
tool to assess the complexity in spike trains of β-cells.
From comparison of the estimates between actually ob-
served activity and its numerical counterpart, we may
predict the statistical distribution in actual channel
conductances of individual cells to be 10–15 % about
their means.
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Abstract—In this paper, we study the performance of
the proposed scheme of the synchronization-manifold shift
keying, which has been used to design the secure com-
munication system. The decoding error is also analyzed
as the driving signals of the secure communication system
are transmitted through noise channels. Simulation result
shows that the proposed scheme of the synchronization-
manifold shift keying is robust in the presence of additive
white Gaussian noise (AWGN).

1. Introduction

In recent years, synchronization of time-delay systems
has been received much interest in applying in secure com-
munication because a time-delay system generates a very
highly dimensional dynamics and the number of positive
Lyapunov exponents increases with the increasing in the
length of time-delay [1]. More recently, lag synchroniza-
tion of coupled multi-delay feedback systems has been
aroused [2, 3]. The main difference of the synchronization
of multi-delay feedback systems presented in Ref. 3 from
those described in the other literatures is that the driving
signal is in the form of multiple nonlinear transformations
of delayed state variable. Accordingly, the chaotic secure
communication system [4] has been designed by utilizing
such synchronization model. So far, the communication
system is said to be secure due to restriction of existing re-
construction methods in dealing with the synchronization
of multi-delay feedback systems with multi-delay driving
signal (MDFSMDDS) [7]. As presented in Ref. 4, the
scheme ofsynchronization-manifold shift keying (SMSK)
has been used for encoding various blocks of bits.

In this paper, we study the robustness of SMSK used in
the proposed secure communication system by examining
the average of synchronization errors as carrying and ref-
erence driving signals are transmitted through noise chan-
nels. The simulation result of specific example demon-
strates the relation between the average of synchronization
errors and the signal-to-noise ratio (SNR).

2. Chaotic Secure Communication System Using
SMSK

In this section, lag synchronization of MDFSMDDS and
the proposed secure communication system are reviewed.

2.1. Lag Synchronization of Coupled Multi-delay
Feedback Systems

The dynamical equations for lag synchronization of
coupled multi-delay feedback systems are in the form of:

Master :
dx
dt
= −αx +

P∑
i=1

mi f (xτi ) (1)

Driving signal : DS (t) =
Q∑

j=1

k j f (xτP+ j) (2)

S lave :
dy
dt
= −αy +

P∑
i=1

ni f (yτi ) + DS (t) (3)

whereα,mi, ni, k j, τi ∈ R; integersP, Q (Q ≤ P). xτi =

x(t − τi), yτi = y(t − τi) are delayed state variables and
denotedxτi andyτi , respectively. f (.) is the differentiable
generic nonlinear function. Note that, the driving signal is
formed by sum of multiple nonlinearly transformed com-
ponents of delayed state variable, and it is generated by a
driving signal generator, denoted a DSG as in Fig. 1.

For the synchronization manifoldy = xτd , the derivative
of synchronization error∆ = y − xτd is

d∆
dt
=

dy
dt
− dxτd

dt
= −α∆ +

+

P∑
i=1

[
ni f (xτd+τi + ∆τi ) − (mi − k j) f (xτd+τi)

]
(4)

where coefficient k j belongs to transformation element of
the driving signal, whose delay value satisfyingτP+ j = τd+

τi. Also assumed the value relation of parameters bemi −
k j = ni, (1 ≤ i ≤ P and 1≤ j ≤ Q), f (.) be bounded, and
∆τi be small. Hence, Eq. (4) reduces to

d∆
dt
=

dy
dt
− dxτd

dt
= −α∆ +

P∑
i=1

ni f ′(xτd+τi)∆τi (5)

where f ′(.) denotes for the derivative off (.). Applying the
Krasovskii-Lyapunov theory [5, 6] to the case of multiple

Figure 1: Chaos synchronization of MDFSMDDS
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Figure 2: Proposed secure communication system

delays, the sufficient condition for synchronization mani-
fold is as below:

α >
P∑

i=1

∣∣∣nisup f ′(xτd+τi )
∣∣∣ (6)

wheresup f ′(.) stands for the supreme limit off ′(.).

2.2. Proposed Secure Communication System

For simplicity, the single-carrying-slave encoding model
is considered and each block hasl bits. As shown in Fig. 2,
the encoder consists of one master, 2l DSGs. The de-
coder has Carrying Slave, Reference Slave, 2l forcing delay
blocksd(τ fs), s = 1..2l, Error Estimator, and Synchroniza-
tion Manifold Detector.

In operation, on one hand, the master synchronizes with
carrying slave to generate multiple information-bearing
synchronization manifolds (IBSM). On the other hand, the
master synchronizes with reference slave to create refer-
ence synchronization manifold (RSM).IBS M s andRS M
are characterized by time delayτds andτdre f , respectively.
While each IBSM is used to encode a certain pattern of bit
block, RSM is for detection the instantaneous IBSM. To
transmit a certain block of bits,IBS Ms is created by syn-
chronization between the master and the carrying slave in
one synchronization period. For example, the blocks of 2
bits and assigned IBSMs are presented in Table 1. In the
case of transmission of a number of blocks of bits, it is re-
quired a number of IBSMs to be generated consecutively,
in other words, synchronization manifolds are switched
among one another, i.e. modulation technique of SMSK.

Table 1: IBSMs and assigned blocks of bits

IBS Ms IBS M1 IBS M2 IBS M3 IBS M4

Block of bits 00 01 10 11

As a result, the driving signal is merged by several parts of
synchronization signals from DSGs. To identifyIBS M s,
the time delayτds must be detected by comparing averages
of synchronization errors among one another at the end of
every synchronization period to find the lowest one. Syn-
chronization error∆ s(t) corresponding toIBS M s is defined
as∆s(t) = y(carr) − y(re f )

τ fs
, wherey(carr) andy(re f )

τ fs
are state

variables of carrying slave and that of reference slave after
forcing delayed with the delay timeτ fs , respectively. The
equation to estimate the average of synchronization errors
is as follows:

Es =
1
T

∫ t+T

t
∆2

s(t)dt (7)

whereT is the time length of synchronization period. In a
certain synchronization period, the lowest average of syn-
chronization error is found byE lowest = min{Es; s = 1..2l}
in Synchronization Manifold Detection. Moreover, to ob-
tain the accurate detection, the relation between carrying
manifold’s delay of IBSMτds , reference manifold’s delay
τdre f , and forcing delayτ fs must be satisfied the equation of
τds = τdre f + τ fs . As a result, the ongoingIBS Ms is iden-
tified and the corresponding block of bits is recoved at the
decoder side.

3. Robustness of Modulation Technique of SMSK

Note on the proposed secure communication system that
there are two driving signals; one is for driving the carrying
slave and the other is for synchronizing the reference slave.
In this section, the operation of the proposed secure com-
munication system is examined in the case that the driving

Figure 3: Secure communication with AWGN
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Table 2: Value of parameters for simulation.

n1 n2 n3 n4 n5 k1 k2 k3

Carrying Slave −0.5 −0.2 −0.8 −0.3 −0.7 −16.2 −17.5 −14.5
Reference Slave −0.9 −0.2 −0.6 −0.3 −0.5 −15.8 −17.7 −14.7

Figure 4: Synchronization errors (a) without AWGN, (b)
with SNR of 5(dB)

signals are transmitted through the additive white Gaussian
noise channels as shown in Fig. 3. Specific example is il-
lustrated with multiple delay Mackey-Glass systems and
the simulation result shows the average of synchronization
errors with respect to SNR.

With the presence of AWGNξ, the driving signal in

Eq. (2) becomesDS (t) =
Q∑

j=1
k j f (xτP+ j )+ξ and the derivative

of synchronization error presented in Eq. (5) is rewritten as

d∆
dt
= ξ − α∆ +

P∑
i=1

ni f ′(xτd+τi)∆τi (8)

It is clear from Eq. (8) that the synchronization error van-
ishes to zero as the sufficient condition in Eq. (6) is satis-
fied, but it fluctuates around zero due to the presence of
AWGN.

Example 1: To demonstrate the affect of AWGN on the
synchronous regime, the synchronization of coupled five-
delay feedback Mackey-Glass systems with and without
AWGN is simulated. The dynamical equation is in the form
of Eqs. (1)- (3) withf (x) = x

1+xb , and the value of param-
eters and delays is chosen as:P = 5, Q = 3, b = 10,
α = 5.1, m1 = −16.7, m2 = −0.2, m3 = −18.3, m4 = −0.3,
m5 = −15.2, τ1 = 2.2, τ2 = 4.8, τ3 = 5.3, τ4 = 1.9,
τ5 = 3.7, τ6 = 5.8, τ7 = 8.9, τ8 = 7.3, τd = 3.6, n1 = −0.5,
n2 = −0.2, n3 = −0.8, n4 = −0.3, n5 = −0.7, k1 = −16.2,
k2 = −17.5,k3 = −14.5,S NR = 5dB. Fig. 4 shows the syn-
chronization errors with and without AWGN. It is easy to
observed that the synchronization error in the case of pres-
ence of AWGN as illustrated in Fig. 4(b) is significantly
larger than that without AWGN as in Fig. 4(a).
Example 2: In this example, the robustness of SMSK is

examined and the equations for the proposed secure com-
munication system are in the form of five-delay Mackey-
Glass as presented in Example 1. The value of parame-
ters and delays is adopted as:P = 5, Q = 3, b = 10,

Figure 5: Synchronization errors at SNR of 5(dB). (a) for
bit block “00”, (b) for bit block “01”, (c) for bit block “10”,
(d) for bit block “11”

Table 3: Value of delays for simulation.

Delay DS Gre f DS G1 DS G2 DS G3 DS G4

τds 1.0 3.6 5.2 7.1 4.4
τ6 3.2 5.8 7.4 9.3 6.6
τ7 6.3 8.9 10.5 12.4 9.7
τ8 4.7 7.3 8.9 10.8 8.1

DS Gs : ith Driving S ignal Generator f or carrying
DS Gre f : Driving S ignal Generator f or re f erence

α = 5.1, f (x) = x
1+xb , m1 = −16.7, m2 = −0.2, m3 = −18.3,

m4 = −0.3, m5 = −15.2, τ1 = 2.2, τ2 = 4.8, τ3 = 5.3,
τ4 = 1.9,τ5 = 3.7,τ f1 = 2.6,τ f2 = 4.2,τ f3 = 6.1,τ f4 = 3.4,
T = 20.0. The blocks of 2 bits corresponding to IBSMs are
as shown in Table 1. Tables 2 and 3 show the chosen value
of parameters and delays, respectively. Table 4 presents
the bit sequence “00011110011101001011” is broken into
blocks of 2 bits and the appearance order of synchroniza-
tion manifolds. As shown in Fig. 5, it is easy to identify
the ongoingIBS Ms in different synchronization periods by
observing the synchronization error∆ s(t).

As an exemplar case, a bit sequence is sent by the sys-
tem with varying value of SNR, and means of squared syn-
chronization errors (MSSE) is estimated forIBS M s corre-
sponding a transmitted block of bits at a certain value of
SNR. Note that AWGN in the carrying channel is indepen-
dent from that in the reference channel, and the adopted
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Figure 6: Means of squared synchronization errors and ratio of average of synchronization errors

Table 4: Bit sequence and the appearance order of IBSMs.

Synchronization period No
¯

1 2 3 4 5 6 7 8 9 10
Bit Sequence broken 00 01 11 10 01 11 01 00 10 11
CorrespondingIBS Ms i = 1 i = 2 i = 4 i = 3 i = 2 i = 4 i = 2 i = 1 i = 3 i = 4

values of SNR are equal for both channels. The MSSE
with respect to SNR ofIBS Ms is illustrated in Fig. 6(a). It
is clear to observe that MSSE decreases as SNR increases.
As described above, an instantaneous IBSM is identified if
the lowest average of synchronization error is found. With
the presence of AWGN, the level of SNR affects on the ac-
curate decoding should be analyzed numerically. The ratio
of averages of synchronization errors is figured out as be-
low:

Rs,h =
Eavrs

Eavrh

(9)

whereEavrs =
1
N

N∑
i=1

Esi andEavrh =
1
N

N∑
i=1

Ehi are means of

averages of synchronization errors corresponding tos th and
hth synchronization manifolds, respectively.N is the num-
ber of transmitted blocks of bits corresponding toIBS M s.
For example, the ratiosR2,1, R2,3 and R2,4 are estimated
in N synchronization periods ofIBS M2 corresponding to
transmitted blocks of “01”. Inaccurate decoding results in
case that the ratios for corresponding block of bits is nearly
1.0 at which the difference between averages of synchro-
nization errors is so small to indicate instantaneous IBSM
accurately. Figs 6(b)- 6(e) show the ratio of averages of
synchronization errors with respect to SNR, and the ratios
decrease when SNR increases.

4. Conclusion

In this paper, the interference of AWGN on modulation
technique of SMSK associated with the proposed secure
communication system has been considered. The simula-
tion result shows the robustness of SMSK. Moreover, the
modulation technique of SMSK brings an interesting prop-
erty by which transmission rate can be improved by ex-
panding hardware, in other words, by increasing the num-
ber of IBSMs. In addition, SMSK technique can be used
with other schemes of synchronization rather than the lag
presented in this paper. As a result, it can be considered

applying in practical chaotic communication systems.
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Abstract—Intermittent instability is commonly observed in
switching power supplies during the design and development
phase. It manifests as symmetrical period-doubling bifurcation
in the time domain with long intermittent periods. Such intermit-
tent operation is considered undesirable in practice and is usually
avoided by appropriate adjustments of circuit parameters. This
paper explores the mechanism and conditions for the emergence
of intermittency in a common voltage-mode controlled buck con-
verter.

1. Introduction

Intermittent operation, sometimes referred to as “breathing”
in the physics literature [1]–[2], is a phenomenon which is fre-
quently observed in periodically driven nonlinear systems. A
specific form of intermittent operation exhibits period-doubling
bifurcation in two symmetrical directions over the time domain.
In this type of intermittent operation, the system intermittently bi-
furcates from the initial regular (or subharmonic) operation to the
higher subharmonic operation or chaos, and then returns to the
initial operation through the same bifurcation sequence in the re-
verse manner. To distinguish it from the usual bifurcation in the
parameter space, we refer to this intermittent bifurcation in the
time domain as time-bifurcation, as it manifests as a change of
qualitative behavior of the system as time elapses [3] rather than
as parameter changes. Such intermittency may arise in period-
ically driven nonlinear systems, where the frequency of a cou-
pled signal is not consistent with the system’s driving frequency.
Switching power converters are periodically driven nonlinear sys-
tems, to which abundant sources of periodic interference are cou-
pled via unintended paths (e.g., conducted or radiated paths) [4].
When the interference frequency differs from the switching fre-
quency, and if the interference is strong enough, intermittent op-
eration occurs [5]. In practice, intermittency is an undesirable op-
erating state that should be avoided because frequent deviations
from the intended working regime may increase device stresses
and hence jeopardize reliability.

This paper studies the simple voltage-mode controlled buck
converter using a simple model that takes into account the cou-
pling of intruding interference signal with the converter. With this
model, the condition for the emergence of intermittency is stud-
ied in detail. Simulation results verify the analytical findings. The
traditional bifurcation analysis deals with bifurcation in a param-
eter space, and hence is not directly relevant to the present study.
By “transferring” the analytical procedure from a parameter do-
main to the time domain, we consider the variation of the charac-
teristic multipliers as time elapses and establish a few important
findings regarding the appearance of intermittent bifurcation in
the voltage-controlled buck converter.

2. Voltage-Mode Controlled Buck Converter Coupled
with Intruding Interference

2.1. Overview of Circuit Operation

The buck converter consists of an inductor, a switch, a diode,
a storage capacitor and a resistor load, which are connected as
shown in Fig. 1(a). When it operates under a common voltage-
mode control, the buck converter has been shown to exhibit non-
linear behavior [6]–[7]. Fig. 1(b) gives the key waveforms under
this control. In practice, the intruding interference can take the
form of coupling via conducted or radiated paths. Sometimes, the
intruders can live on the same circuit board or be present at a very
close proximity. Suppose the overall effect of the intruding signal
is lumped to one spurious source vs. We can model this coupling
as an additive process which superposes the spurious signal vs

directly on the control signal Vcon, as shown in Fig. 1(a). The
resulting perturbed control voltage is then given by

V∗con = Vcon + vs (1)

When the circuit parameters are chosen as follows: L = 20 mH,
C = 47 µF, R = 22 Ω, 1/T = fo = 2500 Hz, Vref =11.3 V, A =
8.4, VL = 3.8 V, VU = 8.2 V, and without the interference (vs =

0), the buck converter will experience a typical period-doubling
bifurcation cascade with input voltage E varying from 12 V to 33
V [3]. The first bifurcation occurs when E ≈ 24.6 V, and the buck
converter eventually enters a chaotic region when E ≈ 32.3 V.

2.2. Response Induced by Weak Interference

With the same set of circuit parameters shown above, the
unperturbed buck converter operates in a regular period-1 orbit
(steady state) when E is fixed at 22 V, which corresponds to Vcon ≈
6.2 V. In general, if we consider the interference vs being a pe-
riodic signal, e.g., sinusoidal signal with amplitude v̂s, the per-
turbed control voltage can be written as

V∗con = Vcon + v̂s sin(2π fst) = Vcon
[
1 + αv sin(2π fst)

]
(2)

where fs is the frequency of the interference, and αv is the strength
of the interference which is defined as the ratio of the v̂s to Vcon,
i.e., αv = v̂s/Vcon. Here, we assume that in the steady state, the rip-
ple of Vcon is negligible. Coupling with this intruding interference
signal, the converter will operate in a range of possible regimes,
such as periodic operation, quasi-periodic operation, etc., accord-
ing to the frequency ratio α f (α f = fs/ fo). We can summarize
them in two cases.

Case 1: Frequency ratio α f is an irrational number

In this case, the buck converter exhibits quasi-periodic be-
havior, because there are two incommensurate frequencies, i.e.,
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Figure 1: Voltage-mode controlled buck converter coupled with
spurious interference. (a) Schematic diagram; (b) key operation
waveforms.

switching frequency fo and interference frequency fs in the sys-
tem. The quasi-periodicity is characterized by a torus on the
Poincaré section. Fig. 2 (a) shows an example with α f =

√
3/2

and αv = 0.015.

Case 2: Frequency ratio α f is a rational number

If α f is a rational number, we have α f =
fs
fo
=

Nnum
Nden

, where Nnum

and Nden are positive integers. In this case, the buck converter op-
erates periodically with period number equalling Nden, i.e., have
an operation of period-Nden subharmonics. We can further sum-
marize them in two sub-cases.

a) α f = 1/Nden: In this sub-case, the buck converter operates
in a period-Nden subharmonic orbit. Figs. 2(b) and (c) show
three examples with Nden = 3, 2, 1, which correspond to
period-3, period-2 and period-1 operation respectively, and
are characterized by 3, 2 and 1 intersections on the Poincaré
section.

b) α f = Nnum: In this sub-case, the buck converter operates in
a period-1 orbit definitely. Figs. 2(c) and (d) show three
examples with Nnum = 1, 2, 3, all corresponding to period-
1 operation, and being characterized by one intersection on
the Poincaré section.

3. Intermittency

As the intruding signal is coupled unintentionally, its frequency
fs is usually not equal to the switching frequency fo, or its ratio-
nal multiples exactly. Therefore, it is unlikely to observe the kind

of operation given in Fig. 2. But it is possible that the interfer-
ence frequency fs approaches the switching frequency fo, or its
rational multiples. In this situation, we have fs = n fo + f̂ , i.e.,
α f = n+ f̂ / fo, where f̂ is a small number compared to fo and n is
a rational number. This kind of interference will induce intermit-
tency in a few different forms (such as intermittent subharmonics,
intermittent chaos). The type and period of intermittency are de-
termined by the interference frequency fs and strength αv.

When the interference frequency is close to the switching fre-
quency, or its rational multiples, the perturbed control voltage (2)
can be rewritten as

V∗con = Vcon

[
1 + αv sin 2π(n fo + f̂ )t

]
. (3)

Assuming f̂ = 1, and n = 1, we can obtain the time-bifurcation
diagrams of intermittency, as shown in Fig. 3.

1. When the strength of the interference is very weak (i.e.
small αv), the converter can still maintain its expected
steady-state period-Nden operation, though the average op-
erating point may fluctuate. The effect of the interference
is not significant at this stage, and no intermittency shows
up. Fig. 3(a) shows the corresponding time-bifurcation dia-
grams.

2. As the interference signal strength increases, the converter
experiences higher subharmonic operation intermittently on
top of the period-Nden operation. For a relatively low inter-
ference signal strength, period-2Nden subharmonics are ob-
served intermittently with period-Nden. Fig. 3(b) gives the
corresponding time-bifurcation diagrams.

3. For a sufficiently high intruding signal strength, the con-
verter starts to experience chaotic operation intermittently
with period-2iNden subharmonics and the period-Nden opera-
tion, as shown in Fig. 3(c).

4. The intermittent period Tint is represented as Tint =
1

Nden f̂
,

where f̂ = | fs − n fo|. Thus, if the interference signal fre-
quency is very close to the switching frequency of the con-
verter, or its rational multiples, the intermittency is long. In
the example here, Tint = 1 s with f̂ = 1 Hz for the case of
Nden = 1, which is shown in Fig. 3.

4. Transformation of Parameters

As the traditional bifurcation analysis mainly deals with
parameter-bifurcations, it is not directly applicable to the analysis
of intermittent bifurcation in the present study. We apply a trans-
formation, which will transfer the change of time to the change
of a new variable, “phase shift”, which is used to represent the
equivalent drift in the interfering frequency from the switching
frequency. Basically we express the perturbed control voltage,
originally given in (4), as

V∗con = Vcon

{
1 + αv sin

[
2π(n fo + f̂ )t

]}

= Vcon
[
1 + αv sin(2πn fot + θ)

]
(4)

where θ = 2π f̂ t. After this transformation, a sinusoidal term with
the phase shift θ, and at the same frequency as the switching fre-
quency fo or its rational multiples, is obtained. Now we can map
the change of the time over interval [0, 1/ f̂ ] onto the change of
phase shift θ over interval [0, 2π].
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Figure 2: Poincaré sections of responses induced by different levels of interference with (a) α f =
√

3/2, αv = 0.015; (b) α f = 1/2 or
1/3, αv = 0.021; (c) α f = 1, αv = 0.0046; (d) α f = 2 or 3, αv = 0.0046.
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Figure 3: Sampled inductor current waveforms (time-bifurcation diagram) for fs = n fo + f̂ = fo + 1 = 2501 Hz. (a) αv = 0.0046; (b)
αv = 0.046; (c) αv = 0.069.
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Figure 4: Parameter-bifurcation diagrams with θ as bifurcation parameter for n fo = 2500 Hz. (a) αv = 0.0046; (b) αv = 0.046; (c)
αv = 0.069.

Using the above perturbed control voltage, a parameter-
bifurcation diagram can be constructed by selecting θ as the bi-
furcation parameter, which is equivalent to the scenario of inter-
mittency over Nden intermittent period. Using the same set of in-
terference parameters as those used in Fig. 3, we obtain the cor-
responding parameter-bifurcation diagrams as shown in Fig. 4.
When we compare the time-bifurcation diagrams and parameter-
bifurcation diagrams, we find that they look very similar and the
results are consistent.

5. Analysis of Intermittent Bifurcation

Essentially the parameter-bifurcation over the interval of θ is
exactly the same as the time-bifurcation over an intermittent pe-
riod shown in Figs. 3. In this section, we will first derive the
iterative discrete-time map, and then analyze the stability of the

converter by computing the Jacobian [8] and examining the loci
of the characteristic multipliers [3,6].

In the case of n = 1, with the expected steady-state operation of
the buck converter being a period-1 orbit, the converter will first
lose stability and bifurcate from regular period-1 to period-2 sub-
harmonic operation as θ increases. (Note that varying θ is equiva-
lent to varying t, from (6), for a given period 1/ f̂ .) A discrete-time
iterative map (over one switching period)

xn+1 = f (xn, d̄n) (5)

should be constructed for the analysis of stability, where dn is the
duty cycle and d̄n=1 − dn.

To complete the discrete-time model, we need to derive the
defining function for the duty cycle. Essentially, we wish to find
the connection between the switching instant tm, or more precisely
d̄n, and the state variables. We may define a switching function
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Figure 5: Loci of the characteristic multipliers for n fo = 2500 Hz. (a) αv = 0.0046; (b) αv = 0.046.

S (.) as
S (d̄n) = V∗con(d̄nT ) − Vramp(d̄nT ), (6)

from which G is switched on when S (d̄n) < 0, and off otherwise.
Also, S (d̄n) = 0 defines the switching instants. Equations (5) and
(6) can be used to study the stability of the system. Specifically,
by computing the characteristic multipliers about the equilibrium
point, we can analyse the way the system loses stability as a cer-
tain parameter is varied.

First, we denote the Jacobian of the discrete-time iterative map
by Γ(xn, d̄n). Then the characteristic multipliers, λ, can be found
by solving

det
[
λ1 − Γ(xn, d̄n)

]
xn=XQ ,d̄n=d̄Q

= 0 (7)

where xQ and d̄Q are the equilibrium values, and 1 is the identity
matrix.

The loci of the characteristic multipliers are shown graphically
in Fig. 5. The movements of the loci of the characteristic multipli-
ers agree perfectly well with the parameter-bifurcation diagrams
shown in Fig. 4.

1. With very weak interference (αv = 0.0046 for n fo = 2500
Hz), the loci of the characteristic multipliers are found as in
Fig. 5(a). From these figures, we observe that as the phase
shift θ increases from 0, two characteristic multipliers move
apart along a circle of radius less than 1 (equals 0.824 here)
for the case of n fo = 2500 Hz. When θ increases further,
they move back along the original path. For all values of θ,
they stay within the unit circle, it implies that the converter
maintains its expected operation. This result is consistent
with the parameter-bifurcation diagrams in Fig. 4(a) and the
time-bifurcation diagrams in Fig. 3(a).

2. As the strength of the interference increases (αv = 0.046 for
n fo = 2500 Hz), bifurcation is observed as θ varies, as shown
in Fig. 4(b), which corresponds to the intermittent subhar-
monics in Fig. 3(b). This scenario can be explained in terms
of the movement of the loci of the characteristic multipliers,
as illustrated in Fig. 5(b). For the case of n fo = 2500 Hz,
one characteristic multiplier crosses the unit circle along the
real axis from outside when θ increases up to 1.6. Thus, the
converter becomes stable as θ increases up to about 1.6. It
remains in this stable operation state till θ = 5.25. At this
point, one characteristic multiplier leaves the unit circle and
the converter undergoes a period-doubling.

3. For higher values of αv (for n fo = 2500 Hz), the converter
period-doubles up to chaotic regime. The loci of the char-
acteristic multipliers also locate the onset of the period-
doubling bifurcation clearly. The movements of the charac-
teristic multipliers are very similar to those in the previous
case (αv = 0.046 for n fo = 2500 Hz), and are omitted here.

6. Conclusion

In this paper we attempt to explore a commonly observed
but rarely explained nonlinear phenomenon in power supplies.
Sources of periodic interference are easily coupled to the con-
verters via unintended paths. We find that when the interference
frequency approaches the switching frequency or its rational mul-
tiples, intermittency occurs with the intended period-Nden opera-
tion being interrupted. We also show that the signal strength and
frequency of the interference signal determine the type and period
of intermittency.
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Abstract—We consider a situation that different popu-
lations interact with each other. Players of each population
change their strategies according to payoffs and population
states change dynamically. If some differences of percep-
tions arise between populations, then different strategies in
a population may be perceived as indistinguishable ones in
the other populations. Population’s perception is modeled
by an interpretation function. Since populations’ percep-
tions are also affected by payoffs and/or population states,
changes of interpretation functions must be taken into con-
sideration. To discuss such a situation, hybrid replica-
tor dynamics with changes of interpretation functions have
been proposed. In this paper, we investigate nonlinear phe-
nomena in hybrid replicator dynamics caused by switching
between simple replicator dynamics. Especially, we con-
sider that there exist two populations where one population
has three pure strategies and the other has two. We intro-
duce two parameters into each population’s payoff matrix,
and we show how global properties of the model change
depending on the parameters.

1. Introduction

The game theory has made considerable achievements
in many scientific fields including economics, politics, and
social science. Its extensions have been investigated in sev-
eral different directions. Among them, we focus on an evo-
lutionary game and a hypergame [1, 2].

In evolutionary game theory, the distribution of strate-
gies in the population is changed according to payoffs
which players earn depending on their selected strategies
[3]. In this process, dynamical behaviors of the selection
process are modeled by replicator dynamics [4, 5]. Repli-
cator dynamics describes evolutions of the distribution of
strategies in the population itself. On the other hand, in
many conflict situations, players’ perceptions are different
each other and their behaviors depend on their perceptions
to the game. Such a situation is modeled by a hypergame
[2, 6]. Various solution concepts and methods of analy-
sis taking players’ perceptions into account have been pro-
posed for the hypergames [7]. The hypergame theory in-
vestigates the effects of players’ perceptions about strate-
gies and payoffs on their decisions.

To discuss dynamical behaviors of the selection process

when taking into consideration players’ perceptions, repli-
cator dynamics for multi-population hypergames has been
proposed in [8]. A rigorous definition of player’s percep-
tion is given by an interpretation function which specifies
the relationship between each player’s real strategies and
strategies perceived by the other players. Replicator dy-
namics for hypergames is a model introducing the interpre-
tation function into multi-population evolutionary games.
In n-population models where each population has different
perception, replicator dynamics with interpretation func-
tions are formulated [8]. Moreover, as its extension, repli-
cator dynamics with switching of the interpretation func-
tions based on payoffs have been proposed [9]. Such a sys-
tem is a hybrid system and its hybrid automaton representa-
tion is formulated. Moreover, using a well-known example
of a hypergame “Soccer Hooliganism”, it has been shown
that the orbits converging to heteroclinic orbits can appear
by switching between two very simple dynamics.

In this paper, we investigate such nonlinear phenomena
caused by switching between simple replicator dynamics.
Especially, we consider that there exist two populations
where one population has three pure strategies and the other
has two. We introduce two parameters α and β into each
population’s payoff matrix, and we show how global prop-
erties of the model change depending on the parameters.

2. Hybrid Replicator Dynamics

Suppose that there exist n large populations P1, P2, · · ·,
Pn. For each population Pi (i ∈ N = {1, · · · , n}), let
Φi = {1, 2, . . . ,mi} be a set of pure strategies of Pi, and
S i be a set of population states of Pi, where a population
state is a distribution of strategies in a population of play-
ers with a pure strategy. Let Φi j and S i j be Pi’s sets of pure
strategies and population states perceived by Pj, respec-
tively. Denoted by si = (s1

i , · · · , smi
i ) ∈ S i is a population

state of Pi, where sk
i is the proportion of players with a

pure strategy k ∈ Φi in Pi. We define sets of population
state combinations S by Cartesian product S = ×i∈NS i.
For s ∈ S , denoted by s−i is the population state com-
bination which results from s by removing si ∈ S i: i.e.,
s−i = (s1, · · · , si−1, si+1, · · · , sn). Let Ri : × j∈NS ji → R be
the payoff function for population Pi, where S ii = S i.

The mapping fi j : S i → S i j is called Pj’s interpreta-
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tion function to the population states of Pi, where fii is
the identity mapping: fii(si) = si. We define Pj’s inter-
pretation of a population state combination s by f j(s) =
( f1 j(s1), · · · , fn j(sn)). In each population, suppose that the
rate of increase of players with a strategy k is expressed as
the difference between the payoffs of a player with a strat-
egy k and the average payoff of the population. Replicator
dynamics with interpretation functions is given by

ṡk
i = sk

i

[
Ri

(
fi(e

k
mi
, s−i)
)
− Ri ( fi(s))

]
= ξ f

k
i (s), (1)

for all i ∈ N, k ∈ Φi, and the interpretation function fi,
where ek

l is the l-dimensional unit vector such that the kth
element equals 1.

Let f (s) = ( f1(s), f2(s), · · · , fn(s)) ∈ F be an in-
terpretation function combination, where fi ∈ Fi ={
f 1
i , f

2
i , · · · , f mf i

i

}
is an element of a set of Pi’s interpreta-

tion of s and F = ×i∈NFi is the set of interpretation func-
tion combinations. Denoted by σkk′

i is the event that Pi

changes its interpretation function from f k
i (s) to f k′

i (s). Let
Σ be a set of all such events. We assume that the event
σkk′

i ∈ Σ occurs when Pi uses f k
i (s) and the difference be-

tween the average payoff of Pi with f k′
i (s) and that with

f k
i (s) becomes equal or greater than a specified threshold
λkk′

i > 0.
According to the above definition, interpretation func-

tions of each population change discretely, and evolutions
of population states depend on replicator dynamics (1).
Obviously, such a system is a hybrid system and we can
describe our model as a hybrid automaton [10] by the fol-
lowing tuple [9]:

RD = (F , S ,Finit, S init,Ξ,Σ,G), (2)

where the set of interpretation function combinations F
corresponds to the set of discrete states, the set of popu-
lation state combinations S corresponds to the set of con-
tinuous states, Finit × S init ⊆ F × S is the set of initial
states, Ξ = {ξ f : S → ×i∈NRmi } f∈F is the set of flows defin-
ing the continuous states, and G : Σ → 2S is the guard
for each element of Σ. For each f ∈ F , flow ξ f ∈ Ξ
is defined by Eq. (1), where ξ f i = (ξ f

1
i , · · · , ξ f

mi
i ), and

ξ f = (ξ f 1, · · · , ξ f n). Moreover, for an event σkk′
i ∈ Σ, the

guard G is defined as follows:

G(σkk′
i ) =

{
s ∈ S

∣∣∣∣Ri

(
f k′
i (s)
)
− Ri

(
f k
i (s)
)
≥ λkk′

i

}
, (3)

and an event is assumed to occur whenever the guard for
the event is satisfied.

When an event occurs, if the guard for an another event
is satisfied at that instant in the new discrete state, the event
occurs without changes of the continuous state. However,
an infinite chain of events without changes of the continu-
ous state cannot exist since we assume λkk′

i > 0 in Eq. (3).
By changing of the interpretation functions, the average
payoff of the population must increase. So it is impossi-
ble to visit the same discrete state more than once by a se-
quence of events without changes of the continuous states.

3. Nonlinear Phenomena in Hybrid Replicator Dynam-
ics

The model of hybrid replicator dynamics has been ap-
plied to a well-known example called “Soccer Hooligan-
ism” and shown that behaviors converging to heteroclinic
orbits can appear in it [9]. However, its mechanism has not
been discussed. So, we investigate nonlinear phenomena
caused by switching between simple replicator dynamics
shown in [9].

Suppose that there exist two large populations P1 and
P2. P1 has three pure strategies and P2 has two. We
consider two types of interpretation function combinations
f 1 = ( f1, f 1

2 ) and f 2 = ( f1, f 2
2 ), where f1(s) = (s1, s2),

f 1
2 (s) = ([s1

1 + s2
1, s

3
1]T , s2), and f 2

2 (s) = ([s1
1, s

2
1 + s3

1]T , s2).
Let us suppose that it is possible for P2 to change the
interpretation functions from f 1

2 (s) (resp. f 2
2 (s)) to f 2

2 (s)
(resp. f 1

2 (s)). Hence, Σ = {σ12
2 , σ

21
2 }. Additionally, let

A = (ai j) and B = (bi j) be P1’s and P2’s payoff matrices,
respectively, where R(ei

3, e
j
2) = ai j and R(ei

2, e
j
2) = bi j. We

defined them as follows:

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
3 4
2 5

1 + α 6

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ and B =

[
2 2 + β
4 2

]
, (4)

where −1 < α < 1 and −1 < β < 1 are parameters.
Note that

∑
si

1 =
∑

si
2 = 1. So, we describe a popula-

tion states combination by s = [s1
1, s

2
1, s

1
2]. From Eq. (1),

replicator dynamics is formulated as follows:

ṡ1
1 = s1

1

[(
1 − s1

1

) {
(4 − α) s1

2 − 2
}
− s2

1

{
(2 − α) s1

2 − 1
}]
, (5)

ṡ2
1 = s1

1

[
−s1

1

{
(4 − α) s1

2 − 2
}
+
(
1 − s2

1

) {
(2 − α) s1

2 − 1
}]
,(6)

ṡ1
2 =

⎧⎪⎪⎨⎪⎪⎩
2s1

2

(
1 − s1

2

) {
β − (β + 2)

(
s1

1 + s2
1

)}
for f 1

2 ,

2s1
2

(
1 − s1

2

) {
β − (β + 2) s1

1

}
for f 2

2 .
(7)

From condition (3), the guard is given as follows:

G(σ12
2 ) =

{
s ∈ S

∣∣∣ −g(s) ≥ λ12
2

}
, (8)

G(σ21
2 ) =

{
s ∈ S

∣∣∣ g(s) ≥ λ21
2

}
, (9)

where

g(s) = R2

(
f 1
2 (s)
)
− R2

(
f 2
2 (s)
)
= s2

1

[
2 − (β + 2) s1

2

]
. (10)

If α = 0 and β > 0 holds, then behaviors converging to
heteroclinic orbits appear similar to the simulation in [9] as
shown in Fig. 1. By using parameters α and β, we investi-
gate mechanisms of such nonlinear phenomena.

Table 1 shows vector fields on the boundary edges, equi-
librium points on each interpretation function, and contours
of g(s).

(i) The case β > 0: On each discrete state f 1 and f 2, there
exist equilibrium points different from the vertices.
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Table 1: Vector fields on the boundary edges, equilibrium points on each interpretation function, and contours of g(x).
α < 0 α = 0 α > 0 Contour of g(s)

β < 0

β = 0

β > 0

Figure 1: Example of orbits in the case α = 0 and β > 0

• α � 0: There exist isolated equilibrium points[
β
β+2 , 0,

2
4−α
]

on both f 1 and f 2,
[
0, β
β+2 ,

1
2−α
]

on f 1, and[
β
β+2 ,

2
β+2 ,

1
2

]
on f 2. All orbits on s2

1 = 0, s1
1 = 0 on f 1,

and s1
1 + s2

1 = 1 on f 2 are nonisolated periodic orbits.

• α = 0: There exist nonisolated equilibrium points[
s1

1,
β
β+2 − s1

1,
1
2

]
on f 1 and

[
β
β+2 , s

2
1,

1
2

]
on f 2.

On each discrete states f 1 and f 2, though the orienta-
tions of the vector fields on the boundary edges in the cases
α < 0, α = 0, and α > 0, are the same as shown in Table 1.
Since the magnitude of the vectors are different from each
other, however, global properties of these cases are differ-
ent from each other.

Figure 2: Example of orbits in the case α < 0 and β > 0

• α < 0: Orbits on f 1 (resp. f 2) converge to the plain
s1

1 = 0 (resp. s1
1 + s2

1 = 1).

• α > 0: Orbits on both f 1 and f 2 converge to the plain
s2

1 = 0.

• α = 0: Orbits on f 1 and f 2 are nonisolated periodic
orbits.

In hybrid replicator dynamics, by switching between
replicator dynamics whose properties are explained above,
the following orbits exist depending on the value of α:
• α < 0: Orbits which converge to the heteroclinic or-

bit [0, 0, 0] → [0, 0, 1] → [0, 1, 1] → [1, 0, 1] →
[1, 0, 0] → [0, 1, 0] → [0, 0, 0]. Figure 2 shows an ex-
ample of such an orbit.
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Figure 3: Example of orbits in the case α > 0 and β > 0

Figure 4: Example of orbits in the case α > 0 and β = 0

• α > 0: Orbits which converge to the plane s2
1 = 0.

Figure 3 shows an example of such an orbit.

• α = 0: Orbits which converge to the heteroclinic orbit
consists of the orbits on the edge [0, 0, 0] → [0, 0, 1],
the orbits from [0, 0, 1] to [1, 0, 1] on the plain s1

2 = 1,
on the edge [1, 0, 1] → [1, 0, 0], and the orbits from
[1, 0, 0] to [0, 0, 0] on the plain s1

2 = 0. Unlike the case
α � 0, however, the orbits on s1

2 = 0 (resp. s1
2 = 1) do

not converge to the boundary edges [1, 0, 0]→ [0, 0, 0]
nor [1, 0, 0] → [0, 1, 0] → [0, 0, 0] (resp. the edge
[0, 0, 1]→ [1, 0, 1] nor [0, 0, 1]→ [0, 1, 1]→ [1, 0, 1]).
Figure 1 shows an example of such an orbit.

With decrease of β > 0, the equilibrium points which
are not on the vertices of S approach to s1

2 axis or the edge
s1

1 = 0, s2
1 = 1. In the case β = 0, they are to be on the axis

or the edge as explained next.

(ii) The case β = 0: Any points on s1
2 axis and s1

1 = 0,
s2

1 = 1 on f 2 became nonisolated equilibrium points. More-
over, since the equilibrium points which are not on the ver-
tices in the case β > 0 are to be on s1

2 axis or s1
1 = 0, s2

1 = 1
on f 2, the periodic orbits which exist in the case β > 0 dis-
appear. Each orbits starting from the interior of S converge
to one of the points on s1

2 axis depending on its initial value.
Additionally, since g(s) is always positive in the case β ≤ 0
as shown in Table 1, the condition s ∈ G(σ12

2 ) can not be
satisfied for all λ12

2 > 0. So the event σ12
2 can not occur, and

P2’s interpretation function can not be switched from f 1
2 to

f 2
2 . Figure 4 shows an example of orbits in the case β = 0.

(iii) The case β < 0: The orientation of the vector field on
s1

2 axis and the line s1
1 = 0, s2

1 = 1 on f 2 are opposite of that
for β > 0, i.e., they are negative. So, the point [0, 0, 0] is
the unique asymptotically stable equilibrium point and all
orbits starting from the interior of S converge to that point
regardless of switching of interpretation functions.

4. Conclusions

In this paper, we have investigated nonlinear phenomena
in hybrid replicator dynamics with changes of interpreta-
tion functions. Especially, we consider that there exist two
populations where one population has three pure strategies
and the other has two. We have introduced two parameters
α and β into each population’s payoff matrix, and we have
shown how global properties of the model change depend-
ing on the parameters. It is future work to discuss stabil-
ity conditions for interpretation functions and population
states to converge to an equilibrium point by using stability
theory of hybrid systems.
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Abstract—This paper investigates the interaction of fast-scale
and slow-scale bifurcations in the boost converter under current-
mode control operating in continuous conduction mode. Effects
of varying some chosen parameters on the qualitative behaviors of
the system are studied in detail. Boundaries of stable region, slow-
scale bifurcation region, fast-scale bifurcations region, interacting
fast and slow-scale bifurcation region are identified.

1. Introduction

The current-mode control scheme is widely used in power
converters [1]. Bifurcation behaviors in dc/dc converters under
current-mode control have been reported recently [2, 3]. Gen-
erally, two distinct types of bifurcations have been identified for
such circuits, namely slow-scale bifurcation and fast-scale bifur-
cation. The slow-scale bifurcation can be regarded as a kindof
low-frequency oscillation which is caused by the voltage feedback
loop permitting low-frequency oscillation [4, 5, 6]. The fast-scale
bifurcation, which is caused by inner current loop instability, is of-
ten found in current-mode controlled converters, and it manifests
as period-doubling in the time scale, as reported in Iuet al. [7] for
parallel boost converters, Wonget al. [8] for noise-coupled boost
converters, and Wuet al. [9] for power-factor-correction convert-
ers. The fast-scale and slow-scale bifurcations have been indepen-
dently investigated; however, their interactions are not thoroughly
studied despite the frequent occurrence of such phenomena.

Fundamentally the two mechanisms responsible for the fast-
scale and slow-scale bifurcations can actually interact each other
when the parameters chosen fall in the right region. Our objec-
tive in this paper is to study such interactions and to identify the
boundaries of stable region, slow-scale bifurcation region, fast-
scale bifurcation region, and the interacting region in terms of
some chosen parameters.

2. Current-Mode Controlled Boost Converter

The current-mode controlled boost converter is shown in
Fig. 1(a). The system has an outer voltage loop and an inner
current loop. The voltage loop, which consists of an error am-
plifier (EA), a compensation network, provides the reference for
the inner current loop. The inner current-loop consists of acur-
rent transformer, a compensation ramp signal and a current sense
amplifier. The compensationl ramp is added to stabilize the con-
verter if a wide range of output voltage is required [6]. The output
of the two loops is then connected to the inputs of the comparator
whose output is used to reset a flip-flop latch to give a pulse-width
modulated waveform to control switchS T . The operation can be
briefly described as follows. The flip-flop latch is set periodi-
cally by the clock signal, turning on the switchS T . Then, the

+
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R  S
Q

clock
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+

–

+

–
+

EA
Comp

IA

+

–

–+

E S T

L S D

C voR

R1

R2
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Vref

RaCa

vk

vl

iL

(a)

(b)

Figure 1: (a) Boost converter under current-mode control;
(b) typical waveforms.

inductor current goes up linearly, and is compared with a refer-
ence level, which is equal to the output of the error amplifierof
the voltage loop minus the compensation ramp signal. When the
peak inductor current reaches the reference level, the output of
the comparator resets the flip-flop, thereby turning off the switch.
When the switch is off, the inductor current falls almost linearly if
the output capacitor is sufficiently large. The cycle repeats when
the flip-flop is set again by the clock. Typical waveforms of are
shown in Fig. 1(b), wheremc is the slope of the compensation
ramp signal, andm1 andm2 are the rising and falling slopes of the
inductor current with the switchS T on and off respectively.

3. A Glimpse at Bifurcation Behavior

We begin with a series of typical waveforms from exact cycle-
by-cycle computer simulations to show some possible bifurcation

NOLTA 2006
11-14 september
Bologna - ITALY

175



0.0294 0.0296 0.0298 0.03  
18

19

20

21

 t (s)

 i L (
A

)

0.0294 0.0296 0.0298 0.03  
18.59

18.592

18.594

18.596

18.598

18.6

 t (s)

 i L (
A

)

0.024 0.026 0.028 0.03

0

20

40

60

 t (s)

 i L (
A

)

0.023 0.024 0.025 0.026

0

20

40

60

 t (s)

 i L (
A

)

0.038 0.0385 0.039 0.0395 0.04  
16

18

20

22

 t (s)

 i L (
A

)

0.038 0.0385 0.039 0.0395 0.04  

16

18

20

22

 t (s)

 i L (
A

)

(a) (b) (c)

0.021 0.022 0.023 0.024 0.025 0.026 0.027 0.028 0.029 0.03
5

10

15

20

25

30

35

 t (s)

 i L  (
A

)

0.021 0.022 0.023 0.024 0.025 0.026 0.027 0.028 0.029 0.03
5

10

15

20

25

30

35

 t (s)

 i L  (
A

)

0.026 0.0265 0.027 0.0275 0.028 0.0285 0.029 0.0295 0.03
0

10

20

30

40

50

 t (s)

 i L  (
A

)

0.026 0.0265 0.027 0.0275 0.028 0.0285 0.029 0.0295 0.03
0

10

20

30

40

50

 t (s)

 i L  (
A

)

0.058 0.0585 0.059 0.0595 0.06
14

16

18

20

22

24

 t (s)

 i L  (
A

)

0.058 0.0585 0.059 0.0595 0.06
14

16

18

20

22

24

 t (s)

 i L  (
A

)

(d) (e) (f)

Figure 2: Simulated behaviors for different feedback gaing = Ra/R1 and time constantτ f = R1Ca, with 1/m1 = 19.835×
10−6 s/A, mc = 6.25×10−3 V/s. Upper trace: actual waveforms, lower trace: sampled-data waveforms. (a) Stable periodic
operation withg = 1.522 andτ f = 0.5225 ms, (b) saturated operation withg = 1.522 andτ f = 0.4775 ms), (c) fast-scale
bifurcation withg = 0.1 andτ f = 10.925 ms), (d) coexisting (interacting) fast and slow-scale bifurcation with g = 0.1
andτ f = 0.209 ms, (e) slow-scale bifurcationg = 0.8 andτ f = 0.492 ms, (f) slow-scale bifurcation withg = 2.4 and
τ f = 7.125 ms.

Table 1: Circuit parameters for simulation study

Component/parameter Value

Input voltageE 3 – 25 V
InductanceL 120 – 195µH
CapacitanceC 2000µF
Load resistanceR 3 – 20Ω
Switching frequencyfs 25 kHz
Reference output voltageVref 1.8 V
Voltage dividerR1, R2 47.5 kΩ, 2.5 kΩ
Compensation networkRa, Ca 72.3 kΩ, 0.23µF
Compensation rampVp 0.25 V
Inductance current sampling gainM 0.082 V/A

behaviors in this system. The main parameters affecting fast-scale
bifurcations areL/E andmc, whereas those affecting slow-scale
bifurcations are the voltage feedback gain and time constant, as
studied previously [10]. To facilitate simulation study, we choose
parameter values as listed in Table 1.

For a certain range of parameters, normal periodic operation,
slow-scale bifurcation, fast-scale bifurcation, coexisting fast and
slow-scale bifurcation, and “saturated” operation (border colli-
sion) can be observed. Typical waveforms are shown in Figs. 2,
3, and 4. Consistent with usual understanding, we can see from
these waveforms that slow-scale bifurcations can be eliminated by
increasing the feedback gain or time constant, and that fast-scale
bifurcations can be eliminated by increasingm1 or mc.

4. Detailed Examination: Boundaries of Operations

In this section, we take a detailed look into the qualitativebe-
haviors of the system, and present the boundaries of stable region,
slow-scale bifurcation region, fast-scale bifurcation region, and
coexisting (interacting) fast and slow-scale bifurcationregion in
terms of selected circuit parameters.

Effects of Varying Input Voltage E and Load Resistance R

The behavior of the system varies withE andR. Two perspec-
tives of operating boundaries are shown in Fig. 5(a), where the
boundaries divide regions of stable operation and “saturated” re-
gion. The transition from the stable region to the other is a Hopf
type bifurcation. Parameters exceptR andE are kept as listed in
Table 1.

Effects of Varying Rising Slope of Inductor Current E/L

The rising slope of the inductor current,E/L, has significant
influence on the operation of the system. For each pair ofE andR
used in simulation, we choose those points located at the bound-
ary curve in Fig. 5(a), and changeL while keeping all other pa-
rameters as listed in Table 1. The simulated operation boundaries
are shown in Fig. 5(b) in two perspectives.

Effects of Varying Feedback Gain g and Time Constant τ f

The feedback gain and time constant have obvious influence on
the stability, especially for the slow-scale bifurcation because of
the bandwidth limitation imposed by the time constant. We keep
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Figure 3: Simulated behaviors for different values ofm1 andτ f , with g = 0.1 andmc = 6.25× 10−3 V/s. (a) Coexisting
(interacting) fast and slow-scale bifurcation with 1/m1 = 9× 10−6 s/A andτ f = 0.92625 ms, (b) coexisting (interacting)
fast and slow-scale bifurcation with 1/m1 = 26.8742× 10−6 s?A andτ f = 0.323 ms, (c) slow-scale bifurcation with
1/m1 = 31.514× 10−6 s/A andτ f = 0.3325 ms.
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Figure 4: Simulated behaviors for different values ofmc, with g = 0.4,τ f = 1.3253 ms,R = 10.78Ω and 1/m1 = 31.514×
10−3 s/A. (a) Coexisting (interacting) fast and slow-scale bifurcation withmc = 2.823× 10−3 V/s andτ f = 0.92625 ms,
(b) critical coexisting (interacting) fast and slow-scalebifurcation withmc = 3.825× 10−3 V/s, (c) slow-scale bifurcation
with mc = 4× 10−3 V/s.

E andR constant, and varyL/E. We can then changeg andτ f

by varyingRa andCa. Figure 6 shows the stability boundaries for
different values ofL/E, corresponding to the slow-scale bifurca-
tion boundary, stable region and fast-scale bifurcation region of
Fig. 5(a). In Fig. 6, the regions under the boundary curves cor-
responds to the “saturated” operation, and the operations above
the boundaries depend on the values ofL/E and g. As seen
from Fig. 6, interacting slow and fast-scale bifurcations can be
observed for some parameter ranges corresponding to relatively
smallL/E.

In a likewise manner, another set of boundaries can be collected
for fixed L. As limited by space, they are omitted here.

Effects of Varying Compensation Ramp mc

It has been known that the compensation ramp strongly affects
the instability. Varyingmc will lead to interacting slow and fast-
scale bifurcations. In our simulation, we varymc by changing the
ramp amplitudeVp. Boundary of operations are plotted in Fig. 7,
from which we see clearly that both fast-scale and interacting fast
and slow-scale bifurcations are possible. It is worth noting that
varying mc has little effect on slow-scale bifurcation, such as the
period of the limit cycle and the amplitude of the low-frequency
oscillations, as shown in Fig. 4.

5. Conclusion

In this paper we have studied the interaction of slow and fast-
scale bifurcations. Basically we have observed that under certain
parameter ranges, current-mode controlled boost converters can
be fast-scale and slow-scale unstable simultaneously. Such in-
teracting bifurcation occurs when the low-frequency voltage loop
and the fast inner current loop become unstable simultaneously.
In this paper we have identified the parameter ranges under which
slow-scale, fast-scale, and interacting slow and fast-scale bifurca-
tions occur.
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Abstract—In this paper, we investigate the synchroniza-
tion characteristics of a coupled system of a van der Pol os-
cillator and a Rayleigh oscillator. In particular, we assume
the nonlinear coupling scheme proposed by S. Nagano.
This coupling scheme was invented from an aggregation
of slime, kind of ameba, and is known to show strong
synchronization ability. Assuming that the nonlinearity is
weak, we analyze such a system by using averaging method
and clarify the mechanism for strong synchronization.

1. Introduction

Coupled oscillators have been investigated for a long
time by many researchers [1]. Almost all of them assumed
linear coupling scheme which was a natural configuration
in view of engineering applications including electronics
circuits and mechanical systems [2]. Recently, S. Nagano
proposed a nonlinear coupling scheme between oscillators
from the view point of biological system such as an aggre-
gation of slime, a kind of ameba [3,4]. One of the charac-
teristics of this nonlinear coupling scheme is its strong syn-
chronization ability. Namely, different kind of oscillators
with different natural frequencies can be synchronized eas-
ily. For example, we will investigate a coupled system of
van der Pol and Rayleigh oscillators. Unfortunately, only
computer simulation results were presented for this exam-
ple. Therefore, by assuming weak nonlinearity, we will
analyze this system with different natural frequencies via
averaging method [5] to elucidate the reason of this strong
synchronization ability.

2. Derivation of the Averaged Equation

In this section we will derive the differential equation de-
scribing this system. A van der Pol oscillator with natural
angular frequency ω1 can be written as

ẋ1 = y1 ≡ X1(x1, y1)

ẏ1 = −ω1
2x1 + ε(1 − x1

2)y1 ≡ Y1(x1, y1)
(1)

A Rayleigh oscillator with natural angular frequency ω2

can be written as

ẋ2 = y2 ≡ X2(x2, y2)

ẏ2 = −ω2
2x2 + ε(1 − 1

3
y2

2)y2 ≡ Y2(x2, y2)
(2)

The nonlinearly coupled system can be written as

ẋ1 = X1(x1, y1)

ẏ1 = Y1(x1 + γ1(x1 + x2), y1)

ẋ2 = X2(x2, y2)

ẏ2 = Y2(x2 + γ2(x1 + x2), y2)

(3)

where γ1 and γ2 denote coupling factors of two oscillators.
Substituting (1) and (2) into (3) yields:

ẋ1 =y1

ẏ1 = − ω1
2{(1 + γ1)x1 + γ1x2}

+ ε[1 − {(1 + γ1)x1 + γ1x2}2]y1

ẋ2 =y2

ẏ2 = − ω2
2{γ2x1 + (1 + γ2)x2} + ε(1 − 1

3
y2

2)y2

(4)

Deleting y1 and y2 in (4) yields:

ẍ1+ω1
2(1 + γ1)x1 + ω1

2γ1x2

= ε[1 − {(1 + γ1)x1 + γ1x2}2]ẋ1

ẍ2+ω2
2(1 + γ2)x2 + ω2

2γ2x1 = ε(1 − 1
3
ẋ2

2)ẋ2

(5)

Equation (5) can be written in the following vector form.

ẍ + Bx = εẋ − εG(x, ẋ) (6)

,where

x = [x1, x2]T , B =
[

(1 + γ1)ω1
2 γ1ω1

2

γ2ω2
2 (1 + γ2)ω2

2

]

G(x, ẋ) = [g1(x, ẋ), g2(x, ẋ)]T

g1(x, ẋ) = {(1 + γ1)x1 + γ1x2}2 ẋ1, g2(x, ẋ) =
1
3
ẋ2

3

Applying a linear transformation x = Py to (6) and multi-
plying P−1 from the left hand side yield:

ÿ + (P−1BP)y = εẏ − εQG(x, ẋ), Q ≡ P−1 (7)

P =
[
p11 p12

p21 p22

]
, Q =

[
q11 q12

q21 q22

]

By choosing an appropriate P , Equation (7) can be diago-
nalized as

ÿ +
[
Ω1

2 0
0 Ω2

2

]
y = εẏ − εQG(x, ẋ), y = [y1, y2]T (8)
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where Ω1
2 and Ω2

2(> Ω1
2) are eigenvalues of B.

Equation (8) can be written in the following scalar form

ÿk + Ωk
2yk = εẏk − εhk(y, ẏ) ≡ ε fk(y, ẏ) (9)

hk =
2∑
s=1

qksgs(x, ẋ) f or k = 1, 2

From (6) h1 and h2 can be calculated as

h1(y, ẏ) =q11g1(x, ẋ) + q12g2(x, ẋ)

=q11{(1 + γ1)x1 + γ1x2}2 ẋ1 +
1
3
q12 ẋ2

3

=q11{(1 + γ1)(p11y1 + p12y2) (10)

+ γ1(p21y1 + p22y2)}2(p11ẏ1 + p12ẏ2)

+
1
3
q12(p21ẏ1 + p22ẏ2)3

h2(y, ẏ) =q21g1(x, ẋ) + q22g2(x, ẋ)

=q21{(1 + γ1)x1 + γ1x2}2 ẋ1 +
1
3
q22 ẋ2

3

=q21{(1 + γ1)(p11y1 + p12y2) (11)

+ γ1(p21y1 + p22y2)}2(p11ẏ1 + p12ẏ2)

+
1
3
q22(p21ẏ1 + p22ẏ2)3

By assuming ε = 0 in (9) , yk and ẏk can be derived easily
as

yk = ρk sin(Ωkt + θk), ẏk = ρkΩk cos(Ωkt + θk) (12)

f or k = 1, 2

When ε is non-zero and small, the amplitude ρk and the
phase θk can be replaced as slowly-varying functions of
time such as ρk(t) and θk(t), respectively. From averaging
theory, averaged equations become as follows

ρ̇k =
ε

Ωk
〈 fk(y, ẏ) cos(Ωkt + θk)〉

θ̇k = − ε

Ωkρk
〈 fk(y, ẏ) sin(Ωkt + θk)〉

(13)

where 〈 � 〉 denotes the time average from 0 to infinity.
By using (9) , equation(13) can be calculated as

ρ̇1 =
1
2
ερ1(1 − 1

4
Aρ1

2 − 1
2
Bρ2

2) ≡ F1(ρ1, ρ2)

ρ̇2 =
1
2
ερ2(1 − 1

2
Cρ1

2 − 1
4
Dρ2

2) ≡ F2(ρ1, ρ2)

θ̇1 = 0, θ̇2 = 0

(14)

,where

A ≡ {(1 + γ1)p11 + γ1p21}2p11q11 + p21
3q12Ω1

2

B ≡ {(1 + γ1)p12 + γ1p22}2p11q11 + p21p22
2q12Ω2

2

C ≡ {(1 + γ1)p11 + γ1p21}2p12q21 + p21
2p22q12Ω1

2

D ≡ {(1 + γ1)p12 + γ1p22}2p12q21 + p22
3q22Ω2

2

In deriving (14) , we assume the nonresonant condition be-
tween Ω1 and Ω2 such as

3Ω1 � Ω2. (15)

3. Stability of the Same-Phase and the Reverse-Phase
Solutions

From the averaged equation (14) , the stability of the
same-phase solution can be obtained by assuming ρ̇1 =

ρ̇2 = 0 and ρ1 = 0 and ρ2 � 0. This gives a steady-state
solution as follows

ρ01 = 0, ρ02 =
4
D

(16)

The stability of (16) can be judged from the Jacobian ma-
trix J

J =

⎡⎢⎢⎢⎢⎢⎣
∂F1
∂ρ1

∂F1
∂ρ2

∂F2
∂ρ1

∂F2
∂ρ2

⎤⎥⎥⎥⎥⎥⎦
ρ1=ρ01
ρ2=ρ02

(17)

where F1 and F2 are given in (14).
Namely, if all eigenvalues of J have negative real parts, the
solution is asymptotically stable, and if one of the eigen-
value of J have a positive real part, it is unstable. In the
same manner, the stability of the reverse-phase solution can
be obtained by assuming ρ1 � 0 and ρ2 = 0; namely,

ρ01 =
4
A
, ρ02 = 0 (18)

Actual procedure for obtaining the same-phase and the
reverse-phase solution with their stability judgement is as
follows. 1) Determine all parameters γ1, γ2, ω1, and ω2.
2) Calculate eigenvaluesΩ1

2 and Ω2
2(> Ω1

2) of B numer-
ically. 3) Determine P and Q ≡ P−1 from eigenvectors
associated with Ω1

2 and Ω2
2. 4) Obtain the same-phase

and reverse-phase solutions from (16) and (18) with their
stability judgement. Henceforth, we define γ ≡ γ1 = γ2.

Figure 1 presents the synchronization characteristics of
the same-phase solution ρ02 in terms of log10(ω2/ω1) for
various values of γ with ω1 = 1. Note that the synchro-
nization characteristics are asymmetric with respect to the
origin. This is in contrast to the case of two nonlinearly
coupled van der Pol oscillators, where the synchronization
characteristics are symmetric with respect to the origin.

 0

 0.5

 1

 1.5

 2

 2.5

-0.4 -0.2  0  0.2  0.4  0.6  0.8

ρ 0
2

log10(ω2/ω1)

γ = 0.1
γ = 0.5
γ = 1.0
γ = 2.0

γ = 10.0

Figure 1: Synchronization characteristics ρ02 versus
log10(ω2/ω1) for various values of coupling factor γ for the
same-phase solution
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Figure 3: Synchronized frequency Ω2 in terms of
log10(ω2/ω1) for various values of γ for the same-phase so-
lution

Figures 2 (a) and (b) show the amplitude characteristics
of x1 and x2 with respect to log10(ω2/ω1) with ω1 = 1.
When ω2 < ω1, the amplitude of x1 is larger than that of
x2, and when ω2 > ω1 the amplitude of x2 is larger than
that of x1.
Figure 3 shows the synchronized angular frequency Ω2 of
the same-phase solution with respect to log10(ω2/ω1). No-
tice that Ω2 is much larger than ω1 and ω2 especially for
large γ.
Figures 4 (a) and (b) show computer simulation results of
the same-phase solution for various γ and ω2 with ω1 = 1
and ε = 0.1 being fixed. They all show synchronization
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(a) γ = 0.5 and ω2 = 1.03
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(b) γ = 1.0 and ω2 = 1.45

Figure 4: Computer simulation results of the same-phase
solutions for various values of γ and ω2 with ω1 = 1

Table1: Comparison between computer simulation results
and averaging method results for the same-phase solution

x1 x2 Ω2

Computer simulation 1.088 1.235 1.434
Averaging method 1.091 1.228 1.436

(a) γ = 0.5, ω2 = 1.03, ω1 = 1.0, ε = 0.1

x1 x2 Ω2

Computer simulation 0.319 0.944 2.219
Averaging method 0.322 0.942 2.219

(b) γ = 1.0, ω2 = 1.45, ω1 = 1.0, ε = 0.5

with the same-phase in steady state. Table 1 compares the
result of averaging method with that of computer simula-
tion. They show in good agreement.

Figure 5 shows the synchronization characteristics of the
reverse-phase solution in terms of ρ01 versus log10(ω2/ω1)
for various values of γ with ω1 = 1.
Figure 6 shows the synchronized angular frequency Ω1 of
the reverse-phase solution with respect to log10(ω2/ω1).
Figure 7 shows the computer simulation results of the
reverse-phase solution for a certain γ and ω2. They agree
well with the results of averaging method as seen in Table
2.
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Figure 7: Computer simulation results of the reverse-phase
solutions for various values of γ and ω2

4. Conclusions

We investigate the synchronization characteristics of the
coupled system of a van der Pol and Rayleigh oscillators.
We use the averaging method for analyzing this system.
We confirm by direct computer simulation for ε = 0.1 and
0.5 that averaging method gives accurate result. It should
be noted that the synchronization range of this system is

Table2: Comparison between computer simulation results
and averaging method results for the reverse-phase

solution

x1 x2 Ω1

Computer simulation 2.005 1.824 1.023
Averaging method 2.005 1.819 1.023

(a) γ = 0.5, ω2 = 1.05, ω1 = 1.0, ε = 0.1

x1 x2 Ω1

Computer simulation 1.993 2.484 0.874
Averaging method 2.005 2.481 0.873

(b) γ = 1.0, ω2 = 0.8, ω1 = 1.0, ε = 0.5

smaller than that of two mutually coupled van der Pol os-
cillators and that the synchonization range is asymmetric
with respect to the origin. So far, we do not know whether
or not this coupled systems has a practical meaning in view
of biology. However, this system is a good example demon-
strating strong synchronization ability. For future problem,
we will investigate several number of coupled oscillators in
which van der Pol and Rayleigh oscillators are mixed.
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Abstract—In this paper, we investigate synchronization
characteristics of three nonlinearly-coupled van der Pol os-
cillators. This coupling originates in an aggregation of
slime (a kind of ameba), and presents strong synchroniza-
tion ability against detuning. We clarify that an arbitrary
number of oscillators coupled in this manner can be re-
duced to comparatively simple averaged equation. For ex-
ample, we demonstrate the synchronization range in terms
of detuning for three-coupled van der Pol oscillators. As
a result, we confirm large synchronization range in case of
ω1 = ω2 = 1 and ω3 = 0.01 � 100 and in case of ω1 = 1,
ω2 = 10 and ω3 = 0.01 � 100 for example.

1. Introduction

Synchronization of rhythms plays a central role in sys-
tem control both in science and technology. Recently,
mutual synchorinization scheme based on the uni-celluar
slime ameba is proposed in the field of biology[1,2]. The
uni-celluar slime ameba is essentially a single-organism
under starvation. In the simplest case, we assume this
ameba as a limit cycle oscilllator cell j such as

dPj

dt
= F j(Pj,Rj),

dRj

dt
= Gj(Pj,Rj) (1)

,where Pj denotes the product density and Rj denotes activ-
ity of receptor. The aggregated living organism consisting
of N-cells becomes a coupled system as follows

dPj

dt = F j(Pj,Rj)
dRj

dt = Gj(Pj + γ
N∑
l=1
Pl,Rj) , j=1,2,...,N

(2)

,where γ denotes a coupling factor. This becomes nonlinear
coupling generally. In [2], powerful synchronization ability
of this nonlinear coupling scheme has been demonstrated
for various mutually coupled oscillators via computer sim-
ulation.
Mutual synchronization of oscillators has been investi-

gated for a long time via various methods. Most of syn-
chronization problems assume, however, linear coupling
between oscillators [3,4]. In our previous work, we showed
that the averaging method could be applied in the case of

two mutually-coupled van der Pol oscillators with this non-
linear coupling scheme, and showed the synchronization
range coulld be obtained theoretically for weakly nonlinear
case via averaging method [5]. In this work, we obtain av-
eraged equation for an arbitrary number of oscillators. For
example, we demonstrate the synchronization characteris-
tics for three nonlinearly-coupled van der Pol oscillators by
investigating the stability of various equilibrium points of
the averaged equation.

2. Analysis via Averaging Method

From [5], N-mutually coupled van der Pol oscillators can
be written as follows:

ẍ + Bx = εẋ − εG(x, ẋ) (3a)

,where

x ≡ [x1, x2, . . . , xN]T

B ≡

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(1 + γ)ω21 γω21 · · · · · · γω21
γω22 (1 + γ)ω22 γω22, · · · γω22

. . .

γω2N · · · · · · γω2N (1 + γ)ω2N

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
G(x, ẋ) ≡ [

g1(x, ẋ), g2(x, ẋ), . . . , gN (x, ẋ)
]T

(3b)

, and where

gk(x, ẋ) =

⎛⎜⎜⎜⎜⎜⎝xk + γ
N∑
i=1

xi

⎞⎟⎟⎟⎟⎟⎠
2

ẋk (3c)

We define the eigenvalues of B as Ω21 < Ω
2
2 < · · · < Ω2N

and the associated eigenvectors as pj = [p1 j, p2 j, · · · , pN j]T
for j = 1, 2, . . . ,N, respectively. Applying a non-singular
linear transformation x = Py to (3a) and multiplying P−1
from the left-hand side gives the following transformed
equation.

ÿ + (P−1BP)y = εẏ − εP−1G(y, ẏ) (4a)
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, where

PBP−1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
Ω21 0

. . .

0 Ω2N

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

P =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
p11 · · · p1N
...

. . .
...

pN1 · · · pNN

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

P−1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
q11 · · · q1N
...

. . .
...

qN1 · · · qNN

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(4b)

Equation (4a) can be written in the following scalar form:

ÿk + Ω
2
kyk = εẏk − εhk(y, ẏ) (5a)

≡ ε fk(y, ẏ), k = 1, 2, . . . ,N

,where functions hk are expressed in terms of y, ẏ through
the transformation x = Py as follows:

hk(y, ẏ) =
N∑
s=1

qksgs(x, ẋ)| x = Py
ẋ = Pẏ

=
N∑
s=1
qks

{
N∑
m=1
(psm + γ

N∑
l=1
plm)ym

}2 ( N∑
m=1

psmẏm

)

=
N∑

m1=1

N∑
m2=1

N∑
m3=1

b (k,m1,m2,m3)ym1ym2 ẏm3

b (k,m1,m2,m3) ≡
N∑
s=1
qksasm1asm2 psm3

asm ≡ psm + γ
N∑
l=1
plm

(5b)

In averaging method, we first assume ε = 0 in (5a), and
obtain the unperturbed solution. It can be calculated eas-
ily as yk = ρk sin(Ωkt + θk), ẏk = ρkΩk cos(Ωkt + θk) for
k = 1, 2, . . . ,N.
When ε � 0, we assume ρk and θk as functions of time.
From the theory of averaging, the dynamics of these func-
tions can be calculated from the following averaged equa-
tion for k = 1, 2, . . . ,N [6].

ρ̇k =
ε
Ωk
〈 fk(y, ẏ) cos(Ωkt + θk)〉

θ̇k = − ε
Ωkρk
〈 fk(y, ẏ) sin(Ωkt + θk)〉 (6)

where < · > denotes time average from zero to infinity.
Equation (6) can be calculated by assuming for the non-

resonant case for k = 1, 2, . . . ,N as follows:

ρ̇k=
1
2ερk

(
1− 12

N∑
m1=1

b(k,m1,m1, k)ρ2m1+
1
4b(k, k, k, k)ρ

2
k)

)

θ̇k=0.
(7)

Since θk can be determined as an arbitrary constant, we
only investigate the amplitude equation. Therefore, by
defining Uk ≡ ρ2k , (7) can be simplified as

U̇k=εUk

(
1− 12

N∑
m1=1

b(k,m1,m1, k)Um1+
1
4b(k,k,k,k)Uk

)

≡ εFk(U1,U2, · · · ,UN)
(8)

for k = 1, 2, . . . ,N.
The non-reasonant condition can be written as follows for
m1,m2,m3 = 1, 2, · · · ,N.

(1) Ωm1±Ωm2±Ωm3±Ωk=0 where m1 � m2 � m3 � k
(2) 2Ωk ±Ωm1 ±Ωm2 = 0 where m1 � m2 � k
(3) 3Ωk −Ωm3 = 0 where k � m3

(9)

3. Analysis of Steady-State Solutions via Averaging
Method for Three-Coupled Oscillator Case

The steady-state solution corresponds to an equilibrium
point in (8). For example, assuming three mutually-
coupled van der Pol oscillators, there are seven equilib-
rium points (U01,U02) obtained by assuming U̇k = 0 for
k = 1, 2, . . . ,N in (8). Namely, (a)U1 = U2 = U3 = 0,
(b)U1 � 0,U2 = U3 = 0, (c)U2 � 0,U1 = U3 = 0,
(d)U3 � 0,U1 = U2 = 0, (e)U1 � 0,U2 � 0,U3 = 0,
( f )U1 � 0,U2 = 0,U3 � 0 and (g)U1 = 0,U2 � 0,U3 � 0.
From the results of numerical calculation, point (d) corre-
sponds to the same-phase solution. In this paper, we will
concentrate to the same-phase solution. This is because
the actual coupled system of uni-celler slime ameba almost
presents the same-phase synchronization. The stability of
each equilibrium point can be obtained by using the follow-
ing Jacobian matrix J.

J ≡
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
∂F1
∂U1

∂F1
∂U2

∂F1
∂U3

∂F2
∂U1

∂F2
∂U2

∂F2
∂U3

∂F3
∂U1

∂F3
∂U2

∂F3
∂U3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ (10)

Namely, if all eigenvalues of J have negative real parts, the
solution is asymptotically stable. If one of them has posi-
tive real part, it is unstable. In this manner, we can judge
the stability of each equilibrium point.
We first determine parameters γ, ω1, ω2 and ω3 in origi-
nal equation (3a). By fixing all parameters, matrix B can
be determined, and then one can calculate the eigenvalues
Ω21, Ω

2
2 and Ω

2
3 with matrix P and P

−1 through numerical
calculation. Then all necessary parameters in (5b) can be
obtained in order. The same-phase solution takes the fol-
lowing form:

U3�0,U1=U2=0⇒ U03 = 4
b(3,3,3,3) ,U01=U02=0

⇒ y3 =
√

4
b(3,3,3,3) sin(Ω3t + θ3), y1 = y2 = 0

⇒ x1 = p13
√

4
b(3,3,3,3) sin(Ω3t + θ3)

x2 = p23
√

4
b(3,3,3,3) sin(Ω3t + θ3)

x3 = p33
√

4
b(3,3,3,3) sin(Ω3t + θ3)

(11)

In (11), the phase θ3 is arbitrary because there is no basin
of attraction for this phase since θ̇k = 0 for k = 1, 2, 3.
Actually, it is determined from the initial condition of (3a)
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(a) 0.1 � γ � 1.0

(b) 1.2 � γ � 2.1

(c) 2.3 � γ � 3.0

Figure 1: Synchronization characteristics ρ3 versus
log10(ω3/ω1) for various values of coupling factor γ under
ω1=ω2=1.0

4. Numerical Results for The Same-Phase Solution

We will investigate the synchronization range for the
same-phase solution. First, we calculate an example fixing
ω1 = ω2 = 1.0 and varying ω3 from 0.01 to 100.0. Figures
1 (a), (b) and (c) present ρ3 in terms of log10 (ω3/ω1). Both
ends of each curve presents the synchronization limit. In
general, for larger coupling factor γ, synchronization range
becomes larger. Different from our previous two-coupled
case, these curves are asymmetric with respect to the ori-
gin. Namely, the synchronization range below 0 is larger
than that above 0. Figures 2 (a),(b) and (c) show the am-
plitude variation of x1 , x2 and x3 in the synchronized state
for various values of γ. From this figure, it is noted that
when the ratio (ω3/ω1) < 1, the amplitude of lower fre-
quency of oscillation is suppresed. Figure 3 presents syn-

(a) x1

(b) x2

(c) x3

Figure 2: Amplitude variation in terms of log10(ω3/ω1) for
various values of coupling factor γ under ω1=ω2=1.0

chronized angular frequency Ω3 in terms of log10 (ω3/ω1).
In general, Ω3 is much larger than each individual angular
frequency ω1, ω2 and ω3. These results can be confirmed
by direct computer simulation of (3a) as shown in Figure
4. The higher frequency of oscillation (ω3) suppresses the
lower frequency of oscillation (ω1, ω2) for acheiving syn-
chronization. From the view point of dynamics of slime,
this may be interpreted as follows. Namely, an oscillator
with low natural frequency corresponds to inactive slime
cell and an oscillator with high natural frequency corre-
sponds to active slime cell. When they are coupled the
contribution of the active cell becomes larger than that of
the inactive cell. The amplitudes agree well quantitatively
except some parameter points close to the margin of syn-
chronization range where numerical simulation algorithm
becomes inaccurate.
Next, we will show another example fixing ω1 = 1.0,
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Figure 3: Synchronized angular frequency variation in
terms of log10(ω3/ω1) fixing ω1=ω2=1.0 for various values
of coupling factor γ

Figure 4: Computer simulation for synchronization among
three van der Pol oscillators for ε = 0.1, γ = 2.3, ω1 =
ω2 = 1.0 and ω3 = 8.0

ω2 = 10.0 and varying ω3 from 0.01 to 100.0. Figures
5(a) and (b) present ρ3 in terms of log10 (ω3/ω1). In this
case, synchronization range can not be obtained for com-
paratively small coupling factor γ. Synchronization range
can be obtained for γ greater than 1.2. When ω3 is near
ω2( =10.0�ω1 = 1.0), synchronization of each oscilla-
tor is easily acheived. But, when ω3 is near ω1, They are
hard to be synchronized. Different from the first example,
the minimum point of the synchronization curve is around
log10 (ω3/ω1) = 1, namely ω3 = 10. This means that syn-
chronization is easyier for ω3 around 10 rather than around
1.

5. Conclusions

We investigate synchronization characteristics of three
nonlinearly-coupled van der Pol oscillators with new cou-
pling scheme. We obtain the synchronization range of the
same-phase solution against detuining for various coupling
factor using averagingmethod. In the future, we will inves-
tigate the synchronization characteristics of a large num-
ber of coupled oscillators by using this method. Moreover,
we will investigate the synchronization characteristics of
strong nonlinear case, and compare it with that for weak
nonlinear case.

(a) 1.2 � γ � 2.1

(b) 2.3 � γ � 3.0

Figure 5: Synchronization characteristics ρ3 versus
log10(ω3/ω1) by fixing ω1= 1.0 and ω2 = 10.0 for var-
ious values of coupling factor γ

References

[1] S.Nagano, “Receptor-product coupling scheme for
synchronization,” Progress of Theoretical Physics,
vol.103, no.2, pp.229-244, 2000

[2] S.Nagano, “Biological Receptor Scheme for robust
synchronization of limit cycle oscillators,” Progress of
Theoretical Physics,vol.107, no.5, pp.861-877, 2002

[3] T.Endo and S.Mori, “Mode analysis of a multimode
ladder oscillator,” IEEE Trans. Circuits Syst. vol.CAS-
23, no.2, pp.100-113, 1976

[4] Y.Kuramoto, Chemical Oscillations, Waves, and
Turbulence, Springer-Verlag, Berlin, Heidelberg,
NewYork, Tokyo,1984

[5] K.Shimizu, T.Endo and H.Tanaka, “Averaging method
analysis of a new mutual synchronization method from
living organism”, Proceedings of IEEE International
Symposiumon Circuits and Systems (ISCAS’06), May
2006

[6] Leon O.Chua and T.Endo, “Multimode Oscillator
Analysis via Integral Manifolds, Part I : Non-Resonant
Case”, International Journal of Circuit Theory and Ap-
plications, vol.16, 25-58, 1988

186



Didactic Methods of Synchronization of Continuous Nonlinear Systems 
 

Ioan Grosu†, Anca Lazar† and Servilia Oancea‡

 
† Bioengineering, University of Medicine and Pharmacy Gr. T. Popa, Iasi, Romania 

‡ Biophysics, University of Agriculture and Veterinary Medicine, Iasi , Romania 
Email: igrosu@umfiasi.ro , liaoancea@yahoo.com  

 
Abstract – General methods for master-slave 

synchronization and mutual synchronization respectively 
are presented. The methods can be adopted for the 
teaching of the topic. Numerical results are given for the 
synchronization of two Colpitts oscillators. 
 
1. Introduction 

 
Synchronization is a fascinating phenomenon in nature 

[1, 2, 3] and a useful one in human activity [4]. Recently it 
was investigated in the modern topic of complex dynamic 
networks [5, 6, 7, 8, 9, 10, 11]. There are known several 
types of synchronization. In the following we are 
concerned only with master-slave synchronization and 
mutual synchronization of continuous nonlinear 
dynamical systems. Several theoretical, numerical and 
experimental results are already reported in literature. 
However, there are still needed highly elaborated and 
mathematically based methods [12, 13]. These methods 
should give precise coupling between systems in order to 
synchronize. Here we present one method for master-slave 
synchronization and one for mutual synchronization of 
identical oscillators. Both methods are general and could 
be adopted for the teaching of the topic. This is why we 
call them didactic. We apply these methods to the 
synchronization (master-slave and mutual respectively) of 
two Colpitts oscillators. 

 
2. Master-slave Synchronization   
 
    Let’s consider a general master system: 
    dX/dt =F(X)  ,    X ∈    Rn                             (1) 
The slave system is coupled to the master: 
dx/dt=F(x) +(H-dF(X)/dX)(x-X)                        (2) 
where H is a constant Hurwitz matrix (a matrix with 
negative real part eigenvalues) . The proof is simple. 
 Let’s consider the error e=x-X and the Taylor expansion: 
F(x)=F(X+e)=F(X)+dF(X)/dX e +….                (3) 
Subtracting (1) from (2) and taking into account (3) we 
obtain 
    de/dt=He                                                        (4) 
We have to emphasize that the matrix H should be chosen 
in such a manner in order that the coupling to be as simple 
as possible. When   dFi (X)/dXk is constant then it can be 
chosen Hik=dFi(X)/dXk. When dFi(X)/dXk is variable then 
Hik can be chosen Hik= p, where p is a parameter that 
should be determined in order that the matrix H is a 

Hurwitz matrix. If the characteristic equation of the matrix 
H is: 
   λ 3+a1 λ 2+ a2 λ  +a3 =0             
then the Ruth-Hurwitz conditions are  
        a1>0,a1a2-a3>0,a3>0. 
If the above condition can not be fulfilled with one 
parameter in the matrix H then a second parameter should 
be introduced in the H matrix. 
For more details see [12, 15]. 
Equation (4) assures that e=x-X converges to zero. We 
have to note here that the eq. (4) is an approximation 
because from the Taylor expansion we have taken just one 
term. If the synchronization is not obtained then new 
terms should be taken in the Taylor expansion. Such a 
case will be considered below. Equation (4) is correct and 
will work for any initial conditions X(0) and x(0) close 
enough. If the synchronization is not obtained (it means 
that the initial conditions X(0) and x(0) are not close 
enough) then new terms should be taken in the Taylor 
expansion. The present method has been applied to all 19 
systems from Sprott collection [14]. 
 
3. Mutual Synchronization  
 
   Let’s consider two identical general oscillators: 
    dx/dt =F(x)                                                        (5) 
and 
    dy/dt=F(y)                                                         (6) 
In order to obtain synchronization it is necessary to couple 
the two systems.  The coupled systems are: 
  dx/dt=F(x)+ u(x,y)                                             (7) 
  dy/dt=F(y) - u(x,y)                                             (8) 
where  
   u(x,y)=  (H-dF(s)/ds)(x-y)/2                            (9) 
and s=(x+y)/2  and  H a Hurwitz matrix. 
The proof is simple: We use the notations: s=(x+y)/2 and 
r=(x-y)/2 and the Taylor expansions: 
F(s+r)=F(s)+dF(s)/ds r+…                                 (10) 
F(s-r)=F(s)+dF(s)/ds (-r)                                  (11) 
Subtracting (8) from (7) we obtain  
  dr/dt= Hr                                                         (12) 
That assures that r converge to zero and x converge to y it 
means that the systems synchronize. 
The present method has been applied [16] to all 19 
systems from the Sprott collection [14]. 
 
4. Applications to Colpitts Oscillator 
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4.1 Model of Colpitts Oscillator 

 
The Colpitts Oscillator consists of a bipolar junction, a 

resonant network with an inductor L and a resistor R and a 
pair of capacitors C1 and C2. The normalized dynamical 
model is [17]: 
 
dx1/dt= α x2

dx2/dt=-γ (x1+x3)-qx3

dx3/dt=η (1+x2-exp(-x1))                           (13)  

For L=100 H, Cμ 1=C2=47nF, R=45 , IΩ 0=5mA the 
parameters have the values: α = 6.2723, γ  = 0.0797, 
q=0.6898, η  = 6.2723. 

 
4.2 Master-slave Synchronization of two Colpitts 
Oscillators 
 

We write (1),(2) for the system (13): 
dX1/dt= α X2, 
dX2/dt=-γ (X1+X3)-qX3, 
dX3/dt=η (1+X2-exp(-X1))                     (14) 
The slave system will be: 

   dx1/dt= α x2, 
   dx2/dt=-γ (x1+x3)-qx2, 
   dx3/dt=η (1+x2-exp(-x1))   +(p-η exp(-X1))(x1-X1)+ 
           η exp(-X1)(x1-X1)2/2  -η exp(-X1)(x1-X1)3/6   (15) 

 
The Hurwitz matrix has Hik=dFi/dXk except H31=p. 
The characteristic equation is : 

      λ 3    + a1  λ 2   +    a2λ  + a3=0                 (16) 
with a1=q,a2= γ (α   +η ),a3=pα γ .The Ruth-Hurwitz 
conditions(see above)give : 
      0<p<q(α   +η )/α                                        (17) 
The coupling in eq. (15) contains 3 terms. Just the first 
one comes from the presented method. The next 2 terms 
come from the next terms of the Taylor expansion. This 
was necessary because the synchronization could not be 
achieved with the first term.  
In Fig. 1 the numerical results are shown for 
X1(0)=X2(0)=X3(0)=0.2 and x1(0)=x2(0)=x3(0)=-0.2  

 
Fig. 1. X1(t), x1(t) from (14) and (15).  

Initial conditions see the text. 
 

4.3 Mutual Synchronization of Two Colpitts 
Oscillators 
 

The systems (7), (8) for the system (13) are: 
  dx1/dt= α x2 

  dx2/dt=-γ (x1+x3)-qx2                                    (18) 
  dx3/dt=η (1+x2-exp(-x1))   +(p-η exp(-s))(x1-y1)/2 
and 
dy1/dt= α y2

dy2/dt=-γ (y1+y3)-qy2                                      (19) 
dy3/dt=η (1+y2-exp(-y1)) +(p-η exp(-s))(-x1+y1)/2   
where s=(x1+y1)/2. 
Numerical results are shown in Fig. 2 with 
p=0.5,x1(0)=x2(0)=x3(0)=0.2 and y1(0)=y2(0)=y3(0)=-0.2 

 
Fig. 2. x1(t), y1(t) from (18) and  (19).  

Initial conditions see the text. 
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Abstract—In this paper, the precise transient response
in pulse-driven star-coupled Wien-bridge-oscillators. It has
reported that there are some difference in the phase pattern
switching phenomena between the case when all the oscil-
lators are identical and the case when they are not. From
the simulation results using the overlapped limit cycles, the
causes of such difference can be clarified.

1. Introduction

There have been many investigations of the synchro-
nization and the multimode oscillation in coupled oscilla-
tors [1]–[4]. The synchronization phenomena in resistively
coupled oscillators have been reported [2, 3]. In particu-
lar, we have investigated the star-coupled system with LC
van der Pol oscillators. It also exhibits N-phase oscilla-
tions and we can get (N − 1)! different stable phase pat-
terns [3]. Because these “star-coupled” oscillators exhibit
a large number of different steady states, they will be used
as a structural element of large scale memories and neural
networks.

On the other hand, recently, many researches on the net-
works of the nonlinear elements have been reported [5, 6],
because they are important not only as a model for nonlin-
ear systems but also from the viewpoint of biological infor-
mation processing and their applications. Chua et al. have
proposed the network of the sparsely interconnected non-
linear elements called cellular neural network (CNN) [5].
Kaneko has suggested the possibility of the information
processing using the network of the nonlinear elements by
investigating the globally coupled chaotic maps [6]. More-
over, we have also proposed the coupled oscillators net-
works for CNNs with star-coupled oscillators [7, 8]. Thus
much attention has been paid to the approaches to such ap-
plications from the coupled oscillatory systems recently.

When we use the coupled oscillators systems as neural
networks and large scale memories, it should be an impor-
tant problem how to control the systems to get the appro-
priate phase patterns. To achieve the phase pattern control,
we have proposed the star-coupled systems of Wien-bridge
oscillators driven by the pulse train and confirmed that the
stimulation of the pulse train can cause the phase pattern

switching [9, 11]. If the characteristics of all the oscillators
are identical, only the phase of the oscillator that is directly
connected to the stimulation unit can be switched [9, 10].
On the other hand, if there are some deviations in the cir-
cuit parameters in each oscillator, we can see the successive
phase pattern switching phenomena in the multiple oscilla-
tors [11]. Using these phase pattern switching properties,
it will become easier to control those systems. However,
the precise mechanisms why those phase pattern switching
phenomena can be seen have not been well discussed. In
this paper, therefore, we show the precise transient anal-
yses in both systems, and clarify the mechanisms of the
phase pattern switching phenomena using the overlapped
limit cycles [12]. From the results, we can confirm why
only the phase of the single oscillator can be switched in
the system in [9], and why the phases of the multiple oscil-
lators can be switched in the system in [11].

2. Circuit Models

The circuit model is shown in Fig. 1. In this circuit, four
Wien-bridge oscillators are coupled by one linear resistor r
and a stimulation unit which consists of a controlled switch
and a DC voltage source is connected to an oscillator. The
switch is controlled by the signal sw(t) shown in Fig. 2.
While the characteristics of all the subcircuits are identical,
we consider the following two cases:

Case 1 C1 = C2 = C3 = C4 = C, so that all the oscillators
are identical.

Case 2 Ck = C + (k − 1)∆C, where ∆C is the deviation
parameter, so that each oscillator has different natural
frequencies.

In both cases, it has been reported that the phase pattern
switching phenomena can be seen [9, 11]. For case 1, only
the phase of the oscillator which the stimulation unit is di-
rectly connected can be switched [9], and for the case 2, the
successive phase pattern switching phenomena in multiple
oscillators can be seen [11]. However, the reasons why the
difference between these phenomena in both cases comes
from are not precisely discussed. In the following section,
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Figure 1: (a) The circuit model. (b) Construction of the
subcircuits. (c) Schematic expression of the system.

the mechanisms of the phase pattern switching phenomena
are shown by using the circuit simulation.

3. Simulation Results

First, we show the simulation results for the Case 1.
Note that the stimulation unit is connected to Osc 1. The
time waveform is shown in Fig. 3. In this case, the phase
pattern has been switched as shown in Fig. 4. In this fig-
ure, A, B, and C mean the phases of the oscillators, where
A is the phase of the reference signal Osc 4 and B and C
indicate 120◦ delay and forward, respectively.

Now we show more precise motion of the oscillators us-
ing the overlapped limit cycle [12]. Obviously, each os-
cillator has a limit cycle, and its shape should be identical
each other. Therefore, we can consider the virtual single

t

sw(t)ON

OFF

∆t

T

Figure 2: The control signal of the switch sw(t).
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v41

v31

v21

v11

t

v k
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Figure 3: The time waveform for case 1.

limit cycle by overlapping the limit cycles of the oscilla-
tors. Using this virtual limit cycle, we can see the details
of the phase pattern switching phenomena. Figure 5 shows
the overlapped limit cycles in vk1 − vk2 plane of the phase
pattern switching phenomena shown in Fig. 3. At first, be-
fore the pulse stimulation, the oscillators are synchronized
with the phase pattern shown in the left-hand side of Fig. 4.
In this case, Osc 3 and Osc 4 are at the same point be-
cause they synchronized at in-phase, and Osc 1 and Osc 2
are in the different points because these are synchronized at
±120◦ phase shift with Osc 4 (see Fig. 5 (a) and (b)). Once
the pulse is added to Osc 1, the motion of Osc 1 veers off
the limit cycle (see Fig. 5 (c)–(f)). When Osc 1 reaches to
the limit cycle again, it is near Osc 3 and Osc 4 (see Fig. 5
(g)). Therefore, Osc 1 is entrained by Osc 3 and Osc 4
and, finally, the oscillators are synchronized at the phase

A

B C

A A

A C

A

Figure 4: The phase pattern switching shown in Fig. 3.
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Figure 5: The overlapped limit cycles for the Case 1.

pattern shown in the right-hand side of Fig. 4. While the
Osc 1 is veering off the limit cycle, the relative positions of
Osc 2–Osc 4 are almost invariant because the motions are
moving around the limit cycle with the same speed and the
perturbation by the pulse is small for them. From these re-
sults, the reason why only the phase of the oscillator which
is connected to the stimulation unit can be switched is clar-
ified.

Next, we show the simulation results for the Case 2.
Note that the stimulation unit is connected to Osc 4. The
time waveform is shown in Fig. 3. In this case, the phase
pattern has been switched as shown in Fig. 7. In this case,
the phase of Osc 1 is taken as the reference signal. The
overlapped limit cycles are shown in Fig. 8. In this case,
because the oscillators are not identical, the motions can
move with the different speeds until the synchronization
is achieved. Therefore, because the relative positions of
Osc 1–Osc 3 can be changed during the transient state as
well as Osc 4, the phases of the multiple oscillators can be
switched by the single stimulation.

From these results using the overlapped limit cycles, we
can clarify the difference of the phase pattern switching
phenomena between Case 1 and Case 2. These results
should be useful when we control the phase patterns of
those systems.
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Figure 6: The time waveform for case 1.

4. Conclusions

In this paper, we show the transient analyses for the
phase pattern switching phenomena in the pulse-driven
star-coupled Wien-bridge oscillators by using the over-
lapped limit cycles. From these results using the over-
lapped limit cycles, we can clarify the difference of the
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Figure 8: The overlapped limit cycles for the Case 2.

A

BC C
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C

C

Figure 7: The phase pattern switching shown in Fig. 6.

phase pattern switching phenomena between the case with
and without the parameter deviations. These results should
be useful when we control the phase patterns of those sys-
tems when we use those systems as the neural networks and
the associative memories.
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Abstract– A nonlinear analysis of the Voltage 
Controlled Oscillators, including the nonlinear effect of 
both the active devices and the varactors, is presented. 
Simple formulas for predicting the steady-state oscillation 
and its frequency correction due to the effect of 
nonlinearities are presented, allowing us to analytically 
predict the tuning curve of VCOs. Their accuracy was 
validated by circuit simulations. 

1. Introduction 

Some recent papers devoted to differential Voltage 
Controlled Oscillators (VCOs) highlighted that the 
nonlinearity of varactors produces a remarkable deviation 
of the oscillation frequency from the resonant frequency 
of LC-tank, and that this nonlinear effect originates some 
other undesired effects, such as the AM-to-PM conversion, 
the phase-noise induced by the current tail modulation, as 
well as the deviation of frequency tuning curve from the 
expected one [1]-[3]. In the cited papers, the difficulty of 
predicting the above deviation, owing to the nonlinear 
nature of problem, is also pointed out.   

From both a theoretical and practical point of view, it is 
thus useful to develop a nonlinear analysis of VCOs 
allowing us to completely predict the oscillation 
characteristics [4],[5]. In this paper, applying the 
perturbation method developed in [6],[7], we show how to 
perform this analysis for a typical VCO wherein an 
accumulation-mode MOS varactor is used as a tuning 
device. A nonlinear model of VCOs accounting for the 
nonlinear effect of both the varactors and the active 
devices is presented, as well as simple formulas for 
calculating all of the parameters of the steady-state 
oscillation, and its frequency deviation due to nonlinear 
effects. The formula for the frequency deviation is used 
for deriving the tuning curve in an analytical form, which 
is validated through circuit simulations.  

2. Circuit model of VCOs 

In this Section, we present a perturbation model of 
differential VCOs allowing us to predict the nonlinear 
effect on the steady-state oscillation of both the varactors 
and the active devices. To this end, we consider, as an 
example, the MOS differential VCO, shown in Fig. 1, and 

its equivalent circuit around the dc operating point, shown 
in Fig. 2.  

The active part of the VCO is represented in Fig. 1 with 
a nonlinear two-terminal, whose voltage-current 
characteristic is written as )(vii = , where i  and v  are the 

increment of the drain current I  and of the differential 
voltage 21 VVV −=  evaluated with respect to their values 

at rest, i.e., 2/bIIi −= , 21 vvv −= . Using simple MOS 
models, an analytical expression of this characteristic has 
been recently derived in [5], showing that it can be 
accurately approximated by through a cubic nonlinearity.  .  

The passive part of the VCO is composed of two tank 
circuits, whose losses are represented in Fig. 2 by the 
parallel resistances 1R  and 2R . The varactors 1D  and 2D

represent either MOS capacitors or reverse-biased p-n 
junctions (diode varactors), as a varactor can be realized 
in silicon CMOS technology as standard p-n junction, for 
example forming a p+/n-well structure in an n-well CMOS 
process.  

TUNEV

L L

DDV+

1M 2M

2D1D

1V
2V

bI

1 2

3M

Fig. 1. Circuit diagram of a MOS VCO 

The varactors are represented in Fig. 2 through a 
voltage-controlled nonlinear capacitor, whose capacitance 
depends on the biasing voltage TUNEiD VVV −= , i.e., on 

the control voltage TUNEV . Usually, to describe these 
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integrated devices, only the differential capacitance is 
available in practice, which will be denoted by )( DVC .   

−

+

1vL

−

+

2v

)( 21 vvfi −=

)( 1vq )( 2vq1 R L
2 R

1 2

Fig. 2  Equivalent circuit of the MOS differential VCO shown in 
Fig. 1

Consequently,  they are represented in Fig. 2 through a 
voltage-controlled nonlinear capacitor whose charge-
voltage characteristic, )( ii vqq = , 2 ,1=i , is written in the 

form  

∫+=
v

iiii dvvcvCvq
0

0 )(  )(  (1) 

where )(0 TUNEDD VVCC −=  and 0)()( CVCvc Di −= . 

Assuming RRR == 21 , it can be shown [7] that the 
circuit in Fig. 1 is described by a system of two mutually-
coupled second-order differential equations, which can be 
written in the perturbation form  
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where 01 / CLk = , 02 /1 Ck = , ϑϑ ddD /≡ , tωϑ = , 

and )1( 10 L++= εωωω is the angular frequency of the 

periodic oscillation with 00 /1 LC=ω . R/1=ε  denotes 

a small perturbation parameter. The functions )(vfε and 

)( ivgε  are the strictly nonlinear components of )(vii =

and )( ivq ,  respectively, which we assume as small 

quantities of order ε . Further, the linear part vα  of the 
nonlinearity, which compensates the circuit losses, is 
written in the form εα k= . 

To obtain a complete analytic model of VCO, it is 
necessary to define the functions )( ivq , using existing 

nonlinear models of  varactors.  
Here we consider specifically the case of MOS 

varactors, and in particular accumulation-mode MOS 
varactors, which are increasingly used as frequency-
tuning elements. They are preferred over diode varactors 

for VCOs because of the greater linearity of the 
capacitance-voltage characteristic. Unfortunately, an 
analytic model of the capacitance-voltage characteristic 

)( DVC  is not available. As a rule, this characteristic is 
known only in a graphical form through capacitance 
measurements at different voltages. However, it can be 
always expressed, although approximately, through an 
analytic relationship. As it is shown in Fig. 3, the best 
approximation to the characteristic seems to be the 
function )tanh()( 1 ξβ ++= DmD VCCVC , where  

  
2

minmax CC
Cm

+
=          

2
minmax

1
CC

C
−

=  (4) 

and the remaining parameters are identified as follows. 
The parameter β  is equal to 1/ Cm , where m denotes  the 
derivative in the straight line of the curve. The parameter 
ξ  takes into account the shift of the characteristic curve 
with respect to the origin ( 0=DV ), and it is usually 
negative. Both the parameters can be identified 
graphically.  

DV

)( DVC

0

maxC

minC

mC

Fig. 3  Capacitance-voltage characteristic of a varactor device: 
measured curve (dots) and approximated curve (solid-line) 

From (1) it follows that   

             )tanh()( 1 ηβ ++−= iai vCCvc   (5) 
  

kv
C

vvg iiai −++−= )]ln[cosh(C)( 1 ηβ
β

ε  (6) 

)tanh(1 ηCCa −= , βη /)]ln[cosh(1Ck =  , ξβη += 0V . 

3. The steady-state oscillation 

The steady-state periodic oscillation of the circuit in 
Fig. 1 is obtained finding the periodic solution of the 
system (2)-(3). A variety of analytical methods, so-called 
of the small parameter, can be used to find an approximate 
analytic solution of it [8]. Instead, it does not seems that 
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the method of regular perturbation has never applied to 
similar problems. Using the perturbation method 
presented in [6], we developed a calculation procedure of 
the periodic solution of (2),(3), which combines the 
perturbation method and the Harmonic Balance method 
incorporating what are probably the main advantages of 
these classical methods and, at the same time, avoiding 
what are probably the main shortcomings of each.  

According to this calculation procedure, the first-order 
approximation to the periodic solution is   

)(cos 101 ϑεϑ hAv +=

)(
~

cos
~

102 ϑεϑ hAv +=  (7) 

                        t)1( 10 εωωϑ +=   . 

It can be shown that 0A  is found solving the nonlinear 
equation  

)12(
)2(

0

00,1
+−= k

A

AF
 (8) 

while the nonlinear correction to the angular frequency is 
given in the following explicit form  

)
~

(
4 0,10,1

0

2
1 GG

A

k
−−=ω  (9) 

where 0,1F  and 0,1G  denote the Fourier coefficients of the 

first harmonic of the periodic functions  

]cos)
~

[( 00 ϑAAf −  and )cos( 00 tAg ω , respectively, and 

)(
~

00,10,1 AGG −= , as the condition 00
~
AA −=  holds [7]. 

Further, the complex amplitudes of higher-harmonics of 
periodic oscillation are given by 
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where  
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From (8)-(11) we can derive formulas for the 
fundamental harmonic, 0A , the angular frequency, ω , 

and the higher-order harmonics, 1,mH  and 1,
~

mH , of the 

steady-state oscillation as a function of circuit parameters, 
which are useful in both analysis and design of MOS 
VCOs. As it is easy to recognize, these formulas become 

very expressive if the approximation 3cvvi += α  is used, 
which agree well the actual characteristic )(vi  [5].  

4. The tuning curve 

The usefulness of formulas (8)-(11) is evident. In 
particular, (9) allows us to obtain the deviation of the 
oscillation frequency from the ideal one, 0ω , in explicit 
form as a function of the circuit parameters and of the 
control voltage TUNEV . To show this, we observe that, by 
virtue of (6), we have  
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where we have put  

       )]ln[cosh()]ln[cosh()( ηβηβ +−−+= vvvp .  

To calculate the last integral, we observe that the 
function )(vp cannot be integrated with elementary 
functions. However, an accurate approximation to this 
function can be obtained using the piece-wise linear 
function  

⎪
⎪
⎩

⎪
⎪
⎨

⎧

−≤

≤≤−

≥−

=

P

PP

P

vv

vvvv

vv

vp

                              2

          )tanh2(

                           2

  )(

η

ηβ

η

 (15) 

)tanh(/ ηβη−=Pv , as it can be deduced observing that 

)(vp  reduces to zero in 0=v , where the derivative is 

)tanh(2 ηβ , and it varies between the two asymptotic 

values η2± .  

Using (15), the second integral in the right-hand side of 
(14) can be solved in a closed-form obtaining  

⎟
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4 21 x

x
x

C

βπ

η
 (16) 

where we set 0/ Avx P= . As the first integral in the right-

hand side of (14) is equal to 02 ACa− , from (9) we deduce 
that  
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and, consequently, that the oscillation frequency in the 
steady-state is  

. )arcsin(
1

1
2

1
1

))tanh((2

1

2

0

1

⎭
⎬
⎫

⎩
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

+−−+⋅

⋅
+

=

x
x

x
x

C

C

CCL
f

a

m

π

ηπ
 (18) 

Note that, formula (18) yields in an explicit form the 
relationship between the varactor characteristic and the 
tuning frequency. Note also that a similar relationship  
may be derived for any varactor device, on the condition 
that an analytical model of the )( DVC characteristic is 
available.  

Formula (18) has been applied to the calculation of the 
tuning curve of the circuit in Fig. 1, for which we assumed 
the following circuit parameters: nHL  2= , Ω=   400R ,  

VVDD  3= , A 5.30 mI = and the MOS parameters:  
2/20' VAk n μ= , VVT  5.0= , 480/ =LW . The varactors 

used are pMOS devices realized in a m- 25.0 μ  CMOS 
technology, operating from the accumulation to depletion 
mode [2]. The parameter identification yields 

pFCm 97.0= , pFC  3.01 = 1  5.3 −= Vβ and  55.0−=ξ . 
The tuning characteristic of the oscillator calculated 
through formula (18) was reported in Fig. 4  (solid line). It 
is plotted again DDTUNE VV − , with VVDD  3= .  

Varactor Bias Voltage  [VTUNE - VDD ]
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ideal tuning curve
SPICE simulations
formula (18)

Fig. 4. Oscillator frequency-tuning characteristic versus varactor 
control voltage 

The analytical results presented are validated by circuit 
simulations performed using SPICE.  Numerical results 
agree very well with nonlinear analysis presented in this 
paper. The tuning characteristic predicted by (18) agrees 
well with the numerical one (dashed-line), and the slopes 
of the two curves match notably well in a wide range of 
the control voltage. The Fig. 4 also reports the ideal tuning 
curve (dashed-dotted line) calculated using the varactor 

characteristic, i.e. )(/10 TUNEDD VVLC −=ω , which is 

much steeper than the numerical and analytical curves.    

5. Conclusions 

Starting from a suitable circuit model of differential 
VCOs, which consists of two mutually-coupled nonlinear 
differential equations, we presented simple formulas for 
predicting their nearly-sinusoidal oscillation. The model 
includes the nonlinearities of both the active devices and 
the varactors. The above formulas, which are derived 
solving the circuit equations through the solution method 
presented in [6], [7], are useful for the analysis and the 
design of VCOs, as well as for studying the nonlinear 
effect of varactors.  

Finally, it should be pointed out that the presented 
analysis can be easily adapted to cover other LC-tuned 
topologies.  
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Abstract—The Self-Organizing Map (SOM) is
popular algorithm for unsupervised learning and vi-
sualization introduced by Teuvo Kohonen. One of
the most attractive applications of SOM is clustering
and several algorithms for various kinds of clustering
problems have been reported and investigated. In this
study, we propose a new type of SOM algorithm, which
is called Shooting SOM (SSOM) algorithm. The im-
portant feature of SSOM is that the neurons move like
aiming at a target, namely, some neurons find near the
center of the area where input data are concentrated
and other neurons get away from the former neurons.
Because of this feature, SSOM tends to self-organize
only in the area where input data are concentrated.
We investigate the behavior of SSOM and apply SSOM
to clustering problems.

1. Introduction

In data mining, clustering is one of the most im-
portant issues and is also very useful for many appli-
cations, such as industrial engineering, image process-
ing, biology and medicine. Then, the Self-Organizing
Map (SOM) attracts attentions for clustering in re-
cent years. SOM is popular tools for clustering and
visualization of high-dimensional data [1]. SOM is un-
supervised neural network introduced by Kohonen in
1982 [2] and is a model simplifying self-organization
process of the brain. SOM maps multidimensional
data onto a 2-dimensional grid. SOM can classify in-
put data according to similarities and patterns which
are obtained by the distance between neurons and is
applied to wide fields of data classifications. Although
many methods to extract clusters by using SOM have
been proposed [3]-[10], it seems to be very difficult
to construct a simple method using SOM for univer-
sal input data. On the one hand, in the world, the
amount and complexity of data increase from year to
year and control of large-volume data get a lot of atten-
tion. Therefore, it is important to investigate various
extraction methods of some clusters from data includ-
ing some noises.

In this study, we propose a new type of SOM al-
gorithm, which is called Shooting SOM (SSOM) algo-
rithm. The important feature of SSOM is that the neu-

rons move like aiming at a target, namely, some neu-
rons find near the center of the area where input data
are concentrated and other neurons get away from the
former neurons. Because of this feature, SSOM tends
to self-organize only in the area where input data are
concentrated. We investigate the behavior of SSOM
and apply SSOM to clustering problems. The efficien-
cies of SSOM are confirmed by several simulation re-
sults.

In the Section II, the algorithm of the conventional
SOM is introduced. In the Section III, we explain
the learning algorithm of SSOM algorithm. In the
Section IV, the behavior of SSOM is explained with
some simulation results of clustering.

2. Self-Organizing Map (SOM)

In this section we introduce the conventional SOM
algorithm in order to make clear new points of the
proposed algorithm.

SOM has two-layer structure of the input layer and
the competitive layer. In the competitive layer, m neu-
rons are arranged as a regular 2-dimensional grid. The
range of the elements of d-dimensional input data xj

= (xj1, xj2, · · ·, xjd) (j = 1, 2, · · ·, N) are assumed.

(SOM1) The initial values of all the weight vectors
wi = (wi1, wi2, · · · , wid) (i = 1, 2, · · · ,m) of the neu-
rons are given between 0 and 1 in a reticular pattern.
(SOM2) An input data xj is inputted to all the neu-
rons at the same time in parallel.
(SOM3) We find the winner neuron c by calculating
the distances between xj and wi according to;

c = arg min
i
{‖wi − xj‖}. (1)

In other words, the winner neuron c is the neuron with
the weight vector nearest to the input vector xj . In
this study, Euclidean distance is used for Eq. (1).
(SOM4) The weight vectors of all the neurons are
updated as;

wi(t + 1) = wi(t) + hc,i(t)(xj −wi(t)), (2)

where t is the learning step. The function hc,i(t) is
called the neighborhood function and it is described
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as follows;

hc,i(t) = α(t) exp
(
−‖ri − rc‖2

2σ2(t)

)
, (3)

where α(t) is the learning rate, ri and rc are the vec-
torial locations of the neurons on the display grid, and
σ(t) corresponds to the widths of the neighborhood
function. α(t) and σ(t) decrease with time according
to the following equations;

α(t) = α(0) (1− t/T ) ,

σ(t) = σ(0) (1− t/T ) ,
(4)

where T is the maximum number of the learning.
(SOM5) The steps from (SOM2) to (SOM4) are re-
peated for all the input data, namely, from j = 1 to
j = N .

3. Shooting SOM (SSOM)

In this section we introduce SSOM algorithm in or-
der to make clear new points of the proposed algo-
rithm.

3.1. Learning Algorithm

We explain the learning algorithm of SSOM. In
SSOM, m neurons are arranged as a regular 2-
dimensional grid. The range of the elements of d-
dimensional input data xj = (xj1, xj2, · · · , xjd) (j =
1, 2, · · · , N) are assumed.

(SSOM1) The initial values of all the weight vectors
wi = (wi1, wi2, · · · , wid) (i = 1, 2, · · · ,m) of the neu-
rons are given between 0 and 1 in a reticular pattern.
(SSOM2) An input data xj is inputted to all the neu-
rons at the same time in parallel.
(SSOM3) We find the winner neuron c by calculating
the distances between xj and wi according to;

c = arg min
i
{‖wi − xj‖}. (5)

In other words, the winner neuron c is the neuron with
the weight vector nearest to the input vector xj . In
this study, Euclidean distance is used for Eq. (5).
(SSOM4) We measure whether the winner neuron or
1-neighborhood of the winner neuron or otherwise and
show in Fig. 1.

Furthermore, we determine the update rate Ai for
each cases as follows.;

Ai =





1, if i = c
−0.04, if i is 1-neighborhood of c
0, otherwise.

(6)

Figure 1: Winner neuron and 1-neighborhood neurons
of the winner neuron.

(SSOM5) The weight vectors of all the neurons are
updated as;

wi(t + 1) = wi(t) + Ai × hc,i(t)(xj −wi(t)), (7)

where t is the learning step and α(t) is the learning
rate. α(t) decrease with time according to the follow-
ing equations;

α(t) = α(0) (1− t/T ) , (8)

where T is the maximum number of the learning.
(SSOM6) The steps from (SSOM2) to (SSOM5) are
repeated for all the input data, namely, from j = 1 to
j = N .

4. Simulation Results

4.1. Behavior of SSOM

We consider the 2-dimensional input data of 480
points whose distribution is as Fig. 2. Each 10 clusters
distribute 40 points at random.
The remaining 80 points are uniformly distributed

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Figure 2: 2-dimensional input data.

between 0 and 1 at random. We consider the conven-
tional SOM and the proposed SSOM with 25 neurons
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(5 × 5). The parameters for the learning of the con-
ventional SOM and SSOM are chosen as follows;

α(0) = 0.4, σ(0) = 1/16, (9)

We execute the learning for all input data once.
The simulation results of SSOM is shown in Fig. 3(c).
SSOM self-organizes near the center of the area where
the input data are concentrated.

Let us examine the behavior of SSOM in more de-
tail. As we can see from Fig. 3(b) and Fig. 3(c), the
conventional SOM self-organizes input data including
some noises with all neurons. However, we can see
that SSOM moves like aiming at a target from learn-
ing process. Certain neuron moves toward the cluster
to hit a center of the area where input data are concen-
trated, and other neurons moves toward other cluster
and go away. Therefore, only one neuron by the one
cluster self-organizes its cluster and SSOM can effec-
tively self-organize many clusters. In doing so, SSOM
can self-organize as well as the conventional SOM with
minimum neurons because SSOM does not use extra
neurons.

4.2. Data Extraction

The concept using SSOM can be exploited to extract
the data only in clusters of the input data including
some noises, because SSOM can find near the center
of such areas by itself. We carry out the extraction
of cluster after Fig. 3(d). The extraction method is a
relatively simple as follows. After learning, the input
data which is within a radius of R from all neurons on
the map are classified into the cluster and extract only
the cluster.

The simulation results of SSOM are shown in
Figs. 4(a) and (b), respectively (R = 0.06). As we
can see from these figures, SSOM can successfully find
near the center of the cluster and can extract as well
as the conventional SOM with less neurons.
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Figure 4: Extraction of cluster. (a) Clusters extracted
by the conventional SOM. (b) Clusters extracted by
SSOM

4.3. Simulation Results for Large Input Data

We consider the 2-dimensional input data of 1240
points whose distribution is as Fig. 5. Each 31 clusters
distribute 40 points at random.
We consider SSOM with 64 neurons (8 × 8). The
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Figure 5: 2-dimensional input data.

parameters for the learning of SSOM are chosen as
follows;

α(0) = 0.3, σ(0) = 1/16. (10)

We execute the learning for all input data once. The
simulation results of SSOM is shown in Fig. 6(a).
SSOM self-organizes near the center of the area where
the input data are concentrated. Furthermore, we
carry out the extraction of cluster after Fig. 6(a). The
extraction results of SSOM are shown in Figs. 6(b),
(R = 0.06). As we can see from these figures, SSOM
can successfully find the cluster.
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Figure 6: Learning results. (a) Learning result of
SSOM. (b) Clusters extracted by SSOM.

5. Conclusions

In this study, we have proposed the Shooting SOM
(SSOM). We have explained the differences between
the conventional SOM and SSOM have investigated
its behavior. Furthermore, we have applied SSOM to
extract all near the center of clusters and have con-
firmed its efficiency.
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Figure 3: Learning results. (a) Initial state. (b) Learning result of the conventional SOM. (c) Learning result
of SSOM.

In the future, we try to discover new applications of
SSOM in diverse fields such as sound data processing.
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Abstract  

A novel Logic Oriented Artificial Neural Network 
(LOANN) is proposed for digital systems. In this paper, many 
new LOANN of binary flip-flops and registers are designed. 
The LOANN aim is to design a complete digital neuron 
computer. The neuro-algebra to design LOANN of any logic 
function is introduced, where the neuron model forms a 
complete system with any logic set. The current mode LSI 
circuits using MOSFETs to implement the LOANNs are also 
designed and introduced. The novel LOANN has the property 
that a simple realization to any binary digital system can be 
achieved. A co-evolutionary algorithm for multi-criterion 
optimization is used to automate the design of the LOANN. 
The LOANN simulation results demonstrated the feasibility 
and the reliability operations with very high performances. 

 
1. Introduction 

Artificial neural networks are receiving widespread 
attentions as potential new architectures for computing 
systems. Many models have been reported concerning neural 
networks. However, the research on neural network model 
has focused mainly on theoretical studies and computer 
simulations. Several groups have initiated experiments with 
VLSI implementations and demonstrated a few functional 
circuits [1-3]. Most of the circuits built so far are relatively 
small and the designs are also exploratory.  The major 
problem with neural networks is the complicated digital 
systems designs, especially the sequential logic circuits. Thus, 
this paper proposes a novel Logic Oriented Artificial Neural 
Network (LOANN) for digital systems, where we emphasized 
on the design of many binary flip-flops and registers. 

The mathematical properties of LOANN and the model 
neuron are introduced, where they form a complete system 
with any logic set. The novel LOANN has the property that a 
simple realization to any digital system can be achieved. One 
of the major advantages is the links’ weights and thresholds 
that are all limited to real number in order to facilitate neural 
network optimization and hardware implementation. A co-
evolutionary algorithm for multi-criterion optimization [4] is 
used to automate the design of the LOANN (number of 
hidden layers, interconnections, as well as connections 
weights). The current mode circuits using MOSFETs [6, 7] to 
implement the LOANN are also designed and introduced. The 

simulation results demonstrated the feasibility and the 
reliability operations with very high performances. 
 
2. Mathematical Properties 

Any subset of a set of r truth values E(r) ≡ {0, 1, …., r-
1} is called a set-value [8, 9]. In the 2-valued logic system, 
the finite set of logic states is defined as E(2) = {0, 1}. 

Figure 1 shows the neuron model. The input transmitted 
to neuron through these weights may come from other 
neurons or from external sources. The weighted inputs to a 
neuron are accumulated and then passed to an activation 
function which determines the neuron response. 

θ

x1
w1

w2x2

xn
wn

ƒ(Z)

 
Figure 1: Processing element. 

 
The LOANN structure of 2-valued logic is defined as 
 

NNP=(G, E(2),  f(Z)) 
 
Where, G=(N, L, W),  

G: finite directed graph,  
N: set of nodes (processing elements),  
L: set of links (connections),  
W: set of synapses’ weights, 

  f(Z): Output of the processing element defined as 

                
    Z = ∑ xi  wi – θ 

Where, xi: input signals 
xi∈{0, 1} 
wi: coefficient weights 
i = 1, 2, ….. , n 
θ : threshold 
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3. LOANN Applications 
Artificial neural networks are receiving widespread 

attentions as potential new architectures for computing 
systems [1, 2]. Many models have been reported concerning 
neural networks. The major problem with neural networks is 
the complicated digital systems designs, especially the 
sequential logic circuits [3]. Thus, this section proposes many 
LOANN novels for digital systems such as SR flip-flops, 
clocked SR flip-flop, D latch, and buffer registers. A co-
evolutionary algorithm [3, 4] for multi-criterion optimization 
is used to automate the design of the proposed LOANN 
(number of hidden layers, interconnections, as well as 
connections weights). Because of space limitation, this 
section addresses two designs of large-scale integrated circuit 
for two LOANNs.  
 
SR flip-flop: 
The SR flip-flop is a data storage circuit that can be 
constructed using the basic neuron. The first LOANN of the 
SR flip-flop is presented in Figure 2(a). The network has two 
inputs: the set S and the reset R; and two outputs Q and Q'. 
The characteristic table is presented in Table 1. Figure 2(b) 
shows the simulation result that demonstrates the 
functionality, and Figure 2(c) shows the LSI circuit for the 
LOANN SR flip-flop of Figure 2(a). 

  
Table 1: SR flip-flop characteristic. 
S R Q(T+1) Operation 
0 
0 
1 
1 

0 
1 
0 
1 

Q(t) 
0 
1 
? 

No change 
Reset 
Set 
Undefined 

R

S

-1

-1 -1

-1

-1 -1

Q

Q’
 

(a) LOANN  
 

S

R

Q

Q’

 (b) Simulation results 
Fig. 2: SR flip-flop 

I V

IQ

IQ’

IS

IR

 
(c) LSI ircuit 

Fig. 2: SR flip-flop 
 

Clocked SR flip-flop: 
The LOANN of the clocked SR flip-flop is presented in 
Figure 3(a). The characteristic table is presented in Table 2. 
The clock pulse must remain high long enough to allow the 
state of the flip-flop to change, and the clocked flip flop is 
level triggered. Figure 3(b) shows the simulation result that 
demonstrates the functionality. 

 
Table 2: Gated SR flip-flop characteristic. 

G S R Q(T+1) Operation 
0 
1 
1 
1 
1 

x 
0 
0 
1 
1 

x 
0 
1 
0 
1 

Q(t) 
Q(t) 

0 
1 
? 

No change 
No change 
Reset 
Set 
Undefined 

x: Don’t care 

1

1 -1

-1

-1 -1

R

S

Q

Q’

CLK

1
1

1

1

-1

-1

 
(a) LOANN  

CLK

S

R

Q

Q’
 

(b) Simulation Results 
       Fig. 3: Clocked SR Flip-Flop 
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D Latch: 
The LOANN of the D latch is presented in Figure 4. The D 
latch (Data flip-flop) receives its designation from its ability 
to hold data in its internal storage. The binary information 
present at the data input of the D latch is transferred to the Q 
output when the control input (CLK) is enabled. The Figure 
4(b) shows the simulation result of the D latch network, 
where the simulation demonstrates the functionality. Figure 
4(c) shows the LSI circuit for the LOANN of Figure 4(a). 

 
Table 1: D flip-flop characteristic 

CLK D Q(T+1) Operation 
0 
1 
1 

x 
0 
1 

Q(t) 
0 
1 

No change 
Reset 
Set 

0

1 -1

-1

-1 -1

D Q

Q’CLK

-1

1

1

-1

-1

1

 
(a) LOANN  

 
 

C LK

D

Q

Q ’
 

(b) Simulation Results 

I V

IQ

IQ’
CLK

V

D

V

 
(c) Circuit 

Fig. 4: D Flip-Flop 

Buffer Register: 
Now that we designed the LOANN flip-flops and latches, we 
can design sequential logic circuits and registers. The 
simplest register (Figure 5) is the buffer register that consists 
of four LOANN D latches. The common clock input triggers 
the system on the high level of each pulse, and the binary data 
available at the D inputs are transferred into the register. The 
Q outputs can be sampled to obtain the binary information 
stored in the register. 

1 11
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0
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1

-1

-1

-1
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1Q

1D

1
-1

0
-1

-1

-1

-1
1

-1-1

2Q

2D

1
-1

0
-1

-1

-1

-1
1

-1-1

3Q

3D CLK

Fig. 5: LOANN  of the Buffer Register 
 
Controlled Register with Parallel Load: 
This register is controlled with a master clock generator that 
supplies a continuous train of clock pulses. Also, the register 
is designed with another control input load signal (L). A 
novel LOANN of this register is designed as shown in Figure 
6(a). The L input to the register determines the action to be 
taken with each clock pulse. The L signal determines whether 
the next pulse will accept new information (L=1), or leave the 
information in the register intact (L=0). Figure 6(b) shows the 
simulation result, which demonstrates the functionality of the 
register. 
 
Experimental Simulations: 

In all simulations, it is assumed that it takes some time 
(delay) for a neuron to process its input; and for simplicity 
this delay is constant for all neurons in a network. As a result 
of these delays two main issues arise: 

 
1- The output response is delayed from input change. The 

delay is proportional to the path length between the input 
and output nodes [5]. 

 
2- Glitches (false outputs) appear at the output of some 

networks. Notice the presence of some glitches in the plot 
of the output response of respective networks. These 
transient false outputs are due to the presence of different 
paths of different lengths (different propagation delays) 
between input and output. Plots in other figures contain no 
glitches, since the output nodes of corresponding networks 
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are connected to input nodes through paths of the same 
length. Any network can be made “glitches free” be 
introducing dummy nodes that have no processing power. 
This makes the path lengths between the input and output 
equal and eliminates false output. 
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 (a) LOANN 
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D3
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 (b) Simulation result 
Fig. 6: Controlled Register with Parallel Load 

 
4. Conclusion 

This paper has proposed a novel LOANN to design many 
logic systems. The LOANN aim is to design a complete 
digital neuron computer. The proposed neuron-algebra model 
forms a complete system with two-valued logic. Thus, the 

neuro-algebra can design the LOANN of any binary logic 
function. A co-evolutionary algorithm for multi-criterion 
optimization is used to automate the design of LOANN 
(number of hidden layers, interconnections, as well as 
connections weights). Note that and for the future, the neuro-
algebra concept will be extended to design complicated 
circuits of multiple-valued logic systems. The LOANN of the 
binary flip-flops and registers are proposed for the fist time. 
The current mode LSI circuits using MOSFETs to implement 
the LOANN are also designed. The simulation results show 
that the flip-flops and the registers demonstrated the 
functionality and the reliability operations. All these LOANN 
are simulated with MATLAB Simulink. 
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Abstract— The Self-Organizing Map (SOM) attracts
attentions for clustering in these years. In this study, we
propose a Reunifying Self-Organizing Map which is a new
SOM algorithm. The initial state of all neurons of the
proposed SOM are connected to no neuron. However, the
neurons are connected gradually to other neurons as learn-
ing progressed. The behavior of the reunifying SOM is
investigated with application to clustering. We can con-
firm that the result of using the reunifying SOM includes
no inactive neuron.

1. Introduction

Since we can accumulate a huge amount of data
in these years, it is important to investigate various
clustering methods. Then, the Self-Organizing Map
(SOM) attracts attentions in recent years. SOM is an
unsupervised neural network introduced by Kohonen
in 1982 [1] and is a model simplifying self-organization
process of the brain. SOM obtains statistical feature of
input data and is applied to a wide field of data clas-
sifications [2]-[5]. We can obtain the map reflecting
the distribution state of input data using SOM. How-
ever, if we apply SOM to clustering of the input data
which includes some clusters located at distant loca-
tions, there are some inactive neurons between clus-
ters. Because inactive neurons are on a part without
the input data, we are misled into thinking that there
are some input data between clusters.

In this study, we propose a new SOM algorithm
which is the Reunifying Self-Organizing Map. The
initial state of all neurons of the proposed SOM are
connected to no neuron. However, each neuron has its
own physical location on the 2-dimensional grid, so,
the neurons are connected gradually to other neurons
as learning progressed: hence, the name “reunifying”.

In Section II, we explain the learning algorithm of
the conventional SOM. In Section III, the learning al-
gorithm of the reunifying SOM in detail. The learn-
ing behaviors of the reunifying SOM are investigated
in Section IV with applications to clustering of vari-
ous 2-dimensional input data. Furthermore, clustering
ability is evaluated by visualization of results. We can
see that there are no inactive neurons using the reuni-
fying SOM.

2. Self-Organizing Map (SOM)

We explain the learning algorithm of the conven-
tional SOM. SOM consists of m neurons located at a
regular low-dimensional grid, usually a 2-D grid. The
basic SOM algorithm is iterative. Each neuron i has

a d-dimensional weight vector wi = (wi1, wi2, · · · , wid)
(i = 1, 2, · · · ,m). The initial values of all the weight
vectors are given over the input space at random.
The range of the elements of d-dimensional input data
xj = (xj1, xj2, · · · , xjd) (j = 1, 2, · · · , N) are assumed
to be from 0 to 1.

(SOM1) An input vector xj is inputted to all the
neurons at the same time in parallel.
(SOM2) Distances between xj and all the weight vec-
tors are calculated. The winner, denoted by c, is the
neuron with the weight vector closest to the input vec-
tor xj ;

c = arg min
i
{‖wi − xj‖}, (1)

where ‖ · ‖ is the Euclidean distance.
(SOM3) The weight vectors of the neurons are up-
dated as;

wi(t + 1) = wi(t) + hc,i(t)(xj −wi(t)), (2)

where t is the learning step. hc,i(t) is called the neigh-
borhood function and is described as a Gaussian func-
tion;

hc,i(t) = α(t) exp
(
−‖ri − rc‖2

2σ2(t)

)
, (3)

where ‖ri − rc‖ is the distance between map nodes
c and i on the map grid, α(t) is the learning rate,
and σ(t) corresponds to the width of the neighborhood
function. Both α(t) and σ(t) decrease monotonically
with time as follows;

α(t) = α(0)(1− t/T ), σ(t) = σ(0)(1− t/T ), (4)

where T is the maximum number of the learning.
(SOM4) The steps from (SOM1) to (SOM3) are re-
peated for all the input data.

3. Reunifying Self-Organizing Map

In this study, we propose a new algorithm of SOM,
Reunifying Self-Organizing Map. The initial state of
all neurons of the reunifying SOM are connected to no
neuron, but each neurons have its own physical loca-
tion on the 2-D grid. The initial value of the weight
vectors are given at orderly position.

(RSOM1) An input data xj is inputted to all the
neurons at the same time in parallel.
(RSOM2) The winner c is found according to Eq. (1).
(RSOM3) The neighborhood distance between c and
each neuron i, denoted by nc,i, is calculated. The
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(a) (b)
Figure 1: Neighborhood distances of the rectangular
grid. (a) Discrete neighborhoods (size 0, 1 and 2) of
the centermost neuron when all the neurons are con-
nected. (b) Neighborhood distances nc,i of c = 13.
nc,14 = 1, nc,12 = 3, nc,5 = nc,22 = m (namely, 25).

neighborhood distances are defined as shortest-path
distances between connected map nodes as Fig. 1. If a
neuron i is not connected directly or indirectly to the
winner c, nc,i is equal to the number of neurons m.
(RSOM4) The weight vectors of the neurons are up-
dated as;

wi(t + 1) = wi(t) + hRc,i(t)(xj −wi(t)), (5)

where hRc,i(t) is the neighborhood function of the re-
unifying SOM and described as;

hRc,i(t) = α(t) exp
(
− (nc,i/m + ‖wi − xj‖)2

2σ2(t)

)
. (6)

(RSOM5) A set of 1-neighborhood neurons of win-
ner c, on the assumption that all the neurons are con-
nected (as Fig. 1(a)), is denoted as Nc1. The number
of Nc1 is between two and four when the neurons are
located on the 2-D rectangular grid.

A set of the neurons, whose neighborhood distance
is the longest in Nc1, are denoted as Sq (as Fig. 2).

Sq = arg max
i
{nc,i}, i ∈ Nc1. (7)

If nc,Sq = 1 (as Fig. 2(c)), we perform (RSOM8).
However, if not, we perform (RSOM6).
(RSOM6) The connecting neuron q is chosen from
Sq, according to;

q = arg min
i
{‖wi − xj‖}, i ∈ Sq. (8)

In other words, the connecting neuron q is the neuron
with the weight vector closest to xj in Sq.

If ‖wq −wc‖ ≤ D(t), we perform (RSOM7). How-
ever, if not, we except the neuron q from Nc1, and
perform the simulation again from (RSOM5).

D(t) increases monotonically with time according
to;

D(t) =
Dmax

T
t + Dmin. (9)

(RSOM7) The winner c is directly connected to a
connecting neuron q, namely, nc,q becomes 1.
(RSOM8) The steps is returned to (RSOM1) and is
repeated for all the input data.

(a) (b) (c)
Figure 2: Example of connection of neurons. c = 13.
Nc1 = [8, 12, 14, 18] (a) Sq = 12. q = 12. (b) Sq =
[14, 18]. q is the neuron with the weight vector
smaller distance between the input vector. (c) Sq =
[8, 12, 14, 18] = Nc1. q is not chosen.

4. Application to Clustering

4.1. Simulation 1

First, we consider 2-dimensional input data as
shown in Fig. 3(a). The input data is generated ar-
tificially as follows. Total number of the input data N
is 600, and the input data include two clusters. 300
data are distributed within a range from 0.2 to 0.8 hor-
izontally and from 0.1 to 0.3 vertically. The remaining
300 data are distributed within a range from 0.2 to
0.8 horizontally and from 0.7 to 0.9 vertically. All the
input data are sorted by random.

Both the conventional SOM and the reunifying SOM
has m = 100 neurons (10×10). We repeat the learning
20 times for all input data, namely T = 12000. The
parameters of the learning are chosen as follows;
(For SOM)

α(0) = 0.5, σ(0) = 3,

(For Reunifying SOM)

α(0) = 0.5, σ(0) = 0.8, Dmin =
√

2/10, Dmax =
√

2/2.

The simulation result of the conventional SOM is
shown in Fig. 3(b). We can see that there are some
inactive neurons between two clusters.

The other side, the result of the reunifying SOM
and its learning process are shown in Fig. 4. We can
see from Fig. 4(h) that there are no inactive neurons
between two clusters.
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Figure 3: Clustering of 2-dimensional input data.
(a) Input data. (b) Simulation result of the conven-
tional SOM.
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Figure 4: Clustering using the reunifying SOM. (a) Initial state (t = 0). (b) t = 100. (c) t = 500. (d) t = 1700.
(e) t = 6000. (f) t = 6200. (g) t = 6700. (f) Simulation result (t = 12000).

Let us consider the learning process. The initial
state of neurons are not connected to other neurons
and are located at orderly position as Fig. 4(a). In the
early-stage of learning as Figs. 4(b) and (c), we can see
that some neurons are connected gradually to other
neurons. However, there are some groups of neurons,
because the connected neuron is preferentially-selected
from the neuron which is connected to no neuron. Fur-
thermore, as Fig. 4(d), there are no neurons which are
connected to no neuron, and each two group of neurons
self-organize respective two cluster without connect-
ing each other. In the middle stage as Fig. 4(f), two
groups of neurons are connected each other accord-
ing to increase D(t). However, neurons of each group
self-organize the respective two clusters without being
mingled as Fig. 4(g). in other words, the neurons of
each group are not influenced by each other. This is
because the learning rate α(t) and the neighborhood
radius σ(t) decrease according to Eq. (4), namely α(t)
and σ(t) are small value.
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Figure 5: Visualization of result. (a) Conventional
SOM. (b) Reunifying SOM.

Figure 5 shows distances between neighboring neu-
rons and thus visualizes the cluster structure of the
map. Black circles on this figure mean large distance
between neighboring map nodes. Clusters are typi-
cally uniform areas of white circles. We can see that
the boundary line of the reunifying SOM is clear than
the conventional SOM.

4.2. Simulation 2

Next, we carry out simulation for another 2-
dimensional input data example shown in Fig. 6. The
input data include two clusters. Total number of in-
put data N is 600. We repeat the learning 20 times
for all input data. The parameters of the learning are
the same value used in the simulation 1 except for
Dmax =

√
2.

The results of SOM and the reunifying SOM are
shown in Figs. 7(a) and (b), respectively. We can see
that there are no inactive neurons in the reunifying
SOM although there are some inactive neurons in con-
ventional SOM.
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Figure 6: 2-dimensional input data.
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Figure 7: Results of clustering. (a) Conventional
SOM. (b) Reunifying SOM. (c) Visualization of the
conventional SOM. (d) Visualization of the reunifying
SOM.

4.3. Simulation 3

Furthermore, we carry out simulation for the con-
cave input data shown in Fig. 8. Total number of
input data N is 600. We repeat the learning 20 times
for all input data The parameters of the learning are
the same values used in the simulation 1.

Figure 9 shows the result of SOM and the reunifying
SOM. As we can see from these figures, the clustering
ability of using the reunifying SOM method is effective.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Figure 8: Concave input data.

5. Conclusions

In this study, we have proposed the new SOM algo-
rithm which is the Reunifying SOM. The initial state
of all neurons of the reunifying SOM are connected to
no neuron. However, the neurons are connected grad-
ually to other neurons as learning progressed. We have
investigated its behaviors with applications to cluster-
ing, and have confirmed the efficiency.
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Figure 9: Clustering results for concave input data.
(a) Conventional SOM. (b) Reunifying SOM. (c) Vi-
sualization of the conventional SOM. (d) Visualization
of the reunifying SOM.
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Abstract

The Self-Organizing Map (SOM) is an efficient tool
for visualizing high-dimensional data as it performs
a topology-preserving projection of the input space
on a low-dimensional grid. However, in most of the
SOM projection methods, the computation cost is very
high, when the size of the data set becomes large. In
this paper we present an intuitive and effective SOM
projection method with comparatively low computa-
tional complexity for the purpose of cluster visualiza-
tion. This method maps data vectors on the output
space based on their responses to different prototype
vectors. High-resolution maps can be obtained with a
relatively small network size. The proposed method is
demonstrated using iris data set.

1. Introduction

In the last decades, many methods have been de-
veloped to embed objects, described by high dimen-
sional vectors, into a low-dimensional space. Multi-
dimensional Scaling(MDS) is a nonlinear projection
method that preserves the inter-point Euclidean dis-
tances. The Sammon mapping is a well known MDS
technique. The Self-Organizing Maps (SOM), pro-
posed by T.Kohonen [1], is a neural network algorithm
based on unsupervised competitive leaning. The SOM
creates prototype vectors which have high dimensional
value and make them represent same dimensional in-
put data by learning process considering Euclidean
distances between input data and prototype vectors.
Since each prototype vectors have grid which is in low-
dimensional, usually two-dimensional, output space,
the SOM can visualize high-dimensional data on the
two-dimensional output space. This dimensionality-
reducing mapping of the SOM makes inter-relation
among the data points and clustering tendency per-
ceptible.

Because of its implicit ability in dimensionality re-
duction, the SOM has been popularly used as a data
clustering and visualization tool. In the SOM the in-
put data is mapped to a low-dimensional regular grid

of neurons, which is usually rectangular or hexago-
nal shaped. The distance between two neurons on the
grid indicates the degree of similarity of the data rep-
resented by the neurons. Thus, the cluster structure
and other patterns of the data can be identified visu-
ally from the map created. It is a very intuitive and
straightforward way to visualize the data structure.
However, in the previous SOM, as the dimension of
input data become higher, it becomes more difficult
to represent structure of input space accurately. This
problem is caused by that the learning neurons which
are formed two-dimensional grid have to make itself
similar model of input data space even if the dimen-
sion of input data is much more than two. Another
problem is that the original projection by the SOM
alone represents the training results is very crude [2].
Data vectors are mapped to the locations of corre-
sponding best-matching neurons. It is usually difficult
to provide much information about the global distribu-
tion of the data by observing the resulting row map.
For visualizing the data structure, the SOM usually
requires assistance from a separate vector projection
of the prototype vectors.

In this paper, a new SOM projection method is pro-
posed. First proposition is to use prototype vectors
associated with 3D grids in order to represent input
space more accurately. Moreover, we use a ranking
scheme at the visualization process. The proposed
method is demonstrated using iris data set.

2. Visualizing Algorithm

The Self-Organizing Map usually consists of a two-
dimensional array of neurons. A prototype vector
which has n attributes (we call this n-dimensional
data) that is wi = [wi1, wi2, ..., win ]T is associated with
each neuron, where n is the dimension of the input vec-
tors. At each time step, input vector x is drawn ran-
domly and presented to the network. This input vector
is compared with all the prototype vectors. the nearest
prototype vector is called a best matching unit(BMU).
A grid number of BMU c can be found by calculating
the Euclidian distance between the input vector x and
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Figure 1: Concept of the SOM

weight of prototype vector wi as follows,

c = argmin‖x− wi‖ (1)

The neighborhood size function is defined to decide
the range of learning units. It decreases as time steps.
One example of neighborhood size function σ(t) is as
follows:

σ(t) = d0(1− t/T ) , (2)

where d0 is a starting width of neighborhood, t is cur-
rent time step, and T is total learning times respec-
tively.

Then the SOM updates the prototype vectors within
the neighborhood. The prototype vector wi is updated
according to

wi(t + 1) = wi(t) + hci(t)[x(t)− wi(t)] , (3)

where hci is the time decreasing learning function. A
typical smooth neighborhood function could be the
Gaussian,

hci(t) = α(t)exp
−‖rc − ri‖2

2σ(t)2
, (4)

where α(t) is the learning rate function, ‖rc − ri‖ is
the distance between the winning neuron c, and the
neuron i.

The learning process consists of winner selection by
equation(1) and adaptation of the prototype vectors
by equation(3). After the training has been completed,
the map should be topologically ordered so that similar
data items are mapped onto nearby map units.

Then, the visualizing process must be carried out in
order for the underlying structure of data to be per-
ceived.

3. Proposed visualization scheme

3.1. 3D output map

Recently, we have some problems on the conven-
tional SOM method. One of the most important prob-

lems is that prototype vectors are formed on two di-
mensional grid. In order to project complex structure
of data samples on easily understandable output map,
the SOM has prototype vectors which are associated
with usually one or two dimensioned grid of neurons,
and this array represent input space. Since many data
sets have more than two attributes, it becomes more
and more difficult for two dimesional array of neurons
to represent input data space accurately as the num-
ber of attributes of data sample increases. To make
output map represent structure of input space more
correctly, we adopt 3D array of output map instead of
2D output map.

3.2. Ranking scheme projection

Another problem of the conventional SOM visual-
ization is that the map resolution depends on the size
of the map. In the previous SOM, as explained above,
input vectors are projected only on the neurons which
have nearest value. To achieve a better visualization,
the SOM may have been higher number of neurons
than that of data vectors. Therefore to get a high-
quality result, large number of prototype vectors is
required. As a result, learning process becomes im-
practically time-consuming.

In this paper, we propose a new method which gives
a high-resolution map using less prototype vectors.
The proposed projection method is based on the stan-
dard SOM structure and learning procedure. In visu-
alizing process, we consider not only closest grid, that
is BMU, but also the other grids. The response of a
data sample to a prototype infers its closeness, which
is in turn its membership degree, to a specific unit.
Thus a data sample has the highest membership de-
gree to the prototype vector associated with the BMU
and it should be mapped to a position closer to the
BMU than to other units. There are usually several
units with almost as good mach as the BMU. Con-
sequently, projecting sample data only on the BMU
does not provide accurate information of cluster mem-
bership. Intuitively the data item should be projected
to somewhere in between the map units with a good
match. Analogously, each map unit exerts an attrac-
tive force on the data item proportional to its response
to that data item. The greater force, the closer the
data item attracted to the map unit. The data item
will end up in a position where these forces reach equi-
librium.

In conventional methods, the SOM projection pro-
cedure continues with directly finding the centroid of
this spatial response, where the data sample is then
mapped. In order to enhance the visual representa-
tion, a ranking scheme is used to visualize different
degree of cluster membership. First it is required to
decide how many units are taken into account. We set
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this parameter as R.
After that, put order label on each units considering

with a distance to sample data which is given by:
0 for the closest unit.
1 for the second closest unit.
...
R for the Rth closest unit.
Then, calculate the coordinate P = (x1, x2)T of out-

put map as follows:

P =

∑R−1
i=0 (

∑R−1
j=0 dj − di)Wi

∑R−1
i=0

∏
R−1

j=0
dj

di

, (5)

where di is Euclidean distance between input vector
and weight, Wi = (y1, y2)T is coordinate of the ith
ranked unit, respectively. Continue to calculate above
equation about all the sample data. Then sample data
is mapped on coordinate P of the output map. Then
SOM processes are summarized as follows:

1. Initializing prototype vectors.
2. Calculate Euclidean distances between prototype

vectors and input data.
3. Modify prototype vectors.
4. Set the parameter R.
5. Decide the coordinate P of output map by (5).
6. Project the sample data on P.

In above flow, 2 and 3 repeat for certain times that
is defined by user.

4. Simulation Results

To demonstrate the application of the proposed
method, we present the following experiments using
Iris Plants data set. The Iris data set is a widely used
benchmark in pattern recognition. It contains three
classes, where each class refers to a type of Iris plant
(Iris-setosa, Iris-versicolor and Iris-virginica). These
three classes are divided by their four characteris-
tics (sepal length, sepal width, petal length and petal
width). This data set consists of 100 data samples.
Before calculation, each element of certain data sam-
ple is normalized by the maximum of the category.
Thus, all weights of a data sample are between 0 and
1. We use both 2D and 3D-grid prototype vector and
ranking scheme to this data set and change rank pa-
rameter. Fig. 2 and Fig. 3 show the projection results
obtained with the Iris data set using 64(8×8) 2D pro-
totype vectors. Fig. 4 and Fig. 5 are 3D projection
results using 64(4 × 4 × 4). Intersection of the grids
on the map stand for the prototype vector. Data sam-
ples are represented by number according to clusters.
”1” stand for Iris-setosa, ”2” is associated with Iris-
versicolor and Iris-versinica is expressed by ”3”. We

conpared maps according to different R values. No-
tice for R=1, where only the BMU is concerned in the
projection. Because it can only project input items
to map units on a rigid grid, this map does not pro-
vide much information about the global shape of the
data. However, when R comes to 10, a border of the
clusters become more perceptible. Even though four
simulations are performed by using same number of
prototype vector and weight, the results get better ac-
cording to the increase of parameter R. It also can be
said about 3D output map.

Although the obtained 3D maps may be little hard
to see the structure of data samples on paper media,
on the actual program, the resulting 3D map can be
revolved by user so that we can see the relationship
between data samples more intuitively.

Figure 2: 2D Ranking scheme where R=1

Figure 3: 2D Ranking scheme where R=10
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Figure 4: 3D Ranking scheme where R=1

Figure 5: 3D Ranking scheme where R=10

5. Conclusion

In this paper, a novel approach to visualization tech-
niques for the Self-Organizing Maps are proposed. Our
proposed method is simple but effective as shown in
result map. Unlike the conventional SOM projection
method, which restrict the projection to the junction
of the map grid, the proposed method maps the data
samples to arbitrary positions across the SOM grid.
This enables a high-resolution out put map with a
comparatively small number of map units. Thus the
computational complexity is greatly reduced. And 3D
array of prototype vector can make us understand the
structure of data samples more intuitively.

The implementation of the proposed method is il-
lustrated using real world high-dimensional data set.
The results show the visualization technique has good
potential as a tool for structure analysis encountered
in high-dimensional input data.
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Abstract—In this study, we propose the feedfor-
ward neural network with chaotically oscillating sig-
moid function. By computer simulations, we confirm
that the proposed neural network can find good solu-
tions in early time of the back propagation learning
process.

1. Introduction

Recently, studies on the human brain have been car-
ried out actively on various levels. Many modelings
of the human brain with the visual or the audio sen-
sation are reported [1]-[3] due to development of the
brain researches. However, the investigation of mod-
eling of higher functions in the human brain is just
getting started. We consider that it is very impor-
tant to apply these high functional mechanisms of the
human brain to novel artificial neural networks.

Back Propagation (BP) learning [4] is one of engi-
neering applications of artificial neural networks. The
BP learning operates with a feedforward neural net-
work which is composed of an input layer, a hidden
layer and an output layer, and the effectiveness of the
BP learning has been confirmed in pattern recogni-
tion, system control, signal processing, and so on [5]-
[7]. The BP learning process requires that the input-
output functions are bounded and differentiable func-
tions. One of the most commonly used functions satis-
fying these requirements is the sigmoid function. The
nonlinearity of the sigmoid function has an effect on
modifying connection weights and it is very important
for BP learning.

We consider that neurons in the human brain do not
always output the same output for the same input. In
order to reflect this idea to the feedforward neural net-
works, in this study, we propose the feedforward neural
network with chaotically oscillating gradient of the sig-
moid function. In order to confirm the effectiveness of
the chaotically oscillating sigmoid function, we carry
out computer simulations using other shaking meth-
ods. Further, we compare the proposed network to the
Simulated Annealing (SA) method. By computer sim-
ulations, we confirm that the proposed network with

chaotically oscillating sigmoid function can find good
solutions in early time of the BP learning process.

2. Chaotically Oscillating Sigmoid Function

The BP learning process requires that the input-
output functions are bounded and differentiable func-
tions. One of the most commonly used functions satis-
fying these requirements is the sigmoid function. This
function is an S shaped monotonic increasing function
that has the general form as following equation:

f(x) =
1

1 + e−εx
(1)

where ε is a constant that determines the steepness of
the S shaped curve. Some curves of the function for
different values of ε are illustrated in Fig. 1.
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Figure 1: Sigmoid function.

The nonlinearity of the sigmoid function has an ef-
fect on modifying connection weights and it is very im-
portant for BP learning. We propose the feedforward
neural network with chaotically oscillating gradient (ε)
of the sigmoid function for BP learning.

The authors have investigated the performance of
the Hopfield neural network solving combinatorial op-
timization problems when chaos is inputted to the
neurons as noise [8]-[10]. By computer simulations,
chaotic noise has been confirmed to gain better per-
formance to escape out of local minima than random
noise. Hence, we consider that various features of
chaos are effective for neural networks.
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The logistic map is used to shake ε of the sigmoid
function chaotically:

ε̂(t + 1) = αε̂(t)(1− ε̂(t)). (2)

Varying the parameter α, Eq. (2) behaves chaotically
via a period-doubling cascade. Further, it is well
known that the map produces intermittent bursts just
before periodic-windows appear. We apply the se-
quence generated by the logistic map to the sigmoid
function after the following linear transform to set the
standard as 1.0 and control the amplitude.

ε(t) = 2A(ε̂(t)− 1) + 1 (3)

where A corresponds to the range of ε. One example
of A = 0.5 is shown in Fig. 2.
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Figure 2: Oscillating ε by logistic map.

3. BP Learning Algorithm

The standard BP learning algorithm was introduced
in [4]. The BP is the most common learning algorithm
for feedforward neural networks. In this study, we use
the batch BP learning algorithm. The batch BP learn-
ing algorithm is expressed by a formula similar to the
standard BP learning algorithm. The difference lies in
the timing of the weight. The update of the standard
BP is performed after each single input data, while
for the batch BP the update is performed after all in-
put data has been processed. The total error E of the
network is defined as

E =
P∑

p=1

Ep =
P∑

p=1

{
1
2

N∑

i=1

(tpi − opi)2)

}
, (4)

where P is the number of the input data, N is the
number of the neurons in the output layer, tpi denotes
the value of the desired target data for the pth input
data, and opi denotes the value of the output data
for the pth input data. The goal of the learning is
to set weights between all layers of the network so as
to minimize the total error E. In order to minimize
E, the weights are adjusted according to the following

equation:

wk−1,k
i,j (m + 1) = wk−1,k

i,j (m) +
P∑

p=1

∆pw
k−1,k
i,j (m),

∆pw
k−1,k
i,j (m) = −η

∂Ep

∂wk−1,k
i,j

,

(5)
where wk−1,k

i,j is the weight between the ith neuron of
the layer k − 1 and the jth neuron of the layer k, m
is the learning time, and η is a proportionality factor
known as the learning rate. In this study, we add to
the second line of Eq.(3) an inertia term, leading to

∆pw
k−1,k
i,j (m) = −η

∂Ep

∂wk−1,k
i,j

+ζ∆pw
k−1,k
i,j (m−1), (6)

where ζ denotes the inertia rate.

4. Simulated Results

We consider the feedforward neural network produc-
ing outputs x2 for inputs data x as one learning exam-
ple. The sampling range of the input data is [−1.0, 1.0]
and the step size of the input data is set to be 0.01.
We carried out the BP learning by using the following
parameters. The learning rate and the inertia rate are
fixed as η = 0.2 and ζ = 0.02, respectively. The initial
values of the weights are given between −1.0 and 1.0
at random. The learning time is set to 10000, and the
8 neurons are prepared in the hidden layer. The net-
work structure using this study and learning example
are shown in Fig. 3.
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(a) Network structure. (b) Learning example.

Figure 3: Network structure and learning example.

4.1. Performance of Learning Process

We investigate the learning efficiency as the total
error between the output and the desired target. We
define “Average Error Eave” by the following equation
as mean square error.

Eave =
1
P

P∑

p=1

{
1
2
(tp − op)2

}
(7)

The bifurcation parameter of the logistic map is set
to α = 3.8274 generating intermittency chaos. The
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gradient of the sigmoid function of the conventional
network is fixed as ε = 1.0. Figure 4 shows one ex-
ample of the simulation results when the amplitude of
ε of the sigmoid functions are changed. The horizon-
tal axis is iteration time and the vertical axis is Eave.
This figure shows three learning curve of the proposed
network and the conventional network, respectively,
when the initial conditions of the connection weights
are changed. From this figure, we can confirm that
the proposed network with the chaotically oscillating
sigmoid function gains better performance than the
conventional network when the amplitude of ε is set
to 0.5 (Fig. 4(a)). The learning curve of the proposed
network converges oscillatory. On the other hand, the
proposed network shows similar or weak performance
to the conventional network when the amplitude of ε
are set to 0.2 and 0.8 (Fig. 4(b) and (c)). We consider
that the proposed network gains good performance by
using appropriate amplitude of ε of the chaotically os-
cillating sigmoid function.

4.2. Comparison of Shaking Methods

In this section, in order to confirm the effectiveness
of the chaotically oscillating sigmoid function, we carry
out the computer simulations by other shaking meth-
ods; fully developed chaos and at random. The fully
developed chaos was realized by setting parameter of
the logistic map (Eq. (2)) as α = 4.0000. The simula-
tion result is shown in Fig. 5. In this figure, the results
of the four cases “intermittency chaos,” “fully devel-
oped chaos”, “random” and “conventional network”
are shown.

We can confirm that the learning curve of the ran-
dom method is more oscillatory than the intermittency
chaos and the fully developed chaos. We consider that
the chaotically oscillating ε is important to find good
solution for BP learning.

4.3. Efficient Learning

The proposed network with chaotically oscillating
sigmoid function finds better solutions than the con-
ventional network. However, the learning curve of the
proposed network is oscillatory and do not converge.
We consider that the proposed network can converge
effectively, if oscillating ε stops on BP learning.

Figure 6 shows the simulated result when the
stopped iteration time is set to 3000, 4000 and 5000.
After oscillating stop, the gradient is fixed as ε = 1.0.
From this figure, we can see that the proposed net-
work converges to good solution by oscillating stop.
We consider that it is important to oscillate the gra-
dient of the sigmoid function in early time of learning
process to find good solution.
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Figure 4: Learning curve for difference range of ε.
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Figure 6: Learning curve for oscillating stop.

4.4. SA Method

Simulated annealing (SA) is a generic probabilis-
tic meta-algorithm for global optimization problems,
namely locating a good approximation to the global
optimum of a given function in a large search space.
SA can find a good solution by decreasing the gradient
of the sigmoid function gradually. In this section, we
investigate the performance of the SA method and the
proposed network with the concept of SA. For com-
parison, the learning ability of the proposed network
and the conventional network are investigated. The
changing ε in these networks are shown in Fig. 7. The
horizontal axis is time and the vertical axis is ε.
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(a) SA method. (b) Proposed network with SA.
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Figure 7: Changing ε of the sigmoid function.

The simulated result is shown in Fig. 8. From this
figure, the SA method and the proposed network with
SA do not escape from local minima as well as the
conventional network. We consider that the network
needs some irregular change of neurons themselves in
early learning time to find a good solution.
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Figure 8: Learning curve of SA method.

5. Conclusions

In this study, we proposed the feedforward neu-
ral network with chaotically oscillating gradient of
the sigmoid function. By computer simulations, we
confirmed that the feedforward neural network with
chaotically oscillating sigmoid function can find good
solutions in early time of the BP learning process.
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Abstract—This paper extends Scarf [11]’s three-
commodity economy to ann-commodity economy and
presents a structural approach to Scarf’s, Gale [5]’s, and
others’ instability results. It is extracted from the extended
Scarf example a structure of systems with a bifurcation
characterized by the stability change of its equilibrium.
The extended bifurcating economy is classified into the
Scarf type economy and the Gale-Bala type economy ac-
cording as the number of commodities.

1. Introduction

In the context of the stability of competitive equilibrium,
Scarf [11] showed, implicitly,a bifurcating exchange econ-
omy in which the continuous time tâtonnement changes
the qualitative type as its parameter passes through a crit-
ical value. From the viewpoint of nonlinear dynamics,
Bala [2] and Mukherji [8] presented bifurcating exchange
economies explicitly, more or less, following Scarf’s result.
Bala extended Gale [5]’s example to a parametric class of
exchange economy and demonstrated that the tâtonnement
exhibits a pitchfork bifurcation. Whereas Mukherji ex-
tended Scarf’s first example to a parametric class of ex-
change economy and showed that the tâtonnement under-
goes a Hopf bifurcation.

This paper extends Scarf’s three-commodity economy in
the second example to ann-commodity economy in which
the excess demand function includes those in Scarf’s,
Gale’s, and Bala’s examples, and attempts to structurally
characterize these instability results. That is, we point out
a structure of systems, extracted from the extended Scarf
example, with a bifurcation characterized, regardless of the
dimensionn, by the stability change of its equilibrium from
locally stable to locally completely unstable (all eigenval-
ues have positive real parts). It is also shown that the anal-
ysis of the extended Scarf example gives a particular exam-
ple for Dierker [3, 4]’s remarks on the number of equilibria
of an economy. Finally, the extended exchange economy
is classified into the Scarf type bifurcating economy and
the Gale-Bala type bifurcating economy according as the
number of commodities.

2. Scarf’s Example: The Case ofn

Scarf [11] presented examples of instability in a three-
commodity exchange economy with a unique competi-
tive equilibrium under the Walrasian tâtonnement (see also

Negishi [9] and Anderson et al. [1] for meanings of the ex-
amples). Instead of a stable equilibrium, the tâtonnement
has a family of closed orbits around the equilibrium in the
first example and a closed orbit attracting neighbouring or-
bits in the second example. While Gale [5] provided a two-
commodity exchange economy which has three equilibria
and the symmetrical ‘fair’ equilibrium is unstable. In the
following, we will extend Scarf’s second example to ann-
commodity exchange economy including the original ex-
ample as a particular case.

Consider an exchange economy in which there aren
agents andn commodities andn > 2. Let H = {1,2, . . . , n}
be an index set. Letxi = (xi1, xi2, . . . , xin) be a commod-
ity vector in whichxi j is the amount of thej th commodity
consumed by thei th agent. Letωi = (ωi1, ωi2, . . . , ωin) be
an initial endowment vector of thei th agent. Suppose that
the utility function of thei th agent,i ∈ H, can be written
as

ui(xi ;α, βi) := −
n∑

j=1

βα+1
i j

xαi j
, (1)

wherexi � 0, α > 0, βi = (βi1, βi2, . . . , βin), andβi j > 0.
This utility function is then-dimensional version of Scarf’s
C.E.S. function. In what follows, let us examine the case:
{ui(xi ;α, βi), ωi} where



α ∈ (1,∞),

βi = (βi1, . . . , βii−1, βii , βii+1, βii+2, . . . , βin)

= (0, . . . , 0, β, 1,0, . . . , 0),

β ∈ (0,∞),

ωi = (ωi1, . . . , ωii−1, ωii , ωii+1, . . . , ωin)

= (0, . . . , 0,1,0, . . . , 0),

with βnn+1 = βn1. Let p = (p1, p2, . . . , pn) � 0 be
a price vector in whichp j is the price of thej th com-
modity. Now we solve the constrained maximum prob-
lem of thei th agent: maximizexi ui(xi ;α, β) s.t. 〈p, xi〉 6
〈p, ωi〉 and xi > 0. This yields the demand function
for the i th agent,xi(p;α, β) := (xi1(p;α, β), xi2(p;α, β),
. . . , xin(p;α, β)) where

xi j (p;α, β) =



βpα/(1+α)
i

βpα/(1+α)
i + pα/(1+α)

i+1

, if j = i,

pi

pi+1 + βp1/(1+α)
i+1 pα/(1+α)

i

, if j = i + 1,

0, otherwise,
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with xnn+1 = xn1. Then the market excess demand function
for the j th commodity,ζ j(p;α, β) :=

∑n
i=1 xi j (p;α, β)−ωi j ,

is given by

ζ j(p;α, β) =
βpα/(1+α)

j

βpα/(1+α)
j + pα/(1+α)

j+1

+
p j−1

p j + βp1/(1+α)
j pα/(1+α)

j−1

− 1, j ∈ H, (2)

with p0 = pn andpn+1 = p1.
Therefore the economyEn = ({ui(xi ;α, β), ωi}ni=1)

has the excess demand functionζ(p;α, β) :=
(ζ1(p;α, β), ζ2(p;α, β), . . . , ζn(p;α, β)), and we
have ζ(p̂;α, β) = (0,0, . . . , 0) for p = p̂ where
p̂1 = p̂2 = · · · = p̂n and this implies that ˆp is a
competitive equilibrium ofEn. The excess demand
function has the following properties:

(P1) if n = 2, β = 2, andα→ ∞, it goes to Gale [5]’s that,
(P2) if n = 2, β = 2, andα/(1 + α) = µ, it becomes Bala

[2]’s that,
(P3) if n = 3, β = 1, andα → ∞, it goes to that in Scarf’s

first example,
(P4) if n = 3, it becomes that in Scarf’s second example,
(P5) ∂ζ j(p;α, β)/∂p j−1 > 0 and∂ζ j(p;α, β)/∂p j+1 < 0 for

every j ∈ H.

Here (P1) and (P2) may not be well known, (P3) is stated
by Scarf, (P4) and (P5) are immediate consequence of the
present extension, and Scarf’s ‘first’ example indicates the
economy with the fixed proportions function instead of (1).

Then a tâtonnement is given bydp/dt = ζ(p;α, β), and
we consider the normalized system in which then th com-
modity is taken to be a numéraire and then th equation is
dropped because of the Walras law:

∑n
j=1 p jζ j(p;α, β) ≡ 0,

∆n



dpj

dt
= ζ j(p;α, β), j ∈ I = H\{n},

pn = 1,

with p(0)� 0.

Lemma 1. Consider a system of parametric differential
equations,

dz
dt

= f (z; ε), z ∈ Rm, ε ∈ R,
with a smooth function f , which has an equilibrium(z∗; ε∗).
We assume that the Jacobian matrix of the system is given
by J(z∗; ε) = (ai j (ε)) where ai j (ε) = a(ε)δi j + b(ε)δi+1, j +

c(ε)δi, j+1, (i, j = 1, . . . ,m) andδi j is the Kronecker delta,
δi j = 0 for i , j and δi j = 1 for i = j, that is, the Jacobian
matrix has the tridiagonal Toeplitz form

J(z∗; ε) =



a(ε) b(ε) 0
c(ε) a(ε) b(ε)

c(ε) a(ε)
. . . . . .

b(ε)
0 c(ε) a(ε)



. (3)

We also assume that a(ε), b(ε), and c(ε) are smooth func-
tions ofε.

Suppose that

a(ε∗) = 0, b(ε∗)c(ε∗) < 0,
d
dε

(a(ε∗)) , 0, (4)

then there is a bifurcation with all eigenvalues passing
through the imaginary axis in the same direction. In addi-
tion, all the eigenvalues are distinct and, atε = ε∗, purely
imaginary but one zero eigenvalue for odd m.

Proof. The eigenvalues of this class of matrices can be
found analytically (see, e.g., Todd [12, pp. 155-156]),

λk = a(ε)+2
√

b(ε)c(ε) cos

(
kπ

m+ 1

)
, k = 1,2, . . . ,m,

from which the assertion follows. �

Proposition 1. Let p = (p1, p2, . . . , pn−1) and β∗ = (α +

1)/(α − 1). For every n, the system∆n has an equilibrium
p∗ = (1,1, . . . , 1). The equilibrium is locally stable for
β ∈ (0, β∗) and locally completely unstable (all eigenvalues
have positive real parts) forβ ∈ (β∗,∞).

Proof. It follows immediately from ˆp with the normaliza-
tion that p∗ = (1,1, . . . , 1) is an equilibrium of the sys-
tem ∆n. Let β be a bifurcation parameter. Observing (2)
with pn = 1 for j ∈ I , we find that the Jacobian ma-
trix J(p∗; β) has the form in (3) wherea(β) = −(1 + α +

β − αβ)/(1 + α)(1 + β)2. Then we havea(β∗) = 0 and
β∗ = (α + 1)/(α − 1) > 0 for α ∈ (1,∞). The inequal-
ities in (P5) implyb(β∗)c(β∗) < 0. Moreover, we obtain
da(β∗)/dβ = (α − 1)/(1 + α)(1 + β∗)2 > 0 for α ∈ (1,∞).
Therefore the set of conditions (4) of Lemma 1 is fulfilled
with the positive crossing velocity. �

Let us note that Scarf did not consider the normalized
system in the second example, i.e.,∆n with (P4), and that
the structure depends on the normalization. Due to the cir-
cularity of then-dimensional version of the Scarf exam-
ple, the structure does not depend on the choice of the
numéraire. For the problem arising from changing the
numéraire, see Veendorp [13] for Scarf’s examples and
Mukherji [7] for Gale’s example.

Bala [2] extended Gale’s example to a parametric econ-
omy and showed a pitchfork bifurcation in the normal-
ized system equivalent to∆n with (P2), as the parameter
µ crosses a critical value, the unique globally stable equi-
librium loses local stability and gives rise to two new lo-
cally stable equilibria on either side. The system including
Gale’s one has exactly the structure above withm = 1.
Mukherji [8] extended Scarf’s first example to a parame-
terized economy with respect toω22 and presented that the
normalized system has a Hopf bifurcation: as the parameter
passes a critical value, the unique globally stable equilib-
rium becomes locally unstable and periodic orbits appear.
The system including that in Scarf’s first example does not
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have the structure above withm = 2 due to the asymmetry
of endowments, but the qualitative property of the system
is similar to∆n with (P4).

Dierker [3, 4] proved by using the properties of the fixed
point index, that, given a desirability assumption for price
adjustment processes in a regular economy, if there is a
unique locally completely unstable equilibrium, then the
number of commodities is odd. This means that Scarf’s in-
stability result is impossible for even number of commodi-
ties (see Dierker [4, Secs. 5, 11]). In fact, the following
Proposition 2 is established.

Proposition 2. If n is odd, for allβ ∈ (0,∞), the system∆n

has a unique equilibrium p∗. If n is even, the system∆n has
a unique equilibrium p∗ for β ∈ (0, β∗) and exactly three
equilibria, for β ∈ (β∗,∞), p∗, p̄ wherep̄ j = q ∈ (0,1) for
odd j andp̄ j = 1 for even j, and¯̄p where ¯̄p j = r ∈ (1,∞)
and r = 1/q for odd j and ¯̄p j = 1 for even j. Here j∈ I.

Proof. Recall that ˆp where p̂1 = p̂2 = · · · = p̂n is one
equilibrium ofEn. Suppose that there exists an equilibrium
p̃ , p̂. Considering (P5), we have two possible cases for
someζ j(p;α, β), j ∈ H, with (i) p̃ j < p̃ j−1, p̃ j+1 and with
(ii) p̃ j > p̃ j−1, p̃ j+1, since the other cases violateζ j(p̃) = 0.
Now we assume that (i) holds. As we can takej = 1 with-
out loss of generality, we then have ˜p1 < p̃n, p̃2. Using
this and again (P5), we obtain ˜p2 > p̃1, p̃3, and in a similar
way we successively have ( ˜p3 < p̃2, p̃4), (p̃4 > p̃3, p̃5), · · · ,
which induce ˜pn < p̃n−1, p̃1 for oddn and this is a contra-
diction but p̃n > p̃n−1, p̃1 for evenn and this is not. For
the case of (ii), by a similar argument, a contradiction is
obtained for oddn but not for evenn. The above results
show that ifn is odd, p̂ is a unique equilibrium ofEn and
then p∗ is a unique equilibrium of∆n. These also suggest
that if n is even, other equilibria ofEn can be possible for ˜p
wherep̃ j satisfies (i) for every oddj ∈ H and for p̃ where
p̃ j fulfills (ii) for every odd j ∈ H.

Suppose thatn is even. Let ˜p be a vector with ˜p j satis-
fying (i) for every odd j ∈ H and p̃n = 1. Consider the
equationζ j(p̃;α, β) = 0 for some oddj ∈ H which can be
rearranged to yield

β


(

p̃ j

p̃ j−1

)1/(1+α)

−
(

p̃ j

p̃ j+1

)α/(1+α) = 1 − p̃ j

p̃ j−1
. (5)

Now we takej = 1. Since the right hand side is positive,
so is the left hand side. This fact with ˜p1 ∈ (0,1), p̃n =

1, andα ∈ (1,∞) implies p̃2 > p̃n = 1. Given this, in
a similar way forζ3(p̃;α, β) = 0, we obtain ˜p4 > p̃2 >
p̃n = 1. Repeating the procedure forζ j(p̃;α, β) = 0 for
every oddj ∈ H, we successively have ˜pn−2 > · · · > p̃2 >
p̃n = 1. Next, conversely, we start fromj = n − 1. By
the argument above, we have ˜pn−2 6 p̃n = 1, and then
successively obtain ˜p2 6 · · · 6 p̃n−2 6 p̃n = 1. These two
relations show ˜p j = 1 for every evenj ∈ H. Therefore,
together with ˜p j = q ∈ (0,1), p̃ j−1 = p̃ j+1 = 1, (5) becomes

φ(q) := β(q1/(1+α) − qα/(1+α)) = 1− q. (6)

Then we have limq→0 φ(q) = φ(1) = 0, φ(q) > 0 for all
q ∈ (0,1), limq→0 dφ(q)/dq = +∞, andd2φ(q)/dq2 < 0
for all q ∈ (0,1). Moreover, we have|dφ(1)/dq| ≷ 1 ⇔
β ≷ β∗. These imply that whenβ ∈ (0, β∗) there is no
valueq ∈ (0,1) satisfying (6) and whenβ ∈ (β∗,∞) there
is exactly one valueq ∈ (0,1) satisfying (6). From the
symmetry of the equationζ j(p̃;α, β) = 0 for every oddj ∈
H, it follows that odd j is arbitrary and thusq is identical
for every odd j ∈ H. Then, (6) is also derived from the
equationζ j(p̃;α, β) = 0 where p̃ j = 1, p̃ j−1 = p̃ j+1 = q
for any evenj ∈ H. Therefore, forβ ∈ (β∗,∞), the vector
composed of the firstn− 1 elements of ˜p, p̄ = (q,1, . . . , q),
is another equilibrium of the system. Substituting 1/q into
(6) and multiplying−1 to each side shows that 1/q = r ∈
(1,∞) also satisfies (6). Asq is unique value in (0,1), so
is r in (1,∞). The above results show that, forβ ∈ (β∗,∞),
the vector replacedq in p̄ with r, ¯̄p = (r,1, . . . , r) is the
other equilibrium of the system. It is clear that¯̄p j satisfies
(ii) for every odd j ∈ H. �

The idea of the proof for oddn is an extension of that of
Lemma 2 in Scarf [11]. Proposition 2 in conjunction with
Proposition 1 says that Scarf’s instability result holds for
the system with odd numbers of commodities in the present
example. For a construction of examples like Scarf’s in
general settings, see Lemma 5 in Saari and Simon [10].
On the other hand, the idea of the proof for evenn is an
extension of that of Lemma 1 in Bala [2]. The Proposition 2
together with Proposition 1 indicates that when the number
of commodities is even, Gale’s result takes place.

0.5 1
Μ

1

2

Β

Scarf-II

Bala

0.5 1
Μ

1

2

Β

Gale

Scarf-I

Figure 1: Stability boundary ofp∗ in En.

Figure 1 shows the stability/instability (white/ gray) re-
gion of p∗ in the (µ, β)-plane of the economy,En, for ev-
ery n. Hereα/(1 + α) = µ. Whenα → ∞ (or µ → 1),
the indifference curves become L-shaped, and instability is
most likely to occur. The smaller the value ofα (or µ), the
greater the degree of substitutability between the commodi-
ties and the smaller the portion of instability. Whenα→ 1
(or µ → 1/2), instability disappears. This effect is sharp-
ened by Bala [2] and Hirota [6]. On the other hand, when
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β→ ∞, each agent places a highest value on his own com-
modity, and instability is most likely to obtain. The smaller
the value ofβ, the less desire of each agent for his own
commodity and the smaller the part of instability. When
β < 1, instability vanishes. This effect is recognized by
Gale [5].

Summary 1. The economyEn has a unique locally stable
equilibrium atp∗ for β ∈ (0, β∗) in the normalized system.
If n is odd, forβ ∈ (β∗,∞), the equilibrium becomes locally
completely unstable and is still unique. Ifn is even, for
β ∈ (β∗,∞), the equilibrium becomes locally completely
unstable but two other equilibria appear. In the economy,
stability arises when income effects are smaller and each
agent is less interested in his own commodity, while in-
stability appears when income effects are larger and each
agent is more interested in his own commodity.

3. Conclusion

The results allow us to classify the case with odd num-
bers of commodity as the Scarf type bifurcating economy
and the case with even numbers of commodity as the Gale-
Bala type bifurcating economy.

Appendix

Figure 2: (Top): Bifurcation diagram showing a supercrit-
ical pitchfork bifurcation forn = 2 andα = 2. (Bottom):
Bifurcation diagram showing a supercritical Hopf bifurca-
tion for n = 3 andα = 2.
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Abstract—In this paper we develop the Malinvaud
(1982) model, which studies the process of economic
growth when prices are sticky and production technology
is putty-clay. Our model is formulated on the explicit mi-
crofoundations of firm’s behavior: firms maximize their
profit by using the subjective demand curve and minimize
the unit cost of production with new capital equipment.
Our main concern is to examine the possibility of endoge-
nous and persistent fluctuations in a dynamic real sector
model. In fact, with the aid of the Hopf bifurcation the-
orem, we show that periodic oscillations occur around the
steady state if the Kaldor (1940) condition is satisfied.

1. Introduction

Investment spending is of great importance in macroe-
conomic theory. In the long run capital accumulation is
one of the main determinants of economic growth. What
is more, the movement of investment occupies a prominent
position in the analysis of business cycles. Since invest-
ment is much more volatile than consumption, it is believed
that the volatility of investment is a source of output fluc-
tuations.

The purpose of the present paper is to investigate the oc-
currence of endogenous and perpetual business cycles in
the Keynesian framework. In particular, we develop the
Malinvaud (1982) model, which studies the process of eco-
nomic growth when prices are sticky and production tech-
nology is putty-clay. Compared to the Malinvaud model,
our model is formulated on the explicit microfoundations
of firm’s behavior: firms maximize their profit by using the
subjective demand curve and minimize the unit cost of pro-
duction with new capital equipment. In such a setting we
shall examine the effects of induced technical change in the
process of business cycles.

The rest of paper is organized as follows. Section 2 ex-
plains the distinction between the short-run and the long-
run production functions. Section 3 sets up the formal
model. In Section 4 we investigate the dynamic properties
of the model. The final section summarizes our results.

2. Long-Run and Short-Run Production Functions

In this section we shall explain the long-run and the
short-run production functions.1 In the first place, we con-
sider the long-run production function that plays an impor-
tant role at the time of the choice of the best manufacturing
techniques. It is given by

Yn(t) = F(Nn(t),K(t)), (1)

whereYn(t) stands for the level of capacity output at time
t. Furthermore, we assume that the long-run production
function is homogeneous of degree one. We can therefore
write in the form,

Yn(t)/K(t) = f (xn(t)), xn(t) = Nn(t)/K(t), (2)

where f (0) = 0, f (∞) = ∞, f ′(·) > 0, and f ′′(·) < 0.
In the second place, we shall explain the short-run pro-

duction function that governs the current production deci-
sions with the existing capital stock. It is usual that the
level of aggregate demand does not agree with the level of
capacity output in our free market economy. In such a sit-
uation firms match the actual level of output to the level
of aggregate demand by controlling the degree of capital
utilization. If aggregate demand exceeds potential output,
firms need the amount of labor that is greater thanNn to
overutilize the capital stock. In the opposite case, firms em-
ploy the amount of labor that is less thanNn to underutilize
the capital stock. The above relationship can be represented
by

u = u(N/Nn), u′(·) > 0,u(0) = 0,u(1) = 1, (3)

whereu represents the rate of capacity utilization. Using
(3) we can therefore express the short-run production func-
tion as follows:

Y
K
=

Y
Yn

Yn

K
= u(x/xn) f (xn) , x = N/K, (4)

whereY is the actual level of output.
Now we are in a position to point out the envelope prop-

erty of the long-run production function. As is well known
in microeconomic theory, the long-run cost function is the
lower envelope of the family of the short-run cost func-
tions. Such a relationship exists also in our framework:

1For further details of this subject, see Yoshida (1999).
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the long-run production function is the lower envelope of
the family of the short-run production functions. Thus, we
must have

f ′(xn) = u′(1)
f (xn)
xn

for ∀ xn. (5)

This condition implies that the long-run and the short-run
production functions are tangent to each other at any nor-
mal employment-capital ratioxn. By integrating (5), we
obtain

f (xn) = A(xn)θ A > 0, 0 < θ < 1, (6)

which is the Cobb-Douglas production function itself.
For the moment, we shall confine our attention to the

evolution of technology. As mentioned in Introduction, we
adopt the assumption of putty-clay technology. Recalling
the definition ofxn, we have

xn(t) =
Nn(t)
K(t)

=

∫ t

−∞
x[v]

e (t)e−δ(t−v)I (v)dv∫ t

−∞
e−δ(t−v)I (v)dv

, (7)

wherex[v]
e (t) is the labor intensity required to operate equip-

ment of vintagev at full capacity,δ is the capital depreci-
ation rate, andI (v) is the amount of newly installed equip-
ment at timev. Taking the logarithmic derivative of (7)
with respect to time leads to

ẋn = g(x[t]
e (t) − xn(t)), g = I/K (8)

whereg represents the rate of capital accumulation. This
equation implies that the labor intensity of the capital stock
evolves not instantaneously but at the speed ofg.

Before closing this section, we add a remark on the treat-
ment of the utilization rate. Throughout this paper we shall
emphasize the role ofu in the process of business cycles.
Hence, we take the inverse function of (3) to explicitly con-
sider the utilization rate:

N/Nn = G(u), (9)

with G(0) = 0, G(1) = 1, G′(1) = f (xn)/(xn f ′(xn)) = 1/θ.

3. The Model

We construct a simple model with imperfect competi-
tion in the output market. There are two types of agents
in the economy: firms and households. The output market
is characterized by imperfect competition. The representa-
tive firm does not have full and perfect information about
the “true” demand curve facing her, and has the following
iso-elastic demand function

Y = Bp−1/ε 0 < ε < 1, (10)

wherep is the price level,B is a scale parameter that re-
flects the expected level of demand, andε is a constant pa-
rameter that represents the price elasticity of demand. Note
that the parameterB is a function of time.

Using (4), (9), and (10), the operating profit of the firm,
π, is defined as follows

π = pY−WN, (11)

= [(u f(xn)k)−εu f(xn) −WG(u)xn]K,

wherek = K/B, andW is the nominal wage rate.
The firm maximizes her profitπ by controlling the rate

of capital utilization. The optimal condition for the firm is
obtained as follows,

(1− ε)[u f(x)k]−ε f (x) =WG′(u)x. (12)

To assure the second-order condition of profit maximiza-
tion, we must add the following assumption:

Assumption 1:
ε + uG′′/G′ > 0. (13)

This condition does indeed lead to the negative sign of the
second-order condition with respect tou:

d2π

du2
= −

WG′xn

u
(ε + uG′′/G′) < 0. (14)

By applying the implicit function theorem, we can trans-
form (12) into the following equation

u = u(k, xn), (15)

where

uk =
∂u
∂k
= −

u
k

ε

ε + uG′′(u)/G′(u)
< 0, (16)

ux =
∂u
∂xn
= −

u
x

1− θ(1− ε)
ε + uG′′(u)/G′(u)

< 0. (17)

Then we shall turn to the issue of technical change. As
mentioned above, in our framework new production tech-
niques are embodied in new equipment. The firm chooses
x[t]

e (t) to minimize the unit cost of production with new cap-
ital equipment at timet. The objective function for this
problem is:2

wN+ rI
uF(N, I )

=
wG(u)xe + r

u f(xe)
, (18)

wherew is the real wage rate andr is the real rate of inter-
est. Let us assume that the individual firm is a price taker,
i.e., she takesw andr as given, exogenous variables to the
cost-minimizing problem. Thus, the first-order condition
takes the following form:

f (xe) − xe f ′(xe)
f ′(xe)

=
r

wG(u)
. (19)

From (6), (12), and (19), some straightforward manipu-
lations yield

xe =
θ

1− θ
r

1− ε
G′(u)
G(u)

(xn)1−θ

A
= φ(xn,u), (20)

2Here and henceforth, we omit the vintage index so long as no confu-
sion occurs.
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where
∂xe

∂xn
= φx = (1− θ)

xe

xn
> 0, (21)

∂xe

∂u
= φu =

(
uG′′(u)
G′(u)

−
uG′(u)
G(u)

)
xe

u
= Φ(u)

xe

u
. (22)

We assume that the investment behavior is independent
of the saving behavior on the line of the Keynesian tradi-
tion. To begin with, it is assumed that the accumulation
rate,g = I/K, depends on the rate of capacity utilization:

g = g(u), g′ > 0. (23)

Next, we turn to the saving function. Let savingS be a
linear function of income:

S = sY, 0 < s< 1, (24)

wheres is the marginal propensity to save.
The output market is usually in a state of disequilibrium.

Thus the firm constantly adjust the scale parameterBwhich
reflects the expected level of demand. The evolution ofB
will be formulated by

Ḃ
B
= ω ·

I − S
K
+ µ, ω > 0, (25)

which says that the firm increasesB when aggregate de-
mand exceeds output (I > S) and vice versa. Note that
there is a trend termµ in the growth rate ofB. For sim-
plicity we assume thatµ is the steady-state growth rate of
output:

µ = (Ẏ/Y)∗. (26)

4. Local Stability and the Hopf Bifurcation

The dynamic system is now formed by the following two
differential equations:

k̇ = [g(u(k, xn)) − δ − µ − ω(g− su(k, xn) f (xn))]k, (27)

ẋn = g(u(k, xn))(φ(u(k, xn), xn) − xn). (28)

The non-zero steady-state solution is given by (k∗, x∗n)
such that

g(u(k, xn)) − δ − µ = ω(g(u(k, xn)) − su(k, xn) f (xn)), (29)

φ(u(k, xn), xn) = xn. (30)

Notice thatµ = (Ẏ/Y)∗ = g∗ − δ in the steady state, where
g∗ is the steady-state rate of accumulation. Thus it follows
from (29) that investment and saving are equal in the steady
state:

g(u(k∗, x∗n)) = su(k∗, x∗n) f (x∗n) (31)

To study the local stability of the dynamic system, we
have to investigate the Jacobian matrixJ evaluated at the
steady-state point. We obtain

J =

[
a11 a12

a21 a22

]
, (32)

wherea11 = [g′uk −ω(g′ − s f)uk]k, a12 = {g′ux −ω[g′ux −

s(ux f + u f ′)]}k, a21 = gφuuk, anda22 = g(φuux + φx − 1).
The corresponding characteristic equation can be written

as
λ2 + b1λ + b2 = 0, (33)

where

b1 = (g′ − s f)ukkω − g′ukk− g(φuux − θ), (34)

b2 = [θ(g′ − s f) − φusu f′]ukkgω − g′ukkgθ. (35)

To incorporate a positive feedback effect in the output
adjustment mechanism, we assume

Assumption 2:
g′(u∗) > s f. (36)

This condition is the same as one of Kaldor’s (1940) con-
ditions. He emphasized the importance of this condition to
establish the existence of limit cycles that fluctuate around
the steady state. We furthermore adopt the following
assumption:

Assumption 3:

φu > θ(g
′ − s f)/(su f′). (37)

If we chooseω as a bifurcation parameter, we can see
that b1 = b1(ω) is a monotonically decreasing function
with a positive vertical intercept and thatb2(ω) > 0 for all
ω > 0. We can now prove the following proposition:

Proposition:
(1) There exists a critical valueωH > 0 such that the
steady state of the system is locally stable forω < ωH and
unstable forω > ωH, whereωH is the unique solution of
b1(ω) = 0.
(2) The steady-state point loses stability in a cyclical
manner atω = ωH by way of the Hopf bifurcation. We can
therefore observe the endogenous and persistent business
cycles that oscillate around the steady state.

5. Conclusion

In this paper we extended the Malinvaud (1982) model,
and showed the emergence of endogenous and self-
sustained fluctuations.

The argument for the occurrence of cyclical fluctuations
runs as follows. Suppose that some shock increasesu at
the steady state. This rise inu stimulates capital accumula-
tion, and hence causes further expansion (g′ > s f ). This
effect is called the Kaldor effect, which is a destabilizing
force. In contrast, we have a stabilizing force, which re-
sults from induced technical change. The increase inu also
makes the firm choose more labor-using directions of tech-
nical change (φu > 0). This tendency eventually induces
an increase inxn. Consequently, the above process causes
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a reduction inu (ux < 0), which leads to a slowdown in
expansion. In this manner, the interaction of the two forces
yields the cyclical movements in our dynamic model.
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Abstract
This paper studies how a time lag in policy re-
sponse affects the stability of income adjustment
process. Two different approaches are taken: one
is local stability analysis and the other is to con-
sider the dynamical system with continuously dis-
tributed lags. It is demonstrated that the time-lag
has destabilizing effects. It is also demonstrated
that the length of time-lag and the strength of the
policy response can be sources of instability.

1 Basic Model
We recapitulate the basic elements of Kaldor’s
Model and add our specification of policy lag. We
denote national income by Y , investment by I, sav-
ings by S, Government expenditure by G and K by
the capital stock. The model can be summarized in
the following equations:

Ẏ (t) = α {I(Y (t),K(t))− S(Y (t))−G(t)} ,

K̇(t) = I(Y (t),K(t))− δK(t).

where the dot over a variable means a time deriva-
tive, α is an adjustment coefficient, and δ is the con-
stant depreciation rate. The first equation states
that income changes proportionally to the excess
demand in the good market. The second states
that the accumulation or decumulation of the capi-
tal stock The main aim of this study is to find how
the policy-lag affects dynamics of output. To this
end, we simplify the model by making the following
three assumptions:

Assumption 1. K(t) is constant for all t ≥ 0.

Assumption 2. I(Y ) = IY Y with IY > 0,
S(Y ) = SY Y with SY > 0, and G(t) =
βY (t− τ) with β > 0.

Assumption 3. a ≡ IY − SY > 0.

Assumption 1 reduces Kaldor’s model to a one di-
mensional dynamic model in which output Y (t) is a
time variable. Assumption 2 confines the following
analysis to the case in which behavioral specifica-
tions are linear in income and only the lag in policy
response is taken into account. Dependency of in-
vestment on capital is implicitly assumed away due
to Assumption 1. Assumption 3 is Kaldor’s basic
condition for the normal level of income.
As a benchmark, we start to consider the model

without the time lag (i.e., τ = 0). Under Assump-
tions 1, 2 and 3, the dynamical system is reduced
to

Ẏ (t) = α(a− β)Y (t).

This is a one-dimensional linear differential equa-
tion and it can be seen that a stationary state is
zero and unique. Its solution is given by

Y (t) = Y0e
α(a−β)t,

and is stable or unstable according to whether a−β
is negative or positive. Since we are interested in
how time lags disturb an otherwise stable dynam-
ical system, we make the following assumption for
the stability of the model without time lag.

Assumption 4. a− β < 0.
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2 Local Stability with Time
Lags

We explicitly introduce a time lag in policy re-
sponse and show that such a time lag can be a
source of cyclic behavior. The dynamical system
with policy lag is written as

Ẏ (t) = α {aY (t)− βY (t− τ)} .

As usual we suppose that the system has an expo-
nential solution, Y (t) = Y0e

−λt. Substituting the
solution into the dynamical system provides the
characteristic equation,

λ− αa+ αβe−λτ = 0.

Setting λ = 0 reduce the characteristic equation
to −α + β that is positive due to Assumption 4.
This means that λ = 0 cannot be a solution of the
characteristic equation and a stability switch (or a
cross of the imaginary axis) necessarily occurs with
λ = ±iω with ω > 0. Without loss of generality,
we assume that λ = iω with ω > 0 is a root of the
characteristic equation for some τ > 0. Substituting
this solution into the characteristic equation divides
the complex root into the following forms of the real
part and the imaginary part

−αa+ αβ cosωτ = 0,

ω − αβ sinωτ = 0.

Moving −αa and ω to the right hand side, squaring
them, and adding them together, we obtain

ω2 = α2(β2 − a2)

in which β2 − a2 > 0 due to Assumption 4. Hence

ωe = α

q
β2 − a2 > 0.

Putting θ = ωτ , dividing the real part by the imag-
inary part and solving the result for θ give

θe = cot
−1

Ã
ap

β2 − a2

!
for 0 < θe < π.

We denote the critical value of time lag by τe,

τe =
θe
ωe
=

cot−1
µ

a√
β2−a2

¶
α
p
β2 − a2

.

To check the dependency of λ on τ , we substitute
λ(τ) into the characteristic equation and differen-
tiate it with respect to τ to obtain¡

1− αβτe−λτ
¢ dλ
dτ
= αβλe−λτ

where from the characteristic equation, we have

e−λτ = −λ− αa

αβ
.

For convenience, we study (dλ/dτ)−1 instead of
dλ/dτ . µ

dλ

dτ

¶−1
=
eλτ

αβλ
− τ

λ

Thus

sign

∙
dReλ(τ)

dτ

¸
= sign

∙
1

ω2e + α2

¸
Therefore we have

dReλ(τ)

dτ
> 0 for λ = iωe.

This inequality implies that all the roots that cross
the imaginary axis at iωe cross from left to right as
τ increases. We summarize the result:

Theorem 1 The stationary state is uniformly as-
ymptotically stable for τ < τe, loses it stability for
τ = τe, and bifurcates to a limit cycle for τ > τe
where τe is defined by

τ e =

arccot

µ
a√

β2−a2

¶
α
p
β2 − a2

.

3 Continuously Distributed
Time Lags

We consider the dynamical system with continu-
ously distributed time lags. If the government ex-
penditure is based on an expected income, Y e, and
the expected income is a weighted average of past
income, the dynamical system can be written as the
system of integro-differential equation,

Ẏ (t) = α {aY (t)− βY e(t)}

Y e(t) =
tR
0

w(t− s, T,m)Y (s)ds,
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where the weighting function, abbreviated by w, is
as follows

w =

⎧⎪⎪⎨⎪⎪⎩
1

T
e−

t−s
T if m = 0,

1

m!

³m
T

´m+1
(t− s)me−

m(t−s)
T if m ≥ 1.

Here m is a nonnegative integer and T is a positive
real parameter. In the following analysis, to see
how the distribution specification affects the sta-
bility of the system, we consider two cases: one is
the case with m = 0 for which weights are expo-
nentially declining with most weight given to the
most current data and the other is the case with
m = 1 for which zero weight is given to the most
current data, rising to maximum at s = t− T and
then declining exponentially thereafter.

3.1 m = 0; Exponentially Declining
Weights

Differentiating Y e(t) with respect to time yields the
expectation adjustment equation in which expected
income is revised according to the difference Y (t)
over Y e(t). With this, we can transform the 1D
system of the integro-differential equation to a 2D
system of ordinary differential equations,⎛⎝ Ẏ (t)

Ẏ e(t)

⎞⎠ =

⎛⎝ αa −αβ

1/T −1/T

⎞⎠⎛⎝ Y (t)

Y e(t)

⎞⎠ .
The characteristic equation is

λ2 −
µ
αa− 1

T

¶
λ+

α

T
(β − a) = 0.

A Hopf bifurcation occurs if the complex con-
jugate roots cross the imaginary axis. Apparently,
the roots are pure imaginary if αa− 1

T = 0. As there
are no other real roots in this two-dimensional sys-
tem, the consideration of the existence of closed
orbits is complete if the eigenvalues cross the imag-
inary axis with nonzero speed at the bifurcation
point. We choose T as the bifurcation parame-
ter. It can directly be seen that there exist a value
T = τ0 for which the real part becomes zero,

τ0 =
1

αa
> 0.

The eigenvalues are

λ1,2 = ±iα
p
(β − a)a

It is also checked that

dRe(λ1,2)

dT
=

1

(τ0)2
> 0.

The inequality implies that the real part crosses
the imaginary axis from left to right. Thus the
system undergoes a Hopf bifurcation for T = τ 0.
We summarize the result:

Theorem 2 When a policy lag on government ex-
penditure has an exponentially declining weight dis-
tribution, it might destabilize the otherwise stable
one dimensional model if T > τ0 where τ0 is de-
fined by

τ 0 =
1

αa
.

3.2 m = 1 : Bell-shaped Weight Dis-
tribution

When m = 1, the weighting function is

Y e(t) =

Z t

0

µ
1

T

¶2
(t− s)e−

t−s
T Y (s)ds.

Introduce a new state variable,

Z(t) =

Z t

0

1

T
e−

t−s
T Y (s)ds.

Differentiating Y e(t) and Z(t) and replacing the re-
sultant integrals with the new state variable, we can
eliminate the integral terms from the dynamic sys-
tem and, in particular, have the three dimensional
system of the ordinary difference equations,

Ẏ (t) = α {aY (t)− βY e(t)} ,

Ẏ e(t) =
1

T
{Z(t)− Y e(t)} ,

Ż(t) =
1

T
{Y (t)− Z(t)} .

The corresponding characteristic equation is

λ3 + a1(T )λ
2 + a2(T )λ+ a3(T ) = 0
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where coefficients are defined as follows,

a1(T ) =
2

T
− αa > 0 for T <

2

αa
≡ T1,

a2(T ) =

µ
1

T
− 2αa

¶
1

T
> 0 for T <

1

2αa
≡ T2,

a3(T ) =
α

T 2
(β − a) > 0 due to Assumption 4.

Since it is seen that a1(T ) > 0 and a2(T ) > 0 for
T < T2, and a3(T ) > 0 is always true, the roots of
the characteristic equation have negative real parts,
according to Routh-Hurwitz condition, if and only
if a1(T )a2(T )− a3(T ) > 0, namely,

1

T 3
©
2(αa)2T 2 − α(4a+ β)T + 2

ª
> 0.

Let us denote the expression in the parenthesis by
f(T ). Then solving f(T ) = 0 for T gives

T± =
1

2αa

(4a+ β)±
√
β
√
8a+ β

2a
.

It can be verified that

0 < T− < T2 < T+.

Inequalities imply that

a1(T )a2(T )− a3(T ) R 0 according to T Q T−

Since a1(T )a2(T ) = a3(T ) for T = T−, the char-
acteristic equation can be factorized as

λ3 + a1(T−)λ
2 + a2(T−)λ+ a3(T−)

=
¡
λ2 + a2(T−)

¢
(λ+ a1(T−)) .

Equating the right hand side to zero and solving it
for λ reveals that one of the characteristic root is
negative and the other two are pure imaginary,

λ1 = −a1(T−) < 0,

λ2,3 = ±i
p
a2(T−) = ±iω1.

To apply the Hopf bifurcation theorem, we need
to determine the sign of the derivative of the real
part of the complex roots. We can think of the
roots of the characteristic equation as continuous

function in terms of the policy lag, T . By implicit
differentiation, we have

(3λ2 + 2a1λ+ a2)
dλ

dT
+ (a01λ

2 + a02λ+ a
0
3) = 0

implying that

dλ

dT
= −a

0
1λ
2 + a02λ+ a

0
3

3λ2 + 2a1λ+ a2
,

where λ = iω1 and ω21 = a2. Rationalizing the right
hand side and noticing that the terms with λ are
imaginary and the constant and quadratic terms
are real yields the following from of the real part of
the derivative of λ,

Re

µ
dλ

dT

¶
= −(−a

0
1ω

2
1 + a

0
3)(−3ω21 + a2) + 2a1a02ω21

(−3ω21 + a2)2 + (2a1ω1)2
.

Therefore

sign
¡
Re
¡
dλ
dT

¢¢
= −sign

µ
2(2αaT−−1)(1−(αaT−)2)

(T−)6

¶
,

where T− < T2 implies that 2αaT− − 1 < 0 and
(αaT−)

2 < 1
4 . It is seen that the sign is positive for

T = T−,

Re

µ
dλ

dT

¶
> 0.

The crossing of the imaginary axis is from left to the
right as T increases and a Hopf bifurcation occurs
for T = T−.
Let τ1 = T−. The equilibrium is stable for T < τ1

as Routh-Hurwitz stability conditions are fulfilled,
namely, a1(T ) > 0, a2(T ) > 0, a3(T ) > 0 and
a1(T )a2(T )− a3(T ) > 0 while it becomes unstable
for T ∈ (T−, T2). Thus it can be said that a policy
lag might have a destabilizing effect, which we sum
up as follows.

Theorem 3 When a policy lag on government ex-
penditure has a bell-shaped weight distribution, it
might destabilize the otherwise stable Kaldorian one
dimensional model if T > τ 1 where τ1 is defined by

τ1 =
1

2αa

(4a+ β)−
√
β
√
8a+ β

2a
.
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Abstract—We propose a new index for the detection
and quantification of directional coupling in complex sys-
tems. This index is applied to weakly as well as strongly
coupled systems. This method is based on the recurrence
properties of the coupled systems. We investigate the sen-
sitivity of the technique in various numerical experiments
and the influence of observational noise.

1. Introduction

The interplay of complex dynamical systems is a central
issue in nonlinear dynamics as well as in nonlinear time se-
ries analysis. Under certain assumptions different types of
synchronization can occur between the interacting systems.
This topic has been intensively studied in the last years and
has been observed in various fields, such as physics and
biology [1]. In such systems it is important not only to ana-
lyze the synchronization but also to identify causal (driver-
response) relationships. There are mainly three approaches
to address this problem: state-space based methods [2], in-
formation theory based methods [3] and methods based on
the interrelations between the phases of the systems under
consideration [4].
In the state-space based approach the state vectors are usu-
ally reconstructed by means of delay embedding [5]. If
there exists a functional relationship between the driver X
and the response system Y, i. e. ~y(t) = Ψ(~x(t)), they are
said to be generalized synchronized. From the existence of
Ψ it follows that close states of the driver will be mapped
to close states of the response. However, if Ψ is bijective,
also close states of the response will be mapped to close
states of the driver. Therefore, if X and Y are generalized
synchronized it is impossible in general to asses the direc-
tion of the coupling reliably [6].
Moreover, there are several methods based on information
theory to determine the direction of the coupling [3]. They
are usually applied to systems which are strongly coupled.
In order to treat also weakly coupled systems, the phases
of the signals are determined beforehand, and then infor-
mation theory based indices are applied to the phases.
Furthermore, in [4] a technique based on the fitting of the
functional relationship between the phases of the two in-
teracting systems has been proposed to detect and quantify
the asymmetry in the coupling.
Smirnov and Andrzejak have compared systematically the
phase-dynamics approach with the state-space one in the

case of weak directional coupling [6]. They have come to
the conclusion that none of both approaches is generally
superior to the other.
In this paper we introduce a new method to uncover direc-
tional coupling. This approach is based on the recurrence
properties of both interacting systems. It is rather straight-
forward to compute, in contrast to the more complicated
information theory approaches. Furthermore, it has the ad-
vantage that it is applicable to both weak and strong direc-
tional coupling.
The outline of this paper is as follows: in Sec. 2 we intro-
duce the measures for the analysis of the directional cou-
pling based on recurrences. In Sec. 3 we demonstrate the
proposed measures in three numerical examples. In Sec. 4
we discuss the dependence of the proposed measures on
observational noise and finally, we give some conclusions.

2. Recurrence Based Mehod

Recurrence is a fundamental property of dynamical
systems. The concept of recurrence was introduced by
Poincaré [7], where he showed that a bounded dynamical
system recurs infinitely many times to some neighborhood
of a former visited state in phase space. There are many dif-
ferent techniques in nonlinear dynamics which exploit the
concept of recurrence. We concentrate of the method of
Recurrence Plots (RPs), introduced by Eckmann et al. to
visualise the behavior of dynamical systems in phase space
[8]. They are defined by means of the recurrence matrix

Ri, j = Θ
(

ε − ||~xi − ~x j||
)

, i, j = 1, . . . ,N, (1)

where ~xi denotes the state of the system X at time i∆t with
∆t being the sampling rate, ε is a predefined threshold,Θ(·)
is the Heaviside function and N is the length of the trajec-
tory considered. The RP is obtained plotting a black dot at
the coordinates (i, j) if Ri, j = 1. Looking at the patterns of
the RP, one gets a visual impression about the dynamics of
the system under consideration. In order to go beyond the
visual impression, several measures have been proposed to
quantify the patterns in the RP. They have found numerous
applications in very different kinds of systems [9]. More-
over, somehow more formal relationships between the pat-
terns obtained in RPs and dynamical invariants have been
developed [10]. It has also been shown that the RP con-
tains all topological information about the underlying sys-
tem [11].
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The method of RPs has been extended to Joint Recurrence
Plots (JRPs) to analyze the interplay of two or several dy-
namical systems [12]. The JRP of X and Y is defined as
follows

JRX,Y
i, j = Θ

(

ε − ||~xi − ~xi||
)

Θ
(

ε − ||~yi − ~yi||
)

, (2)

i. e. we consider a joint recurrence if the system X recurs
in its own phase space and simultaneously, the system Y
recurs also in its own phase space. Based on JRPs it is
possible to analyze different kinds of synchronization of
coupled complex systems [13].

Now, in order to detect the directionality of the coupling
between two systems X and Y, we consider the mean con-
ditional probability of recurrence (MCR)

CR(Y |X) =
1
N

N
∑

i=1

p(~yi|~xi) =
1
N

N
∑

i=1

∑N
j=1 JRX,Y

i, j
∑N

j=1 RX
i, j

, (3)

where p(~yi|~xi) is an estimate of the probability that the tra-
jectory of Y recurs to the neighborhood of ~yi under the con-
dition that the trajectory of X recurs to the neighborhood of
~xi. Analogously, we define

CR(X|Y) =
1
N

N
∑

i=1

p(~xi|~yi) =
1
N

N
∑

i=1

∑N
j=1 JRX,Y

i, j
∑N

j=1 RY
i, j

. (4)

If X drives Y, we expect that CR(X|Y) < CR(Y |X) and
vice versa. Hence, we propose CR(X|Y) and CR(Y |X)
as directionality parameters. In the case that CR(X|Y) =
CR(Y |X), the coupling strength between X and Y is sym-
metric.

A heuristic argumentation for this fact is the following:
if X drives Y, the dimension of Y will be in general larger
than the dimension of X, because the evolution of Y
is determined by the states of X and Y. Moreover, the
higher the complexity of Y, the smaller is the probability
of recurrence of ~yi ∀i. Hence, increasing the coupling
strength from X to Y, the probability p(~yi) that the trajec-
tory of Y recurs to the neighborhood of ~yi will decrease.
Since p(~xi|~yi) = p(~xi,~yi)/p(~yi), CR(X|Y) decreases with
increasing coupling strength.
On the other hand, the complexity of X remains constant
with increasing coupling strength, because the evolution of
X depends only of the states of X. Hence, the probability
p(~xi) that the trajectory of X recurs to the neighborhood of
~xi does not change with the coupling strength. Therefore,
p(~yi|~xi) remains almost constant with increasing coupling
strength and hence, also CR(Y |X) remains almost un-
changed.

Now we illustrate this argument by a numerical example.
We consider unidirectionally coupled Hénon maps

x′1 = 1.4 − x2
1 + b1x2,

x′2 = x1 (5)

for the driving system X, and

y′1 = 1.4 −
(

µx1y1 + (1 − ε)y2
1

)

+ b2y2,

y′2 = y1 (6)

for the response system Y. We use identical systems
b1 = b2 = 0.3. For 101 values of the coupling strength
µ we iterate Eqs. 5,6 and compute an estimate of the
correlation dimension D2 [5] for the system X and for
the system Y (see Fig. 1). We observe that for µ > 0

Figure 1: Estimate of the correlation dimension D2 for the sys-
tem X (red) and for the system Y (blue) (Eqs. 5,6) in dependence
on the coupling strength µ. The onset to identical synchronization
occurs at approximately µ = 0.65.

the estimate of the correlation dimension D̂2(Y) for the
system Y increases very rapidly. It reaches a maximum
at approximately µ = 0.09 and then it decreases more
slowly. The onset to identical synchronization occurs at
approximately µ = 0.65 [3]. Hence for µ > 0.65 both
D̂2(Y) and D̂2(X) coincide.

Note that the detection of the directionality holds only
before the onset of synchronization. In the case of identical
synchronization the series {xi} and {yi} are identical and
hence there is no possibility of establishing the causal
relationship between X and Y just from the data. This
argument can be also extended to the case of generalized
synchronization, where the systems are related by a
one-to-one function.

Note also that ~xi and ~yi represent the vectors in the phase
space of X resp. Y. We assume that we have observed
just scalar time series {xi}

N
i=1 and {yi}

N
i=1. Hence, we apply

delay embedding to reconstruct the trajectories of X and Y
in phase space [5].

3. Numerical Examples

The first example we consider is identical unidirection-
ally coupled Hénon maps (Eqs. 5,6) with b1 = b2 = 0.3.
We use 10,000 data points for the computation, ε = 0.05,
embedding dimension m = 2 and delay τ = 1. Analogously
to the estimation of the correlation dimension in Sec. 2,
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we iterate the maps for 101 values of the coupling strength
µ and compute the directionality parameters CR(X|Y) and
CR(Y |X) (see Fig. 2). We observe that CR(X|Y) < CR(Y |X)
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Figure 2: CR(X|Y) (red) and CR(Y |X) (green) for two identical
unidirectionally coupled H énon maps (Eqs. 5,6) in dependence on
the coupling strength µ.

for µ between 0 and 0.65 (before the onset to synchro-
nization), indicating correctly the direction of the coupling.

Now we consider two nonidentical unidirectionally cou-
pled Hénon maps (Eqs. 5,6) with b = 0.1 and b = 0.3. The
embedding dimension in this case is m = 3 and the delay is
τ = 1. The onset to generalized synchronization occurs at
µ = 0.38 [3]. In Fig. 3 we observe that CR(X|Y) < CR(Y |X)
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Figure 3: CR(X|Y) (red) and CR(Y |X) (green) for two noniden-
tical unidirectionally coupled H énon maps (Eqs. 5,6) in depen-
dence on the coupling strength µ.

for µ < 0.38, again indicating correctly the direction of the
coupling between X and Y. After the onset to generalized
synchronization, the direction of the coupling cannot be
determined just from the time series, as argued in Sec. 2.
The intersections of both curves CR(X|Y) and CR(Y |X)
in Fig. 3 can be explained by the dependence of the two
largest Lyapunov exponents on the coupling strength µ [3].

The last two cases are systems which are strongly
coupled. We have seen that the conditional recurrence
based method is able to detect correctly the direction of
the coupling in these cases. Now we apply the mean
conditional probability of recurrence to two systems which

are weakly coupled.

Our third example is given by unidirectionally coupled
Rössler dynamics. The driving system X is given by

ẋ1 = −ωxx2 − x3,

ẋ2 = ωxx1 + 0.15x2, (7)

ẋ3 = (x1 − 10)x3 + 0.2,

and the response system Y by

ẏ1 = −ωyy2 − y3 + µ(x1 − y1),

ẏ2 = ωyy1 + 0.15y2, (8)

ẏ3 = (y1 − 10)y3 + 0.2.

The frequency mismatch ν is defined by ωx,y = 1 ± ν, with
ν = 0.02. We use fourth-order Runge-Kutta routine with a
step size of 0.05 and a sampling interval of ∆t = 0.3. The
length of the time series is 10,000. Time series of x1 and
y1 are taken as observables. The embedding dimension for
X is m = 4 and the delay τ = 5. For the system Y the
embedding dimension is m = 5 and the delay τ = 5. In
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Figure 4: CR(X|Y) (red) and CR(Y |X) (green) for two weakly
unidirectionally coupled Rössler systems (Eqs. 7,8) in depen-
dence on the coupling strength µ.

Fig. 4 we see that CR(X|Y) < CR(Y |X) for the whole range
of µ,indicating correctly the direction of the coupling also
in this case of two weakly coupled systems.

4. Influence of Observational Noise

In order to study the influence of observational noise
on the mean conditional probability of recurrence, we add
25% and 60% observational uniformly distributed white
noise to the systems X and Y of Eqs. 5,6. Then, we com-
pute CR(X|Y) and CR(Y |X) for each value of the coupling
strength µ (see Figs. 5,6).

With 25% observational noise, we can detect very well
the direction of the coupling (Fig. 5). We see that before
the onset to synchronization, CR(X|Y) < CR(Y |X), as ex-
pected. With 60% observational noise, the detection of the
direction of the coupling is more difficult for very small
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cal unidirectionally coupled H énon maps (Eqs. 5,6) contaminated
by 25% of observational noise in dependence on the coupling
strength µ.

 0.5

 0.52

 0.54

 0.56

 0.58

 0.6

 0.62

 0.64

 0.66

 0.68

 0.7

 0  0.2  0.4  0.6  0.8  1

CR
(x|

y),
CR

(y|
x)

coupling strength
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cal unidirectionally coupled H énon maps (Eqs. 5,6) contaminated
by 60% of observational noise in dependence on the coupling
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values of the coupling strength µ but for µ > 0.1 the direc-
tionality is correctly detected.
Hence, we conclude that the MCR seems to be a rather ro-
bust measure for the detection and quantification of the di-
rection of the coupling, also in the presence of high levels
of observational noise.

5. Conclusions

In this paper we have introduced a new method to detect
and quantify the direction of the coupling in complex sys-
tems. The proposed technique is based on the mean condi-
tional probability of recurrence (MCR) and it is applicable
to weakly and strongly coupled systems. We have illus-
trated the applicability of MCR by means of three different
numerical examples. Furthermore, we have analyzed the
influence of observational noise on MCR and found that it
is rather robust.
A systematic comparison of MCR with other known tech-
niques for the detection of the directionality is planed for
the future, as well as a study of the influence of the thresh-
old ε and the length of the time series used for the anal-
ysis. Also the problem of passive experiments has to be

addressed, i. e. the case in which the time series have been
measured for just one value of the coupling strength.
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Abstract—In many investigations of dynamical systems

more than one single process is observed and analyzed. Of

particular interest is the detection of interrelationships be-

tween processes in such multivariate systems. When more

than two processes are analyzed, one has to face the prob-

lem that complex interaction structures between the pro-

cesses may arise. It is not necessary that two processes in

a multivariate system have to interact directly. Bivariate

analysis is often not sufficient to reveal the correct inter-

action structure, i.e. distinguishing between direct and in-

direct interactions. Graphical models applying partial co-

herence have been introduced to discriminate between spu-

rious and non-spurious interactions in multivariate linear

systems. For weakly coupled self-sustained chaotic oscil-

lators it has been observed that these oscillators can syn-

chronize their phases, which can be detected by phase syn-

chronization analysis. A methodology is desired similar to

graphical models applying partial coherence to linear sys-

tems that is able to distinguish between direct and indirect

coupling in non-linear, phase synchronizing systems. To

this aim we present the concept of partial phase synchro-

nization. We demonstrate its ability to discriminate di-

rect from indirect interactions in a multivariate system of

weakly coupled self-sustained chaotic oscillators.

1. Introduction

In various fields of research analysis techniques have

been suggested to analyze interactions in dynamic systems

[1, 2, 3, 4, 5, 6, 7]. When more than two processes interact

with one another complex interaction structures between

the processes may arise, which have to be faced when ana-

lyzing such systems. For instance two processes in a mul-

tivariate system do not have to interact directly. Therefore,

bivariate analysis that neglects contribution of other pro-

cesses is often not sufficient to reveal the correct interac-

tion structure, i.e. distinguishing direct and indirect inter-

actions. In order to avoid false positive conclusions about

the interdependence structure of the investigated multivari-

ate system, the applied analysis technique should distin-

guish direct and indirect interactions which is impossible

for bivariate techniques alone.

Partial spectral coherence was introduced [8] and ap-

plied [9] to discriminate direct and indirect connections

in linear systems. Graphical models applying partial co-

herence have been introduced to reveal the interdepen-

dence structure in multivariate systems consisting of linear

stochastic processes [10]. If a significant bivariate coher-

ence is detected between two processes, which becomes

non-significant utilizing partial coherence, the correspond-

ing connection is unmasked as an indirect one. As a result

of this, false positive conclusions are prevented in linear

systems. An intuitively interpretable graph represents the

investigated processes as vertices and direct interrelations

are represented by edges between the corresponding ver-

tices.

Here, we carry over the concept of graphical models and

partialization analysis to non-linear synchronizing systems.

To this aim, we first present the concept of graphical mod-

els applying partial coherence and then demonstrate how

this methodology can be carried over to phase synchroniza-

tion analysis. This leads to partial phase synchronization

analysis.

2. Graphical models applying partial coherence

Considering an N-dimensional dynamic process

X1, . . . , XN , the partial cross-spectra S Xk Xl |XZ between Xk

and Xl and the auto-spectra S Xk Xk |XZ of Xk conditioning on

all remaining processes XZ {XZ |Z = 1, . . . ,N , Z � k, l} are

defined by

S Xk Xl |XZ (ω) = S Xk Xl (ω) − S Xk XZ (ω) S −1
XZ XZ

(ω) S XZ Xl (ω) (1)

and by

S Xk Xk |XZ (ω) = S Xk Xk (ω) − S Xk XZ (ω) S −1
XZ XZ

(ω) S XZ Xk (ω) . (2)

S Xk Xl (ω), S Xk XZ (ω), and S XZ XZ (ω) denote the multivariate

auto- and cross-spectra, which can be estimated e.g. by

smoothing the corresponding periodograms [11].

Inverting and renormalization of the spectral matrix

S(ω) =



S X1X1
(ω) S X1X2

(ω) . . . S X1XN (ω)

S X2X1
(ω) S X2X2

(ω) . . .
...

...
...

. . .
...

S XN X1
(ω) . . . . . . S XN XN (ω)


(3)
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is a numerically efficient method to estimate the partial

auto- and cross-spectra [10]. The information about the

linear interrelation between the processes Xk and Xl con-

ditioned on the remaining examined processes XZ is con-

tained in the partial coherence

PCohXk Xl |XZ (ω) =

∣∣∣S Xk Xl |XZ (ω)
∣∣∣

√
S Xk Xk |XZ (ω) S XlXl |XZ (ω)

. (4)

A graphical model reflecting the partial correlation struc-

ture consists of a set of vertices V = 1, ..,N and a set

of edges E. An edge between k and l is present if

PCohXk Xl |XZ (ω) is non-zero [10]. We mention that there is a

similar concept for ordinary random variables, e.g. covari-

ance selection models [12, 13].

As an example, the following vector autoregressive pro-

cess is considered

x1(t) = 1.1x1(t − 1) − 0.6x1(t − 2)

+0.5x2(t − 3) + ε1(t) (5)

x2(t) = 0.6x2(t − 1) − 0.4x1(t − 5) + ε2(t) (6)

x3(t) = 0.5x3(t − 3) + 0.4x2(t − 4) + ε3(t) (7)

x4(t) = 1.2x4(t − 1) − 0.7x4(t − 2)

−0.5x1(t − 2) + ε4(t) (8)

The analysis of this model system using graphical mod-

els applying partial coherence is presented in Fig. 1. In

(a) on the diagonal the spectra of the processes are display,

while above the diagonal the bivariate coherence is shown

and below the diagonal the partial coherence. The result-

ing graph of this partial coherence analysis is summarized

in Fig. 1 (b). The correct interaction structure is revealed

by graphical models applying partial coherence. We want

to emphasize that ordinary coherence suggests that all pro-

cesses interact with one another directly.

3. Graphical models applying partial phase synchro-
nization

For nonlinear synchronizing system to investigate phase

synchronization

∣∣∣∣Rn,m
k,l

∣∣∣∣ =
∣∣∣∣∣∣∣
1

T

T∑

t=1

eiΦn,m
k,l (t)

∣∣∣∣∣∣∣ (9)

has been introduced. Here, we concentrate on n = m =
1. The synchronization index Rn,m

k,l quantifies the sharp-

ness of peaks in the histograms of the phase difference

Φ
n,m
k,l = nΦk (t) − mΦl (t) for appropriate integers n and

m. It is normalized between zero and one. A value close

to one is obtained for an almost constant phase differ-

ence |nΦk (t) − mΦl (t)| =
∣∣∣∣Φn,m

k,l (t)
∣∣∣∣ < const , n,m ∈ Z.

This has also been observed between two non-identical

oscillators [14]. For the extension of phase synchroniza-

tion to non-linear stochastic oscillators, the distribution of

Ψ
n,m
k,l (t) = Φn,m

k,l (t) mod2π is investigated [4].

The auto- and cross-spectra enter the spectral matrix

(3) to estimate the partial auto- and cross-spectra (Eq. (1)

and (2)) leading to partial coherence (Eq. (4)) in linear sys-

tems. In nonlinear synchronizing systems, the spectral ma-

trix (3) has to be substituted by

R =



1 R1,2 . . . R1,N

R∗
1,2 1 . . . R2,N
...

...
. . .

...
R∗

1,N R∗
2,N . . . 1


(10)

with entries Rk,l := R1,1
k,l (Eq. 9), which are the pairwise

synchronization indices. In the following we refer to this

matrix as synchronization matrix. The inverse PR = R−1

of the synchronization matrix R immediately leads to the

definition of the 1 : 1 partial phase synchronization index

Rk,l|Z =
|PRkl|√

PRkk PRll
(11)

between Xk and Xl conditioned on the remaining processes

{XZ |Z = 1, . . . ,N , Z � k, l}. For further information and

proof, please refer to Ref. [15]. Now it holds that if the bi-

variate phase synchronization index Rk,l is considerably dif-

ferent from zero, while the corresponding multivariate par-

tial phase synchronization index Rk,l|Z ≈ 0, there is strong

evidence for an indirect coupling between the processes Xk

and Xl. Graphical models applying partial phase synchro-

nization analysis are defined by:

An edge E between the oscillators k and l in a partial
phase synchronization graph is missing, if and only if Rk,l|Z
is small compared to Rk,l.

Three coupled stochastic Roessler oscillators

ξ̇ j =


Ẋ j

Ẏ j

Ż j



=


−ω j Y j − Zj +

[∑
i� j εi, j

(
Xi − Xj

)]
+ σ j η j

ω j X j + a Yj

b + (Xj − c) Zj



i, j = 1, 2, 3 (12)

are a genuine example of a system consisting of weakly

coupled self-sustained stochastic oscillators. The param-

eters are set to a = 0.15, b = 0.2, c = 10, σ j = 1.5,

ω1 = 1.03, ω2 = 1.01, and ω3 = 0.99 yielding a chaotic

behavior in the deterministic case. For the noise term σ j η j

a standard deviation of σ j = 1.5 is chosen and η j is stan-

dard Gaussian distributed. Both the bidirectional coupling

ε1,3 = ε3,1 between oscillator ξ1 and oscillator ξ3 and the

bidirectional coupling ε1,2 = ε2,1 between oscillator ξ1 and

oscillator ξ2 are varied between 0 and 0.3. Both synchro-

nization phenomena, phase and lag synchronization, are
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Figure 1: (a) Coherence and partial coherence. Values of the bivariate coherence (above the diagonal) and partial coher-

ence (below the diagonal) are shown. When comparing the bivariate coherences with the partial coherences it becomes

clear that the interaction only the following connections are direct: x1 − x2, x2 − x3, and x1 − x4, which is in agreement

with the simulated interdependencies. (b) Graph of the simulated coupling scheme correctly revealed by partial coherence

analysis.

contained in this range of coupling strengths. The oscilla-

tors ξ2 and ξ3 are not directly coupled since ε2,3 = ε3,2 = 0.

The bivariate synchronization index R1,2 as well as R1,3

increases when the corresponding coupling strength is in-

creased, indicating phase synchronization (Fig. 2 (a) –

above the diagonal ). Once a sufficient amount of coupling

exists between oscillators ξ1 and ξ2 as well as between ξ1
and ξ3, a non vanishing bivariate synchronization index R2,3

between the not directly coupled oscillators ξ2 and ξ3 is ob-

served (Fig. 2 (a) – above the diagonal). The common in-

fluence from oscillator ξ1 onto ξ2 and ξ3 causes this high

but spurious synchronization index. The bivariate synchro-

nization analysis suggests a complete linking between all

oscillators, containing the additional but spurious edge be-

tween oscillator ξ2 and ξ3.

In Fig. 2(a) (below the diagonal) the results of partial

phase synchronization analysis are shown. While R1,2|3 as

well as R1,3|2 are essentially unchanged compared to the bi-

variate synchronization indices, R2,3|1 stays almost always

below 0.1 and is therefore considerably smaller than R2,3

in the area of spurious synchronization. This strongly indi-

cates the absence of a direct coupling between oscillators

ξ2 and ξ3. This results in the graph presented in Fig. 2 (b),

representing the correct coupling scheme.

4. Discussion

In summary, we introduced graphical models applying

partial phase synchronization to phase signals of multivari-

ate synchronizing oscillators. This multivariate extension

is essential when analyzing multivariate systems to avoid

false positive conclusions about the underlying coupling

scheme. To this aim, we suggested an index quantifying

synchronization by applying a partialization analysis to the

analytic signal. Inverting the synchronization matrix yields

the concept of partial phase synchronization, that has been

shown to differentiate direct and indirect coupling in a mul-

tivariate system of non-linear synchronizing oscillators.
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Abstract— In this paper we present an approach to gen-
erate (multivariate) twin surrogate (TS) trajectories based
on recurrence properties. In contrast to other approaches,
such as the linear-like surrogates, this technique generates
surrogates which correspond to an independent copy of the
underlying system, i. e. they induce a trajectory of the un-
derlying system starting at different initial conditions. We
show that these surrogates are well suited to test for com-
plex synchronization. We then apply the TS to study binoc-
ular fixational movements and find strong indications that
the fixational movements of the left and right eye are phase
synchronized. This result indicates that there might be one
center only in the brain that produces the fixational move-
ments in both eyes or a close link between two centers.

Twin Surrogates

The concepts of complex synchronization and especially
phase synchronization (PS) have been intensively studied
in recent years [1]. Indications of PS have been found in
many laboratory and natural systems, e. g. population dy-
namics, neurological, cardio-respiratory systems and op-
tics, or during epilepsy [2]. The corresponding studies are
usually based on the computation of a measure which quan-
tifies dependencies of the instantaneous phases of the time
series. However, even though these measures may be nor-
malized between 0 and 1, experimental time series often
yield values which are neither close to 0 nor to 1 and hence
are difficult to interpret. This problem can be overcome if
the coupling strength between the two systems can be var-
ied systematically and a rather large change in the measure
can be observed (”active experiment”) [1]. PS in natural
systems, e. g. during epilepsy or between the heart beats of
a mother with the ones of her fetus [3], frequently evades
such an experimental manipulation (”passive experiment”).
In some cases, this problem has been tackled by interchang-
ing the pairs of oscillators [3], e.g. the heart beats of other
pregnant women were used as “natural surrogates”. These
surrogates are independent and hence not in PS with the
original system. Hence, if the synchronization index ob-
tained for the original data is not significantly higher than
the index obtained for the natural surrogates, there is not
sufficient evidence to claim synchronization. But even this
approach has some drawbacks. The natural variability and
also the frequency of the heart beats of the surrogate moth-
ers are usually slightly different from the ones of the bio-

logical mother. Furthermore, the data acquisition can be
expensive and at least in some cases problematic (e. g. in
some states of the pregnancy). Moreover, such natural sur-
rogates are often not available, e. g. in geophysics or neu-
roscience, . In these cases, we propose to test hypotheses
on the basis of surrogates generated by a mathematical al-
gorithm. Several approaches in this direction have been
published [4]. Usually, these are linear surrogates based
on randomization of the Fourier phases. They mimic the
individual spectra of the two components of the original
bivariate series as well as their cross-spectrum, i.e. their
linear properties, but not the higher order moments. In this
case, the corresponding null-hypothesis is that the putative
synchronization in the underlying system can be explained
by a bivariate linear stochastic process. The specificity of
this test is not always satisfactory, because the concept of
PS assumes the mutual adaption of self-sustained oscilla-
tors, i.e. nonlinear deterministic systems.
In this paper we present a new concept for the generation
of surrogates, which is based on the recurrences of a sys-
tem. These surrogates mimic the dynamical behavior of
the system, i. e. not only the linear properties but also the
nonlinear ones are preserved. They correspond to an inde-
pendent copy of the total system, and hence, they are not in
PS with the original one. In the case of stochastic systems
they simply correspond to another realization of the pro-
cess. In the case of deterministic systems, they correspond
to a trajectory of the underlying system starting at different
(random) initial conditions. Due to the random element in
both situations, we will refer to the surrogates as alterna-
tive realizations of the respective system. The main idea
is to find points of the measured trajectory which are not
only neighbors, but also share the same neighborhood in
phase space (twins), i. e. all other points are either neigh-
bors of both or of neither of them. Once the twins of the
trajectory have been localized, new surrogate trajectories
are generated by substituting randomly the next step in the
trajectory by either its own future or the one of its twin.
The algorithm to generate the surrogates is based on the
recurrence matrix

Ri, j = Θ
(

δ − ||~xi − ~x j||
)

, (1)

whereΘ(·) denotes the Heaviside function,|| · || the Eu-
clidean norm andδ is a predefined threshold. Coding the
“1’s” in the matrix as black dots and the “0’s” as white
ones, we obtain the recurrence plot (RP) of the trajectory
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[5]. It is important to note that if the RP is computed from
a univariate time series, it contains all topological informa-
tion about the underlying attractor, which therefore can be
reconstructed from it [6].
Hence, a first idea for the generation of surrogates is to
change the structures in an RP consistently with the ones
produced by the underlying dynamical system. In this way
one could reconstruct a new realization of the trajectory
from the modifiedRi, j. However, the structures in RPs are
not fully understood and one cannot arbitrarily interchange
columns in an RP, because such a modification changes the
distribution of diagonal lines and hence the entropy and
predictability of the system [6].
Therefore, we propose a modified approach. In general, in
an RP there are identical columns, i.e.Rk,i = Rk, j ∀k [6].
Thus, there are points which are not only neighbors (i.e.
||~xi − ~x j||∞ < δ), but which also share the same neighbor-
hood. Reconstructing the attractor from an RP, the respec-
tive neighborhoods of these points cannot help to distin-
guish them, i.e. from this point of view they are identical.
This is why we will call themtwins.
The number of twins depends onδ and is typically of the
order of 10-50% of the length of the time series. Twins are
special points of the time series as they are indistinguish-
able considering their neighborhoods but in general differ-
ent and hence, have different pasts and -more important-
different futures. The key idea of how to introduce the ran-
domness needed for the generation of surrogates of a de-
terministic system is that one can jump randomly to one of
the possible futures of the existing twins.
A surrogate trajectory~xs(i) of ~x(i) with i = 1, . . . ,N is then
generated in the following way:
(i) Identify all pairs of twins. (ii) Choose an arbitrary start-
ing point, say~xs(1) = ~x(k). (iii) If ~x(k) has no twin, the next
point of the surrogate trajectory is~xs(2) = ~x(k + 1). (iv) If
~x(k) has a twin, say~x(m), then one can go to either~x(k + 1)
or to ~x(m + 1), i. e. ~xs(2) = ~x(k + 1) or ~xs(2) = ~x(m + 1)
with equal probability1. Steps (iii) and (iv) are then iter-
ated until the surrogate time series has the same length as
the original one.
This algorithm creates twin surrogates (TS) which are
shadows of a (typical) trajectory of the system [7]. In
the limit of an infinite original trajectory, its surrogates
are characterized by the same dynamical invariants and the
same attractor. However, if the measure of the attractor
can be estimated from the observed finite trajectory rea-
sonably well, its surrogates share the same statistics. Also
their power spectra and correlation functions are consistent
with the ones of the original system. TS do not only seem
to give reasonable results for deterministic systems; the TS
of e.g. an ARMA process also show the typical behavior of
a linear Gaussian process if a suitable embedding is used.
Even the parameters of the process can be estimated cor-
rectly from the surrogates.

1If triplets occur one proceeds analogously.

Next, we use the TS to test for PS. The idea behind this
approach is similar to the one by means of ”natural sur-
rogates” in the mother-fetus heartbeat synchronization [3].
Suppose that we have two coupled self-sustained oscilla-
tors ~x1(t) and~x2(t). Then, we generateM TS of the total
system, i. e. ~x1

si (t) and ~x2
si(t), with i = 1, . . . ,M. These

surrogates are independent copies of the total system, i. e.
trajectories of the whole system beginning at different ini-
tial conditions. Note, that the coupling between~x1(t) and
~x2(t) is also mimicked by the surrogates. Next, we com-
pute the differences between the phases of the original sys-
tem ∆Φ(t) = Φ1(t) − Φ2(t) applying e. g. the analyti-
cal signal approach [1] and compare them with∆Φsi (t) =
Φ1(t) −Φsi

2 (t) (one can also considerΦsi
1 (t) −Φ2(t)). Then,

if ∆Φ(t) does not differ significantly from∆Φsi (t) with re-
spect to some index for PS, the null hypothesis cannot be
rejected and hence, we do not have enough evidence to
state PS.
As a test case, we consider two non-identical, mutually
coupled Rössler oscillators [1] with a frequency mismatch
of ν = 0.015 2. In this ”active experiment”, we vary the
coupling strengthε from 0 to 0.08 and compute a PS in-
dex for the original trajectory for each value ofε. Next
we generate 200 TS and compute the PS index between the
measured first oscillator and the surrogates of the second
one. As PS index we use the mean resultant lengthR of
complex phase vectors [8]

R =

∣

∣

∣

∣

∣

∣

∣

1
N

N
∑

t=1

exp(i∆Φ(t))

∣

∣

∣

∣

∣

∣

∣

. (2)

It takes on values in the interval from 0 (non PS) to 1 (per-
fect PS)[8]. LetRsi denote the PS index between the ob-
served first oscillator and the surrogatei of the second one.
To reject the null hypothesis at a significance valueα, R
must be larger than (1− α) · 100 percent of allRsi . Fig. 1 a
shows the results forR of the original system (bold line)
and the 1%(solid) significance level. Fig. 1 b displays the
difference betweenR of the original system and the 1%,
2% and 5% significance level. Forε < 0.025R of the orig-
inal system is, as expected, below the significance levels
and hence the difference is negative, and for higher val-
ues ofε the curves cross (the difference becomes positive).
This is in agreement with the criterion for PS via Lyapunov
exponentsλi [1], i. e. λ4 becomes negative atε ∼ 0.028
(Fig. 1 b), which approximately coincides with the intersec-
tion of the curve ofR for the original system and the signifi-
cance level (zero-crossing of the curves in Fig. 1 b). There-
fore, we recognize successfully the PS region by means of
the TS .
Note, that also the significance limit increases when the
transition to PS occurs (Fig. 1 a). As the TS mimic both
the linear and nonlinear characteristics of the system, the
surrogates of the second oscillator have in the PS region the

2The equations are ˙x1,2 = −(1 ± ν)y1,2 − z1,2 + ε(x2,1 − x1,2), ẏ1,2 =

(1± ν)x1 + 0.15y1,2, ż1,2 = 0.2+ z1,2 + z1,2(x1,2 − 10)
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same mean frequency as the first original oscillator. Hence
Rsi is rather high. However,Φ1(t) andΦsi

2 (t) do not adapt
to each other, as they are independent. Hence, the value
of R for the original system is significantly higher than the
Rsi . We state in conclusion that even though the obtained
value for a normalized PS index is higher than 0.97 (right
side of Fig. 1 a), this does not offer conclusive evidence for
PS. Hence,the knowledge of the PS index alone does not
provide sufficient evidence for PS 3.
Next, we perform an analysis of the power of the test for

Figure 1: a) R of the original data (bold) and significance level
of 1% (solid). b) Difference betweenR of the original data and
significance level of 1% (solid), 2% (dashed) and 5% (dashed-
dotted). The zero line is plotted (dotted) to guide the eye. c)
Four largest Lyapunov exponents for the 6-dimensional system
considered.λ4 is highlighted and the arrow indicates the transition
to PS.

ε = 0 andν = 0. For 100 random initial conditions of
the Rössler system and a significance level ofα = 1%, the
null hypothesis was erroneously rejected only in 1 out of
the 100 cases. This is a rather auspicious result, as due to
the identical frequencies, it is extremely difficult to detect
PS in this case. In the case ofε = 0.02 (e.g. no PS) and
ν = 0.015, there were no erroneous rejections of the null
hypothesis. Finally, for PS (ε = 0.045 andν = 0.015), in
all 100 test runs the null hypothesis was correctly rejected.
These results indicate that the power of the test is good.
Next we apply our algorithm to test fixational movements
of the two eyes for PS. During fixation of a stationary tar-
get our eyes perform small involuntary and allegedly erratic
movements to counteract retinal adaptation. If these eye
movements are experimentally suppressed, retinal adapta-
tion to the constant input induces very rapid perceptual fad-
ing [9]. Moreover, statistical correlations show a timescale
separation from persistence to antipersistence [10]. Per-
sistence on the short timescale counteracts retinal fading,
whereas antipersistence on the long timescale contributes
to stability of ocular disparity. According to current text-
book knowledge, the fixational movements of the left and

3Note, that the more phase coherent the oscillators are, the more diffi-
cult it is to decide whether they are in PS or not. A certain phase diffusion,
which allows to measure the adaptation of the phases of the interacting
oscillators is necessary to detect PS . However, the test based on the TS
reveals whether there is enough evidence for PS.

right eye are correlated very poorly at best [11]. Therefore,
it is highly desirable to examine these processes from a per-
spective of PS. We analyze the data of two subjects. Each
performed three trials, in which they fixated a small stim-
ulus (black square on a white background, 3× pixels on a
computer display) with a spatial extent of 0.12o, or 7.2 arc
min. Eye movements were recorded using an EyeLink-II
system (SR Research, Osgoode, Ontario, Canada) with a
sampling rate of 500 Hz and an instrument spatial resolu-
tion less than 0.005o. Fig. 2 shows a segment of the hori-
zontal (a) and vertical (b) component of the eye movements
for one person. The data were first high-pass filtered apply-

Figure 2:Simultaneous recording of left (bold) and right (solid)
fixational eye movements a) horizontal component b) vertical
component.

ing a difference filter ˜x(t) = x(t)− x(t−τ) with τ = 40 ms in
order to eliminate the slow drift of the data. After this fil-
tering, we find an oscillatory trajectory (Fig. 3), which has
maximum spectral power in the frequency range between 6
and 8 Hz. However, the trajectories of the eyes are rather
noisy and non-phase coherent. Therefore, it is cumbersome
to estimate the phase of these data. Hence we apply another
measure of PS which is based on the probability of recur-
rence of a trajectory in phase spaceP(τ) = 1/N

∑N
i=1 Ri,i+τ,

whereRi,i+τ is the recurrence matrix (Eq. 1). The correla-
tion between the probabilities of recurrence of two inter-
acting oscillators

CPR =< P̄1(τ)P̄2(τ) > /(σ1σ2), (3)

(whereP̄1,2 means that the mean value has been subtracted
andσ1 andσ2 are the standard deviations ofP1(τ) respec-
tively P2(τ)), has been proposed to detect PS in non-phase
coherent and noisy oscillators, where the phase cannot be
estimated directly [12]. Now, we compute 200 surrogates
(Fig. 3b) of the left eye’s trajectory and compute the re-
currence based synchronization indexCPRsi between them
and the measured right eye’s trajectory. In Fig. 3 c) the
results of the test of one trial are shown. In all cases, the
PS index of the original data is significantly different from
the ones of the surrogates, which strongly indicates that the
concept of PS can be succesfully applied to study the in-
teraction between the trajectories of the left and right eye
during fixation. This result also suggests that the phys-
iological mechanism in the brain that produces the fixa-
tional eye movements controls both eyes simultaneously,
i. e. there might be only one center in the brain that pro-
duces the fixational movements in both eyes or a close link
between two centers. Our finding of PS between left and
right eyes is in good agreement with current knowledge of
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Figure 3:a) Filtered horizontal component of the left eye of one
participant. b) Horizontal component of one surrogate of the left
eye. c) Results of the test performed for one trial of one partici-
pant. The PS index for the original data (bold line) is significantly
different from the one of the surrogates (solid).

the physiology of the oculomotor circuitry. In a single-cell
study, 66% of abducens motor neurons fired in relation to
the movements of either eye, while premotor neurons in the
brainstem encode monocular movements [13]. Thus, motor
neurons—as the final common pathway of neural control
of eye movements—are candidates for the synchronization
of left and right fixational movements. Furthermore, we
are interested in whether the fixational movements in the
horizontal and vertical direction of one eye are synchro-
nized. Horizontal and vertical saccadic eye movements are
controlled in two spatially distinct brainstem nuclei [14].
Therefore, we can expect that, on the level of fixational eye
movements, horizontal and vertical components are inde-
pendent. Applying the method of TS to this case, we find
that the synchronization indexCPR between the x- and y-
component is not significantly different from the one com-
puted for the surrogates. Hence, we do not have sufficient
evidence to claim synchronization between the horizonal
and vertical components of eye movements.
In conclusion, we propose a new method for generating
surrogates based on the concept of recurrence. These TS
correspond to an independent copy of the underlying sys-
tem, i. e. to a trajectory of the system starting at different
initial conditions. We have shown that the TS can be used
to test for PS in the well studied system of two mutually
coupled Rössler oscillators, and, by means of the TS, we
have detected PS in dependence on the coupling strength
at several significance levels. Furthermore, we have tested
for PS in experiments of binocular fixational movements
and found that the left and right eye are in PS, in agree-
ment with physiological results about the functional role of
motor neurons in the final common pathway for the control
of eye movements. Contrary to popular belief, fixational
eyes movements are a necessary condition for vision. Thus,
an understanding of their dynamics is fundamental for per-
ception and the associated control of spatial attention [15].

First results indicate that the concept of TS can be also used
for testing other complex kinds of synchronization, espe-
cially generalized synchronization.
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Abstract—A method to estimate from multivariate mea-
surements the dependences within a network of coupled
dynamical systems is proposed. The method is non-
parametric and resorts to a statistics of the eigen-spectrums
of the time series partial correlation matrices. The method
is successfully validated on numerically generated data,
demonstrating its capability to distinguish between direct
and indirect dependences.

1. Introduction

In modern experimental setups, with the growing avail-
ability of multiple parallel measurements, multivariate time
series analysis has been raising as a key topic. In partic-
ular, inferring from measured data the functional interac-
tions (dependences) between coupled dynamical systems
has become a crucial step to unravel the principles gov-
erning the observable collective behaviors of concrete net-
works [1]. For instance, in population biology the interest
is focused on interactions between different populations in
a given territory [2], while in neuroscience a key question is
how single neurons process a certain stimulus within func-
tionally coherent neuronal assemblies [3].

Traditionally, this step consists in estimating the strength
of dependences between measured signals (time series)
with estimators such as linear cross-correlation, mutual in-
formation, measures of mutual predictability and phase dy-
namics [4, 5]. Unfortunately, these estimators are usu-
ally not viable in a multivariate context, either because of
their computational complexity or because their inability
to marginalize third knowledge. Indeed, when dealing with
multivariate data, the computational costs might explode
and direct and indirect dependences must be discerned [6].

An effective dependences estimator for multivariate
stochastic processes is already available [6], while for de-
terministic processes contributions have started to appear
only very recently (e.g. [7]).

Here, we present an approach to estimate the strength of
dependences between multivariate time series that, theoret-
ically, can be applied to both deterministic and stochastic
processes. The method is non-parametric and represents an
extension of a recently proposed multivariate dependences

estimator [8].
The method is described in Sec. 2; in Sec. 3 its abil-

ity to correctly estimate dependences within networks of
three dynamical systems is assessed on numerically gener-
ated data; finally, conclusions are given in Sec. 4.

2. Method

We first briefly recall the recently introduced dependence
estimator, called S [8], then we explain how to correctly ap-
ply it on measurements from deterministic dynamical sys-
tems, and, finally, we will extend it to estimate dependences
between two time series conditionally upon third ones.

2.1. S estimator

This estimator has been recently introduced to quantify
the cooperativeness within a network of dynamical systems
out of measured time series [8].

Given M time series, one from each dynamical system
under study, we denote them by Y = {y i}, i = 1, . . . , L,
where yi ∈ R

M is the i − th sample observation vector and
L is the number of available samples. Without loss of gen-
erality, we can consider Y as de-trended to zero mean and
normalized to unitary variance.

Let us consider the M × M estimated correlation matrix
of the time-series

C =
1

L − 1

L∑
i=1

yT
i yi , (1)

with elements cii = 1 and ci j = ρi j, i � j, i.e. the correla-
tion between the i-th and j-th time series. Called λ ′i =

λi
M

the normalized eigenvalues of C, the entropy-like quantity

H = −
M∑

i=1

λ′i log
(
λ′i
)

(2)

is a measure inversely proportional to the amount of depen-
dences between the M time series.

Indeed, it can be interpreted as a deviation from mutual
orthogonality (lack of correlation) between the M signals.
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In the case of M uncorrelated signals, C = I, the normal-
ized eigenvalues are all equals λ′i =

1
M , and H is equal to

logM. In the case of perfectly correlated signals, C has
one unitary normalized eigenvalue and all the others zero,
and H is equal to 0. To have a measure proportional to the
amount of dependences, we can simply rearrange Eq. (2)
as S = 1 − H

logM , which is 0 for uncorrelated signals, 1
for completely correlated ones, is monotonically increasing
with respect to all correlation terms (cf. [8]), i.e. the off-
diagonal elements of C, and has been shown to scale with
coupling strength when considering coupled deterministic
non linear dynamical systems [8].

By reconstructing from the measured scalar time series,
through embedding, the trajectory of the dynamical phe-
nomena under observation, this estimator can explicitly ac-
count for the hypothesis of deterministic dynamical sys-
tems behind the measurements. However, in this case a
normalizing step is necessary.

Given, for the sake of simplicity, two time series (M =
2), for which delay times (τ(1) and τ(2)) and embedding di-
mensions (m(1) and m(2)) have been estimated [5], we can
consider the embedded multivariate trajectory X = {x i},
where xi ∈ R(m(1)+m(2)) and

xi =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
y(1)

i , · · · , y(1)
i−(m(1)−1)τ(1)︸��������������������︷︷��������������������︸

x(1)
i

, y(2)
i , · · · , y(2)

i−(m(2)−1)τ(2)︸��������������������︷︷��������������������︸
x(2)

i

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

The corresponding estimated correlation matrix can be
block partitioned to highlight the contribution of the two
systems, i.e.

C =
[

C(1,1) C(1,2)

C(1,2)T C(2,2)

]
, (3)

where the m(i)×m(i) matrices C(i,i), i = 1, 2, collect the intra-
system correlation terms, i.e. the correlation between state-
variables of the same system, while the m(1) × m(2) matrix
C(1,2) collects the inter-system correlation terms, which are
the dependences in our interest.

To correctly estimate the inter-dependence between the
two systems, independently of the intra-dependences, we
proceed through a suitable linear transformation of the re-
constructed state space X which reduces the C (i,i) to iden-
tity matrices; in other words, we intra-orthogonalize the
state variables of the two systems. As result of the trans-
formation, the estimated correlation matrix for the trans-
formed trajectory will have nonzero off-diagonal elements
only within the inter-dependence block C (1,2).

The transformation is given by

Z =
[
Z(1) Z(2)

]
=
[
X(1) X(2)

] [ T(1) 0
0 T(2)

]
= XT,

with T(1) = C(1,1)− 1
2 and T(2) = C(2,2)− 1

2 , i.e. the principal
square root matrices of C(1,1)−1

and C(2,2)−1
respectively,

where the inverses are guaranteed to exist if an appropriate
embedding is performed. Clearly, the estimated correlation
matrix for the Z trajectory turns out to be

R =

⎡⎢⎢⎢⎢⎣ I T(1)T C(1,2)T(2)

T(2)T C(2,1)T(1) I

⎤⎥⎥⎥⎥⎦ =
[

I R(1,2)

R(1,2)T I

]
, (4)

which can then be used, through Eq. (2), to correctly quan-
tify the dependence between the two systems. If the two
systems are uncorrelated, R(1,2) = 0, R will be diagonal,
and H = log

(
m(1) + m(2)

)
, while if the two systems are

“identical”, it can be verified that R(1,2) will have ones on
the main diagonal and zeros elsewhere. Under this case the
entropy of the normalized eigenvalues will depend on the
embedding dimensions (m(1) and m(2)). We do not have a
closed form formula to compute it; though, it can be easily
computed numerically and we denote with Hmin its value.
Knowing the extremes, we can finally rearrange Eq. (2) as

S =
log
(
m(1) + m(2)

)
− H

log
(
m(1) + m(2)) − Hmin

, (5)

getting a measure proportional to the amount of depen-
dences and ranging from 0 to 1. Clearly, this procedure can
be trivially extended to estimate the whole cooperativeness
within M interacting dynamical systems.

2.2. Partial S estimator

In the previous section we have derived an estimate for
the cooperativeness strength between coupled deterministic
dynamical systems. However, this derivation is still not sat-
isfactory because cooperativeness between systems may be
merely incidental to the fact that all systems may be com-
monly correlated to another system. This difficulty can be
overcome by considering the partial correlation matrix in-
stead of the correlation one. Indeed, partial correlations are
a well established statistical tool to examine correlations
between signals conditionally upon thirds signals [9].

To illustrate the procedure, let us consider three deter-
ministic systems, assuming that we want to estimate the
dependence between the first two marginalizing the knowl-
edge of the third one.

After a suitable embedding, the M × M (where M =∑3
j=1 m( j)) correlation matrix C of the embedded trajectory

is estimated. C can be tri-partitioned similarly as Eq. (3)
and, accounting for the partitioning, the

(
m(1) + m(2)

)
×(

m(1) + m(2)
)

partial correlation matrix between the first two
systems given the third one is written as [9]

P =
[

P(1,1) P(1,2)

P(1,2)T P(2,2)

]
=

=

[
C(1,1) C(1,2)

C(1,2)T C(2,2)

]
−
[

C(1,3)

C(2,3)

]
C(3,3)−1 [

C(1,3)T C(3,2)
]
.

From this point, we can proceed as in the previous sec-
tion. Firstly, through a linear transformation of the state
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Figure 1: Networks of coupled Rössler (R), Lorenz (L) and
Colpitt’s (C) dynamical systems considered for the valida-
tion of the method. Cases of triangular dependences: (a) –
common source; (b) – common child.

space1, P is conveniently transformed in a form similar to
Eq. (4); then, the dependence between the first two sys-
tems marginalized upon the third one is quantified through
Eq. (5). From here on, we shall denote as pS the estimates
of partial dependences. Once again, this procedure can be
trivially extended to account of more than three systems.

3. Numerical Validation

The S and pS estimators have been validated on numer-
ically generated data. We considered the two heterogenous
networks of Fig. 1, which are composed of three struc-
turally different dynamical systems; namely, a Rössler (R),
Lorenz (L) and Colpitts (C) oscillator. These two coupling
schemes are exemplary of the difficulties arising when esti-
mating interactions among multivariate data. In scheme (a)
a non existent (indirect) connection between L and C may
be inferred because of the common source R, also called a
confounder. In scheme (b), a non-existent interaction be-
tween R and L may be inferred because of their common
destination C, or child.

The equations governing the dynamics of the two
considered networks are given by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

θ̇(1)
1 =T

[
θ(1)

2 + θ
(1)
3 + η

(1)
1

]
,

θ̇(1)
2 =T

[
θ(1)

1 + aθ(1)
2 + η

(1)
2

]
,

θ̇(1)
3 =T

[
b + θ(1)

3

(
θ(1)

1 − c
)
+ η(1)

3

]
,

θ̇(2)
1 =σ

(
θ(2)

2 − θ(2)
1

)
+K (2,1)

(
θ(1)

1 − θ(2)
1

)
+ η(2)

1 ,

θ̇(2)
2 =rθ(2)

1 − θ(2)
2 − θ(2)

1 θ
(2)
3 + η

(2)
2 ,

θ̇(2)
3 =θ

(2)
1 θ

(2)
2 − βθ(2)

3 + η
(2)
3 ,

θ̇(3)
1 =T

[
g

Q (1− k)

(
α

(
1− e−θ

(3)
2

)
+ θ(3)

3

)
+K (3,1)

(
θ(1)

2 − θ(3)
2

)
+K (3,2)

(
θ(2)

2 − θ(3)
2

)
+ η(3)

1

]
,

θ̇(3)
2 =T

[
g

Qk

(
(1− α)

(
1− e−θ

(3)
2

)
+ θ(3)

3

)
+ η(3)

2

]
,

θ̇(3)
3 =−T

[
Qk (1− k)

g

(
θ(3)

1 + θ
(3)
2

)
+

1
Q
θ(3)

3 + η
(3)
3

]
,

(6)

where θ(1)
j , θ

(2)
j , θ

(3)
j j = 1, 2, 3 are the state variables of

the Rössler, Lorenz and Colpitts oscillators, respectively;

1In reality the similarity transformation P′ = TT PT, with T =⎡⎢⎢⎢⎢⎢⎢⎣P
(1,1)− 1

2 0

0 P(2,2)− 1
2

⎤⎥⎥⎥⎥⎥⎥⎦ can be applied directly to the matrix P.
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Figure 2: Estimated C – L dependence in the case of com-
mon source connection (cf. Fig. 1(a)): dependences of (a) –
pS (2,3) and (b) – S (2,3) upon the coupling strengths K (2,1)

and K (3,1).
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Figure 3: Estimated R – C and R – L dependences in the
case of common source connection (cf. Fig. 1(a)): depen-
dences of (a) – pS (1,2) and (b) – pS (1,3) upon the coupling
strengths K (2,1) and K (3,1).

a = 0.4, b = 0.4, c = 5.7, σ = 10, β = 8/3, r = 28,
g = 100.625, Q = 100.15, α = 0.996, k = 0.5 are standard
valued parameters; the time scale T = 6 adapts the rela-
tive speed differences between the three sub-systems; η (i)

j ,
i, j = 1, 2, 3, are zero mean uncorrelated Gaussian random
noises (set to at a strength of 1% of the energy of the right
hand side along the uncoupled attractors); and the K (2,1),
K (3,1), and K (3,2) are the diffusive coupling strengths cor-
responding to the situations of Fig. 1, which in the sim-
ulations have been varied within the intervals [0, 15] (the
former) and [0, 5] (the latter two).

For every considered value of the couplings the network
was simulated starting from random initial conditions. The
transients were discarded, and time series of length L =
5000 were collected by sampling (δT = 0.02) the cou-
pled variables θ(1)

1 , θ(2)
1 and θ(3)

1 corrupted by zero-mean
white Gaussian observational noise leading to 40 dB SNR.
From these measurements, we reconstructed 4-dimensional
state spaces by delay embedding the time series with τ (i) =

0.18, i = 1, 2, 3.
The results for the case of common source (Fig. 1 (a))

are shown in Figs. 2 and 3. Figure 2 reports the depen-
dence of pS (2,3) (= pS (3,2)) and S (2,3) upon the coupling
strengths K (2,1) and K (3,1) evaluated at 100 evenly spaced
points. Correctly, pS (2,3) stays close to zero and do not
scale with neither of the coupling strengths, whilst the S (2,3)

does scale, showing that the marginalization upon the mea-
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Figure 4: Estimated R – C and L – C dependences in the
case of common child connection (cf. Fig. 1(b)): depen-
dences of (a) – pS (1,3) and (b) – pS (2,3) upon the coupling
strengths K (3,1) and K (3,2).
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Figure 5: Estimated R – L dependence in the case of com-
mon child connection (cf. Fig. 1(b)): dependences of (a) –
pS (1,2) and (b) – S (1,2) upon the coupling strengths K (3,1)

and K (3,2).

surements from third system does improve the dependence
estimation. Moreover, pS (2,3) is always inferior to pS (1,2)

and pS (1,3), which, as shown in Fig. 3, scale correctly with
the coupling strengths. Also, we remark that they decrease
slowly with the increase of both coupling strengths. This
phenomenon can be explained by the fact that the three sys-
tems influence each other and, consequently, become more
and more similar, jeopardizing the reconstruction.

As a consequence of these results, one could think to
consider only partial S for estimating dependences, dispos-
ing of S . However, this is not the case because of the so-
called “marrying-parents” effect, commonly observable in
the case, illustrated in Fig. 1(b), of a common child. For
this case, as shown in Fig. 4, pS (1,3) and pS (2,3) scale cor-
rectly with the coupling strengths K (3,1) and K (3,2). How-
ever, as shown in Fig. 5(a), pS (1,2) does scale with the cou-
plings, leading to the incorrect inference of a non-existent
dependence between R and L. Though, the voidance of this
coupling can be easily tested by means of the S (1,2) estima-
tor which, as shown in Fig. 5(b), correctly stays close to
zero.

From these two numerical experiments we can conclude
that, by combining both S and pS estimators, we can cor-
rectly estimate the dependences within a network of cou-
pled dynamical systems.

4. Conclusions

A new method to infer from measured time series the
strength of interactions within a network of coupled dy-
namical systems has been proposed, and its ability to
discriminating direct from indirect dependences has been
demonstrated on numerical data.

The method proved eligible for the application on experi-
mental data. However, toward a significant and appropriate
experimental application, deeper and extensive simulation
studies are needed. This is matter of ongoing research and
will be presented in a later work.

Acknowledgments

The authors thank R. Costantini for fruitful discussions
and acknowledge financial support from the European
project BRACCIA (NEST-517133).

References

[1] S. H. Strogatz, “Exploring complex networks,” Nature,
vol. 410, pp. 268–276, 2001.

[2] B. Blasius, A. Huppert, and L. Stone, “Complex dy-
namics and phase synchronization in spatially ex-
tended ecological systems,” Nature, vol. 399, pp. 354–
359, 1999.

[3] C. Gray, P. König, A. Engel, and W. Singer, “Os-
cillatory responses in cat visual cortex exhibit inter-
columnar synchronization which reflects global stim-
ulus properties,” Nature, vol. 338, pp. 334–337, 1989.

[4] A. Pikovsky, M. Rosenblum, and J. Kurths, Synchro-
nization, A Universal Concept in Nonlinear Sciences.
Cambridge: Cambridge University Press, 2001.

[5] H. Kantz and T. Schreiber, Nonlinear Time Series
Analysis. Cambridge: Cambridge University Press,
2nd ed., 2004.

[6] R. Dahlhaus, “Graphical interactions models for mul-
tivariate time series,” Metrika, vol. 51, pp. 157–172,
2000.

[7] Y. Chen, G. Rangarajan, J. Feng, and M. Ding, “An-
alyzing multiple nonlinear time series with extended
granger causality,” Physics Letters A, vol. 324, pp. 26–
35, 2004.

[8] C. Carmeli, M. G. Knyazeva, G. M. Innocenti, and
O. De Feo, “Assessment of EEG synchronization based
on state-space analysis,” NeuroImage, vol. 25, pp. 339–
354, 2005.

[9] A. Stuart, J. K. Ord, and S. Arnold, Kendall’s Ad-
vanced Theory of Statistics, Volume 2A: Classical In-
ference and the Linear Model. London: Arnold, 6 ed.,
1999.

250



Investigating the limitations of compartmental disease models with Kalman
filters

David M. Walker†, Heung Wing Joseph Lee† and Michael Small‡

†Department of Applied Mathematics, Hong Kong Polytechnic University,
Hung Hom, Kowloon, Hong Kong

‡Department of Electronic & Information Engineering, Hong Kong Polytechnic University,
Hung Hom, Kowlooon, Hong Kong

Email: enwalker@eie.polyu.edu.hk, majlee@polyu.edu.hk, ensmall@eie.polyu.edu.hk

Abstract—We investigate the limitations of traditional
discrete-time epidemiological models of disease transmis-
sion using a novel application of Kalman filtering. In par-
ticular, the performance of the recently developed KFC al-
gorithm is compared to standard extended Kalman filtering
for joint state and parameter estimation of S(E)IR models
using time series data from the SARS epidemic. The use of
Kalman filters suggests a way in which S(E)IR models can
be generalized. The limitations of these generalizations to
adequately model the spread of SARS is tested using sur-
rogate data analysis.

1. Introduction

The aim of this paper is twofold. We want to inves-
tigate how well a recent variant of Kalman filtering per-
forms during simultaneous state and parameter estimation
problems. We also want to test the limitations of stan-
dard compartmental epidemiological models, and general-
izations thereof, to capture the dynamics of the spread of
an actual epidemic.

The SARS outbreak in Hong Kong was tragic for some
individuals and generally disruptive for the wider commu-
nity. The effect of an epidemic on the population can be
mitigated by control measures such as quarantine. The
appropriateness of control measures can be determined,
evaluated and decided upon by officials through simulation
studies of transmission dynamic models of a virus. It is
therefore important to develop and investigate models of
disease transmission.

It has been demonstrated that mathematical epidemio-
logical models in their standard form are not appropri-
ate. Even stochastic generalizations have been shown to
be lacking depending on the way the standard models are
modified. For example, Small et al. [5] added noise to sys-
tem (difference) equations of SIR models and showed the
behaviour to be inconsistent with the data of the SARS out-
break.

A generalization to compartmental disease models not
made was to allow the parameters of the models to vary by
day or other time period. It is unclear how such stochas-
ticity could be managed. In this work, however, we ap-

ply Kalman filters to gather estimates of the parameters se-
quentially. The parameters are thus estimated adaptively
and we propose to use the varying Kalman filter parame-
ter estimates as a distribution from which to draw sensi-
ble (daily) varying values. That is, we use the results of
our Kalman filter studies to propose a (stochastic) general-
ization to (discrete-time) compartmental models. We use
a simple surrogate/randomization test to compare whether
simulated realizations of these models are consistent with
the actual recorded SARS outbreak data in Hong Kong.

2. Compartmental Disease Models

The dynamics of the spread of an infectious disease
among a population has been studied using compartmental
models by Kermack and McKendric [3]. In such models
the total population is divided into compartments reflecting
the nature of the individuals with respect to the epidemic.

Two commonly studied compartmental models are the
so-called SIR and SEIR models. That is, the susceptible-
infected-removed population model, and the susceptible-
exposed-infectious-removed model. The susceptible com-
partment represents those individuals in the population sus-
ceptible to catching the disease. The infected, or infectious,
compartment consists of those individuals that have caught
the disease and through contact with individuals in the sus-
ceptible compartment can propagate the disease. The in-
dividuals in the removed compartment have either recov-
ered from the disease and are no longer infectious, or have
fallen to the disease. In either case through immunity or
death they are no longer considered susceptible. (There
are other models such as SIRS where recovered individu-
als can lose immunity and become susceptible to the dis-
ease once more.) The exposed compartment in the SEIR
model represents those individuals that have been infected
by the disease but are as yet not infectious. That is, the ex-
posed compartment attempts to capture the latent period of
an infectious disease.

The dynamics of such models are typically described by
simple ordinary differential equations modelling the trans-
mission rates between the various compartments. See,
Murray [4], for a good introduction. In this paper we con-
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sider the corresponding difference equations obtained from
such differential equations.

2.1. SIR model

A discrete-time SIR model can be represented by the fol-
lowing equations [1]⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

S n+1
In+t

Rn+1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

S n(1 − αL In)
In(1 − β + αL S n)

Rn + βIn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ (1)

The total population is subject to the constraint L = S + I +
R. (We take L to be roughly the population of Hong Kong,
i.e., L = 7million.)

The reproductive rate R = S 0
L
α
β

gives important informa-
tion on the development of a potential epidemic. In partic-
ular R ≤ 1 implies no epidemic as the rate of infection is
no larger than the rate of recovery so eventually the number
of new infections decreases.

2.2. SEIR model

The SEIR model generalizes the SIR model by includ-
ing a new state (exposed compartment) to account for the
latent period of diseases. A version of a discrete-time SEIR
model is given by the following equations

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
S n+1
En+1
In+t

Rn+1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

S n(1 − αL In)
En(1 − γ) + αL S nIn

In(1 − β) + γEn

Rn + βIn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ (2)

where the total population is again constrained by L =
S + E + I + R. The new parameter γ accounts for the
rate an infected individual becomes infectious and α is re-
interpreted accordingly.

3. Kalman Filtering

The extended Kalman filter (EKF) sequentially pro-
cesses time series data to produce a (statistical) estimate
for the system state. The system state is assumed to be a
Gaussian random variable (xn ∼ N(μn,Σn)) and under suit-
able assumptions about the noise corruption (independent
additive Gaussian in both the system dynamics and mea-
surement function) recursively updates μn and Σn in such
a way that they are the minimum mean square error es-
timates. In the case of linear systems and measurement
functions the Kalman filter provides the optimal solution
but unfortunately in the nonlinear case the EKF is a sub-
optimal, but still very useful, heuristic.

The Kalman filter framework can also be used for joint
(or simultaneous) state and parameter estimation, so that
system parameters can be adaptively fitted to new data as
it is processed. The equations in such a framework are as
follows:{

xn+1
an+1

=
F[xn, an] + ξn

an + ηn
; yn = G[xn, an] + νn (3)

where the bracketed equations on the left represent the sys-
tem dynamics and the adaptive update of the parameters.
The equation on the right represents the observation func-
tion producing the observed time series. The greek sym-
bols represent the Gaussian noise corruption at various lev-
els (ξn ∼ N(0,Qs), ηn ∼ N(0,Qp) and νn ∼ N(0,Rd)). The
way in which the Kalman filter updates the recursive esti-
mates can be found in many textbooks and papers, e.g., see
Jacobs [2].

Since the EKF is not an optimal solution for recursive
state estimation in the nonlinear case many variants have
been proposed to improve performance in different situa-
tions. One promising modification is the recently devel-
oped KFC algorithm [6, 7] (Kalman filter with constraints)
which proposes including additional dynamical informa-
tion as constraints to be considered an addendum to the
observation model framework of the EKF. For example,
in [6, 7] dynamical information such as the location of
unstable fixed points were used as extra observation func-
tions to improve parameter fitting of nonlinear models with
the Kalman filter. Further applications of the KFC algo-
rithm include using it to detect candidate fixed points from
data [8].

The KFC is similar to the EKF and the recursive esti-
mates are updated in the same way. The framework for the
KFC for joint state and parameter estimation is given by
{

xn+1
an+1

=
F[xn, an] + ξn

an + ηn
;
{

yn

0 =
G[xn, an] + νn
C[xn, an] + εn

(4)
where we now have a noise term associated with the in-
troduction of the constraint function C[xn, an], i.e., εn ∼
N(0,Rc).

The disease models above are subject to a total popu-
lation constraint and so an analysis using the KFC seems
more appropriate than just using the EKF. We investigate
the difference in results between the two algorithms in the
next section by using the published case data of the SARS
outbreak in Hong Kong.

There is a third variant where we return to an EKF but
rewrite the SIR constraint as L = S n + In + Rn and sub-
stitute into the dynamic equations. (Similarly for the SEIR
model.) In this way we can study if it is better to “increase”
the nonlinearity of the EKF problem by writing the con-
straint as part of the dynamics, or increasing the dimension
of the observational model as is done in the KFC.

4. Model Fitting and Testing

In this section we attempt to fit the parameters (α, β) of
the SIR model and (α, β, γ) of the SEIR model using joint
state and parameter estimation with Kalman filters for the
SARS epidemic. The available data for the spread of SARS
in Hong Kong is the reported number of new infected in-
dividuals per day. This data is therefore a proxy for the
observations yt =

α
L S tIt for each disease model. This in-
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terpretation of the data is reasonable, particularly so, be-
cause a feature of the Hong Kong outbreak was nosocomial
transmission. If, however, there were no nosocomial trans-
mission the recorded data would actually be the number of
new removals from the population and yt = βIt since iden-
tified new infectives were hospitalized and removed from
the general population. We do not consider this possibility
here for reasons of space but it is straightforward to incor-
porate into the Kalman filter frameworks.

The Kalman filter requires initialization of the system
state and specification of the (design) parameters Q and R.
We have set the initial state z0 = (L− 1, 1, 0) and initial pa-
rameters (α0, β0) = (0, 0) for the SIR model. For the SEIR
model we use z0 = (L−1, 0, 1, 0) and (α0, β0, γ0) = (0, 0, 0).
In all examples we use Q = 10−4σ2

yI, R = 10−8σ2
y and

Rc = 10−8σ2
y , where I is an identity matrix of appropriate

size and σ2
y is the square of the standard deviation of the

data set.

4.1. SIR model

The results of applying the EKF algorithm to the re-
ported SARS case data are shown in Figure 1. We see that
the observed data can be tracked well using the Kalman fil-
ter estimates (of both state and parameters). Closer inspec-
tion, however, reveals that the constraint on the population
is not even close to being satisfied. As such the values of
the estimated parameters even after convergence of the fil-
ter (around day 10) should be treated suspiciously.

Figure 1: The EKF state and parameter estimates of the SIR
model together with the fit to the observed data, the popu-
lation constraint and the adaptively evolving reproductive
rate.

We next apply a KFC to the data where the population
constraint is explicitly included as an extra observation. We
show the results of this algorithm in Figure 2. We note
that as was the case with the EKF the state and parame-
ter estimates are able to track the observed data very well
(after convergence around day 10). In this case however

we see that the population is more closely satisfied and so
we have greater confidence in the corresponding parameter
estimates. We also see that after (apparent) convergence
the reproductive rate is approximately 1 suggesting that the
disease will eventually die out as indeed it does.

The ability of the KFC to preserve the population con-
straint implies that it is a better algorithm than the EKF for
joint state and parameter estimation. We also note but do
not show that an EKF with the the relation L = S n + In +Rn

substituted directly into the dynamics does not improve the
performance of the filter with similar violation of the pop-
ulation constraint to the EKF being seen.

Figure 2: The KFC state and parameter estimates for the
SIR model. We also show the adaptive fit to the data and
how the population constraint is met throughout the sim-
ulation. The adaptively changing reproductive rate is also
displayed.

4.2. SEIR model

The results for the SEIR model are similar to those seen
for the SIR model. However, things are much worse and the
increase of complexity - higher dimensional systems and an
additional parameter - means the results should be treated
with suspicion. For reasons of space we only show the re-
sults for the KFC algorithm. As expected they are better
than those obtained using an EKF. In fact, the EKF pro-
duces states estimates with the population in the removed
compartment being negative! We can see from Figure 3
that there are some problems, in particular the reproduc-
tive rate which is much higher than 1. This suggests that
the values estimated for α is far too high. We therefore
strongly suspect that the SEIR is an inappropriate model
for the SARS data even when the parameters are allowed
to adaptively change.

4.3. Stochastic SIR model

The capability of the Kalman filter to track the observed
data by allowing the contact rates to adaptively change sug-
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Figure 3: The KFC state and parameter estimates for the
SEIR model. The adaptively changing reproductive rate
and the constraint function is also displayed.

gests a way in which the standard disease models consid-
ered can be generalized. Specifically, we allow the rates
to change each day with the value being sampled from the
estimated distribution given by the Kalman filter estimates.
(Examining Figure 2 we select both α and β to be uniform
distributed over [10, 13].) A daily variation of the contact
loses the physical interpretation of the parameter as a con-
tact rate, however, we can think of a variation of the param-
eter as an approximation to a network description of the
population where some individuals have more associates
than others and hence effectively have a higher contact rate
than others. We test the consistency of 100 realizations of
the model with the original data using the auto-correlation
at lag 1. We can see from Figure 4 that generalizing the
SIR model by allowing for (daily) stochastic variation in
parameters still does not result in simulated data consistent
with the SARS outbreak.

Figure 4: Distribution of test statistic (lag 1 auto-
correlation) for stochastic (parameter) SIR model realiza-
tions.

5. Conclusion

We investigated the inability of discrete-time compart-
ment disease models to fully describe the behaviour of epi-
demics, in particular the SARS outbreak in Hong Kong

during 2003. A key point of failure of these models is the
assumption of uniform contact rate. We used Kalman fil-
ters to consider adaptive contact rates. A standard EKF
was seen to be deficient and in the SIR case this could
be corrected using a KFC with the constraint on the pop-
ulation explicitly considered. The Kalman filter estimates
appeared to fit the observed data well which suggested a
way of generalizing the models: a stochastic generaliza-
tion where contact rate parameters are sampled from an es-
timated distribution each time step. We tested realizations
of the models for consistency with the actual SARS data.
We discovered that standard disease models with adaptive
contact rate parameters still fail to exhibit properties of the
real data and therefore other models with better contact de-
scriptions such as small world networks are more suitable
for modelling disease transmission.
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Abstract—We employ a pseudo-periodic surrogate
(PPS) algorithm to identify the presence of deterministic
chaos in healthy human cardiac time series. We also per-
form prediction analysis from ECG to pulse data to con-
firm that the two kinds of signals conform to deterministic
processes. Experimental results of of seven healthy sub-
jects indicate that ECG and pulse data are both inconsistent
with a noise driven periodic orbit, and bounded aperiodic
determinism exists in both of them.

1. Introduction

Whether or not the human cardiac system is chaotic has
long been a subject of interest in biomedical application of
nonlinear timeseries analysis. Estimation of dynamic in-
variants from timeseries [1] [2] reveals that electrocardio-
gram (ECG) signals for normal and pathological cases have
a finite non-integer correlation dimension and positive Lya-
punov exponent, and indicate the possibility of determinis-
tic chaos.

Notably, linear surrogate data methods have been pro-
posed in recent years to test for the presence of determin-
ism in ECG data [3] [4]. Linear surrogate data methods are
employed to test an observed time series against the hy-
potheses of [5]: NH0: independent and identically distrib-
uted (i.i.d.) noise; NH1: linearly filtered noise; and NH2:
a monotonic nonlinear transformation of linearly filtered
noise. The three hypotheses are all different forms of linear
noise processes (albeit possibly subject to static nonlinear
filter). Based in the rejection of these hypotheses we can
conclude that ECG data are not linear noise but we cannot
determine whether they are deterministic pseudo-periodic
chaos or a noisy periodic waveform, both of which are are
plausible. It is obvious that ECG data usually exhibit strong
periodicities and definite nonlinearity. It is natural to not
only ask whether the ECG data of the healthy human are
deterministic or consistent with a stochastic process, but to
further wonder whether they are consistent with pseudo-
periodic deterministic chaos or a noise driven periodic or-
bit.

Relatively few attempts to identify the presence of de-
terminism in blood pressure propagation (pulse data) are
found in the literature. But pulse pressure measurement
(“feeling the pulse” 1) has been popular diagnosis in tra-

1When feeling pulse, traditional Chinese medicine practitioners usu-

ditional Chinese medicine (TCM) for centuries. So it is
also significant to examine whether pulse signals are deter-
ministic (and possibly confirm to the deterministic origin
of ECG data).

So in the current work we significantly extend the pre-
vious works [3] [4] to test for the presence of pseudo-
periodic determinism in both normal ECG and pulse data.
We apply the pseudo-periodic surrogate data method, ca-
pable of distinguishing between noise driven periodic orbit
and pseudo-periodic chaos, to seven healthy subjects’ ECG
and pulse data.

For two deterministic signals, even short-term prediction
from one to the other would be impossible if one or both
are independent or stochastic, but it is possible to make
the prediction from one to another if they exhibit deter-
ministic components and if these deterministic components
are related. We therefore adopt neural networks with ade-
quate generalization, which follow the methods proposed
and validated in [6] [7], to test predictability between ECG
and pulse data for each case.

2. Pseudo-periodic Surrogate Algorithm

The rationale of the surrogate data method is that for a
given hypotheses one generates an ensemble of artificial
surrogate data by using a corresponding surrogate random-
ization algorithm which ensures that the generated surro-
gate data are consistent with that hypothesis. One then ap-
plies some test statistics to both the surrogate data and the
original data.

Referring to the three commonly employed null hy-
potheses described previously, three corresponding algo-
rithms to generate surrogate data are known as Algorithm
0, Algorithm 1, and Algorithm 2. For the sake of brevity we
do not describe them in detail. The PPS algorithm we em-
ploy in this paper provides an entirely new surrogate gen-
eration algorithm that tests the null hypotheses that an ob-
served timeseries is consistent with a stable periodic orbit
with dynamic noise (i.e. noise-driven periodic orbit). This
algorithm [8] can be described as follows:

The observed time series are converted to produce a vec-
tor time series {zi} representative of the underlying dynam-
ics in phase space [9]. The surrogate data are then gener-

ally put three fingers (like three sensors) on the patient’s wrist. They do
eventually feel the blood pressure propagation.
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ated by randomly selecting an initial point from {zi}. Suc-
cessive points are generated by choosing a neighbor {z j} of
the currently selected point {zi} with the certain noise ra-
dius, ρ. The noise radius determines the deviation of the
neighbor from the original one. For examples, for large ρ
the selected neighbor {z j} is far away from the current point
{zi}; for small ρ the selected neighbor {z j} is close to the
point {zi}. That successor {z j+1} of that neighbor becomes
the new current point and we continue selecting neighbors
until completing the vector time series.

By tuning ρwe may generate surrogate data that preserve
all the underlying dynamics of the data. Alternatively, we
may select neighbors so that the general periodic dynamics
are preserved and others are destroyed. In this case sur-
rogate data address the hypothesis of a noise driven peri-
odic orbit. We use the latter scenario to test whether human
cardiac signals (ECG and pulse data) be consistent with a
noise driven periodic orbit.

For the choice of test statistics, we employ algorithmic
complexity [10], rather than the more popular correlation
dimension. Correlation dimension is sensitive to noise,
even very small noise [11], which makes its application
limited in field measurements. Complexity aims to mea-
sure the regularity of the finite specified sequence, which
behaves differently for deterministic and for random se-
quences. Compared to existing techniques, algorithmic
complexity has the great advantage of small computational
cost and is well suited for real-time implementation. To
compute this quantity from a time series, one first needs to
convert a time series to a symbolic sequence. We do this
by converting each point of the time series to one of three
symbols, 0, 1, and 2 with equal probability. We then apply
the Lempel-Ziv algorithm [10] to compute the number of
unique symbol sequences. Finally the calculated number is
normalized by the number of unique symbols for a random
sequence. A normalized complexity near zero denotes that
the time series is deterministic and periodic (a stable fixed
point without noise). Complexity near one means that the
signals is highly random. Complexity of chaotic time series
is between zero and one.

3. Application of PPS method to cardiac signals

ECG and pulse data of healthy subjects (2 female and
5 male volunteers) are measured in quiet and relaxed situ-
ation to minimize disturbances. The measurement device
is PowerLab 4/25 of ADInstruments. The sampling rate is
set to 100 Hz with the resolution of 16 bits. We measure
each volunteer’s surface ECG data and pulse data on the
fingertip simultaneously. The amplitude of ECG data (µV)
is greatly different from that of pulse data (mV) so we nor-
malized the measurement data. By using the PPS method
we generate 50 surrogate data for ECG (1000 points) and
pulse data (1000 points) of each volunteer and then com-
pute complexity of the original data and surrogate data.
Figure 1 presents typical results of ECG and pulse data for

one subject.
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Figure 1: The histograms show the distribution of com-
plexity of 50 surrogates for ECG (a) and pulse data (b).
The x-axis of the solid line is the complexity of the ECG
(a) and pulse data (b).

In Figure 1 complexity of original ECG and pulse data
are both far away from distributions of complexity of their
surrogate data. We therefore can reject the hypothesis that
ECG and pulse data are noise driven periodic orbit, i.e. the
dynamics of ECG and pulse data both are distinct from
a noise driven periodic orbit. This result indicates that
pseudo-periodic deterministic chaos may exist in both of
them.

As a comparison we demonstrate the application of this
algorithm with same value of the parameter ρ to normalized
periodic sine and chaotic Rössler data. The period of the
sine data is the same as that of the preceding data. Results
for the sine timeseries (1000 points) and the chaotic Rössler
data (1000 points) are illustrated in Figure 2.

According to results of comparative experiments (Figure
2) we find that the Rössler data are not noise driven periodic
orbits but the sine data are consistent with this hypotheses.
It means that the PPS algorithm can make a correct deci-
sion on the hypotheses of noise driven periodic orbit. More
significantly, experimental results of ECG and pulse data
are consistent with results of the chaotic Rössler data and
distinct from that of the periodic sine data. We therefore
conclude that pseudo-periodic deterministic chaos exists in
both ECG and pulse data. Moreover, this conclusion taken
on cardiac data of this subject is consistent with all the
other subjects. Table 1 summarizes results of application
of the PPS method to ECG and pulse data of all the seven
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Figure 2: The histograms show the distribution of com-
plexity of 50 surrogates for the periodic sine data (a) and
chaotic Rössler data (b). The x-axis of the solid lines de-
notes the complexity of the sine (a) and Rössler data (b).

subjects. In this table c in bold style in each row is the com-
plexity of each subject’s ECG or pulse data; < c > is the
mean complexity of 50 surrogates of ECG or pulse data for
each case; cmax and cmin represent the maximum and mini-
mum complexity among these surrogates. For all cases we
can reject the hypotheses that ECG and pulse data are noise
driven periodic orbits. This indicates that pseudo-periodic
deterministic chaos exists in healthy human cardiac signals.

4. Nonlinear Modeling from ECG to Pulse Data

In this section we employ neural networks to perform
prediction from ECG to pulse data and vice versa so as to
model the relationship between them. However, overfit-
ting is a common phenomenon in neural networks with a
fairly large number of neurons. So neural networks with
different numbers of neurons are used to make prediction
between ECG and pulse data. We then employ minimum
description length (MDL) to determine the optimal neural
network, which are observed to provide adequate general-
ization [6] [7].

Firstly we perform the prediction from ECG to pulse
data. The 3600 data points are selected to train the neural
networks with another 800 points as the testing set. For
all the seven subjects the testing pulse data have high cor-
relation with the corresponding prediction of the optimal
neural network, as illustrated in Table 2.

Finally, we apply surrogate data method to test whether
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Figure 3: The complexity of the model residual (x-axis of
the solid line) and distribution of complexity of its 100
surrogate data generated by the small shuffled surrogate
method.

the prediction error are just i.i.d. noise, i.e. to ensure the
ECG data can exactly predict the pulse data. The surrogate
data method we employ is the small shuffled surrogate data
method [12], which tests against the hypotheses of inde-
pendently distributed noise. Since in the residual relatively
large amplitudes periodically appear it is obvious that this
residual is not i.i.d. noise and the surrogate data method
with the hypotheses of NH0 is therefore not applicable. But
we are not sure whether this residual is consistent with the
independently distributed noise (another random noise) so
we apply the small shuffled surrogate method to this model
residual. Figure 3 shows results of application of small
shuffle surrogate to the residual of the optimal neural net-
works for Subject 1.

Referring to Figure 3 we demonstrate that this residual
is random noise and thus ECG data can precisely predict
pulse data by optimal neural networks estimated by MDL.
Consequently, we conclude that ECG and pulse data con-
form to deterministic processes since there is good short-
term prediction from ECG to pulse data.

However, we still need to test the causal relationship be-
tween ECG and pulse data. When we repeat the previous
procedures to perform prediction from pulse data to ECG
data. The prediction results are rather poor, that is, the the
prediction error contains deterministic components, even if
we try more training data, longer training iteration time,
and different training algorithms. We further conclude that
the ECG and pulse data do not conform to the same de-
terministic process, and ECG data comprise certain deter-
ministic information, which the pulse data can not replicate
or do not contain. So pulse measurement does not contain
complete information of the human cardiovascular system.
This may provide theoretical evidence that auscultation and
olfaction, interrogation, and palpation are also necessary
ways of diagnosis in traditional Chinese medicine 2.

2Diagnosis-observation (of patients’ complexion, tongue, and etc.),
auscultation and olfaction, interrogation, feeling pulse constitute the fun-
damental diagnosis in TCM.
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Table 1: Results of application of the PPS method to ECG and pulse data for all subjects.
Subject 1 Subject 2 Subject 3 Subject 4 Subject 5 Subject 6 Subject 7

ECG
data

c
< c >
cmax
cmin

0.369
0.442
0.504
0.396

0.378
0.451
0.515
0.410

0.421
0.496
0.553
0.446

0.434
0.506
0.560
0.446

0.415
0.505
0.553
0.459

0.462
0.523
0.578
0.466

0.458
0.514
0.560
0.477

Pulse
data

c
< c >
cmax
cmin

0.346
0.416
0.478
0.365

0.365
0.455
0.509
0.390

0.333
0.373
0.409
0.358

0.277
0.373
0.408
0.321

0.265
0.321
0.364
0.282

0.300
0.372
0.409
0.314

0.354
0.439
0.490
0.389

Table 2: Cross coefficient of the pulse data and corresponding prediction from ECG to it for all subjects.
Subject 1 Subject 2 Subject 3 Subject 4 Subject 5 Subject 6 Subject 7

Cross coefficient 0.997 0.996 0.993 0.992 0.995 0.993 0.990

5. Conclusion

We demonstrate a variety of tests to seven healthy hu-
man ECG and pulse data so as to identify the presence of
deterministic chaos in these cardiac data. Experimental re-
sults of application of the PPS method illustrate both ECG
and pulse data are not consistent with noisy periodic orbits
and pseudo-periodic deterministic chaos may exist in them.
For comparison, we also demonstrate the same method to
periodic sine data and chaotic Rössler data. The results
of ECG and pulse data are consistent with the results of
Rössler data but different from that of sine data. This pro-
vide more evidence that human cardiac data are consistent
with pseudo-periodic determinism.

By prediction analysis between ECG and pulse data we
notice that ECG and pulse data both stem from determin-
istic processes but do not exactly conform to the same de-
terministic process. These results also suggest the utility of
nonlinear methods in medical diagnosis and potential fu-
ture treatment regimes (traditional Chinese medicine).
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Abstract—
In this paper we aim to design a self-oscillating DC/DC

boost converter operating in continuous-conduction mode
using an hysteretic control, using a chaos-based signal pro-
cessing approach to improve EMC of the converter. We
analyze the effectiveness of this technique both by com-
puting the Power Density Spectrum of the inductor current
and by experimental results. We show that the proposed
chaos-based scheme can be chosen to greatly enhance the
EMC of the systems with no degradation in the converter
performance.

1. Introduction

The goal of reducing Electro-Magnetic Interference
(EMI) emissions is of great importance. In the last years
increasing attention has been paid to EMI reduction by
exploiting nonlinear dynamics and signal processing tech-
niques. This is mainly done by altering conventional power
converter structure, by introducing complex non-periodic
or even chaotic perturbation in the periodic control signals.
Hence, periodicity of currents and voltages is disrupted so
that the energy of the interfering signal that was originally
concentrated at the harmonic frequency is spread over a
large bandwidth. This obviously reduces the peak value of
Power Density Spectrum (PDS) of any interfering signal
emitted by the system [8].

These perturbations may be due to the operation
of switching circuits in a chaos-like regime (see e.g.
[4][2][5][6] and reference therein) or to the explicit cou-
pling of the system with a periodic, random or chaotic sig-
nal generator (see e.g. [1][7], [3][9][10][14] and references
therein). In particular, in [4][2][5][13] the chaotic mode of
operation of the power converter was proposed as a way to
broaden the PDS of the converters currents and voltages.

Although a significant PDS peak value reduction can be
achieved with respect to converters operating in periodic
regime [5], the spread in the signals PDS provokes an in-
crease in the output voltage ripple, consequently degrading
the system performance. In [6] a thorough study is reported
on the PDS of inductor current of a chaotically operating
boost converter that suggests a way to further reduce EM
coupling and interference.

The other class of techniques [1][7][3][14] is also very
effective in reducing the EMI problem at its origin. For ex-
ample [7][14], a reduction of up to 20dB in the peak power
spectral density with respect to other patented method can
be achieved via a chaos-based frequency modulation (FM)
of the timing signal driving an open-loop converter.

The goal of this paper is to design a self-oscillating
DC/DC boost converter operating in continuous-
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Figure 1: Hysteretic current-controlled DC/DC Boost con-
verter scheme

conduction mode using an hysteretic control. This
structure simplify both design and converter complexity
since it don’t require an external clock, while improving
the output ripple performance for high voltage conversion
ratios as chaos-like regime cannot take place. We analyt-
ically design a non-linear perturbation to be applied on
the hysteretic control loop, exploiting the knowledge on
chaos-based EMI reduction techniques [7][9][10][12][14],
and to assess the impact of this new methodology on the
converter EMC performance. Finally, we will also develop
a prototype to experimentally verify the validity of our
approach.

2. Hysteretic current-controlled DC/DC boost con-
verter

The current-controlled boost converter is shown in
Figure 1, and it is assumed to operate in continuous-
conduction mode. A voltage feedback loop provide the
reference current Ire f which is set to be the hysteresis win-
dow midpoint value, while the hysteresis threshold control
provide the current levels which limit the excursion of the
inductor current. When the switch is closed, the inductor
current iL increases until the high threshold I(H)

th ; then the
switch opens and the current falls, reaching the low thresh-
old I(L)

th causing switch to close again, starting a new cy-
cle. We assume that the output voltage Vout is essentially
constant and that the switch ON and OFF time intervals
are short enough so that the current can be assumed to be
piecewise linear (see figure 2).

Unlike other family of current-controlled DC/DC boost
converter, which can exhibit an intrinsic chaotic behav-

NOLTA 2006
11-14 september
Bologna - ITALY

259



iL

Iref+Ir-xk-1

kT t

Iref-Ir+xk-1

Iref+Ir-xk

Iref-Ir+xk

Figure 2: Inductor current waveform

ior when the output voltage is at least twice the input
voltage[4], the hysteretic current-controlled boost con-
verter with fixed threshold values has always a periodic
regime, which makes it suitable to implement any voltage
conversion ratio without the need of any strategies to avoid
unwanted behaviors.

If we indicate by m1 = Vi/L and m2 = (Vout − Vi)/L the
slope magnitude of the inductor current when the switch is
respectively ON or OFF, we have

fk =
m1 + m2

2m1m2(I(H)
th − I(L)

th )
(1)

where fk is the actual inductor current frequency induced
by the thresholds and I(L)

th = Ire f − Ir + ξ(t), I(H)
th = Ire f + Ir −

ξ(t).
When the voltage feedback is introduced, the reference

current Ire f is controlled by means of the output voltage
Vout. As it is commonly assumed in the analysis and de-
sign of this class of converters, we suppose that the voltage
feedback outer loop is characterized by a much slower dy-
namics compared to the one of the current control, so that
Ire f can be considered as almost constant during our analy-
sis.

3. PDS Estimation

Figure 2 shows a possible inductor current waveform.
The value of Ir set the amplitude of the hysteresis window,
thus affecting both the output voltage ripple and the oper-
ating frequency of the switch. If the converter is working
in a periodic regime (i.e. ξ(t) = 0) the PDS of the inductor
current is concentrated at the harmonic frequencies of the
switching timing signal given by (1). To control the har-
monic frequencies position we need to act on the hysteresis
window amplitude. To do this, we introduce a noise-like
PAM signal

ξ(t) = A
∞∑

k=−∞
xkg(t − kT ) (2)

where the symbols {xk} are assumed to be generated by
a one-dimensional chaotic map, with xk+1 = M(xk), M :
[0, 1] �→ [0, 1], T is the symbols update period, A is the
amplitude of the signal and g(·) is a function which is 1 in
]0,T ] and 0 elsewhere.

To analyze the effect of the chaotic perturbation on the
converter behavior and to evaluate its impact on EMI reduc-
tion, we need to compute the PDS of iL(t). We will assume

that T is large enough to neglect the transient effect in the
value of iL(t) occurring after a change of the modulating
symbol from xk to xk+1.

With this, we can assume that the converter evolves
trough a sequence of steady-state periodic behaviors with
different timing signal frequencies (and thus current and
voltages) and, in particular, that the inductor current
reaches the new stable periodic solution in a negligible time
after each symbol change. Exploiting these hypothesis, we
can easily write

iL(t) =
∞∑

k=−∞
sk(t)gT (t − kT ) (3)

where sk(t) indicates the periodic triangular wave of the
kind shown in figure 2, extended on the whole real axis,
and corresponding to the steady state behavior of a con-
verter working in periodic mode at frequency fk. Since M
is mixing, iL(t) is cyclo-stationary [11][12] so that its PSD
Φ( f ) is well defined and can be expressed as

φ( f ) = lim
M→∞

1
2MT

E
[
|S M( f )|2

]
(4)

where

S M( f ) =
∫ MT

0
iL(τ)e−ι2π f τdτ (5)

and where E[·] is the expectation with respect to the pro-
cess generating the modulating sequence. By defining

σn( f ) = e−ι2π f nT
∫ T

0
iL(ξ + nT )e−ι2π f ξdξ (6)

we can write S M( f ) =
∑M−1

n=0 σn( f ), so that we obtain [15]

|S M( f )|2 =
∑M−1

h=0

∑M−1

n=0
σh( f )σ∗n( f ) =

=

M−1∑
n=0

σn( f )σ∗n( f ) + 2Re

⎧⎪⎪⎨⎪⎪⎩
M−1∑
k=1

M−k−1∑
n=0

σn+k( f )σ∗n( f )

⎫⎪⎪⎬⎪⎪⎭ (7)

where ·∗ denotes complex conjugation operation. Hence,
(4) can be written as

φ( f ) = K1( f ) + 2Re {K2( f )} (8)

Exploiting the periodicity of σk(t) we have

σn( f ) = e−ι2π f nT F

⎡⎢⎢⎢⎢⎢⎣
∞∑

m=0

Axn
m cos(2πm fnt + ϕm)gT (t)

⎤⎥⎥⎥⎥⎥⎦ (9)

where F(·) is the Fourier Transform operator, so that

σn( f ) = e−ι2π f nT
∞∑

m=0

Axn
m eιϕmGT ( f − m fn) (10)

where GT ( f ) = F[gT (t)].
The explicit calculation of (4) can be a hard task, but we

can still obtain some useful information on the actual PDS.
From now on we will assume that the {xk} are iid random
variables. With this, we can write

lim
T→∞

E
[
eι(ϕn+k−ϕn)GT ( f − m fn)GT ( f − m fn+k)

]
= 0 (11)
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Figure 3: The chaotic map Mo(x) (left) and its invariant
density (right).

as GT ( f − fx) is vanishing to the limit for every f � fx. It
follows that

lim
T→∞

K2( f ) = 0 (12)

Similarly, we can write

K1( f ) =
1

2T

∞∑
m=0

E

[∣∣∣∣∣Ax
mGT ( f − m

c(Ir + Ax)
)
∣∣∣∣∣
2]

(13)

where c = 2m1m2/(m1 + m2). Assuming that the perturba-
tion provided by the symbols {xk} on the amplitudes Ax

m is
negligible (i.e. Ax

m ≈ constant), we can write:

lim
T→∞
φ( f ) = lim

T→∞
K1( f ) =

∞∑
m=1

mAm

2Ac
ρ

(
m

cA f
− Ir

A

)
1
f 2

(14)

where ρ(x) is the probability density function (PDF) of the
symbols {xk} i.e. the invariant density of the chaotic map
M(x).

Equation (14) shows thatΦ( f ) is a superposition of spec-
tra around each harmonic of the iL(t) in a converter work-
ing in the periodic regime. These spectra have the same
shape of the PDF of the symbols multiplied by the dis-
tortion factor 1/ f 2, hence the maximum spread spectrum
spread and therefore maximum peak reduction strictly re-
lies on the choice of the symbol generator. This result is
still a good approximation of the PDS trend even when the
symbol update period T is kept large enough compared to
the switching period.

Exploiting the results in [14] that assures that we can
substitute chaotic modulating symbols for the iid random
ones if M has a sufficiently strong mixing behavior, we can
design a chaotic map with the proper PDF in order to obtain
a quite flat PDS shape.

A chaotic map Mo(x) suitable to this aim is defined by:

MO(x) =

⎧⎪⎨⎪⎩ 1 − 2
(√

2(1 − x) − 1
)2 −1 < x < 0.5

−3 + 4x 0.5 < x < 1
(15)

The map is depicted in Figure 3 along with its invariant
density.

4. Experimental results

A converter prototype was realized, with L = 1.5mH,
C = 100μF, R = 100Ω and employing a NBR1540 power
diode, a IRF540 power MOSFET for the switch and Vin =
6V. The center band frequency was set to f0 = 12kHz.
The chaotic PAM was implemented using a TMS320C6711
DSP board, with T = 0.5msec.

We compare here the results obtained in the periodic
regime and when the perturbation is applied.

Figure 4: PDS of the inductor current in the periodic regime
case.

Figure 5: PDS of the inductor current in the chaotic case
using a Bernoulli map as symbols generator.

First we assume Vout = 14V with no perturbation added
to the threshold levels, so that the converter operates in
the classical periodic setting. This is our reference r-case.
Then we consider the chaotic driven case ch-case, where
ξ(t) provided by (2) is non-null, the chaotic symbols were
generated by a Bernoulli shift and the maximum frequency
deviation is set to Δ f = 3.5kHz.

Figure 4 shows the measured PDS of iL in the r-case. Its
peak value is Φr

max = 4.50dBm while the output voltage
ripple is RPr

out = 198mV.
Figure 5 shows the trend of the PDS in the ch-case. As

expected, the introduction of the chaotic perturbation is
very effective in reducing EMI since Φch

max = −3.21dBm
with a ripple RPch

out = 199mV, i.e. practically unchanged
with respect to the r-case.

As the chaotic map selected has an uniform invariant
density, the PDF of the symbols is constant. Figure 5
clearly shows the impact of the distortion term 1/ f 2 in (14),
as the spectrum has a quite linear trend in the logarithmic
scale. This behavior is not optimal for EMI reduction. To
achieve a flatter spectrum, we introduce the chaotic map
Mo(x) defined by (15).

The map Mo(x) was implemented by means of a DSP
and the resulting inductor current PDS is shown in Fig-
ure 6. The PDS has a quite constant shape around each
harmonic, showing a good agreement with the theoretical
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Figure 6: PDS of the inductor current in the chaotic case
using Mo(x) as the symbol generator.

prediction. Its peak value is Φch−o
max = −4.39dBm while the

output voltage ripple is RPr
out = 198mV, so still unchanged

by the perturbation. The improvement with respect to the
simple Bernoulli driven perturbation is about 1.18dB which
shows the great impact of such PDS optimization.

5. Conclusions

In this paper we studied the effect of a suitable chaos-
based perturbation applied to threshold levels of a hys-
teretic current-programmed DC/DC boost converter with
voltage feedback loop. This perturbation on the compara-
tors thresholds reflects in reiterated frequency changes of
the main switch control function, so disrupting any period-
icity and producing a broaden power density spectrum of
the inductor current, thus reducing the peak PDS value.

We provided an analytical expression to approximate the
inductor current PDS, and we verified its validity by means
of measures performed on a converter prototype. Experi-
mental results showed that the spreading doesn’t alter the
output voltage ripple, while iL lowers the PDS peak value
and increases the circuit EMC.

However, an uniform PDF symbols source doesn’t give
the lower PDS peak, as the spectrum shape is affected by
a non linear distortion resulting in a non-flat, thus non-
optimized, PDS shape.

We provide a simple chaotic map which has an invariant
density suitable to optimize the EMI performances. Mea-
sures show that the resulting spectrum shape is quite flat so
that the behaviour with respect to EMI is further improved.

Compared to the techniques in [7][9][10] this approach
doesn’t require a frequency modulator for the PDS spread-
ing to take place, so the implementation of the control cir-
cuit is further simplified.

The symmetry structure of the perturbation application
is effective in keeping a low drift in the output voltage fluc-
tuation, as the inductor current mean value remains quite
unaltered through the different hysteresis window ampli-
tudes.
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Abstract—A digital spiking neuron can generate spike-
trains having various spike intervals. Some basic relations
between parameters of the neuron and characteristics of the
spike-train are clarified. Using the relation, a basic learn-
ing algorithm of the DSN is proposed in order to search pa-
rameter values that are suitable for some applications. Al-
though search space is extremely large, the algorithm can
find suitable parameter values in a realistic time.

1. Introduction

We study a digital spiking neuron (DSN) which is an
ultra-discrete system, and its dynamics is inspired by an
analog spiking neuron model [1]-[3]. Fig.1(a) shows basic
dynamics of a spiking neuron. A potential v usually in-
creases by integrating a DC stimulation. When the state v
reaches a threshold θ, it is reset to a periodic base signal
β(t) and a firing spike y = 1 is generated. Repeating such
integrate-and-fire behavior, the neuron can generate peri-
odic and non-periodic spike-trains [4][5]. Fig.2(b) shows
basic dynamics of the DSN. A black box represents a dig-
ital state (corresponding to the potential v) and is usually
shifted upward. When the black box reaches the highest
position (corresponding to the threshold θ), it is reset to a
white circle (corresponding to the base signal β(t)) and a
firing spike Y = 1 is generated. Repeating such shift-and-
fire behavior, the DSN generates a spike-train Y. The DSN
consists of digital registers and wirings among them. The
wiring pattern is a crucial parameter because it determines
shape of a map which governs dynamics of spike interval
[1]-[3]. That is, the DSN can realize various dynamics of
spike-train by adjusting the wiring pattern. Now, one of
fundamental problems is: how we can synthesize a DSN
that generates spike-train having desired characteristics.

In this paper we investigate one approach toward such
a problem, based on an understandable example applica-
tion. First we analyze some characteristics of the spike-
train, e.g., period and number of spikes. We then clarify a
basic relation between the wiring pattern and characteris-
tics of the spike-train. Using the relation, we can propose
a simple learning algorithm in order to search wiring pat-
terns of the DSN that are suited for ranging and positioning
applications. We show that the algorithm can find suitable
wiring patterns in a realistic time. It should be noted that
carpet-bombing search is not realistic because the number
of possible wiring patterns increases exponentially as the
number of registers increases.
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Figure 1: (a) Analog spiking neuron model and its
integrate-and-fire behavior. (b) Digital spiking neuron
(DSN) and its shift-and-fire behavior.

Significances and motivations for studying the DSN are
many, including the following points. (1) Spiking neurons
and their networks can exhibit rich phenomena (e.g., syn-
chronization clusters of spike-trains) that relate to engineer-
ing applications [5]-[8]. Ultra-discrete systems can also ex-
hibit rich phenomena, e.g., beautiful spatio-temporal pat-
tern generation by cellular automata and pseudo-random
number generation by shift register generators [9]-[11]. It
is fundamentally interesting to study fusion of such im-
portant dynamical systems. (2) Spike-based systems have
some engineering advantages, e.g., fast computation of
pulse-coupled neural networks [7][8]; and low power con-
sumption and multiplex communication capability of im-
pulse communications [12][13]. Ultra-discrete systems
can be implemented easily and systematically by reconfig-
urable hardware such as FPGA. The DSN may be a proto-
type in order to fuse advantages of both systems. (3) The
wiring pattern of the DSN can be adjusted dynamically by
FPGA. Hence the presented learning algorithm may be fun-
damental to develop on-chip learnings of the DSN and/or
its pulse-coupled network.

2. Digital Spiking Neuron

In this section we introduce the digital spiking neuron
(DSN) and its basic dynamics [1]. The DSN operates on
a discrete time t = 0, 1, 2, · · ·. Fig.2(a) shows an example
of the DSN. The DSN has M pieces of p-cells indexed by
i ∈ {0, 1, · · · ,M−1}, where M ≥ 2. Each p-cell has a digital
state pi(t) ∈ {0, 1} ≡ B, where ”≡” denotes ”definition”
hereafter. The p-cells are ring-coupled and governed by

pi+1(mod M)(t + 1) = pi(t). (1)

In this paper initial states of the p-cells are fixed: p0(0) = 1
and pk(0) = 0 for all k � 0. Then the p-cells oscil-
late with period M. As shown in Fig.2(a), the DSN has
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Figure 2: (a) DSN. M = N = 7 and A is given by Equation
(2). (b) Basic dynamics and output spike-train Y(t). (c)
Auto-correlation function CY (τ) of Y(t).

one-way reconfigurable wirings from p-cells to x-cells.
In the dotted box, the left terminals accept a state vector
(p0(t), · · · , pM−1(t))t ≡ P(t) ∈ BM of the p-cells. The right
terminals output a base signal (b0(t), · · · , bN−1(t))t ≡ b(t) ∈
BN . Each left terminal pi has one wiring and each right
terminal bj can accept any number of wirings. Let us intro-
duce an M×N wiring matrix A whose elements are defined
as follows: a( j, i) = 1 if pi is wired to bj; and a( j, i) = 0
otherwise. The DSN in Fig.2(a) have the wiring matrix

A =



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 1 1
0 0 1 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1 1 0 0 1 0 0


. (2)

Using the wiring matrix A, the base signal is given by

b(t) = AP(t). (3)

In Fig.2(b), white circles illustrate the base signal b(t) cor-
responding to the wiring matrix in Equation (2). As shown
in Fig.2(a), each j-th x-cell has a digital state xj(t) ∈ B and
has three digital inputs {bj, xN−1 , xj−1}, where x−1 ≡ 0. If
xN−1(t) = 0, xj(t + 1) = xj−1(t). If xN−1(t) = 1, xj(t + 1) =
bj(t). Let (x0(t), · · · , xN−1(t))t ≡ X(t) ∈ BN be a state vector
of the x-cells, and let S ((x0 , · · · , xN−1)t) = (0, x0, · · · , xN−2)t

be a shift operator. Then the x-cells are governed by

X(t + 1) =
{

S (X(t)) if xN−1(t) = 0,
b(t) if xN−1(t) = 1. (4)

Basic dynamics of the x-cells is shown in Fig.2(b). If the
black box (that represents xj = 1) is below the highest x-
cell (that is indexed by N − 1), it is shifted upward. If
the black box reaches the highest x-cell at t = ta (i.e.,
xN−1(ta) = 1), the DSN fires: the black box at t = ta + 1
is reset to the position of the white circle (that repre-
sents bj = 1) at t = ta, and the DSN generates a spike
Y(ta) = xN−1(ta) = 1. Repeating such shift-and-fire dynam-
ics, the DSN generates a spike-train

Y(t) ≡ xN−1(t), t = 0, 1, 2, · · · . (5)

The shift-and-fire dynamics may be regarded as digital ver-
sion of integrate-and-fire dynamics of an analog spiking
neuron [5]. The upward shift of the digital state X(t) corre-
sponds to integration dynamics of an analog membrane po-
tential. The reset of X(t) and generation of a spike Y(t) = 1
correspond to firing dynamics of the analog spiking neu-
ron. Hence we refer to the circuit in Fig.2(a) as the digital
spiking neuron

As a result, the DSN is governed by the set of Equations
(1), (3), (4) and (5). Also the DSN is characterized by the
parameters M, N and A. The number of possible wiring
matrixes A is

# wiring matrixes = NM . (6)

The DSN has a controllable initial state vector X(0) =
(x0(0), · · · , xN−1(0))t of the x-cells. In this paper we assume
that only one element in X(0) is 1.

The DSN generates a periodic spike-train in a steady
state because it has the finite states (P, X) and the discrete
time t. The DSN may have multiple co-existing periodic
spike-trains and generates one of them depending on the
initial state X(0). Hence the DSN may exhibit complicated
transient phenomena to multiple co-existing periodic spike-
trains [1]. In this paper we focus on spike-trains having
long periods and do not deeply discuss co-existence and
transient phenomena.

3. Application example and Basic learning

In this section we clarify basic relation between the
wiring matrix A and characteristics of the spike-train Y.
Based on the relation, we also propose a basic learning al-
gorithm for some applications. For simplicity, let us focus
on the case of M = N. An integer T is said to be period of
a spike-train Y(t) if T is the minimum multiple integer of
M such that Y(t + T ) = Y(t) for all t ≥ 0. The number Q
of spikes during the period 0 ≤ t < T is said to be spike-
number. The spike-train Y(t) in Fig.2(b) has period T = 21
and spike-number Q = 7. Let us define an auto-correlation
function of a spike-train Y(t) as follows:

CY (τ) ≡ 1
Q
∑T−1

t=0 Y(t)Y(t + τ). (7)

Fig.2(c) shows the auto-correlation function CY (τ) of the
spike-train Y(t) in Fig.2(b). Let R ≡ max1≤τ≤T−1 {CY (τ)}
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Figure 3: (a) Mutated DSN. The bold wirings are different
from the DSN in Fig.2(a). The wiring matrix A′ is given
by Equation (8). (b) Basic dynamics and output spike-train
Y′(t). (c) Auto-correlation function C′Y (τ) of Y′(t).

be the 2nd peak1 of CY (τ). The auto-correlation function
CY (τ) in Fig.2(c) has the 2nd peak R = 5/7. In this paper
we characterize the spike-train Y(t) by the following three
quantities.

• Period T (1 ≤ T ≤ M2).
• Spike-number Q (1 ≤ Q ≤ M).
• 2nd peak R of the auto-correlation function (0 ≤ R ≤ 1).

The spike-train Y(t) can be utilized in some engineering ap-
plications including ranging and positioning [14]. In such
applications, the following points should be considered.

(C1) Longer period T can realize wider measurement
range.
(C2) Larger spike-number Q can realize higher resistivity
to noise.
(C3) Lower 2nd peak R of the auto-correlation function CY

can realize higher resistivity to noise.

These points can be regarded as cost functions for the rang-
ing and positioning applications. We emphasize that the
number of possible wiring matrixes A is MM, and then
carpet-bombing search of A for preferable cost functions
is impossible for large system size M. Hence we propose
an iterative learning (searching) algorithm of A as follows.

Let us introduce the following mutation rule for the
wiring matrix A.

1The 1st peak is always CY (0) = 1.

Mutation rule: Let G be an M×M matrix whose elements
are given by g( j, i) = a(M − j + i (mod M), i) for all i and
j. Let α ∈ {0, 1, · · · ,M − 1} and β ∈ {0, 1, · · · ,M − 1}
be arbitrary integers. Let us exchange the α-th and the
β-th columns of G, and also exchange the α-th and the
β-th lows. The resulting matrix is denoted by G′. Let
A′ be an M × M matrix whose elements are given by
a′( j, i) = g(M − j + i (mod M), i) for all i and j. A′ is
referred to as a mutated wiring matrix of A, where α and β
are referred to as mutation positions.

For example, if we mutate the wiring matrix A in Equation
(2) with mutation positions (α, β) = (1, 2), we obtain

A′ =



0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 1 1
0 0 0 1 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 1 0 0


(8)

where ” ′ ” denotes ”mutated version” hereafter. Fig.3(a)
shows the DSN having the mutated wiring matrix A′ in
Equation (8). This DSN generates a spike-train Y′(t) in
Fig.3(b) that is characterized by (T ′,Q′,R′) = (28, 7, 4/7).
We can confirm that the spike-trains Y(t) in Fig.2(b) and
Y′(t) in Fig.3(b) have the same spike-number T = T ′ = 7.
Actually, we have the following conjecture.

Conjecture 1: Suppose a DSN with a wiring matrix A
generates a spike-train Y(t) with spike-number Q = M.
Then a DSN with a mutated wiring matrix A′ generates
a spike-train Y′(t) with spike-number Q′ = M. Y(t) and
Y′(t) may have different period (i.e., T � T ′) and 2nd peak
of auto-correlation function (i.e., R � R′).

Based on this conjecture, we can propose a basic learning
algorithm of the wiring matrix A for preferable cost func-
tions C1-C3.

Learning algorithm
Step 0. Initialize the wiring matrix as follows: a(M−1, i) =
1 for all i; and a( j, i) = 0 for all i and j � M − 1. In this
case the DSN generate a spike-train Y(t) characterized by
(T,Q,R) = (M,M, 1) as shown in Fig.4(a). We note that
the spike-train Y(t) is to have the possible maximum spike-
number Q = M. Initialize a counter k of learning iteration
number to 0.
Step 2. Using two random integers α ∈ {0, 1, · · · , M − 1}
and β ∈ {0, 1, · · · ,M − 1}, mutate the wiring matrix A into
A′. We note that Conjecture 1 says that any mutated DSN
generates a spike-train Y′(t) having the possible maximum
spike-number Q′ = M. If Y′(t) has lower 2nd peak R′ of
the auto-correlation function than that of Y(t) (i.e., R′ ≤ R),
go to Step 3. Otherwise, go to Step 4.
Step 3. Update the wiring matrix as A = A′. Go to Step 4.
Step 4. Increment the counter as k = k + 1. Let K be a
given maximum iteration number. If k ≤ K, go to Step 2.
Otherwise, terminate the learning algorithm.
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Figure 4: Learning dynamics for M = 20. (a) After ini-
tialization. (T,Q,R) = (20, 20, 20/20). (b) After k = 2
learning iterations. (T,Q,R) = (80, 20, 14/20). (c) After
k = 10 learning iterations. (T,Q,R) = (220, 20, 5/20).

Fig.4 shows basic learning dynamics for M = 20. We can
confirm that the period T increases and the 2nd peak R of
the auto-correlation function decreases as the learning con-
tinues. That is, preferable cont functions C1 and C3 can
be obtained. We can also confirm that the spike-number Q
always takes the possible maximum value 20, i.e., the cost
function C2 is always the most preferable one. Fig.5 shows
learning characteristics for M = 20, where the graphs are
averages for 10 different learning results. It seems that the
learning almost converges after k = 100 iterations. Recall
that the number of possible wiring matrixes is 2020 and then
carpet-bombing search is impossible in a realistic time.

4. Conclusions

We have analyzed basic characteristic of the DSN,
e.g., period of the spike-train, spike-number, and auto-
correlation function of the spike-train. We then derived the
conjecture that clarifies basic relation between the wiring
matrix and the spike-number. Based on the conjecture, we
have proposed the learning algorithm that can find wiring
matrixes that are suitable for ranging and positioning appli-
cations. Future problems include: (a) detailed analysis of
the DSN and the learning algorithm, (b) FPGA implemen-
tation of the learning algorithm, and (c) synthesis and anal-
ysis of a pulse-coupled neural network of the DSN having
some useful application.
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Figure 5: Learning characteristics. R is the 2nd peak of
auto-correlation function of Y(t). T is period of Y(t).
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Abstract—This paper introduces a framework of the
probabilistic controllability analysis of piecewise affine
systems, which has been recently proposed by the authors.
First, based on an algebraic characterization of the control-
lability, three probabilistic algorithms, which are comple-
mentary to each other, are derived for approximately solv-
ing the controllability problem in a polynomial time with
respect to several parameters. Next, it is shown by some
examples that the approach is practical.

1. Introduction
The controllability analysis for hybrid systems is one of

the important research topics, while the problem is known
to be NP-hard/undecidable [1, 2]. So although severalde-
terministic approaches have been developed so far (see e.g.,
[1]), the computation amount in these approaches increases
exponentially with the control time period and the dimen-
sion of the continuous state.

On the other side, an alternative, possible approach to
solve the controllability problems in a practically short time
is to use aprobabilistic method. Thus, the authors have
most recently proposed in [3, 4, 5] three approaches using
a probabilistic method (e.g., [6]) for approximately veri-
fying the controllability of a class of piecewise affine sys-
tems with a probabilistic accuracy: a positive one-sided er-
ror algorithm (Algorithm P) based on sampling the discrete
state trajectory, a negative one-sided error algorithm (Algo-
rithm N) based on sampling the initial continuous state, and
a two-sided error algorithm (Algorithm T) based on sam-
pling both the discrete state trajectory and the initial con-
tinuous state. Algorithm P is a polynomial-time algorithm
with the control time period and the other parameters ex-
cept for the dimension of the continuous state, which can
determine if the system is controllable or is uncontrollable
with a probabilistic accuracy. In contrast, Algorithm N is
a polynomial-time algorithm with respect to the dimension
of the continuous state and the other parameters except for
the control time period, which can determine if the system
is controllable with a probabilistic accuracy or is uncontrol-
lable. Further, Algorithm T is a polynomial-time algorithm
with respect to all parameters, which can determine if the
system is either controllable or uncontrollable with a prob-
abilistic accuracy.

In this paper, through the survey of the above three prob-
abilistic algorithms, it is shown that our framework is very
practical for the controllability problem of hybrid systems.
Notation: letR andN (N+) denote the real number field

and the set of nonnegative (positive) integers, respectively.
Thei-th element of the vectorx is expressed asx(i), and the
difference set of the setsX1 andX2 is expressed asX1−X2.
For the measurable setX and its Hausdorff dimensiondH ,
vol(X ) expresses thedH -dimensional Hausdorff measure,
andcard(I) expresses the cardinality of the finite setI.

2. Characterization of Controllability of Discrete-Time
PWA Systems

This paper considers the discrete-time PWA system

Σ :
{

x(k + 1) = AI(k)x(k) + BI(k)u(k) + aI(k),
I(k + 1) = I+ if x(k + 1) ∈ SI+

(1)

wherex∈Rn is the continuous state,I ∈I is the discrete
state (it is sometimes called themode), I :={0, 1, . . . , M−
1} is the set of the discrete state values,M ∈ N+ is the
number of the discrete state values,u ∈ Rm is the control
input, AI ∈ Rn×n, BI ∈ Rn×m, andaI ∈ Rn are con-
stant matrices for modeI, k ∈ N is the sampling time, and
I+ ∈ I is the discrete state value at the(k+1)-th sampling
time. We call(I, x) ∈ I × Rn the hybrid state (or sim-
ply the state). In addition,SI denotes the subregion of the
continuous state assigned toI ∈ I, given by

SI := {x ∈ Rn| CIx + dI ≤ 0, ĈIx + d̂I < 0} (2)

whereCI ∈ RpI×n, dI ∈ RpI , ĈI ∈ Rp̂I×n, andd̂I ∈
Rp̂I . For this subregion, it is assumed that

⋃
I∈I SI = Rn

andSI ∩ SJ = ∅ for everyI, J ∈ I such thatI �= J .
This assumption guarantees thatI is uniquely determined
for eachx andu, in other words,Σ is well-posed. For sim-
plicity of notation, we often usex(0) = x0 (x0 ∈ Rn) as
the initial state instead of the hybrid state(I(0), x(0)) =
(I0, x0) ∈ {(I, x) ∈ I × Rn | x ∈ SI}, since by assump-
tion, the value of the initial discrete stateI0 ∈ I is uniquely
determined by eachx0 ∈ Rn.

ForΣ, the controllability notion is defined as follows.
Definition 1 For the system Σ, suppose that the final time
T ∈ N+ and the direct product set X ⊆ R2n of the sets
X0,XT ⊆ Rn of the continuous state (X := X0 × XT )
are given. Then Σ is said to be (T, X )-controllable if for
each x0 ∈ X0, there exists an input vector sequence U :=
{u(0), u(1), . . . , u(T −1)} ∈ RmT satisfying x(T ) ∈ XT

under the initial state x(0) = x0. �

Now, we show a(T,X )-controllability condition for
T ∈ {2, 3, . . .}1 (see [3, 4] for details of the deviation).

1Different symbols have to be used for the casesT = 1 andT ∈
{2, 3, . . . }; due to the limited space, the former is omitted.
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Let (I, X) be a sequence of the intermediate hybrid states
(Ik, xk) ∈ {(I, x) ∈ I×Rn | x ∈ SI} (k = 1, 2, . . . , T −
1), whereI := [I1 I2 · · · IT−1]� ∈ IT−1 and X :=
[x�1 x�2 · · · x�T−1]

� ∈ SI for SI := SI1×SI2×· · ·×SIT−1

(I is often called thediscrete state trajectory). In addition,
we define

E(I0, x0, I, X, xT ) := Ea
I0I


 x0

X

xT


 + Eb

I0I
, (3)

Ea
I0I

:=




E1
I0 E2

I0 0 · · · 0

0 E1
I1 E2

I1

. . .
...

...
. . .

. . .
. . . 0

0 · · · 0 E1
IT−1

E2
IT−1


, Eb

I0I
:=




E3
I0

E3
I1
...

E3
IT−1


,

and E1
Ik

:= −(B⊥
Ik

)�AIk
, E2

Ik
:= (B⊥

Ik
)�, E3

Ik
:=

−(B⊥
Ik

)�aIk
for a matrix B⊥

I ∈ Rn×m⊥ satisfying
rank[BI B⊥

I ] = n and (B⊥
I )�BI = 0 (m⊥ ∈ N+

is a positive integer). Then we can prove that for given
T ∈ {2, 3, . . .}, (I0, x0) ∈ {(I, x) ∈ I × Rn | x ∈ SI},
I ∈ IT−1, andXT ⊆ Rn, there exists aU ∈ RmT satisfy-
ing [I(1) I(2) · · · I(T − 1)]� = I andx(T ) ∈ XT under
the initial state(I(0), x(0)) = (I0, x0) if and only if there
exists an[X�x�T ]�∈SI×XT satisfying

E(I0, x0, I, X, xT ) = 0. (4)

Thus the set ofx0 ∈ X0 for which there exists aU ∈ RmT

satisfyingx(T ) ∈ XT under the initial statex(0) = x0

(i.e.,(I(0), x(0)) = (I0, x0)) can be expressed as

Xc(T,X ) :=
⋃

I∈IT−1

X I

c(T,X ) (5)

where

X I

c(T,X ) :=
⋃

I0∈I
X I0I

c (T,X ), (6)

X I0I

c (T,X ) :=
{

x0 ∈ SI0 ∩ X0

∣∣∣{
[X�x�T ]�∈SI×XT

∣∣E(I0, x0, I, X, xT )=0
}�=∅

}
. (7)

Note thatX I0I

c (T,X ) expresses the set ofx0 ∈ SI0 ∩
X0 for which there exists aU ∈ RmT satisfying
[I(1) I(2) · · · I(T − 1)]� = I andx(T ) ∈ XT under
the initial state(I(0), x(0)) = (I0, x0). Then we straight-
forwardly obtain a necessary and sufficient condition for
Σ to be(T,X )-controllable.
Theorem 1 For Σ, suppose that T ∈ {2, 3, . . .} and X ⊆
R2n are given. Then Σ is (T,X )-controllable if and only
if Xc(T,X )=X0. �

The condition in Theorem 1 can be checked by standard
polyhedral manipulation techniques. However, such a de-
terministic approach will not be practical from the view-
point of computational complexity; the required computa-
tion amount may grow exponentially withT andn [3]. So
an alternative way for checking the(T,X )-controllability
is required.

3. Probabilistic Controllability Analysis

In this section, the framework of the probabilistic con-
trollability analysis, composed of the positive and negative
one-sided error algorithms and the two-sided error algo-
rithm, is introduced.

For simplicity of notation, we suppose thatT ∈
{2, 3, . . .} andX ⊆ R2n are given in advance; so the sym-
bolsX I0I

c , X I

c , Xc are often used instead ofX I0I

c (T,X ),
X I

c(T,X ), Xc(T,X ), respectively.

3.1. Positive One-Sided Error Algorithm

The positive one-sided error algorithm [3], calledAlgo-
rithm P, is given by the following procedure.

0: Given T ∈ {2, 3, . . .}, X ⊆ R2n, and NP ∈ N;
1: j := 1; X̃c(0) := ∅;
2: while j ≤ NP

2.1: Generate an i.i.d. random vector I
j

from a uniform distribution on IT−1;
2.2: X I

j

c :=
⋃

I0∈I X I0I
j

c ;

2.3: X̃c(j) := X̃c(j − 1) ∪ X I
j

c ;
2.4: If X̃c(j) == X0, then Halt: return “Y”;
2.5: j := j + 1;

3: Halt: return “N∗”;

Algorithm P approximately solves the(T,X )-
controllability problem with a positive one-sided error as
follows.

For givenx0 ∈ X0, consider the set of the discrete state
trajectories defined byIT−1

c (x0) := {I ∈ IT−1 |x0 ∈
X I

c}. This expresses the set ofI ∈ IT−1 for which there
exists aU ∈ RmT satisfying[I(1) I(2) · · · I(T−1)]� = I

as well asx(T ) ∈ XT under the initial statex(0) = x0. So
if I is an i.i.d. random vector from a uniform distribution
onIT−1, the relation

Prob{I ∈ IT−1
c (x0)} =

card(IT−1
c (x0))

card(IT−1)
(8)

holds. Then the following result is obtained.
Lemma 1 For Σ, suppose that T ∈ {2, 3, . . .} and X ⊆
R2n are given. In addition, for Algorithm P, suppose that
NP ∈ N is given by

NP :=

⌈
ln 1

δP

ln 1
1−εP

⌉
(9)

for arbitrarily given εP , δP ∈ (0, 1). Then if Algorithm P
outputs “N∗”, then there exists an x0 ∈ X0 satisfying

Prob{Prob{I ∈ IT−1
c (x0)} ≤ εP } ≥ 1− δP . (10)

Otherwise, i.e., if Algorithm P outputs “Y”, Σ is (T,X )-
controllable. �

Lemma 1 can be obtained from a well-known inequality
in the probabilistic robustness analysis (see e.g., [6]). This
implies that if Algorithm P outputs “N∗”, there exists an
x0 ∈ X0 such thatcard(IT−1

c (x0))/ card(IT−1) ≤ εP
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holds with probability more than or equal to1 − δP ; so if
εP andδP are sufficiently small, it is guaranteed with suffi-
ciently high probability that for almost allI ∈ IT−1, there
does not exist aU ∈ RmT satisfying[I(1) I(2) · · · I(T −
1)]� = I andx(T ) ∈ XT under the initial statex(0) = x0.
Note here that there does not exist aU ∈ RmT satisfying
x(T ) ∈ XT under the initial statex(0) = x0 if and only
if Prob{I ∈ IT−1

c (x0)} = 0, and thus (10) can be consid-
ered as a kind of relaxed condition forΣ with x(0) = x0

to not have aU ∈ RmT satisfyingx(T ) ∈ XT ; hence
if “N ∗” is outputted, it is approximately verified thatΣ is
not(T,X )-controllable, more precisely, it is verified thatΣ
is not (T,X )-controllable in the sense that there exists an
x0 ∈ X0 satisfying (10). On the other hand, if Algorithm P
outputs “Y”, it is verified thatΣ is (T,X )-controllable.

3.2. Negative One-Sided Error Algorithm

Under assumption

(A1) The setX0 is bounded and measurable,

the negative one-sided error algorithm [4] (Algorithm N)
is given as follows.

0: Given T ∈ {2, 3, . . .}, X ⊆ R2n, and NN ∈ N;
1: i := 1;
2: while i ≤ NN

2.1: Generate an i.i.d. random vector xi
0

from a uniform distribution on X0;
2.2: If xi

0 /∈ Xc, then Halt: return “N”;
2.3: i := i + 1;

3: Halt: return “Y∗”;

In a similar way to the case of Algorithm P, it is
shown that Algorithm N approximately solves the(T,X )-
controllability problem with a negative one-sided error.

Let x0 be a random vector from a uniform probability
density function onX0, and we formally define

Prob{x0 ∈ Xc} :=
vol(Xc)
vol(X0)

. (11)

Note thatXc⊆X0 andProb{x0∈X0−Xc}=1−Prob{x0 ∈
Xc}. Then the following result is obtained.
Lemma 2 For Σ, suppose that T ∈ {2, 3, . . .} and X ⊆
R2n satisfying (A1) are given. In addition, for Algo-
rithm N, suppose that NN ∈ N is given by

NN :=

⌈
ln 1

δN

ln 1
1−εN

⌉
(12)

for arbitrarily given εN , δN ∈ (0, 1). Then if Algorithm N
outputs “N”, then Σ is not (T,X )-controllable. Otherwise,
i.e., if Algorithm N outputs “Y∗”,

Prob{Prob{x0 ∈ X0 −Xc} ≤ εN} ≥ 1− δN (13)

holds. �

This implies that if Algorithm N outputs “N”, then
it is verified thatΣ is not (T,X )-controllable. On the
other hand, if Algorithm N outputs “Y∗” with sufficiently
small εN and δN , it is guaranteed with sufficiently high
probability that for almost allx0 ∈ X0, there exists a
U ∈ RmT satisfyingx(T ) ∈ XT under the initial state
x(0) = x0. Thus it is approximately determined thatΣ is
(T,X )-controllable, i.e., it is determined thatΣ is (T,X )-
controllable in the sense of (13).

3.3. Two-Sided Error Algorithm

The two-sided error algorithm [5], calledAlgorithm T,
is derived by mixing the positive and negative one-sided
error algorithms in Sections 3.1 and 3.2, i.e., it is based
on the random sampling of the discrete state trajectoryI ∈
IT−1 and the initial continuous statex0 ∈ X0. This is
shown as follows.

0: Given T ∈ {2, 3, . . .}, X ⊆ R2n, and NP , NN ∈ N;
1: i := 1;
2: while i ≤ NN

2.1: Generate an i.i.d. random vector xi
0

from a uniform distribution on X0;
2.2: while i ≤ NP

2.2.1: j := 1;
2.2.2: Generate an i.i.d. random vector I

j

from a uniform distribution on IT−1;
2.2.3: If xi

0 ∈ X I
j

c , then goto 2.4
2.2.4: j := j + 1;

2.3: Halt: return “N∗”;
2.4: i := i + 1;

3: Halt: return “Y∗”;

Algorithm T repeatedly checks (in line 2.2 including
lines 2.2.1–2.2.4) if or not an i.i.d. random vectorxi

0 ∈ X0

satisfies the condition

(C1) xi
0 /∈ X I

j

c for all j ∈ {1, 2, . . . , NP }.
If (C1) holds for somei ∈ {1, 2, . . . , NN}, the algorithm
outputs the symbol “N∗”; otherwise, i.e., if (C1) does not
hold for alli∈{1, 2, . . . , NN}, it outputs the symbol “Y∗”.
Then from Lemmas 1 and 2, the following result is straight-
forwardly obtained.

Lemma 3 For Σ, suppose that T ∈ {2, 3, . . .} and X ⊆
R2n satisfying (A1) are given. In addition, for Algorithm T,
suppose that NP , NN ∈ N are given by (9) and (12) for
arbitrarily given εP , δP , εN , δN ∈ (0, 1). Then if Algo-
rithm T outputs “N∗”, then there exists an x0 ∈ X0 satis-
fying (10). Otherwise, (13) holds. �

Therefore, for givenεP , δP , εN , δN as accuracy param-
eters, Algorithm T under (A1) can determine with a two-
sided error ifΣ is (T,X )-controllable or not.

Finally, Table 1 condenses the features and the computa-
tional complexities of the three algorithms (see [3, 4, 5] for
the proofs of the computational complexities), where the
computational complexities are estimated by the specifica-
tion parameters of the(T,X )-controllability, i.e.,T and the
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Table 1: Relation of the probabilistic algorithms.

Algorithm P Algorithm N Algorithm T

Random Variable in Algorithm � x0 �andx0

Solution of
Algorithm

Positive Result Deterministic sense
Probabilistic sense

((13) holds)
Probabilistic sense

((13) holds)

Negative Result
Probabilistic sense

(∃x0 ∈ X0 s.t. (10))
Deterministic sense

Probabilistic sense
(∃x0 ∈ X0 s.t. (10))

Computation amount
in the worst case

w.r.t. T Polynomial Exponential Polynomial
w.r.t. n Exponential Polynomial Polynomial

w.r.t. the other parameters Polynomial Polynomial Polynomial
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x ∈ R2

∣∣∣∣∣∣∣∣




1 0
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0 −1


x +



−10
−10
−10
−10


 ≤ 0


 ,

S1 :=
{

x ∈ R2
∣∣ [ 1 0 ] x + 10 < 0

}
,

S2 :=


x ∈ R2

∣∣∣∣∣∣
[

1 0
−1 0

]
x +

[−10
−10

]
≤ 0

[ 0 1 ] x + 10 < 0


 ,

S3 :=
{

x ∈ R2

∣∣∣∣ [ 0 1 ] x− 10 ≤ 0
[−1 0 ] x + 10 < 0

}
,

S4 :=
{

x ∈ R2

∣∣∣∣ [−1 0 ] x− 10 ≤ 0
[ 0 −1 ] x + 10 < 0

}
.

Figure 1: SubregionsSI in example.

number of the inequalities characterizingX , and the accu-
racy parametersεP , δP , εN , δN , and the scale/complexity
parametersn, M , pI , p̂I of the systemΣ. Note that they are
complementary to each other for their computation amount
as well as the results determined by them.

4. Example

Consider the systemΣ with n = 2 and M = 5,
whereAI , BI , andaI are given asAI := eAc

Ih, BI :=∫ h

0 eAc
Itdt Bc

I , andaI :=
∫ h

0 eAc
Itdt ac

I for the sampling
periodh := 1 and the continuous-time system parameters

Ac
0 :=

[−1 1
0 −1

]
, Bc

0 :=
[−1 0

0 0

]
, ac

0 :=
[−3

5

]
,

Ac
1 :=

[
2 −1
1 2

]
, Bc

1 :=
[

1 1
−1 0

]
, ac

1 :=
[

0
0

]
,

Ac
2 :=

[−3 2
0 0.5

]
, Bc

2 :=
[

1 0
0 0

]
, ac

2 :=
[

1
0

]
,

Ac
3 :=

[
0.5 0
1 −3

]
, Bc

3 :=
[

0 0
1 0

]
, ac

3 :=
[−7ζ

0

]
,

Ac
4 :=

[−0.1 0
0 −9

]
, Bc

4 :=
[

0 0
0 0

]
, ac

4 :=
[

2
−5

]

whereζ ∈ {1, 2}. The subregions of the continuous state
assigned to each value of the discrete state are shown in
Fig. 1, and the subsystem in only mode 1 is controllable in
the usual sense.

We apply Algorithm P, N, and T (with techniques de-
rived in [3, 4] for efficiency) for the(T,X )-controllability
problem withT = 10, for which it is hopeless to check in a
deterministic way, andX0 = [−20, 20]2, XT = {0} (note
that (A1) hold for the setX0). We setεP = 10−3, δP =
10−3, εN = 10−3, andδN = 10−3. The results are shown
in Table 2, where we used MATLAB (withGBT Toolbox)

Table 2: Results (T = 10) by the three algorithms.

(a) Caseζ = 1.
Algorithm P N T

(T,X )-controllability N∗ N N∗
Computation time[sec] 122 1404 8

(b) Caseζ = 2.
Algorithm P N T

(T,X )-controllability Y Y∗ Y∗
Computation time[sec] 3.9 124.7 136.1

on the computer with the Intel Pentium 4 2.53GHz proces-
sor and the 2048MB memory and the symbols “Y”, “N”,
“Y ∗”, “N ∗” express the output of the algorithms. Note here
that “Y∗” means thatΣ is (T,X )-controllable in the sense
thatProb{x0 ∈ X0 − Xc} ≤ 0.1 [%] holds with probabil-
ity more than or equal to 99.9 [%], and “N∗” does thatΣ
is not (T,X )-controllable in the sense that there exists an
x0 ∈ X0 satisfyingProb{I ∈ IT−1

c (x0)} ≤ 0.1[%] with
probability more than or equal to 99.9 [%]. The result is
based on ten trials, where the algorithms answered the same
result in every trial, and the computation time expresses the
mean value in the trials (the variance was small).

This table shows that the(T,X )-controllability prob-
lem, which must not be solved in a deterministic way, can
be solved within a practically short time by the proposed
framework.
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Abstract—In this paper we present a method to optimise
a controller for hybrid systems by use of a return map. We
propose a criterion and an associated method based on nu-
merical analysis that can be used to optimise parameters
of a hybrid system controller. Using the presented method
the controller parameters of a chaotically operating DC-DC
boost converter in current programmed mode (CPM) are
optimised.

1. Introduction

In the last decades hybrid systems became subject of in-
terest in application as well as in research. Typical exam-
ples are DC-DC converters and antilock braking systems.
In this paper we consider discretely controlled continuous
systems. In these systems perpetually switching has to oc-
cur forever in order to assure correct function. Depending
on the event generator the system can operate periodically
or chaotically. The task of the controller R is to maintain
the continuous state within a certain interval.

Due to the possibility of complex system behaviour (e.g.
bifurcations and chaos) the design of a reliable controller
is sometimes a frustrating task. Classical methods for con-
troller design in general require a locally stable control loop
or at least a locally stable control loop model. As we want
to include controller design for chaotically operating sys-
tems a statistical approach is reasonable. The method can
be applied to controller design of periodically as well as
chaotically operating hybrid systems. We use the return
map model of [1] and apply statistical analysis to obtain
the steady state distribution and the convergence to it.These
two characteristics together are used in an optimisation cri-
terion for controller design.

The paper is organised as follows. Section 2 summarizes
the hybrid system model used in the paper and clarifies the
design task. In section 3 we propose the optimisation cri-
terion and associated controller optimisation method. Sec-
tion 4 demonstrates the proposed method to optimise the
controller parameters of a chaotically operating boost con-
verter. Section 5 draws conclusions.

2. Hybrid system

Here we completely use the modeling approach of [1].
In this section we only repeat the most important issues.

The hybrid system is composed of a hybrid plant and a
continuous controller R, fig. 1. The hybrid plant consists of
a continuous subsystem ẋ = f(x, q), a discrete subsystem
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Figure 1: Hybrid system

q(k + 1) = g(q(k), e) and an event generator Φ. Φ gen-
erates the switching events e and their occurrence times t̄
from x, t, q and a control input u that modifies the param-
eters of switching event generation. Each time when an
event occured a state transition of the discrete subsystem is
initialised.

The task of the continuous controller R is to

• adjust the steady state x̄s characteristics such as the
ensemble mean and variance according to application
specific requirements

• move the continuous state x to x̄s

• hold the continuous state x within x̄s

Therefore R derives the control input u from the continuous
state x.

If the structure of R is given then for the complete system
plant-controller the return map P can be derived.

P : s̄(m + 1) = P(s̄(m)) with
s̄(m) = (x̄(m), t̄(m), q̄(m))T (1)

determines the successor state s̄(m+1) from the actual one.
A detailed description of the derivation and representation
of the return map can be found in [1].

Througout the paper we will use the return map to model
this system. We completely reduce the investigation to
the states at the switching events. As the resulting system
is event discrete and the sequence of the states at certain
switching events is obtained by repeated iteration of the
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return map we will call the resulting model an iterated sys-
tem. The controller task in this model reduces to the control
of x at the observed switching events.

In the next section we propose a criterion to optimise
controller parameters for a fixed controller structure.

3. A Method to Optimise Hybrid System Controller
Parameters

3.1. Optimisation Criterion

Here we use a criterion that rates the controller tasks
named in section 2. As here we want to include chaoti-
cally operating systems measure-based criteria are rather
appropriated than trajectory-based criteria. A criterion that
fulfills these requirements is

J = fs

(
E(|ε̄s|2)

)
+

∞∑

m=1

mp
(
E(|ε̄(m)|2) − E(|ε̄s|2)

)
, (2)

where ε̄(m) = x̄(m) − xre f is the process error and ε̄s(m) =
x̄s(m) − xre f is the steady state error.

The function fs rates the steady state error. To rate con-
vergence to the steady state the deviation between the tra-
jectory ensemble and the steady state is accumulated by
the sum term. The power p can be used either to assure
exponential convergence of the criterion (p < 1) or, if ex-
ponential convergence is assured, to define to which extend
the deviation from steady state with increasing number of
iterations is penalised (p > 1).

We note this criterion is related to the well-known Bolza
form

J(x0, u) = x(te)′Sx(te) +

∫ te

0

(
x(t)′Qxx(t) + u(t)′Ru(t)

)
dt .

(3)

3.2. Algorithm

The optimisation algorithm is similar to that used in [2].
An initial parameter set is used to obtain the return map.
To limit the calculation effort a limited number of initial
settings is used. Then by repeated iteration of the return
map P an ensemble of trajectories is obtained from which
the expectation value in eq. (2) for each iteration m is cal-
culated. Each parameter is optimised sequentially using a
newton-like algorithm to obtain the minimum of eq. (2).
The algorithm stops if a minimum is found. The result is
an optimal parameter setup for the controller.

4. Application Example

In this section the proposed optimisation method will be
applied to a PI controlled boost converter in CPM. Fig. 2
depicts the converter. The corresponding functions of the
hybrid plant model, fig. 1, are given in [1]. The PI con-
troller u = kP · ∆V +

∫ t
0 ∆V(t)dt with ∆V = Vre f − vo(t)

has a saturation of the integrator output voltage. The sat-
uration values are iimin and iimax. The converter parame-
ters are Vi = 4 V, L = 100 µH, C = 10 µF, and Tclk =
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Figure 3: Pdf of the converter output voltage for phase mar-
gin controller design

10 µs, Vre f = 15 V. The peak inductor current is limited to
Imax = 5 A. As a result of the input-to output voltage ratio
the converter operates chaotically [3].

To rate the results of the optimisation we first derive con-
troller parameters by use of the linearised standard averag-
ing model and phase margin criterion. The resulting con-
troller is used as a reference. As the DC-DC converter op-
erates chaotically the averaging method in its original form
and linearising would result in a pole in the right half plane
[4].

In this case no controller design for the chaotic system is
possible. To overcome this problem we slightly modify the
averaged model by setting < iL >T s= ire f . Then averaging
and linearising results in the transfer function

Vo

Ire f
= R

Vin − sL V2
o

RVin

Vo(sCR + 2)
.

The controller parameters are adjusted to achieve about
60◦ phase margin and maximise crossover frequency. This
leads to the parameter setup kP = 0.8 A

V , kI = 3000 A
Vs . The

integrator output saturation iimax, iimin values are chosen as
imax = 3 A, imin = 0.

To rate the resulting transient behaviour we use the den-
sity fvo (v,m) of the output voltage. The initial settings are
as follows: 10 V ≤ vo(0) ≤ 20 V, 0 ≤ iL(0) ≤ Imax, iimin ≤
ii(0) ≤ iimax, where ii is the integrator output value of the
controller.

The output voltage densities are depicted in fig. 3. De-
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Figure 5: Output voltage pdf for optimised controller pa-
rameters

pending on the initial state the output voltage raises up to
26 V. The steady state is achieved after about 70 cycles.

Now the following optimisation cases are considered.
Case 1) kI , kP and Imax are optimised. fs(x) = 500 · x

and p = 1. iimin = 0 and iimax = 3 A are kept constant.
This results in the parameter setup Imax = 2.41 A, kP =

0.45 A
V , kI = 3715 A

Vs . The corresponding output voltage
densities are depicted in fig. 5. The steady state is achieved
after about 40 cycles.

Case 2) kI , kP Imax iimin and iimax are optimised. fs(x) =

500 · x and p = 1. The resulting parameter setup is Imax =

2.49 A, kP = 0.54 A
V , kI = 7627 A

Vs , imin = imax = 0.9 A.
imin = imax means the integrator is not active but adds a
constant value to the controller output. The resulting output
voltage densities are depicted in fig. 7. The steady state is
achieved after about 20 cycles. The steady state mean value
error is 0.2 V.

Case 3) fs is increased into fs = 50000 · ε to reduce
steady state error. The resulting parameter setup is Imax =
2.5 A, kP = 0.21 A

V , kI = 2390 A
Vs , imin = imax = 1.2 A. The

output voltage densities are depicted in fig. 9. Here the
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Figure 6: Mean value and standard deviation of the con-
verter output voltage for optimised parameters
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Figure 7: Output voltage pdf for optimised controller pa-
rameters, 2nd parameter setup
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rameters, increased fs
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Figure 11: Mean value and standard deviation of the one-
cycle averages for optimised parameters

steady state mean value error is reduced to 0.02 V while
the number of cycles to achieve steady state remained con-
stant. Furthermore the variance of the steady state error is
reduced from 0.1 V2 to 0.03 V2. Again the integrator sat-
uration values result in a constant value output of the inte-
grator.

All figures shown previously depict an offset between
Vre f and the stationary state. The reason for this offset is
that we used the event values in the figures and to opti-
mise the controller parameters. As the state x has a ripple,
the event value is different from the average value. As the
integral part of the controller removes the average value
deviation the event values will always have an offset.

If the average or the event value is to be considered de-
pends on the application. A partially consideration of the
average can be done by adding an output function to the
map Px to calculate the one-cycle averages from the event
values. Then eq. (2) has to use the averages instead of the
event values. If we use this criterion and run the optimi-
sation procedure for fixed iimin = 0 and iimax = 3 A we
obtain the parameter setup Imax = 1.6 A, kP = 1.52 A

V , kI =

10672 A
Vs . Fig. 11 depicts the corresponding mean value

and standard deviation behaviour of the one-cycle aver-
ages. We note a small offset of the one-cycle averages re-
mains. The reason for this behaviour is that here the one-
cycle averages of the ensemble are equally weighted. A
further improvement is possible by the use of time-interval
weighted averages.

5. Conclusions

We proposed a measure based optimisation criterion and
an optimisation method for controllers of hybrid systems
by use of return maps. Nonlinear system behaviour such as
saturation automatically is included in the return map and
hence considered by the optimisation procedure. Further-
more in contrast to existing approaches this method can be
applied to chaotically operating systems as shown in the
CPM DC-DC converter example.
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Abstract— The notion ofswitched discrete event sys-
tems(DES) has been introduced in [14]. This is a class of
DES where each automaton is the composition of two ba-
sic automata, but with different composition operators. A
switching occurs when there is a change of the composition
operator, but keeping the same two basic automata. A mode
behavior is defined as the active DES behavior for a given
composition operator. Composition operators are supposed
to change more than once so that each mode is visited more
than once. In this paper we study the behavior of an exper-
imental manufacturing as an example of switched DES.

1. Introduction

Supervisory control initiated by Ramadge and Wonham
[15] provides a systematic approach for the control of dis-
crete event system (DES) plant. Most of the properties of a
given composed system depend on the composition opera-
tor. The modular approach reflects the underlying physical
properties of complex systems such as manufacturing sys-
tems.

The most common composition operators used in su-
pervisory control theory are the product and the parallel
composition [1], [20]. However many different types of
composition operators have been defined, e.g., the priori-
tized synchronous composition [3], the biased synchronous
composition [7], see [19] for a review of most of the com-
position operators. Multi-Agent composition operator [17],
[18] is another kind of operator, which differs from the syn-
chronous product in the aspects of simultaneity and syn-
chronization.

Related work concerns a) fault diagnosis for DES (the
readers are referred to [4] for a comprehensive survey),
b) mode-automatafor reactive system programming, in-
troduced by Maraninchi and Remond [9], c) supervisory
uniqueness for operating mode systems studied by Kamach
et al. [6] where the authors propose a multi-model ap-
proach to DES, and finally d) sensor failure tolerant su-
pervisory control proposed by Rohloff [16] where different
automata are used to model the system observation behav-
ior in the various modes of operations.

This paper studies the application of switched DES
methodology to an Experimental Manufacturing Cell. This
cell is composed of two robotized workstations connected
to a central conveyor belt. Recently, three new semi-
automated workstations have been added in order to in-
crease the flexibility aspects of the cell. This flexibility

allows the designer to study different mode behaviors of
the experimental cell.

The paper is organized as follows. In Section 2, the no-
tation and preliminaries are given. The notion of switched
DES is recalled in Section 3. In Section 4, the control-
lability property is studied. Finally the experimental cell
behavior is described in Section 5.

2. Notation and Preliminaries

Let the discrete event system plant be modeled by a finite
state automaton [5]

G = (Q,Σ, δ, q0,Qm)

whereQ is the finite set of states,Σ is the finite set of events
associated with the transitions inG, δ : Q × Σ → Q is the
partial transition function,q0 is the initial state andQm ⊆ Q
is the set of marked states.

Let Σ∗ be the set of all finite strings of elements inΣ in-
cluding the empty stringε. The functionδ can be general-
ized toδ : Σ∗×Q→ Q. The notationδ(s, q)! for any s ∈ Σ∗

andq ∈ Q denotes thatδ(s, q) is defined. LetL(G) ⊆ Σ∗ be
the language generated byG, that is,

L(G) = {s ∈ Σ∗|δ(s, q0)!}

Let K ⊆ Σ∗ be a language. The set of all prefixes of strings
in K is denoted byK with K = {s ∈ Σ∗|∃ t ∈ Σ∗; st ∈ K}.
A languageK is said to beprefix closedif K = K. The
event setΣ is decomposed into two subsetsΣc andΣuc of
controllable and uncontrollable events, respectively, where
Σc ∩ Σuc = ∅. A controller, called a supervisor, controls
the plant by dynamically disabling some of the controllable
events. A closed languageK ⊆ L(G) is said to becontrol-
lablewith respect toL(G) andΣuc if [15]

KΣuc ∩ L(G) ⊆ K.

In the supervisory control theory, composition means syn-
chronization of finite state automata. The basis for the
definition of all the composition operators areGa =

(Qa,Σa, δa, q0a,Qma) andGb = (Qb,Σb, δb, q0b,Qmb) with
disjoint state setsQa ∩ Qb = ∅ but generally overlap-
ping event sets. The result of any composition is an au-
tomatonGi = Ga||opi Gb = (Q,Σ, δ, q0,Qm) with the state
Q = Qa × Qb, the event setΣ = Σa ∪ Σb and initial state
x0 = x0a, x0b, whereopi is a composition operator. Each
operator is defined by a distinct transition function with
σ ∈ Σ a single event andq ∈ Q a state.

NOLTA 2006
11-14 september
Bologna - ITALY

275



Among the different types of composition operators, we
recall here the biased synchronous composition (BSC) and
the strict product composition (SPC).

Definition 1 [7] The Biased Synchronous Composition
(BSC)is defined as follows. The automatonGa is called
the master andGb is called the follower.
δ(q, σ) =


















δa(qa, σ) × δb(qb, σ) if δa(qa, σ)! ∧ δb(qb, σ)!
δa(qa, σ) × {qb} if δa(qa, σ)! ∧ ¬δb(qb, σ)!
∅ otherwise.

Definition 2 Thestrict product composition (SPC)is de-
fined as follows.
δ(q, σ) =
{

δa(qa, σ) × δb(qb, σ) if δa(qa, σ)! ∧ δb(qb, σ)!
∅ otherwise.

These two composition operators will be taken as exam-
ple in the next sections.

3. Switched DES

The basic idea is the following. Without loss of general-
ity we consider two automataGa andGb as defined above.
Let Gi be the composed automaton fromGa andGb with
operatoropi , that isGi = Ga||opi Gb. In the same way letG j

be the composed automaton from the sameGa andGb but
with operatoropj, that isG j = Ga||opj Gb, as it is depicted
in Figure 2 and Figure 3.

DES 1

DES 2

DES n

switch

Supervisor

Figure 1: Switched DES

Definition 3 Equivalent states.
The states (qa, qb)i of automatonGi and (qc, qd) j of automa-
tonG j are said to beequivalent(qa, qb)i ≡ (qc, qd) j if they
result from the composition of the same pair of states but
with different composition operators (qa = qc andqb = qd).

Assumptions. Given two automataGi andG j , switching
between automatonGi and automatonG j is possible if the
following assumptions hold.

1. Gi andG j have at least two equivalent states

2. Switching betweenGi andG j is performed through
their equivalent states.

3. Switching fromGi to G j has zero duration, as well as
from G j to Gi .

Definition 4 [14] Switched DES.
A switched discrete event system is defined as follows.

Lswitched(G) = L(Gi), i ∈ I = {1, . . . , n} (1)

where Gi is the model of DESi , and I is an index set. In
this special case, Gi = Ga||opiGb.

We can see in Figure 2 and Figure 3 the automatonG1

andG2, respectively. Then automataG1 andG2 can switch
between them, as it is shown in Figure 4. Actually, the
switching are made through the equivalent states ofG1 and
G2, see Figure 5.

G1 = Ga ||_op1 Gb

Ga Gb

Figure 2: AutomatonG1

Ga Gb

G2 = Ga ||_op2 Gb

Figure 3: AutomatonG2

G1 G2

Figure 4: Switched automaton

G1
G2

Figure 5: Automata switching through equivalent states

We give here below some examples of switched DES:

• Manufacturing systems where the operating modes
are changing (e.g. from normal mode to degenerated
mode)

• Discrete event systems after an emergency signal
(from normal to safety mode)

• Complex systems changing from normal mode to re-
covery mode (or from safety mode to normal mode).
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We can distinguish, like for the switched continuous-
time systems, the notion ofautonomousswitching where
no external action is performed and the notion ofcon-
trolled switching, where the switching isforced. The no-
tion of switched DES has been adapted from the switched
continuous-time systems. For a survey of switched
continuous-time systems, one can refer to [8] and the ref-
erences therein.

On one hand DES and continuous-time systems share the
notion of controllability (but each domain has its own defi-
nition). On the other hand, stability analysis in continuous-
time systems cannot be adapted to DES (even though some
work exist on the stability of DES [10], [11] and the ref-
erences therein). Thus the notion of stability analysis has
been changed to nonblocking analysis. Before defining the
problems, we need to define the notion of switching se-
quence. A switching sequence is defined to be the succes-
sive active automata when the successive switchings occur.
The following problems have been defined in [14]

• Problem A. Find conditions that guarantee that the
switched DES (1) is controllable with respect to the
LanguageL(G) and with respect to all the uncontrol-
lable events, for any switching sequence.

• Problem B. Identify the classes of switching se-
quences for which the switched DES (1) is control-
lable with respect to the LanguageL(G) and with re-
spect to all the uncontrollable events.

• Problem C. Find conditions that guarantee that the
switched DES (1) is nonblocking.

• Problem D. Identify the classes of switching se-
quences for which the switched DES (1) is nonblock-
ing.

We can note that discretization of a switched continuous
system (see e.g., [12]) may be a solution to the adaptation
to the DES context.

4. Controllability of Switched DES

In this section we address a specific problem related to
the controllability of a switched DES (1).

Problem 1. Given a switched automatonLswitched =

L(G) = L(Gi), i ∈ I = {1, 2} whereG1 = Ga||op1Gb =

Ga||BSCGb andG2 = Ga||op2Gb = Ga||S PCGb, find the condi-
tions that guarantee the controllability of the switched DES
Lswitched= L(G).

Theorem 1 Given a switched automaton Lswitched =

L(G) = L(Gi), i ∈ I = {1, 2} where G1 = Ga||BSCGb and
G2 = Ga||S PCGb, the switched automaton L(G) = L(Gi) is
controllable with respect to both L(G1) and L(G2) and with
respect toΣuc if

1. Ka,Kb, L(G2) are pairwise non conflicting

2. Kb, L(Ga) are non conflicting

3. Kb is controllable w.r.t. L(Ga)

Proof. The proof can be found in [14]. It is based on four
propositions that have been given in [19].

5. Experimental Manufacturing Cell

An automated manufacturing system generally consists
of a number of interconnected material processing stations
capable of processing a wide variety of part types, a ma-
terial transport system, a communication system for inte-
grating all aspects of manufacturing and a supervisory con-
trol system. The experimental manufacturing cell is com-
posed of the following components [2]: a) a central con-
veyor belt, b) two robotized workstations, with a station
conveyor each, c) a transfer system between the central
conveyor belt and the station conveyor, d) another transfer
system between the station conveyor and the corresponding
robot, and e) a load-unload robotized worksation.

Recently, three semi-automated workstations have been
added to increase the flexibility aspects of the cell. Indeed,
each semi-automated workstation can perform either man-
ual or automated tasks. The experimental manufacturing
cell is depicted in Figure 6.

Behavioral specifications of such an automated manu-
facturing system include: a) logic-based specifications (e.g.
safety, error recovery, the sequencing of operations, part
routing and production volume requirement), b) temporal
production specification: production times, and c) utility
optimality specification: e.g. costs.

6. Conclusions

This paper studies the application of the switched DES
methodology, introduced in [14] to an Experimental Man-
ufacturing Cell. The different mode behaviors were possi-
ble to obtain thanks to the recently added semi-automated
workstations. These latter increased the flexibility of the
system, and it allows the designer to apply the switched
DES approach. Future work will be focused on a) obtain-
ing more different mode behaviors for controllability, and
b) study nonblocking properties in some specific cases.
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Abstract—In this paper, we consider a hybrid sys-

tem controlled by a sampled-data state feedback controller

whose action is periodically time-driven, that is, the control

inputs can change only at particular points in time of a syn-

chronized global time base. We introduce transition sys-

tems as semantics of the controlled hybrid systems. More-

over, we consider a control problem given by a predicate

and show that there always exists the supremal control-

invariant subpredicate for any predicate.

1. Introduction

A hybrid automaton is widely used as a model of hybrid

systems[1]. A computer-controlled system is an example

of hybrid systems since it has both continuous and discrete

variables associated with the physical process (the plant)

and the logical dynamics (the control logic and external

environment), respectively[2]. In actual systems, the digi-

tal controller is time-driven, that is, the measurements and

subsequent control actions are periodically executed and

the control input value is constant in intersamplings. If the

sampling frequency is fast relative to the physical process,

it may not be necessary to model the sampling process.

However, as the sampling period approaches time constant

inherent in the process dynamics, the sampling period has

much effect on the system.

In discrete event systems, a state feedback controller is

often used as a logical control problem, where a control

specification is given by a predicate on their states[3]. Its

control action is determined by their current states. A dis-

crete event system is called control-invariant if there exists

a state feedback controller such that all reachable states in

the closed-loop system controlled by the controller satisfy

the predicate. A necessary and sufficient condition for the

system to be control-invariant is derived[3]. The state feed-

back control for the discrete event systems is extended to

hybrid systems[4] and hybrid automata with forcible events

[5]. Forcible events are events that can be forced to oc-

cur by the control so that temporal performance can be

improved[6]. Ushio and Takai extend transition semantics

of uncontrolled hybrid systems[1] to that of controlled hy-

brid systems with forcible events and show necessary and

sufficient conditions for a predicate to be control-invariant.

In this paper, we consider a hybrid automaton with a

sampled-data feedback controller which updates its control

action periodically.

The rest of this paper is organized as follows: Section

2 reviews transition systems, several predicate transforma-

tions, and a concept of control-invariance. Section 3 in-

troduces a hybrid automaton with the sampled-data state

feedback controller and two transition systems as its se-

mantics. Section 4 introduces two transition systems to de-

scribe the feasible behaviors of a controlled hybrid automa-

ton. Finally, Section 5 discusses the control-invariance of

the hybrid automaton with the sampled-data state feedback

controller and shows that there exists the supremal control-

invariant subpredicate.

2. Preliminaries

We use a labeled transition system T=(Q, Act,T ,Q0)

in order to define semantics of controlled hybrid sys-

tems, where Q is a set of states, Act is a set of la-

bels, T ⊆Q×Act×Q is a state transition relation, Q0⊆Q
is a set of initial states. Act(T ; q)⊆Act is defined by

Act(T ; q)={a∈Act|∃q′ ∈ Q s.t (q, a, q′)∈T }. Let P(Q) be

the set of all predicates on Q. A predicate P is true
at state q∈Q if P(q)=1, and f alse if P(q)=0. Denoted

by ∨, ∧, and ¬ are disjunction, conjunction, and nega-

tion of predicates, respectively. The term “predicate” and

“subset”(={q∈Q|P(q)=1}) can be used interchangeably. A

partial order “�” for P(Q) is defined as follows: for

P1, P2∈P(Q), P1�P2⇔P1(q)≤ P2(q) for any q∈Q. For

each a∈Act, a predicate Da is defined by

Da(q) =

⎧⎪⎪⎨⎪⎪⎩
1 if a ∈ Act(T ; q),

0 otherwise.
(1)

We define predicate transformations wpa:P(Q)→ P(Q)

and wlpa:P(Q)→P(Q) as follows:

wpa(P)(q)=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1 if Post(q, a)�∅ and

(for∀q′∈Post(q, a))P(q′)=1,

0 otherwise,

(2)

wlpa(P) = wpa(P) ∨ ¬Da, (3)

where Post(q, a)={q′∈Q|(q, a, q′)∈T }. For a subset A⊆Act,
we define wpA(P)=

∨
a∈A wpa(P). For a subset A⊆Act,

P∈P(Q) is said to be (T ; A)-invariant iff, for any a∈A,

P�wlpa(P).

3. Hybrid automaton and Sampled-data state feedback
controller

We consider a hybrid system H modeled by a hybrid au-

tomaton with forcible events which can be forced to occur

NOLTA 2006
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by external control actions as follows:

H = (V, E,Σ, event, inv, init, Flow, jump), (4)

where

• V is the set of nodes;

• Σ is the set of events and partitioned into the sets Σc,

Σu of controllable events and uncontrollable, respec-

tively. Moreover, let Σ f be the set of forcible events.

For simplicity, we assume that any forcible event is

controllable;

• E⊆V×Σ×V is the set of edges with associated events,

that is, e(v, σ, v′) is an edge e ∈ E from a node v to a

node v′ labeled by event σ and corresponds to a dis-

crete transition by the occurrence of σ;

• For each node v ∈ V , inv(v) ⊆ n is the set of val-

ues which the continuous variable can take in v, and

f low(v) ⊆ n ×n is a set of values which (x, ẋ) can

take in v.

• init assigns the initial continuous states, that is, init(v)

is the set of all possible initial continuous states in

node v; and

• For each edge e(v, σ, v′), jump(e) ⊆ 2n×n
is the

jump relation, that is, (x, x′)∈ jump(e) means that the

continuous state x ∈ inv(v) jumps to x′ ∈ inv(v′) when

σ ∈ Σ occurs.

Note that Σc∩Σu=∅ and Σ=Σc∪Σu. The state

set QH of a hybrid automaton H is given by

QH={(v, x)|∀v∈V,∀ x∈inv(v)}. Let guard(e) be an oc-

currence condition of the discrete transition by edge

e(v, σ, v′) ∈ E:

guard(e)= {x∈ inv(v)|∃x′ ∈ inv(v) s.t. (x, x′)∈ jump(e)}.
Let F (P, δ, v, x, x′) be a set of functions F : [0, δ]→n

satisfying the following conditions:

1. F(0) = x and F(δ) = x′;
2. For any ε ∈ (0, δ), F(ε) ∈ inv(v) and (F(ε), Ḟ(ε)) ∈

f low(v).

3. For any εi, ε j ∈ (0, δ), P(v, F(εi)) = P(v, F(ε j)).

Moreover, F (P, δ, v, x, ∗) = ⋃x′∈inv(v) F (P, δ, v, x, x′).
Assumption 1 We assume that, for any e(v, σ, v′) ∈ E and

σ∈Σ f , guard(e) is a closed set.

In a conventional sampled-data control system, sampling

times are periodic and each control input value is periodi-

cally changed. In this paper, let sampling times be peri-

odical time sequence with a period T and an initial phase

0.

Thus, we introduce a sampled-data state feedback con-

troller f as follows:

f = ( f1, f2), (5)

where

• f1 : QH → Γ1 gives a set of control-enabled events,

where Γ1 = {γ1|Σu ⊆ γ1 ⊆ Σ}; and

• f2 : QH → Γ2 gives a set of forcible events which are

control-enabled and forced to occur, where Γ2 = 2Σ f .

Note that, for any q ∈ QH , f2(q) ⊆ f1(q) ∩ Σ f .

Denoted by H f is a hybrid automaton H with forcible

events controlled by f .

Henzinger introduces two transition systems, called

timed and time-abstract transition systems, in order to rep-

resent semantics of H[1], Ushio and Takai extended them

to a controlled hybrid automaton with a control specifica-

tion given by a predicate[5]. Next we extend them to a

hybrid automaton with a sampled-data state feedback con-

troller.

To define semantics of this automaton by transition sys-

tem, the transition system must have state variables which

indicate a control pattern assigned by the controller at the

latest sampling time, duration between the current time and

the latest sampling time, and the current state in QH .

Thus, we can define two transition systems as semantics

of a hybrid automaton with a sampled-data state feedback

controller f .

(1)A sampled-data controlled timed transition system
S t(H f , P) = (Q f

s , Actst,T
f

st ,Q
f
s0

), (6)

where Q f
s ⊆ QH × Γ1 × Γ2 × [0, T ] is the set of states in

the transition system and Q f
s0
= {(q0, γ1, γ2, 0) ∈ Q f

s |q0 ∈
QH0, f (q0) = (γ1, γ2)}) is the initial state set. Each element

of a state (q, γ1, γ2, ω) ∈ Q f
s is defined as follows: q indi-

cates a state of H f . ω is an elapsed time from the latest

sampling time. γ1 ∈ Γ1 and γ2 ∈ Γ2 are control patterns

assigned at the latest sampling time by the controller f .

Actst⊆Σ∪ [0, T ] is the set of events. T f
st ⊆ Qs × Actst ×Qs

is defined as follows: Consider qs = (q, γ1, γ2, ω), q′s =
(q′, γ′

1
, γ′

2
, ω′) ∈ Q f

s , where q = (v, x) and q′ = (v′, x′).
(A) for σ ∈ Actst ∩ Σ, (qs, σ, q′s) ∈ T f

st iff the following

conditions are satisfied:

1. ∃e(v, σ, v′) ∈ E s.t. (x, x′) ∈ jump(e), and

2. σ ∈ γ1, γ1 = γ
′
1
, γ2 = γ

′
2
, and ω = ω′.

(B) for δ ∈ [0, T ], (qs, δ, q′s) ∈ T f
st iff the following condi-

tions are satisfied:

1. v = v′ and x, x′ ∈ inv(v).

2. if δ = ω′ − ω, then there exists F ∈ F (P, δ, v, x, ∗)
such that the following conditions are satisfied:

(a) F(δ) = x′, γ1 = γ
′
1
, and γ2 = γ

′
2
.

(b) for ∀t ∈ [0, δ) and ∀e(v, σ̂, v̂) ∈ E,

if F(t) ∈ guard(e), then σ̂ � γ2.

3. if δ � ω′ − ω, then all the following conditions are

satisfied:

(a) δ = 0, ω = T , and ω′ = 0,

(b) q = q′ and f (q′) = (γ′1, γ
′
2).

(2)A sampled-data controlled time-abstract transition
system

S a(H f , P) = (Q f
s , Actsa,T

f
sa ,Q

f
s0

), (7)

where the state sets Q f
s and Qs0 are same as those of the

sampled-data controlled timed transition system. Actsa ⊆
Σ ∪ {τu, τc}, where τu, τc � Σ are events. T f

sa ⊆ Q f
s ×
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Actsa × Q f
s is defined as follows: transitions related to

events in Σ are same as those in T f
st in S t(H f , P). Con-

sider qs=(q, γ1, γ2, ω), q′s = (q′, γ′
1
, γ′

2
, ω′) ∈ Q f

s . Let

Δ(qs, q′s) = {δ ∈ [0, T ]|(qs, δ, q′s) ∈ T f
st }.

(A)(qs, τc, q′s) ∈ T f
sa iff Δ(qs, q′s)�∅, ω = T , and ω′ = 0.

(B)(qs, τu, q′s) ∈ T f
sa iff Δ(qs, q′s)�∅ and ω < ω′.

4. A sampled-data transition system with feasible in-
puts

In this section, we define two transition systems to de-

scribe the feasible behavior of a controlled hybrid automa-

ton H.

(1) A sampled-data timed transition system with feasi-
ble inputs

S t(P) = (Qs, Actst,Tst,Qs), (8)

where Qs = QH × Γ1 × Γ2 × [0, T ] is the set of states in

the transition system and Qs0 = {(q0, γ1, γ2, 0) ∈ Qs} is the

initial state set. Each element of a state (q, γ1, γ2, ω) ∈ Qs

is defined as follows: q indicates a state of H. ω is an

elapsed time from the latest sampling time. γ1 ∈ Γ1 and

γ2 ∈ Γ2 are control patterns hold at the latest sampling time.

Actst ⊆ Σ ∩ [0, T ] is the set of events. Tst is defined as

follows: Consider qs = (q, γ1, γ2, ω), q′s = (q′, γ′
1
, γ′

2
, ω′) ∈

Qs, where q = (v, x) and q′ = (v′, x′) ∈ QH0.

(A) for σ ∈ Actst ∩ Σ, (qs, σ, q′s) ∈ Tst iff the following

conditions are satisfied:

1. ∃e(v, σ, v′) ∈ E s.t. (x, x′) ∈ jump(e), and

2. σ ∈ γ1, γ1 = γ
′
1, γ2 = γ

′
2, and ω = ω′.

(B) for δ ∈ [0, T ], (qs, δ, q′s) ∈ Tst iff the following condi-

tions are satisfied:

1. v = v′ and x, x′ ∈ inv(v).

2. if δ = ω′ − ω, then there exists F ∈ F (P, δ, v, x, ∗)
such that the following conditions are satisfied:

(a) F(δ) = x′, γ1 = γ
′
1
, and γ2 = γ

′
2
.

(b) for ∀t ∈ [0, δ) and ∀e(v, σ̂, v̂) ∈ E,

if F(t) ∈ guard(e), then σ̂ � γ2.

3. if δ � ω′ −ω, then the following condition is satisfied:

(a) δ = 0, q = q′, ω = T , and ω′ = 0.

(2)A sampled-data time-abstract transition system with
feasible inputs

S a(P) = (Qs, Actsa,Tsa,Qs0), (9)

where the state sets Qs and Qs0 are same as those of the

sampled-data controlled timed transition system. Actsa ⊆
Σ ∪ {τu, τc}, where τu, τc � Σ are events. Tsa ⊆ Qs ×
Actsa × Qs is defined as follows: transitions related to

events in Σ are same as those in Tst in S t(P). Con-

sider qs=(q, γ1, γ2, ω), q′s = (q′, γ′1, γ
′
2, ω

′) ∈ Qs. Let

Δ(qs, q′s) = {δ ∈ [0, T ]|(qs, δ, q′s) ∈ Tst}.
(A) (qs, τc, q′s) ∈ Tsa iff Δ(qs, q′s)�∅, ω = T , and ω′ = 0.

(B) (qs, τu, q′s) ∈ Tsa iff Δ(qs, q′s)�∅ and ω < ω′.

We extend a predicate P on QH to Qs as follows: for

P : Qs → {0, 1} is defined by P(qs) = P(q) for each state

qs = (q, γ1, γ2, ω) ∈ Qs.

From the above definitions, the following lemmas are

easily proved.

Lemma 1 Let f be a sampled-data state feedback controller

for H. Then, for any qs, q′s ∈ Q f
s , and event a ∈ Σ ∪ {τu},

(qs, a, q′s)∈T f
sa in S a(H f , P)

⇔ (qs, a, q′s)∈Tsa in S a(P), (10)

(qs, τc, q′s)∈T f
sa in S a(H f , P)

⇒ (qs, τc, q′s)∈Tsa in S a(P). (11)

Lemma 2 In S a(H f , P), for any qs ∈ Qs,

|Post(qs, τc)| ≤ 1 in S a(H f , P), (12)

where |A| is the number of elements in the set A.

5. Supremal control-invariant subpredicate

A concept of control-invariance plays an important role

in state feedback control of discrete event systems[3]. A

predicate P∈P(Qs) is said to be control-invariant if there

exists a sampled-data state feedback controller f such that

P is (S (H f , P); Actst)-invariant. Such a controller f is

called a permissive feedback controller. In general, a given

predicate P ∈ P(Qs) is not necessarily control-invariant.

In this section, we propose a procedure for computation of

the supremal control-invariant subpredicate. We introduce

some definitions for the predicate P as follows:

• C I(P) is the set of all control-invariant subpredicates

of P∈P(Qs).

• 0∈P(Qs) is the predicate such that, for any qs∈Qs,

0(qs)=0. Since 0∈C I(P), C I(P)�∅.
• A predicate P↑ ∈ C I(P) called the supremal control-

invariant subpredicate of P is defined as follows: for

any P′ ∈ C I(Qs), P′ � P↑.

Ushio and Takai showed that there always exists P↑ for

the hybrid systems with forcible events[5]. In this section,

we show the same property also holds for the hybrid au-

tomaton with the sampled-data state feedback controller.

Theorem 1 Let I be any index set. If Pi ∈ P(Qs)

is control-invariant for each i ∈ I, then, PI =
∨

i∈I Pi is

control-invariant.

By Theorem 1, there exists its supremal control-invariant

subpredicate P↑ for any predicate P ∈P(Qs).

We define swp and swlp as follows: For a given labeled

transition system T , its state qs, and predicate P,

swpa(P)(qs)=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1 Post(qs, a) � ∅ in T and
∃q′s ∈Post(qs, a) s.t. P(q′s) = 1,

0 otherwise,

(13)

swlpa(P) = ¬Da ∨ swpa(P) (14)
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In addition, we define a controller set F as follows: for a

predicate P ∈P(Qs),

F (P) = { f : QH → Γ1 × Γ2 | for each q ∈ QH ,

f (q)= (γ1, γ2) s.t. P(q, γ1, γ2, 0)=1} (15)

The following theorem gives an iterative scheme for

computing the supremal control-invariant subpredicate.

Theorem 2 For any P ∈ P(Qs), consider the following

iterative computation: P j+1 = P j ∧ Ψ(P j) (∀ j ≥ 0), where

P0 := P. Then the following implication holds:

If there exists k ≥ 0 such that Pk+1 = Pk, then P↑ = Pk

and each f ∗ ∈ F (Pk) is a permissive controller, where Ψ :

P(Qs)→P(Qs) is defined as follows:

Ψ(P)=
∧

σ∈{τu}∪Σ
wlpσ(P) ∧ swlpτc (P) in S a(P). (16)

Proof: Assume that there exists k such that Pk+1 = Pk. For

the above iterative scheme, we have the following condi-

tions: In S a(Pk), for any a ∈ Σ ∪ {τu},
Pk+1 = Pk = Pk ∧ Ψ(Pk) � wlpa(Pk), (17)

Pk+1 = Pk = Pk ∧ Ψ(Pk) � swpτc (Pk). (18)

Then, from Lemma 1 and the definition of F (Pk), the foll-

woing conditions hold:for any f ∗ ∈ F (Pk),

Pk �wlpa(Pk) inS a(Pk)�wlpa(Pk) inS a(H f ∗, Pk), (19)

Pk � swlpτc (P) inS a(Pk)=wlpτc (Pk) inS a(H f ∗, Pk). (20)

Thus, Pk is shown to be (S a(H f ∗ , Pk) : Σ ∪ {τc, τu})-
invariant. So f ∗ is the permissive controller and Pk is a

control-invariant subpredicate i.e. Pk ∈ C I(P), which im-

plies Pk � P↑.
Next, we prove that P↑ � Pl for l = 0, 1, . . . , k by induc-

tion. (1) l = 0. Since P↑ is a subpredicate of P, we have

P↑ � P0. (2) Suppose that P↑ � Pl holds. Then, we show

by a contradiction that P↑ � Pl+1 holds. If P↑ � Pl+1 does

not holds, then there exists qs ∈ Qs such that P↑(qs) = 1

and Ψ(Pl)(qs) = 0 since P↑(qs) = 1 ⇒ Pl(qs) = 1 for any

qs ∈ Qs. If Ψ(Pl)(qs) = 0 holds, one of the following cases

always holds: (a) In S a(Pl), there exists σ ∈ Σ such that

wlpσ(Pl)(qs) = 0. Since Dσ in S a(P↑) is equivalent to that

in S a(Pl), there exists q′s ∈ Qs such that (qs, σ, q′s) ∈ Tsa

in S a(P↑) and Pl(q′s) = 0, which implies that P↑(q′s) = 0.

This contradicts the assumption that P↑ is control-invariant.

(b) wlpτu (Pl)(qs) = 0 holds in S a(Pl). Then there ex-

ists q′s ∈ Qs such that (qs, τu, q′s) ∈ Tsa in S a(Pl) and

Pl(q′s) = 0. Since P↑ is control-invariant and P↑(qs) = 1,

we have (qs, τu, q′s) ∈ Tsa in S a(P↑). Since P↑(q′s) = 0, this

contradicts the assumption that P↑ is control-invariant. (c)
In S a(P), swlpτc (Pl)(qs) = 0. Since Dτc(qs) = 1 in S a(P↑),
it is shown that, for any controller g, wlpτc (P

↑)(qs) = 0

in S t(Hg, P↑). This contradicts the assumption that P↑ is

control-invariant. For the above cases, we have P↑ � Pl+1

and P↑ � Pk. Therefore, we have Pk = P↑. �
Note that P↑ computed by the above scheme depends on

time and a control pattern holds at the latest sampling time

in general while the control specification P ∈ P(QH) is

independent of time.

Practically, the iterative computation in Theorem 2 is im-

plemented by using a bismulation, and its termination is

closely related to the existence of a finite bismilations [7].

For hybrid automata without finite bisimulations, finite ap-

proximations of the bisimulations are needed to design a

state feedback controller[8].

6. Conclusion

This paper considered the sampled-data state feedback

control of a hybrid automaton with forcible events as a

model of computer-controlled systems where control spec-

ifications are given by predicates.

We introduced two transition systems as semantics for

the hybrid automata with the sampled-data state feedback

controller and defined two transition systems with feasi-

ble inputs, showed that there always existed the supremal

control-invariant subpredicate for any predicate.
In general, sampling times in practical control systems

are fluctuated by computational delay or data transmission
delay. So, it is future work to model this fluctuation as
jitter in sampling times and discuss control-invariance of
this model.
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Abstract – We experimentally and numerically 
investigate consistency of response output in a microchip 
laser driven repeatedly by chaos and colored noise with 
different bandwidths. An increase of consistency is 
observed as the amplitude of the drive signal is increased 
for both chaos and colored noise drive signals. After 
reaching an optimal value the consistency begins to 
decrease due to the deterministic dynamics of the 
nonlinear response as shown by the change in sign of the 
conditional Lyapunov exponent. 
 
1. Introduction 

 
Many nonlinear dynamical systems have an ability to 

generate consistent outputs when driven by a repeated 
external signal. “Consistency” is defined as the 
reproducibility of response waveforms in a nonlinear 
dynamical system driven repeatedly by a signal, starting 
from different initial conditions of the system. 
Consistency of dynamics is essential for information 
transmission in biological and physiological systems and 
for reproduction of spatiotemporal patterns in nature. 
Consistency tests could be applied in non-invasive 
diagnostic procedures to detect changes in system 
parameters due to aging, catastrophic events or other 
system changes. 

Several phenomena related to consistency have been 
studied in various nonlinear dynamical systems.  
Generalized synchronization has been observed [1-3] in 
which there is a functional relation between the dynamics 
of a drive and response system, but the dynamics may 
differ greatly in character. If one now couples two 
independent but identical response systems with the drive 
system under generalized synchronization, the response  
 
 
 
 
 
 
 
 
 
 

Fig. 1  Concept of consistency. 
 

systems, starting from different initial conditions, display 
identical synchronization after transients have disappeared. 
Noise-induced synchronization is a phenomenon where 
two identical nonlinear systems driven by a common noise 
signal can be identically synchronized to each other [4]. 
Reliability of spike timing in neurons has been 
investigated [5], where neurons that are repeatedly driven 
by a random drive signal can fire a consistent spike train 
with high temporal precision. The characteristics of these 
three examples of drive-response systems are contained 
within the more general concept of consistency. 
Reproducibility of the response outputs with respect to a 
repeated drive signal is essential for all three phenomena.  

In stochastic resonance [6] and coherence resonance [7], 
it is the periodicity or coherence of the system response 
that is of interest, and this is modified by an external noise 
signal.  Here, the focus is on the reproducibility or 
consistency of the system response to a repeated, complex 
waveform drive signal.  The response signal may or may 
not have a functional relationship to the drive signal; its 
consistency is a measure of the ability of the external 
drive to interact with and excite the system degrees of 
freedom in a reproducible fashion.  If the drive signal is 
too weak, it cannot overcome the effect of internal noise 
sources; if it is too strong, it may deterministically 
destabilize the response of the nonlinearly coupled 
degrees of freedom. 

The concept of consistency is illustrated in Fig. 1. Any 
complex waveform such as deterministic chaos or 
stochastic noise can be used as a drive signal. This drive 
signal is sent repeatedly to a nonlinear dynamical system 
(called the response system) starting from arbitrary initial 
conditions. Complex temporal waveforms of the response 
system are obtained at each repetition of the drive signal. 
Consistency can be defined as the ability of a system to 
produce identical response outputs after some transient 
period, when the system is driven by a repeated drive 
signal.  In this Letter we introduce a quantitative measure 
of consistency, and experimentally and numerically 
demonstrate its measurement in the dynamics of a 
physical laser system driven repeatedly by a complex 
waveform.  We observe and explain three regimes of 
response - a growth in consistency as the drive signal 
amplitude increases, followed by optimal consistency and 
then a decrease of consistency as the drive amplitude 
increases still further. We believe that these are general  
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Fig. 2  Experimental results of temporal waveforms of (a) 
the chaotic drive signal and (b) the colored noise drive 
signal, and two corresponding response laser outputs. 
Numerical results of the temporal waveforms of (c) the 
chaotic drive signal and (d) the colored noise drive signal, 
and two corresponding response laser outputs. Consistent 
outputs are observed for all the figures after transient. 

 
 

 
features of the response of nonlinear systems with several 
coupled degrees of freedom when sources of internal 
noise are present. 
 
 
2. Experiment 
 
2.1. Setup 
 

To test consistency, we used chaos and noise 
waveforms as drive signals. Our nonlinear dynamical 
system was a laser-diode-pumped Neodymium-doped 
Yttrium Aluminum Garnet (Nd:YAG) microchip laser,  
similar to that used for the observation of generalized 
synchronization of chaos [3], except no feedback loop was 
used. Two longitudinal modes are observed in the output 
of the laser in a wide range of pump power. An acousto-
optic modulator (AOM) is inserted in the laser cavity to 
modulate the loss of the laser cavity. The digitized drive 
signal stored in a computer is sent to the AOM in the laser 
system through an amplifier and a low-pass filter to 
smooth the signal by using an arbitrary function generator 
connected with the computer. The response laser system is 
driven repeatedly by the same drive signal and temporal 
waveform of the response laser output is detected by using 
a digital oscilloscope and photodiode. We compare the 
detected signals for different repetitions to observe 
consistency of the response waveforms. 

 

2.2. Temporal waveforms 
 

First we used a chaotic signal generated by the same 
laser system with closed feedback loop as a drive signal 
[3]. The chaotic signal is sent to the response laser 
repeatedly. Temporal waveforms of the chaotic drive 
signal and two response laser outputs obtained from our 
experiment are shown in Fig. 2(a). Two consistent 
response outputs are clearly observed after a transient of 
$\sim$1 ms in Fig. 2(a), even though the drive and 
response signals are totally different. We next used a 
colored noise signal generated by a numerical algorithm 
[8] as a drive signal and sent the noise signal to the laser 
system repeatedly. The inverse of the correlation time for 
the colored noise is set to be 40 kHz. Temporal waveforms 
obtained from our experiments are shown in Fig. 2(b). 
Consistent outputs of the response laser driven by the 
same colored noise signal are obtained after transients as 
well. 

Corresponding numerical results for chaotic and 
colored noise drive signals are shown in Figs. 2(c) and 
2(d), respectively. Two response outputs starting from 
different initial conditions converge to the consistent 
outputs after transients in both cases. These numerical 
results agree well with our experimental observation 
shown in Figs. 2(a) and 2(b).  We observed two 
longitudinal laser modes in our experiments, resulting in a 
dynamical system with eight degrees of freedom.  The 
numerical calculations to explain our experimental 
observations and to investigate the detailed characteristics 
of consistency were performed on the Tang-Statz-deMars 
(TSD) model which includes the effect of spatial hole 
burning in a two-mode laser [3,9]. 

 
 
2.3. Consistency 

 
To investigate the characteristics of consistency, we 

quantitatively define the consistency parameter C  as the 
cross-correlation of two temporal response waveforms 
normalized by the product of their standard deviations: i.e., 
 

BA

BBAA IIII
C

σσ
))(( −−

= ,                                         (1) 

 
where 

AI  and 
BI  are the total intensities of the two 

response waveforms, 
AI  and 

BI  are the mean values of 

the two response waveforms, and 
Aσ  and 

Bσ  are the 
standard deviations of the two response waveforms. The 
angle brackets denote time averaging. 

We calculated the time evolution of the consistency C 
from the time series shown in Figs. 2(a) and 2(b). The 
consistency is averaged over 0.1 ms and calculated 
continuously. The amplitude of the drive waveform is 
measured by its standard deviation, σ . The results are 
shown in Fig. 3. For the curves indicated by the label  
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Fig. 3  Time evolution of the consistency parameter C 
calculated from Eq. (1). The curves indicated by 
"consistent" are obtained from the temporal waveforms 
shown in Figs. 2(a) and 2(b). (a) Experimental result with 
chaos drive signal; Consistent, σ  = 0.035; Inconsistent, 
σ  = 0.12; (b) experimental result with colored noise 
signal; Consistent, σ  = 0.045; Inconsistent, σ  = 0.15. 
 
 
 
"consistent", the consistency parameter gradually 
increases during the transient region over the first 1 ms 
and stays at a value close to 1 after that, for both chaos 
and colored noise drive waveforms. However, when the 
amplitude of the drive waveforms is increased, the 
consistency fluctuates between -1 and 1 as shown in the 
curves indicated by the label "inconsistent." The 
achievement of consistency is dependent on the amplitude 
of the drive signal.   

We varied the amplitude of the drive waveform to 
measure the characteristics of consistency. We computed 
the average of the consistency parameter C  over 13 ms 
after the transient period.  Our experimental results for the 
consistency as a function of the amplitude of the drive 
waveform is shown in Fig. 4(a) for chaos and colored 
noise drives. There is a maximum of the consistency curve 
for both drive signals as the amplitude is increased. At the 
very small amplitude region (σ <0.02), consistent outputs 
are not observed because the internal noise-driven 
relaxation oscillations are dominant in the laser output. As 
the amplitude is increased, the drive signal overcomes the 
internal noise and optimal, consistent outputs are observed. 
When the amplitude of the drive signal is increased further, 
the consistency decreases and inconsistent outputs are 
observed. Our numerical results indicate a similar curve 
with the maximum peak of consistency as shown in Fig. 
4(b) (solid curve) for the chaos drive signal. In order to 
explain the development of inconsistency in the case of 
strong driving, the maximal conditional Lyapunov 
exponent along the trajectory of the response laser output 
is also estimated without the internal noise terms (dotted 
curve of Fig. 4(b)) [1,3]. We found that inconsistency 
appears at large drive amplitudes when the sign of the 
conditional Lyapunov exponent changes from negative to 
positive. This result suggests that dynamical response of 
the nonlinear system generates inconsistency for large 
amplitude drive waveforms. On the other hand, 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4  (a) Experimental result of the consistency 
parameter C  as a function of the amplitude (measured as 
the standard deviation) of the chaos (solid curve) and 
colored noise (dashed curve) drive signals. (b) Numerical 
result of C  (solid curve) and the maximal conditional 
Lyapunov exponent (dotted curve) as a function of the 
amplitude of the chaos drive signal. (c) Numerical result 
of C  (solid curve) and the maximal conditional Lyapunov 
exponent (dotted curve) as a function of the amplitude of 
colored noise and white noise drive signals. (d) 
Thresholds for inconsistency with drive amplitude (solid 
curve) and with response amplitude (dotted line) as a 
function of the inverse of the correlation time 

cτ/1  for the 

colored noise drive signal. Note that the minimum of the 
solid curve coincides with the laser relaxation oscillation 
frequency. 
 
 
 
inconsistency appears at small drive amplitudes even 
though the conditional Lyapunov exponent is negative. In 
this region, internal noise dominates and prevents 
consistency. Consistency is thus optimized between these 
two regimes for some intermediate amplitude of drive 
waveform. 

We define the threshold for “inconsistency” as the drive 
amplitude at which the sign of the conditional Lyapunov 
exponent changes from negative to positive values. The 
threshold is dependent on the type of drive waveform. Our 
numerical results show that the threshold for the chaos 
drive signal (

chaosth,σ = 0.061) is smaller than that for the 

colored noise drive signal (
colorth,σ = 0.20) shown as seen 

in Figs. 4(b) and 4(c). Since the chaotic signal is generated 
from the same laser system, it excites the dynamics of the 
laser system more effectively than the colored noise signal. 
This chaotic excitation thus leads more quickly to 
instability and reduces the threshold for inconsistency 

285



   

with the chaotic drive signal than with the colored noise 
drive. In the limit of zero correlation time of the colored 
noise ( 0→cτ ), which represents white noise, we do not 

find a threshold for inconsistency as shown in Fig. 4(c). 
This point is further clarified when we change the 
correlation time 

cτ  for the colored noise systematically. 

The threshold for inconsistency for the colored noise is 
plotted as a function of 

cτ/1  as shown in Fig. 4(d) (solid 

curve). The threshold value changes as 
cτ/1  is changed. 

The curve of the threshold for inconsistency displays a 
clear minimum around a frequency of 80 kHz which 
corresponds to the relaxation oscillation frequency of the 
laser. As 

cτ/1  differs further from the relaxation 

oscillation frequency, the inconsistency threshold value 
becomes larger. In the high bandwidth (white noise) limit, 
the inconsistency threshold appears to become infinite and 
consistency is always maintained with strong driving. 

We also measure the amplitude of the response laser 
outputs at the threshold for inconsistency in Fig. 4(d) 
(dotted line). It is worth noting that the amplitude of the 
response outputs is almost constant when 

cτ/1  of the 

colored noise is changed as shown in Fig. 4(d). Therefore 
the threshold for inconsistency is dominated by the 
amplitude of the response laser output, σ =0.18, i.e., by 
the nature of its deterministic dynamics in response to the 
drive signal. 
 
 
3. Conclusion 
 

We have quantitatively defined a measure of 
consistency for the response of  nonlinear systems to 
external drive waveforms.  We have experimentally and 
numerically determined the consistency of response 
output in a laser driven repeatedly by different complex 
waveforms - chaos and colored noise with different 
bandwidths.  An increase of consistency is observed as the 
amplitude of the drive signal is increased for both chaos 
and colored noise drive signals. After reaching an optimal 
value which is dependent on the internal noise strength, 
the consistency begins to decrease due to the deterministic 
dynamics of the nonlinear response as shown by the 
change in sign of the conditional Lyapunov exponent. 
These aspects of consistency of response to drive 
waveforms may be general features that can be observed 
in many driven nonlinear classical and quantum systems. 
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Abstract—It is often observed that a dynamical system
reproduces a consistent output in response to a repeatedly
applied external input signal. This phenomenon is called
consistency. We study the consistency in one-dimensional
time-delay systems. It is analytically shown that the consis-
tency occurs in a class of time-delay systems, which have
continuous and periodic feedback functions. Numerical ev-
idence for this analytical result is also presented.

1. Introduction

In a variety of dynamical systems, it is often observed
that a system reproduces a consistent output in response to
a repeatedly applied external input signal: i.e., the output
waveform dose not depend on the initial condition but is
determined only from the external signal waveform. We
call this phenomenon the identical consistency (IC). Vari-
ous types of signals are possible as the external input. It
depends not only on the system but also on the type of ex-
ternal input signal whether the IC occurs in the system. In
the case of noise input, experimental evidence for the IC
has been found for several systems as diverse as lasers [1],
neuronal networks [2], and ecological systems [3]. On the
other hand, there is also analytical and numerical evidence.
It was analytically shown that the IC can occur in a wide
class of limit cycle oscillators [4]. The IC was numerically
demonstrated in chaotic maps [5], in chaotic differential
equations [6], and in one-dimensional time-delay systems
[7].

The above works have well established that the IC is a
quite general phenomenon observed in a variety of dynam-
ical systems. In the real world, due to feedback loops or
memory effects, time delay is ubiquitous in nature and tech-
nology. Various chaotic optical systems have time delays
due to their optical or electrical feedback loops [8, 9, 10].
The IC in those systems may be of interest from the point
of view of information theoretical security. The method
known as secret key agreement by public discussion [11]
has been developed to generate secret keys from correlated
randomness. It may be possible to apply this method to the
correlated randomness generated in separate chaotic optical
devices subjected to a common noise input signal. There-
fore, the study of the IC in time-delay systems is of high
importance. However, most of previous works consider
non-time-delay systems and the IC in time-delay systems
has not been well understood although some numerical re-

sults are presented in [7]. One of the fundamental problems
is to clarify the class of time-delay systems that exhibit
the IC. However, there has been still no result on this fun-
damental problem. In the present paper, we theoretically
show that the IC occurs in a wide class of one-dimensional
time-delay systems, which have continuous and periodic
feedback functions. This theoretical result is confirmed by
numerical experiments.

2. Time-delay systems and conditional Lyapunov expo-
nent

We investigate one-dimensional time-delay systems with
an external noise input of the form

β−1 ẋ(t) = −x(t) + α f (x(t − 1)) +
√

2D ξ(t), (1)

where x ∈ R, f is a nonlinear function, α, β, and D are
positive constants, and ξ represents normal Gaussian white
noise. The constant D represents the noise intensity. The
noise ξ has the properties 〈 ξ(t) 〉ξ = 0 and 〈 ξ(s)ξ(s+ t) 〉ξ =
δ(t), where δ is Dirac’s delta function and 〈· · ·〉ξ denotes
averaging over the realizations of ξ. The time delay is set
as unity without loss of generality because this is always
possible by rescaling the variables and the parameters. We
place the following assumptions on the function f : (i) f (x)
is a continuous periodic function of x with the period L, (ii)
f (x) is piecewise smooth, i.e., f (x) is continuously differ-
entiable in [0, L] except a finite number of points, and (iii)
there exist constants M0 and M1 such that | f (x) | ≤ M0 and
| f ′(x) | ≤ M1.

Consider two trajectories x(t) and y(t) of Eq. (1) with
different initial conditions for the same realization of the
noise ξ(t). The IC is said to occur if limt→∞ |x(t)− y(t)| = 0
for any initial conditions. A precise criterion for the IC can
be obtained in terms of the linear stability of the trajectory
x(t): the IC occurs when x(t) is linearly stable.

Suppose that x(t) and y(t) have an infinitesimally small
difference at the initial. Let ∆(t) be defined by ∆(t) =
y(t) − x(t), which represents the small deviation. Since f is
differentiable almost everywhere from the assumption (ii),
the time evolution of ∆ is governed by the linearized equa-
tion obtained from Eq. (1):

∆̇(t) = β
[

−∆(t) + α f ′(x(t − 1))∆(t − 1)
]

. (2)

The presence of noise ξ affects the time evolution of the
trajectory x. Therefore, the influence of the noise appears
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through x in Eq. (2). A quantity called the largest condi-
tional Lyapunov exponent (LCLE) [12] is defined by

λ = lim
t→∞

1
t

ln

{ ∫ t

t−1
∆

2(s)ds
}1/2

{ ∫ 0

−1
∆2(s)ds

}1/2
. (3)

The trajectory x(t) is linearly stable if λ < 0.

3. Theory

We apply the Krasovskii-Lyapunov functional approach
[13] to show that the IC occurs in the time-delay systems
when α is small. Equation (2) has the trivial solution
∆(t) = 0. The stability of this solution is equivalent to
the linear stability of x(t). We introduce the non-negative-
valued Krasovskii-Lyapunov functional

V(t) = ∆2(t) + β
∫ t

t−1
∆

2(s)ds. (4)

The Krasovskii-Lyapunov theory tells that the solution
∆(t) = 0 is stable if the derivative of V(t) along the so-
lution of Eq. (2) is always negative. The derivative is given
by

V̇(t) = β
[

−∆2
+ 2α f ′(x(t − 1))∆∆1 − ∆2

1

]

, (5)

where ∆ = ∆(t) and ∆1 = ∆(t − 1). The right hand side of
Eq. (5) is a quadratic form of the two variables ∆ and ∆1

and it is always negative except for the case ∆ = ∆1 = 0
if (α f ′)2 < 1, where we used β > 0. Using α > 0, we
have the condition α| f ′| < 1. Since | f ′| is bounded from
the assumption (iii), the inequality α| f ′| < 1 holds for any
t ≥ 0 if α satisfies the condition

α < 1/ sup
x∈R
| f ′(x) | = αc. (6)

This gives a sufficient condition for the stability of the so-
lution ∆(t) = 0. For arbitrary noise intensity D, the IC oc-
curs in time-delay systems defined by Eq. (1) if α is small
and the inequality (6) holds. We note that the condition
(6) cannot guarantee the IC for a chaotic time-delay system
because if α is in the region given by Eq. (6), any solution
x(t) of Eq. (1) is stable for D = 0, that is, the noise-free
system is not chaotic.

In what follows, we show that the IC occurs for any given
α (≥ αc ) when e−β ¿ 1 and the noise intensity D is suf-
ficiently large. This includes the case of chaotic noise-free
systems. If we introduce the new variable X = x/

√
2D,

then equation (1) is rewritten as

β−1Ẋ(t) = −X(t) +
α
√

2D
f (
√

2DX(t − 1)) + ξ(t). (7)

Since f (
√

2DX(t−1)) in the right hand side is bounded due
to the assumption (iii), the second term can be neglected for
large D. If we neglect the corresponding term in the right
hand side of Eq. (1), we obtain

ẋ(t) = −βx(t) + β
√

2D ξ(t). (8)

This equation indicates that x(t) is approximated by the
Ornstein-Uhlenbeck (OU) process for large D. Then, the
time correlation function is given by

〈 x(s)x(s + t) 〉ξ = Dβ exp[−β|t| ]. (9)

The steady probability distribution of x is given by

P0(x) =
1

√

2πDβ
exp

[

− x2

2Dβ

]

. (10)

For any fixed t, the event x ≤ x(t) ≤ x + dx occurs with the
probability P0(x)dx.

Consider a generic solution x(t) of Eq. (1) and a nonzero
solution ∆(t) of Eq. (2). We measure the stability of the
solution ∆(t) = 0 via the time evolution of V along these
solutions. Since 0 ≤ ∆2 ≤ V from Eq. (4), exponential
decrease of V implies that ∆(t) converges to zero and thus
the solution ∆(t) = 0 is stable.

Let r and θ (0 ≤ θ < 2π) be new variables defined by
∆(t) = r(t) cos θ(t) and ∆(t − 1) = r(t) sin θ(t). Then, equa-
tion (5) reads

V̇(t) = β
[

−1 + α f ′(x(t − 1)) sin 2θ(t)
]

r(t)2. (11)

Let ρ(t) and ψ(t) be defined by ρ(t) = r(t)2/V(t) and
V(t) = exp[ψ(t)]. We note that both of r2 and V exhibit
either exponential increase or decrease but ρ exhibits nei-
ther of them since r2 and V are of the almost same order
and ρ is defined by their ratio. Equation (11) is rewritten as
follows:

ψ̇(t) = β
[

−1 + α f ′(x(t − 1)) sin 2θ(t)
]

ρ(t). (12)

The exponential growth rate λV of V is defined by λV =

limT→∞[ψ(T ) − ψ(0) ]/T . We assume the existence of λV .
Integrating Eq. (12), we have

λV = lim
T→∞

β

T

∫ T

0

[

−1+α f ′(x(t−1)) sin 2θ(t)
]

ρ(t) dt. (13)

We assume that this time average can be replaced by the en-
semble average over the realizations of ξ. Consider the en-
semble of the solutions x and ∆ for all possible realizations
of ξ. Let P(x, θ, ρ) be the steady joint probability distribu-
tion such that for any given t the events x ≤ x(t−1) ≤ x+dx,
θ ≤ θ(t) ≤ θ + dθ, and ρ ≤ ρ(t) ≤ ρ + dρ occur simultane-
ously with the probability P(x, θ, ρ)dxdθdρ. Note that the
argument of x is t−1. Using the ensemble average, we have

λV = β
[

−〈 ρ 〉 + α〈 f ′(x) ρ sin 2θ 〉
]

, (14)

where 〈· · ·〉 denotes averaging over the probability distri-
bution P(x, θ, ρ): i.e., the average 〈 A 〉 is defined by 〈 A 〉 =
∫ ∞
−∞dx

∫ 2π

0
dθ
∫ ∞

0
dρA(x, θ, ρ)P(x, θ, ρ) for an arbitrary func-

tion A(x, θ, ρ).
Let us consider the time evolution of ∆ over an interval

[t − 1, t], provided that x and ∆ are given over [t − 2, t − 1].
Solving Eq. (2), we can obtain

∆(t) = ∆(t − 1) e−β+ αβ
∫ t−1

t−2
f ′(x(s))∆(s) e−β(t−1−s)ds. (15)
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The order of the second term can be estimated as O(∆(t −
1)α/αc) if we evaluate as f ′∆ = O(∆(t − 1)/αc). Since
e−β ¿ 1 ≤ α/αc, the first term can be neglected. In the sec-
ond term, the dominant contribution to the integral comes
from s ∈ I, where I = [ t − 1 − τ0, t − 1 ] with τ0 = O(β−1),
because of the factor e−β(t−1−s). Therefore, ∆(t) is approxi-
mately determined from the time series of f ′(x(s))∆(s) over
the interval I.

Suppose that D is large. In this case, the solution x is ap-
proximated by the OU process as shown in Eq. (8). Equa-
tion (9) shows that the correlation decay time can be esti-
mated as τ0 = O(β−1). Given ∆(s) for the initial interval
[−1, 0], ∆(s) for s ∈ I is completely determined from the
time series of x(s) for s ∈ [−1, t − 2]. Since τ0 < 1 fol-
lows from e−β ¿ 1, x(s) for s ∈ [−1, t − 2] is uncorrelated
with x(s′) for s′ ≥ t − 1. Consequently, ∆(s) for s ∈ I is
uncorrelated with x(s′) for s′ ≥ t − 1.

Let φ(t) be the time correlation function between f ′(x(s))
and x(s + t) defined by

φ(t) =
〈 ( f ′(x(s)) − µ) · x(s + t) 〉ξ
√

〈 ( f ′(x(s)) − µ)2〉ξ · 〈 x(s)2〉ξ
, (16)

where µ is the average of f ′(x). Let τ be the correlation
decay time such that φ(t) is smaller than a certain small
value εc for t > τ: for example, εc = 0.01. By definition
of τ, f ′(x(s)) for s ≤ t − 1 − τ is uncorrelated with x(s′)
for s′ ≥ t − 1. Therefore, f ′(x(s)) for s ∈ I′, where I′ =
[ t − 1 − τ0, t − 1 − τ ], has no correlation with x(s′) for
s′ ≥ t − 1.

If τ ¿ τ0 holds, I−I′ = [ t−1−τ, t−1 ] is a small fraction
of I and the contribution to the integral coming from I −
I′ is negligible in Eq. (15). Therefore, we have ∆(t) '
αβ
∫

I′
f ′(x(s))∆(s) e−β(t−1−s)ds. Since both of f ′(x(s)) and

∆(s) for s ∈ I′ are uncorrelated with x(s′) for s′ ≥ t − 1 as
shown above, there is no correlation between ∆(t) and x(s′)
for s′ ≥ t − 1.

The time t is arbitrary in the above argument. Thus,
it follows that ∆(s) for any s ∈ [t − 1, t] is uncorrelated
with x(t − 1). Since by definition θ(t) and ρ(t) are the vari-
ables determined from ∆(s) over s ∈ [t − 1, t], they are
also uncorrelated with x(t − 1). Therefore, the stochas-
tic variables (θ, ρ) are independent of x in the joint prob-
ability distribution P(x, θ, ρ): i.e., we can approximate as
P(x, θ, ρ) ' P1(x)P2(θ, ρ), where P1(x) asymptotically ap-
proaches P0(x) given by Eq. (10) as D increases. If we use
this approximation in Eq. (14), we can obtain

λV = β
[

−〈 ρ 〉 + α〈 f ′(x) 〉 · 〈 ρ sin 2θ 〉
]

(17)

for large D. It follows from the definition of the average
〈· · ·〉 that |〈 ρ sin 2θ 〉| ≤ 〈 |ρ sin 2θ| 〉 ≤ 〈 |ρ| 〉 = 〈 ρ 〉, where
we used the fact ρ ≥ 0 in the last equality. Using the in-
equality |〈 ρ sin 2θ 〉| ≤ 〈 ρ 〉 in Eq. (17), we arrive at

λV ≤ β
[

−1 + α|〈 f ′(x) 〉|
]

〈 ρ 〉. (18)

If limD→∞〈 f ′(x) 〉 = 0 holds, then for any given α we have
−1 + α|〈 f ′(x) 〉| < 0 when D is sufficiently large. In this

case, the right hand side in Eq.(18) is negative since both of
β and 〈 ρ 〉 are positive. This indicates that λV < 0 holds for
large D. The negative λV implies that the solution ∆(t) = 0
is stable and thus the IC occurs.

We show that the two conditions τ ¿ τ0 and
limD→∞〈 f ′(x) 〉 = 0 are satisfied in the relevant class of
time-delay systems. As the function f (x) is periodic, f ′(x)
can be expanded by the Fourier series

f ′(x) =
∞
∑

m=1

[

am sin
2πm

L
x + bm cos

2πm
L

x

]

, (19)

where am and bm are the Fourier coefficients. The time cor-
relation function φ(t) can be obtained as follows:

φ(t) =
ψ(D)
σ(D)

· exp[−γt], (20)

where σ(D) =
√

〈 ( f ′(x(s)) − µ)2〉ξ and ψ(D) is defined by

ψ(D) =
√

Dγ ·
∞
∑

m=1

2πm am

L
exp

[

−2π2m2

L2
Dγ

]

. (21)

Equation (20) shows that φ(t) decreases monotonically as t
increases since σ and ψ do not depend on t. For a given εc,
the correlation decay time is obtained from Eq. (20) as

τ =
1
γ

ln
ψ(D)
εcσ(D)

. (22)

It can be shown that σ(D) converges to the finite value
(1/L)

∫ L

0
{ f ′(x)}2 dx in the limit D → ∞. As for ψ(D),

we have limD→∞ ψ(D) = 0 from Eq. (21). Therefore, the
correlation decay time τ given by Eq. (22) becomes arbi-
trary small as D increases. This implies that the condition
τ ¿ τ0 is satisfied for large D.

As for the average 〈 f ′(x) 〉, we have

〈 f ′(x) 〉 =
∞
∑

m=−∞

∫ mL

(m−1)L
f ′(x)P0(x)dx, (23)

for large D since P1(x) is approximated by P0(x). The in-
equality |P′0(x)| ≤ 1/

√
2πeDβ holds from Eq. (10). This

indicates that P0(x) can be approximated by a constant over
each interval [ (m − 1)L,mL ] for large D in Eq. (23). If we
use this approximation, we obtain

〈 f ′(x) 〉 = 1
L

∫ L

0
f ′(x) dx =

1
L
{ f (L) − f (0) } = 0, (24)

where we used the assumption (i): the continuity of f (x)
was used in the second equality and the periodicity in the
third equality. Equation (24) shows limD→∞〈 f ′(x) 〉 = 0.

According to the preceding theory, λV has to be neg-
ative for large D since the two conditions τ ¿ τ0 and
limD→∞〈 f ′(x) 〉 = 0 are satisfied. Thus, it may be con-
cluded that the IC occurs for any given α (≥ αc) in the
class of time-delay systems satisfying (i)-(iii) if e−β ¿ 1
and D is sufficiently large.
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Figure 1: Diagram of λ in parameter space (D, α) for (a)
Ikeda system and (b) Tent system. Numerically obtained
λ = 0 curve (solid line) and the boundary (dashed line)
given by Eq. (6) are shown.

4. Numerical results

We show some numerical results to demonstrate the
above theoretical results. Two examples of the function f
are employed: the first one is

f (x) = sin x, (25)

which is called the Ikeda system and describes some
chaotic optical systems [8, 9], and the second one is

f (x) =

{

x − 2n if 2n ≤ x < 2n + 1,
2(n + 1) − x if 2n + 1 ≤ x < 2(n + 1),

(26)

where n is an integer. We call the second example the Tent
system as f has the tent map like shape. Numerical integra-
tion of Eq. (1) was performed by the Runge-Kutta scheme
with the time step ∆t = 0.001. Figures 1 (a) and (b) show
diagrams of the LCLE λ in the (D, α) plane for the time-
delay systems (25) and (26), respectively. The curves of
λ = 0 are shown by solid line and the regions of positive
and negative LCLE are also indicated. The parameter β are
fixed as β = 5 in both of the examples.

In both of the figures, the LCLE is negative for any D in
small α regions. This observation is in agreement with the
analytical criterion given by Eq. (6). The boundary lines
associated with Eq. (6) are shown by dashed line. The
regions under the dashed lines meet the inequality (6). It
can be confirmed that these regions are located inside the
negative LCLE regions obtained numerically.

Figures 1 (a) and (b) show that the LCLE is positive for
α larger than some critical values when D = 0. This means
that the noise-free systems are chaotic for those values of α.
The critical values in α are found about 2.6 and 1.4 in Figs.
1 (a) and (b), respectively. The numerical results show that
for any α the LCLE is negative and thus the IC occurs when
the noise intensity D is large. Large noise intensity gives
rise to the IC even if the noise-free system is chaotic. This
numerical observation coincides with the theoretical result.

5. Conclusions

In conclusion, we studied the IC in a class of one-
dimensional time-delay systems. It was analytically shown
that large noise intensity D causes the IC for any given α
in the time-delay systems satisfying the assumptions (i)-
(iii), provided that e−β ¿ 1. Moreover, it was also analyti-
cally shown that the IC occurs for any D when α is small.
These analytical results were confirmed by numerical ex-
periments.
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Abstract– A rigorously solvable model for consistency 
of a discrete-time nonlinear  system’s response to a 
repeated chaotic drive signals is proposed with exactly 
solvable chaotic mapping with non-Gaussian stable 
ergodic invariant measures. We show that an exact 
condition for the consistency is obtained by stable property 
of ergodic invariant density. Furthermore, we show that 
this rigorous result is in good agreement with numerical 
simulations. 

1. Introduction 

Many nonlinear system have consistent outputs when 
driven by a repeated external signal. Thus, the concept of 
consistency defined as the reproducibility of response 
waveforms in a nonlinear dynamical system driven by a 
signal, starting from different initial conditions of the 
system could  be widely applicable to test complex 
nonlinear pheomena[1]. Here we propose a discrete time 
nonlinear system driven by a repeated external chaotic 
signal given by a chaotic mapping with non-Gaussian 
stable density. 

2. Solvable Chaos and Levy’s Chaos

2.1. Solvable Chaos 

Solvable chaos is defined as a chaotic dynamical 
system with exact ergodic density function such that exact 
probabilistic characteristic is exactly obtained [2]. Such 
solvable chaos model can be given by an addition theorem 
of  elliptic function and sine function. 

2.2. Levy’s Chaos

Levy’s chaos is defined as a chaotic dynamical system 
with non-Gaussian density function such that whose 
superposition would converge to Levy’s stable law by the 
generalized central limit theorem.  In 1998, a general 
model for generating Levy’s chaos was obtained by one of 
the present authors [3]. 

2.3. Cauchy Chaos 

Cauchy Chaos is defined by a class of dynamical 
systems whose ergodic invariant density functions are 
given by the Cauchy distribution over the real. Since, the 
Cauchy distribution is a special class of Levy’s stable 
distribution, Cauchy Chaos can be regarded as a special 
class of Levy’s Chaos. Such Cauchy chaos is illustrated by 
the following example [3]:  

          
            x[n+1]=1/2(x[n]-1/x[n])=f[x[n]].                   (1) 

This dynamical system has an exact density function 
given by  

                (x)=1/{ (1+x2)}.

3.  Solvable Model of Consistency 

We consider the consistency by the Cauchy Chaos in 
the previous section.  Our model is defined as follows: 

x[n+1]=f[x[n]]+ D[n]                                               (3) 
y[n+1]=f[y[n]]+ D[n]                                               (4)

    D[n+1]=f[D[n]]                                                           (5), 

where the function f[ ] is defined by (1), D[j] is a drive 
signal and  measures the relative strength of drive 
signal. The initial conditions  x[0] and y[0](and D[0]) are 
different each other. 
  By the stable property of characteristic function of stable 
distributions with superposed variable such as Eq. (3) and 
Eq. (4), the superposed distribution function  of  Eq. (3) 
and Eq. (4) is given by  

s(x)=a/{ (a2+x2)},                                                  (6) 

where  
            

   a=1+ .                                                              (7)                         
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Thus, the conditional Lyapunov exponent c of (3) and
(4) is given by

c = {Log(1/2)+Log(1+1/x2)} s(x)dx (8)

where
    the integral is integrated over the infinite interval from
- to  and s(x) is the superposed density function
given by Eq. (6).
  Remarkably, c can be exactly computed as

c =1/a{tanh-1(1/a)+Log[1-1/a2]}-Log2 (9)

where a (= 1+ ) is defined by a drive signal amplitude
as given by Eq. (7).

If c  is less than 0, the consistency is predicted to occur.
On the other hands, if c  is greater than 0, the 
consistency is predicted to not occur. Thus, the sign of c
is important.
   Figure 1 shows the relation between

/a{tanh-1(1/a)+Log[1-1/a2]}- Log2 and a.

/a{tanh-1(1/a)+Log[1-1/a2]}- Log2(= c)

2.2 2.4 2.6 2.8 3

-0.3
-0.2
-0.1

0.1
0.2
0.3

a=1+

Fig. 1. Rescaled Conditional Lyapunov exponent c.

In Fig.1, it is shown that a 2.4 is a critical value for the
consistency. Thus 1.4 can be predicted to be a critical 
drive signal strength parameter for the consistency in this
model.
By solving the equation

c =1/a{tanh-1(1/a)+Log[1-1/a2]}-Log2  =0 (10)

we can obtain the exact critical drive signal  strength
parameter c  .

This value was greatly consistent with our numerical
simulations initially reported in Ref. [4] where the cross
correlation of the two response signals as a function of the
amplitude of the drive signal is converged to unity at

1.4.

   Fig. 2.   Crosscorrelation versus Drive Signal Amplitude

Figure 2 shows that a properly normalized cross 
correlation is converged to unity (consistent) after

1.4 in our numerical simulations [4].
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 Fig. 3. Non-Guassian Chaotic Time Series at  and
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In Fig.3, time series of x(n) and y(n) is plotted for
=0.5 and =1. They are chaotic as predicted by the

positive conditional Lyapunov exponent given in  Eq. (9).

4. Consistency and ICA

Consistency is a strongly dependent phenomenon in
nonlinear systems characterized negative conditional
Lyapunov exponent with driven signals. Conversely,
independent features of nonlinear dynamical variable can
also characterize this consistency. In this respect, ICA
(independent component analysis) for this nonlinear
phenomena can measure the degree of consistency. ICA
is a strong signal separation method for mixed chaotic
signals with future mobile communications [5]. Thus, it is 
of interest to see  more general concept of consistency
can be defined by the generalized linear response of ICA
framework. Let consider a more generalized model of 
consistency as follows:

x[n+1]=f[x[n]]+e1D1[n]+e2D2[n]+…+emDm[n] (11)
y[n+1]=f[y[n]]+h1D1[n]+h2D2[n]+…+hmDm[n] (12)
D1[n+1]=f[D1[n]] (13)

 ………………..
Dm[n+1]=f[Dm[n]] .  (14)

If   the initial conditions of Eq. (11)-Eq. (14) are different
each other, a dynamical drive signals D1[n], D2[n] …, and
Dm[n]  imputed for x(n) and y(n) could have a mixing
property [3]. In other words, those dynamical variable can
be considered as independent. Thus, the characteristic
functions of the distribution of Eq. (11) and Eq. (12) can
be written as a product of the characteristic functions of
the distributions of x[n](or y[n]) , D1[n], D2[n] …, and
Dm[n]. Thus, the superimposed distribution functions
of Eq. (11) and Eq. (12) can be written by the following
formula:

(x)=a/{ (a2+x2)},  (15)

where

a=1+|e1 |+|e2 |+….+|em | ,  (16)
Fig. 4. Non-Gaussian Chaotic Time Series X and Y at

 and  and 
(y)=b/{ (b2+x2)}, (17)

In Fig. 4, time series x(n) and y(n) is plotted for =1.5
and =2. It is shown that the two time series x(n) and
y(n) are almost consistent each other. While we consider
that the domain of dynamical variables x(n) and y(n) is the
infinite support over the real line, a some difference
between  x(n) and y(n) observed in our numerical
simulations can not be avoided.

where

b=1+|h1 |+|h2 |+….+ |hm |.  (18)

The consistency can occur for this model if  the following
condition is satisfied:

Furthermore, it is seen that chaotic itinerancy behavior
was observed in our numerical simulations, i.e., for some
time consistent behavior was observed while for other
time non-consistent (independent) behavior was observed
for systems with small positive conditional Lyapunov
exponent c .

a=1+|e1 |+|e2 |+….+|em |=b=1+|h1 |+|h2 |+….+ |hm |. (19)

In this case, the local Lyapunov exponent c is given by
Eq. (9). In Eq. (9), the local Lyapunov exponent c is a 
decreasing function with the drive signal amplitude a is 
getting larger,
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Thus, we can see that adding independent drive signals
can also enhance consistency.
 It is a well-known fact that ICA of many independent
variables is difficult and cannot separate signals due to the
central limit theorem assuring the universal convergence
to the Gaussian distribution of the sums of independent
variables. This fact is consistent with our present
observation as above saying that consistency overwhelms
independent behavior when adding many independent
drive signals. Thus, we predict that consistency can be
understood and characterized to some extent in the
framework of generalized central limit theorem for 
nonlinear systems with many variables. In this sense, the
role of stable distribution such as the Cauchy distribution
is very important for further understanding consistency
because  a superposition process of the variables does not 
lose the stable characteristic of the distribution functions.
The effect of our generalization to many drive signals in
our present generalized framework in Eq. (11) and Eq.
(12)  can be seen in a system whose density function is not
a stable law where a superposition effect of many small
independent drive signals enhances the convergence to
stable law. Such a system is illustrated by the following
chaotic map [3]: 

where the ergodic invariant density

and  is the Levy’s index of stable law. It is noted that
If  is 1,  it is exactly the Cauchy distribution.

Thus, the universal feature of the generalized central
limit theorem  for such generalized chaotic maps is 
expected to reveal the universal feature of consistency by
considering this kind of generalization of model of
consistency.

5. Conclusion

We obtain the exact solvable model for consistency
with exactly solvable models of chaos with non-Gaussian
density functions. By solvable, it means  that consistency
–non-consistency behavior is exactly characterized by the
parameter of the amplitude of drive signals as in Eq. (10)
in the same spirit of [6]. Furthermore, we discuss the
relation between consistency and ICA by considering a 
generalized model of consistency with many independent
drive signals. It turns out that the universal characteristic
of consistency and ICA can be characterized by the
universal feature of generalized central limit theorem.
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Abstract—
We argue that the reliability of a limit-cycle oscillator

generally improves when it is driven by a random impul-
sive input. By reducing the dynamics of the oscillator to a
stochastic phase equation, we argue generally that the orbit
of a limit-cycle oscillator is statistically stabilized against
phase disturbances when it is driven by a weak impulsive
input regardless of its details, leading to an improvement in
its reproducibility. We demonstrate our theoretical results
by numerical simulations and experiments with a simple
electrical oscillator.

1. Introduction

It is now well established that mutually interacting limit-
cycle oscillators synchronize with each other [1]. Re-
cently, it has been demonstrated that nonlinear oscillators
can synchronize with each other through common fluctu-
ating inputs, even in the absence of direct mutual interac-
tions. Such noise-induced synchronization of an ensemble
of nonlinear oscillators can also be interpreted as noise-
induced improvement in the reproducibility of the orbit
of a single oscillator, because repeated experiments with
a single oscillator using the same input signal is equiva-
lent to a single experiment with multiple oscillators using a
common input signal. Noise-induced synchronization, re-
producibility, or “consistency” as termed by some authors,
is widely observed in experimental systems ranging from
lasers to neurons [2, 3], where the dynamics of each ele-
ment can also be chaotic or stochastic.

For example, in electrophysiological experiments using
a single neuron from slice preparations of rat neocortex or
olfactory bulb [3], it is observed that the neuron evokes dif-
ferent spike sequences from trial to trial when it is driven by
a constant input current, whereas it evokes mostly the same
spike sequences over the trials when it is driven by a fluc-
tuating input current. This phenomenon can be interpreted
as a noise-induced improvement in the reproducibility of
the orbit of a limit-cycle oscillator induced by a fluctuating
input signal.

On the theoretical aspect, after several pioneer-
ing works [4], Teramae & Tanaka and Goldobin &
Pikovsky [5] adopted the phase reduction method [1] and
proved generally that uncoupled limit-cycle oscillators al-
ways synchronize with each other when they are driven by
a common weak Gaussian white noise. Using a similar

idea, we also argued generally that uncoupled limit-cycle
oscillators can synchronize with each other when they are
driven by random impulsive, telegraphic, or piecewise-
constant input signals [6].

In this paper, we adopt the theory of Poisson driven
Markov process [7] to analyze the case of impulsive in-
put signals. We generally prove that the reproducibility of
an oscillator orbit always improves for sufficiently weak
Poisson impulses. We also argue that when the impulses
are not weak, the oscillators can also undergo desynchro-
nization rather than synchronization. We demonstrate our
theoretical results experimentally by observing the effects
of Poisson impulses applied to a simple electrical circuit
exhibiting limit-cycle oscillations.

2. Numerical Example

As an example, we first present the result of direct nu-
merical simulations using the FitzHugh-Nagumo (FN) neu-
ral oscillator. The FN oscillator is described by

u̇(t) = ε(v + c − du),
v̇(t) = v − v3/3 − u + I0 + I(t) + ξ(t), (1)

where v(t) represents the membrane potential of the neuron
at time t, u(t) the state of the ion channels in a reduced
form, ε, c, and d are parameters. I0 and I(t) represent the
constant component and the fluctuating component of the
input current. ξ(t) represents a weak Gaussian-white noise
specified by 〈ξ(t)〉 = 0 and 〈ξ(t)ξ(s)〉 = Dδ(t − s), which
incorporates the effect of various fluctuations. When ξ(t)
and I(t) are absent and I0 is fixed at a constant value in
some appropriate range, this model exhibits a typical limit-
cycle oscillation, which corresponds to the periodic spiking
of the neuron. We fix the parameters at ε = 0.08, c = 0.7,
d = 0.8, I0 = 0.8, and D = 0.0001 in the following.

Figure 1 displays the result of 50 repeated numerical
simulations of Eq. (1), where the spiking times of the os-
cillator (the point at which v changes its sign from negative
to positive) are plotted by dots. In Fig. 1(a), the oscilla-
tor is driven only by the constant input current I0. Due to
the weak noise ξ(t) applied independently at every trial, the
spiking times of the oscillators are considerably scattered.
This is due to the neutral stability of the limit cycle in the
phase direction. The orbital component of the perturba-
tions do not decay and gradually accumulate, which results
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Figure 1: 50 spiking sequences of the FN oscillator subject
to (a) only constant input current, and (b) random impulses
in addition to the constant input current.

in phase diffusion. Figure 1(b) displays the result of 50 re-
peated simulations in which the oscillators are driven not
only by the constant current I0 but also by random Poisson
impulses I(t) given by

I(t) =
N(t)∑
n=1

Inδ(t − tn), (2)

where {t1, t2, · · ·} represent the generation times of the im-
pulses, and {I1, I2, · · ·} the intensity of the impulses. We set
the mean interval between the impulses at τ = 10 and as-
sume that the intensity In of the impulse takes ±0.5 with
equal probability. In this case, the spiking times of the os-
cillator are reliably reproduced over the trials after an ini-
tial transient, even under the effect of the weak independent
noises. We analyze the mechanism leading to such behav-
ior in the next section.

3. Phase Reduction Analysis

The improvement in reproducibility is due to the statisti-
cal stabilization of perturbations in the phase direction in-
duced by random impulses. We formulate this fact using
stochastic differential equation in this section. Our model
is generally described by the following random dynamical
system:

Ẋ(t) = F(X; I0) + I(t), I(t) =
N(t)∑
n=1

Inδ(t − tn), (3)

where X represents the dynamical variable of the oscillator,
F its dynamics, I0 the constant component of the external
input, and I(t) the random impulsive input. We assume that
the impulses are generated by a Poisson process of rate λ
(so that the mean interval is τ = λ−1). We denote the to-
tal number of impulses generated up to time t by N(t), and
the generation times and intensities of the n-th impulse by

{tn, In}. Each impulse intensity In is chosen randomly from
a probability density function Q(I). We omit the weak in-
dependent noise in the following analysis, which is not im-
portant in the linear stability analysis. We assume that the
system has a single limit cycle X0(t) when only the constant
input I0 is given, and also that most initial conditions in the
phase space are eventually attracted to this limit cycle.

When λ is small, the mean interval between the impulses
becomes long, so that the oscillator almost always receives
only the constant input I0. The orbit is kicked off from the
limit cycle occasionally by an impulse, but it returns to the
limit cycle sufficiently quickly before the arrival of the next
impulse. In such a situation, we can reduce the evolution
equation (3), which generally contains multiple variables,
to a simplified equation of the scalar phase variable only. In
our previous paper [6], we formulated such phase reduction
using random phase maps. Here, we adopt the methods of
stochastic differential equations [7] for this purpose.

We first rewrite Eq. (3) as a stochastic differential equa-
tion driven by the Poisson impulses as [7]

dX(t) = F(X; I0)dt +
∫
IM(dt, dI). (4)

Here, M(dt, dI) denotes the Poisson random measure [7],
which represents the number of impulses generated in the
time interval [t, t + dt] and whose intensity is in the range
[I, I+dI]. Its expectation value is given by E[M(dt, dI)] =
λQ(I)dtdI.

We then introduce a phase variable θ(X) ∈ [0, 1] along
the limit cycle X0(t) corresponding to the constant input
I0, which increases with constant angular velocity ω. We
can extend this definition of the phase variable to the whole
of phase-space (except phase singular points) by assigning
the same phase value to the set of points that eventually
converge to the same point on the limit cycle [1].

By applying the (generalized) Ito formula for the Poisson
driven Markov process [7] to Eq. (4), we obtain

dθ(t) = ωdt +
∫

[θ(X(t) + I) − θ(X(t))] M(dt, dI). (5)

Furthermore, by assuming that the orbit is (almost) always
on the limit cycle when it receives an impulse, we approx-
imate the X(t) in the above equations by X0(θ(t)). We then
obtain a closed phase equation for θ(t),

dθ(t) = ωdt +
∫

G(θ(t), I)M(dt, dI), (6)

where the functionG(θ, I) is defined as

G(θ, I) = θ(X0(θ) + I) − θ. (7)

G(θ, I) is a periodic function in θ representing the change in
the phase of the orbit after receiving an impulse of intensity
I at the point X0(θ) on the limit cycle. We refer to this
function as “phase map” hereafter.
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Now we consider the statistical stability of the phase
against small perturbations. A linearized equation for the
evolution of a small perturbation ψ(t) to the original phase
θ(t) is obtained from Eq. (6) as

dψ(t) =
∫

G′(θ(t), I)ψ(t)M(dt, dI), (8)

where ′ denotes differential by θ. By applying the Ito for-
mula to this equation, we obtain the following equation for
the logarithm of the absolute phase perturbation ln |ψ(t)|:

d ln |ψ(t)| =
∫

ln
∣∣∣1 +G′(θ(t), I)∣∣∣M(dt, dI). (9)

By taking the expectation, we obtain

E[d ln |ψ(t)|] = Λdt, (10)

where we defined the Lyapunov exponentΛ that quantifies
the mean growth rate of the small perturbation as

Λ = E[ln
∣∣∣1 +G′(θ(t), I)∣∣∣]

= λ

∫
dIQ(I)

∫
dθP(θ) ln

∣∣∣1 +G′(θ, I)∣∣∣ . (11)

Here, P(θ) is the stationary probability density of the phase
θ. When this Λ is negative, the phase perturbation de-
cays exponentially, resulting in the improvement of repro-
ducibility of the limit-cycle oscillator.

Particularly, when the intensities of the external impulses
are sufficiently small, we can generally argue for the nega-
tivity of Λ as follows. In this case, G(θ, I) can be approxi-
mated as

G(θ, I) � Z(θ) · I, (12)

where Z(θ) := ∇Xθ(X)|X=X0(θ) is the conventional phase
sensitivity function [1]. Since Z(θ) is a smooth periodic
function in θ, G(θ, I) is also smooth and does not fluctuate
largely when |I| is small. In such a situation, 1 + G′(θ, I)
is always positive. Also, it is physically apparent that the
probability density function of the phase θ(t) becomes al-
most uniform,

P(θ) � 1, (13)

when the impulses are weak (this can also be shown analyt-
ically using the Master or the Frobenius-Perron equations).
Now, by using the periodicity of G(θ, I) in θ, we can gen-
erally prove the negativity of Λ as follows:

Λ � λ

∫
dIQ(I)

∫
dθ ln

∣∣∣1 +G′(θ, I)∣∣∣
≤ λ

∫
dIQ(I)

∫
dθG′(θ, I)

= λ

∫
dIQ(I){G(1, I) −G(0, I)}

= 0. (14)

The equality holds only in the trivial case of the constant
G(θ, I). Thus, we can prove that Λ is always less than

0 for a general class of limit-cycle oscillators regardless
of their details when the random impulses are sufficiently
weak. Therefore, it is expected that the reproducibility of a
limit-cycle oscillator always improves when it is driven by
sufficiently weak random impulses. In the next section, we
will demonstrate this fact using an electric circuit receiving
random impulses.
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Figure 2: Phase maps of the FN model for several values
of the impulse intensity I.

Let us examine the phase maps of the FN oscillator now.
Figure 2 displays the phase maps G(θ, I) obtained for sev-
eral values of the impulse intensity I. When |I| is small,
the amplitude of the corresponding phase maps are also
small, so thatΛ is negative from the above argument. Thus,
the reproducibility improves by the external impulses as
demonstrated in Fig. 1(b). In contrast, when |I| is large, the
amplitude of the corresponding phase maps can also be-
come large and fluctuates strongly (Eq.(12) does not hold
for large impulses). Λ can be positive in such cases, leading
to impulse-induced desynchronization.

4. Electric Circuit Experiments

In this section, we demonstrate the phenomenon of
impulse-induced reproducibility in a real experimental sys-
tem using a very simple electric circuit.

Our electric circuit was originally designed for flash-
ing an LED periodically (Fig. 3(a)). We use a com-
puter equipped with an AD/DA-converter board (CONTEC
ADA16-8/2) to generate an output signal (the impulses),
and to measure the voltages V1 and V2 at 2 separate loca-
tions in the circuit. Using a MOSFET, voltage impulses
from the AD/DA board was used to briefly short circuit a
given section of the oscillator. The strength of the impulse
delivered was varied by adding a variable resistor in series
with the MOSFET. Changing the location in the circuit in
which to deliver the impulse naturally changes the response
of the circuit to a given impulse.
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Figure 3(b) displays typical limit cycle of the electric
circuit, which is qualitatively similar to the FN oscillator
we treated above. Figure 3(c) shows experimentally ob-
served phase maps obtained for two different intensities
of the impulses (i.e. the magnitude of the series resistor).
With these intensities of the impulses, the function G(θ, I)
is sufficiently smooth, and the absolute value of G′(θ, I) is
always smaller than 1. Therefore, we anticipate impulse-
induced reproducibility in this case. The results are shown
in Figs. 3(d) and (e), where two time sequences of V1 mea-
sured in two different experimental trials, and and their
spiking times are plotted. Under the effect of random im-
pulses, the two temporal sequences behave quite similarly.
In contrast, without impulses, the two temporal sequences
behave quite differently due to the internal noises of the
electric circuit. Thus, we see that noise-induced synchro-
nization can easily be observed in our simple experiment.

(a) (b)

(c)

(e)

(d)

58 60 62 64 66 68 70
time (sec)

0.2
0.4
0.6
0.8
1.0

V
1 

(V
)

40 60 80 100
time (sec)

Trial 1

Trial 2

Input

V2

V1

100K

10 F

3V

LED

PNP

47 F

NPN

560

FET

VR

0.2 0.4 0.6 0.8 1.0
V1 (V)

0.0

0.5

1.0

1.5

2.0

2.5

3.0

V
2 

(V
)

0.0 0.2 0.4 0.6 0.8 1.0
0.00

0.05

0.10

0.15

0.20

G
(
,
)

strong
weak

Figure 3: Results of the circuit experiment. (a) circuit di-
agram, (b) limit cycle, (c) phase maps G(θ) obtained using
two intensities of the impulses, (d) superposition of two
measured temporal sequences of V1, and (e) spiking times.

Though noise-induced synchronization has already been
observed in a wide class of systems, we believe that care-
fully controlled experiments using simple experimental
systems can also be useful in deepening our insight in this
phenomenon. Specifically, the experimental measurement
of the phase map, which is rather difficult in more com-

plicated and widely fluctuating systems such as neurons,
can be accomplished simply and unambiguously in a sim-
ple system such as this. Our results reported here are only
preliminarily. More detailed quantitative analysis will be
reported in the future.

5. Summary

We proved theoretically that the reproducibility of noisy
limit-cycle oscillators generally improves when driven by
random impulses, and experimentally confirmed this theo-
retical prediction using an electric circuit. Our theory holds
for any limit-cycle oscillators that satisfy our assumptions
irrespective of their detailed structures. We thus expect
that synchronization or reproducibility of randomly driven
nonlinear oscillators caused by this mechanism can be ob-
served in various natural phenomena.
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Abstract– We experimentally observed consistency in a 

Mackey-Glass electronic circuit (MGC) driven by a MGC-
produced chaos signal and a colored-noise signal. We 
discovered that two types of consistent response signals 
are observed in the case of colored-noise drive, which is 
called “multiple basins of consistency”. 
 
1. Introduction 

 
As for many nonlinear systems, consistent behavior is 

shown to a repeated input signal. “Consistency” indicates 
“reproducibility of the output of a nonlinear system 
repeatedly driven by a certain signal. Consistency has 
been considered as a common concept observed in various 
interdisciplinary fields.  

The experimental observation of consistency has been 
reported in a microchip solid-state laser [1]. Some 
numerical simulations of consistency have been 
investigated [2, 3]. However, no experimental observation 
has been reported in other nonlinear systems, such as 
electronic circuits. 

In this letter, we experimentally observe consistency in 
a Mackey-Glass electronic circuit driven by a chaos signal 
and a colored noise signal. We quantitatively investigate 
the degree of consistency when the amplitude of driving 
signal is changed. 

 
2. Mackey-Glass electronic circuit 

 
Leukocyte productivity dynamics of human beings is as 

the origin of Mackey-Glass model [4]. The model 
equation is as follows.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
This equation contains a time delay τ and a nonlinear 

function, and generates a very complex chaotic waveform 
with high dimensionality.  

This model is implemented in an electronic circuit. The 
circuit diagram is shown in Fig. 1. The circuit consists of 
two field effect transistors (2SJ103 and 2SK30A) for the 
nonlinear part, three amplifiers, a RC filter, and a delay 
line. Fifty pairs of capasitors (10 nF) and inductors (4.7 
mH) are combined to generate time delay. The total delay 
time is 318 µs which corresponds to a half period of 
chaotic waveforms. 
 
 
3. Experiment 
 
3.1. Experiment of consistency with chaos drive signal 
 

The experimental setup for consistency is shown in Fig. 
2. The parameters of the Mackey-Glass electronic circuit 
are set to generate chaos and the chaos signal is detected 
by an oscilloscope. This chaos signal is recorded by a 
computer, and used as a signal for the drive. The chaos 
signal recorded in the computer is generated from a 
function generator and added with the feedback signal 
from the MGC, then re-injected to the MGC to observe 
consistency. The recorded chaos drive signal is sent to the 
MGC twice and two response waveforms are detected. 
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Fig.2 Experiment setup for consistency 

Fig.1 Diagram of Mackey-Glass electronic circuit 
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Figure 3 shows the temporal waveforms of chaos drive 

signal and two response waveforms and the correlation 
plots between the two response waveforms. The two 
response waveforms obtained from the same drive signal 
are almost the same, i.e., the consistency exists. Linear 
cross correlation is obtained between the two response 
waveforms as shown in Fig. 3(b). 

The ratio of the drive signal and the feedback signal is 
changed, and the presence of consistency was evaluated 
by using the cross correlation function of two response 
signals. The result is shown in Fig. 4. Cross correlation is 
around 1 as the drive signal ratio is increased. We found 
that consistency is obtained by driving MGC with a large 
drive signal. 

 
 

3.2. Experiment of consistency with colored-noise drive 
signal 

 
Next, a colored noise signal is generated in a computer 

as a drive signal. This drive signal is sent four times to the 
Mackey-Glass electronic circuit. Figure 5 shows the 
temporal waveforms of the colored-noise drive signal and 
the four response waveforms. Consistency is observed 
between Response 1 and 3, and between Response 2 and 4. 

However, Response 1 and 2 (also Response 3 and 4) are 
not consistent waveforms. Figure 6 shows the correlation 
plots between two of four response waveforms. It is found 
that Response 1 and 3 are consistent, and Response 2 and 
4 are consistent. The other combinations are not consistent. 
i.e., there are two types of consistent response waveforms 
as shown in Figs. 5 and 6. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.3 (a) Temporal waveforms and (b) cross correlation 
of MG circuit driven by chaos signal. 

Fig.4 Cross correlation between two response waveforms as 
a function of chaos drive signal ratio. 

Fig. 5 Temporal waveforms of MGC driven by a colored-
noise signal with a cut-off frequency of 1.5 kHz. 
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We calculate the cross correlation between two of the 
four response waveforms and the average value is plotted 
as a function of the drive signal ratio as shown in Fig. 7. 
The error bars shows the maximum and minimum values 
of the cross correlation. We found that the average cross 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

correlation function is not kept constant to 1 at large κ 
(see error bars in Fig.7). At the region shown in a large 
error bar, two pairs of consistent waveforms are obtained 
as shown in Fig. 6. This result shows that there are two 
basins of consistency depending on the initial conditions. 

(a) (b) 

(c) 

(e) 

Fig. 6 Correlation plots between  
(a) Response 1 and Response 2, (b) Response 1 and Response 3, 
(c) Response 1 and Response 4, (d) Response 2 and Response 3, 
(e) Response 2 and Response 4, (f) Response 3 and Response 4.  
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This is a concept similar to the multi-stability where two 
or more attractors exist. The concept of “multiple basins 
of consistency” may be a general concept that can be 
observed in many nonlinear dynamical systems. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
4. Conclusion 

 
In this study, we have experimentally observed 

consistency in the Mackey-Glass electronic circuit driven 
by chaos and colored-noise. Consistency is obtained in the 
case of both chaos and colored-noise drive signals with 
large amplitude. We have observed two types of response 
waveforms when using a colored-noise drive signal. This 
observation leads to a new universal concept of “multiple 
basins of consistency” in non-autonomous nonlinear 
dynamical systems.  
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Fig. 7 Average cross correlation between two of the four 
response waveforms as a function of colored-noise drive 

signal ratio with a cut-off frequency of 1.5 kHz. 

302



Consistency Caused by Various Types of Signals

GOTO Shin-itiro and YOSHIMURA Kazuyuki

NTT Communication Science Laboratories, NTT Corporation
2-4, Hikaridai, Seika-cho, Soraku-gun, Kyoto 619-0237, Japan

Email: {sgoto,kazuyuki}@cslab.kecl.ntt.co.jp

Abstract—We study the synchronization of dy-
namical systems induced by a common additional ex-
ternal signal. In particular, we consider the special
case that the external input signal is generated by
a linear second-order differential equation forced by
Gaussian white noise. For the case that noise-free sys-
tems are chaotic, we show that forced systems can be
in resonance with the input signals. In addition, the
resonance frequency is the same as the frequency of
the noise-free system under study. On the other hand,
for the case that noise-free systems are non-chaotic,
we show that forced systems cannot be in resonance
with the input signals.

1. Introduction

Many dissipative dynamical systems have an abil-
ity to generate a consistent output when driven by an
external signal. Consistency [1] is defined as the re-
producibility of a response waveform in a dynamical
system driven by a signal, starting from different ini-
tial conditions of the system.

In experiments, consistency has been studied in dy-
namical systems, such as lasers[1], neural network [2]
and ecological systems[3]. On the other hand, it has
theoretically been shown that consistency occurs in
a wide class of limit cycle oscillators[4]. In addition,
consistency has been demonstrated in chaotic systems
numerically[5].

In the studies of consistency, the case of Gaussian
white noise input has been intensively investigated.
However, there are a few studies on consistency in sys-
tems forced by colored noises. In the case when a col-
ored noise is adopted, the Ornstein-Uhlenbeck noise,
which is generated by the first order differential equa-
tion forced by Gaussian white noise, has only been
considered[6, 7].

In the real world, there are various types of wave-
forms of the input signal to a system. We are then
interested in whether or not the input to a system af-
fects the nature of consistency. In particular, we would
like to know what kinds of inputs induce or enhance
consistency in a system, beyond the previous studies.

In this paper, we study consistency for systems in
the special case that input signals are generated by
a linear second-order differential equation forced by

Gaussian white noise. According to Ref.[6], we classify
systems into two categories: chaotic and non-chaotic
in the noise-free dynamics. After giving the definition
of consistency and a method to measure the consis-
tency in a system, we numerically show that forced
systems exhibiting consistency, which are chaotic in
the noise-free cases, can be in resonance with the in-
put signals. The resonance frequency is given by the
typical frequency of the noise-free system under study.

2. Input Signal and Measurement of Consis-

tency

To discuss consistency, we consider the following
system:

ẋ = F (x) + Cε(t), (1)

where x(t) is real, ẋ denotes the differentiation of x

with respect to time, F is a real function, C is a
real constant vector, and ε(t)(∈ R) is a common in-
put explained in the next subsection. We study cases
in which noise-free systems, ẋ = F (x), are chaotic and
non-chaotic.

2.1. Input Signal

We prepare the input signal ε(t) using a second-
order linear differential equation forced by Gaussian
white noise. That is, the input signal ε(t) which we
use in this paper is obtained through

ε̈ + γε̇ + γ2ω2

0ε = γ2η(t), (2)

〈η(t)〉 = 0, 〈η(t)η(t′)〉 = 2Dδ(t − t′). (3)

Here γ, ω0 are positive constants, η(t) is Gaussian
white noise, D is a positive constant, δ(t) is Dirac’s
delta function, and 〈· · ·〉 denotes averaging over the
realization of η. The autocorrelation function of the
signal ε(t) for ω0 > 1/2 and t > 0, is obtained as[8]

φε(t) := 〈ε(t)ε(0)〉
=

γD

ω2

0

{
cos(ω1γt) +

sin(γω1t)

2ω1

}
e−γt/2,(4)

where ω1 :=
√

ω2
0
− 1/4. In the other parameter

regime, 0 ≤ ω0 ≤ 1/2, the autocorrelation function
of ε(t) is over-damped, and in consequence, the au-
tocorrelation of ε(t) could be expected to be similar
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to that of the Ornstein-Uhlenbeck noise. Then we
only concentrate on the regime ω0 > 1/2, in this pa-
per. We define the strength σ of the input signal by
its standard deviation. From Eq. (4), σ is given by
σ :=

√
φε(0) =

√
γD/ω0. The power spectrum of ε(t)

is calculated through Eq. (4) [8],

Iε(ω) =
Dγ4

π

1

(γ2ω2

0
− ω2)2 + γ2ω2

. (5)

It is noted here that the maximum of Iε(ω) is obtained
at ω = γω0, and that ε(t) become Gaussian white noise
with an appropriate factor as the limit γ → ∞.

To compare the previous studies[6, 7] with ours,
we briefly give the nature of the Ornstein-Uhlenbeck
noise. The Ornstein-Uhlenbeck noise ε(t) is generated
by

ε̇ = −γε + γη(t),

where γ is a real parameter and η(t) is Gaussian white
noise given by Eq.(3). The autocorrelation function
φε(t) := 〈ε(t)ε(0)〉 and the power spectrum Iε(ω) are
calculated as[8]

φε(t) = Dγ exp(−γ|t|), Iε(ω) =
D

π

γ2

ω2 + γ2
. (6)

From the expression of Iε(ω), the maximum of Iε(ω)
is obtained at ω = 0.

2.2. Measurement of Consistency

In this subsection, we first quantitatively define the
consistency for the system (1). Second, we give a
method to detect the consistency and to measure it.

Suppose two trajectories x1(t) and x2(t) in Eq. (1)
with different initial conditions for the same realization
of ε(t). The consistency is said to occur when

lim
t→∞

‖ x2(t) − x1(t) ‖= 0,

for any initial conditions. Here ‖ · · · ‖ expresses Eu-
clidean norm of the argument.

To measure consistency, we introduce the largest
conditional Lyapunov exponent. A linear stability
analysis for the system (1) is performed with a small
derivation δx(t) := x2(t)−x1(t) from the state x(t) =
x2(t) = x1(t), whose stability is governed by

δẋ = (DF )(x)δx, (7)

where (DF )(x) is the Jacobian matrix of F evaluated
at x. It is noted here that η(t) affects not only the
time-evolution of x(t) but also the stability (7). The
largest conditional Lyapunov exponent is defined by

λ := lim
t→∞

1

t
ln

‖ δx(t) ‖
‖ δx(0) ‖ .
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Figure 1: For the noisy Lorenz system with a = 10, b =
28 and c = 8/3. (a):The threshold noise amplitude σc

vs. γ, (ω0 = 1). (b):The contour plot of the largest
conditional Lyapunov exponent in the γω0-γ plane,
(σ = 70).

Clearly λ expresses the stability of the state x1(t) =
x2(t). In this paper, the consistency is said to oc-
cur when λ < 0. Furthermore, when λ < 0, the
time to reach the state ‖ x2(t) − x1(t) ‖= 0 be-
comes shorter as |λ| increases, due to the relation
δx(t) ∼ δx(0) exp(λt), (t 
 1). We interpret |λ| as
the time to reach the consistency when λ < 0. Then
in what follows, the absolute value of λ is discussed,
in addition to its sign in this paper.

3. Numerical Simulation

In this section, we study when and how consistency
occurs in systems where the inputs ε(t) generated by
Eq.(2) with Eq. (3). In what follows, we study the
two cases: chaotic and non-chaotic in the noise-free
dynamics. First, as chaotic systems, we consider sys-
tems based on the Lorenz system and Rössler’s sec-
ond system. These two systems exhibit consistency
in systems forced by the Ornstein-Uhlenbeck noises.
Second, as a non-chaotic system, we consider a system
based on the van der Pol oscillator.

3.1. Lorenz System

The forced Lorenz system which we study in this
subsection is described as follows.

ẋ = a(y − x),

ẏ = bx − y − xz + ε(t),

ż = −cz + xy,

where a, b and c are real parameters. For the noise-
free system (: ε(t) ≡ 0) with a = 10, b = 28 and
c = 8/3, the largest Lyapunov exponent is known
to be about 0.9. In this noise-free system, it has
been known that (i) the typical frequency of z(t) is
ω := 2πf ∼ 8.2, and that (ii) there are no typical fre-
quencies for x(t) and y(t). In addition, for systems
forced by noise, it has been shown to exhibit consis-
tency when ε(t) is either Gaussian white noise[5] or
the Ornstein-Uhlenbeck noise[6].
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Figure 2: For the noisy Lorenz system with a = 10, b =
28, and c = 0.8. (a):The threshold noise amplitude σc

vs. γ, (ω0 = 1). (b):The contour plot of the largest
conditional Lyapunov exponent in the γω0-γ plane,
(σ = 30).

Here, in the system forced by ε(t) generated by
Eq.(2) with Eq. (3), we show that the system exhibits
consistency. In Fig. 1(a), the consistency is observed
whenever σ is greater than σc = σc(γ; ω0 = 1). In the
regime γ 
 1, we observe that σc becomes larger as
γ increases. The reason why this increase of σc with
γ appears can be ascribed to the nature of the input-
noise, as explained in Ref. [6], where they studied the
case that the Ornstein-Uhlenbeck noise is applied to
systems.

In Fig. 1(b), the contour plot of the largest condi-
tional Lyapunov exponent in the γω0-γ plane is shown.
It is clear that the regime where λ is small is located
near a certain value of γω0. We denote such value of
γω0 by ωλ (see the denominator of Eq.(5)). In this
case, we find ωλ ∼ 8.2. It should be noted here that
this value, ωλ ∼ 8.2, is the same as the typical fre-
quency of the noise-free Lorenz system. Accordingly,
the system is in resonance with the input signal gen-
erated by Eq.(2). In addition, from Eq.(6), we cannot
expect that this resonance phenomenon occurs when
the Ornstein-Uhlenbeck signal is applied to the sys-
tem, because only ω = 0 gives the maximal power
spectrum of the noise.

In addition to the present example, we now illustrate
that such resonance phenomenon occurs in some cases.
First we consider the system with a = 10, b = 28 and
c = 0.8(�= 8/3). In the noise-free system, the typical
frequency is about 4.5. For the system forced by ε(t)
generated by Eq.(2) with Eq.(3), we confirm that both
σc becomes larger as γ increases, and the resonance
phenomenon is observed around ωλ ∼ 4.5, as shown in
Figs. 2(a) and (b) respectively. Furthermore, in the
next subsection, we study another system to illustrate
that there is the resonance phenomenon in addition to
the forced Lorenz system.

3.2. Rössler’s second System

For the case where noise-free systems are chaotic, we
would like to check that resonance phenomena occur
not only in the forced Lorenz system but also another
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Figure 3: Rössler’s second system with β = 10, a =
0.1, b = 0.08, and c = 0.125. (a):The phase portrait of
the noise-free case. (b):The typical time sequence of
the noise-free case. (c):The threshold noise amplitude
σc vs. γ, (ω0 = 3). (d):The contour plot of the largest
conditional Lyapunov exponent in the γω0-γ plane,
(σ = 10).

forced system in this subsection. The system which we
study here is based on the Rössler’s second system[9],
and our system is described as

β−1ẋ = x − xy − z,

β−1ẏ = x2 − ay + ε(t),

β−1ż = b(cx − z),

where β, a, b and c are real parameters. We consider
the case β = 10, a = 0.1, b = 0.08 and c = 0.125.
It is noted here that β controls the time-scale of the
system. For the noise-free system, the phase portrait
is depicted in Fig. 3(a), and the system is shown to
be chaotic. As shown in Fig.3(b), a typical frequency
ω is about 3.8. For the system forced by the Ornstein-
Uhlenbeck noise, the system exhibits consistency (no
figure given). To discuss the resonance phenomenon,
we numerically calculate λ in the system forced by ε(t)
generated by Eq. (2) with Eq. (3).

In Figs. 3(c) and (d), the same tendencies, which
we have already observed in §3.1, are again obtained
here. That is, σc becomes larger as γ increases, shown
in Fig.3(c), and the resonance phenomenon occurs, as
shown in Fig.3(d). Then we expect that the resonance
phenomenon occurs in a system exhibiting consistency,
which is chaotic in the noise-free case.

In the next subsection, we study the other class:
noise-free systems are non-chaotic.

3.3. Van der Pol oscillator

We are now interested in whether or not we observe
the resonance phenomenon even for the case that the
noise-free systems are non-chaotic.
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Figure 4: For the van der Pol oscillator. (a):The
threshold noise amplitude σc vs. γ, (ω0 = 1). (b):The
contour plot of the largest conditional Lyapunov ex-
ponent in the γω0-γ plane, (σ = 30).

The system which we study here is defined as

ẍ + (x2 − 1)ẋ + x = ε(t),

where ε(t) represents an input signal. When the sys-
tem is noise-free, the system is called the van der Pol
oscillator that has a limit cycle. For the noise-free
system, the typical time sequence of x(t) is shown in
Fig. 4(a), and the frequency is ω = 2πf ∼ 0.93. For
the system forced by the Ornstein-Uhlenbeck noise, it
has been shown that the largest conditional Lyapunov
exponent is always negative[6].

Here we concentrate on the case where ε(t) is gen-
erated by Eq.(2) with Eq. (3). The negativity of
λ in Fig. 4(b) is consistent with one of results in
Ref.[7]. Contrary to the case that a noise-free system is
chaotic, we observe no resonance phenomenon. Our re-
sults indicates that the resonance phenomenon is only
observed in systems exhibiting consistency, which are
chaotic in the noise-free case.

Due to the studies of two classes, chaotic and non-
chaotic systems, we have the following conjecture: for
any chaotic system, which exhibits consistency, the
resonance phenomenon occurs.

4. Conclusion

We have studied whether or not consistency occurs
in systems driven by a common additive colored noise.
The colored noise which we use in this paper is gen-
erated by a linear second-order differential forced by
Gaussian white noise. For the case that noise-free sys-
tems are chaotic, we have found that there is a reso-
nance phenomenon, but not in the case that a noise-
free system is non-chaotic. In addition, it has been
numerically shown that the resonance frequency is the
frequency of the noise-free system under study.

Because the input to a system could be expressed
in the frequency space, we could expect that a sim-
ilar resonance phenomenon occurs, when we study a
system forced by a general input.

Although it remains questions when and how con-
sistency occurs in much more general situations, this

study might give a clue to understand the complex be-
havior of consistency. For this reason, we believe that
this study leads to a more complete understanding of
the nature of consistency.
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Abstract—This paper is concerned with the num-
ber of operating points in two-transistor circuits. Re-
cently, a new method was proposed for analyzing two-
transistor circuit and an Ebers-Moll BJT circuit pos-
sessing five operating points was shown numerically.
In this paper, applying the technique of numerical val-
idation, we verify the numerical results rigorously and
prove that the circuit have more than three operating
points rigorously.

1. Introduction

One of the most fundamental problems on resistive
transistor circuits is to find the maximum number of
solutions of m-transistor circuits and it has long been
studied [1]–[6] since the famous Nielsen-Willson the-
orem on a unique solution [1]–[9]. There are some
conjectures on the maximum number of solutions. For
example, it may be 2m−1, etc. It was once proposed as
“a Challenging Problem” in the field of Nonlinear Cir-
cuits and Systems, but it still remains unsolved even
for the simplest case of m = 2.

The number of solutions of course depends on var-
ious factors, for example, types of transistors (BJT
or MOST), modeling of a transistor (Ebers-Moll or
Gummel-Poon), performance of circuit simulators, the
characteristics of a diode function f (exponential func-
tion, piecewise-linear function, etc) in transistor mod-
els. The difficulties of the problem can be seen from
[10]–[12].

One of the most well-known results so far, which
has long been believed to be true, was that the max-
imum number of solutions of two-transistor circuits
is three. The proof by Lee [2]–[3] is extremely com-
plex to fully understand. Afterwards Goldgeisser et
al [7] showed that Lee’s theorem is not logically true
for MOST circuits and then constructed a five-solution
MOST circuit (a modified latch circuit having the feed-
back structure). After that Shou et al [8] constructed
even for BJT circuits a five-solution circuit by using
circuit simulator model. Recently Claus [9] proposed a

new analysis method for a two-transistor circuit which
is based on the notion of terminal behavior of a net-
work. Applying this method on a MOST circuit and
an Ebers-Moll BJT circuit he showed numerically that
these circuits possess a least five solutions. Further-
more, the results are verified with homotopy methods
[9] realizable with standard circuit simulators.

As stated above, all five-solution circuits so far found
are derived based on theoretically predicted observa-
tions and are numerically examined. However in gen-
eral the numerical computation always involves some
numerical errors and the accuracy of computation de-
pends on the ability of circuit simulators, etc. Indeed
the numerical results by Spice and Matlab differs con-
siderably (private communication). So if we intend to
confirm these results surely, the numerical results have
to be verified carefully.

Though the numerical validation is usually consid-
ered to require much computation time, we are re-
cently developing various effective tools for fast nu-
merical validation. So the aim of this paper is to give
a methodology for validating the numerical results rig-
orously and to show that, as an example, the Claus’
results can be rigorously proved to be true by numer-
ical analysis.

2. Fundamental Technique for the Numerical
Verification

Let us consider about numerical verification of a so-
lution for a system of nonlinear equations

f(x) = 0, (1)

where f : Rn → Rn. For the purpose, we can apply
Krawczyk’s method which is known as one of the ef-
ficient method to prove the existence of the solution
[14]. In this section, this Krawczyk’s method is intro-
duced for the verification of solutions in the following
section.

For an interval T whose center is c, an interval ma-
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trix M and an interval mapping K are defined as

M = E − L−1F ′(T ) (2)

and
K(T ) = c− L−1f(c) + M(T − c) (3)

respectively, where E is an n × n unit matrix, L is
an approximate matrix of f ′(c), and F ′ is an interval
inclusion of f ′. Then, if the condition

K(T ) ⊂ T (4)

holds, there exists a unique solution x∗ of the nonlinear
equations (1) in the interval T .

Here, let c be an approximate solution of (1) which
is obtained by an appropriate method. Define T as

T = c + X (5)

where, X is described as

X = [−e, e], (6)

and e is defined as

e = 2
∥∥L−1f(c)

∥∥
∞ . (7)

Using the Krawczyk operator (3), define the operator
H as

H = K(T )− c

= K(c + X)− c

= −L−1f(c) +
(
E − L−1F ′(c + X)

)
X. (8)

At this time, the condition (4) is equivalent to

H ⊂ X. (9)

Therefore, in the following sections, we apply the op-
erator H and check the condition (9) for proving the
existence of solution.

3. Analysis of Two-transistor Circuit

In [9], Claus has analyzed a two-transistor circuit
shown in figure 1, and it is reported that this circuit
has five operating points under certain conditions. In
this section, we analyze this two-transistor circuit, and
attempt to prove that this circuit has certainly five
operating points by calculating with error verification.

For calculating operating points of the circuit nu-
merically, we apply the Ebers-Moll model as a model
of transistor. A transistor is represented as figure 2 by
Ebers-Moll model, and terminal current is given as

[
−I1

−I2

]
=

[
1 −αr

−αf 1

] [
f1(V1)
f2(V2)

]
, (10)

Vcc

Rc Rc

Rb Rb

I4

I3

V4

V3VsVs

V2

V1

I2

I1

T1 T2

Figure 1: Flip-flop circuit

B

E

C

V2

V1

I2

I1

αfIe

αrIc

Ic = f2(V2)

Ie = f1(V1)

Figure 2: Ebers-Moll model

where

[
f1(V1)

f2(V2)

]
=




Is

αf

(
e

V1
VT − 1

)

Is

αr

(
e

V2
VT − 1

)

 . (11)

Applying (10), the equation of the circuit shown in
figure 1 is given as a system of nonlinear equations as
follows:

Tf(V ) + GV + J = 0, (12)

where

T =




1 −αr 0 0

−αf 1 0 0

0 0 1 −αr

0 0 −αf 1




, (13)

f(V ) =




Is
αf

(
e

V1
VT − 1

)

Is
αr

(
e

V2
VT − 1

)

Is
αf

(
e

V3
VT − 1

)

Is
αr

(
e

V4
VT − 1

)




, (14)
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G =




2Gb+Gc −(Gb+Gc) −2Gb Gb

−(Gb+Gc) Gb+Gc Gb 0

−2Gb Gb 2Gb+Gc −(Gb+Gc)

Gb 0 −(Gb+Gc) Gb+Gc


,(15)

V =




V1

V2

V3

V4


 , (16)

J =




GcVcc

GbVs −GcVcc

GcVcc

GbVs −GcVcc


 , (17)

and Gb, Gc represent
1
Rb

,
1

Rc
respectively.

We analyze the case that the values of Rb, Rc and
Vcc are 10kΩ, 5kΩ and −5V respectively and Vs works
as a parameter. On the other hand, for the parameters
of transistor, we choose αf = 0.99, αr = 0.5, and we
consider following two cases: (a) Is = 10−9(A), VT =
0.053(V), (b) Is = 10−6(A), VT = 0.102(V).

On the first step, we calculate the solutions of the
equation (12) by normal numerical calculation, namely
without verifying errors. By solving the equation (12)
for different values of Vs, we obtain following bifur-
cation diagrams. Figure 3 shows the case (a), and
Figure 4 shows the case (b). On these bifurcation

V1

 0.64

 0.66

 0.68

 0.7

 0.72

 0.74

 0.76

-0.66 -0.64 -0.62 -0.6 -0.58 -0.56

Vs

V2

-2

-1.6

-1.2

-0.8

-0.4

 0

 0.4

 0.8

-0.66 -0.64 -0.62 -0.6 -0.58 -0.56

Vs

Figure 3: Bifurcation diagrams for the case (a)

diagrams, the number of operating points is indicated
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Vs
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-0.8

-0.4

 0

 0.4

 0.8

-0.48 -0.46 -0.44 -0.42 -0.4 -0.38 -0.36

Vs

Figure 4: Bifurcation diagrams for the case (b)

as the number of intersection points of the bifurcation
diagram with a vertical line corresponding to a specific
value of Vs. It is obviously recognized that there ex-
ists an interval for Vs in which there are five operating
points for both cases.

From these results, on the next step, we prove rig-
orously that the two-transistor circuit shown in fig-
ure 1 has five operating points. From figure 3 and
4, we consider the case Vs = −0.64(V) for case (a)
and Vs = −0.44(V) for case (b). For the purpose, we
apply Krawczyk’s method to the nonlinear equation
(12). As approximate solutions for equation (12), we
choose intersection points of the bifurcation diagram
and vertical line of Vs. Applying Krawczyk’s method,
five solutions are calculated rigorously for each cases
of (a) and (b). These results are shown in table 1 and
2 From this results, it is rigorously proved that the
two-transistor circuit shown in figure 1 have at least
five operating points.

4. Conclusion

In this paper, we were concerned with the number of
operating points in two-transistor circuits. For prov-
ing that there are some two-transistor circuits which
have more than three operating points, an Ebers-Moll
BJT circuit was analyzed. Applying the technique of
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Table 1: Verified solutions of case (a) on Vs =
−0.64(V)

No. V1 V2

#1 [0.74231646, 0.74231648] [0.61988727, 0.61988729]

#2 [0.73551253, 0.73551255] [0.57555292, 0.57555294]

#3 [0.72928962, 0.72928964] [0.47145515, 0.47145517]

#4 [0.71990163, 0.71990165] [-0.00333588, -0.00333586]

#5 [0.70358962, 0.70358964] [-0.72180713, -0.72180711]

Table 2: Verified solutions of case (b) on Vs =
−0.44(V)

No. V1 V2

#1 [0.72888014, 0.72888016] [0.51630182, 0.51630184]

#2 [0.70816937, 0.70816939] [0.40346507, 0.40346509]

#3 [0.69521428, 0.69521430] [0.24620354, 0.24620356]

#4 [0.6766788, 0.6766790] [-0.20824495, -0.20824493]

#5 [0.61902390, 0.61902392] [-1.36664114, -1.36664112]

numerical validation, we verified numerically that the
circuit have at least five operating points rigorously.
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Abstract— We discuss methods to compute error
bounds for extremely ill-conditioned problems. As a
model problem we treat matrix inversion. We demon-
strate that additive corrections to improve an approx-
imate inverse are useful for ill-conditioned problems,
but hardly usable for extremely ill-conditioned prob-
lems. Here multiplicative corrections can be used, in-
cluding the possibility to compute guaranteed error
bounds.

1. Introduction

Let us consider the inversion of a real n×n matrix as a
model problem. This can be interpreted as a function
from IRn2

to IRn2
, which is continuous and differen-

tiable on the set of n2-vectors which, interpreted as an
n × n matrix A, are nonsingular. Suppose A is non-
singular. The problem of matrix inversion is called
ill-conditioned when small changes in the input data
A cause large changes in the solution. If A is a ma-
trix of floating point numbers and changes in the unit
of the last place of the input data A cause a relative
change in the solution of the order of 100 %, then the
problem is extremely ill-conditioned. It is common be-
lieve that such problems cannot be solved in the same
floating point format as the input data is stored. This
fact is supported by the well known relation

forward error = condition× backward error . (1)

Suppose the floating point format in use is IEEE 754
double precision corresponding to 53 bits in the man-
tissa. Then this means that the solution of problems
with condition number 253 ≈ 1016 or above cannot be
reasonably approximated in double precision. How-
ever, there are exceptions to that statement, namely,

if, for some reason, intermediate operations can be per-
formed exactly without rounding error, for instance
in integer computations. A very interesting example
are so-called error-free transformations. Here pairs of
floating point numbers are transformed into pairs of
floating point numbers without error. Consider the
following algorithm by Knuth, 1969 [2]:

function [x, y] = TwoSum(a, b)
x = fl(a + b)
z = fl(x− a)
y = fl((a− (x− z)) + (b− z))

This algorithm satisfies the following property.

Theorem 1 Given two floating point numbers a, b ∈
IF, the result (x, y) of TwoSum satisfies

x = fl(a + b) and x + y = a + b.

Note that this statement is also true in the presence
of underflow. Using TwoSum we can present the fol-
lowing algorithm for vector transformation.

function p = VecTransform(p)
for i = 2 : n %length(p) = n

[pi, pi−1] = TwoSum(pi, pi−1)

Note that we use the same variable p for input and out-
put. One sees immediately by induction that the value
of the sum s :=

∑
pi is not changed by VecTransform.

For such an algorithm the relation (1) cannot hold
since all intermediate transformations are exact. One
can show [3] that the condition number of

∑
(p) drops

basically by a factor 2−53 with each application of
VecTransform. After sufficiently many transforma-
tions, fl(

∑
p) will be a very accurate approximation
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of the exact sum s. Such algorithms are presented in
[3] and [6].

The following ingenious method by Dekker splits a 53-
bit floating point number a ∈ IF into two 26-bit parts.

function [x, y] = Split(a)
c = fl(factor · a) %factor = 227 + 1
x = fl(c− (c− a))
y = fl(a− x)

The result of this algorithm satisfies x + y = a such
that the results x, y do have not more that 26 signifi-
cant bits. The trick is that the sign bit of x or y is used
for the representation. The function Split is used to
transform the product of two floating point numbers
into the sum of two floating point numbers, again an
error-free transformation. This is done by the follow-
ing algorithm TwoProduct.

function [x, y] = TwoProduct(a, b)
x = fl(a · b)
[a1, a2] = Split(a)
[b1, b2] = Split(b)
y = fl(a2 · b2 − (((x− a1 · b1)− a2 · b1)− a1 · b2))

The mathematical property

x + y = a · b

is true for all a, b ∈ IF as long as no over- or underflow
occurs. With this the dot product of two n-vectors can
be transformed into the sum of an 2n-vector, which in
turn can be summed up with the methods described.

Therefore we can calculate accurate approximations of
the

∑
(pi) and xT y for n-vectors p, x, y. Note that the

mentioned algorithms use only ordinary floating point
addition and multiplication. The algorithms proved to
be very fast [3, 6].

Let a matrix A ∈ IFn×n be given. One may ask
whether it is possible to compute an accurate approx-
imation of the inverse of A using accurate summation
and dot product.

2. Additive corrections

Let R be an approximate inverse of A, for example
computed by the Matlab command inv(A). The obvi-
ous choice of iterative improvement of R is a Newton

iteration. This method is known as Schulz iteration in
the literature [7]. The first step of the iteration is as
follows.

X := R

X := X − (X ·A− I) ·X (2)

Here I denotes the n × n identity matrix. Consider
as a model problem a randomly generated 100 × 100
matrix of condition number 1010. We used randsvd as
described in [1, Chapter 28]. In double precision with
relative rounding error unit u = 2−53 we can expect
log2(u−1/1010) ∼ 6 correct digits of the solution. We
check the accuracy by means of the residual ‖I−R·A‖.
We also check the right residual and obtain

‖I −R ·A‖ = 9.93 · 10−7 and
‖I −A ·R‖ = 7.87 · 10−6.

(3)

We display the result for one typical example. Note
that we used high precision to calculate the residuals,
so we can expect them to be correct. As expected the
left residual is slightly better since the Matlab routine
inv computes a left inverse of A. Next we perform one
iteration (2) in double precision. We obtain

‖I −X ·A‖ = 6.30 · 10−7 and
‖I −A ·X‖ = 1.54 · 10+2.

(4)

First, the residual I−X ·A in (2) is computed in double
precision. This computation is always ill-conditioned,
also for well-conditioned matrices, so we cannot expect
a significant improvement. The left residual improves
slightly, whereas the quality of X as a right inverse
deteriorates completely. This is because the residual
in (2) is written for a left inverse. The corresponding
iteration for the right inverse

X := R

X := X −X · (A ·X − I)
(5)

yields

‖I −X ·A‖ = 1.40 · 10+2 and
‖I −A ·X‖ = 8.06 · 10−7.

(6)

as expected. Next we concentrate on the left inverse
and compute the residual I −X ·A in quadruple pre-
cision. By a common rule of thumb we may expect an
improvement of the relative accuracy of the result by
cond · u ∼ 10−6. We denote this by

X := R

X := X − double(quad(X ·A− I)) ·X.
(7)
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Here quad(·) indicates that the whole expression in-
side the parantheses is computed in quadruple preci-
sion, and double(·) means to round it back into double
precision. The result is as follows.

‖I −X ·A‖ = 1.64 · 10−7 and
‖I −A ·X‖ = 2.06 · 10−7.

(8)

Interestingly, now the right residual is of the same
quality as the right residual, however, no improvement
is visible. The next step is to perform the multiplica-
tion by X in quadruple as well.

X := R

X := X − double(quad(X ·A− I) ·X).
(9)

Now the entire correction (X · A − I) ·X is executed
in quadruple, rounded to double and the added to X.
The result is as follows.

‖I −X ·A‖ = 2.41 · 10−7 and
‖I −A ·X‖ = 3.09 · 10−7.

(10)

Again we see no improvement. Finally, we may exe-
cute the whole computation of X in (2) in quadruple
precision and round the result to double precision:

X := R

X := double(quad(X − (X ·A− I) ·X)).
(11)

The result is as follows.

‖I −X ·A‖ = 2.09 · 10−7 and
‖I −A ·X‖ = 2.96 · 10−7.

(12)

Strange enough the Newton iteration does not improve
the result at all although all computations have been
performed in quadruple precision and only the final
result is rounded into double precision. Finally, we use
the nearest floating point matrix to the exact inverse
A−1, the latter computed by some multiple precision
routine, that is

X := double(A−1). (13)

Then the left and right residuals are

‖I −X ·A‖ = 2.26 · 10−7 and
‖I −A ·X‖ = 3.60 · 10−7.

(14)

So there seems not much chance to decrease the left
or right residual using a double precision matrix X
as preconditioner. However, a residual iteration us-
ing R needs the residual matrix to be convergent. For

extremely ill-conditioned matrices a double precision
X seems unsufficient. A remedy is to store X in two
parts. This was already used in [5] and was later called
staggered correction. One method is to store the orig-
inal X and the correction into two different parts.

X := R

X1 := X,

X2 := double(quad(X ·A− I)) ·X.

(15)

Note that only the residual is computed in quadruple
precision and rounded into double, the multiplication
by X is in double precision. Now the result is as fol-
lows.

‖I − (X1 + X2) ·A‖ = 1.18 · 10−13 and
‖I −A · (X1 + X2)‖ = 1.17 · 10−12.

(16)

As a result we see that for ill-conditioned problems the
preconditioner R still contains enough information to
produce small residuals, but only if the new precondi-
tioner is stored in multiple precision. For extremely ill
conditioned problems, however, things change again.
Let A be a 100 × 100 matrix with condition number
1015. This is at the limit of what can be solved in
double precision. Then (15) with R = inv(A) yields

‖I − (X1 + X2) ·A‖ = 4.09 · 10+4 and
‖I −A · (X1 + X2)‖ = 8.87 · 10+5,

(17)

so no information at all. Also with the exact inverse
by (13) all information is gone:

‖I −X ·A‖ = 3.87 · 10+4 and
‖I −A ·X‖ = 4.27 · 10+5.

(18)

The reason is that the initial approximation X, an
approximate inverse of A, is so far from the true result
A−1 that an additive correction does not work.

3. Multiplicative corrections

For a multiplicative correction we use the fact that an
approximate inverse still contains a lot of structure.
It does not contain adequate information to solve the
residual equation directly, however, it may serve as a
preconditioner. For the last example with the 100×100
matrix A with condition number 1015 we use multiple
precision arithmetic to compute cond (A), X := R ·A
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and cond (X · A), where R is the approximate inverse
if A by R := inv(A).

cond (A) = 3.92 · 1021 and
cond (X ·A) = 2.69 · 107.

(19)

It is a general observation that for an arbitrarily ill-
conditioned matrix A we can compute an approximate
inverse R := inv(A) in double precision such that
the condition number of the preconditioned matrix
X := R · A drops by roughly a factor u. The product
R · A is computed using algorithms presented in [3]
or [6]. This corresponds to a result as if computed in
quadruple precision and then rounded to double preci-
sion or, with faithful rounding, respectively. The drop-
ping of the condition number is also observed when
computing R ·A only in double precision.

These observations were used in about 1984, when
we derived a method for inverting arbitrarily ill-
conditioned matrices. This method, which we never
published, requires the possibility to calculate a dot
product xT y in k-fold precision and store into working
precision as in [3] or [6]. The first step of the method
is as follows.

function [X1, X2] = AccInv(A)
R = inv(A) % double precision
P = inv(double(quad(R ·A)))
X1 + X2 = quad(P ·R)

As we have seen before we need higher precision for a
preconditioner to produce a small residual. The last
line in our algorithm computes the product P · R in
quadruple precision and stores the result in two double
precision parts X1, X2. This produces

‖I − (X1 + X2) ·A‖ = 3.17 · 10−9 and
‖I −A · (X1 + X2)‖ = 2.03 · 10+7.

(20)

The left residual is small enough to produce a con-
verge iteration, for example, for solving a system of
linear equations. The right residual is large since P is
computed using R as a left preconditioner. Calculat-
ing P as an approximate inverse of A · R and X by
R · P yields

‖I − (X1 + X2) ·A‖ = 2.02 · 10+8 and
‖I −A · (X1 + X2)‖ = 3.56 · 10−5,

(21)

as expected. The presented algorithm AccInv is the
first step of an iterated algorithm, the latter being able

to compute an approximate inverse of an arbitrarily ill-
conditioned matrix in double precision floating point.
It uses only the basic operations in double and an ac-
curate dot product as presented in [3] or [6]. Very
recently a partial analysis of this algorithm was pre-
sented in [4]. It is still quite mysterious how purely
double precision computation can invert arbitrarily ill-
conditioned matrices, and a full analysis is still open.
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Abstract—In this paper, the problem of inverting reg-
ular matrices with arbitrarily large condition number is
treated in double precision defined by IEEE 754 floating
point standard. In about 1984, Rump derived a method for
inverting arbitrarily ill-conditioned matrices. Numerical
experiments exhibit that Rump’s method converges rapidly
for various matrices with large condition numbers. Why
Rump’s method is so efficient for inverting arbitrarily ill-
conditioned matrices is a little mysterious. Thus, to prove
its convergency is an interesting problem in numerical error
analysis. In this article, a convergence theorem is presented
for a variant of Rump’s method.

1. Introduction

In this paper, we will treat the problem of inverting
regular matricesA ∈ Fn×n with arbitrarily large condi-
tion number. Here,F is the set of double precision float-
ing point numbers defined by IEEE 754 standard [1]. We
shall consider a method which only uses ordinary floating
point arithmetic{+,−, ∗, /} in working precision (i.e. IEEE
754’s double precision) and a dot product withk-fold accu-
racy. Let∥A∥∞ denote a maximum matrix norm ofA and
κ(A) := ∥A∥∞∥A−1∥∞ be its condition number. Letu be a
unit round-off. For doubles defined by IEEE 754 standard,
u = 2−53 ≈ 1.1× 10−16.

In about 1984, Rump derived a method for inverting ar-
bitrarily ill-conditioned matrices. The method, which he
never published, requires the possibility to calculate a dot
productxTy in k-fold precision and store into working pre-
cision. In 1990, Rump [10] reported some numerical ex-
periments exhibiting good convergence of his method.

Rump’s method is of theoretical interest. Rump made
it clear that inverting anarbitrarily ill-conditioned matrix
A in single or double precision does not produce meaning-
less numbers (what one might expect), but contains a lot
of information in it. Rump’s method uses such inverses as
preconditioners forA. As shown in [8], numerical exper-
iments exhibit that Rump’s method converges rapidly for
almost all matrices with extremely large condition number.
Why Rump’s method is so efficient for inverting arbitrar-

ily ill-conditioned matrices is a little mysterious. Thus, to
prove its convergency is an interesting problem in numeri-
cal error analysis. In this article, we shall present a conver-
gence theorem for a variant of Rump’s method. Numerical
experiments are presented for illustrating the validity of our
numerical error analyses.

2. Convergence Theorem

We assume that the dimension of the problem,n, satisfies
nu ≪ 1 andCi

√
u ≪ 1. In this paper,Ci , i = 0,1,2, · · · de-

note numbers ofO(1) satisfyingCiu ≪ 1 andCi
√

u ≪ 1.
Moreover,cn denotes a numbers ofO(n) satisfyingcnu ≪ 1
andcn

√
u ≪ 1.

Let A = (ai j ) be a realn× n matrix andΠ = (πi j ) be an
approximate inverse ofA. Let b ∈ Rn and x̃ be an approxi-
mate solution ofAx= b. It is known that if

∥ΠA− I∥ < 1 (1)

is satisfied,A becomes regular. Here,I is then × n iden-
tity matrix and∥ · ∥ is a subordinate matrix norm. Rump’s
method is an algorithm to produceΠ. Thus, from the above
mentioned fact, we set a purpose of this paper to show that
Π generated by Rump’s method eventually satisfies (1).

For the purpose, we introduce an accurate dot product
calculation algorithm. LetA, B ∈ Fn×n. Let us assume that
we have an accurate dot product algorithm which calculates
Di ∈ Fn×n, i = 1,2, . . . , k, satisfying

|
k∑

i=1

Di − AB| 5 C0uk|AB|. (2)

Here,AB is the usual (error free) matrix multiplication and
C0 is a constant satisfyingC0 = O(1). We denote such an
algorithm as

D1:k = [AB]k with D1:k := D1+D2+. . .+Dk, Di ∈ Fn×n.

A very efficient method for calculating such a dot prod-
uct in k-fold accuracy was just developed in [11]. It uses
only floating point operations in working precision, has no
branches and is very fast.
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In this paper, to simplify the life, working precision is
assumed to be the double precision defined by IEEE 754
floating point standard. In the following, we use a variant
of Rump’s method as given by the following Algorithm 1,
which is written in Matlab-like:

Algorithm 1 Modified Rump’s Method I

S̃0 = A+ ∆A; % perturbation for A
X0 = inv(S̃0); Π1 = X0;
for k = 1 : kmax

C = [Π1:kA]1;
S̃k = C + ∆C; % perturbation for[Π1:kA]1

Xk = inv(S̃k); % inversion ofS̃k

Π1:k+1 = [XkΠ1:k]k+1; % (k+ 1)-fold accuracy
end

Here, inv(B) is a built-in function in Matlab for inverting
B ∈ Fn×n. Matrices∆A ∈ Fn×n and∆C ∈ Fn×n are defined
by (∆A)i j = r i j

√
u|Ai j | and (∆C)i j = si j

√
u|Ci j |, respec-

tively for all (i, j), where r i j and si j are pseudo-random
numbers distributed uniformly in [−1,1]. Note that the
perturbation∆A and∆C regularizeA and [Π1:kA]1, respec-
tively.

To simplify the notation, we will writeΠm instead of
Π1:m throughout the paper except in algorithms. We as-
sume that all numerical calculation is done under IEEE
754’s double precision arithmetic in the nearest rounding
mode.

Let Sk := ΠkA. We now show that

|S̃k − Sk| 5 C1
√

u|S̃k|, (3)

whereC1 = O(1).
From (2), we have

|Sk − [Sk]1| 5 C0u|Sk|. (4)

From the definition of∆C, it follows that

|Sk−S̃k| 5 |Sk− [Sk]1|+ |[Sk]1−S̃k| 5 C0u|Sk|+
√

u|[Sk]1|.
(5)

From

|Sk| 5 |[Sk]1| + |Sk − [Sk]1| 5 |[Sk]1| +C0u|Sk|, (6)

we have

|Sk| 5
1

1−C0u
|[Sk]1|. (7)

Moreover, from

|[Sk]1| 5 |S̃k| + |[Sk]1 − S̃k| 5 |S̃k| +
√

u|[Sk]1|, (8)

it follows that

|[Sk]1| 5
1

1−
√

u
|S̃k|. (9)

Substituting (7) and (9) into (5), it is seen that (3) holds
with

C1 =
1

1−
√

u
(1+

C0
√

u
1−C0u

). (10)

Using (3), we also have

|S̃k| 5
1

1−C1
√

u
|Sk|. (11)

SinceS̃k ∈ Fn×n, Xk can be computed by a standard in-
version algorithm using Gaussian elimination in working
precision.

The target of this section is to show that

κ(Sk+1) = O(
√

u)κ(Sk) +O(1) (12)

provided thatκ(Sk) = u−1.
For the purpose, in the first place, we estimate∥Sk+1∥∞

assuming thatκ(Sk) = u−1. Let Γ := S̃k − Sk. Then, from
(3) and (11) we have

∥Γ∥∞ ≤ C1
√

u∥S̃k∥∞ ≤ C′1
√

u∥Sk∥∞, (13)

whereC′1 := C1/(1−C1
√

u). We note here that (13) states
that the difference betweeñSk andSk, which is almost sin-
gular, is of order

√
u∥S̃k∥. Thus, usually a distance between

S̃k and the nearest singularity, which lies very near toSk,
becomes aboutC1

√
u. This implies (cf. [3, 2])

κ(S̃k) = C2u−1/2. (14)

Here, we assume

Assumption 1 C2 = O(1).

This impliesκ(S̃k) = C2u−1/2 ≪ u−1. Examples in the
next section show that Assumption 1 is satisfied in many
instances. Since a good approximate inverse of a matrix in
Fn×n with a condition number much less thanu−1 can be
obtained in working precision, under Assumption 1 we can
expect thatXk becomes a good approximate inverse ofS̃k

satisfying

Assumption 2 ∥I − XkS̃k∥∞ = ε ≪ 1.

We assume that Assumption 2 also holds. It follows from
Assumption 2,̃S−1

k exists. Then, we note that

∥Xk − S̃−1
k ∥∞ = ∥(I − XkS̃k)S̃

−1
k ∥∞ 5 ∥S̃−1

k ∥∞∥I − XkS̃k∥∞

5 ∥Xk∥∞
1− ∥I − XkS̃k∥∞

∥I − XkS̃k∥∞

=
ε

1− ε∥Xk∥∞. (15)

From (15), it follows

∥Xk||∞ 5 ∥S̃−1
k ∥∞ + ∥Xk − S̃−1

k ∥∞ 5 ∥S̃−1
k ∥∞ +

ε

1− ε ∥Xk∥∞.
(16)
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This and Assumption 2 imply that

∥Xk∥∞ 5
∥S̃−1

k ∥∞
1− ε

1− ε
=

1− ε
1− 2ε

∥S̃−1
k ∥∞ = C3∥S̃−1

k ∥∞. (17)

Here,C3 := (1− ε)/(1− 2ε) = O(1). LetL andU be com-
puted LU factors of̃Sk. Then, since we have used Matlab’s
‘inv’ function, we have from [4, p. 268, (14.18)]

∥I − XkS̃k∥∞ 5 cnu∥Xk∥∞∥L∥∞∥U∥∞, (18)

wherecn = O(n). Here, we introduce a constantgk satisfy-
ing ∥L∥∞∥U∥∞ 5 gk∥S̃k∥∞. Then, we have

∥I − XkS̃k∥∞ 5 cngku∥Xk∥∞∥S̃k∥∞. (19)

From (14), (17) and (19), it follows that

∥I − XkS̃k∥∞ 5 cngkC3uκ(S̃k) = cnC4
√

u, (20)

whereC4 := gkC2C3. Under Assumption 2, which states
∥I −XkS̃k∥∞ ≪ 1, (20) asserts∥I −XkS̃k∥∞ can be estimated
asO(n

√
u) provided thatC4 = O(1). Thus, it turns out that

Assumption 2 is equivalent to

Assumption 3 C4 = O(1) satisfying cnC4
√

u ≪ 1.

Under this assumtion, we now showXk is the exact inverse
of S̃k + ∆, where∥∆∥∞ 5 cnC5

√
u∥Sk∥∞. Here,C5 is the

constant defined below. From (20), we have for∆ = X−1
k −

S̃k

∥∆∥∞ = ∥X−1
k − S̃k∥∞ = ∥X−1

k (I − XkS̃k)∥∞
5 ∥X−1

k ∥∞∥I − XkS̃k∥∞

5 ∥S̃k∥∞
1− ∥I − XkS̃k∥∞

∥I − XkS̃k∥∞

5 cnC4
√

u

1− cnC4
√

u
∥S̃k∥∞ 5 cnC5

√
u∥Sk∥∞. (21)

Here, using (13) we have put

C5 :=
C′1C4

C1(1− cnC4
√

u)
= O(1). (22)

Lemma 1 Let us assume that Assumptions 1 and 3 are sat-
isfied. Then, the following a priori error estimate holds:

∥I − XkSk∥∞ 5 C7, (23)

where
C7 := C2C3(C1 + cngk

√
u). (24)

Proof. Using (13), (17) and (19), we have

∥I − XkSk∥∞ = ∥I − Xk(Sk − S̃k + S̃k)∥∞
5 ∥Xk(Sk − S̃k)∥∞ + ∥I − XkS̃k∥∞
5 C1

√
u∥Xk∥∞∥S̃k∥∞ + cngku∥Xk∥∞∥S̃k∥∞

5 (C1 + cngk
√

u)
√

u∥Xk∥∞∥S̃k∥∞
= C6

√
uκ(S̃k), (25)

where

C6 := C3(C1 + cngk
√

u). (26)

This and (14) prove the lemma. ¤
From this lemma, we have

∥XkSk∥∞ 5 ∥XkSk − I∥∞ + ∥I∥∞ = 1+ ∥I − XkSk∥∞
5 1+C7. (27)

Here, we derive a relation betweenSk+1 andXkSk:

|Sk+1 − XkSk| = |Πk+1A− XkΠkA| = |(Πk+1 − XkΠk)A|
5 |Πk+1 − XkΠk||A| (28)

SinceΠk+1 = [XkΠk]k+1, we have

|Πk+1 − XkΠk| 5 C8uk+1|XkΠk|. (29)

Here,C8 = O(1). Inserting this into (28), we have

|Sk+1 − XkSk| 5 C8uk+1|Xk||Πk||A|. (30)

Thus, we have

∥Sk+1∥∞ 5 ∥XkSk∥∞ + uk+1α, (31)

where

α := C8∥|Xk||Πk||A|∥∞. (32)

Here, we assume

Assumption 4 uk+1α ≪ 1.

Remark 1 SinceΠk+1 ≈ XkΠk, usually we have

∥Πk+1∥∞ ≈ ∥Πk∥∞∥Xk∥∞. (33)

Here,Πk, k = 1,2, . . ., work as the preconditioners for A,
we have∥Sk∥∞ = ∥ΠkA∥∞ = O(1) and therefore∥S̃k∥∞ =
O(1) for k = 1. Thus, from (17)

∥Xk∥∞ 5 C3∥S̃−1
k ∥∞ = C3κ(S̃k)∥S̃k∥−1

∞ = O(u−1/2) (34)

for k = 1. Moreover, it can be expected thatS̃0 is not so ill-
conditioned andκ(S̃0) = ∥S̃0∥∞∥S̃−1

0 ∥∞ = O(u−1/2), so that
∥X0∥∞ = ∥inv(S̃0)∥∞ ≈ ∥S̃−1

0 ∥∞. This and∥S̃0∥∞ ≈ ∥A∥∞
yield

∥X0∥∞ = O(u−1/2)∥A∥−1
∞ . (35)

From (33), (34) and (35), it follows

∥Πk∥∞ ≈ O(u−k/2)∥A∥−1
∞ (36)

provided thatκ(Sk) > u−1. Thus, from (32) we have

uk+1α ≈ O(uk+1u−1/2(u1/2)−k)∥A∥−1
∞ ∥A∥∞ = O(u(k+1)/2).

(37)
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Under Assumption 4, it can be seen from (31) that

∥Sk+1∥∞ = ∥XkSk∥∞ + ε, (38)

whereε ≪ 1.
Now, we estimate∥S−1

k+1∥∞. Using (13), (21) and (22),
we have

∥(XkSk)
−1∥∞ = ∥((Sk + ∆ + Γ)

−1Sk)
−1∥∞

= ∥I + S−1
k (∆ + Γ)∥∞

5 1+ ∥S−1
k ∥∞(∥∆∥∞ + ∥Γ∥∞)

5 1+ (C′1 + cnC5)
√

u∥Sk∥∞∥S−1
k ∥∞

5 1+ (C′1 + cnC5)
√

uκ(Sk). (39)

Let P andQ be regularn× n matrices. If∥P−Q∥∞ 5 δ,
it follows that

∥P−1 − Q−1∥∞ 5 ∥P−1(P− Q)Q−1∥∞ 5 δ∥P−1∥∞∥Q−1∥∞.
(40)

Then, (30) and (40) yield

∥S−1
k+1 − (XkSk)

−1∥∞
5 ∥Sk+1 − XkSk∥∞∥S−1

k+1∥∞∥(XkSk)
−1∥∞

5 uk+1β∥S−1
k+1∥∞ (41)

where
β := C8∥|Xk||Πk+1||A|∥∞∥(XkSk)

−1∥∞.
From (41), we have

∥S−1
k+1∥∞

5 ∥S−1
k+1 − (XkSk)

−1∥∞ + ∥(XkSk)
−1∥∞

5 uk+1β∥S−1
k+1∥∞ + ∥(XkSk)

−1∥∞. (42)

If it holds that

Assumption 5 uk+1β ≪ 1,

then we have

∥S−1
k+1∥∞ 5 (1− uk+1β)−1∥(XkSk)

−1∥∞. (43)

Then, it holds

∥S−1
k+1∥∞ 5 C9∥(XkSk)

−1∥∞, (44)

whereC9 = O(1).
Summarizing the above mentioned estimations (i.e.,

from (27), (38), (39) and (44)), we have

κ(Sk+1) = ∥Sk+1∥∞∥S−1
k+1∥∞

5 (∥XkSk∥∞ + ϵ)C9∥(XkSk)
−1∥∞

5 (1+C7 + ϵ)C9(1+ (C′1 + cnC5)
√

uκ(Sk))

= µk
√

uκ(Sk) + O(1). (45)

Here,µk := C9(C′1 + cnC5)(1+C7 + ε) = O(n).
Summing up the above mentioned discussions, we have

the following theorem:

Theorem 1 Assume thatκ(Sk) = u−1. Further, let us as-
sume that Assumptions 1, 3, 4 and 5 are satisfied. Then,
κ(Sk+1) 5 µk

√
uκ(Sk) +O(1) with µk = O(n).

If µk
√

u < 1 holds fork = 1,2, · · · ,K, thenκ(Sk) de-
creases asO((n

√
u)k)κ(A) during k 5 K and finallyκ(Sk)

becomesO(1) ask becomes sufficiently large provided that
k 5 K.
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Abstract—This paper is concerned with the problem of

verifying the accuracy of a numerical solution of a sparse

linear system whose coefficient is a generalized diagonally

dominant matrix (GDDM). A fast method is proposed for

calculating an error bound of the numerical solution. The

proposed method is based on the verified criterion for a

GDDM and the rounding mode controlled verified com-

putations. The method can be applied with any iterative

solution methods such as Gauss-Seidel method, conjugate

gradient method and so forth. Therefore, the sparsity of the

coefficient matrix is not destroyed in the verification pro-

cess. Numerical results are presented showing the validity

of the proposed method.

1. Introduction

Let A be a real n × n matrix and b be a real n-vector. For

a linear system

Ax = b, (1)

we can obtain a computed solution x̃ of (1) using floating-

point arithmetic. In general, however, we do not know how

accurate the computed solution is because floating-point

arithmetic causes rounding error.

Numerical methods of solving (1) can roughly be classi-

fied into two approaches. One is direct method (e.g. Gaus-

sian elimination with partial pivoting) and the other is iter-

ative method (e.g. Gauss-Seidel method, Krylov subspace

method). To verify an accuracy of x̃, several fast verifica-

tion methods (e.g., [9, 11]) have been developed. Most of

them are based on the direct method because their methods

require an approximate inverse of A or a lower bound of the

smallest singular value of A.

The verification for sparse linear systems is still diffi-

cult except for the case where we know in advance that

the coefficient matrix A belongs to a certain special matrix

class, e.g., M-matrix [7]. The difficulty is mainly due to the

destruction of its sparsity in the verification process. Thus

the verification for sparse systems becomes one of the open

problems in the Grand Challenges and Scientific Standards
in Interval Analysis [5] presented by Neumaier.

In this paper, we restrict ourselves to the case where

A is a generalized diagonally dominant matrix (GDDM).

GDDM has wide applications in engineering and scientific

computations [1]. Here, we assume that we do not have

any information on the property of A. That means it is nec-

essary to prove whether A is a GDDM or not.

A main point of this paper is to develop a fast validation

method in which computations are executed keeping the

sparsity of matrix A. Thus, we do not calculate A−1 nor an

LU factorization of A. For the purpose, we use iteration

algorithms in the verification process.

Numerical results are presented showing the validity of

the proposed method.

2. Notation and Definitions

In this section, definitions of matrices and some known

results used in this paper are in order. Throughout the pa-

per, for a real matrix A, the notation A ≥ O (A > O) means

that all elements of A are nonnegative (positive), and for

a real vector v, the notation v ≥ 0 (v > 0) means that all

elements of v are nonnegative (positive).

Definition 1 Let A = (ai j) be a real square matrix with
aii > 0 and ai j ≤ 0 for i � j. Then A is called an M-matrix
if A is nonsingular and A−1 ≥ O.

Definition 2 Let A = (ai j) be a real square matrix. Then a
comparison matrixM(A) = (âi j) of A is defined by

âi j =

{ |ai j| (i = j)
−|ai j| (i � j) .

Definition 3 Let A = (ai j) be a real n × n matrix. Let N =
{1, 2, . . . , n} and N1(A) = { i | |aii| > ∑ j�i |ai j|, i ∈ N}. A
matrix A is called a strictly diagonally dominant matrix if
N1 = N.

Definition 4 Let A = (ai j) be a real n × n matrix. A ma-
trix A is called a generalized diagonally dominant matrix
(GDDM) if there exists a positive diagonal matrix D such
that AD is a strictly diagonally dominant matrix.

Lemma 1 A = (ai j) is a GDDM if and only ifM(A) is an
M-matrix.

Lemma 2 A = (ai j) is a GDDM if and only if there exists
a vector u > 0 such thatM(A)u > 0.
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Lemma 3 If A is a GDDM, then

|A−1| ≤ M(A)−1.

From Lemma 3, it follows that

‖A−1‖∞ ≤ ‖M(A)−1‖∞. (2)

3. Verification Theory

We first cite a theorem for bounding ‖A−1‖∞ in case of A
being M-matrix, i.e. A−1 ≥ O.

Theorem 4 (Ogita-Oishi-Ushiro [7]) Let A be a real n ×
n monotone matrix and e be an n-vector where e =
(1, . . . , 1)T . Let ỹ be a computed solution of a linear sys-
tem Ay = e. Define a residual vector s by s := Aỹ − e. If
‖s‖∞ < 1, then

‖A−1‖∞ ≤ ‖ỹ‖∞
1 − ‖s‖∞ . (3)

If A is a GDDM, we can utilize the following corollary

from (3) and Theorem 4:

Corollary 5 Let A be a GDDM and e be an n-vector where
e = (1, . . . , 1)T . Let z̃ be a computed solution of a lin-
ear system M(A)z = e. Define a residual vector t by
t :=M(A)z̃ − e. If ‖t‖∞ < 1, then

‖A−1‖∞ ≤ ‖z̃‖∞
1 − ‖t‖∞ . (4)

After bounding ‖A−1‖∞, we can calculate an error bound

of an approximate solution x̃ of Ax = b, for example,

‖x̃ − A−1b‖∞ ≤ ‖A−1‖∞‖Ax̃ − b‖∞
≤ ‖z̃‖∞‖Ax̃ − b‖∞

1 − ‖t‖∞ .

There remains a problem how to prove whether A is a

GDDM or not. For the purpose, several methods (e.g. [2,

3, 4]) have been proposed. Using such methods, we can

obtain a vector u > 0 which is expected to satisfy

M(A)u > 0. (5)

In this paper, we use such a criterion for a GDDM and de-

note usage of the function as follows:

[res,u] = isgddm0(A)

In view of the numerical verification, we have to con-

firm that u satisfies (5). This is possible using rounding

mode controlled computation [8, 10]. The following is an

executable Matlab code for the purpose:

function res = isgddm(A)

[res,u] = isgddm0(A); % criterion for GDDM

B = compmat(A); % comparison matrix

setround(-1) % rounding downwards

v = B*u;

if all(v > 0)

res = 1; % verified A is a GDDM

else

res = 0; % not verified

end

4. Numerical Example

As a numerical example, we treat a test case in [2]:

A =

-1.0000 -1.1463 0 0 0

0.5000 -1.0000 0 -0.6000 0

0 -0.1000 1.0000 0 0.5000

0 0.5000 0 1.0000 -0.5000

-0.2000 0.1000 0.3000 0 -1.0000

This matrix is sensitive, i.e. if we set A(1,2) = -1.1464,

then A is not a GDDM. In this test, we adopt the criterion

of a GDDM in [2].

The following is a history of Matlab Command Window:

>> [res,u]=isgddm0(A); res, u’

res =

1

ans =

1.0000 0.8723 0.2716 0.6206 0.3687

>> B=compmat(A)

B =

1.0000 -1.1463 0 0 0

-0.5000 1.0000 0 -0.6000 0

0 -0.1000 1.0000 0 -0.5000

0 -0.5000 0 1.0000 -0.5000

-0.2000 -0.1000 -0.3000 0 1.0000

>> setround(-1)

>> v=B*u; all(v > 0)

ans =

1

>> setround(0)

>> e=ones(5,1);

>> z=bicgstab(B,e);

bicgstab converged at iteration 4.5 to a solution

with relative residual 8.5e-012

>> setround(-1)

>> tl=B*z-e;

>> setround(1)

>> tu=B*z-e;

>> tu=max(abs(tl),abs(tu)); tnorm=norm(tu,inf)

tnorm =

1.4552e-011

>> invnorm=norm(z,inf)/-(tnorm - 1)

invnorm =

5.7574e+004

>> norm(inv(A),inf)

ans =

2.2788

From the above-mentioned result, an obtained upper bound

invnorm of ‖A−1‖∞ seems to be overestimated. However,

it is not fatal because we can control the quality of an error

bound of a computed solution [6].
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Abstract—Several methods have been proposed to cal-

culate an error bound of an approximate solution of a lin-

ear system by using floating-point arithmetic. It depends

mainly on the condition number and the dimension of the

coefficient matrix whether such verification methods suc-

ceed or not. In general, however, the condition number is

not known in advance. If dimension or condition number

is large enough, Oishi-Rump’s method, which is known as

the fastest verification method for this purpose, may fin-

ish without success. There are more robust verification

methods whose computational cost is larger than the Oishi-

Rump’s one. However, it is not so efficient to apply such ro-

bust methods to well-conditioned problems. Therefore, we

propose an adaptive verification method which automati-

cally chooses an appropriate verification method with neg-

ligible cost, i.e. the proposed method does as much work

as necessary to calculate error bounds of approximate so-

lutions of linear systems.

1. Introduction

In this paper, we are concerned with a numerical verifi-

cation method for a linear system

Ax = b, (1)

where A is a real n × n matrix and b a real n-vector. A

number of methods (e.g. [3, 5, 6, 9]) have been proposed

for verifying an approximate solution of (1) with a dense

coefficient matrix. Let R be an approximate inverse of A
and x̃ be an approximate solution of Ax = b. Throughout

the paper, we assume that an LU factorization with partial

pivoting has been done such that

PA ≈ LU,

where L is a unit lower triangular matrix, U is an upper tri-

angular matrix and P is a permutation matrix correspond-

ing to the pivoting. Computation of an LU factorization re-

quires 2
3
n3 flops1. Utilizing the LU factors, computational

cost for calculating R becomes 2n3 flops.

Define α and β by

α := ‖RA − I‖∞ and β := ‖R(Ax̃ − b)‖∞. (2)

1addition, subtraction, multiplication or division are counted as one

flop (floating-point operation)

It is well-known that if α < 1, then A is nonsingular and

‖x̃ − A−1b‖∞ ≤ β

1 − α. (3)

Computational cost for calculating the error bound of x̃
strongly depends on that for estimating α, which requires

O(n3) flops. Therefore, we focus our mind on the esti-

mation of α. Until now, the following fast methods have

been proposed using rounding mode controlled computa-

tion [6, 8]:

Method flops

Oishi-Rump [6] 2/3 · n3

Ogita-Rump-Oishi [5] 4 · n3

Rump [8], Oishi-Rump [6] 6 · n3

There is a tradeoff between computational cost for the ver-

ification methods and treatable range of the problems. On

the other hand, we see from (3) that any value α less than

1/2, say, is sufficient for a reasonable error estimation. So

not too much effort must be spent on estimating α.

In this paper, we consider to find adaptively which

method is sufficient to prove α < 1. A main point of the pa-

per is to develop an adaptive verification algorithm which

can automatically choose a suitable verification method

corresponding to a given problem with a little additional

cost.

2. Verification methods for linear systems

In this section, we briefly review fast verification meth-

ods for linear systems proposed in [5, 6].

Let F be a set of floating-point numbers. Let fl(· · ·) be the

result of a floating-point computations. Let u be the round-

off unit (especially, u = 2−53 in double precision defined in

IEEE 754 standard). We define γn [2] by

γn :=
nu

1 − nu
.

First, we review the fastest method developed in [6].

Throughout the paper, we denote this method as Method-
A. Let XU and XL be an approximate inverse of U and L,

respectively. Method-A computes XU and XL, which re-

quires 1
3
n3 flops, respectively. By setting R := XU XLP,

Method-A estimates α as

α = ‖XU XLPA − I‖∞, (4)

NOLTA 2006
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where I denotes the n × n identity matrix. Define e :=

(1, 1, . . . , 1) ∈ R
n. Method-A evaluates an upper bound of

α as

α ≤ γn(2‖|XU | · |XL| · |L| · |U |‖∞ + ‖|XU | · |U |‖∞). (5)

Computation for the right-hand side of (5) can be done in

O(n2) flops by using

‖|X| · |Y |‖∞ = ‖|X|(|Y |e)‖∞,
where X and Y are real n × n matrices. The total compu-

tational cost for Method-A including computations of XU

and XL becomes 2
3
n3 flops. We denote the function based

on Method-A as

[err, flag] = MethodA(A, x̃, b, L,U, P, XL, XU)

which returns an error bound err of x̃ and flag where

flag = 1 means that the verification of x̃ succeeded (α <
1) and flag = 0 means that the verification failed (α ≥ 1).

Next, we review the method which is developed in [5].

Throughout the paper, we denote this method as Method-
B. By Method-B, an upper bound for α is calculated using

a priori error estimates as

α ≤ fl(‖RA − I‖∞) + γn+1(‖|R| · |A|‖∞ + 1). (6)

The method needs to compute an approximate inverse R
and matrix product RA. The total cost for Method-B in-

cluding computations of R and RA becomes 4n3 flops. We

denote the function based on Method-B as

[err, flag] = MethodB(A, x̃, b,R)

which returns similar outputs in MethodA.

We next review a method based on rounding mode con-

trolled computation [6, 8]. Throughout the paper, we de-

note this method as Method-C. By Method-C, an upper

bound of α is computed as follows:

function α = Alpha(A,R)

setround(−1);

Rd = RA − I;

setround(1);

Ru = RA − I;

Ru = max(|Ru|, |Rd|);
α = norm(Ru, inf);

Here, the instruction setround(−1) and setround(1)

means to adopt the rounding-downwards mode and the

rounding-upwards mode, respectively. Then, we assume

that once the rounding mode is changed, it remains un-

changed until the next instruction setround appears. This

assumption is ensured on a wide class of computer sys-

tems following the IEEE 754 standard. Method-C requires

2n3 flops for calculating an approximate inverse R and 4n3

flops for matrix product RA in rounding-downwards and

rounding-upwards. Therefore, the total cost for Method-

C becomes 6n3 flops. We denote the function based on

Method-C as follows:

[err, flag] = MethodC(A, x̃, b,R)

The above-mentioned verification methods can basically

be applied to condition number of A up to u−1. If we

want to deal with more ill-conditioned problems, Rump’s

method [7] can be used. Detailed algorithms and theory

can be found in [7].

3. Adaptive Verification Method

In this section, we propose an adaptive verification

method of obtaining an upper bound of α which automati-

cally chooses a suitable verification method.

We first guess whether Method-A can be applied before

calculating XU . For the purpose, we utilize a 1-norm esti-

mator developed by Higham [2] for estimating ‖XU‖∞. In

fact, a lower bound of 1-norm and ∞-norm of an inverse

of a triangular matrix can be estimated in O(n2) flops using

forward or backward substitution. Throughout the paper,

we denote the ∞-norm estimator for a triangular matrix T
as

c = EstimateInv(T ).

In practice, the estimator usually gives a good estimation of

‖T−1‖∞. It is rare to underestimate the desired norm three

times less than the actual norm. Using this estimator, we

can estimate ‖XU‖∞ by c = EstimateInv(U). Thus, we

evaluate the right-hand side of (5) by

γn(2‖|XU | · |XL| · |L| · |U |‖∞ + ‖|XU | · |U |‖∞)

≈ γn · c‖|XL| · |L| · |U |‖∞ =: αA.

The computation of αA can be done in O(n2) flops. If αA ≥
1, then we proceed to Method-B without calculating XU ,

i.e. we can save computational cost 1
3
n3 flops in this case.

In Method-B, we can compute an approximate inverse R
of A using XL and U as

R = (U\XL)P,

where X\Y means to solve a matrix equation XT = Y for

T . We next guess whether Method-B can be applied to

prove α < 1. In (6), the term ‖|R||A|‖∞ can be calculated in

O(n2) flops. If ‖|R||A|‖∞, then it is meaningless to compute

the term fl(‖RA − I‖∞). Moreover, numerical experiments

show that

fl(‖RA − I‖∞) ≈ γn+1‖|R| · |A|‖∞ ≈ nu · cond∞(A), (7)

where cond∞ := ‖A‖∞‖A−1‖∞. Thus, we evaluate the right-

hand side of (6) by

fl(‖RA − I‖∞) + γn+1(‖|R| · |A|‖∞ + 1)

≈ 2γn‖|R| · |A|‖∞ =: αB.
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The computation of αB can also be done in O(n2) flops. If

αB ≥ 1, then we proceed to Method-C without calculating

fl(RA), i.e. we can also save computational cost 2n3 flops

in this case.

In Method-C, we can again use R. If Method-C can not

prove α < 1, then it may be necessary to use higher pre-

cision computation because A is ill-conditioned. In such

case, we can use the Rump’s method for extremely ill-

conditioned problems [7].

One may consider that it is natural to proceed as fol-

lows: we first compute XU and XL and estimate α using

(5). After that if α < 1 can not be proven, then we simply

compute R = XU XLP. Its computational cost is the same as

that of calculating R directly. From the view of optimiza-

tion for computational speed, it is desirable to use routines

supported by BLAS and LAPACK. Since the product of

triangular matrices has not been supported in BLAS and

LAPACK, it spends much more computing time than one

may expect. This is the reason why we does not adopt this

way.

Moreover, we consider the process of inverting A. As in

the LAPACK’s routine DGETRI, an approximate inverse R1

of A using an LU factorization PA ≈ LU can be calculated

by

XU = I/U; R1 = (XU/L)P;

where X/Y means to solve a matrix equation TY = X for

T . There is an alternative way to calculate an approximate

inverse R2 of A:

XL = I/L; R2 = (U\XL)P;

One may also have a question how much the difference be-

tween R1 and R2 affects the quality of evaluating α. To

answer this question, we compare them in numerical ex-

periment. Let α1 := fl(R1A − I) and α2 := fl(R2A − I). Let

α3 and α4 be an upper bound of ‖R1A− I‖∞ and ‖R2A− I‖∞,

respectively. Here, α3 and α4 are computed by the function

Alpha in Section 2. We set n = 1000 and vary condi-

tion number of A from 10 to 1013. We present a result of

the numerical experiment in Table 1. From Table 1, it can

be seen that there is a little difference between α1 and α2,

which means that R1 can produce a better result than R2.

However, there is not so much difference between α3 and

α4. Therefore, in the sense of calculating an upper bound

of ‖RA − I‖∞, it seems to be not so wrong strategy to adopt

the way of calculating R2.

Combining the above-mentioned discussions, we finally

present an adaptive algorithm in the following:

Algorithm 1 Let A ∈ F
n×n and b ∈ F

n. The following al-
gorithm returns an approximate solution x̃, it’s error bound
err and flag which informs whether the verification suc-
ceeded or not, with choosing a suitable verification method.

function [x̃, err, flag] = OurMethod(A, b)

[L,U, P] = lu(A); % LU factorization

Table 1: Comparison of various α for dimension n = 1000.

cond(A) α1 α2 α3 α4

10 1.80e-12 3.91e-11 6.39e-10 6.49e-10

105 9.57e-10 1.20e-08 1.72e-07 1.92e-07

109 3.44e-06 5.74e-05 4.55e-04 5.73e-04

1013 1.85e-02 3.74e-01 1.85e-02 4.93e-02

x̃ = U\(L\(Pb)); % approx. solution of Ax = b

XL = I/L; % approx. inverse of L

c = EstimateInv(U); % norm estimator for ‖U−1‖∞
αA = γn · c · norm(|XL|(|L|(|U |e)), inf);

if αA < 1

XU = I/U; % approx. inverse of U

[err, flag] = MethodA(A, x̃, b, L,U, P, XL, XU);

if flag == 1, return, end

end

R = (U\XL)P; % approx. inverse of A

αB = γ̃n · norm(|R|(|A|e), inf)

if αB < 1

[err, flag] = MethodB(A, x̃, b,R);

if flag == 1, return, end

end

[err, flag] = MethodC(A, x̃, b,R);

Of course, there is a possibility that αA,B < 1 while

α ≥ 1, or αA,B ≥ 1 while α < 1. In such case, Algorithm

1 spends more computing time than a suitable verification

method which is necessary or sufficient to prove α < 1. In

the next section, we will show that it is rare for such case

to occur.

4. Numerical Examples

In this section, We report results of some numerical ex-

periments to show the efficiency of the proposed method.

The following four methods are implemented on a PC with

Pentium IV 3.3GHz CPU and Matlab R14SP2:

A: Method-A ([6, Section 4])

B: Method-B ([5, Section 4])

C: Method-C ([6, Section 3])

D: Proposed method (Algorithm 1)

All computations are done in double precision defined in

IEEE 754 standard on Matlab.

First, we set dimension n = 1000. Using Matlab’s func-

tion randsvd, we vary condition number of A from 10 to

1014. We put b = A · e. Table 2 displays elapsed time for

each verification method. Here, the notation ′−′ in the ta-

ble means the verification failed. Note that elapsed time
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Table 2: Comparison of elapsed time (sec) for dimension

n = 1000.

cond(A) A B C D
10 0.83 2.07 2.94 0.96

107 0.84 2.07 2.94 0.96

108 - 2.08 2.95 2.14

1011 - 2.07 2.94 2.19

1012 - - 2.93 3.05

1013 - - 2.93 3.06

1014 - - - -

Table 3: Critical part of Table 2.

cond(A) A B C D
8 × 1012 - - 2.93 3.06

1 × 1013 - - 2.93 3.06

2 × 1013 - - 2.93 -

4 × 1013 - - 2.95 -

6 × 1013 - - - -

for A includes that for computing an approximate solution

x̃ using LU factors, and the elapsed time for B and C in-

cludes that for computing x̃ by x = Rb. Each elapsed time

includes that for the LU factorization.

Next, we set dimension n = 3000 and take A and b in

the same way as in the previous example. The result of this

example is displayed in Table 4.

From Tables 2 and 4, we can confirm that the proposed

adaptive verification method D can mostly choose a suit-

able verification method with a little additional cost. There

are some cases where a suitable method is not chosen. For

example, in Table 4, Method-A can deal with the prob-

lem of cond(A) = 104. However, the proposed method D
chooses Method-B.

To see more details in critical cases, we put Tables 3 and

5, which correspond to Tables 2 and 4, respectively. Table

3 shows that it occasionally occurs that Method-C succeeds

while the proposed method D does not. Moreover, Table 5

shows that there exists a case where it is difficult to deter-

mine which method is suitable, Method-A or Method-B.

However, it can be seen that the range of such cases occur-

ring is not so wide.
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Abstract— VSDP is a MATLAB software package for
solving rigorously semidefinite programming problems.
Functions for computing verified forward error bounds of
the true optimal value and verified certificates of feasibility
and infeasibility are provided. All rounding errors due to
floating point arithmetic are taken into account.

1. Introduction

Semidefinite Programming has emerged as a powerfool
tool in many different areas ranging from control engi-
neering to structural design, combinatorial optimization
and global optimization (see the Handbook of Semidefinite
Programming [1]). One reason is that there exists a kind of
calculus of conic quadratic and semidefinite representable
sets and functions, which offers a systematic way to rec-
ognize and reformulate a convex program as a semidefi-
nite program. This calculus is applied for example in CVX
[2], an optimization modelling language which is designed
to support the formulation and construction of optimiza-
tion problems that the user intends from the outset to be
convex. On the other hand non-convex problems are fre-
quently solved by using convex relaxations, where conse-
quently also SDP-solvers can be used.

Many algorithms for solving semidefinite programming
problems require that appropriate rank conditions are ful-
filled, and that strictly feasible solutions of the primal and
the dual problem exist, i.e Slater’s constraint qualification
holds. All these solvers do not provide a guaranteed ac-
curacy or prove existence of optimal solutions. Neverthe-
less, appropriate warranties for computed results and rig-
orous forward error bounds can be useful in many situa-
tions, especially for ill-conditioned problems with depen-
dencies in the input data, or ill-posed problems. It is well-
known that for such problems (but not solely) rounding er-
rors may affect the computation, and even many state-of-
the-art solvers may produce erroneous approximations (cf.
Neumaier and Shcherbina [3]).

Ill-conditioned and ill-posed problems are not rare in
practice. In a paper of Ordóñez and Freund 2003 it is
stated that 71% of the lp-instances in the NETLIB Linear
Programming Library are ill-posed, and recently Freund,
Ordóñez and Toh 2006 [4] have shown that 32 out of 85
problems of the SDPLIB are ill-posed.

VSDP is a software package which provides warranties

by computing verified forward error bounds. Verified, or
sometimes also called rigorous, means that the computed
results are claimed to be valid with mathematical certainty
even in the presence of rounding errors due to floating point
arithmetic. VSDP [5] is written completely in MATLAB
under use of INTLAB [6]. It is based on a rigorous post-
processing applied to the output of semidefinite program-
ming solvers. It is of particular importance that each solver
can be used, and the solver need not to produce any er-
ror bounds, neither in the forward nor in the backward er-
ror sense. This package implements techniques described
in [7] and [8], and has several features: it computes ver-
ified lower and upper bounds of the optimal value for
semidefinite programs, proves existence of feasible solu-
tions, also for LMI’s, provides rigorous certificates of in-
feasibility, facilitates to solve approximately the problem
by using different well-known semidefinite programming
solvers, can handle several formats, and allows the use of
interval data.

It is in the nature of verification methods that not ev-
ery approximate solution can be verified, such as solvers
normally cannot compute an approximate solution for each
solvable problem. However, a good verification method
should compute rigorous error bounds in almost all well-
posed cases, whenever the used solver can compute a suf-
ficiently close approximation. The numerical experiments
of VSDP with the SDPLIB suite exhibit that at least for
problems of middle size (up to thousands of constraints and
millions of variables) rigorous lower (upper bounds) of the
optimal value can be computed, provided the distance to
dual infeasibility (primal infeasibility) is greater zero. But
even if the distance to infeasibility is zero, i.e. the problem
is ill-posed, VSDP allows rigorous results, if an a priori as-
sumption about the existence of an optimal solution and its
magnitude is known (c.f. [8]).

2. Quick Start

VSDP solves rigorously semidefinite programming
problems in block diagonal form:

f ∗p := min
n∑

j=1
〈C j, X j〉 s.t

n∑
j=1
〈Ai j, X j〉 = bi, i = 1, . . . ,m

X j � 0, j = 1, . . . , n,
(1)
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where b ∈ Rm, and C j, Ai j, X j ∈ S s j , the linear space of
real symmetric s j× s j matrices. The usual inner product on
the linear space of symmetric matrices is denoted by 〈., .〉,
which is defined as the trace of the product of two matrices.
X � 0 means that X is positive semidefinite. Hence, �
denotes the Löwner partial order on this linear space. It
is f ∗p := +∞ if the set of feasible solutions is empty, and
f ∗p := −∞ if the problem is unbounded.

If s j = 1 for j = 1, . . . , n (i.e. C j, Ai j, and X j are real
numbers), then (1) defines the standard linear programming
problem.

The Lagrangian dual of (1) is

f ∗d := max bT y s.t. Z j = C j −
m∑

i=1

yiAi j � 0 for j = 1, . . . , n,

(2)
where y ∈ Rm. It is f ∗d := −∞, if the set of dual feasible
solutions is empty, and f ∗d := +∞ in the unbounded case.
The constraints

∑m
i=1 yiAi j � C j are called linear matrix

inequalities (LMI’s).
Both problems are connected by weak duality

f ∗d ≤ f ∗p , (3)

but strong duality requires in contrast to linear program-
ming additionally strict feasibility assumptions.

VSDP exploits the block-diagonal structure by an n × 2
cell-array blk, n cell-arrays C, X, and an m × n cell-array
A as follows: The j-th block C{j} and the blocks A{i,j}
for i = 1, . . . ,m are real symmetric matrices of common
size s j which is expressed by

blk{j,1} = ’s’, blk{j,2} = s j. 1

The block-matrices C{j} and A{i,j} may be symmetric
floating-point or interval matrices, and can be defined in
dense or sparse format.

For the purpose of illustration, we start with the follow-
ing semidefinite program of dimension m = 4, n = 1, and
s1 = 3, i.e. the matrices consists of only one block. The
problem depends on a fixed parameter DELTA:

>> DELTA = 1e-4;

>> C{1} = [ 0 1/2 0;

1/2 DELTA 0;

0 0 DELTA ];

>> A{1,1} = [ 0 -1/2 0;

-1/2 0 0;

0 0 0];

>> A{2,1} = [ 1 0 0 ;

0 0 0;

0 0 0];

>> A{3,1} = [ 0 0 1;

0 0 0;

1At the moment we have incorporated only symmetric matrices, which
makes the first instruction redundant. But in future versions we want to
distinguish also between other types of matrices. This structure is closely
related to an older version of SDPT3.

1 0 0];

>> A{4,1} = [ 0 0 0;

0 0 1;

0 1 0];

>> b = [1; 2*DELTA; 0; 0];

>> blk{1,1} = ’s’; blk{1,2} = 3;

It is easy to prove that this problem has a zero duality gap
with the optimal value −0.5 for every DELTA > 0. For
DELTA = 0 the problem is ill-posed with nonzero duality
gap, and for negative DELTA it is primal and dual infeasible.
Especially, it follows that the optimal value is not continu-
ous in DELTA = 0.

At the moment, the two semidefinite solvers SDPT3
and SDPA are adapted in a VSDP routine called MYSDPS.
Therefore, VSDP can be used for computing approxima-
tions with different solvers. The user can integrate also
other solvers very easily. By default, the function MYSDPS

calls the semidefinite programming solver SDPT3:

>> [objt,Xt,yt,Zt,info] = mysdps(blk,A,C,b);

The output consists of approximations of (i) the primal and
dual optimal value both stored in objt, (ii) the primal and
dual solutions Xt, yt, Zt, and (iii) information about ter-
mination and performance stored in info:

>> objt, termination = info(1),

objt =

-5.0003225608e-001 -5.0000000622e-001

termination =

0

For termination = 0 we have normal termination with-
out any warning. The first four decimal digits of the pri-
mal and dual optimal value are correct, but week dual-
ity is not satisfied since the approximate primal optimal
value is smaller than the dual one. In other words, the
algorithm is not backward stable for this example. If we
set the global variable VSDP CHOICE SDP = 2 in the file
SDP GLOBALPARAMETER, then the solver SDPA is chosen
via MYSDPS, and we obtain

>> [objt,Xt,yt,Zt,info] = mysdps(blk,A,C,b);

>> objt, termination = info(1)

objt =

-8.4720539237e-001 6.9954120952e-001

termination =

3

No decimal digit of the optimal value is correct, but a warn-
ing is given, which indicates that the problem is primal or
dual infeasible. To obtain more reliability we can use the
function VSDPLOW which computes a verified lower bound
of the primal optimal value by using a previously computed
approximation. This function is based on the following the-
orem:

328



Theorem 1 Assume that the maximal eigenvalues of a pri-
mal optimal solution (X j) are bounded by a nonnegative
vector (x j), where also infinite components are allowed.
Let ỹ ∈ Rm (a computed dual approximation). Let

D j = C j −
m∑

i=1

ỹiAi j, and d j <= λmin(D j) for j = 1, . . . , n,

(4)
where λmin denotes the smallest eigenvalue. Assume that
D j has at most l j negative eigenvalues. Then the primal
optimal value is bounded from below by

f ∗p ≥ bT ỹ +

n∑

j=1

l jd−j x j =: f ∗
p

where d−j := min(0, d j). (5)

Moreover, if
d j ≥ 0 for x j = +∞, (6)

then the right hand side f ∗
p

is finite. If d j ≥ 0 for j =

1, . . . , n, then ỹ is dual feasible and f ∗d ≥ f ∗
p
, and if more-

over ỹ is optimal, then f ∗d = f ∗
p
.

There are no assumptions about the quality of ỹ, but the
last assertion implies that an approximation close to opti-
mality should produce a rigorous lower bound with modest
overestimation. The lower bound f ∗

p
sums up the approx-

imate dual value bT ỹ and the violations of dual feasibility
by taking into account the signs and multiplying these vio-
lations with appropriate primal weights.
VSDPLOW uses as starting point the already computed ap-

proximations Xt,yt,Zt, and the call (all upper bounds x j

are assumed to be infinite) has the form

>> [fL, Y, dl] = vsdplow(blk,A,C,b,Xt,yt,Zt)

The output fL, Y, and dl corresponds to the lower bound
f ∗

p
, the certificate of dual feasibility Y, and the vector of

eigenvalue bounds d where ỹ =Y, respectively. In the case
where no certificate of feasibility could be computed we set
Y = NaN.

With the SDPA approximations the rigorous lower
bound is infinite, and dual feasibility is not verified, i.e. Y =

NaN. But working with the SDPT3 approximations yields

fL =

-5.0000000622e-001

With SDPT3 a finite rigorous lower bound close to the op-
timal value together with a certificate of dual feasibility Y

is computed. Therefore, strong duality is verified. If finite
upper bounds xu= (x j) are known then the call of VSDPLOW
is

>> [fL, Y, dl]=vsdplow(blk,A,C,b,Xt,yt,Zt,xu)

Similarly, with function VSDPUP we can compute a ver-
ified upper bound fU of the optimal value using the previ-
ously computed approximations. This function is based on
the following theorem:

Theorem 2 Assume that the absolute value of a dual opti-
mal solution is bounded by a vector y > 0, which may also
have infinite components. Let X̃ j ∈ S s j for j = 1, . . . , n,
and assume that each X̃ j has at most k j negative eigenval-
ues. Let for i = 1, . . . ,m and j = 1, . . . , n,

ri ≥ |bi −
n∑

j=1

〈Ai j, X̃ j〉| (7)

λ j ≤ λmin(X̃ j), and (8)

% j ≥ sup{λmax(C j−
m∑

i=1

yiAi j) : −y ≤ y ≤ y, C j−
m∑

i=1

yiAi j � 0}.
(9)

Then the dual optimal value satisfies

f ∗d ≤
n∑

j=1

〈C j, X̃ j〉 −
n∑

j=1

k jλ
−
j % j +

m∑

i=1

riyi =: f
∗
d, (10)

where λ−j := min(0, λ j). Moreover, if

ri = 0 for yi = +∞ and λ j ≥ 0 for % j = +∞, (11)

then the right hand side f
∗
d is finite. If λ j ≥ 0 and ri = 0

for all i, j, then (X̃ j) is primal feasible and f ∗p ≤ f
∗
d. If

moreover (X̃ j) is optimal, then f ∗p = f
∗
d.

The bound f
∗
d sums up the approximate primal objec-

tive value
n∑

j=1
〈C j, X̃ j〉 and the violations of primal feasibility

(ri and λ−j ) by taking into account the signs and multiply-
ing these violations with appropriate weights % j and yi. The
call of VSDPUP has the form

>> [fU, X, lb] = vsdpup(blk,A,C,b,Xt,yt,Zt);

fU =

-4.9996776932e-001

The output fU, X and lb corresponds to the upper bound
f
∗
d, the interval block-diagonal matrix (containing the rig-

orous certificate of primal feasibility), and the vector of
eigenvalue bounds λ j.

Summarizing, by using the SDPT3 approximations we
have verified the inequality

−5.0000000622e−001 = f ∗
p
≤ f

∗
d = −4.9996776932e−001,

Certificates of strictly primal and strictly dual feasible so-
lutions are computed. The Strong Duality Theorem implies
that the primal and the dual problem have a nonempty com-
pact set of optimal solutions. The upper and lower bounds
of the optimal value show a modest overestimation, mainly
due to the accuracy of SDPT3.
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Table 1: Approximations f̃ ∗p , f̃ ∗d , r̃ of SDPT3
DELTA f̃ ∗p f̃ ∗d r̃

1.0e-003 -5.00000e-001 -5.00000e-001 7.62771e-010
1.0e-004 -5.00032e-001 -5.00000e-001 1.29041e-008
1.0e-005 -7.69935e-001 -6.45752e-001 2.34663e-005

Table 2: Rigorous bounds fU, fL
DELTA fU fL

1.0e-003 -4.99997e-001 -5.00000e-001
1.0e-004 -4.98728e-001 -5.00000e-001
1.0e-005 1.57690e+000 -6.45752e-001

Further numerical results for different values DELTA are
summarized in Tables 1 and 2. The approximate primal and
dual optimal value computed by SDPT3 are denoted by f̃ ∗p
and f̃ ∗d , respectively. The value r̃ is the maximum of the rel-
ative gap and the measures for primal and dual infeasibility.
In all cases the default values of SDPT3 are used, and nor-
mal termination without warning has occurred. SDPT3 is
not backward stable, since in two cases f̃ ∗p < f̃ ∗d violating
the weak duality. For the smallest value of DELTA no deci-
mal digit of f̃ ∗p or f̃ ∗d is correct. In all cases no warning was
given. The approximate residual r̃ leads to the suspicion
that at least five decimal digits are correct. The new rig-
orous bounds (which use the computed approximations of
SDPT3) reflects much more the reliability of SDPT3, and
the number of correct decimal digits for the computed re-
sult. The bounds fU and fL fulfill weak duality, and the
true optimal value −1/2 is inside the bounds, which is not
the case for the approximations f̃ ∗p and f̃ ∗d corresponding to
the values DELTA = 10−4 and DELTA = 10−5.

3. Rigorous Error Bounds for the SDPLIB

The SDPLIB is a collection of semidefinite program-
ming problems with different areas of applications. Fre-
und, Ordóñez and Toh [4] have solved 85 problems of the
SDPLIB with SDPT3. They have shown that 32 are ill-
posed. VSDP could compute (by using SDPT3 as approxi-
mate solver) for all 85 problems a rigorous lower bound of
the optimal value and verify the existence of strictly dual
feasible solutions. This implies a zero duality gap for all
these problems. A finite rigorous upper bound could be
computed for all well-posed problems with one exception;
this is hinf8 being ill-conditioned. For all 32 ill-posed
problems VSDP has computed f

∗
d = +∞, which reflects

exactly that the distance to the next primal infeasible prob-
lem is zero as well as the infinite condition number.

Detailed numerical results can be found in [5]. For the 85
test problems, SDPT3 (with default values) gave 32 warn-
ings, but 13 warnings were given for well-posed problems.
No warning was given for 13 ill-posed problems. In other
words, there is no correlation between warnings and the
difficulty of the problem. What is the sense of warnings? I
have no satisfactory answer. But rigorous bounds provide

safety and are important, especially in the case where al-
gorithms subsequently call other algorithms, as is done for
example in branch-and-bound methods.

Some major characteristics of our numerical results for
the SDPLIB are as follows: The median of the time ratio
for computing the rigorous lower (upper) bound and the
approximation is 0.045, (2.4), respectively. The median of
the guaranteed accuracy for the problems with finite con-
dition number is 4.9 · 10−7. We have used here the median
because there are some outliers. One of the largest prob-
lems which could be solved by VSDP is thetaG51 where
the number of constraints is m = 6910, and the dimension
of the primal symmetric matrix X is s = 1001 (implying
501501 variables). For this problem SDPT3 gave the mes-
sage out of memory, and we used SDPA as approximate
solver. The rigorous lower and upper bounds computed by
VSDP are fL= −3.4900 · 102, fU= −3.4406 · 102, respec-
tively. This is an outlier because the guaranteed relative
accuracy is only 0.014, which may be sufficient in several
applications, but is insufficient from a numerical point of
view. However, existence of optimal solutions and strong
duality is proved. The times in seconds for computing the
approximations, the lower and the upper bound of the opti-
mal value are t= 3687.95, tFL= 45.17, and tFU= 6592.52,
respectively.
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Abstract–The fractal structure of high-frequency
financial data has been analyzed by the folding dimen-
sion, which has no relation with time scale. The fold-
ing dimension and Kagi chart which is one of Japanese
charting techniques are based on the same concept
of scaling along the price axis. The data set used
is the gasoline futures in the Tokyo Commodity Ex-
change(TOCOM) in 2005. The daily fractal structure
of the futures prices is measured by the folding dimen-
sion of tick-by-tick data. The fractal dimension in the
futures market showed time-variability. However, in
most of the days the futures prices are quasi-persistent
in contract to foreign exchange rates which are strong
quasi-anti-persistent.

1. Introduction

Transactions in financial markets occur at varying
time intervals. Most studies, however, have converted
such data into that of equal intervals. High-frequency
data are often re-sampled at intervals of 5 or 10-
minutes. Moreover, ”time”, which evolves the price
process, cannot be determined uniquely. There are
at least four candidates for the proper time scale to
use for analyzing market data: physical time, trading
time, the number of trade, and cumulated trading vol-
ume [1]. We propose to use another simple method
to describe the fractal structure of data, which are ir-
regularly spaced by nature.
First we expand the definition of extreme values,

to be determined with a scale that corresponds the
price-axis resolution. Using these extreme values de-
termined with a sale, we can measure a kind of the
fractal dimension: the fold dimension. When using the
ordinary methods of fractal analysis, the least division
of the time scale of these data is one minute. There-
fore, the rest of information from the representative of
one-minute interval is not used. On the other hand,
by using the fold dimension Df , we can analyze the
data without information losses but time intervals [7].
This dimension captures the scaling behavior of the
time series without loss of information along with the
price-axis.
Next we show that this method is related to techni-

cal analysis. The folding dimension is based on the
same idea as a Japanese charting technique: Kagi

chart.

In this paper, we use a high-frequency data set on
gasoline futures prices in the Tokyo Commodity Ex-
change(TOCOM).

2. Scaling of fluctuations

The local maximum determined by a scale C was de-
fined as follows [5]. Suppose g is a real function defined
on R1. We say that g has a local maximum determined

by a scale C at point t, if there exist d1, d2 > 0 such
that g(t − d1) < g(t) − C, g(t + d2) < g(t) − C and
g attains its maximum at t in [t − d1, t + d2]. The
local maximum determined by a scale 0 means the or-
dinary local maximum. The width C is the accuracy
of measurement of extreme values. The local minimum

determined by a scale C is defined likewise.

Using these extreme values, we define two functions.
In this section, suppose that the time series g(t) is de-
fined in a given interval [0, S]. Let C denote a vertical
spread. In this interval [0, S], we can detect extreme
values determined by a scale C. Suppose g(t) attains
its extreme values at tC1 < t

C
2 < t

C
3 < · · ·, ordered in-

creasingly. With g(t) fixed, the number of these max-
ima and minima in [0, S] is a function of C. Let m(C)
denote the number of these extreme values. Next, we
introduce a kind of total variation of the time series.
Let R(C) denote the total sum of absolute variation
between neighboring extreme values:

R(C) ≡

m(C)−1∑

i=1

|g(tCi+1)− g(t
C
i )|. (1)

R(0) is the total sum of absolute variations : R(0) =
limn→∞

∑n

k=1 |g(kS/n) − g((k − 1)S/n)| . Note that
m(C) and R(C) are invariants for the choice of time
scale. The information used is the values and their
order in time, not the time. This property is significant
to investigate non-equidistant data like high-frequency
data of price series. Further properties of m(C) and
R(C) are in [5].

Using the function R(C), a kind of fractal dimension
was defined [6]. If the relation:

R(C)/C ∼ C−Df . (2)
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Figure 1: Example of extreme values determined by a
scale C. The dashed line denotes a function g(s). The
function g attains its local maximum determined by a scale
C at t1, but g does not attain its maximum at t01. Using
a slit: a pair of parallels whose distance is C (denoted by
short dashed lines), we can detect these extreme values.
On the other hand, g attains its local minimum with C at
t2, but g does not attain its minimum at t02.

holds, we say that the exponent Df is the fold dimen-

sion of the time series. When the time series chart is
self-affine, the fold dimension Df is correspond to the
latent fractal dimension Dl. The relation between the
local box dimension Db and the latent fractal dimen-
sion Dl is Db = 2− 1/Dl [10]. The Hurst exponent H
is expressed as H = 2−Db [4]. Therefore we call the
price series is ”quasi-persistent” when 2−1/Df < 1.5,
and ”quasi-anti-persistent” when 2− 1/Df > 1.5.

3. Kagi charts and scaling

The charts in the technical analysis of the trend type
can be categorized by the x-axis: time series charts
and non-time series charts. Rather than having price
on the y-axis and time on the x-axis, non-time series
charts disregard the passage of time and display price
changes on both axes. This category includes Kagi,
Renko, Three Lines Break and Point & Figure(P&F)
charts.
Kagi charts display a series of connecting vertical

lines where the direction and the thickness (or color) of
the lines are dependent on the price action. The charts
ignore the passage of time. If prices continue to move
in the same direction, the vertical line is extended.
However, if prices reverse by a ”reversal” amount C,
a new kagi line is then drawn in a new column. When
prices penetrate a previous high or low, the thickness
of the kagi line changes. There are many trading tech-
niques using Kagi chart, but the most basic trading

technique is to buy when the kagi line changes from
thin to thick and to sell when the kagi line changes
from thick to thin.
We now show the algorithm to draw Kagi chart for

the price series p(s), (s = 0, 1, 2 · · ·) using the reversal
amount C. Lets z− denotes the candidate for the up-
ward reversal, and z+ the candidate for the downward
reversal. The function q is an indicator which repre-
sents whether the line extend upwards or downwards
at time s. The calculations at time s are as follows.

If p(s) > p(s− 1) then
If p(s) > z+ then

z+ ← p(s)

The line is extended
in the same direction (upwards).

If q(s− 1) < 0 then

If p(s) > z− +C then

A short horizontal line is drawn
to the next column,
and a new vertical line is drawn
to the closing price.

q(s) ← 1

z+ ← p(s)
If p(s) < p(s− 1) then

If p(s) < z− then

z− ← p(s)

The line is extended
in the same direction (downwards).

If q(s− 1) > 0 then

If p(s) < z+ − C then

A short horizontal line is drawn
to the next column,
and a new vertical line is drawn
to the closing price.
q(s) ← −1

z− ← p(s)

The reversal amount C is fixed of the size histori-
cally used for that particular price range or the size
by a constant percentage of the price. It is important
to find an appropriate reversal amount for the price
series. An example of Kagi chart is shown in Fig. 2.
For more details on these charts, see [11].
Kagi charts and extreme values determined by a

scale are based on the same concept of scaling along
the y-axis. Local maxima determined by a scale C
correspond to the upper ends of the vertical lines in
Kagi charts drawn by the reversal amount C. Like-
wise, local minima determined by a scale C correspond
to the upper ends of the vertical lines in Kagi charts
drawn by the reversal amount C. Hence the number
of the vertical lines in [0, S] is equal to the number
of extreme-values m(C). Furthermore, the sum of the
length of vertical lines is equal to the total variation
R(C). Making C larger filters out more data. The
chartists control the reversal amount C to find a bal-
ance that shows enough detail without showing too
much. On the other hand, we control C to detect the
fractal structure of the time series.
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Figure 2: Kagi chart of NEC in Tokyo Stock Exchange
from Jun. 1 to Nov. 30, 1999, drawn by the reversal
amount 100 yen. The dotted line represents a bar chart
of daily closing prices for the same period (referring the
upper axis). The figure does not show the thickness, since
it is not related to the scaling of the time series.

4. Data

The data set used is gasoline futures 1 in the Tokyo
Commodity Exchange(TOCOM) from Jan. 1, 2005
to Dec. 31, 2005. In TOCOM, six contract months of
gasoline are traded at any time. The last trading day is
the 25th of the month preceding the delivery month 2.
The number of ticks and the trading volume is large in
the distant futures and decrease when a new contract
starts. Fig.3 shows two consecutive contract months
of Sep. and Oct. in 2005. The number of ticks and
the trading volume of the distant contracts of gasoline
futures prices in TOCOM are shown in Fig.4.

5. Results

The efficient slopes of logR(C)/C with logC depen-
dent on the scaling regions. Here the scaling region is
10-150 Yen.
The evolution of daily dimensions (2−1/Df ) and the

gasoline futures prices are shown in Fig. 5. The day
when the number of ticks is less than 3000 is excluded.
In most days of the year, the futures prices are qasi-

persistent. This result is similar to the ordinary fractal
analysis on high frequency data in finance, in which the
price series are found to be persistent: H > 0.5 [2] [3]
However this is contrast to the result for foreign ex-
change market [8]. The quotes (bid and ask) for US
Dollar-Japanese Yen exchange rates submitted by the

1The standard is regular gasoline of JIS K2202 Grade 2 with

maximum permissible sulfur content of 10 ppm. The contract

unit is 50 kl. The minimum fluctuation is 10 Yen per 1 kiloliter.
2If the day is a holiday, last trading day is advanced.

Figure 3: The number of ticks and the trading volume

of two consecutive contracts of gasoline futures prices in

TOCOM. The solid line shows gasoline futures of contract

months of Sep. 2005. The dashed line shows gasoline fu-

tures of contract months of Oct. 2005.

Figure 4: The number of ticks and the trading volume of

the distant contracts of gasoline futures prices(TOCOM) in

2005. The lines above show the number of ticks of gasoline

futures of the distant contract months. The lines below

show the daily trading volume of gasoline futures of the

distant contract months. The graphs are not continuous

at the day whan a new contract month starts.
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Figure 5: Evolution of daily (2−1/Df ) of gasoline futures

prices of distant contract months. The scaling region is

10-150 Yen. The dashed line shows gasoline futures prices

of distant contract months. The days whose number of

ticks is less than 3000 are excluded. The graphs are not

continuous at the day whan a new contract month starts.

brokers are quasi-anti-persistent from Jan. 1, 1995
to Nov. 30, 2000. Also using other ordinary frac-
tal analysis, anti-persistency: H < 0.5 is reported on
time scale up to several tens of minutes in foreign ex-
change market [12]. With longer time scale, exchange
rates are reported to be random series: H = 0.5 [9].
In the foreign exchange market, standard deviation of
the price changes (tick time) and the fractal dimen-
sion 2−1/DF have negative correlation. This relation
also hold in the gasoline futures market. Thus when
the market becomes volatile in this standard deviation,
the quasi-anti-persistence weakens in exchange rates,
whereas quasi-persistence strengthens in futures.

6. Conclusion

In this paper, we use a time-scale independent
method to describe the fractal structure of data, which
are irregularly spaced by nature. This method is the
revision of the traders’ perception of price series from
econophysics. The daily fractal structure of futures
prices is measured by the folding dimension of tick-by-
tick data. The fractal dimension in the futures market
showed time-variability. However, in most of the days
prices are quasi-persistent in contract to foreign ex-
change rates.
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Abstract—We study optimal monetary policy by per-
forming different computational experiments within the
framework of two-equation stochastic model of the econ-
omy with a forward-looking private sector. The private sec-
tor forms adaptive expectations on inflation and output gap.
The central bank sets the interest rate in order to minimize
a loss function depending both on inflation and output gap.
The monetary authority takes into account non-rational ex-
pectations by the private sector in order to set the optimal
interest rate. However, measurements of private sector ex-
pectations are affected by noise and measurements errors
critically affect the ability of the policy maker to control
of the economy. The main finding of this study is that
the performance of the monetary policy depends critically
more on measurement errors of inflation expectations than
of output gap expectations.

1. The macroeconomic framework

1.1. The two-equation model

The formulation and performance of monetary policy
has been analyzed extensively in the recent literature [1, 2].
This study addresses this issues within a baseline frame-
work of a forward looking, two-equation model for infla-
tion and output gap which is standard in the literature; see
[1] and reference therein. The model is a log-linearized
approximation of a dynamic general equilibrium nonlinear
sticky price model. The log-linear approximation is taken
around the non stochastic steady state with zero inflation
and steady state output growth, see Walsh [3, Cap 5] for de-
tails on the derivation. The nonlinear framework is based
on the optimizing behavior of a representative consumer
and of a continuum of firms producing goods under monop-
olistic competition and subject to staggered price changes.

The model framework consists of two equations:

xt = −φ(it − E∗
t πt+1) + E∗

t xt+1 + gt , (1)
πt = λxt + βE∗

t πt+1 + ut , (2)

where xt is the output gap, i.e, the difference between
the actual output Yt and the potential output Y p

t , and πt

is the inflation rate. The two variables are expressed as
percentage deviation from the long-run steady state levels
of output and prices, respectively. In particular, we have

xt = log Yt − log Y p
t , πt = log Pt − log Pt−1. The vari-

able it is related to the usual short term nominal interest
rate ît according to the identity it = log

(
1+̂it

1+i

)
, where i

is the steady state interest rate value. it is set endogenously
by the monetary authority, as discussed in the next section.
E∗

t xt+1 and E∗
t πt+1 represent next period private sector

expectations of output gap and inflation. Since we deal
with an adaptive learning framework, private sector expec-
tations are generally not rational as outlined by the super-
script ‘*’. The parameters φ and λ are positive, and β is the
discount factor with 0 < β < 1. Finally, gt and ut denote
random exogenous shocks following first order autoregres-
sive processes gt = µgt−1+g̃t and ut = ρut−1+ũt, where
0 < |µ| < 1, 0 < |ρ| < 1 and g̃t and ũt are normally dis-
tributed white noises with variance σ2

g and σ2
u, respectively.

gt represents a demand shock and/or a shock to potential
output, while ut a random disturbance to marginal costs.

1.2. Economic interpretation

Equation 1 represents the demand side of the econ-
omy and represents a dynamic, forward-looking IS curve
which can be derived from the log-linear approximation of
the consumption Euler equation arising from the optimal
household saving decision, after imposing the equilibrium
condition in the goods market. According to Eq. 1, output
depends on expected future output E∗

t xt+1 as well as the
real interest rate it − E∗

t πt+1. The negative effect of the
real rate on current output reflects the intertemporal substi-
tution of consumption. In this respect, the parameter φ has
a direct interpretation based on the structural parameters
of the nonlinear optimizing framework, and is the inverse
of the interterporal elasticity of substitution of consump-
tion today with consumption tomorrow by the representa-
tive household.

Equation 2, often referred as the new Keynesian Phillips
curve, corresponds to the supply side of the economy and is
derived from the optimizing behavior of firms, conditional
on the assumed economic environment (monopolistic com-
petition, constant elasticity demand curve, and staggered
nominal price setting). In particular, Eq. 2 is a log-linear
approximation around the steady state of the aggregation of
firms pricing decision. Parameters β and λ depend on the
structural parameters of the nonlinear optimizing frame-
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Figure 1: Dynamics of the output gap xt after an inflation
shock for the REE solution and the RLS learning under the
fundamentals-based and expectations-based policy.

work. β is the household discount factor of future utility
and λ depends both on β and on the probability of price
adjustment and can be interpreted as the output elasticity
of real marginal costs. Indeed, in this framework, marginal
costs are proportionate to the output gap and, in this re-
spect, shocks ut are random deviations from this propor-
tionality conditions caused, for example, by movements in
nominal wages that push real wages away from their equi-
librium values due to frictions in the wage contracting pro-
cess.

2. Discretionary monetary policy

According to the literature on flexible inflation targeting,
see [4], we assume that the central bank sets the nominal in-
terest rate it in order to minimize a quadratic loss function
L defined in terms of output gap and inflation, i.e.,

L =
∞∑

s=0

βs
[
αx2

t + π2
t

]
, (3)

where β is the discount factor assumed to be the same for
the private sector and α is the relative weight placed by
the policy maker on output deviations. The case α = 0
refers to a strict inflation targeting monetary policy. The
literature on optimal policy distinguishes between optimal
discretionary policy, in which the policy maker is unable
to commit to policies for future periods, and optimal pol-
icy in which such commitment is possible. This paper fo-
cuses on discretionary monetary policy. In such case, pol-
icy is re-optimized each period and reduces to a sequence
of static problems in which the Central Bank aims to mini-
mize αx2

t + π2
t subject to Eq. 2. This leads to a constraint
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Figure 2: Dynamics of the inflation rate πt after an inflation
shock for the REE solution and the RLS learning under the
fundamentals-based and expectations-based policy.

condition in output gap and inflation rate, i.e.,

λπt + α(xt − xt−1) = 0 . (4)

2.1. Rational expectations equilibrium solution

Assuming rational expectations (RE) by private agents,
it can be shown, see [5], that the dynamic system in xt and
πt defined by Eq. 2 and Eq. 4 has a unique nonexplosive
rational expectation solution, i.e.,

xt = cxut with cx = − λ

α(1− βρ) + λ2
(5)

πt = cπ ut with cπ = −α

λ
cx . (6)

We will refer to Eq. 5 and Eq. 6 as the rational expectation
equilibrium (REE) solution. Under RE, the optimal interest
rate policy is straightforward. According to Eq. 5 and Eq.
6, RE Etxt+1 and Etπt+1 are given by:

Etxt+1 = cxρut , (7)
Etπt+1 = cπρut . (8)

Inserting Eq. 7, 8 and Eq. 5 into Eq. 1, and solving for it,
the optimal interest rate rule is then given by:

it = φ−1gt + (φ−1cx(ρ− 1) + cπρ)ut . (9)

We will refer to Eq. 9 as the fundamentals-based interest
rate policy as the interest rate rule is formulated in terms of
observed fundamentals shocks gt and ut to the economy.

2.2. Learning adaptive expectations

The policy rule of Eq. 9 is based on the assumption that
the economy is in a stationary REE, i.e., presupposes RE
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both on the part of private agents and the policy maker.
Recently, Evans and Honkapohja [5] showed that the econ-
omy modelled by Eqs. 1 and 2 is unstable if the policy
maker follows the fundamentals-based interest rate policy
and private agents follow adaptive learning rule to form ex-
pectation of future inflation and output gap. Small devi-
ation of adaptive expectations from the rational ones be-
come magnified by the policy, which assumes RE, and the
cumulative process drives the economy away from the ra-
tional expectations equilibrium. Evans and Honkapohja
[5] derived a new optimal interest rate policy, called the
expectations-based interest rate rule, and showed its sta-
bility properties under adaptive learning by private agents.
Formally, combining Eq. 2 and constraint 4, they ob-
tained an expression for xt treating private expectations as
given. Then, substituting into Eq. 1 and solving for it, the
expectations-based interest rate rule results given by:

it = δxEtxt+1 + δπE∗
t πt+1 + δggt + δuut , (10)

where

δx = φ−1 , δπ = 1 +
λβ

φ(α + λ2)
, (11)

δg = φ−1 , δu =
λ

φ(α + λ2)
. (12)

In this study, we perform different simulations of the sys-
tem described by Eqs. 1 and 2, assuming adaptive expec-
tations by private agents. We assume that private agents
observe exogenous random shocks gt and ut and believe
that the economy, described by inflation πt and output gap
xt, follows the laws:

xt = âx
t + ĉx,g

t gt + ĉx,u
t ut , (13)

πt = âπ
t + ĉπ,g

t gt + ĉπ,u
t ut . (14)

Parameters ât = (âx
t , âπ

t ) and ĉt = (ĉx,g
t , ĉx,u

t , ĉπ,g
t , ĉπ,u

t )
do not coincide with the REE solution, i.e., a ≡ (0, 0) and
c ≡ (0, cx, 0, cπ), see Eqs. 5 and 6. We assume that param-
eters ât and ĉt are updated over time using recursive leat
square (RLS) learning, see [5] for technical details. The
sequence of events is the following. At the beginning of
period t, private agents compute ât and ĉt by means of the
RLS algorithm using data on inflation, output gap and ran-
dom shocks through t− 1. Next, exogenous shocks gt and
ut are realized and private agents form their non-rational
expectations:

E∗
t xt = âx

t + µ ĉx,g
t gt + ρ ĉx,u

t ut , (15)
E∗

t πt = âπ
t + µ ĉπ,g

t gt + ρ ĉπ,u
t ut . (16)

Then, the central bank sets the interest rate it accord-
ing to the fundamentals-based policy, i.e, Eq. 9, or the
expectations-based rule, i.e., Eq. 10. Finally, xt and πt are
computed according to Eqs. 1 and 2. At the beginning of
t+1 agents use the last data point to update their estimates
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Figure 3: Efficient frontier between the average of the
square of the output gap, i.e. E(x2), and the average of
the square of the inflation rate, i.e. E(π2).

of ât+1 and ĉt+1. A question of interest is wether under
RLS learning over time (ât, ĉt) → (a, c). According to
Evans and Honkapohja [5], the convergence is guaranteed
for the expectations-based interest rate policy for any value
of the structural parameters of the model. Conversely, un-
der the fundamentals-based interest rate, the system does
not converge to the REE for any value of the structural pa-
rameters.

An important issue regards how possible measurement
errors on the observations of current expectations of future
variables may affect the performance of monetary policy.
Survey data on private forecasts of future inflation and var-
ious measures of future output do exist but there are con-
cerns about the accuracy of these data. If measurements er-
rors are large, a substantial deterioration in the performance
should be expected. The simulation results discussed in the
next section are mainly focused on this topic.

3. Computational experiments

Different computational experiments have been per-
formed simulating the system described by Eqs. 1 and 2
with the interest rate it set according to Eq. 9 or Eq. 10.
The values of structural parameters have been set accord-
ing to the calibration by Clarida et al. [6] on real data, i.e.,
β = 0.99, φ = 4, and λ = 0.075. We also set the param-
eters of the random shocks as µ = 0.5, ρ = 0.5, σg = 1,
and σu = 1, unless otherwise stated.

Figures 1 and 2 present the dynamics of the output gap
xt and πt after an inflation shock, with the value of weight
α set to 0.25. The values of xt and πt are initially set
to their steady-state long-run values. The steady state
dynamics has been simulated considering two initial ran-
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Figure 4: Estimation of the loss function for different val-
ues of the weight α.

dom shocks to the economy, i.e, g̃t = N(0, σ2
g) δ(t) and

ũt = N(0, σ2
u) δ(t). It is worth noting that the steady

state values do not coincide here with the REE solution, as
shown in the Figures. The bias depends on the persistence
effect of initial random shocks due to non-zero values of µ
and ρ. At t = 50, a positive inflation shock is applied to
the economy, then the dynamics of xt and πt is displayed
considering the two interest rate policies discussed in the
previous section. Results clearly outline the different capa-
bilities of two policies to control the economy and confirm
previous theoretical finding by Evans and Honkapohja. Un-
der the fundamentals-based policy, the economy diverges
from its previous steady-state dynamics, whereas under the
expectations based control rule, the values of xt and πt re-
turn back to their steady state values.

In order to evaluate the impact of measurements errors
by the policy maker, we have performed different simula-
tions under the expectations-based policy, considering mul-
tiplicative white noise errors on expectations E∗

t xt+1 and
E∗

t πt+1. Errors are normally distributed with mean 1 and
standard deviation σE∗x and σE∗π, respectively. Differ-
ent values of α have been considered in the range between
0.05 and 1. Results are showed in Fig. 3 and Fig. 4 for
the six cases considered. The REE solution, absence of
errors on expectations observations (σE∗x=σE∗π=0), and
errors on the measurement of inflation and output gap ex-
pectations, are considered separately. On the side of out-
put gap expectations errors, we have considered two cases
with σE∗x = 0.4 and σE∗x = 0.6, respectively. As regard-
ing errors on inflation expectations, we have two cases with
σE∗π = 0.1 and σE∗π = 0.15, respectively.

Figure 3 shows the efficient frontier occurring from the
tradeoff between the average of the square of the output
gap, i.e. E(x2), and the average of the square of the infla-

tion rate, i.e. E(π2). Figure 4 displays the estimated values
of the loss function, see Eq. 3, for the six cases considered.
The two figures point out a major result, i.e., the system
under RLS learning and with the expectations-based inter-
est rate rule is controlled better than in the REE solution
case with the fundamentals-based policy. Measurements
errors on the output gap expectations deteriorate the per-
formance. However, with the values of σE∗x considered,
the loss function results to be lower than in the REE case.
Conversely, even small observation errors on the side of
inflation expectations, worse significatively the capability
of the monetary authority to control the economy, with a
overall performance lower than the REE case.

4. Concluding remarks

This study presented computational experiments on opti-
mal monetary policy evaluation within the framework of a
forward looking model of the economy with adaptive ex-
pectations by the private sector. The main result of the
study is that monetary authority should take into account
agents’ expectations in setting its policy and that even small
observation errors on inflation expectations may deteriorate
significatively the capability to control the economy.
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Abstract—The purpose of this paper is twofold. First,
we present the existence theorem of an optimal trajectory
in a nonconvex variational problem with recursive integral
functionals by employing the norm-topology of a weighted
Sobolev space. We show the continuity of the integral
functional and the compactness of the set of admissible
trajectories. Second, we show that a recursive integrand
is represented by a normal integrand under the conditions
guaranteeing the existence of optimal trajectories. We also
demonstrate that if the recursive integrand satisfies the con-
vexity conditions, then the normal integrand is a convex
function. These results are achieved by the application of
the representation theorem inLp-spaces.

1. Introduction

Let Ω be a bounded open subset of the real line and
f be a Carath́eodory function onΩ × Rn × Rn satisfying
the growth condition. It is well known that the integral
functional I on the Sobolev spaceW1,p(Ω;Rn) defined by
I (x) =

∫
Ω

f (t, x(t), ẋ(t))dt is weakly lower semicontinuous
if and only if f (t, x, · ) is a convex function onRn for any
(t, x) ∈ Ω × Rn (see Dacorogna [7, Theorems 3.1 and 3.4]).
The equivalence between the weak lower semicontinuity of
integral functionals and the convexity of Carathéodory in-
tegrands has a long history and the variants of this result,
dating back to Tonelli, have been extensively studied by
various authors (see the references cited in Chapters 3 and
4 of Dacorogna [7]).

According to this equivalence, it is necessarily impos-
sible for integral functionals to be weakly lower semicon-
tinuous whenever Carathéodory integrands lack convexity,
which easily leads to the nonexistence of an optimal tra-
jectory in variational problems without convexity assump-
tions. This poses a serious problem especially when one
treats a recursive integral functional because it entails a
variable discount factor that depends on trajectories cumu-
latively in a nonexponential manner, and hence assuming
the convexity of the integrand to guarantee the weak lower
semicontinuity of the integral functional imposes a strong
restriction on the variational problem. (For the economic
motivation for introducing recursive integral functionals,
see Becker et al. [2]). To evade this difficulty with non-
convex variational problems, one cannot help giving up the

use of the weak topology ofW1,p(Ω;Rn).
The purpose of this paper is twofold. First, we present

the existence theorem of an optimal trajectory in a noncon-
vex variational problem with recursive integral functionals
by employing the norm-topology of a weighted Sobolev
space. The approach is a “direct method” of calculus of
variations. We show the continuity of the integral func-
tional and the compactness of the set of admissible trajec-
tories. Existence follows from the classical Weierstrass the-
orem. This is a further generalization of the existence re-
sult by Chichilnisky [6] and Sagara [11] who worked with
a Hilbert space withL2-norm topology in that this paper
considers more general recursive integral functionals and
significantly weaker boundedness assumptions on the set
of admissible trajectories than in the above works.

Second, we show that a recursive integrand is repre-
sented by a normal integrand under the conditions guar-
anteeing the existence of optimal trajectories. Therefore,
the consideration of a recursive integral functional for the
existence problem reduces to the consideration of a stan-
dard integral functional. We also demonstrate that if the
recursive integrand satisfies convexity conditions, then the
normal integrand is a convex function. These results are
achieved by the application of the representation theorem
in Lp-spaces obtained by Buttazzo and Dal Maso [3].

Use of the weighted Sobolev space with the norm-topol-
ogy instead of the weak topology has two motivations.
First, because strengthening a topology makes it easier for
functions to be continuous, by considering the norm-topol-
ogy, which is indeed stronger than the weak topology, we
do not rely on the convexity of Carathéodory integrands in
proving the continuity of integral functionals, so the conti-
nuity argument becomes relatively simplified. This is due
to the significant result of Carathéodory functions and Ne-
mytskii operators provided by Krasnosel’skii [9].

Second, because of the consideration of an unbounded
intervalΩ = [0,∞) in this paper, we need a delicate treat-
ment for the integrability of integral functionals. The tra-
jectories under investigation may admit unboundedness un-
der the norm ofW1,p(Ω;Rn), but the growth rate of the tra-
jectories is bounded by some weight function. The space
of this type is described properly by a weighted Sobolev
space, which is identified with a closed vector subspace
of an Lp-space. The integrability of the recursive integral
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functional is ensured on the set of admissible trajectories in
the weighted Sobolev space under the growth condition on
the Carath́eodory integrand and the discount factor.

The weighted Sobolev space with the norm-topology
was first introduced by Chichilnisky [6] into optimal
growth theory to prove the existence of an optimal trajec-
tory without convexity assumptions. Sagara [11] extended
the existence result of Chichilnisky to the case of recursive
integral functionals. The existence result for the weighted
Sobolev space with the weak topology under the convex-
ity assumptions was provided by [10]. The first rigorous
treatment of the existence problem for the case of recur-
sive integral functionals is that of Becker et al. [2], whose
proof relies on the convexity of the set of admissible trajec-
tories in the space of locally absolutely continuous func-
tions with the weak topology and the convexity of the re-
cursive integrand. Carlson [4] and Balder [1] extended the
existence result of Becker et al. [2] for the optimal control
problem with recursive integral functionals under convex-
ity hypotheses by employing the lower closure theorem of
Cesari [5].

2. Weighted Sobolev Space

Let Ω = [0,∞) be a half-open interval inR andF be
theσ-field of Borel subsets inΩ. We denote byLp(Ω;Rn)
the set ofRn-valued measurable functionsu on Ω satis-
fying ‖u‖p = (

∫
Ω
|u(t)|pdt)1/p < ∞, where | · | denotes

the Euclidean norm ofRn and the relevant integral is the
Lebesgue integral onΩ. Let C∞0 (Ω;Rn) be the set ofRn-
valued smooth functions with compact support inΩ. If an
elementu in Lp(Ω;Rn) has itsdistributional derivativėu in
Lp(Ω;Rn), i.e., there exists some ˙u ∈ Lp(Ω;Rn) such that

∫

Ω

〈u(t), ϕ′(t)〉dt = −
∫

Ω

〈u̇(t), ϕ(t)〉dt,

for anyϕ ∈ C∞0 (Ω;Rn), where〈· , ·〉 is the inner product of
Rn, define the norm ofu by ‖u‖1,p = (‖u‖pp + ‖u̇‖pp)1/p for
1 ≤ p < ∞. TheSobolev space W1,p(Ω;Rn) is the set of
elementsu in Lp(Ω;Rn) satisfying‖u‖1,p < ∞.

Let ρ be a positive measurable function onΩ. The
weighted Lp-space Lpρ(Ω;Rn) with a weight functionρ is
the set ofRn-valued measurable functionsu on Ω satisfy-
ing ‖u‖p,ρ = (

∫
Ω
|u(t)|pρ(t)dt)1/p < ∞. If an elementu in

Lp
ρ(Ω;Rn) has its distributional derivative ˙u in Lp

ρ(Ω;Rn),
define the norm ofu by ‖u‖1,p,ρ = ‖u‖p,ρ + ‖u̇‖p,ρ for
1 ≤ p < ∞. Theweighted Sobolev space W1,p

ρ (Ω;Rn) with
a weight functionρ is the set of elementsu in Lp

ρ(Ω;Rn)
satisfying‖u‖1,p,ρ < ∞. Under this normW1,p

ρ (Ω;Rn) is
a separable Banach space. By the identification of each
elementu in W1,p

ρ (Ω;Rn) with (u, u̇), it is obvious that
W1,p
ρ (Ω;Rn) is a closed vector subspace of the direct sum

Lp
ρ(Ω;Rn) ⊕ Lp

ρ(Ω;Rn) = Lp
ρ(Ω;R2n).

3. Main Result

The variational problem under investigation consists
of minimizing the recursive integral functionalI :
W1,p
ρ (Ω;Rn)→ R ∪ {±∞} having the form

I (x) =

∫

Ω

[
f (t, x(t), ẋ(t))F

(
t,
∫ t

0
r(s, x(s), ẋ(s))ds

)]
dt,

over the set of trajectoriesx in W1,p
ρ (Ω;Rn) satisfying the

differential inclusion

ẋ(t) ∈ Γ(t, x(t)) a.e.t ∈ Ω andx(0) ∈ X0,

where f andr are measurable functions onΩ × Rn × Rn,
F is a measurable function onΩ × R, Γ : Ω × X → 2R

n

is a set-valued mapping, andX and X0 are subsets ofRn

with X0 ⊂ X. In most applications,t ∈ Ω is time, f is a cost
function,r is a discounting function andF is a variable dis-
count factor in which the integral

∫ t

0
r(s, x(s), ẋ(s))ds takes

into consideration of the cumulative dependence on past
trajectories.

Define the set ofadmissible trajectorieswith initial con-
ditions inX0 by

XΓ =

{
x ∈W1,p

ρ (Ω;Rn)

∣∣∣∣∣∣
ẋ(t) ∈ Γ(t, x(t)) a.e.t ∈ Ω

andx(0) ∈ X0

}
.

Then the problem is to find a solution to

min{I (x) | x ∈XΓ}. (P)

3.1. Existence Theorem

The following assumptions guarantee the continuity of
the recursive integral functional and the compactness of the
set of admissible trajectories.

Assumption 3.1. (i) f (t, · , · ) is continuous onRn × Rn

a.e.t ∈ Ω and f ( · , x, y) is measurable onΩ for any
(x, y) ∈ Rn × Rn.

(ii) There exist someα ∈ L1
ρ(Ω) anda1,a2 > 0 such that

| f (t, x, y)| ≤ α(t) + a1|x|p + a2|y|p

for any (t, x, y) ∈ Ω × Rn × Rn.

(iii) F(t, · ) is continuous onR a.e.t ∈ Ω and F( · , z) is
measurable onΩ for anyz ∈ R.

(iv) r(t, · , · ) is continuous onRn × Rn a.e. t ∈ Ω and
r( · , x, y) is measurable onΩ for any (x, y) ∈ Rn × Rn.

(v) There exists someβ ∈ L1
loc(Ω) such that

|r(t, x, y)| ≤ β(t) a.e.t ∈ Ω for any (x, y) ∈ Rn × Rn

and
∣∣∣∣∣∣F

(
t,
∫ t

0
β(s)ds

)∣∣∣∣∣∣ ≤ ρ(t) a.e.t ∈ Ω.
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Assumption 3.2. (i) XΓ is closed inWp
ρ (Ω,Rn).

(ii) There exists someµ ∈ Lp
ρ(Ω) such thatx ∈ XΓ im-

plies max{|x(t)|, |ẋ(t)|} ≤ µ(t) a.e.t ∈ Ω.

Theorem 3.1. Suppose that the weight functionρ is con-
tinuous. If Assumptions 3.1 and 3.2 are satisfied, then the
problem(P) has a solution.

In general, it is ambiguous which requirements Assump-
tion 3.2 imposes onΓ. The sufficient conditions onΓ,
which imply Assumption 3.2, are provided by the follow-
ing result.

Theorem 3.2. Let A(t) be the t-section ofΓ, that is,

A(t) = {(x, y) ∈ Rn × Rn | y ∈ Γ(t, x)}.

Suppose that the following conditions are satisfied:

(i) X0 is closed inRn.

(ii) A(t) is closed a.e. t∈ Ω in Rn × Rn.

(iii) There exists someµ ∈ Lp
ρ(Ω) such that(x, y) ∈ A(t)

impliesmax{|x|, |y|} ≤ µ(t) a.e. t∈ Ω.

ThenXΓ satisfies Assumption 3.2.

Note that Theorem 3.1 is true for any choice of contin-
uous weight functions. If one wishes to treat a weighted
Sobolev space as broadly as possible, it is desirable to
choose a weight function as small as possible because
0 < ρ1 ≤ ρ2 implies thatW1,p

ρ2
(Ω;Rn) ⊂W1,p

ρ1
(Ω;Rn).

3.2. Representation Theorem

For the representation theorem we require that the origin
in Rn belongs to the set of admissible trajectories and the
value of the recursive integrand at the origin is normalized
to zero.

Assumption 3.3. (i) f (t,0,0)F(t,
∫ t

0
r(s,0,0)ds) = 0

a.e.t ∈ Ω.

(ii) 0 ∈ Γ(t,0) a.e.t ∈ Ω and 0∈ X0.

A function g : Ω × Rn × Rn → R ∪ {+∞} is a normal
integrandif g(t, · , · ) is lower semicontinuous onRn × Rn

a.e.t ∈ Ω andg( · , x, y) is measurable onΩ for any (x, y) ∈
Rn × Rn.

The next result implies that for any primitive (f , r, F,Γ)
the recursive integral functionalI is represented by a nor-
mal integrand such thatI (x) =

∫
Ω

g(t, x(t), ẋ(t))ρ(t)dt on
XΓ under the same hypotheses guaranteeing the existence
of an optimal trajectory.

Theorem 3.3. Suppose that the weight functionρ is con-
tinuous. If Assumptions 3.1 to 3.3 are satisfied, there exists
a unique normal integrand g: Ω × Rn × Rn → R ∪ {+∞}
with the following properties:

(i) There exist someα ∈ L1
ρ(Ω) and a1,a2 ≥ 0 such that

−(α(t) + a1|x|p + a2|y|p) ≤ g(t, x, y) a.e. t∈ Ω

for any(x, y) ∈ Rn × Rn.

(ii) For any x∈XΓ and A∈ F :
∫

A
f (t, x(t), ẋ(t))F

(
t,
∫ t

0
r(s, x(s), ẋ(s))ds

)
dt

=

∫

A
g(t, x(t), ẋ(t))ρ(t)dt.

The following assumption provides the sufficient con-
dition for the convexity of the recursive integrandI on
W1,p
ρ (Ω;Rn).

Assumption 3.4. (i) f (t, x, y) ≥ 0 a.e.t ∈ Ω for any
(x, y) ∈ Rn × Rn.

(ii) F(t, z) ≥ 0 a.e.t ∈ Ω for any z ∈ R and F(t, · ) is
increasing onR a.e.t ∈ Ω.

(iii) f (t, · , · )F(t, · ) is convex onRn × Rn × R a.e.t ∈ Ω.

(iv) r(t, · , · ) is convex onRn × Rn a.e.t ∈ Ω.

Theorem 3.4. Suppose that the weight functionρ is con-
tinuous. If Assumptions 3.1 to 3.4 are satisfied, then the
normal integrand g in Theorem 3.3 is a convex integrand,
that is, g(t, · , · ) is convex onRn × Rn a.e. t∈ Ω.

4. Proof of the Main Result

The proof of Theorem 3.1 is an immediate consequence
of the classical Weierstrass theorem. To this end, it suf-
fices to show thatXΓ is compact inW1,p

ρ (Ω;Rn) and I
is continuous onXΓ. For the compactness argument we
employ the characterization of the norm compactness of
Lp(Ω;Rn). For the continuity argument, we need the con-
tinuity property of Nemytskii operators, which are defined
by Carath́eodory functions. General results on the continu-
ity of Nemytskii operators are given by Krasnosel’skii [9].
The proof of Theorem 3.3 is based on the representation of
nonlinear functionals onLp-spaces by Carathéodory inte-
grands provided by Buttazzo and Dal Maso [3].

4.1. Continuity of the Recursive Integral Functional

A function f on Ω × Rn is a Carathéodory function
if f (t, · ) is continuous onRn a.e. t ∈ Ω and f ( · ,u) is
measurable onΩ for any u ∈ Rn. It can be shown that
Carath́eodory functions are jointly measurable in (t,u) ∈
Ω × Rn. Let f be a Carath́eodory function onΩ × Rn.
Nemytskii operator Tf transforms eachRn-valued measur-
able functionu on Ω into a measurable functions onΩ by
(T f u)(t) = f (t,u(t)). Let µ be a nonatomic measure of the
Borel measurable space (Ω,F ). We denote byLp(Ω, µ;Rn)
the set ofRn-valued measurable functionsu onΩ satisfying∫

Ω
|u|pdµ < ∞.
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Proposition 4.1 (Krasnosel’skii, Nemytskii, Vainberg).
For every1 ≤ p < ∞, it follows that:

(i) If a Nemytskii operator Tf transforms every function
in Lp(Ω, µ;Rn) into a function in L1(Ω, µ), then it is
continuous and bounded.

(ii) A Nemytskii operator Tf transforms every function in
Lp(Ω, µ;Rn) into a function in L1(Ω, µ) if and only if
there exist someα ∈ L1(Ω, µ) and a> 0 such that

| f (t,u)| ≤ α(t) + a|u|p for any(t,u) ∈ Ω × Rn.

Theorem 4.1. I is continuous onXΓ.

4.2. Compactness of the Set of Admissible Trajectories

The following result provides a useful criterion to check
whether a subset of anLp-space is norm compact. The
proof is found in Dunford and Schwartz [8, Theorem
IV.8.20].

Proposition 4.2. For every1 ≤ p < ∞, a bounded sub-
set K of Lp(Ω;Rn) is relatively compact if and only if the
following conditions are satisfied.

(i) lim
s→0

sup
u∈K

∫

Ω

|u(t + s) − u(t)|pdt = 0.

(ii) lim
T→∞

sup
u∈K

∫ ∞

T
|u(t)|pdt = 0.

Theorem 4.2. XΓ is compact in W1,p
ρ (Ω;Rn).

4.3. Representation of Recursive Integral Functionals
by Normal Integrands

The following general result on the representation of
functionals onLp-spaces is due to Buttazzo and Dal Maso
[3].

Proposition 4.3 (Buttazzo and Dal Maso).Let1 ≤ p < ∞
and G : Lp(Ω, µ;Rn) × F → R ∪ {+∞} be a functional
satisfying the following conditions:

(i) G( · ,Ω) is lower semicontinuous.

(ii) There exists some u0 ∈ Lp(Ω, µ;Rn) such that
G(u0,A) < +∞ for any A∈ F .

(iii) G is local onF , that is, u, v ∈ Lp(Ω, µ;Rn) and u= v
µ-a.e. on A∈ F imply G(u,A) = G(v,A).

(iv) G is finitely additive onF , that is, u∈ Lp(Ω, µ;Rn),
A, B ∈ F and A∩B = ∅ imply G(u,A∪B) = G(u,A)+
G(u, B).

Then there exists a unique normal integrand g: Ω × Rn →
R ∪ {+∞} with the following properties:

(1) There exist someα ∈ L1(Ω, µ) and a≥ 0 such that

−(α(t) + a|x|p) ≤ g(t, x) µ-a.e. t∈ Ω for any x∈ Rn.

(2) For any u∈ Lp(Ω, µ;Rn) and A∈ F ,

G(u,A) =

∫

A
g(t,u(t))dµ(t) + G(u0,A).

Moreover, if G( · ,Ω) is weakly lower semicontinuous, then
g is a convex integrand, that is, g(t, · ) is convexµ-a.e. t∈ Ω

onRn.
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Abstract—In this paper, we show the analysis of artifi-
cial double auction markets consisting of multi-agents who
learn based on the Genetic Programming (GP) and its ap-
plications to control. Agents in the market are allowed to
buy or sell items depending on the prediction of situations.
In simulation studies, the change of bid price and the return
of bidders is discussed depending on the demand curve of
customers. We also propose a stabilization scheme of bid
prices in double auction markets.

1. Introduction

Auction mechanisms are now expected to bring dereg-
ulation and competitive prices in markets of items such
as network access rights, telecommunication channels, gas
and electric utilities[1]. However, most of theoretical re-
searches in auction theory assume that bidders will likely
to be competitive, and these bidders are symmetrical in size
and are risk neutral, and bid only a unique good.

In this paper, we show the analysis of artificial double
auction markets consisting of multi-agents who learn from
past experiences based on the GP and its applications to
control. In previous works, we demonstrated that in the
double auction markets consisting multi-agents using GP
learning, the bid prices bear very large changes if the de-
mand of goods is not stationary [2]. But, the meaningful
result for the control of price changes is not given.

We apply the GP procedure to model learning of
agents[5]-[8]. Each agent has a pool of individuals rep-
resented in tree structures to decide future bid price and the
volume of items to be supplied to the market using the past
result of auctions. The fitness of individuals is defined by
using the successful bids and the utilization of units, and
agents improve their individuals based on the fitness to get
higher return in coming auctions.

In the simulation studies, we can see the changes of
prices, relation between and the structure of bidding and
the profit of bidders. Moreover, we apply approximate
method for the control of chaos to stabilize the changes in
bid prices.

2. System configuration

2.1. Characteristics of auction market

We consider N agents who behaves as an electric power
producer with one generating unit and wishes to schedule
its unit to maximize profit over a short time period of length
T hours[3][4]. Even though the description of problems is
restricted to the electricity market, we can easily extend the
frameworks to another production systems of goods.

The evaluation function for optimal generation of elec-
tricity includes following variables[3][4].
Pt:production amount of power at t
CF(p):cost function of unit to generate power p
lt:volume to be sold under contracts
R:price of electricity to be sold
Et:amout to be bought (if Et is negative, to be sold) from
auction market
mt:market price at power pool

The objective function to maximize expected total profit
is given by

max E[
T∑

t=1

PRt], PRt = ltR − mtEt −CF(Pt). (1)

under the constraints

Et + Pt = lt, Pt = λtPc, (2)

Pmin
t ≤ Pt ≤ Pmax

t . (3)

where Pc is the highest (full) capability to supply electric-
ity, and the coefficient λt denotes the utilization of unit. The
amount Pt of generation of electricity is given through Pc

multiplied by the utilization λt. If Et is positive, the elec-
tricity is bought from the pool, otherwise sold. Assum-
ing that the price mt and Pt are estimated based on the GP
methods.

The generation of electricity Pt is defined by the Cobb-
Douglous type production function as follows.

Pt = AtV
αt
t Kβt

t . (4)

where Vt,Kt are variable and fixed factors for the produc-
tion, and At, αt, βt are the parameters to define the efficiency
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of generation of electricity. For simplicity, we assume
these efficiency parameters are time-invariant all through
the time, and then we drop the subscript t for the parame-
ters. We also assume that α + β < 1. Assuming that the
unit cost for the variable factor Vt is wt, and the unit cost
for the fixed factor is rt, then the limit cost function CF(Pt)
is given by

CF(Pt) = wtVt + rtKt. (5)

If we assume that the fixed factor is constant through the
time (Kt = K), then we have the marginal cost function
MCt as follows.

MCt = A−
1
α K−

β
αα−1wtP

−1+ 1
α

t . (6)

In the paper, we use the model that agents improve determi-
nation functions for the market price of electricity mt and
the amount of relevant purchase of electricity Et (in cases
of Et is negative, then they supply the electricity) based on
the GP procedure. Agents exhibit these prices and amount
for purchase (supply) to the market for bids in the double
auctions. Then, the relevant level of generation of electric-
ity Pt for their own units are determined.

3. Market price and agents’ behavior

In the multi-unit auction, bidders make sealed bids in-
dicating the quantity of goods they are willing to buy at a
ranges of prices. The auctioneer allocate the goods to the
highest bid first, and so on down the sequence of received
bids until all the goods have been allocated. Likewise, in
uniform price auctions successful bidders all pay the same
price regardless of the bids they actually made. The price
is equal to the highest (marginal) bid price accepted (called
Pay Marginal).

Agents utilize the GP procedure to decide the market
price mt based on past experiences. Then, agents can de-
cide optimal value of generation Pt and utilization of units
λt.

As a result, agents appear as sellers in the market as well
as bidders, since they buy the electricity if they think that
the cost to generate electricity is costly than buying elec-
tricity. However, the producers are originally join to the
market as suppliers using their facilities, then the utiliza-
tion of units affect the return on initial investments. Then,
we introduce the utilization of units as another measure to
define the fitness of individuals.

It is assumed that the first N1 times of biddings are used
for learning for agents, and no item is delivered to bid-
der, and sellers get no money. In this learning period, each
agent try to improve the estimation of individuals by using
the GP procedure. Then, in successive N2 times of bidding,
agents apply the estimation using the pool of individuals.
After N2 times of auctions, the profit of each agent is deter-
mined.

4. GP learning and behavior of agents

In sealed-bid auctions, agent i define the private evalua-
tion vi denoting the preference of bid price. It is that agents
are satisfied if the bid price in the auction is lower than the
private evaluation. In the simulation studies, we define the
private evaluations as the price of electricity R under con-
tracts between producers and customers.

We assume three cases for the definition of private eval-
uations vi as follows.
(Case 1) identical
(Case 2)uniformly distributed
(Case 3)piecewise constant

In the following, we assume that agents learn from past
results of auctions to find appropriate bid prices and vol-
umes of items for future auction based on the GP. In the
GP, the system equations are represented in the tree struc-
ture (called individuals). In the parse tree, non-terminal
nodes are taken from some well-defined functions such as
binomial operation +,−,×, /, and the operation taking the
square root of variable. The equation represented by using
the prefix is called as an individual. By using the measure
of fitness to evaluate each individual, we apply the GP to
the population to derive better description for future auc-
tions promising higher profit.

The function determing bid price at time t can have also
the symbols P1=CP(t − 1) where CP(t − 1) is the success-
ful bid price in previous auction. The function has also
symbols AV, MAX and MIN defined by taking the average,
maximum and minimum of successful bid prices in previ-
ous t1, t2, t3 time periods of auctions, respectively.

We iteratively perform the following steps until the ter-
mination criterion has been satisfied[5]-[10].
(Step 1)

Generate an initial population of random composition of
possible functions and terminals for the problem at hand.
The random tree must be syntactically correct program.
(Step 2)

Execute each individual (evaluation of system equation)
in population, then, assign it a fitness value giving partial
credit for getting close to the correct output.
(Step 3)

Select a pair of individuals chosen with a probability pi

based on the fitness.
(Step 4)

Then, create new individuals (offsprings) from the se-
lected pair by genetically recombining randomly chosen
parts of two existing individuals using the crossover op-
eration applied at a randomly chosen crossover point.
(Step 5)

At a certain probability, we apply the mutation opera-
tions for the pool of individuals. If the result designation is
obtained by the GP ( the maximum value of the fitness be-
come larger than the prescribed value), then terminate the
algorithm, otherwise go to Step 2.

The ability of individuals corresponding to the functions
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is defined as the fitness in the GP. As the first ability mea-
sure, we use following value based on the number of suc-
cessful bids.

prik =
∑

j

PR j/Nik. (7)

where Nik is the number of successful bid by the agent i ob-
tained by using k-th individual in the pool. We also employ
the utilization rate λt as the second evaluation measure for
fitness in kth individual for i-th agent.

Finally, by changing the weight ωi between prik and λt,
we have aggregated fitness measure for k-th individual as
follows.

sik = ωi(prik −min
j

pri j)/R
pr
i + (1 − ωi)λt. (8)

where Rpr
i is the range of profit prik in equation (8) so that

we can normalize the profit between 0 and 1 by subtracting
the minimum value form the profits and by dividing them
by the range to make two terms in the fitness functions to
be comparable.

5. Applications

The parameters for simulation studies are selected as fol-
lows.
Number of agents:20
N1 = 500000 (apply GP operation for each 1000 auctions)
N2 = 50000,upper limit of bid price:150
Number of individuals for each pool:50
Maximum number of nodes in trees:50
Probability of crossover:0.05
Probability of each mutation:0.05
Parameters:α = 0.1, β = 0.4,wt = 1, lt = 100

In terms of the parameters A,K defining the efficiency
of units are given for two groups A and B each of which
includes half of agents. For the group A(B), we assign
A = 1, k = 10 (A = 5, k = 100), and that means agents
in the group A(B) have units with relatively lower (higher)
efficiency. Then, in principle, agents in Group A(B) tend to
be buyers (sellers) of electricity.

Fixed demand
At first, we consider the case where the demand of cus-

tomers is fixed (constant). Figure 1 shows an example of
time series of bid price obtained after sufficient time of bid-
dings. As is seen from the figure, even though the bid price
is stable in the range from 90 to 100, but the bid price is
still fluctuating and does not converge to a certain constant
level. The contract price of electricity is fixed to be 100,
but the price of electricity which is actually traded in the
market is 101.4 in average. The fact means that in the dou-
ble auction market, the trades are basically preferable for
sellers than for buyers, and buyers are forced to purchase
the goods at relatively higher prices than realizable prices.

In this case, the average profit of agents in Group A(B) is
-6252 (4736), and that mean agents in Group A are forced
to generate at higher cost than the contracted price, and
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Figure 1: Example of time series of auction price

even more they need to purchase electricity from the market
at higher prices. On the other hand, agents in Group B
possessing units with higher efficiency can get higher profit
by selling electricity.

Time-varying demands
Then, we examine the cases where the demands of cus-

tomers are time-varying and are not constant along the
time. The time series of the electricity demand is assumed
to be a random walk which is obtained by adding an incre-
mental value selected from −2,−1, 0, 1, 2 at the same prob-
ability to the previous demand value. For convenience, the
range of demand is restricted between 50 and 150.

Figure 2 shows an example of time-varying demands
of electric power. And figure 3 shows an example of the
time series of bid price under time-varying demand of cus-
tomers. As is seen from Figure 3, the bid price bears
changes and fluctuations, and sometime the ranges between
the highest and lowest price are four or five times larger
than the range of prices for time-invariant demands of cus-
tomers. Moreover, we find impulsive (sudden) rise of bid
price having about ten times larger amplitude than the price
for time-invariant demand cases. The facts implies us that
the offers of item done by sellers induce the reaction of bid-
ders, and as a result, a small change of bid price is enlarged
(exaggerate) in the bidding process, and the jumps in bid
price are observed.

6. Control scheme

Consider a non-linear dynamic system

x(t + 1) = f (x(t), u(t)). (9)

where we assume that x(t) is the state variables, and u(t)
is the only available control parameter which we allow to
vary in a range. We assume further that we are not far
apart from the neighborhood of some steady state x f (fixed
point), which we want to stabilize by choosing an appro-
priate sequence of admissible input.

We assume that the dynamic system f (x(t)) with u(t) = 0
is estimated by using the GP, and is denoted as f̂ (x(t)).
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Figure 2: Example of time-varying demands
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Figure 3: Example of bid price time series

Then, the control method is derived straightforward by us-
ing the approximation. Since we can obtain the estimated
value x̂(t + 1) for the next state, we impose the input u(t) so
that

x f = x̂(t + 1)′ = f̂ (x(t), u(t)). (10)

The optimal value u∗(t) of input u(t) is estimated by incre-
mentally changing u(t).

In the electric power auction, x f is the target price of the
auction and u(t) is a bidding price and quantity (2 dimen-
sional vector) of the electric power producer who has in-
fluence on price determination (price maker). Price maker
predicts the price of the next auction by another GP at the
same time it determines a bidding price and quantity by GP.

Then, the following value means the rate of convergence
to the targeted level of price after the control which depends
on xL.

R(x f ) =

T2∑

t=T1+1

[CP(t) − x f ]2/(T2 − T1). (11)

where CP(t) is contract price obtained by a simulation.
T1 is start time of the control , and T2 is end time of
it.(Simulation results are omitted here).

References

[1] E. J. Pinker, A. Seidman and Y. Vakrat, ”Managing
online auctions: Current business and research is-
sues,” Management Science, vol.49, no.11, pp.1457–
1484, 2003.

[2] Y. Ikeda and S. Tokinaga, ”Modeling of agent-
based artificial auction markets based on the Ge-
netic Programming and its applications,” Proc. of
NOLTA2005, pp.3–13, 2005.

[3] M. Thompson,M. Davison and H. Rasmussen, ”Valu-
ation and optimal operation of electric power plants in
competitive markets”, Operations Research, vol.50,
no.4, pp.546–562, 2004.

[4] J. Bower and D. Bunn, ”Experimental analysis of the
efficiency of uniform-price versus discriminatory auc-
tions in the England and Wales electricity market,”
Journal of Economic Dynamics & Control, vol.25,
pp.561–592, 2001.

[5] Y. Ikeda and S. Tokinaga, ”Controlling the chaotic
dynamics by using approximated system equa-
tions obtained by the genetic programming,” IEICE
Trans. Fundamentals., vol.E84–A, no.9, pp.2118–
2127, 2001.

[6] X. Chen and S. Tokinaga, ”Approximation of chaotic
dynamics for input pricing at service facilities
based on the GP and the control of chaos,” IEICE
Trans.Fundamentals, vol.E85–A, no.9 pp.2107–2117,
2002.

[7] Y. Ikeda and S. Tokinaga, ”Chaoticity and frac-
tality analysis of an artificial stock market by the
multi-agent systems based on the co-evolutionary
Genetic Programming”, IEICE Trans.Fundamentals ,
vol.E87–A, no.9, pp.2387–2394, 2004.

[8] K. Ikeda, X. Chen and S. Tokinaga, ”Analy-
sis of chaotic behavior of input pricing realized
by the multi-agents systems based on the C-
evolutionary Genetic Programming and its applica-
tions (in Japanese),” IEICE Trans. Fundamentals, to
appear.

[9] J. R. Koza, Genetic Programming, MIT Press, 1992.

[10] J. R. Koza, Genetic Programming II: Automatic Dis-
covery of Reusable Programs, MIT Press, 1994.

346



  

Fractal Analysis of Euro Foreign Exchange  Rates  
Using the R/S Statistic 

  
 

Hiroyuki Kurokawa†  
 

† Faculty of Economics, Kanto-Gakuin University  
1-50-1 Mutsuurahigashi Kanazawa-Ku, Yokohama 231-8501, Japan 

Email: kurokawa@kanto-gakuin.ac.jp 
 

Abstract–  There has been an argument whether foreign 
exchange rates are the random walk process or not. If not, 
then there is an other possibility that foreign exchange 
rates  can have  fractal nature. In this Paper we have tried 
to estimate the fractal nature of euro foreign exchange 
rates using the rescaled range(R/S) analysis, empirically 
compared with the random walk process. The results are 
relevant to our hypothesis. Further we have tried to find 
the number of periodic cycles within the time series, using 
V-Statistic. We discuss this matter using Weierstrass 
function, which is the first fractal function, continuous 
everywhere, but nowhere differentiable. This function is an 
infinite sum of a series of sine( or cosine) waves, in which 
the amplitude decreases, while the frequency increases 
according to different factors. It will be showed that R/S 
analysis is applicable to detect the number of periodic 
cycles.  
 
1. What is Fractal 
  
1.1 Charactaristic of Fractal 
 

The term “Fractal” has no precise definition, but has 
several characteristics. The first property is the self-
similarity. It means that a figure or time series data can be 
seen as similar, even if the scale is variously changed. And 
this characteristic is also related to the scale-invariant 
nature of fractal, which is explained by the power-law 
relation of variables. 
 
1.2. Fractal Nature of Time Series Data 

 
As for the fractal analysis of  time series data,the 

fractional  Brownian motion is of importance. Einstein  
has figured out more precisely the Brownian motion in his 
work (the erratic path followed by a particle suspendes in 
a fluid) in 1908. Brownian motion is a primary model for 
a  random walk process. Here the distance that a random 
particle covers will increase with the square root of time. 
The equation used to measure it, is written as follows; 

 
5.0TR =    (1.1) 

 
where R = the distance covered 
          T = a time index 

This is called the “T to the one-half rule”, and is also the 
typical characteristic of a random walk process. 
 
2. R/S Analysis 
 
2.1. How We Can Calculate the Rescaled Range 
 
  Hurst(1951) has founded that an underlying periodic 
behavior could be detected with R/S analysis (rescaled 
range analysis).  

In this chapter, we explain the method to calculate the 
R/S value, starting with a time series, x = x1, x2, ···, xn, 
to represent  n consecutive values. The mean value xm, of 
the time series x is defined as: 
 

nxxxx nm /)....( 21 +++=                                  (2.1) 
 
The standard deviation , sn, is estimated as: 
 

22/1 )(* mrn xxns -= -                                        (2.2) 
 

which is merely the standard normal formula for standard 
deviation. The rescaled range was calculated by first 
rescaling or normalizing the data by subtracting the 
sample mean: 
 

);( mrr xxZ -=        nr ,....,1=                              (2.3) 
 

This series, Z, has a zero mean. And the next step 
creates a cumulative time series Y: 
 

)( 11 rZZY +=        nr ,....,2=                              (2.4) 
 

The last value of Y(Yn) will always be zero because Z 
has a  mean of zero. Here we have the adjusted range, 
which is calculated by the maximum minus the minimum 
value of the Yr: 
 

),...,min(),...,max( 11 nnn YYYYR -=                   (2.5) 
 

This adjusted range, Rn, is the distance that the system 
travels for time index n. If we set n=T, we can apply 
equation (1.1), provided that the time series, x, is 
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independent for increasing values of n. But equation (1.1) 
is only limited to time series that are in Brownian motion; 
that is, they have zero mean, and variance equal to one. 
  To apply this concept to time series that are not in 
Brownian motion, there is a need to generalize equation 
(1.1), taking into account systems that are not independent. 
Hurst found that the following equation was a more 
generalized form of equation (1.1): 
 

H
n ncSR *)/( =                                                 (2.6) 

 
where C is a constant, and H is called the Hurst exponent. 
R/S value of equation (2.6) is referred to as the rescaled 
range because it has zero mean and is expressed in terms 
of local standard deviation. This R/S value scales, as we 
have mentioned, increase the time increment, n, by a 
power-law value equal to H exponent. Here we can say 
that the rescaled range analysis is a fractal analysis, 
because all fractal scale according to a power law. In a 
fractal time series, the range increases according to a 
power.  
 
2.2.The Empirical Modell 
 

The Hurst exponent can be approximated by plotting 
the log (R/S) versus the log(n) and estimating the slope 
through an ordinary least squares regression. The 
econometric model for this estimation is quite simple as 
follows: 

 
)log(*)log()/log( nHcSR n +=                     (2.7) 

 
If a system were independently distributed, then H=0.5. 

Hurst investigated the Nile River, and found that H was 
0.9. Thus the rescaled range of height of the river was 
increasing at a faster rate than the square root of time.  
 
3. Empirical Analysis 
 
3.1. Random Walk Simulation 
 
  As we already mentioned above, if the system were 
under a random walk process, then the Hurst exponent 
would be 0.5. To compare the empirical analysis of 
exchange rates with the theoretical value, we have tried to 
apply the R/S analysis to the system that is created by  
random walk simulation on the computer. 
  Figure 1 shows the log-log plot of one of random walk 
simulation, and the results of the simulation is described 
in table 1 on the last page of this paper. 
 

 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
3. 2. R/S Value of Foreign Exchange Rates 

 
We have applied R/S analysis to the daily euro 

exchange rates from the start day of this european single 
currency to February 2006. The data are reference rate of 
the European Central Bank, available from statistic 
section of the german  Bundesbank. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure2:

 

Figure3:

Figure1:
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  Figure 2&3 shows the log-log plot of the R/S and n for  
the euro exchange rates against US dollar and Yen. 

The Hurst exponent of euro/yen exchange rates is 
estimated to 0.617, that is higher than the theoretical 
random walk of H=0.5. In the same way, the Hurst 
exponent of euro/dollar is estimated to 0.651, that is quite 
similar to the formar one. In this paper, we estimated R/S 
value of Pond Sterling, Swiss Franc, Swedish Krona, 
Polish Zloty, Hungary Forint, and Hong Kong Dollar 
additionally for the purpose of comparison. 
 
4.Detecting Periodic Cycles in Time Series Data 
 
4.1. Weierstrass Function 
 

In the case of simple sine waves, the time series would 
be a bounded set. The R/S values would reach a maximum 
value after one cycles, because the range could not grow 
beyond the amplitude. 

Karl Weierstrass, a german mathematician presented 
the historically first fractal function, which has composed 
of a infinite sum of a series of sine or cosine wave, in 
which the amplitude decreases, while the frequency 
increase according to different parameters. This function 
is nowhere differentiable. West(1990) has used this 
function as an analytical object for fractal time series. 

The Weierstarass function superimposes an infinite 
number of sine waves. The equation of this function is 
written as a Fourie series as follows; 

 

å¥

=
=

0
)**cos(*/1)(

n
nn twbatF                     (4.1) 

 
We begin with a frequency, w,  with a amplitude of 1. A 

second harmonic term is summed, with frequency bw and 
amplitude 1/a, with a and b greater than 1. The third 
harmonic term has frequency b2w and amplitude 1/a2. The 
fourth term has frequency b3w and amplitude 1/a3. This 
progression continues indefinitely. Each term has 
frequency that is a power of b greater than the previous 
one, and  amplitudes that is a power of a smaller. 

Figure4 shows a Weierstrass function using the first 
four terms ( n=1 to 4 ).  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

4.2. V-Statistic 
  
    If we look at the log-log plot of exchange rates, the 
slope is not constantly flat or smooth, rather we can see 
“breaks” on the slope. V-statistic is of great use to see the 
breaks in the log-log plot, and to make a correct 
estimation of the cycle length, which functions well in the 
presence of noise. This V-statistic is defined as follows: 
 

nSRV nn /)/(=                                              (4.2) 
 

The graph of this value would have a horizontal line, if 
the R/S statistic was scaling according to the square root 
of time. That is; if the process was an independent, 
random walk, the plot of V versus log(n) would be flat. 
On the other hand, if the process would be persistent, and 
R/S was scaling at a faster rate than the square root of 
time (H>0.5), then the line would be upwardly sloping. If 
the process was anti-persistent(H<0.5), then the graph 
would be downward sloping. The breaks would occur, 
when the V chart flattens out, in the point the long-
memory vanishes. Figure 5 shows the V statistic for the 
Weierstrass function simulated, where we can see 
flattening parts about three times, which are seen like the 
peaks of  each mountain. 
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 This flattening of the slope appears at the end of  each 
periodic cycle. Therefore we can say that the R/S analysis 
is capable of determining periodic cycles in time series 
data. In other words, the R/S analysis can discern cycles 
within a cycle .For example, there can be at least 3 cycles 
within the time series of the simulated Weierstrass 
function.   
   Next, figure 6 shows the V statistic for the euro/dollar 
exchange rates. We can see a break point, or a peak, where 
the log(n) is about 2.3. As the result of this analysis, it is 
possible that the euro exchange rates are not random 
process, but have the persistent trend within a cycle, 
where each cycle length is to be estimated 200 dairy data. 
 
5.Concluding Remarks 
 

We have empirically estimated the R/S statistic of the 
euro exchange rates, and results are described in the table 
1.  The Hurst exponents of euro exchange rates are greater 
than 0.5, so that the euro exchange rates can be seen as a 
fractal time series. 
  The relation of the “box counting dimension” and fractal 
dimension Df is well-known described as follows: 
 

H
r

ND k

kH

kf -==
-

¥>-
2

)/2log(
])2log[(lim

2                             (5.1) 

 
where r is a length of each box line, N is the number of 
boxes. 

As a result, the fractal dimension of euro/dollar 
exchange rates is calculated 1.35 by this method. 

Second, there is an exception. Only the Hurst exponent 
of Hungary Forint was slightly under 0.5. We can say that 
this could be caused by the fact that Forint currency is 
under the fixed exchange rate system to euro, and 
therefore the range of the rates are quite limited in a 
narrow band. 
  Third important result is the fact that the R/S value of 
Hong Kong dollar is quite similar to that of US dollar. 
That could be occurred, perhaps because HK  dollar is 
pegged in US dollar, therefore the behavior of this two 
currency against euro could be similar. 
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Table1:
Results of R/S analysis 

Hurst exponent R squared Fractal Dimension notes
Yen 0.617 0.957 1.383
US Dollar 0.651 0.94 1.349
Pond Sterling 0.593 0.981 1.407
Swiss Franc 0.526 0.971 1.474 stable to euro
Sweden Krona 0.65 0.967 1.35
Poland Zloty 0.599 0.987 1.401
Hungary Forint 0.477 0.972 1.523 pegged to Euro
HK Dollar 0.647 0.94 1.353pegged to follar
random walk 1 0.528 0.978 1.472
random walk 2 0.469 0.933 1.531
random walk 3 0.502 0.979 1.498
*sample period: 4.Jan.1999-27.Feb.2006  
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Abstract—We describe a method for investigating non-
linearity in irregular fluctuations of time series, even if the
data exhibit long term trends. Such situations are theo-
retically incompatible with the assumption of previously
proposed methods. The null hypothesis addressed by our
algorithm is that irregular fluctuations are generated by a
stationary linear system. The method is demonstrated for
numerical data generated by known systems and applied to
several experimental time series.

1. Introduction

To investigate nonlinearity in irregular fluctuations var-
ious surrogate data methods have been proposed: the
Fourier transform (FT), the amplitude adjusted Fourier
transform (AAFT), and the iterative AAFT (IAAFT) algo-
rithms [1, 3]. All of these techniques arelinear surrogate
methods[10], because they are based on a linear process
and address a linear null hypothesis. These methods as-
sume that data is stationary like Fig. 1(a). Unfortunately
nonstationary data like Figs. 1(b-d) are theoretically incom-
patible with the assumption of linear surrogate tests and the
nonstationarity is therefore very likely to lead to incorrect
results [1, 3]. Dealing with such nonstationary data is dif-
ficult. In this paper, we introduce a method to investigate
whether there is nonlinearity in irregular fluctuations (short
term variability) even if they exhibit long term trends. The
method is an intuitive modification of previously proposed
linear surrogate methods.

2. Current technologies

The previously proposed methods are designed to gener-
ate flawless linear data [1, 3]. The basic strategy of these
methods is as follows. One first applies the Fourier trans-
form to the original data, randomizes the phases, and then
inverts the transform using the randomized phases. In these
methods all phases are randomized so as to eliminate any
nonlinearity in data and then the data can be treated as com-
pletely linear1. Although the methods are effective for ir-
regular fluctuations, the methods are not effective for data

1AAFT and IAAFT surrogate data are obtained by rank-ordering of
the original data. Hence, in the most strict sense, these surrogate data may
still include some kind ofstaticnonlinearity.
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Figure 1: Segments of four time series examined in this
paper: (a) nuclear magnetic resonance (NMR) laser data,
(b) monthly global average temperature (MGAT) from
September 1920 to December 2005, (c) monthly sunspot
numbers (MSN) from January 1749 to 10 August 2004,
and (d)x component of the Ikeda map data with artificial
trends.

which exhibit long term trends because the methods cannot
preserve such trends.

3. Our proposed algorithm

To investigate nonlinearity in irregular fluctuations (es-
pecially when they are modulated by long term trends or
periodicities), we want to destroy nonlinearity in irregu-
lar fluctuations and preserve the global behaviors. When
data exhibit irregular fluctuations and long term trends the
power spectrum is usually like Fig. 2. Figure 2 indicates
that the data have large peaks of power in lower frequency
domain and power in higher frequency domain is almost
white. From this figure we conclude that the higher fre-
quency domain is probably dominated by irregular fluc-
tuations. This implies that even if we randomize phases
in the higher frequency domainfε (see Fig. 2), the influ-
ence for long term trends will not be significant. Hence,
we randomize phases only in the higher frequency domain
and do not alter low frequency phases. In this way, long
term trends are preserved in these unaltered low frequen-
cies. This approach is in contrast to previously proposed
linear surrogate methods, where all phases are randomized.
We call our method “truncated Fourier transform surro-
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Figure 2: The estimated power spectrum of the artificial
data shown in Fig. 1(d), where we use 4096 data points.
Note the logarithmic scale. We randomize phases in higher
frequency domainfε and other phases are untouched. The
parameterfε is the ratio of high frequency domain to the
whole frequency domain. For example, when phases with
frequency between 1500 and 2000 are randomized (that
is, 500 higher frequency domain),fε is 500/2000, that is,
fε = 0.25. We note that when showing power spectrum,
these usually correspond to each frequency with unit of
hertz (Hz) on the horizontal axis. In this paper, to explain
our proposed method more easily we use arbitrary scale
which correspond the number of data points.

gate (TFTS) method”. Since some phases are untouched,
TFTS data may still have nonlinearity. However, it is pos-
sible to discriminate between linear and nonlinear data be-
cause the superposition principle is valid only for linear
data [4]. Hence, the null hypothesis (NH) addressed by
our algorithm is that irregular fluctuations are generated by
a stationary linear system.

We note that we use the IAAFT algorithm to apply our
idea in this paper, however, it is possible to use the FT and
AAFT algorithms directly.

3.1. Frequency domain to randomize phases

Obviously, the surrogate data generated by our method
are influenced primarily by the choice of frequency do-
main fε (see Fig. 2). The either too narrow or too wide
domain is likely to lead to wrong judgement. However, we
usually cannot determine an adequate value forfε a priori.
Hence, we increasefε to randomize the phases from higher
domain to lower domain step by step, for example by ev-
ery 0.05 or 0.1. We continue until linearity and long term
trends are preserved in the surrogate data. We describe the
stopping criterion in detail in Sec. 6.

It should be noted that there is a possibility that only
when all phases are randomized, nonlinearity in irregular
fluctuations can be detected. Our algorithm clearly fails to
detect the nonlinearity for such data. Hence, even if the NH
is not rejected, we still cannot get past the possibility that
the irregular fluctuations include nonlinearity. However, if
the NH is rejected, it will be a strong evidence that there is
some kind of nonlinearity in the irregular fluctuations.

4. The Fourier transform problem

There is a problem,wraparound effect, when there is a
large difference between the first and last points. This effect
introduces significant bias in the estimated linear properties
of the power spectrum [5, 10]. Thus, if we use surrogate
data generated in this way, we may wrongly judge the exis-
tence of nonlinearity in irregular fluctuations. More details
concerning the relevant problems [3, 5, 10].

To ameliorate this artifact, when we calculate the power
spectrum of such data, wesymmetrizethe original data first.
By this procedure, there is no end point mismatch in the
data. We find that the Fourier transform process is then not
critically affected by the wraparound effect. Other opera-
tions are the same as the TFTS method. Hence, we call the
method the symmetrized TFTS (STFTS) method. We ap-
ply the TFTS method to data with no trend and the STFTS
method to data with long term trends.

5. How to reject a null hypothesis

Discriminating statistics are necessary for hypothesis
testing. After calculation of the statistic, we need to inspect
whether the NH shall be rejected or not.

We choose to use the average mutual information (AMI)
as a discriminating statistic [7]. We consider different data
realizations from the same population to have the same in-
formation flow so that the behavior of the AMI is the same.

To inspect whether a NH shall be rejected or not we em-
ploy Monte Carlo hypothesis testing. We check whether an
estimated statistic of the original data falls within or out-
side the distribution of the surrogate data [2]. When the
statistics fall within the distribution of the surrogate data,
the NH may not be rejected. We generate 99 surrogate data
and hence the significance level is 0.01 for a one-sided test.

6. Stopping criterion for increasing frequency domain

We need to inspect whether linearity and long term
trends are preserved in surrogate data. We usually can-
not know the adequate size offε over which to randomize
phases. To know a rough upper bound offε, we estimate
the power spectrum of the original data. Then we deter-
mine the frequency domain where the power spectrum is
almost white. This gives a good indication of the rough
upper bound of the frequency domain to randomize2.

Also, as mentioned above, we increasefε to randomize
the phases from higher domain to lower domain step by
step. Asfε increases, we need to inspect whether linearity
and long term trends are preserved in the surrogate data,
although this is not necessary when the data have no long
term trend. In addition to visual inspection, we inspect the

2For example, Fig. 2 shows that the power spectrum curves from 0 to
400 and the power spectrum at other domain seems to be white. Hence,
we expect that we can randomize phases between 400 and 2000 at most,
which corresponds tofε = 0.8.
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auto-correlation (AC) of the original data and the surrogate
data at time lag 1 because the AC at time lag 1 must be
most sensitive to the nature of the data. When the AC falls
within the distribution, we consider that linearity and long
term trends are sufficiently preserved in the surrogate data,
and then calculate the AMI. When the AC falls outside the
distribution, we do not use the data, stop increasingfε and
adopt the last result.

7. Numerical Examples

We now demonstrate the application of our algorithm
and confirm our theoretical arguments with several cases.
As irregular fluctuations we consider: a linear autoregres-
sive (AR) model and the Ikeda map. In all cases we use
4096 data points, and the data are both noise free and con-
taminated by 10% Gaussian observational noise. Irregular
fluctuations are generated by following two models:

• The linear AR model given byxt = a1xt−1 + a6xt−6 +

ηt [8], wherea1 = 0.3, a6 = 0.2 andηt is Gaussian
dynamical noise with standard deviation 1.0.

• The Ikeda map given by

f (x, y) =
(

1 + µ (xcosθ − ysinθ) , µ (xsinθ + ycosθ)
)
,

whereθ = a− b/
(
1 + x2 + y2

)
with µ = 0.83,a = 0.4

andb = 6.0 [9].

These data are added to the artificial trends, and the level
of additional data to the trends is equivalent to 10% (20dB)
observational noise at each case. See the behaviors in
Fig. 1(d). We apply the STFTS method to these data as
anextremecase to demonstrate our premise3.

When irregular fluctuations are the linear AR model
data, the data are noise free andfε = 0.994, the behav-
ior of the AC of the original data and the surrogate data is
very similar and the AC of the original data at time lag 1
falls within the distribution of the surrogate data like that
shown in Figs. 7(d) and 7(e). The AMI of the original data
falls within the distribution of the surrogate data like that
shown in Fig. 7(f). Hence, we conclude that we cannot de-
tect nonlinearity in irregular fluctuations: the correct result.

With irregular fluctuations from the Ikeda map data,
noise free data andfε = 0.01, the AC of the original data
is almost identical to that of the surrogate data and the AC
of the original data at time lag 1 falls within the distribu-
tion of the surrogate data. The AMI of the original data
falls outside the distribution of the surrogate data (like that
shown in Fig. 7(c)). Hence, we consider that the irregu-
lar fluctuations include nonlinearity, which is the correct

3Although we do not show results of data with no trend, the TFTS
method works well even whenfε = 0.01 for the Ikeda map data.

4Figure 2 shows that the power spectrum is almost white when fre-
quency is between 400 and 2000. Hence, as we mentioned previously, we
usually randomize phases up to 400 (that is,fε = 0.8). We just use this
case as an extreme example.
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Figure 3: (a) segments of the surrogate data and (b) a plot
of AMI for the NMR laser data: We usefε = 0.1 and 99
surrogate data. The solid line is the original data and dotted
lines are the surrogate data.
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Figure 4: The estimated power spectrum of (a) MGAT data
and (b) MSN data.

result. When data are contaminated by 10% observational
noise, we can still detect linearity and nonlinearity in irreg-
ular fluctuations correctly by applying our method.

8. Applications

We now apply the proposed method to three experimen-
tal systems: (1) NMR laser data; (2) MGAT from Septem-
ber 1920 to December 2005 and (3) MSN from January
1749 to 10 August 2004. See Figs. 1(a-c), respectively.
We use 2048 data points for the NMR laser data and the
MSN data, and 1024 data points for the MGAT data. We
apply the TFTS method to the NMR laser data because the
data has no trend and the STFTS method to the MGAT and
MSN data because the data have long term trends.

Figure 3 shows a segment of the surrogate data of the
NMR laser data and the result, wherefε = 0.1. From
Fig. 3(a) we can know that there are some differences be-
tween the original and surrogate data, and Fig. 3(b) shows
that the AMI of the NMR laser data falls outside the distri-
butions of the surrogate data. Hence, we consider that the
NMR laser data are nonlinear. This result is in agreement
with the previously obtained understanding of the data [6].

We apply the STFTS method to the MGAT and MSN
data. We incrementfε in steps of 0.05. To know a rough
upper bound offε, we first estimate the power spectrum of
the data. Figure 4 shows that the power seems to be white
when the frequency is larger than around 100 for both data
sets. The result indicates that the rough upper bound offε
is 0.8 for the MGAT data and 0.9 for the MSN data.

We find that the AC of the MGAT and the MSN data at
time lag 1 falls outside the distribution of the surrogate data
when fε = 0.6 and fε = 0.3, respectively. These values are
smaller than both the upper bounds. We show all results in
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Table 1: Frequency domain when the NH is rejected and
not rejected. The R indicates that the NH is rejected and
the NR indicates not rejected. Hence, R implies that our
method detects nonlinearity in the irregular fluctuations,
and NR implies that our method fails to detect it. In all
results shown in this table, the AC of the original data at
time lag 1 falls within the distribution of surrogate data.

Frequency domainfε
NR R

MGAT data 0.05∼ 0.3 0.35∼ 0.55
MSN data 0.05∼ 0.25 ——–
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Figure 5: Surrogate data of time series shown in Fig. 1(b)
and 1(c). (a) MGAT data and (b) MSN data.
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Figure 6: An enlargement of the original data and one of
the surrogate data. (a) MGAT data and (b) MSN data,
where the solid line is the original data and the dotted line
is the surrogate data.

Table 1. As mentioned previously, we adopt the last result.
Hence, we show results for the MGAT data whenfε = 0.55
and for the MSN data whenfε = 0.25. Figure 5(a) and 5(b)
show very similar behavior to Fig. 1(b) and 1(c), and Fig. 6
shows that local structures are different between the two.
Figure 7(a) and 7(d) show that the AC of the original data
falls within the distribution of the surrogate data in both
cases. Figure 7(b) and 7(e) show that the AC of the original
data is almost identical to the surrogate data. From these
figures we conclude that linearity and long term trends are
preserved in the surrogate data. From Figs. 7(c) and 7(f) we
consider that we can detect nonlinearity in irregular fluctu-
ations of the MGAT data and we cannot detect that of the
MSN data.

9. Conclusion

We describe a method for investigating nonlinearity in
irregular fluctuations, even if they exhibit long term trends.
Our arguments and computational examples show that this
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Figure 7: A plot of the AC and the AMI: (a-c) MGAT data
and (d-f) MSN data. In (a) and (d) the longer and short
lines correspond to the AC at time lag 1 of the original data
and the surrogate data, respectively. In (b), (c), (e) and (f)
the solid line is the original data and the dotted lines are the
surrogate data.

algorithm succeeds in testing nonlinearity and discriminat-
ing well between linear and nonlinear data.

This research is supported by a Hong Kong Uni-
versity Grants Council Competitive Earmarked Research
Grant (CERG) No. PolyU 5216/04E.
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Abstract—By means of an ad hoc technique, based on
the gray-box identification of an externally forced neuron
model, we address the inference of the intrinsic determin-
istic dynamical nature of recorded in vivo neural activity,
a far to be solved recurrent problem in experimental and
theoretical neuroscience.

1. Introduction

With the availability of multielectrode measurement sys-
tems, which can measure the activity of hundreds of neu-
rons at once, addressing the intrinsic deterministic dynam-
ical nature of in vivo recorded neural activity – i.e. un-
derstanding if the intrinsic behaviour of a neuron would be
quiescent (equilibrium), periodic (limit cycle), or irregular
(chaotic), once that all the known possible external factors
have been marginalised – has become a recurrent issue in
experimental and theoretical neuroscience.

Although very important, the problem is very difficult
and remains practically unsolved because, usually, the
common experimental setups provides only spike trains,
i.e. the time instants of spike occurrences (point pro-
cess), without providing any direct insights about the sub-
threshold and/or the membrane dynamics of the neurons.

Here, we transposed the problem to the inference of the
qualitative behaviour of an externally forced gray-box neu-
ron model fitted to the data, i.e. we fit a well-known neuron
model to the the recorded data and, afterwards, we infer the
qualitative behaviour of the free (unforced) model.

The method is explained in the next section then, after
validation (cf. Sec. 3), is applied on real signals (cf. Sec. 4),
providing new insights, which are discussed in Sec. 5.

2. Fitting Hindmarsh-Rose Neurons to Spike Trains

The problem can be formulated as follow:

H: given a set of input spike trains (external factors) and
the response spike train of the neuron at issue,

T: determine the best (in predictive sense) parameters of
a reference externally driven neuron model.

Namely, given multi-recorded spike trains, we assume
one of them as the response and all the other as external

factors to this one, including the external stimuli, to which
we can associate a stimulation train, and afterwards we fit
an a priori decided dynamical input-output relationship be-
tween them.

Given the point processes alone, the problem does not
admit solution (cf. [6]). We circumvent that by means of
an artificial reconstruction of the membrane potentials out
of the measured spike trains, somehow similarly to [4].

We assume the Hindmarsh-Rose neuron [3] as reference
model; though, we can proceed similarly for any other de-
terministic parametric model; then, the whole identification
method is composed of three steps:

1: categorisation of the spikes within inputs and response
spike trains;

2: artificial composition of the membrane potentials asso-
ciated to inputs and response spike train;

3: identification of the parameters of an externally driven
Hindmarsh-Rose neuron model out of the artificial in-
puts and response membrane potentials.

These steps are described in more detail in the following
sections.

2.1. Step 1: Spikes Categorisation

The spikes of a given spike train are categorised into
four possible classes according to the antecedent and con-
sequent Inter-Spike Intervals (ISI), as shown in Fig. 1.

The precise values separating ISI in small and large
varies from case to case, and has to be decided according
to the measurements, for instance on the base of the ISI
histograms so to separate the modes.

2.2. Step 2: Membrane Potentials Composition

Once that a spike train is classified according to the
above algorithm, we compose an artificial membrane po-
tential time series as follow. First, according to the clas-
sification, we paste one, out of four possible a priori de-
termined spike shapes, at every spike time stamp. Then,
the whole membrane potential is interpolated over all time
instants by means of a constrained spline interpolation, i.e.
under the constraint of only one minima between every two
spikes.
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The spike shapes used (from the Hindmarsh-Rose neu-
ron model) are shown in Fig. 2, whilst a graphic illustration
of the membrane potential construction is given in Fig. 3.

2.3. Step 3: Gray-box Model Identification

Finally, a driven Hindmarsh-Rose neuron model is fit-
ted to the data obtained through the previous two steps.
Namely, called y(t) the artificial membrane potential time
course of the neuron at issue (the one that we want to iden-
tify) and uk(t) the artificial membrane potentials of all the
other concurrently measured neurons, including the stimu-
lus which is considered as a fake neuron, we fit them to the
reference model illustrated in Fig. 4.

In other words, the data {y(·), uk(·)} are used to fit
the parameters of the following non-autonomous ordi-
nary differential equation (normalised electrically coupled
Hindmarsh-Rose neuron):



ẋ1 = ax2
1 − x3

1 − x2 − x3 +

K∑

k=1

λk (uk − y)

ẋ2 = (a + α) x2
1 − x2

ẋ3 = µ (bx1 + c − x3)

y(t) = x1(t)

(1)

where the known data are the uk(·) and x1(·) (which is equal
to y(·)), and the unknown (regressed) variables are a, b, c,
α, µ, λk, x2(·) and x3(·).

Despite intricate, the identification of model Eq. (1) is
not very complex, it is just computationally expensive and
tricky because of the slow-fast nature of the model [1].

Indeed, the Jacobian of system (1) is given by



(2a − 3x1) x1 −
K∑

k=1
λk −1 −1

2 (a + α) x1 −1 0

µb 0 −µc


(2)

and depends only on the x1 state variable, which is known.
Therefore, knowing x1, system (1) can be rewritten as
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Figure 1: Spikes categorisation according to the neighbour-
ing ISI: (a) – classification table; (b) – example.
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Figure 2: Spike shapes in normalised units of attack (a,
blue), burst (b, red), decay (c, green), and lonely (d, ma-
genta) spikes.
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Figure 3: Artificial membrane potential construction: (a) –
classified spikes, colours as above; (b) – a priori spike
shapes pasted at the corresponding time stamps; (c) – in-
terpolated artificial membrane potential.

ust

u1

uK−1

uK

... y
HMR

Figure 4: Reference model for the gray-box Hindmarsh-
Rose neuron model.

a (gray-box state space model) linear time varying sys-
tem, whose identification can then be easily solved (up
to a scaling factor of the identified parameters and recon-
structed state variables) by means of an extended Kalman
filter. In particular, we solved the problem using the sub-
space model, gray-box, time varying, extended Kalman fil-
ter based identification algorithm described in [7], see also
[8, 5] for a review on the subject.

3. Method Assessment on Artificial Data

The aim of the method is assessing the qualitative in-
trinsic nature of measured spike trains marginalising the
further available measurements. Hence, we evaluated the
method in this sense considering three significant cases
(Fig. 5), i.e. either a quite, a periodic, or a chaotic neu-
ron driven by a measured regular spike train, mimicking
a stimulus-like input, and an unmeasured Poissonian spike
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Figure 5: Assessment setup: (a) – quite, regularly, or ir-
regularly spiking neuron driven by a regular stimulus and a
Poissonian spike train. Driving time series and correspond-
ing spike trains: (b) – stimulus; (c) – Poissonian.

train, mimicking the background noise and the unmeasured
inputs. Segments of the responses are shown in Fig. 6.

We applied the method assuming only the measured
spike trains to be known with successful results. Indeed, as
shown Fig. 7, the free identified neurons had intrinsic quali-
tative behaviour compatible with the measured ones. How-
ever, note that the parameters identified have no, nor they
pretend to have, relation with those of the original (identi-
fying) systems. Indeed, because of the artificial assembly
of the membrane potentials, the identified and identifying
parameters may be completely uncorrelated. Though, the
intrinsic behaviour of the identified systems has shown to
be correctly related to the one of the original system.

4. Application on Extra Cellular Spike Recordings

We applied the method on real data, i.e. in vivo multi-
unit spike train recordings from the brainstem trigeminal
nuclei1, with the aim of characterising the intrinsic quali-
tative behaviour of sustainedly spiking neurons (about 50).
For each identification, we assumed a sustained spike train
as the response, and all the other spike trains concurrently
measured, including the external stimulus, as inputs. An
example of the considered data is reported in Fig. 8.

The summary of the results of the categorisation of the
intrinsic qualitative asymptotic behaviour of the identified

1Experiments and data descriptions available at http://aperest.epfl.ch.
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Figure 6: Response membrane potential time series and
corresponding spike trains: (a) – quite (equilibrium) neu-
ron; (b) – regularly spiking (periodic) neuron; (c) – irregu-
larly spiking (chaotic) neuron.

neurons is reported in Tab. 1. These results have been ver-
ified to be statistically significant in the way explained in
the next section.

steady periodic chaotic undetermined

4.25% 36.17% 44.68% 14.90%

Table 1: Categorisation results for the intrinsic qualitative
asymptotic behaviour of sustainedly spiking neurons.

4.1. Statistical validation

The categorisation of the asymptotic behaviour reported
in Tab. 1 has been validated to be statistically significant
as follow (random truncation statistic [2]). For each of
the neurons at issue 20 independent segments of different
lengths and positions have been drawn at random. After-
wards, the identification method has been applied to each
segment, and the qualitative asymptotic behaviour of the
identified system determined. Finally, the categorisation
of the whole spike train has been validated with statistical
significance p ≥ 95% verifying that at least 19 over 20 seg-
ments were classified as the whole segment. Whenever the
statistical significance has not been verified, the asymptotic
behaviour has been classified as undetermined.
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Figure 7: Qualitative behaviour of the identified neurons:
(a,c,e) – free trajectories of the systems identified for the
quiescent, periodic, and chaotic neurons; (b,d,f) – x1 time-
series corresponding to the trajectories in (a,c,e).
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Figure 8: Fragment of analysed data: ST stimulus spike
train, Uk input spike trains, and Y response spike train.

5. Concluding Remarks

We proposed a method for addressing the intrinsic dy-
namical nature of in vivo recorded neural activity based on
the gray-box identification of a neuron model.

After successful validation, the analysis of real data has
shown that a large part, though not the entirety, of the sus-
tainedly spiking neurons may be considered of chaotic na-
ture.

The results give experimental evidence for chaotically
behaving neurons modulated/controlled by external stim-
uli, which supports an alternative perspective of neural in-

formation processing, where a combination of chaotic be-
haviour and neural synchronisation provide at once fea-
ture binding together with the capacity of representing the
diversity of external stimuli, as recently proposed by the
APEREST project2.
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Abstract—Phase space projection is a popular tech-
nique for speech argument. For practical purpose, it was
proposed to impose a time domain constraint on the resid-
ual noise to obtain admissible communication quality. In
this work we re-examine this technique. A more general
version is derived without assuming the independence be-
tween the clean signal and the noise but includes the avail-
able techniques as subcases. We demonstrate the perfor-
mance of this technique for noise reduction through the
simulation data from the Rössler system and experimen-
tal speech record. Numerical results show that our algo-
rithm has succeeded in augmenting the signal-to-noise ratio
(SNR).

1. Introduction

Phase space projection is a popular technique adopted
for noise reduction in various fields because of it simplicity
and efficiency. For example, to reduce the component of
white noise in a time series, it is suggested to extract qual-
itative dynamics from experimental noisy time series by
removing the empirical orthogonal functions (EOFs) that
correspond to the projections of the noise component in the
trajectory matrix [2, 14]. However, it will become much
more complicated to apply this technique if the data set is
contaminated with colored noise. Distinction between the
projections of the signal component and the noise compo-
nent in the original coordinate space usually obscures. As a
remedy, it is recommended to pre-whiten the colored noise
by introducing a transformation to the covariance matrix of
the noise component [1].

It is worth to note that, in the above two scenarios, noise
reduction based on the phase space projection scheme will
not operate on the EOFs that span the signal-plus-noise
subspace, therefore those operations could achieve a lower
possible distortion for the clean signal, but at the price of a
higher possible residual noise level [4]. In the community
of speech communication, the residual noise is interpreted
as the background noise, while the clean signal is the mes-
sage to be transferred. Of course, too high residual noise
is not desirable since it will interfere the communication
between the speakers. A solution to this problem is to al-
low certain distortion of the clean signal so that the resid-
ual noise is reduced to an admissible level. As proposed
in the literature (e.g., [4]), a time domain constraint (TDC)

1 is introduced to impose on the residual noise. And then
the problem is to find the optimal tradeoff between signal
distortion and residual noise so as to minimize the overall
distortion (as a measure of the communication quality).

In the literature, both the situations of a data set contam-
inated with white and colored noise are studied, see, for
example, [3, 4, 7]. However, in those works, usually the
authors make two assumptions about the experimental time
series. The first assumption is that the time series is station-
ary and ergodic, and the second is that the noise compo-
nents are independent of the clean signal. In this work we
will re-examine the idea of the TDC projection and extend
it to a more universal version. We will also show that, with
the first assumption, the second is not necessary in general.

We will introduce the primary idea of TDC projection in
section II. Given a trajectory matrix of a time series, its op-
timal TDC projector is obtained in the sense of minimizing
the signal distortion subject to an admissible noise level. In
section III we will apply the optimal TDC projection tech-
nique to the simulated data of the Rössler system and an
experimental speech data. We will also compare the per-
formance of the projections under different TDCs. Finally,
a conclusion is available to close the whole work.

2. Optimal TDC projection

Suppose that a noisy time seriess = {si}Mi=1 consists of
the clean signal componentd = {di}Mi=1 and the additive
noise componentn = {ni}Mi=1, and for each data pointsi , one
hassi = di +ni . In addition, following the assumption in the
literature it is assumed that the data set{si}Mi=1 is (weakly)
stationary and ergodic so that its expectation exists and its
variance is finite, while its (auto)covariances only depend
on the time difference between the subsets.

Based on the time series{si}Mi=1, one can construct a (M−
m+ 1)×m matrix

S =



s1 s2 ... sm

s2 s3 ... sm+1
...

. . .

sM−m+1 sM−m+2 ... sM


(M−m+1)×m

, (1)

which will be called the trajectory matrix of the time series
shereafter. In a similar way, one can also construct the tra-

1We say that because the constraint is directly imposed on the data in
the time domain
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jectory matricesD andN corresponding to the components
{di}Mi=1 and{ni}Mi=1 respectively. And it is easy to verify that
S = D + N.

Because of the presence of noise, usuallyS is a full
rank matrix. Without loss of generality, let us suppose
m< (M−m+1). Then the operation of phase space projec-
tion occurs in them−dimensional space. By introducing a
projection operatorH to the trajectory matrixS, one obtains
the matrixZ = SH. Let R0 = Z − D = D(H − Im) + NH
be the matrix of residual signal, where the termD(H − Im)
corresponds to signal distortion and the termNH to resid-
ual noise. For the purpose of noise reduction, it is required
to achieve as small signal distortion as possible. Thus let-
ting the operatorH = Im (the identity matrix) is an intu-
itive choice. However, for speech communication it is also
demanded that the residual noise reduces to an admissible
level. Therefore the objective now shall be to minimize sig-
nal distortion subject to the achievement of a permissible
residual noise level. For this reason, the choice ofH = Im

might not fulfil this requirement, one may actually further
reduce the residual noise level at the price of introducing
certain signal distortion, which is the focus of this study.

Similar to the idea in the work [4], let us impose a time
domain constraint (TDC)µ on the term of residual noise
NH and treatR = D(H − Im) + µNH as the part that re-
quires an overall minimal distortion, whereµ2 ∈ [0,+∞) is
the Lagrange multiplier determined by the admissible noise
level from the practical demand (see the discussions in [4]).
As the measure of the overall distortion, the average energy

Ξ ≈ 1
(M −m+ 1)m

tr(RTR) (2)

is the target for minimization, wheretr(·) means the trace
of a square matrix, andRT denotes the transpose of the
matrixR [10].

With R = D(H − Im) + µNH, it can be shown that

tr(RTR) = tr(HT(D + µN)T(D + µN)H)

−2tr(HT(D + µN)TD) + tr(DTD). (3)

Thus the minimization of the average energy (Eq. (2)) re-
quires that∂tr(RTR)/∂H = 0, whose solution [11] leads to
the optimal projector

Hmin =
{
(D + µN)T(D + µN)

}−1
(D + µN)TD. (4)

With the noise components,∂tr(RTR)/∂H2 = 2(D +

µN)T(D + µN) is positive definite, which confirms that the
extremum taken atHmin is a minimum.

SinceS = D + N, one can also express Eq. (4) in terms
of S andN, i.e.,

Hmin =
{
(S+ (µ − 1)N)T(S+ (µ − 1)N)

}−1

×(S+ (µ − 1)N)T(S− N). (5)

As one may notice, the derived result only relies on the as-
sumption that the time series is stationary and ergodic, and

the condition of independence between the clean signald
and the noise componentn is not necessary. If under the as-
sumption that the clean signald and the noise component
n are independent, statistically one hasDTN = NTD = 0 as
M → ∞. Therefore,STS = DTD + NTN, and Eq. (5) re-
duces to

Hmin =
{
STS+ (µ2 − 1)NTN

}−1
(STS− NTN), (6)

which is the main result in the literature, for example, [3, 4,
7, 8]. In this sense, it is clear that Eq. (5) is a more general
version than Eq. (6).

3. Applications

It is worth to note that the trajectory matrices are all Han-
kel matrices. For example, consider the matrixS in Eq. (1),
its entries satisfy thatS(i, j) = S(k, l) if i + j = k + l, where
S(i, j) is the element of matrixS on i-th row and j-th col-
umn. However, the transformed matrixZ = SH usually is
not a Hankel matrix, and there are many choices to extract
the augmented (scalar) data{zi}Mi=1 from the matrixZ. In
this work we adopt the method of secondary diagonal aver-
aging [5, p. 24], which takes the average over the elements
along the secondary diagonals of matrixZ as the filtered
signal{zi}Mi=1, and thus can form a new trajectory (Hankel)
matrix ZH from {zi}Mi=1. The main advantage of this choice
is that it is optimal among all “Hankelization” procedures
in the sense that the matrix differenceZH − Z has minimal
Frobenius norm [5, p. 24 & p. 266].

We select the signal-to-noise ratio (SNR) as the measure
to evaluate the performance of our scheme for noise reduc-
tion, which is defined (in dB) as [4, 8]

S NR= 10 log10
‖d‖2
‖z− d‖2 , (7)

where‖d‖2 =
M∑

i=1
d2

i and‖z− d‖2 =
M∑

i=1
(zi − di)2. From the

definition, it can be shown that‖d‖2 / ‖z− d‖2 is the ratio of
the average energy of the clean signal to that of the residual
signal (the overall distortion), and minimizing the average
energy of the residual signal will optimize the SNR perfor-
mance.

We first apply our method to a simulated time series (the
x component) of the Rössler system


ẋ = −(y + z)
ẏ = x + 0.15y
ż = 0.2 + (x− 10)z

(8)

The sampling time is 0.1 units for the integration of the
differential equations. A time series with 9,000 data point
is generated after sufficiently long time to avoid transient
states. To construct the trajectory matrices, the window
size is set tom = 20.
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Table 1: Performances of the TDC projections for the Rösler system in terms of
SNR (dB) (reproduced from [10]).

TDC µ Additive white noise Additive colored noise Multiplicative noise
20→ 25.50± 0.09 20→ 20.92± 0.05 20→ 21.11± 0.10

0.0 10→ 15.95± 0.11 10→ 10.89± 0.04 10→ 11.14± 0.09
0→ 5.88± 0.06 0→ 0.87± 0.04 0→ 1.16± 0.10

20→ 25.80± 0.10 20→ 21.07± 0.05 20→ 23.23± 0.24
0.5 10→ 17.74± 0.15 10→ 11.64± 0.06 10→ 14.42± 0.23

0→ 9.71± 0.10 0→ 3.12± 0.08 0→ 6.97± 0.22

20→ 26.27± 0.11 20→ 21.17± 0.05 20→ 24.44± 0.34
1.0 10→ 18.29± 0.16 10→ 11.89± 0.07 10→ 16.12± 0.32

0→ 10.10± 0.09 0→ 4.15± 0.09 0→ 9.56± 0.33

Now let {si}Mi=1 and {di}Mi=1 denote the noisy and clean
signals of the Rössler time series respectively. In the fol-
lowing let us consider three scenarios where the clear sig-
nal is contaminated with certain type of noise. In the
first case, the contamination source is additive white noise
{ξi}Mi=1 (so thatsi = di +ξi), which follows the normal Gaus-
sian distributionN(0,1) (denoted byξi ∼ N(0,1) hence-
forth). In the second case, the contamination is additive
colored noise{ηi}Mi=1 (so thatsi = di + ηi), which is pro-
duced from the third order autoregressive (AR(3)) process
ηi = 0.8ηi−1 − 0.5ηi−2 + 0.6ηi−3 + ξi (ξi ∼ N(0,1)). In the
last case, the contamination source is multiplicative noise
{ζidi}Mi=1 (so thatsi = (1 + ζi)di). As an example, we let
ζi = η2

i , where{ηi}Mi=1 is from the previousAR(3) process.
Obviously, in this case the noise component{ζidi}Mi=1 is cor-
related to the clean data{di}Mi=1.

For each of the above cases, the contamination noise has
three different levels (20 dB, 10 dB, 0 dB respectively),
and for each noise level, we generate 10 different noise
samples from the same process for calculation. Our ob-
jective is to study the performance of phase space projec-
tion for noise reduction under different TDC constraintsµ.
As examples, we let TDCµ = 0, 0.5 and 1 separately.
TDC µ = 0 corresponds to the least-squares (LS) projec-
tion based on the SVD technique that has be studied in, for
example, [1, 2, 14]2. While µ = 1 leads to the well-know
linear minimum mean-squared-error (LMMSE) projection
[8, 13]. For comparison, the performances of these TDC
projections are listed in Table 1 in terms of SNR values.

From Table 1 it is easy to find that, for the Rössler sys-
tem our method works for all of the three scenarios. But
the effect of data augmentation for additive colored noise
is not as obvious as those for additive white noise and mul-
tiplicative noise. It also shows that, in general, the LMMSE
projection has superior performance to that of the LS pro-

2In this case one has to specify the dimension of the signal-plus-noise
subspace in order to group the EOFs and eigenvalues that correspond to
the noisy signal and remove the complementary noise subspace. Here
we adopt the criterion of false nearest neighbor [9] implemented in the
TISEAN package [6] and set the dimension sizeK to be 5.

jection in the measure of SNR.
We then apply our method to an experimental speech

record with 8,000 data points, which is sampled at 44 kHz
and quantized to 16 bits (Fig. 1 (a)). But note that, in this
case for the noisy signal, the noise is not separable from
the clean signal (without thea priori knowledge), there-
fore it would be preferred if one could produce a set of re-
alizations that mimic the behavior of the underlying noise.
For this purpose, the pseudo-periodic surrogate (PPS) algo-
rithm [12] is adopted to generate 9 surrogates based on the
original background noise (in the period without the speech
signal). Our calculations reveal that, the SNR of the orig-
inal speech data is about−0.32± 0.18 dB. After introduc-
ing phase space projections to the speech data, for the LS
(µ = 0) projection3, the augmented SNR= 4.36± 0.41 dB.
While for the cases of TDCµ = 0.5 and 1, the correspond-
ing SNRs increase to 6.28± 0.61 dB and 6.97± 0.66 dB
respectively. For illustration, we plot the waveforms of the
original speech record and the three augmented data under
different TDCs in Fig. (1). The similar result is obtained in
this case, that is, the LMMSE projection (µ = 1) produces
a smoother speech waveform (panel (d)) than that of the
LS projection (panel (b)), which is an advantage against its
rival in speech communication since it often means better
communication quality.

4. Conclusion

In this work we re-examined the phase space projec-
tion technique for noise reduction, especially in the field
of speech communication. By imposing a time domain
constraint on the residual noise, the optimal projection is
obtained in the sense of minimizing the overall signal dis-
tortion (subject to an admissible noise level). It was also
showed that, in general one need not assume independence
between the clean signal and the noise component as did in

3The window sizem = 30 and the dimension size of signal-plus-noise
subspace to beK = 8
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Figure 1: (a) Original speech record; (b), (c) and (d) Speech data output from TDC projectors withµ = 0,0.5 and 1
separately (reproduced from [10]).

the literature. This viewpoint was confirmed by our numer-
ical results.
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Abstract—We are considering generating more electric-
ity by adjusting wind turbines to the future wind. By for-
mulating this problem mathematically, we show that for
controlling wind turbines, we need to predict the wind di-
rection and the absolute wind speed for certain steps. For
this problem of multi-step predictions, we compare several
possible methods including direct and iterative predictions.

1. Predicting the wind

Since the number of wind turbines is increasing world-
wide, predicting the wind is getting much attention. There
are mainly three purposes for predicting the wind. The first
purpose is to estimate the future supply for the electricity.
For this purpose, we need to predict the wind in the order of
hours and it is done by medium-range weather forecasts [1]
or time series predictions [2, 3, 4]. The second purpose is
to avoid damages caused by gusts. For this purpose, we
need to predict the timing of gusts in the second order. It is
done by a Markov chain [5, 6, 7, 8].

The third purpose is to generate more electricity by ad-
justing a wind turbine to the predicted wind. For this pur-
pose, we need to predict the wind direction and absolute
wind speed for a certain period of time. We formulate this
problem of controlling a wind turbine as an optimal con-
trol that maximises the net benefits generated by a wind
turbine. In detail, the problem can be described as follows:
Let v̂t be the expected absolute wind speed at time t, θ̂t, the
expected wind direction at time t, φ(t), the controlled nor-
mal direction of wind turbine, f (w), the benefit obtained
when the wind speed perpendicular to the face of the rotor
is w, and c(φ), the total costs necessary for controlling the
wind turbine along the orbit φ. Then the problem to solve
is written as

max
φ

















k+T−1
∑

t=k+1

f (v̂t cos(θ̂t − φ(t))) − c(φ)

















. (1)

The term c(φ) can be further decomposed into, for example,
three terms such as

C1

k+T−1
∑

t=k+1

‖φ(t) − φ(t − 1)‖ + C2

k+T−1
∑

t=k+1

‖φ̇(t) − φ̇(t − 1)‖

+C3

k+T−1
∑

t=k+1

‖φ(t) − θ̂t‖.

(a)

5m

N

(b)

5m

N

Figure 1: Observational setups for (a) 23 April 2006 and
(b) 29 April 2006.

The first term is proportional to how big angle we turn the
wind turbine by. The second term is for changing the turn-
ing velocity. The third term is for damages caused by the
difference between the wind direction and the direction of
wind turbine.

2. Experimental observation

For establishing some methods for predicting the wind
direction and absolute wind speed, we used real wind data.
The datasets we use here were observed with 50 Hz for
about 6 hours in the inner court of our institute on 23
April 2006 and 29 April 2006. We located two identical
anemometers about 1 m above from the ground. On 23
April 2006, an anemometer was located 5m west from the
other, while it was located 5m south from the other on 29
April 2006 (Fig. 1). The dominant wind direction on the
both days was that of west. We consider these settings as a
1/100 model of a wind farm.

In the previous studies, we found that the wind measured
in a similar way has serial dependence and that it is some-
times nonlinear [9]. During the test for serial dependence,
a rejection occurred in a strange way. Our analyses [10]
using models confirmed that this might happen by obser-
vational noise, dynamical noise, and/or high dimensional-
ity of system. We also tried to predict the wind speed for
a certain direction and showed that the wind speed is not
predicted well using the observation of the predicted point
only, while it can be better predicted if we have an extra
observation point at the upstream [9].
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Since the datasets look contaminated with observation
noise, we took the moving average of 2 seconds and re-
sampled it every 2 seconds. In what follows, we try several
methods for predicting the wind direction or the absolute
wind speed at an anemometer. During the evaluation, we
used the first 2000 points for making a mathematical model
and tried to predict the following 200 points. Then we
shifted the windows by 200 points and repeated the above
processes 44 times. We calculated the root mean square
errors for the whole of each data set.

3. Direct and iterative methods

For predicting the wind direction or the absolute wind
speed, we consider two classes of predictions, each of
which contains two methods. The first class is that of di-
rect predictions. The first method in this class is the speed
and direction (sd) method. In this method, we prepare the
wind directions and absolute wind speeds of the past and
predict the future wind direction or absolute wind speed
from them directly. But this method did not work well for
the wind direction since the wind direction takes a value on
a ring [11, 12]. Our second method in this class is the 2
dimensional (2d) method. In this method, we use the east
and north winds of the past to predict the future values of
these directly. Then we calculate the wind direction from
them.

The second class is that of iterative predictions. The first
method in this class is the simple iterative method. In the
simple iterative method, we prepare a model predicting for
a short range and apply it several times to have the pre-
dictions of the east and north winds at both points for ap-
propriate steps. Then we calculated the quantities we want
from them. The model for predicting for the shortest term
is equivalent to that of 2d method. We cannot use the model
for the sd method here because the sd method does not
yield good predictions for the wind direction. There is a
long debate on direct and iterative predictions [13, 14, 15].
One of the products is the second method in this class, the
ξφ-method [15]. In this method, first we predict the future
values using the simple iterative method. Then we correct
them using another function called ξ. Lastly, we calculated
the wind direction or absolute wind speed from them.

When building each model, first we selected an opti-
mal set of delays for reconstruction using the method of
Ref. [11] and then we constructed a radial basis func-
tion+affine model as prescribed as in Ref. [17].

4. Predicting the wind direction

We first predicted the wind direction using the above
methods. The prediction errors are summarised in Fig. 2.
The sd method was always the worst as we expected. The
iterative methods worked well. Especially the ξφ-method
achieved one of the smallest errors among the tested meth-
ods. When the second observation point was neither at the

upstream nor at the downstream, the 2d method performed
similarly as the persistent prediction, where we declared
the value 2 seconds before as a prediction. In Ref. [15], it
was argued that a direct prediction is better when the model
predicting a short term is not accurate or there is a dynami-
cal noise. Our results might imply that we have a relatively
good short-term model and that the effects of dynamical
noise is not so significant.

5. Predicting the absolute wind speed

We also predicted the absolute wind speed. The perfor-
mances are compared in Fig. 3. The sd method worked bet-
ter than the others especially when we predicted the abso-
lute wind speed for long ranges. It also worked well when
the second observation point was neither at the upstream
nor at the downstream. These results simply seem to mean
that in general we had better build a model that predicts
what we want.

6. Conclusion

For predicting the wind direction, we can enjoy the bet-
ter predictions by first predicting the wind speed in each
direction and then calculating the interested quantity from
these predictions. The iterative predictions are better than
the direct predictions especially when the second observa-
tion point is at neither the upstream nor the downstream.

For predicting the absolute wind speed, it is better to use
the direct and speed method especially when the second
observation point is at neither the upstream nor the down-
stream.

Thus we should combine the two above approaches for
simulating controlling a wind turbine.
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Figure 2: Comparisons of different prediction methods in root mean square errors for predicting the wind direction.
Figures (a) and (b) were obtained from the dataset taken on 23 April 2006, and Figs. (c) and (d), from the dataset taken
on 29 April 2006. In each figure, the horizontal axis corresponds to the prediction steps, i.e., how far future we predicted,
and the vertical axis shows the root mean square error. The green, blue, red, magenta, and black lines indicate the
performances of sd method, 2d method, simple iterative method, ξφ-method, and persistent prediction, respectively.
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Figure 3: We predicted the absolute wind speed using different prediction methods and compared their root mean square
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Abstract—By using a recently developed method that
is specifically designed to seek temporal correlation among
cycles in pseudoperiodic time series, we are able to identify
chaos in the human electrocardiogram (ECG) from both
healthy and pathological groups. This method uses correla-
tion coefficient as a measure of distance between cycles and
further constructs a hierarchy of pseudo cycle series that in
turn preserve less determinism than the original one. Ap-
propriate statistics are then devised to reveal the temporal
and spatial correlation encoded in this hierarchy of pseudo
cycle series, which allows for reliable detection of chaos
in the original time series. The method is free from phase
space reconstruction and also proved to be robust to differ-
ent noise and nonstationarity. We provide evidence that the
human cardiac system is chaotic by using this method.

1. Introduction

During the last two decades, a great deal of work
has been devoted to understanding the physiological in-
formation behind the variability of the cardiac cycle.
Among them, nonlinear system theory has provided a new
paradigm to explain the seemingly random signal and ap-
pears to be very promising in understanding the compli-
cated dynamics in the human heart. However, the number
of successful practical applications of chaotic methods to
biological data has remained rather small. This is because
a typical biological data set will be short, noisy and not sta-
tionary enough to yield meaningful results. Classical dy-
namical indices therefrom such as correlation dimension,
Lyapunov exponent and entropy [1, 2, 3] have been used
extensively to examine whether the human electrocardio-
gram (ECG) time series is chaotic. However, the reliability
of these indices has been questioned. The basic difficulty
is in ascertaining whether the experimental time series is
generated by a chaotic or a linear stochastic process. It has
now been realized that the usual measures like saturation of
correlation dimension and existence of positive Lyapunov
exponent cannot by themselves establish the chaotic behav-
ior of the system [4].

In contrast to the above nonlinear approaches, the sur-
rogate data method [5] provides a linear statistical test
in search of nonlinear determinism. For example, Small
et.al.[6, 7] have produced a novel pseudoperiodic surrogate
and concluded that human ECG during both sinus rhythm
and VT is consistent with deterministic nonperiodic in-

tercycle dynamics. Surrogate data analysis together with
the short-term prediction analysis are also used to check
whether the time series fromm ECG is consistent with the
hypothesis of deterministic chaos [8]. It should be noted
that for surrogate data analysis, we usually cannot detect
the presence of chaos directly, but claim that, for example,
the underlying process is consistent with a nonlinear one.

In this paper, we apply a newly developed method [9]to
the human ECGs to detect the presence of chaos directly.
Unlike most methods that require the reconstruction of the
phase space , the method used here divide the pseudoperi-
odic time series into successive cycles that serve as the ba-
sic processing units. Linear correlation coefficient is then
used as a measure of the distance between different cycles
and the cycles are rearranged accordingly, building a hi-
erarchy of pseudo cycle series that effectively encodes the
inner-correlation in the original time series. Several new
statistics are then devised to extract information within and
across these newly created pseudo cycle series, which en-
ables the detection of determinism and chaos. This ap-
proach is demonstrated to be robust to both measurement
noise (white and colored noise) and dynamical noise, and
this can be of special benefit in ECG analysis, in which the
time series are always noisy and nonstationary.

2. Description of the method

We use the chaotic time series from thex component of
the well know Rössler system given by:



















x′ = −(y + z)
y′ = x + 0.398y
z′ = 2+ z(x − 4)

(1)

for illustration of the method. Given the pseudoperiodic
time series{xi}n1 of n observations, the first step is to seg-
ment the pseudoperiodic time series intom consecutive cy-
cles according to the local minimum (or maximum), de-
noted as{C1,C2, ...,Cm}. For each pair of cyclesCi andC j

(i, j = 1, 2, ...,m, i , j) with lengthli andl j, respectively,
we then define the correlation coefficient as follows (with-
out loss of generality, supposeli < l j)

ρi j = max
l=0,1,...,l j−li

Cov
[

Ci(1 : li),C j(1+ l : li + l)
]

√
V [Ci(1 : li)]

√

V
[

C j(1+ l : li + l)
]

(2)
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whereCi(a : b) denotes the segment between theath and
the bth element inCi. This definition means that if two
cycles are not of the same length, we will shift the shorter
cycleCi onto the longer oneC j for (l j − li) steps, calculate
one correlation coefficient betweenCi and the correspond-
ing part ofC j in each step, and pick out the largest one as
the correlation coefficient betweenCi andC j.

The correlation coefficientρi j measures the similarity of
waveform between cycleCi andC j. The larger theρi j, the
higher the level of similarity. Considering the continuity
and smoothness of the vector fields of deterministic sys-
tems, two cycles with a largerρi j will also be close in the
phase space.

Now we study the correlation coefficient between each
pair of cycles in detail. For cycleCi, (i = 1, 2, ...,m), we
first calculate its correlation coefficients with the remain-
ing (m − 1) cyclesC j ( j , i). Then we sort theseρi js
in descending order, and the (m − 1) cycles are also rear-
ranged correspondingly. Denote the sorted cycle sequence
as a column vectorRi = {CS i1,CS i2, ...,CS i(m−1)}′, whereS i j

is the index of thejth most similar cycle toCi. Then, by
picking out thepth (1 ≤ p ≤ m − 1) element from each
column R1,R2, ...,Rm and linking them together in order,
we can build a (row) sequence ofm cycles, denoted as
Tp = {CS 1p ,CS 2p , ...,CS mp}. For consistency, the original
cycle series is denoted asT0 = {C1,C2, ...,Cm}.

Note that each cycle inTp is thepth “closest” to the cor-
responding cycle inT0, therefore asp gradually increases,
Tp will grow less and less similar toT0, i.e.,T1 is the most
similar and nearest cycle series toT0, while Tm−1 is the
most different and farthest one. We call thesem − 1 cycle
seriespseudo cycle series as opposed to the “real” cycle se-
riesT0. The construction of this hierarchy of pseudo cycle
seriesTp (p = 1, 2, ...,m−1), as we shall see later, provides
a novel way to examine the deterministic and chaotic struc-
ture in the original time series. It should be noted that the
Tps are not necessarily reorderings ofT0, since, for exam-
ple, two cycles may have the same cycle as nearest neigh-
bor which would result in a double entry inT1.

Now we demonstrate how to extract useful informa-
tion from theTps. For clarity of notation, we useS p to
represent the sequence of the cycle indexes inTp, i.e.,
S p = {S 1p, S 2p, ..., S mp}. Then we count the number of
cycle-pairs inTp that satisfy the following condition

S p(i + k) − S p(i) = k, (1 ≤ i ≤ m − k; k ≥ 1) (3)

whereS p( j) represents thejth element inS p. Physically,
this means that we not only see cycleCi evolve into cycle
Ci+k afterk cycles inT0 (which is trivial), but also seeCi’s
pth closest cycleCS ip evolve intoCi+k’s pth closest cycle
CS (i+k)p after k cycles inTp. Intuitively, this indicates the
two cyclesCi andCS ip nearby in phase space are strongly
correlated by sharing similar dynamical evolution, and the
correlation time lasts fork cycles. We useNpk to denote
the number of cycle-pairs inTp that satisfy the condition
(3). Note that for higherp and higherk the condition (3)
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ln
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pk
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Figure 1: Cycle divergence rate for (a)x component of
Rössler system.

can be fulfilled by chance. To avoid this, we use a more
strict condition, i.e., for each cycle spank only the pairs
of cycles should be counted that fulfill condition (3) for all
cycle span≤ k. Considering it’s hard for this condition to
be strictly met in the presence of noise, we suggest using
this condition for clean data, and condition (3) for noisy
data.

For chaotic systems, the distance between two nearby
cycles will increase exponentially over time due to the very
nature of sensitivity to initial conditions. Therefore, the
correlation between two cycles, which is reflected inNpk,
is also expected to drop exponentially with the cycle span
k. The semilog plot ln(Npk) ∼ k thus appears to be a
straight line (See Fig.1), whose slope is actually related to
the largest Lyapunov exponent. The larger the|4 ln Npk

4k |, the

higher the level of chaos. So we can use|4 ln Npk

4k | as an indi-
cator of chaos, which we callcycle divergence rate (CDR).
Usually we usep = 1 for CDR, becauseT1 is the most sim-
ilar cycle series toT0, and therefore maintains most of the
determinism and chaos. Whenp increases,Tp will inherit
less determinism and chaos fromT0, therefore ln(Npk) ∼ k

will be subject to more statistical fluctuations, and|4 ln Npk

4k |
(a linear fit to ln(Npk) ∼ k) will also drop because the level
of chaos decreases.

It’s interesting to see that by summing theNpk ∼ k curve
for the first θ pseudo cycle series, i.e.,Nk =

∑θ
p=1 Npk

(θ = 0.15m), we can find a power law relation betweenNk

andk, i.e., a linear dependency between ln(Nk) and ln(k).
This is similar to the combination of a number of stochastic
processes whose autocorrelation functions decay exponen-
tially with different time constants, and the resultant pro-
cess assumes a power law relation in its autocorrelation
function. We call|4 ln Nk

4 ln k | average cycle divergence rate
(ACDR), see Fig.2 (a) ( the line with symbol “ring”) for
illustration. And a larger ACDR indicates higher level of
chaos. Experimentally, ACDR is more robust to noise. See
Fig.2 for the ACDR in the presence of different kinds of
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noise.

3. Application to human electrocardiograms

In this section, we calculate the ACDR for time series
from various ECGs. The reason why we choose ACDR
rather than CDR is that the former is more robust to dif-
ferent kind of noise (which is common for the ECG time
series) since it involves a summation over all pseudo time
series produced.

Fig.3 give the results for the ECGs being checked. We
find that the ECGs from different subject, either healthy or
those suffer from heart diseases, or even those in VF (ven-
tricular fibrillation) all exhibit chaotic correlation between
cycles, i.e., there are scaling regions in all the ACDR plot
on a log-log scale. Actually for most ECG time series we
have examined, the chaotic correlation between cycles is
found to be present. This finding is consistent with pre-
vious results in the literature. Different from them, how-
ever, is that with our method chaos is detected directly by
finding the correlation between cycles decreasing exponen-
tially with the cycle span, rather than through surrogate
data methods or using classical measures that easily lead
to false results in the presence of noise. The finding of
chaos in ECG has great clinical implication. It open the
possibility to control the heart to desired state via the“chaos
control”.

It should be noted that there are not significant difference
in the slope of the scaling region in the ACDR plots across
different groups. As for the ECG from ventricular fibrilla-
tion (VF), the corresponding time series is relatively short,
thus leading to a short scaling range in ACDR.

4. Conclusion

By using a recently developed method that seeks chaotic
correlation among cycles in pseudoperiodic time series, we
have directly identified chaos in the human electrocardio-
grams for various groups including healthy, pathological,
and those in VF. Our work suggest that the dynamics of
heart might be amenable to the chaos control techniques.
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Abstract—
Recurrence Quantification Analysis is used to de-

tect transitions chaos to periodical states or chaos to
chaos in a new dynamical system proposed by Liu et al.
This system contains a control parameter in the second
equation and was originally introduced to investigate
the forming mechanism of the compound structure of
the chaotic attractor which exists when the control pa-
rameter is zero.

1. Introduction

One common procedure, indeed the only one at
times, to understand the behavior of a dynamical phe-
nomenon is through the study of the time series it
generates. This is particularly interesting in nonlin-
ear cases, as is shown by its use in fields as diverse
as Physics, Medicine, Psychology, Economics or En-
gineering. Among methods based on nonlinear time
series analysis, recurrence plots and their quantifica-
tion analysis are worthy of note.

The technique of recurrence plots was proposed by
Eckmann et al. [1] as a graphical tool to study the
time dependence behavior of a time series without any
a priori assumption on the generator system. In order
to quantify the most important features of a recur-
rence plot, Zbilut and Webber [2, 3], and Marwan [4]
have, over the last ten years, developed the Recurrence
Quantification Analysis (RQA).

The measures of RQA have been used by some re-
searchers to detect bifurcation points in time series
generated from systems whose behavior is well-known,
like the logistic equation or the Lorenz system [5, 6].
The indicators introduced by Zbilut and Webber are
able to find transitions between chaos and periodical
states, and those developed by Marwan also identify
chaos-chaos transitions [7]. We use recurrence quan-
tification analysis to ascertain values of a control para-
meter that cause changes in the asymptotic behavior
of a new dynamical system proposed recently by Liu et
al. [8]. In their paper, the authors study the limit be-
havior of the system for different values of the control
parameter in order to clarify the forming mechanism
of the compound structure of the chaotic attractor ex-
isting when the control parameter is zero.

Here, we generate a time series for this model by

increasing the control parameter in each iteration and
we apply RQA to these data. This is a time series in
which the transient behavior has not been removed,
as is usual in this kind of applications [5, 6], in order
to reduce the number of calculations. Other studies
indicate that the performance of the RQA measures is
quite similar to when a separate time series is gener-
ated for each value of the control parameter for which
transients are removed [7].

In the following section, we review the recurrence
measures which will be applied to a time series from
Liu’s system in Section 4. In Section 3, we show the
rich variety of complex dynamical behaviors of the sys-
tem studied together with its Lyapunov exponents.
Section 5 concludes with some comments and ideas
for future research.

2. Recurrence Quantification Analysis

If we have a one-dimensional time series, {xi}n
i=1,

from an unknown dynamical system, we can recon-
struct a phase state trajectory equivalent to the orig-
inal phase space trajectory by embedding the one-
dimensional time series in an m-dimensional space,
using the delay coordinates method. The Takens and
Stark theorems [9, 10] guarantee the preservation of
the topological structures of the original trajectory
when an embedding dimension m and a lag τ are prop-
erly chosen. The embedded points are

xi = (xi, xi+τ , ..., xi+(m−1)τ )

with i = 1, 2, ..., N , where N = n − (m − 1)τ .
Recurrence plots are based upon the distances be-

tween the m-dimensional reconstructed points. Specif-
ically, a recurrence plot is a symmetrical array N ×N,
in which a black point is placed at coordinates (i, j)
whenever the vector xi = (xi, xi+τ , ..., xi+(m−1)τ ) is
close to the vector xj = (xj , xj+τ , ..., xj+(m−1)τ ). The
closeness has to be within a fixed threshold distance
ε > 0. It is also possible to define asymmetrical RPs
or even to use different colors to represent different
distances [6].

If a time series is deterministic, there will be diag-
onal and vertical lines in its recurrence plot, because
recurrent behavior is a property of dynamical systems.
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When the motion is periodic, the diagonal lines will be
longer than those in a chaotic phenomenon. However,
if the time series is independently and identically dis-
tributed, these lines will only exist by chance, so they
will be shorter and the plot will present homogeneity
in the distribution of recurrent points.

The principal advantage of this technique is that it
does not impose any restriction on data distribution,
nor on length nor stationarity. In terms of stationarity,
a recurrence plot which is paling away from the princi-
pal diagonal would correspond to a nonstationary time
series.

In the early 90’s, Zbilut and Webber [2, 3] devel-
oped some measures based on diagonal lines in recur-
rence plots. Ten years later, Marwan [4] carried out
the quantitative analysis of vertical lines. Only five of
these measures are used in this paper. The first three
are related to diagonal lines and the last two to vertical
lines:

Percent of recurrences: This represents the propor-
tion of recurrent points, understood as two points
which are separated by less than a fixed threshold
distance ε. So,

%REC =
100
N2

N∑
i,j=1

Ri,j ,

where Ri,j = Θ(ε − ‖xi − xj‖) , with Θ(.) the
Heaviside function and ‖.‖ a selected norm.

This is a measure of the density of recurrent
points, which corresponds to the definition of cor-
relation sum and reveals the probability of occur-
rence of similar states. For the dynamics to be
properly described, it is important to choose an
appropriate value for ε. Too large a value would
lead to detecting recurrent behavior where there
is no such behavior, while too small a value would
result in a quantification of the noise only. The
minimum percentage of recurrence required to ob-
tain meaningful RQA is recommended as 1 [11].

Percent of determinism: This gives the ratio of re-
current points that form diagonals to all recurrent
points,

%DET = 100

∑N
l=lmin

lP (l)∑N
i,j=1 Ri,j

,

where P (l) is the number of diagonal lines with
length l. Note that a diagonal line of length
l starts in (i, j) when Ri+k,j+k = 1 for k =
0, 1, ..., l − 1. The minimal length considered for
diagonal lines, lmin, would have to be more than
2. Processes with stochastic behavior cause no,
or very short, diagonals whereas deterministic

processes are related to longer diagonal lines and
fewer isolated recurrent points. This quantity is,
therefore, a measure of predictability.

Maximal length of diagonal lines: This is related to
the largest positive Lyapunov exponent. Periodic
systems have longer diagonal lines than chaotic
ones.

Laminarity: This is the percent of recurrent points
forming vertical lines in an RP,

LAM = 100

∑N
v=vmin

vP (v)∑N
i,j=1 Ri,j

,

where vmin is the minimal length of vertical lines
considered and P (v) denotes the number of ver-
tical lines with length v. A vertical line occurs
when a state does not change or changes slowly
and it has length v starting at xi when Ri,j+k = 1
for k = 0, 1, ..., l − 1. Usually vmin = 2 is taken
as the value to study transitions in the dynamics
due to changes in the parameters of the system.

Trapping time: This refers to the average length of
vertical lines,

TT =

∑N
v=vmin

vP (v)∑N
v=1 P (v)

,

and it measures the mean time that the system is
trapped in a specific state.

3. A new chaotic attractor: Liu’s attractor

Several three-dimensional quadratic autonomous
systems, capable of generating different chaotic behav-
ior, have been studied recently [12, 13]. One of them,
proposed by Liu et al. [8], is described by the following
nonlinear differential equations,

ẋ = 10(y − x) (1)
ẏ = 40x− xz

ż = −2.5z + 4x2.

For deeper knowledge of the forming mechanism of its
chaotic attractor, these authors study the controlled
system resulting from adding a parameter e to the sec-
ond equation. Using numerical simulation, Liu et al.
[8] explore the behavior of the system for different val-
ues of e. When e = 0, the system has a two-scroll
chaotic attractor with a compound structure, which
they try to reconstruct by visualizing the shape of the
attractor when |e| = 14, 18 and 40. They obtained
periodic structure when |e| = 40, a strange attractor
with a single scroll when |e| = 18 and a strange attrac-
tor with two scrolls if e = 0. In all cases, the initial
condition was (2.2, 2.4, 38).
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Figure 1: Lyapunov exponents of Liu’s system versus the
control parameter e.

In order to have a broader view of the behavior of
the system, we calculate the largest Lyapunov expo-
nent for 0 ≤ e ≤ 70 using the same initial condition
as [8]. Lyapunov exponents measure the divergence or
convergence of nearby trajectories. A negative maxi-
mal Lyapunov exponent reflects that two trajectories
approach a stable fixed point exponentially. If the mo-
tion settles down onto a limit cycle, the maximal Lya-
punov exponent is zero. And if two trajectories di-
verge exponentially, the maximal Lyapunov exponent
is positive, which indicates the existence of chaos. For
the computation of the largest Lyapunov exponent, we
have used the well-known Wolf algorithm [14]. The re-
sults are shown in Figure 1. There exists a large range
of values for e (from 0 to 33.5, approximately) cor-
responding to a chaotic motion, although with many
short periodic windows. In another interval (from 33.5
to 229.13), there exists a limit cycle, and finally (from
229.13 to infinity) the attractor is a fixed point. Note
that the system is dissipative for all values of e (the
divergence was always negative and equal to −12.5).
Moreover, the graph is symmetric for negative values
of e, so these have not been represented.

4. Application

In this section, RQA has been applied to find transi-
tions in the asymptotic behavior of Liu’s system when
the control parameter changes.

Firstly, as Trulla et al. or Iwanski and Bradley
did with the logistic equation and the Lorenz system
[5, 6], a time series was generated without removing
transients. We numerically integrated Liu’s equations
using a fourth-order Runge-Kutta method, increasing
the parameter e at each iteration step from 0 to 70,
and we obtained a total of 150,000 three-dimensional
points. The initial condition selected was (2.2, 2.4,
38). In the subsequent analysis, the one-dimensional
time series used was {xi}, although similar results were
obtained with components y or z.

Before applying RQA, a state space trajectory
equivalent to that of (1) was reconstructed from the

(a) Percent of determinism (c) Laminarity

(b) Maximal length of diagonal lines (d) Trapping time

Figure 2: Measures RQA.

one-dimensional series {xi}. This requires choosing
suitable dimension embedding, m, and delay, τ . In
this setting of nonstationarity, a sufficiently large em-
bedding m would have to be chosen such that the m-
dimensional space would contain the relevant dynam-
ics of the system from which the time series comes [11].
Since in our case the true system is known, we use
m = 7 [9, 10]. Otherwise, standard methods should
be employed, e.g. false nearest neighbors [15] or Cao’s
method [16]. The minimum of the mutual informa-
tion function was employed to calculate the delay τ
[4]. Thus, with m = 7 and τ = 9 a 7-dimensional time
series of 149,964 data was obtained.

RQA was repeatedly performed on windows with
1,000 data from this 7-dimensional time series, veri-
fying that two consecutive windows had 990 data in
common. Thus, 14,895 values for each RQA measure
were calculated. These measures have been computed
using the RQA program developed by Zbilut and Web-
ber.

In Figure 2(a), where determinism versus parameter
e is plotted shows three clear relative maxima for val-
ues of e around 5.8, 11 and 20. This would indicate the
existence of limit cycles near these parameter values.
It is also observed that this indicator in general in-
creases as of e = 28.5, with higher values than before.
The high values near to 33.5 are also worthy of note.
These results are confirmed by those obtained by the
maximum length of diagonal lines (Figure 2(b)). In re-
lation to the graph that shows the laminarity (Figure
2(c)), it is important to highlight that this measure de-
creases abruptly around e = 16.3. Moreover, the lam-
inarity begins to decrease gently near e = 33.5, when
periodical states start. Analogous behavior presents
the trapping time statistics (Figure 2(d)), although
this index also reveals a drop around e = 28.5, where
another periodic window exists.
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To summarize, it seems that the system presents the
following different limit behaviors: for values of the
parameter above 50, it has simple periodic behavior;
when the parameter is between 33.5 and 50, approx-
imately, the motion is cyclical but more complicated
(period-doubling bifurcations); between 28.5 and 33.5
the behavior is chaotic, as for values smaller than 28.1.
For e < 28.1 the attractor is chaotic but an increase
in its complexity is detected for values below 16.3 (the
chaotic attractor has two scrolls there, but only one for
values greater than 16.3), although some cyclic win-
dows with greater levels of determinism exist.

5. Conclusions

Measures based on the information contained in re-
currence plots have been used in literature to detect
points of bifurcation from time series generated from
systems whose behavior is well-known, e.g. Lorenz sys-
tem or logistic equation. This paper shows that some
of these measures are effective in identifying values
of the control parameter e around which the asymp-
totic behavior of Liu’s system changes. Specifically,
the measures based on diagonal lines are useful to lo-
cate changes between periodic and chaotic behavior,
and those constructed from vertical lines are better for
distinguishing chaotic attractors of different shapes.

The analysis has been carried out using a time series
with a specific length (150,000 data), but other simu-
lations with smaller lengths have also been developed
(75,000 and 50,000 points) recovering the same interval
for the parameter (0 ≤ e ≤ 70), and we have obtained
similar results, although these are not so clearly de-
fined. A more detailed study would be necessary to
identify exactly the information lost on account of the
reduction in the length.

Further work needs to be done to theoretically un-
derstand the changes in the limit behavior of this sys-
tem to different values of the control parameter e. Fur-
thermore, it would be convenient to study how impor-
tant the choice of the step is in the integration method
used to obtain the time series and to understand how
the recurrence quantification indicators behave when
the series is perturbed by noise.
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Abstract—In this paper the theoretical bases to design
a true random bit generator circuit with a predefined min-
imum entropy are discussed. The approach is tailored to
generators based on the Sawtooth chaotic map, and it is
based on a feedback control system designed for the opti-
mization of the system parameters. The design approach
was validated by an hardware prototype implemented on a
Field Programmable Analog Array.

1. Introduction

An ideal True Random Bit Generator (TRBG) is a dis-
crete time memoryless binary source with unbiased sym-
bols that presents a Shannon Entropy of 1 bit/time-step. In
practical TRBG circuit implementations the entropy, which
is a quantity strictly dependent on the unpredictability and
the randomness degree of the generated sequences, is lower
than 1 bit/time-step. Since the entropy level can not be
increased by means of deterministic post-processing algo-
rithms without decimation or compression (i.e. without
lowering the TRBG throughput), design approaches that
achieve an adequate entropy at full throughput are of practi-
cal interest [1]. In most of the chaos-based TRBGs (see e.g.
[1]-[3]), the theoretical knowledge about the chaotic sys-
tem information generation mechanism allows for setting
the nominal entropy arbitrarily close to the ideal maximum
Shannon limit [4]. Nevertheless, the behavior of a chaotic
circuit is in general highly sensitive to the tolerances of the
implementation process, and therefore the actual entropy
of the TRBG circuit often results lower than its designed
nominal value [4]. In this paper, a feedback strategy to en-
hance the entropy of TRBG circuits based on the Sawtooth
map that preserves the circuit full throughput is proposed
[1], [4].

2. Chaotic TRBG circuit model

Let us consider the dynamical system (Sawtooth map)

xn+1 =

{
Bxn + A, if xn < 0
Bxn − A, if xn ≥ 0, (1)

where x ∈ R, A, B ∈ R+. As discussed in [2], a possible
implementation of (1) requires five different ideal analog
blocks: one comparator which evaluates the sign of xn, one
gain block B, one adder, one ±A constant generator (driven

by the comparator digital output S n), and one delay block.
In [1], [4] it is shown that a random bit sequence bn can be
obtained by just picking out the binary sequence defined by
the comparator output variable S n, that assumes the logic
value ’1’ if xn > 0, and ’0’ otherwise. Since parameter
A just represents a scaling factor, the stochastic properties
of the system generating bn, hereafter indicated as TRBG,
are dependent only on the parameter B, which must assume
values greater than 1 for the system to be chaotic and not
greater than 2 to avoid the state x being attracted to ±∞. For
B ∈ [

√
2, 2] the two unstable fixed points π1 = A/(1 − B)

and π2 = A/(B − 1) define an interval I ⊂ R such that
any initial state x0 ∈ I triggers a sequence xn eventually
attracted into the chaotic attractor Λ = [−A, A) ⊆ I. Un-
der these hypotheses, different binary sequences are related
to different initial conditions, and their generation prob-
abilities are related to the state invariant probability den-
sity function (pdf) of the chaotic dynamical system [2],[1].
When B = 2 the system state x pdf in (1) approaches a sta-
tionary invariant uniform distribution over [−A, A).
The amount of information supplied by a TRBG and its
grade of redundancy are expressed by the Average Shan-
non Entropy (ASE) defined in what follows. Let be On =

{b0, . . . , bn} an n-bit length generated sequence, where bn ∈
{0, 1}. If P(On) is the generation probability of the sequence
On, the ASE in bit/time-steps is given by

ASE = lim
n→∞

⎛⎜⎜⎜⎜⎜⎜⎝−1
n

∑
On

P(On) log2 P(On)

⎞⎟⎟⎟⎟⎟⎟⎠ (2)

where the summation extends over all the generable se-
quences and the limit is approached from above [2]. Ko-
carev and Stojanovski showed in [4] that the ASE of the
TRBG is an increasing function of the parameter B, and
that it reaches the upper ASE limit of 1 bit/time-step for
B = 2. This result focuses the trade-off imposed to the
TRBG circuit designer: to avoid the B value being greater
than 2 (also accounting for the actual circuit tolerances)
while trying to achieve a B value as close as possible to
this limit in order to maximize the ASE.

2.1. Modeling the non-idealities

In Fig. 1 a modified block diagram that accounts for
the most important non-idealities of circuits implementing
(1) is shown, and in (3) the corresponding modified map is

NOLTA 2006
11-14 september
Bologna - ITALY

375



Figure 1: Block diagram implementing (1) with main non-
idealities included.

Figure 2: The map described by (4)

reported:

f ′(xn) =
{

B (xn + OS B) + A′ + OS A, if xn < OS C

B (xn + OS B) − A′ + OS A, if xn ≥ OS C .
(3)

In Fig. 1 and in (3) the quantities A′ , OS A, OS B, and
OS C have the following meaning:
A′, OS A: any actual implementation of the ±A costant in
(1) is not perfectly symmetric, and issues two quantities
+A1 and −A2; A′ is defined as (A1 + A2)/2, whereas OS A is
defined as (A1 − A2)/2.
OS B: any actual implementation of the gain block B suf-
fers from non-linearities and the presence of offsets. Non-
linearities can be reduced by proper analog design tech-
niques to non-influent values [2]. Only the gain block off-
set, OS B, was therefore taken into account in the model.
OS C: this quantity accounts for the offset of the com-
parator, which modifies its threshold to OS C . Therefore
the comparator output S ′n assumes the logic value ’1’ if
xn ≥ OS C , and ’0’ otherwise.

Equation (3) can be rearranged as

xn+1 =

{
Bxn +W + ZB, if xn < P
Bxn −W + ZB, if xn ≥ P, (4)

where W = A′, ZB = B · OS B + OS A, and P = OS C . The
parameters (W,ZB, P) determine the map scale factor and
the map position in the plane (xn, xn+1), while the parameter
B sets the slope of the map (Fig.2).

2.2. Equivalent dynamical systems

In this paper two different dynamical systems (4) are said
equivalent if they define two TRBGs characterized by the
same stochastic properties (i.e. for each binary sequence
On the generation probability P(On) is equal for both of the
TRBGs). From this point of view, it has been proved by
the authors in [2] that two systems (4) with a same B value
are equivalent (and therefore the statistical properties of the
output bit sequences {bn} are equal) if they have the same
central distance D, where D is defined as

D =
P(B − 1) + ZB

W
√

2
. (5)

Referring to Fig.2, the absolute value of D is equal to the
Euclidean distance of the point C = (P, BP + ZB), in the
plane (xn, xn+1), from the bisector of the first and third
quadrants, normalized to W. Accordingly, for any given
B value, systems described by (4) are equivalent to the fol-
lowing equivalence class representative dynamical system:

xn+1 =

{
Bxn + 1 + D

√
2, if xn < 0

Bxn − 1 + D
√

2, if xn ≥ 0.
(6)

Moreover, given B, systems (1) and (4) are equivalent (and
therefore the corresponding TRBGs have the same ASE) if
the central distance D of (4) is zero, that is if

P(B − 1) = −ZB. (7)

3. Enhancing the ASE: map correction

When the central distance D is not zero, to avoid the state
x of (4) to jump beyond the fixed points π′1 and π′2 (Fig.2)
and to be attracted toward infinity (with a consequent elec-
tronic saturation in practical implementations), B must sat-
isfy the relationship

1 < B ≤ 2

1 + |D| √2
≤ 2. (8)

According to (8), the quantity |D| determines an upper
bound for the parameter B which fixes the rate of mixing of
the chaotic map [1], and and if D tends to zero, the maxi-
mum allowed B value tends to 2. Therefore, as discussed in
[2], a non-zero central distance D determines also an upper
bound for the ASE achievable by the TRBG. This point has
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Figure 3: Upper bound for the partial ASE Hn/n (in
bit/time-step) versus |D|, computed up to n = 16.

been investigated by the authors on the basis of the com-
putation of the asymptotic invariant pdf of the dynamical
system (6) (Fig. 3).

The ASE maximization procedure proposed in this pa-
per is based on the fact that the two parameters D and B are
sufficient for determining the stochastic properties of the
TRBG. First of all, from (7), if B is kept constant, D can be
zeroed by changing either the parameter P or the parameter
ZB, that is, referring to Fig.1, by injecting just one correc-
tion offset either in the adder Σ1 or in the adder Σ2. Once
minimized D with a further correction B can be increased
according to (8).

In practical systems the required exact values of the cor-
rection signal for D and B are not available, since the quan-
tities OS A, OS B, and OS C are not known. Nevertheless, the
values of the correction signals for D and B can be obtained
from the statistical analysis of the generated binary se-
quences, as it was discussed by the authors in [2]. In parti-
cular, if P(bn = 1) is the probability for the n-th binary out-
put to take the ’1’ logic value, and if μ = (P(bn = 1) − 0.5)
for n → +∞, the authors showed that for each B value the
parameter μ is a monotonic function of D, and that μ = 0
when D = 0. As a consequence, the sign estimation of μ
can be used to mimize |D| [2]. Anyway, since the upper
ASE limit of 1 bit/time-step is reached when B = 2 (Fig.
3), and due to the upper limit for B given by (8), the ASE
is maximized if both D → 0 and B → 2. Summarizing,
the simplest way to drive system (4) to a desired operating
point (Bmax, |D|min), where Bmax is the maximum value of B
according to (8) given |D|min, is to iteratively minimize the
central distance magnitude |D|, exploiting the estimation of
the μ sign, and then increase B until the divergence of the
state orbit is detected [2].

4. Correction signals resolution and worst case ASE

As discussed in the previous section, two correction sig-
nals S B and S D are sufficient for correcting the map: the

former signal is used for changing the amplification B of
the gain block in Fig.1, whereas the signal S D is used to
minimize D. Even if the correction technique described
above may be used to drive system (4) to any desired ope-
rating point (Bmax, |D|min) arbitrarily close to the optimum
point (2, 0), in practical realization the precision of the cor-
rection system is limited by the physical resolution of sig-
nals S D and S B. Accordingly, by denoting with δB and δD

the minimum variations effectively achievable on gain B
and on signal S D respectively, a worst case operating point
(Bmax, |D|min)wc can be estimated as a function of δB and
δD. In particular, when injecting the correction signal S D

in node Σ1 (a similar analysis can be carried out consider-
ing the injection of S D in node Σ2), the map (3) must be
modified as

f ′(xn) =
{

B (xn + OS B) + A′ + OS A, if xn < OS C + S D

B (xn + OS B) − A′ + OS A, if xn ≥ OS C + S D.
(9)

According to (5), since D for the system (9) is equal to

D =
OS C(B − 1) + OS A + B · OS B + S D(B − 1)

A
√

2
, (10)

D is zeroed if

S D =
OS C(B − 1) + OS A + B · OS B

1 − B
. (11)

In the worst case it can be assumed that, after the |D| mini-
mization, the S D actual value differs from (11) by the quan-
tity δD/2, and we can write

|D|min ≤ (B − 1)δD

2 A′
√

2
= D0. (12)

If, once minimized |D|, also the B value is changed by S B,
the value of D changes due to (5). In detail, if B is increased
by δB, (12) is modified according to

|D|min ≤ D0 +
δB

A′
√

2

( |OS B|max + |OS A|max

B − 1
+
δD

2

)
. (13)

The upperbounds expressed in (8) and (13) represent the
worst case limit for the control system, and in practical re-
alizations, even if performing the correction, a worste case
operating point (Bmax < 2, |D|min > 0)wc must be taken into
account. This limit, that depends on the resolution of the
correction signals, identifies the minimal guaranted ASE
for the corrected TRBG.

5. Experimental results and conclusions

The proposed correction procedure, described in detail
in [2], was tested on a prototype TRBG circuit imple-
mented by a Field Programmable Analog Array (FPAA
Anadigm AN212E04). This SRAM based device can be
dynamically reconfigured by an host processor while the
old configuration is still active and running. The activation
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Figure 4: Histograms of two typical 106 sample analog out-
put sequences collected from the prototype circuit imple-
menting the Sawtooth map (1): before (dashed-gray) and
after (solid-black) correction.
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Figure 5: Plot of the implemented map before the correc-
tion (gray) and after the correction (black) obtained on the
basis of 2,000 samples taken from the same sequences used
for Fig. 4.

of the new configuration happens in real time, allowing for
an easy implementation of the proposed ASE maximization
strategy. The gain block B in Fig.1 was implemented using
a FPAA library adjustable gain block, whose profile of gain
versus control voltage was specified to linearly vary within
the nominal range 1.4 ÷ 2.08 with an experimentally veri-
fied resolution δB ≈ 2 · 10−2 for the working frequency of
250 kHz. The control and correction procedure for the ASE
maximization was software implemented on a PC equipped
with an acquisition board (National PCI MIO64E) for ac-
quiring the TRBG output, and whose 12 bit D/A converters,
with a proper scaling, provided the control signals S B and
S D. The correction system was tested using an experimen-
tally verified resolution δD ≈ 5 · 10−3, while setting for the
map parameter A in (1) an equivalent voltage nominal value
of 1.8V . With the aim of emulating different combined ef-
fect of OS A, OS B and OS C (that depend on the specific
circuiit implementing the map), exploiting the finest reso-
lution of the PCI MIO64E device at disposal, several ini-

tial operative conditions were forced to the prototype by
adding random offsets to the correction signals [2]. Partial
ASE values as high as 0.99 bit/time-step (for word lengths
up to 16 bit) were experimentally achieved at the maxi-
mum allowed speed of 250 kHz, without performing any
kind of digital post-processing on the output bit sequences.
This result agrees with the theoretical worst case ASE ob-
tainable considering Fig. 3 and the upper bounds (8) and
(13), evaluated referring to the typical value of OS A,OS B

and OS C obtainable from the FPAA data sheet [2]. In Fig.
4 and 5 the effect of the correction procedure on the ac-
tually implemented map is shown. In each tested case, it
has been estimated that after the correction the prototype
was working with B values not lower than 1.99, obtaining
an invariant distribution of the state over the chaotic attrac-
tor very close to the ideal uniform distribution theoretically
achievable for B = 2. These results were obtained with res-
olutions of the correction signals S B and S D lower than the
actual resolution normally achievable in accurate-designed
integrated analog circuits.

Without post-processing, the proposed generator was
able to issue sequences passing the FIPS 140.2 tests with
a success rate higher than 98%, while typically failing only
4 of 18 Diehard tests [2]. On the other hand, with the direct
bit-by-bit XOR with the output of a 8 bit Linear Feedback
Shift Register, the sequences of the proposed TRBG passes
all of the considered tests at full throughput.

The effectiveness of the proposed technique, proved
from a theoretical point of view, is not tied to the specific
implementation presented in this paper, and can be success-
fully applied also to integrated designs with an increase in
the output bit rate of up to two order of magnitude, with
state of the art CMOS technologies, with respect to the
FPAA implementation.
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Abstract—There are several attempts to use chaotic se-
quences generated by nonlinear maps. Some chaotic maps
can produce balanced andi.i.d. (independent and identi-
cally distributed) binary sequences. However, it is diffi-
cult to generate aperiodic sequences with good statistical
properties by analog circuits or digital circuits only. In
this paper, we propose a new sequence generator consist-
ing of aperiodic sequence generator and digital feedback
shift registers. Some numerical results are shown.

1. Introduction

Random number generation is one of important tech-
nologies for several engineering applications such as
Monte Carlo simulations, cryptosystems, spread spectrum
CDMA communications. Especially, Monte Carlo simu-
lations need random numbers with very long period [1],
preferably with infinite period such as physical random
numbers.

One of methods to obtain aperiodic sequences is to use
chaoswhich is defined as random phenomena generated
by simple deterministic systems and some of them can be
theoretically analyzed [2],[3]. For example, by using one-
dimensional (1-D) discrete-time chaotic systems, we can
theoretically design truly random sequences [4],[5]. If we
realize such chaotic systems by analog circuits, aperiodic
random sequences can be generated. Note that digital cir-
cuits generates only (eventually) periodic sequences. How-
ever, it is very difficult to generate random sequences with
good statistical properties due to nonidealities of analog
circuit elements and inevitable noise [3],[5]. We have been
trying to improve the statistical properties of aperiodic bi-
nary sequences generated by analog chaos circuits [6],[7].

In this paper, we propose a simple method to generate
aperiodic random numbers with good statistical properties
based on a kind of feedback shift register (FSR) which re-
alizes the tent map with finite bits. Suchdiscretizedtent
maps have also been considered in [8]–[10] for encryption,
spread-spectrum communications and coded modulations.
In addition to FSRs realizing the discretized tent map, we
assume that we have a generator of aperiodic random num-
bers (e.g., an analog chaos circuit) which is just used to
guarantee the aperiodicity.

Furthermore, we improve the proposed generator by cas-

cading two proposed ones. By numerical experiments, we
investigate some statistical properties of random sequences
generated by the proposed generator.

2. One-Dimensional Map and Chaos

One-dimensional (1-D) nonlinear difference equation

xn+1 = τ(xn), xn ∈ I = [d, e], n = 0, 1, 2, · · · (1)

can produce achaotic real-valued sequence{τn(x)}∞n=0

starting from an initial valuex0 = x, whereτn denotes
the n-th iteration of the mapτ . For a chaotic sequence
{G(τn(x))}∞n=0, its average is given by

E[G] =
∫

I

G(x)f∗(x)dx, (2)

wheref∗(x) is the invariant density for the map and im-
portant for evaluation of statistics of chaos [2],[4].

Define a threshold function by

Θt(x) =
{

0 (x < t)
1 (x ≥ t). (3)

Then we can obtain a chaotic binary sequence
{Θt(τn(x))}∞n=0. We can also use a binary function
given by

B(x) =
∑

j

(−1)jΘtj (x), (4)

which is a combination of threshold functions. If we
use a class of chaotic maps and appropriate binary func-
tionsB(x), we can theoretically design balanced andi.i.d.
(independent and identically distributed) binary sequences
which are ideal random numbers [4],[5].

3. Random Number Generation Based on Tent Map

3.1. Proposed Generator

Figure 1 shows the proposed random number genera-
tor which consists of a shift register withk memory cells
and an aperiodic random bit generator, where⊕ denotes
modulo-2 addition. At each clock, the value (0 or 1) of each
memory cell is shifted to the right after modulo-2 added
with a0(n), andak−1(n) is updated byak−1(n + 1) =
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Figure 1: Binary random number generator based on tent
map
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Figure 2: Return map

a0(n) ⊕ bn, wherebn the output of the aperiodic random
bit generator. The state of the register at timen, denoted by
{ak−1(n), ak−2(n), · · · , a1(n), a0(n)}, is converted into a
real numberxn ∈ [0, 1] by

xn = a0(n) ·2−1 +a1(n) ·2−2 + · · ·+ak−1(n) ·2−k. (5)

Plotting(xn, xn+1), we can get 1-D maps (so-calledreturn
maps) as shown in Fig.2, where (a)k = 5 and (b)k = 10.
This result shows that the shapes of such return maps are
similar to thetent mapdefined by

τT (x) =
{

2x (0 ≤ x < 1
2 )

2(1− x) ( 1
2 ≤ x ≤ 1) (6)

which is one of well-known chaotic maps. Thus, this gen-
erator is considered to approximate the tent map with finite
bits.

Note that a real-valued sequence generated by the orig-
inal tent map is theoretically shown to have a uniform
probability density function and white spectrum. It should

0

1000

2000

3000

4000

5000

6000

7000

8000

9000

0 20 40 60 80 100 120

pattern

nu
m

be
r 

of
 o

cc
ur

re
nc

es

(a)m = 7

0

2000

4000

6000

8000

10000

12000

14000

0 50 100 150 200 250

pattern

nu
m

be
r 

of
 o

cc
ur

re
nc

es

(b) m = 8

Figure 3:m-distribution (k = 7, E[bn] = 0.7, a = 3)

also be noted that a binary sequence{Θ 1
2
(x̂n)}∞n=0 ob-

tained from a real-valued sequence{x̂n}∞n=0 generated by
the original tent map is theoretically shown to be balanced
(to have equiprobability of 0 and 1) andi.i.d. [4]. Since
Θ 1

2
(x̂n) corresponds toa0(n) in eq.(5), we can expect the

output bit sequence of the proposed generator tends to be
balanced andi.i.d. whenk becomes large.

3.2. Statistical Properties

We performed some numerical experiments concerning
statistical properties of sequences generated by the pro-
posed generator. We already confirmed that the probabil-
ity densities of real-valued sequences{xn}∞n=0 obtained by
eq.(5) are almost uniform, which is independent of the out-
puts of the aperiodic random bit generator [7].
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Next, we investigatedm-distributivity of binary se-
quences generated by the proposed generator. Here, a bi-
nary sequence{an}∞n=0 is said to bem-distributedif

Prob(anan+1 · · · an+k−1 = B1B2 · · ·Bm) =
1

2m
(7)

for all binary numbersB1B2 · · ·Bm [11]. Namely, we ob-
served successivem-bit patterns in the sequences and enu-
merate the number of each pattern in2m patterns. Here
we used imbalaned and correlated binary sequences as
the outputs of the aperiodic random bit generator, where
p = E[bn] = 0.7 (probability of 1) and the correlation pa-
rametera = 3 (auto-correlation function is given bya−l).
Figures 3 (a) and (b) show7-distribution and 8-distribution
of binary sequences generated by the proposed generator
with k = 7, where the horizontal axis indicates eachm-
bit pattern by decimal integers and the sequence length is
8000 × 2m. We can find that the sequence is 7-distributed
but not 8-distributed. We confirmed that the binary se-
quences arem-distributed ifm ≤ k.

Furthermore, Fig.4 shows the autocorrelation function
E[(a0(n)−0.5)(a0(n+ l)−0.5)] of binary sequences gen-
erated by the proposed generator withk = 7, wherep is the
probability of 1 in the binary sequences anda is a correla-
tion parameter. The strength of the correlation increases as
a → 1. From this figure, we find that the peak values of the
autocorrelation appear whenl = r(k + 1) (r = 1, 2, · · ·).
The peak values increase asa → 1 or p → 1. Thus we
need to suppress such peaks [7].

4. Improvement of Proposed Generator

We cascade two proposed tent-map-type FSRs (feed-
back shift registers) as shown in Fig.5. The output bi-
nary sequences from the 1st FSR have statistical proper-
ties shown in the previous section, that is, they have some
peaks of auto-correlation values but they are balanced and
m-distributed form ≤ k. Thus the 2nd FSR uses the 1st
one as an aperiodic binary bit generator, where the number

output

1,k-1a     (n) 1,k-2a     (n) 1,1a    (n) 1,0a    (n)

aperiodic random bit generator
(e.g., analog chaos circuit)

: modulo-2 addition
(XOR)

nb

2,r-1a     (n) 2,r-2a     (n) 2,1a    (n) 2,0a    (n)

Figure 5: Improved generator (cascade of proposed gener-
ators)

of stages of the 1st FSR is denoted byk and the 2nd one
is denoted byr. Figure 6 showsm-distributions of binary
sequences generated by the improved generator. We find
that theym-distributed ifm ≤ k + r.

Next, Figure 7 shows auto-correlation properties of bi-
nary sequences generated by the improved generator. In
the case of (a)k = 3 andr = 4, small peaks appear whenl
is a multiple of 20. We conjecture that peaks appear whenl
is the least common multiple ofk + 1 andr + 1. However,
it is shown from the case of (b)k = 5 andr = 6 that the
first (maximum) peak can be reduced by using largek and
r. This is independent of statistical properties of aperiodic
binary sequences inputted to the 1st FSR. Hence, the im-
proved generator is useful for random number generation.

5. Conclusion

A random number generator using aperiodic random bit
generator and feedback shift registers has been proposed.
Binary sequences generated by a single proposed genera-
tor have some peaks of their auto-correlations. However,
the statistical properties can be much improved by cascad-
ing two proposed generators if the length of the registers
is large, which is independent of statistics of the original
aperiodic binary sequences. Hence, we can obtain aperi-
odic binary sequences with good statistical properties by
the proposed generator.
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Abstract—We present design and validation of a proto-
type of a true random number generator which internally
exploits a pipeline analog-to-digital converter modified to
operate as a set of chaotic maps. The prototype has been
implemented in AMS 0.35µm 2P3M technology and has
a nominal throughput of 40 Mbits/sec. The circuit can
be formally proved to deliver perfectly uncorrelated out-
put sequences. Here we take into account the effects of
implementation errors by analyzing sequences generated
by the prototype, and we introduce a data post-processing
methodology suitable for their compensation and for assur-
ing robust behavior, looking for the simplest architecture
that ensures a certain quality of the generated sequences.

1. Introduction

Random number generators (RNGs) are gaining more
and more interest, due to the increasing usage of cryptog-
raphy, where RNGs represent a critical point [1]. Random-
ness is widely used in many cryptographic primitives; for
instance it is fundamental in the synthesis of confidential
keys for symmetric and public-key cryptosystems.

Traditionally the most used sources of randomness rely
on pseudo-random number generators (PRNGs). These are
algorithms capable of “expanding” short seeds into long,
irregular bit sequences. The procedure is in fact non ran-
dom, and the only source of entropy is actually represented
by the seed.

The recent, huge growth of data-security applications is
questioning the general application of PRNGs, since no
cryptographic algorithm can be stronger than its underly-
ing RNG [2]. All major IT players [3, 4] are now develop-
ing secure platforms based on true random number gener-
ators (TRNGs) as opposed to PRNGs. TRNGs are conven-
tionally based on the explicit observation of analog quanti-
ties from complex physical processes such as Johnson ther-
mal noise [3], oscillator jitter noise [4], turbulence or even
quantum effects like the radioactive decay. Especially RNG
based on quantum effects can achieve very good results in
terms both of quality and speed (which are the two most
important figures of merit in a RNG); recently, some RNGs
based on photon reflection [5] has been proposed. However

they do not represent a solution currently embeddable in
silicon integrated technology. So if we look for a system-
on-a-chip solution, or just for a high quality low-cost so-
lution, we must rely on processes which could be easily
reproducible in a standard silicon-based IC technology.

Here we refer to a TRNG based on a set of simple one-
dimensional chaotic maps [6], that follows the approach
recently proposed in [7], where a pipeline analog-to-digital
converter (ADC) based on 1.5 bit/stage cells [8] has been
reconfigured to implement a chaotic circuit that has been
theoretically proved to generateindependent and identi-
cally distributed - that israndom – symbols. A prototype
of the proposed TRNG has been designed and fabricated in
AMS 0.35µm 3.3 V CMOS technology.

Here we complete the circuit with a post-processing
stage. This typically consists of a very simple algorithm
which elaborates the output bit-stream in order to reduce
the residual correlation, if still present. It is always used in
TRNGs toimprove the quality of the output stream [3, 4].

The paper is organized as follows. In section 2 we
present the design of the circuit, while in section 3 we
present two different post-processing techniques that we
apply to the streamout of the prototype. Results for sta-
tistical tests on sequences generated by the prototype and
post-processed by the proposed architecture are reported.
For the latter we use the test suite provided by the US Na-
tional Institute for Standard and Technology (NIST) [9].

2. Circuit description

The design of the proposed circuit comes directly from
pipeline ADCs technology. The architecture of a stan-
dard pipeline ADC, including the proposed modifications,
is shown in Fig. 1.

Practically, in [7] it is observed that a pipeline A/D con-
verter closed into a loop afterk stages, has the same behav-
ior ask independent chaotic maps.

Generally speaking, chaotic maps are 1-D discrete-
time autonomous systems, whose evolution is described as
xn+1 = M (xn) whereM is a proper function mapping an
interval I into itself. A deep and exhaustive analysis on
chaotic maps, as well as a description of the tools neces-
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Figure 2: Microphotographyand floor plan of the prototype
of the ADC-based RNG.

sary for an analytic analysis, can be found in [6]. Here it is
enough to recall that a chaotic map can be used to gener-
ate random bits simply quantizing at every time stepn the
analog state of the mapxn into a discrete valueqn = Q (xn).
Being the quantization a non-reversible operation, the de-
terministic link between the analog statesxn is reflected
in a non deterministic link between the quantized values
qn. The independence among allqn values can be formally
proved [7].

Interesting enough, a quantization function is already
performed by the A/D stage. So, in order to obtain a RNG
from a pipeline A/D converter, no additional analog hard-
ware is required; what we need is only to close the pipeline
into a loop and re-elaborate the digital output of all stages,
i.e. to substitute the digital correction logic, as shown in
Fig. 1.

The microphotography of the designed circuit is shown
in Fig. 2. Two pipelines have been implemented in this cir-
cuit; a two-stages pipeline including analog buffers whose
purpose is to test the analog core, and an eight-stages to test
the behavior of the circuit as a RNG. Here we refer to the
pipeline composed by eight stages. The circuit is based on
1.5 bit A/D cell [8]; with this architecture it is possible to
generate 1 bit/stage every time step. The nominal working
frequency of the circuit is 5 MHz, so the throughput of the
circuit is 40 Mbit/s.

Since the prototype is designed only for testing purpose,

no post-processing stages have been integrated.

3. Post-processing stages and results

In this paper we consider sequences generated by the
chaos-based RNG and test them for randomness after pro-
cessing them. We consider two different kinds of post-
processing.

The first one is a simple parity based post-processing
(also know as xor post-processing). In this case the output
of the system is computed as the parity of non-overlapping
strings ofn bit, resulting in a decimation of 1:n.

Note that even if introducing decimation is an effective
and easy way toimprove the quality of a random stream,
it could be not sufficient. In fact, if a small correlation is
present between symbols more distant thann, it will be still
present after applying this post-processing. This means that
decimate a random sequence is not always the better way
to eliminate the residual correlation, while at the same time
it is extremely expensive in terms of data rate reduction.

On the contrary, the second kind of post-processing that
we propose in this paper is a constant bit-rate processing.
Its basic structure is reported in Fig. 3. Strictly speaking,
the working principle of the proposed stage is to elaborate
bits coming from the RNG and memorize them into a shift-
register and to reuse these bits to xor the same bit-stream
from the RNG after few time steps. This basic operation is
repeated few times to increase the efficiency.

This post-processing is composed by four shift register
A, B, C, D, of lengthsa, b, c andd respectively, which can
be chosen arbitrarily; Note that, for their particular struc-
ture, the shift-register B and D has to be composed at least
by two stages, while A and C can be constituted by a single
flip-flop.

For testing these post-processing stages, we used the
NIST SP 800-22 test suite [9] which is, to the best of the
authors’ knowledge, the most reliable test suite currently
available. The code we used for the testing comes directly
from NIST website [10] and is the latest version available
the moment (version 1.8). The NIST suite is composed of
15 tests. However, due to some known error on the refer-
ence distribution on theSpectral (DFT) test [11], only the
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results of the other 14 tests have been reported.
Each test has to be interpreted in a statistical way [9]; this

means that after analyzing a sequence, we get only a real
number in [0, 1], called P-value, that can be interpreted as
the probability that the sequence has been generated by an
ideal RNG. A P-value equal to 1 means that the sequence
has the maximum probability to have been generated by
an ideal generator, while a value near to 0 means that it
is very unlikely, though still possible, that the sequence is
effectively random.

Due to this reason, we have to be very careful when look-
ing at randomness tests results. According to NIST, we can
say that a test is passed if we get a P-value greater than a
chosen significance levelα, which NIST suggests to take
equal toα = 0.01. However, if getting a P-value lower than
αmeans that there is a very low probability (i.e. lower then
α) that the sequence is effectively generated by anideal
RNG, getting a P-value greater thanα does not imply that
the sequence has been randomly generated.

In order to overcome the impasse, we consider a differ-
ent approach, i.e. we perform asecond level test. Instead
of analyzing a single sequence, we acquire a large number
of sequences, post-process and analyze them, and collect
all the P-values. Then, since for a true-random sequence a
P-value is a random variable uniformly distributed in [0, 1],
we check the uniformity of P-values with aχ2 test. The re-
sult of this test is again a real number in [0, 1] that can be
considered as the probability that the samples are coming
from a uniformly distributed process, i.e it can be consid-
ered as asecond level P-value. As in the standard case,
we can choose another significance levelα′, and consider
the test passed if this second level P-value is greater than
α
′. We can consider, as in the previous case,α′ = 0.01.

Though this test still has to be interpreted in a probabilis-
tic way, and still a truly RNG has a probability equal to
α
′ to not pass this test (type I error, see [9]), the probabil-

ity that a non-random generator has to pass this test (type
II error), which is a quantity completely unrelated to the
previous one, is expected to be much lower than in the pre-
vious case. In other words, this test is much more reliable
for detecting non randomness than first level test.

Results are shown in Tables 1 and 2. In Table 1 we report
the results for processing data coming from the prototype
of the RNG running at the nominal speed of 5 MHz, i.e.
with a throughput of 40 Mbit/s, while in Table 1 we re-
port the results from the prototype overclocked at 6 MHz,

i.e. with a throughput of 48 Mbit/s. We analyzed 10,000
sequences of length (after the decimation introduced by
the post-processing) equal to 1 Mbit and computed theχ2

value over 16 bins.
In term of post-processing, we use the following param-

eters:

• Xor based post-processing: this post-processing has
been considered with depth equal to 4, 8 and 16 bit,
i.e. with a decimation rate equal to 1:4, 1:8 and 1:16.

• Shift-register based post-processing: we have con-
sidered 5 possible architecture with different values of
the four parametersa, b, c andd, corresponding to a
complexity of the stage from 6 to 14 flip-flops.

In both case we can notice that increasing the complexity
of the system is reflected in a better yield of the tests (i. e.
in a better quality of the random stream). In the first case
increasing the complexity means increasing the length of
the string of which we compute the parity bit; this implies
an increment of the decimation rate, i.e. a reduction of the
speed of the circuit. The effective speed of the bitstream
after the post-processing ranges from 10 to 2.5 Mbit/s at the
nominal speed and from 12 to 3 Mbit/s for the overclocked
circuit. We can notice that while a depth of 4 is enough for
passing all tests when the circuit is working at the nominal
speed, we have to increase the depth up to 16 for passing
all tests at the overclocked speed of 6 MHz.

In the second case, increasing the complexity means in-
creasing the number of flip-flops, i.e. increasing the hard-
ware cost (both area and power consumption). However,
due to the particular structure, no decimation is introduced,
so we are effectively analyzing a bit stream generated at
the speed of 40 and of 48 Mbit/s. For passing all tests at
the nominal speed, we need a minimum complexity of 10
FFs. For the circuit overclocked at 6 MHz, the minimum
required complexity is 12 FFs.

4. Conclusions

We have tested for randomness a prototype of a chaos-
based RNG designed in 0.35µm CMOS technology, able
to generate up to 40 Mbit/sec, and overloaded to reach a
throughput of 48 Mbit/sec, applying two different very sim-
ple post-processing stages.

Furthermore, the testing phase has not involved a sin-
gle sequence but a large number of them, providing in this
way results much more reliable. For both post-processing
we have found a minimum complexity of the system that
allow us to consider, both for the system working at the
nominal speed and for the system overclocked, the chaos-
based RNG as a high quality TRNG, suitable for the most
advanced security-related applications.

The other figure of merit in a RNG is the throughput.
The shift-register based post-processing introduces no dec-
imation, so the throughput of the system including the post-
processing is still 40 Mbit/sec (or 48 Mbit/sec for the over-
clocked circuit). This is a considerably high speed, espe-
cially when compared the the other generators available. A
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χ
2 test on the uniformly distribution of P-values over 16 bins

for different XOR depth for different lengths a-b-c-d of the four shift registers
SP800-22 test xor-4 xor-8 xor-16 1-2-1-2 (6) 2-3-1-2 (8) 3-4-1-2 (10) 4-5-1-2 (12) 5-6-1-2 (14)

Frequency
Block Frequency
Cumulative Sums
Runs
Longest Run of Ones
Matrix Rank
NOT Matching
OT Matching
Universal
Average Entropy
Random Excursion
Random Exc. Variant
Serial
Linear Complexity

0.174634
0.087331
0.769052
0.580840
0.728101
0.711307
0.219398
0.094617
0.138028
0.584583
0.276340
0.029264
0.923711
0.556731

0.083777
0.428987
0.184878
0.468378
0.018813
0.021717
0.506058
0.046303
0.881566
0.285668
0.603662
0.065300
0.316323
0.962670

0.319791
0.095986
0.185059
0.152085
0.537447
0.229438
0.517269
0.236040
0.752089
0.804021
0.174795
0.802775
0.618969
0.287252

0.114550
0.538390
0.042983
0.938443
0.865959
0.662084
0.364886
0.034607
0.069235
0.000000
0.612689
0.455994
0.000165
0.591324

0.633237
0.835267
0.584243
0.570979
0.974240
0.246619
0.213503
0.023928
0.040840
0.000000
0.880022
0.254350
0.000000
0.299723

0.450953
0.164045
0.524990
0.257944
0.303152
0.642014
0.182168
0.406271
0.020770
0.589894
0.091926
0.081032
0.756654
0.230033

0.968870
0.898429
0.248388
0.674979
0.163011
0.208219
0.853623
0.536505
0.093492
0.187602
0.029166
0.243570
0.116980
0.417402

0.352940
0.833756
0.472781
0.600383
0.103492
0.644383
0.924495
0.062333
0.039211
0.738676
0.046329
0.375608
0.737345
0.134919

Table 1: Results of randomness test for the chaotic-RNG running at 40 Mbit/s.

χ
2 test on the uniformly distribution of P-values over 16 bins

for different XOR depth for different lengths a-b-c-d of the four shift registers
SP800-22 test xor-4 xor-8 xor-16 1-2-1-2 (6) 2-3-1-2 (8) 3-4-1-2 (10) 4-5-1-2 (12) 5-6-1-2 (14)

Frequency
Block Frequency
Cumulative Sums
Runs
Longest Run of Ones
Matrix Rank
NOT Matching
OT Matching
Universal
Average Entropy
Random Excursion
Random Exc. Variant
Serial
Linear Complexity

0.000000
0.000000
0.000000
0.000000
0.000000
0.599102
0.000000
0.000000
0.000000
0.000000

N/A
N/A

0.297749
0.296882

0.000000
0.320856
0.000000
0.697706
0.642083
0.992495
0.855524
0.515503
0.281840
0.253310
0.410255
0.198540
0.344407
0.487620

0.725135
0.310649
0.189158
0.361741
0.034446
0.500373
0.342511
0.473496
0.695455
0.180118
0.225801
0.626131
0.755371
0.767979

0.125548
0.164275
0.058652
0.201256
0.000000
0.029229
0.604197
0.000000
0.366093
0.000000
0.444707
0.345316
0.000000
0.606104

0.760909
0.618969
0.213209
0.306538
0.000000
0.416673
0.942154
0.000000
0.000209
0.000000
0.743415
0.520963
0.000000
0.785783

0.368514
0.289688
0.596568
0.754919
0.002800
0.001415
0.328036
0.310762
0.120616
0.000000
0.062891
0.930836
0.000000
0.292314

0.023796
0.618255
0.412461
0.846896
0.299035
0.695188
0.809387
0.079343
0.010764
0.191596
0.326281
0.942527
0.162782
0.112330

0.939296
0.454302
0.667721
0.209883
0.014745
0.121608
0.998892
0.014800
0.058555
0.193551
0.315667
0.128987
0.536740
0.126853

Table 2: Results of randomness test for the chaotic-RNG running at 48 Mbit/s.

high-end quantic RNG like the one described in [5], which
is one of the fastest available, achieves a throughput of
4 Mbit/s with a much higher power consumption. If we
instead compare our performance with other silicon-based
architecture, the gap is very large. For example the Intel
TRNG [3], which is based on Johnson thermal noise and
on Von Neumann post processing, achieves only an aver-
age speed of 75 Kbit/sec. VIA declares [4] that its genera-
tor can achieve a data-rate from 4 to 9 Mbits/sec, but with a
much smaller entropy rate. However, no results from test-
ing is presented in both cases.
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Abstract — Recent results in the design of true-Random
Number Generators (RNGs) include a technique for building
true-RNGs out of Analog to Digital Converter (ADC) parts,
where chaotic dynamics is exploited to guarantee appropriate
statistical features and unpredictability. A major advantage
of this approach consists in the possibility to formally prove
the ability of the system to generate true-random bits in ideal
conditions (building blocks without deviations from nominal
behavior and noise/interference-free environment). Here,
the original theoretical framework is extended to take into
account noise and interference, proving that a system made
of ideal building blocks is insensitive to them.

1. Introduction

Random Number Generators are required in a large num-
ber of engineering applications and true-RNGs are specifi-
cally needed in crypto-systems [1], where random numbers
are inherent in the computation of algorithms such as the
DSA, in the synthesis of confidential keys for symmetric-
and public-key crypto-systems as RSA moduli, and in many
communication protocols [2].

Unfortunately, the deployment of true-RNGs has tradition-
ally been hindered by high design costs. As a matter of fact,
true-RNGs are conventionally designed as physical-RNGs,
i.e. as systems where the macroscopic effect of some mi-
crocosmic phenomenon is observed: it is the complexity
of the latter to make the macroscopic observable random
by all practical means. Examples are sources based on
thermal noise, quantum noise, emission timing in radioactive
decay, and so on. The economic and practical issues are
self evident: not only physical-RNGs require analog design,
but also the most unsystematic kind of it. Indeed, most
of the abstractions that usually insulate the designer from
the complexities of hardware must be abandoned to delve
into the details of the underlying technology. Furthermore
the final resilience to external interference remains hard to
determine and questionable.

Interestingly, in spite of the above problems the importance
of true-RNGs is such that many large manufacturers have
brought physical-RNGs to the market [3,4]. With this, the
recent revelation that simple chaotic circuits can be used
to build true-RNGs without the need to directly observe
physical quantities [5, 6] has clearly been most welcome.

The major advantage of the chaos-based approach is to
make designs more structured thanks to the possibility of
relying on deterministic models based on signal operations
that easily map into standard circuit primitives (adders,
differentiators, gain blocks, etc.). Consequently, even if
the chaotic approach cannot free the designer from analog
circuits, at least it can largely reduce their cost. Notably, one
of the chaotic-RNGs proposed so far comes to the point of
completely re-using the analog signal processing chain of
pipeline ADCs [7], also opening the way to reconfigurable
ADC/RNG architectures [8].

As a second advantage, some chaotic circuits (and notably
for those based on Piece Wise Affine Markov (PWAM) maps
[9]) allow mathematical toolboxes to be used to formally
prove the ability to operate as true-RNGs. Clearly, this is a
fundamental asset since no empirical test can be as general
and convincing as a formal proof. Unfortunately, there is
currently a limitation in that mathematical proofs can only
be derived with regard to ideal conditions, namely for ideal
circuits placed in noise/interference-free environments [7].
This is due to the inherent difficulties in the analysis of
perturbed chaotic systems.

In this paper, the formal analysis of the ADC-derived
chaotic-RNG presented in [7] is extended to consider the
effects of noise and interference. So far only intuitive
arguments were used to suggest that limited amounts of
noise could even be beneficial [7, Section 4] and nothing at
all was said about interference. Here, formal arguments are
employed for the first time to prove that chaos based RNGs
can be completely insensitive to noise and interference when
their building blocks conform to their nominal behavior.

2. Background

Figure 1 shows the general architecture of an ADC based
true-RNG, composed by an arbitrary, even number of stages,
each of which implements (1 + 1/2)-bit A/D conversion
and vice versa. Note that the requirement for an even
number of stages uniquely comes from the Sample and
Hold (S/H) elements. A single stage system can be devised
by introducing an additional S/H as shown in figure 2. For the
sake of simplicity, in the following only this simplified model
will be used. Note that figure 2 also explicitly introduces
noise/interference by the superimposition of e(n) in the
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b0 b1 bn-1

Figure 1: General architecture of ADC based true-RNG.
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Φ Φ
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v(n+1) v(n)

+

+

e(n)

v(n)
~

Figure 2: Single stage ADC based true-RNG.

loop. Assuming that the voltage v is meant to belong to the
normalized range [−1, 1], the sub-ADC computes the binary
word D as

d0 = χ[−1/2,∞[(ṽ) d1 = χ[+1/2,∞[(ṽ) (1)

where χ(·) denotes the characteristic function of the set in
subscript and, due to noise/interference:

ṽ(n) = v(n) + e(n) (2)

No particular assumption is made on e(n), neither on its
Probability Density Function (PDF), nor on its Power Den-
sity Spectrum (PDS). Solely, it is required to e(n) to be
independent from v(n). In other terms if e(n) is a crafted
interference, it must be crafted without any knowledge of
v(n), which is reasonable, being that v(n) is meant to be an
hidden state variable.

Thanks to the digital-to-analog conversion the ṽ(n) to
v(n + 1) relationship is given by a map M:

v(n + 1) = M(ṽ(n)) =


2ṽ(n) + 2 ṽ(n) ∈ [−3/2, −1/2[
2ṽ(n) ṽ(n) ∈ [−1/2, 1/2[
2ṽ(n) − 2 ṽ(n) ∈ [1/2, 3/2]
undefined elsewhere

(3)

as also illustrated by the strong line in the plot of figure 3. It
is now worth recalling what happens when e(n) = 0, namely
in absence of noise. In this case v(n+1) = M(v(n)). The map
M is PWAM and as such the dynamics of the autonomous
system in figure 2 can be coarsely modeled by a Markov
chain, following the theory in [9]. Figure 4 shows the chain:
the system is in state “0” when b = d0⊕d1 = 0 (i.e. x ∈ I0 =]-
∞, −1/2[∪[1/2,∞]) and in state “1” when b = 1 (x ∈ [−1/2, 1/2[).
With this it is obvious that the system generates true-random
bits as the chain is identical to that of a coin toss.

1=2¡1=2 1¡1

1

¡1

¡3=2¡5=2 ¡2 3=2 5=22 ~v

M(~v)

Figure 3: Plot of the map in eq. (3).

1 0

"head" "tail"

1/2

1/2

1/21/2

Figure 4: Markov chain corresponding to the coarse dynam-
ics of the system in figure 2 when e(n) = 0.

3. Effects of value-limited noise

With the above considerations, the question of what
happens when when noise enters the game (e(n) , 0) can
now be tackled. To do so, it is necessary to express all
quantities in statistical terms, taking advantage of their PDFs.
If the PDF of ṽ is indicated as ρṽ(x), the PDF of v is indicated
as ρv(x), and the PDF of ˜e(n) is indicated as ρe(x), as long as
the noise samples are independent from the system state, one
must have:

ρṽ(x) = PFE[ρv](x) = ρe(x) ∗ ρv(x) (4)

where the operator ∗ indicates convolution and the nota-
tion PFE[·] is used to indicate the function operator that
corresponds to the addition of noise in the PDF domain.

From equation (3) one also has:

ρv(x) = PFM[ρṽ](x) =
∫ ∞
−∞

δ(M(ξ) − x) ρṽ(ξ) dξ (5)

where δ(·) is the Dirac pulse and the operator PFM is in fact
the Perron-Frobenius operator associated to M [9].

By simultaneously solving (4) and (5), one can get the
invariant PDFs of v and ṽ. The problem is generally known as
the analysis of a constantly applied stochastic perturbation
of a discrete time system. In general terms, simultaneously
solving two integral equations like (4) and (5) could be
prohibitive, hence researchers have mostly focused on limit
conditions, such as showing that for maps satisfying certain
general properties the stationary PDF can be preserved as
long as the stochastic perturbations are small [10, chapter 10].
Here, no assumption of small perturbations shall be made.
Rather, the the particular nature of M will be exploited to
make the simultaneous computation of (4) and (5) relatively
easy. It is first worth remembering that:

Property 1 (Map invariant density). If ρe(x) = δ(x), then
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ρṽ(x) = ρv(x) and

ρv(x) = 1/2 · χ[−1,1](x) (6)

Proof. The condition ρe(x) = δ(x) actually corresponds to
absence of noise, so the first statement is immediately proved.
For what concerns the second part, note that expression (6)
indeed corresponds to the invariant density of M, as it can be
easily seen by substituting it in (5). �

As a second consideration, note that:

Property 2 (Preservation of the stationary density at the map
output). Provided that e ∈ ]−1/2, 1/2[ and that e(n) remains
independent from v(n), expression (6) is preserved even if
ρe(x) , δ(x).

Proof. This is a consequence of the fact that M satisfies the
periodicity conditions expressed in [11, Theorem 1]. �

Interestingly, thanks to the particular observation/quantiza-
tion function chosen to generate the RNG output from the
chaotic system state, also the following property applies:

Property 3 (Preservation of the statistical distribution of
the coarse state). Under the same condition of the property
above, if b = d1⊕d2, with d1 and d2 defined as in equation (1),
in the presence of noise also the probability of finding the
system in either the b = 1 or the b = 0 coarse state is
preserved, so that Pr(b = 0) = Pr(b = 1) = 1/2.

Proof. The probability of having b = 1 is given by

Pr(b = 1) =∫ 1/2

−1/2

ρṽ(x) dx =
1
2

∫ 1/2

−1/2

∫ x+1

x−1
ρe(ξ) dξ dx (7)

Note that the inner integral is 1 for any x in [−1/2, 1/2], so that
Pr(b = 1) = Pr(b = 0) = 1/2, independently from the noise
PDF. �

Note that property 3 is not a trivial consequence of prop-
erty 2. In other terms, satisfaction of the prerequisites
for [11, Theorem 1] is not by itself a sufficient condition for
property 3 to hold. This is because [11, Theorem 1] only
regards the properties of ρv. To conserve the probability of
finding the system in a specific coarse state, also suitable con-
ditions on the computation of b need to be satisfied, since the
coarse state is obtained by quantizing ṽ, not v. For instance,
if the output function was chosen to be b̂(n) = χ[0,∞[(x), in
absence of noise one would still have had an unbiased RNG.
However, in presence of noise the probability of having
b̂ = 1 would have become 1

2

∫ ∞
0

∫ x+1
x−1 ρe(ξ) dξ dx, possibly

different from 1/2, thus leading to bias1.

Eventually, something can be said also about the ability to
model the evolution of the coarse state by a Markov chain:

1In this case Pr(b̂ = 1) is certainly 1/2 only when ρe(x) is even.

Property 4 (Preservation of the Markov-property for the
coarse state). Under the conditions of the above properties,
the possibility of modeling the coarse system behavior by a
Markov chain is preserved, namely:

Pr(b(n + 1) = y | b(n), b(n − 1), b(n − 2), . . .) =

Pr(b(n + 1) = y | b(n)) (8)

Proof. First of all, it is worth considering that Pr(b(n + 1) =
y | . . .) is given by the knowledge of ρ[ṽ(n+1) | ...](x) i.e. by
the knowledge of function ρṽ at time n + 1, when suitably
conditioned,2 as in

Pr(b(n + 1) = y | . . .) =
∫

Iy

ρ[ṽ(n+1) | ...](x) dx (9)

Hence, to prove (8), it is sufficient to prove that

ρ[ṽ(n+1) | b(n),b(n−1),b(n−2),...](x) = ρ[ṽ(n+1) | b(n)](x) (10)

It shall first be shown that for (10) to hold it is sufficient to
have

ρ[ṽ(n+1) | b(n),b(n−1)](x) = ρ[ṽ(n+1) | b(n)](x) (11)

By usage of the PFE and PFM operators one has:

ρ[ṽ(n+1) | ...](x) = PFE[PFM[ρ[ṽ(n) | ...]]](x) (12)

In other terms, ρ[ṽ(n+1) | b(n),b(n−1),b(n−2),...)](x) is fully deter-
mined by ρ[ṽ(n) | b(n),b(n−1),b(n−2),...](x). Focus shall thus be on
the latter, which contains a conditioned probability density
function where the conditioning variable is defined on a
discrete set. To deal with this form, a special case of the
Bayes expression shall be used:

ρ[(a|b)](x) =
ρa(x) Pr(b | a = x)

Pr(b)
(13)

where a is a variable defined onR and b is a variable defined
in a discrete set. By applying (13) one gets:

ρ[ṽ(n) | b(n)=z,b(n−1),b(n−2),...](x) = ρ[ṽ(n) | b(n−1),b(n−2),...](x)·
Pr(b(n) = z | v(n) = x, b(n − 1), b(n − 2), . . .)

Pr(b(n) = z | b(n − 1), b(n − 2), . . .)
=

ρ[ṽ(n) | b(n−1),b(n−2),...](x) · χIz (x)∫
Iz
ρ[ṽ(n) | b(n−1),b(n−2),...](x) dx

(14)

In other terms, by equations (12) and (14), the PDF
ρ(ṽ(n+1) | b(n),b(n−1),b(n−2),...))(x) is recursively defined from
knowledge of ρ(ṽ(n) | b(n−1)=z,b(n−2),b(n−3),...))(x) and of b(n). If
the first is not dependent on b(n− 1), then the second, having
the same structure, cannot be dependent on b(n − 2). Hence,
the first cannot be dependent on b(n − 2) too. But if this

2The standard notation for the PDFs of variable z conditioned by y is
ρz(x|y). Here a different notation is used, i.e. ρ[z|y](x). This is to emphasize
that the conditioned PDF is a function (dependent on y) of a single argument
x. This notation is particularly useful to maintain a consistent style when
applying functional operators on the conditioned PDF.
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holds, the second cannot be dependent on b(n − 3) and so
on. . .

Having established the above, (11) can now be proved.
Suppose that it is known that b(n − 1) = zn−1 (and nothing
else). Then, by (13), one has

ρ(ṽ(n−1) | b(n−1)=zn−1)(x) =
ρṽ(x) · χIzn−1

(x)

Pr(b = zn−1)
= 2
∫ x+1

x−1
ρe(ξ) dξ · χIzn−1

(x) (15)

Eventually, by transforming the above using PFM , one has

ρ(v(n) | b(n−1)=zn−1)(x) =

1
2

∫ x
2

x
2−2
ρe(ξ) dξ · χIzn−1

( x
2
− 1
)
+∫ x

2+1

x
2−1
ρe(ξ) dξ · χIzn−1

( x
2

)
+∫ x

2+2

x
2

ρe(ξ) dξ · χIzn−1

( x
2
+ 1
) · χ[−1,1](x) (16)

For zn−1 = 1, only the central integral is non-null, so the
expression evaluates to 1/2. Similarly, for zn−1 = 0, only
the first and last integrals are non-null and they globally
evaluate to 1/2. Hence, the above reduces to (6) independently
from the particular b(n − 1). In other terms, in one iteration
memory of b(n − 1) is completely lost. With this, also
ρ(ṽ(n) | b(n−1)=zn−1)(x) must be independent from b(n − 1) and,
by (12) equation (11) is proved. �

4. Application to AWGN and interference

Properties 3 and 4 basically state that in presence of value-
limited noise an ADC-derived true-RNG built from ideal
parts (namely respecting equation (3) strictly) remains a
perfect, true-RNG. It is thus interesting to apply this result to
real-world situation.

The first case that shall be considered is robustness to
Addictive White Gaussian Noise (AWGN) which exists in
every electronic circuit due to Johnson (thermal) effects.
Strictly speaking, AWGN does not satisfies the preconditions
of properties 2 to 4, since ρAWGN(x) > 0,∀x ∈ R, indepen-
dently from the standard deviation σAWGN. However, it is
intuitive that for low σAWGN the probability of a noise sample
invalidating the above analysis is actually very low. Simple
computations show that even for a system with a mediocre
Signal to Noise Ratio (SNR) of 20 dB, the probability of
breaking the system behavior is already much less than 10−19

(i.e. absolutely negligible). To make the system somehow
robust to really large AWGN, one needs to extend the map
M as shown by the dotted line in fig. 3. With this, property 2
remains satisfied, however the remaining properties do not
and one does not have an ideal true-RNG anyway.

A second case to consider is robustness to external in-
terference (either unintentional or intentional). Note that
in properties 2 to 4 there is no mention that e(n) must be

stationary. Indeed, all the above theory continues to hold
even if ρe(x) is time-variant. The only condition on e(n) is
that it is independent from v(n).3. In this regard, note that
the very equations (4) and (5) state that if e(n) is indepen-
dent from v(n) then v(n + 1) must also be independent from
e(n). Hence, it is impossible to intentionally generate an
interference signal correlated to v(n) without observing v(n)
itself. Even observation of b(n) is not enough to craft an e(n)
correlated with v(n). As a consequence, any deterministic
interference signal generated without direct observation of
the state variable v(n) which is anyway meant to be hidden,
can be tolerated by the true-RNG.

4.1. Example/validation

As an example/validation a simulator has been pro-
grammed, considering the architecture of figure 2, with
a large sinusoidal interference with amplitude 0.2 peak-to-
peak. Quality of the output has been evaluated by estimating
the average entropy per bit of 109 output bits, by looking at
16-bit packets. This procedure resulted in 1 bit of entropy per
bit up to 5 decimal digits of precision, i.e. in no influence on
the quality of the output stream from the interfering signal.
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Abstract—A novel random number generator
(RNG) based on a double-scroll attractor is presented.
Simulation and experimental results, showing that the
generated binary sequence pass standard randomness
statistical tests without post processing and verifying
the feasibility of the circuit, are given. In the pro-
posed RNG, offset and frequency compensation loops
are added to maximize the statistical quality of the
output sequence and to be robust against parameter
variations and attacks. The proposed RNG can be
realized in integrated circuit.

1. Introduction

Nowadays, because of the increasing demand of elec-
tronic official & financial transactions and digital sig-
nature applications, the need for information secrecy
has raised. In this manner, random number genera-
tors (RNGs) which have been used for only military
cryptographic applications in the past got expanding
usage for a typical digital communication equipment.

There are few RNG designs reported in the litera-
ture, in spite of the fact that, the use of discrete-time
chaotic maps [1, 2] in the realization of RNG is well-
known for some time, it was only recently shown that
continuous-time chaotic oscillators [3, 4] can be used
to realize truly random number generators (TRNGs)
also. Following up in this direction, we investigated
the usefulness of the proposed RNG design to gener-
ate random binary data from continuous-time chaotic
oscillators.

Initially, we have obtained random data by period-
ically sampling one of the state of the chaotic system
and numerically verified that the bit streams generated
from the proposed RNG pass the four basic random
number tests of FIPS-140-2 test suite [5]. External
interference is a major concern in RNG design since
interfered and random signals have comparable levels.
To solve this problem and to be robust against para-
meter variations and attacks aimed to force through-
put, we have proposed offset and frequency compen-
sation loops that increase the statistical quality of the

generated bit sequences. Finally we have experimen-
tally verified that the binary data obtained from the
proposed circuit pass the tests of NIST full random
number test suite [6] without post processing.

2. Double-Scroll Attractor and Random Bit
Generation

The double-scroll attractor which is used as the core
of the RNG is obtained from a simple model given in
[7], which is expressed by the Equation 1.

ẋ = y
ẏ = z
ż = −ax− ay − az + sgn(x)

(1)

where sgn(.) is the signum function. The equations
in 1 generate chaos for different set of parameters. For
example, the chaotic attractor shown in Fig.1a is ob-
tained from the numerical analysis of the system with
a = 0.666 using a 4th-order Runge-Kutta algorithm
with an adaptive step size.

(a) (b)

Figure 1: (a) Numerical analysis; (b) Experimental
results of the chaotic oscillator.

In order to obtain random binary data from a
continuous-time chaotic system, we have presented
an interesting technique, which relies on generating
a non-invertible binary data from the waveform of the
given chaotic system. It should be noted that non-
invertibility is a key feature for generating pseudo ran-
dom numbers [8].

NOLTA 2006
11-14 september
Bologna - ITALY

391



To obtain binary random bits from the chaotic at-
tractor, we used the samples of the state x of the sys-
tem in Equation 1, obtained at the rising edges of an
external periodical pulse signal, that is at times t sat-
isfying wtmod2π = 0 where w is the frequency of the
pulse signal. Note that, although 3-dimensional tra-
jectories in the x − y − z plane is invertible, one may
obtain a non-invertible section by considering only the
values corresponding to one of the states, say x.

We initially examined the distribution of periodi-
cally sampled x values to determine appropriate sec-
tions where the distribution looks like random signal.
Although, we could not find sections of which x values
has a single normal or χ2 distribution [9] for different
values of a given in Equation 1, we determined various
sections where the distribution of x has at least two
regions. This suggests us to generate random binary
data from regional x values for regional thresholds.
Following this direction, we have generated the binary
data S(top)i and S(bottom)i for a = 0.666 from the 1-
dimensional section according to the Equation 2:

S(top)i = sgn(xi − qtop) when xi ≥ qmiddle

S(bottom)i = sgn(xi − qbottom) when xi < qmiddle

(2)
where xi’s are the values of x at the 1-dimensional

section obtained for 1
2 tmod2π = 0 (w = 1/2), qtop

and qbottom are the thresholds for top and bottom dis-
tributions, respectively and qmiddle is the boundary
between the distributions. To be able to choose the
thresholds appropriately, we examined top and bot-
tom distributions and then, qtop and qbottom were de-
termined as the medians of the top and bottom distri-
butions which were 0.9656158849 and −0.9640518966,
respectively when qmiddle was determined as 0.

Generation of the binary sequence thus obtained
does not so much dependent on qmiddle value, be-
cause for this boundary value, distribution density of
x is minimum. However, distribution density of x for
threshold values (qtop, qbottom) is maximum so the bi-
nary sequence obtained may be biased. In order to
remove the unknown bias in this sequence, the well-
known Von Neumann’s de-skewing technique [10] can
be employed. This technique consists of converting
the bit pair 01 into the output 0, 10 into the output
1 and of discarding bit pairs 00 and 11. However, this
technique decreases throughput because of generating
approximately 1 bit from 4 bits.

To eliminate the bias, another method,
⊗

(exclusive-or) operation was exploited, instead of Von
Neumann processing in order not to decrease through-
put. The potential problem with the exclusive-or
method is that a small amount of correlation between
the input bits will add significant bias to the output
[11]. The correlation coefficient of generated binary
sequences Stop and Sbottom of length 152 KBits is cal-

culated as 0.00018 and it is determined that the gen-
erated binary sequences are independent. This was,
in fact, expected as the chaotic systems are character-
ized by having a positive Lyapunov exponent [12], and
the auto-correlation of the chaotic time-series vanish
abruptly. According to this result, we have generated
the new binary data S(xor)i = S(top)i

⊗
S(bottom)i.

The mean value ψ of the binary sequence Sxor thus
obtained, can be calculated by: ψ = 1

2−2(µ− 1
2 )(ν− 1

2 ),
where the mean value of Stop = µ and the mean value
of Sbottom = ν. Thus if µ and ν are close to 1

2 then ψ is
very close to 1

2 . As a result, we have numerically ver-
ified that the bit sequence Sxor, which was obtained
for the given appropriate threshold values, passed the
tests of FIPS-140-2 test suite without Von Neumann
processing. We called random number generation ac-
cording to above procedure, as Regional −RNG.

3. Hardware Realization of RNG and Test Re-
sults

Due to the lack of access to a suitable fabrication fa-
cility, we have chosen to construct the proposed RNG
circuit using discrete components in order to show the
feasibility of the circuit.

The double-scroll attractor circuit was realized by
using the model given in [7]. AD844 was used as a
high speed operational amplifier and LM211 voltage
comparator was used to realize required nonlinearity.
The passive component values given in [7] were taken
as: R = aRS = 10kΩ, tuning resistor RS = 15kΩ for
a = 0.666..., and C = 2.2nF . Therefore the center
operation frequency of the chaotic oscillator: f = 1

2πτ
corresponding to time constant τ where τ = RC, was
adjusted to a low frequency value as 7.234 KHz on
purpose to provide the circuit not to be affected by
parasitic capacitances. The circuit was biased with a
±5V power supply and the observed attractor is shown
in Fig.1b.

In Regional RNG, the voltage v1, which corresponds
to the variable x, was converted into binary sequences
according to the procedure explained in Section 2. In
order to implement this procedure, the circuit shown
in Fig. 2 was used. In this circuit, the comparators
were implemented from LM211 chips and the voltage
levels Vtop, Vmiddle and Vbottom were used to realize
the thresholds in Equation 2, respectively. Vtop and
Vbottom were generated by two 12-bit voltage-mode
digital to analog converters (DACs). Each DAC can
be adjusted in 0, 5859375 mV steps where the voltage
reference of the DAC is 2.4V .

An FPGA based hardware, which has a PCI inter-
face was designed to upload the binary data to the
computer. To obtain x values in the section defined
as wtmod2π = 0, output bit stream of the compara-
tors were sampled and stored in binary format at the
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Figure 2: Regional RNG.

rising edge of the external periodical square-wave gen-
erator vp(t). Offset compensation for Vtop and Vbottom

thresholds, frequency compensation and exclusive-or
operation were implemented inside the FPGA. After
offset & frequency compensation and exclusive-or op-
eration, the candidate random numbers were uploaded
to the computer through the PCI interface. Maximum
data storage rate of our FPGA based hardware is 62
Mbps.

According to the procedure explained in Section 2,
we examined the distribution of v1. As a result, sim-
ilarly to numerical bit generation, distribution of v1

obtained at the rising edge of vp(t) has two separate
regions. To be able to determine initial values of the
thresholds appropriately top and bottom distributions
were examined. Then, initial values of Vtop and Vbottom

were determined as the medians of the top and bottom
distributions which were 470mV and−470mV , respec-
tively while Vmiddle was determined as 0mV . Sampling
frequency of v1, was determined by dividing the fre-
quency of vp(t) into pre-scaler value inside the FPGA.

Figure 3: Frequency spectrum of v1.

For determining the initial value of the pre-scaler ap-
propriately, the frequency spectrum of v1 given in Fig.
3 was observed. As shown in Fig. 3 chaotic signal v1

has noise-like power spectrum. The center frequency of
the chaotic oscillator is indicated by the solid marker
set at 7.234 KHz. Up to the dashed marker set at
1.55 KHz, the region in which the power spectrum is
flat, chaotic signal v1 contains all frequencies in equal
amounts and power spectral density is at its maximum.
Hence, without loss of generality, v1(t) and v1(t + t0)
can be considered as uncorrelated for all t0 6= 0 and
v1 can be sampled up to 1.55 KHz as a random sig-
nal source. Finally, initial value of the pre-scaler was
determined as 3, while the frequency of vp(t) was 4.65
KHz.

Offset compensations of Vtop and Vbottom thresh-
olds were realized by implementing monobit test of
FIPS-140-2 test suite [5] for Stop and Sbottom binary
sequences. For each sequence, bit streams of length
20000 Bits were acquired, if the number of 0′s > 10275
then corresponding threshold was decreased and if the
number of 0′s < 9725 then corresponding threshold
was increased.

Figure 4: The effect of offset compensation for Vtop.

Frequency compensation loop was realized by im-
plementing runs test of FIPS-140-2 test suite for Sxor

binary sequence. If 3 Sxor bit streams of length 20000
Bits which were acquired in sequence failed in runs
test, which indicated over sampling of v1, then sam-
pling frequency of v1 was scaled down by increasing
the pre-scaler value. Pre-scaler value, initial value of
which was determined as 3, became stable at 4. If nec-
essary, sampling frequency can be scaled up externally
through the PCI interface. The effect of offset compen-
sation for Vtop, which is similar to one for Vbottom, is
shown in Fig. 4, in spite of the fact that, initial value
of the threshold was not adjusted appropriately, mean
value of the bit stream of length 20000 Bits reached
and became stable at 1

2 thanks to compensation.
After pre-scaler and threshold values became sta-

ble, bit stream of length 223 MBits was acquired and
subjected to full NIST test suite. As a result, we have
experimentally verified that, bit sequence Sxor, passed
the tests of full NIST random number test suite with-
out Von Neumann processing. Results for the uni-
formity of P-values and the proportion of passing se-
quences of the Regional RNG circuit are given in Ta-
ble 1 where P-value (0 ≤ P − value ≤ 1) is a real
number estimating the probability that a perfect RNG
would have produced a sequence less random than the
given sequence. It is reported that, for a sample size of
223× 1MBits, the minimum pass rate for each statis-
tical test with the exception of the random excursion
(variant) test is approximately 0.970011.

When the center frequency of the chaotic oscilla-
tor was 7.234 KHz throughput data rate of Sxor effec-
tively becomes ( 4.65KHz/4

2 ) 581bps, (Pre-scaler value:
4) because of dividing v1 into two regions according
to distribution. Throughput data rate of Sxor can be
generalized as fxor = 581τ

τnew
= 0,012782

τnew
where τnew =

RnewCnew. In [7], a chip realization of the double-
scroll system with Rnew = 28.5KΩ and Cnew = 15pF
has been presented, which leads to a center frequency
of operation at f = 1

2πτnew
= 500KHz. Consider-
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ing that the circuit in [7] was realized on a relatively
slow 1.2u CMOS process, we can deduce that the cir-
cuit can easily be integrated on today process at a
couple of 10MHz and can generate throughput closer
to Mbps. However, it should be noted that chaotic
circuits operating at much higher frequencies are re-
ported in literature.

STATISTICAL Sxor Bit Sequence
TESTS P − V alue Proportion

Frequency 0.084879 0.9955
Block Frequency 0.020612 0.9821
Cumulative Sums 0.186566 0.9955

Runs 0.392456 0.9776
Longest Run 0.613470 0.9821

Rank 0.298151 0.9865
FFT 0.231847 0.9865

Nonperiodic Templates 0.716974 1.0000
Overlapping Templates 0.053938 0.9776

Universal 0.941144 0.9955
Apen 0.449956 0.9821

Random Excursions 0.725540 1.0000
Random Excursions Variant 0.901761 1.0000

Serial 0.744459 0.9955
Linear Complexity 0.797289 0.9865

Table 1: NIST test suite results of the Regional RNG.

While comparing our Regional RNG design with the
previous one given in [3], we have experimentally ver-
ified that, for the same chaotic oscillator the through-
put data rate of the RNG method given in [3] was
385bps. Furthermore bit sequence obtained from the
RNG method given in [3] can pass the full test suite
of Diehard with only Von Neumann processing.

As a result, the proposed design is an enhanced ar-
chitecture where offset and frequency compensation
loops are added to maximize the statistical quality of
the output sequence and to be robust against external
interference, parameter variations and attacks aimed
to force throughput.

4. Conclusions

A novel TRNG based on a continuous-time chaotic
oscillator was presented. Numerical and experimen-
tal results presented in this paper not only verify the
feasibility of the proposed circuit, but also encourage
its use as the core of a high-performance IC RNG as
well. In comparison with RNGs based on discrete-time
chaotic maps, which are advantageous in the sense that
true random behavior can be mathematically proven
thanks to an analytical model that has been devel-
oped, it is seen that RNGs based on continuous-time
chaotic oscillators can offer much higher and constant
data rates without post-processing. In conclusion, we
can deduce that the use of continuous-time chaos is
very promising in generating random numbers with
very high throughput.
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Abstract—Random number generators (RNGs) are
widely used in different applications, but are difficult to
be realized in low precision and resource constrained sys-
tem, such as the 8-bit micro-controller systems. This pa-
per provides a feasible solution for such a controller sys-
tem, which is commonly used in consumer and industrial
markets. By sampling a modified Chua’s circuit and post-
processing with a high-dimensional chaotic map, a RNG is
designed. The randomness of the generated bit sequence
is also testified and confirmed by the up-to-date statistical
suite.

1. Introduction

Low cost micro-controllers and micro-processors are
dominated in industrial and consumer markets. How-
ever, their low precision and limited resources have largely
hindered the implementation of random function, causing
some trade-offs or limitation in applications. An exam-
ple is the “random shuffle” function in the music devices.
Although songs are supposed to be selected randomly, in
fact, the sequence is not random. Moreover, the quality
of the RNG will also affect the performance of some al-
gorithms, for example evolutionary algorithms, encryption
algorithms and so on.

Implementing RNG in a low-precision controller is not
an easy task. Severe problems such as short cycle length,
non-ideal distribution and correlation functions have been
noticed [3]. Although the use of chaos in random number
generation has been proposed by a number of researchers
[7, 8, 9], a practical implementation under 8-bit precision
has never been investigated.

In this paper, a low cost chaos-based RNG is to be de-
signed. The organization of the paper is as follows. Firstly,
the design of the proposed RNG is explained in detail in
Sect. 2. Its performance study is given in Sect. 3. Finally,
conclusion remarks are drawn in Sect. 4.

2. Design of Random Number Generator

The use of 8-bit micro-controllers and micro-processors
are common in industry and consumer markets due to their
low costs. However, it is a great challenge to have RNG

realized under such a low precision environment, although
a good RNG is always demanded for lots of applications.

In this paper, a chaos-based RNG is proposed for the 8-
bit precision environment. The block diagram is depicted
in Fig. 1, and it consists of two major parts. Firstly, bit
stream is generated by sampling a chaotic circuit, and then
random bit sequence can be obtained by a simple post-
processing method.

Figure 1: Block diagram of chaos-based RNG design

2.1. Modified Chua’s Circuit

In order to generate the bit stream for the RNG, a very
simple chaotic circuit proposed in [2] is adopted. It is a
modified Chua’s circuit, which can be expressed as follows:

C1
dV1

dt
=

1
R

(V2 − V1)− f(V1)

C2
dV2

dt
=

1
R

(V1 − V2) + I3

L
dI3

dt
= −V2 − I3R0 (1)

where f(V ) = GaV − Ga

V 2
max

V 3 is a cubic-like voltage-
current characteristic [10] of the nonlinear resistor with
slopes Ga and ±Vmax are the outer zeros.

The overall circuit is depicted in Fig. 2 where the shaded
part is used to realize the f(V ). The double-scroll chaotic
attractor is then obtained as in Fig. 3 with the cubic v-i
function f(V ) shown in Fig. 4.

The use of this circuit in our RNG design has the follow-
ing advantages:

1. The circuit is extremely simple and only consists of a
few passive components and two pairs of dual com-
plementary MOS transistors.
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Figure 2: Realization of modified Chua’s circuit in elec-
tronic circuit

Figure 3: Double scroll attractor ((horizontal axis: 1V/div,
vertical axis: 0.5V/div)

Figure 4: Driving point characteric (horizontal axis:
2V/div, vertical axis: 2mA/div)

2. A chaotic attractor is observed, and hence non-
periodic bit sequence can be obtained after data sam-
pling.

2.2. Data Postprocessing

Referring to Fig. 1, one of the system states (in our de-
sign, V2) of the modified Chua’s circuit is sampled and used
as the bit stream. However, even though the sampled data
is non-periodic, its randomness may not be good enough
for RNG applications (that is confirmed in our test, which
will be discussed further in Sect. 3). Therefore, data post-
processing is necessary.

In our approach, a chaotic map, called high dimensional
Cat map, is constructed as the post-processing function be-
cause of its nice simple structure. This map [1] is found to
possess a very good mixing property, even under finite pre-
cision. Moreover, it can be easily implemented in a 8-bit
precision environment.

Firstly, let’s define an extended Cat map as follows:

z(k + 1) = A12z(k) (2)

where z(k) = [z1 z2 · · · zn]T , and A12 is an n× n matrix
expressed as

A12 =

⎡
⎢⎢⎢⎢⎣

1 α 0 0
β 1 + αβ 0 · · · 0
0 0 1 0

: :
0 0 0 · · · 1

⎤
⎥⎥⎥⎥⎦

(3)

Similar to the conventional two-dimensional Cat map, the
1st and 2nd dimensions of z are mixed, according to the
mapping matrix A12 specified by α and β.

The high-dimensional Cat map is then formed as:

z(k + 1) = Az(k) (4)

where A is an n× n matrix, constructed by

A = A12A13 · · ·A1nA23 · · ·A2n · · ·A(n−1)n (5)

with each Aij mixing the i-th and j-th dimensions as in
the extended Cat map given in Eq. (2) and (3). Therefore,
with the mapping matrix, A, all the dimensions of z will be
mixed completely.

In our experiment, n = 5, and it should be emphasized
that A is predefined and hence is just a constant matrix.
The bit stream obtained by sampling the chaotic circuit is
fed into this high dimensional Cat map, Eq. (4), in groups
of n-byte (i.e. each byte obtained from a data sample), and
then processed by the map.

2.3. Hardware Implementation

The block diagram of the proposed chaos-based RNG
system and a prototype are shown in Fig. 5 (a) and (b),
respectively. The modified Chua’s circuit in Eq. (1) is real-
ized by the passive components (L, C, and R), together with
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CD4007 for the realization of f(V ). The analog signal of
the state V2 is sampled by an analog-to-digital converter
(MAX118) with a sampling rate of 50KHz and the sam-
ples are stored in a SRAM. The post-processing function or
the high-dimensional Cat map in Eq. (4) is programmed in
the 8-bit controller μC8051, occupying 33 bytes program
memory and 35 bytes internal RAM. The size of overall
program is 259 bytes. The output is used as the random bit
sequence.

(a)

(b)

Figure 5: (a) Block diagram (b) prototype of RNG with
8-bit controller

3. Performance Analysis

In order to verify the randomness of the output bit se-
quence from the μC8051, the sequence is streamed to the
computer via the COM-port by RS232 for further analysis.

3.1. Correlation Functions

Firstly, the auto-correlation and cross-correlation of
the sequences are studied and exhibited in Figs. 6 and
7, respectively. It clearly shows that the use of high-
dimensional Cat map can improve their perfromance,
achieving good auto-correlation and cross-correlation
properties.

3.2. Bit Balance Probability

Let p and q be the frequencies of “0” and “1”, respec-
tively, then the quantity p−q

N implies the balance of these
probabilities, where N is the number of bits. Fig. 8 de-
picts the balance of probabilities and a very good result

(a) (b)

Figure 6: Auto-correlation (a) without post-processing (b)
with post-processing

(a) (b)

Figure 7: Cross-correlation (a) without postprocessing (b)
with postprocessing

is obtained. The result for the bit sequence without post-
processing is also depicted for comparison.

(a) (b)

Figure 8: Balance probability of “0” and “1” (a) without
post-processing (b) with post-processing

3.3. Statistical Test Suite

The proposed scheme is also evaluated by the NIST test
suite [4], which contains fifteen statistical tests, covering
a wide area of FIPS 140-2 [5]. The tests can be classified
into three major random natures:

1. Random Walk Nature: frequency test (FT), block fre-
quency test (BFT), cumulative sums test (CST), ran-
dom excursions test (RET), random excursions variant
test (REVT).

2. Pattern Checking: runs test (RT), longest run of
ones test (LROT), nonoverlapping template match-
ing test (NTMT), overlapping template matching test
(OTMT), Maurer’s universal statistical test (MUST),
approximate entropy test (AET), serial test (ST).

3. Complexity and Compression: Marsaglia’s rank test
(MRT), spectral test (SPT), linear complexity test
(LCT).
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Details of the tests can be referred to [6].
The results are tabulated in Table 1 and it is found that

all the tests are passed. The results using sampled data
from the modified Chua’s circuit without post-processing
are also listed for comparison.

Table 1: Statistical performance of bit sequences

Passing rate
Tests without post-processing with post-processing

FT 0.00% 97.67%
BFT 0.00% 100.00%
CST(a) 0.00% 98.00%
CST(b) 0.00% 97.67%
RET 0.00% 99.17%
REVT 0.00% 99.40%
RT 0.00% 98.67%
LROT 0.00% 99.33%
NTMT 12.70% 98.99%
OTMT 0.00% 98.33 %
MUST 0.00% 98.33 %
AET 0.00% 99.33%
ST 0.00% 99.00 %
MRT 94.00% 99.33%
SPT 1.00% 98.67%
LCT 99.33% 98.33%

1 The length of the bit sequence under testing is 1,000,000 bits, and 300
sequences are used. Based on the standard significance levels [6], the min-
imum acceptable percentage in passing a test is 97.28%.
2 CST(a) and CST(b) stand for the cumulative forward sum and cumula-
tive backward sum, respectively.

4. Conclusions

A novel chaos-based RNG is designed under a 8-bit pre-
cision environment. The core consists of a simple mod-
ified Chua’s circuit. Bit stream is obtained by sampling
a state of the circuit, and then further mixed by a high-
dimensional Cat map, which has been proved to be an ef-
fective function for improving the statistical quality of the
bit sequence. The overall design has been implemented in
a low-cost 8-bit controller, and the generated bit sequences
are confirmed to pass all the tests in the up-to-date NIST
test suite even under such a low precision environment.
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Abstract—In previous papers we presented an ap-
proach to identify a Petri net system, given its lan-
guage, based on the solution of an integer program-
ming problem.

In this paper we analyze the complexity of such an
approach in terms of computational time required to
get an admissible solution, that may also be optimal
according to a given performance criterion.

1. Introduction

This paper is based on our previous results in [1,
2]. In particular, in [1] we proposed a linear algebraic
characterization of the Petri net systems that are able
to generate a given finite set of strings, assuming that
the number of places is known a priori. We also shown
how this characterization can be used to synthesize a
bounded net system whose language is given in terms of
its reachability graph, namely imposing an appropriate
set of finite length strings plus the set of minimal T-
invariants.

In [2] we shown how the assumption that the num-
ber of places is given can be relaxed, and the approach
can be generalized to the case in which the number of
places is only known to be less or equal to a given
value. In both cases, if a performance index is consid-
ered, the above linear algebraic characterization can be
used to formulate a linear integer programming prob-
lem (IPP), that can be solved using ILOG CPLEX.

The goal of this paper is that of analyzing the com-
putational complexity of the above approach. In par-
ticular, we want to investigate how the computational
time depends on the cardinality of the set of finite
length strings that describe the language, and on the
chosen performance index.

To this aim we consider the language generated by
a particular Petri net system that models a sender-
receiver process. Different cases are examined with
different number of places and transitions, and thus
different languages generated.

The numerical simulations we carried out enabled
us to conclude that the computational time become
prohibitive for languages that are described by a large
number of finite length strings, if we want to determine
a solution that is optimal with respect to a given per-
formance index. On the contrary, computational times
are negligible if we limit to consider any admissible net

system, e.g., the first admissible solution computed by
CPLEX when solving the optimization problem. We
believe that this is not a drawback of our procedure
because in effect, when solving identification problems
like this, the main requirement is that of determining
an admissible solution, not necessarily an optimal one.

2. Background of Petri nets

In this section we recall the formalism used in the
paper. For more details on Petri nets see [3].

A Place/Transition net (P/T net) is a structure N =
(P, T, Pre, Post), where P is a set of m places; T is
a set of n transitions; Pre : P × T → N and Post :
P ×T → N are the pre– and post– incidence functions
that specify the arcs; C = Post−Pre is the incidence
matrix.

A marking is a vector M : P → N that assigns to
each place of a P/T net a non–negative integer number
of tokens, represented by black dots. We denote M(p)
the marking of place p. A P/T system or net system
〈N, M0〉 is a net N with an initial marking M0.

A transition t is enabled at M iff M ≥ Pre(· , t) and
may fire yielding the marking M ′ = M + C(· , t). We
write M [σ〉 to denote that the sequence of transitions
σ is enabled at M , and we write M [σ〉 M ′ to denote
that the firing of σ yields M ′. Note that in this paper
we always assume that two or more transitions cannot
simultaneously fire (non-concurrency hypothesis).

A marking M is reachable in 〈N, M0〉 iff there exists
a firing sequence σ such that M0 [σ〉 M . The set of all
markings reachable from M0 defines the reachability
set of 〈N, M0〉 and is denoted R(N,M0).

Given a Petri net system 〈N,M0〉 we define its lan-
guage as the set of its firing sequences L(N, M0) =
{σ ∈ T ∗ | M0[σ〉}. We also define the set of firing
sequences of length less than or equal to k ∈ N as:
Lk(N, M0) = {σ ∈ L(N, M0) | |σ| ≤ k}.

3. The identification procedure

In [1] we considered the following problem.

Problem 3.1 Assume we are given a set of places
P = {p1, . . . , pm} and a set of transitions T =
{t1, . . . , tn}. Let L ⊂ T ∗ be a finite prefix-closed lan-
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guage1 over T , and k = max
σ∈L

|σ| be the length of the

longest string in L.
We want to identify the structure of a net N =

(P, T, Pre, Post) and an initial marking M0 such that
Lk(N, M0) = L.

The unknowns we want to determine are the
elements of the two matrices Pre = {ei,j} ∈
Nm×n and Post = {oi,j} ∈ Nm×n and the elements
of the vector M0 =

[
m0,1 m0,2 · · · m0,m

]T ∈
Nm. ¥

In [1] we proved that a solution to the above iden-
tification problem can be computed thanks to the fol-
lowing theorem.

Theorem 3.2 [1] A solution to the identification
problem (3.1) satisfies the following set of linear al-
gebraic constraints

G(m,T,L) ,




M0 + Post · ~σ − Pre · (~σ + ~εj) ≥ ~0
∀(σ, tj) ∈ E (a)

−KS(σ, tj) + M0 + Post · ~σ
−Pre · (~σ + ~εj) ≤ −~1m ∀(σ, tj) ∈ D (b)

~1 T S(σ, tj) ≤ m− 1 ∀(σ, tj) ∈ D (c)

M0 ∈ Nm (d)

Pre, Post ∈ Nm×n (e)

S(σ, tj) ∈ {0, 1}m (f)
(1)

where

E = {(σ, tj) | σ ∈ L, |σ| < k, σtj ∈ L},

D = {(σ, tj) | σ ∈ L, |σ| < k, σtj 6∈ L}
and K is a very large constant.

Constraints (a) are the enabling constraints, i.e., a
transition tj is enabled at M0 +(Post−Pre) ·~σ if and
only if M0 + (Post− Pre) · ~σ ≥ Pre · ~εj .

Constraints (b) and (c) are the disabling constraints:
if a transition tj is disabled at M0 + (Post− Pre) · ~σ
then there exists at least one place p ∈ P such that

M0(p) + (Post(p, ·)− Pre(p, ·)) · ~σ ≤ Pre(p, ·) · ~εj − 1.
(2)

Indeed, by constraint (c) at least one entry of S(σ, tj)
is null, thus eq. (2) holds for at least one p ∈ P . On the
contrary, no constraint is given for the other places to
which it correspond a non null entry of S(σ, tj) because
in this case constraint (b) is redundant.

In general the set (1) is not a singleton, thus there
exists more than one Petri net system 〈N, M0〉 such
that Lk(N, M0) = L. To select one among these Petri

1A language L is said to be prefix-closed if for any string
σ ∈ L, all prefixes of σ are in L.

net systems we choose a given performance index and
solving an appropriate IPP we determine a Petri net
system that minimizes the considered performance in-
dex2. In particular, if f(M0, P re, Post) is the consid-
ered performance index, an identification problem can
be formally stated as follows.

Problem 3.3 Let us consider the identification prob-
lem (3.1) and let f(M0, P re, Post) be a given per-
formance index. The solution to the identification
problem (3.1) that minimizes f(M0, P re, Post) can be
computed by solving the following IPP

{
min f(M0, P re, Post)
s.t. G(m,T,L). (3)

¥

3.1. Complexity of IPP (3)

Let n be the cardinality of T , k the length of the
longest string in L, and νr (for r = 0, . . . , k) the num-
ber of strings in L of length r.

Then the constraint set (1) contains
∑k

r=1 νr con-
straints of type (a) and

∑k−1
r=0(nνr − νr+1) constraints

of type (b) and of type (c). The total number of scalar
constraints is thus:

m

(
k∑

r=1

νr

)
+ (m + 1)

(
k−1∑
r=0

(nνr − νr+1)

)
.

The total number of unknown is

u = m + 2(m× n) + m

(
k−1∑
r=0

(nνr − νr+1)

)
.

Note that given a value of k and of n, it is possible
to find a worst case bound for ρ =

∑k−1
r=0(nνr − νr+1).

In fact, it holds:

ρ =
∑k−1

r=0(nνr − νr+1)
= ν0 + (n− 1)

(∑k−1
r=1 νr

)
− νk

= n + (n− 1)
(∑k−1

r=1 νr

)
− νk.

This expression is maximized if we assume νk = 0
while all other νr must take the largest value, i.e., νr =
nr. Hence we have ρ = n+(n−1)(n+· · ·+nk−1) = nk,
and the total number of unknowns in the worst case is

u = m + 2(m× n) + m nk

= m(1 + 2n + nk) = O(m nk),

i.e., it has exponential complexity with respect to k.

2Clearly, also in this case the solution may be not unique.
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3.2. Optimizing the number of places

If we assume the number m of places is not given,
but it is only known to be less or equal to a given value,
the identification problem 3.1 can be reformulated as
follows.

Problem 3.4 Let us consider an identification prob-
lem in the form 3.1 where m is only known to
be less or equal to a given value m̄, and let
f(m,M0, P re, Post) be a given performance index.
The solution to the identification problem that mini-
mizes f(m, M0, P re, Post) with the smallest number
of places can be computed solving the following non-
linear IPP

{
min
m≤m̄

min f(m,M0, P re, Post)

s.t. G(m, T,L).
(4)

A trivial solution to the above identification problem
3.4 consists in solving IPP of the form (3) for increas-
ing values of m, until a feasible solution is obtained.
Alternatively, the following result can be used.

Theorem 3.5 [2] Solving the identification problem
3.4 is equivalent to solving the following IPP:





min J = K̄ ·~1T
m̄~z + f(m̄, M0, P re, Post)

s.t. G(m̄, T,L)
K · ~z − Pre ·~1n − Post ·~1n ≥ ~0m̄

zi+1 ≤ zi, i = 1, . . . , m̄− 1
~z ∈ {0, 1}m̄

(5)

for a sufficiently large constant K̄.
In particular, let us denote as ~z∗, M̄∗

0 , Pre
∗

and
Post

∗
the solution of (5), and let m∗ be the number of

nonzero components of ~z∗.
Let M∗

0 be the vector obtained from M̄∗
0 by only keep-

ing its first m∗ components. Analogously, let Pre∗ and
Post∗ be the matrices obtained from Pre

∗
and Post

∗
,

respectively, by only keeping their first m∗ rows.
Then, m∗, M∗

0 , Pre∗, Post∗ is a solution of the
identification problem 3.4.

3.3. Identification from the reachability graph

As discussed in detail in [1] the above procedure can
also be used to solve identification problems starting
from the reachability graph of the net system, that is
represented as a finite state automaton G, provided
that the net system is bounded.

To this aim, it is sufficient to define L as the set of
sequences that are generated by the automaton with-
out passing through a cycle. Then, we need to im-
pose as additional constraints the set of minimal T-
invariants Γmin(G) [1]. More precisely, for any min-
imal T-invariant ~y ∈ Γmin(G) we have to impose an
additional constraint of the form

(Post− Pre)~yT = ~0T
m.
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sender receiver 

Figure 1: The sender-receiver process.

4. Numerical simulations

Let us consider the Petri net system in Figure 1 con-
sisting of 2(q+1) places and 2q transitions. It models a
sender-receiver process. In particular, places pi, with
i = 1, ...q, model the sender process; places pi, with
i = q +1, ..., 2q, model the receiver process, and places
pi, with i = 2q + 1, 2q + 2, correspond to the commu-
nication channels between the two processes. When
place p1 is marked (as in Figure 1) the sender is ready
to transmit a message. After the firing of t1 the mes-
sage is in the channel, ready to be received, provided
that the receiver is also ready, namely that place pq+1

is marked. Now, transitions t2, . . . , tq−1, tq+1, . . . , t2q

can fire. In particular the firing of t2q corresponds to
the acknowledge from the receiver. Finally, the receipt
from the sender is modeled by transition tq.

In this section we present the results of various iden-
tification problems carried out considering different
values of q, namely q = 2, . . . , 6. In particular, our goal
here is that of synthesizing a net system that generates
the same language of the net system in Figure 1.

Note that for sake of brevity we do not report here
the language L = Lk(N, M0), but we limit to observe
that k = 2q. Moreover, in order to obtain a net system
that generates exactly the same language we also need
to impose the minimal T-invariant ~y = ~1n.

Note that we do not need to impose the P-invariants
corresponding to the sender and the receiver. In fact,
our requirement here is not that of obtaining exactly
the net system in Figure 1, but a net system that gen-
erates the same language.

For any q we considered two different cases. In par-
ticular, using the notation of IPP (5), we assume:

(C1) J = K̄ ·~1T
m̄~z +~1T

m̄ ·M0 +~1T
m̄ · (Pre + Post) ·~1n,

(C2) J = ~1T
m̄ ·M0.

Therefore, in case (C1) we assume that the number of
places is not known a priori, and our goal is that of
determining among all the net systems that satisfy the
given language specifications, that one who minimizes
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  First 
admissible 

solution 

Optimal 
solution 

(max 1 hour) 

% after 
1 hour 

C1 0,03 sec 
(141) 

0,03 sec 
(141) 

0%  
q=2 

C2 <0,01 sec 
(113) 

<0,01 sec 
(113) 

0% 

C1 < 4 sec 
(598) 

 16,71%  
q=3 

C2 <0,6 sec 
(607) 

0,78 sec 
(2744) 

0% 

C1 < 29 sec 
(1706) 

 59,91%  
q=4 

C2 <8 sec 
(2479) 

 50,00% 

C1 <200 sec 
(3855) 

 75,05%  
q=5 

C2 <20 sec 
(3625) 

 75,00% 

C1 < 65 sec 
(6949) 

 97,61%  
q=6 

C2 <20 sec 
(6067) 

 50,00% 

 
 

Table 1: Numerical results

the number of places, the initial number of tokens and
the arc weights.

In case (C2) we assign no weight on the number of
places because we assume it is given. Our goal here is
simply that of minimizing the number of tokens in the
initial marking.

We carried out all numerical simulations using an
appropriate tool we developed in MATLAB: given the
language L = Lk(N, M0), the structural constraints,
and an upper bound on the number of places m̄, it
generates the set of constraints of IPP (5) in the syntax
of CLPEX; then, given the desired performance index,
the resulting IPP can be directly solved using ILOG
CPLEX.

For both cases C1 and C2, and for any value of q, we
limit the computational time to one hour. This con-
straint did not allow us to obtain the optimal solution
in all cases examined.

Simulations have been run on a PC Athlon 64,
4000+ processor. Numerical results are summarized
in Table 1.

In the first column we have reported the time (in
seconds) and the number of iterations (between paren-
thesis) to find the first admissible solution.

In the second column we may have either an empty
box or two numbers. The box is empty if CPLEX is
not able to compute the optimal solution within an
hour. If an optimal solution is determined within an
hour, in the corresponding box we can read the time
in seconds it took to compute it, and the number of
iterations between parenthesis.

In the third column we reported a measure of the
distance (as a percentage) between the optimal solu-

tion and the solution computed within an hour. If
such a value is equal to 0% it means that the optimal
solution has been obtained in the allowed time. As
large is the percentage, as far the solution is from the
optimum.

From Table 1 we can be easily observe that the opti-
mal solution can be computed within an hour only for
q = 2 (both in case C1 and C2), and for q = 3 (in case
C2). In all the other cases the number of constraints
was too high, and regardless of the considered perfor-
mance index, one hour was not enough to determine
the optimal solution. In particular, the distance from
the optimal solution in quite all cases examined also
depend on the considered performance index (case C1
or C2).

Note however that this is not a serious limitation
of our procedure because in general, when computing
an identification problem, we are mainly interested in
determining an admissible solution, rather than an op-
timal one. As it can be seen by looking at the first col-
umn of Table 1, the computational times are very very
short also for large values of q if we consider an arbi-
trary solution, e.g., the first admissible one computed
by CPLEX when solving an optimization problem.

Note that in case C1 we assumed that m̄ = 2q + 2
but we always found out a net with a minor number
of places. This is not surprising because we are not
imposing the P-invariants relative to the sender and
the receiver, thus the structure of the net is different
even if the language generated is the same.

5. Conclusions and future work

In this paper we investigated the computational
complexity of solving Petri nets identification prob-
lems starting from the language generated. Our at-
tention here was limited to bounded Petri net systems.
Our future work will be that of extending the proposed
procedure to unbounded nets. Moreover, we are work-
ing on the design of a MATLAB tool that starting from
a given automaton G, identifies a net system whose
coverabilty graph is isomorphic to G, by solving an
appropriate ILL using CPLX.
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Abstract—Petri nets are known as a modeling language
for concurrent and distributed systems. In recent years, var-
ious object-oriented Petri nets were proposed, and we are
proposing a kind of object-oriented Petri nets, called multi
agent nets (MANs). In this paper, we consider the reach-
ability analysis of MANs. We propose an algorithm for
generating an abstract state space of a multi agent net, and
report results of computational experiments.

1. Introduction

Petri nets[1] are known as a modeling language for con-
current and distributed systems. So far, Petri nets have been
extended in various ways to in order to enhance model-
ing capability. In recent years, object-oriented Petri nets
attracts attentions as a modeling language for multi-agent
systems[2]. We are proposing a kind of object oriented
Petri nets, called multi agent nets (MANs)[3]. MANs are
composed of agent nets, and each agent net is an extended
coloured Petri net[4]. An agent net has its own color; there-
fore an agent net could be located on another agent net as
a token. This kind of hierarchy is know as a nets-within-
nets structure[5]. Agent nets can communicate each other
by passing tokens, and an agent net is possible to decide a
communication companion or companions dynamically.
We have been developed a software environment[6] to

execute multi agent net models, and developed various dis-
tributed multi-agent systems by using the MANs[7, 8, 9].
This paper focuses on the reachability problem of MANs.
Nested Pets nets are fundamental class of nets-within-nets
style hierarchical Petri nets. Lomazova et al. showed that
the reachability problem is undecidable for nested Petri
nets[10]. Therefore the reachability problem in MANs is
undecidable in general. This paper shows an abstract state
space construction algorithm for MANs, and reports results
of computational experiments.

2. Multi Agent Nets and Software Environment

2.1. Informal Introduction to Multi Agent Nets

This section informally introduces the MAN. A MAN
is a set of agent nets, and each agent net is an extended
coloured Petri net.
In coloured Petri nets, a set is associated with each place,

and the set is called colour set. A token on a place holds a

datum, and it is an element in the associated colour set. We
call the data token attributes in this paper. In MANs, the
colour set can be also associated with the net itself. There-
fore, not only tokens but also nets are able to have some
data, called net attributes, and they can be accessed (read
and write) from anywhere in the same net. Since each agent
net has its own colour, an (lower) agent net can be located
on places in other (higher) agent nets as a token. In this
case, attributes of the lower agent net can be accessed as
attributes of the token.
Agent nets can communicate each other by passing to-

kens. Internal behaviour of agent nets are encapsulated,
and an agent net is able to know a state of another agent
net by the following two methods: 1) a higher agent net
can know net attributes of lower agent nets, and 2) an agent
net can know state of other agent nets by communication.
A communication companion is designated in the passing
token, and an agent net is possible to decide the communi-
cation companion or companions dynamically. In MANs,
this token passing mechanism and nets-within-nets style hi-
erarchy bind plural agent nets. In modular Petri nets, there
exist two kinds of binding methods: the fusion of tran-
sitions, and the fusion of places[11]. Our token passing
mechanism corresponds to the fusion of places, however
the binding structure has not yet defined explicitly in the
net structure. This kind of system is called weakly coupled
systems[12].

2.2. Software Environment

Figure 1 shows overview of our software environment
for MANs. The part shown by broken lines shows execu-
tion modules of MANs, and has been developed out previ-
ous works[6]. In the environment, an agent net is written
as a class of Java. The class library consists of super class
of agent nets and execution module. Our environment also
supports distributed execution of MANs.
The part shown by solid lines is developed in this re-

search. AbstractSpaceGenerator generates a reachable
space for a given MAN. As the name shows, it generates
an abstract state space instead of a complete state space,
and the state space is abstracted by an abstraction map-
ping defined in Abstraction Rules. The abstract state space
is expressed by using Binary Decision Diagrams (BDDs).
ModelChecker checks the specification written by Com-
putation Tree Logic (CTL). Please refer [13] more detail
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Net Editor

Multi Agent Net Model

(Java code)

Class Library

Execution

Abstraction Rules

AbstractSpaceGenerator

Abstract SpaceSpecification

Model Checker

Check Result

Figure 1: Software environment for MANs

about model checking.

3. State Space Construction

3.1. Markings in MANs

For a given agent net AN , let P be the set of places,
Σ be the set of colour sets, and C : P ∪ {AN.c} → Σ
be the colour function, where AN.c is the net attribute of
agent net AN . A token element is a 2-tuple (p, c), and
p ∈ P ∪{AN.c} and c ∈ C(p). Let TE be the set of every
token elements, then a marking of an agent net is a multi-
set over TE. A markingMAN of agent net AN is denoted
by

MAN = 1‘(AN.c, can) + Σn
i=1Σ

m
j=1Nij ‘(pi, cj),

where Nij ∈ Z
+, Nij ‘(pi, cj) shows that Nij tokens with

attributes cj are located on place pi, and can shows net at-
tributes.
For given markingsMAN andM ′

AN , when N ≤ N ′ for
all (p, c) ∈ MAN , marking MAN is said to be covered by
M ′

AN , and denoted by MAN ⊆ M ′
AN . MAN and M ′

AN

are called equivalent and denoted byMAN = M ′
AN , when

MAN ⊆ M ′
AN andM ′

AN ⊆ MAN .
A MAN is a set of agent nets, and some of they may be

in the same class, namely have the same structure. In order
to distinguish, each agent net has identifier. Let ANi be
an identifier of agent net ANi, and Mi be its marking, a
markingMMAN of the MAN is expressed by

MMAN = Σ|IDM |
i=1 (ANi, Mi),

where IDM is the set of identifiers.
Let us consider equivalence relations among markings of

MANs. We introduce two equivalence relations afterward.

One considers the identifier explicitly, and the other one
disregards.

Definition 1 (strongly equivalent) Two markings

MMAN = Σ|IDM |
i=1 (ANi, Mi)

M ′
MAN = Σ|IDM |

i=1 (AN ′
i , M

′
i)

are said to be strongly equivalent when for all i, ANi =
AN ′

i andMi = M ′
i .

Definition 2 (weakly equivalent) Two markings

MMAN = Σ|IDM |
i=1 (ANi, Mi)

M ′
MAN = Σ|ID′

M |
i=1 (AN ′

i , M
′
i)

are said to be weakly equivalent when there exists a bijec-
tion f from ID′

M to IDM such that for all i, f(AN ′
i) =

ANi andM ′
i = Mi.

3.2. Abstract State Space

Let M be the set of reachable markings from M0 in a
multi agent net MAN , R ⊆ M × M be the set of tran-
sition relations among markings, and I = {M0} be the
set of initial states, then 3-tuple (M, R, I) is a transition
system of MAN . For the set AP of atomic propositions,
let λ : M → 2AP be a labeling function, then 4-tuple
C = (M, R, I, λ) is a Kripke structure.
For this (M, R, I, λ), consider a structure A =

(A, R, I, λ). A becomes an abstract structure of C when
each term is defined as follows:
Let φ1(M), . . . , φm(M) be predicates and each predi-

cate is a mapping from M to B, and define the set AP of
atomic propositions by AP = {φ1, . . . , φm}. Define the
set of states A by

A = {(φ1(M), . . . , φm(M)) | M ∈ M},

and an abstraction function β : M → A by β(M) =
(φ1(M), . . . , φm(M)). The set of initial states of A is
given by I = β(I), and define the transition relation R
by

R = {(β(M), β(M ′))|(M, M ′) ∈ R},

and let the labeling function λ be an identity mapping.

3.3. State Space Construction Algorithm

We construct an abstract state space by using the depth
first search method with a finite depth D. In order to cal-
culate the next state, we use the execution module of our
software environment. It is shown in Algorithms1 and 2.
In the algorithm,M.tlist() returns a set of enabled tran-

sitions at a marking M , and M.next(t) returns a marking
obtained by firing a transition t from a markingM .

404



Algorithm 1 generate state space

1: I, A ← {β(M0)}
2: R ← ∅
3: Stack ← ∅ // Stack for keeping marking trace
4: SS ← ∅ // Set of visited markings
5: search(M0)

Algorithm 2 search(M )
1: ifM ∈ SS then
2: return
3: end if
4: b ← β(M)
5: Stack.push(M)
6: SS ← SS ∪ {M}
7: if Stack.size() < D then
8: TL ← M.tlist()
9: for all t ∈ TL do
10: M ′ ← M.next(t)
11: b′ ← β(M ′)
12: A ← A ∪ {b′}
13: R ← R ∪ {(b, b′)}
14: search(M ′)
15: end for
16: end if
17: Stack.pop()
18: return

4. Computational Experiments

Figure 2 shows two classes of agent nets. We con-
structed abstract state spaces for three MANs which are
composed by sender nets and receiver nets and the num-
ber of sender/receiver nets are changed from one to three.
Our program is written in Java, and JavaBDD1 is used
for implementing the transition system. Experiments were
done on a PC(CPU: Pen.4 3.2GHz, Mem.: 1G, OS: FC3.0,
Java: 1.4.2). We prepared a predicate for each place p in
{p1, p2, p3, p5, p6, p8, p9, p10, p11, p12}. The predicate re-
turns true when there exist an agent net in which at least
one token is on the place p. Figure 3, 4, 5 shows computa-
tion time to construct abstract state spaces and the number
of state transitions in the space.
At the first line in Algorithm 2, we check whether the

marking M has been visited or not. We prepared three
methods for marking equivalence checking. The line titled
as “without eq. check” shows the result when we did not
checked marking equivalence. The lines titled as “Def. 1”
and “Def. 2” show results when the strongly equivalent and
the weakly equivalent relations are used, respectively. Re-
sults show that state space construction time is enormously
reduced by using the marking equivalence relations.
The line title as “number of transitions” is the number

of state transitions in the abstract space. Lines for every

1http://javabdd.sourceforge.net/
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Figure 2: Agent nets for simple protocol. Sender pass a
token from p2 to p7. Receiver return a token from p11 to
p4.
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Figure 3: CPU time to construct state space, and number of
state transitions in abstract space, when the MAN consists
of one sender net and one receiver net.

checking method were the same. This shows that the vis-
ited marking check does not bind any necessary search. In
Fig. 4, the number of state transitions was 264 in both cases
where the search depth was 20 and 25, and the state space
construction was saturated.
We are using the abstract state space in order to deal with

huge state space of coloured Petri nets, however the algo-
rithm holds the set of visited markings. At this point, our
algorithm includes inconsistency. As for the checking of
visited markings, we tried to use Stack instead of SS. In
this case, we could not see any advantage from “without
eq. check” when the search depth was at most 25. The
problem is left for our future research.

5. Conclusions

This paper proposed an abstract state space construction
algorithm for MANs. When we apply the model checking
method to coloured Petri nets such as MANs, state space
abstraction is useful.
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Figure 4: Results when the MAN consists of two sender
net and two receiver net.
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Figure 5: Results when the MAN consists of three sender
net and three receiver net.

The proposed algorithm uses the depth first search with
finite search depth, and we proposed two definitions about
marking equivalence. We have evaluated the following two
points by computational experiments: the visited mark-
ing checking contributes enormous time reduction on state
space construction, and the visited marking checking does
not bound any necessary search.
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Abstract—Petri nets are basic models for concurrent
systems and a firing count vector for transitions is one of
key concepts to describe and evaluate algebraically their
behavior. In this paper, under the conditions that all mini-
mal T-invariants and all particular solutions for state equa-
tion are given, it is shown that the expansion coefficients
for any specified firing count vector are systematically ob-
tained by using Modified Fourier-Motzkin method as well
as Old Fourier-Motzkin method, both of which have been
effectively used also for finding T-invariants and particular
solutions of state equation.

1. Introduction

A Petri net is a particular kind of directed graph, together
with an initial state called the initial markings, M0. The un-
derlying graph of a Petri net is directed, weighted, bipartite
graph consisting of two kinds of notes, called places and
transitions, where arcs are either from a place to a transition
or from a transition to a place. A state or marking in a Petri
net is changed according to the firing rules. See[1],[2].
Such Petri nets are effectively used for modeling, analyz-
ing, and verifying many discrete event systems[1],[2].

In this paper, we concern structural analysis based on
the linear algebra techniques and the net state equation
Ax = b := Md − M0, where M0 and Md are initial and
destination marking vectors, respectively. All generators
for T-invariants and all minimal inhomogeneous(i.e., par-
ticular) solutions are needed for discussing the feasibility
of a group of firing count vectors, x, for the fixed b :=
Md −M0[4,6,7], where any firing count vector is expanded
by means of T-invariant generators and particular solu-
tions[7]. However, it is difficult, in general, to find the non-
negative rational/integer scalar expansion-coefficients. In
this paper, we consider how to find systematically those co-
efficients through the use of well-known Fourier-Moztkin
method[3] and the modified one[5].

2. Preliminaries

Let Zm×n(Zm×n
+ , resp.) be the set of m×n matrices with in-

teger (nonnegative integer including zero, resp.) elements
in this paper. The i-th element of a vector x is denoted by
x(i). For two vectors x and y, x > y means that x(i) > y(i)

for each i, x = y means that x(i) = y(i) for each, i, and x ≥ y
means that x = y and x(i) , y(i) for some i. Note that there
exists the difference between x = y and x ≥ y in this paper
as in Ref.[1], where x = y includes x = y, but x ≥ y does
not.

Ax = b; state equation of a Petri net, where A ∈ Zm×n is
an incidence matrix, b := Md − M0 ∈ Zm×1 is a difference
vector between a destination marking Md ∈ Zm×1

+ and an
initial marking M0 ∈ Zm×1

+ on each place p, and x ∈ Zn×1
+

is a nonnegative integer firing count vector. Note also that
m(n, resp.) is the finite number of places (transitions, resp.).

Minimal solution vector for Ax = b; a solution vector
x ∈ Zn×1

+ is said to be minimal if there is no other solution
vector y ∈ Zn×1

+ s.t. x(i) = y(i) for each i in Ax = b[1].
Minimal T-invariant; U5 := {u(5)

i ∈ Zn×1
+ | nonnegative

integer and minimal homogeneous solutions, x = u(5)
i , of

Ax = b := Md − M0 ∈ Zm×1 and b = 0m×1, i = 1, 2, · · · , l5},
where u(5)

i is also called a minimal T-invariant.
Minimal particular solution; V5 := {v(5)

j ∈ Zn×1
+ | non-

negative integer and minimal inhomogeneous solutions,
x = v(5)

j , of Ax = b := Md − M0 ∈ Zm×1 and b , 0m×1, j =

1, 2, · · · , k5}, where v(5)
j is also called a minimal (and non-

negative integer) particular solution.
Firing count vector; X := {x ∈ Zn×1

+ | nonnegative integer
firing count vectors, x, of Ax = b := Md − M0 ∈ Zm×1 and
b , 0m×1 or = 0m×1, where Md,M0 ∈ Zm×1

+ }.
Fundamental particular solution; a minimal (and non-

negative integer) particular solution x ∈ Zn×1
+ of Ax = b :=

Md − M0 , 0m×1 is called a fundamental particular solu-
tion if x is never expressed by convex combination of other
minimal particular solutions of Ax = b , 0m×1. We use the
next notation: V4 := {v(4)

j ∈ Zn×1
+ | fundamental particular

solutions, j = 1, 2, · · · , k4} and then V5 ⊇ V4(k5 = k4) or
V5 = {V4,V5\V4}.

Minimal support T-invariant; the set of elements corre-
sponding to nonzero elements in a T-invariant x ≥ 0n×1 s.t.
Ax = 0m×1 is called the support of a T-invariant. A support
is said to be minimal if no proper nonempty subset of the
support is also a support. We call such a T-invariant a min-
imal support, or elementary, T-invariant. We use the next
notation for the set of minimal support T-invariants: U4 :=
{u(4)

i ∈ Zn×1
+ | minimal support T-invariants, i = 1, 2, · · · , l4}

and then U5 ⊇ U4(l5 = l4) or U5 = {U4,U5\U4}).
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Note that U4 is obtained by Old FM method (see Ap-
pendix A) and U5 by Modified FM method (see Appendix
B). Moreover, V5 is obtained by Modified FM method for
the augmented system of Ax = b (see Appendix C).

Let Qm×n
+ be the set of m × n matrices with nonnegative

rational elements including zero in this paper.
Example 1:
Consider a Petri net shown in Fig.1, where unity weight

on each arc is omitted and a black dot (a small white circle,
resp.) on place is an initial (a destination, resp.) marking or
token. We have A ∈ Z3×5 and b ∈ Z3×1 for Fig.1 as follows:

Fig.1 Example of Petri nets.

A =

 −1 −1 0 0 1
1 1 −1 −1 0
0 0 1 1 −1

 ,
b = Md − M0 =

 1
1
0

 −
 2

2
0

 =
 −1
−1
2

 .
For this simple example, we have U5 =

{u(5)
1 , u

(5)
2 , u

(5)
3 , u

(5)
4 } = U4 and V5 = {v(5)

1 , · · · , v
(5)
6 },

where

u(5)
1 = u(4)

1 = (10101)T , v(5)
1 = v(4)

1 = (10200)T

u(5)
2 = u(4)

2 = (10011)T , v(5)
2 = v(4)

2 = (10020)T

u(5)
3 = u(4)

3 = (01101)T , v(5)
3 = v(4)

3 = (01200)T

u(5)
4 = u(4)

4 = (01011)T , v(5)
4 = v(4)

4 = (01020)T

v(5)
5 = (10110)T = 1

2 v(4)
1 +

1
2 v(4)

2 ,

v(5)
6 = (01110)T = 1

2 v(4)
3 +

1
2 v(4)

4 .

Note that u(5)
1 , u

(5)
2 , u

(5)
3 , and u(5)

4 are minimal (and mini-
mal support)T-invariants, and v(5)

1 , v
(5)
2 , v

(5)
3 and v(5)

4 are fun-
damental (and minimal) particular solutions, and v(5)

5 and
v(5)

6 are minimal, but not fundamental, particular solutions.

3. An Arbitrary Firing Count Vector by Means of T-
Invariants and Particular Solutions

A firing count vector x ∈ Zn×1
+ (x ∈ X) is expressed by

using u(4)
i ∈ U4 = “the set of minimal support T-invariants”

and v(4)
j ∈ V4 = “the set of fundamental particular solu-

tions” as follows[7]:

x =
∑l4

i=1α
(4)
i u(4)

i +
∑k4

j=1β
(4)
j v(4)

j ,
∑k4

j=1β
(4)
j = 1, (1)

where l4 = |U4|, k4 = |V4|, and α(4)
i , β

(4)
j ∈ Q1×1

+ .
We call eq.(1) as the level 4 expression in this paper.

Moreover we have another expression for x ∈ Zn×1
+ if we

use U5 = {U4,U5\U4} = “the set of minimal T-invariants”
and V5 = {V4,V5\V4} = “the set of minimal particular so-
lutions” as follows[7]:

x =
∑l5

i=1α
(5)
i u(5)

i +
∑k5

j=1β
(5)
j v(5)

j , (2)

where
∑k5

j=1β
(5)
j = 1, l5 = |U5|, k5 = |V5|, and α(5)

i , β
(5)
j ∈

Z1×1
+ . Then eq.(2) is rewritten as

x =
∑l5

i=1α
(5)
i u(5)

i + v(5)
j , (3)

where β(5)
j = 1, v(5)

j ∈ V5, and α(5)
i ∈ Z1×1

+ . We call eq.(2) or
(3) as the level 5 expression in this paper.

4. How to Find Coefficients of Eqs.(1) to (3)

4.1. Problems to Be Considered in This Paper

Problems considered in this paper are as follows[6].
(1) Find coefficients α(4)

i , β
(4)
j ∈ Q1×1

+ of eq.(1) when a firing
count vector x ∈ Zn×1

+ s.t. Ax = b is specified under the
given U4 and V4, where

∑k4
j=1 β

(4)
j = 1 is satisfied.

(2) Find coefficients α(5)
i , β(5)

j ∈ Z1×1
+ of eq.(2) when a firing

count vector x ∈ Zn×1
+ s.t. Ax = b is specified under the

given U5 and V5, where the only one coefficient β(5)
j = 1 is

nonzero and the others are zero.
(3) Find coefficients α(5)

i ∈ Z1×1
+ of eq.(3) when x ∈ Zn×1

+

and v(5)
j ∈ V5 are specified under the given U5 and V5.

4.2. Formulations for Three Problems in §4.1

(1) Problem (1) in §4.1 is expressed through
eq.(1) with respect to the unknown coefficients as
[u(4)

1 , u
(4)
2 , · · · u

(4)
l4
, v(4)

1 , v
(4)
2 , · · · v

(4)
k4

][α(4)
1 , · · ·α

(4)
l4
, β(4)

1 , · · · β
(4)
k4

]T

= x and
∑k4

j=1 β
(4)
j = 1 or more compactly

[
u(4)

1 u(4)
2 . . . u(4)

l4
v(4)

1 v(4)
2 . . . v(4)

k4

0 0 0 1 1 1

]
·[

α(4)

β(4)

]
=

[
x
1

]
∈ Z(n+1)×1
+ , (4)

where α(4) = (α(4)
1 , · · · , α

(4)
l4

)T ∈ Ql4×1
+ and β(4)) =

(β(4)
1 , · · · , β

(4)
k4

)T ∈ Qk4×1
+ .

(2) Problem (2) in §4.1 is formulated through eq.(2) as
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[
u(5)

1 u(5)
2 . . . u(5)

l5
v(5)

1 v(5)
2 . . . v(5)

k5

0 0 0 1 1 1

]
·[

α(5)

β(5)

]
=

[
x
1

]
∈ Z(n+1)×1
+ , (5)

where α(5) = (α(5)
1 , · · · , α

(5)
l5

)T ∈ Zl5×1
+ and β(5)) =

(β(5)
1 , · · · , β

(5)
k5

)T ∈ Zk5×1
+ . Note that β(5) ∈ Zk5×1

+ has the only
one nonzero and unity element.
(3) Problem (3) in §4.1 is rewritten follows:

[u(5)
1 , · · · u

(5)
l5

]α(5) = [x − v(5)
j ] ∈ Zn×1

+ , (6)

where α(5) ∈ Zl5×1
+ . Note that each equation of eqs.(4) to (6)

is the type “Ax = b”. Then we can apply Appendix C(i.e.,
Appendices A and B) to solving of eqs.(4) to (6).

4.3. Main Properties for Three Problems

(1) Finding the unknown coefficients of eqs.(4) to (6)
is to search nonnegative rational or integer particular so-
lutions.
(2) In “the type Ax = b” of eqs.(4) to (6), each elements of
the matrix A and the matrix b is nonnegative integer. Then,
the augmented matrix Ã = [A,−b] has negative integer el-
ements at only the last column. See Appendix C. From
this fact and Old FM Method or Modified FM method for
solving Ãx̃ = 0 in Appendices, the above property (1) is
proved.
(3) Modified FM method and Old FM method are useful
for the above property (1). The former is perfect, but the
latter is not perfect because Old FM method gives only a
part of fundamental particular solutions at the most.
(4) In Problem 3 in §4.1, i.e., eq.(6), it happens for eq.(6)
to have no solution because it happens that the selected
v(5)

j ∈ V5 cannot cover the specified x ∈ Zn×1
+ [7]. However,

note that eq.(6) can have the solution for the same specified
x ∈ Zn×1

+ by selecting another v(5)
j ∈ V5 one by one.

5. Example

Example 2(the example for Problem 3 in §4.1)
From the results of Example 1, we have U4 = U5 =

{u(5)
1 , u

(5)
2 , u

(5)
3 , u

(5)
4 }, V4 = {v(4)

1 , v
(4)
2 , v

(4)
3 , v

(4)
4 }, and V5 =

{V4, v
(5)
5 , v

(5)
6 }. Now, for example, specify the firing count

vector x = (4, 2, 3, 4, 5)T and v(5)
5 = (1, 0, 1, 1, 0)T ∈

V5\V4. Then find all possible (α(5)
1 , · · · , α

(5)
4 ). We have

[u(5)
1 , u

(5)
2 , u

(5)
3 , u

(5)
4 ][α(5)

1 , · · · , α
(5)
4 ]T = x − v(5)

5 , that is ,
1 1 0 0
0 0 1 1
1 0 1 0
0 1 0 1
1 1 1 1



α(5)

1
α(5)

2
α(5)

3
α(5)

4

 =


3
2
2
3
5

 .
The augmented matrix Ã is

Ã =


1 1 0 0 −3
0 0 1 1 −2
1 0 1 0 −2
0 1 0 1 −3
1 1 1 1 −5

 ∈ Z5×5.

From Old FM method, (α(5)
1 , · · · , α

(5)
4 )T = (0320)T and

(2102)T are obtained. From Modified FM method, (1211)T

as well as the above two are obtained, where note that
(1211)T = 1

2 (0320)T + 1
2 (2102)T .

6. Conclusions

For any firing count vector x ∈ Zn×1
+ expressed by means

of minimal support or minimal T-invariants and fundamen-
tal or minimal particular solutions for state equation in P/T
Petri nets, how to find systematically nonnegative ratio-
nal or integer coefficients has been shown through Modi-
fied Fourier-Motzkin method. Although Modified Fourier-
Motzkin method as well as the old one is effectively used
to have T-invariants and particular solutions, it is noted that
the same algorithms can be applied to have the expansion
coefficients.

These results are useful for the reachability analysis and
the scheduling for the fixed initial and destination mark-
ings.
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Appendix A: Old Fourier-Motzikn Method
The method for obtaining the set of T-invariants is called

Old Fourier-Motzikn method[3] in this paper. However, it
is noted that this method cannot always obtain minimal,
but not minimal support, T-invariants u(5)

i ∈ U5\U4. Old
Fourier-Motzikn method is as follows.[3],[5].
<Old FM Method>

Input: Incidence matrix A ∈ Zm×n, m, and n.
Output: The set of T-invariants including all minimal sup-
port T-invariants.
Initialization: The matrix B is constructed by adjoining the
identity matrix En×n to the bottom of the incidence matrix
A ∈ Zm×n, with B = [AT , E]T ∈ Z(m+n)×n.

The following operations a), b) are repeated from i = 1
to m = |P|, where |P| means the cardinality of the place set
P.

a) Add to the matrix B all the columns which are linear
combinations of pairs of columns of B and which annul the
i-th row of B.

b) Eliminate from B the columns in which the i-th ele-
ment is nonzero.

When this algorithm finished, each column of the aub-
matrix C ∈ Zn×r

+ which is obtained by deleting the rows
from the first to the m-th from the final outputted matrix
B ∈ Z(m+n)×r

+ is a T-invariant. However, in general, this sub-
matrix C includes also non-minimal-support T-invariants.
Therefore if the following operation c) is added and ap-
plied to C, minimal support T-invariants are only obtained.
c) Each column vector ui ∈ Zn×1 which satisfies the rank
condition q(ui) =rankA′(ui)) + 2 is removed from the sub-
matrix C = [ui] ∈ Zn×r

+ . Here, q(ui) is the number of
nonzero elements of ui ∈ Zn×1

+ for Aui = 0m×1 and A′(ui)
is composed of the columns of A, of which columns are
corresponding to nonzero elements of ui ∈ Zn×1

+ .

Appendix B: Modified Fourier-Motzkin Method
Note that u(4)

i ∈ U4 is always obtained, but u(5)
i ∈

U5\U4 cannot be always obtained by applying Old Fourier-
Motzkin method to the incidence matrix A ∈ Zm×n. There-
fore, we must modify Old Fourier-Motzkin method as fol-
lows to obtain always all of minimal T-invariants for Ax =
0m×1.[5]

<Modified FM method>
Input: Incidence matrix A ∈ Zm×n, m, and n.
Output: All of minimal T-invariants.
Initialization: The matrix B is constructed by adjoining the
identity matrix En×n to the bottom of the incidence matrix
A ∈ Zm×n, where B = [AT , E]T ∈ Z(m+n)×n.
Step0: i = 1.
Step1: Select the i-th row of B. If the i-th row has no
nonzero element, then i = i + 1 and go to Step2. If the
i-th row has at least one nonzero element, then go to Step3.
Step2: If i 5 m is satisfied, go to Step1, otherwise go to
Step8.
Step3: If the i-th row of B has at least one pair of positive
and negative elements, go to Step4, otherwise go to Step7.
Step4: Aiming the i-th row of B(i.e., the old matrix), add
directly the j-th column to the k-th column, where the (i, j)
element is positive and the (i, k) element is negative. Ap-
ply the minimal vector criterion to the above new column
vector and the column vectors each of which has the zero
i-th element on the old matrix B. Adjoin all the remained
columns after this criterion to the old matrix B. Then call
this new matrix as B again. Then go to Step5.
Step5: If the i-th element of all the adjoined column vectors
of the new matrix B is zero, go to Step7, otherwise go to
Step6.
Step6: Repeat Step4 to the matrix B. However, the ( j, k)
pair should be always new. Then, go to Step5.
Step7: Delete, from B, all the columns each of which has
nonzero element on the i-th row of B. Now, let us call the
new matrix as B again. Then set i = i + 1 and go to Step2.
Step8: Each column of the submatrix which is obtained by
deleting the rows of the first to the m-th from B is a minimal
nonnegative integer solution u(5)

i for Ax = 0m×1.
<The Minimal Vector Criterion to B ∈ Z(m+n)×q >

Aiming the i-th row of B, let bk ∈ Z(m+n)×1 and bl ∈ Z(m+n)×1

be two column vectors of B, where k , l and the i-th ele-
ment of bk is zero. Let b̂k ∈ Zn×1 and b̂l ∈ Zn×1 be the two
column vectors which are obtained by deleting the upper m
elements from bk and bl, respectively. À If b̂k ≤ b̂l, then
delete bl from B. Repeat the above for all possible bk. Á If
bα = bβ(α , β), then delete bβ from B.

Appendix C: Augmented Incidence Matrix
À If we apply Modified FM method to the augmented in-
cidence matrix Ã = [A,−b] ∈ Zm×(n+1) for state equa-
tion Ax = b , 0m×1, we obtain all minimal T-invariants
ũi ∈ Z(n+1)×1

+ of Ãx̃ = 0m×1.
Á Now, we can find the set {U5,V5} at level 5 for x ∈ Zn×1

+

of Ax = b from ũi ∈ Ũ5 := {̃ui ∈ Z(n+1)×1
+ | nonnegative inte-

ger minimal T-invariants of Ãx̃ = 0m×1} as follows[5].
(1) If ũi(n + 1) = 01×1 on ũi ∈ Ũ5, then u(5)

i =

(̃ui(1), · · · , ũi(n))T ∈ U5.
(2) If ũ j(n + 1) = 11×1 on ũ j ∈ Ũ5, then v(5)

j =

(̃u j(1), · · · , ũ j(n))T ∈ V5.
(3) If ũk(n + 1) > 11×1 on ũk ∈ Ũ5, then xk =

(̃uk(1), · · · , ũk(n))T ∈ Zn×1
+ is not a solution of Ax = b.
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Abstract—We study computation of a controllable
sublanguage of a given non-prefix-closed regular spec-
ification language for an unbounded Petri net. We ap-
proximate the generated language of the unbounded
Petri net by a regular language, and compute the
supremal controllable sublanguage of the specification
language with respect to the regular language approxi-
mation. This computed language is a controllable sub-
language with respect to the original generated lan-
guage of the unbounded Petri net, but is not neces-
sarily the supremal one. We then present a sufficient
condition under which the computed sublanguage is
the supremal controllable sublanguage with respect to
the original generated language of the unbounded Petri
net.

1. Introduction

Computing the supremal controllable sublanguage
of a given specification language is a fundamental
problem in supervisory control of discrete event sys-
tems (DESs) [8], [10], [1]. The supremal controllable
sublanguage is effectively computable when both the
generated language of the system and the specification
language are regular [10]. A maximally permissive su-
pervisor is implemented by a finite automaton that
marks the supremal controllable sublanguage.

In this paper, we assume that a DES to be controlled
is modeled by an unbounded Petri net [7] and a given
specification language is regular. Since the generated
language of an unbounded Petri net is non-regular in
general, the results for regular languages are not appli-
cable. A maximally permissive supervisor for a Petri
net is synthesized in [6] and [5] under the assumption
that a specification language is prefix-closed. Due to
this assumption, the results of [6] and [5] can be used
only when blocking is not an issue. To our knowledge,
computation of the supremal controllable sublanguage
of a non-prefix-closed regular specification language
for Petri nets remains open. Some difficulties in com-
puting the supremal controllable sublanguage for Petri
nets are discussed in [3] and [4].

A main purpose of this paper is to compute a con-
trollable sublanguage of a non-prefix-closed regular
specification language for an unbounded Petri net. We
first construct a finite automaton whose generated lan-
guage approximates the generated language of the un-
bounded Petri net. The constructed finite automaton
is a modified version of the coverability graph [9], and
is parameterized by a nonnegative integer. We then
compute the supremal controllable sublanguage of the
regular specification language with respect to the regu-
lar language approximation. This computed language
is a controllable sublanguage with respect to the orig-
inal generated language of the unbounded Petri net.
As the parameter of the constructed finite automaton
is increased, the computed controllable sublanguage
becomes larger. However, the computed controllable
sublanguage is not necessarily the supremal one. We
present a sufficient condition under which the com-
puted sublanguage is the supremal controllable sublan-
guage with respect to the original generated language
of the unbounded Petri net.

2. Preliminaries

Let N be the set of all nonnegative integers. We
consider an unbounded Petri net PN = (P, T, A,M0),
where P is the finite set of places, T is the finite set of
transitions, A : (P × T ) ∪ (T × P ) → N is a function
that specifies the number of arcs between a place and
a transition, and M0 ∈ NP is the initial marking. A
transition t ∈ T is said to be enabled at a marking
M ∈ NP if

∀p ∈ P ; M(p) ≥ A(p, t). (1)

The firing of an enabled transition t ∈ T at M yields
a new marking M ′, which is defined as

∀p ∈ P ; M ′(p) = M(p) + A(t, p)−A(p, t).

The notation M [t > M ′ denotes that the firing of t
at M yields M ′. For any markings M and M ′, the
notation M ≤ M ′ denotes that M(p) ≤ M ′(p) for all
p ∈ P .
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Let T ∗ be the set of all finite firing sequences of ele-
ments of T , including the empty sequence ε. A subset
of T ∗ is called a language (over T ). A firing sequence
u = t1t2t3 · · · tn ∈ T ∗ is said to be enabled at a mark-
ing M if there exist markings Mi (i = 1, 2, · · · , n) such
that M [t1 > M1[t2 > M2 · · ·Mn−1[tn > Mn. The no-
tation M [u > denotes that u is enabled at M , and
M [u > M ′ denotes that the firing of u at M yields
M ′. Let M [ε > and M [ε > M for any marking M .
The generated language of PN , denoted by L(PN), is
defined as

L(PN) = {u ∈ T ∗| M0[u >}.

Let L ⊆ T ∗ be a language. We denote the set of all
prefixes of sequences in L by L, i.e., L = {u ∈ T ∗| ∃v ∈
T ∗; uv ∈ L}. L is said to be prefix-closed if L = L.

For the supervisory control purpose [8], the set T is
partitioned into two disjoint subsets Tc and Tu of con-
trollable and uncontrollable transitions, respectively.
We assume that a control specification for PN is given
by a language K ⊆ L(PN). Note that in this paper,
we do not assume that K is prefix-closed. A language
L ⊆ L(PN) is said to be controllable [8] with respect
to L(PN) if

LTu ∩ L(PN) ⊆ L.

We need to compute a controllable sublanguage of
K ⊆ L(PN) with respect to L(PN) to synthe-
size a supervisor that enforces the specification. Let
C(K, L(PN)) be the set of all controllable sublan-
guages of K with respect to L(PN). The supremal
element of C(K, L(PN)) always exists, and is called
the supremal controllable sublanguage with respect to
L(PN) [10]. We denote this supremal sublanguage
by K↑,L(PN). The supremal sublanguage K↑,L(PN) is
effectively computable when both K and L(PN) are
regular [10]. However, L(PN) is not necessarily regu-
lar for an unbounded Petri net PN .

In this paper, we approximate L(PN) by a regu-
lar language L such that L(PN) ⊆ L, and compute
a controllable sublanguage in C(K, L(PN)) using the
approximation L under the assumption that K is reg-
ular.

3. Computation of Regular Language Approx-
imations

In this section, we present an algorithm to construct
a finite automaton that approximates the behavior of
an unbounded Petri net PN .

A finite automaton is a five-tuple G =
(Q, Σ, δ, q0, Qm), where Q is the finite set of states,
Σ is the finite set of events, a partial function
δ : Q × Σ → Q is the transition function, q0 ∈ Q
is the initial state, and Qm ⊆ Q is the set of
marked states. The function δ can be generalized

to δ : Q × Σ∗ → Q in the natural way. For any
s ∈ Σ∗ and q ∈ Q, the notation δ(q, s)! denotes
that δ(q, s) is defined. The generated and marked
languages of G, denoted by L(G) and Lm(G), respec-
tively, are defined as L(G) = {s ∈ Σ∗| δ(q0, s)!} and
Lm(G) = {s ∈ Σ∗| δ(q0, s) ∈ Qm}.

Given an unbounded Petri net PN , we construct a
finite automaton Gk

PN as follows:

1. Choose a nonnegative integer k ∈ N , and let

Nk = {0, 1, 2, · · · , k} ∪ {ω}.
The symbol ω is introduced to represent “infinity”
in a marking, and satisfies n < ω and n + ω = ω
for any integer n [7].

2. The transition function δk : NP
k × T → NP

k is
defined as follows. For any M ∈ NP

k and t ∈ T ,
δk(M, t)! if and only if (1) holds. If δk(M, t)!, then
the new marking M ′ := δk(M, t) ∈ NP

k is defined
as

∀p ∈ P ; M ′(p) =
{

N(p), if N(p) ≤ k
ω, otherwise,

where N(p) = M(p) + A(t, p)−A(p, t).

3. A finite automaton Gk
PN is defined as

Gk
PN = (NP

k , T, δk, Mk,0,NP
k ),

where the initial marking Mk,0 ∈ NP
k is given by

∀p ∈ P ; Mk,0(p) =
{

M0(p), if M0(p) ≤ k
ω, otherwise.

(We identify Gk
PN with its accessible part [2].)

Remark 1 In the construction of Gk
PN , the symbol ω

appears when the number of tokens in a place exceeds
k. On the other hand, in the coverability graph, ω ap-
pears when a marking strictly covers another marking.

Example 1 We consider an unbounded Petri net PN
shown in Fig. 1. The reachability graph of PN is
shown in Fig. 2. The finite automaton G2

PN con-
structed by the above procedure for k = 2 is shown
in Fig. 3.

The following theorem shows that the behavior of
the finite automaton Gk

PN includes that of the original
unbounded Petri net PN .

Theorem 1 For any k ∈ N ,

L(PN) ⊆ L(Gk
PN ).

The following theorem shows that as k is increased,
the regular language approximation L(Gk

PN ) becomes
more accurate.
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p1

p2

p3

t1

t2t3

t4

Figure 1: An unbounded Petri net PN .

· · · · · ·
t1, t2

t4 t4 t4 t4

t3 t3 t3 t3

(1,0,0) (1,0,1) (1,0,2) (1,0,3)

(0,1,0) (0,1,1) (0,1,2) (0,1,3)

t1, t2 t1, t2 t1, t2

Figure 2: The reachability graph of PN .

Theorem 2 For any k ∈ N ,

L(Gk+1
PN ) ⊆ L(Gk

PN ).

The following example shows that the reverse inclu-
sion relation of Theorem 2 need not hold.

Example 2 We consider the unbounded Petri net
PN shown in Fig. 1. The finite automaton G1

PN con-
structed for k = 1 is shown in Fig. 4. In this example,
L(G2

PN ) is strictly smaller than L(G1
PN ).

4. Computation of Controllable Sublanguages
Using Regular Language Approximations

Throughout this section, we assume that a specifica-
tion language K ⊆ L(PN) is regular. Let Gk

PN be the

t1, t2

t1, t2

t4 t4

t3 t3 t3 t3

(1,0,0) (1,0,1) (1,0,2)
(1,0,ω)

(0,1,0) (0,1,1) (0,1,2)
(0,1,ω)

t4

t1, t2 t1, t2

Figure 3: The finite automaton G2
PN .

t1, t2

t4

t3 t3 t3

(1,0,0) (1,0,1)
(1,0,ω)

(0,1,0) (0,1,1)
(0,1,ω)

t4

t1, t2 t1, t2

Figure 4: The finite automaton G1
PN .

finite automaton constructed in the last section. Then,
the supremal controllable sublanguage K↑,L(Gk

PN ) of
K with respect to L(Gk

PN ) is effectively computable.
The following proposition presents useful properties of
K↑,L(Gk

PN ).

Proposition 1 For any k ∈ N ,

1. K↑,L(Gk
PN ) ∈ C(K, L(PN)),

2. K↑,L(Gk
PN ) ⊆ K↑,L(Gk+1

PN
).

The first part of Proposition 1 shows that K↑,L(Gk
PN )

is a controllable sublanguage of K with respect to
L(PN). The second part shows that as k is in-
creased, the controllable sublanguage K↑,L(Gk

PN ) be-
comes larger.

Remark 2 In the worst case, the number of states of
Gk

PN is (k + 2)|P |. As k is increased, the number of
states of Gk

PN is also increased. So there is a tradeoff
between the permissiveness of the controlled behavior
and the computational cost.

The controllable sublanguage K↑,L(Gk
PN ) is not

necessarily the supremal controllable sublanguage
K↑,L(PN) with respect to L(PN). The following
theorem presents a sufficient condition under which
K↑,L(Gk

PN ) is equal to K↑,L(PN).

Theorem 3 For any k ∈ N , if

KTu ∩ L(Gk
PN ) ⊆ L(PN), (2)

then K↑,L(Gk
PN ) = K↑,L(PN).

Remark 3 Since K and L(Gk
PN ) are regular, KTu ∩

L(Gk
PN ) is regular. Also, since we consider a free-

labeled Petri net PN [7], L(PN) is a P-type Petri net
language generated by a deterministic Petri net. By
Proposition 3.1 and Lemma 5.1 of [4], we can conclude
that it is decidable whether the inclusion relation of (2)
holds.
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Example 3 We consider the unbounded Petri net
PN shown in Fig. 1, and assume that Tc = {t1, t2} and
Tu = {t3, t4}. Let K ⊆ L(PN) be a regular language
marked by a finite automaton GK shown in Fig. 5,
where a double circle represents a marked state.

t1 t2 t1

t1

t4 t4

t3 t3 t3

Figure 5: A finite automaton GK .

We first compute a controllable sublanguage
K↑,L(G1

PN ) by using the finite automaton G1
PN . A fi-

nite automaton G
K
↑,L(G1

PN
) which marks K↑,L(G1

PN ) is

shown in Fig. 6. We can verify that K↑,L(G1
PN ) is not

the supremal controllable sublanguage with respect to
L(PN).

We next compute a controllable sublanguage
K↑,L(G2

PN ) by using the finite automaton G2
PN . A fi-

nite automaton G
K
↑,L(G2

PN
) which marks K↑,L(G2

PN ) is

shown in Fig. 7. Since L(G2
PN ) satisfies (2), K↑,L(G2

PN )

is equal to the supremal controllable sublanguage
K↑,L(PN) with respect to L(PN).

t1

t4

t3 t3

Figure 6: A finite automaton G
K
↑,L(G1

PN
) .

t1 t2

t4 t4

t3 t3 t3

Figure 7: A finite automaton G
K
↑,L(G2

PN
) .

5. Conclusion

In this paper, we have studied computation of a
controllable sublanguage of a given non-prefix-closed
regular specification language for an unbounded Petri
net. We have constructed a finite automaton whose

generated language approximates the generated lan-
guage of the unbounded Petri net, and computed a
controllable sublanguage using this finite approxima-
tion model. Further, we have presented a sufficient
condition under which the computed sublanguage is
the supremal controllable sublanguage.
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Abstract—This work addresses large-scale discrete-
event systems (DES) whose components run in terms of a
partial lockstep. Compositional modelling is required and
results in a structured system model. Existing monolithic
methods to analyze controllability are based on global un-
structured models and thus fail, due to their computational
complexity. Compositional analysis remedies this issue,
as presented in previous work for master-slave and strict
discrete-event system composition. The approach operates
without explicitly composing the global model. Rather,
compositional analysis retains the given structured model,
leading to complexity reduction and computable controlla-
bility analysis for systems of industrial size. In this paper
the approach is extended to partially-strict composed DES.
Necessary and sufficient conditions to verify controllability
of such systems in a compositional manner are presented.

1. Introduction

Discrete-event systems (DES) are characterized by a dis-
crete state space and state transitions induced by the asyn-
chronous occurrence of events. Although formal meth-
ods do exist to analyze specific properties of DES, such as
controllability, these methods require a formal monolithic
model of both the system and its specifications. Due to their
underlying physical topology, DES of industrial size con-
sist of distributed and coupled components. Specifications
are usually defined locally, thus restricting solely a limited
amount of components and not the entire system. Analyz-
ing such DES is only feasible using compositional mod-
els. Given a compositional model, existing analysis meth-
ods require the composition to derive a global model of the
system and the specifications. This leads to the well known
issue of an exponentially increasing state space. As a direct
consequence, such monolithic analysis methods fail, due to
their computational complexity.

In [1] and [2] the framework of compositional analy-
sis is introduced for systems whose components are cou-
pled in the sense of a master-slave or a complete lockstep.
The approach analyzes significant properties of large-scale
DES avoiding the composition, thus leading to complex-

This work has been accomplished at the Institute of Automation Sys-
tems, Hamburg University of Technology, Germany

ity reduction. This paper extends the framework using
preliminary results from [3] to partially-strict composed
DES. Therefor necessary and sufficient conditions are de-
termined to test controllability directly on the structured
model of a partially-strict composed DES.

The remainder of the paper is organized as follows.
Partially-strict composed DES are discussed in Sec. 2. The
problem considered here is stated in Sec. 3. Subsequently,
the main results are presented in Sec. 4 and illustrated by
an example in Sec. 5. The paper concludes with Sec. 6.

2. Preliminaries

2.1. Notation

The formal Supervisory Control Theory (SCT) presented
in [4] is used in this work to describe and analyze DES.

Let Σ denote a finite alphabet of events and Σ∗ the Kleene
closure of all finite strings of events including the empty
string ε . The prefix closure L of a language L⊆ Σ contains
all prefixes of strings in L. A language L is said to be prefix-
closed, if L = L holds.

A DES is represented by a generator G = (X ,Σ,δ ,x0)
were X denotes the finite set of states, Σ the event alphabet,
x0 the initial state and δ : X ×Σ → X the (partial) transi-
tion function1. The notation δ (x,σ)! is used to indicate
that δ (x,σ) is defined for the pair (x,σ). The notation
¬δ (x,σ)! embodies the opposite. The transition function
is extended to δ : X×Σ∗→ X as in [4].

The uncontrolled behavior of a DES G is represented by
the regular and prefix-closed language L(G) = L(G) con-
taining all strings that G can generate. In general the event
alphabet is partitioned into controllable and uncontrollable
events: Σ = Σc∪̇Σuc. This partition is fundamental within
the context of controllability. The legal behavior of G is
denoted by a specification language K ⊆ L(G). A specifi-
cation language K is said to be controllable w.r.t. G, iff

KΣuc∩L(G)⊆ K (controllability theorem). (1)

2.2. Partially-Strict Composed DES

Composed discrete-event systems are called partially-
strict composed, if their components run in terms of a par-

1Marker states are not considered in this work.
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tial lockstep. To be specific, the components are synchro-
nized on some events and run asynchronously otherwise.
Formally, an arbitrary subset Ψ of all possible events is
defined as the set of synchronized events Ψ ⊆ (Σ1 ∪ Σ2).
Unlike the Synchronous Product mentioned in [4], Ψ is not
fixed to common events Σ1∩Σ2. Rather its definition is ar-
bitrary and can be seen as a supplementary degree of free-
dom.
Definition 1 (Structure of G1‖PSPCG2).
Given two components G1, G2 defined in terms of gener-
ators. The structure of the partially-strict composed sys-
tem is represented by a generator G = G1‖PSPCG2 = (X1×
X2,Σ,δ ,(x01,x02)), with Σ⊆ Σ1∪Σ2 the event alphabet and
δ the transition function obtained by the Partially Strict
Product Composition (PSPC) from [5]:

δ ((x1,x2),σ) =




δ1(x1,σ)×δ2(x2,σ) if δ1(x1,σ)!∧δ2(x2,σ)!
δ1(x1,σ)×{x2} if δ1(x1,σ)!

∧¬δ2(x2,σ)!∧ σ /∈Ψ
{x1}×δ2(x2,σ) if ¬δ1(x1,σ)!

∧δ2(x2,σ)!∧ σ /∈Ψ
/0 otherwise.

In order to define the uncontrolled behavior, the reacha-
bility projection is introduced in [3] for an arbitrary gener-
ator Gθ = (Xθ ,Σθ ,δθ ,x0θ ) with Lθ := L(Gθ ) and a generic
alphabet ΣΘ ⊇ Σθ .

Definition 2 (Reachability projection).
For p ∈ Σ∗θ , s ∈ Σ∗Θ, σ1,σ2 ∈ (ΣΘ ∪{ε}), t = σ1σ2s ∈ Σ∗Θ
and Lθ ⊆ Σ∗θ , the reachability projection RSP : Σ∗Θ → Σ∗θ is
defined as

RSPLθ (t) = RSLθ (ε,σ1,σ2s) with
RSLθ (ε,ε,ε) = ε

RSLθ (p,σ1,ε) =
{

pσ1 if pσ1 ∈ Lθ
p otherwise

RSLθ (p,σ1,σ2s) =
{

RSLθ (pσ1,σ2,s) if pσ1 ∈ Lθ
RSLθ (p,σ2,s) otherwise.

For each string t ∈ Σ∗Θ, the reachability projection returns
a string υ ∈ Σ∗θ by ignoring the events in ΣΘ \ Σθ . Thus
RSPLθ maps all strings t ∈ Σ∗Θ to the language of the gen-
erator Gθ [3].

Definition 3 (Uncontrolled behavior L(G1‖PSPCG2)).
Let Ψ ⊆ Σ ⊆ (Σ1 ∪Σ2), L(G1) ⊆ Σ∗1, L(G2) ⊆ Σ∗2, u ∈ Σ∗
and α ∈ Σ. Then L(G1‖PSPCG2) = LPSPC with LPSPC recur-
sively defined as

1. ε ∈ LPSPC,

2. (u ∈ LPSPC)∧([
(RSPL(G1)(u)α ∈ L(G1)) ∧ (RSPL(G2)(u)α ∈

L(G2))
] ∨ [

(α /∈ Ψ) ∧ ((RSPL(G1)(u)α ∈ L(G1)) ⊕
(RSPL(G2)(u)α ∈ L(G2)))

]) ⇐⇒ (uα ∈ LPSPC).

The symbol ⊕ denotes the Boolean exclusive OR oper-
ator. It is proven in [3] that LPSPC = L(G1‖PSPCG2) holds.
The following useful property states that the language both
components have in common is always included in LPSPC.

Property 1 ([6]). For s ∈ Σ∗ the following holds:

(s ∈ L(G1))∧ (s ∈ L(G2)) ⇒ (s ∈ LPSPC). (2)

3. Problem Statement

Inspecting Eqn. (1) clearly points out the lack of the
existing controllability analysis method. K and L(G) are
monolithic representations. Hence for a given structured
model, composition has to be done a-priori risking an ex-
ponential increase of the state space. Recapitulating these
considerations implies to solve the following problem by
compositional analysis:

Problem 1. Given two local specifications K1 ⊆
L(G1), K2 ⊆ L(G2), locally controllable w.r.t. their re-
spective components G1, G2:

K1Σuc1∩L(G1) ⊆ K1, (3)
K2Σuc2∩L(G2) ⊆ K2. (4)

Decide if their intersection K = K1 ∩ K2 is globally
controllable w.r.t. the partially-strict composed DES
G = G1‖PSPCG2, without computing G explicitly.

K = K1 ∩K2 is considered as the legal behavior of G =
G1‖PSPCG2 in Probl. 1. Intersecting two different local
specifications means that when considered together, the
components may only perform tasks they have in common.

4. Compositional Controllability Analysis

Initially, all possibilities for a string to be in LPSPC re-
specting Eqn. (1) are presented. They can be verified by
inspection of Def. 3. Necessary and sufficient conditions
to solve Probl. 1 in a compositional manner are first listed,
and then proven. Two abbreviations are introduced for the
sake of clarity, namely

RSPL(G1)(s)σ =: A , (5)
RSPL(G2)(s)σ =: B. (6)

For all s∈K, σ ∈ Σuc and sσ ∈ LPSPC, sσ ∈K is desired,
thus sσ must respect Eqn. (1). The following cases for
sσ ∈ LPSPC must be considered:

1. (s ∈ LPSPC)∧ (A ∈ L(G1))∧ (B ∈ L(G2)): If a string
s is element of LPSPC, σ is a synchronized event and
the images RSPL(Gi)(s) of s, concatenated with σ , pre-
serve in both respective languages L(Gi) (i = 1,2),
than sσ ∈ LPSPC is obtained.
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2. (s∈ LPSPC)∧(A ∈ L(G1))∧(B /∈ L(G2))∧(σ /∈Ψ):
Similar to Case 1, but σ is an asynchronous event and
solely the image RSPL(G1)(s) of s, concatenated with
σ , preserves in the respective language L(G1).

3. (s∈ LPSPC)∧(A /∈ L(G1))∧(B ∈ L(G2))∧(σ /∈Ψ):
Similar to Case 2 with inverted roles for L(G1), L(G2).

Cases 2 and 3 lead to sσ /∈ K and must be avoided [6].
Case 1 leads to sσ ∈ K1 and sσ ∈ K2, thus sσ ∈ K is possi-
ble. Case 2 and 3 are avoided, if their conditions are always
FALSE, thus if the following expression holds:

¬[
(s ∈ LPSPC)∧ (σ /∈Ψ)

]∧
¬[

(A ∈ L(G1))∧ (B /∈ L(G2))
]∧ (7)

¬[
(A /∈ L(G1))∧ (B ∈ L(G2))

]
.

Eqn. (7) can be reduced to the set equivalence

(sσ ∈ L(G1)) ⇐⇒ (sσ ∈ L(G2)) (8)

using the rules from de Morgan and a truth table [6]. Based
on Eqn. (8) a necessary condition is proposed.

Proposition 1 (Necessary):
For K1, K2, L(G1) and L(G2) as defined before and K =
K1∩K2, the following expression holds:

[
KΣuc∩LPSPC ⊆ K

]
⇒

[
K(Σuc \Ψ)∩L(G1) = K(Σuc \Ψ)∩L(G2)

]
.

Proof. By contradiction, it has to be shown that assum-
ing both

[
KΣuc ∩LPSPC ⊆ K

]
and

[
K(Σuc \Ψ)∩L(G1) 6=

K(Σuc \Ψ)∩L(G2)
]

implies incoherence. By assumption
there exist at least one s ∈ K and σ ∈ (Σuc \Ψ) so that the
set equivalence in Eqn. (8) restricted to K(Σuc \Ψ) does not
hold. Possible cases are:

I. (sσ ∈ L(G1))∧ (sσ /∈ L(G2)): It follows from Prop-
erty 1 and from the definitions of K1, K2 that (s ∈
K) ⇒ (s ∈ LPSPC), thus the string s is included in
each component language and in the language of the
partially-strict composed DES. For any asynchronous
and uncontrollable event (σ ∈ Σuc)∧ (σ /∈ Ψ) holds.
The first consideration leads to A = B = sσ . By
assumption B = sσ /∈ L(G2). The determined val-
ues lead to sσ ∈ LPSPC using Def. 3. However, by
assumption sσ ∈ LPSPC leads to (sσ ∈ K) ⇒ (sσ ∈
K1∩K2)⇒ (sσ ∈ K2)⇒ (sσ ∈ L(G2)) which contra-
dicts with (sσ /∈ L(G2)) X.

II. (sσ /∈ L(G1))∧ (sσ ∈ L(G2)): In analogy to Case I it
follows that sσ ∈ LPSPC holds. However, the assump-
tion leads to (sσ ∈ L(G1)) which contradicts with
(sσ /∈ L(G1)) X. ¥

In order to avoid strings added to LPSPC by Case 1 which
do not respect Eqn. (1), the following (partial) nonconflict-
ing check is proposed.

Proposition 2 (Necessary):
For K1, K2, L(G1) and L(G2) as defined before and K =
K1∩K2, the following expression holds:

[
KΣuc∩LPSPC ⊆ K

]
⇒

[
KΣuc∩K = KΣuc∩K1∩K2

]
.

Prop. 2 requires that subsets of the local specifications
K1, K2 (restricted to KΣuc) are nonconflicting.

Proof. By contradiction, it has to be shown that assuming
both

[
KΣuc∩LPSPC ⊆K

]
and

[
KΣuc∩K 6= KΣuc∩K1∩K2

]
implies incoherence. K1∩K2 ⊆ K1 ∩ K2 is a tautology.
Assuming

[
KΣuc ∩ LPSPC ⊆ K

]
implies that ∀ s ∈ K and

∀ σ ∈ Σuc: (sσ ∈ LPSPC) ⇒ (sσ ∈ K). However, for[
KΣuc∩K 6= KΣuc∩K1∩K2

]
to be TRUE, there must exist

at least one s ∈ K and σ ∈ Σuc, such that (sσ ∈ K1)∧ (sσ ∈
K2) ∧ (sσ /∈ K) holds. The latter one contradicts with
(sσ ∈ K) X. ¥

Subsequently, sufficiency of Prop. 1 and 2 is proposed.

Proposition 3 (Sufficient):
For K1, K2, L(G1) and L(G2) as defined before and K =
K1∩K2, the following expression holds:

[
K(Σuc \Ψ)∩L(G1) = K(Σuc \Ψ)∩L(G2)

]
∧

[
KΣuc∩K = KΣuc∩K1∩K2

]
⇒

[
KΣuc∩LPSPC ⊆ K

]
.

Proof. By contradiction. For
[
KΣuc ∩ LPSPC * K

]
to be

TRUE there must exist at least one sσ ∈ LPSPC with s ∈ K
and σ ∈ Σuc such that sσ /∈ K. All possible cases for sσ ∈
LPSPC must be considered (cf. Def. 3):

i. (s ∈ LPSPC)∧ (A ∈ L(G1))∧ (B ∈ L(G2)): This case
covers all strings sσ with σ a synchronized event. By
Def. 2 (s ∈ L(G1)) ⇒ (A = sσ) holds and, regard-
ing the considered case, (sσ ∈ L(G1)) holds likewise.
The latter implies that (σ ∈ Σ1). Only uncontrollable
events are taken under consideration, thus σ ∈ Σuc1.
Jointly it follows from Eqn. (3) that (sσ ∈ K1), hence
the pair (K1,G1) is locally controllable. (sσ ∈ K2)
follows in analogy. However, assuming

[
KΣuc ∩K =

KΣuc ∩K1 ∩K2
]

implies that (s ∈ K)∧ (σ ∈ Σuc)∧
(sσ ∈ K1)∧ (sσ ∈ K2) leads to (sσ ∈ K) which con-
tradicts with (sσ /∈ K) X.

ii. (s ∈ LPSPC) ∧ (A ∈ L(G1)) ∧ (B /∈ L(G2)) ∧ (σ /∈
Ψ): This case covers all strings sσ , with σ an asyn-
chronous event, which can only be generated by com-
ponent G1. Similarly to the previous case, the fol-
lowing chain of implications holds, respecting Def. 2
and the considered case: (s ∈ L(G1))⇒ (A = sσ)⇒
(sσ ∈ L(G1)) and (s ∈ L(G2))⇒ (B = sσ)⇒ (sσ /∈
L(G2)). However, assuming

[
K(Σuc \Ψ)∩ L(G1) =

K(Σuc \Ψ)∩L(G2)
]

implies that (s ∈ K)∧ (σ ∈ Σuc \
Ψ)∧ (sσ ∈ L(G1)) leads to (sσ ∈ L(G2)) which con-
tradicts with (sσ /∈ L(G2)) X.
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iii. (s ∈ LPSPC) ∧ (A /∈ L(G1)) ∧ (B ∈ L(G2)) ∧ (σ /∈
Ψ): This case covers all strings sσ , with σ an asyn-
chronous event, which can only be generated by com-
ponent G2. In analogy to Case ii (sσ /∈ L(G1)) holds.
However, assuming

[
K(Σuc \Ψ)∩ L(G1) = K(Σuc \

Ψ)∩ L(G2)
]

implies that (s ∈ K)∧ (σ ∈ Σuc \Ψ)∧
(sσ ∈ L(G2)) leads to (sσ ∈ L(G1)) which contradicts
with (sσ /∈ L(G1)) X. ¥

The following theorem is presented, ensuring the preser-
vation of controllability under PSPC. Note that the explicit
computation of G = G1‖PSPCG2 is not necessary.

Theorem 1 (Controllability of K w.r.t. G):
Let Σuc ⊆ (Σuc1 ∪Σuc2), Ki ⊆ L(Gi) = L(Gi) and Ki
controllable w.r.t. Gi, i = 1,2. K = K1∩K2 is control-
lable w.r.t. G = G1‖PSPCG2, iff

1. K(Σuc \Ψ)∩L(G1) = K(Σuc \Ψ)∩L(G2),

2. KΣuc∩K = KΣuc∩K1∩K2.

Proof. Necessity has been proven in the context of Prop. 1
and 2, sufficiency within Prop. 3. ¥

Cond. 1 of Theo. 1 only holds, if no string s ∈ K(Σuc \
Ψ) exists, which is exclusively included in either L(G1) or
L(G2). This leads to the following corollary:

Corollary 1: Cond. 1 of Theo. 1 only has a solution, if
[
(K(Σuc \Ψ)∩L(G1))\L(G2) = /0

] ∧[
(K(Σuc \Ψ)∩L(G2))\L(G1) = /0

]
.

5. Illustrative Example

Theo. 1 is to be used for compositional controllability
analysis of a partially-strict composed DES. Consider G1,
G2 with Σuc = Σuc1 = Σuc2 = {β}, event sets, state sets and
transition structures as in Fig. 1.

2 3

1

α β
γ

δ

µ

b c

a

α

β

γ µ

G1 G2

Figure 1: Components

Let α,β be synchronized events and K1 = {αβ ,αγ},
K2 = {αγ ,αβ µ} locally controllable w.r.t. their respec-
tive component G1, G2. However, K = K1 ∩K2 = {αγ}
is not controllable w.r.t. the partially-strict composed DES
G = G1‖PSPCG2. For Ψ = {α,β} and Σuc = {β}, (Σuc \
Ψ) = /0 holds, thus for Cond. 1 of Theo. 1 ({ε,α,αγ} ∩
L(G1)) \L(G2) = /0 and ({ε,α,αγ}∩L(G2)) \L(G1) = /0

holds using Cor. 1 X. Cond. 2 of Theo. 1 is not ful-
filled, hence KΣuc ∩K = {ε,α,αγ}{β} ∩ {ε,α,αγ} = /0
and KΣuc ∩ K1 ∩ K2 = {ε,α,αγ}{β} ∩ {ε,α,αβ ,αγ} ∩
{ε,α ,αβ ,αγ,αβ µ} = {αβ} 6= /0 hold. To cross-check
this result, the composition is computed explicitly within
the context of partially-strict composed DES (Fig. 2).

(2,b) (3,b)

(1,a)

(1,c) (1,b)

(3,a)

α

β δ

µ γ
µ

µ

γ
γ

Figure 2: Partially-strict composed DES G = G1‖PSPCG2

By inspection of Fig. 2 it is verified, that K = {αγ} is not
controllable w.r.t. G = G1‖PSPCG2. No supervisor exists
which may prevent β in state (2,b) of G from occurring.

6. Conclusions

In this paper the compositional controllability analysis
approach has been extended to partially-strict composed
DES to avoid the composition in the case of a partial lock-
step of components. Therefor necessary and sufficient con-
ditions were presented to ensure the conservation of con-
trollability under partially strict product composition.
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Abstract—This paper is concerned with the Fault De-
tection and Isolation (FDI) problem for systems modeled
as Hierarchical Finite State Machines (HFSMs) using the
so-called “Diagnoser Approach” introduced in prior works.
A new definition of diagnosability called L1-diagnosability
has been studied in recent works; this property captures
the possibility of detecting a fault using only high-level ob-
servations of the behavior of an HFSM. This paper deals
with non-L1-diagnosable HFSMs. It is shown how to study
their diagnosability properties without expanding the entire
HFSM model into its corresponding “flat” automaton.

1. Introduction

Many methodologies have been developed to solve the
the Fault Detection and Isolation (FDI) problem for sys-
tems modeled as discrete event systems (DES). This pa-
per is cast in the framework of the so-called “Diagnoser
Approach” to fault diagnosis of DES introduced in [1].
Consider a system modeled by an automaton denoted by
G that incorporates “normal” as well as “faulty” behavior
for a given set of faults modeled asunobservableevents.
Diagnosis is the process of detecting on-line occurrences
of these faults using model-based inferencing driven by
the observed event sequence. In the Diagnoser Approach,
this is achieved by the use of a special type of automaton,
calleddiagnoser, which is built from the system model. In
most applications, the entire system modelG consists of
n subsystems operating concurrently and coupled by par-
allel composition; in this case, the number of states inG
grows exponentially withn in the worst case. This can lead
to computational difficulties when using the Diagnoser Ap-
proach.

One of the methods that have been developed to mitigate
the state explosion problem when modeling a DES com-
posed of interacting components is thestatechartsmodel-
ing framework of [2] and [3]. Statecharts are discrete event
models embedding the idea of hierarchy (states as well as
events can be seen at different levels of depth) and orthogo-
nality (different parts of the system work in parallel). In [4]

1The research of the first author is supported by MIUR. The research
of the second author is supported in part by NSF grant CCR-0325571 and
by ONR grant N00014-03-1-0232.

a simplified version of statecharts called Hierarchical Finite
State Machines (HFSMs) is considered for solving a class
of control problems under full observation. The diagno-
sis of systems modeled by HSFMs has recently been con-
sidered in [5], leading to a semi-modular diagnosis system
that exploits the structure of HFSMs as well as modularity
present in the system. In [6] the class of HFSM models
under investigation has been formalized and a new diag-
nosability definition called L1-diagnosability has been in-
troduced. This notion captures the possibility of detecting
a fault using only high level observations of the behavior of
an HFSM. Sufficient conditions for L1-diagnosability have
been presented that exploit the rich structure of HFSMs.
These conditions are implementable as they are based on
building extended diagnosers of projected versions of the
HFSM using mostly high-level events.

In this paper the attention is focused on systems that are
not L1-diagnosable. The objective is to study their diag-
nosability properties without expanding the entire HFSM
into its corresponding “flat” automaton. An algorithm that
focuses on expanding only indeterminate cycles in the ex-
tended diagnoser is presented and illustrated with an exam-
ple. Due to space limitations, all proofs are omitted in our
presentation; these proofs, as well as several other results,
can be found in [7]. Our notation is generally consistent
with that in [1] and [8].

2. The notion of L1-diagnosability

We assume some familiarity on the part of the reader
with the class of DES denoted as HFSMs and described
in detail in [6] and we only recall here some notation and
results from that work.

We define a two-level HFSM to be a 6-tuple of the fol-
lowing form

GH = (X; XS; E; δ1;G(XS); x0) . (1)

The setX is the entire state space. The setXS ⊆ X is the set
of AND super-statesindexed over the setN|S| = {1 . . . |S|};
x0 is the initial state. Super-statexi is composed ofni or-
thogonal components operating in parallel; we model the
j-th orthogonal component of super-statexi as the automa-
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ton Gi, j =
(

Yi, j,Ei, j , δi, j

)

. We denote the set of orthogo-
nal components ofxi byG(xi) ; moreover,G(XS) is the set
of all the orthogonal components inGH. The setE is the
event set; it is composed of the following events. First, the
event set of level 2 is denoted asEL2 =

⋃

i∈N|S|

[

⋃

j∈Ni
Ei, j

]

.
Next, the event set of level 1 is denoted byEL1 and defined
asE \ EL2. Event sets are partitioned into sets of observ-
able and unobservable events. NamelyEi, j = Eo

i, j ∪ Euo
i, j ,

EL1 = Eo
L1
∪ Euo

L1
. We identify a subsetE f of unobservable

events to represent the set of fault events that can occur
in the system; fault events inE f can be level 1 or level 2
events. The transition structure ofGH is specified entirely
by the transition function at level 1,δ1, together with the
set ofδi, j ’s. The HFSMs considered in this work are as-
sumed to satisfy AssumptionsA1-A5 stated in [6] and not
repeated here due to space limitations.

In [6] the notion of diagnosability introduced in [1] is
adapted to HFSMs in the following manner: the objective
is to investigate the possibility of detecting a fault by ex-
ploiting the structure of the HFSM. In particular, it is de-
sired to avoid using the “flat automaton” representation of
GH, which suffers from the state explosion problem. For
this purpose, the new notion of diagnosability called L1-
diagnosability is introduced.

Definition 1 L1-diagnosability Given a fault event f∈
E f , we say that fault f is level 1 diagnosable (L1-
diagnosable) in HFSM GH if ∀s ∈ L (GH) that ends with

event f ,∃n ∈ N such that∀t ∈ L (GH) /s, if
∥

∥

∥

∥
PEo

L1
(t)
∥

∥

∥

∥
≥ n

then the following condition holds:

ω ∈ P−1
Eo

L1

[

PEo
L1

(t)
]

∩ L (GH)⇒ f ∈ ω . (2)

Proposition 1 Given an HFSM GH, if ∀ f ∈ E f f is L1-
diagnosable, thenL(GH) is diagnosable in the sense of [1]
for those faulty traces that are followed by suffixes that are
live in terms of level 1 events.

In [6] a procedure toproject GH at level 1 is defined. The
result of this procedure is a (possibly nondeterministic) au-
tomatonGL1

H such thatL
(

GL1
H

)

⊇ PEL1
[L (GH)]. A mod-

ified version of L1 projection is also considered in order
to lift to level 1 information about an occurrence of level
2 fault f2 in orthogonal componentGa,l of super-statexa;
the resulting automaton, denoted byGL1( f2, a, l), is such
thatL

[

GL1( f2, a, l)
]

⊇ PEL1, f2(a,l) [L (GH)], wherePEL1 , f2(a,l)

denotes that only occurrences off2 in Ga,l are not erased
by the projection operation. Sufficient conditions to prove
L1-diagnosability based on the extended diagnoser of au-
tomatonGL1

H or GL1( f2, a, l) are presented in [6].

3. Dealing with systems that are not L1-diagnosable

Consider faults that cannot be proved to be L1-
diagnosable inGH using the sufficient conditions of Propo-
sitions 4 and 6 in [6]. This means that in the language of

the L1-projection considered in [6] (for level 1 or level 2
faults), there exist two arbitrarily long traces of events in
EL1 (possibly with∪ { f2}) that have the same projection
with respect toEo

L1
, but where only one of them contains

the fault. These traces produce in the extended diagnoser
an indeterminate cycle. Clearly, it may still be possible to
diagnose such faults by using level 2 events and informa-
tion about the structure ofGH at level 2.

We present an algorithm that is still based on the ex-
tended diagnoser of the L1-projection ofGH, but that aims
to analyze the reachability or the connectivity of indetermi-
nate cycles using level 2 events and information about the
structure ofGH at level 2. In particular, it is sought to limit
the amount of information that needs to be lifted from level
2 to level 1. First, a general algorithm to lift information
from level 2 to level 1 in order to “zoom-in” a state of the
extended diagnoser of the L1-projection ofGH is presented.
Then, sufficient conditions for diagnosability of the HFSM
are stated and illustrated in an example.

Consider an HFSMGH and its L1-projection GL1
H or

GL1
H ( f2, a, l) in the case of inclusion of a level 2 fault. To

keep the notation simpler, we writeGL1

H hereafter for both
cases.GL1

ed is the extended diagnoser ofGL1
H . Suppose that a

given state of the extended diagnoser, denoted byzed
ℓ

, con-
tains in some of its components super-statexi ∈ XS. Our
aim is to “lift” information from level 2 in order tozoom
in this state and in particular account for the structure of a
relevant orthogonal component ofxi, denoted byGi, j . For
this purpose, we define alifting algorithm. The lifting al-
gorithm for extended diagnoser statezed

ℓ
entered with event

entry∈ Eo
L1

, with respect to a given super-statexi ∈ XS and
a given orthogonal componentGi, j ( j ∈ Ni), is described by
the following steps.

Lifting algorithm for orthogonal component Gi, j of xi ∈

XS at statezed
ℓ

Input Extended diagnoser statezed
ℓ

; entry evententry;
super-statexi in zed

ℓ
; orthogonal componentGi, j of xi .

Step 1Generate the first refined extended diagnoser
state by proceeding as follows for each component in
zed
ℓ

entered byentry.

1.1 Substitute the givenxi with the corresponding
state inYi, j entered by evententry for each oc-
currence ofxi ∈ zed

ℓ
.

1.2 Attach a label to all states inYi, j added in Step
1.1 in the usual way.

1.3 Append the names of the states of the other com-
ponentsGi,k (k ∈ Ni , k , j) that are entered in
xi by evententry for each component altered in
Step 1.1.

Step 2Starting with the extended diagnoser state pro-
duced at Step 1, proceed by following the standard ex-
tended diagnoser construction procedure for automa-
tonGi, j with observable events inEo

i, j andEo
L1

.
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2.1 If the feasible event is inEo
i, j , the states of the

other orthogonal components are propagated un-
changed in the various elements of the new ex-
tended diagnoser state.

2.2 If the feasible event (denoted byexit) is in Eo
L1

,
proceed as described in Fig. 1 for each state ele-
mentyi, j ∈ Yi, j where the eventexit is defined. In
particular look at the corresponding exit states in
Gi,k (k ∈ Ni , k , j) where eventexit comes from
and determine if each exit state is reachable from
the entry state that has been propagated withyi, j

in the extended diagnoser component.

2.2.1 If yes, then generate the corresponding
component in the next extended diagnoser
state.

2.2.2 If no, then thisexit event is not feasible
from the extended diagnoser state compo-
nent that containsyi, j.

2.3 Repeat Steps 2.1 and 2.2 until all observable
transitions withinGi, j have been exhaustively
explored andGi, j has been exited.

Figure 1 gives an example of Step 2.2 in the previous
algorithm. Suppose that we enteredxi with evententry in
y1

i,1, y1
i,2 andy1

i,3. We are interested in lifting information
from orthogonal componentG1,1. Suppose that bothy3

i,1

andy4
i,1 appear in the state of the extended diagnoser under

consideration. Eventexit ∈ Eo
L1

is defined for both states. If
we are iny3

i,1 and we observeexit, then this means that the
other components are either iny4

i,2 andy3
i,3 or in y3

i,2 andy3
i,3.

In the first case the next state will bex1. In the second case
the next state will bex2. Similarly if the current state in
G1,1 is y4

i,1 and we observeexit, then the other components
are iny4

i,2 andy4
i,3 and the next state will bex3. However,

since there is no connectivity between exit statey4
i,3 and

entry statey1
i,3, then the observed transition cannot be out

of statey4
i,1 in G1,1. Hence we were iny3

i,1 and the new
possible states arex1 andx2.

The above algorithm can be applied as described to re-
fine an entire L1-extended-diagnoser starting from the ini-
tial extended diagnoser state and by considering all orthog-
onal components. Given a specific super-statexi ∈ XS that
is being zoomed in, since the orthogonal components of
xi have no common events (recall AssumptionA1 in [6]),
then the lifting algorithm can be used by treating each or-
thogonal component one at a time. This results in signifi-
cant computational savings over building the extended di-
agnoser of the flat automaton as it avoids the state space
explosion due to interleaving when doing the shuffle of the
orthogonal components within super-states. Moreover, it
allows for parallelization of the lifting algorithm. Overall,
if a full lifting of all super-states and all their orthogonal
components is to be performed (worst case), then the com-
plexity of the lifting is proportional to

∏

i∈N|S| |Ni |, namely

NOT FEASIBLE

xi

y1
i,1

y1
i,2

y2
i,2

y1
i,3

y3
i,1

y4
i,1

y3
i,2

y4
i,2

y3
i,3 y4

i,3

x1 x2

x3

exit
exit

exit

G1,1 G1,2 G1,3

entry

Figure 1: Aplication of Step 2.2 of the lifting algorithm.

all possible choices of orthogonal components for all super-
states (all the lifting could be performed in parallel). On the
other hand, building the extended diagnoser of the flat au-
tomaton would require expanding each super-statexi ∈ XS

into as many as
∏

i∈N|S| , j∈Ni
|Yi, j | states (worst case) before

building the extended diagnoser; this is avoided by the
above-described lifting algorithm.

It is possible to use the lifting algorithm to zoom in some
state of interest in the L1-extended-diagnoser in order to lift
information from level 2 to level 1 and possibly break some
connectivity in that extended diagnoser so that an indeter-
minate cycle may no longer be reachable or feasible.

Proposition 2 Consider fault fi at level 1 of HFSM GH.
Fault fi is diagnosable in the HFSM GH if it is pos-
sible to construct an extended diagnoser, built from the
L1-projection of GH and refined as necessary according
to the lifting algorithm, that does not contain any fi-
indeterminate cycles.
The same result holds if fault fi is at level 2 in GH, albeit in
that case only occurrences of fi in orthogonal component
Ga,l are guaranteed to be diagnosable.

Example 1 Consider the HFSM GH in Fig. 2. The system
can be affected by a level 1 fault f1. The L1-projection of
GH as well as its extended diagnoser are shown in Fig. 3.
Since the extended diagnoser of the L1-projection of GH

contains an indeterminate cycle, Proposition 4 in [6] does
not allow us to conclude about the L1-diagnosability of f1
in GH.
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OFF-1 F-OFF OFF-2 

ON 

WAIT OP STOP 

DISC NOR ERR 

ALR 

on on
on

o f f
o f f

f1

exec

con

con

dis

GON,1

GON,2

σ

Figure 2: The HFSMGH.

OFF-1 F-OFF 

OFF-2 ON 

[(OFF-1 , N)(OFF-1 , N)] 

[(OFF-1 , N)(ON , N)],[(OFF-1 , N)(ON , F1)] 

[(ON , N)(OFF-1 , N)],[(ON , N)(F-OFF , F1)], 

[(ON , F1),(OFF-1 , F1)],[(ON , F1),(F-OFF , F1)], 

[(ON , N),(OFF-2 , N)],[(ON , F1),(OFF-2 , F1)] 

[(OFF-1 , N)(ON , N)],[(OFF-2 , N)(ON , N)], 

[(F-OFF , F1)(ON , F1)],[(OFF-2 , F1)(ON , F1)] 

on

on

on

on

on

o f f

o f f
o f f

o f f

f1
zed
ℓ

Figure 3: L1-projection ofGH and its extended diagnoser.

Using the lifting algorithm on the extended diagnoser
for orthogonal component GON,1 of super-stateON at ex-
tended diagnoser state zed

ℓ
, we obtain the extended diag-

noser with lifted information of Fig. 4. Since this diagnoser
does not contain an indeterminate cycle, we can state that
fault f1 is diagnosable in GH.

4. Conclusions

In this work we presented new results on diagnosability
analysis of a special class of HFSMs. Starting from the
notion of L1-diagnosability, we have addressed the case of
faults that cannot be proved to be L1-diagnosable using the
results in [6]. In order to avoid the complexity of work-
ing with the flat automaton, we have presented an algo-
rithm to refine the extended diagnoser built from the higher
level projection of the HFSM by lifting information from
the lower level. This lifting algorithm led to Proposition 2
which presents a sufficient condition to test diagnosability
using the refined version of the diagnoser.
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Abstract—Numerical verification methods on existence
or uniqueness of solutions to PDEs, so called Nakao’s
theory[1][2], have been developed by M.T.Nakao in
Kyushu University, Japan, and his group including the au-
thor. They are based on fixed point theorems and error es-
timation of approximate solutions which are mainly com-
puted by FEM.

On the other hand, there is a standard method for numer-
ical verification of ODEs named the Lohner method[3]. It
uses Taylor expansion and the error estimation of its trunca-
tion errors. Wrapping effect might be reduced by using QR
factorization. However, the method validates the values of
the solution only just on the nodal points and tells nothing
about the error which occurs in the intervals between the
nodes.

We present a numerical verification method based on
stepwise application of Nakao’s theory which guarantees
the error bounds not only on the nodes but also between
the nodes. QR factorization is used to reduce the wrapping
effect. We intend to develop this method to apply to the
evolution equations in the future.

1. Nakao’s theory

Nakao’s theory consists of numerical verification meth-
ods to prove existence or uniqueness of solutions to PDEs.
Outline of the numerical verification methods can be de-
scribed as follows [1][2].

1. Compute an approximate solution ũ to the equation by
an appropriate method.

2. Derive an equation for the error w of the approxima-
tion ũ.

3. Transform the error equation into a fixed point form.
Consider a function space X which contains solutions
to the error equation.

4. Devide w into wN ∈ S N and w⊥ ∈ S⊥, where S N ⊂ X
is a finite dimensional subspace which approximates
X in some sense and S ⊥ is the complementary space of
S N . Transform the fixed point equation into a system
of two kinds of equations, the equations for wN and
the equations for w⊥.

5. Transform the equations for wN to the quasi Newton
form.

6. Construct another fixed point form using the quasi
Newton form and the equations for w⊥.

7. Apply a suitable fixed poin theorem to the above fixed
point form and derive sufficient conditions for W ⊂
X in order that there exists a solution or the unique
solution within the candidate set W.

8. Define W := WN+W⊥ where WN ⊂ S N and W⊥ ⊂ S ⊥.
Separate the sufficient conditions into 2 parts, condi-
tions for WN and conditions for W⊥. Moreover, the
conditions for W⊥ are modified into computable form
using error analysis of the approximate subspace S N

to X.

9. Construct the candidates for WN and W⊥ by some iter-
ative method, and verify the sufficient conditions us-
ing self-validated numerics.

2. Problem

We treat an ordinary differential equation with intial
value conditions as follows.



du
dt

= f (t,u), t ∈ [0,T ]

u(0) = u0

(1)

Here u is a vector function in Rm and f (t, u) is an operator
from R × Rm to Rm, which is continuous with respect to t
and Fréchet differentiable with respect to u.

Take nodal points between [0,T ] as t0 = 0 < t1 < · · · <
tn = T and compute an approximate solution ũ. From the-
oretical point of view, the computation can be done by an
arbitrary method, but there is an appropriate method de-
scribed in the section 5.

Put ũ j := ũ(t j). Let w be the error as w(t) := u(t) − ũ(t)
and w j := w(t j). We consider an error equation from
(1), which is restricted within [t j−1 , t j] for fixed j ∈
{1, 2, · · · , n} as follows.

w(t) = w j−1 +

∫ t

t j−1

f (τ, ũ + w)dτ − (ũ(t) − ũ j−1). (2)

NOLTA 2006
11-14 september
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Note that this is a fixed point equation. The solution w is to
be found in a space X := (C[t j−1 , t j])m.

Now we take S N ⊂ X. The subspace S N is the set of lin-
ear polynomials on [t j−i , t j], which is of 2 × m dimension,
because every function in S N is specified by its values at
the end points t j−1 and t j. In order to make sense that S N

approximates X, we introduce PN : X → S N as an operator
that gives the first interpolation polynomial of x ∈ X which
interpolates x on t j−1 and t j. This is a projection from X to
S N , and we can write S N = PN X.

Take wN := PNw and w⊥ := (I − PN)w, and separate the
error into w = wN + w⊥. Transform the error equation (2)
to a system of two parts.

wN (t) = w j−1+r(ũ)+PN

∫ t

t j−1

{
f (τ, ũ + wN + w⊥) − f (τ, ũ)

}
dτ,

(3)
and

w⊥(t) = (I − PN)
∫ t

t j−1

f (τ, ũ + wN + w⊥)dτ, (4)

where r(ũ) is defined by

r(ũ) := PN

∫ t

t j−1

f (τ, ũ)dτ − (ũ(t) − ũ j−1). (5)

Now we transform (3) to the quasi Newton form. Define
F(wN ; w⊥) by

F(wN ; w⊥) = w j−1 + r(ũ)

+PN

∫ t

t j−1

{
f (τ, ũ + wN + w⊥) − f (τ, ũ)

}
dτ (6)

where w⊥ is fixed and considred as a parameter. Note that
the Fréchet derivative of F with respect to wN is given by

F′(wN ; w⊥)v = PN

∫ t

t j−1

∂

∂u
f (τ, ũ + wN + w⊥) · v(τ)dτ. (7)

Take F′ := F′(0; 0) and derive the quasi Newton form of
(3) as follows.

wN = wN − (I − F′)−1 {
wN − F(wN ; w⊥)

}
(8)

= (I − F′)−1 {
F(wN ; w⊥) − F′wN

}

= (I − F′)−1
[
w j−1 + r(ũ)

+PN

∫ t

t j−1

{
f (ũ + wN + w⊥) − f (ũ) − ∂ f

∂u

∣∣∣∣∣
u=ũ

wN

}
dτ

]

Let N(wN ,w⊥) denotes the right-hand side. Combining (8)
and (4), we define

T (w) := N(PNw, (I−PN)w)+(I−PN)
∫ t

t j−1

f (ũ+w)dτ, (9)

and obtain another fixed point form

w = T (w) (10)

which is equivalent to (2).

3. Sufficient Conditions

Since the operator T is compact on X, we apply
Schauder’s fixed point theorem to the fixed point form (10).
Then if we find a bounded convex closed set W ⊂ X such
that

T (W) ⊂ W

holds, it is proved that there exits a solution w to the equa-
tion (2) within W. Hereafter we deal with just such a set W
that has the following form.

W := WN +W⊥ =
{
wN + w⊥|wN ∈ WN ,w⊥ ∈ W⊥

}
(11)

for some WN ⊂ S N and W⊥ ⊂ S⊥. And we call W a candi-
date set. From (11)

T (W) ⊂ W ⇔
{

PNT (W) ⊂ WN

(I − PN)T (W) ⊂ W⊥,
(12)

and then

T (W) ⊂ W ⇔



N(WN ,W⊥) ⊂ WN

(I − PN)
∫ t

t j−1

f (τ, ũ +W)dτ ⊂ W⊥

(13)
holds. Here

N(WN ,W⊥) = (I − F′)−1
[
w j−1 + r(ũ)

+PN

∫ t

t j−1

{
f (ũ +WN +W⊥) − f (ũ) − ∂ f

∂u

∣∣∣∣∣
u=ũ

WN

}
dτ

]
. (14)

Though we omit the detail, sufficient conditions to the
first expression of (13) are described by

(I − A)−1
[
w j−1 + r j +

∫ t j

t j−1

{
f (ũ + ŵN ) − f (ũ)

}
dτ

+ (A′ − A)w∗
N
(t j) +

∫ t j

t j−1

∂ f
∂u

∣∣∣∣∣
u=ũ+ŵN+w⊥

w⊥dτ
]
∈ WN ,

(15)

for arbitrary w∗
N
∈ W∗N and w⊥ ∈ W⊥, where

ŵN (t) :=
t j − t

t j − t j−1
w j−1. t ∈ [t j−1, t j], (16)

W∗N := WN − ŵN , (17)
r j := r(ũ)|t=t j , (18)

A :=
∫ t j

t j−1

∂ f
∂u

∣∣∣∣∣
u=ũ

τ − t j−1

t j − t j−1
dτ, (19)

A′ :=
∫ t j

t j−1

∂ f
∂u

∣∣∣∣∣
u=ũ+ŵN+w∗

N
+w⊥

τ − t j−1

t j − t j−1
dτ. (20)

In order to modify the second expression of (13), we
adopt the following proposition.
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Proposition 1 If
dx
dt

is bounded in (t j−1, t j) for x ∈ X,
then

‖(I − PN)x‖∞( j) ≤
1
2

(t j − t j−1)‖dx
dt
‖∞( j) (21)

holds. Here
‖v‖∞( j) = sup

t∈[t j−1,t j]
|v| (22)

which is defined elementwise.

This proposition gives an error estimation of PNx ∈ S N to
x ∈ X.

4. How to construct the candidate set

In order to construct the candidate set, we give WN and
W⊥ as follows.

WN = WN(w j−1, α̃ j)

:=
{
wN ∈ S N |wN (t j−1) = w j−1, |B jwN (t j)| 5 α̃ j

}

(23)

and

W⊥ = W⊥(β j) :=
{
w⊥ ∈ S ⊥| ‖w⊥‖∞( j) 5 β j

}
. (24)

Here α̃ j and β j are constant vectors in Rm which should be
specified in order that the sufficient conditions hold. And |· |
implies the absolute value matrix, namely a matrix taking
the absolute value of every element. The matrix B j ∈ Rm×m

is defined as described below in order to reduce the wrap-
ping effect. The value w j−1 is bounded by

|B j−1w j−1| 5 α̃ j−1 (25)

through the previous step. Let Im be the m × m identity
matrix and

[−Im, Im] :=



[−1, 1]
[−1, 1]

. . .

[−1, 1]



as an interval matrix. Define the matrix A1 by

A1 :=
∫ t j

t j−1

∂ f
∂u

∣∣∣∣∣
u=ũ

t j − τ
t j − t j−1

dτ (26)

and recast A2 := A. Moreover let us take some interval
matrices as follows.

[A1] :=
∫ t j

t j−1

∂ f
∂u

∣∣∣∣∣
u=ũ+

t j−τ
t j−t j−1

[α j−1]

t j − τ
t j − t j−1

dτ, (27)

[A′2] :=
∫ t j

t j−1

∂ f
∂u

∣∣∣∣∣
u=ũ+ŵN+WN+W⊥

τ − t j−1

t j − t j−1
dτ (28)

where

[α j−1] := [−Im, Im]|B−1
j−1|α̃ j−1, (29)

and

[A3] :=
∫ t j

t j−1

∣∣∣∣∣
∂ f
∂u

∣∣∣∣∣
u=ũ+ŵN+W⊥

dτ. (30)

Then the condition (15) is satisfied if
∣∣∣B j(I − A2)−1(I + A1)B−1

j−1

∣∣∣ [−Im, Im]α̃ j−1

+
∣∣∣B j(I − A2)−1

∣∣∣ [−Im, Im]
∣∣∣r j

∣∣∣
+

∣∣∣B j(I − A2)−1 ([A1] − A1) B−1
j−1

∣∣∣ [−Im, Im]α̃ j−1

+
∣∣∣B j(I − A2)−1 (

[A′2] − A2
)

B−1
j

∣∣∣ [−Im, Im]α̃ j

+
∣∣∣B j[A3]

∣∣∣[−Im, Im]β j

⊂ [−Im, Im]α̃ j

holds. Note that T [−Im, Im]a ⊂ [−Im, Im]|T |a for arbitrary
m×m matirix T and m vector a. Then this condition implies
an inequality

∣∣∣∣B j(I − A2)−1(I + A1)B−1
j−1

∣∣∣∣ α̃ j−1 +
∣∣∣B j(I − A2)−1

∣∣∣ ·
∣∣∣r j

∣∣∣
+

∣∣∣∣B j(I − A2)−1 ([A1] − A1) B−1
j−1

∣∣∣∣ α̃ j−1

+
∣∣∣∣B j(I − A2)−1

(
[A′2] − A2

)
B−1

j

∣∣∣∣ α̃ j

+
∣∣∣B j[A3]

∣∣∣β j ≤ α̃ j.

(31)
From the left-hand side of the inequality, it is better to take
r j as small as possible, which suggests us the way to com-
pute the approximate solution. We compute ũ by the New-
ton method in order that

PN

∫ t j

t j−1

f (τ, ũ)dτ − (ũ j − ũ j−1) = 0

holds approximately. It can be seen that this approximation
method is of O(h2) where h denotes the maximum width of
t j − t j−1 for j = 1, · · · , n.

Now we take B0 = Im and specify B j such that the matrix

B j(I − A2)−1(I + A1)B−1
j−1

has the least effect of rotation. Therefore we compute QR
factorization as

(I − A2)−1(I + A1)B−1
j−1 = Q j−1R j−1 (32)

and define
B j = Q−1

j−1. (33)

This device might reduce the wrapping effect.
On the other hand, a sufficient condition for the second

expression of (13) is given as follows.

1
2

(t j − t j−1)‖ f (·, ũ +WN +W⊥) − c‖∞( j) ≤ β j. (34)

Here we used (21) on the error estimation of PN . Since the
constant vector c can be taken arbitrarily, we take c as the
midpoint of the interval vector f ([t j, t j−1], ũ +WN +W⊥).

For j = 1, · · · , n, we specify α̃ j and β j satisfying the
conditions (31) and (34) by some iterative method and B j

by (33) step by step.
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5. Numerical example

In our talk, we will deal with a simple problem as fol-
lows. 

d2u
dt2 = −u + u2, 0 < t < T

u(0) = u0
u′(0) = u′0

(35)

Taking

u1(t) = u(t), u2(t) = u′(t),

the equation (35) is transformed to


du
dt
= f (u)

u(0) = u0

(36)

with

u(t) :=
(

u1(t)
u2(t)

)
, u0 :=

(
u0
u′0

)
,

f (u) :=
(

f1(u)
f2(u)

)
=

(
u2

−u1 + u2
1

)
.

We intend to show a comparison with the Lohner method
and some improvement using higher order interpolations in
the presentation.
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Abstract—A computer assisted proof of the existence

of nontrivial steady state solutions for the three dimen-

sional Rayleigh–Bénard convection is described based on

the fixed point theorem using a Newton like operator.

1. Introduction

The Rayleigh–Bénard convection is a heat convection

between two infinite solid plates with hot bottom and cool

top. The motion of fluid is self-sustained as soon as gravi-

tational energy release overcomes dissipation losses, which

is called Rayleigh’s mechanism by buoyancy [2]. We use

the Oberbeck–Boussinesq equations as approximate equa-

tions for this problem with normalization of variables and

parameters as follows:

1

P
[
∂u
∂t
+ (u · ∇)u

]
+ ∇p = ∆u − (G − RT )e3, (1a)

∇·u = 0, (1b)

∂T
∂t
+ (u · ∇)T = ∆T, (1c)

where u the velocity field, p the pressure, T the temper-

ature of the fluid, R Rayleigh number, P Prandtl number,

and a parameter G. We use stress free boundary conditions

for velocity field, T = 0 on x3 = 0 and T = π on x3 = π.

The equilibrium state is the pure heat conduction solution

u = 0, T = π− x3, and p = G(π− x3)− 1
2R(π− x3)2+ pa, for

any R > 0 and P > 0. Here pa is a reference pressure. Us-

ing this conduction solution (u, T, p) and eliminating time

derivatives from (1), the steady state bifurcation equations

for the perturbation (u, θ, p) to the equilibrium are given by

−∆u +
1

P (u · ∇)u + ∇p − Rθe3 = 0, (2a)

∇·u = 0, (2b)

−∆θ + (u · ∇)θ − u3 = 0. (2c)

Assume that all fluid motion is confined to Ω = {0 ≤ x1 ≤
2π/a,0 ≤ x2 ≤ 2π/b, 0 ≤ x3 ≤ π, } for given wave numbers

a, b > 0 and impose parity conditions on new boundaries

as in [3] which lead periodic boundary conditions in hori-

zontal directions [4]. From these boundary conditions, the

velocity field, the perturbation of temperature and pressure

can be represented by the following Fourier series [3]:

u =
∑
α�0

3∑
i=1

eiuαi φ
α
i , θ =

∑
α3�0

θαφα3 , p =
∑
α�0

pαφα4 , (3)

where α ∈ Z3
0, Z0 is the set of all non–negative integers,

and uαi , θα, pα coefficients of u, θ, p with respect to the base

functions φαi defined by,

φα1 (x) = Kα sin(aα1x1) cos(bα2x2) cos(α3x3), (4a)

φα2 (x) = Kα cos(aα1x1) sin(bα2x2) cos(α3x3), (4b)

φα3 (x) = Kα cos(aα1x1) cos(bα2x2) sin(α3x3), (4c)

φα4 (x) = Kα cos(aα1x1) cos(bα2x2) cos(α3x3), (4d)

where the normalization factor Kα = K0
∏3

i=1

√
2 − δ0αi ≤

2
√

2K0 and K0 = 1/
√|Ω|. Here δi j is the usual Kro-

necker delta on indices i and j. We introduce func-

tion spaces for i = 1, . . . , 4 and k ≥ 0, Hk
i (Ω) ={ ∑

α�0 uαφαi
∣∣∣ ∑α�0 u2

αA
2k
α < ∞

}
⊂ Hk(Ω), where L2

i (Ω) =

H0
i (Ω) ⊂ L2(Ω) and for α ∈ Z3

0

A2
α = (aα1)2 + (bα2)2 + α2

3, B2
α = (aα1)2 + (bα2)2. (5)

And we also introduce a divergence free function space

Vk =
{

u ∈ Hk
1(Ω) × Hk

2(Ω) × Hk
3(Ω)
∣∣∣ ∇·u = 0

}
and set

Wk = Hk
3(Ω) for θ. And Vk has base functions:

Φα =

[
−aα1α3

AαBα
φα1 ,−

bα2α3

AαBα
φα2 ,

Bα
Aα
φα3

]
, α ∈ S 1, (6a)

Ψα =

[
bα2

Bα
φα1 ,−

aα1

Bα
φα2 , 0

]
, α ∈ S 2, (6b)

where S 1 = { α ∈ S | α3 � 0 }, S 2 = { α ∈ S | α1, α2 � 0 }
and S = Z3

0 − ∪3
i=1Z0ei. Clearly S = S 1 ∪ S 2. Thus any

u ∈ Vk can be expressed as u =
∑
α∈S {uαΦα + vαΨα}where

uα = 0 (α ∈ S − S 1), vα = 0 (α ∈ S − S 2). Similarly,

θ ∈ Wk can be represented in the form θ =
∑
α∈T θαφα3 , and

T =
{
α ∈ Z3

∣∣∣ α3 � 0
}

is the index set for Wk.

2. A priori error estimates

For a fixed positive integer N, define finite dimensional

subspaces VN =
{

u ∈ Vk
∣∣∣ uα = vα = 0, ∀α ∈ S , |α| > N

}
,
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and WN =
{
θ ∈ Wk

∣∣∣ θα = 0, ∀α ∈ T, |α| > N
}
. Here |α| =

α1 + α2 + α3. And define projections PN : Vk → VN and

QN : Wk → WN as follows[4]:

(∇ (u − PNu),∇v ) = 0, ∀v ∈ VN , (7a)

(∇ (θ − QNθ),∇ϑ ) = 0, ∀ϑ ∈ WN . (7b)

Due to orthogonal relations of base functions of V k and

Wk, these projections PN and QN are truncation oper-

ators, i.e., PNu =
∑
α∈S N
{uαΦα + vαΨα} and QNθ =∑

α∈TN
θαφ

α
3 , where S N = { α ∈ S | |α| ≤ N } and TN =

{ α ∈ T | |α| ≤ N }. From these characterization of projec-

tions, we have

Theorem 1 For any u ∈ Vk, θ ∈ Wk with k ≥ 2, and their
finite dimensional approximations PNu ∈ VN , QNθ ∈ WN

in (7), we have a priori error estimates:

‖u − PNu‖0 ≤ C2
0‖∆u‖0, ‖∇(u − PNu)‖0 ≤ C0‖∆u‖0, (8a)

‖θ − QNθ‖0 ≤ C2
0‖∆θ‖0, ‖∇(θ − QNθ)‖0 ≤ C0‖∆θ‖0, (8b)

where C0 =
√

a−2 + b−2 + 1/(n + 1).

Applying Cauchy–Schwartz inequality on the estimated

bound of ‖uαΦα + vαΨα‖∞, we obtain

Lemma 2 For u ∈ Vk, θ ∈ Wk with k ≥ 2, it holds that

‖u‖∞ ≤ C1‖∆u‖0, ‖θ‖∞ ≤ C2‖∆θ‖0, (9)

where C1 =
[∑
α∈S K2

αA−4
α

] 1
2 and C2 =

[∑
α∈T K2

αA−4
α

] 1
2 .

Corollary 3 Under the same assumptions of Theorem 1,
the following a priori error estimates hold:

‖u − PNu‖∞ ≤ C3‖∆u‖0, ‖θ − QNθ‖∞ ≤ C4‖∆θ‖0, (10)

where C3 =
[∑
α∈S−S N

K2
αA−4
α

] 1
2 , C4 =

[ ∑
α∈T−TN

K2
αA−4
α

] 1
2 .

It’s easy to show that C1,C2 ≤ 5.45K0

(
a−2 + b−2 + 1

)
and

C3,C4 = O(N−
1
2 ).

The steady state solution of (2) satisfies the following

Stokes equations:

−∆u + ∇p = f(u, θ), (11a)

∇·u = 0, (11b)

−∆θ = g(u, θ), (11c)

where f = − 1
P (u · ∇)u + Rθe3 and g = −(u · ∇)θ + u3.

If (u, θ) ∈ V2 × W2, then (−∆u,−∆θ) ∈ L2(Ω)4 and

∇·(−∆u) = −∆(∇·u) = 0, since all functions are combi-

nations of sinusoidal functions. Moreover, (∇p,−∆u ) =

( p,∇·∆u ) = 0 (see [1]). Taking inner product on (11) with

−∆u and −∆θ, we have ‖∆u‖2 = ( f,−∆u ) ≤ ‖f‖‖∆u‖ and

‖∆θ‖2 = ( g,−∆θ ) ≤ ‖g‖‖∆θ‖. This gives us the following

estimates:

‖∆u‖0 ≤ C0‖f‖0, ‖∆θ‖0 ≤ C0‖g‖0. (12)

We will use the symbol S for the solution operator of (11)

and call it as Stokes operator.

3. A fixed point formulation

For (u, θ) ∈ X = V1 × W1, (2) can be written in the

following variational form: ∀(v, ϑ) ∈ X,

(∇u,∇v ) +
1

P ( (u · ∇)u, v ) − R( θ, v3 ) = 0, (13a)

(∇θ,∇ϑ ) + ( (u · ∇)θ, ϑ ) − ( u3, ϑ ) = 0, (13b)

which can be written in simpler form: find φ = (u, θ) ∈ X
such that (∇φ,∇ϕ ) = ( F(φ), ϕ ) = ( f(φ), v ) + ( g(φ), ϑ )

for ∀ϕ = (v, ϑ) ∈ X. We denote an approximate solution

φN ∈ XN = VN × WN , i.e., (∇φN ,∇ϕ ) = ( F(φN), ϕ ), for
∀ϕ ∈ XN . Usually we use Newton’s method to get an ap-

proximation and from now on, we denote it as φN ∈ XN ,

i.e., (∇φN ,∇ϕ ) ≈ ( F(φN), ϕ ) for ∀ϕ ∈ XN .

Let φ̄ ∈ X be the solution of the equation:
(∇φ̄,∇ϕ ) =(

F(φN + φ̄), ϕ
) − (∇φN ,∇ϕ ) =

(
G(φ̄), ϕ

)
for ∀ϕ ∈ X, i.e.,

the residual equation. It can be rewritten as a fixed point

equation:

φ̄ = SG(φ̄) = K φ̄. (14)

Since X ⊂ H1(Ω)4, K is a compact operator in X .

Hence by the Schauder’s fixed point theorem, if we find

a nonempty, closed, bounded and convex set U ⊂ X satis-

fying KU ⊂ U, then there exists a solution of (14) in U.

The set U is called a candidate set of solutions.

Define PN : X → XN by PN = (PN ,QN), then (7) can be

simplified as: (∇(φ − PNφ),∇ϕ ) = 0, for ∀φ ∈ X, ∀ϕ ∈ XN .

Then (14) can be decomposed into two parts:

PN φ̄ = PNK φ̄, (15a)

(I − PN)φ̄ = (I − PN)K φ̄. (15b)

Now assume the regularity of the operator: L =

PN
[
I − SF′(φN)

]∣∣∣
XN

: XN → XN , i.e., L is one-to-

one and onto. Here the Fréchet derivative F ′(φ) of

F at φ has the form: for any ϕ ∈ X, F ′(φ)ϕ =

(f′(φ)ϕ, g′(φ)ϕ). Here f′(φ)ϕ = − 1
P [(u · ∇)v + (v · ∇)u] +

Rϑe3 and g′(φ)ϕ = − [(u · ∇)ϑ + (v · ∇)θ] + v3 for φ =
(u, θ), ϕ = (v, ϑ) ∈ X. Note that L can be expressed as:

L = PN S[S−1 − F′(φN)]
∣∣∣
Xn
= PN SL0|Xn

. Using the reg-

ularity of L, we can find the following equivalent equation

to (15) (see [4]):

φ̄ = Nφ̄ + (I − PN)K φ̄ = T φ̄, (16)

where N = PN − L−1PN(I − K) is a Newton–like iter-

ation operator for (14) and the last part becomes small if

XN is sufficiently large. The operator N is compact since

it maps X into the finite dimensional space XN and hence

T is compact. Due to the equivalence of (14) and (16),

we have a compatible verification condition of the form:

TU ⊂ U. And we split the candidate set U into two parts:

U = UN ⊕ U∗ where UN ⊂ XN , U∗ ⊂ X⊥N and X⊥N is the

orthogonal complement of XN in X. Then we obtain the

verification conditions:
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Theorem 4 Let UN , U∗ and U be sets defined above. If the
following inclusions hold,

NU ⊂ UN , (17a)

(I − PN)KU ⊂ U∗. (17b)

then there exists a fixed point φ̄ of T in U.

4. Computable verification conditions

Definitions ofK and L enable us the calculation ofN φ̄:

Nφ̄ = L−1 [LPN φ̄ − PN φ̄ + PNK φ̄] = L−1PNSF0(φN , φ̄),

where F0(φN , φ̄) is defined as: for ϕ ∈ X,
(

F0(φN , φ̄), ϕ
)
=(

F(φN + φ̄), ϕ
)−(∇φN ,∇ϕ )−( F′(φN)PN φ̄, ϕ

)
. Then (17a)

requires ψ ≡ N φ̄ ∈ UN , and applying L on both sides

gives: PNSL0ψ = Lψ = PNSF0(φN , φ̄). Using the projec-

tion property PN , we can derive the following variational

form: (∇SL0ψ,∇ϕ ) =
(∇SF0(φN , φ̄),∇ϕ ) for ∀ϕ ∈ XN .

This can be written as ( L0ψ, ϕ ) =
(

F0(φN , φ̄), ϕ
)

for
∀ϕ ∈ XN . Note that ( L0ψ, ϕ ) =

(
S−1ψ − F′(φN)ψ, ϕ

)
=

(∇ψ,∇ϕ ) − ( F′(φN)ψ, ϕ ).

For given real numbers cαi , cαi , M0, and M1, define

UN =
{
φ ∈ XN

∣∣∣ cαi ∈ [cαi , c
α
i ], i = 1, 2, 3, α ∈ S N ∪ TN

}
and U∗ =

{
(u, θ) ∈ X⊥N

∣∣∣‖u‖0 ≤ C2
0 M0, ‖∇u‖0 ≤

C0M0, ‖θ‖0 ≤ C2
0 M1, ‖∇θ‖0 ≤ C0M1, ‖u‖∞ ≤ C3 M0

}
and

set U = UN ⊕ U∗.
For any φ ∈ XN , we can express it in terms of ϕαi : φ =∑
α∈S N∪TN

∑3
i=1 cαi ϕ

α
i =

∑
α∈S N∪TN

{
uαϕα1 + vαϕα2 + θαϕ

α
3

}
where ϕα1 = (Φα, 0), ϕα2 = (Ψα, 0) and ϕα3 = (0, φα3) are base

functions of X. Here cα1 = uα = cα2 = vα = 0 for α � S N

and cα3 = θα = 0 when α � TN . Using the expression for

ψ ∈ XN , we have the following:

Jx =


J11 J12 J13

J21 J22 J23
J31 J32 J33




x1

x2
x3

 =


f1

f2
f3

 = f. (18)

Here for ı,  = 1, 2,3 and β, γ ∈ S N ∪ TN , we de-

fine Jβγı  = A2
βδı δβγ −

(
F′(φN)ϕ

β
 , ϕ
γ
ı

)
, xβ = cβ and

fγı =
(

F0(φN , φ̄), ϕ
γ
ı

)
. Therefore, the verified solution of

the above linear matrix problem assures the regularity of

the matrix J and the existence of the inverse of L. Set

(ũ, θ̃) = K φ̄, then we have the following Stokes equations:

−∆ũ + ∇p̃ = f(φN + φ̄) + ∆uN − ∇pN , (19a)

∇·ũ = 0, (19b)

−∆θ̃ = g(φN + φ̄) + ∆θN . (19c)

Using (8), (10) and (12) with (19), we get the following:

‖(I − PN)ũ‖0 ≤ C2
0

∥∥∥f(φN + φ̄) + ∆uN − ∇pN

∥∥∥
0, (20a)

‖∇(I − PN)ũ‖0 ≤ C0
∥∥∥f(φN + φ̄) + ∆uN − ∇pN

∥∥∥
0, (20b)∥∥∥(I − Qn)θ̃

∥∥∥
0 ≤ C2

0

∥∥∥g(φN + φ̄) + ∆θN

∥∥∥
0, (20c)∥∥∥∇(I − QN)θ̃

∥∥∥
0 ≤ C0

∥∥∥g(φN + φ̄) + ∆θN

∥∥∥
0, (20d)

‖(I − PN)ũ‖∞ ≤ C3
∥∥∥f(φN + φ̄) + ∆uN − ∇pN

∥∥∥
0. (20e)

Hence, the verification condition (17b) holds if for ∀φ̄ ∈ U

Mf ≡ ∥∥∥f(φN + φ̄) + ∆uN − ∇pN

∥∥∥
0 ≤ M0, (21a)

Mg ≡ ∥∥∥g(φN + φ̄) + ∆θN

∥∥∥
0 ≤ M1. (21b)

5. Numerical results

In the verification step, interval arithmetic is used in the

form of INTLAB, the interval arithmetic package for MAT-

LAB on PC. The verification algorithm is basically the

same as that in [4].

We select a = 1/2
√

2, b =
√

3a and P = 10. Then the

critical Rayleigh number Rc = 6.75 can be attained at some

special mode (see [3]).

Due to limitation of memories and slow performance, we

verified each type near close to the critical Rayleigh num-

ber, e.g. R/Rc = 1.01 etc. On the other hand, for roll type

solutions, since some reduction of variables is possible, we

succeeded to verify far from Rc, e.g., even for R/Rc = 1.5.

Also we computed various kinds of approximate solutions

developed sub–branches of each types such as 1 peak and 4

peaks branches, which showed shift of the critical Rayleigh

numbers.

In the figures, the isothermal lines are drawn after adding

the conduction solution, and note that stream lines for each

type never change their shape during the change of relative

Rayleigh numbers.
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Figure 1: Isothermal lines of roll type solution for R/Rc =

1.5 on the plane x2 = 0. Contour lines of speed and stream-

lines of it on the plane x2 = 0.

Figure 2: Isothermal lines of rectangular type solution for

R/Rc = 1.5 on the plane x3 = π/2. Contour lines of speed

and streamlines of it on the plane x3 = π.

Figure 3: Isothermal lines of hexagonal type solution for

R/Rc = 1.5 on the plane x3 = π/2. Contour lines of speed

and streamlines of it on the plane x3 = π.

Figure 4: Isothermal lines of mixed type (rectangular and

hexagonal) solution for R/Rc = 1.5 on the plane x3 = π/2.

Contour lines of speed and streamlines of it on the plane

x3 = π.
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Abstract—A computer-assisted proof of non-trivial
steady-state solutions for the Kolmogorov flows is de-
scribed. The governing equation is the Navier-Stokes equa-
tion in a two-dimensional flat torus under a special driving
force proposed by Kolmogorov. The verification method is
based on the infinite-dimensional fixed-point theorem us-
ing Newton-like operator. This paper proposes a numerical
verification algorithm which generates automatically on a
computer a set including the exact non-trivial solution with
local uniqueness. A discussed numerical example is taken
into account of the effects of rounding errors in the floating
point computations.

1. Introduction

Consider the following Navier-Stokes equations:

ut + uux + vuy =νΔu − 1
ρ

px + γ sin
(
πy
b

)
, (1)

vt + uvx + vvy =νΔv − 1
ρ

py, (2)

ux + vy =0, (3)

where (u, v), ρ, p and ν are velocity vector, mass density,
pressure and kinematic viscosity, respectively and γ is a
constant representing the strength of the sinusoidal outer
force. Also ∗ξ := ∂/∂ξ(ξ = t, x, y) and Δ := ∂2/∂x2 +

∂2/∂y2. The flow region is a rectangle [−a, a] × [−b,b]
and the periodic boundary conditions are imposed in both
directions. The aspect ratio is denoted by α := b/a.

The above equations (1–3) describe the Navier-Stokes
flows in a two-dimensional flat torus under a special driv-
ing force proposed by Kolmogorov [1, 5] and have a basic
solution which is written as

(u, v, p) = (k sin(πy/b), 0, d),

where k := b2γ/(π2ν) and d is any constant. It is known
that non-trivial solutions bifurcate from the basic solution
at a certain Reynolds number, which is defined below, if
and only if 0 < α < 1 [1]. Okamoto-Shoji [5] computed
numerically bifurcation diagrams with the Reynolds num-
ber as a bifurcation parameter varying the aspect ratio as a
splitting parameter. They also strongly suggested stability
for all 0 < α < 1. Nagatou [2] took a new approach to

this stability problem by employing the theory of verified
computation and showed that the stability is mathematical
rigorously assured for the cases of α = 0.4, 0.7, and 0.8.
However, theoretical approach to the non-trivial solutions
of the equations (1–3) has not been showed up to now.

The aim of this paper is to propose a method to prove
the existence of the steady-state solutions of the Navier-
Stokes equations (1–3) for given Raynolds number and as-
pect ratio by a computer-assisted proof. This method is
based on the infinite-dimensional fixed-point theorem us-
ing Newton-like operator as well as on the spectral approx-
imation and the constructive error estimates.

2. Nondimensionalization and function spaces

The letter Tα denotes the rectangular region
(−π/α, π/α) × (−π, π) for a given aspect ratio 0 < α < 1.
Introducing the stream function φ satisfying u = φ y and
v = −φx so that ux + vy = 0, the equations (1–3) can be
rewritten as

(Δφ)t − νΔ2φ − J(φ,Δφ) =
γπ

b
cos
(
πy
b

)
(4)

by cross-differentiating equations (1) and (2) and eliminat-
ing the pressure p. Here J is a bilinear form defined by

J(u, v) := uxvy − uyvx. (5)

The equation (4) is nondimensionalized using change of
variables

(x′, y′) =
(
πx
b
,
πy
b

)
, t′ =

γb
νπ

t, φ′(t′, x′, y′) =
νπ3

γb3
φ(t, x, y),

and the Reynolds number R :=
γb3

ν2π3
. After dropping the

primes, an equation

(Δφ)t − 1
R
Δ2φ − J(φ,Δφ) =

1
R

cos(y) (6)

is obtained.
We shall find steady-state solutions, where (Δφ) t is

equated to 0 in equation (6) in the region Tα, namely con-
sider the following nonlinear problem:

Δ2φ = −R J(φ,Δφ) − cos(y) in Tα. (7)
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Assume that the stream function φ is periodic in x and y,
and the symmetric condition φ(x, y) = φ(−x,−y) [2], then
the equation (7) has a trivial solution φ = − cos(y) for any
R > 0. The aim of this paper is to verify the exsistence of
non-trivial solutions by a computer.

From the assumptions imposed above, the solutions of
eq.(7) should be obtained in the following function space
Xk ⊂ Hk(Ω) (k ≥ 0) such that

Xk := Xk
0 ⊕ Xk

1 ⊕ Xk
2 ⊕ · · · ,

Xk
0 :=

⎧⎪⎪⎨⎪⎪⎩
∞∑

n=1

an cos(ny)

∣∣∣∣∣∣∣ an ∈ IR,
∞∑

n=1

n2ka2
n < ∞

⎫⎪⎪⎬⎪⎪⎭ ,

Xk
m :=

⎧⎪⎪⎨⎪⎪⎩
∞∑

n=−∞
an cos(mαx + ny)

∣∣∣∣∣∣∣ an ∈ IR,
∞∑

n=−∞
((αm)2k + n2k)a2

n < ∞
⎫⎪⎪⎬⎪⎪⎭ , m ≥ 1,

especially
X := X3.

For all ψ ∈ Xk can be represented by

ψ =
∑

(m,n)∈Q
Amn cos(mαx + ny), Amn ∈ IR, (8)

where

Q :=

{
(m, n) ∈ IN × IN

∣∣∣∣∣∣ “m = 0 and 1 ≤ n ≤ ∞” or
“1 ≤ m ≤ ∞ and −∞ ≤ n ≤ ∞”

}
,

(9)
and it is noted that

( cos(mαx + ny), cos(kαx + ly) )L2 =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
2π2

α
if k = m and l = n

0 else

holds for any (m, n), (k, l) ∈ Q, where ( ·, · )L2 means the
usual L2-inner product in Tα.

3. Approximate subspace and norm estimates

Let XN be the finite-dimensional subspace of X, which
depends on an integer parameter N, defined by

XN :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∑

(m,n)∈QN

Amn cos(mαx + ny) | Amn ∈ IR

⎫⎪⎪⎪⎬⎪⎪⎪⎭ , (10)

where

QN :=

{
(m, n) ∈ IN × IN

∣∣∣∣∣∣ “m = 0 and 1 ≤ n ≤ N” or
“1 ≤ m ≤ N and − N ≤ n ≤ N”

}
.

(11)
Also let X∗ denote the orthogonal complement of X N in

X such that X = XN ⊕ X∗, then for any ψ∗ ∈ X∗ can be
represented by

ψ∗ =
∑

(m,n)∈Q∗
Amn cos(mαx + ny), Amn ∈ IR, (12)

where Q∗ := Q − QN . Now, defining the norm of X as
‖φ‖X := |ψ|H3(Ω), the following norm estimates hold.

Lemma 3.1 For any ψ ∈ X and ψ∗ ∈ X∗, it can be checked
that

‖ψ‖L2 (Tα) ≤ α−3‖ψ‖X , ‖ψ∗‖L2(Tα) ≤ C1‖ψ∗‖X ,
‖ψx‖L2 (Tα) ≤ α−2‖ψ‖X , ‖(ψ∗)x‖L2(Tα) ≤ C2‖ψ∗‖X ,
‖ψy‖L2 (Tα) ≤ C3‖ψ‖X , ‖(ψ∗)y‖L2(Tα) ≤ C4‖ψ∗‖X ,
‖∇ψ‖L2 (Tα) ≤ α−2‖ψ‖X , ‖∇ψ∗‖L2(Tα) ≤ C2‖ψ∗‖X ,
‖∇ψx‖L2 (Tα) ≤ α−1‖ψ‖X , ‖∇(ψ∗)x‖L2(Tα) ≤ C5‖ψ∗‖X ,
‖∇ψy‖L2 (Tα) ≤ C6‖ψ‖X , ‖∇(ψ∗)y‖L2(Tα) ≤ C7‖ψ∗‖X ,
‖Δψ‖L2 (Tα) ≤ α−1‖ψ‖X , ‖Δψ∗‖L2(Tα) ≤ C5‖ψ∗‖X ,
‖Δψx‖L2 (Tα) ≤ ‖ψ‖X , ‖Δ(ψ∗)x‖L2(Tα) ≤ ‖ψ∗‖X ,
‖Δψy‖L2 (Tα) ≤ ‖ψ‖X , ‖Δ(ψ∗)y‖L2(Tα) ≤ ‖ψ∗‖X ,

where

C1 =
1

α3(N + 1)3
, C2 =

1
α2(N + 1)2

,

C3 = max

⎧⎪⎪⎨⎪⎪⎩1,
2
√

3
9α2

⎫⎪⎪⎬⎪⎪⎭ ,

C4 = max

⎧⎪⎪⎨⎪⎪⎩
1

(N + 1)2
,

2
√

3
9α2(N + 1)2

⎫⎪⎪⎬⎪⎪⎭ ,

C5 =
1

α(N + 1)
, C6 = max

{
1,

1
2α

}
,

C7 = max

{
1

N + 1
,

1
2α(N + 1)

}
.

In actual calculations, L∞-estimates proposed by
Plum [6] are also needed.

Lemma 3.2 (Plum,1992) For ψ ∈ X, the following asser-
tion holds true:

‖ψ‖L∞(Tα) ≤ C8‖ψ‖L2(Tα) +C9‖∇ψ‖L2(Tα) +C10‖Δψ‖L2(Tα),
(13)

where ‖ · ‖L∞(Tα) is the sup-norm and

C8 =

√
α

2π
, C9 =

1.1548√
3

√
α2 + 1
α
,

C10 = π
0.44722

3

√
9α4 + 10α2 + 9

5α3
.

Lemma 3.1 and Lemma 3.2 imply L∞-estimates imme-
diately.

Lemma 3.3 For ψ ∈ X and ψ∗ ∈ X∗, the following esti-
mates hold:

‖ψ‖L∞(Tα) ≤ C11‖ψ‖X , ‖ψ∗‖L∞(Tα) ≤ C12‖ψ‖X ,
‖ψx‖L∞(Tα) ≤ C13‖ψ‖X , ‖(ψ∗)x‖L∞(Tα) ≤ C14‖ψ∗‖X ,
‖ψy‖L∞(Tα) ≤ C15‖ψ‖X , ‖(ψ∗)y‖L∞(Tα) ≤ C16‖ψ∗‖X ,
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where
C11 = α

−3C8 + α
−2C9 + α

−1C10,
C12 = C1C8 +C2C9 +C5C10,
C13 = α

−2C8 + α
−1C9 +C10,

C14 = C2C8 +C5C9 +C10,
C15 = C3C8 +C6C9 +C10,
C16 = C4C8 +C7C9 +C10.

Moreover, some “inverse” order estimates are needed.

Lemma 3.4 For ψN ∈ XN the following estimates hold:

‖ψN‖X ≤ C17‖ΔψN‖L2(Tα),

‖(ψN)x‖X ≤ C18‖ΔψN‖L2(Tα),

‖(ψN)y‖X ≤ C19‖ΔψN‖L2(Tα),

where

C17 = N
√

1 + α2, C18 = αN2
√

1 + α2,

C19 = N2
√

1 + α2.

4. Fixed-point formulation and error estimates

The bilinear form J has the following properties.

( J(u, v),w )L2 = ( J(w, u), v )L2 = −( J(u,w), v )L2 ,
u, v,w ∈ X2,

J(u, v) ∈ X0, u, v ∈ X1. (14)

Denote an approximate solution of eq.(7) by φN ∈ XN

which is obtained by an appropriate method. Then setting

ψ := φ − φN (15)

and

f (ψ) := −R J(φN + ψ,ΔφN + Δψ) − cos(y) − Δ2φN , (16)

the problem (7) is rewritten as the residual form to find
ψ ∈ X satisfying

Δ2ψ = f (ψ) in Tα. (17)

Note that ψ is expected to be small if φN is an accurate
approximation. By virtue of the property for J (14), f is
the bounded continuous map from X to X 0.

Moreover, it is easily shown that for all g ∈ X 0, the linear
problem Δ2ξ = g has a unique solution ξ ∈ X4. When
this mapping is denoted by ξ = Kg, setting the embedding
from X4 into X by I and Δ−2 := IK, the operator Δ−2 :
X0 −→ X is a compact map because of the compactness of
the embedding H4(Tα) ↪→ H3(Tα) and the boundedness of
K. Therefore, eq.(17) is rewritten by a fixed-point equation:

ψ = Fψ (18)

for the compact operator F := Δ−2 f on X.

Now, the H2
0-projection PN : X −→ XN is defined by

(Δ(ψ − PNψ),ΔψN )L2 = 0, ∀ψN ∈ XN . (19)

Note that for ψ =
∑

(m,n)∈Q Amn cos(mαx + ny) ∈
X the projection coincides with truncation: PNψ =∑

(m,n)∈QN
Amn cos(mαx + ny) ∈ XN . From this fact, the fol-

lowing constructive a priori error estimate is derived.

Lemma 4.1 For each g ∈ X0, let ξ ∈ X4 be the solution of
Δ2ξ = g and PNξ ∈ XN be finite-dimensional approxima-
tion defined by eq.(19), then the following estimate holds.

‖ξ − PNξ‖X ≤ C5‖g‖L2(Tα).

Now, we apply the Newton-like method for nonlinear el-
liptic problems proposed by Nakao [3, 4] to the fixed-point
equation (18). Using the projection PN , the fixed-point
problem ψ = Fψ can be uniquely decomposed as the finite-
dimensional (projection) part XN and infinite-dimensional
(error) part X∗ as follows:{

PNψ = PN Fψ,
(I − PN)ψ = (I − PN)Fψ,

(20)

where I is the identity map on X. Suppose that the restric-
tion of the operator PN(I − F′(0)) : X −→ XN to XN has an
inverse

[I − PN F′(0)]−1
N : XN −→ XN , (21)

where F ′ denotes the Fréchet derivative of F. Note that
this assumption is equivalent to the invertibility of a ma-
trix, which is able to be numerically checked in actual ver-
ified computations (for example see Rump [7]). Applying
the Newton-like method to the first term of eq. (20), the
operator N : X −→ XN is defined by

Nψ := PNψ − [I − PNF′(0)]−1
N PN(ψ − Fψ),

and also the compact map T : X −→ X is defined by

Tψ := Nψ + (I − PN)Fψ.

Then under the invertibility assumption of the existence for
[I − PNF′(0)]−1

N , two fixed-point problems:

ψ = Tψ (22)

and eq.(18) are equivalent. If the approximate solution φ N

is sufficiently good, the finite-dimensional part of T will
possibly be a contraction. On the other hand, the magni-
tude of the infinite-dimensional part of T is expected to be
small when the truncation numbers of XN are taken to be
sufficiently large, because of Lemma 4.1.

The question which we must consider next is to find a
solution of eq.(22) in a set U, refered to as a candidate
set. Let the finite-dimensional part of the candidate set U N

and the infinite-dimensional part of the candidate set U ∗ be
balls with radius γ > 0 and β > 0 such as

UN := {ψN ∈ XN | ‖ψN‖X ≤ γ}, (23)

U∗ := {ψ∗ ∈ X∗ | ‖ψ∗‖X ≤ β}, (24)
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respectively. The candidate set U ⊂ X is defined by

U := UN + U∗. (25)

Now, the following verification condition is held [9].

Theorem 4.1 Let N′ be the Fréchet derivative of N . For
Y1, Y2, Z1(U) and Z2(U) > 0 satisfying

‖N0‖X ≤ Y1, (26)

sup
ψ1,ψ2∈U

‖N′(ψ1)ψ2‖X ≤ Z1(U), (27)

‖(I − PN)F0‖X ≤ Y2, (28)

sup
ψ1,ψ2∈U

‖(I − PN)F′(ψ1)ψ2‖X ≤ Z2(U), (29)

if it hold that

Y1 + Z1(U) < γ, Y2 + Z2(U) < β,

then there exists a fixed-point of F in

Û := ÛN + Û∗,

ÛN := {ψN ∈ XN | ‖ψN‖X ≤ Y1 + Z1(U)},
Û∗ := {ψ∗ ∈ X∗ | ‖ψ∗‖X ≤ Y2 + Z2(U)}.

Moreover, this fixed-point is unique within the set U.

This theorem is proved by Banach’s fixed-point theorem.
Note that in the references [9] the finite-dimensional part is
taken to be a set of linear combinations of base functions
with interval coefficients.

Theorem 4.1 implies L∞-error estimates immediately.

Theorem 4.2 Under the same assumption of Theorem 4.1,
there exists the solution φ ∈ X of eq.(7) in

‖φ − φN‖L∞(Tα) ≤ C11(Y1+Z1(U))+C12(Y2+Z2(U)). (30)

Moreover, this solution is unique within

‖φ − φN‖L∞(Tα) ≤ C11γ +C12β. (31)

5. A verification result

The interval arithmetic in each verification step was im-
plemented using Sun ONE Studio 7, Compiler Collec-
tion Fortran 95 on FUJITSU PRIMEPOWER850 (CPU:
SPARC64-GP 1.3GHz, OS: Solaris8). The approximate
solutions were obtained by Newton-Raphson method using
usual floating point arithmetic by double precision. The
Reynold number is R = 4 and aspect ration is α = 0.7.

The verification algorithm executed successfully under
the following values:

Y1 + Z1(U) = 0.2104483239393 × 10−9,

Y2 + Z2(U) = 0.1195514641468 × 10−9,

and we can assure that there exists non-trivial solution φ
around the approximate solution φN bounded

‖φ − φN‖∞ ≤ 0.9357796334788247 × 10−9

with local uniqueness. Moreover the solution is unique for
the bound of

‖φ − φN‖∞ ≤ 1.2898092914771054 × 10−5.
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We present experimental and theoretical studies of nonlinear dynamics induced by optical feedback
in Vertical Cavity Surface Emitting Lasers (VCSELs) focusing on the impact of polarization mode
competition. We unveil the bifurcation mechanism leading to multiple channels of interchanging
linearly polarized (LP) steady states, study the way of their destabilization and the role of the
external cavity modes and the polarization of light in this process. We distinguish two situations
depending on the dichroism present in the VCSEL. In the first one, as typical for semiconductor
lasers, with increasing the optical feedback strength the VCSEL exhibits a Hopf bifurcation from
steady state to a limit cycle followed by a torus bifurcation to quasiperiodic behavior and then can
become chaotic. Bistability between different single polarization dynamics: steady-state, periodic,
quasi-periodic and chaotic dynamics is possible, however, the suppressed polarization mode is never
excited. In the second case, when the VCSEL is biased in the region of polarization bistability,
increasing the feedback strength can not only cause polarization switching but can also lead to
chaotic emission in the two LP modes. Polarization switching can happen from a limit cycle in the
x-LP mode to a steady state in the y-LP mode which then undergoes consecutive Hopf and torus
bifurcations and becomes chaotic. Bistability between chaotic two LP mode emission and periodic
single LP mode emission is demonstrated. We also consider the case of polarization selective optical
feedback and the influence of the spontaneous emission noise or external noise in the system. For
the last situation we demonstrate slow antithase hopping between the two LP modes together with
rapid anticorrelated oscillations in the LP intensities at the external-cavity frequency. These last
dynamics can be strongly enhanced by the noise leading to the phenomenon of coherence resonance.
Finally, we consider the transition from long to short external cavity and show that the typical
low-frequency fluctuation chaotic dynamics is anticipated by a regime of regular dynamics - fast
pulses at the delay time modulated by a slow time periodic envelope. We discuss the interplay of
optical feedback and polarization dynamics in this regime, too.

I. INTRODUCTION

Optical feedback (OF) in semiconductor lasers has at-
tracted a lot of interest since more than twenty years
both from fundamental point of view and from appli-
cation side. OF introduces a time delay in the system
(corresponding to the round-trip time τ in the external
cavity (EC)) and therefore it results in a wealth of non-
linear dynamical effects. Depending on the ratio of the
time-delay τ to the relaxation time of the laser TRO (de-
termined by the photon - carrier coupling) three typi-
cal regimes can be distinguished: long EC regime when
TRO < τ , short EC regime TRO ≥ τ , and extremely
short EC regime TRO � τ . The case of long EC with
Edge Emitting Lasers (EEL) is the most extensively in-
vestigated. Very rich dynamics have been reported and
classified in five typical dynamical regimes [1]. With in-
creasing feedback strength these are: linewidth narrow-
ing or broadening, external-cavity mode hopping, stable
laser output and chaotic dynamics. Different routes to

∗Also at Institute of Solid State Physics,72 Tzarigradsko Chaussee
Blvd., 1784 Sofia, Bulgaria

optical chaos, namely quasiperiodic [2] and period dou-
bling [3] have been observed. Nowadays, OF induced
dynamics in Vertical-Cavity Surface-Emitting Lasers or
VCSEL is attracting more and more interest. VCSELs
exhibits a number of properties superior to EEL[4] , like
circular beam shape, low threshold current and voltage
and high speed of modulation, matrix fabrication and
on wafer testing. However, VCSELs have the drawback
of less stabilized polarization [5, 6]. Even when operat-
ing in the fundamental transverse mode only, VCSELs
support two linear orthogonally polarized modes with
slightly different frequencies and almost equal gains and
losses [6]. These polarization degeneracy in VCSELs has
major consequences in the case of OF. VCSELs are as
sensitive to OF as the EEL in spite of their much higher
output mirror reflectivity. Actually, this much higher
reflectivity is compensated for by the much smaller in-
tracavity round-trip time in VCSELs, so that the rate
of the feedback is approximately the same as in EEL.
Therefore, the same dynamical regimes that have been
reported for EEL were experimentally observed in VC-
SELs [7]. As we mentioned, the existence of the two
nearly degenerated linearly polarizated (LP) modes in
VCSELs makes these dynamical regimes more intricate.
Polarization switching (PS) induced by polarized OF is
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observed experimentally even when the solitary device is
with stable polarization [8]. Polarization isotropic OF
can also lead to multistability and switching [9] , giving
rise to channelled light versus current characteristics, i.e.
to polarization switchings that are periodical with cur-
rent. Recently, polarization mode hopping accompanied
by high frequency oscillations at the delay time has been
demonstrated experimentally and numerically for fixed
DC current at a point of polarization transition [10, 11].
In this paper we will present new studies on the dynam-
ics induced by OF in VCSELs concerning the bifurcation
mechanisms leading to multiple channels of interchang-
ing LP steady states,the way of their destabilization and
the role of the EC modes and the polarization of light in
this process.

II. RATE EQUATIONS FOR VCSEL SUBJECT
TO WEAK OPTICAL FEEDBACK

OF introduces a time-delay in the laser system which
can make its dynamical behavior complicated and its
mathematical description difficult. Well accepted model
that takes into account the OF as one-round trip de-
layed contribution to the cavity internal field is the Lang-
Kobayashi model [12]. Here we implement the Lang-
Kobayashi model for the case of two mode laser, namely
VCSEL working in a single transverse mode regime. In
our model, we also include the gain nonlinearities that
can be of different origin (like spectral and spatial hole
burning, carrier heating, etc). The spontaneous emission
noise and its contribution to the laser linewidth through
the amplitude - phase factor α, typical for semiconductor
lasers, is accounted for by two Langevian complex noise
sources Fx,y in the two field equations. In such a way,
the phenomenological rate equations for VCSEL subject
to a week OF, read:

dEx

dt
=

1
2

(1 + jαx)
[
ΓxGx − 1

τpx

]
Ex + (1)

+κxEx (t− τ) exp (−jω0xτ) + Fx,

dEy

dt
=

1
2

(1 + jαy)
[
ΓyGy − 1

τpy

]
Ey + (2)

+κyEy (t− τ) exp (−jω0yτ) + Fy,

dN

dt
=

J

edπs2
− N

τe
−Gx |Ex|2 −Gy |Ey|2 . (3)

Here Ex and Ey are the slowly varying x- and y- LP
components of the electric field with optical frequency
at threshold ω0x,y, αx,y are their linewidth enhancement
factors, Γx,y are the confinement factors and τpx,y

are the
corresponding photon lifetimes. The EC is characterized
by its round-trip delay τ , given by τ = 2L/c with L being
the EC length and c the speed of light; and by the rate of
the external feedback κx,y = ηcoupl(1−R)rx,y

ext/(τin

√
R),

with R being the reflectivity of the VCSEL front mirror,
rx,y
ext the polarization dependent amplitude reflectivity of

the external mirror and ηcoupl the coupling efficiency in

the VCSEL aperture and τin the photon round-trip time
in the VCSEL cavity taken the same for the two polariza-
tion modes. In the rate equation for the carrier density
Equation (3), N is the carrier density, J is the injec-
tion current, d is the active region thickness, and s is the
radius of the VCSEL aperture and τe is the carrier life-
time. The material gains for the two polarization modes
are given by:

Gx = vgxgx (N −Ntr)
(
1− εxx |Ex|2 − εxy |Ey|2

)
, (4)

Gy = vgygy (N −Ntr)
(
1− εyx |Ex|2 − εyy |Ey|2

)
, (5)

where vgx,y = C/n0x,y are the group velocities, Ntr is
the carrier densities at transparency which is assumed to
be the same for the x- and y- polarized modes and gx,y

are the differential gains for the x and y linearly polar-
ized mode. The gain compression is taken into account
through εxx and εyy - the self gain saturation coefficients,
and εyx and εxy - the cross saturation coefficients. The
noise due to current injection has been neglected in the
rate equation for the carrier density. In our model, we
take into account the dependence of the cavity mode fre-
quency on the injection current. Indeed, it is well known
that VCSELs experience a frequency red shift with the
injection current as it heats the cavity as flows through
the doped Distributed Bragg Reflectors. In such a way,
we have:

ω0x,y =
mπc

n0x,yLc

(
1− 1

n

dn

dJ
J

)
. (6)

Here, the refractive indices of the LP (x and y) modes are
taken to vary linearly with the injection current with rate
dn/dJ and n0x,y are their values at zero injection current.
Although the optical frequencies of the two LP modes are
red shifted with current, the frequency difference between
them is independent on J in eqn.(6) as is usually the
case in the experiments [6]. However, the gain difference
between the two LP modes might depend on the current
due to change in the LP mode frequency positions on
the gain (absorption) curves. Assuming small changes
we take linear dependence of gain difference:

gy − gx = ∆g

(
J

JPS
− 1

)
, (7)

where JPS is the current of polarization switching due to
net gain equalization[6, 10].

III. BIFURCATION SCENARIOS IN VCSELS
SUBJECT TO OPTICAL FEEDBACK

In general, PS in VCSELs can happen either through a
region of polarization mode hopping or revealing a region
of hysteresis [6]. In our model such situation is modelled
phenomenologically with the gain equalization term [eqn.
(7)]. We consider in this section the following VCSEL
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FIG. 1: Bifurcation diagram, representing the maxima and
minima of the LP resolved output power with bifurcation pa-
rameter injection current. The parameters are specified in
the text and JPS = 3mA. (a) no optical feedback: the solid
black (gray) line represents the output power Px (Py) of the
x (y) LP mode; (b)-(d) optical feedback with rext = 0.005:
the solid black (gray) line represents the LP output powers
for increasing (decreasing) injection current. (b) is for the
region of single polarization mode operation and (c) and (d)
are for the region of polarization switching, representing Px

and Py,respectively.

parameters: α = 3, Ntr = 4 × 106µm−3, τp = 1.3ps,
τe = 1ns, Lc = 1.97µm, m = 16, V = 2µm3, dn/dJ =
1.2× 10−3mA−1, Γ = 0.06, vg = 8.85× 104µm/ns, gx =
4× 10−8µm−2, ∆g = 1× 10−9µm−2/mA, εs = 5× 10−6

µm−3, εc = 2εs, L = 20.4cm. The refractive indices for
the two LP modes are slightly different due to residual
birefringence in the VCSEL cavity; we take n0x = 3.5 and
n0y = 3.5001. In such way, x (y) subscript corresponds
to short (long) wavelength mode. VCSEL therefore expe-
riences type one PS (from shorter to longer wavelength
with increasing injection current). In the following we
neglect the spontaneous emission noise because we are
interested only in the deterministic polarization switch-
ing and instabilities and we consider polarization bistable
solitary VCSEL, i.e. we set JPS = 3mA in Equation
(7) (see Fig.1(a)). The solid black (gray) line in fig.1
(a) represents the output power Px (Py) of the short
(long) wavelength LP mode of the solitary VCSEL, i.e
VCSEL without OF. In Fig. 1(b)-(c) we show the cal-
culated bifurcation diagrams, i.e. the maxima and min-
ima of the LP output power, with bifurcation parameter
the injection current and with weak OF (rext = 0.005).
Now, the solid black (gray) line represents the LP out-
put powers for increasing (decreasing) injection current.
The injection current, via the current induced heating
and the corresponding refractive index and wavelength
change, modifies the phase of the light fed back into
the VCSEL - see Eqn.(6). Fig.1 (b) is for VCSEL bi-
ased in the region of single polarization mode operation

and Fig.1 (c) and (d) represent Px and Py, respectively,
in the region of polarization switching. As can be seen
from Fig.1 (b), when the gain difference between the two
LP modes is large (the VCSEL is biased far from the
polarization bistable region), the change of the VCSEL
injection current periodically destabilizes the laser op-
eration through a Hopf bifurcation to a limit cycle but
do no cause polarization switching. The amplitude of
the periodic oscillation in the limit cycle region first con-
tinuously increases and then decreases, forming a kind
of a bubble. These bubbles appear almost periodically,
separated by about ∆J ≈ 0.007mA. The region of sta-
ble laser operation expands on the space of several limit
cycle bubbles. As can be seen from Fig.1(b) the VC-
SEL remains in a single polarization state in the region
of small and large (not shown) injection currents fur-
ther from the polarization switching point. However, ap-
proaching the polarization switching point, as the gain
difference between the two LP modes becomes small, the
depressed polarization mode comes also into play. The
reason for polarization switching to occur is the modu-
lation with the current of the VCSEL mirror losses via
the EC phase change induced by the injection current.
This modulation is in general out of phase for the two
LP VCSEL modes (with slightly different wavelengths)
and can, therefore, compensate for their gain difference
and make the VCSEL switch to the orthogonal LP mode
- see Fig.1(c) and (d). The PS can take place from either
a steady state or destabilized (oscillating) regime in one
mode to a steady state in the orthogonal LP mode or

FIG. 2: Bifurcation diagram with bifurcation parameter the
injection current for the case of polarization selective OF
(rx

ext = 0.005 and ry
ext = 0. (a) represent Px in the region

of single polarization mode operation; (b) and (c) represent
Px and Py, respectively, in the region of polarization switch-
ing. The solid black (gray) line represents the corresponding
LP output power for increasing (decreasing) injection current.
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FIG. 3: Bifurcation diagram with bifurcation parameter injec-
tion current for the case of polarization selective OF (rx

ext =
0.005 and ry

ext = 0. (a) represent Px in the region of single
polarization mode operation (J = 2.64mA); (b) and (c) rep-
resent Px and Py, respectively, in the region of polarization
switching (J = 3.0mA). The solid black (gray) line represents
the corresponding LP output power for increasing (decreas-
ing) injection current.

vice versa. In such a way, periodic regions of alternat-
ing lasing in the two LP modes are formed. As can also
been seen from Figs. 1 (c) and (d) each of the multiple
polarization switches defines a distinct region of bista-
bility. The bistabilty is between steady states or steady
state and periodic state depending on the injection cur-
rent. The widths of these hysteresis regions is very small,
around a µA, and in the experiments the bistability is
masked by a random polarization mode hopping [10, 11].

It has been demonstrated experimentally that polar-
ized OF can also cause polarization switching even when
the solitary device is operating in a stable polarization
[8]. We model the situation of polarized OF by using
Equations (2)-(3) with either kx = 0 or ky = 0.

In Figs.2 and 3 we show the calculated bifurcation di-
agrams as a function of the injection current for the sit-

uation of Fig.1 and polarization selective OF, i.e. kx >
0, ky = 0 and kx = 0, ky > 0, respectively. While for feed-
back in the lasing mode we observe similar to the case
of polarization isotropic feedback sequence of periodic
destabilization to limit cycle operation (Fig.2(a)) when
the feedback is in the non-lasing mode no such destabi-
lization is observed and the laser emits in a steady state
(Fig.3(a)). When the VCSEL operates in the polariza-
tion bistable region, the periodic PS and channelled LI
curve are again observed in the two cases of LP feed-
back. However, the LP mode which is submitted to OF
is the only destabilized mode (compare Fig.2(b)(c) to
Fig.3(b)(c)). Bistability between limit cycle in one LP
mode and steady state in the orthogonal LP mode, or
between two steady states is clearly visible in Figs. 2
and 3 ((b) and (c)).

IV. CONCLUSIONS

In summary, we have presented a numerical studies
of bifurcation scenarios of optical feedback induced po-
larization switching and instabilities in VCSELs. De-
pending on the dichroism the VCSEL can either un-
dergo a Hopf bifurcation followed by a torus bifurcation
to quasiperiodic behavior and then chaotic behavior in
a single linearly polarized mode or it can demonstrate
polarization switching and chaotic emission in the two
LP modes. Bistability between chaotic two LP mode
emission and periodic single LP mode emission is also
demonstrated. We also consider the case of polarization
selective optical feedback and short external cavity; more
results will be presented at the conference.
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Abstract– In this paper we investigate nonlinear 

dynamics accompanying polarization switching (PS) in a 
vertical-cavity surface-emitting laser (VCSEL) submitted 
to orthogonal optical injection, i.e. the injected light is 
linearly polarized and orthogonal to that emitted by the 
free-running VCSEL. Qualitatively different dynamics are 
analyzed in the frequency detuning-injection strength 
plane. We experimentally report on rich dynamics such as 
injection locking, wave mixing, limit cycle, subharmonic 
resonance, and period doubling route to chaos. We 
complement our experimental results by a theoretical study. 
We find, in qualitative agreement with our experimental 
results, a period doubling cascade leading to a chaotic 
regime that involve the two orthogonal LP fundamental 
modes of the VCSEL. Finally, our study unveils the case 
of an elliptically polarized injection locking state that 
motivates further experimental investigations. 
 
 1. Introduction 

 
Vertical-cavity surface-emitting lasers (VCSELs) have 
appeared as key components in several photonic 
applications, owing to their numerous advantages with 
respect to the conventional edge-emitting semiconductor 
lasers: low threshold current, circular beam with low 
divergence, high frequency modulation, on-wafer test and 
array capabilities [1].   However VCSELs may suffer from 
light polarization instabilities. The light emitted by a 
VCSEL is typically linearly polarized (LP) along one of 
two, orthogonal preferential directions but the light 
polarization may switch between these two LP modes as 
the injection current or temperature is varied [2], or when 
injecting external light into the VCSEL cavity [3]. It is 
crucial to understand the mechanisms determining the 
polarization stability of VCSELs, both in order to develop 
techniques for polarization control in polarization 
sensitive applications or, on the other hand, to make use of 
polarization instabilities for switching and routing 
applications. 
 

Here we investigate a laser configuration in which a 
VCSEL is subject to optical injection from an external 
laser, and for which the injected light is linearly polarized 
and orthogonal to the LP light emitted by the free-running 

VCSEL. We also call this configuration “orthogonal 
optical injection”. As we vary the frequency detuning 
between master and slave lasers, or as we vary the 
injected power, we report experimentally on a rich 
polarization dynamical behavior. The slave VCSEL may 
exhibit polarization switching to the master polarization, 
which may be accompanied or not by injection locking.  
Nonlinear dynamics such as wave-mixing, limit cycle 
dynamics from Hopf bifurcation, period doubling and 
chaos, and subharmonic resonance are found in the plane 
of the injection parameters. Theoretical results from a rate 
equation model are in good qualitative agreement with 
experimental observations but also indicate new features 
not yet unveiled experimentally, such as a two-mode 
injection locking regime and the associated bifurcation 
scenario that leads to polarization switching to a single- 
mode injection locking state.  
 
2. Experiment 
 
2.1. Experimental setup 
 
 

 
 
 

FIG. 1. Experimental setup of orthogonal optical injection 
in VCSEL. SL: slave laser, ML:  master laser, COL: 
collimator, BS: beam splitter, HWP1-HWP2: half wave 
plate, ISO1, ISO2: optical isolators, L: lens, P1-P2: 
polarizers, M: mirror,  FC: fiber coupling unit, OF: 
optical fiber, FP: Fabry-Perot interferometer, D1: 
photodiode, Ampl: amplifier, PC: computer, OSA: optical 
spectrum analyzer, PM: powermeter, CTR1 (CTR2): 
current driver and temperature controller of SL (ML) 

 

NOLTA 2006
11-14 september
Bologna - ITALY

439



   

Our experimental investigations of polarization 
switching and dynamics induced by varying the intensity 
of the injected power for fixed detunings are conducted 
using the experimental setup shown in figure 1. We use a 
quantum-well VCSEL emitting around 845 nm as slave 
laser (SL). Its temperature and bias current are controlled 
by a laser driver CTR1. The injected light is provided by a 
tunable external cavity diode which is used as a master 
laser (ML). The tuning range of the ML wavelength is 845 
to 855 nm and is controlled by the laser drive CTR2 by 
acting on the temperature or bias current of ML or even 
through piezoelectric control. The light emitted by the SL 
is collimated by a lens (COL) while the injected beam 
from the ML is focused on SL using another lens (L). The 
strength of the injected beam is changed using a polarizer 
P1. A half-wave plate, HWP1 and a second polarizer P2 
are used to fix the linearly polarized injected beam to be 
orthogonal to the polarization direction of the VCSEL. An 
isolator ISO1 with 36-40 dB of attenuation plays the role 
of preventing ML from instabilities that may be induced 
by its own feedback effect or from the SL beam and other 
reflections from the detection branch. A 50/50 beam-
splitter and a mirror M are used to align the SL and the 
ML with the detection branch. A half-wave plate HWP2 
allows the choice of the polarization direction in which 
the measurements are carried out. The second isolator 
ISO2 with 36-40 dB of attenuation prevents the VCSEL 
from the light reflected by the fiber-coupling device FC. 
Spectral measurements are conducted using an optical 
spectrum analyzer or Fabry-Pérot spectrometer associated 
with a photodetector D1 and amplifier (Ampl) coupled to 
a computer (PC). The power emitted by SL or ML is 
measured using a powermeter PM. 
 
2.2. Nonlinear dynamics accompanying polarization 
switching. 

 
 

 
 

FIG. 2. Polarization-resolved optical spectra for ∆υ = 2 
GHz and increasing the injection power Pinj:  (a) Pinj = 
13.2 µW; (b) 23.6 µW; (c) 36.6 µW ; (d) 47.8 µW; (e) 80.3 
µW; (f) 136.6 µW ; (g) 204 µW; (h) 351 µW. The black 
(grey) line represents the vertical (horizontal) polarization. 
The vertical line shows the ML frequency 

 

In order to investigate the dynamics induced by 
orthogonal optical injection, we bias the VCSEL with a 
drive current of 2.105 mA and the device temperature is 
fixed at 20°C. For this current, the free-running VCSEL 
emits in horizontal polarization and below the region of 
bistable polarization switching of the LI curve 
characteristic [4]. In figure 2, we show an experimental 
result of complicated dynamics that accompanies 
polarization switching induced by optical injection. The 
frequency detuning between the ML and the SL (∆υ = 
υML-υSL) is fixed at 2 GHz which is close to the frequency 
splitting between the two orthogonal polarized modes of 
the free-running VCSEL. Figure 2(a) corresponds to the 
injection locking regime, i.e., the VCSEL is locked to the 
ML frequency after a switch to the vertical polarization 
has been achieved. As the injection power is increased, the 
injection locking is exited through a Hopf bifurcation that 
is detected by the appearance of a limit cycle dynamic 
[see the two peaks on both sides of the main peak at the 
ML frequency in FIG. 2(b)]. The two small peaks in FIG. 2 
(b) are separated from the main peak by a frequency 
splitting close to the frequency of the undamping 
relaxation oscillations (RO) of the free-running VCSEL 
(The measured value of the RO of the free-running 
VCSEL is 3.8 GHz).  If the injection power is increased 
further, harmonics of the limit cycle are excited as shown 
in figure 2 (c). By still increasing the injection power, the 
VCSEL undergoes a period doubling dynamics [FIG. 2 
(d)] leading to chaos which is characterized by the 
broadening of the VCSEL spectra with a large pedestal 
[FIG. 2 (e)]. The presence of this chaotic attractor involves 
both orthogonal polarization modes, even if the vertically 
polarized mode is the dominating one. As it is shown in 
figure 2(f) and 2(g), for higher injection strengths, chaos 
is exited by a reverse period doubling bifurcation 
mechanism. For still strong injection levels, a second 
period doubling is again detected [FIG. 2 (h)] which in 
turn evolves to a period one dynamics as we reach the 
maximum of the injection power. 

 

 
 

FIG. 3. Polarization-resolved optical spectra of the 
VCSEL subject to optical injection at a frequency detuning 
of 10 GHz: (a) Pinj = 29 µW; (b) 70 µW; (c) 251 µW ; (d) 
800 µW. (a), (b) and (c) shows subharmonic resonances 
with wave mixing and (d) represent a limit cycle dynamics 
(period-one). Only vertical polarization is represented. 
The vertical line shows the ML frequency. 
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In FIG. 3, we describe a scenario of the VCSEL dynamics 
for a detuning of 10 GHz. The injection power 
corresponding to FIG. 3 (a) is such that polarization 
switching (PS) is already achieved. However, unlike the 
case analyzed in FIG. 2, PS is not accompanied by 
injection locking to ML.  The VCSEL emits in vertical 
polarization with a strong peak at the VCSEL frequency. 
Two side lobes are located on both sides of the VCSEL 
peak with a frequency splitting of 4 GHz which is close to 
the RO frequency. The strong excitation of the two side 
lobes that correspond to the RO undamping is found when 
the frequency splitting between ML and SL is close to the 
double of RO frequency. This type of dynamics is called 
subharmonic resonance and was also reported in edge-
emitting lasers [5]. The other peak, which is located in the 
lower frequency range, is a result of wave mixing 
dynamic. As the injection strength is increased, other 
subharmonic resonances are also resolved [see FIG. 3(b) 
and 3(c)]. However, it is worth noting that an increase in 
the injection power leads to an increase in the frequency 
offset between the RO undamping and the VCSEL 
frequency. For higher injection levels, the subharmonic 
resonance disappears and the VCSEL dynamics is 
dominated by a limit cycle, period one dynamics [Figure 3 
(d)]. 
 
3. Theory 
 
3.1 The model 
 
The model we use is built from the spin flip model (SFM) 
for the solitary VCSEL that operates in the fundamental 
transverse mode regime and which has been developed by 
San Miguel et al. [6]. In this model, the spin sublevels of 
the conduction and valence bands of a quantum-well 
VCSEL have been considered in order to account for the 
polarization properties of the laser electric field. We 
extend the SFM model to account for the injection of the 
external field. The rate equations for a VCSEL operating 
in the fundamental mode and submitted to orthogonal 
optical injection write: 
 

(1 )( ) ( )x
x y x p x a x

dE
i N E inE E i E Eκ α γ ω γ= + + − − + Δ −

dt
 (1) 

(1 )( ) ( )y
y x y p y a y inj inj

dE
i NE inE E i E E E

dt
κ α γ ω γ κ= + − − + − Δ + +  (2) 

22 * *(1 ) ( )x y y x x y
dN N E E in E E E E
dt

γ μ⎡= − + + − + −⎢⎣
⎤
⎥⎦
 (3) 

22 * *( ) (s x y y x x
dn n n E E iN E E E E
dt

γ γ ⎡ ⎤= − − + + −⎢ ⎥⎣ ⎦
)y

 

  
Where Ex, Ey represent the slowly varying 

amplitudes of the orthogonal linearly polarized (LP) 
components of the electric fields. The model considers 
two population inversions. N is the total population 
inversion between the conduction and the valence bands 
while n accounts for the population difference between 
carrier densities with opposite spins. Several parameters 

are considered: κ represent the decay rate of the electric 
field in the cavity, γ is the decay rate of the total carrier 
population inversion, and γs is a phenomenological 
modeling parameter that accounts for microscopic 
processes which lead to the mixing of carriers with 
opposite spin values. α is the linewidh enhancement factor 
also present in the modeling of edge-emitting lasers and μ 
is the normalized injection current (μ takes the value 1 at 
threshold). The effect of linear amplitude anisotropy that 
considers the fact that the two LP modes may have 
different gain-to-loss ratio is modeled through γa, while γp 
represents linear phase anisotropy or birefringence of the 
medium leading to frequency splitting between the two LP 
modes. The external optical injection is considered 
through κinj which is the optical injection rate, Einj which is 
the amplitude of the injected field and the frequency 
detuning Δω defined as the difference between the master 
laser frequency ωinj and an intermediate frequency ωint 
which is an average between the frequencies of the two 
orthogonal LP modes corresponding to x-and y-
polarization directions, i.e. . Our 
numerical simulations have been conducted using the 
following choice for the VCSEL’s parameters: 

2/)(int yx ωωω +=

50=sγ  ns-

1, 300== injκκ ns-1, 30=pγ rad.ns-1, 5.0=aγ ns-1, 3=α , 
5.1=μ . These conditions lead to a free-running VCSEL 

emitting with a LP mode in the horizontal direction (x 
direction). 
 
3.2 Bifurcation diagram and polarization dynamics 
 

 

(a) 

(1) 

FIG. 4. Mapping of different bifurcations showing 
qualitative change in the VCSEL dynamics in the injection 
parameter plane, i.e., frequency detuning vs. amplitude of 
the injected electric filed, Einj.  
 
In this section we complement our experimental study by 
a bifurcation analysis in order to better understand the 
mechanisms that underlie the nonlinear dynamics in a 
VCSEL subject to orthogonal optical injection. We use a 
continuation method to detect and follow the bifurcation 
points that characterize qualitative changes in the system 
dynamics for both stable and unstable solutions. In FIG. 4 
(a) we present the mapping of bifurcation boundaries in 

(2) 

(3) 

(4) 
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the plane frequency detuning-injection field. We have 
resolved bifurcation that involves only the y-LP mode: 
one saddle-Node (SNy) and two Hopf bifurcation curves 
(H1

y and H2
y). SNy and H1

y delimit a zone of injection 
locking of the y-LP mode to the ML frequency. In addition 
to the bifurcation of the steady state solutions, we have 
detected and have continued fist-(1PDy), second-(2PDy) 
period doubling (PD), and even a torus (2Ty) bifurcation. 
Furthermore, in the range of negative detuning, we unveil 
another set of bifurcation lines that involve both x-LP and 
y-LP: A Saddle-Node bifurcation (SNxy) and two Hopf 
bifurcation boundaries (H1

xy and H2
xy). SNxy and H1

xy 
bounds a thin region of Elliptically Polarized Injection-
Locking (EPIL) regime for which both x-LP and y-LP are 
locked to the ML frequency.  
 

 
FIG. 5. Bifurcation diagram of the optical intensities when 
the injection strength is swept for a fixed injection 
detuning: (a) Δω = 42 rad/ns, (b) Δω = -30 rad/ns. 
 
 In FIG. 5 we present polarization-resolved bifurcation 
diagrams showing the evolution of the maxima and 
minima of the intensities Ix and Iy of x-LP and y-LP modes 
respectively. The injection strength is increased from the 
free-running state (Einj= 0) and for a fixed detuning. FIG. 
5(a) represents a bifurcation scenario in the range of 
positive detuning (Δω = 42 rad/ns). This allows exploring 
the zone delimited by the first period doubling bifurcation 
curve (1PDy).  As the injection strength is increased, a 
stationary x-LP solution is found until it bifurcates to a 
wave mixing regime at Einj= 0.09. By still increasing Einj, 
an abrupt polarization switching (PS) is achieved at Einj = 
0.013 and the x-LP mode is then switched off. A further 
increased in Einj shows that PS is followed by a period 
doubling cascade leading to chaos. It is worth noting that 
the resolved chaotic dynamics ranging from Einj = 0.016 to 
Einj = 0.02 involves both x- and y-LP modes. Therefore, 
this numerical result is in agreement with our 
experimental result presented in FIG. 2, where PS 
accompanied by period doubling route to chaos has been 
reported. For much stronger injection strengths, chaos 
evolves to periodic solutions of high period. A periodic 

window, which corresponds to a regime with low period, 
is also found around Einj= 0.025.  FIG. 5(b) shows another 
interesting bifurcation scenario for a detuning of Δω = -30 
rad/ns. As Einj is increased, the laser undergoes a wave 
mixing dynamics that bifurcates, at Einj= 0.03, to the EPIL. 
The EPIL regime is exited through a Hopf bifurcation 
(Einj= 0.032) that gives rise to a successive period 
doubling route to chaos. The chaos is then destabilized 
when PS is reached (Einj= 0.052). For higher values of Einj, 
a steady y-LP injection-locked state in resolved and the x-
LP is completely switched off.  
  
4. Conclusions 
 
In conclusion, we have experimentally investigated that 
PS in a VCSEL submitted to orthogonal optical injection 
may be accompanied by a period doubling route to chaos 
that involves both VCSEL’s LP fundamental modes. A 
subharmonic regime after PS has been also identified but 
only in the vertical LP mode. Our bifurcation analysis has 
shown a period doubling scenario (after PS) that 
qualitatively agrees with our experimental observations. 
Finally, we have reported on the EPIL regime and the 
associated bifurcations that motivate further experimental 
investigations. 
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Fig. 1 Schematics of VCSEL structure. 
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Abstract – We experimentally observed chaos 

synchronization in mutually-coupled single-mode vertical-
cavity surface-emitting lasers. In-phase and anti-phase 
synchronization is achieved for the polarization-resolved 
temporal waveforms between the two VCSELs. 
 
1. Introduction 

 
Vertical-cavity surface-emitting lasers (VCSELs) have 

been considered as novel devices for optical 
communications and wireless local area networks. 
Because of their short cavity length (a few micron) 
VCSELs emit in a single-longitudinal mode. Typical 
VCSELs have two-polarization modes and multi-
transverse modes, which makes the dynamics very 
complicated [1,2]. However, basic dynamics of VCSELs 
with optical feedback are very similar to the edge 
emitting semiconductor lasers, such as low frequency 
fluctuations (LFF) and coherence collapse. VCSELs are 
sensitive to optical injection or optical feedback due to 
their short cavity length, in spite of high reflectivity of 
their facets (more than 99%). 

In this study, we experimentally observe 
synchronization of chaos in two mutually-coupled 
VCSELs. Synchronization phenomena in VCSELs have 
already been reported [3-5]. However, the detail 
investigation is required for the purpose of 
communication applications using chaos in VCSELs. We 
observe the polarization-resolved temporal dynamics 
between the two VCSELs.  

 
 

2. Vertical-cavity surface-emitting lasers (VCSEL) 
 
The structure of VCSELs is shown in Fig.1. The laser 

light emits to the perpendicular direction to the surface. 
VCSELs have some advantages compared with edge-
emitting conventional semiconductor lasers: low threshold 
current, compact, high efficiency, large modulation 
bandwidth, and wafer-scale integration capability for large 
array configuration. 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
3. Experiment 
 
3.1. Polarization dynamics in one VCSEL 
 

Figure 2 shows our experimental setup for the 
observation of the dynamics of two polarization modes. 
An external mirror is set in front of a VCSEL to obtain 
self-feedback laser light. Chaos is induced by time-
delayed optical feedback. The polarization modes of the 
VCSEL are resolved into two orthogonal components (x- 
and y-modes) by using a polarizer. The two polarization-
mode dynamics are observed by an oscilloscope through a  
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Fig. 2 Experimental setup for the observation 
of the dynamics of two polarization 
modes. 
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photodetector. Figure 3 shows the temporal waveforms of 
the two polarization modes and Figure 4 shows the 
corresponding radio-frequency (RF) spectra of the two 
modes. The two chaotic temporal waveforms are anti-
correlated, which is called anti-phase dynamics. The RF 
spectra show that the fundamental frequency of the 
chaotic waveforms is 170 MHz, which corresponds to the 
inverse of the round-trip time (5.88 ns) from the VCSEL 
to the external mirror. 
 

 

3.2. Chaos synchronization in mutually coupled 
VCSELs 

 
To observe chaos synchronization, the two VCSELs are 

mutually coupled to each other without the external mirror. 
Figure 5 shows the experimental setup for chaos 
synchronization. We set the injection currents of 2.50 and 
2.09 mA for VCSEL 1 and 2, respectively. The coupling 
time (round-trip) between the two VCSELs is 6.41 ns. A 
half wave-plate is used to match the polarization direction 
between the two VCSELs. The temporal dynamics of the 
two VCSELs are observed by using a digital oscilloscope 
through two photodetectors. The optical wavelengths of 
the two VCSELs are controlled by changing the 
temperature of the VCSELs.  

We use injection locking to achieve chaos 
synchronization. Injection locking is a technique to match 
the optical wavelength between two lasers by injecting a 
laser beam. Injection locking is achieved when the 
temperature of the VCSELs are precisely controlled in our 
experiment. The temperatures are set to 293.00 and 
301.67 K for VCSEL 1 and 2, respectively. Using 
injection locking, the wavelength of the two VCSELs 
completely matches to 858.036nm as shown in Fig. 6.  

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3 Anti-phase dynamics of two polarization 
modes (x-mode and y-mode)  

 

Fig.4 RF spectra of (a) x-mode and (b) y-mode 
intensities. 
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Fig. 5 Experimental setup for chaos synchronization 
in mutually coupled VCSELs. 
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Synchronization of chaos is observed between the x-
modes of the two VCSELs as shown in Fig. 7. The 
temporal waveforms are in-phase oscillations. Moreover, 
the RF spectra of x-modes of two VCSELs are shown in 
Fig. 8. The RF spectra between two VCSELs matches well.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
The peak frequency appears at 156 MHz, corresponding to 
the inverse of the round-trip time (6.41 ns) between the 
two VCSELs. Figure 9 shows the correlation plots of the 
two temporal waveforms of x-mode in the two VCSELs. 
The cross correlation function is 0.943. 
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Fig.6 Optical spectra of (a)VCSEL1 and 
(b) VCSEL2. 
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(a)VCSEL1 and (b) VCSEL2. 

Fig. 7 Temporal waveforms of x-mode intensities in 
VCSEL1 and 2 (in-phase synchronization).  Fig. 9  Correlation plot between x-mode of 

VCSEL1 and 2 (in-phase synchronization). 
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We also observe chaos synchronization between 

different modes in the two VCSELs. Figure 10 shows the 
temporal waveforms of x-mode of VCSEL 1 and that of 
y-mode of VCSEL 2. The temporal waveforms are anti-
correlated and anti-phase synchronization of chaos is 
observed. We found that anti-phase dynamics in VCSELs 
are responsible for anti-phase synchronization. Figure 11 
shows the correlation plot between x-mode of VCSEL 1 
and y-mode of VCSEL 2. The cross correlation function is 
-0.942. We thus observe both in-phase and anti-phase 
synchronization of chaos between the polarization-
resolved temporal waveforms in mutually-coupled 
VCSELs. 
 
 

 
 

 
3.Conclusion 

 
We have observed synchronization of chaos in 

mutually-coupled single-mode VCSELs. The polarization-
mode dynamics are observed in the presence of the 
external mirror. When the polarization modes are resolved 
into two orthogonal components (x-mode and y-mode) by 
using a polarizer, we found that chaotic anti-phase 
dynamics is observed between the two polarization modes. 

In-phase synchronization of chaos is achieved between 
the same polarization modes of the two VCSELs. We also 
observe anti-phase synchronization between the different 
polarization modes because of anti-phase dynamics. We 
measure cross correlation to measure the accuracy of 
synchronization. Good cross correlation of 0.943 and        
-0.942 is obtained for the same and different modes, 
respectively. 
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Fig. 10 Temporal waveforms of x-mode intensity 
of VCSEL1 and y-mode intensity of VCSEL 2 
(anti-phase synchronization).  

Fig. 11  Correlation plots of x-mode intensity 
of VCSEL1 and y-mode intensity of VCSEL 2 
(anti-phase synchronization). 
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Abstract—We present experimental evidence of con-
trol and synchronization of crisis-induced intermittency
regimes in modulated lasers. These bursting regimes are
characterized by the alternation between a small amplitude
chaotic regime and high amplitude periodic orbits orig-
inated by saddle node bifurcations. Control of bursting
is achieved by means of a feedback method while syn-
chronization is obtained by using a bidirectional coupling
scheme.

1. Introduction

In a chaotic system it is relatively easy to observe an
interior crisis [1, 2]. In such a case, a chaotic attractor sud-
denly expands in phase space including the region of an
unstable orbit. Near after the crisis, whatever is the ini-
tial condition, the system visits the whole phase space of
two dynamical objects, even though for different amounts
of time. Any initial condition generates a trajectory visit-
ing a single attractor; however, a memory of the previously
separated regions remains and the fractional time spent on
the formerly unstable orbit results in bursts of anomalous
amplitude signal (crisis-induced intermittency [3]). In this
work, we focus the attention on experiments on controlling
bursting in a periodically driven CO2 laser as well as on
synchronization between two lasers exhibiting this regime.

2. Control of bursting

We consider a single-mode CO2 laser with an intracavity
electro-optic loss modulator (EOM)(see Fig.1). The cavity
length isL = 1.42m and the total transmissionT is about
0.10 for a single pass. The intensity decay rate can be ex-
pressed as

k(t) = k0(1+ αsin2(Fmod(t) + B0)) (1)

wherek = cT/L, c being the speed of light in the vacuum,
α = (1 − 2T )/2T , B0 is a bias voltage andFmod(t) is the
modulation applied to the EOM. We consider sinusoidal
modulationFmod(t) = Asin(2π f t) where f = 100kHz is
about twice the relaxation frequency of the laser [4].

The modulation signal is provided by a waveform gen-
erator (WG). The laser is pumped by a DC discharge cur-
rent stabilized at 8.00mA, while the threshold current is
6.50mA. The filter NF (Fig. 1(b)) has a notch frequency

Figure 1:a) Laboratory setup consisting of aCO2 laser with loss mod-

ulation, partly due to an external driving and partly due to afeedback loop

including the filter.EOM, electro-optic modulator;M1, M2, mirrors;D,

detector;NF, notch filter; a, amplifier for the filter signal;R, differen-

tial amplifier; B0, bias voltage and WG, wave generator. b) Electronic

scheme of the passive filter (NF). The component values for the filter are

R1 = 600Ω, R2 = 20KΩ, L1 = 1.44mH, L2 = 17mH, C1 = 19nF,

C2 = 560pF.

given by fnotch = 1/(2π
√

L2C2), its input is the laser inten-
sity and its output is amplified bya. Increasing the mod-
ulation amplitudeA (see Fig. 2(a)), the system undergoes
a sequence of subharmonic bifurcations leading to a small
amplitude chaotic attractor. A further increase ofA (above
1.2V ) induces the occurrence of a regime where bursts of
high-amplitude orbits of period three and period four (P3
andP4) are intercalated with the small amplitude chaotic
attractor (Fig.2(b) and (c)).

At the interior crisis, the chaotic attractor expands into
the region of the unstableP3, thus giving rise to a new
attractor region which can be still discriminated by its fre-
quency content. If we want to quench this region, we send
its main frequency components (P3 andP4) as a negative
feedback signal via the frequency filter. If on the con-
trary we change the feedback sign, we enhance the role of
this region against the rest of the attractor. The frequency
components corresponding to the subharmonic attractor are
slightly affected by the filter (NF) whose notch frequency is
selected at the first subharmonicf /2, that is, 50kHz. The
filter is AC coupled, so that the low frequency components,
which control the long time dynamics, are not affected. The
filter output is amplified and sent to the negative or positive

NOLTA 2006
11-14 september
Bologna - ITALY

447



Figure 2: Experimental data. a) Stroboscopic bifurcation diagram of

the unperturbed system as a function of the modulation amplitude A; the

discontinuity around 1.2V corresponds to the sudden onset of the inte-

rior crisis. b) Time evolution of the laser output intensity in the bursting

regime. c) Zoom of b) corresponding to the dashed box; it provides evi-

dence ofP3 andP4 oscillations.

input of the differential amplifier (R). When the control
is inserted, the modulationFmod(t) is perturbed byaVout,
whereVout anda are the output of the filter and its ampli-
fication respectively. We define the coupling strengthG as
the ratioaVout/A between the perturbation and the modula-
tion.

In Fig.3 we report the experimental data atA = 1.25V,
for the uncontrolled dynamics (a,d) and the for the con-
trolled one, both with negative (b,e) and positive(c,f) feed-
back. On the left we plot the frequency spectra and on
the right the corresponding attractors, reconstructed by the
embedding technique. The larger amplitude chaotic attrac-
tor is drastically reduced in (b,e)giving evidence of burst
suppression; on the contrary it is enhanced for a positive
feedback in (c,f).

A quantitative evidence of suppression of the large am-
plitude bursts is provided by the fractional time indicator
which is measured by:

η =
(
∑

k TBk)
T

(2)

T being the duration of the recorded time series and
∑

k TBk

the total duration of burst events withinT . The bursts are
detected by selecting a threshold in order to distinguish the
large amplitude spikes from the small amplitude chaotic
dynamics. The behaviour ofη from the non-controlled to
the controlled regime is reported in Fig.4 as a function of
the coupling strengthG. The transition toward complete

Figure 3:Experimental frequency spectra of the laser intensity a) in the

busrting regime, b) with negative feedback, showing depression at f /3

and f /4 components, c) with positive feedback showing enhancement at

f /3 and f /4 components. Notice the different vertical scales; indeed the

amount off /4 in c) is 40 times larger then in b). On the right, correspond-

ing experimental attractors, reconstructed by an embedding technique,

showing respectively d) coexistence of both attractors, e)elimination of

the large attractor, f) enhancement of the large attractor.

Figure 4: Numerical (left) and experimental (right) evidence of the

power law dependenceη onG. The straight lines have slope−1/2. Mod-

eling this transition asη ∝ |G −Gc |−1/2, the critical parameterGc is esti-

mated from the fit asGc = 0.00244 in the numerical case andGc = 0.0112

in the experimental case.

control (η = 0) is characterized by a power law with an
exponent−1/2

η ∝ |G −Gc|−1/2 (3)

Such a behaviour, confirmed also by numerical simula-
tions, indicates the presence of a phase transition of the
type I intermittency [5].
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3. Synchronization of bursting

Chaos synchronization in lasers is one of the most ac-
tive fields investigated in nonlinear dynamics. During the
last decade many important aspects of this problem have
been studied using CO2 lasers [6, 7, 8]. In these exper-
imental configurations, a saturable absorber is introduced
inside the laser cavity inducing self-sustained chaotic pul-
sation regime known as passive Q-switching (PQS). A sim-
ilar dynamic, obtained by using an intracavity electro-optic
modulator, has been investigated in Ref.[9], where the ef-
fects of noise on synchronization of homoclinic chaos have
been numerically and experimentally provided. Here, we
focus on synchronization of bursting behavior in two non-
identical lasers.

CO 2(1)

CO 2(2)

B1

B2

WG2

WG1

AM

sync

AM
-1

+

-

Figure 5:Laboratory setup consisting of twoCO2 lasers with loss mod-

ulation, partly due to an external driving and partly due to the coupling.

EOM, electro-optic modulator; M1, M2, mirrors; D, detector; B1,2, bias

voltage and WG1,2, wave generators.

The experimental setup shown in Fig.5 consists of two
single-mode lasers with intracavity electro-optic modula-
tor. The cavity length isL1 = 1.43m and the total trans-
mission isT1 = 0.10 for the first laser;L2 = 1.35m and
T2 = 0.090 are the parmeters for the second one. The de-
cay rates are expressed ask1,2 = (cT1,2)/(L1,2). Both lasers
are driven by a sinusoidal signalAsin(2π f t) provided by
two phase-locked oscillators atf = 100kHz. The lasers are
bidirectionally coupled through their intensity signal differ-
ence used as modulation amplitude ofA

F1
mod = A1(1+ ε(y1 − x1))sin(2π f t)

F2
mod = A2(1+ ε(x1 − y1))sin(2π f t)

The parameters of both lasers are set just after the onset
of the interior crisis, where they display intermittent behav-
ior as shown in Fig.6.

As the coupling amplidute valueε is suitably adjusted,
the jumps on the unstable orbits occour synchronously
(Fig.7). A more detailed analysis reveals that the two
lasers are nearly phase synchronized during the small am-
plitude chaotic regime while during the bursts their dynam-
ics is anti correlated. Globally in the bursting behavior the

Figure 6: Lasers without coupling showing not correlated bursting

events.

lasers display frequency synchronization. Such a behavior
is clearly shown when we report the inter-burst time inter-
vals inx − y representation.

Figure 7:Lasers with a couplingε = 0.05 showing synchronization of

bursting events.

In conclusion, we have demonstrated that the crisis-
induced intermittency regime can be controlled by means
of a feedback technique using a passive filter. Furthermore,
this dynamical regime, largely studied in neuroscience, can
be synchronized in two bidirectionally coupled lasers.
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Abstract  –  We experimentally observe chaotic 

behavior of laser output in two Nd:YVO4 microchip solid-
state lasers coupled mutually with opto-electronic 
feedback. The output of one laser is detected by a 
photodiode and the electronic signal converted from the 
laser output is fed back to the pumping for the other laser. 
Chaotic fluctuation of the laser output is observed when 
the relaxation oscillation frequency is close to each other 
between the two lasers. Synchronization of periodic 
waveform is also obtained when the lasers have a single-
longitudinal mode. 
 
1. Introduction 
 

Chaotic dynamics and synchronization behavior have 
been investigated in many laser systems for its potential 
applications to secure communications and spread 
spectrum communications. A variety of temporal 
dynamics with high dimensionality can be generated in 
lasers with time-delayed feedback. Semiconductor lasers 
with delayed optical feedback have been found to 
generate chaotic oscillations, but these systems are 
sensitive to optical phase variations when the feedback 
optical field is coherent with optical field inside the laser 
cavity. Compared with optical feedback, opto-electronic 
feedback is reliable because the system is insensitive to 
optical phase variations [1]. Chaos in semiconductor 
laser with opto-electronic feedback has been reported 
and quasiperiodic route to chaos has been observed [1]. 
Synchronization of chaos in one-way and mutually 
coupled semiconductor lasers with opto-electronic 
feedback has also been reported [2,3]. The use of cross-
coupled semiconductor lasers with opto-electronic 
feedback has been pointed out for the prediction of the 
system dynamics of epidemics [4]. Chaotic dynamics 
and phase synchronization has also been reported in CO2 
gas lasers with opto-electronic feedback [5,6]. 

Although the opto-electronic feedback method has 
been applied to semiconductor lasers and gas lasers for 
generating chaos, there have been few reports on solid-
state lasers with opto-electronic feedback. Solid-state 
lasers that have a short cavity length (typically less than 
one millimeter) are called microchip lasers. Due to their 
short cavity length, lasing occurs in a single mode or in a 
few longitudinal modes. The dynamics of microchip  

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
solid-state lasers have been investigated numerically and 
experimentally [7,8]. Most studies are focused on chaos 
induced by pump modulation and loss modulation in 
microchip lasers. A few reports on chaos in microchip 
lasers with opto-electronic feedback to the intracavity 
loss modulator has been reported [9-11]. The dynamics 
of microchip lasers with opto-electronic feedback may 
provide a different aspect from the case of 
semiconductor lasers and gas lasers. 

In this study we investigate the chaotic dynamics of a 
Nd:YVO4 microchip solid-state laser with opto-
electronic feedback to pumping. The relaxation 
oscillation frequency of the microchip laser and the 
feedback gain are changed. We mutually couple two 
microchip lasers with opto-electronic feedback and 
observe the chaotic dynamics. Synchronization 
phenomenon is also observed. 

 
 

2. One laser with opto-electronic feedback 
 
2.1. Experimental setup 

 
Figure 1 shows our experimental setup for the 

observation of chaotic dynamics in a microchip laser with 
opto-electronic feedback. We used a Nd:YVO4 microchip 
crystal, pumped by a laser diode with two focusing lenses. 
The microchip laser oscillated with two-longitudinal 
modes at a wide range of pumping power.  

Fig. 1 Experimental setup of a microchip laser with 
opto-electronic feedback. 
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The temperatures of the microchip crystal and the laser 
diode were controlled by thermo-electric coolers 
(resolution of 0.01 K) for fine tuning of the laser 
frequencies. The output of the microchip laser was 
detected by a photodiode and converted to an electronic 
signal. The electronic signal is fed back to the injection 
current of the pumping laser diode through a DC block 
(high-pass filter with a cut-off frequency of 16 kHz), an 
attenuator, and an electronic amplifier (bandwidth from 
DC to 10 MHz, Gain of 40 dB). Coaxial attenuators were 
combined to change the attenation ratio from -40 to -20 
dB and the net gain of the whole feedback loop was 
changed from -4 to 16 dB. The feedback delay-time was 
0.25 µs, which was comparable with the inverse of the 
relaxation oscillation frequency of the microchip laser 
(fr=1-4 MHz, 1/fr=0.25-1.0 µs). The positive feedback is 
achieved. Chaotic temporal waveforms of the microchip 
laser was detected with the photodiode and a digital 
oscilloscope. Radio-frequency (RF) spectrum of the laser 
output was measured with a RF spectrum analyzer. 
 
 
2.2. Experimental results 
 

We fixed the net gain of the feedback loop of 7 dB and 
varied the relaxation oscillation frequency by changing 
the injection current of the pumping laser diode. As the  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
relaxation oscillation frequency fr (injection current I) is 
increased the temporal dynamics is changed. Figure 2 
shows the temporal waveforms and the corresponding RF 
spectra at various relaxation oscillation frequencies. 
Switching behavior is observed just above the laser 
threshold (I = 345 mA) and sustained relaxation 
oscillation is observed at around fr = 2.00 MHz (I = 360 
mA). Period-1 oscillation is observed at fr = 2.22 MHz (I 
= 380 mA) as shown in Figs. 2(a) and 2(b). As the 
relaxation oscillation frequency is increased, the 
coexisting state of period-1 and chaos is observed at fr 
=2.27 MHz (I = 393 mA) as shown in Figs. 2(c) and 2(d). 
Chaotic oscillation appears from fr = 2.30 MHz to fr = 3.54 
MHz (from I = 398 mA to I = 517 mA). The transition 
from period-1 to chaos can be observed. We cannot find a 
clear bifurcation scenario such as period-doubling and 
quasiperiodic breakdown routes. 

We changed both the relaxation oscillation frequency fr 
and the feedback gain G simultaneously and create a two-
dimensional dynamical map. Figure 3 shows the 
dynamical map as functions of the relaxation oscillation 
frequency and the feedback gain. Below fr = 2.0 MHz, 
laser output shows relaxation oscillation at small G and 
switching behavior at large G. At around fr = 2.5 - 3.5 
MHz, the transition from period-1 to chaos through 
coexisting state is observed. Chaos can be observed at 
wide range of the parameter space at large G. At fr > 3.5 
MHz chaotic oscillation disappears and relaxation 
oscillation is observed. The chaotic region of fr = 2.5 - 3.5 
MHz closely corresponds to the inverse of the feedback 
delay time (fr = 4.0 MHz, τ = 0.25 µs). Therefore the 
chaotic dynamics occurs because of the time-delayed 
feedback effect. 

Fig. 2 Temporal waveforms and corresponding rf 
spectra of the microchip laser with opto-electronic 
feedback. (a), (b) fr = 2.22 MHz, (c), (d) fr = 2.27 
MHz, (e), (f) fr = 2.56 MHz. 

Fig. 3 Two dimensional map of the microchip laser 
with opto-electronic feedback, as functions of the 
relaxation oscillation frequency and the feedback 
gain. SW: switching behavior, RO: sustained 
relaxation oscillation, P-1: period-1 oscillation, CO: 
coexisting state between period-1 oscillation and 
chaos. 
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3. Two lasers coupled with opto-electronic feedback 
 
3.1. Experimental setup 
 

We investigate the dynamics of mutually coupled two 
microchip lasers with opto-electronic feedback. Figure 4 
shows the experimental setup. The output of one 
Nd:YVO4 microchip laser (Laser 1) is detected by a 
photodiode and the converted electronic signal is injected 
into the injection current of a pumping laser diode for the 
other Nd:YVO4 microchip laser (Laser 2) through a DC 
block, an attenuator, and an amplifier (same components 
in the previous section). The output of Laser 2 is also 
detected with another photodiode and the electronic signal 
is injected into the injection current of the other laser 
diode for Laser 1. The cross coupling through opto-
electronic loop provides complex dynamical behavior. 

 
 

3.2. Experimental results 
 
We fixed the feedback gains of G1 = 0 and G2 = 8 dB for 

Laser 1 and 2, respectively, and the relaxation oscillation 
frequency of fr2 = 2.32 MHz for Laser 2. We changed the 
relaxation oscillation frequency for Laser 1 to observe the 
dynamics of the mutually coupled microchip lasers. When 
the relaxation oscillation is less than 0.66 MHz (I1 < 320 
mA), slow switching behavior between no lasing state and 
a constant output is observed. The switching frequency is 
tens of Hz depending on the injection current. As the 
relaxation oscillation frequency is increased, period-1 
oscillation is observed at the range of 0.66 < fr1 < 1.94 
MHz (320 < I1 < 367 mA), as shown in Figs. 5(a) and 5(b). 
Sustained relaxation oscillation is also observed from 1.94 
< fr1 < 2.02 MHz (367 < I1 < 374 mA). Then quasiperiodic 
oscillation appears from 2.02 < fr1 < 2.12 MHz (374 < I1 < 
380 mA) because of the existence of the two relaxation 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
oscillation frequencies of fr1 and fr2, as shown in Figs. 5(c) 
and 5(d). As fr1 approaches fr2 = 2.32 MHz, chaotic 
oscillation is observed at the range from 2.12 < fr1 < 2.68 
MHz (380 < I1 < 412 mA), as shown in Figs. 5(e) and 5(f). 
The rf spectrum is broadened in the presence of chaos. 
Quasiperiodic osillation is observed when fr1 is further 
increased. Finally sustained relaxation oscillation appears 
at fr1 > 2.78 MHz (I1 > 416 mA). 

We next changed both fr1 and G1 simultaneously and 
create a two-dimensional dynamical map. We fixed fr2 = 
2.32 MHz and G2 = 8 dB, respectively. Figure 6 shows the 
two-dimensional map of the dynamics of Laser 1 and 2 as 
functions of fr1 and G1. Chaos is observed when fr1 is close 
to fr2 =2.32 MHz because of the nonlinear interaction 
between fr1 and fr2. Quasiperiodic breakdown route to 
chaos is observed. It is note that the dynamics of Laser 1 
and 2 are slightly different, where period-1 oscillation 
only appears for Laser 1. This asymmetry behavior results 
from the mismatch of the two laser parameters. 

 
 
 
 
 
 

Fig. 4 Experimental setup for two microchip lasers 
coupled with opto-electronic feedback.  

Fig. 5 Temporal waveforms and corresponding rf 
spectra of the microchip laser with opto-electronic 
feedback. (a), (b) fr1 = 0.85 MHz, (c), (d) fr1 = 2.09 
MHz, (e), (f) fr1 = 2.40 MHz. 
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4. Synchronization of periodic waveforms 
 

We investigate synchronization in the mutually coupled 
microchip lasers with opto-electronic feedback. We 
decrease the injection current in order to achieve single-
longitudinal-mode operation of the microchip lasers. The 
injection currents for the two lasers are set to I1 = 326 mA 
and I2 = 320 mA, respectively. The relaxation oscillation 
frequency is matched between Laser 1 and 2 (fr1 = fr2 = 
1.17 MHz). We set the feedback gain of G1 = - 2 dB and 
G2 = 0 dB. Figure 7 shows the temporal waveforms of the 
two microchip lasers. The period-1 oscillations are 
synchronized to each other with time delay.  The time-
shifted cross correlation shown in Fig. 7(b) indicates 
synchronization of the periodic waveforms. 
 
 
5. Conclusion 

 
We have experimentally observed the dynamics of 

Nd:YVO4 microchip lasers with opto-electronic feedback. 
The laser output is detected and fed back to the injection  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
current of the laser diode for pumping. Chaotic 
oscillations are observed in a microchip laser with opto-
electronic self-feedback. Two microchip lasers are 
coupled with the opto-electronic signal obtaind from the 
other microchip laser. Quasiperiodic breakdown route to 
chaos is observed. Synchronization of period-1 
waveforms is also observed. 
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Fig. 6 Two dimensional map of the two microchip 
lasers coupled with opto-electronic feedback, as 
functions of the relaxation oscillation frequency and 
the feedback gain of Laser 1. SW: switching 
behavior, RO: sustained relaxation oscillation, P-1: 
period-1 oscillation, QP quasiperiodic oscillation. 

Fig. 7 Temporal waveforms and correlation plot of 
two coupled microchip lasers. Synchronization of 
period-1 oscillation is observed. 
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Abstract—This paper serves as an overview of the ses-
sion, giving a brief summary of the recent developments of
topological-computational approach in the study of nonlin-
ear dynamics and bifurcations. It also includes some recent
results of the author on the dynamics in a slow-fast system
of ODEs.

1. Topological-computational approaches to nonlinear
dynamics

In spite of progress in the theoretical study of nonlinear,
especially chaotic, dynamical systems, one often encounter
additional difficulties in verifying required conditions in or-
der to apply a general theory to a concrete nonlinear system
that models an interesting nonlinear phenomenon. In many
cases, dynamical systems are given in the form of differ-
ential or difference equations, but analytical methods are
usually very limited for such verification purposes. On the
other hand, naive numerical simulation is not always trust-
worthy, because what one sees in a finite time numerical
computation can be very different from the true asymptotic
behavior of the system; it is now broadly known as a char-
acteristic of chaotic systems that very small computation
errors can lead to large differences in the long-term behav-
ior of solutions.

Recent developments of numerical computation and vi-
sualization techniques, however, provide new methods,
with an aid of computers, for studying nonlinear dynam-
ical systems, in particular their global structures and bi-
furcations, such as high-quality visualization of invariant
manifolds and sets or bifurcation diagrams in three (or even
higher) dimensions, bounding errors in numerical integra-
tion of ODEs by using the interval arithmetic software that
enables us to rigorously follow trajectories of dynamical
systems, etc. In particular, the rigorous numerics combined
with some topological methods are successfully applied to
concrete nonlinear systems and can lead to, for instance,
proving the existence of symbolic dynamics in the Lorenz
system. See a survey article [7] for details and more infor-
mation.

This session presents more recent results in this direction
that exhibit further developments. The topics include:

• a new topological idea for rigorously proving the ex-
itence of various different trajectories of dynamical

systems such as periodic, homo/heteroclinic solutions,
and symbolic dynamics (P. Zgliczynski)

• a new method for computation of resonant surfaces
and Arnold tongues in maps and ODEs (F. Schilder)

• rigorous verification of hyperbolicity of the chain re-
current set of the Hénon map family (Z. Arai)

• computational approach to estimating the lower bound
of the measure of parameters with positive Lyapunov
exponents in the logistic family (S. Luzzatto)

These results illustrate potential power and future possi-
bilities of computational approach to nonlinear systems for
studying their global dynamics and bifurcations. It should
also be mentioned that similar ideas can also be applied to
systems in infinite dimension, see e.g. [2] and references
therein.

Several useful software packages have been developed
for studying global dynamics and bifurcations, some of
which are used in or related to the above works that are
listed below:

AUTO (http://indy.cs.concordia.ca/auto/)
Software for continuation and bifurcation problems
in ODEs (and maps);

GAIO (http://math-www.uni-paderborn.de/
˜agdellnitz/Software/gaio.html) Set-oriented
computation of global dynamical objects;

CAPD (http://capd.wsb-nlu.edu.pl/) Rigorous
numerical computation of dynamical objects;

CHomP (http://www.math.gatech.edu/˜chomp/)
Computing homology and related objects such as the
Betti numbers.

2. Topological horseshoe in a slow-fast system of ODEs

The content of this section is based on a recent joint
work with Marcio Gameiro (Georgia Tech., USA), Tomáš
Gedeon (Montana State Univ., USA), Bill Kalies (Florida
Atlantic Univ., USA), Konstantin Mischaikow (Georgia
Tech./Rutgers Univ., USA), and Hiroe Oka (Ryukoku
Univ., Japan), and will appear in Journal of Dynamics and
Differential Equations (2006).
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2.1. Slow-fast system

Dynamical problems with two different time scales are
often modeled by singularly perturbed ODEs called slow-
fast systems, which exhibit interesting phenomena such as
periodic, heteroclinic or chaotic dynamics. Analytic and
geometric theories ([5] and references therein) can be ap-
plied to slow-fast systems, once certain conditions are ver-
ified, such as the basic hypotheses of the fast and slow sub-
systems and transversality of relevant normally hyperbolic
invariant manifolds. However, analysis is not often strong
enough to verify these conditions. In contrast, a purely
topological theory for slow-fast systems was developed in
[4], which enables us to show various dynamical properties
of slow-fast systems under weaker hypotheses. Based on
this theory, we illustrate how one can rigorously verify the
required hypotheses using existing numerical methods, in
a particular example studied by Gardner and Smoller[3] on
periodic traveling waves in a reaction diffusion system

εut = ε
2uxx + u f (u, v), f (u, v) = (1 − u)(u − v)

vt = vxx + vg(u, v), g(u, v) = au − b − v, (1)

where u and v are population densities of a prey and a
predator, and ε > 0 is small. Choosing the traveling wave
coordinate ξ = (x− θt)/ε, it reduces to the slow-fast system

u̇ = w
ẇ = −θw − u(1 − u)(u − v)
v̇ = εz
ż = −ε(θz + v(au − b − v)

(2)

where the derivatives are taken with respect to ξ. We set
θ = −0.25, a = 1.65, and b = 0.25, in order to illustrate
how these new topological techniques can be combined in
a straightforward manner with computational techniques to
provide rigorous results about the dynamics of slow-fast
systems. Our main results are:

Theorem 2.1 Consider (1) with a = 1.65, and b = 0.25.
For ε > 0 sufficiently small there exist two periodic trav-
eling wave solutions with wave speed θ = −0.25 whose
profiles with respect to the v-variable are indicated in Fig-
ure 1.
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Figure 1: Plot of the two primitive periodic solutions to (2)
with θ = −0.25, a = 1.65, and b = 0.25.

Theorem 2.2 Consider (1) with a = 1.65, and b = 0.25.
For ε > 0 sufficiently small there exists a full two-shift of
traveling wave solutions with wave speed θ = −0.25. The
profiles with respect to the v-variable of these solutions are
well approximated by arbitrary concatenations of the pro-
files indicated in Figure 1.

2.2. Fast dynamics

Here we consider the fast system which is obtained by
setting ε = 0 in (2), namely

u̇ = w, ẇ = −θw − u(1 − u)(u − v). (3)

An isolating block for a vector field is a compact domain
whose maximal invariant set is contained in its interior and
moreover whose boundary has no inner tangency point of
the vector field. The goal here is to identify isolating blocks
in (3) at different intervals of v that contain two fixed points
(0, 0) and (1, 0), in such a way that, in these v-intervals, the
unstable manifold of the relevant fixed point changes the
exit components of the isolating block through a saddle-
saddle connection.
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Figure 2: Coarse polygonal decomposition with 2200 ver-
tices and 1308 polygons from 4336 simplices, and its close-
ups near the fixed points (0, 0) and (1, 0). The gray shaded
region is an isolating block X. The black portion of ∂X
is the immediate exit set, and red portion is the immediate
entrance set.

This can be done by constructing a flow-transverse
polygonal decomposition of the phase space of the vector
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fields. See [6] for a general description of the construc-
tion and properties of such decompositions. For the fast
system (3), we first generate a triangulation in the rect-
angle [−0.4, 1.4] × [−0.7, 0.7]. The polygonal decomposi-
tion resulting from this triangulation is shown in Figure 2,
which was rigorously computed by checking the transver-
sality of each edge for the entire interval of parameter val-
ues v ∈ [0.275, 0.7] using interval arithmetic. The total
time for these computations, including interval arithmetic,
was 2.8 minutes on a 3.0 GHz P4 machine.

Once the polygonal decomposition is obtained, we can
describe a theoretical foundation for algorithms to compute
global qualitative information about the dynamics of flows
generated by a system of ODEs. The main idea is to ap-
proximate the dynamics on the region Ω by a multivalued
mapping on a polygonal decomposition of Ω. This approx-
imation is determined from the vector field without numer-
ically integrating to approximate specific trajectories. The
resulting multivalued map on polygons is a finite, combina-
torial representation of the flow from which specific quali-
tative information can be extracted using topological ideas
from the Conley index theory. Notice that the multivalued
map for the fast system (3) is valid for all parameter values
v ∈ [0.275, 0.7], since all the edges are transverse for all
v ∈ [0.275, 0.7]. Finally the isolating block X was com-
puted starting from the three polygons containing the three
fixed points (0, 0), (0.3, 0), and (1, 0) as shown in Figure 2.
It can be shown that X is an isolating block for all parame-
ter values v ∈ [0.275, 0.7].

We then used the CAPD Library for computing rigorous
enclosures of the unstable manifolds of an equilibrium at
different values of v. It is clear from Figure 3 that the un-
stable manifolds connect to different components of the
exit set of the isolating block X at the boundary of the
corresponding v-intervals, and therefore there must exist a
saddle-saddle connection in the interior of the intervals. In-
deed, we only need a weaker information than the existence
of saddle-saddle connections, see [4] for a precise form of
the condition.

−0.2 0 0.2 0.4 0.6 0.8 1 1.2
−0.6

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

u

w

−0.2 0 0.2 0.4 0.6 0.8 1 1.2
−0.6

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

u

w

Figure 3: (Left) Unstable manifolds of the fixed point (0, 0)
for (3). The red curve corresponds to v = 0.323 and the
blue curve to v = 0.326. (Right) Unstable manifolds of the
fixed point (1, 0). The red curve corresponds to v = 0.674
and the blue curve to v = 0.677.

2.3. Slow dynamics

Now we consider the slow system which is obtained by
rescaling ξ and restricting to the slow manifolds defined by
u = 0 or u = 1,

v′ = z, z′ = −θz − v(au − b − v), u = 0 or 1. (4)

In this case we again used the CAPD Library to obtain
bounds for finite time trajectories for several points and
check that they satisfy certain geometric constraints.
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Figure 4: Orbits of (4) and its close-ups. The blue & red
curves are for u = 0 and the green ones for u = 1. The
vertical black lines are the lines v = 0.323, v = 0.326,
v = 0.674 & v = 0.677.

Define two regions between the two black lines given by
v = 0.323 and v = 0.326:

RR := [0.323, 0.326] × [0.1, 0.2], and
RB := [0.323, 0.326] × [−0.1,−0.4],

and let R′ := [0.674, 0.677] × [−0.4,−0.6] be a region
between the two black lines given by v = 0.674 and
v = 0.677. Note that these regions correspond to the v-
intervals in which the fast system (3) undergoes the saddle-
saddle connections.

Further, we let ψ0 and ψ1 as the flows of the slow system
(4) with u = 0 and u = 1, respectively, and define the sets

• EB as a ψ0-flow box starting at some section ΣB ⊂ {v =
0.677} and ending at the black line {v = 0.323};
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• ER as a ψ0-flow box starting at some section ΣR ⊂ {v =
0.677} and ending at the black line {v = 0.326};

• E′R as a ψ1-flow box starting at some section Σ′R ⊂ {v =
0.323} and ending at the black line {v = 0.674};

• E′B ⊂ E′R as a ψ1-flow box starting at some section
Σ′B ⊂ {v = 0.326} and ending at the black line {v =
0.674}.

Consider the collections {(ψ0,EB,RB), (ψ1,E′B,R′)} and
{(ψ0,ER,RR), (ψ1,E′R,R′)}. For the first collection let
BB := EB∩RB∩E′B, B′B := E′B∩R′∩EB, and for the second
collection letBR := ER∩RR∩E′R,B′R := E′R∩R′∩ER. These
sets are used to find periodic orbits in the entire slow-fast
system (2) in what follows.

2.4. Existence of periodic solutions and topological
horseshoe

Once the sets constructed in the previous subsection are
given, the theory developed in [4] guarantees the existence
of nice objects in the entire (u,w, v, z)-space, called the pe-
riodic corridors, which is a set supposedly containing a
periodic orbit. Notice that the unions PB = EB ∪ E′B and
PR = ER ∪ E′R form loops consisting of flow-boxes of
the slow system that contain box regions in which the fast
system undergoes saddle-saddle connections between the
fixed points with u = 0 and u = 1. Therefore they indicate
the existence of periodic orbits of 2 whose projections fol-
low the loops PB or PR. Our goal is to lift the loops into
regions in the (u,w, v, z)-space that contain the periodic or-
bits, which is an idea of the periodic corridor. Letting Π
be the projection onto the (v, z)-plane, one can show the
existence of periodic corridors for (2) of the form:

PCB ⊂ EB∪BB∪E′B∪B′B and PCR ⊂ ER∪BR∪E′R∪B′R

where Bi and B′i , i = R,B are “boxes” with Π(Bi) = Bi

and Π(B′i) = B′i . See [4] for precise definitions and details
of the theory. Using the information obtained in Subsec-
tion 2.2, one can indeed prove the following theorem by
applying Theorem 1.6 in [4].

Theorem 2.3 For all sufficiently small ε > 0 there are two
periodic solutions ΓB and ΓR of the system (2), whose pro-
jections to slow variables lie in PB and PR, respectively.

A similar idea can be applied to concatenated collections
of the periodic corridors PCB and PCR yield periodic orbits
of different paths of loops. For instance, PCB followed by
PCR implies the existence of a periodic orbit that first goes
through the blue and green flow boxes and then through the
red and green boxes until it closes up. This may be repre-
sented by the symbol BR for “Blue” followed by “Red”.
In the same way, one can prove the existence of infinitely
many different periodic orbits corresponding to arbitrarily

long words with the symbol B and R. Furthermore, by tak-
ing the Hausdorff limit of increasing sequence of the peri-
odic orbits that are given by a infinite sequence of B and R,
one can show the existence of uncountably many solutions
that corresponds to arbitrary sequences of the symbols B
and R.

Theorem 2.4 For a sufficiently small ε > 0 and any sym-
bolic sequence σ ∈ {R,B}Z, the system (2) has a solution

xσε (t) = (uσε (t), vσε (t),wσ
ε (t), zσε (t))

which satisfies the following condition: there exists a se-
quence of intervals [t−i , t

+
i ] for i ∈ Z such that, for all i ∈ Z,

Π(xσε ([t−i , t
+
i ])) ⊂ Eσi and Π(xσε ([t+i , t

−
i+1])) ⊂ E′σi

.
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Abstract—For the Rössler system with classical param-
eter values we give a computer assisted proof of the exis-
tence of symbolic dynamics and heteroclinic chains joining
period one and period two orbits.

1. Introduction

The Rössler system is given by [6]

ẋ = −(y + z)
ẏ = x + by (1)

ż = b + z(x− a)

where a, b ∈ R are fixed parameters. We chose a =
5.7, b = 0.2, these are parameters values originally consid-
ered by Rössler. Numerical simulations strongly suggest
that the flow generated by (1) possess a so-called strange
attractor. In this note we extend our earlier results from
[7], where we proved the existence of an invariant set with
complicated dynamics apparently contained in the numeri-
cally observed attractor. Here, we show that there are two
unstable periodic orbits, γ1, of period one and γ2 of period
two and an infinite number of heteroclinic orbits orbits con-
necting γ1 and γ2 in both directions. The period of the peri-
odic orbits is understood as the period of the Poincaré map
on the section x = 0. The proofs are computer assisted,
which means that the assumptions of abstrct theorems are
rigorously verified by computer using interval arithmetics
(see [5] for a general introduction to interval methods).

2. Topological tools

The main tool used to obtain an infinite number of peri-
odic orbits is the notion of covering relation [9].

2.1. Covering relations

For the sake of brevity we restrict ourself here the the
planar case and maps with one apparently unstable direc-
tion. For more general setting see [9].

Definition 1 An h-set on the plane is a quadruple consist-
ing of

• N a compact subset of R
2,

• a homeomorphism cN : R
2 → R

2, such that

cN (N) = [−1, 1]× [−1, 1].

We set

N le
c = {−1} × [−1, 1],

Nre
c = {1} × [−1, 1],

S(N)l
c = (−∞,−1)× R,

S(N)r
c = (1,∞)× R.

We define

N le = c−1
N (N le

c ), Nre = c−1
N (Nre

c ),
S(N)l = c−1

N (S(N)l), S(N)r = c−1
N (S(N)r).

We will call N le, Nre, S(N)l and S(N)r the left edge, the
right edge, the left side and right side of N , respectively.

Hence an h-set N on the plane is a product of two inter-
vals in some coordinate system, usually this is a parallelo-
gram.

Definition 2 Let N0, N1 be h-sets on the plane. G : N0 ∪
N1 → R

2, we say N0 G-covers N1 (notation: N0
G=⇒ N1)

iff
G(N0) ⊂ S(N1)l ∪ |N1| ∪ S(N1)r (2)

and one of the following two conditions hold

G(L(N0)) ⊂ S(N1)l, G(R(N0)) ⊂ S(N1)r (3)

G(L(N0)) ⊂ S(N1)r, G(R(N0)) ⊂ S(N1)l (4)

Condition (2) means that the image of N0 under G is con-
tained in the ’horizontal’ strip defined by N1. Conditions
(3) and (4) mean that the ’vertical’ edges of N0 are mapped
to different sides of N1 (see Fig. 1).

An important, yet trivial, property of the covering rela-
tion is its stability under small perturbations. This make it
possible to verify it rigorously on computer.

Below we present the main theorem about covering rela-
tions.

Theorem 1 [9] Let Ni for i = 0, 1, . . . , l be h-sets on the
plane and Gi : Ni → R

2 for i = 0, . . . , l−1 be continuous
maps. Assume that

N0
G0=⇒ N1

G1=⇒ N2
G2=⇒ · · · Gl−2=⇒ Nl−1

Gl−1=⇒ Nl (5)
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Figure 1: Topological Smale horseshoe. Ni
G=⇒ Nj for

i, j = 0, 1

then there exists x ∈ intN0 such that for i = 0, . . . , l − 1
holds

Gi ◦Gi−1 ◦ . . . G0(x) ∈ intNi+1.

Moreover, if Nl = N0, then x could be chosen so that

Gl−1 ◦Gl−2 ◦ . . . G0(x) = x.

2.2. Symbolic dynamics, invariant sets

Let K ∈ N and ΣK := {0, 1, . . . , K − 1}Z. ΣK is
topological spaces with the Tichonov topology. On ΣK we
have the shift map σ given by

(σ(c))i = ci+1

Let A = [αij ] be a K ×K-matrix,
αij ∈ R+ ∪ {0}, i, j = 0, 1, . . . , K − 1. We define ΣA ⊂
ΣK

ΣA := {c = (ci)i∈Z | αcici+1 > 0} (6)

Obviously, ΣA are invariant under σ.
Let Y be a topological space, N ⊂ Y and f : N → Y

be continuous. We define the invariant part of N under f
by

Inv (N, f) = {x ∈ N | ∃(xi)i∈Zx0 = x, xi ∈ N,

f(xi) = xi+1, i ∈ Z}

2.3. Topological Smale horseshoe

To see full power of Theorem 1 let us consider a topo-
logical Smale horseshoe, by which we understand a contin-
uous injective map G : N0 ∪N1 → R

2, where N0, N1 are
disjoint h-sets, such that (compare figure 1)

Ni
G=⇒ Nj , for i, j = 0, 1. (7)

Theorem 2 Let G be a topological horseshoe. There exists
S ⊂ N0 ∪N1, such that G(S) = S (S is invariant) a con-
tinuous surjective map π : S → Σ2, such that σ◦π = π◦G
on S. Moreover, for any periodic sequence c ∈ Σ2, the set
π−1(c) contains a periodic point for G with the same pe-
riod.

About the proof. It is a direct consequence of Theorem 1.
S = Inv (N0∪N1, G) and for x ∈ S, π(x)i = ci ∈ {0, 1},
where Gi(x) ∈ Nci

.

3. C1 tools. Hyperbolicity

We assume that all maps discussed are C1 injections de-
fined on subsets of the plane.

Observe that the existence of the heteroclinic transition
chain

N0
G=⇒ N0

G=⇒ M1
G=⇒ M2 · · · G=⇒ Mk

G=⇒ N1
G=⇒ N1

(8)
does not imply that there exist x0 ∈ N0, x1 ∈ N1 and
y ∈ N0, such that

G(x0) = x0, G(x1) = x1

Gi(y) ∈ N0, for i ∈ Z−, lim
i→−∞

Gi(y) = x0

Gk+1+i(y) ∈ N1, for i ∈ Z+, lim
i→∞

Gi(y) = x1.

For such statement to be true it is required that
Inv (Ni, G) = {xi} for i = 0, 1. This can be guaranteed by
conditions, the cone conditions, involving derivatives of G
on N0 and N1. This issue was discussed in [2]. One of the
drawbacks of the approach proposed in [2] was that in the

case of the loop N0
G=⇒ N1

G=⇒ · · · G=⇒ Nl−1
G=⇒ N0,

the estimates for derivatives of Gl are needed.

3.1. The cone condition

The goal of this section is to introduce a method, which
will allow to handle relatively easily the hyperbolic struc-
ture on h-sets.

Definition 3 Let N ⊂ R
2 be an h-set and QN : R

2 → R

be a quadratic form

QN ((x, y)) = αx2 − βy2, (x, y) ∈ R
2 (9)

where α, β are positive constants.
The pair (N, QN ) we be called an h-set with cones.

Sometimes we will drop QN and we will say that N is an
h-set with cones.

Definition 4 Assume that (N, QN ), (M,QM ) are h-sets
with cones and let f : N → R

2 be continuous. Assume

that N
f

=⇒ M . We say that f satisfies the cone condition
(with respect to the pair (N,M)) iff for any x1, x2 ∈ Nc,
x1 
= x2 holds

QM (fc(x1)− fc(x2)) > QN (x1 − x2), (10)
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where fc = cM ◦ f ◦ c−1
N , is the map f expressed in the

coordinates cM on M and cN on N .

We have the following theorem.

Theorem 3 Assume that Ni for i = 0, . . . , l− 1 are h-sets
with cones. Let f : N0 ∪ · · · ∪Nl−1 → R

2 be a continuous
injective map. Assume that

N0
f

=⇒ N1
f

=⇒ N2 . . .
f

=⇒ Nl−1
f

=⇒ N0, (11)

and for i = 0, . . . , l − 1 f satisfies the cone condition with
respect to Ni and Ni mod l.

Then the following conditions are true

• there exists unique x0 ∈ N0 such that f i(x0) ∈
Ni mod l for i ∈ N and f l(x0) = x0.

• If f i(x) ∈ Ni mod l for all i ∈ N, then
limi→∞ f i(x) = x0

• If f i(x) ∈ Ni mod l for all i ∈ Z−, then
limi→−∞ f i(x) = x0

About the proof. The existence of x0 follows from The-
orem 1. The convergence follows from the following ob-
servation L(x) = QN0(x − x0) is a Liapunov function
(increases along the orbit) for fk restricted to the set {x ∈
N0, f

i mod l(x) ∈ Ni, i = 0, . . . , l}.

3.2. How to verify the cone condition ?

Assume that (N, QN ) and (M, QM ) are h-sets with
cones and a map f : N → R

2 is C1. Observe that (10) can-
not be directly verified, because for x1 → x2 both, the left
and the right hand side of (10), converge to the same value.
Our intention is to replace (10) with something which is
verifiable by computer.

Let [dfc(Nc)]I be the interval enclosure of dfc on Nc.
The following lemma was proved in [3]

Lemma 4 Assume that for any B ∈ [dfc(Nc)], the
quadratic form

V (x) = QM (Bx)−QN (x) (12)

is positively defined, then for any x1, x2 ∈ Nc such that
x1 
= x2 holds

QM (fc(x1)− fc(x2)) > QN (x1 − x2). (13)

Hence to verify the cone condition it is enough to check
whether the interval symmetric matrix

V = [dfc(Nc)]T QM [dfc(Nc)]−QN (14)

is positively defined.

4. Rössler system

In this section we consider the Rössler system (1) with
parameter values a = 5.7 and b = 0.2 and all presented
result refer to this system.

We define two Poincaré sections Θ+ = {(x, y, z) | x =
0, x′ > 0} and Θ− = {(x, y, z) | x = 0, x′ < 0}. Let P
be the Poincaré map on the section Θ+ and P1/2 be a map
Θ+ from Θ− and from Θ− to Θ+.

4.1. The existence of two hyperbolic periodic orbits

The following lemma has been rigorously established
with computer assistance.

Lemma 5 There exist three h-sets with cones, such that the
following is true

N0 ∪ L0 ∪ L1 ⊂ Θ+, (15)

N0
P=⇒ N0, (16)

L0
P=⇒ L1

P=⇒ L0, L0 ∩ L1 = ∅ (17)

Moreover, P satisfies cone conditions with respect to pairs
(N0, N0), (L0, L1) and (L1, L0).

The h-sets N0, L0 and L1 are parallelograms with the
sides parallel to approximate unstable and stable directions
for P on Θ+. The centers are approximately given by

center(N0) = (0,−8.380942, 2.959007e− 002)
center(L0) = (0,−5.424074, 3.108122e− 002)

center(L1) = (0,−9.519861, 2.909215e− 002).

The length of the sides are 2 · 10−4.
From Theorems 1 and 3 the following theorem follows.

Theorem 6 There exists a unique point x0 ∈ N0, such that
P (x0) = x0.

There exists a unique point x1 ∈ L0, such that P (x1) ∈
L1 and P 2(x1) = x1.

4.2. The existence of heteroclinic chains

To formulate the results about the existence of homo-
and heteroclinic orbits we need first a few definitions.

Definition 5 Let X ⊂ R
2 and let f : X → R

2 be a con-
tinuous injection. Let xi ∈ X and Ti for i = 0, 1 be such
fTi(xi) = xi and for all 0 < k < Ti holds fk(xi) 
= xi.

For a given x ∈ X , such that f i(x) is defined for i ∈ Z

by γx = {f i(x) | i ∈ Z} we denote a (full) orbit of x.
We say that an orbit γ = γp is a heteroclinic connection

between xi and xj , where i 
= j = 0, 1 iff

lim
n→−∞ fnTi+k1(p) = xi, lim

n→∞ fnTj+k2(p) = xj ,

(18)
for some k1, k2 ∈ N.
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We say that an orbit γ = γp is homoclinic to xi, where
i = 0, 1 iff

lim
n→−∞ fnTi+k1(p) = xi, lim

n→∞ fnTi+k2(p) = xi.

(19)
for some k1, k2 ∈ N.

The following lemma has been rigorously established
with computer assistance.

Lemma 7 There exist h-sets Mi, i = 0, . . . , 36, such that
Mi are either on the section Θ+ or Θ−, such that

L0
id=⇒ M0

P?=⇒ M1
P?=⇒ M2

P?=⇒ · · ·M36
P?=⇒ N0,

(20)
where P? is either P or P1/2.

Similarly, there exist h-sets Ai, i = 0, . . . , 27, such that
Ai are either on the section Θ+ or Θ−, such that

N0
id=⇒ A0

P?=⇒ A1
P?=⇒ A2

P?=⇒ · · ·A28
P?=⇒ L0, (21)

where P? is either P or P1/2.

The h-sets Mi (and Aj) has been constructed as follows:

• find an approximate heteroclinic orbits γ the periodic
points in N0 and L0 (or in the other direction for Aj)

• we generate approximatively invariant stable and un-
stable directions along γ.

• The h-sets Mi (and Aj) are defined as parallelograms
with sides parallel to the these invariant directions and
with centers at γ. The length of the sides varied but
never was greater than 2 · 10−4.

Theorem 8 Each of the following sets of orbits for P con-
tains infinitely many geometrically distinct orbits

• the orbits homoclinic to x0,

• the orbits homoclinic to x1,

• the heteroclinic connections between x0 and x1,

• the heteroclinic connection between x1 and x0.

About the proof: Use Lemma 5 and 7 to construct an infi-
nite number chain of covering relations of the form

N0 =⇒ N0 =⇒ · · ·Mi · · ·Aj · · ·Mi · · · =⇒ N0 =⇒ N0.

Now we apply Theorem 3 to obtain an infinite number of
orbits homoclinic to x0. Proof of the other assertions is
analogous.

5. Rigorous numerics

The proofs of Lemmas 5 and 7 has been performed with
computer assistance. This means that using validated nu-
merics we checked rigorously the conditions in the defini-
tion of covering relations and the cone condition.

We used the Lohner algorithm[4] to validate the covering
relations and the C1-Lohner [8] for cone conditions. In all
computations we used 4-th order Taylor method with fixed
time step h = 0.001. We used the interval arithmetic from
CAPD package[1]. Our program was written in C++, gnu-
compiler was used. All computation has been performed,
both under Windows and Linux , using Pentium proces-
sors 1.7 GHz. The total computation time was below one
minute.
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tions,”Nonlinearity, Vol. 10, 243–252, 1997.

[8] P. Zgliczyński, “C1-Lohner algorithm,” Foundations of
Computational Mathematics, Vol. 2, 429–465, 2002
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Abstract—Many interesting models in science and en-
gineering involve forced or coupled oscillators. The most
striking feature of such systems is the transition between
phase locking and quasi-periodicity. Phase locking pro-
duces a periodic solution that generically persists under
variation of parameters. In contrast, quasi-periodicity is
a codimension-one phenomenon, which is thus generic-
ally destroyed by perturbation. The manifestation of this
transition is a well-known bifurcation diagram called the
‘Arnol ′d tongue’ scenario. In this talk we present methods
for computing Arnol′d tongue scenarios for maps and or-
dinary differential equations.

1. Introduction

As a typical example, consider a model of a frequency
divider given by the ordinary differential equation (ODE)

ẍ + (β − α)ẋ3 − (β/2− α)ẋ + (1+ α sin 2t)x = 0. (1)

The engineering problem is to adjust the free parametersα

andβ such that the system’s response is a 1:q sub-harmonic
oscillation with frequency 2/q.

In the zero-forcing case,α = 0, the dynamics in the
phase space (x, ẋ, t) ∈ R2 × S 1 decouples into a superpos-
ition of two oscillations, a harmonic oscillation inS 1 with
frequencyω1 = 2, and an oscillation inR2 governed by the
autonomous ODE

ẍ + β(ẋ3 − ẋ/2)+ x = 0.

This equation has a family of limit cycles forβ > 0 and the
frequencyω2 < 1 of these cycles is a strictly monotonically
decreasing function ofβ. The product of these two oscilla-
tions is a normally attracting two-torus inR2 × S 1, and its
intersection with the hyperplanet = 0 is an invariant circle
of the period-π stroboscopic map of the flow inR2 × S 1.
The time-π map restricted to this circle is a rigid rotation
with rotation number̺ = ω2/ω1.

Since the invariant torus is normally hyperbolic, it will
persist as a torus for sufficiently small forcing amplitudes
α > 0 [3]. This allows a further reduction of our strobo-
scopic map inR2 to a circle map that is a perturbation
of a rigid rotation. The classification of the dynamics of
such a circle map leads to an Arnol′d tongue scenario. It
has a countable collection of Arnol′d tongues emanating
from points on the zero forcing axis where̺is rational

2 4 6 8 10 12 14
0

0.2

0.4

0.6

0.8

β

α

Figure 1: Arnol′d tongue scenario of eq. (1). The blue shaded
areas are resonance tongues and the system’s response is sub-
harmonic for parameter values within these tongues. Note that
the tongues overlap. In the overlapping region we observe coex-
istence of different sub-harmonic solutions. The red curves are
quasi-periodic arcs and the response is quasi-periodic for para-
meter values along these arcs.

and opening up into the region where forcing is turned on.
In between these tongues sit quasi-periodic arcs emerging
from all points where̺ is irrational.

Fig. 1 shows the Arnol′d tongue scenario of eq. (1) in
the (β, α) parameter plane. The blue shaded areas are the
Arnol′d tongues for̺ ∈ {3/7, 2/5, 3/8, 1/3, 3/10, 2/7,
3/11, 1/4}, and the red curves the quasi-periodic arcs for
̺ = n

√
2/140,n ∈ {41, 38, 35, 31, 29, 27, 25} from left to

right, respectively. The system’s response is sub-harmonic
with frequencyω1̺ for parameter values within an Arnol′d
tongue and quasi-periodic for parameter values along the
quasi-periodic arcs. Note that the bifurcation diagram in
Fig. 1 is not a Strutt-Ince diagram, that is, a stability chart
of the zero solution. Fig. 1 shows the existence regions of
selected sub-harmonic and quasi-periodic solutions.

In what follows we present algorithms for computing
Arnol′d tongue scenarios of maps and ODEs. Our discus-
sion closely follows the presentation in [8, 10]. We con-
sider a unified setting of two-parameter families of maps

x 7→ f (x, α, β), f : Rn× R × R→ Rn,

and of ordinary differential equations

ẋ = f (x, α, β), f : Rn× R × R→ Rn,

where we assume for simplicity thatf is of classC2 in all
arguments, or has a higher degree of differentiability if re-

NOLTA 2006
11-14 september
Bologna - ITALY

463



Figure 2:A β-family of invariant circles of a planar map forms
a tube in the (β, x1, x2)-space. The figure-eight-like curve is the
path of period-two orbits inside a 1/2 Arnol′d tongue, the solid
part is the path of the stable orbit and the dashed part the path of
the unstable one.

quired by a numerical procedure that we employ. Similar
to our example, the parameterα plays the role of a coup-
ling strength andβ controls the ratio of frequencies in the
system. Both equations are assumed to have a normally hy-
perbolic invariant torus atα = 0, that is, an invariant circle
in the map setting, and an invariant two-torus in the ODE
setting. In both cases the (β, α) parameter plane exhibits an
Arnol′d tongue scenario.

2. Computation of Arnol′d tongues

We explain the basic idea of our method with a planar
map depending on two parametersα andβ that has aβ-
family of invariant circles for someα > 0. Consider this
family in the vicinity of a 1/2 Arnol′d tongue as depicted in
Fig. 2 in combined phase and parameter space (β, x1, x2).
For better orientation we superimposed the (β, x1) plane
with a sketch of an Arnol′d tongue scenario in the (β, α)
plane. However, we keepα constant as indicated with the
black line. Theβ-family of invariant circles forms a tube
in (β, x1, x2)-space and the intersections with the vertical
planes are invariant circles for specific values ofα andβ.
All orbits on the circle are dense forβ on a quasi-periodic
arc (red). On the other hand, all orbits are asymptotic to
a period-two orbit forβ inside a 1/2 Arnol′d tongue (blue
shaded). More precisely, the invariant circle contains a
stable and an unstable period-two orbit. These orbits col-
lide in period-two saddle-node bifurcations at the boundar-
ies of the tongue (dark blue).

The (α, s) parametrisation of a resonance surface.
The path traced out by the period-two orbits in combined
phase and parameter space is a smooth closed figure-eight-
like curve, a circular one-parameter family of period-two
orbits. We call this curve a constant-α cross section. In
the paragraphs below we introduce an arc-length paramet-
risation for such constant-α cross sections and continue
these sections with respect to the parameterα. This means

that the sections become closed coordinate curves on a so-
called resonance surface; see also [5, 6, 7] and look ahead
to Fig. 4. We call this parametrisation of a resonance sur-
face the ‘(α, s)-parametrisation.’

Algorithm for maps. We denote a period-q orbit with
xq := {xq

1, x
q
2, . . . , x

q
q} ∈ Rnq, and callRnq the period-q or-

bit space. Since any point on a constant-α cross section
is uniquely given by a period-q orbit xq and a value of the
parameterβ, we introduce ordered pairsξ = (xq, a) in com-
bined ‘orbit and parameter space’Rnq×R. We define a dis-
tance between two ordered pairsξ = (xq, a) andη = (yq, b)
by

d(ξ, η) :=

√

√

1
q

q
∑

i=1

∥

∥

∥xq
i − yq

i

∥

∥

∥

2

2
+ (a − b)2, (2)

where‖•‖2 denotes the Euclidean norm inRn. A set of N
ordered pairsξ j = (xq

• j, β j) that are equally spaced with
respect to the distance (2) along the fundamental domain
of a circular family of period-q orbits satisfies the system

xq
1 j = f (xq

q j, α, β j), (3)

xq
2 j = f (xq

1 j, α, β j), (4)

...

xq
q j = f (xq

q−1, j, α, β j), (5)

d(ξ j, ξ j+1) = h, j = 1, . . . ,N − 1, (6)

d(ξN , ξ̄1) = h, (7)

P(ξ) = 0 (8)

of nonlinear equations, wherej = 1, . . . ,N andξ̄ := ({xq
π(1),

xq
π(2), . . . , x

q
π(q)}, a) is the ordered pair with a permuted orbit

of ξ. In our implementation we use the cyclic permutation
π(i) = i + κ, whereκ is the smallest natural number such
that pκ = 1 modq. The variableh denotes the unknown
distance between two successive mesh points.

Equations (3)-(8) form a system ofnqN + N + 1 equa-
tions for thenqN + N + 1 + 1 unknownsxq

i j, β j, α andh.
The ‘missing equation’ is the pseudo arc-length condition
that becomes automatically added by continuation meth-
ods. The last equationP(ξ) = 0 is a scalar phase condition,
which is necessary to fix the initial pointξ1 on the circular
family. We use the averaged Poincaré condition

N
∑

j=1

〈

z j − z̃ j , z̃ j+1 − z̃ j−1

〉

Rn+1
= 0,

wherez j = (xq
1 j, β j) and z̃ denotes an initial guess, for ex-

ample, from a previous continuation step. The boundaries
of the Arnol′d tongue are approximated by the minima and
maxima ofβ j.

Algorithm for ODEs. It is straightforward to construct
an algorithm for Arnol′d tongues of an ODE by replacing
the period-q orbit conditions (3)-(5) for maps by a suitable
boundary value problem for orbit segments of an ODE.
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Figure 3:Solutions of the ‘Arnol′d tongue’ boundary value prob-
lem for different distances. In the top panel we used the distance
proposed in [8], which takes only the initial pointsx j(0) at t = 0
into account. In the bottom panel we used the distance (9) which
clearly improves the distribution of orbit segments.

Figure 4: The four-dimensional geometry of the 1/4 resonance
surface of system (1). The colour coding is proportional toβ.
Compare the ‘period-four saddle-node’ structure in the bottom
left panel with the figure-eight-like curve in Fig. 2.

One replaces the orbit spaceRqn for maps with the func-
tion spaceX := {xi : (0,1)→ Rn, i = 1, . . . , q} and uses the
distance

d(ξ, η) :=

√

√

1
q

q
∑

i=1

∫ 1

t=0
‖xi(t) − yi(t)‖22 dt + (a − b)2 (9)

between two ordered pairsξ = (x, a) andη = (y, b) in com-
bined orbit and parameter spaceX × R; see [10] for more
details.

A graphical illustration of a sample solution of this
boundary value problem for example (1) is shown in
Fig. 3, which also illustrates an improvement of the method
in [8]. The four-dimensional geometry of the 1/4 reson-
ance surface is depicted in Fig. 4. The coordinate lines
are (β j, αk, x

q
1 j(0)), wherek is the continuation step inα-

direction.

Figure 5: Solutions of the ‘quasi-periodic arc’ boundary value
problem with N = 64 Fourier modes for different values ofα
along the leftmost arc in Fig. 1.

3. Computation of quasi-periodic arcs

In [8, 9] we proposed a finite-difference method for the
computation of quasi-periodic invariant tori of an ODE.
The more recent algorithm that we present here outper-
forms this finite-difference method in all relevant aspects:
in computation time, simplicity and accuracy. We first ex-
plain this algorithm in the context of maps, which reduces
to a method independently developed in [1, 4]; see [9, 10]
for more complete overviews.

Algorithm for maps. An invariant circle with irrational
rotation number̺ of the mapx 7→ f (x, α, β) is a solution of
the invariance equationu(θ + 2π̺) = f (u(θ), α, β). That is,
the map restricted to the invariant circle{ u(θ) | θ ∈ [0,2π] }
is conjugate to a rigid rotation with rotation number̺. Note
that this conjugacy always exists if the map isC2 and the
rotation number Diophantine.

To compute an approximate solution of the invariance
equation we substituteu with a Fourier polynomialuN(θ) =
∑N

k=−N cke jkθ of orderN, whereθ lies on the unit circle and
j denotes the imaginary unit, and compute the coefficients
ck by collocation on a uniform meshθk = (k + 1)π/(N + 1),
k = −N, . . . ,N. Hence, the Fourier coefficient vectorsck

are a solution of the finite-dimensional system

uN(θk + 2π̺) = f (uN(θk), α, β), (10)

P(uN) = 0 (11)

of nonlinear equations, where (11) is again a scalar phase
condition. This is a system ofn(2N + 1)+ 1 equations for
then(2N+1) Fourier-coefficientsck and the two parameters
α andβ. Note that we implicitly exploited thatc−k = c̄k in
this count and that the user-defined rotation number is kept
fixed. As before, the system is closed by adding the pseudo
arc-length constraint.

Algorithm for ODEs. Similar to the method for Arnol′d
tongues we replace the map in (10) with a boundary value
problem for orbit segments on the invariant two-torus.
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Figure 6: Estimation of the second order interpolation error of
the Fourier polynomialuN for N = 64,128, 256 and 512 Fourier
modes (black, red, green, blue).

Fig. 5 shows sample solutions of this boundary value prob-
lem along the arc with̺ = 41

√
2/140 (leftmost in Fig. 1)

for different values of the forcing amplitudeα. The lines on
the torus are orbit segments and the red dots on the invari-
ant circle are the collocation points. As the forcing amp-
litude increases the distribution of collocation points be-
comes less and less uniform and the method finally fails.
This is also corroborated in Fig. 6, where the estimated
interpolation error of our approximation to the invariant
circle is shown as a function of the forcing amplitude. We
observe that the error seems to shoot up at the same value
of α for the three finer discretisations and might conclude
that the torus itself breaks up close to this point. However,
such a conclusion has to be drawn with caution; see [10].

4. Discussion and outlook

An important feature of the techniques discussed in this
paper is, that they enable the use of standard two-point
boundary value problem software, such as AUTO [2], for
computing Arnol′d tongue scenarios of ODEs. In particu-
lar, the new method for computing quasi-periodic arcs is
suitable for set up in AUTO.

We made major improvements to the methods proposed
in [8], and solved all the problems observed in [8] with
the computation of Arnol′d tongues. These improvements
include the restriction to the fundamental domain of a
constant-α cross section, the new distances, the averaged
Poincaŕe type phase condition and the introduction of a
powerful adaptation strategy for the Arnol′d tongue al-
gorithms.

Further directions of development are the detection of
bifurcations of periodic orbits on a resonance surface and
methods for detecting quasi-periodic bifurcations. Further-
more, there is a need for an algorithm for quasi-periodic
tori that includes mesh adaptation, namely, adaptation
would help to distinguish between a break-up of a discret-
isation and a break-up of the computed torus. All ‘obvi-
ous’ attempts led to unstable algorithms and this remains
an open problem.
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An algorithm for hyperbolicity verification and its application
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Abstract—A rigorous computational algorithm for
proving the uniform hyperbolicity of dynamical systems is
proposed. Applying the algorithm we prove the existence
of many regions of hyperbolic parameters in the parameter
plane of the real and complex Hénon family.

1. Introduction

A basic question in dynamical systems is: Is the given
dynamical system is structurally stable? By the structural
stability theorems (see [11]), this problem is closely related
to the problem of uniform hyperbolicity. For example, if
the chain recurrent set is uniformly hyperbolic, we know
that the system is R-stable, that is, there is no bifurcation in
the chain recurrent set.
However, proving hyperbolicity is a difficult problem

even for such simple polynomial map as the Hénon map

Ha,b : R2 → R2 : (x, y) �→ (a − x2 + by, x) (a, b ∈ R).

The first mathematical result about the hyperbolicity of
the Hénon map was obtained by Devaney and Nitecki [7].
They showed that for any fixed b, if a is sufficiently large
then the non-wandering set of Ha,b is uniformly hyperbolic
and conjugate to the full horseshoe map, that is, the shift
map of the space of bi-infinite sequences of two symbols.
Later, Davis, MacKay and Sannami [5] observed that be-

sides the uniformly hyperbolic full horseshoe region, there
is some parameter regions in which the the Hénon map is
uniformly hyperbolic and conjugate to a subshift of finite
type. For some parameter intervals of the area preserving
Hénon family Ha,−1, they identified the Markov partitions
by describing the configuration of stable and unstable man-
ifolds. Although the mechanism of hyperbolicity at these
parameter values is clear by their observations, no math-
ematical proof of the uniform hyperbolicity has been ob-
tained so far.
The purpose of this talk is to give a brief review of a

new general method for proving uniform hyperbolicity of
dynamical systems [1]. Applying the method to the Hénon
map, we obtain a computer assisted proof of the following
theorem, which claims the hyperbolicity of Hénon map on
many parameter regions including the regions conjectured
by Davis et al.

1 0.875 0.75 0.625 0.5 0.375 0.25 0.125 0 0.125 0.25 0.375 0.5 0.625 0.75 0.875 1

1

0.75

0.5

0.25

0

0.25

0.5

0.75

1

1.25

1.5

1.75

2

2.25

2.5

2.75

3

3.25

3.5

3.75

4

4.25

4.5

4.75

5

5.25

5.5

5.75

6

6.25

b

a

Figure 1: uniformly hyperbolic parameters of Ha,b

Theorem 1. There exists a set P ⊂ R2 such that if (a, b) ∈
P then R(Ha,b) is uniformly hyperbolic. The set P is illus-
trated in Figure 1 (colored regions).

Here we denote by R(Ha,b) the chain recurrent set of
Ha,b. Since the map is R-stable on P, there is no bifur-
cation in R(Ha,b) and hence numerical invariants such as
the topological entropy, the number of the periodic points,
etc., are constant on on each connected component of P.
We remark that P is a proper subset of the set of uni-

formly hyperbolic parameters. We can refine Theorem 1
by performing more computations, which yields a set P′ of
uniformly hyperbolic parameters such that P ⊂ P′.
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The method can also be applied for complex Hénon
maps. Figure 2 shows (a subset of) the uniformly hyper-
bolic parameter region of the family of complex Hénon
maps with b fixed to −1, that is, the family Ha,−1 : C2 → C2
where a ∈ C. This computation is the key step for prov-
ing the Hubbard’s conjecture on the hyperbolic horseshoe
loci of the complex Hénon maps [2]. Roughly speaking,
the conjecture implies that the topology of the “Mandel-
brot set” of the Hénon map is quite different from that of
the usual quadratic map on the complex plane.
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Figure 2: “Mandelbrot” set of the complex Hénon maps

The source codes for the program can be downloaded
from the author’s web site

http://www.math.kyoto-u.ac.jp/˜arai/

2. Hyperbolicity and Quasi-Hyperbolicity

First we recall the definition of hyperbolicity. Let f be a
diffeomorphism on a manifold M and Λ a compact invari-
ant set of f . We denote by TΛ the restriction of the tangent
bundle T M to Λ.

Definition 2. We say that f is uniformly hyperbolic on Λ,
orΛ is a uniformly hyperbolic invariant set of f if TΛ splits
into a direct sum TΛ = Es ⊕ Eu of two T f -invariant sub-
bundles and there are constants c > 0 and 0 < λ < 1 such
that

‖T f n|Es‖ < cλn and ‖T f −n|Eu‖ < cλn

hold for all n ≥ 0. Here ‖ · ‖ denotes a metric on M.

We note that this definition involves many ingredients,
constants c and λ, a splitting of TΛ, and a metric on M. If
we try to prove hyperbolicity according to this usual defi-
nition, we must control these objects at the same time, and
the algorithm would be rather complicated.
To avoid this computational difficulty, we introduce the

notion of quasi-hyperbolicity. Recall that the differential
of f induces a dynamical system T f : T M → T M. By

restricting it to the invariant set TΛ, we obtain T f : TΛ→
TΛ. An orbit of T f is called a trivial orbit if it is contained
in the zero section of the bundle TΛ.

Definition 3. We say that f is quasi-hyperbolic on Λ if
T f : TΛ→ TΛ has no non-trivial bounded orbit.

This definition is much simpler than that of the uni-
form hyperbolicity and is a purely topological condition
for T f . It is easy to see that hyperbolicity implies quasi-
hyperbolicity. The converse is not true in general, although
the hyperbolicity of periodic points and the non-existence
of a tangency in Λ follows from the quasi-hyperbolicity.
However, when f |Λ is chain recurrent, these two notions

coincide.

Theorem 4 ([4, 12]). Assume that f |Λ is chain recurrent,
that is, R( f |Λ) = Λ. Then f is uniformly hyperbolic on Λ if
and only if f is quasi-hyperbolic on it.

Next, we rephrase the definition of quasi-hyperbolicity
in terms of isolating neighborhoods. Recall that a compact
set N is an isolating neighborhood (see [10]) with respect
to f if the maximal invariant set

Inv( f ,N) := {x ∈ N | f n(x) ∈ N for all n ∈ Z}
is contained in int N, the interior of N. An invariant set S of
f is said to be isolated if there is an isolating neighborhood
N such that Inv( f ,N) = S .
Note that the linearity of T f in the fibers of TΛ im-

plies that if there is a non-trivial bounded orbit of T f :
TΛ → TΛ, then its multiplication with a constant is
also a non-trivial bounded orbit and hence any compact
neighborhood N of the zero-section of TΛ contains a non-
trivial bounded orbit. Therefore, the definition of quasi-
hyperbolicity is equivalent to saying that the zero section
of the tangent bundle TΛ is an isolated invariant set with
respect to T f : TΛ→ TΛ.
Furthermore, it suffice to find an isolating neighborhood

that contains the zero section.

Proposition 5. Assume that N ⊂ TΛ is a isolating neigh-
borhood with respect to T f : TΛ → TΛ and N contains
the image of the zero-section of TΛ. Then Λ is quasi-
hyperbolic.

3. Algorithm

Consider a family of diffeomorphisms fa : Rn → Rn that
depends on r-tuple of real parameters a = (a1, . . . , ak) ∈ Rr.
Define F : Rn × Rr → Rn and T F : TRn × Rr → TRn by

F(x, a) := fa(x) and T F(x, v, a) := T fa(x, v)

where x ∈ Rn and v ∈ TxR
n.

We denote by F the set of floating point numbers, or, the
set of numbers our computer can handle. Let IF be the set
of intervals whose end-points are in F. Namely,

IF := {I = [a, b] ⊂ R | a, b ∈ F}.
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Similarly, we define a set of n-dimensional cubes by

IF
n := {I1 × · · · × In ⊂ Rn | Ii ∈ IF}.

Let X, F ∈ IFn and A ∈ IFr. We consider these cubes
as subspaces of the manifold M, the tangent space of M
and the parameter space, respectively. What we want to
compute is the image of these cubes under the map F and
T F, namely, F(X × A) and T F(X ×V × A). Note that these
images are not objects of IFn nor IF2n in general. By this
fact and the effect of rounding errors, we can not hope that
a computer can exactly compute these images. Instead, we
require that out computer can enclose these images using
elements of IFn and IF2n.

Assumption 6. There exists a computational method such
that for any cubes X,V ∈ IFn and A ∈ IFr , it can computes
cubes Y ∈ IFn andW ∈ IF2n such that F(X×A) ⊂ int Y and
T F(X × V × A) ⊂ int W hold rigorously.

Obviously, if the outer approximations Y and W in As-
sumption 6 are too large, we can not derive any informa-
tion of F nor T F. As we will mention in the last section,
for many classes of dynamical systems including polyno-
mial maps, the rigorous interval arithmetic can be used to
satisfy this assumption and gives effectively good outer ap-
proximations.
Let K ⊂ Rn be a compact set that contains Λ and

L ⊂ TRn the product of K and [−1, 1]n. We assume that
K is decomposed into a finite union of the elements of IFn,
namely,

K =
k⋃

i=1

Ki where Ki ∈ IFn.

We also decompose the fiber [−1, 1]n ⊂ TxR
n into a finite

union of the elements of IFn. By making products of cubes
contained in the decompositions of K and [−1, 1], we ob-
tain a decomposition of L such as

L =
�⋃

j=1

L j where L j ∈ IF2n.

By Assumption 6, we can compute Yi ∈ IFn and W j ∈ IF2n

such that

F(Ki × A) ⊂ int Yi and T F(L j × A) ⊂ int W j

for any 1 ≤ i ≤ k and 1 ≤ j ≤ �.
From this information of Yi and W j, we then construct

directed graphs G(F,K, A) and G(T F, L, A) as follows:

• G(F,K, A) has k vertices: {v1, v2, . . . , vk}.
• There exists an edge from vp to vq if and only if

Yp ∩ Kq � ∅.
And similarly,

• G(T F, L, A) has � vertices: {w1,w2, . . . ,w�}.

• There exists an edge from wp to wq if and only if
Wp ∩ Nq � ∅.

The most important property of G(F,K, A) is that if there
exists x ∈ Kp that is mapped into Kq by fa for some a ∈ A,
then there must be an edge ofG(F,K, A) from vp to vq. This
property also holds for G(T F, L, A).
We use these directed graphs to enclose the chain recur-

rent set of fa and the maximal invariant set of N. For this
purpose, we define the following notions.

Definition 7. Let G be a directed graph. The vertices of
InvG, the invariant set of G is defined by

{v ∈ G | ∃ bi-infinitely long path through v}.
The vertices of SccG, the set of strongly connected com-
ponents of G is

{v ∈ G | ∃ path from v to itself}.
The edges of these graphs are defined to be the restriction
of that ofG.

Note that by definition, SccG is a subgraph of InvG.
For subgraphsG ofG(F,K, A) andG′ ofG(T F, L, A), we

define their geometric representations |G| ⊂ Rn and |G′| ⊂
R
2nby

|G| :=
⋃

vi∈G
Ki, or |G′| :=

⋃

w j∈G′
L j,

respectively.

Proposition 8. For any a ∈ A, Inv( fa,K) ⊂ | InvG(F,K, A)|
and Inv(T fa, L) ⊂ | InvG(T F, L, A)| hold. Furthermore,
if the inclusion R( fa) ⊂ int K holds for all a ∈ A, then
R( fa) ⊂ | SccG(F,K, A)| holds for all a ∈ A.

Now we can describe the algorithm to prove the quasi-
hyperbolicity. The algorithm involves the subdivision al-
gorithm [6]. Roughly speaking, this means that if we fails
to prove quasi-hyperbolicity, then we subdivide all of the
cubes in K and L to have a better approximation of the in-
variant set, and repeat the whole step until we succeed the
proof.
In the following, we first develop an algorithm for a fixed

set of parameter values. That is, we fix the set A and try to
check if R( fa) is quasi-hyperbolic for all a ∈ A. Note that
we do not exclude the case A contains only one parameter
value, namely, A = {a}where a is a r-tuple of floating point
numbers.

Algorithm 9. (proving quasi-hyperbolicity for a ∈ A)

1. Find K such that R( fa) ⊂ int K holds for all a ∈ A and
let L := K × [−1, 1]n.

2. Compute SccG(F,K, A) and replace K with
| SccG(F,K, A)|.
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3. Replace L with L ∩ (K × [−1, 1]n).
4. Compute InvG(T F, L, A).

5. If | InvG(T F,K, A)| ⊂ K × int [−1, 1]n then stop.
6. Otherwise, replace L with | InvG(T F, L, A)| and refine
the decomposition of K and L by bisecting all cubes
in them. Then goto step 2.

Theorem 10. If Algorithm 9 stops, then fa is quasi-
hyperbolic on R( fa) for every a ∈ A.

In other words, if A contains a non-quasi-hyperbolic pa-
rameter value, then Algorithm 9 never stops. Therefore,
if we want to apply the method for a large family of dif-
feomorphism, the algorithm should involve an automatic
selection of parameter values.
We can also use the subdivision algorithm to realize such

a procedure. That is, we will inductively decompose A into
a finite union of the elements of IFr and remove cubes in
which the hyperbolicity is proved. We denote byA the set
of cubes in the decomposition of A (see [1]).
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Abstract—We describe some recent results which al-
low rigorous explicit bounds to be obtained for the mea-
sure of the set of “chaotic” parameters in families of one-
dimensional maps. These results imply in particular that
the measure of the set of stochastic parameters in the
quadratic family is at least 10−5000 !

1. Introduction

The quadratic family

fa(x) = x2 + 2

and the (essentially equivalent) logistic family fa(x) =
ax(1−x) are prototypical families of one-dimensional maps
and perhaps the simplest mathematical models of biologi-
cal phenomena, see e.g. [24, 25], which can exhibit a wide
variety of dynamical behaviour. These dynamical phenom-
ena can depend very sensitively, and very discontinuously,
on the parameter even in very smooth parametrized fami-
lies, see [26] for a comprehensive survey.

As a background to the results presented in this paper,
we give a brief survey of the existing qualitative results in
the field.

1.1. Regular and stochastic behaviour

We say that a ∈ Ω is a regular parameter if fa has an
attracting periodic orbit; we say that a ∈ Ω is a stochas-
tic parameter if fa admits an ergodic invariant probability
measure µ which is absolutely continuous with respect to
Lebesgue and has a positive Lyapunov exponent λ(µ) =∫

log | f ′|dµ. Then we define

Ω− = {a : a is regular } and Ω+ = {a : a is stochastic}.
For families of maps with a single critical point, such as
the quadratic and logistic families, it is also known that
the sets Ω− and Ω+ are disjoint, see [26]. Moreover, for
generic families, including the quadratic and logistic fam-
ilies, with a quadratic critical point both Ω− and Ω+ have
positive measure and their union has full measure [3–5,22].
These are therefore the only two “typical” phenomena.

1.2. Topological structure

The topological structure of the two sets is however
very different: Ω− is open and dense in Ω [11, 16, 17, 23]

and thus Ω+, which is contained in the complement of
Ω−, is nowhere dense. The fact that it has positive mea-
sure is therefore non-trivial. This was first shown in the
ground-breaking work of Jakobson [15] and was general-
ized, over the years, in several papers; we mention in par-
ticular [6,10,12,13,26,30,33,35,36] for smooth maps with
non-degenerate critical points, [34] for maps with a degen-
erate (flat) critical point, and [20, 21] for maps with both
critical points and singularities with unbounded derivatives.

2. The basic questions

The deep and important results mentioned above are es-
sentially qualitative genericity results, and do not a priori
address the following basic questions: Given a particular
parameter value a

what is the dynamics of fa ?

or, failing the possibility of an answer to this question,

what is the probability that a ∈ Ω+ or a ∈ Ω− ?

By probability we mean here the relative measures of Ω−
and Ω+.

2.1. Regular parameters

If fa has a periodic attractor, this is in principle verifi-
able computationally using a variety of methods. Simó and
Tatjer [31, 32] have carried out careful numerical estimates
of the length of some of the periodic windows, i.e. the
open connected components of = Ω− in the relevant region
Ω of parameter space (between the “Feigenbaum” and the
“top” parameter values). In this region, using sophisticated
numerical techniques, they are able to compute something
like half 106 small open intervals belonging to Ω− corre-
sponding to periodic attractors of period up to about 24 and
of lengths as small as 10−30. The overall length of the pe-
riodic windows they compute is roughly 10% of the total
length of Ω giving

|Ω−| ≥ |Ω|/10.

It is possible to push these techniques further and identify
even smaller periodic windows corresponding to periodic
attractors of evenparger period, but the number of windows
involved and the computational time increases significantly
beyond these values, and there seems to be no real signifi-
cant improvement in the 10% estimate.
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2.2. Stochastic parameters

A natural question is therefore what happens in the re-
maining 90% of parameters of Ω ? One expects the contri-
bution of the smaller windows to be negligible but of course
this may not be the case and in principle it is perfectly pos-
sible that 99% of parameters of Ω belong to Ω−.

A possible strategy is to try to identify or estimate the
stochastic parameters. Several conditions of various kinds
have been identified which imply that a given parameter
value is stochastic [1,8–10,14,27,29] but, apart from some
exceptional cases, all these conditions require information
about an infinite number of iterations and thus are, to all
effects and purposes, uncheckable. It can also be shown
that in a formal theoretical sense the set Ω+ is undecidable,
see [2].

It is therefore impossible to answer in general the ques-
tion of whether a specific parameter value belongs to Ω+.
On the other hand it is possible to make some progress on
the question of the measure of Ω+. Murray [28] gives a
heuristic argument in this direction, and we present some
rigorous results below.

3. Assumptions

We consider some slightly more general families of one-
parameter families of C2 interval maps of the form

fa(x) = f (x) − a

for some map f : I → I with a single quadratic critical
point c and the parameter a belonging to some interval Ω.
In particular the critical point c ∈ I does not change with
the parameter; this is not an essential condition but simpli-
fies some of the already very technical estimates. For the
same reason we shall suppose without loss of generality
that the interval I contains strictly the interval [−1, 1], that
the critical point c = 0, and that fa(c) > 1 for all param-
eters a ∈ Ω. These conditions always hold up to a linear
rescaling which will not affect the argument.

3.1. Computable starting conditions

We start by formulating several conditions in terms of
six constants

N, δ, ι,C1, λ, α0, λ0.

First of all we define critical neighbourhoods

∆ := (−δ, δ) ⊂ (−δι, δι) =: ∆+.

We shall assume without loss of generality that both log δ
and ι log δ are integers.

(A1) Uniform expansivity outside a critical neigh-
bourhood: for all a ∈ Ω, x ∈ I, n ≥ 1 such that
x, fa(x), . . . , f n−1

a (x) � ∆ we have:

|( f n
a )′(x)| ≥


C1eλn if f n

a (x) ∈ ∆+
eλn if x ∈ fa(∆+) and/or f n

a (x) ∈ ∆.

(A2) Random distribution of critical orbits: There ex-
ists Ñ ≥ N such that | f n

a (c)| ≥ δι for all n ≤ Ñ and

|ΩÑ | := |{ f Ñ
a (c) : a ∈ Ω}| ≥ δι. (1)

(A3) Bounded recurrence of the critical orbit: for all
a ∈ Ω and all N ≥ n ≥ 1 we have

| f n
a (c)| ≥ e−α0n.

(A4) Non-Resonance: There exists an integer Ñ ≥ 1
such that

1 +
k∑

i=1

1

( f i
a)′(c0)

� 0 ∀ k ∈ [1, Ñ],

and

1 −
∣∣∣∣∣∣∣∣

Ñ∑

i=1

1
( f i)′(c0)

∣∣∣∣∣∣∣∣
− e−λ0(Ñ+1)

1 − e−λ0
> 0.

We emphasize that all of these conditions are com-
putable in the sense that they can be verified in a finite
number of steps and using explicit numerical calculations
relying only on finite precision and depending only on a fi-
nite number of iterations. This does not mean however that
their verification in practice is trivial or even easy; we shall
discuss below some of the computational issues which arise
when applying our results to specific situations.

3.2. Remarks

Condition (A1) says that some uniform expansivity esti-
mates hold outside the critical neighbourhoods, uniformly
for all parameter values. This is in some sense the most im-
portant condition of all, the general principle being that if
we have uniform expansivity on a sufficiently large region
of the phase space for all parameter values, then we have
nonuniform expansivity on all the phase space for a large
region of the parameter space.

Condition (A1) as stated is not a strong assumption per
se, but becomes strong if we want it to hold for large λ,
small δ and/or a large interval of parameter values. On the
other hand it is important to have a “large enough” param-
eter interval relative to the choice of δ, ι for otherwise (A1)
could be satisfied even though all parameters in Ω have an
attracting periodic orbit (this may happen, for instance, if
the attracting periodic orbit always has at least one point in
∆, then its attracting nature could be invisible to derivative
estimates outside ∆).

The appropriate condition on the size of Ω is given in
(A2) which says that the size of the interval given by the
images of the critical points for all parameter values at
some time is large enough. Technically this gives a suf-
ficiently “random” distribution of the images to provide
the first step of the probabilistic induction argument, show-
ing that critical orbits have small probability of returning
close to the critical point. This is, conceptually, the core
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of the overall argument and this condition is essentially
implicit in all arguments of this kind, in the language of
Benedicks-Carleson [6, 7] and other papers which follows
similar strategies, such as [20, 21]. Intervals of parameter
values satisfying these conditions are called escaping com-
ponents.

Condition (A3) has been used by Benedicks and Car-
leson and other people and has proved extremely useful in
arguments related to shadowing the critical point. Notice
however that this condition only refers to an initial finite
number of iterates. It is probably no as essential a condition
as (A1) and (A2), but rather more of a technical simplify-
ing assumption, albeit one that is not easy to remove in this
context. Binding period arguments analogous to the ones
developed here using this condition have been generalized
in [8] in order to study the statistical properties of a large
class of maps with several critical points.

Condition (A4) is easily checked for parameter neigh-
bourhoods of particularly good parameter values, such as
when the critical orbit is pre-periodic or non-recurrent. In-
deed it is shown in [18] that some form of this condition
is satisfied very frequently. A similar condition played an
important role in the work of Tsujii [35] in generalizing
parameter exclusion arguments to neighbourhood of quite
general maps. Again however we do feel that this is more
of a technical simplifying assumption rather than a deep
condition.

3.3. Conditions on the constants

We also need to assume that the constants
N, δ, ι,C1, λ, α0, λ0 satisfy certain non-trivial formal
relationships (C1)-(C4). The first condition is formulated
purely in terms of the constants introduced above:

λ > λ0 > α0 ≥ log δ−1/N and log δ−ι ≥ e−
1+λ0

2 . (C1)

This gives a first constraint on the relative values of
the constants. We remark that the second expression
is essentially trivial since generally speaking log δ−ι is
large and λ0 is small; however it does not appear to
be a formal consequence of any of the other assump-
tions and we do use it below, therefore we add it here
as a formal assumption. Additional constraints are
imposed indirectly via the definition of a set of aux-
iliary constants in the order given in the following list:

M1,M2, L1, L2, α1,N1,D1,D2,D3, γ0, γ1, γ2, γ, D̂,
ˆ̂D,D,Γ1,

k0, τ1, τ0,C3, C̃3, τ, α, η̃, η. We shall not define these con-
stants explicitly but refer the reader to [19] for details.
However we emphasize that their computation is essen-
tially formal (although some need a minimal amount
of computation in terms of the family) and thus depend
only on the previously defined constants. As these con-
stants are introduced we shall define conditions which
implicitly impose conditions on the original constants
N, δ, ι,C1, λ, α0, λ0. The entire procedure is aimed at
obtaining a value for the last constant η, which appears

in the statement of the Theorem below. We give these
conditions explicitly just to give an idea of their general
form.

τ0α0 < 1. (C2)

max



ι +
log(DD2D3C−1

1 ) + 2 log log δ−ι

log δ−1

α1τ1 +
log(Γ1D2D3C̃−1

3 eα1τ1−1) + 2 log log δ−ι

ι log δ−1


≤ γ1.

(C3)

η :=
∞∑

j=N

η̃ j =
η̃N

1 − η̃ < 1. (C4)

4. Results

We are now ready to state precisely our results. First we
define the set

Ω∗ := {a ∈ Ω : |( f n
a )′(c0)| ≥ eλ0n ∀n ≥ 0}.

By classical results, for any a ∈ Ω∗, fa admits an er-
godic absolutely continuous invariant probability measure
and thus Ω∗ ⊆ Ω+.

Theorem 1 ([19]). Let fa : I → I be a family of C2 uni-
modal maps with a quadratic critical point, of the form
fa(x) = f (x) − a, for a belonging to some interval Ω
of parameter values. Suppose that there exist constants
N, δ, ι,C1, λ, α0, λ0 so that conditions (A1)-(A4) and (C1)-
(C4) hold. Then

|Ω∗| ≥ (1 − η)|Ω|.

The spirit of this result is to have a ready-made “for-
mula” for proving rigorously the existence, and for obtain-
ing a lower bound for the probability, of stochastic dynam-
ics in a given family of maps.

A very closely related result was proved by Jakobson
in [12], where also explicit conditions on a one-parameter
family of maps are formulated, and a lower bound on the
set of good parameters, similar to the bound given above,
is obtained explicitly in terms of the given assumptions. A
direct comparison between the our estimate and that of [12]
is not immediate as the way in which the assumptions are
formulated is significantly different; also no application is
given there to an explicit family, yielding a concrete bound
such as the one which we obtain below. As a first applica-
tion we let λ0 = 0.61 and

Ω∗ = {a ∈ Ω : |( f n
a )′(c0)| ≥ e0.61n ∀n ≥ 0} ⊆ Ω+.

By classical results all these parameters are stochastic.
Then we have
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Theorem 2 ([19]). Let fa(x) = x2 − a be the quadratic
family for a ∈ Ω := [2 − 10−4990, 2]. Then

|Ω+| ≥ |Ω∗| ≥ 0.97|Ω| > 10−5000.

This is not meant to be in any way “optimal” or “sharp”
but rather to show that the explicit constants in the Main
Theorem can indeed be calculated explicitly in at least one
case. We emphasize that even though the interval of pa-
rameter values under consideration here is relatively small,
this is the first known rigorous explicit lower bound for the
set Ω+ in any context.

A combination of the numerical methods of Simó and
Tatjer with the application of the estimates given here
might form a good strategy for obtaining some global
bounds for the relative measures of Ω̂− and Ω̂+ in the entire
parameter interval Ω̂. Indeed, our methods appear natu-
rally suited to the analysis of small parameter intervals and
thus,in some sense, take over precisely where the purely
numerical estimates no longer work.
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[31] C. Simó and J. C. Tatjer, personal communication (2005).

[32] , Windows of attraction of the logistic map, European Con-
ference on Iteration Theory (Batschuns, 1989), World Sci. Publish-
ing, River Edge, NJ, 1991, pp. 335–342.

[33] Ph. Thieullen, C. Tresser, and L.-S. Young, Positive Lyapunov expo-
nent for generic one-parameter families of unimodal maps, J. Anal.
Math. 64 (1994), 121–172.

[34] Hans Thunberg, Positive exponent in families with flat critical point,
Ergodic Theory Dynam. Systems 19 (1999), 767–807.

[35] Masato Tsujii, Positive Lyapunov exponents in families of one-
dimensional dynamical systems, Invent. Math. 111 (1993), 113–137.

[36] Jean-Christophe Yoccoz, Jakobson’s Theorem (2001) (Manuscript).

474



UWB Radio: A Real Chance for Application of Chaotic Communications
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Abstract—For lack of empty radio bands, ultra-wideband

(UWB) radio that allows the reuse of already occupied frequency

bands is the only solution to accommodate new wireless data

communication services. The recovery of the very short and

extremely wideband wavelets used in UWB radio is not feasi-

ble. This is why noncoherent demodulation techniques have to

be used. Introducing a general model for the noncoherent UWB

modulation schemes the paper evaluates and compares the noise

performances of the noncoherent pulse polarity modulation and

the transmitted reference system. Closed-form expressions are

given for the noise performance of both modulation schemes. Al-

though the former requires a deterministic carrier, the TR system

may use either deterministic or chaotic wavelets.

1. Introduction

Frequency band allocated to UWB radio extends from

3.1 GHz to 10.6 GHz. Since conventional narrowband sys-

tems have been operating in that frequency band, the power

transmitted in a 1-MHz bandwidth is limited to -41.3 dBm.

The bandwidth of transmitted UWB signal must exceed

500 MHz.

Since the recovery of UWB wavelets is not feasible,

the following noncoherent UWB modulations schemes are

considered here: (i) noncoherent pulse polarity modulation

where a frequency-shifted bell-shaped Gaussian wavelet is

transmitted, (ii) TR system with deterministic wavelets,

and (iii) frequency-modulated chaos-shift keying (FM-

DCSK) modulation scheme.

The noise performance of noncoherent chaotic commu-

nication schemes lags behind that of coherent conventional

systems. Since coherent communications cannot be imple-

mented in UWB application, the advantage of conventional

systems over the chaotic ones is lost. Furthermore, in UWB

application extremely wideband carriers are required and

low cost transceivers featuring extremely low power con-

sumption are needed. These requirements may be fulfilled

with chaotic systems. This is why UWB radio offers a real

chance for the application of chaotic communications.

2. Modulation schemes

The digital information to be transmitted is mapped to

wideband wavelets of very short duration in UWB radio.

The wavelets have a fixed waveform in impulse radio [1]

and they are chaotic signals in chaotic UWB radio [2]. In

the latter, the shape of transmitted wavelets is continuously

varying even if the same information bit is transmitted re-

peatedly.

For the sake of simplicity, only binary systems are con-

sidered here. Two classes of modulations exist in UWB

radio, namely, one information bit may be mapped to (i)

one or (ii) two wavelets.

2.1. Structure of modulated UWB signals

Modulation schemes using one wavelet

The structure of UWB modulations using one wavelet is

shown in Fig. 1, where g(t) denotes the wavelet having an

arbitrary waveform, Tch is the wavelet duration and tpos is

the pulse positioning in a pulse bin Tbin. The pulse bin de-

notes the time elapsed between two consecutive wavelets,

its duty is to prevent intersymbol interference in a multi-

path channel. Pulse positioning, amplitude and polarity of

a wavelet may be varied in accordance with the modula-

tion. Since the pulse polarity modulation offers the best

noise performance, only the pulse polarity modulation is

considered here.

����

����

�
��	
 ���

Figure 1: Structure of UWB modulation using one wavelet.

Modulation schemes using two wavelets

In this case two wavelets, called chips, are used to transmit

one bit information. The first chip serves as a reference,

while the second one carries the information.

The structure of modulated signal is shown in Fig. 2,

where g(t) denotes an arbitrary wavelet, Tch is the chip

duration and ∆T ≥ Tch gives the delay between the refer-

ence and the information bearing chips. The best noise per-

formance is achieved by the antipodal modulation scheme,

where the information bearing wavelet is equal to the de-

layed reference one for bit “1,” and to the inverted and

delayed reference wavelet for bit “0.” This modulation

scheme is frequently referred to as transmitted reference

(TR) system.

The unique feature of a TR radio system is that the ref-

erence chip is not recovered at the receiver but it is trans-

mitted via the same telecommunication channel as the in-

formation bearing chip. This solution makes the TR radio

system very robust against the linear and nonlinear channel
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Figure 2: Structure of modulation using two wavelets.

distortions, but it has a serious drawback: both the refer-

ence and information bearing chips are corrupted by the

channel noise. The noisy reference chip results in a noise

performance degradation.

The fact that the reference chip is transmitted via the

same telecommunication channel is generally considered

as a disadvantage, since it is considered only as a loss in

transmitted energy per bit. This statement is valid if an

AWGN channel is considered. However, the real channels

always have distortion, either linear or nonlinear. In case

of channel distortion, the modulated carrier has to be cor-

related with a reference signal distorted in the same man-

ner as the modulated carrier to get the best system perfor-

mance. A correlation with the original distortion-free ref-

erence results in a performance degradation. Since in a TR

system both the reference and information bearing chips

undergo the same distortion, the TR system offers a better

system performance when distortion is present in the chan-

nel, provided that the loss caused by the noisy reference

chip is less than the gain arising due to the perfect corre-

lation of the reference and information bearing chips. The

reference chip should be considered as a test signal used to

measure the actual channel characteristics. Consequently,

the TR system may be used even in a time-varying channel

for data communication.

2.2. Wavelets used in UWB radio

Wavelets with very short duration and ultra-wide band-

width are used in UWB applications. The bandwidths are

500 MHz and 2 GHz in the narrowband and wideband,

respectively, UWB radio systems. Except the maximum

value of power spectral density and minimum bandwidth,

the UWB radio regulation does not specify the type of

UWB wavelets, either a fixed or a chaotic waveform may

be used.

UWB radio with deterministic wavelet

Because of its excellent spectral properties, a frequency-
shifted bell-shaped Gaussian pulse

g(t) =

√

2Eb

k
√
π uB

exp

(

− t2

2u2
B

)

cos(ωC t) (1)

is used as deterministic wavelet, where k = 1 and 2 when

one or two wavelets, respectively, are used to transmit the

information, fC = ωC/2π is the center frequency, Eb gives

the energy per bit, and uB is determined by the required

bandwidth of UWB wavelet [1]. The shapes of determin-

istic wavelets are shown in the time domain for the band-

widths of 500 MHz and 2 GHz in Fig. 3. Although the du-

ration of wavelets is infinite, their power decreases rapidly

as a function of time, consequently, a finite wavelet dura-

tion may be defined.
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Figure 3: Bell-shaped Gaussian pulse with 500 MHz (up-

per trace) and 2 GHz (lower trace) RF bandwidths.

UWB radio with chaotic wavelet

In FM-DCSK, the wavelet g(t) is a frequency modulated

signal. This signal is generated in such a way that a chaotic

signal is applied to the modulation input of an FM modula-

tor. Although in the original version of FM-DCSK the chip

duration Tch and delay ∆T are identical [3], the reference

and information bearing chips may be separated ∆T > Tch

to prevent intersymbol interference (ISI) in UWB applica-

tion. The former assures the maximum data rate, while the

latter prevents the intersymbol interference caused by the

multipath channel.

3. UWB demodulator configurations

The wavelet recovery in UWB radio is not feasible be-

cause of the (i) very short pulse duration, (ii) complex

wavelet waveform and (iii) channel distortion. This is why

a noncoherent demodulation must be used. For the UWB

modulation schemes using one and two waveforms, the de-

tection with template signal and the autocorrelation detec-

tor, respectively, offer the best system performance. Both

of them belong to the class of correlator-based receivers.

3.1. Detection of pulse polarity modulation

In pulse polarity modulation the information is carried

by the sign of wavelet. Let rm(t) = g(t) + n(t) and r̃m(t) =

g̃(t) + ñ(t) denote the received noisy signal before and af-

ter channel filtering, respectively. The channel noise de-

scribed by its sample function n(t) is modeled by a zero-

mean stationary Gaussian process having a uniform two-

sided power spectral density of N0/2. The information b̂m

may be recovered if r̃m(t) is correlated by a template signal

p(t) as shown in Figs. 4 and 5. The template signal is a
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windowing and weighting pulse

p(t) =

{

1/
√
τ, if |t| < τ

2

0, otherwise
(2)

where τ is the observation time period.
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Figure 4: Detection of pulse polarity modulation with a

template signal p(t).
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Figure 5: Noiseless received and template signals.

Noise performance

To get the noise performance, the probability distribution
of observation variable

zm =

∫

Tbin

r̃m(t)p(t)dt = ±
∫

τ

g̃(t)p(t)dt +

∫

τ

ñ(t)p(t)dt (3)

has to be found, where p(t) is given by (2). In a well

designed system the channel filter does not distort the re-

ceived signal, i.e., g̃(t) = g(t).

The observation variables of correlation-based receivers

have been investigated in [4]. The second term in (3) is

a time-invariant linear transformation. Since the channel

noise is modeled as a stationary zero-mean Gaussian pro-

cess, the second term has a Gaussian distribution with zero

mean and variance N0/2 [4].

In (3), the mean of observation variable is given by the

first term

E [zm] =

∫

τ

g̃(t)p(t)dt (4)

For p(t) = g(t), E [zm] =
√

Eb. However, as shown

in Fig. 5, there is always a mismatch error between p(t)

and g(t). The sources of mismatch are threefold: (i) to get

a simple configuration, g(t) is a simple windowing pulse,

(ii) there is a alignment error between p(t) and g(t), and

(iii) the width of windowing template function may also

deviate from its ideal value. These errors corrupt the noise

performance. Figure 3 shows that the wavelet duration is

less than 3 ns, consequently, even a small timing error re-

sults in a large performance degradation.

Assume that the received and template signals are
aligned perfectly as shown in Fig. 5. Then the non-
optimum width of template signal is the only source of loss
in E [zm]. Let this loss be expressed by a parameter α

E [zm] =
√

αEb . (5)

The template matching efficiency

etm =
√
α =

√

E [zm]

Eb

is plotted in Fig. 6 against the width of windowing tem-

plate function, i.e., energy capture time τ, for two different

RF bandwidths and for a 4-GHz center frequency.
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Figure 6: Template matching efficiency as a function of

the width of template signal. The RF bandwidths of bell-

shaped Gaussian impulses are 2 GHz (dashed curve) and

2.5 GHz (solid curve).

Figure 6 shows that the demodulator is very sensitive

to the timing error, any timing error reduces the separa-

tion of message points in the observation space and, conse-

quently, results in a considerable performance degradation.

The template matching efficiency also depends on the RF

bandwidth, for 2-GHz bandwidth even the sign of E [zm] is

inverted in a certain range of energy capture time. Note,

this means that the demodulator inverts the received bits.

Figure 6 shows that in optimum case the template detec-

tor has about a 3-dB theoretical implementation loss.
The bit error rate of noncoherent pulse polarity modula-

tion built with template detection is obtained from (3) [5]

Pe =
1

2
erfc













√

αEb

N0













The noise performance of pulse polarity modulation

built with template detection is shown in Fig. 7 for different

RF bandwidths (BW) and template matching efficiencies.

Note that the energy capture time has a strong influence on

the noise performance, even worse, Figs. 6 shows that if

the energy capture time is about 1/ fC then the demodula-

tion becomes practically impossible.

3.2. Autocorrelation TR receiver

Due to the special structure of TR signal, the information

bits may be recovered from the sign of correlation mea-

sured between the reference and information bearing chips
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Figure 7: Noise performance of pulse polarity modulation

built with template detection. Solid curve: BW=2 GHz

and etm = 0.69; dotted curve: BW=2 GHz and etm = 0.40;

dashed curve: BW=500 MHz and etm = 0.35 and dash-

dotted curve: BW=500 MHz and etm = 0.20.

as shown in Fig. 8. The channel filter is a bandpass filter

that determines the noise bandwidth of receiver. The inte-

grator is an integrate-and-dump circuit.
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Figure 8: Block diagram of TR autocorrelation receiver.

Both noncoherent UWB impulse radio and FM-DCSK

systems belong to the TR systems, but in the former a

fixed waveform while in the latter a chaotic carrier is used

as g(t). The advantages of these TR systems are: (i) the

optimum decision threshold is always zero, consequently,

there is no need for an adaptive threshold control and

training sequence, (ii) the reference chip measures the

actual channel characteristics, (iii) a simple autocorrelation

receiver may be used. The TR systems also have a few

disadvantages: (i) transmission of a reference chip results

in a loss in the energy per bit Eb (however, this loss may

be reduced if more than one information bearing chips

are transmitted after one reference chip), (ii) the reference

chip is also corrupted by the channel noise.

Noise performance

The equation developed in [4] for the noise performance of
FM-DCSK may be generalized to any kind of TR systems
implemented with an autocorrelation receiver. The bit error
rate (BER) is obtained as

Pe =
1

22Bτ
exp

(

−
Eb

2N0

) 2Bτ−1
∑

i=0

(

Eb

2N0

)i

i!

2Bτ−1
∑

j=i

1

2 j

(

j + 2Bτ − 1

j − i

)

where τ denotes the energy capture time of autocorrelation

receiver. This equation is valid for both fixed and chaotic

wavelets provided that the energy per bit Eb is kept constant

if chaotic wavelets are used.

Note that the noise performance of a TR system depends

on the product of 2Bτ, but the delay ∆T − τ ≥ 0 between

the reference and information bearing chips has no influ-

ence on the noise performance. The dependence on 2Bτ re-

flects the fact that both the reference and information bear-

ing chips are corrupted by the channel noise.
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Figure 9: Noise performance of a TR system built with an

autocorrelation receiver. From left to right 2Bτ is 8.5, 17,

34 and 68.

4. Conclusions

The noise performances of UWB impulse radio and chaotic

FM-DCSK system have been compared. Figures 7 and 9 show

that these systems offer a very similar noise performance.
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Abstract – In this report, application of chaotic signals 

to ultrawideband (UWB) communications is discussed. 

This approach allows us to develop effective 

communication systems for wireless personal area 

networks (WPAN). Miniature testbed of the developed 

wireless headset using 3,1-5,1 GHz UWB chaotic signal is 

described. The obtained results allow us to draw a 

conclusion that the designed architecture can be used as a 

universal platform for wireless home applications. 

 

1. Introduction 

 

Since the frequency bandwidth and power spectral 

mask for an ultrawideband system were released by 

Federal Communication Commission (FCC) in early 2002 

[1], many interesting approaches have been researched for 

commercial applications in this band of 3.1–10.6 GHz. 

Especially, low cost and low power consumption become 

the most important issue as a solution for Wireless 

Personal Area Network (WPAN). For example, IEEE 

802.15.4a standard is pursuing for low data rate, longer 

range, low cost, low power consumption and location 

awareness, while IEEE 802.15.3a standard is for high 

performance and high data rate. The IEEE 802.15.4a 

standard is currently under development as a low data rate 

UWB (LDR-UWB) solution. Several kinds of UWB 

signal sources are proposed such as chaotic signal, 

impulse, and chirp signal [2]. 

Wireless UWB communication systems seem to be 

more attractive technology for «smart home» extending 

WPAN applications. Besides, numerous supplementary 

communication devices must also be wireless and 

compatible, e.g., with mobile phones for better 

convenience.  

In this report architecture of low-power transmitter-

receiver platform based on direct chaotic communication 

technology is introduced for “smart home” systems. 

Technology restrictions peculiar to UWB communication 

systems are discussed. 

 

2. Restrictions 
 

UWB wireless networks meet some serious restrictions 

on emitted signal. 

First of all, maximum power spectral density of UWB 

signals is restricted to –41,3 dBm/MHz, therefore even for 

the total band (3.1…10.6 GHz) the emitted power should 

not exceed –2.4 dBm. 

Second restriction is the peak value of emitted power, 

which should be less than 0 dBm in 50 МHz band. 

Consequently, restriction for emitted power in 500 МHz 

band is 20 dBm and for 2 GHz band is 32 dBm. 

Finally, third restriction originates from production 

technology of electronic devices. As a rule, supply voltage 

of UWB unlicensed communication systems is less than 2 

V, so voltage at the antenna input is no greater than 1 V. If 

input impedance of antenna is 50 Оhm, then the peak 

value of emitted power is restricted to 10 mW. 

The original idea of UWB communication system was 

the use of ultra-short pulses as carrier (pulse length of 

about 150 ps for 7.5 GHz band). According to this 

approach each information bit corresponds to 

corresponding ultra-short pulse and this means rather 

simple structure of receiver. 

Some proposals based on such a technology were 

submitted for IEEE 802.15.3a Standard Committee but it 

can easily be seen that transmission range is restricted to 

10 meters due to restrictions on signal amplitude. 

This circumstance was not important for high bit-rate 

communication standard (IEEE 802.15.3a); however it is 

important for low bit-rate standard IEEE 802.15.4a, where 

the transmission range should be 30 m at least. In order to 

achieve such a transmission range the voltage at the 

antenna input must be ~3 V, which conflicts with tendency 

to decrease voltage supply and power consumption. 

Situation is much more serious if transmission range must 

be more than 50–60 meters. 

As is easy to see the third restriction is more essential 

for pulse-based communication system. Really, first 

restriction can be avoided by means of decreasing 

transmission bit-rate, i.e. decreasing the number of 

emitted pulses per unit time. Second restriction leaves 

possibility to transmit data to 1000 m (for 2 GHz band and 

1000 bps). But the third restriction reduces maximum 

transmission range to 10 m. 

A solution is encoding information bit by a series of 

ultra-short pulses. In this case, keeping the energy per one 

information bit constant it is possible to reduce the energy 

per one ultra-short pulse proportionally to the number of 

pulses that encode the bit. It means transition from signals 

with small spreading factor to signals with large spreading 

factor. 

Signals with large spreading factor are regarded in 

majority of proposals to IEEE 802.15.4a standard. 

However the original simplicity of pulse-based 

communication systems is lost. 
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3. Chaotic UWB Transceiver 
 

Direct chaotic communication scheme means that 

chaotic signal is generated and modulated directly in RF 

or microwave frequency band (see [3–7] for detail). 

Chaotic signal has various advantages as UWB source. 

It has naturally wideband signal that can avoid multipath 

fading, and can give an inexpensive solution compared to 

conventional spread spectrum signal. Noncoherent RF 

transceiver system using chaotic signal can be easily 

implemented without mixers and PLLs. The entire system 

is expected to consume only 20 mW power with 0.13-µm 

CMOS RFIC. 

Chaotic UWB transceiver is composed of a chaotic 

signal generator, a switch modulator, a power amplifier, 

an envelope detector, a low-noise amplifier, and a digital 

board as shown in Fig. 1. By using noncoherent detection, 

the system can be implemented on a simple structure. 

Signal waveforms at each stage of the transceiver are 

presented in Fig. 1. UWB logarithmic detector of 

microwave band is used as envelope detector. It is 

combined with a low noise amplifier at the detector input 

and a low-pass filter at the output. Use of noncoherent 

receiver essentially simplifies the structure of the receiver. 

The transceiver operates as follows. The chaotic 

generator provides continuous noise-like chaotic signal of 

UW band of 3.1–5.1 GHz. The output signal of generator 

is amplified by a factor of about 10 dB, and then is OOK 

(On-Off Keying) modulated by a switch device. The 

switch modulator plays two independent roles: one is of 

Tx OOK modulator, the other is a Tx/Rx switch. In Tx 

mode, one of the switches connects Tx path from power 

amplifier to antenna, while the second path from antenna 

to detector is disconnected. The switch is controlled by 

information signal from a digital board (plot 2). The 

modulated signal is described by plot 3, and received 

signal from an antenna has also the same pattern except 

including noise and delay spread as is shown in plot 4. 

The signals are emitted and received with the same 

antenna. The data stream of pulses is formed (plot 5) at 

the output of the demodulator and then sampled into 

digital signal (plot 6) by an analog-to-digital converter 

(ADC). The data signal is put through to digital board as a 

sequence of transmitted bits. 

The chaotic generator is the most important component 

of the DCC system. Requirements to generator are stable 

signal generation, appropriate band-width, continuous 

oscillation in time domain, etc. In order to implement 

chaotic generators, several kinds of design approaches 

were proposed [7]. 

In this paper, ring-type chaotic generator is used. The 

circuit consists of three amplifier ICs. These amplifiers 

are connected in series to form a ring using a frequency-

selective coupler. This frequency-selective coupler takes 

the signal out to output load and feeds a part of signal 

power at the input of the first amplifier. Therefore, three 

amplifiers and a coupler make a closed loop (fig. 2). 

 

Fig. 1. Configuration of direct chaotic communication 

system 

 

 
Fig. 2. Structure of chaotic generator. 

 

The chaotic generator was simulated with Agilent’s 

Advanced Design System (ADS). Analysis of multivariate 

bifurcation diagram allowed us to choose suitable 

oscillation mode. Simulation result in time domain is 

presented in Fig. 3. It looks like non-periodic noise. 

However, its frequency range is limited. Chaotic signal 

power is 1 mW in 3,1-5,1 GHz band (Fig. 4). 

We use this generator because it produces chaotic 

signal complying with FCC requirements for the spectral 

mask of the unlicensed frequency band 3.1-10.6 GHz. 

Generator design for microwaves was completely 

accomplished by means of ADS, so it has no low-

frequency mathematical model. 

To show the difference between low-frequency and 

microwave models of chaotic generator, we compare them 

in [7, 8] where simulation results regarding to low-

frequency model for three-point oscillator described by 

the set of equations  
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and results for the same oscillator simulated in ADS in 

microwave range are considered. Transistor model 

(Gummel-Poon model) in ADS is represented by high-

order system of ODEs with many phase variables. 

Modulator plays two roles: it forms chaotic pulse train 

according to information bit stream and switches 

transceiver to receive/transmit mode depending on a 

signal from digital control board. Modulator is 

implemented with HMC 336 chip. 

Receiver of UWB signals amplifies UWB 100-ns 

chaotic radio pulses in 3–5 GHz band, demodulates and 

filters them, then amplifies the envelope signal. Signal 

amplitude at the receiver output is logarithmic function of 

signal power at the receiver input. Receiver is assembled 

on logarithmic detector AD8318. This chip is designed to 

operate in the range 1 MHz to 8 GHz. Input signal power 

must be –60 to 0 dBm. Output frequency band is 0 to 60 

MHz (maximum frequency of envelope signal). 

Digital control board accomplishes data exchange with 

PC via parallel port, encodes/decodes data, forms data 

frames, controls modulator transceiver by switching 

transceiver into transmit or receive mode and, finally, it 

controls transceiver power consumption. 

 

 
Fig. 3. Simulated chaotic signal pattern in time domain (x-

axis : 5nsec/div., y-axis: 1V/div). 

 

 
Fig. 4. Measured power spectrum of chaotic generator 

(center frequency = 4 GHz, x-aixs: 600 MHz/div., y-axis : 

10 dB/div.). 

 

4. Performance evaluation 

 

In order to evaluate the system performance, bit-error-

rate (BER) and packet-error-rate (PER) is simulated. First, 

the system performance is evaluated based on simulations 

in AWGN channel and various IEEE 802.15.4a multipath 

channels. IEEE 802.15.4a Channel Model Subcommittee 

is developing channel model from CM1 to CM9 for LR-

UWB environments [9, 10]. CM1 and CM2 are based on 

line-of-sight (LOS) and non-LOS (NLOS) in indoor 

residential environments, respectively. CM3 and CM4 are 

based on LOS and NLOS indoor office environment, 

respectively, and CM5 and CM6 are based on LOS and 

NLOS outdoor environments, respectively. Industrial 

environment is one of the most important environments 

for IEEE 802.15.4a applications. These environments are 

represented by CM7 and CM8 for LOS and NLOS. CM9 

modeled for rural areas. 100 channel impulse responses 

are simulated. The BER performance and PER 

performance for AWGN only, CM1, CM5, CM8 

environments are presented in Fig. 5 and Fig. 6, 

respectively. 

When the criteria of the system performance is decided 

at PER ≤ 10
−2
, minimum Eb/No of about 18.0 – 20.0 dB 

(depends of channel type) can be expected for the chaotic 

receivers. Generally, the system experiences little 

degradation under the multipath environments. These are 

mainly due to the self-inherent wideband characteristic of 

the chaotic signal and the large guard band setting in the 

system design parameter. Furthermore, the envelope 

detector used at the RX acts as an energy collector which 

summing up the energy from different paths i.e. similar to 

the effect of RAKE RX with multiple RAKE fingers. 

 

 
Fig. 5. BER performance of the chaotic UWB system in 

AWGN channel for various types of IEEE 802.15.4a 

multipath channels (2 GHz bandwidth). 

 

5. Experimental Test-Bed 

 

Transceiver testbeds were investigated in order to: 

� give a work-out to transceiver tuning technique; 

� check efficiency of the entire communication system; 

� evaluate bit-error-ratio; 

� demonstrate wireless transmission of real digital 

streams (digital audio streams); 
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� analyze the system functionality depending on the 

distance between transmitter and receiver. 

Finally, experimental test-beds of transceiver (Fig. 7) 

were used to transmit/receive audio bit stream in MP3 

format. 

 

 
Fig. 6. PER performance of the chaotic UWB system with 

PSDU length of 32 bytes in AWGN channel for various 

types of IEEE 802.15.4a multipath channels (2 GHz 

bandwidth). 

 

 
Fig. 7. Prototype of low power UWB RF transceiver for 

wireless headset applications. 

 

MP3 files consist of a number of independent 1 Kbytes 

frames. Each frame is divided into data packets; each of 

them is assigned unique ID, which includes the number of 

packets in the frame and the current frame number. Audio 

stream transmission and its playback are organized as 

follows. A PC that plays audio stream sends a request to 

other PC where a MP3 file is stored. If request packet is 

lost, the request will be repeated. Received data frames 

are stored in buffer of PC player until the buffer is full. 

Then the data is MP3-decoded and sent to musical device 

of PC. 

Transmission bit-rate was related to MP3 file bit-rate 

and was 64…196 kbps. Test-beds were tested by 

transmission of audio streams at distances up to 30 m. 

Maximum bit-rate for 30 m distance between transmitter 

and receiver was 64 kbps.  

 

6. Conclusions 

 

Considered testbeds comply with requirements of IEEE 

802.15.4a standard. The obtained results permit us to 

conclude that original and flexible UWB platform is 

designed. It has considerable scalability as with 

transmission bitrate (100 Kbps to 20–50 Mbps) and with 

transmission range. These properties give the proposed 

platform field for different wireless applications, 

particularly, for «smart home» with bitrates corresponding 

to 4G requirements, i.e. the discussed UWB transceiver 

can be seen as a universal platform for wireless home 

applications. 
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Abstract—In this paper, we evaluate connectivity of a
mobile multi-hop network which connects two fixed nodes
S and D assuming that the mobile multi-hop network con-
sists of mobile nodes moving along a street. As a measure
of connectivity, we use the mean length of a time interval
from the time when S fails to transmit data to D in the ab-
sence of a multi-hop path to the time when appearance of
a multi-hop path enables S to transmit the data to D. This
mean waiting time reflects effects of change of topology
with time on connectivity. In another article, we showed
approximate formulas to compute the mean waiting time
for x <= 2r + ∆x, where x is the distance between S and
D, r is the wireless communication range and ∆x is a small
positive constant. In this paper, we compute the mean wait-
ing time for x > 2r + ∆x by computer simulation, evaluate
and characterize the mean waiting time from some view-
points, and show possibility to roughly estimate the mean
value for x > 2r + ∆x.

1. Introduction

In mobile multi-hop networks [1], two nodes can be
connected through a multi-hop path consisting of mobile
nodes even if these two nodes are not directly linked. How-
ever, source node S and destination node D do not always
have a multi-hop path between them because mobile nodes
are randomly distributed in general and communication
range is finite. The probability that S and D are instan-
taneously disconnected can be used to measure how often
S and D have no multi-hop path. Denote this probability by
Pdisconnection.

It is often said that mobile multi-hop networking has an
advantage of the change of topology with time. Namely, S
and D can be reconnected by waiting until a multi-hop path
appears between them even if there is no multi-hop path at
their communication attempt. For example, in sensor net-
works, information obtained by a sensor node is carried to
a base station through a multi-hop path, and such an infor-
mation delivery does not always require a strict deadline for
arrival of information. In this type of application, change
of topology with time may become an advantage because
information can be delivered from a sensor node to the base
station by waiting for appearance of a multi-hop path even
if density of mobile relay nodes is small and Pdisconnection

is high. In such a case, connectivity should be evaluated
by the waiting time from the time when source node fails
to send data to the time when a multi-hop path appears be-
tween source and destination. Denote by Twait the waiting
time.

In [2], we have derived approximate formulas to com-
pute the mean waiting time in communication between two
fixed nodes S and D on a street which are connected by a
multi-hop path consisting of mobile nodes moving along
the street. In the derivations, just two cases are considered.
Case 1 is a case where x ≤ 2r, where x is the distance
between S and D and r is the communication range, and
Case 2 is a case where x = 2r + ∆x, where ∆x is a small
and positive constant. Then, in this paper, we compute the
mean waiting time for x > 2r + ∆x by computer simula-
tion, evaluate and characterize the mean waiting time from
some viewpoints, and show possibility to roughly but the-
oretically estimate the mean waiting time for x > 2r + ∆x.
The above evaluations include comparison of data diffusion
through a mobile multi-hop network with that by a simple
epidemic algorithm.

2. Background and problem statement

In this paper, we consider the same model as used in
[2]. Two fixed nodes S and D exist along a street as shown
in Fig. 1 (a). Distance between S and D is x, and S and D
are connected via a multi-hop network consisting of mobile
nodes between S and D. Two mobile nodes can be directly
linked if the distance between them is not longer than r,
which is a positive constant. A direct link between a mo-
bile and a fixed node exists if the distance between them
is not longer than r. Assume that mobile nodes move left
towards S or move right towards D at a constant velocity
v as depicted in Fig. 1 (b). Assume that mobile nodes
moving left and those moving right are distributed accord-
ing to Poisson Processes with intensity λ

2 , respectively, at
the initial moment t = 0. Assume that mobile nodes can
move independently from other nodes. From these assump-
tions, the distribution of mobile nodes at time t > 0 obeys a
Poisson distribution of intensity λ. Then, we can compute
Pdisconnection from λ, r and x by using the theory of random
clumping [3].

Define that Ton is length of an ON period which is a time
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interval during which S and D have at least a multi-hop
path, and To f f is length of an OFF period which is a time
interval during which S and D do not have any multi-hop
paths at all. Although some results on connectivity anal-
ysis have been reported as explained in [4], Ton and To f f

were firstly defined in [5] to evaluate connectivity between
a mobile and a base station in a street multi-hop cellular
network, and characteristics of Ton and To f f have not been
analyzed in detail. In [5], E{To f f } is not well characterized
although E{Ton} is theoretically analyzed in some cases and
a simple theoretical model for E{To f f } is given.

Under the above assumptions, in [2], E{To f f } and
E{T 2

o f f } are theoretically computed for x ≤ 2r (Case 1) and
for x = 2r+∆x (Case 2). From these values, the mean wait-

ing time is computed as
E{T 2

o f f }

2E{To f f }
. Unfortunately, however, it

is not easy to analyze E{To f f } and E{Twait} for x > 2r + ∆x
in the same manner although E{Twait} becomes larger as x
increases and, as a result, a long waiting time causes a more
serious problem.

With these things as a background, at first, we evaluate
the mean waiting time for x > 2r + ∆x by computer sim-
ulation. In a computer simulation, we observe state of the
network at time intervals of ∆t, where ∆t = 0.05 in this pa-
per. Secondly, we try to characterize the mean waiting time
for x > 2r + ∆x by representing the mean waiting time as a
function of Pdisconnection. We show that such a characteriza-
tion enables us to roughly estimate the mean waiting time
for x > 2r + ∆x especially in the case that the waiting time
is long.

Also, we evaluate E{To f f } from another viewpoint. Even
though mobile nodes between S and D cannot reconstruct
a multi-hop path quickly for a small λ as mentioned above,
these mobile nodes may pass through S and D. Then, if S
sends data directly to a mobile node M and the mobile node
M sends the data to D after moving toward D, such an epi-
demic data transmission can deliver data from S to D [6].
If the waiting time in the mobile multi-hop network is long
due to small λ, the epidemic algorithm may realize shorter
waiting time than multi-hop networking. We evaluate a dif-
ference in E{To f f } between a multi-hop transmission and
an epidemic transmission.

3. Mean waiting time for reconstruction of a multi-hop
path

In this section, we consider the mean waiting time for re-
construction of a multi-hop path. As mentioned above, we
have derived approximate formulas to compute the mean
waiting time for x ≤ 2r (Case 1) and that for x = 2r + ∆x
(Case 2). We just show numerical results of the formulas
with simulation results in Fig. 2. Parameters are selected
as follows: r = 10.0, v = 1.0. In the computation of the
numerical results, x = 19.9 in Case 1 and x = 20.0 + ∆x in
Case 2. In the computer simulation, x = 19.9 in Case 1 and
x = 20.1 in Case 2.

S D(a)

x

v

r

r

v v v v

(b)
v

r

v v v v

Wireless Link

Figure 1: Fixed nodes S and D, and mobile nodes.

In Fig. 2, the numerical results agree well with the sim-
ulation results. From this result, we can confirm validity
of the analyses. In this figure, we can observe that E{Twait}

for x ≤ 2r is quite different from that for x = 2d + ∆x
although difference in x is very small as explained in [2].
Consider a situation where x = 2r − ∆x, which is included
in Case 1. This situation intuitively seems to be similar to
Case 2; however, they are very different in mobile multi-
hop networking. In Case 1, communication ranges of S
and D have an overlap, and S and D are connected every
time a relay node enters the overlap. On the other hand, in
Case 2, such an overlap does not exist. As a result, S and
D always have to be connected by a multi-hop path formed
by at least two mobile nodes. Therefore, in Case 2, even
if some relay nodes exist between S and D, connection be-
tween S and D depends on relative positions of the mobile
nodes. For these reasons, there is a difference in the mean
waiting time between Case 1 and Case 2 as shown in Fig.
2.

We try to characterize E{Twait} for x > 2r + ∆x from
some simulation results because theoretical computation of
E{Twait} for x > 2r + ∆x is not easy. For the characteriza-
tion, we show simulation results for x = 40.0, 60.0 and
100.0 in Fig. 3 together with those for x = 10.01, 12.5,
15.0, 17.5, 19.9 and 20.1, which are the mean waiting times
in Case 1 and Case 2. From Fig. 3, we can see that E{Twait}s
in Case 1 are almost the same in this graph, and difference
between E{Twait} for x = 19.9 and that for x = 20.1 is large
as mentioned above. For x > 20.1, E{Twait} increases as x
increases. It is not easy to estimate E{Twait} for x > 20.1
only from such a broad tendency.

Next, to change the viewpoint, we show E{Twait} as a
function of Pdisconnection in Fig. 4. From Fig. 4, we can see
that E{Twait} decreases as x increases in Case 1. We can
confirm that E{Twait} for x = 2r + ∆x is much larger than
that for x = 2r−∆x if Pdisconnection is large. For x > 2r+∆x,
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Figure 2: Numerical results with simulation results [2].

however, E{Twait} does not change so much even if x in-
creases. This tendency can be explained as follows: Con-
sider a case where x = x1 and another case where x = x2,
where x1 > x2. For the same λ, E{Twait} for x = x1 is larger
than that for x = x2. To realize Pdisconnection = p, where p
is a constant and 0 ≤ p ≤ 1, more density is needed for
x = x1 than for x = x2 as shown in Fig. 5, which shows
relations between λ and x which realize Pdisconnection = 0.1,
..., 0.9. More density decreases the mean waiting time as
shown in Fig. 3. It is considered that effects of such oppo-
site factors on E{Twait} are balanced for x > 2r + ∆x and
E{Twait}s represented as functions of Pdisconnection are close
to each other.

From these results, if we represent E{Twait} as a func-
tion of Pdisconnection, we can characterize E{Twait} for x >
2r + ∆x as follows: For the same Pdisconnection, E{Twait} for
x > 2r + ∆x is smaller than that for x = r + ∆x, is larger
than that for x = 2r−∆x if Pdisconnection is large, and is close
to that for x = 2r + ∆x. We can compute Pdisconnection from
λ, r and x theoretically as mentioned above. We have a the-
oretical formula to compute E{Twait} for x = 2r + ∆x, and
can represent E{Twait} as a function of Pdisconnection like Fig.
4 from the theoretical computation. From this representa-
tion, we can roughly but theoretically estimate E{Twait} for
x > 2r + ∆x.

As shown in Fig. 3, Twait is very long for a small λ.
In such a case, it is difficult to construct a multi-hop path
between S and D even though mobile nodes pass through
S and D during the waiting time. Namely, even a simple
method such as an epidemic algorithm described in Sec-
tion 2 and depicted in Fig. 6 may deliver data from S to
D more quickly than multi-hop networking. Figures 7 and
8 show the mean time needed to deliver information from
S to D by the epidemic algorithm. Denote the mean time
by E{Twait,e}. Then, E{Twait,e} =

1
v ·

2
λ
e−λ(2r−x) if x ≤ 2r,

and E{Twait,e} =
1
v

(

2
λ
+ x − 2r

)

otherwise. In these figures,
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the mean waiting time in multi-hop networks is also plot-
ted. For a fair comparison, in multi-hop networks, a wait-
ing time is assumed to be 0 if S and D are connected at
a communication attempt, and E{Twait}Pdisconnection is plot-
ted as the mean waiting time. These results show that the
mean delay in information delivery from S to D by multi-
hop networking is sometimes longer than that by the epi-
demic algorithm if x > 2r although multi-hop network-
ing outperforms the epidemic algorithm for x ≤ 2r. This
means that, if x > 2r, multi-hop networking is possible to
give poorer performance in the mean waiting time than a
primitive method like the epidemic algorithm. Multi-hop
networking between S and D is no longer suitable to such a
situation, and we should use multi-hop networking together
with another method like the epidemic algorithm.

4. Conclusions

In this paper, we evaluated connectivity of a mobile
multi-hop network which connects two fixed nodes S and
D using the mean waiting time for reconnection which is
realized by change of topology with time due to mobility
of relay nodes. We showed simulation results of the mean
waiting time as a function of Pdisconnection for x > 2r + ∆x,
and showed possibility to roughly but theoretically estimate
the mean waiting time for x > 2r + ∆x. We also evaluated
the mean waiting time in multi-hop networks through com-
parison with the mean time to delivery information from S
to D using an epidemic algorithm.
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Abstract— In this paper, we investigate two existing op-
portunistic wireless spectrum access protocols in wireless
networks. In the protocols, multiple heterogeneous un-
licensed radio systems will coexist and opportunistically
use available spectrum without interfering with licensed
users, in order to increase spectrum utilization and simplify
spectrum management. We formulate the spectrum access
problem and propose a new radio system transmission op-
portunity (TXOP) based spectrum access control protocol
to ensure coexistence of multiple radio systems, which may
operate on different frequency bands. We evaluate the per-
formance of the spectrum access protocols on spectrum
utilization, fairness in sharing opportunistic spectrum, and
scalability. Simulation results show that the proposed spec-
trum access protocol has high scalability and controllability
while maintain high spectrum utilization and fairness.

1. Introduction

Advances in Internet technologies have boosted broad-
band multimedia services. It is envisioned that broadband
multimedia services will also be popular over diverse wire-
less networks. However, wireless radio spectrum is a lim-
ited resource in current generation wireless networks, due
to varying national and global policies for allocating fre-
quencies. Traditional spectrum management protocols li-
cense fixed frequency bands to operators for a long period.
Recent studies have found that more than 70% of spectrum
is unutilized in most areas. Efficiently reusing this unused
spectrum (also referred to as opportunistic or open spec-
trum) will promote spectrum sharing and ease the problem
of bandwidth limitation [1][2]. Protocols in which spec-
trum is selected as the need arises have been studied as part
of cognitive radio systems using software definable radios
to achieve operation in a wide range of frequency bands
with high accessibility and utilization. In such protocols,
unlicensed users (or secondary users) opportunistically use
available spectrum without interfering with licensed users,
aiming to increase spectrum utilization and simplify spec-
trum management.

However, with multiple different type of radio systems
expected to share the opportunistic spectrum, a good spec-
trum access protocol needs to provide fairness across users
and minimize communications overhead, while achieving
the maximum possible spectrum usage. Two opportunis-

tic spectrum access protocols have been proposed [1]. The
first one is based on an analytical model to calculate chan-
nel access probabilities for each radio systems to optimize
fairness. This protocol is implemented in a centralized
manner. It requires the detailed information (e.g., proto-
cols used, number of terminals and traffic statistics in each
radio system) to model the protocols and calculate optimal
transmission probabilities. Therefore it may achieve the
optimal fairness in theory for the specific protocols, but it
is impractical and inefficient. The second protocol is pro-
posed to overcome the drawbacks of the first protocol by
dynamically adjusting channel access probability with lo-
cal measurements, instead of calculating the optimal trans-
mission probabilities by analytical model. The second pro-
tocol is implemented in a distributed way. High fairness on
sharing opportunistic spectrum is observed. However, the
second protocol requires that each radio system should ac-
curately measure the channel access durations and has the
traffic statistics of other radio systems. It will be technically
difficult for a radio system to real time monitor the channel
access time of other radio systems. It also requires many
rounds operations for the protocol to converge to a stable
operation points. This is not desirable in an opportunistic
spectrum wireless network, as the available spectrum may
dynamically change over time.

In this paper, we evaluate the above two opportunistic
wireless spectrum access protocols. We formulate the spec-
trum access problem and propose a new radio system trans-
mission opportunity (TXOP) based spectrum access con-
trol protocol. In this protocol, each radio system will ob-
tain a TXOP by competition or by assignment of a network
coordinator. During a beacon period, each radio system
will monitor its channel usage. If a radio system uses the
channel longer than the TXOP in a Beacon, it will stop
transmit packets in the left of the beacon period. As each
radio system need only monitor its own channel activity
and this can be done by a member of this radio system,
it eliminates the requirement of strong inter radio system
communications. It also does not require the information
of the protocols used for channel access and traffic char-
acteristics. Therefore high scalability and flexibility can be
achieved. We simulate and compare the performance of the
spectrum access protocols on spectrum utilization, fairness
in sharing opportunistic spectrum, and scalability. Simula-
tion results show that the proposed spectrum access proto-

NOLTA 2006
11-14 september
Bologna - ITALY

487



col has high scalability and controllability while maintain
high spectrum utilization and fairness performance.

2. Channel Access Model

As we are interested in general opportunistic spectrum
access, an abstract channel access model is used as shown
in Fig. 1. For simplicity of illustration, we assume two dif-
ferent types of radio systems (A and B) operate in the band.
Each radio system has Ni, i ∈ A, B active user terminals. It
is noted we have worked out on multiple radio systems.
The radio system of type A represents a wideband system
operating on the frequency channel centered on f2. The
radio systems of type B represents a narrow band system
operating on the three frequency channels (center frequen-
cies f1, f2, f3). The type A frequency channel overlaps with
all the three type B frequency channels. This model is a
simplified version of that used in [1], in which three sets
of three narrow band frequency channels are considered,
while here only one set of three narrow band frequency
channels is studied. A simplified listen before talk (LBT)
is used for all radio systems to avoid modeling the detailed
protocols [1]. In our paper, we used carrier sense multiple
access (CSMA) protocol for channel access, which will be
introduced in the next subsection. It is modified later for
opportunistic spectrum access. We model the arrival traffic
as a Poisson random process with rate λi for radio system i.
so the interarrival time is negative-exponentially distributed
with mean time 1/λi s. The radio system access duration is
constant with Ti for radio system i, with Ti = Ratei/PLeni,
where constants Ratei and PLeni are transmission rate and
packet length for radio system i. We assume that each ra-
dio system always detect its own radio resource allocation,
instead of other radio systems assumed in [1].

f1 f2 f3 frequency

frequency band used
by radio system A

frequency band used
by radio system B

Figure 1: A example of frequency channels used by two
different types of radio systems (A, B). Each radio system
represent a group of communication radio devices.

2.1. Basic Carrier Sense Multiple Access Protocol

To start with the opportunistic spectrum sharing proto-
cols, we have a look at the basic carrier sense multiple ac-
cess (CSMA) protocol, which is the baseline of the oppor-
tunistic spectrum access protocols [3]. Multiple access pro-
tocols is defined as the agreement and set of rules among
users for the successful transmission of information using
a common medium. They can be classified into three main
groups: the contentionless protocols, the contention pro-
tocols, and CDMA protocols. With contention protocols,

there is not scheduling of transmission. CSMA is a con-
tention multiple access protocol. In this protocol, each ac-
cess terminals can judge if the communication channel is
used by other terminals for packet transmission, by sens-
ing the existence of the carrier wave on the communication
channel. If a carrier wave is sensed on the communication
channel, the channel is thought to be busy and the terminal
will not transmit packet in order to avoid collision. In this
paper, we are interested in a more specific CSMA protocol
- the nonpersistent CSMA protocol. In the nonpersistent
CSMA protocol, when packets are generated in a terminal,
the terminal starts the carrier sense. If the channel is sensed
idle, it sends the packet to the destination immediately; oth-
erwise, the terminal will hold the packet transmission and
wait a random time to start sense the channel again. Un-
der an ideal communication environment where an infinite
call source is assumed and no hidden terminal exists, the
throughput S of nonpersistent CSMA protocol can be ex-
press as follows [3],

S =
Ge−dG

G(1 + 2d) + e−dG (1)

where G is offered traffic load and d is the normalized
propagation delay to packet transmission duration. In the
left of the paper, if not specified, we will refer CSMA pro-
tocol to nonpersistent CSMA protocol.

3. Opportunistic Spectrum Sharing Protocols

In this section, we will introduce three opportunistic
spectrum access protocols. The focus of the protocols is
on the coexistence of multiple radio systems, which may
operate on different frequency bands. Therefore the most
important is to achieve high fairness on spectrum sharing
while maintaining high overall spectrum utilization as pos-
sible.

3.1. CSMA with Transmission Probability Control

It is obvious that without any transmission control, some
radio systems may dominate the spectrum usage due to
large traffic and number of terminals in their systems. From
the previous introduction of the CSMA protocol, we can
find that its channel access behavior can be controlled from
three possible ways to differentiate throughput and fairness
of spectrum sharing,

• Transmission probability control, which means a
transmission probability (denoted by ρi) is used to ran-
domly control the transmission of a packet after a ter-
minal believes it gets the right to transmit the packet
over the channel.

• Waiting time control, which randomly controls the du-
ration of waiting after a terminal detects the channel
busy. This can be similar to the transmission probabil-
ity control method. We will not discuss this method in
the paper.
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• Transmission opportunity control, which is used ei-
ther deterministically or randomly to control the
packet transmission of a terminal/radio system over a
period determined by a transmission opportunity. This
is in contrast to the random control of each packet in
transmission probability based control method. We
will discuss more details in the next subsection.

Both protocols proposed in [1] are based on transmission
probability control to achieve fairness in either centralized
or distributed manner. Although the idea of controlling
transmission probability is not new, the authors contributed
a general Markov chain model, which can be helpful on
performance evaluation and long-term network planning.
But as we mentioned in Section I, this centralized optimiza-
tion model depends on closely on the analytical model and
require accurate network information, such as number of
stations, identical and specifical traffic loads. But the real
situation may not match with the desired assumptions. The
original analytical model is developed for the simple LBT
protocol, but it can be extended to the CSMA protocol as
well. Evaluation of the centralized method is left for future
work.

3.2. CSMA with Dynamic Transmission Probability

As the above centralized transmission probability based
control protocol is heavily affected by the network assump-
tion, it is inefficient and not scalable. It is also difficult to
extend the analytical model to multihop networks, which
limits its usage in single hop infrastructure wireless net-
works. Therefore a distributed channel access protocol
based on anthropological model is proposed [1]. A homo
egualis (HE) society model is used. For simplicity, we
call this distributed channel access protocol as CSMA-HE
protocol, which uses mainly local information and limited
global information.

The CSMA-HE protocol can be simply summarized as
below. In the protocol, each radio system learns the trans-
mission probability pi by itself. Denote xi as the average
cumulative channel access duration for radio system type
of i. With initial pi = 1, each time the probability pi is
updated, as follows [1]:

ρi = max(o,min(1, (2)

ρi +
αi

n − 1

∑

x j>xi

x j − xi +
βi

n − 1

∑

x j<xi

x j − xi))

where n is the number of different radio system types, and
0 ≤ β < αi ≤ 1. The only local information needed is
its own and the other radio system’s hishtory of cumulative
spectrum access duration.

3.3. CSMA with Transmission Opportunity Control

The idea of controlling channel access by TXOP has
been used in IEEE 802.11e standard. TXOP is an impor-
tant concept introduced for quality of service (QoS) control

in 802.11e standard [4]. But it is only used to control in-
dividual user terminals. In the proposed protocol, TXOP
can be used to control the individual user terminals, but our
emphasis is using TXOP to control the channel access of
a whole radio system. The protocol is called CSMA-TX
protocol.

CSMA-TX protocol can be described as follows. We as-
sume each radio system operates with beacon signals. Bea-
con signals need not synchronize for different radio sys-
tems, and the periods of beacons signals can be different.
A terminal/radio system gets a TXOP by competition with
other terminals/radio systems or from assignment by ac-
cess pointer. The TXOP can be fixed over a long time or
be changed dynamically according to the network condi-
tions. It is to be used in a predefined beacon period. In the
beginning of each new beacon period, a terminal/radio sys-
tem reset the measured cumulative channel access duration.
Then it continuously measure its own cumulative channel
access duration. If the access duration of a terminal/radio
system exceeds its TXOP before the arrival of the next bea-
con signal, then the terminal/radio system must partially or
fully limit its channel access until the next beacon period.

4. Simulation Results

In this section, we will present typical simulation results
on CSMA-P protocol, CSMA-HE protocol, and CSMA-
TX protocol. CSMA-P protocol represent the CSMA pro-
tocol with neither transmission probability nor TXOP for
packet transmission control. The emphasis of the simula-
tions is to verify the feasibility, effectiveness and scalability
of the CSMA-HE and CSMA-TX protocols in a single-hop
wireless networks. The network scenario is shown in Fig.
2, in which there are 30 wireless terminals located around
the wireless access point, with NA = 10, NB = 20. For
other pair of terminal numbers, we observed similar results.
All the wireless terminals can hear each other and the ac-
cess point. Each terminal will access the channel and send
traffic to the access point by channel access protocols. For
simplicity, we assume no packet loss due to low signal-to-
noise (SNR). And hidden terminal issues is eliminated by
setting propagation delay d = 0. Packets are transmitted at
256 kbps. The packet length is fixed as 528 bits.

Fig. 3 presents throughput of radio system A and B, ob-
tained with CSMA-P protocol. It is clear that without exter-
nal transmission control mechanism, the two radio systems
can not fairly share the spectrum. Indeed, the fairness is
heavily affected by the traffic load and the number of ter-
minals in each radio system. For example, with λA = λB,
for the normalized traffic load G = 4.1, the normalized
throughput S A (S B) of radio system A (B) is 0.42 (1.28).
Throughput S B is 3 times S A; while with the traffic loads
of λB = 4λA, for G = 4.1, the normalized throughput S A

(S B) of radio system A (B) is 0.12 (1.38). Throughput S B

is more than 10 times S A.
Fig. 4 presents throughput of radio system A and B, ob-
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Figure 2: Network topology. 30 user terminals (NA = 10,
NB = 20) randomly located in a 200x200 m area centered
at the access point.
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(b) 4λA = λB.

Figure 3: Normalized throughput versus normalized traffic
load with CSMA-P protocol.

tained with CSMA-TX protocol. For the case of λA = λB,
it is easy to obtain fair spectrum sharing between two radio
systems without degrading spectrum utilization. For the
case of 4λA = λB, we can also easily adjust the configura-
tion of TXOP for each radio system to achieve fair spec-
trum access, but it was observed that the overall spectrum
utilization largely degrades. By configuring TXOP to make
the system operation point away from the optimal fairness
point, we can improve spectrum utilization. It is impossi-
ble to maximize both spectrum utilization and fairness in
the same time. But it is noted that even in such network
conditions, TXOP can be a helpful metric to improve sys-
tem performance according the management priority and
tradeoff on utilization and fairness.

We present typical simulation results for CSMA-HE pro-
tocol in Fig. 5. Fig. 5 compares the normalized throughput
with λA = λB (solid lines) and λB = 4λA (dashed lines).
It can be observed that for both cases, CSMA-HE proto-
col can achieve high fair spectrum scheduling. But in the
case of λB = 4λA, the overall spectrum utilization decrease
by 40% from 1.6 to 1.0 at G = 4.1, which means if the
traffic loads information of other radio systems can not be
obtained, the protocol will suffer from high loss of utiliza-
tion. As CSMA-HE protocol is designed to optimize fair-
ness, it will be difficult to move away from low utilization
operation point, if the estimated information is inaccurate.
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Figure 4: Normalized throughput versus normalized traffic
load with CSMA-TXOP protocol.
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Figure 5: Normalized throughput versus normalized traffic
load with CSMA-HE protocol, λA = λB (solid lines) and
4λA = λB (dashed lines). α = 0.1, β = 0.01.

5. Conclusion

In this paper, We proposed a new radio system trans-
mission opportunity (TXOP) based spectrum access con-
trol protocol, to ensure coexistence of multiple radio sys-
tems, which may operate on different frequency bands. We
evaluated the performance of the protocol and compared it
to the existing spectrum access protocols. Simulation re-
sults showed that the proposed spectrum access protocol
has high scalability and controllability, while maintain high
spectrum utilization and fairness performance.
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Abstract-This paper investigates the effect of Multiple-Input Multiple-
Output (MIMO) multiplexing employing the Per Antenna Rate Control
(PARC) and Dual-stream Transmit Antenna Array (D-TxAA) schemes
in High-Speed Downlink Packet Access (HSDPA) based on the system-
level simulations assuming urban microcell spatial channel model.
Simulation results show that assuming ideal conditions such as un-
quantized antenna weights and no feedback information error in D-
TxAA, D-TxAA increases the user throughput by approximately 3–
5% compared to PARC at the 50% cumulative distribution function
(CDF) both with Linear Minimum Mean Square Error (LMMSE) and
Successive Interference Canceller (SIC) receivers. The results also show,
however, that there is no distinct difference observed between the
PARC and D-TxAA schemes either in terms of the user throughput or
cell throughput employing LMMSE and SIC taking into account a
realistic number of feedback information bits and their decoding errors
for D-TxAA. Consequently, we show that the user throughput gain
employing the 2-by-2 PARC or D-TxAA scheme over a 1-by-2
LMMSE receiver at the 50% CDF is approximately 10% and 17%
using the LMMSE and the SIC receiver, respectively.

1. Introduction
High-Speed Downlink Packet Access (HSDPA) was specified as a
Release 6 specification in the 3GPP meeting [1]. High-speed mobile
multimedia service with the maximum data rate of greater than 14
Mbps will be provided over HSDPA. Moreover, the long-term evolution
of the 3G system called Evolved UTRA (UMTS Terrestrial Radio
Access) and UTRAN (UMTS Terrestrial Radio Access Network) is
under discussion in the 3GPP aiming at a full IP based radio access and
radio access network [2]. In parallel, the enhancements to the existing
systems, specifications for which were already completed, are necessary
such as Wideband-Code Division Multiple Access (W-CDMA),
HSDPA, and an enhanced uplink. In particular, the achievement of an
achievable user data rate and frequency efficiency higher than the current
ones is very important among the system requirements. The Multiple-
Input-Multiple-Output (MIMO) transmission technique has recently
drawn much attention because of its ability to increase the achievable
data rate and to improve the reception quality [3]-[6]. This paper
focuses on MIMO multiplexing using spatial division multiplexing
(SDM), in which parallel data streams are transmitted from different
transmitter antennas. MIMO multiplexing is categorized into the non-
pre-coding type employing the sectored beam [7],[8], and the pre-
coding type employing a user-specific transmission beam [9]-[11].
   This paper presents system-level evaluations on the user throughput
and the average cell throughput employing 2-by-2 MIMO multiplexing
in HSDPA to clarify the substantial gain achieved by MIMO
multiplexing for providing rich mobile multimedia services. In the paper,
we assume two MIMO multiplexing schemes: Per-Antenna Rate
Control (PARC) belonging to the non-pre-coding type [7] and Dual-
stream Transmit Antenna Arrays (D-TxAA) employing pre-coding
[9]. Furthermore, we employ a linear minimum mean squared error
(LMMSE) receiver [3] or a successive interference cancellation (SIC)
receiver [12] in both the PARC and D-TxAA schemes. The rest of the
paper is organized as follows. First, Section 2 briefly describes the
operations of the PARC and D-TxAA schemes associated with the
receiver configurations. Then, Section 3 presents the simulation
conditions. Finally, Section 4 presents an evaluation of the gain from
MIMO multiplexing in HSPDA and compares the achievable throughput
between the PARC and D-TxAA schemes.

2. MIMO Transmission Schemes
In the paper, we assume PARC and D-TxAA as the MIMO
multiplexing schemes. Figures 1(a) and 1(b) illustrate the transmitter
structures of the PARC and D-TxAA schemes, respectively. In the

PARC scheme as shown in Fig. 1(a), two streams with independent
channel-coding blocks are transmitted from two antennas using the
same channelization code channels. The modulation scheme and channel
coding rate in the Turbo code are independently selected according to
the channel quality indicator (CQI) information, which is feedback
from user equipments (UEs). We also employ rank adaptation, which
adaptively controls the number of transmitted streams according to the
received signal power-to-interference plus noise power ratio (SINR),
i.e., either of one or two streams [13]. In the case of one stream, a single
antenna transmission scheme with the higher received SINR is employed
in the PARC.
    D-TxAA is an enhanced version of TxAA that takes advantage of
two streams as shown in Fig. 1(b). The transmission antenna weights
under an un-quantized condition are generated from the eigenvector for
the maximum eigen value of matrix HHH (H is the channel matrix and
superscript H denotes the Hermite transposition) [9]. Let v = (A,

21 A− exp(jθ))T denote eigenvector ( 10 ≤≤ A , πθπ ≤<− ),  the
transmission antenna weight vector of the s-th stream, vs (s = 1, 2) is
expressed as
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Similarly, the quantized transmission antenna weights are given in the
following equation, which is closed-loop mode 1 in the W-CDMA
Release 99 specification [14].
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    Figures 2(a) and 2(b) show the configurations of the LMMSE and
SIC receivers that are used in the paper. In the LMMSE receiver, the
MMSE weights are generated from the channel matrix. In the SIC, the
received signal of the transmission branch with the higher received
signal power is demodulated and decoded first, followed by the
generation of the received signals of that branch. Then, the created
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signal replica of the branch is subtracted from the composite received
signal. After the removal of the branch with the higher received signal,
the other received signal is demodulated and decoded.

3. Simulation Conditions
3.1 Simulation Parameters
Table 1 lists the system-level simulation parameters. In the paper, by
combining a system level simulation and radio link level simulation, we
investigate the user throughput with MIMO multiplexing in a multi-
cell environment. In the system level simulation, we employ a three-
sectored nineteen-hexagonal cell layout model using a wrap around
method to avoid border effects as shown in Fig. 3. The sector antenna
beam pattern has a 70-degree beam width and the inter-site distance is
1000 m. We consider the case of 10 UEs per sector. The locations of
UEs are randomly assigned with a uniform distribution within each
sector. However, we set the minimum distance between the Node B
and a set of UE to 35 meters. The propagation model follows a distance-
dependent path loss with the decay factor of 3.8, lognormal shadowing
with a standard deviation of 10 dB, and instantaneous multipath fading.
It is assumed that the distance-dependent path loss is constant during
the throughput measurement period, while the shadowing and
instantaneous fading variations are added. We assume a 6-dB reduction
in interference from non-serving cells [15], which is a favorable condition
for MIMO deployment owing to the increased probability of a high
SINR region. The correlation values between the cell sites and that
between sectors are 0.5 and 1.0, respectively. The spatial channel
model (SCM) of the “Urban Microcell” [16] was assumed for the
multipath delay profile with the maximum Doppler frequency of fD =
5.55 Hz (corresponding speed of 3 km/h at the carrier frequency of 2
GHz). For inter-cell interference modeling, the strongest eight sectors

are modeled by SCM while the remaining sectors are modeled by
spatially white Gaussian noise processes whose variances are based on
a flat Rayleigh fading process.
    The transmission time interval (TTI) is set to 2 msec. The spreading
factor of the High Speed-Physical Downlink Shared Channel (HS-
PDSCH) is 16, and 10-code channels are used irrespective of the channel
load for the HS-PDSCH. Instead, we change the transmission power
allocation for HS-PDSCH to 50 or 90% according to channel load of
HS-PDSCH (50% transmission power allocation is a typical value
described in [15] and 90% is for reference). Moreover, 10% transmission
power is allocated to the pilot channel and control channels.
    We applied adaptive modulation and channel coding (AMC) with
the optimum modulation and coding scheme (MCS) selection threshold
value. Table 2 summarizes the combinations of MCSs. The MCS
updating interval and the AMC control loop delay are set to one TTI
and three TTI, respectively. At the receiver, we assume ideal channel
estimation. Proportional fairness based channel-dependent scheduling
is assumed in each sector with the round trip delay (RTD) of six TTI.
We employ hybrid automatic request request (ARQ) with Chase
combining with the RTD of six TTI duration. A full-buffer traffic
model is assumed in each sector.

3.2 Link-to-System Interface
The overall procedure of the system level simulation is given hereafter.
1. The SINR value at the output of an LMMSE or SIC receiver is

calculated for each stream per TTI .
2. The receiver feeds back the received SINR of the respective

streams at the output of an LMMSE receiver or an SIC receiver.
We assumed quantized CQI feedback of five bits per stream with
the quantized resolution of 1 dB, CQI feedback error of 0.2 %,
and the CQI feedback delay of three TTI.

3. According to the reported SINR value, channel-dependent
scheduling is applied and the number of transmission streams
and MCSs are selected for the scheduled UE, which satisfies the
initial transmission packet error rate (PER) of less than 10%.
When two streams exist, the packet scheduling is performed
based on the received SINR value averaged over the two streams,
while the MCS selection is independently performed based on
the received SINR value of each stream.

4. Whether or not the packet transmission is successful is determined
by the lookup table of the PER performance in an additive white
Gaussian noise (AWGN) channel using a random draw [9]. When
a packet error occurs, the throughput of the corresponding stream
becomes zero. Otherwise, the throughput value equals the data
rate of the selected MCS.
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Table 1. System simulation parameters
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5. In the case of a packet error, hybrid ARQ is applied. For a
retransmitted packet, the received SINR value is updated
assuming Chase combining and the packet error is examined using
the updated SINR value. Note that the MCS is fixed until the
packet is successfully decoded.

In Steps 1. and 4., the calculation of the SINR and throughput is
performed assuming the following method.

(1) Calculation method for received SINR and throughput in
      LMMSE receiver
Weight matrix W (matrix size of NTX(E + ∆) x NRXE), in an LMMSE
receiver is calculated using Eq. (3) [17].

12HH )( −+= IHHHW σ

where NTX, NRX, E (= 16 chips) and σ2 are the interference from other
sectors, the number of transmitter antennas, the number of receiver
antennas, equalizer window size and cell-sites plus noise power.
Furthermore, H represents the channel matrix (matrix size of NRXE x
NTX(E + ∆)) which is given by
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where Hi,j (matrix size of E x (E + ∆)) consists of the channel impulse
response from the j-th transmitter antenna branch to the i-th receiver
antenna branch of the l-th path (l = 1, 2, …, L) , hi,j(l), and is given by
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In the simulation, we assumed ideal path timing detection and ideal
channel estimation, i.e., Hi,j is assumed to be estimated ideally at the
UE. It should be noted that this assumption is advantageous for MIMO
especially with an SIC receiver, since the impact of the path timing
error and channel estimation error strongly affect the signal separation
accuracy and the accuracy of the interference cancellation in the SIC.
Then, the received SINR of the i-th stream at the output of an LMMSE
receiver is given by
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where wj is the j-th row vector of weight matrix of W and hk is the k-th
column vector of the channel matrix of H. Using Eq. (6), the throughput
of each stream is calculated.

(2) Calculation method for received SINR and throughput in SIC
      receiver
The calculation method for the received SINR and throughput in the
SIC receiver assumed in the paper is summarized in Fig. 4 [17]. In this
method, we compare the expected PER of two streams using the
estimated received SINR after LMMSE filtering in the initial stage.
Then, we decode the stream having the lower expected PER. If this
stream is successfully decoded, we assume the ideal cancellation of the
Common Pilot Channel (CPICH) and HS-PDSCH of this stream, and
the remaining stream is decoded using the resultant received signals
after cancellation. If the selected stream is decoded erroneously, we do
not perform the cancellation of the CPICH and HS-PDSCH of that
stream. The remaining stream is decoded using the originally received
signals, i.e., the received signals without cancellation.

4. Simulation Results
Figures 5(a) and 5(b) plot the cumulative distribution function (CDF)
of the user throughput employing PARC or D-TxAA assuming the
ideal conditions for D-TxAA such as un-quantized antenna weights
and no feedback information (FBI) error. The channel load of HS-
PDSCH with MIMO multiplexing is 50%, i.e., the remaining 40% is
assigned to other physical channels. We first focus on the effect of rank
adaptation. The figures show that the user throughputs with rank
adaptation at the CDF of 50% is increased by approximately 4–5%
compared to those of the LMMSE or SIC receiver. Furthermore, we
observe that the improvement in the throughput due to rank adaptation
is slightly larger for the LMMSE receiver than that for the SIC receiver.
This is explained as follows. The throughput using LMMSE is lower
than that for SIC in the case of two streams due to 2-by-2 MIMO
multiplexing. Meanwhile, when the received SINR is low, the one-
stream transmission through transmit diversity yields a higher
throughput than the two streams. By employing rank adaptation, the
possibility when the one-stream transmission is effectively selected is
larger with LMMSE than that with SIC. The figures also show that D-
TxAA can increase the user throughput by approximately 3–5 %
compared to PARC at the CDF of 50% assuming the same receiver
structure (LMMSE or SIC), and that D-TxAA applying the LMMSE

Fig. 4. Calculation method for received SINR after signal separation
and throughput (two-stream transmission)

(3)
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(5)

(6)

(a) LMMSE receiver

(b) SIC receiver
Fig. 5. Cumulative distribution of user throughput
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receiver achieves almost the same user throughput as PARC employing
the SIC receiver. The superior throughput of D-TxAA compared to
PARC is caused by the increasing beam gain through pre-coding. The
figures also show that with rank adaptation, the user throughput at the
50% CDF employing D-TxAA with ideal transfer of the FBI bits and
that with PARC are increased by approximately 20 and 17% compared
to that of a single-antenna transmission associated with two-branch
antenna diversity reception (1-by-2 LMMSE).
    Next, Fig. 6 plots the CDFs of the user throughput using the PARC
and D-TxAA receivers assuming realistic conditions for D-TxAA, i.e.,
with quantized antenna weights based on R99 closed loop mode 1
codebook (two-bit resolution) and 4% FBI error of weight information
[14]. Rank adaptation is applied due to its beneficial results in Fig. 5.
Similar to the case in Fig. 5, the channel load of HS-PDSCH is set to
50%. Figure 6 shows that the user throughput of D-TxAA with the
quantized antenna weights and FBI error is degraded compared to that
assuming ideal conditions in Fig. 5 both with the LMMSE and SIC
receivers. This is caused by the reducing gain of D-TxAA through
quantized antenna weights and the FBI error of 4%. Accordingly, the
resultant user throughput is almost the same between D-TxAA and
PARC when the LMMSE or SIC receiver is used. Figure 6 also shows
that the user throughput gain of 2-by-2 MIMO multiplexing employing
PARC or D-TxAA with the LMMSE and SIC receiver over 1-by-2
LMMSE receiver is approximately 10 and 17% at the CDF of 50%,
respectively.
   Figure 7 plots the corresponding CDFs of the user throughput
employing the PARC and D-TxAA receiver when the channel load of
HS-PDSCH with MIMO multiplexing is 90%. In this case, all other
code channels in the shared data channel with MIMO multiplexing are
removed in the SIC. Accordingly, the gain of SIC from LMMSE and
that from single-antenna transmission is significantly increased compared
the case with a 50% shared data channel load with MIMO multiplexing.
As a result, we see that the user throughput values at the 50% CDF
using LMMSE and SIC are increased by approximately 25 and 50%
compared to that of the 1-by-2 LMMSE receiver both in the PARC
and D-TxAA schemes.

   Finally, Table 3 summarizes the sector throughput for the respective
MIMO schemes and the gain of MIMO schemes from the single-
antenna transmission, i.e., 1-by-2 LMMSE. In this table, the cell
throughput gain by 2-by-2 MIMO using PARC or D-TxAA assuming
quantized antenna weights with FBI error from the 1-by-2 (3-sector)
with an LMMSE receiver is approximately 10% with the LMMSE
receiver. Similarly, the corresponding gain is approximately 15–17%
with the SIC receiver, respectively.

5. Conclusion
This paper investigated the effect of MIMO multiplexing employing
the PARC and D-TxAA schemes in HSDPA based on the system-level
simulations assuming an urban microcell spatial channel model.
Simulation results showed that assuming ideal conditions such as un-
quantized antenna weights and no FBI error in D-TxAA, D-TxAA
increases the user throughput by approximately 3–5% compared to
PARC at the 50% CDF both with the LMMSE and SIC receivers. The
results also showed, however, that there was no distinct difference
observed between the PARC and D-TxAA schemes either in terms of
the user throughput or cell throughput employing LMMSE and SIC
taking into account a realistic number of FBI bits and their decoding
errors for D-TxAA. Consequently, it was shown that the user throughput
gain of the 2-by-2 PARC or D-TxAA scheme over the 1-by-2 LMMSE
receiver at the 50% CDF was approximately 10% and 17% using the
LMMSE and the SIC receiver, respectively.
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Fig. 6. Cumulative distribution of user throughput under condition of
power allocation to shared data channel of 50 %

Fig. 7. Cumulative distribution of user throughput under condition of
power allocation to shared data channel of 90 %
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Abstract—
In some spiking neuron models, analog information is

expressed by the timing of neuronal spike firing events, and

synaptic weights change depending on the relative timing

between asynchronous spikes. Therefore, a synapse circuit

with STDP (Spike-Timing Dependent synaptic Plasticity)

is required for LSI implementation of spiking neural net-

works with learning function. In this paper, we propose an

analog CMOS synapse circuit with symmetric STDP and a

Hopfield-type VLSI neural network using the synapse cir-

cuit. We have confirmed by circuit simulations that the net-

work can perform autocorrelation learning from input spike

patterns.

1. Introduction

A biological neuron receives many electric spike im-

pulses via synapses, and it fires by generating a spike im-

pulse. However, the conventional neural network models

usually use analog output values based on the neuronal fir-

ing rate coding or the firing population coding. Recently,

the spiking neuron models, which express analog informa-

tion by the timing of neuronal spike firing, attract a lot of

attention with expectation of their higher information pro-

cessing ability [1, 2].

From the theoretical neural network model research, it is

expected that more advanced neural systems can be devel-

oped using the spiking neuron models. Additionally, since

these models operate asynchronously, it is also expected

that spiking neural networks operate faster than the con-

ventional synchronous models. So far, the spiking neuron

models have mainly been applied to feedforward networks;

for example, image data processing using a spiking feedfor-

ward network was reported [3]．
However, there have been only a few reports about spik-

ing feedback networks. In order to achieve spiking feed-

back networks with continuous states, spike outputs ex-

pressing the zero value are required. However, a neu-

ron generates no spike unless its internal potential exceeds

the threshold, and usually the resting (membrane) poten-

tial corresponding to the zero value is below the threshold.

Therefore, a simple information representation scheme by

spike timing cannot be applied to such feedback networks.

We have introduced negative thresholding to solve this

problem, and this thresholding operation is achieved by in-

troducing a global excitatory unit (GEU) [4] or by mod-

ulating the resting potential [5]. It has also reported that

feedback (Hopfield-type) spiking neural networks have a

retrieval property for associative memory as conventional

Hopfield networks with analog internal potential [4, 5].

On the other hand, it is known that a biological neuron

changes its synaptic weights by STDP (Spike-Timing De-

pendent synaptic Plasticity). STDP is a learning rule de-

pending on relative timing between asynchronous spikes.

Therefore, a synapse circuit with STDP is required for LSI

implementation of spiking neural networks with learning

function.

In this paper, we propose a CMOS synapse with STDP

function and a Hopfield-type VLSI neural network using

the synapse circuit. There are two types of STDP which are

characterized by an asymmetric time window and a sym-

metric time window [6]. STDP with an asymmetric time

window has been realized by analog CMOS circuits and

applied to spiking neuron models [7]. The STDP function

realized in our circuit is characterized by a symmetric time

window. We apply this circuit to the spiking neuron circuit

that we have proposed [8] and confirm by circuit simula-

tions that the network can perform autocorrelation learning

from input spike patterns.

2. CMOS Circuit for Spiking Neuron Models

The integrate-and-fire-type (IF) neuron model is a typi-

cal spiking neuron model. When a spike pulse is fed into

a neuron via a synapse, a post-synaptic potential (PSP) is

generated. A neuronal internal potential is determined by

the spatiotemporal summation of PSPs generated by the in-

put spikes. There are two types of synapses: excitatory

and inhibitory, according to the sign of the synaptic weight.

When the internal potential exceeds the threshold, a neuron

fires and generates a spike. After firing, a refractory period

follows. A generated spike is transmitted to other neurons

or the neuron itself with a certain transmission delay time.

Our spiking neuron circuit, which consists of a synapse

NOLTA 2006
11-14 september
Bologna - ITALY

495



Figure 1: Spiking neuron circuit: (a) synapse part and (b)

neuron part.

part and a neuron part is shown in Fig. 1. Timing diagrams

of the circuit are shown in Fig. 2.

In the synapse part, when sign is “High”, the circuit op-

erates as an excitatory synapse, and vice versa. If spike

pulse ii is fed into the synapse part from other neurons, a

PSP control signal (psp cont) is generated by a delay-and-

inversion circuit (D&I 2) and a NOR gate. While psp cont
is “High”, a switched-current source turns on and charges

or discharges capacitor C. Thus, the terminal voltage of

the capacitor, Vn, is changed, and a PSP is generated. The

spatiotemporal summation of PSPs by input spikes is per-

formed by this capacitor. Here, the synaptic weight value

is inversely proportional to voltage Vwi j .

In the neuron part, the internal potential represented by

Vn returns to resting potential Vini by leak resistance con-

nected in parallel with capacitor C, after charged or dis-

charged by the current sources of the synapse parts. A

comparator (COMP) compares Vn with threshold voltage

Vth. If Vn exceeds Vth, a spike is generated. At the same

time, the threshold voltage increases to generate a refrac-

tory period. In this circuit, the transmission delay is equal

to the refractory period. The D&I 1/2 consist of an inverter

chain, and their delay time is determined by bias voltages

Vbi (i = 1, 2, · · · , 6).

3. CMOS STDP Circuit

Figure 3 shows a CMOS STDP circuit. The circuit con-

sists of a spike-detection part, a weight-update part and a

sign-change part. In the spike-detection part, the state value

Figure 2: Timing diagrams of spiking neuron circuit: (a)

synapse part (PSP generation) and (b) neuron part.

of a T-FF (Toggle flip-flop) is changed twice by pre and

post spike inputs. Changes in the state value are detected

by a D&I and a NOR gate. As a result, a spike pulse which

arrives earlier is fed into in1 of the weight-update part, and

the other is fed into in2. If spike inputs of pre and post are

given at the same time, the state value of the T-FF changes

once. In that case, the T-FF is reset by an AND gate, a

D&I and a NOR gate. Depending on only the time differ-

ence between spike inputs in1 and in2, the weight-update

part updates the synaptic weight represented by Vwi j . The

details are described below.

A timing diagram of the circuit is shown in Fig. 4(a).

When the input spike in1 is fed into the weight-update part

from spike-detection part, a ramp signal is generated at the

terminal of the capacitor CA shown in Fig. 3(b) by the cur-

rent source. At the same time, control signal S W , which

is generated by the D&I, turns to “High”. The ramp sig-

nal is transformed to a nonlinear waveform by the transis-

tor M1, and the waveform is supplied to the input terminal

of transconductance-amplifier. The terminal voltage of the

capacitor CB, VB, returns to referential voltage VREF by the

resistor R after S W turns to “Low”. If the input spike in2

is fed into the circuit during the period of this waveform,

the transconductance-amplifier turns on and charges or dis-

charges capacitor Cwi j to update synaptic weight Vwi j . If

in2 was given after VB return to VREF , the synaptic weight

is not updated. A simulation result is shown in Fig. 4(b),

which shows a change in the synaptic weight depending on

the spike-timing difference.

4. Simulation of Associative Memory

4.1. Simulation Condition

We constructed a Hopfield-type neural network associa-

tive memory using the synapse circuit with STDP. The net-

work is composed of 36 neurons with symmetric connec-

tions as shown in Fig. 5 [4]. The transmission delay time

was set at 200 ns. The simulations were performed by a

high-speed circuit simulator, HSIM. In the simulations, the
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Figure 3: CMOS STDP circuit: (a) spike-detection part, (b)

weight-update part and (c) sign-change part.

number of patterns given to memorize was five as shown

in Fig. 6. The elements of patterns were randomly chosen

under the condition that the numbers of ’0’ (white pixel)

and ’1’ (black pixel) are equal.

We used spike patterns that expressed the value ’1’ and

’0’ with a timing difference of 100ns, and spikes related

to the patterns shown in Fig. 6 were given to the network

35 times. If two neurons fire at the same time, the STDP

circuit increases the synaptic weight. If the time difference

is 100 ns, the synaptic weight are decreased as shown in

Fig. 4(b). In the simulations, the maximum values of the

increase or decrease were set equal.

After the learning, the STDP function is stopped, and

we gave gray-level (5-levels) input patterns that are most

similar to pattern #1 shown in Fig. 6 to the network. In

Figure 4: (a) Timing diagram of STDP circuit and (b)

HSPICE simulation result.

Figure 5: Hopfield network configuration.

Figure 6: Patterns used in the simulations.

the simulations, the time step corresponding to one level

in gray-level patterns was set at 25 ns. Therefore, the fir-

ing timing of input spikes was limited in {0, 25, 50, 75,

100} ns, and the time span for receiving input spikes was

100 ns.

4.2. Simulation Results and Discussion

In the autocorrelation-type associative memory, synap-

tic weights wi j, which are expressed by the sum of auto-

correlation matrices, are generally given by the following

equation:

wi j =

N∑

k=1

(2Ik
i − 1)(2Ik

j − 1), for i � j, (1)

where wii = 0, and Ik
i is the i-th element of the k-th

given pattern vector. In our simulations, because N = 5,

wi j ∈ {±5,±3,±1}. From Eq. 1, the synaptic weights

w12,w46 and w13 are 5, 3 and 1, respectively. A simu-

lation result about synaptic weight changes by the STDP

function is shown in Fig. 7. In this simulation, the synaptic

weights increased approximately by the ratio of 5 : 3 : 1. (It

is noticed again that the synaptic weight value is inversely

proportional to voltage Vwi j ). This result shows that the net-

work can memorize patterns from external spike inputs by

using STDP synapses.
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Figure 7: Changes in synaptic weights.

A simulation result about associative memory operation

is shown in Fig. 8, which shows the outputs of twelve neu-

rons corresponding to pixels 1 to 12 in the first and second

rows of the pattern shown in Fig. 6. After the network re-

ceives input spikes, the network almost converged to pat-

tern #1 within 3 μs.

5. Conclusions

We proposed a CMOS synapse circuit with symmetric

STDP function, and applied to the spiking neuron models.

In addition, we constructed a Hopfield-type neural network

using the synapse circuit and confirmed by circuit simula-

tions that the network can memorize input spike patterns

using STDP function.
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Abstract—We discuss the effectiveness of the physi-
cal chaotic neuro-dynamics on combinatorial optimization
problems. We take two different approaches. The first ap-
proach uses the chaotic neuro-dynamics in a framework of
the artificial neural networks. In the second approach, the
chaotic neuro-dynamics drives a heuristic algorithm, which
is a tabu search algorithm. We solve the quadratic assign-
ment problems as a benchmark, and compare the perfor-
mance and the dynamics of both approaches. Throughout
the experiments, we use specially designed hardware sys-
tems with analog chaotic neuron integrated circuits, which
produce physical chaotic neuro-dynamics for chaotic solu-
tion search.

1. Introduction

The chaotic search through a chaotic itinerancy dynam-
ics [1] is known to be very efficient in combinatorial op-
timization problems [2, 3]. In particular, chaotic dynam-
ics has been used to overcome the local minima problem
[4]–[12]. Furthermore, chaotic dynamics not only solves
the local minima problem, but also searches the solution
more efficiently than stochastic noise under some situations
[2, 13]–[15].

Most of the meta-heuristic approaches using chaotic dy-
namics have been investigated through digital computer
simulations. However, these approaches still require enor-
mous computational power and resources for a large-scale
optimization problem. Therefore, we require a dedicated
high-speed hardware system for real-world combinatorial
optimization problems.

The efficiency of the chaotic search comes from the com-
plexity of real-number in chaotic dynamics. A digital com-
puter cannot handle almost all real-numbers, so that simu-
lations with a digital computer would not fully exploit the
chaotic search dynamics. On the contrary, an analog cir-
cuitry can handle real-numbers in a sense that its state vari-
ables are continuous. Therefore, physical chaos from an
analog circuit is a good candidate for implementation of
the chaotic search [16]. We should underscore here that we
must consider the existence of noise in any analog circuit.

Taking the above considerations into account, we have
built two mixed analog/digital hardware systems based on
the chaotic neural network model [3]. The first system is

a chaotic neuro-computer system with switched-capacitor
chaotic neurons [17, 18]. The second one is an exponential
chaotic tabu search hardware with switched-current chaotic
neuron integrated circuits [19].

In this paper, we show several results from these phys-
ical chaotic systems. In particular, we will concentrate on
the results for the quadratic assignment problems. The
quadratic assignment problem (QAP) covers many real-
world problems such as a facility layout problem, a rout-
ing problem, and a scheduling problem [20]; therefore,
the QAP is especially important for engineering applica-
tions. However, the QAP is a typical NP-hard problem,
so that it would take an impractical time to obtain the op-
timal solution. Consequently, heuristic and meta-heuristic
approaches including chaotic search, which find good near
optimum solutions in a reasonable time, are very important
in real situations [20].

2. Quadratic Assignment Problem

A QAP of size n has two n × n matrices. One ma-
trix A gives “distances” between arbitrary two “locations.”
The other matrix B defines “flows” between arbitrary two
“units.” An assignment of the units to the locations are ex-
pressed by a permutation p as

index : 1, 2, . . . , n
p : (p(1), p(2), . . . , p(n)),

(1)

where the elements of p show the units assigned to the lo-
cations given by the corresponding indices of p.

We should find p which gives the minimum of the cost
function F p given by

F p =
n∑

i=1

n∑

j=1

ai jbp(i)p( j), (2)

where p(i) is the ith element of p, ai j is the (i, j)th element
of A, and bp(i)p( j) is the (p(i), p( j))th element of B.

3. QAP with Chaotic Neuro-Computer System

The chaotic neuro-computer system is shown in Fig. 1.
The system consists of switched-capacitor chaotic neuron
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Figure 1: An external view of the chaotic nuero-computer
hardware system.

ICs and digital synapse ICs [17, 18]. We construct 10 × 10
chaotic Hopfield-type neural network for size-10 QAPs in
the chaotic neuro-computer. The standard energy function
formulation is used to determine the connection weights
between neurons.

Because the QAP is in a very difficult class of NP-hard
problem, the bare Hopfield network hardly solves the QAP.
Actually, it is difficult to obtain even a feasible solution
from the Hopfield-type network. Therefore, we adopt a so-
lution constructing method proposed in [21]. As a result,
the optimal solution for Tai10a benchmark problem [20]
has been experimentally obtained with the hardware sys-
tem shown in Fig. 1 [22].

Examples for the time evolutions of the best solution and
the energy function are shown in Fig. 2 where the system
started the chaotic search at around 120th iteration and fi-
nally found the optimal solution at 777th iteration [22].

Figure 2: Examples for the time evolutions of the mini-
mal error from the optimal solution and energy function
obtained from the chaotic neuro-computer hardware.

4. QAP with Exponential Chaotic Tabu Search Hard-
ware

Yet another approach to solve the QAP is a combina-
tion of tabu search algorithm and chaotic neuro-dynamics,
i.e., the exponential chaotic tabu search [5]. We have
constructed a hardware system for the exponential chaotic
tabu search technique using switched-current chaotic neu-
ron ICs as shown in Fig. 3 [19]. In the system, the 2-opt al-
gorithm is driven by physical chaotic dynamics arisen from
an analog circuitry.

The same benchmark problem as in section 3 was used.
Figure 4 shows an example of the time evolution of the
best solution where the system found the optimal solution
at 378th iteration.

Table 1 compares the result from the exponential chaotic
tabu search hardware and that from the Hopfield-type
chaotic neuro-computer system with solution constructing
method.

Figure 3: The exponential chaotic tabu search hardware
system.
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Figure 4: An example for the time evolutions of the error
from the optimal solution obtained from the exponential
chaotic tabu search hardware system.

Table 1: A statistical comparison of the experimental re-
sults. 100 trials were done with different initial conditions.
Moreover, the total number of iterations in each trial was
10000. AVITER is the average iteration number to reach
the optimal solution, and AVERROR is the averaged error
from the optimal solution.

System AVITER AVERROR

Chaotic neuro-computer 5206 4.70
Exponential chaotic tabu 8646 4.27

5. Chaotic Search Dynamics

Typical internal states of randomly chosen three neu-
rons from the network when the above two systems suc-
cessfully obtained the optimal solution are shown in Fig. 5
for the Hopfield-type chaotic neuro-computer with solution
constructing technique, and in Fig. 6 for the exponential
chaotic tabu search system, respectively. As shown in these
figures, all of the neurons does not show fully developed
chaos, but their dynamics are weak chaos, that is, the in-
termittent chaos near periodic window with period three or
four. These observations suggest that global search and lo-
cal search are chaotically interchanged for efficient chaotic
search of the optimal solution without trapping in the local
minima.

6. Conclusions

We have demonstrated the effectiveness of the physical
chaotic neuro-dynamics to solve the quadratic assignment
problems. We have used two hardware systems with analog
chaotic neuron integrated circuits, which produce physi-
cal chaotic neuro-dynamics with continuous state variables.
The first hardware system is the Hopfield-type chaotic
neuro-computer system with solution constructing tech-
nique. In the second hardware system, the chaotic neuro-
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Figure 5: The time evolutions of the internal-state values,
(a) y31(tn), (b) y62(tn), and (c) y85(tn) of the chaotic neuro-
computer system.

dynamics drives a tabu search algorithm realizing the ex-
ponential chaotic tabu search. We have solved the QAP as
a benchmark with both systems, and compared the perfor-
mance and the dynamics from these systems.
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Abstract—We modify Inverse function Delayed (ID)
model to implement burst firing. The ID model consists
of two first-order differential equations and has an ability
to oscillate such as a nerve-cell. Using the dynamics of os-
cillation, the ID model achieves the high performance in
various applications of neural networks. The burst firing
is other intrinsic dynamics of many nerve-cells and it has
been assumed to have some effective information process-
ing functions in a living neural network. If we implement
burst firing property, which is more complex dynamics than
the oscillation property of the ID model, to a neuron model,
we may expect effective information processing. The mod-
ification of the ID model is based on the Hodgkin-Huxley
model. The new model is able to be applied to solve the N-
Queen problem, which is one of the optimization problems,
and achieves higher performance. Furthermore, a proto-
type analog LSI of our model has been designed. We have
confirmed the burst firing behaviours on the LSI by using
simulation and measurement.

1. Introduction

Many neuron models, which have biological character-
istics of the nerve cell at a certain level, have been pro-
posed, e.g. the Inverse function Delayed model [1] and the
chaotic neural network model [2], because it is considered
that newer functions arise from the neuron model to have
biological characteristics.

As introducing biological dynamics, we focus on the
burst firing over a neuron, because the relation between
the functional role of the brain and this biological neural
dynamic has been discussed so far. Burst firing is a phe-
nomenon that occurs in many real neurons, and is charac-
terized by repeated patterns of closely spaced action po-
tentials. Such burst firing has been assumed to have some
effective information processing functions [3, 4]. It is ex-
pected that the characteristics of burst firing add extra func-
tions to artificial neural networks. A model which includes
burst firing dynamics is proposed to extend the ID model.
This extension is based on the relation among the ID model,
BVP model, and Hodgkin-Huxley model. The proposed
model has the ability to solve the combinatorial optimiza-
tion problem. Hence, we can suggest a certain aspect of the
effect of burst firing on information processing.

There are a few neurochips with burst firing ability, al-

though the hardware implementation of a neuron model is
widely investigated. Particularly, the neurochip with both
the abilities to generate burst firing and to solve the opti-
mization problems was not made so far. Additionally, LSI
implementation is desired because an implemented chip
makes it possible to perform fully parallel information pro-
cessing.

This paper is organized as follows. In Section 2, we
introduce the ID model. Then, the relation among the
ID model, the BVP model, and Hodgkin-Huxley model is
shown. Next, the burst ID model is proposed. In Section 3,
we apply burst ID model network to the N-Queen problem.
Finally, in Section 4, implementation and measurement of
the neurochip of the burst ID model are shown.

2. Burst ID model

2.1. Inverse function Delayed (ID) Model

The ID model is represented by the following differential
equations

τu
dui

dt
= −ui +Wxi +

n∑
j,i

wi jx j − hi (1)

τx
dxi

dt
= ui − g(xi), (2)

where xi, ui, hi, n, W and wi j are the output, the internal
state, and the bias of the i-th unit, the total number of neural
units, self-connection weight, and the synaptic weight from
unit j to unit i, respectively. τu and τx are time constants
of internal state and output, respectively, and τx � τu is
assumed. g is defined as the inverse output function. If
τx = 0 and g(x) = tanh−1(x), the ID model is equal to the
Hopfield model.

The ID model’s Eqs. (1) and (2) can be reduced to the
second-order differential equation:

τx
d2xi

dt2 + ηi
dxi

dt
= −∂Ui

∂xi
, (3)

where

ηi =
∂g(xi)
∂xi

+
τx

τu
,
∂Ui

∂xi
=

1
τu
{g(xi) −Wxi − θi} , (4)

and where θi =
∑

j,i wi jx j − hi is the sum of inputs from
other units and bias. Equation (3) represents a particle’s
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motion on the potential U. In Eq. (3), the first term of the
left-hand side corresponds to inertia, and then η is a coeffi-
cient of the friction or resistance. η is the nonlinear function
of x.

If g is an “N-shape” function, η can be a negative value.
For example, if the inverse output function g is an “N-
shape” function as follows:

g(x) =
1
β

log
x

1 − x
+ α(x − 1

2 ). (5)

The coefficient η has the region where it takes negative val-
ues, and then the ID model has an ability to oscillate.

If we put τu = c/b, τx = 1/c, W = −1/b, θ = a/b,
and g(x) = x3/3 − x, the ID model is equal to the BVP
model [5] without stimulus intensity. The BVP model is the
reduced model of the well-known Hodgkin-Huxley (HH)
model [6]. From this point of view, the ID model is one of
many models which simulate nerve-cell activity.

2.2. Hodgkin-Huxley Model and the BVP Model

The HH equations describe the generation of an action
potential. If the membrane potential v is spatially con-
stant and we omit the spatial derivative, the HH model for
a squid giant axon is denoted as follows:

C
dv
dt
= G(v,m, n, h) + Iext (6)

dm
dt
=

1
τm(v)

(m∞(v) − m) (7)

dn
dt
=

1
τn(v)

(n∞(v) − n) (8)

dh
dt
=

1
τh(v)

(h∞(v) − h) (9)

where C, v, Iext, G(v,m, n, h) are capacitance, membrane
potential, the constant current externally applied to the neu-
ron, and membrane current, respectively. m, h, are the acti-
vation and inactivation variables of the Na+ ionic channel,
respectively. n is the activation variable of the K+ chan-
nel. These variables m, n, and h take values between 0 and
1 and approach the sigmoid shape function m∞(v), n∞(v),
and h∞(v) with time constants τm(v), τn(v), and τh(v), re-
spectively (see [6]).

The 4-dimensional HH equations can be reduced to 2-
dimensional equations according to the two following ap-
proximations: m = m∞(v) and n = 0.8(1− h) [7]. Applying
these, we can eliminate the variables m and n and obtain
the reduced equations:

C
dv
dt
= G(v,m∞(v), 0.8(1 − h), h) + Iext (10)

dh
dt
=

1
τh(v)

(h∞(v) − h) . (11)

On the v-h phase plane, the null-cline of Eqs. (10) and
(11) are a N-shape and a quasi-linear function, respectively.

These topological characteristics are similar to the BVP
model. Therefore, the ID model, which includes the BVP
model, is the model in which neural cell dynamics are in-
troduced.

2.3. Burst ID model

In this section, we construct a new bursting neuron
model through the modification of the ID model. For this
purpose, we consider the relation between the ID model
and the HH model. The reduction described in the above
section removes many dynamics, except for oscillation,
from the HH model, and the variable m is not equal to
m∞(v) in actual dynamics. Since u and x of the ID model
correspond to h and v of the reduced HH equations, respec-
tively, emergence of various dynamics that include burst
firing can be expected by the introduction into the ID model
of the another z variable’s equation. The equation of this
new variable z is similar to the equation of m and z∞(x) is
a sigmoid function such as m∞(v). In this paper, we use
z∞(x) = tanh{p(x − q)}. We add the linear term, γz, to the
right hand side of Eq. (2). This term describe the effect of
fluctuation depending on z.

Applying the above modification to the ID model, we
propose the new model as follows:

τx
dxi

dt
= ui − g(xi) + γzi (12)

τu
dui

dt
= −ui +W xi (13)

τz
dzi

dt
= −zi + z∞(xi) +

1
γ
θi, (14)

where γ ,θ, and τz are a parameter and external input from
other units, and the time constant, respectively. Time con-
stants satisfy that τx < τz � τu.

Although the right position of the external input θ is in
Eq. (12) from the relation of the HH model, θ is given in
Eq. (14) because of advantages over information precess-
ing, e.g. combinatorial optimization problems. The ID
model also has the external input in Eq. (1) like a conven-
tional network model, but in Eq. (2).

The extended ID model, which is described by Eqs. (12),
(13), and (14), enters the burst firing state in a certain pa-
rameter region as shown in Fig. 1(a)-(c). This model has
the burst firing ability which is shown in many nerve cells.

The mode of variable x can be changed according to the
value of external input θ. If θ is small enough, the value
of x is stationary state at low value around x = 0. As θ
increase, the state changes gradually to burst firing, oscil-
lation, and stationary state at high value near x = 1. Hence,
in the stationary state, the relation between input θ and out-
put x is similar to many neural network models, i.e. large
and small input correspond to large and small output, re-
spectively. Using this model, we can introduce the burst
firing and oscillation dynamics into the transient between
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Figure 1: Waveform of (a)x, (b)u, and (c)z in burst firing
state of the burst ID model with W = −1, p = 4, q =
0.7, α = −2, β = 8, γ = −0.7, τx = 0.2, τu = 20, τz = 0.2

x = 0 and x = 1. If we can select appropriate value for sin-
gle unit parameters, the burst ID model can operate as the
Hopfield model near x = 1 and x = 0 except for oscillation
and burst.

3. N-Queen problem

To test the effect of burst firing dynamics on the net-
work, we consider to solve N-Queen problem which is one
of the optimization problems. We can estimate the burst
firing effect by comparing with the success rates of the
ID model for this problem because the ID model has an
ability to solve some optimization problems at high perfor-
mance level [8]. The ID model has the negative resistance
region in its dynamics which include oscillation. The rea-
son for high performance of processing is that this nega-
tive resistance region can destabilize the undesirable local
minimum. However, there is a harmful effect that undesir-
able limit-cycles occur. As the network of the ID model
obtains an extra function by implementing nerve cell dy-
namics, the burst ID model would do also newer functions
by implementing burst firing dynamics.

By setting each connection weight similar to the Hop-
field neural network, the external input θi j of the burst ID
model is as follow:

θi j = −A
N∑

k=1 (k, j)

xik − A
N∑

k=1 (k,i)

xk j

−B
∑

1≤i−k, j−k≤N
(k,0)

xi−k, j−k − B
∑

1≤i−k, j+k≤N
(k,0)

xi−k, j+k + hi j, (15)

where h, A, and B are the parameters which are decided
experimentally. xi j represents the output of unit in the i-th
low and j-th column square in chess board. The parameter
values of burst ID model are W = −1, p = 4, q = 0.75, α =
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Figure 2: Success rate of N-Queen problem as a function
of N using the burst ID model and the ID model with W =
−5.5, α = −2.5, β = 20

−2, β = 20, γ = −2, τx = 0.2, τu = 10, τz = 0.2, respec-
tively. The burst ID model shows the burst firing with this
parameter set.

The burst ID model can denote much more performance
than the ID model as shown in Fig. 2. Particularly, the
difference of success rates at N = 6 is quite large. This
result denotes the great potential of the burst ID model for
information processing. To analyze the reason of this high
performance is most outstanding issue for this model.

4. Hardware implementation

We implement the prototype neuro-chip of the proposed
burst ID model. 1 Although the circuit is composed of a
neuron module and a synapse module, we mainly describe
the neuron module in this paper. We use analog technique
to make these modules. This approach allow us to directly
and faithfully implement the differential equations of the
burst ID model. Figure. 5 shows the microphotographs of
whole neural network LSI.

4.1. Neuron module

To design a neuron module, the differential equations of
our neuron are replaced by the electrical circuit. Equa-
tions (12), (13), and (14) are converted into following elec-
trical equations:

Cx
dVx

dt
= Iux − Ig(x) + Iyx (16)

Cu
dVu

dt
= −Iuu + IWx (17)

Cy
dVy

dt
= −Iyy − Iy∞(x) + Iθ, (18)

where C∗ and V∗, ∗ = x, u, y, are capacitance and voltage
of ∗, respectively. y = −z is new variable for simplicity of
circuit. In this circuit, γ = −1 and W = −1. Iux , Ig(x), and
Iyx are currents corresponding to u, g(x), and y in Eq. (12),
respectively. Iuu and IWx are currents corresponding to u
and Wx in Eq. (13), respectively. Iyy , Iy∞ and Iθ are currents
corresponding to y, y∞, and θ in Eq. (13), respectively. All

1This work is supported by VLSI Design and Education Cen-
ter(VDEC), the University of Tokyo in collaboration with Cadence Design
Systems, Inc.
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Figure 3: Burst ID model neuron circuit

the terms of right hand side of Eqs. (17), (18), and (18)
denote a current to the capacitance. These currents, except
for Ig(x) and Iy∞ , are easily realized by linear V-I converter
using an OTA (Operational Transfer Amplifier).

Ig(x) and Iy∞ , which are nonlinear functions of Vx, are
comprised of several OTAs. Iy∞ is a sigmoid function and
comprise of a single OTA as shown in left bottom of Fig. 3.
Circuit module for Ig(x) is most complicated in neuron unit
and is shown in the top of Fig. 3. This circuit is comprised
of three OTAs which generate the left, the center, and the
right parts of the “N-shape” waveform. The currents of
these OTAs are combined using Kirchhoff’s law.

The circuit of whole neural module is figured as Fig. 3.
We can obtain the good measurement result controlling ad-
justing voltages, although we observe some shift from the
correct waveform. Figure 4 is the measurement result of
this circuit which shows the burst firing. We can find a fluc-
tuation in the interval between oscillation cycle because of
noise and so on.

5. Conclusion

We have extended the ID model for the purpose of in-
troducing the burst firing, which is one of the nerve-cell
dynamics. Proposed neuron model, the burst ID model, in-
dicates the burst firing with a certain external input region.
It is expected that the additional new characteristics add ex-
tra functions to artificial neural networks, such as the burst
firing plays some functional roles in the real brain. Actu-
ally, in the task of solving N-Queen problem, the burst ID
model shows higher success rate than the original ID model
does.

 1
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Figure 4: Measurement result of
single unit with bursting state

Figure 5: Microph-
tographs of neurochip

Additionally, the prototype chip for the burst ID model
has been implemented and measured. We have obtained the
result that our neurochip shows the burst firing waveform.
It may be the first implementing trial of the neural network
with the abilities of burst firing and processing the opti-
mization problem. For the real time processing, the pro-
cessing speed is important factor. It is necessary to make
the special hardware for fully parallel processing. Because
we can not fully use the capacity of neural networks by the
simulation on ordinary computers.
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Abstract—Spike timing dependent plasticity
(STDP) has attracted much interest in research fields
such as neuroscience or neurocomputing. We show
that an STDP-type learning is obtained as the result
of minimizing the Kullback-Leibler(K-L) divergence.
A spiking neural network, where each neuron produces
Poisson pulse series, has been confirmed to be able
to learn by the proposed learning rule. We study
the proposed learning rule together with successful
simulation results.

1. Introduction

Experimental studies have observed synaptic poten-
tiation when a presynaptic neuron fires shortly before
a postsynatic neuron, and synaptic depression when
the presynaptic neuron fires shortly after. This de-
pendence of synaptic modulation on the precise tim-
ing of two action potentials is known as spike timing
dependent plasticity or STDP[1]-[3]. STDP can be ob-
served when the presynaptic and postsynaptic neurons
fire within a 20-30 ms time window. These dynamical
plasticity are believed to be important for learning in
biological neural networks. Therefore, it is crucially in-
formative to understand the basic principle of learning
mechanism resulting STDP, both from the physiolog-
ical and engineering viewpoints.

We study a learning rule for a spiking neural net-
work. This study is motivated by two previously re-
ported studies. First one is reported by Bohte and
Mozer[4], in which STDP is obtained by minimizing
entropy. Second one is reported by Xie and Seug[5],
in which the reinforcement learning is obtained for a
spiking neural network under the Poisson assumption
related to the generation of the spike train. In the
followings, first we introduce a spiking neuron model
generating Poisson pulses. Second the learning rule
is derived by minimizing the Kullback-Leibler (K-L)
divergence. Finally, successful numerical results for
learning is shown together with the confirmation of
STDP.

2. Spiking Neuron

There have been proposed many spiking neuron
models. Among them, we use the rather simple model
proposed by Xie and Seug[5]. The total synaptic cur-
rent received by neuron i is given by the sum of the
contributions over presynaptic neurons,

Ii(t) =
n∑

j

wijhij(t), (1)

where wij is the synaptic weight from neuron j to neu-
ron i. The change in time of the synaptic current
wijhij(t) in neuron i due to the spiking of neuron j
is given as,

τ
dhij(t)

dt
=

∑

a

δ(t− T a
j )ζa

ij − hij(t), (2)

where τ is a time constant, and T a
j denotes the time of

ath spike of neuron j. ζa
ij is a binary random variable

modeling the stochastic release of neurotransmitters
in response to a presynaptic spike. If the release event
occurs, ζa

ij = 1, otherwise ζa
ij = 0. Please note that

we use ζa
ij = 1 always in our simulations. In order

to adopt the Poisson assumption of neuron spiking,
the relation between the synapse current I(t) and the
probability density of the neuron firing f(I) is given
as[4],

f(I) =
β

α
(ln [1 + exp (α(θ − I))]− α(θ − I)) , (3)

where θ is the firing threshold, and α and β are free
parameters. This relation has been derived for the
stochastic variant of spike response model (sSRM)
by incorporating the notion of a stochastic firing
threshold[4],[6]. Figure 1 shows an example of f(I)[5],
where we use parameters such as α = 1/3, β = 60, θ =
9.9.

3. Learning Rule

As well known, the Kullback-Leibler divergence is
a natural distance measure from a ”true” probability
distribution R to an arbitrary probability distribution
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Figure 1: Firing probability f(I) as a function of the
synapse current I(t).
f(I) = 20 (ln [1 + exp(3.3− I/3)]− 3.3 + I/3).

P . The Hebb learning rule has been observed in bio-
logical neural networks, and is also derived by minimiz-
ing the K-L divergence for the Boltzmann machine[7],
which is a stochastic neural network with symmetrical
connections. Let us suppose that a network state is
observed with a probability Pα and a target probabil-
ity is given as Rα, where α is the index of states. The
K-L divergence is given as

G =
∑

α

Rα ln
Rα

Pα

. (4)

The updating rule for a synaptic weight is obtained as,

∆wij = −η
∂G

∂wij

= η
∑

α

Rα

Pα

∂Pα

∂wij

, (5)

where η is a positive constant and should be chosen as
enough small for successful gradient descent.

The network state is composed of all neuron states
as σ(t) = {x0(t), x1(t), · · · , xn(t)}, where xi(t) is a
binary variable and denotes the state of neuron i,
i.e. xi(t) = 1 if neuron i fires at t. By con-
sidering the time course of the network state, the
probability for the network to trace a pass Ω =
{σ(0), σ(∆t), σ(2∆t), · · · , σ(T )} is given as P (Ω) =∏T

t=0 P (σ(t)). Here, we assume that each neuron state
is considered to be independent of other neuron states.
This is rough assumption and not valid in general, but
for mathematical convenience let us accept it here and
verify the validness later. Now P (σ(t)) is given as the
product of probabilities of all neuron states. By dif-
ferentiating the natural logarithm of P (Ω), we obtain,

∂ lnP (Ω)

∂wij

=
T∑

t=0

lnP (xi(t)) . (6)

Given the Poisson assumption on the generation of
the spike train of each neuron, the probability for neu-
ron i to fire during the time interval [t, t+∆t] is given

as,

xi(t) =

{
1 with probability pi(t) = fi(t)∆t,
0 with probability 1− pi(t),

(7)

which holds when ∆t is sufficiently small. By substi-
tuting xi(t) in Eq.(6), we obtain[5],

∂ lnP (Ω)

wij

=

T∑

t=0

σi(t)
∂ ln pi(t)

∂wij

+ (1− σi(t))
∂ ln(1− pi(t))

∂wij

,

=

∫ T

0

f ′

i(t)

fi(t)
(si(t)− fi(t))hij(t)dt, (8)

where si(t) =
∑

a δ(t − T a
i ). Finally we obtain the

updating rule of synaptic weights from Eq.(5),

∆wij = η
∑

α

Rα

Pα

∫ T

0

f ′

i(t)

fi(t)
(si(t)− fi(t))hij(t)dt.

(9)
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Figure 2: Poisson distribution of the firing rates.

4. Simulation Results

4.1. Learning

In order to check the learning rule derived in the
above, a small network composed of 11 spiking neu-
rons including a bias neuron is tested. A bias neu-
ron triggers other neurons, and is crucial at the early
stage of learning. This is because we set small val-
ues as initial synaptic weights, which are not enough
for neurons to fire, then neurons tend to rest and
no updating of synaptic weights occurs. Two target
patterns (0000011111) and (1010101010), which have
same probability (R = 1/2), are encoded to the aver-
age firing rates (0 → 100Hz, 1 → 500Hz). Please note
that these rather high rates are used due to simulation
convenience and can be adjusted for comparison with a
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biological neuron by choosing proper parameters. For
our case, f(I) is chosen as shown in Fig.1. After con-
firming that the Poisson pulses are generated based
on Eqs.(1)-(3) as shown in Fig.2, the updating rule in
Eq.(9) is applied to 10 neurons. Figure 3 shows the
change of the K-L divergence as a function of learn-
ing epochs. It has been confirmed that the proposed
learning works successfully. It can be seen also that
certain non-zero error remains. This is caused by the
stochastic property of pulses. The spike generation is
stochastic and its interval has fluctuation related to
the Poisson process. In the simulations, we allow ±20
% discrepancy of the average firing rate at decoding.
However, as shown in Fig.3 the Poisson distribution is
broad as it is characterized by the fact that its average
and variance are equal, and thus the K-L divergence
has certain non-zero value even if the learning com-
pleted.
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Figure 3: Change of the K-L divergence in learning.

4.2. STDP

The dependence of synaptic modulation on the pre-
cise timing of two action potentials is known as spike
timing dependent plasticity or STDP. STDP can be
observed when the presynaptic and postsynaptic neu-
rons fire within a 20-30 ms time window. Bohte and
Mozer[4] have reported the STDP is realized by mini-
mizing entropy with the sSRM. Our derivation in the
previous section is done in the same manner. We,
however, confirm by ourselves the synaptic modula-
tion according to the derived learning rule. If a target
neuron i fires at t1, we obtain the following equation
from Eq.(9).

∆wij = η
∑ Rα

Pα

{∫ T

0

f ′

i(t)

fi(t)
si(t)hij(t)dt

−

∫ T

0

f ′

i(t)

fi(t)
fi(t)hij(t)dt

}
,

= η
∑ Rα

Pα

{
f ′

i(t1)

fi(t1)
hij(t1)

−

∫ T

0

f ′

i(t)hij(t)dt

}
. (10)

To simulate STDP, 3 neurons including a target neu-
ron i, a neuron j for input and a neuron k for biasing
are required. The target neuron i has two synapses
from neurons j and k, and their amplitudes are set as
wik > wij . The bias neuron k and the synapse wik

are both tuned for the target neuron to fire during the
period [0,100ms]. By applying the proposed updating
rule only to wij , the spike timing dependency of the
change of the synaptic weight wij is confirmed. If the
neurons j and i fire at tpre and tpost, respectively, we
calculate the time difference by tpre − tpost. Figure 4
shows the spike timing dependency on the spike tim-
ing. It can be seen that the spike timing dependent
plasticity is simulated successfully.
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Figure 4: Relation between the change of a synaptic
weight and the spike timing.

5. Conclusion

A learning rule for a spiking neural network has
been derived by minimizing the Kullback-Leibler di-
vergence. The numerical simulations show that the
derived learning rule works well for a small neural net-
work. Furthermore, the spike timing dependent plas-
ticity has been confirmed also by the proposed learn-
ing. In the derivation of the learning rule, we use the
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assumption that a neuron state is independent of other
neurons. Though it is due to mathematical conve-
nience and may be harmless for a small network like
we have tested, such assumption is never true in gen-
eral case. Studies in detail are required in future.

It is intriguing to compare the proposed learning
with the Hebb learning. Both are obtained by min-
imizing the K-L divergence, the former for a spiking
neural network while the latter for a conventional neu-
ral network. This analogy may be one of keys for un-
derstanding learning algorithms in a biological neural
network.
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Abstract—Parallel audio amplifier are hybrid amplifiers
that couple a linear and a switching stage with a parallel
connection. A proper control must be designed so that the
voltage is controlled by the linear stage, while most of the
current is driven by the switching stage. So doing the over-
all architecture achieves the typical efficiency of the switch-
ing stage and the distortion of the linear stage.

The control implementation is very critical because of
the non-linear nature of the switching stage. Moreover the
modulator of the switching stage is often a hystereris based
self-oscillator, in order to achieve a simple and efficient ar-
chitecture. The paper deals with the model of the hybrid
audio amplifier architecture aiming at retriving the most
critical items, and at defining simple relationships for the
optimal design of the amplifier.

A prototype hybrid amplifier was realized, that confirms
the effectiveness of the proposed method.

1. Introduction

An audio amplifier of small size and high efficiency can
meet the needs of several markets, including consumer,
medical and and military applications. The switching au-
dio amplifier, commonly known as class D amplifier, al-
lows achieving high efficiency and small size. The distor-
tion level depends on the filter, the switching frequency,
and the PWM technique employed, [1].

This paper presents a numerical analysis aimed at estab-
lishing the equations that can help in the design and lead to
a better understanding of its behavior. Numerical analysis
allows to aid in the proper selection of the components in
the design of an hybrid audio amplifier with a parallel ar-
chitecture. Numerical analysis provides the estimation of
efficiency and switching frequency as a function of the in-
put voltage, the system parameters, and stray parameters.
Then efficiency and bandwidth can be predicted relying on
simple relationship, retrieved from numerical analysis. A
prototype was realized in order to verify retrieved relation-
ships.

2. Modeling of parallel hybrid amplifiers

Combinations of analog and switching techniques have
led to the development of audio power amplifiers capable
of producing low distortion with high efficiency. To this
aim at least two coupling connections are possible: parallel

and series connections. In order to achieve a nice trade-off
between efficiency and distortion, a class AB amplifier is
chosen for the linear stage, and a MOSFET half-bridge is
chosen for the switching stage. The choice of the class AB
allows to tune distortion as needed. The parallel topology
was suggested as the best option, because of its intrinsic
capability of scaling the size of devices irrespectively of
the delivered output power. Hence the investigation was
limited to the parallel topology [3].

Due to the non-linear nature of the system simulations
were used to define sizing relationship relying on an accu-
rate non-linear model of the system. The major purpose is
to characterize the behavior of the switching frequency, of
delivered power and efficiency as a function of system pa-
rameters and of the delay of the control loop Td introduced
by the stray parameters. Then benchmarks were made to
seek for optimal values of system parameters in order to
achieve the optimal values of efficiency, and power band-
width. Moreover the effects of the delay of the control loop
Td were analyzed for the same purposes. Simulations were
made relying on MATLAB simulink tools, citematlab.

The parallel coupling of two voltage amplifier is a very
critical issue. Each asymmetry between the stages that
force the voltage on the same node may results in large cur-
rents, with a direct increase of power dissipation. It turns
out that unavoidable voltage offsets, small gain variations,
phase displacements and ripple may results in huge unex-
pected power dissipation.

The above issues can be tackled relying on an architec-
ture where the former amplifier is a voltage amplifier that
forces and controls the voltage on the load, while the latter
is a current servoamplifier, controlled by the current deliv-
ered by the voltage amplifier, Fig. 1. Specifically the class
AB stage is operated as a voltage amplifier, that forces and
controls the voltage on the load, ensuring a very low dis-
tortion. The class D stage is operated as a current servoam-
plifier, whose current is Ks times the current delivered by
the class AB, ID = Ks IAB. Then current relationships are
simply IAB = IS pk / (Ks + 1).

Provided that Ks is large, most of the current is driven
by the class D. Hence the efficiency is close to that of the
switching stage. The current delivered by the class AB is a
small fraction of the whole current and mitigates the intrin-
sic switching ripple.

The above configuration is achieved thanks to the
scheme reported in Fig. 2.
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Figure 2: Block diagram of the parallel hybrid audio amplifier.

Figure 1: Current control for parallel connection.

The class D stage is composed by an half-bridge with
MOSFET switches and an inductive filter. The current
flowing on the inductance changes according to the oper-
ation of the MOSFET, that are driven by a Schmitt trigger
that senses the current delivered by the class AB stage with
a fixed threshold IT . Specifically when the current deliv-
ered by the class AB overcomes IT the high-side MOSFET
is switched on and the inductance is supplied by +Vs. Then
the inductance current replaces the current delivered by the
class AB on the load. The latter current is reduced until
it falls below the threshold -IT . At this time the low-side
MOSFET is switched on and the inductance is supplied
by -Vs. Then the inductance current is reduced. The ex-
cess current delivered by the switching stage flows in the
linear stage. In summary the Schmitt trigger produces a
self-oscillating mechanism that is kept even with no input
signal, and a modulated signal whose switching frequency
varies with the level of the modulating signal. The cur-
rent delivered by the switching stage follows the current
set-point with a ripple of amplitude IT , that is compensated
by the linear stage. The detailed structure embodies the
so-called ”‘current dumping”’ approach.

2.1. Self-oscillating switching behavior

Beacuse of the self-oscillating structure the switching
frequency is strongly varying with the level of the input
signal. This is an attractive property from the point of view
of an EMC-compliant design. Simulations show that the
switching frequency varies with the level of the input sig-
nal, Fig. 3. With no input or low level signals the switching

frequency is at its maximum level, then it decreases down
to its mimimum that is reached when the signal is close
to the clipping level. The switching frequency is directly
related to the rate of variation of the inductance current,
that depends on the voltage applied and on the inductance
value. In the former case the voltage applied on the in-
ductance is the full voltage supply, while in the latter is
reduced as much as the input signal is close to the supply
level. Hence the maximum switching frequency fS WMax can
be easily modeled in the case of no input signal Eq. (1).

fS WMax =
Vs

4 IT L
(1)

The maximum switching frequency is inversely propor-
tional to the inductance value L. FFT analysis of sequential
time windows were made with Tw = 64 μs and a sampling
frequency of Fs = 2 MHz. Waterfall results for ID is re-
ported in Fig. 4 assuming a sinusoidal input signal at f = 1
kHz.

The maximum switching frequency is directly related
to the power bandwidth, that is inversely proportional to
the inductance value. Specifically the inductance limits the
slew-rate of the switching stage. Then increasing the induc-
tance the bandwidth at which the efficiency is at its maxi-
mum level decreases.

Simulations show that the effects of IT and Vs on band-
width are negiglible, while the efficiency slightly decreases
with IT , as the class AB dissipation increases with IT . On
the other side while the efficiency increases with Vs, as the
delivered power increases with the square of Vs while the
power dissipation increases linearly with Vs.

The above relationships define the so-called efficiency
bandwidth, that is the bandwidth at which the efficiency is
close to its maximum level. Ideally the efficiency band-
width should include the frequency where statistically the
audio signals is confined. It turns out that the efficiency
bandwidth should be larger than a few kHz. Heuristically
Eq. (2) is obtained from Fig. 5.

BWηmax � 0.1
ZS pk

L
(2)
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where ZS pk is the loudspeaker impedance, that is assumed
constant with frequency for our purposes.

Figure 3: Switching frequency versus the level of the input
signal.

Figure 4: Waterfall of the switching current ID.

Figure 5: ZS pk = 4 Ω, L = 100 μH, IT = 200 mA, Vs = 40
V. Amplifier efficiency versus input signal frequency.

Moreover power dissipation and maximum efficiency
can be predicted modeling the total power dissipation by
the power dissipation of the class AB only, that always
drives always a triangular wave current with amplitude IT

even with no input signal.
MOSFET losses, iron losses, biasing current, stray pa-

rameters losses are not modeled here. The non-linear be-
haviour of the inductance is modeled from the magnetic
characteristics of magnetic material used for coils induc-
tance. Hence the maximum efficiency can be defined as
Eq. (3) when the maximum power PRMS is delivered,
PRMS = PS pk = V2

s / (2 ZS pk).

ηmax =
Vs

ZS pk IT + Vs
(3)

Eq. (4) is obtained replacing IT from Eq. (1) in Eq. (3).

ηmax =
1

ZS pk

4 fS WMax L + 1
(4)

Eq. (4) shows that the optimal trade-off between fS WMax and
L must be found in order to keep efficiency at its maximum
level.

The above relationships allow to define a simple proce-
dure for the sizing of the main parameters of the audio am-
plifier, in order to achieve optimal efficiency and distortion.
Specifically a high switching frequency results in a simpler
choice of system parameters in order to achieve a high effi-
ciency in the audio bandwidth, i.e. in the bandwidth where
most of the energy of the audio signals is confined.

Specifically in order to increase efficiency IT should be
reduced, however it is constrained by Eq. (1). Then the
only degree of freedom is the choice of fS WMax . Provided
that devices are chosen so that fS WMax can be very high, the
inductance value L is constrained by the bandwidth Eq. (2)
and the maximum desired efficiency Eq. (4).

Eventually simulations show that the most critical pa-
rameter is the delay of the control loop Td, that is mainly
produced by intrinsic stray parameters of circuit implemen-
tation of current control and measurements. It turns out
that the ideal behaviour, and attractive values of efficiency
can be achieved, provided that a very fast implementation
of the current sensing and of the Schmitt trigger is avail-
able. A control loop delay larger than 1μs prevents from a
prompt feedback action and the desired switching correct-
ing cannot be tracked. Reducing the inductance value the
rate of variation of the current increases hence the same
delay produces an higher current overshoot. The optimal
design of circuit parameter L, IT can be made relying on a
minimum value of Td.

Figure 6: f = 1kHz, ZS pk = 4Ω. Amplifier efficiency versus
control loop delay with parametric inductance.

3. Experimental results

A prototype was realized in order to verify the rela-
tionships obtained by experiments. Its specification are
PRMS = 150W, ZS pk = 4Ω, L = 150μH, Vs = 40V , IT =
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250 mA, PQ = 7 W and full audio bandwidth operation [10
Hz, 22 kHz]. A commercial IC was used for the class AB
stage, while discrete components were used for the class
D stage. Measured current waveforms show that the cur-
rent dumping behaviour is achieved in nice agreement with
simulations, Fig. 7. These results are obtained thanks to
a suitable current sensing design, that results in a delay of
the control loop, Td � 500 ns.

Figure 7: Experimental currents waveforms ZS pk = 4 Ω,
Vs= 40 V, sinusoidal input with f = 1 kHz, Td < 1μs, IAB

(red line), ID (green line), IS pk (blue line).

Fig. 8 report power absorbed, dissipated, and efficiency
as a function of the power delivered to the load, with a si-
nusoidal input at 1 kHz and ZS pk = 4 Ω. Experiments are
in nice agreement with simulation results. In fact the aver-
age power dissipation estimated with no input signal is of
about 12 W, while the experiments report a value of about
14 W. Discrepancy between simulation and experiments is
mainly caused by the lack of stray parameters, like MOS-
FET RDS on and inductance series resistance. Similarly the
maximum efficiency computed by Eq. (3) is of about 97
%, while experiments report a value of about 85 %. The
discrepancy can be partially justified by stray parameters.
Signal conditioning circuitry, MOSFET drivers, MOSFET
switching losses justify 7.5 W of power dissipation.

Fig. 9 reports the efficiency versus the input signal fre-
quency, with PS pk = 70 W and ZS pk = 4 Ω. The computed
value of BWηmax is of 2.6 kHz Eq. (2) that is nicely close to
the experimental result of about 3 kHz.

Figure 8: f = 1kHz, ZS pk = 4 Ω. Power and efficiency
versus delivered power.

Figure 9: PS pk= 70 W, ZS pk = 4 Ω. Efficiency versus input
signal frequency.

4. Conclusion

Parallel hybrid configuration are promising architecture
for power audio amplifiers, as they allow to achieve typical
distortion figures of linear amplifiers together with typical
efficiency of switching amplifiers.

The parallel hybrid configuration was modeled and sim-
ulated in order to define simple relationships useful to find
critical parameters, and to aid design choices. A prototype
amplifier was realized that confirms the effectiveness of the
proposed approach.
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Abstract—This paper studies a system of parallel-
connected dc/dc buck converters under democratic current-
sharing control. Under this control scheme, the reference
current is generated by a typical proportional-integral (PI)
controller for voltage regulation and the currents in indi-
vidual converters are programmed by a built-in interleaving
switching control. The effects of variations of practical pa-
rameters such as proportional gain, integral time constant,
duty ratio and output power level are studied. Extensive
simulations are performed to capture the Hopf bifurcation
boundary which is the first instability boundary of practical
importance. Unlike those in some previous studies which
use abstract system parameters, the results in this paper are
presented in terms of practical parameters and hence can be
directly used for comparison of operating ranges for prac-
tical parallel-connected converters.

1. Introduction

Power supplies based on paralleling switching convert-
ers offer advantages over a single and high-power power
supply. They enjoy low component stresses, increased
reliability, increased power processing capability and im-
proved fault tolerance [1]–[3]. Parallel converter systems
become very popular in distributed power systems for
front-end and load converters.

In parallel converter systems, mandatory control is
needed to ensure proper current sharing, and many effec-
tive control schemes have been proposed [4]–[11]. One
widely used method for balancing the currents is thedemo-
cratic current sharing method [6], [8], [9]. In this method,
a common reference current is generated from some form
of feedback, and each converter’s inductor current needs to
follow this reference current tightly. As a result, all mod-
ules share the load current equally.

In this paper, we attempt to study the stability of a system
of parallel-connected buck converters under a democratic
current-sharing control. We will study the first instability
boundary, which is a Hopf bifurcation boundary, in terms
of variations of some practical design parameters.

The paper is organized as follows. In Section 2, we
present the control method of the parallel buck converter
system and give the exact state equations that describe the
system’s dynamics. In Section 3 we present the stability
boundaries and some discussions about the results.

–
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R vo

R1
RF1CF1

iref
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Figure 1: Parallel-connected buck converters under demo-
cratic current-sharing control.

2. Operation of the Parallel Converter System

2.1. Current-Sharing Control Operation with Built-in
Interleaving

Figure 1 shows the parallel system under study. It con-
sists of two dc/dc converters which are connected in paral-
lel feeding a common load. In this system, an appropriate
current sharing scheme is needed to ensure that the cur-
rent drawn by the load is shared properly between the two
converters. In this paper, assuming that the parameters of
the two converters are identical, and the current drawn by
the load (output current) is shared equally. Also, a peak
current-mode control scheme is employed. Denoting the
two converters as Converter 1 and Converter 2, as shown
in Fig. 1, the operation of the system can be described as
follows. The converters are operating in continuous con-
duction mode. Both converters are controlled via a simple
current-mode control scheme, in which the inductor cur-
rent of Converter 1,i1, and that of Converter 2,i2, are com-
pared with a reference currentiref (which defines the peak
inductor current) to generate the control signals that drive
switchesS 1 andS 2. Under our peak current-mode control
scheme, afterS 1 (S 2) is turned on,i1 (i2) ramps up until
it reachesiref, thenS 1 (S 2) is turned off andi1 (i2) ramps
down. S 1 (S 2) remains off until it is turned on by the peri-
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Figure 2: Steady-state inductor current waveforms under
the built-in interleaving switching scheme, showing the
switching sequence in each switching period (d ≤ 0.5).

odic clock signal. At the beginning of each switching pe-
riod T (i.e., t = nT ), only one switch is turned on. In our
case,S 1 andS 2 are turned onalternately by the periodic
clock signal, i.e., each switch is actually turned on every
2T . The scenario is illustrated graphically in Fig. 2.

The system is a closed-loop system. The reference cur-
rentiref is generated from the output voltage through a typ-
ical proportional-integral (PI) controller. It is adjusted au-
tomatically such that the output voltage is regulated.

2.2. Exact State Equations

In this subsection, we derive the state equations for the
system of parallel-connected buck converters. Using the
state equations, simulation of cycle-by-cycle time-domain
waveforms as well as bifurcation diagrams can be per-
formed. Figure 1 shows the schematic of two buck convert-
ers connected in parallel. The presence of four switches
(S 1, S 2, D1 and D2) allows a total of sixteen possible
switch states, and in each switch state the circuit is a linear
third-order circuit. The diodes (D1 andD2) are assumed to
be ideal, with threshold equal to zero.

The system can be regarded as a variable structure that
toggles its topology according to the states of the switches.
When the converters are operating in continuous conduc-
tion mode, diodeDi is always in complementary state to
switch S i, for i = 1, 2. That is, whenS i is on, Di is off,
and vice versa. Hence, only four switch states are possible
during a switching cycle, namely (i)S 1 andS 2 are on; (ii)
S 1 is on andS 2 is off; (iii) S 1 is off andS 2 is on; (iv) S 1

andS 2 are off. The state equations corresponding to these
switch states are generally given by

ẋ = A1x + B1E for S 1 andS 2 on
ẋ = A2x + B2E for S 1 on andS 2 off
ẋ = A3x + B3E for S 1 off andS 2 on
ẋ = A4x + B4E for S 1 andS 2 off,

(1)

whereE is the input voltage,x is the state vector defined as

x = [v i1 i2]T , (2)

and theA’s andB’s for the case of two buck converters are
given byA1 = A2 = A3 = A4 =
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(4)
The reference currentiref is derived from the feedback

compensator. Here the compensator is a PI controller, i.e.,

Iref(s)
Ve(s)

= −Kp

(

1+
1

Tis

)

(5)

whereIref(s) andVe(s) are the Laplace transforms ofiref(t)
andve(t); ve(t) is the error between the reference voltage
Vref and the output voltagevo; Kp andTi are the parameters
in the PI controller.

According to the feedback circuit (in Fig. 1), we can de-
rive the state equation foriref

d
dt

iref = −K1
d
dt

vo −
K1

TF1
vo +

K1

TF1
Vref. (6)

Also, the output voltagevo can be written as

vo = v + rC iC = v + rC

(

i1 + i2 −
vo

R

)

(7)

whereK1 is the proportional gain,K1
TF1

is the integral gain
(TF1 is the integral time constant), andVref is the reference
voltage. In circuit terms,K1 = RF1/R1 andTF1 = RF1CF1.
Equations (1) and (6) together form the complete set of
state equations for the whole system. It is a fourth-order
system.

Under normal operating condition, the system settles it-
self in an interleaving operation withi1 and i2 repeating
themselves with a period of 2T . It should be noted that the
output current (which is the sum ofi1 andi2) and the capac-
itor voltagev are still in periodic operation with periodT .
The duty cycled is defined as the ratio of the turn-on time
(of Converter 1 or 2) to the period of 2T . There are two
possible scenarios, i.e.,d ≤ 0.5 andd > 0.5. In this paper,
we only focus on the one which corresponds todn ≤ 0.5.
Its sequence of switch states in each 2T period takes the
order as shown in Fig. 2, i.e., starting with “S 1 on S 2 off”,
passing through “S 1 andS 2 off” in the first switching pe-
riod, then passing through “S 1 off S 2 on” and ending with
“S 1 andS 2 off” in the second switching period. Figure 2
shows the steady-state inductor currents and the reference
current waveforms.
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Figure 3: Period-1 trajectory ofv vs i1 + i2 in the stable
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Figure 4: Quasi-periodic trajectory ofv vs i1 + i2 in the
“unstable” region ford = 0.4.

3. Simulation Results

In this section, simulation results of the parallel con-
verter system are presented. As mentioned before, we per-
form computer simulations based on the exact state equa-
tions and thealternating switching rule on the operation of
the system derived in Section 2. Moreover, we will study
the effects of varying certain controller and system param-
eters on the stability of the system. The circuit parameters
used in our simulations are shown in Table 1.

Depending on the various parameters, the system can ex-
hibit either stable or unstable trajectories.1 In this case, due
to the presence of the outer voltage loop which is band-
limited, the typical bifurcation with which the system loses
stability is a Hopf-type bifurcation [11]. A typical trajec-
tory of v vs i1 + i2 in the stable region (before Hopf bifur-
cation) is shown in Fig. 3. It is a stableT -periodic orbit
and is the desired normal operation of practical power con-
verters. A typical trajectory ofv vs i1 + i2 in the unstable
region (after Hopf bifurcation) is shown in Fig. 4. It is a
quasi-periodic orbit.

1Engineers usually refer to an operation as being “unstable”if it does
not belong to the expected or desired operating regime. The so-called
“unstable” operation may not be unstable in the strict mathematical sense.

Circuit Components Values
Switching PeriodT 40µs
Input VoltageE 26—40 V
Reference VoltageVref 12 V
InductanceL1, ESRrL1 3.0 mH, 0.05Ω
InductanceL2, ESRrL2 3.0 mH, 0.05Ω
CapacitanceC, ESRrC 4. µF, 0.01Ω
Load ResistanceR 1—10Ω

Table 1: Component and parameters values used in simu-
lations. (ESR stands for equivalent series resistance.)

First of all, we fix the output powerPo level at 14.4 W
(vo=12 V andR=10Ω), and identify the stable region in
the parameter space ofK1 and 1/TF1. Figure 5 shows the
stability boundaries for different duty ratios. The duty ratio
is given byvo/E in our system. The area under the bound-
ary corresponds to the stable region while the area above
the boundary is the unstable region. The stable range ofK1

diminishes rapidly as 1/TF1 increases. We observe that for
a smaller duty ratio, the stable region is larger.

Next, we fix the duty ratio at 0.3, and identify the sta-
ble region in the parameter spaceK1 and 1/TF1. Figure 6
shows the stability boundaries for different output power
levels. The output power is given byvo

2/R in our system.
For a higher output power level, the stable region is larger.

Then, we fix the duty ratio at 0.3, and identify the stable
region in the parameter spaceK1 andPo. Figure 7 shows
the stability boundaries for different values of 1/TF1. For a
smaller value of 1/TF1, the stable region is larger.

Finally, we fix 1/TF1 at 1000 s−1, and identify the stable
region in the parameter spaceK1 andPo. Figure 8 shows
the stability boundaries for different values of the duty ra-
tio. For a smaller duty ratio, the stable region is larger.

From the simulation results, we observe that increasing
K1, 1/TF1 and the duty ratio will decrease the size of the
stable region. On the other hand, increasing the output
power level will increase the size of the stable region.

4. Conclusion

In this paper, a system of parallel buck converters un-
der democratic current-sharing control has been studied.
The system is a closed-loop system, with the reference cur-
rent generated from a typical PI controller. We study the
effects of actual practical design parameters, such as cir-
cuit and controller parameters, on the system’s stability.
Based on the simulations results, stability boundaries are
constructed, which are useful for practical design.
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Abstract—This paper is concerned with the application
of a server type RTK-GPS to electric power systems. It en-
ables us to observe the movements of electric power equip-
ments accurately in real-time at a distant surveillant sta-
tion. The experimental results indicate that this server type
RTK-GPS can measure the three dimensional movements
of poles with centimeter order’s accuracy.

1. Introduction

Electric power systems has repeatedly suffered from nat-
ural disasters such as typhoons, earthquakes, and tsunamis.
Kagoshima in Japan is located in a typhoon path, thus
its power systems have been destroyed by typhoons every
year. In order to ensure the rapid restoration, we need to
measure the accurate amount of change from normalcy for
each installation.

In this paper we consider a surveying system to observe
the movements of electric power equipments in real-time at
a distant surveillant station by utilizing GPS (Global Posi-
tioning System)[1–8]. The GPS is the satellite navigation
system operated by USA. Its cousins are called GLONASS
by Russia, GALILEO by EU, and QZSS by Japan.

There are two types of GPS surveying methods, one of
which is by code pseudo ranges and the other is by carrier
phases. To acquire high-precision positioning, we make
use of the method of carrier phase measuring. The car-
rier phase differential GPS is often used for precise posi-
tioning such as a geodetic surveys. Antennas at a refer-
ence station and of the other receivers take the signal data
from the satellites simultaneously. Their data is processed
to get the relative locations among observation points. By
using information from the reference station, the original
RTK-GPS (Real-Time Kinematic Global Positioning Sys-
tem) enables each roving receiver to determine its coordi-
nates of the trajectory in real-time.

On the other hand, in this paper we explore a modifica-
tion of RTK-GPS which has a server at a surveillant station.
By this server, the coordinates of equipments’ movement is
calculated by accepting the signal data from plural anten-
nas, one of which is of the reference station and the other
are of objective equipments. The signal data are transmit-
ted by cables, networks, or wireless phones, etc. Hereafter,
we simply call this system as a server type RTK-GPS.

The experimental results show that this server type RTK-
GPS can measure the movements of poles with centimeter

order’s accuracy at a surveillant station.

2. A Server Type RTK-GPS

We design a server type RTK-GPS whose conceptual
scheme is shown in Fig.1.

Assume that n satellites are caught by receivers k and
m simultaneously. Let Satellite p (p = 1) be a reference
satellite and the others be Satellite q {q = 2, 3, · · · , n}. The
receiver k of a reference station is set at known point on
a standstill place, so its movement is supposed to be neg-
ligible small during the operation. The receiver m {m =
1, 2, · · · ,M} are the objects whose movements are kept a
careful watch on.

Each receiver directly transmits the raw data from the
satellites to the server of surveillant station by cable, wire-
less phone, etc. Using these signal data, the server calcu-
lates the coordinates of objects’ movement with centimeter
order’s accuracy.

Therefore, in this paper we make good use of the car-
rier phase to acquire high-precision positioning measure-
ment[2,6,7].

The phase observable is the difference between the phase
of the carrier signal transmitted by satellite and the phase
of receiver oscillator. This difference in carrier phase can
be regarded as the Doppler frequency shift that arises due
to the relative motion between satellite and receiver. Then
the Doppler frequency is integrated over the interval of the
measurement period. Thus it is called the integrate carrier
phase measurement, which is denoted by ϕ p

k (tr) for satel-
lite p and receiver k, where tr is the signal reception time
measured by the receiver k.

Figure 1 also shows a conceptual view of the double dif-
ference, where two receivers k and m are located at the
known point and the unknown point, respectively, so that
the baseline vector between them is unknown. For the re-
ceivers located close together such that the separation is
less than 20 km, ionospheric and tropospheric propagation
delays are negligible small. Then the double difference
phase observation becomes

Δ
pq
km(tr) � ϕ

p
k (tr) − ϕp

m(tr) − {ϕq
k(tr) − ϕq

m(tr)}
=

f
c
{ρp

k (t) − ρp
m(t)} − f

c
{ρq

k(t) − ρq
m(t)}

+Npq
km + ε

pq
km(tr). (1)
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Figure 1: Scheme of a server type RTK-GPS

Here ρp
k (t) is the distance between the satellite p and the

receiver k. t is the signal transmission time determined
from GPS time. N pq

km is

Npq
km � Np

k − Np
m − (Nq

k − Nq
m) (2)

where Np
k is the unknown integer number associated with

the ambiguity of carrier cycles at the initial time between
the satellite p and the receiver k. f is the carrier fre-
quency (1575.42MHz when L1), c is the speed of light
(2.99792458 × 108m/s), and εpq

km is observation error.
The double difference data for the same set of n satellites

are available at both points.
We denote p=1, q = 2, 3, 4, · · · , n then the measurement

can be formed:

Δ( j) = [Δ12
km( j),Δ13

km( j), · · · ,Δ1n
km( j)]T (3)

where tr = jδt, and δt is the data update interval of the
receiver. In this positioning problem, we need to estimate
three coordinates (xm, ym, zm) for the unknown position and
n − 1 values (N12

km,N
13
km, · · · ,N1n

km) corresponding to the inte-
ger ambiguity in (2). Therefore the state vector η consists
of n + 2 components as follows:

η( j) = [xT ( j), nT ( j)]T (4)

where

x( j) � [xm( j), ym( j), zm( j)]T (5)

n( j) � [N12
km( j),N13

km, · · · ,N1n
km( j)]T . (6)

When all components are assumed to be constants, the state
equation can be written as

η( j + 1) = η( j) + w( j) (7)

where j is the discrete measurement time, and w( j) is noise
whose covariance is Cov(v( j)) = Q( j).

The observation equation can be represented as follows:

Δ( j) = h(η( j)) + v( j) (8)

where v( j) is measurement noise whose covariance is
Cov(v( j)) = R( j), and

h(η( j)) = [h1(η( j)), · · · , hq−1(η( j)), · · · , hn−1(η( j))]T (9)

hq−1(η j) =
f
c

[{
√

(xk − x1)2 + (yk − y1)2 + (zk − z1)2

−
√

(xm − x1)2 + (ym − y1)2 + (zm − z1)2}

−{
√

(xk − xq)2 + (yk − yq)2 + (zk − zq)2

−
√

(xm − xq)2 + (ym − yq)2 + (zm − zq)2}]
+N1q

km. (10)

The next section will explain one of standard approaches
of estimation for the above equations[6,7].

3. Estimation

3.1. Float Solution

The measurement equation is linearized by applying the
Taylor expansion around η̂( j | j − 1) to Eq.(8) as follows.

Δ( j) = h(η̂( j | j − 1)) +C( j){η( j) − η̂( j | j − 1)} + v( j) (11)

where η̂( j | j−1)) is prediction of η( j) underΔ(0) ∼ Δ( j−1)

η̂( j | j − 1)) = [x̂T ( j | j − 1), n̂T ( j | j − 1)]T (12)

C( j) = [H( j) In−1], H( j) �
[
∂h(η( j))
∂x( j)T

]
x( j)=x̂( j| j−1)

.

For Eqs.(7) and (8), we have the extended Kalman filter:

η̂( j | j) = η̂( j | j − 1) + K( j)[Δ( j) − h(η̂( j | j − 1))] (13)

η̂( j + 1 | j) = η̂( j | j), η̂(0 | −1) = η̂(0) (14)

K( j) = P( j)CT ( j)[C( j)P( j)CT ( j) + R( j)]−1 (15)

P( j + 1) = P( j) − K( j)C( j)P( j) + Q( j) (16)

where η̂( j | j) = [x̂T ( j | j), n̂T ( j | j)]T .

3.2. Fix Solution

We have obtained the estimates x̂(i | i) and n̂(i | i), in
which the components of n̂(i | i) are real numbers, not inte-
gers. In order to perform the integer estimation, we accept
the LAMBDA method at every epoch until they are fixed.
The LAMBDA stands for Least squares AMBiguity Decor-
relation Adjustment([3]).

After the integers n � n̂( j | j) is fixed, x( j) only is treated
as the unknown vector at Eq.(4). Considering n( j) = n
being the known vector, the extended Kalman filter with
respect to x( j), which is a modification of Eqs.(13)� (16),
is applied again to estimate the x̂( j | j).
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Table 1: Reference station
WGS84 WGS84
(X, Y,Z) (Lati., Longi.,Height)

X = −3535582.769 B = 31◦34′14′′620N
Y = 4133321.417 L = 130◦32′35′′507E
Z = 3320002.240 He = 59.544

Table 2: Inclined distance (m)
Direction LDM GPS Difference

K1→ K2 0.66 0.67 0.01
K2→ K3 0.93 0.93 0.00
K3→ K4 2.44 2.52 0.08
K1→ K5 1.09 1.10 0.01
K5→ K6 0.75 0.73 0.02
K6→ K7 1.33 1.35 0.02

4. Experimental Results

We carry out the experiments on measuring the move-
ment of poles by the server type RTK-GPS.

Both the serveillant and reference stations are set at
EEEKU (Dep. of Electrical and Electronics Engineering
of Kagoshima University) and they are connected by a ca-
ble. The receiver k of reference station is put on the rooftop
of EEEKU building whose coordinate point has already
known (see Table 1). In the table, WGS84 is short for
the World Geodetic System 1984. The server uses a per-
sonal computer (CPU: Pentium M 1.4GHz) which includes
a GPS analysis software RTKNav.

Figure 2: Experimental view

Figure 3: Transmitter

Figure 4: Movement on horizontal plane
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Figure 6: Baseline r of Experiment1

4.1. Experiment 1

The receiver m as an object is located at a Taniyama
training ground of KEPC(Kyushu Electric Power Co.)
which is about 10km apart from EEEKU.

The GPS antenna of the receiver is tightly bounded on
the top of a concrete pole which is easily inclined by a
dump truck (see Fig.2).

The raw data received at this antenna is directly sent to
the surveillant station by a transmitter, which is making
good use of a wireless mobile phone(see Fig.3).

The movement of the pole is also observed a laser dis-
tance meter (LDM) in order to compare with our GPS sur-
veying in accuracy.
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A set of this experiment is designed and constructed by
a collaboration with EEEKU and KEPC. The experimental
results on March 15 in 2005 are disclosed below.

Figure 4 shows the trace of (xm, ym)-coordinate on a hor-
izontal plane by an inclination of the pole of the receiver m.
K1 denotes a normal state of the pole, from which it leans
to K2→ K3→ K4 and K5→ K6→ K7.

Table 2 tabulates the measured values of distance be-
tween two adjacent points { Ki: i=1, · · · , 7} by the LDM
and the server type RTK-GPS, as well as their difference
values.

Figures 5 and 7 are the time responses of the height zm

and the horizontal baseline r =
√

(xm − xk)2 + (ym − yk)2,
respectively.

These results indicate that the server type RTK-GPS en-
ables us to measure the movements of electric pole with
centimeter order’s accuracy at the surveillant station being
about 10km apart.

Next, we make the following test in order to check an
experimental limit of accuracy of this method.

4.2. Experiment 2

The receiver m of an objective pole is set on the same
rooftop of EEEKU building and its raw data is transmitted
by a cable to the surveillant station. The distance between
the receivers k and m is less than 10m. The experimental
results on October 8 in 2005 are disclosed here as a typical
one chosen from various tests. The pole is leaned from the
normal state P1 to P2→ P3→ · · · → P6. Figures 7 and 8
are the results of height zm and baseline r, and they are quite
similar to Figs.5 and 6, respectively. Since the accuracy of
this experiment is about 1.5cm, the limit of this method
seems to be centimeter order.

5. Conclusions

We have considered a server type RTK-GPS, which is
a modification of RTK-GPS having a server at a surveil-
lant station. This system might be applied to observe the
movement of electric power equipments in real-time under
a distant serveillant station. The experimental results have
been shown that we could measure the inclination of poles
with centimeter order’s accuracy at the station. Future re-
search is required to clarify the influence of noise, error,
distance, receiver, and so on.
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Abstract—This paper investigates the effects of charac-
teristics of band-pass filter to operation of class DE inverter.
Two kinds of band-pass filter are applied to the design of
class DE inverter, and circuit experiments are carried out.
As the result, output voltage characteristic of the class DE
amplifier with band-pass filter is very flat. Because of out-
put characteristics of band-pass filters are flat at the nom-
inal frequency. Moreover, when the operating frequency
decreases from nominal frequency, both the class DE in-
verter with band-pass filters achieve ZVS.

1. Introduction

Class DE inverter[1]–[6] achieves high power conver-
sion efficiency under a high frequency operation because
of class E switching [7]. Class E switching means that both
the switching voltage and the slope of switching voltage are
zero when each switch turns on.

Class DE inverter presented in the previous papers in-
cludes a resonant circuit to acquire sinusoidal output. The
output voltage is quite sensitive to the variations of operat-
ing frequency. Moreover, class E switching conditions are
strict, so not only the class E switching conditions but also
zero voltage switching (ZVS) cannot be achieved against
the variations of operating frequency [6]. The high sen-
sitivities of output power and switching conditions to the
operating frequency are problems for class DE inverter.

Recently, class DE amplifier with band-pass filter is pro-
posed in [8]. By using band-pass filter, it is confirmed the
following two advantages. One is that the sensitivity of out-
put voltage to the operating frequency can be suppressed.
The other is that the ZVS can be satisfied when the op-
erating frequency decreases from the nominal operation.
However, it has never discussed that the effects of output
characteristics of the filter to characteristics of the output
voltage.

This paper investigates the effects of characteristics of
band-pass filter to operation of class DE inverter. Two
kinds of band-pass filter are applied to the design of class
DE inverter, and circuit experiments are carried out. As the
result, output voltage characteristic of the class DE inverter
with band-pass filter is very flat. It is because that output
characteristics of band-pass filters are flat at the nominal
frequency. Moreover, when the operating frequency de-
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Figure 1: Class DE inverter. (a)Class DE inverter with res-
onant filter. (b)Class DE inverter with band-pass filter.
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creases from nominal frequency, both the class DE inverter
with band-pass filters achieve ZVS.
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2. Circuit Description

2.1. Class DE inverter with band-pass filter[8]

Figure. 1 (a), (b) shows the circuit topology of class
DE inverter with resonant filter, and the one with band-
pass filter[8], respectively. This paper presents class DE
inverter with band-pass filter as shown in Fig. 1 (b). In
this inverter, band-pass filterL1−C1−L2−C2 is used as
shown in Fig. 1 (b) instead of the resonant filterL0−C0

in Fig. 1 (a). The band-pass filter passes frequencies with
a certain bandwidth. If we set the bandwidth to cut the
higher harmonics and direct component, pure sinusoidal
output voltage is derived. It is recognized that by using the
band-pass filter, the sensitivity of output voltage to the op-
erating frequency can be suppressed, and class DE inverter
with band-pass filter satisfy ZVS when operating frequency
decreases. Moreover, since the circuit is satisfied with class
E switching conditions, it achieves high power conversion
efficiency under high frequency operation. However, it has
never discussed that the effects of output characteristics of
the filter to characteristics of the output voltage.

2.2. Investigation of the effects of characteristics of
band pass filter.

In this paper, to find out the relation between output char-
acteristics of the band-pass filter and characteristics of the
output voltages, two band-pass filters which have different
output characteristics are applied to class DE inverter. Fig-
ure 3 shows each output characteristics of two band-pass
filters and resonant filter. Figure 3 (b) shows each output
characteristics when the range of operating frequency is
0.95MHz to 1.05MHz.

It is expected that the output characteristics against the
operating frequency depends on the flatness of the output
characteristics of the output filter, which has never been
confirmed yet. If it is true, it is possible to design the class
DE inverter with various output characteristics by changing
output filter. We recognize it is an important and useful
guidline for designers.

3. Circuit Design

3.1. Assumptions

In order to derive the waveforms of the inverter, we give
the following assumptions.

i. The switching devices, namely MOSFETs including
anti-parallel diode have zero switching times, large off
resistance enough to neglect the current through the
switches, and nonzero on resistance. On resistances of
the MOSFETs and the anti-parallel diodes are stated
as rS and rDS, respectively. In this paper, we use a
same kind of the MOSFETs for the switches. There-
fore, it is assumed that a value of on resistance of one
MOSFET is identical that of another MOSFET.

0

1

2

1.00 3.002.00 2.501.500.50

Operating frequency f  (MHz)                                
nominal operating frequencyT

h
e 

ra
ti

o
 o

f 
in

p
u
t 

v
o
lt

ag
e 

an
d
 o

u
tp

u
t 

v
o
lt

ag
e

Resonant filter designed in [6]

Band-pass filter for α=0.9, Z=3.5,R=60.0

Band-pass filter for α=0.7, Z=5.0,R=40.0

 

 

0

1

2

1.00

Operating frequency f  (MHz)                                
nominal operating frequency

T
h
e 

ra
ti

o
 o

f 
in

p
u
t 

v
o
lt

ag
e 

an
d
 o

u
tp

u
t 

v
o
lt

ag
e

 

0.95 1.05

0.00

(a)                                

(b)                                

Figure 3: Output characteristics of the resonant filter and
two kinds of band-pass filters for 1.0 MHz nominal opera-
tion.

ii. Shunt capacitance of each switching device, namely
CS1 andCS2 include switch device capacitance. The
equivalent series resistance of each capacitances can
be neglected.

iii. In this paper, we use the second order constant K filter
as a band-pass filter.

iv. All passive elements including switch on resistors op-
erate as linear elements.

3.2. Parameters

We define the following parameters of the circuit in order
to express circuit equations.

1. ω = 2π f : The operating angular frequency.

2. X = ωCS = ω(CS1 +CS2)

3. α = fw/ fc : The ratio of bandwidth to center fre-
quency of band-pass filter.

4. β = f/ fc : The ratio of operating frequency and center
frequency of band-pass filter.

5. Z : The impedance of band-pass filter when band-pass
filter is second order constant K filter.

6. D = DS1 = DS2 : The switch on duty ratio.
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It is inevitable that two switch is same inverter are on
state simultaneously forD > 0.5. This causes short circuit
and breaks the inverter. Moreover, the dead time must be
needed in order to achieve Class E switching. Therefore,
the range ofD is determined as 0< D < 0.5.

3.3. Circuit Equations

Following above assumptions, the equivalent circuit of
the proposed inverter is shown in Fig. 3. We consider
operations at 0≤ θ < 2π to design circuit, whereθ = ωt
presents the angular time. Using the parameters, the circuit
equations are expressed as follows:

dvS1

dθ
=− 1

X

(
i2 +

(
1

RS1
+

1
RS2

)
vS1−

VD

RS2

)
dv1

dθ
=

β
α

Z
(

i2− i1−
v1

R

)
dv2

dθ
=

Z
αβ

i2

di1
dθ

=
1

αβZ
v1

di2
dθ

=
β

αZ
(vS1−v2−v1)

(1)

In (1),RS1 andRS2 are the equivalent resistance of MOS-
FETsS1 andS2, respectively. When the switch voltage is to
be negative, the anti-parallel diode including the MOSFET
turns on.

For the decision of design parameters, some techniques
for numerical calculation are applied. Specifically, apply-
ing Runge-Kutta method and Newton’s method, the un-
known parameters can be found, and the design values, that
is, X andβ are determined. The procedure for calculations
of Newton’s method is the same as in [9].

4. Experimental Results

In this section, circuit experiments are shown. This pa-
per apply two band-pass filter which have different char-
acteristic. One of the design parameters of the class DE
inverter with band-pass filter areα = 0.7, the impedance of
band-pass filterZ = 5.0, output resistanceR= 40, the other
ones areα = 0.9, Z = 3.5, R= 60. The output characteris-
tics of both filters shown in Fig. 3. The element values of
each experiments are determined as shown in Tab. 1 and 2.

Figure 4 shows the examples of experimental waveforms
by changing the operating frequency. Figure 4 (a-1), (b-
1) shows the experimental waveforms forf = 1.0MHz.
From these figures, we can confirm the operation ofvS1

achieves class E switching in both filters. In this paper,
we define the state in Fig. 4 (a-1), (b-1) as nominal state.
In the nominal state, each inverter achieves 90.4 % and
88.6% power conversion efficiency in Fig. 4 (a-1), (b-1),
respectively. Figure 4 (a-2), (b-2) shows the waveforms for
f = 0.95MHz, which is smaller than the nominal operating
frequency. From these figures, the waveform of the switch

Table 1: Design values when design parameters areα =
0.7, Z = 5.0, R= 40.

Calculated Measured Difference
L1 0.496µH 0.496µH 0.00%
L2 1.013µH 1.012µH 0.10%
Cs1 4.52nF 4.50nF −0.44%
Cs2 4.52nF 4.51nF −0.22%
C1 40.51nF 40.49nF −0.05%
C2 19.85nF 19.84nF −0.05%
R 40.0Ω 39.9Ω -0.03%
D 0.25 0.25 0.00%
f 1.0MHz 1.0MHz 0.00%

Vcc 20.0V 20.0V 0.00%
rS 0.16Ω 0.16Ω 0.00%
rD 1.54Ω 1.54Ω 0.00%
Vo 9.37V 9.24V −1.39%
η 92.7% 90.4% −2.48%

Table 2: Design values when design parameters areα =
0.9, Z = 3.5, R= 60.

Calculated Measured Difference
L1 0.451µH 0.455µH −0.89%
L2 0.557µH 0.560µH 0.54%
Cs1 4.89nF 4.88nF −0.20%
Cs2 4.89nF 4.91nF 0.41%
C1 45.47nF 45.45nF −0.04%
C2 36.83nF 36.82nF −0.03%
R 60.0Ω 60.0Ω 0.00%
D 0.25 0.25 0.00%
f 1.0MHz 1.0MHz 0.00%

Vcc 20.0V 20.0V 0.00%
rS 0.16Ω 0.16Ω 0.00%
rD 1.54Ω 1.54Ω 0.00%
Vo 8.89V 8.73V −1.80%
η 88.6% 88.2% −0.45%

S1 never achieves class E switching conditions, but is satis-
fied with ZVS in both filters.

Figure 5 shows the characteristics of the output voltages
as a function of the frequency. From this figure, we pay
attention to the variation of the output voltage when the
operating frequency varies±5% from 1.00MHz. The out-
put voltage of class DE inverter with resonant filter in [6]
is changed from 63% to 153% of the nominal output volt-
age. On the other hand, the output voltage of the class DE
inverter with the band-pass filter varies from 81% to 123%
of the nominal output voltage. Moreover, the output volt-
age of the class DE inverter with the band-pass filter which
has flatter characteristics varies from 84% to 113% of the
nominal output voltage.

From Fig. 3 (b) and Fig. 5, we can confirm the sensitivity
of the output voltage to the operating frequency suppresses
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(a-1)

(a-2) (b-2)

(b-1)

Figure 4: Numerical waveforms and experimental wave-
forms. (a)Design values when design parameters areα =
0.7, Z = 5.0, R = 40. (b)Design values when design pa-
rameters areα = 0.9, Z = 3.5, R = 60. (1)Operating
frequency 1.00MHz, (2)Operating frequency 0.95MHz,
Vertical: Dr1:5V/div, vS1:20V/div, vo:20V/div, Horizontal:
400ns/div

by using band-pass filter instead of resonant filter, and it is
similar the output characteristic of band-pass filter to the
output voltage. This means that using flatter characteristic
filter to class DE inverter, the sensitivity of output voltage
to the operating frequency can be more suppressed.

5. Conclusion

This paper has investigated the effects of characteristics
of band-pass filter to operation of class DE inverter. Two
kinds of band-pass filter are applied to the design of class
DE inverter, and circuit experiments are carried out. As
the result, output voltage characteristic of the class DE am-
plifier with band-pass filter is very flat. Because of output
characteristics of band-pass filters are flat at the nominal
frequency. Moreover, when the operating frequency de-
creases from nominal frequency, both the class DE inverter
with band-pass filters achieve ZVS.
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Abstract– This paper proposes a novel control
method of a regenerative power storage system for
electric machinery to save the energy. The regener-
ative power is stored and then provided to a motor by
the regenerative power storage system that consists
of an electrolytic capacitor and a bi-directional DC-
DC converter. A new mathematical model based on
a state-averaging approach is derived. The obtained
mathematical model is a bi-linear system, however it
can be treated as a linear system with a control input
and an external disturbance because one of the vari-
ables can be measured accurately by using a voltage
sensor. The effectiveness of the proposed method is
illustrated by both a simulation and an experiment.

1. Introduction

When a motor speed is reduced by using an electro-
magnetic brake, the mechanical energy of rotation is
converted to the electrical power [1, 2, 3, 4, 5, 6]. This
is called regenerative power. Because the saving of en-
ergy is advanced due to the increment of electric power
demand and environmental problems, some efficient
methods have been reported. For example, the regen-
erative power is returned to the power supply system,
and the regenerative power is stored and provided by
the regenerative power storage system composed by a
bi-directional DC-DC converter and an electrolytic ca-
pacitor, chemical battery or flywheel system, etcetera.
The former method is not applicable in Japan because
of the regulation and the circulating current appears
[10]. The latter method is suitable for electric ma-
chinery. In order to control the DC-DC converter,
PID based control method is widely adopted based
on transfer function models [2, 3, 4, 5, 6]. However,
theoretical stability analysis of the closed-loop system
is not well discussed.

This paper treats the regenerative power storage
system composed by an electrolytic capacitor and a
bi-directional DC-DC converter. A new mathematical
model based on a state-averaging approach is derived.
The obtained mathematical model is a bi-linear sys-
tem, however it can be treated as a linear system with
a control input and an external disturbance because

Figure 1: Objective system

one of the variables can be measured accurately by
using a voltage sensor. We propose a novel control
method of the regenerative power storage system to
achieve an efficient motor drive system. Proposed con-
trol method has both a feed-back and a feed-forward
path. The effectiveness of the proposed method is il-
lustrated by both a simulation and an experiment.

2. Objective system

2.1. System configuration

Figure 1 illustrates the objective system. A regen-
erative power storage system and a three phase in-
verter are connected by a DC link. A vector control
method [7, 8] is employed in order to control a torque
instantaneously in the case of acceleration and regen-
eration of the induction motor IM. The regenerative
power is stored by the regenerative power storage sys-
tem that consists of an electrolytic capacitor C1 and
a bi-directional DC-DC converter. The bi-directional
DC-DC converter is composed of an inductor L and
IGBT switches SW1 and SW2. These IGBTs are com-
plementary switches. When the regenerative power is
stored by C1, the DC-DC converter boosts the volt-
age. On the other hand, it works as a buck converter
and provides the stored power to the motor when the
motor is accelerated.

2.2. State-averaged model

Figure 2 shows the regenerative power storage sys-
tem and the DC link capacitor C2. This circuit has
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Figure 2: Regenerated power storage system

two circuit modes illustrated by Fig. 3. It is assumed
that IGBT switch and the freewheel diode have the
same ON resistance r(Ω) approximately.
Let us derive a model by means of the state space

averaging approach [9]. The circuit mode a1 is mod-
eled by

L
d

dt
iL = −riL + VDC2 − VDC1 (1)

C2
d

dt
VDC2 = iDC − iL. (2)

Similarly, the circuit mode a2 is shown by the following
equations.

L
d

dt
iL = −riL + VDC2 (3)

C2
d

dt
VDC2 = iDC − iL (4)

SW1 conducts of a fractionD of each switching cycle
and SW2 conducts for the remainder 1 −D. A state
variable is defined by

x =

·
iL
VDC2

¸
. (5)

Then we obtain a new state-averaged model

d

dt
x = Ax+ bDVDC1 + d (6)

A=

· − r
L

1
L− 1

C2
0
,̧ b=

·− 1
L
0

¸
, d=

·
0

1
C2
iDC

¸
. (7)

The state-averaged model (6) is a bi-linear system
because of the variables D and VDC1. However it can
be seemed that the term bDVDC1 is a function ofD be-
cause VDC1 varies slowly comparing to D and it can be
measured accurately by using a voltage sensor. There-
fore, Eq. (6) is treated as a linear time-invariant system
with a control input D and an external disturbance
d. In addition, d also can be measured accurately by
means of a current sensor.

3. Proposed control method

3.1. Outline of the method

When the motor speed is reduced, the DC link volt-
age VDC2 increases because of the regenerative power.

(a) Mode a1 (SW1:ON, SW2:OFF)

(b) Mode a2 (SW1:OFF, SW2:ON)

Figure 3: Circuit modes

The voltage variation of VDC2 is undesirable, hence
the regenerative power is stored by C1 through the
bi-directional DC-DC converter in order to keep VDC2
constant. This control problem is achieved by the fol-
lowing method; the DC link voltage VDC2 and an in-
ductor current iL are controlled to approach a constant
reference voltage VDC2

∗ and DC link current iDC , re-
spectively.
This method is applicable in the case of the motor

acceleration. The stored power in C1 is provided with
the motor by means of the control method. Conse-
quently an efficient drive system will be achieved.

3.2. Control input

We define an ideal reference state of the system as

x∗ =
·

iDC
VDC2

∗

¸
(8)

where the DC link current iDC is time-varying and can
be measured by using a current sensor accurately. The
reference DC link voltage VDC2

∗ is given appropriate
constant voltage. An ideal reference system is given
by the equation.

d

dt
x∗ = Ax∗ + bD∗V ∗

DC1 + d (9)

Let us subtract Eq. (9) from Eq. (6), then an error
system is obtained as follows.

d

dt
xe = Axe + bDVDC1 − bD∗V ∗

DC1 (10)

xe = x− x∗ (11)

When a control input D is chosen as

D =
1

VDC1
(−Kaxe +D

∗V ∗
DC1 ) (12)

Ka = [Kai Kav] (13)

and is applied to Eq. (10), a closed-loop system is ob-
tained.

d

dt
xe = (A− bKa)xe (14)
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Table 1: Parameters setup

PWM frequency 10(KHz) C1 3000(µF)
Kai -10 　 C2 3000(µF)
Kav 10 　 r 0.865(Ω)
L 10(mH) VDC2

∗ 320(V)

When feed-back gain Kai and Kav are chosen in
order to make matrix A− bKa stable, the error vector
xe approaches 0. Therefore, the objective system (6)
coincides with the ideal reference system (9).
The term D∗V ∗

DC1 in Eq. (12) is shown by

D∗V ∗
DC1 = V ∗

DC2 − ri ∗L − L
d

dt
i ∗L

= V ∗
DC2 − riDC − L

d

dt
iDC (15)

from Eq. (8) and Eq. (9). This equation illustrates a
part of the behavior of the ideal reference system (9)
and is the feed-forward input. Hence the control input
(12) consists of the feed-back and the feed-forward.

4. Simulation and experiment

4.1. Setup

In order to illustrate the effectiveness of the pro-
posed control method, a simulation and an experiment
are performed. In the simulation, MATLAB simulink
and simpowersystems are used. Table 1 shows the pa-
rameters setup. Gains Kai and Kav are set to satisfy
0 ≤ D ≤ 1. The reference DC link voltage VDC2∗ is
set 320 (V). Figure 4 shows the experimental system
setup. The DC link voltage iDC is required to calcu-
late the control input (12). Switching noise and its
harmonics appears in iDC . Whereat first-order low-
pass filter 1

1+0.0055s is applied to measure iDC .

4.2. Simulated result

After accelerating the induction motor up to 1600
(rpm), the motor speed is reduced (regenerative brake)
and accelerated by constant torque induced by the vec-
tor control. Figure 5 illustrates a simulation result
where Speed and Te denoting the rotating speed of
the motor and the torque, respectively. The motor is
accelerated in the case of positive Te, the motor works
as the generator in the case of negative Te. The induc-
tor current iL and the DC link current iDC increase
under the regenerative brake.
After 0.3(sec), the regenerative brake starts by

means of the constant torque Te = −10(Nm). The re-
generative power is stored by the capacitor C1 through
the bi-directional DC-DC converter, consequently the
capacitor voltage VDC1 rises. The DC link voltage
VDC2 coincides with the reference voltage V

∗
DC2 =

320(V), iL is controlled to the reference i
∗

L = iDC .

(a) Schematic diagram

(b) Regenerative power (c) Induction motor
storage system

Figure 4: Experimental system setup

Around 0.38(sec), however, VDC2 begin to decrease
through the peak voltage 342(V), although the torque
is still kept constant Te = −10(Nm). A cause of the
phenomenon is that the power consumption induc-
ing Te = −10(Nm) exceeds the regenerative power.
Hence, it is expected that more energy will be regener-
ated when the torque is decreased appropriately. This
is one of the future work.
On the other hand, the motor is accelerated by

a constant torque Te = 10(Nm) after 0.5(sec). We
can observe that VDC2 decreases and corresponds with
VDC1, and iL becomes negative. These behavior shows
that the stored power in C1 is moved to the motor.
However the waveform of iL and iDC are different each
other. After VDC2 corresponds with VDC1, the stored
power can not be moved from C1 to the motor because
the bi-directional DC-DC converter works as the buck
converter in this situation.
From the above discussion, it is confirmed that the

proposed control method is effective.

4.3. Experimental result

Figure 6 shows an experimental result. After
0.3(sec), the Speed begin to decrease due to the re-
generative brake. The capacitor voltage VDC1 rises up
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Figure 5: Simulation result under regeneration and
acceleration

to around 340(V) because the regenerative power is
stored by the capacitor C1. The DC link voltage VDC2
is controlled to the reference voltage V ∗

DC2 = 320(V),
the waveform of iL resembles that of the reference cur-
rent i ∗L = iDC .
When the motor is accelerated by a constant torque

Te = 10(Nm) after 0.5(sec), we can observe that the
stored power in C1 is provided with the motor. Be-
cause the capacity of three phase power source is not
enough, VDC1 and VDC2 decreases when the motor is
accelerated.
Therefore, it is confirmed that the proposed control

method is effective by both the simulation and the
experiment.

5. Concluding remarks

This paper presents a novel control method of a re-
generative power storage system composed by a bi-
directional DC-DC converter and an electrolytic ca-
pacitor for electric machinery. We have designed a
new control system using both a feed-back and a feed-
forward path for a state-space averaged model of the
bi-directional DC-DC converter. The theoretical sta-
bility analysis is also given. The effectiveness of the
proposed control method is illustrated by both a sim-
ulation and an experiment.
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Abstract— In this study, phase synchronization behav-
ior and control of its patterns in coupled chaotic maps are
investigated. There are many types of chaotic map, then
coupled chaotic systems yield wide variety of complex
phenomena and further it is shown possibility to several en-
gineering applications. The chaotic maps which have been
governed byn-th power polynomial or sinusoidal functions
is properly selected as a chaotic cell, then each chaotic map
is connected to neighbors as a ring array or network struc-
ture. Several phase synchronization patterns and its control
method are shown.

1. Introduction

We have now interests how to various patterns in na-
ture were cleated. Coupled chaotic systems attract many
researchers’ attention as a good model which can realize
the complicated phenomena in the natural world, and fur-
ther its dynamics can yield a wide variety of complex and
strange phenomena. The coupled systems existing in na-
ture exhibit great variety of phenomena such as complex
mechanisms for all of the systems in the universe. These
phenomena can be found in a metabolic network, a human
society, the process of a life, self organization of neuron, a
biological system, an ecological system and so many non-
linear systems. Among the studies on such coupled sys-
tems, many interesting researches relevant to the spatio-
temporal chaos phenomena on the coupled chaotic systems
have been studied until now, e.g. mathematical model in
one- or two-dimensional network investigated earnestly by
Kaneko [1]-[4], and found in physical circuit model [5].
The construction of multi–agent system on the coupled
cubic map system has been reported [6]. Moreover, re-
search of complicated phenomena and emergent property
in the coupled cubic maps on 2-dimensional network sys-
tem has been also reported [7]. The studies of coupled map
lattice(CML), globally coupled maps(GCM) and so many
studies concerned with such complex systems provided us
tremendous interesting phenomena. This is an interesting
report that phase dynamics are controlled due to change its
parameter themselves. We had also reported the research
on spatio-temporal phase patterns in coupled maps using a
fifth-power function [8][9], in which it has been carried out
in the unique case. However many coupled chaotic systems
have wide variety of features and moreover its dynamics is
also expected to be applied much engineering applications,

there are many problems which should be solved in large
scale coupled network systems by their complexity.

In this study, spatio-temporal chaotic behavior in cou-
pled chaotic maps is investigated from the point of view
in more faithful natural world. The chaotic map which
has been governed byn-th power polynomial or sinusoidal
functions is properly selected as a chaotic cell. We con-
sider the model which chaotic cells are mutually connected
to neighbors as a ring structure (i.e. CML type) by arbi-
trary coupling strength. Then, we show some phenomena
which spatio-temporal chaos, complex behavior and sev-
eral phase patterns can be found in the proposed coupled
systems. Furthermore, its control dynamics are realized by
changing a perturbation parameter.

2. Model Description

Chaotic maps are generally used for several approaches
to investigate chaotic phenomena on coupled chaotic sys-
tems. Especially, the logistic map and the other types of
chaotic maps such as a cut map, a circle map, a tent map,
a cubic map are well known and popular. Obviously, it is
necessary to have a lot of equilibrium points with the com-
plex phenomena that corresponds to the natural world. Let
us consider two types of chaotic map. Firstly, the chaotic
map from ann-th power polynomial function written as fol-
lows.

f (x) =

n∑

i=1

ai x
i + ϕ (1)

where ai is a parameter which can determine for their
chaotic feature, furtherϕ is a new parameter for perturba-
tion as a small variable value. The parameterϕ should be
normally set as zero. If it is needed to adopt the map with
respect to the origin, odd-numbered coefficientsai are only
set suitable values in (1). In other words, even-numbered
coefficients are set as all zero. Then, we can easily confirm
that it generates chaos in this function. The some diagrams
of the function (1) are shown in Fig. 1 with some equilib-
rium points.

Secondary, the chaotic map from a sinusoidal function
written as follows.

f (x) = ec|x| sin(ax) + bx+ ϕ (2)
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(a) (b)

(c) (d)

(e) (f)

Figure 1: Several chaotic maps byn-th power polynomial
and sinusoidal functions forϕ = 0. Setting parameters:
(a) n = 3, a3 = −2.75, a1 = 2.75, (b)n = 5, a5 = 5.50,
a3 = −10.0, a1 = 4.17, (c)n = 7, a7 = −2.85, a5 = 11.6,
a3 = −14.6, a1 = 5.80, (d)n = 9, a9 = 2.08,a7 = −13.15,
a5 = 27.4, a3 = −21.3, a1 = 5.46, (e) sin(10x) + 0.5x, (f)
e−0.9|x| sin(10x) + 0.9x, and the others are all 0.

wherea, b andc are parameters which can determine for
their chaotic feature. Especially the parameterb is an im-
portant factor in order to suppress its divergence. The some
diagrams of the function (2) are also shown in Fig. 1. From
(1) and (2), it can be calculated rigorously several bifurca-
tion conditions and boundary region.

In order to evaluate the function (1), Lyapunov exponent
can be calculated as follows.

λ = lim
N→∞

N∑

k=1

log
∣∣∣∣∣
d f(xk)

dx

∣∣∣∣∣ (3)

Lyapunov exponent is a very important measurement often
used to show the existence of chaos. Some Lyapunov expo-
nents with bifurcation diagram by changing one parameter
are shown in Fig. 2. These are typical results which can
be obtained from computer calculation. In case of using
polynomial functions, period doubling and tangent bifur-
cation can be confirmed. On the other hand, in case of us-
ing sinusoidal functions, complicated bifurcation property
can be confirmed even if the result of Lyapunov exponent

(a)

- a1

λ

x

(b)

- b

λ

x

Figure 2: Bifurcation diagram and Lyapunov exponent: (a)
changinga1 for a7 = −3.10, a5 = 11.5 anda3 = −12.4 in
case ofn = 7, (b) changingb for a = 10.0 andc = −0.90 in
case of using sinusoidal function (2).

is seen. Therefore chaotic maps possessing several equilib-
rium points can yield various wide interesting behavior.

3. Phase Patterns in Coupled Chaotic Maps

In this section, we consider a coupled chaotic system that
one of these maps as a chaotic subsystem in each cell. It
can be considered easily that coupled chaotic systems have
wide variety of phase patterns. The term “spatio-temporal”
is extensively used for irregular dynamical behavior ob-
served from large scale complex systems of the relevant
to both time and space. In this study, in order to confirm
spatio-temporal chaos or phase patterns in the faithful nat-
ural world, consider a coupled model of the chaotic maps
which are connected to neighbors on a ring array structure
as shown in Fig. 3. Each chaotic cell is connected to neigh-
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Figure 3: Coupled chaotic system as a ring array or coupled
lattice structure.

bors by arbitrary coupling strengthε. The total system by
CML is represented as

xk(t+1) = (1−ε) f
(
xk(t)

)

+
ε

2

(
f
(
xk−1(t)

)
+ f

(
xk+1(t)

))
,

(k = 1,2, · · · ,N)

(4)

where t is an iteration,k is an index number of the cell
which follows the cyclic rule, andN is a size of coupled
cell number, respectively.

Some numerical simulation results of model (4) forN =
50 are shown in Fig. 4 with coupling strengthε = 0.30. The
initial condition for each cell is given asxk(0) ∈ [0.49,0.51]
uniformly. The figure indicates a grade of synchroniza-
tion state for phase difference, with gray scale colors be-
tween white and black which correspond to syn-
chronous and asynchronous state, respectively. Hereby the
synchronous state with gray scale colors in 100 steps is dis-
played. A lot of interesting phenomena were confirmed
though all the results can not be represented more here.

4. Pattern Dynamics and Control

Further, we attempt to control phase patterns of entire
coupled system to become synchronous state with addi-
tional swing of function or changing the coupling strength.
As shown in Fig. 4, it is confirmed that some parts are asyn-
chronous state. Although all subsystem is the same, it is
difficult to perform to control entire system synchronously.
However control method should be simple as possible.
Therefore, we propose two simple methods below.

(method 1)

εk = ε∗ if |xk − xk+1| < 0.5

(method 2)

εk = ε∗ if |xk − xk+1| < 0.5

ϕ =

{ −0.1 if xk ≥ 0
+0.1 if xk < 0

In case of method 1, it is changed only coupling param-
eterεk in each cell. When the value of difference between
two neighbors is larger than 0.5, the coupling strengthεk
of the target cell changes toε∗. In case of method 2, we
use the condition of swing parameterϕ in addition to the
method 1. Figure 5 shows a pattern obtained by method

(a)

(b)

(c)

(d)

Figure 4: Simulation results of phase synchronization state
in coupled chaotic maps as a ring array forN = 50: (a)
n = 5, a5 = 6.20, a3 = −10.0, a1 = 4.10, (b) n = 7,
a7 = −2.85, a5 = 11.6, a3 = −14.6, a1 = 5.80, (c)n = 9,
a9 = 2.08,a7 = −13.15,a5 = 27.4, a3 = −21.3, a1 = 5.46,
and (d)e−0.9|x| sin(10x) + 0.9x. Each result is performed in
the conditionε = 0.30.
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(a)

(b)

Figure 5: Simulation results of pattern dynamics with con-
trol method 2: (a)n = 7, a7 = −2.85, a5 = 11.6,
a3 = −14.6, a1 = 5.80, (b) transition of synchronous ra-
tio. Each result is performed in the condition of change
parametersε = 0.30↔ ε∗ = 0.50 andϕ = ±0.1.

2 when the control is executed att = 200. A lot of parts
are made synchronous can be confirmed. To clarify a syn-
chronous ratio, the difference of the adjoined cells counted
the number of 0.2 or less and it was calculated. The mean
values of the increase ratio before and after the control
when the initial condition is changed and tries it 1000 times
are shown in Table 1 and 2. The result that either was ex-
cellent was not obtained because two methods were carried
out by a specific parameter, and the control method should
be changed according to the characteristic of the chaotic
map. Therefore, it is necessary to investigate whether other
parameters are changed, and which control method is ex-
cellent though only control by the change in the coupling
strength and the swing parameter were used in this experi-
ment.

5. Conclusions

In this paper, some chaotic maps byn-th power poly-
nomial or sinusoidal functions for using as a chaotic cell
of coupled network have been proposed. Some illustrated
computer simulation results of spatio-temporal chaotic be-
havior and several phase patterns in coupled chaotic maps
have been shown. The simple method for controlling the
patterns has been proposed, and the effectiveness has been
investigated. We conclude that the supposed or similar cou-
pled chaotic systems can be regarded as a good model for
realizing complex phenomena in the universe concerned
with self organization, mechanisms of pattern formation
and so on. However some studies of pattern dynamics and
the mechanism of clustering phenomena in such complex
phenomena and many works have been left.

Table 1: Increase ratio of synchronous state when the set-
ting parameters are the same as figure 4.

ε∗
0.4 0.5 0.6 0.7 0.8

n = 5 11.7 4.4 6.7 9.0 11.7
n = 7 9.1 13.4 14.5 15.0 13.4
n = 9 21.8 23.9 25.3 28.9 25.8
ex sin 6.4 6.0 2.5 -6.1 -12.1 [%]

Table 2: Increase ratio of synchronous state when the set-
ting parameters are the same as figure 4 with swing param-
eterϕ.

ε∗
0.3 0.4 0.5 0.6 0.7 0.8

n = 5 -8.1 -0.7 -0.9 0.8 4.3 2.7
n = 7 17.1 20.8 20.8 34.1 22.8 15.3
n = 9 8.0 16.3 17.3 17.6 18.7 15.6
ex sin -0.1 6.6 6.0 2.4 -6.1 -12.2 [%]
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Abstract—The present paper shows the supertransients
in the coupled map lattice with distributed feedback con-
trol. The sufficient conditions for avoiding the supertran-
sients are derived analytically. These conditions are nu-
merically confirmed by the coupled logistic map lattice. In
addition, the influence of the feedback gain onto the super-
transients is investigated: we find that the dead beat feed-
back gain is not an optimal gain to shorten the transient
time.

1. Introduction

Since coupled map lattice (CML) shows many interest-
ing spatio-temporal nonlinear phenomena, it has been used
as one of the most attractive systems in the field of non-
linear science [1]. When each site without coupling be-
haves periodically in chaotic region (i.e., periodic window),
CML with weak coupling takes a long transient time to
reach the periodic orbit. The transient shows a complicated
spatio-temporal pattern. Kaneko found this phenomenon
and called it supertransients [2, 3].

The controlling chaos has been the subject of many re-
search papers and review articles [4, 5, 6, 7]. It is well
known that the most fundamental method for controlling
chaos is the OGY control method [8]. This method can
provide a systematic procedure how to design the feed-
back controller on the basis of the modern control theory.
The OGY control method for one-dimensional discrete-
time systems is called occasional proportional feedback
(OPF) method [9]. The several researchers have applied the
OPF method to CML; however, to our knowledge, most of
them focus on the local stability of the desired orbit [5, 6].
On the other hand, Youssefmir and Huberman reported that
the distributed OPF method for CML takes a long tran-
sient time to reach the desired orbit [10]. If we want to use
the desired orbit for engineering applications, the transient
time should be shortened.

This paper shows that the supertransients can occur in
the CML with the distributed OPF method. Furthermore,
we derive the sufficient conditions for avoiding the super-
transients. These conditions would be useful to design the
CML and the controller. In addition, it is shown on numer-
ical simulations that the dead beat feedback gain is not an
optimal gain to shorten the transient time.

2. Supertransients

2.1. CML and its stability

This paper focuses on the coupled map lattice (CML) [1]
described by

xn+1(i) = (1−ε)f (xn(i))+
ε

2
{f (xn(i− 1)) + f (xn(i + 1))}

(1)
for i = 1, 2, . . . , N . xn(i) ∈ R is the system state of site i
at time n. ε ∈ [0, 1] is the coupling strength, f : [0, 1] →
[0, x̄] is the local nonlinear map, where x̄ ∈ [0, 1] is the
maximal value of f(x) for x ∈ [0, 1]. N is the number
of sites. The boundary condition is periodic (i.e., xn(0) =
xn(N), xn(N + 1) = xn(1)). CML (1) has the uniform
orbit,

xn(i) = x∗
n

for i = 1, 2, . . . , N. (2)

This orbit implies that all the sites (i = 1, 2, . . . , N) syn-
chronize with the orbit x∗

n
of the isolated map:

x∗
n+1 = f (x∗

n
) . (3)

It is known that CML (1) has the following two features
[11].

(α) If the initial condition of all the sites (i =
1,2,. . . , N ) satisfies 0 ≤ x0(i) ≤ 1, then the site
states xn(i) are bounded.

(β) The stability of the orbit x∗
n

of local map (3) is
equivalent with that of uniform orbit (2) of CML.

The feature (α) guarantees that, if CML satisfies the above
condition, then the site states xn(i) are always in the
region [0, 1] for any ε ∈ [0, 1] and f : [0, 1] → [0, x̄]. The
feature (β) shows that, if the local map (3) has the stable
(unstable) fixed point xg = f (xg), the uniform fixed point
xn(i) = xg is also stable (unstable) for any ε ∈ [0, 1]. This
feature is valid for m-periodic orbits: x∗

n
= fm(x∗

n
).

2.2. Supertransients in CML

This subsection numerically observes the supertransients
found by Kaneko [2]. The logistic map is used as the local
map f :

f(x) = ax(1− x) : [0, 1]→ [0, x̄]. (4)
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Figure 1: Supertransients of CML (f(x) = ax(1 − x),
a = 3.83, ε = 0.0012, N = 30)

Figure 2: One-dimensional chaotic map without control
g (xn, a∗) and dead-beat controlled map g (xn, h(xn))

a ∈ [0, 4] is the parameter and x̄ = a/4 is the maximal
value of f . The parameter is set to a = 3.83, where lo-
cal site (3) shows the stable period-3 orbit (i.e., period-
3 window). From features (α)(β), we notice the follow-
ing: (α) If the initial condition satisfies 0 ≤ x0(i) ≤ 1,
then orbits xn(i) for all the sites are bounded; (β) CML
has stable period-3 uniform orbit (2), where x∗

n
satisfies

x∗
n

= f3 (x∗
n
).

Figure 1 shows the spatio-temporal diagram of CML (1)
for ε = 0.0012, N = 30. This result is obtained on the
basis of Kaneko’s paper [2]. If xn(i) is in the neighborhood
(|xn(i) − x∗

n
|<0.01) of the period-3 points x∗

n
, then the

white square (�) is plotted, otherwise the black square (�)
is plotted. These squares are plotted every 105 step. We can
see that it takes a long time to reach uniform orbit (2) (i.e.,
about 300, 000 steps in Fig. 1) and the transient pattern is
complicated. Kaneko called it supertransients [2].

Figure 3: Sketch of controlled CML

3. Supertransients in controlled CML

This section demonstrates that the supertransients can
occur in CML controlled by distributed feedback, and pro-
vides the sufficient conditions to avoid it.

3.1. OPF method

Let us consider the one-dimensional system

xn+1 = g (xn, an) , (5)

where g (x, a) : [0, 1]×R → [0, x̄] is a chaotic map. x̄ ∈
[0, 1] is the maximal value of g. an is the accessible system
parameter which can be controlled every step within |an −
a∗| < d, where a∗ is some nominal parameter value and
d � 1 defines the range of parameter perturbation. For
an ≡ a∗, system (5) behaves chaotically. The fixed point
of system (5), xg , is given by xg = g (xg , a

∗). In order to
stabilize xn onto xg , the OPF method uses the following
control law:

an = h(xn), h(x) =

{

a∗ x /∈ Ω

k(x− xg) + a∗ x ∈ Ω
, (6)

where k ∈ R is the feedback gain. Ω := [xmin, xmax]
denotes the neighborhood of xg : xmin = xg − |d/k|,
xmax = xg + |d/k|. If k is chosen such that

|η + γk| < 1, (7)

then xg is stabilized, where η = {∂g(x, a∗)/∂x}
x=xg

,

γ = {∂g(xg , a)/∂a}
a=a∗

. For simplicity, we use

k = kopt := −η/γ (8)

which realizes the dead beat control: xn ∈ Ω reaches xg

only by one step. Figure 2 sketches the chaotic map with-
out control, g (xn, a∗), and the map controlled by the dead
beat, g (xn, h(xn)).

3.2. CML controlled by distributed feedback

The controlled map g (xn, h(xn)) is used as the lo-
cal map f of CML (1) (see Fig. 3 ): f (xn(i)) :=
g (xn(i), h(xn(i))) (i = 1, 2, . . . , N). As the controlled
map f satisfies the features (α)(β), then the uniform fixed
point xn(i) = xg of the controlled CML is local stable for
any ε ∈ [0, 1].
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Figure 4: Supertransients in controlled CML (ε = 0.0420,
� : xn(i) ∈ Ω, � : xn(i) 6∈ Ω)

This section uses logistic map (4) as the local map g:
g (x, a) = ax(1 − x). The fixed point xg is given by
xg = (a∗ − 1)/a∗. The parameter values are set to
a∗ = 3.80, N = 30, d = 0.1. The feedback gain k is es-
timated by (8). The spatio-temporal diagram of controlled
CML is shown in Fig. 4. If xn(i) ∈ Ω, then the white
square (�) is plotted, otherwise (xn 6∈ Ω) the black square
(�) is plotted. These squares are plotted every 9 step. It
can be seen that a long transient time is needed to reach
the uniform fixed point xn(i) = xg (about 20, 000 steps)
and the transient pattern is complicated. It should be noted
that this result is similar to the supertransients in Fig. 1.
Therefore, we can say that the supertransients occur in the
controlled CML.

3.3. Classification of transient states

Figure 5 shows the spatio-temporal diagrams of con-
trolled CML for ε = 0.0130, 0.0290, 0.0400. The all pa-
rameters except for ε are the same as the numerical simu-
lation in Fig. 4. We notice that Figs. 5 (a)∼(c) have the
following common feature: if xn(i) /∈ Ω

�
� � , then there

is no rule whether xn+1(i) falls in Ω
�
� � . On the con-

trary, we find that if xn(i) ∈ Ω(�), then xn+1(i) ∈ Ω�
� � depends on the states of the next sites. We classify

the dependence into three classes (I) (II) (II) below (see
also Table 1).

Class (I) If xn(i) ∈ Ω (�), then xn+1(i) falls in Ω (�)
independently of the next sites.

Class (II) If xn(i) ∈ Ω (�) and at least one next site falls
in Ω (i.e.,xn(i + 1) ∈ Ω or xn(i − 1) ∈ Ω), then
xn+1(i) falls in Ω (�).

Class (III) If xn(i) ∈ Ω (�) and the next sites on both
sides falls in Ω (i.e.,xn(i+1) ∈ Ω and xn(i−1) ∈ Ω),
then xn+1(i) falls in Ω (�).
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(b) ε=0.0290

(c) ε=0.0400

(a) ε=0.0130

Figure 5: Spatio-temporal diagrams of controlled CML
(a∗ = 3.80) (� : xn(i) ∈ Ω, � : xn(i) 6∈ Ω: (a)
ε = 0.0130, (b) ε = 0.0290, (c) ε = 0.0400.)

3.4. Sufficient conditions to avoid supertransients

If the uniform orbit xn(i) = x∗
n

is desiable from an
engineering point of view, a system designer would hope
to shorten the amount of supertransient time or avoid
supertransients. This subsection provides sufficient condi-
tions to avoid it (The proof is omitted due to lack of space).

Class (I) If ε and d satisfies

ε < |dγ/η|/ max{x̄− xg , xg}, (9)

then class (I) occurs in the controlled CML with
k = kopt.

Class (II) If ε and d satisfies

ε < 2|dγ/η|/ max{x̄− xg , xg}, (10)

then class (I) or (II) occurs in the controlled CML
with k = kopt.

The parameters were set to d = 0.1, xg= 2.8/3.8,
x̄ = 3.8/4, γ = 0.1939, η = −1.8. Substituting these
parameters into condition (9), we have ε < 0.0146. Figure
5 (a) (Class (I)) satisfies this condition. Furthermore, con-
dition (10) is estimated as ε < 0.0292. Figure 5 (b) (Class
(II)) satisfies this condition.

These conditions can allow the system designer to deter-
mine the coupling strength ε and the parameter perturba-
tion range d. If the supertransients in the controlled CML
are undesirable, the system designer uses these parameters
satisfying condition (9). When it is difficult to satisfy con-
dition (9), the system designer can also avoid it by using
condition (10).
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Table 1: Classification of transient states and their conditions

Class Space-time diagram in Fig. 5 Sufficient condition

(I) (a) ε <
|dγ/η|

max{x̄− xg , xg}

(II) (b) ε <
2|dγ/η|

max{x̄− xg , xg}
(III) (c) –
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0.0410

0.0420

Figure 6: Relation between the average transient time and
gain k (a∗ = 3.80, d = 0.1, N = 40, ε = 0.0360, 0.0390,
0.0410, 0.0420)

3.5. Influence of k onto supertransients

The previous subsections use the dead beat gain k =
kopt given by (8). This subsection investigates the influ-
ence of k onto the transient time. The relation between the
average transient time and gain k for ε = 0.0360, 0.0390,
0.0410, 0.0420 is numerically investigated as shown in Fig.
6. kmin and kmax are the minimum and maximum values
satisfying stability condition (7). The average time is esti-
mated from random 500 initial states. It can be seen that the
gain width for the short transient decreases with increasing
ε. Furthermore, all the lines in Fig. 6 show a minimum
where the gain k is smaller than the dead beat gain kopt.

4. Conclusion

This paper shows that the supertransients can occur in
the CML controlled by the distributed feedback (i.e. OPF
method). The sufficient conditions for classes (I) and (II)
are derived analytically. These conditions can be used to
avoid the supertransients in designing the coupling strength
and the parameter perturbation range. Furthermore, we
show that the dead beat feedback gain is not an optimal
gain to shorten the transient state.

The transient state in the one-way CML with the dis-
tributed delayed feedback control was mentioned in [12].
It is interesting to show whether our analysis in this pa-
per can be applied to the CML with the distributed delayed
feedback control.
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Abstract—Single and coupled first-order Costas
loops are considered as systems with spatially peri-
odic potentials defined on one and N -dimensional tori.
Imperfection of phase detectors in the loops adds spa-
tially and temporally periodic fluctuations to the po-
tentials. This paper shows by means of the linear re-
sponse theory and numerical analysis that the fluctua-
tions and additive noise cause stochastic resonance in
the single and coupled loops.

1. Introduction

Stochastic resonance (SR) is one of interesting
phenomena observed in nonlinear stochastic systems.
Since active electronic circuits with noise sources are
nonlinear stochastic systems, SR is observed in elec-
tronic circuits, for example, bi-stable circuits and
threshold circuits [1]. However, the phenomena in sin-
gle and coupled synchronization loops have not been
studied thoroughly in spite of their importance in com-
munication systems. We merely have a few reports on
the study [2]. In this paper, we investigate whether or
not single and coupled first-order Costas loops operate
in SR condition. The loops are spatially periodic po-
tential systems defined on one and N -dimensional tori
T 1, TN . Imperfection of phase detectors in the loops
adds spatially and temporally periodic small fluctua-
tions to the potentials. On the assumption that the
fluctuations are small, we apply the linear response
theory (LRT) [3] to investigate SR in the loops.

2. Coupled Synchronization Loops

We build a system of coupled synchronization loops.
In the system, N(:integer) Costas loops tracking
QPSK carrier are arranged circularly. A loop given in-
dex i(∈{1, 2, ..., N}) connects with 2L(<N) loops with
indices i±k, k=1,2,...,L. The loops do not possess loop
filters. Figure 1 shows synchronization loops with the
nearest neighbor couplings.

Let a QPSK modulated carrier inputted to the loops
be given by exp(I(wot + θIN (t))), I2=−1. Phase

Γi

θi

θi-1

θi+1

Γi+1

Γi-1

+ +

+ +

+ +

vi

θIN

θIN

θIN

ui,i-1

ui,i+1

ui,IN

...
...

ε

ε

ε

ε

ε

ε

Ao

Ao

Ao

PD_I

PD_II

PD_I

PD_I

PD_II

PD_I

PD_I

PD_II

PD_I

VCO

VCO

VCO

Syncronization circuit (i)

Syncronization circuit (i-1)

Syncronization circuit (i+1)

D

D

D

Figure 1: Coupled first-order synchronization loops

θIN (t) is modulated according to

e−I·θIN(t) =
1 + I

2
sign(cos(ωmt)) (1)

+
1− I

2
sign(sin(ωmt))

The loops contain white noise sources
√
DΓi(t) which

are mutually independent,

< Γi(t)Γj(t) >= δij (2)

Let a waveform generated by a voltage controlled oscil-
lator (VCO) in each loop be expressed by exp(I(wot+
θi(t))). Phase θi(t)(∈T=[0, 2π]) is controlled by signal
vi according to

dθi(t)
dt

= vi (3)

Phase detectors PDI are used for mutual synchroniza-
tion between the loops. Output from PDI connecting
loops with indices i and j is given by

ui,j = − sin(θi(t)− θj(t)), (4)
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Phase detector PDII makes VCO track the QPSK car-
rier. The output from PDII is given by

ui,IN = − sin(M(θi(t)−θIN (t)))−d sin(θi(t)−θIN (t))
(5)

For QPSK carrier tracking, M=4. The second term
with small parameter d represents imperfection of
PDII (d=0 if PDII is ideal). The term is expanded
to

sin(θi(t)− θIN(t)) = sin(θi(t))f1(t) + cos(θi(t))f2(t),
(6)

where f1(t) and f2(t) denote the real and the imagi-
nary parts of exp(−I · θIN (t)) in Eq.(1). Outputs ui,j

and ui,IN from PDI and PDII are multiplied by ε and
Ao, and inputted to the VCO as control signals. Phase
equation for each loop is then given by

dθi

dt
= −Ao sin(Mθi) (7)

−ε
L∑

k=1

{sin(θi − θi−k) + sin(θi − θi+k)}

−Am{sin(θi)f1(t) + cos(θi)f2(t)}
+
√
DΓi(t),

Am = dAo, i = 1, 2, · · · , N

3. The Fokker-Planck Equation

Let Θ denote a phase vector whose i-th entry is
phase θi of VCO,

Θ = (θ1, θ2, · · · , θN ) ∈ TN (8)

Probability distribution W (Θ, t) of Θ satisfies the fol-
lowing Fokker-Planck equation (FPE):

∂W (Θ, t)
∂t

= LFPW (Θ, t) (9)

= {Lo + εLcpl + LPM}W (Θ, t)

Lo =
N∑

i=1

{Ao
∂

∂θi
sin(Mθi) +D

∂2

∂θ2i
} (10)

Lcpl =
N∑

i=1

∂

∂θi
{

L∑
k=1

(sin(θi − θi−k) + sin(θi − θi+k))}
(11)

LPM = Am{f1(t)
N∑

i=1

∂

∂θi
sin(θi)+f2(t)

N∑
i=1

∂

∂θi
cos(θi)}

(12)
In the rest of this section, we assume that phase detec-
tors PDII are ideal, that is LPM≡0. From the phase
equation (7) we recognize the coupled loops as a po-
tential system with the following potential U(Θ):

U(Θ) = − 1
D
{Ao

M

N∑
i=1

cos(Mθi)+ε
N∑

i=1

L∑
k=1

cos(θi−θi+k)}
(13)

The stationary solution and the probability current
of FPE (9) are expressed by using the potential as
follows:

Wst(Θ) = Cste
−U(Θ) (14)

Si = −De−U(Θ) ∂

∂θi
(eU(Θ)W ) (15)

Coefficient Cst is chosen such that Wst is normalized.
From Eqs.(14) and (15) we find that the probability
current is zero at the stationary condition, Si,st=0.

We define an operator L as

L = e
U
2 (Lo + εLcpl)e−

U
2 = −

N∑
i=1

a+
i ai, (16)

a =
√
De−

U
2
∂

∂θi
e

U
2

a+ = −eU
2
∂

∂θi

√
De−

U
2

Since operators a and a+ are adjoint, L is an Her-
mitian operator. Eigenfunctions ϕn(Θ) and ψn(Θ) of
operators Lo + εLcpl and L are real and have a rela-
tion ψn(Θ) = exp(U/2)ϕn(Θ). Then, the two oper-
ators have the same eigenvalues λn. We define inner
product between two functions f(Θ) and g(Θ) as

� f(Θ), g(Θ) �=
∫

T N

f(Θ)g(Θ)dΘ (17)

We easily find that λn ≤ 0 from

� Lψn(Θ), ψn(Θ) �= −
N∑

i=1

� aiψn(Θ), aiψn(Θ) �
(18)

and
� Lψn(Θ), ψn(Θ) �= λn||ψn(Θ)||2 (19)

Eigenfunctions ψn(Θ) and ϕn(Θ) have orthonormality
and completeness relations expressed by [4]

� ψn(Θ), ψm(Θ) �=� eUϕn(Θ), ϕm(Θ) �= δn,m

(20)
and

δ(Θ−Θ′) =
∞∑

n=0

ψn(Θ)ψn(Θ′) (21)

= e
1
2 (U(Θ)+U(Θ′))

∞∑
n=0

ϕn(Θ)ϕn(Θ′)

4. Correlation Functions

Let the phase vector at time t′ and t=t′+τ be de-
noted by Θ′ and Θ. Autocorrelation function Kss(τ)
of

∑
i sin(θi) is defined as

Kss(τ) = <
N∑

i=1

sin(θi),
N∑

i=1

sin(θ′i) >
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=
∫

T N

∫
T N

{
N∑

i=1

sin(θi)}P (Θ, t′ + τ |Θ′, t′)

×{
N∑

i=1

sin(θ′i)}Wst(Θ′)dΘdΘ′ (22)

Transition probability P in Eq.(22) can be expressed
by

P (Θ, t′ + τ |Θ′, t′) = e(Lo+εLcpl)·τ δ(Θ−Θ′) (23)

Using Eqs.(14), (23) and the expression of complete-
ness (21) we obtain

Kss(τ) = Cst

∑
n

{∫
T N

{
N∑

i=1

sin(θi)}ϕn(Θ)dΘ

}2

eλnτ

(24)
Substituting Eq.(23) for transition matrix P in Eq.(22)
and differentiating it with respect to τ , we obtain

dKss(τ)
dτ

=
∫

T N

{
N∑

i=1

sin(θi)}e(Lo+εLcpl)·τ (25)

·(Lo + εLcpl){
N∑

i=1

sin(θi)}Wst(Θ)dΘ

The following correration function

Ksc(τ) =<
N∑

i=1

sin(θi),
N∑

i=1

cos(θ′i) > (26)

and its derivative can be obtained similarly as we de-
rived Eqs.(24) and (25).

5. Linear Response Theory

When phase detectors PDII are imperfect, proba-
bility distribution W contains a small time dependent
component w(Θ, t). Substituting Wst+w for W in
FPE (9) and neglecting LPMw, we obtain

∂w

∂t
= (Lo + εLcpl)w + LPMWst (27)

A formal solution of this equation is

w =
∫ t

−∞
e(Lo+εLcpl)·(t−t′)LPMWstdt

′ (28)

Deviation ∆sin(t) of the expectation of
∑

i sin(θi) is
then given by

∆sin(t) =
∫

T N

N∑
i=1

sin(θi)wdΘ (29)

= Am

{∫ ∞

−∞
Rss(t− t′)f1(t′)dt′

+
∫ ∞

−∞
Rsc(t− t′)f2(t′)dt′

}

Rss(τ) =
∫

T N

{
N∑

i=1

sin(θi)}e(Lo+εLcpl)·τ (30)

·
N∑

i=1

∂

∂θi
(sin(θi)Wst)dΘ

Rsc(τ) =
∫

T N

{
N∑

i=1

sin(θi)}e(Lo+εLcpl)·τ (31)

·
N∑

i=1

∂

∂θi
(cos(θi)Wst)dΘ

Response functions Rss and Rsc should be zero for
τ < 0. The deviation is given in the frequency domain
by

∆̃sin(ω) (32)
= Am{χ̃ss(ω)F̃1(ω) + χ̃sc(ω)F̃2(ω)}

∆̃sin(ω) =
∫ ∞

−∞
∆sin(t)e−Iωtdt

χ̃ss(ω) =
∫ ∞

−∞
Rss(t)e−Iωtdt

χ̃sc(ω) =
∫ ∞

−∞
Rsc(t)e−Iωtdt

F̃1(ω) =
∫ ∞

−∞
f1(t)e−Iωtdt

F̃2(ω) =
∫ ∞

−∞
f2(t)e−Iωtdt

Then, we obtain a component ∆̃sin(ωm) of ∆sin(t) at
modulation frequency ωm.

Operating Lo + εLcpl on
∑

i sin(θi)Wst and using
(Lo+εLcpl)Wst=0 and Sj,st=0, we derive the following
equation:

(Lo + εLcpl)(
N∑

i=1

sin(θi)Wst) = D

N∑
i=1

∂

∂θi
(cos(θi)Wst)

(33)
From Eqs.(25), (31) and (33) we obtain the following
relation (34), and similarly Eq.(35).

Rsc(τ) =
1
D

dKss(τ)
dτ

(34)

Rss(τ) = − 1
D

dKsc(τ)
dτ

(35)

6. Signal-to-Noise Ratio

After computing the eigenvalues and the eigenfunc-
tions of operator Lo + εLcpl and substituting them
in Eq.(24), we obtain correlation function Kss(τ).
We also obtain Ksc(τ) as it also is expressed with
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Figure 2: Stochastic resonance profiles of the coupled syncronization loops. N=1,3,5,7 and 9 (from left to right),
L=1. Solid lines: LRT analysis, broken lines: numerical simulation.

the eigenvalues and the eigenfunctions. Then, from
Eqs.(34) and (35), we obtain response functions Rsc(τ)
and Rss(τ). By the Fourier transform of Rsc(τ),
Rss(τ), f1(t) and f2(t), we obtain a component
∆̃sin(ωm) of

∑
i sin(θi) in the frequency domain, as

shown in Eq.(32). According to the similar procedure
we obtain a component ∆̃cos(ωm) of

∑
i cos(θi). We

consider the two components as signal components.
When phase detectors PDII are ideal, we obtain

the power spectral density (PSD) of
∑

i sin(θi) by the
Fourier transform of Kss(τ), for which K̃ss(ω) stands.
We can also obtain the Fourie transformed function
K̃cc(ω) for

∑
i cos(θi) similarly. We assumed in the

previous section that deviation w(Θ, t) of probabil-
ity distribution W (Θ, t) from stationary distribution
Wst(Θ) is small. Thus, K̃ss(ω) and K̃cc(ω) approxi-
mate PSD of the noise components of

∑
i sin(θi) and∑

i cos(θi).
We then define signal-to-noise ratio (SNR) for the

coupled loops as

SNR : 10 log
|∆̃sin(ωm)|2 + |∆̃cos(ωm)|2

K̃ss(ωm) + K̃cc(ωm)
(36)

Figure 2 shows internal noise power D versus SNR
curves. Coupled loops are constructed on the condi-
tion that L=1(the nearest neighbor coupling), Ao =
1.0, Am = 0.3, ε = 0.15, ωm = 25π/211. In LRT analy-
sis, we neglected high frequency components F̃1(kωm)
and F̃2(kωm), k≥2, of modulation signals f1(t) and
f2(t). When noise power D is in the range of Fig. 2,
a term composed of eigenvalue λ1 whose magnitude
is the smallest and corresponding eigenfunction ϕ1 is
dominant in Eq.(24). Thus, we neglected terms com-
posed of λn and ϕn, n≥2. In numerical simulation,
we substituted the averaged power of the spectrum of∑

i sin(θi) and
∑

i cos(θi) in an interval [0.8ωm, 1.2ωm]
for K̃ss(ωm) and K̃cc(ωm) in Eq.(36) and computed
the SNR.

Let eigenvalues and eigenfunctions of the Fokker-
Planck operator for a single loop be denoted by λsgl,n

and ϕsgl,n(θ). We approximated ϕsgl,n(θ) in the
form of truncated Fourier series. When the coupling
strength is zero, ε=0, eigenvalues λ

(0)
cpl,n and eigen-

functions ϕ(0)
cpl,n(Θ) of the Fokker-Planck operator for

the coupled loops are gven by the sums of λsgl,n and
the products of ϕsgl,n(θ). For ε �= 0, we approxi-
mated eigenvalues λ(ε)

cpl,n and eigenfunctions ϕ(ε)
cpl,n(Θ)

by adding perturbation terms to λ(0)
cpl,n and ϕ(0)

cpl,n(Θ).
For the perturbation method to be applicable, param-
eter ε must be small, namely, the loops must couple
weakly with one another.

7. Conclusions

We have indicated by LRT analysis and verified by
numerical simulation that a Costas loop with an im-
perfect phase detector for QPSK carrier tracking and
its coupled loops can be in SR conditions. We will be
able to show also that single and coupled synchroniza-
tion loops for tracking BPSK and other phase modu-
lated carriers are in SR condition in the same way.

The correlation functions derived in section 4 will be
useful for investigating noise-induced synchronization
phenomena in the coupled loops. The investigation is
one of our future subjects.
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Abstract—In our previous study, we observed the in-
teresting phenomenon in an asymmetrical chaotic coupled
system. It is that the synchronous rate of the one subcir-
cuits group increases in spite of increasing parameter mis-
matches in the system.

In this study, in order to verify the this phenomenon us-
ing another system, an asymmetrical chaotic coupled sys-
tem is proposed and investigated. Asymmetry of the sys-
tem is realized by using two parameter sets. In the case of
five subcircuits, we confirmed synchronization phenomena
in computer calculations. Additionally, It was confirmed
that synchronous rates of subcircuits using one parameter
set are increased by increasing a parameter mismatch rate
of the other subcircuits. We consider that this result is cor-
responding to results of previous study.

1. Introduction

Coupled systems of chaotic subsystems generate vari-
ous kinds of complex higher-dimensional phenomena such
as spatio-temporal chaotic phenomena, clustering phenom-
ena, and so on. One of the most studied systems may be the
coupled map lattice proposed by Kaneko[1]. The advan-
tage of the coupled map lattice is its simplicity. However,
many of nonlinear phenomena generated in nature would
be not so simple. Therefore, it is important to investigate
the complex phenomena observed in natural physical sys-
tems such as electric circuits systems[2]-[6].

In our previous study[7], synchronization phenomena in
an asymmetrical coupled system of chaotic circuits were
investigated. The system is coupled globally and the cou-
pling elements are resistors. Each subcircuit has two cou-
pling nodes and the asymmetrical coupled system is real-
ized by selecting one of two coupling nodes. This system
was investigated as non-ideal system. The small parameter
mismatches were given to the subcircuits as an mismatch
of the oscillation frequency. As a result of investigating
this system, interesting phenomenon was observed. The
phenomenon is that the synchronous rate of the one subcir-
cuits group increases in spite of increasing parameter mis-
matches in the system. We suppose that the phenomenon
can be explained as follows. The synchronizations of the
one subcircuits group and other subcircuits group are con-
stricted each other. Therefore, in the case of decreasing the

synchronization of one group decreases, the synchroniza-
tion of the other group increases.

In this study, in order to verify the this phenomenon us-
ing another system, an asymmetrical chaotic coupled sys-
tem is proposed and investigated. Asymmetry of the sys-
tem is realized by using two parameter sets. In the case of
five subcircuits, we confirm synchronization phenomena in
computer calculations. Additionally, It is confirm that syn-
chronous rates of subcircuits using one parameter set are
increased by increasing a parameter mismatch rate of an-
other subcircuits.

2. Asymmetrical Coupled Systems

G G

GG G

G

G

G

G

G

subcircuit

subcircuit subcircuit

subcircuitsubcircuit

Figure 1: Asymmetrical coupled chaotic system.

-g C L1 C2

ik

vk1 vk2

idk

A-node B-node

Figure 2: Chaotic subcircuit.

The system is coupled globally and the coupling ele-
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ments are resistors as shown in Fig. 1. The coupled sub-
circuit is a chaotic circuit[8] as shown in Fig. 2. In our
previous study, asymmetry is realized as selecting one of
two nodes in Fig. 2. In this study, only one node are
used and asymmetry is realized by using two parameter
sets. The circuit using one parameter set is called as ”A-
subcircuits”, and using the other parameter sets is called as
”B-subcircuit”. Now, in order to carry out computer calcu-
lation, circuit equations are derived. Figure 3 shows a non-
linear resistor which consist of two diodes. Circuit equa-
tions are derived using Figure 3(b). We define m and n as
the number of circuits. The number of A-subcircuits is m,
and the number of B-subcircuits is n.

 vd

 id

 vd

 id

th

th

Gd

1

 V

 -V

(a)circuit model (b)characteristics

Figure 3: Nonlinear resistor which consist of two diodes.

A-subcircuits(1 ≤ k ≤ m):

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C1a
dvk1

dt
= gvk1 − Gdf(vk1 − vk2)

+G

{
m+n∑
i=1

vi1 − (m + n)vk1

}
,

C2a
dvk2

dt
= −ik3 + Gdf(vk1 − vk2),

La
dik3

dt
= (1 + pk)vk2,

(1)
B-subcircuits(m ≤ k ≤ m + n):

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C1b
dvk1

dt
= gvk1 − Gdf(vk1 − vk2)

+G

{
m+n∑
i=1

vi1 − (m + n)vk1

}
,

C2b
dvk2

dt
= −ik3 + Gdf(vk1 − vk2),

Lb
dik3

dt
= (1 + qk)vk2,

(2)
where,

f(v) = v +
|v − Vth|

2
− |v + Vth|

2
.

Function f(v) is characteristics of the nonlinear resistor
shown in Fig. 3. Parameters pk and qk shows small pa-
rameter mismatches. Using the following parameters and

variables,

xk =
vk1

Vth
, yk =

vk2

Vth
, zk =

1
Vth

√
La

C2a
,

t =
√

LaC2aτ, “ · ” =
d

dτ
, α =

C2a

C1a
,

β = g

√
La

C2a
, γ = Gd

√
La

C2a
, δ = G

√
La

C2a
,

ε =
C2a

C1b
, ζ =

C2a

C2b
and η =

La

Lb
.

(3)

Normalized equations are described as follows.
A-subcircuits(1 ≤ k ≤ m):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋk = αβxk − αγf
′
(xk − yk)

+αδ

{
m+n∑
i=1

xi − (m + n)xk

}
,

ẏk = −zk + γf
′
(xk − yk),

żk = (1 + pk)yk,

(4)

B-subcircuits(m + 1 ≤ k ≤ m + n):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋk = εβxk − εγf
′
(xk − yk)

+εδ

{
m+n∑
i=1

xi − (m + n)xk

}
,

ẏk = ζ
{
−zk + γf

′
(xk − yk)

}
,

żk = η(1 + qk)yk,

(5)

where,

f
′
(x) = x +

(|x − 1| − |x + 1|)
2

.

We carry out computer calculations in the case of five sub-
circuits. The system consists of two A-subcircuits and three
B-subcircuits. Figures 4 and Figure 5 show computer cal-
culated results using following initial values and parame-
ters. Figure 4(a) show a attractor of A-subcircuit (k = 1).
Figure 4(b) show a attractor of B-subcircuit (k = 3). Hor-
izontal axes are xk and vertical axes are zk. Double scroll
type attractors are observed. Figures 5 show voltage differ-
ences between each subcircuits. Vertical axes show volt-
age differences and horizontal axes show time. Namely,
in the case of synchronizing two subcircuits, the amplitude
becomes zero. Value Q is corresponding to parameter mis-
match rate of B-subcircuits.
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(a)A-subcircuit (b)B-subcircuit

Figure 4: Attractors of A-subcircuit (k = 1) and B-
subcircuit (k = 3). Horizontal axes are xk and vertical
axes are zk. In the case of Eq. (6) and Q = 0.05.

⎧⎪⎪⎨
⎪⎪⎩

xk(0) = yk(0) = zk(0) = 0.100, (k = 1, 2, 3, 4, 5),
m = 2, n = 3, α = 0.600, β = 0.500, γ = 20.0,
δ = 0.070, ε = 0.6, ζ = 1.5, η = 0.5
pk = 0.001(k − 1) and qk = Q(k − 1).

(6)
The first graph shows the voltage difference between two

x1 − x2

x2 − x3

x3 − x4

x4 − x5

(a) Q = 0.001
x1 − x2

x2 − x3

x3 − x4

x4 − x5

(b) Q = 0.005
x1 − x2

x2 − x3

x3 − x4

x4 − x5

(c) Q = 0.010

Figure 5: Voltage difference between two subcircuits. In
the case of Eq. (6).

A-subcircuits. We can see that synchronization and un-
synchronized burst appear alternately in a random way.
The second graph shows the voltage difference between an
A-subcircuit and a B-subcircuit. These are not synchro-
nized at all. The third and fourth graphs show the voltage
differences between two B-subcircuits. These results are
similar than first graph. However these are not the same. In
the case of previous study, corresponding results are shown
in Fig. 6. From comparing two results, we can see as fol-

lows: Fig. 5(a) is similar to the case of lower Q value than
Fig. 6. Fig. 5(b) is similar to Fig. 6. In Fig. 5(c), syn-
chronous rate is higher than Fig. 6. Now, in order to in-

y1 − y2

y2 − y3

y3 − y4

y4 − y5

Figure 6: One of the computer calculated result of previous
study.

vestigate the relationship between synchronous rates and
parameter mismatches, we define the synchronization as
shown in Fig. 7 and follows:

synchronization

Figure 7: Definition of the synchronization.

|xk − xk+1| < 0.01 (7)

where k is number of subcircuits.
Fig. 8 shows synchronous rate averages between two sub-
circuits to Q which is corresponding to parameter mis-
match rate. The synchronous rate is defined as a ratio of
synchronous time and total time. Fig. 9 shows a result of
previous study corresponding to Fig. 8. A-node of Fig. 9 is
corresponding to A-subcircuit, and B-node is correspond-
ing to B-subcircuit. In Fig. 8 and Fig. 9, the synchronous
rates of one group are increasing by increasing Q. We
can consider to obtain the same phenomena. Additionally,
thirty subcircuits case is investigated. Figures 10 and 11
shows the result. We can also observed the same result.
Namely, in spite of increasing parameter mismatch rate,
synchronous rate of A-subcircuit increasing.

3. Conclusions

In this study, in order to verifier the phenomenon of pre-
vious study, an asymmetrical coupled system is proposed
and investigated. Asymmetry of the system is realized by
using two parameter sets.

In the case of five subcircuits, we confirmed similar phe-
nomena in computer calculations. Additionally, It was con-
firmed that synchronous rates between circuits using one
parameter set are increased by increasing a parameter mis-
match rate of the other parameter set. We consider that this
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Figure 8: Synchronous rate of chaotic circuits to the pa-
rameter mismatch of B-subcircuit in the case of five subcir-
cuits. m = 2, n = 3, α = 0.600, β = 0.500, γ = 20.0,
δ = 0.070, ε = 0.6, ζ = 1.5 and η = 0.5.

Figure 9: Synchronous rate of previous study correspond-
ing to the parameter mismatch of B-subcircuit in the case
of five subcircuits. m = 2, n = 3, α = 0.400, β = 0.500,
γ = 20.0, and δ = 0.07.

result is corresponding to results of previous study. Fur-
thermore, we also confirmed the same phenomena in the
case of thirty subcircuits. Therefore, we consider that these
phenomena are not the phenomena generated on a special
system.
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Abstract– This paper presents an analytical model of 
the chaotic dynamics of a recently proposed log-domain 
oscillator. It is shown how the inclusion of parasitic 
capacitances on the Ebers-Moll large-signal static model 
of each bipolar junction transistor permits the derivation of 
nonlinear differential equations that capture the chaotic 
behaviour of the oscillator. 
 
1. Introduction 

 
In log-domain current-mode circuits [1] the large-signal 

static forward-active mode exponential current-voltage 
relationship of the bipolar junction transistor (BJT) is used 
first to compress the input currents to the logarithmic 
domain, where analog processing occurs, and then to 
expand the resulting output voltages back to the linear 
domain in order to restore input-output linearity. Due to 
the pre-compressing and post-expanding operations, log-
domain circuits exhibit a number of desirable features for 
integrated circuit (IC) realizations, such as low distortion 
levels, high signal-to-noise ratios, wide dynamic range, 
small power consumption, fine speed, and large 
bandwidth. Moreover, these circuits show ease of 
electronic tuneability of the key frequency parameters. 

Log-domain chaotic oscillators are commonly designed 
by applying the exponential state-space transformation to 
a known set of nonlinear differential equations, which 
displays chaos under special conditions [2-3]. If it is 
assumed that each BJT employed in the final oscillator 
introduces a large-signal static exponential nonlinearity, as 
is common practice in log-domain circuit design [1], the 
mapped system may then be interpreted as a set of nodal 
equations, which are finally realized by using grounded 
capacitors and constant current sources, positive and 
negative log-domain cells [1], and a sub-circuit 
implementing the particular nonlinearity present in the 
original system. However, in [4] it was noted that, due to 
the limited range of the exponential function, if, as is 
usually the case, the positive orthant is not an invariant set 
for the original system, the above mentioned state-space 
transformation is not a diffeomorphism, because it is not 
even defined in the negative orthant. It follows that the 
original system and the mapped one are not dynamically 
equivalent. Nonetheless, taking the state-space 
transformation in a formal sense only, and then assuming 
the above mentioned BJT static model, a log-domain 
oscillator may still be devised as a formal transistor-level 

realization of the mapped system. In [4] this two-step 
formal procedure was applied to an original system with 
tanh nonlinearity, and led to a novel physically realizable 
log-domain oscillator. Surprisingly, however, the 
dynamics of this oscillator are distinct from those of the 
mapped system, and were therefore thoroughly 
investigated in [4] with tools from the theory of nonlinear 
dynamics [5]. Because of the previously mentioned 
attractive properties of log-domain circuits, the use of the 
novel log-domain oscillator from [4] may be appropriate 
in chaos-based communication systems. However, a valid 
analytical model for the chaotic dynamics of the oscillator, 
not presented so far, is needed. 

The studies which led to this paper were focused on the 
derivation of the actual nonlinear differential equations 
describing the chaotic behaviour of the oscillator. Due to 
the internal nonlinearity of log-domain circuits [6], their 
dynamics may be strongly influenced by the tiny BJT 
parasitic capacitances [7]. The log-domain oscillator from 
[4] is not an exception: each transistor employed in the 
oscillator introduces a large-signal dynamic nonlinearity, 
which may be tracked only by including BJT internal 
capacitances for modeling purposes. This is the reason 
behind the failure of the mapped system, based upon the 
BJT static model, to explain the dynamics of the oscillator. 
In this paper the simplest transistor dynamic model is first 
used to derive an analytical model capturing the dynamics 
of the oscillator from [4], and then validated by comparing 
circuit simulations with numerical integrations of the 
proposed equations. 

 
2. Log-domain Chaotic Oscillator 
 
2.1. Circuit Design Review 
 

The novel chaotic log-domain oscillator proposed in [4] 
originates from application of a two-step formal procedure 
to the following nonlinear differential equation: 
 ).tanh(2 xxxax +−−= &&&&&&  (1) 
Equation (1), in which differentiation is with respect to a 
normalized time ,τ ′  displays chaos for a = 0.19. Letting 
x = x3, a canonical state-space representation of (1) is: 
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where differentiation is with respect to time τω ′= −1
ot  

( oω  is a positive normalizing factor), and m ′  is a positive 
constant which ensures that all the state variables xi 

3}) 2, ,1{( ∈i are positive at equilibrium. Since the positive 
orthant is not an invariant set for (2), then the following 
exponential state-space transformation 
 3}, 2, ,1{for  )Vexp()V( -1

T
2

T
2 ∈′= − ivCInx ioSiSi ω  (3) 

where n ′  is a positive scaling factor, VT and IS are the 
thermal voltage and the saturation current of a BJT 
respectively, and CSi 3}) 2, ,1{( ∈i  are positive constants, 
is not a diffeomorphism, and may be applied to (2) in a 
formal sense only. This yields: 
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and, assuming CS1 = CS2 = CS3 = CS, .VT oSo CI ω=  The 
original system (2) and the mapped one (4) are not 
dynamically equivalent. Nonetheless, using the large-
signal static forward-active mode exponential BJT 
relationship between the collector current ci  and the base-
emitter voltage ,bev  i.e. 

 ),Vexp( 1
T
−±= beSc vIi  (5) 

where the positive (negative) sign corresponds to a npn 
(pnp) BJT, a log-domain oscillator may be still devised as 
a formal transistor-level realization of (4). In fact, the 
terms on the right-hand side of the i-th equation in (4) 

3}) 2, ,1{( ∈i  may be interpreted as currents flowing 
through a grounded capacitor of value CSi and voltage vCSi 
across it. All these terms but two may be formally 
implemented using either the positive or the negative log-
domain only-npn cell of Figure 1, where VCC is the supply 
voltage, ii and io (vi and vo) denote the input and output 
currents (voltages) respectively, and Io and Ia are constant 
current sources. In fact, application of basic principles 
from circuit theory to each cell in Figure 1 yields: 
 ),)V(exp( 1

T
−−±= oioo vvIi  (6) 

where the positive (negative) sign corresponds to the 
positive (negative) cell. 
It can be shown that the emitter current of BJT Q14 (i.e. 
ie14) in the circuit of Figure 2, in which four transistor loop 
Q7-Q10 and biasing current source I2 formally implement 
the tanh nonlinearity, equals i ′  if ,/1 nImI o ′′=  

,/V2 T oInR ′=  ,/22 nII o ′=  and .)/1(3 oInmI ′′+−=   
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Figure 1. Formal transistor level realization of a positive 
(a) and a negative (b) log-domain only-npn cell. 
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Figure 2. Formal transistor-level realization of i ′  in (4). 
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Figure 3. Third-order log-domain oscillator from [4]. 

Finally, a grounded constant current source, i.e. I4, 
formally realizes the constant term aIo. The complete 
physically realizable log-domain oscillator from [4] is 
shown in Figure 3. Surprisingly, its dynamics differ from 
those of (4), and were explored in detail in [4]. However, 
a valid analytical model of the chaotic behaviour of the 
log-domain oscillator, not provided in [4], is necessary. 
The reason behind the inability of the BJT static model, 
upon which (4) is based, to track the dynamics of the 
oscillator of Figure 3 is due to the unexpectedly strong 
impact of the tiny BJT parasitic capacitances on the 
behaviour under study. This is not uncommon in log-
domain circuits [7]. 

2.2. Modelling the Circuit Dynamics 
 
2.2.1 Dynamic BJT Model and Characteristic Equations 
of the Sub-circuits 
 

Each transistor in the circuit of Figure 3 is first replaced 
with its Ebers-Moll large-signal static model. Then a 
parasitic capacitance of value CP is added in parallel to 
each diode in the model, as shown in Figures 4(a) and 4(b) 
for a pnp and a npn BJT respectively. Because of the 
complexity of the BJT model of Figure 4, there is a need 
to break down the difficult problem of modeling the large  
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Figure 4. Dynamic model for a pnp (a) and a npn (b) BJT. 

circuit of Figure 3 into a number of simpler problems, 
each involving the model of a small sub-circuit. Then the 
issue of modelling the interconnections among the sub-
circuits will be addressed before the final circuit equations 
may be obtained. Three grounded capacitors, a grounded 
constant current source (I4), a resistor R, and six different 
sub-circuits, which are schematically represented with 
rectangular dotted boxes and are associated with labels (P, 
N, A, B, C, and D), are identified in Figure 3. Note that 
labels P and N denote the positive and negative log-
domain cells of Figures 1(a)-(b). The oscillator of Figure 3 
employs two P and two N sub-circuits. The input (i) and 
output (o) terminals of each sub-circuit are chosen as 
shown in Figure 3. The input and output currents are 
assumed to flow away from each sub-circuit. The 
oscillator of Figure 3, whose order is m = 3, makes use of 
n = 8 sub-circuits. Let us order sub-circuits P1, P2, N1, N2, 
A, B, C, and D by assigning them indices 1, �, n 
respectively. The pseudo-state vector 

jn
jjjj Rnyyy ∈= T)]( ..., (1),[  of the dynamical system 

corresponding to sub-circuit j }) ,... ,1{( nj ∈  is defined as 
the set of voltages across the parasitic capacitances in the 
proposed model of that sub-circuit. Note that jn  is equal 
to 3 for },2 ,1{∈j  2 for j = 6, and 7 for 

}.8 ,7 ,5 ,4 ,3{∈j The normalized j-th pseudo-state vector 

is defined as .V 1
T
−=′ jj yy  The j-th sub-circuit is modeled 

as a nonlinear time-invariant kj-input kj-output (kj equals 1 
for j = 6, and 2 otherwise) dynamical system with 
diagonal nonlinearity ),( jyF ′  whose i-th component is 

1))(exp())(( −′=′ iyiyf jj  }). .., ,1{( jni ∈  Denoting the 
input and output current (voltage) of the j-th sub-circuit as 

jii  ,  and joi  ,  ( jiv  ,  and jov  , ), the input (output) vector of 
the corresponding j-th dynamical system, i.e. ij (vj), is 
defined as jii  ,  )(  , jov  for j = 6 and T

 , , ] ,[ joji ii  

)] ,([ T
 , , joji vv  otherwise. Defining a normalized time 

variable ,1−= PtCτ  using basic principles from circuit 
theory, the characteristic equations of the j-th system are: 

 
,
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τ  (7) 

where jojjjoj cCBbA  
T

  and , , , ,  are suitable matrices, 
T

1
T  ]1 ,0[ −= jj Cl  for j = 6 and 0 otherwise, and 

1   ]1,0[ −= jojo cl  for j = 6 and 0 otherwise. Application of 
Kirchhoff�s Voltage Law to the j-th sub-circuit reveals that 
the pseudo-state variables of the corresponding dynamical 
system are constrained to lie at all times on the affine 
invariant manifold described by: 
 , 

T
jojj dyD =′  (8) 

where jp
jo Rd ∈  (pj is 0 for },6 ,2 ,1{∈j  2 for 

},8 ,4 ,3{∈j  3 for }),7 ,5{∈j T and jD  is a suitable matrix. 
 
2.2.2 Modelling the Interconnections and Final Equations 
 

The pseudo-state vector of the dynamical system 
corresponding to the complete oscillator is 

,] ..., ,[ TTT
1

M
n Ryyy ∈′′=′  where M = n1+ �+ nn = 43. 

Noting that k1+ �+ kn = 2n-1 = 15, defining the input 
and output vectors of the overall system, i.e. i and v, as 

12TTT
1 ] ..., ,[ −∈= n

n Riii  and ,] ..., ,[ 12TTT
1

−∈= n
n Rvvv  and 

letting ,])( ..., ,)([)( TTT
1 nyFyFyF ′′=′  the collection of the 

characteristic equations of the n sub-circuits yields: 
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where A, bo, B, CT, and co are suitable matrices. Recalling 
(8), the affine invariant manifold on which solutions to (9) 
must lie at all times is given by: 
 ,T

odyD =′  (10) 

where, letting q = p1+ �+pn = 12, ,q
o Rd ∈  and TD  is a 

suitable matrix. Equations describing the interconnections 
among the m grounded capacitors, current source I4, 
resistor R, and the n sub-circuits are here derived. 
Equating voltages at nodes 1, 2, 3, 5, and 6 in Figure 
3 yields 2n-2m-1 linear equations in v: 
 ,0=vK  (11) 
where K is a suitable matrix. A further m linear equations 
in v and i are established by the defining equations of the 
grounded capacitors: 

 ,o
P

IiL
d

vd
C
H ρ

τ
=+  (12) 

for suitable matrices . and , , ρLH  Finally, applying 
Kirchhoff�s Current Law to nodes 4, 5, and 6 in Figure 
3 a further m linear equations in v and i are obtained: 
 ,0=Π+Λ iv  (13) 
for suitable matrices . and ΠΛ  Solving (11)-(13) for i, and 
inserting the solution into (9) yields: 

 ,)(21 oMyFMyM
d

yd +′+′=
′

τ
 (14) 
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where oMMM  and , , 21  are suitable matrices. From (9) 
and (11) it follows that solutions to (14) must satisfy at all 
times the following 2n-2m-1 constraints 
 ,T

oKcyKC −=′  (15) 
in addition to the q constraints imposed by (10). Therefore, 
defining s = 2n-2m-1+q = 21, the M-dimensional system 
(14) is constrained to operate at all times of an affine 
invariant manifold of dimension M-s = 22. Forming a 
vector z with M-s linearly independent components of 

,y′  and using (10) and (15) to express the remaining s 
components of y′  as a linear combination of the elements 
of z, (14) takes the final non-redundant form: 

 ,)()( 1321 oo TWzWFTzFTzT
d

zd ++++=
τ

 (16) 

where oo TWWTTT  and , , , , , 1321  are suitable matrices. 
 
3 Model Validation 

 
In this section the BJT dynamic model of Figure 4 is 
validated by showing the dynamical equivalence between 
the numerical solutions to Equation (16) and the PSpice 
simulations of the oscillator of Figure 3 for a special set of 
circuit parameters yielding chaotic behaviour. In both 
PSpice and Matlab simulation environments the circuit 
parameters are set to: VCC = 3 V, Io = 100 µA, Ia = 500 µA, 
CS = 0.3 nF, ,5=′m  ,2=′n  and, from definitions given in 
2.1, µA, 2501 =I  ,K 1 Ω=R  (taking VT = 25 mV), 

µA, 1002 =I  and µA. 1503 =I  The model parameters of 
npn (pnp) BJTs are chosen as those of practical transistor 
2N3904 (2N3905). In the numerical integration of 
Equation (16) each BJT parasitic capacitance is set to 
Cp = 10 pF. Figure 5 depicts the chaotic attractor of the 
dynamical system, observed in PSpice for a = 0.2 and in 
Matlab for a = 0.19. Figure 6 shows the dynamic 
nonlinearity introduced by negative log-domain cell N2 in 
Figure 3. It is clear that N2 does not act as a static 
exponential nonlinearity. Therefore (6) does not model its 
input-output behaviour. This explains the inability of 
mapped system (4), based on the BJT static model  
described by (5), to capture the dynamics of the oscillator. 
  

 
Figure 5. Chaotic attractor: (a) circuit simulation for 

a = 0.2; (b) numerical integration of (16) for a = 0.19. 

 
Figure 6. Dynamic nonlinearity introduced by sub-

circuit N2: (a) circuit simulation for a = 0.2; (b) numerical 
integration of (16) for a = 0.19. 
 
4. Conclusions 
 

Contrary to common expectations, due to their intrinsic 
internal nonlinearity, the dynamics of log-domain circuits 
may sometimes be strongly affected by the tiny BJT 
parasitic capacitances. This is also the reason behind the 
failure of the transistor large-signal static model to explain 
the chaotic behaviour of a recently presented log-domain 
oscillator. The simplest BJT large-signal dynamic model 
was used here to derive a set of nonlinear differential 
equations capturing the chaotic dynamics of the oscillator. 
The BJT model was then validated by comparing circuit 
simulations with numerical integrations of the equations. 
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Abstract—Traffic dynamics is an important consider-
ation in the design and planning of communication net-
works. In this paper we analyze the traffic congestions in a
complex communication network. The scale-free (SF) net-
work is used as the network model. Furthermore, we use
power-law distributions to characterize the packet genera-
tion probabilities, packet delivery rates and buffer sizes in
different nodes. Traffic congestion of this complex traffic
model is simulated and the effects of network structure and
traffic parameters on the traffic dynamics are studied.

1. Introduction

Traffic analysis of communication networks is one of the
key issues of communication engineering [1]. Because of
the large scale and complicated structure of communication
networks, a well defined model, which can characterize the
main properties of network structure, is necessary for the
study of network traffic.

A widely used network model is the random graph.
In the model developed by Erdos and Renyi [2], a ran-
dom graph is built by connecting each pair of nodes with
equal probability. This model is simple and clearly shows
the stochastic characteristics of networks. Also, networks
based on random graphs are homogeneous, meaning that
the contribution of each node is statistically identical.

With the advent of computer technology, many empirical
data from real-world networks have been collected. These
data indicate that topologies of many real networks are at
significant variance from the random graph model. Fur-
thermore, recent research has shown that many real net-
works, including many communication networks, are typ-
ically heterogeneous networks having a power-law degree
distribution:

P(ki) ∼ k−γi (1)

where ki is the degree (i.e., the number of connections) of
node i and γ is the characteristic exponent [3, 4]. Such net-
works are called scale-free networks. Equation (1) shows
that in the network, there are a small number of hubs, each
having a large number of connections. At the same time,
there are a large number of nodes, each of which only has
a few connections.

The discovery of SF property in real world networks
has spawned the study of the structure and dynamics of

complex networks [5]. In particular, the traffic dynam-
ics of SF networks has received a great deal of attention
[6, 7, 8, 9, 10, 11, 12]. Early research was initiated by sta-
tistical physicists who first observed that many real com-
munication networks are actually SF networks. Some basic
traffic problems were also studied, including the cascade-
based failure, phase transition of traffic dynamics, and the
avalanche dynamics of traffic congestion, etc. Most re-
search in this phase assumes some ideal preconditions. For
example, the queue length (or the buffer size) at each node
has been assumed to be infinitely long [10]. However, in
any real communication network, the buffer size cannot be
infinite. Recently, as the research progresses, some traffic
models with more realistic considerations are considered
[11, 12].

In our previous work [11], we have shown the effect of
network structure on traffic congestions. In order to em-
phasize the importance of hubs, we assumed in [11] that
the packet generation probability and the delivery capabil-
ity for each node are both proportional to its degree. In this
way, if a node has more connections, it can generate more
packets and transmit more packets to their destinations.

In this paper, we will extend that preliminary model.
First, the packet generation probability and the delivery ca-
pability are scaled with, but not necessary linearly propor-
tional to, the degree. Second, we set the buffer size to scale
with the degree. In this way, we get a more general model.
The preliminary model proposed in [11] can be considered
as a special case of the new model. Using this new model,
we will analyze the traffic congestion with different param-
eter settings.

2. Network Structures

Our main aim is to study the traffic congestion in SF net-
works. Here we use the extended BA model to construct the
SF network [13]. For comparison, we also consider the ran-
dom graph because it is a widely used homogeneous net-
work model. The performance comparison between them
can help us understand the important role that the network
structure plays in the flow of network traffic.

2.1. Random Graphs

The construction of random graphs is quite simple. Con-
sider a network with N nodes. Each pair of nodes are con-
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nected with probability p. Consequently, the total number
of connections n in the network is a random variable with
a mean value equal to E(n) = pN(N − 1)/2. For each node,
its degree k is also a random variable. If N is large enough,
the degree distribution follows a Poisson distribution [3],
i.e.,

P(k) = CN−1
p pk(1 − p)N−1−k =

〈k〉ke−〈k〉

k!
(2)

where 〈k〉 = p(N − 1) ≈ pN is the mean value of k. Since
each pair of nodes are connected with equal probability, the
random graph is a homogeneous network.

2.2. Scale-Free Networks

We use the evolution algorithm to construct the SF net-
work [13]. The network starts with m0 isolated nodes. At
each time step, one of the following three processes takes
place with a certain probability.

1. With probability p, m (m < m0) new connections are
added into the network. To do this, for each new con-
nection we randomly choose a node as one end. The
node i is selected as the other end of the connection
with a probability of

∏
(ki) =

ki + 1∑
j(k j + 1)

. (3)

2. With probability q, m existing connections are
rewired. To do this, we randomly choose a node (say
node i) and a connection from this node (say the con-
nection from node i to node j). We remove this con-
nection and rewire it between node i to j′, where j′ is
randomly chosen with probability

∏
(k j′ ) given by (3).

3. With probability 1−p−q, a new node with m new con-
nections is added into the network. The m new con-
nections are connected to existing node j with proba-
bility

∏
(k j) given by (3).

This algorithm simulates the evolution of real networks
such as the Internet or airline networks. Consider the air-
line network as an example. At the beginning, there are
only a few airports in the network. Some new flight routes
are set up between existing airports. With the development
of air-travel market, new airports are built and connected
to existing airports with new routes; more routes are also
added between existing airports; some existing routes may
be cancelled and reconnected to other airports. All these
processes contribute to today’s air traffic network.

Based on this construction method, the degree distribu-
tion of the evolved network has a generalized power-law
form [13]:

P(k) ∝ [k + κ(p, q,m)]−γ(p,q,m) (4)

where κ(p, q,m) = 1+ (p−q)
(

2m(1−q)
1−p−q + 1

)
and γ(p, q,m) =

1 + 2m(1−q)+1−p−q
m . The degree distribution of a SF network

has a power-law tail. In this network, a small number of
nodes have a very large number of connections. It indi-
cates that the effects of different nodes in the SF networks
are not identical. In other words, the SF network is a het-
erogeneous network.

3. Traffic algorithm

The algorithm for constructing the traffic model in this
paper is similar to the routing algorithm in computer net-
works, which can be summarized as follows:

1. Each node in the network has a buffer. The buffer size
for node i is Bi.

2. Packet generation: At each time step, new packets are
generated. The probability for node i to generate a
packet is λi. When a packet is generated, its destina-
tion is chosen randomly. Then, the shortest path from
the source to the destination is determined. If there
are more than one shortest path, we randomly choose
one. The newly generated packet is placed at the end
of the buffer of this node. If the buffer is already full,
the newly generated packet is dropped.

3. Packet transmission: At each time step, node i delivers
the first µi packets in its buffer one step towards their
destinations. For each packet, if the next node is not its
destination, the buffer status of that node is checked.
If the buffer is full, the packet is dropped. Otherwise,
the packet is added to the end of the buffer.

4. Packet removal: A packet is removed from the system
when it reaches its destination.

In this traffic model, a packet drop indicates that a con-
gestion occurs. If we define the packet drop probability Pd

as

Pd =
average number of dropped packets

average number of generated packets
, (5)

the value of Pd can be used to evaluate the system perfor-
mance. A higher drop probability indicates that a larger
percentage of packets cannot reach their destinations. As a
result, the quality of service of the communication network
becomes worse.

4. Parameter Settings

In the traffic model, the packet generation rates for dif-
ferent nodes are different. Generally speaking, the more
popular a node is, the more packets are generated from this
node. In our model, the degree of a node can be considered
as an index of popularity of that node. Thus, we assume
that the packet generation probability for node i is

λi = α(ki)γ1 , λi ≤ 1, (6)

where α is a proportionality constant. In this way, the
packet generation probability also follows a power law.
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Table 1: Values of λi for different ki and γ1. γ1 increases
from 0 to 1.5. A scale-free network is considered, where
N = 1000 and γ ≈ 2.4.

γ1 = 0 γ1 = 0.1 γ1 = 0.5 γ1 = 1 γ1 = 1.5
ki = 30 0.100 0.132 0.362 1 1
ki = 10 0.100 0.118 0.209 0.350 0.443
ki = 1 0.100 0.094 0.066 0.035 0.014

The value of exponent γ1 is very important in the packet
generation process. When the network structure is fixed,
it determines the distribution of packet generation rate. In
particular, when γ1 = 0, λi (i = 1, 2, · · · ,N) are identical,
which means that all nodes generate packets with the same
rate. When γ1 > 0, the packet generation probability fol-
lows a power-law distribution. A hub (i.e., a node with a
large number of connections) generates packets at a much
larger rate than most of the other nodes. Specifically, when
γ1 = 1, (6) becomes

λi = αki, (7)

which corresponds to the case where the packet generation
probability is linearly proportional to the degree. Table 1
gives an example of how the λi distribution changes with
γ1. We consider a SF network with 1000 nodes and γ = 2.4.
The conditions of three nodes are studied: a hub node with
30 connections, a non-hub node with only 1 connection,
and a node with 10 connections, just between the above
two. When γ1 = 0, the packet generation probabilities for
all nodes are 0.100. When γ1 > 0, there is a gap between
the packet generation probabilities of the hub node and the
non-hub node. This gap grows with γ1. For γ1 = 0.1, it is
only 0.038, whereas for γ1 = 1.5, it becomes 0.986.

Similarly, we assume that the packet delivery rate of a
node is also scaled with its degree, i.e.,

µi = �1 + β(ki)γ2	, (8)

where β is a constant. The exponent γ2 determines the
distribution of packet delivery capabilities among different
nodes. When γ2 > 0, the distribution of µi is power-law dis-
tributed, which means that nodes with larger degrees have
higher delivery capabilities.

The buffer size of node i is given by

Bi = �1 + δ(ki)γ3	, (9)

where δ is a constant. The exponent γ3 determines the
distribution of buffer sizes among different nodes. When
γ3 > 0, the distribution of Bi is power-law distributed,
which means that nodes with larger degrees have larger
buffer sizes.

The above settings emphasize the important role of hubs.
These nodes are more powerful than others. Here, by
“more powerful” we mean that the node can generate and
deliver more packets and has a larger buffer size.
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Figure 1: Effect of γ1 on the traffic congestion perfor-
mance. γ2 = γ3 = 1.

5. Simulations

The simulation parameters are set as follows:

• N = 1000 and γ ≈ 2.4 used in the network construc-
tion;

•
∑N

i=1 λi ≈ 100,
∑N

i=1 µi ≈ 2100 and
∑N

i=1 Bi ≈ 10000
used in the traffic model.

The approximations are consequences of the random nature
of the complex network construction and the traffic dynam-
ics. For the SF network, 〈k〉 ≈ 2.9 when γ ≈ 2.4. In order
to show the effect of each of the characteristic exponents
γ1, γ2 and γ3 separately, for each set of simulations, we al-
ter the value of only one exponent while fixing the other
two exponents at 1. When the value of a characteristic ex-
ponent varies, the corresponding proportionality constant
(α, β or δ) will change accordingly such that the conditions
stated above are satisfied.

Figure 1 plots the drop probability versus γ1. By vary-
ing γ1, the relative distribution of packet generation prob-
ability among the nodes is changed. The simulation result
indicates that such a variation does not affect the network
performance.
Observation 1: Regardless of whether the packets are more
likely to be generated by hub nodes or by non-hub nodes,
the resulting drop probability is very similar.

Figure 2 shows the effect of γ2 on the drop probabil-
ity. As γ2 increases, the drop probability first decreases
and then stays at a small value.
Observation 2: The above result suggests that assigning
more delivery capability to hubs benefits the traffic perfor-
mance.

The effect of γ3 on the drop probability is shown in
Fig. 3. For the SF network, as γ3 increases, more and more
buffers are assigned to nodes with larger degrees. These
nodes are hubs and a large number of packets go through
them. Thus, increasing the buffer sizes of these nodes can
decrease the drop probability effectively. However, if the
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Figure 2: Effect of γ2 on the traffic congestions perfor-
mance. γ1 = γ3 = 1.
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Figure 3: Effect of γ3 on the traffic congestions perfor-
mance. γ1 = γ2 = 1.

hubs have acquired enough buffers, further increasing their
buffer sizes has little effect on the traffic performance. If
we keep increasing γ3, buffers keep accumulating to nodes
with large degrees. At the same time, buffer sizes of nodes
with small degrees may be inadequate, making the drop
probability increase. For the random graph, the drop prob-
ability always remains at a very low level.
Observation 3: The above simulation result suggests that
assigning adequate buffer resource to hubs benefits the traf-
fic performance. But assigning too many buffers to hubs
may waste system resource and degrade the performance.
Hence, an optimal point has to be found for effective net-
work management.

In all the simulations, the drop probability for the SF net-
work is always much higher than that of the random graph.
This is because the SF network is heterogeneous, in which
hubs become the traffic bottleneck. In comparison, the traf-
fic in a random graph is distributed more uniformly, caus-
ing fewer packet drops.
Observation 4: In real-world networks which are scale-
free, the drop probability is much higher than that of the
random-graph model.

6. Conclusions

In this paper we study the traffic flow in a scale-free net-
work. In the traffic model, the packet generation probabil-
ity, the packet delivery capability, and the buffer size are all
power-law distributed. We study the effect of these three
power-law distributions on the traffic congestion perfor-
mance. The simulation results show that assigning higher
packet delivery capability or reasonably larger buffer size to
those nodes which have larger degrees can effectively en-
hance the traffic performance. Also, random-graph models
consistently underestimate the traffic volume of real-world
networks.
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Abstract– The control issue of complex dynamical 
networks is considered in this paper, in the case where a 
control action is locally applied to all the network 
dynamical nodes. By making use of classical state-
feedback control techniques, a complex dynamical 
network is stabilized to one of its equilibrium points. Both 
theoretical analysis and numerical simulations are reported 
in this paper. 
 
1. Introduction 

 
Complex dynamical networks are composed of a large 

number of dynamical nodes, which may be coupled to 
each other through diffusion, convection, conduction, etc. 
[1]. Typical examples include cellular neural networks [2], 
coupled map lattices [3], arrays of Josephon junctions [4], 
and coupled chemical reactors [5]. Obviously, the 
“global” behaviors of such complex networks are 
determined by both the dynamics at every node and the 
interactions among them (for instance, electrical activity 
in neural or cardiac cells is the result of a large number of 
ionic currents and signaling events [6]). 

The complicated dynamical behaviors of complex 
dynamical networks may result harmful in many cases, 
therefore controlling the dynamics taking place over 
complex networks is important. As a matter of fact, the 
issue of controlling complex dynamical networks has 
become a focal topic in the control community in the past 
decade. However, most of the existing works on 
controlling complex dynamical networks have been 
concentrated on networks with completely regular 
topological structures, such as chains, grids, lattices, and 
fully-connected graphs. The main benefit in using these 
simple architectures is that it allows for focusing on the 
complexity caused by the nonlinear dynamics at the nodes 
without considering additional complexity in the network 
structure itself. The effects of the network topology on its 
dynamics, however, cannot be ignored in many cases, as 
well as its rapid structural evolution over time. For 
example, it was found [7] that the multicast resource 
reservation styles in the Internet are quite different from 
those with the simple linear, tree, or star-shaped 
topologies. It was also reported [8] that the 
synchronizability of scale-free networks, characterized by 
a power-law degree distribution, is strongly affected by 
the exponent of the power-law. 

 In this paper, the issue of controlling complex 
dynamical networks is considered. Firstly, a linearly 
coupled dynamical network is introduced. Then, based on 
the conventional state-feedback control method, a 
sufficient condition on controlling a complex dynamical 
network to its equilibrium point is obtained. Finally, 
numerical simulations are given to verify the effectiveness 
of the given method. 

 
2. Problem description 
 

Suppose that a complex network consists of N  
linearly and diffusively coupled identical nodes, with each 
node being an dimensional dynamical system. The 
state equations of this dynamical network are given by 

−n

1

( ) , 1,2, ,
N

i i ij j
j

x f x c a x i N
=

= + Γ =∑& L .        (1) 

Here, ( )1 2, , , T n
i i i inx x x x R= K ∈

≤

 are the state 

variables of node i , the constant  represents the 
coupling strength.  is a symmetric 
matrix linking coupled variables, and if for some pairs 

, , 

0>c
( ) nn

ij R ×∈=Γ γ

),( ji 1 ,i j n≤ 0≠ijγ , it means two coupled 

nodes are linked through their i -th and -th state 
variables, respectively. Here, we assume that each pair of 
coupled oscillators is linked through the complete set of 
identical sub-state variables, i.e., 

j

)1,...,1(diag=Γ . 
In network (1), the symmetric coupling matrix 

 represents the connectivity 
configuration of an undirected complex network. If there 
is a connection between node i  and node  , 

then ; otherwise, . 

The degree  of node i  is defined to be the number of 
connections incident in it: 
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Let the diagonal elements be , . 
Suppose the network is connected in the sense of having 
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no isolated clusters, i.e., the symmetric matrix A  is 
irreducible. We know that zero is an eigenvalue of A  
with multiplicity 1, and other eigenvalues of A  are 
strictly negative  in the order: Nλλλ ≥≥>= L210 . 

The objective here is to stabilize network (1) onto an 
equilibrium point of the network, in the sense that 

∞→→=== tasxtxtxtx N ,)()()( 21 L ,  (3) 

where nRx ∈  is a solution of an isolated node, satisfying 
)(xfx =& .  

Without loss of generality, we assume that network (1) 
satisfies the following assumption: 

Assumption: For any isolated node, there exists a non-
negative constant β  such that 

)()())()(()( yxyxyfxfyx TT −−≤−− β ,  (4) 
where 0>β  is a constant. 

 
3. Main result 
 

To achieve the goal (3), the state feedback control 
strategy is applied to stabilize network (1). Therefore, the 
controlled network (1) can be described by 

Niuxacxfx
N

j
ijijii ,,2,1,)(

1
L& =++= ∑

=
.     (5) 

Here  is the controller of node i , described by iu
Nixxku ii ,,2,1),( L=−−= ,               (6) 

where  is the constant control strength. 0>k
Define xtxte ii −= )()( ; then one can have 

.,,1,)()(
1

Nikeeacxfxfe
N

j
ijijii L& =−+−= ∑

=

 

(7) 

If the given assumption holds, we can get a sufficient 
condition for stabilizing network (1): 
Theorem: Assume the given assumption holds. Network 

(5) is globally stabilized to x  if  
0))((max <+− cAIkβλ ,                          (8) 

where )(max Mλ  is the highest eigenvalue of matrix M . 
 
Proof: Construct a Lyapunov functional of the form 
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The time derivative of (9) along trajectories of (7) is 
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Obviously,  if 0<V&
0))((max <+− cAIkβλ .                  (10) 

This completes the proof of the theorem. 
Corollary: Assume the given assumption holds. 

Network (5) is globally stabilized to x  if 
β≥k                                                 (11) 

Proof: Define   where matrix jj Pve =~ )..,2,1( nj =

P  is such that , one has ),...,,( 21 N
T diagAPP λλλ=

[ ]

)..,2,1()(

)),...,,()((

~)(~

2

1

21

njvck

vdiagcIkv

ecAIke

iji

N

i

jN
T
j

j
T

j

=+−=

×+−=

+−

∑
=

λβ

λλλβ

β

 

Clearly,  if 0<V& β≥k .  
This completes the proof of the corollary. 
 

4. Numerical Simulations 
 

Consider a chaotic dynamical network of Lorenz 
systems, where a single Lorenz oscillator is described by 

1 1 2 1

2 3 1 1 3

3 1 2 2 3

( )
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x p x x

2x x f x p x x x x
x x x p x
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with the parameter set of , 1 10p = 2
8
3

p = , , 

and 

3 28p =

60=β  in the assumption. 
We generate a scale-free network with the BA model 

[9], which has 200 nodes with parameters , 

and set the coupling strength . To stabilize such 
a BA network to the homogenous state 

20 == mm
01.0=c

)0,0,0(=x , we 
set the control strength . Since 5.62=k
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05.2))((max <−=+− cAIkβλ , the condition in the 
theorem is satisfied.  

States   and x y  of the highest degree node in the 
network are shown in Figs. 1-2. From 0 to 40 seconds, we 
do not have any control to nodes. Consequently, chaotic 
phenomenon is observed. After 40 seconds, all nodes are 
controlled, and then they tend to )0,0,0(=x  quickly. 

 
Fig. 1 State  of the largest node of the BA network x

 

 
Fig. 2 State y  of the largest node of the BA network 

 
Similarly, we construct a small-world network with the 

NW small-world model [10] with network parameters 
 and . We set the coupling 

strength  and the control strength . 
From Figs. 3-4, one can see that the network is well 
stabilized to its equilibrium point 

2,200 == KN 01.0=p
01.0=c 63=k

)0,0,0(=x . 

 
Fig. 3 State  of the largest node of the NW network x

 

 
Fig. 4 State  of the largest node of the NW network y

 
 

5. Conclusion 
 

The stabilization of complex dynamical networks onto 
a homogenous state has been studied in this paper. Based 
on a classical state-feedback control strategy, a sufficient 
condition was obtained to stabilize a dynamical network 
with a fixed coupling strength. Numerical simulations 
have shown that the proposed method can be used to 
stabilize such networks as BA scale-free and NW small-
world dynamical networks. However, a real network is 
usually very large, which makes almost impossible to 
control all the nodes of the network. Therefore, the 
pinning control strategy [11-12], in which only a portion 
of nodes in the network is controlled, may benefit the 
control of many real-world dynamical networks. Another 
important aspect is represented by the role played by the 
network topology on the effectiveness of the control 
action (in an analogous way to the propensity of complex 
networks to being synchronized, depending on some of 
their structural properties [13-14]). These topics will be 
discussed in our future research. 
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Abstract—This paper discusses application of self-
organizing maps to network construction. The maps have
growing cell structure for flexible adaptation to environ-
ment and have applied to two examples. The first one is
traveling sales person problem, a typical combinatorial op-
timization problem. The map has ring topology and city
positions are applied successively as input data. Although
the algorithm is very simple we can find almost optimum
solutions. The second one is construction of complex net-
work. Nodes are applied successively as input data and the
algorithm can adapt to the dynamic input space flexibly.
Performing basic numerical experiments we show that our
algorithm can generate small-world networks.

1. Introduction

This paper discusses an approach to fuse complex net-
works and self-organizing maps (ab. SOMs ). There has
been increasing interest in the study of complex networks,
including small-world and scale-free networks [1] - [3].
The study relates to both fundamental and application ob-
jects including construction of complex networks, model-
ing physical networks, synchronization in networks, com-
munications, environment and signal separation. On the
other hand, SOMs have been studied intensively as typi-
cal unsupervised learning systems [4]. In order to enhance
adaptive function, SOMs are improved to use growing cells
structure ( ab. GCS ) [5]: the maps can change size and
topology depending on features of input data. The GCS
has a variety of applications including data visualization,
pattern classification, vector quantization and image skele-
tonization [6] - [10]. If GCS has 1D topology, the cell
structure is a kind of graph and the GCS relates deeply to
construction of networks.

This paper discusses application of the GCS to network
construction based on two examples. The first one is the
traveling sales person problem ( ab. TSP ) [11]-[14]. The
TSP is well known as a typical combinatorial optimiza-
tion problem and the task is to find the shortest possible
tour through the set of cities that passes through each city
exactly once. For this problem, we use GCS having ring
topology and city positions are applied successively as in-
put data. Our algorithm is simple and can be controlled by
only two parameters [15], [16]. Performing basic numeri-
cal experiments we show that our algorithm can find almost
optimum tour.

The second example is construction of small-world net-
works. The concept of the small-world networks ( ab.

Figure 1: Typical networks.

SWN [1] ) has been introduced in order to interpolate be-
tween regular and random networks as depicted in Figure
1. In order to characterize networks two basic measures
are known: the average path length L and cluster coeffi-
cient C [1] [2]. Roughly speaking, L measures typical sep-
aration between nodes and C measures the cliquishness of
a typical neighborhood. The SWNs are characterized by
small L as a random graph and relatively large C as a reg-
ular lattice. Such networks can be an interesting network
models and are probably generic for many natural networks
including power grid of a nation, the collaboration graph
of film actors and communication with fewer connections.
Also, coupled dynamical systems having SWN-like topol-
ogy display enhanced signal-propagation speed and ability
of synchronization [1]-[3]. In order to study such network
structure, some algorithm is necessary to generate a desired
network for a set of nodes. In a typical algorithm by Watts
and Strogatz [2] given regular lattices are reconnected fol-
lowing some probability without learning. Our algorithm
is based on GCS and can learn adaptively to dynamic in-
put space [17], [18]. Nodes for networks are applied suc-
cessively as input data and the number of nodes can be
changed depending on the learning history. Performing ba-
sic numerical experiments we show that our algorithm can
generate small-world networks if control parameters are se-
lected suitably. These results provide basic information to
develop effective application of GCSs to constructing de-
sired networks in communications system, traffic network
and so on.

2. Traveling Salesperson Problem

The GCS consists of cells and the number of cells is
time-variant. Let t be a discrete time, i be index of a cell
and let N(t) be the number of cells at time t. As illustrated
in Figure 2 the GCS has ring topology and each cell is con-
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Figure 2: GCS having ring topology

0=t

20000=t

5000=t

10000=t

0=t

20000=t

5000=t

10000=t

Figure 3: TSP with 48 cities. (N(0) = 3, α = 0.1, Tint =

100)

nected to the both sides cells: i ∈ {1, · · · ,N(t)} and i is mod-
ulus N(t). In the figure X is a 2-dimensional input space and
A is a discrete space of cells. The i-th cell is characterized
by a 2-dimensional synaptic vector wi(t) ∈ R2 and a signal
counter Ci(t) for inspection of learning history. The data
set D consists of location of cities and the object is finding
the shortest tour. The algorithm consists of the following 7
steps.

Step 1 ( Initialization ): Let t = 0, N(0) = 3 and let
Ci(0) = 0. We then give initial value of wi(0). For an
example in Figure 3 wi(0) corresponds to either apex of the
triangle.

Step 2 (Input signal ): We select one point x ∈ D ran-
domly and apply x as an input signal.

Step 3 (Winner cell): Select a winner cell c whose
synaptic vector wc(t) is the closest to the input. If plural
winners exist we select one of them randomly.

||x(t) − wc(t)|| = min
i
||x(t) − wi(t)||. (1)

Step 4 ( Update ): The synaptic vectors of the winner
and its neighbors are updated:

wi(t+1) =

{
wi(t) + α(x(t) − wi(t)) if i ∈ {c − 1, c, c + 1}
wi(t) otherwise,

(2)
The learning rate α is the first control parameter of this
algorithm. The signal counter of the winner is updated:

Ci(t + 1) =

{
Ci(t) + 1 if i = c
Ci(t) otherwise

(3)

Step 5 ( Cell insertion ): At every Tint time we find the
cell p having the maximum counter value.

Cp(nTint) ≥ Ci(nTint) for all i.

This is an inspection of a learning history. The insertion in-
terval Tint is the second control parameter of this algorithm.
A novel cell q is inserted between p and its further neigh-
bor r. After the insertion, the number of cells increases:
n(t + 1) = N(t) + 1. The synaptic vector of this new cell q
is given by

wq(t + 1) = 0.5(wp(t) + wr(t)) (4)

The counter values of cells p and q are given by

Cp(t + 1) = 0.5Cp(t), Cq(t + 1) = 0.5Cp(t). (5)

Step 6 ( Finding a tour ): If the number of cells exceeds
the number of cities then we find the closest cells to each
city. Every city can obtain the distinct closest cell hereby
the tour route can be determined.

Step 7 ( Termination ): Let t = t + 1. If t < Tmax then go
to step 2, otherwise the learning is terminated, where Tmax

is a learning limit.

Although this is a simple algorithm having only two con-
trol parameters α and Tint, we can find good solution of
TSP. Figure 3 recalls a basic example of 48 cities in [15].
As t increases the GCS grows and forms a tour route for
t > 4800. The learning is terminated at t = 20000 when
the GCS has 200 cells and forms a tour that is just 1.4 per-
cent longer than the optimum route. It should be noted that
we have improved this basic algorithm by applying parallel
processing of plural GCSs [19], [20].

3. Network Construction

In this application, we need some different definitions
from previous example. The GCS is represented by nodes
ni(t) ∈ R2 and edges ei j(t) between nodes ni(t) and nj(t)
where ei j(t) = 1 and ei j(t) = 0 mean connection and discon-
nection between ni(t) and nj(t), respectively. A node ni(t)
has a signal counter Ci(t). Let n(t) be a set of nodes: n(t) ≡
{n1(t), . . . , nN(t)(t)}. The i-th node ni(t), i ∈ {1, . . . ,N(t)}, is
a 2-dimensional vector corresponding to a synaptic vector
of GCS. Note that t, N(t) and Ci(t) are defined in Section 2.
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Figure 4: Node generation. a new node (mesh circle) is
generated at the same position g as the fire-node.

d dd d

Figure 5: Node deletion: young node (mesh circle) at posi-
tion d is deleted.

The data set D is a set of points in some area: D ≡
{d1, . . . , dp}, di ∈ R2 where p denotes the number of
points. Note that yi corresponds to a position on the ground
in some examples such as communication terminals and
power grid. Our algorithm consists of the following 6 steps.

Step 1 ( Initialization ): Let t = 0, N(0) = 2 and let
C1(0) = C2(0) = 0. The two nodes n1(t) and n2(t) are
connected ( e12(t) = 1 ) and located randomly.

Step 2 ( Input and two winners ): We select a pair of
points (x1(t), x2(t)) randomly from the set D and apply it as
input: (x1(t), x2(t)) = D, xi(t) ∈ R2. We find the first winner
node nc1(t) that is the closest to x1(t) and the second winner
node nc2(t) that is the closest to x2(t).

||x1(t) − nc1(t)|| = mini ||x1(t) − ni(t)||
||x2(t) − nc2(t)|| = mini ||x2(t) − ni(t)|| (6)

If plural closest nodes exist to an input then we declare the
node with smaller subscription i as the winner. Note that
the node with smaller subscription is older node introduced
in Step 4.

Step 3 ( Update ): The two winner nodes move to the
inputs position and the signal counters Cc1(t) and Cc2(t) are
updated.

ni(t + 1) =

{
xi(t) if i ∈ {c1, c2}
ni(t) otherwise

(7)

Ci(t + 1) =

{
Ci(t) + 1 if i ∈ {c1, c2}
Ci(t) otherwise

(8)

Step 4 (Cell generation): A node ni(t) is declared as a
fire-node if its signal counter Ci(t) reaches a threshold th.
The threshold th is the first parameter of this algorithm.

Figure 6: Learning process for 50 points on a circle.

A new node nN(t)+1(t) is generated at the same position as
the fire-node ni(t). The node ni(t) is connected to ni(t) and
its closest neighbor node nj(t) as shown in Figure 4. The
counter value of new node is shared with the fire-node.

nN(t)+1(t) = ni(t) for SCi(t) = th
CN(t)+1(t) = Ci(t) = 0.5th
e(N(t)+1)i(t) = 1, e(N(t)+1) j(t) = 1

The generation means N(t + 1) = N(t) + 1. Note that there
exists possibility of two fire-nodes and N(t) = N(t) + 2.

Step 5 ( Cell deletion ): If plural nodes exist over a life-
time M, a node with larger subscription ( younger node )
at the position is delated. The lifetime M is the second pa-
rameter of this algorithm. The deletion means N(t + 1) =
N(t) − 1. Note that there exists possibility of two nodes
delation N(t + 1) = N(t) − 2.

Step 6 (Termination): If all the points acquire nodes,
n(t) ∩ D = D, then learning is terminated. Otherwise let
t = t + 1 and go to Step 2.

In order to confirm the algorithm function we have per-
formed a basic experiment for a data set of 50 points lo-
cated on a circle as shown Figure 6. The input of a pair
(x1(t), x2(t)) is selected randomly from the data set D and
are applied to the network. The two control parameters are
fixed based on trials-and-errors:

th = 10, M = 3, D = { d1, · · · , d50 }, ||di|| = 1.

Figure 6 shows the learning process. In the beginning
there exist a small the number of nodes. They can move
freely and long edge formation is possible. As the learn-
ing evolves, the number of nodes increases. The long edge
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Table 1: Average path length L and cluster coefficient C for
circular input space.
�points L - GCS C - GCS L - WS C - WS

50 3.2 0.64 4.3 0.43
100 4.3 0.67 5.5 0.41
150 4.8 0.66 5.9 0.41

formation is to be hard and short edges are to be generated
frequently. After the learning, the resulting network is eval-
uated using two basic measures: the average path length L
and cluster coefficient C. We have calculated L and C for
data sets of 50, 100 and 150 points on the circle. Averaged
values for 30 trials each are shown in Tables 1 [18]. The
table also shows results by Watt-Strogatz method ( ab. WS
[2] ) with reconnection probability P = 0.07. In the table,
we can see that our algorithm constructs small-world-like
networks characterized by smaller L and larger C. Adjust-
ing parameter values and initial conditions, our algorithm
can construct a variety of complex networks adaptively to
dynamic input date.

4. Conclusions

We have introduced simple self-organizing maps having
growing cell structure and it application to construction of
networks through two examples. In the first example we
shows a simple algorithm that can find almost optimal tour
of TSP. In the second example we show a flexible algorithm
that can construct small-world networks. Both algorithms
have a few control parameters and the parameter value is
fixed after a number of trial-and-errors. Systematic param-
eter setting and theoretical analysis of learning process re-
main in future problems. Also practical applications should
be considered in the future.

References

[1] X. F. Wang and G. Chen, Complex Networks: Small-World,
Scale-Free and Beyond, IEEE Circuits and Systems Maga-
zine, pp. 6-20, 2003.

[2] D. J. Watts and S. H. Strogatz, Collective Dynamics of
’Small-World’ Networks, Nature, 393, pp. 440-442, 1998.

[3] L. F. Lago-Fernandez, R. Huerta, F. Corbacho, J. A.
Siguenza, Fast response and temporal coherent oscillations
in small-world networks, Phys. Lett. 84, 12, pp. 2758-2761,
2000.

[4] T. Kohonen, Self-organization and associative memory, 2nd
Ed. Springer-Verlag, Berlin, 1988.

[5] B. Fritzke, Growing cell structures - a self-organizing net-
work for unsupervised and supervised learning, Neural Net-
works, 7, pp. 1441-1460, 1994.

[6] B. Fritzke, Growing neural gas network learns topologies,
Advances in Neural Information Processing Systems, 7, pp.
625-632, 1995

[7] D. Alahakoon, S. K. Halganmuge and B. Srinivasan, Dy-
namic self-organizing maps with controlled growth for
knowledge discovery, IEEE Trans. Neural Networks, 11, 3,
pp. 601-614, 2000.

[8] S. Kawahara and T. Saito, An adaptive self-organizing algo-
rithm with virtual connection, Journal of Advanced Compu-
tational Intelligence, pp. 203-207, 1997.

[9] R. Singh, V. Cherkassky and N. Papanikolopoulos, Self-
Organizing Maps for the Skeletonization of Sparse Shapes,
IEEE Trans. Neural Networks, 11, 1, pp. 241-248, 2000.

[10] H. Sasamura and T. Saito, A Simple Learning Algorithm
for Growing Self-Organizing Maps and Its Application to
the Skeletonization, Proc. of IJCNN, pp. 787-790, 2003.

[11] J. J. Hopfield and D. W. Tank, Neural computation of deci-
sions in optimization problems, Biol. Cybernet, 52, pp.141-
152, 1985.

[12] B. Angeniol, G. de La C. Vaubois and J. Y. Le Texierr, Self-
organizing feature maps and the traveling salesman prob-
lem, Neural Networks, 1, pp. 289-293, 1988.

[13] K. Fujimura, H. Tokutaka and M. Ishikawa, Performance of
improved SOM-TSP algorithm for traveling salesman prob-
lem of many cities, Trans. IEE Japan, 119-C, 7, pp.875-882
(in Japanese, 1999)

[14] R. Durbin, R. Szeliski and A. Yuille, An analysis of the
elastic net approach to the traveling salesman problem, Self-
organization map formation, pp. 407-417, MIT press, ed. K.
Obermayer and T. J. Sejnowski, 2001.

[15] H. Sasamura, R. Ohta and T. Saito, A simple learning al-
gorithm for growing ring SOM and its application to TSP,
Proc. of ICONIP, cr1508, 2002.

[16] T. Ehara, H. Sasamura and T. Saito, An approach to the TSP
based on growing self-organizing maps, Proc. of NOLTA,
pp. 709-712, 2004.

[17] H. Sasamura, T. Saito and R. Ohta, A simple learning
algorithm for network formation based on growing self-
organizing maps, IEICE Trans. Fundamentals, E87-A, 10,
pp. 2807-2810, 2004.

[18] T. Ehara, T. Saito, Application of growing self-organizing
map to small-world networking, Proc. of NOLTA, pp. 258-
261, 2005.

[19] H. Matsushita and Y. Nishio, Competing and Accommodat-
ing Behaviors of Peace SOM, Proc. of IEEE/ISCAS, pp.
3642-3645 2006.

[20] T. Oshime, T. Saito and H. Torikai, ART-based parallel
learning of growing SOMs and its application to TSP, Proc.
ICONIP, 2006, accepted.

562



Study of LDPC Codes Built on Scale-Free Networks

Xia Zheng, Francis C. M. Lau and Chi K. Tse

Department of Electronic and Information Engineering, The Hong Kong Polytechnic University, Hong Kong
http://chaos.eie.polyu.edu.hk

Abstract—In this paper, we investigate, under an addi-
tive white Gaussian noise environment, the complexity of
low-density parity-check (LDPC) codes built on scale-free
(SF) networks and compare it with that of the best known
LDPC codes. We compare the average number of connec-
tions in the nodes, which is a crucial factor in determin-
ing the hardware complexity of the LDPC encoder/decoder.
Using the Gaussian approximation density evolution algo-
rithm, we show that LDPC codes built on SF networks
have a reduction of 4.7%–8.2% on the average number of
node connections while achieving similar error-correcting
capacity as the best known LDPC codes.

1. Introduction

Low-density parity-check (LDPC) codes were first pro-
posed by Gallager in the early 1960s [1]. Due to the in-
tense computational requirement, LDPC codes did not gain
much intention in those days. With the substantial advance-
ment of computational techniques in the last decade, the
requirement of LDPC codes can be easily fulfilled today.
Hence, LDPC codes have been “re-discovered” recently for
in-depth investigations.

The original LDPC codes have a regular structure, mean-
ing that all nodes of the same type have the same degree.
By using bipartite graphs to represent the LDPC codes, im-
proved codes (irregular LDPC codes) have been designed
with irregular graphs [2]. It has also been shown theoret-
ically that irregular LDPC codes can approach Shannon’s
limit more closely compared to regular ones [3].

To optimize the LDPC codes, researchers usually refer
to the threshold phenomenon. Given a code having an infi-
nite block length and specified by the degree distributions
of variable and check nodes. In theory, under a given chan-
nel condition, the best achievable performance of the code
is determined by a certain “threshold” value. The larger
the threshold value, the better the theoretical performance
of the code. For example, under a binary erasure chan-
nel (BEC) and an additive white Gaussian noise (AWGN)
channel, the threshold can be regarded as the maximum
erasure probability and the maximum noise standard devi-
ation, respectively, below which error-free communication
can always be achieved.

To help find good codes with large threshold, a power-
ful tool, known as “density evolution (DE)”, has been pro-
posed [3]–[4]. Although DE can compute the exact thresh-
old of a code with arbitrarily small error probability, it is

very complex. To reduce the computational complexity, a
Gaussian approximation density evolution (GA-DE) algo-
rithm has been proposed for an AWGN channel [4]. The
GA-DE algorithm is much simpler compared to DE but
the computed threshold is only an approximation to and is
smaller than the actual one. Yet, even with the GA-DE al-
gorithm, optimizing both the variable-node and the check-
node degree distributions at a given code rate is a challeng-
ing task. Note also that in a practical environment, the code
length is always finite.

The complexity of the encoder/decoder is another major
concern to engineers who need to implement the system.
While the variable-node and the check-node degree distri-
butions are important factors that determine the best per-
formance of a particular code, the average number of con-
nections between the variable nodes and the check nodes
is crucial in determining the interconnect complexity and
the memory size and of the decoder as well as the amount
of computations performed by the decoder [5]. Decreasing
the average number of connections is a direct mechanism
of reducing the complexity of the encoder/decoder. Alter-
natively, the decoding algorithm can be modified to reduce
the decoder complexity at the expense of the capacity of
codes [6, 7].

In recent years, complex networks have been studied
across many fields of science including computer networks,
biological networks and social networks. Complex net-
works are structures consisting of nodes interconnected by
edges. In particular, for complex networks with a scale-free
(SF) property, the distribution of node connections follows
a power-law relationship, i.e., Pr(k) ∝ k−γ where Pr(k) de-
notes the probability that a node hask connections andγ is
the characteristic exponent. Scale-free networks also have
ultra-small diameters compared to other types of networks
with the same number of nodes and connections [8]. Re-
cently, it has been reported that irregular LDPC codes built
on SF networks have very good error-correction capability
under a BEC channel [9].

In this paper, we investigate, under an AWGN environ-
ment, the complexity of LDPC codes built on scale-free
networks and compare it with that of the best known LDPC
codes. We compare the average number of node degrees,
which is a crucial factor in determining the hardware com-
plexity of the LDPC encoder/decoder. In Section 2, we will
briefly review some notations of the LDPC codes and de-
scribe the GA-DE algorithm. Section 3 describes the way
to construct LDPC codes built on SF networks. In Sec-
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tion 4, we compare the complexity of our codes with other
good codes known.

2. LDPC Codes and Gaussian Approximation Density
Evolution

2.1. LDPC Codes

Low-density parity-check codes are linear block codes
and can be expressed as solution vectors, denoted byx,
of the parity-check equationHxT = 0T , whereH is the
parity-check matrix with sparse entries equaling 1,0 repre-
sents the all-zero vector, and the superscriptT denotes the
transpose of the matrix/vector. In the bipartite graph repre-
sentation of LDPC codes, the code bits and the parity-check
equations are denoted by two kinds of nodes, namely vari-
able nodes and check nodes, respectively. Also, the vari-
able nodes and check nodes are connected by edges, which
are governed by the entries in the sparse parity-check ma-
trix.

For each node, the number of edges connected is called
the “degree” of the node. If all nodes of the same type have
the same degree, the LDPC codes are regular; otherwise,
the codes are irregular. For a given distribution pair (λ, ρ)
of a LDPC ensemble,

λ(x) :=
dv∑

k=2

λkxk−1 and ρ(x) :=
dc∑

k=2

ρkxk−1

specifies, respectively, the variable-node and check-node
degree distributions. Also,dv is the maximum variable-
node degree anddc denotes the maximum check-node de-
gree. Moreover, the coefficientsλk and ρk, respectively,
represent the fraction of edges connected to the variable
and check nodes with degreek. Based on the degree distri-
butions, the code rate of the system, denoted byR, can be
obtained using

R = 1−
∫ 1

0
ρ(x)dx/

∫ 1

0
λ(x)dx. (1)

Figure 1 shows an example of (10,5) irregular LDPC
code. The (10,5) code indicates that there are 10 variable
nodes and 5 check nodes in the bipartite graph. It is readily
shown that the degree distributions of the variable nodes
and check nodes are, respectively,λ(x) = 14

23x + 9
23x2 and

ρ(x) = 3
23x2 + 20

23x4. Thus the code rate of the given (10,5)
irregular LDPC code is 0.5.

2.2. Gaussian Approximation Density Evolution

Each coded bit, denoted byb, is represented by a signal
with amplitude (−1)b for transmission through the channel.
Without loss of generality, suppose an all-zero codeword
has been sent. At the receiving side, assume that the trans-
mitted signal is corrupted by independent and identically
distributed (i.i.d.) Gaussian random variables with zero

c5=v4+v5+v7+v8+v10

c4=v1+v6+v9

c3=v2+v4+v5+v7+v10

c2=v1+v3+v5+v6+v8

v10

v9

v8

v7

v6

v5

v4

v3

v2

v1

c1=v1+v2+v3+v7+v9

Figure 1: A bipartite graph representation of (10,5) LDPC
code.

mean and variance (noise power) denoted byσ2. Suppose
a message-passing algorithm based on the log-likelihood
ratio (LLR) is used in the iterative decoder [3]. Density
evolution has been a powerful tool to track the distribu-
tions of the output messages at the variable nodes and the
check nodes. However, the algorithm is very complicated.
Chunget al. [4], approximating the probability density
functions (pdfs) of the output messages at both variable
nodes and check nodes by Gaussian functions and mak-
ing use of the symmetry condition of all messages, i.e.,
f (x) = f (−x) exp(x), wheref (x) is the pdf of the LLR mes-
sage, have simplified the complex DE into iterative equa-
tions that compute the means of the output message of the
variable nodes and check nodes. In particular, the equation
for the mean of the output message of a check node is given
as

m(l) =

dc∑

j=2

ρ jψ
−1

(
1−

[
z(l−1)

] j−1
)

(2)

wherem(l) denotes the mean of the output message of a
check node at thel iteration. Also, in (2),

z(l−1) = 1−
dv∑

i=2

λiψ(m0 + (i − 1)m(l−1)) (3)

and

ψ(x) =


1− 1√

4xπ

∫
< tanhu

2 exp(− (u−x)2

4x ) du if x > 0

1 otherwise
(4)

with m0 = 2/σ2 andm(0) = 0. Moreover, it has been shown
that there exists a thresholdσ∗ below whichm(l) converges
to infinity as l tends to infinity. This threshold, derived
based on the GA-DE algorithm, is much easier to com-
pute compared to the one based on the original DE. Like
the threshold computed using DE, the larger the GA-DE
threshold value, the better the achievable performance of
the LDPC code with such degree distributions.

The discussion in this section indicates that the best
achievable performance of a given LDPC code depends on
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Figure 2: A complex network built from the (10,5) LDPC
code in Fig. 1.

the distributions of the degrees of the variable nodes and
check nodes. Optimization (maximization) of the threshold
has been carried out and the degree distributions of some
good codes have already been found [10].

3. Construction of LDPC Codes Based on Scale-Free
Networks

Given a LDPC code that is corrupted by noise. The
message-passing algorithm employed by the LDPC de-
coders allows the exchange of information between the
variable nodes and check nodes during each iteration. As
the iteration process goes on, the information generated by
each variable node should eventually spread to all other
check nodes and variable nodes. To visualize the flow of
messages among the variable nodes, we remove the check
nodes and construct a complex network using only the
variable nodes. Moreover, the two variable nodesvi and
v j are connected in the complex network only if they are
connected to the same check node in the original bipartite
graph. Figure 2 shows the complex network formed based
on the LDPC code in Fig. 1.

Assuming that the total number of connections is the
same, it is well-known that complex networks with SF
property have smaller average path lengths compared to
regular networks. While for the same average path length,
complex networks with SF property have smaller number
of connections compared to regular networks.

Consider the complex network formed by the variable
nodes of a LDPC code. Based on the SF property of com-
plex networks, if the variable nodes are interconnected with
their degrees following a power-law distribution, the aver-
age path length between the nodes is smaller. This should
enhance the exchange of information among the nodes and
the original LDPC code has a higher potential of achieving
good performance.

In practice, the variable nodes are connected to the check
nodes. Fortunately, it has been proven that if the degree
distribution of the variable nodes in the bipartite graph fol-
lows a power-law distribution, the degree distribution of

the complex variable-node network formed also follows a
power-law with the same exponent [11]. Moreover, if the
exponent is strictly greater than 2, then the diameter of the
network (i.e., the largest distance between any two nodes)
has been shown equal toO(log(N)) [11] or O(log(log(N)))
[8] whereN is the number of nodes.

We denote the fraction of variable nodes and check
nodes with degreek by Prλ(k) and Prρ(k), respectively.
To construct a LDPC code with the “scale-free variable-
node-degree” property, we choose the fraction of variable
nodes with degreek according to a power-law function, i.e.,
Prλ(k) ∝ k−γ, whereγ is the characteristic exponent for the
variable-node degree. Then the variable-node degree dis-
tribution can be readily shown equal to

λ(x) =

dv∑

k=2

k1−γ
∑dv

i=2 i1−γ
xk−1. (5)

As for the check nodes, their degree distributions are also
found to affect the performance of the LDPC codes to some
extent. We have performed some simulations and find that
LDPC codes with check-node degree following a Poisson
distribution provides comparatively good results. This is
also consistent with those reported in the literature [10].
In other words, the fraction of check nodes of degreek is
selected according to Prρ(k) =

µke−µ

k! whereµ is the average
number of degree of a check node, and

ρ(x) =

dc∑

k=2

µke−µ

(k−1)!∑dc

j=2
µ je−µ
( j−1)!

xk−1. (6)

Note that if the variable-node degrees, the maximum
check-node degree and the code rate are fixed, the parame-
terµ is easily determined from (1).

4. Results and Discussions

In this section, we compare the complexity of the LDPC
codes built on SF networks with that of other best-known
LDPC codes [10]. We assume a code rate of 0.5 and an
AWGN channel. Table 1 presents the parameters used and
the results. It can be observed that under all cases consid-
ered, the average number of connections for the codes from
scale-free networks is 4.7%–8.2% smaller compared to that
for other best-known LDPC codes. Note that the threshold
values for the LDPC codes built on SF networks and for
other LDPC codes, which are evaluated using GA-DE, are
similar.

Finally, two codes are selected randomly from the LDPC
code ensemble built on SF networks. The first one has a
block length of 1000 and maximum variable-node degree
15 while the other one has a block length of 10000 and
maximum variable-node degree 20. Figure 3 shows the de-
gree distributions of the complex variable-node networks
of the two randomly selected codes. It can be observed
that the degree distributions are heavily tailed and look like
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Table 1: Comparison of average number of connections (< k >) and threshold value (σ∗) evaluated using GA-DE between
some best-known LDPC codes [10] and LDPC codes built on scale-free networks.

Common Parameters Optimized Codes in [10] Codes Constructed on Scale-Free Networks

dv dc < k > σ∗ γ µ < k > % reduction in< k > σ∗

15 15 4.0087 0.9440 2.22 7.3545 3.6766 8.2% 0.9427

20 20 4.1638 0.9460 2.22 7.8441 3.9337 5.5% 0.9487

30 23 4.4963 0.9481 2.22 8.5609 4.2874 4.7% 0.9542

50 24 5.0765 0.9523 2.22 9.4169 4.7119 7.3% 0.9580
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Figure 3: The degree distributions of the complex variable-
node networks of the two randomly selected codes. Left
hand side: block length 1000 and maximum variable-node
degree 15; right hand side: block length 10000 and maxi-
mum variable-node degree 20.

power-law except for the first few nodes with very low de-
grees. When the code length becomes longer, the scale-free
property gets more prominent.

5. Conclusion

In this paper, we present a technique to construct LDPC
codes with scale-free-network property. We also analyze
their complexity and find that such codes have smaller av-
erage number of connections (hence lower hardware com-
plexity) compared to other best-known LDPC codes with
similar error-correcting capability. In future, we intend to
further investigate the effect of other attributes of complex
networks, e.g., clustering coefficient and mixing patterns,
on the complexity of the LDPC codes built on SF networks.
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Abstract— We extend the connection graph stability
method for complete synchronization, originally developed
for symmetrically coupled networks, to the asymmetrical
case. First, we study synchronization in asymmetrically
connected networks with node balance, the property that
the sum of the coupling coefficients of all edges directed
to a node equals the sum of the coupling coefficients of all
the edges directed outward from the node. We obtain the
same criterion as for the network with a symmetrized con-
nection matrix, provided that the condition of node balance
is satisfied. Then, we derive a general synchronization cri-
terion for arbitrary asymmetrical networks. The criterion is
obtained by symmetrizing the connection graph and asso-
ciating a weight to the path between any two nodes.

1. Introduction and problem statement

During the last few decades the study of the networks
of coupled nonlinear dynamical systems has generated a
rapidly growing interest in physics, biology and other fields
of science and technology. The simplest and most striking
cooperation between dynamical systems is their synchro-
nization. The strongest form of synchrony in chaotic sys-
tems is complete synchronization when all oscillators of the
network acquire identical chaotic behaviors. For a review
on chaos synchronization, the reader is addressed to, e.g.,
[1, 2].

Complete synchronization in undirected and directed
networks of linearly coupled limit-cycle and chaotic oscil-
lators has received much attention (see [3, 4, 5, 6, 7, 8, 9,
10, 11] for a sampling of this large field). These studies
show that both local and global stabilities of complete syn-
chronization depend on the eigenvalues of the Laplacian
connectivity matrix.

In a recent paper [12], we proved that the synchroniza-
tion condition can also be derived from graph theoretical
quantities using the connection graph method. The main
step of the method is to establish a bound on the total
length of all paths passing through an edge on the con-
nection graph. This approach was originally developed for
undirected graphs and applied to global synchronization in
complex networks [13]. More recently, we showed how the
method could be applied to directed networks [14].

The purpose of this paper is to present and review our
recent results [14, 15] and proceed with the application of

the connection graph stability method to the study of global
synchronization in directed networks.

We consider a network of n linearly coupled oscillators.
We suppose that the individual dynamical systems are all
identical, even though our results could be generalized to
slightly differing systems. The equations of motion read

ẋi = F(xi) +
n∑

k=1

cik(t)Pxk, i = 1, ..., n, (1)

where xi ∈ Rl, the dynamical law of the individual system
is expressed by F : Rl → Rl and P is a projection oper-
ator that selects the components of xi that are involved in
the interaction between the individual dynamical systems.
They can range from a single component to all l compo-
nents. For clarity, we shall consider a vector version of
the coupling when the first s components are involved, and
P = diag(p1, p2, ..., pl), where ph = 1, h = 1, 2, ..., s and
ph = 0 for h = s + 1, ..., l.

The interaction is assumed to be of diffusive nature (on
an arbitrary coupling graph). The coupling matrix C is as-
sumed to have nonnegative off-diagonal elements and zero
row-sums:

cik ≥ 0 for i � k and
n∑

k=1

cik = 0 for i = 1, ..., n. (2)

Matrix C is assumed to be asymmetric, therefore it de-
fines a directed (nonreciprocal) graph C with n vertices and
m edges. The vertices of the graph correspond to the indi-
vidual oscillators, and the graph has an edge between node
i and node j if at least one of the two coupling coefficients
ci j and c ji is non-zero. To allow complete synchronization
of all the oscillators, the graph is assumed to be connected.

The completely synchronous state of the system (1) is
defined by the linear invariant manifold D = {x1 = x2 =

... = xn} often called the synchronization manifold. Our
main objective is to obtain conditions of global asymptotic
stability of synchronization in the system (1). We want
to determine threshold values for the coupling strength re-
quired for synchronization, and to reveal their dependence
on the network topology.
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2. Asymmetrically coupled networks

In contrast to symmetrically coupled networks, where
any connection graph configuration allows synchronization
of all the nodes, synchrony in asymmetrically coupled net-
works is only possible if there is at least one node which
directly or indirectly influences all the others. In terms of
the connection graph, this amounts to the existence of a
uniformly directed tree involving all the vertices. A star-
coupled network where secondary nodes drive the hub is
a counter example, where such a tree does not exist and
synchronization is impossible.

It is worth noticing that the connections of node i with
the other nodes of the graph are defined by ith row and ith
column elements of the matrix C. Connectivity matrices
with both zero row and column sums correspond to node
balanced networks, satisfying the property that all nodes
in the network have equal input and output weight sums.
We will first derive the synchronization criterion for such
node balanced networks and then generalize it for arbitrary
unbalanced coupling topologies.

Before we proceed with the study of directed networks,
we should impose the following constraint on the dynamics
of the coupled system (1).

2.1. Main hypothesis

Assumption 1. There exist a parameter a > 0 and a
matrix

H = diag(h1, ..., hs, H̃), where hi = 1 for i = 1, ..., s
and H̃ is positive definite

such that the quadratic form defined by H is a Lyapunov
function for all the auxiliary linear systems (varying x ∈
B1)

ξ̇ =
∂F
∂x

(x)ξ − aPξ (3)

simultaneously. Equivalently, all matrices

H
(
∂F
∂x

(x) − aP
)
+

(
∂F
∂x

(x) − aP
)T

H (4)

must be negative definite.
This constraint basically requires that the individual dy-

namical systems can be stabilized by adding a diagonal
term for each state component that is involved in the in-
teraction. In other words, we assume that there exists a
critical value a∗, sufficient to make the equilibrium state O
of the auxiliary system (3) globally stable.

Assumption 1 is closely related to the requirement that
the network (1) composed of two unidirectionally coupled
systems globally synchronizes when the coupling c12 ex-
ceeds the critical value a. Many networks of linearly cou-
pled limit-cycle and chaotic oscillator exhibit global syn-
chronization such that Assumption 1 is satisfied. It was
proved for coupled Lorenz systems [12], Chua circuits,

Hindmarsh-Rose neuron models [13], etc. For example,
for two unidirectionally x-coupled Lorenz oscillators:

ẋ1 = σ(y1 − x1) + c12(x2 − x1);
ẏ1 = rx1 − y1 − x1z1;
ż1 = −bz1 + x1y1;

ẋ2 = σ(y2 − x2)
ẏ2 = rx2 − y2 − x2z2
ż2 = −bz2 + x2y2

(5)
Assumption 1 is true, and the bound for the synchronization
coupling threshold is calculated as follows[12] a = c∗12 =
b(b+1)(r+σ)2

16(b−1) − σ.

2.2. Directed networks with node balance

It turns out that the graph-based stability criterion for
asymmetrically but node balanced networks is identical
to the stability condition for symmetrized networks where
each directed edge is replaced by an undirected edge of half
the coupling strength. Therefore, the connection graph sta-
bility method [12] can be directly applied to this class of
directed graphs.
Theorem 1 [14]. Consider the symmetrized connectivity
matrix

E = {εik} :

⎧⎪⎪⎪⎨⎪⎪⎪⎩
εik = εki =

1
2 (cik + cki), for k � i

εii = − 1
2

n∑
k=1;k�i

(cik + cki), for k = i (6)

and let the original connectivity matrix C be asymmetri-
cal but have zero column sums (property of node balance).
Then, an upper bound for global synchronization in the di-
rected network (1) with an asymmetrical connectivity ma-
trix C is calculated as follows:

ci j + c ji

2
≡ εik >

a
n

bk(n,m) for k = 1, ...,m, (7)

where at least one coefficient from the pair (ci j, c ji) is not
zero and defines an edge on the directed connection graph;
the mean coupling coefficient εi j ≡ εk defines edge k on the
undirected graph E associated with the symmetrized matrix

E; and bk(n,m) =
n∑

j>i; k∈Pi j

|(Pi j)| is the sum of the lengths

of all chosen paths Pi j which pass through a given edge k
that belongs to the undirected graph. Here, m is the number
of edges of the undirected graph E rather than the original
directed graph.

Once again, the symmetrization operation amounts to re-
placing the edge directed from node i to node j by an undi-
rected edge of half the coupling coefficient. In the case
where there is an edge directed from node i to node j and
another edge in the reverse direction, the pair of directed
edges is replaced by an undirected edge with mean cou-
pling coefficient. Finally, the calculation of bk along the
symmetrized undirected graph E gives us the stability con-
dition for the asymmetrical network (1).

This calculation is straightforward within the framework
of the connection graph method. To do so, we first choose
a set of paths {Pi j| i, j = 1, ..., n, j > i} (typically, the
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Figure 1: Directed torus network and the correspond-
ing symmetrized network with half the coupling strength
per link. Arrows indicate direction of coupling along an
edge; edges without arrows are coupled bidirectionally.
The width of the links may be thought of as the coupling
strength.

shortest paths), one for each pair of vertices i, j, and
determine their lengths |Pi j|, the number of edges in each
Pi j. Then, for each edge k of the connection graph we
calculate the sum bk(n,m) of the lengths of all Pi j passing
through k. Our previous works [12, 13] give further details
on a possible choice of paths and calculations of bk(n,m)
for different coupling configurations.

Example: directed lattice on a torus.
If all connection coefficients are equal, then node

balance amounts to equal in- and out-degree of each
node. Consider an example of such a network, the two-
dimensional lattice on a torus with a uniformly directed
coupling and coupling coefficients c (Fig. 1 (top)). The
symmetrized undirected network with coupling c/2 is de-
picted in Fig. 1 (bottom). The torus is composed of
nmer and npr oscillators in the meridian and parallel di-
rections, respectively, npr > nml. Synchronization in this
symmetrized network can be proved by calculating bk (cf.
Theorem 1). Due to the lattice structure of the network,
we can simplify calculations by considering separately syn-
chronization of oscillators in the meridian and parallel di-
rections. It can be shown that this amounts to obtaining the
synchronization conditions in rings of the sizes npr and nml.
Considered together, these two conditions will then give
the synchronization criterion for the entire network. More
precisely, the maximum from bk(npr) and bk(nml) will guar-
antee synchronization in the torus.

Synchronization in a ring of n coupled oscillators was

already studied within the connection graph method [12].
It was shown that the graph quantity can be calculated as
follows bk =

{
n3

24 − n
24 ) for odd n; n3

24 +
n
12 ) for even n

}
.

Therefore, since npr > nml, the sufficient synchronization
condition for the symmetrized torus network becomes

c/2 >

⎧⎪⎪⎨⎪⎪⎩ a(
n2

pr

24 − 1
24 ) for odd npr

a(
n2

pr

24 +
1
12 ) for even npr.

(8)

According to Theorem 1, this sufficient condition also
guarantees synchronization in the original directed network
Fig. 1 (top).

We have also calculated the eigenvalues numerically for
specific torus network examples (for different npr and nml).
For all these examples, the real parts of the eigenvalues of
the directed and symmetrized undirected networks are the
same. For example, for npr = 10 and nml = 7, the second
largest eigenvalues of the directed and undirected networks
are −0.1910 ± 0.5878i and −0.1910, respectively. It shows
that our graph-based analysis correctly predicts the real re-
lation between the synchronization properties of the two
networks.

It must be emphasized that the real parts of the eigenval-
ues of directed but node balanced networks and their sym-
metrized analogs do not coincide in general. Typically, the
symmetrized network is slightly more difficult to synchro-
nize than the directed coupled one. This also supports our
analytical results that the symmetrization applied to net-
works with node balance provides the sufficient condition
that guarantees synchronization.

2.3. Connection graph method for arbitrary asymmet-
rical coupling

Here, we present a general framework for studying
global complete synchronization in networks of dynamical
systems with asymmetrical connections [15]. We derive
our synchronization criterion in seven steps.
Step 1. Determine the ”node unbalance” for each node

Cc
i =

n∑
j=1

c ji. This quantity is defined to be the difference

between the sum of connection coefficients of the outgoing
edges and the sum of the connection coefficients of the in-
coming edges to the node.
Step 2. Symmetrize the connection graph by replacing the
edge directed from node i to node j by an undirected edge
of half the coupling coefficient ci j/2. In the case where
there is an edge directed from node i to node j and another
edge in the reverse direction, the pair of directed edges is
replaced by an undirected edge with mean coupling coeffi-
cient εk =

ci j+c ji

2 .
Step 3. To each edge of the symmetrized connection graph,
we associate the quantity Ck defined by

Ck =

⎧⎪⎪⎨⎪⎪⎩
∣∣∣∣Cc

i +Cc
j

2n

∣∣∣∣ , if Cc
i +Cc

j < 0 and k links i and j
0, otherwise.

(9)
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Step 4. Choose a path Pi j between each pair of nodes. Usu-
ally, the shortest path is chosen.
Step 5. For each path Pi j determine the mean node unbal-
ance of the endnodes i and j. To each path Pi j associate its
”length” L(Pi j) defined by

L(Pi j) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∣∣∣Pi j

∣∣∣ , if Cc
i +Cc

j < 0 and
there is a link k between i and j,∣∣∣Pi j

∣∣∣ χ(1 + Cc
i j

a ), otherwise
(10)

where Cc
i j =

Cc
i +Cc

j

2 and
∣∣∣Pi j

∣∣∣ is the number of edges in Pi j.
The function χ is the identity for positive and 0 for negative
arguments.
Step 6. For each edge k of the symmetrized connection
graph determine the inequality

εk +Ck >
a
n

bk, where bk =

n∑
j>i; k∈Pi j

L(Pi j).

Step 7. Combine the inequalities either to describe the set
of common values for all connection coefficients that guar-
antee global complete synchronization or to describe in
general the set of connection coefficients vectors that guar-
antee synchronization if we allow for coefficients that vary
from link to link. Finally, the bound for global synchro-
nization in the symmetrized-and-weighted network holds
also for the original asymmetrical network.
Remark 1. In the case where the directed connection graph
is not a uniformly directed tree involving all nodes and
complete synchronization of all the nodes is impossible,
the condition for synchronization is simply impossible to
satisfy.
Remark 2. If the ”node unbalance” Cc

i is zero for each
node, we are back to node balanced networks. In this case,
the seven-step process becomes Theorem 1.

We point the reader to [15] for further details of how
to apply this general method to concrete asymmetrical net-
works.

3. Conclusions

We have developed a new graph-based method for syn-
chronization in asymmetrical networks. The new ingredi-
ent of the method is the transformation of the directed con-
nection graph into an undirected weighted graph. This is
done by symmetrizing the graph and associating a weight
to each edge of the undirected graph and to each path be-
tween any two nodes. This weight involves the ”node un-
balance” of the two nodes. This quantity is defined to be
the difference between the sum of connection coefficients
of the outgoing edges and the sum of the connection coef-
ficients of the incoming edges to the node. As in the case
of node-balanced networks, the synchronization criterion
derived for this symmetrical network then guarantees syn-
chronization in the asymmetrical directed network.
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Abstract—Use of mobile agents in ad hoc networks is
now widely studied issue. For effective management of the
mobile agent system, the location management is neces-
sary. This paper concentrates on the functional extension
of path proxies scheme, which is one of the most basic and
traditional location schemes for mobile agents, to be used
in ad hoc network environment.

1. Introduction

An ad hoc network is a self-configured and
infrastructure-less network connected by wireless sig-
nal transmission. Communications between long distance,
over the 1-hop transmitting range, is supported by the
multi-hop packet relay. All the terminals (often called
”nodes”) are supposed to be a mobile device and be
equipped with limited energy supply(e.g. battery cell). A
mobile agent, generally recognised, is a kind of software
module that can autonomously migrate over the computer
network and fulfil the tasks given by the user instead.
Such mobile agent technology is now expected to be
foundation of the advance remote computing. The most
important factor about mobile agents is during the agent
work time, the user node does not need to be connected
to the network, and can be asleep. Mobile agents are, in
some forms, already proposed to use in ad hoc networks
and relative works[1] are ongoing as well. This research
also focuses attention on that mobile agent feature matches
nodes’ demand in ad hoc environment.

2. Related Work

2.1. Location Management

Communication among agents subsumes the mechanism
of locating. Moreover from a different viewpoint, the loca-
tion mechanism is also prerequisite for further actions, such
as to stop the agent activity, or to impose additional tasks.
Hence location management (mechanism) is an essential
issue in any mobile agent systems.

The core issue of location mechanism is that an agent
system is a highly dynamic open source system, where
the number of agents varies considerably over time as new
agents are born and existing ones terminated. Since mobile
agents have autonomy and mobility, the whole system must
be aware of each agent’s location at any time or be able to

locate them within a tolerant time; however, too much to-
locate-purpose information may cause critical overhead of
traffic which invites defect to the system itself.

2.1.1. Preordained Migration Type

With an assumption that an agent migrates only along
a pre-ordered path (e.g. by the user or system), it is easy
to find the target agent by probing the different places its
path. This probing process can be done either sequentially
(i.e. checking single node each time), or parallel (i.e. prob-
ing more than one node each time). Throughout the prob-
ing process, some additional information that could be col-
lected from the nodes in the path, for example whether the
target has visited or not yet and/or the average migration
interval, may be helpful for the further effectiveness of the
search process. Example algorithms of this type include
binary search (sequential) and ternary search (parallel).

2.1.2. Autonomous Migration Type

On the other hand, a fully autonomous agent does not
have any paths known in advance. Instead of the unpracti-
cal aforesaid approach, following are known widely.

With an assumption that an agent migrates only along
a pre-ordered path (e.g. by the user or system), it is easy
to find the target agent by probing the different places its
path. This probing process can be done either sequentially
(i.e. checking single node each time), or parallel (i.e. prob-
ing more than one node each time). Throughout the prob-
ing process, some additional information that could be col-
lected from the nodes in the path, for example whether the
target has visited or not yet and/or the average migration
interval, may be helpful for the further effectiveness of the
search process. Example algorithms of this type include
binary search (sequential) and ternary search (parallel).

If the inquiries are sent parallel (i.e. more than one in-
quiry at the same time), the result can be obtained sim-
ply faster. However, this scheme still depends on the same
assumption of no migration during search period, unless
the extreme case that inquiries are broadcasted to all of the
places simultaneously, is adopted (of course this causes ex-
cessively harmful traffic to the network system). Further-
more, this approach is equal with the sequential approach
in the message volume or slightly worse (more) than it.
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Figure 1: Overview of proposed scheme.

3. Proposed Scheme

3.1. An Overview of the Proposed Scheme

The scheme this paper proposes is based on several as-
sumptions. Such that each single node has their own neigh-
bour table. This is provided with periodic update by using
a beacon-like communication around them. Another is that
each node has the same transmitting range (homogeneous)
which is a widely adopted assumption in ad hoc network
research. Also assuming that each node does not have any
physical location device like GPS , thus they can not know
their position whichever absolutely or relatively, but only
the connectivity (graph) is obtainable information for each
node.

To realise all aspects above, the solution this paper pro-
poses is basically a greedy search with the tree-structure of
the local network. Figure1 shows brief idea of this mecha-
nism.

First of all, each node of the tree represents the node in
the network and links among them as well. In other words,
the local network topology is copied into the tree-structure.
The tree is only a known part of the network at the time
of searching. The network topology is basically unknown
for the tracking agent, but the topology is gradually being
unveiled through the searching process. The tree is sub-
graph of the network graph then. The top of the tree is the
last proxy node of path proxies, which has been reached
from the tracking source. The tree is constructed without
a flooding but done gradually and partially by referring a
neighbour node table each node preserves. Nodes at the
same level (same distance from the top node) of the tree
form a set of nodesDi (i = 1,2,3, · · · ) wherei represents
the distance (hops) from the top , and the searching (visit-
ing every single node in a set) is executed set by set (namely
D1,D2,D3, · · · ). While the searching (visiting nodes), the
tree is slightly extended as the newer part of the network is
uncovered.

Furthermore, for the cost reduction purpose, every time

the searching objects goes next level (betweenDi andDi+1)
the scheme sorts the all nodes at next level to the optimal
order to visit (the sort algorithm will be discussed later).

A sequence of searching actions continues until any
newer proxy is found.

3.2. The Sort Algorithm

This sort algorithm is invoked as a subroutine in the main
algorithm, each time the searching proceeds to the next
level of the tree. The purpose of this algorithm is to sort
the nodes at next level in a particular order that the tracking
agent takes as few hops as possible to visits the nodes. The
algorithm aims avoidance of detouring and making effec-
tive use of potential links among the nodes.

Instead of discussing the concrete mechanism of the sort
algorithm, the outline should be mentioned for the sake
of convenience. Following steps are summarized and give
only very brief idea of the mechanism.

step1 List up the object nodes (at the bottom level and not
visited yet) from the tree, including duplication.

step2 Classify the nodes into subsets according to the par-
ent node and pick up overlapped nodes between
more than one subset as multi-parent nodes.

step3 For each multi-parent node, couple the both parents
together (calledparent-pair).

step4 Make one un-overlapped string from given parent-
pairs (calledparent-order).

step5 Sort the subsets according to theparent-order.

step6 Sort single-parent nodes in each subset according
to the order of subsets and then insert multi-parent
nodes between single-parent nodes of related two
subsets accordingly.

step7 Select the order from ascending or descending, de-
pending on the current query (TA) location.

4. Simulation

The main purpose of the simulation is to evaluate the per-
formance of proposed scheme from the follwing two points
of view: availability and cost effectiveness, with comparing
those of the flooding scheme. The ratio of success to all
tracking or flooding actions. The availability is defined as
the ratio of success to all tracking or flooding actions. The
tracking or searching is initiated from the node which has
created a target agent. Whereas the number of sent mes-
sages is defined as the cost in flooding scheme, the cost
of the proposed scheme is defined as the total hops finally
required to reach the target agent.
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Table 1: Actual parameters used in the simulation.

4.1. Simulation Model

The simulation taken place in this research is plainly
a random scenario Adjacency-Matrix-driven simulation.
Generally recognised that an ad hoc network’s (and/or
sometimes other forms of computer network’s) topology
is often represented as a graph which has structure of ver-
tices and edges in graph theory. An adjacency matrix is one
of the expression forms of the graph and quite suitable to
document the network topology and refer the graph itself.
The adjacency matrix of one finite graphG with n vertices
is represented as ann × n matrix where the non-diagonal
entry ai j means there exists the number of edges between
vertexi and vertexj, and the diagonal entryaii is the num-
ber of edges connected to and from vertexi itself (called
”loop”). In the simulation, the overall network topology is
stored to one adjacency matrix, which ever the networks is
connected or unconnected, and all simulation about search-
ing and tracking are computed through the application of
the matrix.

4.2. Results

4.2.1. Availability

The Figure2 shows the mean availabilities of each
scheme. Flooding scheme and proposed scheme show al-
most same tendency. The goal of this proposal is the cost
reduction without losing availability.

The similar trend appears in different network mobility
conditions ,the only different parameter from previous ones
is Pm = 0.4, which means that only 40% of the network
nodes are mobile and the overall network mobility is re-
stricted. The availability in these consditions tends to be
similar and slightly higher in general.

4.2.2. Cost to WTT

The following Figures3 to 6 show comparisons of
costs by the flooding scheme and that by the proposed

Figure 2: Transition of each availability to WTT with fixed
N = 100,r = 120 (sparse) andPm = 0.4,0.6,0.8,1.0.

Figure 3: Comparison of costs by flooding and pro-
posed scheme whenN = 100 andr = 120 with Pm =

0.4,0.6,0.8,1.0.

Figure 4: Comparison of costs by flooding and pro-
posed scheme whenN = 100 andr = 125 with Pm =

0.4,0.6,0.8,1.0.
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scheme in different network situations to WTT, where
N = 100(r=120,125)200(r=90,95) respectively. All of
these figures have the same horizontal axis WTT.As the
overall tendency, in each series of figures, flooding is flat,
which means the cost by flooding scheme is not affected
by the time progress so much. On the other hand, pro-
posed scheme is generally upward trend with an increase
of WTT (more waiting time before tracking action). These
overall trend is quite reasonable. On the other hand, the
proposed scheme’s increasing trend sounds fair enough.
This approach tries following along the path proxies and
if the path proxy is broken, some additional cost will be
expected; therefore, WTT plays the decisive factor for the
total cost.

There is another parameterpm in the simulation model.
The proposed scheme has its additional cost according to
the dissolution of the path proxies, hence easily inferable
that, the network mobility concerns the whole cost. Fig-
ures3 to 6 prove its effect, In general, the more nodes are
mobile, the more the cost are expected.

5. Conclusion

This paper proposed mobile agents’ tracking mechanism
in ad hoc environment, which is extended from the path
proxy mechanism for stationary networks. Since the ad
hoc network topology is supposed to be dynamic, the track-
ing system must take into account the topological change,
which in turns is a series of path proxy collapses. The core
of proposed scheme is without persisting in following the
path proxy obstinately, but flexibly using the affordable in-
formation left by the Target Agent and last in the network;
thus, gained the high availability alike the flooding scheme
and succeeded in the cost reduction in general. However,
in some sparse network environment, because of the diffi-
culty of shortcut path creation, the cost can not be held in
the better cost than just flooding approach but piles up.
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Abstract – In this paper, a new location-aided energy-
aware routing method (eLAR) for sensor networks based 
on ultra-wideband (UWB) technique is proposed and 
evaluated. The eLAR makes use of the positioning 
capability of UWB and takes into account the energy 
efficiency in the network. By modeling the property of 
energy consumption, the eLAR routing algorithm is 
derived to search for energy-efficient routes that can 
support adequate QOS requirements. The complexity and 
scalability of this algorithm are also considered to make it 
more suitable for the operation of sensor networks. The 
simulation results have proved the advantages of this 
routing method. 
 
1. Introduction 

 

At present, sensor networks (SN) have already been 
penetrating people’s daily life, for example, in inventory, 
tracing/location, health-care, safety, productivity, and 
traffic-assist applications [1]. SNs consist of, possibly a 
large number of, tiny devices with sensing, computing, 
and communicating capabilities. Due to the limited energy 
and processing power of sensor, energy awareness is an 
essential issue in the SN design. 

Impulse-radio ultra-wideband (IR UWB) technique [2] 
has many inherent properties suitable for SN applications. 
UWB systems have low complexity and low cost, use 
noise-like signal, are robust to multipath fading and 
jamming, and have very high time-domain resolution, 
allowing for location and tracking applications. For the 
energy consumption, UWB has the potential of efficient 
operation, since UWB has the lowest consumed energy 
per bit among different low-power RF technologies 
according to the simulation and measurement results [3]. 

There are many papers concerned with the routing 
scheme for SNs [4], however in this paper we want to 
emphasize the importance of utilizing location 
information in the route selection. Since SNs are usually 
set up in a fixed-wireless pattern or just have very low 
mobility, the location information of sensors can be 
obtained by some positioning methods. We adopt a SN 
scenario that applies UWB as physical layer in order to 
obtain its positioning capability [5]. We try to summarize 
a numerical expression of the relationship between energy 
consumption and route properties. Then a new routing 
metric concerned with energy can be devised to facilitate 
our routing method, which is a location-aided energy-
aware routing scheme, named as “eLAR”. 

This paper is organized as follows. Section 2 describes 
the system model used here. Section 3 analyzes the impact 
of multi-hop route on the energy consumption and 
discusses the realization of eLAR. Section 4 gives 
simulation results of eLAR performance. Finally, our 
conclusions are presented in Section 5. 

 
2. System Model 
 

The physical model is based on the Time-Hopping 
(TH) Pulse Position Modulation UWB [2]. The chip time 
is Tc = 0.2 ns and pulse repetition period PRP = 280, so 
the maximum data rate is 1/(Tc×PRP) = 18 Mbps. The 
transmit power of sensor node is limited so that the radio 
coverage radius reaches to about 24 meters (denoted as C 
= 24 m). All sensors have the same maximum transmit 
power and they transmit at the maximum power if they 
have data to send, since the power control is inefficient in 
UWB networks [6]. In addition, the statistical UWB 
indoor path-loss model [7] is used in our work. 

The MAC layer utilizes the Dynamic Channel Coding 
(DCC) MAC protocol [8]. DCC-MAC fully exploits the 
advantage of IR UWB and is composed of two parts: one 
is DCC codec and the other is private MAC. The former 
performs the rate-compatible punctured convolutional 
codes and adapts coding rate according to the interference 
and channel conditions. The latter can resolve contentions 
by using TH sequences generated pseudo-randomly 
according to MAC address of node. It should be noticed 
that DCC equivalently realizes a kind of “soft” power 
control that distributes appropriate energy to data bits 
through variable coding gain. 

In general, sensors measure specific conditions and 
transfer information to a data sink. This kind of data 
transfer is either periodical or event-driven and may have 
some quality of service (QOS) requirements, such as 
transfer delay and packet delivery ratio. For simplicity, 
UDP is applied to emulate the transport layer and the 
packet size is fixed as 128 bytes in this paper. Our purpose 
is to design an effective routing scheme that can provide 
adequate services to upper layers and at the same time 
consume as less as possible energy of hardware platform. 

From the perspective of energy saving, sensor nodes 
usually have four states, that is, “Transmit”, “Receive”, 
“Idle” and “Sleep”, and each of them has a certain power 
level. For UWB devices, the target power consumption of 
circuit hardware may be 100 mW [9]. In this paper, we 
focus on the power consumption of packet transmitting-
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receiving procedure, so we simply set the “Transmit” 
power as 60 mW, the “Receive” power as 30 mW, the 
“Idle” power as 0 mW and the “Sleep” power as 0 mW. 
 
3. Routing Scheme Design 

 

3.1. Impact of Multi-hop Route 
 

The route which packets pass through surely has great 
influence on the energy consumption and QOS issues. We 
define following items to evaluate these issues. 

1) Total Energy Consumption per Packet Delivered (Ep). 
Ep is the ratio of the total energy consumed by nodes 
participating packet delivery over the number of packets 
successfully delivered during the same period. 

2) End-to-end Packet Transfer Delay (Td). Td is the 
average end-to-end transfer delay of packets that are 
successfully delivered from sources to destinations. 

3) Packet Delivery Ratio (PDR). PDR is the ratio of the 
number of packets successfully delivered over the total 
number of packets sent by sources. 

To begin with, a line-style network topology as shown 
in Fig. 1 is studied. The Sensor transfers data packets to 
the data sink through either a direct (single-hop) 
connection or a multi-hop route. The number of hops is 
denoted as H. The length of hop, that is, the distance 
between any two adjacent nodes, is the same as L, and the 
distance between the Sensor and the Sink is D = H × L. 
Let LR denote the length of route. In this case, LR is also 
equal to D. 

 
Fig. 1. Line network topology. The distance between the Sensor 
and the Sink is D. The length of each hop is the same as L. 

The impact of route properties, such as H, L and D (LR), 
can be learned directly by implementing simulation in the 
ns-2 [10]. This empirical method is reasonable, because 
the network performance depends on the average signal 
level in the long run and we can focus our attention on the 
effect of route properties. Simulation results are presented 
in Fig. 2. 

As shown in Fig. 2 (a), curves of Ep seem to have a 
linear lower bound which is proportional to D, if L is less 
than about 12 meters. If L is larger than 12 meters, Ep rises 
up abruptly with the increase of L. When L is close to C, 
Ep tends to be infinite, that is, reliable transmission is 
impossible. Moreover, if a route contains several long 
hops (L > 12 m), the corresponding Ep is much higher than 
that of the route consisting of short hops for the same D. 
This situation suggests that there would be a threshold of 
L, which decides the energy efficiency of relay process. 

The main factor behind this Ep difference is the mean 
path loss that is proportional to the propagation distance 
raised to some exponent. The transmitted signal could be 

attenuated greatly over long distance and thus the SNR 
level at the receiver would be too low to guarantee good 
reception. In order to correct bit errors or frame errors, 
lower-rate channel coding or retransmission can be 
applied, but inevitably the efficiency of data transmission 
is reduced and hence energy consumption is increased 
correspondingly. Meanwhile, transfer delay and packet 
loss as shown in Fig. 2 (b) and (c) are increased too. 

It should also be noticed that, within a certain range of 
D, the route with less H tends to have lower Ep, if its L 
does not exceed 12 meters. For example, in Fig. 2 (a), the 
direct connection has the minimal Ep among all routes if D 
is within (0, 12 m), and the 2-hop route shows its 
advantage if D falls in (12 m, 24 m). The reason is that the 
probability of transmission collisions rises up with the 
increase of H in a certain small range and more 
intermediate nodes mean more interference, processing 
and propagation, resulting in more energy consumption. 

Note that the Ep curve and the Td curve have the similar 
tendency of change due to route properties. Since the 
packet delay just is the time duration of packet being 
processed within the network, if the processing power is 
fixed, the energy consumed by packet delivery would be 
proportional to the delay time. The PDR curves shown in 
Fig. 2 (c) are also influenced by route properties in a 
similar way. If L is too large, PDR could not satisfy the 
requirement of upper layers. On the contrary, the route 
with short hops can ensure reliable data transfer. These 
findings implicate that an energy-efficient route could 
support adequate QOS requirements at the same time. 

 

... 
Sensor Sink

L 

D

3.2. Energy Metric of Route 
 

To quantify the impact of multi-hop route, we develop 
a location-aided approach to estimate the energy metric of 
route. It is assumed that every node knows positions 
(relative distances) of all nodes that compose the network. 

Let LR be the length of the route connecting one sensor 
and the sink. Then LR is given by 

1

H

R i
i

L
=

= L∑ , (1) 

where {Li} is the length of hop i belonging to the route. 
Then an optimal forward distance F is defined. If Li ≤ F 

for all i and D > F, the lower bound of Ep is expressed as 
min relay RE H E Lλ= ⋅ + ⋅ , (2) 

where λ is the proportion constant and Erelay is the energy 
consumed by relay node. Thus, the item λ × LR accounts 
for the increase of energy consumption due to the path 
loss of the route, and H × Erelay is corresponding to the 
inherent processing load of relay nodes. 

If there is a hop longer than F, an additional increase in 
Ep should be taken into account. In a simple form, this 
addition resulted from each hop i is 

1, when 
( ) ( ) , when 

, when 

i

i i

i

L F
C F C L F L C

L C
α

                           ≤⎧
⎪

i= − −   < <⎨
⎪ ∞                         ≥⎩

, (3) 

Finally, the energy metric of route is given by 
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Fig. 2. Simulation Results of the line network topology under different route conditions. 

min
1

H

p i
i

E E α
=

= ∏ . (4) 

Note that if D ≤ F, the direct connection is preferred. 
 

3.3. Routing Algorithm 
 

Our new routing algorithm, called eLAR, originates 
from the Dijkstra’s Algorithm [11] and there is a bit 
modification. The network topology can be regarded as an 
undirected graph and each node is a vertex in the graph. 
The length (or cost) of a hop (or edge) is not directly used, 
but the overall Ep on the route containing that hop is 
evaluated. Every node in the network will by itself find 
the “shortest” paths to the sink, or other nodes if needed. 
Here, “shortest” means that the corresponding Ep is 
minimal. The following is a high-level algorithm for this 
approach. 

 

1. V = {v1, v2, …, vN}; // set of nodes, N nodes in total 
2. Y = {v1}; // v1 is the source node 
3. F = Φ; // min. loss tree (initially empty) 
4. while (V ≠ Y) { 
5.     select a node v from V–Y, that has the min energy loss 
6.         from v1, using only nodes in Y as relay nodes; 
7.     add the new node v to Y; 
8.     add the hop that touches v to F; 
9. } 

 

A routing table can be derived from the minimum loss 
tree at each node, and packets can be forwarded 
sequentially by nodes on the route without an extra route 
header. The eLAR scheme can be easily implemented as 
following steps: 

1) The source (src) measures whether the destination 
node (dst) is in its near vicinity. If the distance between 
src and dst, D, is not larger than F, src directly transmits 
packets to dst; otherwise, src searches its routing table to 
find the next-hop node (nxt) that is on the minimum loss 
route to dst and then forwards packets to nxt. 

2) The relay node (rly) checks the destination (dst) of 
each received packet. According to the distance between 
rly and dst, rly performs the same action as Step 1). 

 
3.4. Algorithm Scalability and Simplification 
 

Note that there are N – 1 iterations and the number of 
operations per iteration is proportional to N, so the 
computation required by the routing algorithm is O(N2) in 
the worst case. Since SN nodes only have very limited 
capability of computing with very small memory, the 
algorithm may be hardly implemented in sensors. If the 
network scale is small, the eLAR algorithm could be 
feasible; however it would be too complex to implement 
in a large network scenario. In order to solve this problem, 
a simplified eLAR algorithm (eLARs) is proposed as 
follows. 

The src performs eLAR algorithm only within the 
radius C to find the “shortest” paths to all its neighbors 
and estimate the corresponding Ep. If the src-dst pair is not 
in communication range, the src measures the Most 
Forward Efficiency (MFE) among its neighbors in terms 
of forward progress in the direction to the final destination. 
The MFE is given as: 

,

cos
MFE maxsrc k k

k
p kk scr s neighbor

d
E

θ

∈ ′  

⎧ ⎫⋅⎪= ⎨
⎪ ⎪⎩ ⎭

⎪
⎬ , (5) 

where dk is the distance between src and neighbor node k, 
θk is the angle of node k in terms of the src-dst direction. 
Hence, dk · cosθk denotes the forward progress of node k 
towards the dst. Therefore, the MFE accounts for selecting 
an exit node that has the highest forward efficiency, that is, 
packets can be forwarded as close to the dst as possible 
with a certain amount of energy consumption. Finally, the 
src can find the nxt corresponding to the exit node and 
delivery packets to it. 
 
4. Simulation Results 

 

The network simulator ns-2 [10] is utilized to evaluate 
the performance of eLAR/eLARs scheme and compare it 
with other routing protocol, e.g., AODV [12]. The eLAR 
parameters are as follows: C = 24 m, F = 11 m, λ = 0.005 
and Erelay = 0.06. Other parameters take default values. 
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Fig. 3 shows the network scenario in which 48 nodes 
are randomly placed in an area of 50 m × 50 m and do not 
move. Sensor nodes are numbered from 1 to 47 and the 
data sink is especially marked as 0. Sensors are randomly 
picked as source nodes to transfer packets to the sink. 
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Fig. 3. Random network topology. 48 nodes are randomly 
distributed in the 50 m × 50 m square area. 

In the simulation, sensors #1, #3, #8, #12, #19, #29, 
#33 and #36 are selected and investigated. Simulation 
results are shown in Fig. 4. Fig. 4 (a) gives the comparison 
of Ep between AODV and eLAR/eLARs. Only for the 
close connections #3, #8 and #29 can the performance of 
AODV be comparable with eLAR scheme. For the 
sensors #1, #12, #19, #33 and #36, the routes selected by 
eLAR/eLARs are obviously energy-efficient and have 
more advantages. Fig. 4 (b) and (c) demonstrate that the 
routes selected by eLAR/eLARs can provide fairly good 
QOS at the same time. Note that the energy consumption, 
transfer delay and delivery ratio of eLARs routes are very 
close to those of eLAR routes, so the simplification 
method in eLARs is proved to be effective. In some cases, 
the performance of eLARs is a little lower than eLAR, 
since after all eLAR can give an optimal solution 
throughout the network, but eLARs is much simpler and 
more suitable for sensors operating in a big SN. 

We can see that AODV may be not suitable for SN 
applications, especially for long-distance connections. 
eLAR utilizes location information and simplifies the 
signaling procedure. eLAR can effectively deal with the 
contradiction between relay selection and transmission 

efficiency, since the energy metric of route ensures the 
result is energy-efficient and the routing algorithm 
provides the connectivity throughout the network. 

 
5. Conclusions 

 

This paper proposes a practical routing scheme, eLAR, 
in which the energy consumption of multi-hop route is 
taken into account and the relationship between energy 
and QOS issues is preliminarily discussed. eLAR 
algorithm is simplified effectively to be more suitable for 
sensors’ operation and can improve energy efficiency in 
different cases, because eLAR simplifies the distributed 
signaling procedure and selects direct connection or multi-
hop route in a proper manner. 
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Abstract– The National Institute of Information and 
Communications Technology of Japan has constructed a 
real world home environmental test bed, called the 
Ubiquitous Home, for home context-aware service 
experiments. Various kinds of sensors are installed in this 
test bed to collect human behavior and user context in real-
life. Usually who, where and when are considered as main 
contextual information. To obtain the information of who, 
an RF-ID tag system are used. A floor pressure sensor 
system as well as the RF-ID tag system are used to obtain 
the information of where. A common NTP system is used 
for acquisition of the information of when. This paper 
shows the acquired data in experimental and real-life 
environments and how these data are used to construct 
context-aware services in the home environmental test bed. 
In addition, radio wave environmental data of the test bed 
are presented because they influence the performance of 
the RF-ID tag system. 
 
1. Introduction 

 
Ubiquitous computing [1] have been realized owing to 

the progress of wired and wireless home networking, 
sensor networks, networked appliances, mechanical and 
control engineering and computers themselves. Using 
these developed technologies, smart home projects have 
started at every corner of the world.  

In 1995, the Welfare Techno Houses in Japan was 
constructed [3]. The concept of these experimental houses 
was to promote independence for elderly and disabled 
persons and to improve their quality of life.  

The Aware Home [4] project is noteworthy among the 
smart home researches. In the Aware Home project, they 
built a three-story, 5040-square-foot home that functions 
as a living laboratory for interdisciplinary design, 
development and evaluation. The University of Texas at 
Arlington has conducted MavHome project [5]. The 
MavHome is a home environment that perceives the state 
of the home through sensors and intelligently acts upon 
the environment through controllers. Also, at the 
Massachusetts Institute of Technology, the House_n group  
[6] is working towards a vision where computer 
technology is ever-present, but in a more subtle way than 
often advocated in popular culture and even in 
engineering paper motivation sections. They want sensor-

driven pervasive technologies to empower people with 
information that helps them make decisions, do not want 
to strip people of their sense of control over their 
environment. 

Extended from Robotic Room 2 [7], Sensing Room 
was constructed at the University of Tokyo [8]. Although 
they say Sensing Room can measure detail of human daily 
behaviors in a long term, it seems that there is some 
limitation to imitate a real-life within a small room only.  
The sensing room of EasyLiving project at Microsoft 
Research [9] is similar to Sensing Room. In EasyLiving 
project, they aimed at developing prototype architecture 
and technologies for building intelligent environments.  

The University of Florida's Mobile and Pervasive 
Computing Laboratory is developing programmable 
pervasive spaces in which a smart space exists as both a 
runtime environment and a software library [10]. The 
University of Sherbrooke of Canada constructed DOMUS 
laboratory, which is a new research pole on cognitive 
assistance in smarts homes and mobile computing [11]. As 
DOMUS laboratory is situated in the University of 
Sherbrooke, atmosphere is different from real-life in a 
sense.  

Active Home is also located in a university, 
Information and Communications University of Korea and 
several experiments of context-aware services according 
to human behaviors are carried out [12]. UbiHome is 
another smart space in Korea, where automated control of 
lights and monitors according to user's situations are 
demonstrated, for example [13].  

In several smart home projects, one purpose is to 
provide a service to (a) user(s) accordingly. To provide an 
appropriate service, contextual information, that is user 
context, should be considered. Although the definition of 
user context may change according to the situation or the 
service used, who, where and when are usually main 
contextual information. Although multifarious sensor 
collaboration is one solution to get the user context, few 
reports are presented on how to combine multifarious 
sensors. 

The National Institute of Information and 
Communications Technology of Japan has constructed a 
real world home environmental test bed, called the 
Ubiquitous Home, for home context-aware service 
experiments. Various kinds of sensors are installed in this 
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test bed. This paper reports on this test bed and its 
multifarious sensors. Especially, wireless sensors are 
sensitive to the environment. The issue faced in a real 
world environment, the Ubiquitous Home, is also reported.  

 
2. The Ubiquitous Home 
 
2.1. Paper Format 

 
The Ubiquitous Home is an ICT housing test facility 

for the creation of useful new services for the home that 
will become possible by linking devices, sensors and 
appliances by means of a data networks. The Ubiquitous 
Home has a living room, dining-kitchen, study, bedroom, 
washroom and bathroom, these rooms comprising an 
apartment. In addition to the apartment, a Japanese-style 
room is provided as a living space for remotely living 
family members, such as a grandmother and/or a 
grandfather. Between the apartment and the Japanese-style 
room is a computer room called the Network Operating 
Center (NOC). 

Above the ceiling of the Ubiquitous Home is a space 
where experimenters can work. In the space, three 
corridors called "cat walks" are established. These are 
used for walking, machine installation and cabling, 
respectively. Moreover, the floor of the Ubiquitous Home 
is structured for free access to 40 cm height.  

The Ubiquitous Home is equipped with various types 
of sensors to monitor living human activities. Each room 
has cameras and microphones (Fig. 1) in the ceiling to 
gather video and audio information. To respect residential 
privacy in such ubiquitous camera and microphone 
environments is one of the important issues to be 
considered.  

Floor pressure sensors (Fig. 2) installed throughout the 
flooring contain 18 cm by 18 cm binary detection units 
and are used to track residents or detect furniture positions.  

Infra-red sensors (Fig. 3) installed at the top of the 
entrance door to each room and at foot positions in the 
kitchen and in the corridor detect infra-red sources 
literally, so can be used to detect human movement.  

Two RFID systems are installed in the Ubiquitous 
Home. One is an active-type RFID system, the other is a 
passive-type RFID system. The former uses 315MHz 
waves, the latter the 2.45 GHz band. Active-type system 
scanners located over the ceiling of each room detect the 
entrance of RFID tags into the room. Passive-type system 
antennas are embedded inside the wall around each room 
entrance. When an RFID tag passes through the entrance, 
the antenna reads the information on the tag.  

Four accelerometers or vibration sensors are attached to 
back of the bedroom floor in four corners. Although the 
role of the accelerometers is similar to the floor pressure 
sensors, they are more promising to detect human 
behaviors owing to their higher precision than the floor 
pressure sensors.  

Displays (plasma display panels and liquid crystal 
displays) (Fig. 4) and speakers are installed throughout the 

Ubiquitous Home to provide residents with video and 
audio contents. 

 

 Fig. 1. Camera and microphone in ceiling. 

 
Fig. 2. Floor pressure sensor. 

 
Fig. 3. Infra-red sensor. 

 
Fig. 4. Plasma display on the wall. 
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As the user context, location, time and personal 
identification are fundamental information. In the 
Ubiquitous Home, the place information can be detected 
by the active-type RFID tag and the floor pressure sensors. 
The active-type RFID tag can capture the user location as 
the level of room globally and the floor pressure sensors 
supplement more precise information. The time 
information can be provided a computer clock which is 
adjusted by a Network Time Protocol (NTP) server. This 
is requisite for combine multifarious senor information. 
The personal identification can be obtained from the 
active-type RFID tag worn by the resident. 
 
3. Wireless Environments in the Ubiquitous Home 
 

As described in the above section, the RFID systems 
play an important role to collect the user context 
information. The RFID tag detection is not, however, so 
stable in the Ubiquitous Home. Therefore we measured 
the wireless environments in the Ubiquitous Home. Figure 
5 shows the results, where the horizontal axes present the 
frequency and the vertical axes present the field strength 
in dBuV/m.  

(a) and (b) show the relative relationship between the 
315 MHz active-type RFID tag system and all other 
equipments and appliances. It is found that the RFID tag 
can be affected by other equipments that emit almost same 
frequency wave.  

(c) and (d) show the relative relationship between the 
2.4 GHz passive-type RFID tag system and all other 
equipments and appliances. In these range of frequencies, 
there are IEEE 802.11b and Bluetooth that can be used 
without any license. Therefore some detection was 
observed even if all equipments and appliances are turned 
off in the Ubiquitous Home. Since the Ubiquitous Home 
is built inside our research center, the waves from wireless 
LAN system used in other laboratories seem to be 
detected. It is found that there is possible confliction of 
used wave.   

 
 

 
(a) 

 

All are turned on 

Active-type RFID is turned off 

(b) 

 

Only IEEE802.11b and 
Bluetooth are turned on 

All are turned off 

(c) 

 

All are turned on 

IEEE802.11b and 
Bluetooth are turned off 

(d) 
Fig. 5. Wireless environment measurement results in 

the Ubiquitous Home. Only active-type RFID is turned on 
 

4. Conclusions All are turned off  
In this paper, utilization of multifarious sensors to 

detect the user context information is presented. The 
scheme was implanted in the Ubiquitous Home, a real 
world home environmental test bed. Especially, RFID tag 
systems and floor pressure sensors are utilized and they 
are synchronized by using an NTP server.  

Since the RFID tag systems are easily affected by other 
equipments and appliances, the wireless environment 
characteristics have been measured in the Ubiquitous 
Home. As the result, it is found there are influence or 
conflict from other equipments. Some countermeasures 
have to be considered against it. 
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Abstract—We verify the effectiveness of chaos-
based sequence generation in reducing Multiple Access
Interference (MAI) in Direct Sequence UWB Wireless-
Sensor-Networks (WSNs). Extensive simulations have
been performed and show that it is possible to increase
the expected Bit-Rate (BR) at which each user may
transmit given a certain Signal-to-Interference Ratio
(SIR).

1. Introduction

Wireless Sensor Networks (WSN) are collections of
active nodes whose position, distance, number and op-
erating environment cannot be anticipated. As such,
their functionality depends on the existence of a com-
munication network capable of transferring informa-
tion from one node to another and possibly to a central
collecting unit.

Due to this structure, the physical wireless inter-
face of such a network must cope with the presence
of a potentially large number of competitors for the
communication channel as well as with the absence of
a central authority managing the diversity needed to
distinguish competing logical links.

A way to address this problem is to employ Direct
Sequence Code Division Multiple Access (DS-CDMA)
that distinguishes nodes by means of spreading codes
that act as node signatures. Since no global struc-
ture or authority is assumed, spreading codes cannot
be made orthogonal unless a very complex negotia-
tion is initiated that risks to involve the whole net-
work and thus must be avoided [1]. This causes Mul-
tiple Access Interference (MAI) that actually becomes
the main reason of quality degradation when the num-
ber of nodes increases. To avoid frequency allocation
problems (and thus cope with uncontrolled and un-
supervised environments) DS-CDMA modulation may
employ Ultra Wide Band (UWB) pulses designed to
obey recent regulations on radio links with extremely
low power spectral density that are allowed to super-
impose already allocated bands.

Our idea is to use chaos-based generators to control
the statistical features of the sequences that, in turn,
interact with the pulse shape in determining the fi-
nal performance figure. Monte-Carlo simulations have
been performed to tune the chaos-based generator to
the pulse shape and obtain an increase in BR when
compared with traditional PN generation.

2. System Model

The signal generated by the u-th transmitter can be
written as

su(t) =
√

Pu

∞∑

h=−∞

bu
h

N−1∑

k=0

yu
kg (t− hTb − kTc) , (1)

where bu
h ∈ {−1, 1} are the transmitted bits, yu

j ∈
{−1, 1} represent the spreading symbols, Tb is the bit
period, Tc is the chip period, the integer N = Tb/Tc is
the spreading factor, and g (t) is the chip pulse. The

factor
√

Pu is the transmitted power and depends on
N , on the pulse profile, on the sequence {yu} and it
sets the energy Eu

b that the transmitter puts in each
bit. Conventional DS systems employ m- or Gold-
sequences. Here we propose a chaos-based sequence
generation method which allows the reduction of MAI.
Spreading sequences with any exponential decay in
correlation functions can be obtained from the quan-
tization of a discrete time chaotic dynamical system
dependent on the function M(x) whose behavior can
be attacked by means of the tools of statistical dy-
namics [2]. The family of maps we will use is defined
as

M(x) =







x
2p

if 0 ≤ x < p
2x+1−4p

2−4p
if p ≤ x < 1/2

2x−1
2−4p

if 1/2 ≤ x < 1− p
x+2p−1

2p
if 1− p ≤ x ≤ 1

where r ∈] − 1, 1[ and p = (1 + r)/4 is the parame-
ter used to set the breakpoints between adjacent seg-
ments. The quantization function Q(x) is such that
yj = −1 if x ≤ 1/2 and yj = +1 otherwise. We
are therefore guaranteed for i ≤ j ≤ k ≤ l we have
Ey[yu

i yu
j ] = rj−i and Ey[yu

i yu
j yu

kyu
l ] = rj−i+l−k , where

the Ey[·] operator gives the expectation of its argu-
ment with respect to all the possible spreading se-
quences. Note that when r = 0 the corresponding
map is able to generate independent and identically
distributed (i.i.d.) spreading symbols. In [3] it has
been proved, for a synchronous DS-CDMA system,
that m- and Gold-sequences provide almost the same
performance of i.i.d. sequences, so in the following we
will refer only to i.i.d. The signal generated at the
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transmitter is sent through the channel by means of
an antenna that can be effectively modelled by an at-
tenuation Atx (assumed equal for all the nodes) and a
time-derivative [4]. Along the channel the signal suf-
fers an attenuation Au

ch and a delay τu that depends
on the traveled path that we here assume unique. It
then arrives at the receiver antenna which imposes a
further attenuation Arx and time-derivative. The sig-
nal arriving at the receiver due to the u-th transmitter
can be written in terms of the second derivative of the
chip original pulse [5] grx (t) = (d2/dt2)g (t). Since we
assume that receivers can eventually compensate de-
lays that do not change in time, we are legitimate to
set τu = 0 for every u. Furthermore all the nodes have
identical air interfaces and thus deliver the same en-
ergy per bit Eb = Eu

b , ∀u. We may concentrate on the
reception of the 0-th bit, choose ArxA

u
chAtx = 1 as a

reference ideal conditions and get

Eb =

∫ ∞

−∞

∣
∣
∣
∣
∣

√
Pu

N−1∑

k=0

yu
kgrx (t− kTc)

∣
∣
∣
∣
∣

2

dt

= Pu

N−1∑

j=0

N−1∑

k=0

yu
kyu

j Grx ((j − k)Tc) , (2)

to the receiver, where we have assumed g (−t) =
g (t) and thus grx (−t) = grx (t) to define Grx (x) =
∫∞

−∞
grx (t) grx (x− t) dt as the convolution of the chip

pulse with itself. From the above equality the received
power by the u-th node is

Pu =
Eb

∑N−1
j=0

∑N−1
k=0 yu

kyu
j Grx ((j − k)Tc)

. (3)

Note that when received pulses do not produce inter-
chip interference (ICI) we have Grx (mTc) = 0 for ev-

ery integer m 6= 0 and Grx (0) =
∫∞

−∞
grx (t)

2
dt that

is the pulse energy. UWB pulses are, in general, non
ICI-free and Pu takes into account the whole bit sig-
nal. In the following we will assume that Pu is such
that Eb = 1.

The receiver is fed with the sum of all the incoming
signals plus the thermal noise n(t), i.e. with

z(t) = n(t)+ArxAtx

U−1∑

u=0

Au
ch

∞∑

h=−∞

bu
hyu

rx(t−hTb), (4)

where yu
rx(t) =

√
Pu

∑N−1
k=0 yu

kgrx (t− kTc) is the wave-
form corresponding to the unmodulated spreading se-
quences at the receiver. We assume to use the sim-
plest possible decoding, i.e. a correlate and dump re-
ceiver matched with the useful transmitter. Within
this scheme we focus, without loss of generality, on
the decoding of the 0-th bit of the 0-th transmitter
and first compute

X = C

∫ ∞

−∞

z(t)y0
rx(t)dt , (5)

for some positive constant C and estimate b0
0 = 1 if

X > 0 or b0
0 = −1 if X < 0.

Note that Xu
0 = Eb thanks to the factors Pu is made

independent from u and, in our assumptions, equal
to 1. With this we may finally set C = (ArxAtxA

0
ch)−1

to obtain

X = b0
0+

∞∑

h=−∞
h 6=0

X0
hb0

h

︸ ︷︷ ︸

Is

+

U−1∑

u=1

Au
ch

A0
ch

∞∑

h=−∞

Xu
h bu

h

︸ ︷︷ ︸

Ic

+ C

∫ ∞

−∞

n(t)yrx(t)dt

︸ ︷︷ ︸

In

,

where we have highlighted the useful component b0
0,

the self-interference Is due to the other bits of the use-
ful stream, the cross-interference Ic due to the other
transmitters, and the thermal noise contribution In.

Each of the non-useful components in the expres-
sion of X may be assumed to be a zero-mean Gaus-
sian random-variable. This is straightforward for the
thermal-noise component but is also a sensible as-
sumption for the self- and cross-interference that are
weighted sums of the independent antipodal random
variables bu

h. In the light of this, the performance of
the elementary decoder is uniquely determined by the
variances σ2

s , σ2
c , and σ2

n. In the following we will as-
sume that the system is dominated by interference,
i.e., that σ2

s + σ2
c ≫ σ2

n, so that the SIR

ρ =
1

σ2
s + σ2

c

(6)

becomes the main performance figure.
The variances involved in the definition of SIR will

be computed by averaging the terms Is and Ic both on
the transmitted bits (Eb) and on the possible spread-
ing sequences (Ey), whose statistical features are de-
pendent on the parameter r obtaining

σ2
s =

∞∑

h=−∞
h 6=0

Ey

[(
X0

h

)2
]

,

σ2
c =

U−1∑

u=1

(
Au

ch

A0
ch

)2 ∞∑

h=−∞

Ey

[

(Xu
h )

2
]

=

U−1∑

u=1

(
Au

ch

A0
ch

)2 ∞∑

h=−∞

Ey

[(
X1

h

)2
]

,

where the last equality holds since it can be proven
that, if we agree to use independent instances of the
same sequence generator for each transmitter, then the
expectation in σ2

c is independent of u if u 6= 0. Hence,
the cross-interference power can be factored in two
terms, the first of which takes into account the ratios
between the attenuation of the interfering component
and the attenuation of the useful component, while
the second takes into account the correlation of the
waveforms corresponding to the unmodulated spread-
ing sequences with different delays.
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3. Performance Evaluation

In this section we determine, by numerical simu-
lations, the optimum spreading and the correspond-
ing maximum achievable SIR. The most commonly
adopted shapes for UWB systems [6] are the Gaussian
pulse γ(t) = β exp (−t2/(2σ2)) and its second deriva-
tive γ(2)(t), where β is a constant used to adjust the
amplitude of the pulse according to FCC norms. We
consider a worst-case scenario in which the power of
the interfering users at the receiver is equal to the
power of the useful component, i.e. Au

ch = A0
ch for

u = 1, . . . , U − 1. We quantify the performance pro-
vided by chaos-based spreading policy over i.i.d. se-
quences as SU% = 100 (BRo / BRi−1) where BRi and
BRo are the maximum values of BR we can achieve
using i.i.d. and chaos-based sequences respectively.

3.1. Gaussian Pulse

In this case the shapes, at the input of the trans-
mitter antenna and at the output of the receiver an-
tenna, are represented by the Gaussian function and
its 2-nd derivative respectively. As a reference exam-
ple, we can consider a scenario with a spreading factor
N = 127, U = Umax and a minimum value of link
quality ρmin = 9.54. The value of Umax is the maxi-
mum number of active users which allows us to obtain
a value of ρ ≥ ρmin and is computed adopting i.i.d.
sequences. This value is used to obtain the maximum
Bit-Rate both for i.i.d. and chaos-based spreading pol-
icy. Figure 1 compares the SIR that is achieved using
i.i.d. and chaos-based spreading respectively for dif-
ferent values of BR. The maximum achievable BR is
evaluated intersecting the SIR curve with the horizon-
tal line corresponding to ρmin. In the case of i.i.d.
sequences, we will indicate such a BR as BRi, whereas
in the case of chaos-based spreading policy we have to
use the dashed trend looking for the value of r which
maximizes BR once that ρ is set equal to ρmin. We in-
dicate this value as BRo and, as one can see, we have
BRo ≥ BRi
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ρmin

BRi BRo

i.i.d.
opt.

Figure 1: SIR obtained using i.i.d. sequences vs optimum correlated
sequences for a system with g(t) = γ(t), N = 127 and U = 14.

Note that this result is independent from the link
quality ρmin we have chosen. In Figure 2 we show the
value of ropt for different values of BR. A peculiarity
is that this trend is not monotonous.
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Figure 2: Value of the parameter r which maximize ρ for a system
with g(t) = γ(t), N = 127, U = 14 for different values of BR.

Numerical simulations have been done for differ-
ent spreading factors and active users and results
are shown in Table 1. As one can see the BR we
can achieve using chaos-based generation method is
greater than the one obtained with i.i.d. sequences.

N Umax BRi BRo ropt SU % ρmin[Mbps] [Mbps]

31 6 387.64 470.73 0.547 21.44

5.4163 12 178.76 217.27 0.474 21.55
127 24 84.54 99.67 0.355 17.90
255 48 39.91 43.71 0.140 9.52

31 4 374.05 451.67 0.488 20.75

9.54
63 7 186.69 227.73 0.523 21.99
127 14 85.56 101.44 0.370 18.55
255 27 43.00 51.18 0.392 19.0

31 3 385.08 463.00 0.515 20.24

13.83
63 5 191.59 233.72 0.549 21.99
127 10 85.38 100.57 0.353 17.79
255 19 42.78 50.79 0.377 18.73

Table 1: Performance in terms of BR using g(t) = γ(t) for different
values of N and ρmin.

As a further example, in Figure 3 we show the BR
when N = 63 and U sweeps from 7 to 12. As one
can see the BR is better or at least equal with respect
to the use of i.i.d. sequences, independently from the
number of active nodes.
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Figure 3: BR as a function of the number of active users obtained
using i.i.d. sequences and chaos-based sequences generation method
for a system with g(t) = γ(t), N = 63 and ρmin = 5.41.
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3.2. Second derivative of the Gaussian Pulse

We consider the case in which the transmitted pulse
g(t) is γ(2)(t). As in previous case, we can consider a
typical scenario with N = 127 and ρmin = 9.54. In this
case we obtain Umax = 14. Figure 4 compares the SIR
that is achieved using i.i.d. and chaos-based spreading
respectively vs BR. When we use i.i.d. sequences we
have BRi = 76.34 Mbps whereas when we adopt chaos-
based spreading we have BRo = 85.67 Mbps.
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Figure 4: SIR obtained using i.i.d. sequences vs optimum correlated

sequences for a system with g(t) = γ(2)(t), U = 14 and N = 127.

In Figure 5 we show the value of r for different values
of BR.
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Figure 5: Value of the parameter r which maximize ρ for a system

with g(t) = γ(2)(t), N = 127, U = 14 for different values of BR.

In Table 2 we show the performance obtained with
other spreading factors and link quality values. As
one can see chaos-based spreading policy always out-
perform traditional i.i.d. sequences.

In Figure 6 we show the BR vs the number of active
users which is better or at least equal in comparison
with the use of i.i.d. sequences, for all the cases we
have presented.

4. Conclusions

A chaos-based sequence generation method was pro-
posed for synchronous DS-UWB WSNs. This method
allows the reduction of MAI increasing the Bit-Rate.
The proposed method was verified with traditional
UWB pulse shapes and system parameters values. Nu-
merical simulations has shown better performance of

N Umax BRi BRo ropt SU % ρmin[Mbps] [Mbps]

31 6 334.88 377.61 0.553 12.44

5.41
63 12 157.29 178.75 0.490 13.65
127 24 75.31 84.26 0.383 11.88
255 48 21.83 23.37 -0.116 7.07

31 4 327.43 369.28 0.468 12.78

9.5463 7 162.84 184.61 0.498 13.37
127 14 76.34 85.67 0.409 12.23
255 27 38.19 43.11 0.432 12.89

31 3 334.00 375.10 0.519 12.29

13.83
63 5 165.70 187.50 0.555 13.18
127 10 76.06 85.00 0.380 11.76
255 19 38.13 42.88 0.418 12.44

Table 2: Performance in terms of BR using g(t) = γ(2)(t) for differ-
ent values of N and ρmin.
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Figure 6: BR as a function of the number of active users obtained
using i.i.d. sequences and chaos-based sequences for a system with

g(t) = γ(2)(t), N = 63 and ρmin = 5.41.

chaos-based spreading policy over traditional i.i.d. se-
quences.
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Abstract– In wireless LAN, like IEEE802.11x, the

number of accessible terminal is limited for each access

point. Therefore, it is necessary to assign each terminal to

the access points under the limitation. It is well-known

that this problem can be solved in polynomial time by

solving a maximum flow problem in graph theory.

However, there is a weak point in the above

solution. If a terminal newly tries to access an access point,

many terminals may change the access points. Therefore,

this solution is not realistic. It is important to minimize the

number of terminals that change the access points. In this

paper, we propose a polynomial algorithm to solve the

problem.

1. Introduction

In wireless LAN, like IEEE802.11x, the number of

accessible terminal is limited for each access point.

Therefore, it is necessary to assign each terminal to the

access points under the limitation. For example, in

Fig.1(a), the circle that includes an access point b is called

the area of b. The area of b means that all terminals in the

circle can communicate to b. Let the number of accessible

terminals for each access point be three. In this case, we

assign each terminal to the access points like Fig.1(b). In a

simple case, we can apply the theory of flow networks in

graphs to this problem. This problem can be solved in

polynomial time by solving a maximum flow problem in

graph theory[1]. First, we construct a flow network N as

follows. The vertex set of N is {b1,…,bh, v1,…,vk, s, t}

where bi represents an access point, vi represents a

terminal, s is a source and t is a sink. A vertex pair (x,y) is

an edge in N if and only if

i) x=s and y=bi or

ii) x=vi and y=t or

iii) x=bi, y=vj and vj is in the area of bi.

In case of i), the edge weight is the number of accessible

terminals for bi, and in all other cases, an edge weight is

one. Here, we calculate the maximum flow from s to t. In

case of Fig.1(a), the flow network N is Fig.2(a). In

Fig.2(a), we omit edge weights in case of 1. The

maximum flow from s to t is Fig.2(b). Each bold edge

means that the flow value of the edge is the maximum.

We assign each terminal vj to the end access point bi of

the bold edge being incident to vj (see Fig.1(b)).

Fig.1(a)

Fig.1(b)

However, there is a weak point in the above

solution. If a terminal newly tries to access an access point,

many terminals may change the access points. Therefore,

this solution is not realistic. It is important to minimize the

number of terminals that change the access points. In this

paper, we propose a polynomial algorithm to solve the

problem. We apply “Optimal Cardinality-Constrained

Territory Map [2]” to this problem. The territory map is

known as the Voronoi diagram[3] that is special kind of

decomposition of an area in computational geometry. And

:Access Point

:Terminal
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b1 b2
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in this case, the number of elements in each territory is

limited.

Fig2(a)

Fig2(b)

2. Formulation with graphs

We formulate this problem using graph theoretical terms

as follows. We apply the formulation in Optimal

Cardinality-Constrained Territory Map to this problem.

Let G be a directed graph. Each vertex v

represents an access point. An directed edge (u,v) means

that there is a terminal x in areas of u and v, and x

communicates to the access point u at this time.

Next, we set vertex weights of G. The weight of

vertex v represents the number of terminals that

communicate to v, and f(v) represents the maximum

number of terminals that can communicate to v.

For example, in case of Fig.3 and f(v)=5 for each

access point v, the directed graph is in Fig.4.

In this formulation, we obtain the following theorem.

[Theorem]

We assume that a terminal x newly tries to communicate

to an access point A and x is in the area of A. The

terminal x can communicate to A if and only if in the

constructed directed graph G, there is a directed path from

A to B, where the vertex weight of B is less than f(B).

Fig.3.

Fig.4

In Fig.4, a terminal x in area of A is newly tries to

communicate to A, there is a directed path from A to C,

where the vertex weight of C is less than 5. Therefore, x

can communicate to A in Fig.5 after changing access

points of terminals.

Therefore, we should find paths from a vertex v

to vertices u, where the vertex weight of u is less than f(u).

If the distance from v to u0 is the minimum, the distance

means the minimum number of terminals that change the

access points. Namely, we can obtain a solution by

solving a single-source shortest-paths problem[4] in

polynomial time.

Since the distance from A to C is 2 in Fig.4, the

number of terminals that change the access points is 2 in

Fig.5, where the underlined terminals changed the access

points.

3. Formulation with hyper graphs

The formulation with graphs does not express all

information in a wireless LAN about this assignment

problem.
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Fig.5

Fig.6

The directed graph corresponded to Fig.5 is Fig.6.

Compared with Fig.4, the direction of edge (B,C) is

converse, and there is a new edge between A and B in

Fig.6.

In the above case, the position of a2 turned into

B from A in Fig.7. If the position of a1 instead of a2,

turned into B from A, the directed graph is in Fig.8.

Fig.7

Fig.8

Fig.8 is different from Fig.6. Namely, this formulation

does not express all information of this situation.

Therefore, we have to change the access point of terminals

using Fig.3 and Fig.4.

Here, we propose another formulation. We

construct a directed hyper graph instead of a graph. If a

terminal x is in areas of A, A1, A2,…,Ar and x

communicates to A, we set a directed hyper edge from A

to A1,…,Ar (see Fig.9). For example, In case of Fig.3, the

hyper graph is Fig.10. Dotted lines represent a hyper edge.

Fig.9

Fig.10

The hyper graph corresponded to Fig.6 is Fig.11.

Fig.11

Fig.12
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The hyper graph corresponded to Fig.8 is Fig.12.

In this formulation, if a new terminal x is in areas A, A1,

A2,…, Ar and x tries to communicate to A, we add a

directed hyper edge from A1 to A2,…,Ar, to the hyper

graph H, like Fig.9. If x is only in the area of A, we do not

add an edge. Then we find a directed path from A to B in

H, where the vertex weight is less than f(B), we reverse

directions of all edges on the directed path and increase

the vertex weight of A and B. Update of the hyper graph

H is completed at this time. In this formulation, necessary

operation is only on the hyper graph H. Namely, this

formulation represents all information of a wireless LAN

about this assignment problem.

4. Conclusion

In this paper, we formulate an assignment problem of

wireless LANs using hyper graphs. This formulation

represents all information of a wireless LAN about this

assignment problem.

We will find assignment algorithms solving the

problem and evaluate the algorithms with computer

simulations. On practical use side, each terminal chooses

access point distributedly. It is a future problem to take in

these practical studies[5] for this modeling.
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Abstract—We have shown that extraordinarily slow
spontaneous spiking can appear near the Hopf bifurcation
point in various (singularly-perturbed) single neuron mod-
els under a certain generic condition. This phenomenon
raises a serious question about the classical categorization
of neuronal firing (Class-I or Class-II neuron) by Hodgkin.
This paper extends the result and examine the variability
of inter-spike intervals with noise in detail and also discuss
the relation to neuronal ability of information coding.

1. Introduction
Neurons are classified into two types: Class-I or Class-II

neuron by the difference of the onset mechanism of repeti-
tive discharge under the d.c. injection (homoclinic or Hopf
bifurcation, resp.) [3, 4]. Class-I neurons possess a firing
ability over a wide range of frequencies and thus possess a
sufficient ability to encode information using the frequency
or inter-spike intervals (ISIs). According to our recent find-
ing, the Class-II neurons behave as Class-I neurons under
a generic condition, and this ‘chimera’ neuron with both
Class-I and II characteristics can produce very irregular
(chaotic) spiking.
On the other hand, cortical neurons in vivo are known to

fire very irregularly in response to a constant sensory stim-
ulus and there is a growing interest in this highly variable
(irregular) ISIs [6, 7]. In this paper, we study the noise
effects on the spiking of the (slightly modified) Hodgkin-
Huxley neuron model which has both the Class-I and II
properties, and examine the spiking variability in detail. In
particular, we show that the slight modification of a time
constant leads to an essentially different spiking and the
variability of ISIs even in the presence of noise.

2. Single Neuron and Its Input-Output Relations

Hodgkin-Huxley Equations
In this paper we consider the following slightlymodified

Hodgkin-Huxley (HH) equations [2]:

dv/dt = G(v,m, n, h) + I(t), (1a)

dm/dt = (m∞(v) − m) / (τ̄mτm(v)) , (1b)

dn/dt = (n∞(v) − n) / (τ̄nτn(v)) , (1c)

dh/dt = (h∞(v) − h) / (τ̄hτh(v)) , (1d)

G(v,m, n, h) = INa(v,m, h) + IK(v, n) + IL(v),

= ḡNam
3h(VNa − v) + ḡKn4(VK − v) + ḡL(VL − v),

ḡNa = 120 mS/cm2, ḡK = 36 mS/cm2, ḡL = 0.3 mS/cm2,

VNa = 115 mV, VK = −12 mV, VL = 10.599 mV,

τx(v) =
1

αx(v) + βx(v)
, x∞(v) =

αx(v)

αx(v) + βx(v)
, (x = m, n, h)

αm(v) =
0.1(25 − v)

exp[(25 − v)/10] − 1 , βm(v) = 4e
−v/18,

αn(v) =
0.01(10 − v)

exp[(10 − v)/10] − 1 , βn(v) = 0.125e
−v/80,

αh(v) = 0.07 exp(−v/20), βh(v) = 1
exp[(30 − v)/10] + 1

where t is the time in milliseconds, v is the membrane po-
tential in mV, m, n, h are the dimensionless gating vari-
ables. I(t) denotes an input current (μA/cm2) externally
applied to a neuron.
The only modification from the original HH equations

[5] is the introduction of the (dimensionless) ‘time con-
stants’ τ̄m, τ̄n, and τ̄h; in the case of τ̄m = τ̄n = τ̄h = 1, these
equations become the original HH equations. It is shown
that a slight modification of τ̄h changes the HH dynamics
to a completely different one, with chaotic spiking and very
long ISIs appearing in a generic manner, although the initi-
ation mechanism of repetitive firing is a simple Hopf bifur-
cation [1].

Random Inputs to Neuron
Neurons receive many excitatory and inhibitory synaptic

inputs from other neurons and these inputs have apparently
random nature. The depolarization V(t) of the correspond-
ing conductance-based or HH-type model such as the mod-
ified HH equations (1) is described by a random differential
equation:

dV = G(v,m, n,h) dt +
m∑

k=1

ekdP
k
E(t) +

n∑

l=1

ildP
l
I(t),

where ek and il are the amplitudes of excitatory and in-
hibitory postsynaptic inputs, respectively. PkE and P

l
I are

independent Poisson processes with mean rate λkE and λ
l
I .

Under the condition that all λkE and λ
l
I diverge while

simultaneously all postsynaptic inputs (ek and il) become
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Figure 1: Noise effects on the spiking and the variability of ISIs (Inter-Spike Intervals) in the original HH neuron.

infinitely small, the depolarized potential V(t) is approxi-
mately described by

dV/dt = G(v,m, n, h) + Iext + σξ(t), (2)

where the constant bias term Iext is the mean input to a neu-
ron, ξ(t) is the Gaussian white noise, σ is the noise inten-
sity and the term Iext + σξ(t) denotes the total input current
to a neuron. Thus, we examine the noise effects on the
input-output relation of both the original HH equations and
the modified HH equations (τ̄h = 2), where we set I(t) ≡
Iext + σξ(t) in eq.(1a).
In the following, we consider the coefficient of variation

(CV) of ISIs which is often used as a measure of spike train
irregularity. The CV (dimensionless) of a random variable
T is defined using the expectation (mean) and the variance
of T as CV ≡ √Var[T ]/E[T ].

3. Spiking and Input-Output Relation of the Original
HH Equations in the Presence of Noise

Figure 1(a) and (b) illustrate the period of the periodic
firing of the original HH equations as a function of the ex-

ternal current Iext (a constant bias of synaptic inputs) when
noise is absent: σ = 0. We can see that the period of sta-
ble periodic solutions (filled circles) varies in a range from
several milliseconds to twenty milliseconds.
In Fig.1(c)-(f), the mean and CV of ISIs in the presence

of noise are plotted as a function of Iext near the onset point
of repetitive spiking: HB1 (Hopf bifurcation). Figure 1(c)
shows that very small noise (σ = 0.1) does not change the
behavior of the original HH equations and firing is very
regular (very low CV). When σ = 0.5 (Fig.1(d)), both the
mean ISI and CV drastically increase for rather small Iext
(in the range between DC3 and DC1 of panel (b)). This
reason is, however, very simple and not so interesting; in
this range of Iext, a stable equilibrium point and periodic
orbit coexist (multi-stability). Because the noise intensity
is not so high, a solution is trapped near either the stable
equilibrium or the stable limit cycle and stays there for a
while, and escapes from the attractors ‘by chance.’ Thus
the mean and CV of ISIs increase significantly. The return
maps of ISIs (the panel of tn+1 vs. tn) and the waveforms
v(t) at Iext =7.0, 8.0 clearly show this phenomenon. As Iext
increases, the time the trajectory or orbit of the HH equa-
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Figure 2: Noise effects on spiking and ISI variability in the HH neuron when the time constant is slightly changed: τ̄h = 2.
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tions spends near the stable equilibrium becomes shorter
since the stability of the stable equilibrium point becomes
weaker as Iext increases and approaches the Hopf bifurca-
tion point HB1. For large Iext=9.0, such trapping near the
equilibrium is suppressed and firing becomes very periodic.
Note that there is still a multi-stability of stable equilibrium
and limit cycle at this value of Iext (see the panel (b)).
When σ = 1, the transition between the stable equilib-

rium and the periodic orbit easily occurs. The variation
range of the mean ISI is small compared to the small noise
case, but the CV takes values between zero and unity lin-
early depending on Iext. In the case of much larger noise:
σ = 5, the firing is very regular and does not depend on
Iext.

4. Slight Increase of a Time Constant Changes the
Spiking in the HH Neuron Much

Figure 2(a) and (b) illustrate the period of the periodic
solutions of the modified HH equations in the noise-free
case (σ = 0), where the time constant τ̄h is just doubled.
The only difference between the τ̄h = 2 case and the origi-
nal one is the relative position of the double-cycle (DC) bi-
furcation point DC3; DC3 and thus DC2 points in Fig.2(b)
are on the ‘right’ of the Hopf bifurcation point HB1 while
they are on the ‘left’ of HB1 in Fig.1(b). As a result, there is
no stable solution (stable equilibrium or simple firing) seen
between HB1 and DC3 (only ‘simple solutions’ are shown
in this bifurcation diagram obtained by AUTO). This slight
change of the relative position of the DC bifurcation points,
however, produces essentially different behavior: compli-
cated periodic and chaotic firing with very long ISIs appear
in the left of DC3 [1].
Figure 2(c) shows the mean and CV of ISIs as functions

of Iext near the Hopf bifurcation point HB1 in (b). In con-
trast with the original HH equations, we can see very com-
plicated structures in CV even in the absence of noise. We
can also see the significant increase of the mean ISI near
the Hopf bifurcation point HB1, although the time constant
τ̄h is just doubled. As is shown in (d), the small noise
(σ = 0.01) does not destroy this structure. The ISI re-
turn map (tn+1 vs. tn) presents a fine lattice structure. This
means that the spiking is essentially different from that of
the original HH equations and that it is the consequence
of the inherent nonlinear dynamics induced by the slight
change of τ̄h.
As the noise intensity increases, much longer ISIs and

high CVs appear near HB1 (the σ = 0.04 case of Fig.2(e)).
The effect of noise is not uniform and much pronounced at
smaller Iext. The ISI return maps are completely different
from that of the original HH equations also in this case.
When σ = 0.1, the fine structures is smoothed by noise,

but the long ISIs still appear. Note that no noise-induced
phenomenon appears in the original HH equations at this
small noise intensity (Fig.1(c)); the increase of τ̄h also
changes the noise sensitivity of the HH neuron much. Fur-
ther increase of noise (σ = 1) eventually induces spiking

with short ISIs and moderate CV irrespectively of the con-
stant bias Iext.

5. Discussion

We have examined the spiking and its variability in the
modified HH equations in the presence of noise. Slight
increase of τ̄h completely changes the spiking (even in the
noise-free case). Noise increased the mean ISI and ISI vari-
ability (CV) also in the original HH equations. This phe-
nomenon is, however, neither interesting nor unexpected;
the mechanism is very simple (‘by-chance’ mechanism ex-
plained in Sect.3).
The modified HH equations have much richer dynamics;

relatively small noise produces spiking with moderate and
high CVs over a wide range of Iext. The effect of noise is
not just the blurring of the deterministic structure; noise-
enhanced phenomena could appear. It is worth noting that
the slight increase of τ̄h also increased the noise-sensitivity.
We consider that these results shown in the present paper
are important in the study of neuronal coding, especially in
the study of spiking variability of cortical neurons.
Note that all phenomena presented here are generic ones

and can appear in the case of τ̄n increase other than τ̄h, and
in other simplified neuronal models such as the FitzHugh-
Nagumo model also [1].
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Abstract– We will propose a possible model of the 
entorhinal cortex layer II in which afferent signals are 
encoded by firing phases with respect to a theta rhythm. 
Although the entorhinal cortex layer II (ECII) sends 
signals to the hippocampus and the hippocampus sends 
signals back to the entorhinal cortex layer V (ECV), 
projections from ECV to ECII also exist in the entorhinal 
cortex. Moreover, it has been suggested that the ECII is 
also a theta rhythm generator. These imply that enhanced 
projections from ECV to ECII form entorhinal-
hippocampal loop circuits and reverberation activity 
superimposed on a theta rhythm occurs in the loop circuits.  
First, we will briefly review our previous work on a 
network model of ECII that reproduces a theta rhythm. 
Secondly, we will show that loop connections from stellate 
cells to other ones are selectively potentiated in ECII by 
afferent signals. As a result, stellate cells fire successively 
within each theta cycle through enhanced loop connections. 
Our model also reproduces the phase precession of stellate 
cell firing within a theta cycle.  
 
1. Introduction 

 
It has been supposed that a sequence of places is 

encoded in the hippocampus by phases of the place cell 
firing with respect to a theta rhythm [1, 2], and the phase 
of the place cell firing advances within a theta cycle when 
the animal traverses a place field [3]. Recently, it has also 
been suggested that the entorhinal cortex plays important 
roles in place recognition and phase coding [4, 5]. 
Moreover, neurons in the medial entorhinal cortex layer II 
are theta-modulated and show phase precession [6].  

The entorhinal cortex is located between the neocortex 
and the hippocampus. Layer II of the EC (ECII) sends 
signals to the hippocampus and layer V of the EC (ECV) 
receives signals from the hippocampus. In addition to this 
major pathway, projection from ECV to ECII also exists 
in the entorhinal cortex [7-9]. Thus, as the frequency of 
the activity in afferent pathways to the entorhinal cortex is 
increased, reverberation of activity consequently occurs in 
the entorhinal-hippocampal loop circuits [10, 11]. It has 
also been reported that long-term potentiation (LTP) is 
induced in deep-to-superficial layer projections in the 
entorhinal cortex by stimulation of the deep layer [12]. 
This implies that reverberation readily occurs in enhanced 

entorhinal-hippocampal loop circuits. On the other hand, 
although theta rhythm is observed in a wide range of the 
hippocampus [13], it has been suggested that EC is also a 
theta rhythm generator [14, 15] and that the theta rhythm 
results from synchronization of subthreshold oscillations 
in stellate cells [16].  

When two afferent signals that have different 
frequencies are fed to different stellate cells respectively, 
firing phase of those stellate cells would be different 
because of different rise times of integrated EPSPs. If the 
time difference between the firings is 20-30 ms, the time 
difference between the reentrance signal through a loop 
circuit from a stellate cell and the spike of another stellate 
cell would be within a LTP time window because it takes 
signals about 20 ms to go around the loop circuits.  

In this paper, we will propose a possible model of the 
entorhinal cortex layer II in which afferent signals are 
encoded by firing phases with respect to a theta rhythm. 
First, we will briefly review our previous work on a 
network model of ECII that reproduces a theta rhythm. 
Secondly, we will show that loop connections from 
stellate cells to other ones are selectively potentiated in 
ECII by afferent signals using a network model of ECII 
with loop connections that mimic entorhinal-hippocampal 
loop circuits. As a result, stellate cells fire successively 
within each theta cycle like a theta phase coding of places. 
Our model also reproduces the phase precession of stellate 
cell firing within a theta cycle.  

 
2. Methods 
 
2.1. Network Model of the Entorhinal Cortex Layer II 

 
The present network model consists of 30 stellate cells 

(open circles) and one inhibitory interneuron (filled circle), 
as shown in Fig. 1. The stellate cells are not connected to 
each other through excitatory synapses, while the stellate 
cells are mutually inhibited via the interneuron. Periodic 
signals are fed to some stellate cells through excitatory 
synapses. All of the stellate cells receive excitatory 
random synaptic input independently because EPSPs 
occur spontaneously at a low rate in stellate cells in ECII 
[17]. The distribution of interspike intervals of the random 
input is Gaussian; the average interval is 1 s and the 
standard deviation is 250 ms.  

NOLTA 2006
11-14 september
Bologna - ITALY

595



 

The present network model of ECII contains loop 
connections that mimic the entorhinal-hippocampal loop 
circuits. The stellate cells are connected through loop 
connections in an all-to-all fashion, and the transmission 
delay through the loop connections is 20 ms. The loop 
connections are modified through a Mexican hat type 
learning rule as shown in Fig. 3b.  

 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1 Network model of the entorhinal cortex layer 

II with loop connections that mimic entorhinal-
hippocampal loop circuits.  

 
2.2. Models of Entorhinal Cortex Layer II Neurons 

 
Multicompartmental model of the stellate cell 

developed by Fransén [18, 19] was used, though a few 
modifications were made. Principal modifications are as 
follows. Constant bias current was injected to the soma 
compartment as a muscarinic ionic current, which has a 
large time constant, and voltage dependence of some rate 
constants were slightly shifted along the voltage axis, so 
that isolated single stellate cell causes subthreshold 
oscillation spontaneously at about 5.5 Hz. The stellate cell 
consequently fires at about 3.5 Hz at apexes of the 
subthreshold oscillation.  

The multicompartmental model of the interneuron used 
here is exactly the same as that developed by Fransén [18].  

 
3. Results 

 
3.1. Synchronization of Subthreshold Oscillations in 

Stellate Cells 
 
We will here briefly review our previous work on 

synchronization of subthreshold oscillations [20]. Figure 2 
shows superimposed firing patters of 30 stellate cells. 
There is no connection between the interneuron and the 
stellate cells in Fig. 2a. In this case, stellate cells receiving 
low-rate random inputs often fire and are not 
synchronized. On the other hand, if stellate cells are 
mutually inhibited via the interneuron, the stellate cells 
occasionally fire at about 0.73 Hz around apexes of 
subthreshold oscillations, and subthreshold oscillations are 
synchronized due to recurrent inhibition (Fig. 2b). 
Occasional firings of stellate cells due to low-rate random 
inputs activate the interneuron, and then stellate cells are 
inhibited in synchrony.  

 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2 Synchronization of subthreshold oscillations. 

(a) Without recurrent inhibition. Subthreshold 
oscillations are not synchronized. (b) 
Subthreshold oscillations are synchronized due to 
recurrent inhibition via the interneuron.  

 
3.2. Time Difference between Spikes of Stellate Cells 

Elicited by Signals whose Frequencies are 
Different 

 
When a periodic stimulus was fed to a stellate cell in 

the network where subthreshold oscillations were 
synchronized, firing phase of the stellate cell with respect 
to the subthreshold oscillations advanced with the 
stimulus frequency. This is because the rise time of 
integrated EPSP induced by higher-frequency stimulation 
is faster than that induced by lower-frequency stimulation.  

Therefore, when two different signals were fed to two 
stellate cells in the network respectively, the difference 
between firing phases of the stellate cells depended on the 
difference between stimulus frequencies. The spike time 
difference increased with increase in the difference 
between frequencies of stimuli that were fed to the stellate 
cells.  

 
3.3. Synaptic Potentiation of Loop Connections by 

Afferent Signals to Stellate Cells 
 
Histogram of the relative timing of spikes in the stellate 

cells is shown in Fig. 3a. These stellate cells are hereafter 
referred to as the stellate cells, A and B, so that the spike 
time difference ΔT = (spike time of the stellate cell B) - 
(spike time of the stellate cell A). It should also be noted 
that the abscissa in Fig. 3a represents the difference 
between the spike time of the stellate cell A delayed by 20 
ms and the spike time of the stellate cell B because the 
preceding spike of the cell A interacts with the following 
spike of the cell B after 20 ms through a loop connection.  

The stellate cell A was always stimulated at 40 Hz, and 
the stellate cell B was stimulated at frequencies below 35 
Hz. A Mexican hat type learning rule is shown in Fig. 3b, 
but enhancement of loop connections was not yet 
permitted here. The average spike timing shifted from 
negative to positive and was within the LTP time window 
of ±10 ms when the stellate cell B was stimulated at 
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around 30 Hz. These results indicate that pairs of afferent 
signals whose frequencies are appropriately different can 
be coincidently selected by the Mexican hat learning rule.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3 Histogram of the relative timing of spikes in 

the stellate cells (a) and a Mexican hat type 
learning rule (b). The stellate cell A was always 
stimulated at 40 Hz. Figures in the panel (a) 
indicate frequencies of stimulation of the stellate 
cell B. 

 
Fig. 4 shows enhancement of the loop connection 

through the Mexican hat learning rule by pairs of afferent 
signals. The stellate cell A was always stimulated at 40 Hz. 
Figures in the panel show frequencies of stimulation of 
the stellate cell B. The synaptic conductance of the loop 
connection was enhanced when the stellate cell B was 
stimulated at around 30 Hz, while the synaptic 
conductance was not enhanced when the stellate cell B 
was stimulated at 37.5 or below 20 Hz. This clearly shows 
selective synaptic enhancement by pairs of afferent 
signals.  

 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4 Enhancement of the loop connection through 

the Mexican hat learning rule by pairs of afferent 
signals. The stellate cell A was always stimulated 
at 40 Hz. Figures in the panel show frequencies of 
stimulation of the stellate cell B.   

 
3.4. Sequence Firing of Stellate Cells 

 
Four stellate cells A-D were stimulated simultaneously 

at 40, 30, 20 and 10 Hz respectively for the first period of 

40 s in order to potentiate loop connections; consequently 
the loop connection from the cell A to the cell B was 
potentiated. Then, stellate cells B-E were stimulated 
simultaneously at 40, 30, 20 and 10 Hz respectively for 
the next period of 40 s and the loop connection from the 
cell B to the cell C was potentiated. After that, stellate 
cells, C-F, D-G and E-H, were stimulated every 40 s in the 
same way. Loop connections, C->D, D->E and E->F, were 
successively potentiated.  

After the establishment of potentiation of selected loop 
connections, the stellate cells B-D fired successively after 
firing of the stellate cell A when the stellate cell A alone 
was stimulate at 40 Hz. Figure 5 shows an example of the 
firing patterns of the stellate cells A-D. Intervals between 
successive spikes are 25-55 ms. 

If the stellate cells were successively stimulated at 40 
Hz in the order of A to G, the spike of each stellate cell 
advances within a cycle of subthreshold oscillations (theta 
rhythm).  

 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5 Firing patterns of the stellate cell A-D. 

Potentiation of selected loop connections is 
established. The stellate cell A alone was 
stimulated at 40 Hz. The stellate cells A-D fired 
successively.  

 
4. Discussion 

 
The present network model showed synchronous 

subthreshold oscillations in stellate cells as reproduction 
of a theta rhythm. Stellate cell firing was paced by the 
subthreshold oscillations and its phase with respect to the 
synchronous subthreshold oscillations depended on the 
stimulus frequency. Pairs of afferent signals whose 
frequencies were properly different were therefore 
selected by virtue of a Mexican hat learning rule and loop 
connections that mimicked entorhinal-hippocampal loop 
circuits, and loop connections were selectively potentiated 
by those pairs of afferent signals. As a result, stellate cells 
fired successively within a cycle of subthreshold 
oscillations when the first stellate cell alone was 
stimulated.  

In the present model, although physiological evidence 
for the learning rule in the deep-to-superficial layer 
projection in ECII has not been provided, a Mexican hat 
learning rule was adopted for coincidence detection of 
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reentrance signals through loop connections and other 
afferent signals to ECII. It would however be possible to 
detect coincidence of those signals by an asymmetric 
spike-timing-dependent learning rule that has been found 
in many brain areas. Only slight change in the difference 
between frequencies of pairs of afferent signals would be 
required in order to get into the LTP time window.  

Recently, it has been suggested that spatial information 
is represented upstream of the hippocampus in the medial 
entorhinal cortex as mentioned above. Grid cells found in 
the entorhinal cortex are activated at vertexes of a grid of 
equilateral triangles [5]. Such grid cells in ECII are theta-
modulated and show phase precession [6]. The present 
model of the entorhinal cortex with loop connections may 
transform afferent signals into metric representation, and 
stellate cells show phase precession. The present model 
might reflect a part of properties of the grid cell though 
we have not reproduced a grid-like firing structure. 
Properties and functions of the grid cells however are still 
remains of controversy.  
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Abstract– In this paper we describe an abstract 
hierarchical model of the neocortex and its implementation 
in a connectionist network. This network has convergent 
feed-forward projections going from lower to higher levels 
in the processing hierarchy implementing competitive 
learning. There are also associative divergent backward 
projections going from higher to lower levels and 
associative recurrent projections at each level. Here we 
show that this type of multi-level attractor network extends 
the capabilities of a single layer network by enabling 
autoassociative storage of patterns not possible to store in 
the latter. 
 
1. Introduction 

 
We envision that in the coming decades, information 

processing systems based upon brain-like neural systems 
will become increasingly capable and start to replace or 
enhance current systems in tasks such as image processing, 
man-machine interfaces, speech recognition, robotic and, 
autonomous control systems. The development of this 
type of artificial neural systems is enabled and promoted 
by the progress in brain research and the rapidly 
increasing computer power available in cluster computers 
such as e.g. IBM’s Blue Gene/L (BG/L) and in molecular-
scale computing. Ensuring error free operation in these 
kinds of massively parallel computers is becoming 
increasingly costly, but by using error redundant brain-like 
algorithms and architectures these cost could be kept low 
because errors in the computations and communication 
can be compensated for by the algorithms. Thus this type 
of algorithms holds the promise to be amenable for 
implementation in the next generation of molecular-scale 
electronics that is projected to be inherently noisy due to 
quantum effects [1, 2]. 

Here we evaluate the functionality of an abstract 
hierarchical network model of neocortex. This abstract 
model is based on the modularization of neocortex into 
hyper- and minicolumns and a hierarchy of modules 
corresponding to cortical areas. The minicolumns are the 
functional units and these are grouped into hypercolumns 
and several hypercolumns make up an area module. This 
model is implemented with neural networks that use local 
learning rules such as Hebbian learning. The role of the 
hypercolumns is to regulate the activity in the networks 
and they do this by implementing a soft winner-take-all 
function of the units’ activities. 

A group of hypercolumns in a lower area forms the 
input to a hypercolumn in a higher order area and these 
groups are referred to as receptive fields. Self-organization 
by means of clustering and competitive learning is used to 
set up and train these forward projections. Divergent and 
sparse back-projections from the higher to lower order 
areas and recurrent projections in each area are setup and 
trained with a Hebbian learning rule. Here we only 
implement networks with a single low order input and one 
higher order hidden layer, but it is straightforward to 
generalize this architecture to a hierarchical multi-layered 
setup where the hidden layer provides input to a third 
layer and so on.  

Important and characteristic features of this brain 
inspired information processing system are parallelism, 
redundancy, self-organization, and adaptivity. The 
modular design and local learning rules ensures that the 
system can be efficiently implemented on distributed 
computational hardware, e.g. a cluster. 

The system that we discuss here can be seen as an 
attractor network with a preprocessing stage that 
decorrelates data. Such a system is similar to that studied 
by Bartlett and Sejnowski for invariant face recognition 
[3]. Similar to our system, theirs uses competitive learning 
to create a projection from an input to a hidden population. 
Also, as in our system, the hidden population implements 
an autoassociative memory, but there is no back-
projection from the hidden to the input population in the 
Bartlett and Sejnowski network. The idea of adding a 
feature extracting preprocessor to an associative memory 
has also been explored by other authors [4, 5]. In some 
work, the feature extraction step has been simplified to a 
random projection from the input to the hidden population 
in order to decorrelate data [6]. 

 
2. An Abstract Hierarchical Model of Neocortex 
 

Here, we discuss one possible mapping of our model 
onto the mammalian neocortex and the starting point is 
the columnar structure of neocortex. In the neocortex, 
about 100 neurons are grouped into a minicolumn and 
approximately 100 minicolumns form a hypercolumn [7]. 
Because the pyramidal cells in layer II/III and V/VI are 
tightly connected by excitatory synapses [8] the 
minicolumn can be seen as the smallest functional unit in 
cortex. The purpose of the hypercolumn may be to 
normalize the activity of the layer II/III and V/VI 
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pyramidal cells in the minicolumns and to facilitate the 
competitive learning among the afferents to layer IV 
neurons. This normalization is supported by a group of 
inhibitory basket cells that receive projections from all 
minicolumns within a hypercolumn and project via 
inhibitory synapses back onto these minicolumns. Further, 
the layer IV stellate cells project to the pyramidal cells in 
layer III, but there are no direct projections within a 
minicolumn from either layer II/III or V/VI back onto 
these neurons. This means that information is mainly 
transmitted from layer IV neurons to the rest of the 
excitatory neurons within a minicolumn. This circuitry 
makes it possible to separate bottom-up data from top-
down predictions. Discrepancies between these two data 
streams may trigger attentional and learning mechanisms. 

Next we describe the hierarchical organization of 
hypercolumns and areas in our conceptual model, shown 
in Figure 1. The smallest functional units are the 
minicolumns and all connections are formed between 
them. The building block of this hierarchical structure is a 
layer of recurrently interconnected hypercolumns 
corresponding to a cortical area, together forming an 
attractor network. The recurrent connectivity is mainly 
formed by connections between neurons in layers II/III 
and V/VI. Therefore these four layers are taken together 
into one functional auto-associative layer in our model. 

The cortical areas of hypercolumns are connected by 
convergent forward projections and divergent backward 
projections. The forward projections originate on the 
presynaptic side from a local group of hypercolumns and 
converge to target a single or a few selected hypercolumns 
on the postsynaptic side. These projections originate in 
layer II/III on the presynaptic side and are received in 
layer IV on the postsynaptic side where minicolumns with 
specialized receptive fields are located [9]. The backward 
projections, originating mainly from layer V/VI and target 
neurons in layer II/III and V/VI of the receiving cortical 
area [9]. 

The lower areas drive the higher areas, which in term 
modulate the activity in the lower areas (“top-down 
expectations”). In the neocortex the higher levels of the 
model corresponds to the frontal, parietal and temporal 
areas. 

The forward projections are used to extract features 
from the preceding lower order area, or the input from 
LGN in the case of area V1, and in this model these 
connections do not need to keep information that enables 
a reconstruction of the input data. Instead, reconstruction 
of the input is taken care of by the back-projections. In 
this model we use competitive learning for feature 
extraction, which has proven to be a simple and powerful 
method [10, 11]. It can also be aggregated and used in a 
hierarchical setup thus achieving accurate and invariant 
pattern recognition, e.g. with slow learning [12]. Based on 
arguments of computational efficiency and neural energy 
efficiency it can be argued that the neural code should be 
sparse and the advantages with this type of coding have 
been demonstrated in several papers [3-6]. 

From an algorithmic perspective, implementing 
competitive learning in many small sub-regions of the 
input, i.e. the receptive fields, instead of applying it to the 
entire input is a divide-and-conquer strategy. A major 
advantage of this strategy is that it makes parallel 
implementation trivial. 
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Figure 1. The abstract generic and hierarchical model of 
neocortex. 

On a global scale, several the hierarchies shown in 
Figure 1 operate in parallel to process data from different 
sensory modalities. These different systems have long-
range recurrent projections mainly via layers V/VI 
between them. Further, the highest order areas are likely 
to be shared between several such systems. 
 
3. Implementation of the Cortical Model 

 
In this section we present a computational 

implementation of a subsection taken from the conceptual 
hierarchical cortical model previously outlined. It includes 
only two interacting populations, but is straightforward to 
generalize to a hierarchical setup. The input population 
has forward projections, feeding into the hypercolumns of 
the hidden population. These projection are trained with 
competitive selective learning (CSL) [13]. CSL can 
theoretically achieve a partitioning that is optimal in the 
sense that it minimizes the variance of the input data 
representation. The hidden population has a recurrent 
projection and a feedback projection back to the input 
population. Both of these are trained with a Hebbian 
learning rule, the BCPNN [14-16]. 

The forward projections, that implement competitive 
learning, take their inputs from the receptive field in the 
input population as shown in Figure 2. The units in the 
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hypercolumns in the receptive field form an input vector 
xh that is used in the competitive learning. The units 
within each hypercolumn in the hidden population 
compete for activation and here we set the unit that has 
the smallest L2-norm between its weight vector wi

h and the 
input xh active; 

 
21 if min ( )

0 otherwise

h h
h i
iy

⎧ −
= ⎨
⎩

∑ x w
 (1) 

Figure 2 shows an input population with three receptive 
fields. The receptive field h=2 in the center is composed 
of eight hypercolumns with two units in each and the 
corresponding input vector xh is composed of 16 elements. 
Every one of these units connect to each and one of the 
units in the hidden hypercolumn indexed with h=2 and for 
each unit i in this hidden population a weight vector wi

h is 
updated by eq. (2). 
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 Hypercolumn

Unit,  : 1,...,h
i hy i U∈

h=1 h=2 h=3

h=2 h=3h=1

Input vector,       (16 elements)hx  
Figure 2. Schematic view of how hypercolumns in the 
input population are grouped into receptive fields and how 
the units in a receptive field project into a hypercolumn in 
the hidden population. 

 
4. Results 
 

In the following experiments we have stored the 36 
images, shown in Figure 3, in both a single layer attractor 
network and in the proposed two-layered network, and 
then tested how many of these that could be recalled 
without errors. As retrieval cues we used the stored 
images with different amounts of salt-and-pepper noise 
added. Figure 4 shows how the images are mapped onto 
the input population of the hierarchical system. The 
hierarchical network had 8 hypercolumns in the hidden 
population and these received input from 8 non-
overlapping receptive fields that each covered 8×4 pixels 
of the input. The hidden population correspondingly 
consisted of hypercolumns, one for each receptive field, 
which had the same number of units (feature detectors). 

Single layer attractor networks trained with a local 
Hebbian learning rule can perform impressively on task 
such as noise reduction, pattern completion, and prototype 
extraction given that the data is encoded in a suitable 

manner i.e. sparsely. But when densely coded and 
correlated patterns such as those in Figure 3 are used, 
single layer attractor networks perform poorly. Here we 
constructed a single layer network from the input 
population by supplying it with a recurrent projection. In 
the experiments with this network we found that it was not 
capable of retrieving any of the 36 stored images.  

 
Figure 3. 16×16 pixel black and white images. 

Unit,
inactive

HypercolumnInput Population

Unit,
active

 
Figure 4. The mapping of the images onto the input layer 
of the hierarchical network. In the input layer there are 
256 hypercolumns each representing a pixel and each 
hypercolumns consists of two units. 
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Figure 5. Storage capacity of the hierarchical system 
plotted for different amounts of noise in the retrieval cues. 

Next we used the hierarchical network to store the 
images and Figure 5 shows its storage capacity plotted as 
a function of the number of feature detectors used in the 
hypercolumns of the hidden population. We experimented 
with two different setups of the hierarchical system; one 
network without the recurrent projection in the hidden 
population and one network that had this projection. We 
found that the latter performed significantly better (Figure 
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5). In particular when the input cues contained a lot of 
noise the network with the recurrent projection performed 
very much better.  

In Figure 5 we see that 20 feature detectors are needed 
in each receptive field to get a reasonable storage capacity. 
When the number of feature detectors is 36 or larger, each 
pattern can in principle have its own unique feature 
detector in each hidden hypercolumn. 

We have also successfully applied this two-layered 
network to pattern completion using occluded retrieval 
cues and prototype extraction from training data 
containing salt-and-pepper noise. 
 
5. Discussion 

 
In this paper we have presented an integrated memory 

system that combines an attractor neural network with a 
decorrelating and sparsifying preprocessing stage. This 
memory system can work with correlated input as 
opposed to simpler autoassociative memories based on 
single layer networks. Here we did not implement self-
organized receptive fields, but this has been done 
previously with good results [17]. Setting up the receptive 
field in an informed way so that correlated hypercolumns 
in the input population are grouped into the same 
receptive field enables the competitive learning to find 
better and more compact representations. We have 
implemented very large networks with this architecture to 
run in parallel on cluster computers and also studied what 
could be gained by e.g. FPGA implementation [18]. 
Because these networks implement intrinsically local 
computations and are trained with local learning rules they 
parallelize very well which is important for both cluster 
computer and dedicated hardware implementations.  

The proposed implementation of our model could be 
regarded as an instantiation of the hierarchical Bayesian 
inference machinery proposed by Lee and Mumford [19] 
as a model of the visual system. In their framework the 
computations does not proceed in a bottom-up serial 
fashion but occur concurrently in a number of loops 
throughout the entire hierarchy. 

Investigating this kind of brain-like systems is 
interesting both from a neuroscience and engineering 
perspective. This type of model can enable the 
understanding of neural processing principles used in the 
brain and also function as a test bed for hypotheses about 
global scale brain function. Furthermore, the brain is a 
system that readily solves a number of problems that 
today’s computing systems at best solves poorly. Many 
researchers now believe that we are approaching an 
inflection point where the computational hardware used 
for running neural networks has become powerful enough 
to implement brain-like computing systems of a size 
approaching that of their biological equivalents and that 
this in turn will open up for numerous new applications. 
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Optimization at work in the cortex: Limit cycle computation, minimization of
the total wiring length, and architectural computational classes
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Abstract—Biological neocortical neurons are arranged
in a columnar clustered architecture and coupled accord-
ing to a bi-power law connection probability function. We
discuss a computational framework in which recurrent con-
nectivity is of obvious advantage. Taking columns as the
basic computational elements, we use a network frame-
work that allows us to scan a wide range of network types.
We find that the information propagation and synchroniz-
ability saturate most quickly at high values for a close-to-
biology model of the cortex, expressing the optimality of
this network type. We finally come to the conclusion that
the neocortical network optimizes information propagation
and synchronizability under the constraint of constant total
connection length, and that recurrent / nonrecurrent con-
nectivities link to P / EXP computational classes.

1. Cortical columns: A local computation paradigma

The classical machine model of computation consists of
digitally specified states, and specified operators that trans-
form states one to another. For neuronal systems, it is, how-
ever, difficult to grasp what the underlying natural codes
are, and how they are realized in the neuronal architecture.
Answering the latter question is of great interest, as the in-
formation processing by means of biological neurons has
efficiency and stability features that are unmatched by clas-
sical computation.

In the mammalian cortex, substructures can be identified
that are devoted to specific sensory processing. Major ar-
eas are, for example, occupied by the auditory or by the
visual cortex. Although serving different purposes, they
follow quite closely a common building principle. In mam-
mals, the primary visual pathway relays information from
the retina across the lateral geniculate nucleus (LGN) to the
striate cortex. Although the precise function of the LGN is
unknown, it is suspected that LGN implements coding ef-
ficiency by canceling out redundant information. Striate
cortex cells are predominantly orientation selective: They
respond best to lines aligned with the main axis of their
receptive field. For perpendicular stimuli, no or poor re-
sponse is observed. The morphological study of this cor-
tex exhibits vertical and horizontal structures. The vertical
structures divide the cortex into six main layers (labeled I-
VI from periphery to inside). In the horizontal direction,

functional columns can be distinguished in which the neu-
ronal density clusters. A more detailed analysis reveals that
columns are composed of 50− 100 minicolumns that com-
prise 80 − 100 neurons each except in the primate striate
cortex, where the number is more than doubled. It ap-
pears that the basic unit of cortical operation is the minicol-
umn which measures of the order of 40 − 50 µm in trans-
verse diameter, separated from adjacent minicolumns by
vertical, cell-sparse zones. The minicolumn is produced
by the iterative division of a small number of progeni-
tor cells in the neuroepithelium. Physiologically observed
functional columns are formed by the binding together of
many minicolumns by common input and short range hor-
izontal connections, where the number of minicolumns per
column varies between 50 and 80. Their diameter varies
between 300 and 500 µm. Long range intracortical projec-
tions link columns with similar functional properties. The
best known example are orientation columns in the striate
cortex. They contain 80 × 100 = 8000 neurons [1]. It ap-
pears that columnar identity is maintained in both forward
and backward projections. The majority of the excitatory
cells are pyramidal neurons that make up as much as 70 %
of all neurons. They often spread across all layers, seem-
ingly relating or summing up what goes on in layers II-III
(which mostly relate to other cortical areas) or V-VI which
relate more to functions and signals from and to within the
body, such as, e.g., the motor cortex. Layer IV is the input
layer. It can be seen as the amplification machine for the
incoming signal from LGN, which then is relayed to lay-
ers III and II and from there to VI and V. Layer IV also
provides a network of inhibitory neurons that shuts down
the amplification process upon the corresponding signaling
from the pyramidal cells mostly of layer V. The (essentially
5-) layered construction of the cortex can be interpreted as
follows. We have basically one outside/inside neural net-
work that each has several layers, possibly in order to over-
come the linear separability constraint of neural networks.
In support for achieving nonlinear separation boundaries,
the network is helped by inhibitory neurons, whose task
is not only to provide the shut-down mechanism in layer
IV, but can be seen to contribute one additional layer (the
Werbos construction). By means of their stronger (than ex-
citatory) inhibitory synapses, they are also able to induce
temporally coherent signals.
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An extended visual object elicits neural activity across
many different cortical columns, so that the object is en-
coded at different cortical locations. The lateral connec-
tions are thus needed for obtaining a coherent represen-
tation of a spatially extended input object. Roerig et al.
[2] determined the distribution of lateral connections in
the striate cortex of ferrets. They found that the connec-
tion probability for two neurons is not Gaussian, but has a
power-law long tail. Intralayer connections are sufficiently
dense so that active modules a little distance apart can be-
come associatively linked. The network thus becomes a
network of networks where the basic computing units are
not neurons but (mini)columns. A natural question is in
what sense this architectural setting could be computation-
ally advantageous. The answer cannot be that short local
connections are cheaper than long ones. Rather, it relates to
the observation that on any level of neuronal interaction, in-
formation is broken down to noise. On this level, ”events”
are not only difficult to describe, but also their functional
relevance is unclear.
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Figure 1: Locking among H-H neurons n1 and n2, driven
by unequal currents, bidirectionally excitatorily coupled
over α-type synapses of equal strength. Shown are voltage
(V) traces and interspike (I) histograms of the two neurons
n1, n2, respectively. A clear pattern in the generated firing
events emerges, showing periods 2 and 3.

Dynamical equations of biological neurons are approxi-
mations, whose qualities are often difficult to access. What
is easily verified is that the biophysically best motivated
neuron models, the Hodgkin-Huxley (H-H) and the Morris-
Lecar equations, yield limit cycle solutions in the relevant
regimes (see also Fig. 1). An explicit proof of this property
for cortical pyramidal neurons is by the experimental ev-
idence that coupled biological neurons lock along Arnold
tongues, a phenomenon unique to limit-cycles. In the cor-
responding experiment, regular pulses were put on the axon
of a neuron that was connected to a target pyramidal neu-
ron. The latter was also driven by a current at, however, dif-
fering frequency. When sweeping over the product space
of the frequencies, we observed the typical locking along
Arnold tongues [3]. The same procedure was applied to

simulations of detailed neuron structures (by NEURON),
revealing that also in this case the coupled neurons quickly
lock, in frequency and in phase.
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Figure 2: Arnold tongues of one-sided inhibitory coupling.
Ω is the frequency ratio between the two intrinsic firing fre-
quencies, and K the strength of the synaptic coupling. The
numbers indicate the order of the generated periodicities, s
the direction of the sweep of the inset.

Fig. 2 was generated from an electrophysiologically de-
rived circle map [3]. The inset demonstrates that when
the frequency ratio Ω = f1

f2
changes along the line s, this

is documented in the experimentally measured firing pat-
terns, similarly to a log-book. The definition of Ω im-
plies the invariance of the periodicity for firing frequen-
cies multiplied by a common activity factor. In this way,
the emerging firing pattern can be seen as the result of the
computation from two analog driving current inputs Ĩ1, Ĩ2

[3]. This indicates that locking could provide a valuable
means for information coding, in the frequency as well as
in the temporal coding sense. The only necessary condi-
tions for locking are 1) a sufficient separation between the
modulations of the driving and the neuron’s intrinsic fir-
ing frequencies, and 2) a separation into weak (CLT-like)
noisy drivings and strong or coordinated pulses among the
locked neurons. Is such a situation likely to occur, tak-
ing into account the physiological facts? When a neuron
is stimulated according to some regular pattern, this may
trigger long-term (LTP) and short-term (STP) potentiation
mechanisms, which may facilitate the synapses’ efficacy
by a factor of 1.5. I.e., locking is a self-enhancing process.
In the Arnold picture, this effect can be associated with
an increase of K by an identical factor. Moreover, in hip-
pocampus, two clearly distinguishable classes of synapses
have been found, that differ in their release probability by
a factor of about 6, which also should transfer into simi-
lar classes of efficacy. The percentage of efficient synapses
is relatively small (∼ 15 vs. 85%), which seems compat-
ible with the situation we envisage. If we have about 100
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active synapses of small efficacy from estimated 50 − 100
neurons needed for the firing of the target neuron, already
one strong synapse (or a small number of temporally syn-
chronized strong synapses) could be sufficient for inducing
locking.

The sweeping experiments suggest that the Arnold cod-
ing scheme might be sufficiently robust to be effective for
transient signals as well. To corroborate this, we simulated
H-H neurons that we coupled reciprocally excitatorily / in-
hibitorily via α-type synapses. For the experiments, we
chose constant currents that would according to the Arnold
tongues, produce e.g. periodicity 2. We then modulated
these currents Ii(t), i = 1, 2 by a common driving function
d(t) to Ĩi(t) := d(t)Ii(t). Examples of driving currents used
are shown in Fig. 3. If the driving is sufficiently variable or
sufficiently slowly varying, this is still equivalent to a CLT
driving and the locking is preserved. Locking only fails in
an intermediate range when the modulation substantially
interferes with the neuron’s own firing frequency. In this
case, ’broad’ interspike interval distributions are generated.
Because of the strong response and suppressed adaptation,
this is the preferred experimental situation, although from
the point of view of the working brain, it might be a rather
exceptional one.
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Figure 3: Setting as in Fig. 1, but with variable modula-
tions d(t) (first panel). Wildly varying currents (II) main-
tain locking if applied to both neurons. The same behav-
ior is obtained for slowly modulated driving currents (III).
Only when the driving current’s modulation is comparable
to the neurons own preferred frequency (I), locking breaks
down.

These observations are important because a neuron,
when on a limit-cycle solution, combines ideally noise and
precise timing. The noise because of its CLT-close behav-
ior, can be thought of as a driving source. Superimposed
on noise, the neuron emits and receives precisely timed fir-
ing events. Provided that one agrees that precise timing has
a meaning for the cortex, the exact relationship between

the spikes emitted can be understood as a coding scheme.
Information can be understood as a departure from back-
ground behavior, in a statistically significant way, which
is achieved in the locking paradigm by setting off precise
timing against noisy driving. By means of locking, the ana-
logue information contained in two noisy drivings is con-
verted into an essentially digital one, the firing periodicity,
i.e., computation has been performed.

2. The cortical network: Minimizing wiring length

Having identified a putative origin of the cortical colum-
nar structure, we investigated how on such structures the
main cortical tasks that remain: information transfer and
synchronizability, could be optimized. We implemented
the biological situation as follows. Our basic units are
the columns, which are characterized by a power-law de-
cay outside a column [2]. The columns themselves be-
have rather independently, which suggests modeling them
as variable, ideally: chaotic, units. This setting takes care
of the recurrent biological architecture and of the fact that
different columns can and often will, act independently, ex-
changing but small coupling. Although it is highly ques-
tionable whether a neuron in itself can be chaotic, when re-
sponding to local external driving, a modeling by chaotic
network sites connected by diffusive coupling seems to
make perfect sense.

We endowed the columns by a wiring framework. In a
first step, we showed that single power-law fractally cou-
pled (SPL) networks lead to small-world networks. This is
already a strong indicator for the efficiency of the cortical
structure. For intermediate power exponents, network char-
acteristics (clustering coefficient C and mean path length
L) emerge, the values L ' 2.5 and C ' 0.13 of which, ob-
tained for N = 282 sites in the whole relevant range, are
quite close to those of the neuronal network of the biologi-
cal example C. elegans (L = 2.65, C = 0.28, for N = 282
[4]). Additional clustering structures and in particular bi-
power law (BPL) networks that provide a more detailed
modeling of the cortical network, leave these characteris-
tics vastly unchanged. We then asked under what condi-
tions a given information speed could be realized subject
to the requirement of synchronizability. To this end, we de-
rived the dependence of the information spread and the de-
pendence of the synchronizability both on the mean num-
ber of neighbors. We went to the edge of synchronizability,
from this we derived the information speed and compared
in this way with concurrent networks. Although this num-
ber is substantially reduced in BPL compared to SPL net-
works, in purely random-coupled networks synchroniza-
tion emerges for an even lower average number of connec-
tions per node (dg = 12). Rather than this quantity, cortical
neural networks appear to minimize the total connection
length: Averaging over 10 networks, the simulations reveal
a total connection length for the SPL network of 528876,
and for the BPL network of 309306. Interestingly, with a
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connection length of 390087, the random-coupled network
places itself between the two paradigms.

3. Architecture: the generator of computational classes

To scrutinize the influence of architecture upon com-
putation, we compared the computational results obtained
for when the computational units are arranged in a feed-
forward structure (characteristic for conventional artificial
computation) vs. the arrangement in a recurrent structure
(of which a bidirectional ring is the simplest manageable
implementation). In order to reflect the local nature of com-
putation, the building blocks for feed-forward and recurrent
networks were chosen to be mono- and bi-directionally, re-
spectively, coupled limit cycles. Whereas for two neurons
the mono-directional interaction is described by the afore-
mentioned circle-map, for bi-directional coupling, the case
is more involved: If f (xi) < 1, the corresponding map has
the form f (xi) = 1

Ω
g2(Ω(g1(xi) − xi)) − g1(xi) + xi, where

Ω =
f1
f2
≤ 1. If neuron 2 fires several times before neuron

1 does, the mapping is modified appropriately. In our nu-
merical experiments, we initialized the neurons by intrin-
sic spiking frequencies drawn from the interval [0.95, 1.05]
and connected them with strengths from [0.4, 0.8]. After
an initial transient, all neurons fired regularly with identi-
cal frequencies, but at individual phase shifts. An arriving
signal was then implemented by a change of the intrinsic
frequency of the first neuron, across the interval [0.5, 1].
This modified the responses of the neurons down the chain.
In both architectures, from every neuron’s response (peri-
odicity p) we could reconstruct the frequency of the input
signal, up to a precision dictated by the width of the cor-
responding tongue and numerical resolution. It is custom-
ary to consider as the hallmark of computation information
contraction. This amounts to measuring how fast the sen-
sitivity towards the input signal decays as a function of the
neighbor distance. To this end, we initialized all neurons
with identical intrinsic frequencies, corresponding to an in-
terspike interval T i

= 1 and chose coupling strengths of
K i
= 0.6. Subsequently, the input to one (the ’first’) neuron

was changed to the maximally locking-resistant quasiperi-
odic golden mean signal (T 1/T i) mod 1 = (

√
5 − 1)/2 and

the generated signal bandwidth T i
max − T i

min was measured
down the chain. Whereas in the feed-forward case a slow
bandwidth decay described by a power law is observed, for
the recurrent structure the decay is exponential.

The deviant behaviors have two important consequences.
In the neocortex, feed-forward topologies are commonly
associated with information transfer. In this context, the
slowed-down destruction of information makes sense. In
our framework of an objective measure of computation
[5], the much faster destruction within the highly recurrent
structures which are believed to be the predominant loci
of the computation (master example: the cortical columns)
makes sense as well. In this framework, the computation by
a system can be measured by its ability to improve the pre-
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Figure 4: Decay of the difficulty of prediction of an input,
a) feedforward network (result: power law), b) recurrent
topology (result: exponential decay).

dictability of a process [5], which is linked to a reduction of
its prediction complexity [6]. As in our approach, the input
signal is to be predicted, one can argue that the computation
per neuron is of superior quality in the case of the recurrent
architecture, if compared to the feed-forward case. Such
a property is often attributed to recurrent architectures, but
usually lacks objective evidence. By mapping this finding
to the time needed to arrive at the extinction of the signal
down to a given precision (from where on the system’s be-
havior is exactly that of the unperturbed network and its
prediction is trivial), we demonstrate that this is achieved
much faster by the recurrent network (in an exponentially
vs. a power-law decreasing demand in neurons and time).
This, finally, provides the claimed (inverse) correlate to the
fundamental computational hierarchy P ( EXP, within the
architectures of neural networks.
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Abstract—The quest in behavioral neurogenetics is to
understand how genes influence behavior. We provide an
operational definition of behavior that allows us to quan-
tify the similarity between different courtship behaviors
of Drosophila, including that of the fru fruitless mutation.
The method not only recovers all known salient phenomena
of Drosophila courtship and makes them quantitative. We
also obtain evidence that a variable, expressive body lan-
guage underlies Drosophila courtship, which is particularly
suited for the transmission of partner-specific information.
In the presence of males carrying the fruitless gene, nor-
mal male Drosophila even perform a switch from male to
female behavior.

1. Introduction

Courtship of the fruit fly Drosophila is a standard ex-
ample of genetically hardwired behaviors. Whereas nor-
mal male Drosophila melanogaster court females only, us-
ing advanced genetic techniques applied to the fru gene
[1] it is now possible to generate males that only court
males or court both genders, and females that court males
or only court females. This provides hard evidence that
gene information in addition to how living beings are
built also defines to a considerable extent how they be-
have [2]. Why animals court, is largely terra incognita.
Since Drosophila is under strong evolutionary pressure,
pre-copulation courtship could serve as an information
platform for assessing a potential partner’s suitability for
passing on genes. Here, we investigate how this purpose
could be achieved within the genetical constraints. We find
evidence of a nontrivial courtship language that provides
the individual Drosophila with a large expression space.
During the unrewarding courtship situation with a fruitless
male, normal males even perform a contextual switch from
male to female behavior. We anticipate our assay and the
developed methodological approach to be a starting point
for systematic investigations of the relationship between
genes and behavior.

In Drosophila courtship experiments, single normal fe-
males in the immature, mature, and mated states were
paired with single normal males in an observation chamber,
which yielded 6 different groups of protagonists. To test
genetical constraints, we also paired fruitless [1] mutant

males with either mature females or mature normal males
(4 more groups of protagonists). The emergent courtship
behavior has tactile, gustatory, olfactory, acoustic and vi-
sual sensory dimensions. In pre-copulation courtship of
D. melanogaster, visual information is salient and easy to
access, which is why we focus on this component. This
sensory reduction is not problematic, as one may faithfully
reconstruct the multi-dimensional system from the single
component [3]. Although our analysis is based on time se-
ries of one protagonist at a time, we also obtain insight into
the interplay between partners.

We performed the visual recordings at the almost neu-
ronal resolution of 30 frames per second. By basing our
analysis on the 37 independent (”fundamental”) behavioral
acts that, on this time-scale, compose the courtship behav-
ior, we eliminated potential ambiguities in the definition of
the courtship states. For the recordings, using frame-by-
frame inspection and focusing on one single protagonist
only, the starting points of the fundamental acts were de-
tected. The corresponding indices were written down into
files of symbols on which our further analysis is based.
For each possible experimental constellation, five trials of
the experiment were performed, using different individu-
als. The individuals were not previously screened for how
efficiently they would court.

To estimate the courtship information content of the files,
we evaluated the Shannon entropies hs = −

∑ns

i=1 pi log pi.
In the formula, ns is the number of symbols used, i indexes
the fundamental acts (or their corresponding symbols) and
pi their probability of occurrence [3]. For similar behavior,
we expect to measure similar values of hs. The averaged re-
sults obtained support all basic observations known to hold
for Drosophila courtship: Overall, male Drosophila use a
richer repertoire. Under suboptimal conditions, i.e., in the
immature state (experiment 2) or when paired with fruit-
less males (experiment 5), the female repertoire is reduced.
Males use a richer repertoire to court an already mated fe-
male (experiment 1 vs. experiment 4). In experiment 5
(mature female, fruitless male), a decreased activity is ac-
companied by a reduced repertoire by both protagonists.
When normal males are paired with fruitless mutant males
(experiment 3), the entropies support the visual observa-
tion that under these conditions the normal males adopt a
female-like role and that the fruitless males express a very
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pure male-like role. Otherwise, a crossing of the entropies
would be obtained.

Taken as a measure of behavior, the Shannon entropy has
profound deficits. hs depends strongly on the number of the
symbols used, which may be partially responsible for the
overall difference between female and male behavior (more
symbols are accessible to males than to females). As a
consequence, an unbiased comparison of information is re-
stricted to within the female group (i.e. immature, mature,
mated), or the male group (i.e. normal and fruitless males).
Even more importantly, the Shannon entropy ignores the
individuality of the symbols and the order in which they
appear, which both are obvious important characteristics
of behavior. Entirely different temporal sequences, com-
posed of different dominant symbols, may therefore lead
to identical values of hs. The fact that hs is maximal for an
equi-distributed random process (that would correspond to
a fortuitous testing of all available symbols), is a further in-
dicator of the difficulty of establishing a direct relationship
between hs and behavior.

2. Scrutinizing the notion of behavior

If during pre-copulation courtship a potential partner’s
suitability for passing on genes is assessed, we expect to
observe a large behavioral variability within genetically
normal animals and a reduced variability within the fruit-
less mutants. In addition, we expect that behavioral classes
emerge that distinguish between normal and genetically
mutant Drosophilae, between the different sexes, and pos-
sibly also between their different stages of sexual develop-
ment.

For this analysis, the traditional tools courtship index
(the fraction of the whole time spent by an animal in obvi-
ous courtship) and the mating success (the fraction of suc-
cessful versus total attempts of copulation), are unsuited.
They are both integral measures which cannot resolve more
specific aspects of behavior. Precursors in our attempt to
refine the description of courtship are behavioral transi-
tion graphs. One would expect to see genetic variations
reflected in topological and metric modifications of these
graphs, as well as in changed salient individual behaviors.
Unfortunately, the usual Markov transition graph approach
allows only few behavioral states to be considered. By con-
catenating several fine acts of behavior into macroscopic
(i.e., temporally extended) states, we would lose the ability
to address fine-scale issues. Moreover, first-order Markov
models only take one transition step into account. As a con-
sequence, no precise information about longer successions
of fundamental acts, which seem essential for behavior, can
be extracted. Higher-order models could be converted into
first order, but only at the cost of exponential growth of the
model in the order, which quickly leads beyond tractability.
Moreover, comparability of the resulting graphs would be
restricted to within each male/female class, because some
of the fundamental acts only apply to females, others to

males only.
To remedy this, we worked out an alternative way of

characterizing behavior. Human courtship proceeds along
stereotyped tracks: Take a girl for a coffee, go with her to
the movies, walk her home (often several times), get invited
for a last drink, etc. Here, we posit that for Drosophila a
similar characterization applies. It is conceivable that pre-
cisely variable length sequences of fundamental acts pro-
vide a powerful description of behavior, similarly to the
role of letters/words with respect to words in spoken lan-
guage. Behavior is usually defined as ”the aggregate of
actions or reactions of an object or organism, usually in re-
lation to the environment”. We propose to characterize be-
havior by its set of irreducible closed orbits of fundamental
acts (indecomposable orbits of no further dissectable acts
of behavior). As redundancy is an important element of
biological information exchange, we may expect the char-
acteristic behaviors to occur repeatedly, embedded within
other activities, and assume that the characteristic behav-
iors are robust enough to statistically stand out from this
random environment.

This definition of behavior leads directly to the follow-
ing computational implementation: From the experimen-
tal data, we extract the set of irreducible closed orbits si,
i = 1 . . .n. A template vector of dimension n is then formed
by assigning to each of these orbits a particular vector com-
ponent. As a function of their length l, the number of closed
orbits can be expected to grow no more than N(l) ∼ el htop ,
where htop is the topological entropy of the process [3]. l
has to be chosen taking into account the size of the data and
the behavioral context. In our case, we went up to a length
of l = 7 symbols, for which we obtained 181 irreducible
closed orbits. The template vector can be interpreted as
defining the animal’s behavioral space with respect to all
of the experiments considered. For each protagonist j, we
constructed a behavioral vector b̂ j, by filling the entries of
the template vector with the numbers of occurrences of the
corresponding orbits.

Courtship behavior is not a continuous, but a highly vari-
able process that occurs in bouts that can be seen as a pro-
totype of complex behavior. The description of behavior
in terms of closed sequences of fundamental acts is thus
closely related to the dissection of complex chaotic mo-
tion into periodic orbits, which provides a variable-order
Markov approximation to the underlying system. There is,
however, more structure to it. Typically, courtship proceeds
in a level-like organization, where only after completion of
a certain level (possibly on the first attempt), one is allowed
to access the next level.

In order to obtain a measure for behavioral similar-
ity/dissimilarity, we use normalized behavioral vectors bi,
and the projectional properties of the scalar product. By
projecting onto the orbits common to both compared be-
haviors, the scalar product assesses their similarity in a sim-
ple way. The influence of a multiple occurrence of orbits
can be monitored by weighting the behavioral vector com-
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ponentwise by an exponent β ∈ R. This method is bor-
rowed from statistical physics, where β’s role is that of an
inverse temperature (e.g., [3]). In this way, we character-
ize the behavioral similarity between two protagonists by
a one-parameter similarity family mβi, j := 〈bi, b j〉

β, β ∈ R,
where 〈 · , · 〉 denotes the scalar product of the behav-
ioral vectors obtained for the protagonists i and j, respec-
tively. All pairwise similarities can be collected in a matrix
M(β) = (mβ)i, j. For β ≥ 0, large/small matrix entries indi-
cate similar / dissimilar behaviors. For β = 1, the natural
measure is obtained (i.e. the measure that is based on pre-
cisely how often cycles appear), whereas for β = 0, this
information is reduced to the topological aspect (only the
occurrence or absence of a particular cycle matters [3]).
Bearing in mind that aberrant behavior of one single fly
could completely dominate the average behavior, we will
concentrate on the topological characterization. Note that
our notion of similarity is only an approximate one that
does not include transitivity.

Once the individual protagonists are listed according to
their experimental group (see Table 1, for the correspon-
dence (”=̂”) between the matrix indices and the experi-
ments), the similarities emerge that, as expected, exhibit a
large individual variability among protagonists of the same
class, but also appear to display common class behaviors.

1 =̂ fruitless males-mature females
2 =̂ mature Females-fruitless males
3 =̂ fruitless males-normal males
4 =̂ normal Males-fruitless males
5 =̂ normal Males-mated females
6 =̂ mated Females-normal males
7 =̂ normal Males-mature females
8 =̂ mature Females-normal males
9 =̂ normal Males-immature females
10=̂ immature Females-normal males

Table 1: Correspondence between matrix indices and
Drosophila behavioral vectors. Boldface letters identify the
observed protagonists.

To assess the amount of bias introduced by a pooling
from individual to class behavior, we performed two-sided
mean-difference significance tests for the hypothesis that
the sets of similarities obtained for two protagonists would
originate from the same distribution. Although we expect
this to underestimate the behavioral discriminability, in the
result the original class structures are strongly reflected.
Moreover, from the data, the identification of individuals
sharing, or showing unusual, behavior within one class is
possible. As an example, individual females – in particular
mature females in the presence of normal males – obvi-
ously use only few behavioral alternatives. In contrast, the
individuality of males in the presence of mature females ap-
pears to be important. This we take as an indication that it is
the individual male behavioral response to the more stereo-

typical female behavioral patterns that defines the salient
information pathways in Drosophila courtship.

At a given confidence level, majority voting can be used
to estimate whether a class could distinguish between it-
self and another class. At a confidence level of p=0.85, all
classes are distinct. At p=0.95, experiments involving the
fruitless mutation, female behavior and male behavior can
be distinguished. At confidence level p=0.99, the male be-
havior towards mature, and towards immature females can
be distinguished from the rest. Above this confidence, only
the male behavior towards mature females remains iden-
tifiable. Because these tests underestimate the behavioral
discriminability, they not only confirm our approach’s abil-
ity to discriminate in a quantitative and fine-grained man-
ner among the different behaviors involved in Drosophila
courtship. We also conclude that pooling into classes of
behaviors introduces only a small amount of a priori infor-
mation. Pooling was performed by adding the behavioral
vectors contained in a class and then renormalizing the ob-
tained vector, giving rise to a matrix ˜̃M(β)i, j := 〈b̃i, b̃ j〉

β,
where b̃ j, b̃i, i, j ∈ {1, .., 10}, are the pooled behavioral class

vectors. A density plot of ˜̃M(β = 0) as obtained from the
experimental data is shown in Fig. 1a.
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Figure 1: Class similarities based on a) the closed orbit
analysis of the original data, b) the closed orbit analysis
of surrogate data, c) on the symbol probabilities only (see
text). Density plots over [0,maxcorr] = [0, 1]. Lighter
shading indicates higher similarities, diagonal elements
were set to 0. Red and blue circles indicate maximal and
minimal similarities, respectively.

To corroborate that behavior is indeed expressed in terms
of closed orbits, we shuffled the data files (surrogate data
method) and compared the numbers of closed orbits from
the original files with those from the surrogate files. We
found that the surrogate data (which should not express be-
havior) contained substantially less closed orbits than the
original files (see Fig. 2). Moreover, a substantial por-
tion of the former (often as much as 50 percent) were not
contained in any of the original files. This indicates that
the closed orbits are not accidental, but rather a distin-
guished characteristic of behavior. Courtship behavior thus
emerges similarly to the usage of language, where gram-
matical and syntactical rules govern the formation of the
sentences.

We then asked to what extent the closed orbits could con-
tribute to an identification of the experimental classes. In
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the first comparison, we characterized each protagonist by
a behavioral vector the entries of which were the natural
symbols probabilities of the individual files (i.e., vectors of
length 37). It is remarkable that on this level of simplifi-
cation the similarities / dissimilarities between the classes
are already expressed (see Figs. 1a,c). The characteristic
stripes and peaks emerge at the same places as for the orbit
analysis. This implies that the distinction among classes
is to a large extent rooted in symbol probabilities. Could
Drosophila courtship communication be solely based upon
symbol probabilities and is the concept of closed orbits em-
bedded in a noisy background therefore redundant?

In a second experiment, we repeated the closed orbit
analysis on the surrogate data. Whereas the original closed
orbits analysis corresponds to a variable-order Markov
model approximation of the original data, here the under-
lying Markov model is of zeroth order. Of all the different
models that realize a given symbol distribution, the sur-
rogate method provides us with the most probable ones.
The results (Fig. 1b) obtained for this experiment demon-
strate that the basic (dis)similarities between the classes are
maintained in this approximation. A detailed inspection
of the three similarity matrices displayed in Fig. 1, how-
ever, confirms that the closed orbits not only may serve as
the substrate for the communication among individuals, but
also enhance the distinguishability between classes. To see
this, note that the submatrices composed of non-fruitless
vs. fruitless experiments are most clearly worked out in
the original data. A network analysis of the symbol tran-
sition network corroborates these findings. Moreover, the
detailed analysis of surrogate data yields that significantly
less and different closed orbits are detected if compared to
the original data (see Fig. 2). This implies that a large
portion of the orbits found in the original data are a pri-
ori unlikely ones. Therefore, an additional, nonaccidental,
structure, which can be interpreted as a grammar, underlies
Drosophila courtship behavior.

100 180

0

37

number of orbits detected

files

(a)

0

70

7

(b)

1
orbit length

orbitssurrogate

original surrogate

original

Figure 2: Original files (blue) contain substantially more
orbits than surrogate files (red). Estimated 30 percent sur-
rogate orbits are not found in the original files. a) His-
togram of the number of (different) closed orbits found in
120 surrogate runs, where each file was shuffled individ-
ually. b) Maximal/minimal number of orbits of a given
length found across 120 surrogate runs.

General observations from the similarity matrix ˜̃M(β =
0) of the original data (see Fig. 1a) are that male

Drosophila vary their behavior strongly with their partner
class (no peaks of similarity within the columns indexed
by 5, 7, 9), and that females vary their behaviors to a
much lesser extent. For example, the behaviors of mature
and mated females are rather similar, but dissimilar from
the immature. This culminates in the marked distinction
of the normal male behavior towards mature and imma-
ture females (columns 7 and 9), against all other behav-
iors. The largest contrast is obtained between columns 7
and 8, which highlights the special role of courtship be-
tween mature females and males. Dark fields adjacent
to the diagonal indicate the large behavioral distance be-
tween male/female protagonists from the same experiment.
Whereas female Drosophila do not discriminate particu-
larly between fruitless and normal males, when in contact
with fruitless males, normal males switch to female behav-
ior. The high similarities displayed at the lower left corner
of ˜̃
M(β = 0) (indices [1, .., 4]) express the lack of behav-

ior adaptation by, or caused by, the fruitless mutants. The
minima of similarity express the large behavioral distance
between male and female Drosophila behaviors.

3. Conclusions

The performed novel analysis provides hard evidence
that in this refined description, group behavior can be iden-
tified, the characterization of which is in agreement with
more crude measures of behavior and with generally ac-
cepted observations by experimenters. A detailed analysis
using surrogate data uncovers the presence of a nontrivial
grammar in Drosophila courtship, offering a large band-
width for pre-copulation courtship communication. Indi-
vidual animals, in particular males, seem to widely use
this expression space. This indicates that during courtship,
more than just group membership is exchanged. Poten-
tially transferred information range from details on the
sender’s genetic configuration to the encoding of situation-
dependent decisions (like the better mate vs. no mate trade-
off). Our method is general enough to be applicable to a
wide variety of comparative behavioral, or behavioral neu-
rogenetics, studies that critically depend upon a sufficiently
detailed quantitative analysis.
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Abstract—This article observes a characteristic of an

oscillatory associative memory that consists with a piece-

wise linear hysteresis neuron. The system is one of dynam-

ical associative memories that memorizes desired pattern as

a oscillatory state. When some desired patterns are stored

in the system, the system exhibits that the output wanders

between some desired patterns. However, if each desired

memory is orthogonal vector, the system exhibits a simple

periodic output sequence.

1. Introduction

Recently, a system that can treat dynamical information,

is attracted to great attention[2]-[5]. The reason why such

system receives great attention, is that such dynamical in-

formation processing function can be found in biological

neural networks. Especially, we think that synchronization

phenomenon plays an important role for signal processing

in brain.

In our previous works, we proposed Simple Hysteresis

Network ( abbr. SHN )[7]. The SHN has a quite simple

structure, namely, all connection has uniform value. We

clarified that even such simple system exhibits periodic at-

tractors and chaotic attractors. The SHN, however, cannot

generate desired output sequence. In order to control to

generate a desired output sequence, we introduce a dynam-

ical associative memory. The each information in the dy-

namical associative memory is represented by phase differ-

ent. Our proposed system can be regarded as a coupled os-

cillators system. We can observe various kinds of interest-

ing phenomena from coupled oscillators system. In order

to use such rich phenomena as information, we consider the

dynamical associative memory. If the rich phenomena are

corresponded to the information, we can develop a novel

information processing system.

2. Hysteresis Neuron

First, we consider a hysteresis neuron[8][9]. The objec-

tive hysteresis neuron is described as

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

dx(t)
dt
= −x(t) + e(y(t)),

y(t) = h(x(t)) =
{
+1 for x > −1,
−1 for x < +1,

(1)

where x(t) ∈ � is a state variable, y(t) ∈ {+1,−1} is an out-

put, and e(y(t)) ∈ � corresponds to a feedback parameter.

h(x(t)) is a bipolar piecewise linear hysteresis as shown in

Figure 1.

1

1-1

-1

h(xi)

xi

Figure 1: Normalized bipolar hysteresis

The state variable of (1) varies toward the equilibrium

that denotes e(y(t)). Since the equilibrium point is only de-

pends on its output, the equilibrium point becomes a con-

stant while the output does not change. If the equilibrium

point does not exist on the hysteresis branch, the trajec-

tory reaches the threshold of the hysteresis before it con-

verges to the equilibrium point. When the trajectory hits

the threshold of the hysteresis, the output changes its sign,

and the corresponding equilibrium point changes too. This

hysteresis neuron can be regarded as a relaxation oscillator

whose oscillation frequency can be controlled in the feed-

back parameter.

Here, we consider the case where some hysteresis neu-

rons are coupled as

τi
dxi(t)

dt
= −xi(t) +

N∑
j=1

wi jy j(t), (2)

where τi > 0 is a time constant, and N is the number of

neurons. wi j ∈ �(i � j) is a coupling coefficient, wii is

a self feedback parameter. For simplicity, we consider all

time constants have the same value, hereafter.

The equilibrium point pi(t) is given from Eqn.(2) by

pi(t) =
N∑

j=1

wi jy j(t). (3)

If

pi(t)yi(t) ≤ 0, for somei (4)
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(a) in-phase synchronization (b) opposite-phase synchronization

Figure 2: The wave form from two hysteresis neuron system. The wave form of (a) is observed in the case where the

system has an excitatory connection, and (b) is observed in the case where the system has an inhibitory connection.

is satisfied, a stable output vector does not exist in the sys-

tem and the output must oscillate[1].

We suppose that the connection coefficient has the fol-

lowing relation:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
|wii | >

N∑
j=1, j�i

|wi j |,

wii +
∑N

j=1, j�i |wi j | < −1,∀i.

(5)

Namely, the connection coefficient matrix has diagonally

dominant. If the system adopts such assumption (5), the

condition (4) is satisfied. Therefore, this system must ex-

hibit oscillatory state.

The fundamental frequency is influenced by the feed-

back parameter. The coupling parameters play a role as

frequency modulation. Figure 2 shows typical wave forms

from the two neuron system. In this figure, the upper two

wave forms correspond to the state variable, x1 and x2, re-

spectively. The lower two wave forms correspond to the

output, y1 and y2, respectively.

Both results are observed into the following initial con-

figurations. The initial value is adjusted as

(x1(0), y1(0)) = (+1,+1)

(x2(0), y2(0)) = (0,+1)
(6)

In the case of Fig.2(a), the parameters configuration is(
w11 w12

w21 w22

)
=

( −4 1

1 −4

)
. (7)

In this case, the cross-connection coefficients have a pos-

itive value. Namely, these coefficients can be regarded as

excitatory connections. In this case, the system exhibits in-

phase synchronization. On the other hand, the parameters

configuration of Fig.2(b) is(
w11 w12

w21 w22

)
=

( −4 −1

−1 −4

)
. (8)

In this case, the cross-connection coefficient has a negative

connection coefficient, that is an inhibitory connection. In

this case, the system exhibits opposite-phase synchroniza-

tion.

(a) Output sequence

(b) Direction cosine

Figure 3: The behavior of the oscillatory associative

memory which stores only one desired pattern, such that

(+1,+1,+1,+1,−1, −1,−1,−1).

3. Dynamical Associative Memory

In this section, we propose a dynamical associative

memory whose output exhibits oscillatory state. By using

a Hebbian rule, the connection coefficient is determined as

Wi j =
1

m

m∑
k=1

S k
i S k

j , (9)

where S k
i ∈ {+1,−1} is i-th element of k-th desired pattern,

and m denotes the number of desired patterns.

The network can store and retrieve oscillatory output

sequence. We demonstrate the behavior of output when

only one desired pattern is stored in the system which con-

tains eight hysteresis neurons. First, we select a desired

pattern as S ≡ (+1,+1,+1,+1,−1,−1,−1,−1). In this

case, the system exhibits the output sequence as shown in

Figure 3. Figure 3(a) shows the output sequence which

generates from the system. The horizontal axis denotes

time evolution, and the vertical axis denotes the output

of each neuron. White pixel corresponds to the negative

output, and black pixel corresponds to the negative out-

put. The initial value of the output vector is given as

y(0) ≡ (+1,−1,+1,−1,+1,−1,+1,−1). Figure 3(b) shows
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(a) Output sequence

(b) Direction cosine

Figure 4: The behavior of the oscillatory associative

memory which stores only one desired pattern, such that

(+1,+1,+1,+1,+1,+1,+1,+1).

a direction cosine between the desired pattern and the out-

put vector such as

direction cosine =
S · y
|S||y| . (10)

If the direction cosine indicates +1 or −1, the system re-

trieves the desired pattern. In this case, the system retrieves

the output sequence which consists with the desired pat-

tern.

Next, we demonstrate another example, and the behavior

shows in Figure 4. The desired pattern is selected as S ≡
(+1,+1,+1,+1,+1,+1,+1,+1). In this case, the transition

time is longer than the case of Figure 4.

Finally, we examine two case where the system contains

some kinds of desired patterns. First case is that the desired

memories have an orthogonal relation. Figure 5 shows

the output sequence from eight neurons system with three

kinds of desired patterns. The three desired patterns are as

follows:

S1 ≡ (+1,+1,+1,+1,−1, −1,−1,−1)

S2 ≡ (−1,+1,−1,+1,−1, +1,−1,+1)

S3 ≡ (−1,−1,+1,+1,−1, −1,+1,+1)

S1 S2 S3

S1 - 4 4

S2 4 - 4

S2 4 4 -

Table 1: The hamming distance between each desired

memory.

(a) Output sequence

(b) Direction cosine between S1 and the output

(b) Direction cosine between S2 and the output

(b) Direction cosine between S3 and the output

Figure 5: The behavior of the oscillatory associative mem-

ory which stores three desired patterns. Each stored desired

memory is orthogonal vector.

The hamming distance between each desired memory is

shown in Table 1. Namely, each desired memory is orthog-

onal vector. In this case, the system converges to a periodic

output sequence which contains two desired memories S1

and S3. Note that this output sequence does not contain the

desired memory S2 In order to confirm this phenomenon,

we carry out such numerical simulation 100 times. The de-

sired memories of each simulation are three, and all desired

memories have an orthogonal relation. Table.2 shows each

rate. As a result, the output sequence contains all desired

memories is 48% in 100 trial.

Next, we show another result. The three desired patterns

are as follows:

S1 ≡ (−1,+1,+1,+1,+1,−1,−1,+1)

S2 ≡ (−1,+1,+1,+1,−1,+1,−1,+1)

S3 ≡ (−1,−1,+1,+1,−1,−1,+1,+1)

In this case, the hamming distance between each desired

memory is shown in Table 3. In this case, the sys-

tem exhibits that the output wanders in desired patterns

boldmath S 1, boldmath S 2 and boldmath S 3 in turn. When

the desired memories do not have orthogonal relation, the

All desire memories are contained 48%

2 desired memories are contained 41%

Only 1 desired memory is contained 11%

No desired memory is contained 0%

Table 2: The retriving rate of the desired memories in the

output sequence.
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(a) Output sequence

(b) Direction cosine between S1 and the output

(b) Direction cosine between S2 and the output

(b) Direction cosine between S3 and the output

Figure 6: The behavior of the oscillatory associative mem-

ory which stores three desired patterns.

system exhibits wondering motion. In order to confirm this

phenomenon, we carry out such numerical simulation 100

times. The desired memories of each simulation are three,

and all desired memories do not have an orthogonal rela-

tion. Table.4 shows each rate. As a result, almost all out-

put sequences contain all desired memories with wonder-

ing motion.

4. Conclusions

In this article, we observed the synchronization phenom-

ena from the oscillatory associative memory. The pro-

posed dynamical associative memory consists of the hys-

teresis neuron which can be regarded as a relaxation oscil-

lator. First, we clarified that the system exhibits in-phase

synchronization oscillation when the cross-connection co-

efficient denotes excitatory connection. Also, the sys-

tem exhibits opposite-phase synchronization when the

cross-connection coefficient denotes inhibitory connection.

Based on this results, we proposed the oscillatory associa-

tive memory. The oscillatory associative memory exhibits

an interesting wondering motion which is depended on the

kind of desired memories. The theoretical analysis is one

S1 S2 S3

S1 - 2 3

S2 2 - 3

S2 3 3 -

Table 3: The hamming distance between each desired

memory.

of our future problems.
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All desire memories are contained 93%

2 desired memories are contained 0%

Only 1 desired memory is contained 7%

No desired memory is contained 0%

Table 4: The retriving rate of the desired memories in the

output sequence.
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Abstract—In this paper, we propose an Improved Het-
ero Chaotic Associative Memory for Successive Learning
with Multi-Winners Competition (IHCAMSL-MW). The
proposed model is based on a Hetero Chaotic Associa-
tive Memory for Successive Learning with give up func-
tion (HCAMSL) and a Hetero Chaotic Associative Mem-
ory for Successive Learning with Multi-Winners Compe-
tition (HCAMSL-MW). In the proposed IHCAMSL-MW,
the learning process and the recall process are not di-
vided. When an unstored pattern is given to the net-
work, the IHCAMSL-MW can learn the pattern succes-
sively and its storage capacity is larger than that of con-
ventional HCAMSL/HCAMSL-MW.

1. Introduction

Recently, neural networks are drawing much attention
as a method to realize flexible information processing, and
many models have been proposed[1]–[4]. In these mod-
els, the learning process and the recall process are divided,
and therefore they need all information to learn in advance.
However, in the real world, it is very difficult to get all in-
formation to learn in advance. So we need the model whose
learning and recall processes are not divided. As such
model, Grossberg and Carpenter proposed ART (Adaptive
Resonance Theory)[5]. However, the ART is based on
the local representation, and therefore it is not robust for
damage. While in the field of associative memories, some
models have been proposed[6]–[8]. Since these models are
based on the distributed representation, they have the ro-
bustness for damaged neurons. However, their storage ca-
pacity is very small because their learning processes are
based on Hebbian learning.

Recently, we have proposed a Hetero Chaotic Associa-
tive Memory for Successive Learning with give up func-
tion (HCAMSL)[9][10] and a Hetero Chaotic Associa-
tive Memory for Successive Learning with Multi-Winners
Competition (HCAMSL-MW)[11] in order to improve the
storage capacity.

In this paper, we propose an Improved Hetero Chaotic
Associative Memory for Successive Learning with Multi-
Winners Competition (IHCAMSL-MW) by integrating the
conventional HCAMSL and HCAMSL-MW. In the pro-
posed IHCAMSL-MW, the learning process and the recall

process are not divided. When an unstored pattern is given
to the network, the IHCAMSL-MW can learn the pattern
successively. Moreover, the storage capacity of the pro-
posed IHCAMSL-MW is larger than that of the conven-
tional HCAMSL/HCAMSL-MW .

2. Improved Hetero Chaotic Associative Memory for
Successive Learning with Multi-Winners Competi-
tion

2.1. Outline of IHCAMSL-MW

Here, we explain the outline of the proposed Improved
Hetero Chaotic Associative Memory for Successive Learn-
ing with Multi-Winners Competition(IHCAMSL-MW).
The proposed IHCAMSL-MW has three stages: (1) Pat-
tern Search Stage, (2) Distributed Pattern Generation Stage
and (3) Learning Stage.

When an unstored pattern set is given to the network,
the proposed IHCAMSL-MW distinguishes an unstored
pattern set from stored patterns and can learn the pattern
set successively. When a stored pattern set is given, the
IHCAMSL-MW recalls the patterns. When an unstored
pattern set is given to the network, the IHCAMSL-MW
changes the internal pattern for the input pattern set by
chaos and presents other pattern candidates (we call this the
Pattern Search Stage). When the IHCAMSL-MW can not
recall the desired patterns, the distributed pattern is gen-
erated by the multi-winners competition[12] (Distributed
Pattern Generation Stage), and it learns the input pattern
set as an unstored pattern set (Learning Stage).

2.2. Structure of IHCAMSL-MW

The proposed IHCAMSL-MW is a kind of the hetero-
associative memories. Figure 1 shows a structure of the
IHCAMSL-MW. This model has two layers; an Input-
Output Layer (I/O Layer) composed of conventional neu-
rons and a Distributed Representation Layer (DR Layer)
composed of chaotic neurons[13]. In this model, there are
the connection weights between neurons in the Distributed
Representation Layer and the connection weights between
the Input-Output Layer and the Distributed Representation
Layer. As shown in Fig.1, the Input-Output Layer has plu-
ral parts. The number of parts is decided depending on the
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2 3

Pattern 1 Pattern 2

4

DR Layer

I/O Layer

Figure 1: Structure of Proposed IHCAMSL-MW.

number of patterns included in the pattern set. In the case
of Fig.1, the Input-Output Layer consists of two parts cor-
responding to the pattern 1 and the pattern 2.

In this model, when a pattern set is given to the Input-
Output Layer, the internal pattern corresponding to the in-
put patterns is formed in the Distributed Representation
Layer. Then, in the Input-Output Layer, an output pattern
set is generated from the internal pattern. The IHCAMSL-
MW distinguishes an unstored pattern set from stored pat-
terns by comparing the input patterns with the output pat-
terns.

In this model, the output of the neuron i in the Dis-
tributed Representation Layer at time t + 1, xD

i (t + 1) is
given by the following equations.

xD
i (t + 1) =



φD(ξi(t + 1)),
when a new pattern set is given

φD(ξi(t + 1) + ηi(t + 1) + ζi(t + 1)),
(1)

otherwise

ξi(t + 1) = ksξi(t) +

M∑

j=1

vi jA j(t) (2)

ηi(t + 1) = kmηi(t) +

N∑

j=1

wi jxD
j (t) (3)

ζi(t + 1) = krζi(t) − α(t)xD
i (t) − θi(1 − kr) (4)

In Eqs.(1)–(4), M is the number of neurons in the Input-
Output Layer, vi j is the connection weight between the neu-
ron j in the Input-Output Layer and the neuron i in the Dis-
tributed Representation Layer, N is the number of neurons
in the Distributed Representation Layer, A j(t) is the exter-
nal input j to the Input-Output Layer at the time t, wi j is the
connection weight between the neuron i and the neuron j
in the Distributed Representation Layer, α(t) is the scaling
factor of the refractoriness at the time t, ks, km, kr are the
damping factors. φD(·) is the following output function:

φD(ui) = tanh(ui/ε) (5)

where ε is the steepness parameter.

The output of the neuron j in the Input-Output Layer at
the time t, xIO

j (t) is given as follows.

xIO
j (t) = φIO


N∑

i=1

vi jxD
i (t)

 (6)

φIO =

{
1 , u ≥ 0
−1 , u < 0 (7)

2.3. Pattern Search Stage

In the Pattern Search Stage, when an input pattern set
is given, the IHCAMSL-MW distinguishes the pattern set
from stored patterns. When an unstored pattern set is
given, the IHCAMSL-MW changes the internal pattern
for the input pattern by chaos and presents the other pat-
tern candidates. Until the IHCAMSL-MW recalls the de-
sired patterns, the following procedures are repeated. If the
IHCAMSL-MW can not recall the desired patterns, when
the stage is repeated certain times, the IHCAMSL-MW fin-
ishes the stage.
(1) Pattern Assumption

In the proposed IHCAMSL-MW, only when the input
patterns are given to all parts of the Input-Output Layer,
the patterns are judged. When the input pattern A(t) is sim-
ilar to the recalled pattern xIO(t), the IHCAMSL-MW can
assume that the input pattern is one of the stored patterns.
The IHCAMSL-MW outputs the pattern formed by the in-
ternal pattern in the Distributed Representation Layer. The
similarity s(t) is defined by :

s(t) =
1
M

M∑

j=1

g(A j(t), xIO
j (t)) (8)

g(a, b) =

{
1 , a = b
0 , a , b. (9)

The IHCAMSL-MW regards the input patterns as a stored
pattern set, when the similarity rate s(t) is larger than the
threshold sth (s(t) ≥ sth).
(2) Pattern Search

When the IHCAMSL-MW assumes that the input pat-
terns is an unstored pattern set, the IHCAMSL-MW
changes the internal pattern xD(t) for the input patterns by
chaos and presents the other pattern candidates.

In the chaotic neural network, it is known that dynamic
(chaotic) association can be realized if the scaling factor of
the refractoriness α(t) is suitable[13][14]. Therefore, in the
proposed model, α(t) is changed as follows:

α(t) = ((αmax(t) − αmin)(1 − s(T )) + αmin)/αDIV (10)
αmax(t) = Mvmax + Nwmax (11)

wmax = max{|w11|, · · · , |wii′ |, · · · , |wNN |} (12)
vmax = max{|v11|, · · · , |vi j|, · · · , |vNM |} (13)

where αmin is the minimum of α, αmax(t) is the maximum
of α at the time t, s(T ) is the similarity between the input
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pattern and the output pattern at the time T (the time when
the Pattern Search Stage started), αDIV is constant.

2.4. Distributed Pattern Generation Stage

In the Distributed Pattern Generation Stage, the dis-
tributed pattern corresponding to the input pattern is gen-
erated by the multi-winners competition[12].
Step 1 : Calculation of Outputs of Neurons in I/O Layer

When the input pattern A j(t) is given to the Input-Output
Layer, the output of the neuron j in the Input-Output Layer
xIO

j is given

xIO
j = S f (A j(t)) (14)

where S f (·) is the ramp function and is given by

S f (u) =


u, u > 0
0, u ≤ 0.

(15)

Step 2 : Calculation of Initial Outputs of Neurons in DR
Layer

The output of the neuron i in the Distributed Represen-
tation Layer xD(0)

i is calculated by

xD(0)
i = φD


M∑

j=1

vi j·xIO
j − θi

 (16)

where vi j is the connection weight from the neuron j in the
Input-Output Layer to the neuron i in the Distributed Rep-
resentation layer, θi is the threshold of the neuron i in the
Distributed Representation Layer and M is the number of
neurons in the Input-Output Layer. where T is the steep-
ness parameter in the sigmoidal function.
Step 3 : Competition between Neurons in DR Layer

The competition dynamics is given by the following
equation.

xD
i = C f (ui − θi) (17)

τ
d
dt

ui = −ui +

N∑

i′=1

wii′ ·xD
i′ (18)

where xD
i is the output of the neuron i in the Distributed

Representation Layer, ui is the internal state of the neuron i
in the Distributed Representation Layer and N is the num-
ber of neurons in the Distributed Representation Layer.

2.5. Learning Stage

In the Pattern Search Stage, if the IHCAMSL-MW can
not recall the desired pattern set, it learns the input pat-
tern set as an unstored pattern set. The Learning Stage
has two phases: (1) Hebbian Learning Phase and (2) anti-
Hebbian Learning Phase. In the Hebbian Learning Phase,

if the signs of the outputs of two neurons are the same, the
connection weight between these two neurons is strength-
ened. By this learning, the connection weights are changed
to learn the input patterns, however the Hebbian learn-
ing can only learn a new input pattern set. In the pro-
posed IHCAMSL-MW, the anti-Hebbian Learning Phase
is employed as similar as the original CAMSL[8] and the
HCAMSL[9]. In the anti-Hebbian Learning Phase, the
connection weights are changed in the opposite direction in
the case of the Hebbian Learning Phase. The IHCAMSL-
MW can learn a new pattern set without destroying the
stored patterns by the anti-Hebbian Learning.
(1) Hebbian Learning Phase

In the Hebbian Learning Phase, until the similarity rate
s(t) becomes 1.0, the following procedures ((a) and (b)) are
repeated.
(a) Update of Connection Weights

The connection weight between the Input-Output Layer
and the Distributed Representation Layer vi j and the con-
nection weight in the Distributed Representation Layer wii′

are updated as follows :

v(new)
i j = v(old)

i j + γ+
v xD

i (t)A j(t) (19)

w(new)
ii′ = w(old)

ii′ + γ+
wxD

i (t)xD
i′ (t) (20)

where γ+
v is the learning rate of the connection weight vi j

in the Hebbian Learning Phase, and γ+
w is the learning rate

of the connection weight wii′ in this phase.
(b) Normalization of Connection Weights

When the number of the learnings in this phase becomes
more than the threshold Tu and the similarity rate s(t) is not
equal to 1.0, the connection weights are normalized.

v(new)
i j =

v(old)
i j

vmax
(21)

w(new)
ii′ =

w(old)
ii′

wmax
(22)

where vmax is the maximum absolute value of the connec-
tion weights vi j, and wmax is the maximum absolute value
of the connection weight wii′ .
(c) Give Up Function

When the similarity rate s(t) does not become 1.0
even if connection weights are normalized Tn times, the
IHCAMSL-MW gives up to memorize the patterns. If the
IHCAMSL-MW gives up to learn the patterns, the anti-
Hebbian Learning Phase is not performed.
(2) Anti-Hebbian Learning Phase

The anti-Hebbian Learning Phase is performed after the
Hebbian Learning Phase. In this phase, the connection
weights vi j and wii′ are changed in the opposite direction
in the case of the Hebbian Learning Phase. The anti-
Hebbian Learning makes the relation between the patterns
are learned without destroying the stored patterns.
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Figure 2: Storage Capacity (I/O Layer : 800, DR Layer :
225)
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Figure 3: Storage Capacity (I/O Layer : 800, DR Layer :
400)

In this phase, vi j and wii′ are updated by

v(new)
i j = v(old)

i j − γ−v xD
i (t)A j(t) (23)

w(new)
ii′ = w(old)

ii′ − γ−wxD
i (t)xD

i′ (t) (24)

where γ−v (γ−v > γ+
v > 0) is the learning rate of the con-

nection weight vi j in the anti-Hebbian Learning Phase, and
γ−w(γ−w > γ+

w > 0) is the learning rate of the connection
weight wii′ in this phase.

3. Computer Experiment Result

In this section, we show the computer experiment re-
sults to demonstrate the effectiveness of the proposed
IHCAMSL-MW.

Here, we examined the storage capacity of the proposed
IHCAMSL-MW. In the experiments in Figs.2 and 3, we
used the IHCAMSL-MW which has 800 neurons in the
Input-Output Layer. Figures 2 and 3 shows the storage ca-
pacities of the proposed IHCAMSL-MW which has 225,
400 neurons in the Distributed Representation Layer, re-
spectively. We used random patterns to store and Figs.2
and 3 show the average of 100 trials. In these figures,
the storage capacity of the conventional HCAMSL[10] and
HCAMSL-MW[11] are also shown for reference.

From these result, we confirmed the storage capacity of
the proposed IHCAMSL-MW is larger than that of the con-
ventional HCAMSL/HCAMSL-MW.

4. Conclusions

In this paper, we have proposed the Improved Het-
ero Chaotic Associative Memory for Successive Learning
with Multi-Winners Competition (IHCAMSL-MW). The
proposed model is based on a Hetero Chaotic Associa-
tive Memory for Successive Learning with give up func-
tion (HCAMSL) and a Hetero Chaotic Associative Mem-
ory for Successive Learning with Multi-Winners Compe-
tition (HCAMSL-MW). In the proposed IHCAMSL-MW,
the learning process and the recall process are not divided.
When an unstored pattern is given to the network, the
IHCAMSL-MW can learn the pattern successively. We
carried out a series of experiment and confirmed that the
proposed IHCAMSL-MW can memorize pattern sets suc-
cessively and its storage capacity is larger than that of con-
ventional HCAMSL/HCAMSL-MW.
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Abstract—Five parameters of one of the most common

neuronal models, the Ornstein-Uhlenbeck process, were

estimated on the basis of intracellular recording. These pa-

rameters are classified into two categories. The membrane

time constant, the resting potential and the firing threshold

characterize the neuron itself. The remaining two parame-

ters characterize the neuronal input. The intracellular data

used for the estimation were collected during spontaneous

firing. Two methods for the estimation were applied, the

regression method and the maximum-likelihood method.

Both methods permit to estimate the input parameters and

the membrane time constant in a single interspike inter-

val. We found that, at least in our example, the regression

method gave more consistent results than the maximum-

likelihood method. The model neuron, as deduced from

the determined parameters, works in a subthreshold regi-

men. This result was confirmed by both applied methods.

The subthreshold regimen for this model is characterized

by the Poissonian firing. This is in a complete agreement

with the observed interspike intervals.

1. Introduction

Application of mathematical methods in neuroscience

is based on construction of models aiming to mimic real

neurons. Biophysical models of a single neuron reflect

the electrical properties of its membrane via electric cir-

cuit description. Such circuit models are written in terms

of differential equations for the membrane voltage. Reduc-

ing these models, we can obtain integrate-and-fire types of

models. The number of papers devoted to the integrate-

and-fire model, or at least employing it is countless.

The simplest “realistic” neuronal model is the determin-

istic leaky integrate-and-fire model (Lapicque model, RC-

circuit). Due to the simplicity, the action potential gener-

ation is not an inherent part of the model as in more com-

plex models and a firing threshold has to be imposed. The

model neuron fires whenever the threshold is reached and

then the voltage is reset to its initial value. For a constant

input the model neuron remains silent, never reaching the

threshold (subthreshold regimen), or fires at constant inter-

vals (suprathreshold regimen).

The experimental data recorded from very different neu-

ronal structures and under different experimental condi-

tions suggest a presence of stochastic variables in neu-

ronal activity. A phenomenological way how to introduce

stochasticity into the deterministic leaky integrate-and-fire

model is simply by assuming an additional noise term. If

the noise is not further specified, but assumed to be Gaus-

sian and white, then the model is known as an Ornstein-

Uhlenbeck model. For details on this neuronal model see

[1].

We aimed to study the estimation methods in the

Ornstein-Uhlenbeck model, their stability and repro-

ducibility. We restricted the study on a single neuron under

spontaneous activity conditions. Extended version of this

work will appear in [2].

2. Model and its properties

The Ornstein-Uhlenbeck model of membrane depolar-

ization is given by the stochastic differential equation,

which can be rewritten in a form often seen in engineer-

ing applications

dX(t)
dt
= −β(X(t) − x0 ) + μ + σξ(t) , X(0) = x0 , (1)

where the white noise ξ(t) is a formal derivative of the

Wiener process with respect to time, β > 0 characterizes

the spontaneous decay of the membrane depolarization in

the absence of input to the resting level x0. The drift coef-

ficient μ reflects the local average rate of displacement due

to the neuronal input and local variability is represented by

the infinitesimal variance σ (the variability of the neuronal

input). The spikes are generated when the membrane depo-

larization X(t) reaches for the first time the firing threshold

S , which is an additional parameter. Then, the depolariza-

tion is reset to the resting level, x0 and the process of input

“integration” starts anew. We should keep in mind that also

the reset level, x0, represents an additional parameter of the

model. Thus the model is fully described by equation (1)

with its five parameters: β, μ, σ, S and x0.

Due to the complete reset in defining ISI and due to the

constant input μ, the ISIs form a renewal process, which

means that ISIs are independent and identically distributed

random variables.

For a fixed time t, X(t) given by (1) is a Gaussian ran-

dom variable. In absence of the threshold S and if σ tends

to zero, we can solve the differential equation (1). The so-

lution is identical with the mean value of the stochastic de-
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polarization

E(X(t)) = x0 +
μ

β
(1 − exp(−βt)) (2)

The position of the asymptotic depolarization

E(X(∞)) = x0 + μ/β determines regimes of firing of

the Ornstein-Uhlenbeck model. For μ/β � S − x0, the

suprathreshold regimen, the firing is almost regular and

ISI histogram resembles normal distribution. The noise

plays a limited role in this range of parameters. For

μ/β ≈ S − x0, the distribution of ISIs is positively skewed

and resembles Gamma distribution. In the subthreshold

regimen, μ/β � S − x0 the firing becomes Poissonian.

Here, the noise plays a crucial role and without it the

neuron would remain silent.

The description of the process via equation (1) is appar-

ently an intuitive extension of the deterministic approach.

Its advantage is in giving a method for a computer sim-

ulation of the process sample trajectories. The simplest

discrete-time approximation of (1) is a stochastic analogue

of the Euler scheme for ordinary differential equations,

which was the procedure applied to simulate the membrane

depolarization in this study. Apparently, the parameters β,
σ, μ and x0 have to be determined for the simulation. If the

ISIs are to be simulated, then in addition, the firing thresh-

old S is required.

The membrane depolarization is recorded between the

generation of spikes. To specify the firing threshold and re-

set level seems to be a simpler task than to estimate the

remaining parameters of the model. We should simply

record what was the reset after the end of an action poten-

tial and what was the final value of the depolarization when

it started. However, we will see that the situation is not so

simple and also these two parameters need to be estimated.

It is not a typical task when treating the diffusion processes

and it comes out from the fact that our data are repeatedly

reset when reaching the firing threshold.

The aim of this article is primarily determination of the

values of the parameters β, σ and μ. This is a standard task

ivestigated in the theory of statistical inference for stochas-

tic diffusion processes [3]. A method of estimating thes pa-

rameters was proposed more than two decades ago [4]. The

question is whether these parameters are stable over a long

period or whether they vary in short time ranges. Whereas

σ and μ are input parameters and thus are assumed to

change whenever the input to a neuron has changed, model

(1) assumes that β is a property of the membrane (in the

same way as S and the reset level) and these three intrin-

sic parameters should be stable. However, these are only

assumptions which have never been confirmed. Thus, ini-

tially we estimate the parameters separately for each ISI.

3. Methods

3.1. Estimations from interspike interval(s)

The records of the depolarization within single ISI per-

mit us to estimate β, μ and σ by the maximum likelihood

method. Formula (2) suggests that the method of moments

can also be used. Then, we minimize the functional with

respect to the parameters β and μ by a regression method.

As we estimated the parameters for each ISI separately,

we also got some information about the dependency of the

values on the lengths of ISI and their position in the record.

The global record can be characterized by representative

median values of βM , μM and σM . Also the median thresh-

old S and the median reset value x0 were estimated.

3.2. Intracellular recordings and data collection

Guinea pigs served as subjects for the intracellular

recording experiments. Throughout the recording, an elec-

trocorticograph was monitored to assess the level of anaes-

thesia. A midline incision was made in the scalp and a cran-

iotomy was performed to enable vertical access to the MGB

in the right hemisphere. The experimental procedures were

approved by the Animal Subjects Ethics Sub-Committee of

The Hong Kong Polytechnic University.

Upon penetrating the membrane of a cell, the electrode

detected the negative membrane potential. After ampli-

fication, the membrane potential as well as the auditory

stimulus were stored in the computer with the aid of com-

mercial software (AxoScope, Axon). Single neuron data

were selected for this article. The membrane potential was

recorded (in 100 mV) with time step h = 0.00015 [s] =

0.15 [ms] , for period 0 − 501 [s]. For the purpose of this

study we selected only ISIs which were entirely outside the

stimulation period.

3.3. Spikes detection, determination of S and x0

From visual inspection of the data it is clearly difficult to

decide where exactly to start and to end the spikes. It fol-

lows from this inspection that for detected spikes the width

of the spike as well as the voltage where ISI starts, are not

always the same. This is in contrast with the assumptions

of model (1). Determining x0 by the minimum voltage after

detected spike failed due to the large fluctuations of these

values. The final solution, which was adopted, was that all

data were transformed by a moving average (over six data

points) and the minimum in “the valley” after a spike is

considered to be start of an ISI. The value of the voltage at

the minimum after the spike is taken as an estimate of x0.

Defining the end of each ISI was not so problematic and

we took the point 0.01005 [s] before detected spike. For

threshold determination, we took the last point with de-

creasing depolarization before the spike detection. This

value is considered as an estimate of the parameter S .
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4. Results

4.1. Input parameter and the membrane time constant

Using the above described procedure we identified all

ISIs and estimated the parameters for each of them. The

ISIs appear stable in time. The shape of histogram of ISIs

suggests that the ISIs are generated in accordance with the

exponential distribution. From the simulations made with

estimated parameters, it appears that the estimated asymp-

totical voltages, μ/β, coincide well with the data. On the

other hand, in the first part of the trajectories, the real data is

a bit faster in reaching the asymptote than simulated trajec-

tory. The visual impression was confirmed by the method

which aimed to check the fit of the model to the data. The

main difference between two estimation methods is in the

period just after the spike generation. This could be due to

a violation of the model assumptions (for example, hyper-

polarization) and possibly the method of moments could

be more robust against this violation. In both cases there

is a systematic hump after the origin, but for the regression

method it is much smaller, so the regression method works

better.

An important question is dependency of the estimated

parameters on the length of ISIs. The only dependency we

can expect that, if the input to neurons changes with the

experiment, then μ could get smaller for longer ISI. Oth-

erwise, μ and β should keep stable and independent on the

length of ISI. The results obtained by the regression method

are independent of ISI which is not the case of the estimates

obtained by the maximum likelihood method.

Similarly, we investigated the estimated value of σ and

found it independent of the ISI length. As the regression

method was superior to the maximum likelihood method

for estimation of μ and β, the values from the regression

are considered further on.

Finally we calculated the central characteristics of the

estimated parameters. Median value of the noise ampli-

tude was σ̂M = 0.013505 [V/
√

s]. Median values of μ and

β were by regression method, μ̂M = 0.2846 [V/s], β̂M =

25, 8042 [1/s], for the maximum likelihood method the ob-

tained values were μ̂M = 0.4606 [V/s], β̂M = 43, 5068 [1/s].

Due to the symmetry of histograms, the averages and the

medians were practically the same. We should notice that

both methods give almost identical asymptotic depolariza-

tion μ/β, for regression 0.0110 [V] and for maximum like-

lihood 0.0106 [V]. We can calculate the membrane time

constant, which from the regression method yields after in-

verting the estimate of β, the value of 38.8 ms.

4.2. Reset, threshold, asymptotic depolarization

For each ISI we estimated the initial value of the depolar-

ization after a spike and the firing threshold (the last value

before the spike is generated).

The initial values were more variable than the thresholds

S . The reason may be that the spike was not in principle

generated at the time when the voltage was at its highest

level during the ISI and this will be discussed later. The

median value of the initial depolarization is x0 = −73.92

[mV]. The median threshold value is S = −61.0 [mV].

It implies that, in average, the firing threshold is about 13

[mV] above the initial depolarization. It is larger than ap-

proximately 11 [mV] which is the level of asymptotic depo-

larization as it comes out from the parameters estimation.

The normality of both determined parameters, x0 and S ,

was rejected.

Finally, to show that the neuron, as the estimation of the

parameters suggests, is in the subthreshold (noise-driven)

regimen, we compared directly the theoretical asymptotic

depolarization and the corresponding firing threshold. It

appeared that the difference between the threshold and the

asymptotic depolarization is almost always positive. If we

investigate some kind of two-standard-deviations envelope

around the asymptotic depolarization, then we get below

zero.

5. Discussion

5.1. Spontaneous activity

We selected for statistical treatment only the unstimu-

lated activity of the neuron. The detected ISIs are expo-

nentially distributed which suggests that they are generated

in accordance with a Poisson process. The spontaneous ac-

tivity can be interpreted as the summation of two processes:

(i) an intrinsic process which implies firing due to the noise,

and (ii) an extrinsic process, which induces firing due to

the uncontrolled occurrence of effects either from the envi-

ronment or other neurons. Of course, Poisson process, as

any other model, is an approximation which can be always

questioned, in this case for example by the existence of the

absolute refractory period, but such objections are marginal

at this level of description.

From the point of view of the Ornstein-Uhlenbeck neu-

ronal model, the Poisson process corresponds to the situ-

ation in which the signal is so weak that the asymptotic

depolarization is far below the firing threshold, which has

to be true with respect to the amplitude of noise. In other

words, for model (1) this type of activity is predicted if the

firing threshold S is far above the asymptotic depolariza-

tion, μ/β, given by equation (2) with respect the asymptotic

variance which is controlled by σ.

5.2. Model assumptions

There are many assumptions of the model which are dis-

putable and can be true only in idealization. First of all,

it is the constancy of the input parameters μ and σ over

each ISI. We selected the spontaneous activity as an exper-

imental material, for which such a constancy can be ex-

pected. Another assumption is the Gaussian white noise on

the neuronal input. Next assumption, violated in our obser-

vations, was the first-passage time inducing the generation
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of a spike. Probably, we registered the membrane depo-

larization in other location than the spikes are generated.

The traditional assumption of the model is the fixed value

of the reset depolarization. This assumption represents an

oversimplification. We found that this assumption was also

violated, but for the model performance the effect is neg-

ligible. Despite that any assumption of the model can be

made questionable, as it is only a model, we may conclude

that the data are consistent with the model.

5.3. Intrinsic parameters

In model (1) are three intrinsic parameters, β, S and x0,

and for different neurons have been reported different val-

ues of them, even without modeling concept. However, the

intrinsic parameters were not in the center of our interest

despite they play their important role for the model perfor-

mance. In general, the values of intrinsic parameters ob-

tained in this article are consistent with the values found in

literature.

5.4. Input parameters

Completely different situation comes with the input pa-

rameters. The attempts to estimate them were up to

now rare and based on additional assumptions. These at-

tempts [5][6] were based on ISIs statistics. It means that for

estimation of the parameters a sample of several hundreds

of ISIs is necessary. Our method permits to estimate the

input parameters in a short time window (in a a single ISI).

It appeared that the regression method was superior to the

maximum likelihood. There might be several reasons for

this effect. The first one can be the above mentioned viola-

tion of the model assumptions and thus that the maximum-

likelihood may be more sensitive to these discrepancies be-

tween the model and the data. The second reason is that

the maximum likelihood estimates are discretized version

of continuous sampling theory. The asymptotic depolar-

ization μ/β was estimated very well by both methods, bet-

ter than the parameters μ and β separately. The reason is

that the membrane potential was almost permanently at the

asymptotic level and in this situation the estimation of in-

dividual parameters is less precise.

5.5. Noise

The results suggest that our neuron was firing in the

noise activated regimen, in other words, that in the absence

of the noise it would remain silent. This corresponds very

well to the fact that the driving signal is small and the neu-

ron fires only due to the stochastic fluctuation of the mem-

brane depolarization. Theoretical prediction of the Pois-

sonian firing in the subthreshold regime of the Ornstein-

Uhlenbeck neuronal model is well known for a long time

and here the prediction and data estimation fits perfectly

together.
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Abstract—We consider unidirectionally coupled ring
networks of neurons with inhibitory connections. It is
known that when a number of inhibitory neurons is even
the system never has stable oscillatory modes. However,
we observed oscillatory modes in such a case. In this pa-
per we investigate the relationship between these oscilla-
tory modes and the unstable periodic solutions generated
by the Hopf bifurcations.

1. Introduction

Systems of coupled oscillators have been widely studied
as models of information processing in the brain [1], ani-
mal locomotion [2], generating nonlinear phenomena such
as chaotic itineracy [3] and on-off intermittency [4, 5], and
so on. In particular, we are interested in neuron models, be-
cause many investigators confirm that oscillatory dynamics
of neural activity and its synchronization play an important
role in information processing in the brain.

In this paper, we consider unidirectionally coupled ring
networks of neurons with inhibitory connections. It is said
that the essential dynamics of some biological central pat-
tern generators can be captured by a model consisting of N
neurons connected in a ring structure [6–8]. In such a sys-
tem, it is known that when a number of inhibitory neurons
is odd and even, the system has stable and unstable oscil-
latory modes, respectively [9,10]. However, we found out
the existence of oscillatory modes as a quasi-attractor in a
system of even inhibitory neurons [11]. In this study we in-
vestigate the relationship between these oscillatory modes
and the unstable periodic solutions generated by the Hopf
bifurcations. We also suggest a method of calculating un-
stable periodic solutions in cyclic coupled cells.

2. System Equation

The system equation is described as

τ
dxi

dt
= −xi − c f (xi+1) (1)

(i = 1, 2, · · · , n, xn+1 ≡ x1)

where xi is the state of neuron i, n is the number of neu-
rons, τ is the time constant fixed as 1.0, c is the cou-
pling coefficient and f (x) is the output function given by

tan−1(x). This neuron model is commonly used for con-
trolling locomotion [12–14] and describing oscillatory phe-
nomena [10,15].

We consider c > 0 in Eq. (1), thus Eq. (1) consists of only
inhibitory neurons. The Jacobi matrix of Eq. (1) evaluated
at the origin (one of equilibrium points) can be written as:

C = −In − cPn (2)

where In is the identity matrix and Pn is a cyclic matrix
given by

Pn =
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(3)

The eigenvalues of C is analytically obtained as

g(1) = −1 − c

g(a) = −1 − ca (4)
...

g(an−1) = −1 − can−1

where a = e j 2π
n . Then, we obtain distribution of the eigen-

values on the complex plane shown as Fig. 1 (c = 1.5 and
n = 10). When we change the value of the parameter c (that
corresponds to the change of the diameter of the circle in
Fig. 1) and a pair of the eigenvalues becomes pure imag-
inary numbers, the Hopf bifurcation occurs. Such a value
of imaginary numbers indicates an angular frequency of an
oscillation generated by the Hopf bifurcation. Here, we de-
fine a number of occurrence of the Hopf bifurcation as k. In
Fig. 1 k = 1. Thus, an angular frequency is proportionally
increased to the value of k.

3. Method of obtaining unstable periodic solutions

The phase difference ψ of oscillations generated by the
k-th Hopf bifurcation for nearest neurons is given by

ψ =
2π
n
× k − π (5)
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Figure 1: Distribution of eigenvalues for C in Eq. (2). c =
1.5 and n = 10.

If there exists a natural number M such that Mψ = −lπ
where l is also a natural number, then we can obtain the
unstable periodic solutions by putting initial states as xi =

xi+M and xi = −xi+M for even and odd l, respectively.

4. Results

4.1. Unstable Periodic Solution(UPS)

We use Fehlberg’s formula for numerical integration of
Eq. (1). As an illustrated example of Sec. 3, we show the
case of n = 80. In this case we can obtain UPSs when
k = 1, 2, 4, 5, 8 and 10, but here we only show k = 1, 2, 8
for simplicity.

The first Hopf bifurcation(k = 1) occurs at c ' 1.0031.
In this case we derive M = 40 and odd l. Thus by putting
initial states as xi = −xi+40 (i = 1, · · · , 40) we obtain the 80-
phase UPS shown in Fig. 2(a). From this figure we can see
that x1 and x41 are in in anti-phase. This solution is one-
dimensionally unstable, thus we cannot observe it even if
one of the initial conditions xi = −xi+40 is not satisfied.

We investigate the stability of this oscillation. Figure 3
shows the value of λ − 1, where λ is the eigenvalue (λ > 1;
only one eigenvalue is over one in this case) of the Jacobi
matrix of the Poincaré map evaluated at this periodic point,
as a function of the coupling coefficient c. This solution is
one-dimensionally unstable at the bifurcation point. By in-
creasing the value of c the unstability is weaker and weaker,
but it does not become stable until c = 4.

The second Hopf bifurcation occurs at c ' 1.0125. The
waveform of the UPS generated by this Hopf bifurcation
is shown in Fig. 2(b). M = 20 and l is odd, thus x1 and
x21 are anti-phase. Initial conditions are xi = −xi+20 (i =
1, · · · , 20, 41, · · · , 60) and xi = xi+40 (i = 1, · · · , 40). This
solution is three-dimensionally unstable.

The eighth Hopf bifurcation occurs at c ' 1.315. Fig-
ure 2(c) shows the waveform of the UPS generated by this

Hopf bifurcation. We calculate that M = 5 and l is even,
thus xi and xi+5 are in-phase. Initial conditions are xi = xi+5

(i = 1, · · · , 75). This UPS is 5-phase.
As mentioned in Sec. 3, k is proportional to the angular

frequency of oscillations, so the frequency is increased in
order of Fig. 2(a) to (c).

4.2. Phase Difference

We assume that a firing of the neuron described by Eq.
(1) occurs when the state variables xi crosses zero as a
threshold value, changing its sign from negative to positive.
Then we define the phase difference θi j between neurons xi

and x j:

θi j(s) =
t j − ts

i

ts+1
i − ts

i

(6)

where s is a number of firing for neuron xi, ts
i and ts+1

i are
respectively s-th and (s + 1)-th firing times for neuron xi,
and t j is firing time for neuron x j between ts

i and ts+1
i . Us-

ing this phase difference we can investigate the relation be-
tween oscillatory modes which we found in [11] and the
UPSs generated by the Hopf bifurcations.

Figures 4 and 5 show phase difference θi j for the oscil-
latory mode from random initial states and UPSs, respec-
tively. Note that θi j , θ ji, thus these figures are not com-
pletely symmetrical for i = j. In Fig. 4 (a) and (b), we
observe several green dots corresponding to random initial
states. At s = 17(Fig. 4(c)) the stationary patter is begin-
ning to form. On the other hand, in Fig. 5 the patterns are
already formed in the small value of s, because initial states
have such patterns. As mentioned in Sec. 4.1, neurons xi

and xi+40, and xi and xi+20 are anti-phase shown by red dots
in Fig. 5(a) and Fig. 5(b), respectively.

Next, we define the Poincaré section as

Σ = {x ∈ Rn|x1 = 0, xi > 0 (i = 2, · · · , n)} (7)

Here we can calculate the Euclidean distance D between
the oscillatory mode and the UPS for k = 1 shown in Fig. 4
and 5, respectively, on the Poincaré section (Fig. 6). Form
this figure we can see that

• the oscillatory solution from random initial states con-
verges at t ' 650, that corresponds to s = 17 in Fig.
4(c),

• the oscillatory pattern in Fig. 4(d) exists near the UPS
for k = 1, but these are different, because D , 0.

5. Conclusion

We investigate the oscillatory stable solution and UPSs
in cyclic coupled neurons. First, we show the method of
calculating UPSs by setting initial states as in-phase or anti-
phase. Three UPSs are shown to demonstrate effectiveness
of our method. Second, we study the relationship between
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Figure 2: Waveforms of UPSs after transient time.
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the oscillatory solution and UPSs by phase difference pat-
terns for all neurons and Euclidean distance on the Poincaré
section between them. Finally, we conclude that the gener-
ating process of the oscillatory solution shown in [11] is as
follows:

• For the system consisting of even inhibitory neurons,
the solution generated by the first Hopf bifurcation
(the UPS for k = 1) is one-dimensionally unstable.

• When a number of coupled neurons is increased, sta-
ble dimension of the UPS for k = 1 is also increased.

• In a high-dimensional system, a solution from random
initial states approaches the UPS and stays around it in
a very long time. However, when a number of neurons
n is small, this staying time is short and the solution
converges to one of stable equilibrium points. When
n is large enough, we cannot recognize that this oscil-
latory solution is a transient or steady state.

We confirm that this oscillatory solution is robust to injec-
tion of noise. The analysis of other connection types [16]
such as small world network [17] is one of our open prob-
lems.
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 Abstract   In this paper, an entropy based associative memory model will be proposed and applied to  memory retrievals with an orthogonal
learning model to compare with the conventional autoassociative model  with a quadratic Lyapunov functionals.   In the present approach, the
updating dynamics will be constructed on the basis of the entropy minimization strategy which may be reduced asymptotically to the
autocorrelation  dynamics as a special case.  From numerical results, it will be found that the presently proposed novel approach realizes the
larger memory capacity in comparison with the autocorrelation model based on dynamics such as associatron according to the higher-order
correlation involved in the proposed dynamics. 

1.  Introduction
     During the past quarter century, the numerous autoassociative models have been extensively investigated on the basis of the autocorrelation
dynamics.  Since the proposals of the retrieval models  by Anderson,[1] Kohonen, [2] and  Nakano,[3]  some works related to such an
autoassociation model of the inter-connected neurons through an autocorrelation matrix were theoretically analyzed  by Amari,  [4] Amit et al
.[5]  and Gardner.[6]    So far  it has been well appreciated that the storage capacity of the autocorrelation  model, or the number of  stored
pattern vectors, L ,  to be completely associated vs the number of neurons N,  which is called the relative storage capacity or loading rate and
denoted as α c=L /N  ,  is estimated as  α c ~0.14  at most for the autocorrelation learning model with the activation function as the signum one
( sgn(x ) for the abbreviation).[7,8]       
    In contrast to the above-mentioned models with monotonous activation functions,  the neuro-dynamics with a nonmonotonous mapping was
recently proposed by Morita,[9] Yanai and Amari,[10]  Shiino and Fukai.[11]  They reported that the nonmonotonous mapping in a neuro-
dynamics possesses a remarkable advantage in the storage capacity, α c ~0.27, superior than the conventional association models with
monotonous mappings, e.g. the signum or sigmoidal function.  
     In the present paper,  we shall propose a novel approach based on the entropy defined in terms of the overlaps, which are defined by the
innerproducts between the state vector and the embedded vectors.  

2. Theory
    Let us consider an associative model with the embedded binary vector e (r)

i =±1 (1≤i≤N,1≤r≤L), where N and L are the number of neurons
and the number of embedded vectors.    The states of the neural network are characterized in terms of the output vector s i  (1≤i≤N) and the
internal states  σ i  (1≤i≤N) which are related each other in terms of 

            s i =f σ i        (1≤i≤N) , (1)

where  f •  is the activation function of the neuron.
       Then we introduce the following entropy which is to be related to the overlaps;  

       I=- 1
2

∑
r=1

L

m (r) 2 log m (r) 2 , (2)

where  the overlaps  m (r)  (r=1,2,...,L)  are defined by

      m (r)=∑
i=1

N

e †(r)
i s i    ; (3)

here the covariant vector e †(r)
i  is defined in terms of  the following orthogonal relation, 

      ∑
i=1

N

e †(r)
i e

(s)
i =δ rs     (1≤r,s≤L)  , (4)

    e †(r)
i =∑

r'=1

L 

a rr'e (r')
i   , (4a)

   a  rr'=(ω -1 ) rr'   , (4b)

   ω  rr'= ∑
i=1

N

e (r)
i e (r')

i    . (4c)

The entropy defined by eq.(2) can be minimized by the following condition 

     m (r) =δ rs      (1≤r,s≤L), (5a)     

and 

   ∑
r=1

L

m (r) 2 =1 . (5b)

NOLTA 2006
11-14 september
Bologna - ITALY

627



That is, regarding m (r)  (1≤r≤L) as the probability distribution in eq.(2),  a target pattern  may be retrieved by minimizing the entropy I with
respect to m (r)  or the state vector s i  to achieve the retrieval of a target pattern in which the eqs.(5a) and (5b) are to be satisfied.   Therefore
the entropy function may be considered to be  a functional to be minimized during the retrieval process of the auto-association model instead
of the conventional quadratic energy functional, E,  i.e. 

    E=- 1
2

∑
i=1

N

∑
j=1

N

w ij s
†

i s j  , (6a)

where  s †
i  is the covariant vector defined by

   s †
i =∑

r=1

L

∑
j=1

N

e †(r)
i e

†(r)
j s j  , (6b)

and  the connection matrix w ij  is defined in terms of 

    w ij =∑
r=1

L

e (r)
i e

†(r)
j . (6c)  

      According to the steepest descent approach  in the discrete time model, the updating rule of the internal states σ i  (1≤i≤N) may be defined

by

     σ i (t+1) =-η ∂I

∂s †
i

   (1≤i≤N), (7)

where η (>0) is a coefficients   Substituting eqs.(2) and (3) into eq.(7) and noting the following relation with aid of eq.(6b),  

    m (r)=∑
i=1

N

e †(r)
i s i =∑

i=1

N

e (r)
i s

†
i (8)

one may readily derive the following relation.

   

σ i (t+1)=-η ∂I

∂s †
i

=+ 1
2

η ∂
∂s †

i

∑
r=1

L

m (r) 2 log m (r) 2

= 1
2

η ∂
∂s †

i

∑
r=1

L

∑
j=1

N

e (r)
j s

†
j t 2 log ∑

j=1

N

e (r)
j s

†
j t 2

=η ∑
r=1

L

e (r)
i ∑

j=1

N

e (r)
j s

†
j t 1+log ∑

j=1

N

e (r)
j s

†
j t 2

=η ∑
r=1

L

e (r)
i m

(r) 1+log m (r) 2   .

(9)

Generalizing somewhat the above dynamics, we propose the following dynamic rule for  the internal states

σ i (t+1)=η ∑
r=1

L

e (r)
i ∑

j=1

N

e †(r)
j s j t 1

α
α+log 1-α +α ∑

j=1

N

e †(r)
j s j t 2

=η ∑
r=1

L

e (r)
i m (r) t 1+log 1-α +α m (r) t 2   .

(10)

In the limit of α→0, the above dynamics will be reduced to the autocorrelation dynamics.

     

σ i (t+1)=ηlim
α→0

∑
r=1

L

e (r)
i m (r) t 1+log 1-α +α m (r) t 2  

   =η∑
r=1

L

e (r)
i m

(r) t =-η∑
r=1

L

e (r)
i ∑

j=1

N

e † (r)
j s j (t)

    =η∑
j=1

N

w ij s j (t) .

(11)

On the other hand,  eq.(10) results in eq.(9) in the case of  α→1.   Therefore one may control the dynamics between the autocorrelation (

α→0) and the entropy based approach ( α→1).

3. Numerical Results

     The embedded vectors are set to the binary random vectors as follows.

        e (r)
i =sgn(z (r)

i )     (1≤r≤L )  , (12)

where z (r)
i  (1≤i ≤N , 1≤r≤L ) are the zero-mean pseudo-random numbers between -1 and +1.    For simplicity, the activation function , eq.(1),

is set to 

   s  i =f ( i )=sgn( i ) (13)

where sgn •  denotes the signum function defined by  
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 sgn x =
-1  (x<0)
0   (x=0)
+1 (x>0)

(14)  

 

    The initial vector  s i (0) (1≤i≤N) is set to     

 s i (0)=
-e (s)

i     (1≤i≤H d)

+e (s)
i    (H d+1≤i≤N)

 , (15)

where e (s)
i  is a target pattern to be retrieved and H d  is the Hamming distance between the initial vector  s i (0)  and the target  vector e (s)

i .

The retrieval is succeeded if  

    m (s) (t ) =∑
i=1

N 

e †(s)
i s i (t )  (16)

results in 1 for t≥1, in which the system may be in a steady state such that  

 s i (t+1)=s i (t)   , (17a)

  σ i (t+1)=σ i (t)  . (17b)   
To see the retrieval ability of the present model, the success rate S r  is defined as the rate of the success for  1000 trials with the different
embedded vector sets e (r)

i  (1≤i≤N, 1≤r≤L).    To control from the autocorrelation dynamics after the initial state (t~1) to the entropy based
dynamics (t~T max ) , the parameter α  in eq.(10) was simply controlled by 

       α= t
T max

α max       (0≤t≤T max ) (18)

where T max  and α max  are the maximum values of the iterations of the updating according to eq.(10) and α , respectively.
       Choosing N=200, η=1,  T max =25, L/N=0.5 and α max =1,  we first present an example of the dynamics of the overlaps in  Figs.1(a) and
(b) (Entropy based approach).   Therein the cross symbols(×) and the open circles(o) represent the success of retrievals, in which eqs.(5a) and
(5b) are satisfied, and the entropy defined by eq.(2), respectively, for a retrieval process.   In addition the time dependence of the parameter
α/α max  defined by eq.(18) are depicted as dots (.).   In Figs.1 (a) and (b), after a transient state, it is confirmed that the complete association
corresponding to eqs.(5a) and (5b) can be achieved. 

     

0 5 10 15 20 25
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

<EAM2> N=200 Ns=100 Tmax=25 k=0 Hd=20 isin=0 ip=0 ictl=1 iotg=1 ient=1 izero=0 alpmax=1

n

O
ve

rla
ps

  <
 o

(n
) 

>

                 

0 5 10 15 20 25
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

<EAM2> N=200 Ns=100 Tmax=25 k=0 Hd=60 isin=0 ip=0 ictl=1 iotg=1 ient=1 izero=0 alpmax=1

n

O
ve

rla
ps

  <
 o

(n
) 

>

                               (a)   H d/N=0.1                                                                              (b)   H d/N=0.3

  Fig. 1    The time dependence of  overlaps     of  the present entropy based  model defined by eq.(10).                                                                                           
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                       Fig.2  The characteristics of the memory retrievals of autoassociation models.
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     Then we shall present the dependence of the success rate  S r  on the loading rate L/N are depicted in Figs.2(a) and (b) for H d=1, N=200

for the entropy approach and the associatron, respectively.  From this result, one may confirm the larger memory capacity of the presently
proposed model defined by eq.(10) in comparison with the conventional autoassociation model defined by eq.(11).    Comparing Figs. 2(a) and
(b),  it is found that the present approach may achieve twice of the memory capacity beyond the conventional autocorrelation strategy.
Comparing Figs. 2(a) and (b),  it is found that the present approach may achieve twice of the memory capacity beyond the conventional
autocorrelation strategy.

4. Concluding Remarks 
   In  the present paper, we have proposed an entropy based association model instead of the conventional autocorrelation dynamics.  From
numerical results,  it was found that the large memory capacity may be achieved on the basis of the entropy approach.   This advantage of the
association property of the present model is considered to result from the fact such that the present dynamics to update the internal state
eq.(10) assures that the entropy, eq.(2) is minimized under the conditions, eqs.(5a) and (5b), which corresponding to the succeeded retrieval of
a target pattern.   In other words, the higher-order correlations in the presently proposed dynamics, eq.(10), which was ignored in the
conventional approaches, 1-11)  was found to play an important role to improve memory capacity, or the retrieval ability.
    To conclude this work, we shall show the dependence of the storage capacity, which is defined as the area covered in terms of the success
rate curves as shown in Fig.3 , on the Hamming distance in Fig.3 for the autocorrelation learning model(CL) with eqs.(10) and
w ij =(1/N)Σe (r)

i e
(r)

j  instead of eq.(6c)  as well as the orthogonal learning model(OL) with eqs.(10) and (6c).      Therein one may see again
the great advantage of the present model based on the entropy functional to be minimized beyond  the conventional quadratic form[12,13].  In
fact one may realize the considerably larger storage capacity in the present model in comparison with the associatron  over H d/N~0-0.5.
The memory retrievals for the associatron become troublesome near H d/N=0.5  as seen in Fig.3  since the directional cosine between the initial
vector and a target pattern  eventually vanishes therein.   Remarkably, even in such a case, the present model attains a remarkably large
memory capacity because of the higher-order correlations involved in eq.(10)  as expected from Figs.1 and 2.  
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w ij =(1/N)∑
r=1

L

e (r)
i e

(r)
j ,  and the associatron with the orthogonal learning [13], and the associatron with orthogonal learning under the

condition w ii =0[12],  respectively.

 
    As a future problem, it seems to be worthwhile to involve a chaotic dynamics in the present model introducing a periodic activation

function such as sinusoidal one as a nonmonotonic activation function.[14]    The entropy based approach[15] with chaos dynamics[14]   is now
in progress  and will be reported elsewhere  in the near future.
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Abstract-- Based on a physical process of conversion of 
device noises to output phase noise, an analysis is presented 
that explains the superiority of complementary oscillators in 
achieving higher figures of merit. Nonlinearity in the large 
signal operation of the cross coupled pair and its effect on 
phase noise degradation at higher amplitudes is quantified. 
Numerical findings are compared against measured data.
1. Introduction

Voltage controlled oscillators (VCOs) are continually the 
topic of active research. With increasingly more stringent 
requirements on their phase noise specifications, more effi-
cient VCOs with higher figures of merits are needed in 
emerging bandwidth efficient standards. Different topologies 
have been compared already in a quest for the optimal per-
formance. It has been observed that the complementary LC 
VCO of Fig. 1(b) can achieve a Figure of Merit (FOM) of up 
to 6 dB better than its NMOS- or PMOS-only counterpart 
(Fig. 1(a)) making it the topology of choice in power aware 
applications. To date, the most comprehensive attempts at 
the analysis of phase noise in complementary VCOs have 
solely used the LTV model developed by Hajimiri and Lee 
[1-4]. The reliance on this model alone and the ISF functions 
to calculate noise up-conversions can deprive circuit design-
ers of gaining enough intuition needed in their design pro-
cess. In turn, an analysis that physically explains the 
operation of the VCO with awareness of the nonlinear opera-
tion of the active cross coupled pair can lead to further cir-
cuit techniques to improve phase noise.

In this paper, we present a physical mechanism that 
explains the conversion of device noises to output phase 
noise in complementary LC oscillators. We will then com-
pare the findings with the performance of N- or PMOS only 
oscillator. Increased phase noise at higher output amplitudes 
will be explained and quantified. Compared to the previous 
treatments of complementary oscillators [2-4], we believe 
this analysis is more comprehensive, simpler to understand 
and presents insights into the design of low noise VCOs.
2. Phase Noise Analysis

It has been observed that a complementary VCO can nom-
inally generate an output amplitude two times larger than an 
NMOS VCO for the same tail current and the same equiva-
lent parasitic resistance across the tank [3]. Dual cross cou-

pled pair configuration in complementary VCO of Fig. 1(b) 
commutate the tail current as a square wave into the tank, the 
first harmonic of which defines the differential output ampli-
tude:Vo 4 IR= ;where R is the differential equivalent 
resistance across the tank as depicted in Fig. 1(c). The under-
lying phase noise analysis converts the noise originating 
from any source to a single equivalent noise current across 
the tank shown in Fig. 1(c). Any such noise causes a differ-
ential voltage noise shaped by the tank’s transfer function:

vn
in R
2Q------------ o

m
-------= (1)

We will subsequently address each noise source separately.

2.1. Tank Noise
The parasitic resistance due to limited quality factor of the 

tank generates a stationary white noise that continuously 
injects a constant-PSD noise into the tank. However, time 
variant operation of the oscillator affects the conversion of 
this voltage noise to phase noise as quantified by the impulse 
sensitivity function (ISF) [1]. For an oscillator with a sinuso-
idal output voltage, the ISF is known to be Cos= ,
hence rms

2 1 2= . The RMS value of the ISF function 
determines what percentage of the cyclostationary noise 
power converts to phase noise. Using (1), normalizing the 
noise power to differential signal power and multiplying by 

rms
2 , the effect of tank noise on phase noise is:

LR m
4kTR

Vo
2------------- o

2Q m
---------------

2
= (2)

2.2. Noise in NMOS Cross-Coupled pair
Similar to the operation of the cross coupled pair in 

NMOS only VCO analyzed in [5], the NMOS cross coupled 
pair in Fig. 1(b) injects noise to the output almost entirely 
during the time window of zero crossing transition at the dif-
ferential output voltage. Therefore a noise voltage vn at the 
gate of transistors in cross coupled pair simply advances or 
retards zero crossing times, which in turn translates to phase 
noise. This can be modeled by a train of sampling pulses at 
two times the frequency of oscillation which sample the gate 
noise voltage to form output noise. In a simple model, 
assuming that the pair simply switches the differential cur-
rent from -I to +I and that the output voltage is sinusoidal, it 
can be shown that the sampling pulse width is 
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ts I gmfoVo= . Multiplication of these pulses with gate 
noise voltage translates to convolution of their spectra in fre-
quency. Therefore, all the odd harmonics of the gate voltage 
noise are converted in frequency to the sideband PM noise at 
the output main tone. The effective equivalent stationary
current noise power across the tank can be shown to be:

inc
2 8kT n

I
Vo

---------= (3)

Using (1) and (3), normalizing noise to the signal power, 
and replacing the amplitude of oscillation, we get:

Lc m
4kTR

Vo
2------------- n

2-----
o

2Q m
---------------

2
= (4)

2.3. Tail Current Noise
The conversion of tail current noise to phase noise 

depends on its operation region. Moreover, circuit tech-
niques can be used to filter out the critical noise around the 
second harmonic of the oscillation frequency [6]. At higher 
amplitudes of oscillation, tail current FET may operate in 
triode region. In this scenario, the small output resistance of 
the triode FET shunts most of the tail channel noise to AC 
ground. Therefore only a small fraction of the tail noise con-
tributes to the output phase noise.

However, when the tail current FET operates in saturation 
region, its channel noise affects the output phase noise in a 
mixing action with the cross coupled pair. As explained in 
[5], the current commutation in cross coupled pair acts as a 
mixer that converts all the even harmonics (except low fre-
quency) of tail current noise to close-in output phase noise. 
A noise bin around 2kfo is mixed down by the oscillator har-
monics at (2k+1)fo and (2k-1)fo to form a correlated voltage 
output noise around the oscillation frequency fo. The sum of 
all the frequency converted components of noise can be 
modeled by a stationary current noise across the tank:

int
2 4kT n

2I
Veff t,
------------= (5)

where square law relationship is used to define the transcon-
ductance of the tail current FET; gmt 2I Veff t,= . Using 
(5) and (1), the resulting phase noise is:

Lt m
4kT nR

Vo
2-------------------

Vo
2Veff t,
--------------- o

2Q m
---------------

2
= (6)

2.4. Noise in PMOS Cross-Coupled Pair
The analysis of noise in the PMOS cross-coupled pair 

needs a different treatment. Noise current in lossy tank is 
stationary. The assumption of stationarity can also be 
applied to the tail current noise provided that the oscillation 
amplitude is not too large to push current source into triode 
at the peaks of oscillation. Simplification of stationarity of 
the cross coupled noise during a small window around zero 
crossing does not lead to significant error in calculated out-
put noise. However, channel noise in PMOS cross coupled 

devices is injected directly to each side of the tank continu-
ously and is cyclostationary (Fig. 2(a)). The question is how 
the single ended current noise source as shown in Fig. 2(a) 
affects the differential output phase noise. The single ended 
noise current can be equivalently represented by three noise 
currents as depicted in Fig. 2(b). Only half of the noise cur-
rent (1/4th the noise power) represented by the noise source 
across the tank converts to phase noise. The rest of the noise 
converts to AM noise which can be removed by subsequent 
limiters. The conversion of this cyclostationary differential 
noise current to the output phase noise depends on the 
amplitude of oscillation.

To address the cyclostationarity of this noise, one must 
consider the effective ISF [1], defined by:

eff Cos= = (7)

where  is the cyclostationarity factor. It turns out that 
with an assumption of sinusoidal voltage across the tank and 
the square law relationship of current,  is:

1 mSin+ m
Vo

2Veff p
-----------------=;= (8)

where Vo and Veff,p are the differential output voltage ampli-
tude and the overdrive voltage of PFETs at equilibrium in 
Fig. 1(b) respectively. The factor  denotes how long 
each PFET injects noise to the tank during an oscillation 
cycle. For small oscillation amplitudes When the 
amplitude of oscillation is large such that the PMOS cross 
coupled pair experiences high nonlinearity as shown in Fig. 
[3], can be approximated by:

(9)
1;
0;

=
0

2

When the oscillation amplitude is small compared to 2Veff,p,
m 1. Thus the effective ISF can be approximated as:

eff rms small,
2 1

2--- 1 m2

4------+ 1
2---= (10)

Therefore when the oscillation amplitude is small, half of 
the differential noise converts to phase noise according to 
(10). Subsequently, the overall contribution of PFET pair to 
phase noise reduces to:

Lpmos m
4kTR

Vo
2------------- p

2----
o

2Q m
----------------

2
= (11)

where ino
2 4kT pgmpo= has been used for the thermal 

channel noise of PFETs at equilibrium bias point and 
gmpoR , the overdrive gain of PFETs at equilibrium, is 
assumed approximately 1 for small amplitudes. To maintain 
higher oscillation amplitudes, the overdrive gain of the cross 
coupled pairs must be increased above 1. Fig. 3(b) shows 
the simulated large signal behavior of the PMOS and NMOS 
cross coupled pair in a complementary VCO with large out-
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put voltage sweep. The hysteresis is due to the delay in cross 
coupled pairs at a high oscillation frequency (here 
fo=1.2GHz). When the VCO operates in the voltage-limited 
regime, the cross coupled pairs enter their non-linear regions 
for a large part of the oscillation period. In steady state the 
effective transconductance of the PMOS cross coupled pair 
(Gmp) and that of the NMOS pair (Gmn) must cancel parasitic 
resistance of the tank such that Gmp Gmn+ 2 R= . With 
equal contributions of negative resistance from the NMOS 
and PMOS cross coupled pair, Gmp Gmn 1 R= = . From 
the nonlinear curves in Fig. 3 it can be observed that for this 
condition to hold at large output swings when the PMOS 
pair exhibits high nonlinearity, the overdrive gain 
gmpoR must be greater than 1; often at least 2 or 3. Using (8) 
for large amplitudes, the phase noise due to PMOS cross 
coupled pair at high oscillation amplitudes is approximately:

Lpmos m
4kTR

Vo
2------------- p

2----
1
2
--- m2

8
------+

Vo
4Veff p
----------------- o

2Q m
----------------

2
= (12)

where square law relationship has been used for transcon-
ductance of PMOS FETs.
3. Discussions and Design Implications

From the preceding noise analysis, the overall phase noise 
can be modeled as:

L m
4kTFR

Vo
2----------------- o

2Q m
---------------

2
= (13)

where the noise factor F is:

F 1 n
2-----

p
2----- n

Vo
2Veff t,
---------------+ + += (14)

when the oscillation amplitude is small enough to prevent 
PMOS cross coupled pair to experience high nonlinearity. 
Otherwise the noise contribution factor is approximately:

F 1 n
2-----

p
2-----

1
2---

m2

8------+
Vo

4Veff p
----------------- n

Vo
2Veff t,
---------------+ + += (15)

Noise filtering technique [6] and the operation of VCO’s 
tail current device in triode region can reduce the last factor 
in (14) and (15). For comparison, the noise factor of the 
NMOS only LC oscillator of Fig. 1(a) is:

F 1 n n
Vo

2Veff t,
---------------+ += (16)

From (14) and (16) it can be concluded that the contribu-
tion of each cross coupled pair to the output phase noise in 
the complementary VCO is half of the NMOS pair in Fig. 
1(a). Therefore with n p , a 6 dB improvement in phase 
noise may be expected. However, as the oscillation ampli-
tude increases further, the PMOS pair contributes more to 
the phase noise as predicted in [2] and quantified in this 
paper in (15). A closer look at (15) suggests that the contri-
bution of PMOS cross coupled pair can be reduced at higher 

amplitudes by reducing their equilibrium transconductance 
gmpo. To illustrate this, two complementary LC VCOs were 
designed in a standard 0.18 m CMOS process, shown in 
Fig. 4. Noise filtering technique was used to reduce the 
effect of tail FET channel noise to negligible values. The 
two VCOs use the same tank, oscillate at about the same fre-
quency and consume almost equal powers. In OSC1, PMOS 
and NMOS are sized to deliver equal transconductances, as 
commonly used. However, the sizings in OSC2 are chosen 
to reduce gmpo. In both VCOs, gmpo+gmno are about the same. 
The simulated phase noise at 10MHz away from the carrier 
in OSC2 is 2.1 dB lower than OSC1, proving the preceding 
analysis. The choice of unequal values of transconductance 
can result in asymmetry of the waveforms leading to 
increased low frequency phase noise [1]. However, we did 
not observe such effect in SpectreRF simulations for the 
VCO of Fig. 4.

4. Experimental Verification

The validity of phase noise expressions in section II has 
been verified with numerous simulations in SpectreRF. Kao 
et. al. present a qualitative analysis of a complementary 
VCO which does not offer a closed form equation for the 
excess noise factor A [4]. We received the circuit schematics 
from Kao et. al. and simulated the VCO using the fabricated 
technology model files. The VCO was implemented in 0.35 

m CMOS technology. We verified all the simulated operat-
ing parameters of the VCO (frequency, amplitude, current) 
against the reported values in [4]. The PMOS cross coupled 
pair partly operates in the nonlinear region of operation. We 
calculated all the parameters including n 0.79= and

p 0.84= from model files and simulations. Factor m in (8) 
is 2.93. Eq. (15) predicts a noise factor F = 8.89. The equiv-
alent noise factor in [4] is defined as 2.(A+1) = 7.02; slightly 
lower than the more rigorous calculation using Eq. (15). 
However, [4] reports A from simulations only. Fig. 5 shows 
a comparison between the measured phase noise reported in 
[4] and the calculated phase noise from (13) and (15). The 
VCO oscillates at close to 2GHz. The calculated phase noise 
at 600kHz away from the carrier is -119.4 dBc/Hz; close to 
the measured value of -116 dBc/Hz. Flicker noise effects 
dominate at frequency offsets below 100KHz, where the 
measured and predicted graphs of phase noise start to depart.

5. Conclusion

An analysis of the phase noise in complementary LC 
oscillators based on the physical process of device noise to 
phase noise conversion was presented and compared with 
VCOs with single cross coupled pair. It was proved that 
while at low oscillation amplitudes, when the auxiliary cross 
coupled pair exhibits less nonlinearity than it would at high 
swings, the complementary VCO provides an FOM of up to 
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6 dB higher than its single cross coupled counterpart. In 
addition, a major difference between the impact of the 
PMOS device noise and that of the NMOS pair in Fig. 1(b) 
is that the former injects cyclostationary noise across the 
tank continuously while the latter introduces noise only dur-
ing output voltage transitions. Thus the high impedance of 
the tail current is beneficial to reducing phase noise contri-
bution of the NMOS devices. A measured data by Kao et. al. 
was compared to the analysis for validation.
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Abstract—This paper proposes a Spread Spectrum
Clock Generator specifically meant for 3 GHz Serial
ATA-II applications. The spreading is obtained through a
PLL frequency modulation driven by arandom signal, to
avoid strict periodicity of the clock and thus high peaks in
its power spectral density. The circuit, including a PLL-
modulator and a Random Bit Generator has been designed
in UMC 0.18µm technology; the random bit generator is
based on a chaotic-map. Simulations show Electromag-
netic Compatibility improvement of approximately 13 dB
with respect to the reference case. A prototype of this cir-
cuit is currently under fabrication.

1. Introduction

Reduction of Electro-Magnetic Interference (EMI) in
electronic devices is an issue of increasing interest for de-
signers. Preeminent interference sources are synchroniza-
tion signals, due to their sharp edges and their periodic
nature, which concentrate power at multiples of their fre-
quency; in particular for high–speed interfaces between
signal processing units and the other peripheral storages,
like HDD and DVD/CD.

To cope with all problems related to the increasing data–
rate of these peripheral devices, the Serial ATA (Advanced
Technology Attachment) protocol [1] has been introduced
and it is now imposing as the new standardde facto. This
computer bus technology, primarily designed for fast data
transmission to and from Hard Disk Drives, has been de-
signed to transmit data through a simple serial cable, in
opposition to the previous ATA standard that relies onpar-
allel data transmission. In this way, all transmission re-
lated problems are now concentrated into a single high–
speed line, making the system simpler and more reliable.
Recently this protocol has raised its clock rate to 3.0 GHz,
with the release of SATA–II.

The obvious drawback is related to EMI increase, due
to the higher transmission rate. To this regard, Serial ATA
specifications formally mention the possibility of introduc-
ing spread spectrum techniques on its synchronization sig-
nal, even stating its allowed amount, thus implicitly sug-
gesting that a spread spectrum clock can conveniently be
applied to perform an on-chip EMI reduction, without any
need of heavy shielding materials and so reducing the over-
all cost of the equipment.

Spread Spectrum clock consists of a frequency modu-
lation producing a clock signal whose edges are slightly

delayed or anticipated avoiding perfect periodicity. In this
way, all peaks in the power spectrum are sensibly reduced.
This point of view is perfectly coherent with FCC and CE
regulations [2] that link compliance with the ability of fit-
ting the interfering power spectrum within a prescribed
mask.

Of course, in this way the synchronization process re-
sults impaired; for the proper operation of the system it
is necessary that all connected devices are designed to be
compatible with the introduced modulation. SATA speci-
fications set the maximum allowed value of the frequency
deviation to 0.5% of the fundamental frequency.

On chip – ordesign-time – solutions [3], assure that the
implemented electronic equipmentgenerates electromag-
netic interference with power spectral density as flat as pos-
sible, so that its integral within any sufficiently narrow fre-
quency range (and therefore in the bandwidth of any unin-
tentional receiver) is as low as possible.

It can be intuitively accepted that the efficiency of
these methods critically depends on the statistical proper-
ties of the modulating signal. Signals produced byran-
dom systems seem particularly appealing from this point
of view, since they are typically aperiodic and broad-
band. Random-based frequency modulation [4, 5] has been
shown to significantly reduce the EMI due to clock sig-
nals with respect to results achieved in classical literature
[6, 7]. In those papers, emphasis is on continuous-valued
random modulation with large modulation indexes (slow-
modulation) for which an analytical estimation of the spec-
trum profile can be provided.

More recently, in order to solve known problems con-
nected with slow modulation, it has been introduced in [8]
a binaryfast random modulation, which shows evenbet-
ter flattening properties with respect to slow modulation,
as long as it operates at proper modulation indexes, derived
by means of numerical optimization.

In this paper we propose a Spread-Spectrum Clock Gen-
erator (SSCG) designed to implement a fast binary mod-
ulation. The SSCG architecture is based on a PLL with
few modifications to achieve a frequency modulator, which
is designed to work with a mean frequencyf0 = 3 GHz.
A random bit generator, whose purpose is to generate the
driving signal is also implemented; it is designed to work
up to 45 MHz and it can be shown that its realization can
conveniently be derived by already existing circuit blocks
[9].

The circuit is currently being manufactured with a 1.8V
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Figure 1: Block diagram of the SSCG.

0.18µm CMOS single-poly six-metal process. Our imple-
mentation, as well as the achieved results, is described in
the following.

2. Architecture of the Spread Spectrum Clock

The block diagram of the SSCG is shown in Fig. 1.
In the following we will introduce the adopted modula-

tion and the implementation of the main blocks.

2.1. Binary Fast Random Frequency Modulation

Let us consider clock signals(t) as the result of a fre-
quency modulation:

s(t) = sgn

{

cos

[

2π

(

f0t + ∆ f
∫ t

−∞

ζ(τ)dτ

)]}

where f0 indicates the carrier frequency,∆ f the frequency
deviation andζ(t) the driving PAM signal:

ζ(t) =
+∞
∑

k=−∞

xkg(t − kT ) (1)

given thatg(t) is a unit pulse of duration T and thatxk

are random values constituting the modulating sequence,
which can only assume the values -1 and+1. This is known
asbinary modulation.

It has been shown [8] that this modulation flattens the
first harmonic in the PSD when themodulation index m =
∆ f · T is equal tomopt � 0.318. Furthermore, the observed
reduction of the peak amplitude is the best with respect to
all other known modulations.

2.2. Chaos-based Random Bit Generator (RBG)

The purpose of the RBG is to generate the PAM driv-
ing signal. Since the performances of the proposed bi-
nary modulation strongly depend on symbols being uncor-
related, the choice of the RBG is critical. Furthermore,
being afast modulation, the driving signal is required to
work at high frequency, i.e. the random bit generator must
achieve a high throughput. In other terms, pseudo-random
generators based on linear feedback shift registers, which
are capable of achieving a very high throughput, produce
sequences that can be far from optimum for this applica-
tion, depending on the length of the register. Also, classical
true-random number generators based on the observation of
physical random phenomena such as thermal noise, which
achieve the best results in terms of signal low correlation,
are not suitable for this application, due to their very low
throughput. Hence, to achieve our goal we follow [9] and

+

signal
Driving

VCO

÷N

OSC
PFD CP LPF

fin
fout

Figure 2: Block diagram of the PLL-based modulator.

base our design on a chaotic map [10]. With this solution
we are able to obtain a throughput up to about 45 Mbit/s,
which is the speed necessary to achieve the optimum mod-
ulation index at the maximum frequency deviation allowed
by the SATA protocol.

2.3. PLL-based Frequency Modulator

The block diagram of the modulator is shown in Fig. 2:
neglecting thedriving signal, this scheme is the same as a
conventional PLL-based clock generator. It includes a ref-
erence clock oscillator, a Phase-Frequency Detector (PFD),
a Charge Pump (CP), a Low-Pass Filter (LPF), a Voltage-
Controlled Oscillator (VCO) and a Divider by N on the
feedback path. Its purpose is to set the output frequency
fout = N fin, where fin is the frequency of the reference
clock. From standard PLL analysis [11, 12] we know that
its closed-loop transfer functionfout(s)/ fin(s) has alow-
pass nature, with cut-off frequencyωc.

The conventional scheme is indeed modified with the ad-
dition of a driving signal between LPF output and VCO in-
put. If we suppose that this signal is high frequency with
respect toωc, we can notice that it drives the VCO as in
an open-loop system, since it cannot pass through the loop
composed by the divider, the PFD, the CP and the LPF, due
to the low-pass nature of the loop. [13]

With these assumptions, the PLL can be considered as
a frequency modulator, where the modulating signal is the
above driving signal, and the carrierf0 is the output fre-
quencyfout of the PLL working without any modulation.

The core block of the PLL is the VCO in Fig. 3-(a). Es-
sentially it consists of a Ring–Oscillator (Fig. 3-(c)), whose
basic stage is modified (Fig. 3-(d)) in order to minimize the
power consumption while maximizing the oscillation fre-
quency [14]. The classic common path for the inputs of the
inverter has been split in two: the input for the NMOS tran-
sistor comes from the preceding inverter, whereas the input
for the PMOS transistor comes from the inverter two po-
sitionsbefore, to have an anticipated signal with the same
phase with respect to NMOS input. In this way the PMOS,
which is slower than the NMOS, is turned on in advance,
allowing faster operations. An additional PMOS transistor,
driven by the control voltageVctrl, realizes the modulation
in the VCO, controlling the current flowing through the in-
verters.

The additive function in the modulation process is in-
stead performed by the IS (Fig. 3-(b)), through two pass-
transistors driven byΦ1 andΦ2, along with the two cur-

636



(IS)
Stage
Input 5−stage

Ring−Oscillator
(RO) Buffer

Wave−ShapingVctrl Vout

Ibias

Vctrl

Ibias Ibias

Vfilter

Φ1 Φ2

(a) (b)

Vctrl

Vout
OUTOUTOUTOUTOUT

VcVcVcVcVc

INpINpINpINp INp
INn INnINnINn INn

Vctrl

Vout

INp

INn

(c) (d)

Figure 3: (a) Block diagram of the VCO; (b) Input Stage; (c) Ring-Oscillator; and (d) Ring Oscillator basic stage.

3.050G

3.025G

3.000G

2.975G

2.950G

 1 0.95 0.9 0.85 0.8

O
ut

pu
t f

re
qu

en
cy

 (
H

z)

Control voltage (Volt)

non-modulated
"1" modulated
"0" modulated

Figure 4: Voltage/Frequency characteristic of the VCO in
non spread spectrum mode (solid line) and spread spectrum
mode (dashed lines).

rent sourcesIbias. This circuit is designed to work with
Φ1 = Φ2 = Φ, whereΦ is the signal coming from the
random bit generator; however its behavior is more evi-
dent considering these two signals separately. Supposing
Φ1 = Φ2 = 0, the circuit acts as a linear voltage ampli-
fier, whereVctrl is proportional toVfilter; the obtained VCO
fout/Vfilter characteristic is represented by the solid line in
Fig. 4. WhenΦ1 = 1, the currentIbias is subtracted from the
current mirror, thus shifting up thefout/Vfilter characteristic.
On the contrary,Φ2 = 1 addsIbias to the current mirror and
shifts down the characteristic. The two shifted characteris-
tics are represented by dashed lines in Fig. 4. The distance
between the curves is approximately constant in the range
of interest and represents the PLL∆ f .

The remaining circuits used in the PLL are standard cir-
cuits and they are not discussed here. The LPF filter has
been implemented with an active third-order filter to allow
a monolithic realization without any external passive com-

Figure 5: Layout of the PLL-based Clock Generator.

ponents. The cut-off frequency has been set tofc = 15KHz.

3. Simulations result

The circuit has been completely designed in UMC
0.18µm CMOS technology. The layout of the designed
circuit is shown in Fig. 5. Some post-layout simula-
tions, which include parasitic effects and confirm the ef-
fectiveness of the proposed implementation are presented.
The center-spread frequency has been set to the nominal
value of f0 = 3 GHz and the chaotic map bit-rate to
fm = 47.17 Mbit/s. The frequency deviation∆ f is set to
∆ f = 15 MHz to achieve the optimal modulation indexm
value.

Fig. 6-(a) represents the power spectrum density of the
output clock signal. The simulated spectrum is also com-
pared with the theoretical one from [8]. As can be seen, the
simulated spectrum is very close to the theoretical one.

Fig. 6-(b) shows a comparison between the simulated
power spectrum density of the output clock signal and the
same spectrum obtained from the circuit without any driv-
ing signal, i.e. working as a standard PLL-based clock
generator. The resolution bandwidth is set to 120 kHz, as
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Figure 6: (a) Comparison between power spectrum density
of the output clock obtained from the simulated circuit and
the theoretical power spectrum density of the binary mod-
ulation; and (b) comparison between power spectra density
of the modulated and non modulated output clock. The
spectra are measured in dBV2, with RBW= 120KHz.

indicated by CISPR regulations [2][15]. The comparison
shows a peak reduction on the fundamental tone of about
13 dB.

4. Conclusion

In this paper, a spread-spectrum clock generator for
SATA-II applications implementing a binary frequency
modulator is presented. This circuit is driven by a chaotic
map, which implements a fast true-random bit generator.
The circuit has been designed in a commercial CMOS tech-
nology and simulations have been presented, which con-
firm that the proposed circuit works effectively as a binary
frequency modulator, as expected from the circuit model;
furthermore, peak amplitudes in the power spectrum are
attenuated and the proposed architecture does achieve the
spread-spectrum function as expected.

References

[1] Serial ATA Workgroup, “Serial ATA II: Electrical Specifi-
caion”, Revision 1.0, May 2004.

[2] Federal Communication Commission “FCC methods of
measurement of radio noise emission from computing de-
vices”,FCC/OST MP-4, July 1987.

[3] E. N. Lorenz, “Deterministic non-periodic flow,”
K.B. Hardin, J.T. Fessler, D.R. Bush, “Spread spectrum
clock generation for the reduction of radiated emission”,
Proceedings of the International Symposium on Electro-
magnetic Compatibility, pp. 227-231, 1994.

[4] R. Rovatti, G. Setti, S. Graffi “Chaos based FM of clock
signals for EMI reduction”,Proceedings of ECCTD’99, vol
1, pp. 373-376, Stresa - Italy, Sept. 1999.

[5] S. Callegari, R. Rovatti, G. Setti, “Spectral properties of
chaos-based FM signals: Theory and simulation Results”,
IEEE transactions on circuits and systems-I: fundamental
theory and applications, vol.50 no.1, January 2003.

[6] F. Lin, D. Y. Chen, “Reduction of Power Supply EMI Emis-
sion by Switching Frequency Modulation”, inIEEE Trans.
on Power Electronics, 1994, vol. 9, pp. 132–137.

[7] K.B. Hardin, J.H. Fessler, D.R. Bush, J.J. Booth, “Spread
Spectrum Clock Generator and Associated Method,”U.S.
Patent n. 5,488,627, 1996.

[8] S. Santi, R. Rovatti, G. Setti, “Advanced Chaos-based Fre-
quency Modulations for Clock Signals EMC Tuning,” in
Proceedings of ISCAS ’03, May 2003, vol. 3.

[9] S. Callegari, R. Rovatti, and G. Setti, “Embeddable ADC-
Based True Random Number Generator for Cryptographic
Applications Exploiting Nonlinear Signal Processing and
Chaos”, in ”IEEE Transaction on Signal Processing”, vol.
53, no. 2, pp. 793-805, Feb. 2005.

[10] G. Setti, G. Mazzini, R. Rovatti, and S. Callegari, “Statis-
tical modeling of discrete time chaotic processes: Basic fi-
nite dimensional tools and applications”, inProceedings of
IEEE, vol. 90, no. 5, pp. 662-690, May 2002.

[11] R.E. Best, “Phase-locked Loops: Design, Simulation and
Applications”, McGraw-Hill, 1999.

[12] J. Craninckx, M. S. J. Steyaert, “A Fully Integrate CMOS
DCS-1800 Frequency Sinthesizer”, inIEEE Journal of
Solid-State Circuits, vol. 33, no. 12, pp. 2054-2063, Dic.
1998.

[13] L. A. De Michele, F. Pareschi, R. Rovatti, G. Setti, “Chaos-
based High-EMC Spread-Spectrum Clock Generator” in
Proceedings of ECCTD ’05, vol. 1, pp. 165-168, Sept.
2005.

[14] C. Park, B. Kim, “A Low-Noise, 900-MHz VCO in 0.6-µm
CMOS”, in IEEE Journal of Solid-State Circuits, vol. 34,
no. 5, pp. 573-579, May. 1999.

[15] International Special Committee on Radio Interference
(CISPR), Publication 16-1, 2002.

638



Mathematical Analysis of Injection-Locked Frequency Dividers

Tao Xu∗, Zhipeng Ye† and Michael Peter Kennedy‡

*†‡Department of Microelectronic Engineering,
University College Cork, Ireland
‡Tyndall National Institute,
Lee Maltings, Cork, Ireland

Email: taox@ue.ucc.ie, z.ye@mars.ucc.ie, peter.kennedy@ucc.ie

Abstract—The injection-locked frequency divider
(ILFD) is investigated. A novel model is derived and
it is demonstrated that the ILFD works as a phase-
locked-loop (PLL) when locked. The qualitative rea-
sons why the frequency is divided and why it is mainly
locked at even numbers are introduced. The theory is
validated by experimental results.

1. Introduction

Phase-locked loops (PLL) are widely used in wireless
communication applications such as frequency syn-
thesis. The frequency prescaler is most used in the
feedback of a frequency synthesizer in order to divide
the frequency by a fixed number. Frequency dividers
are categorized into two groups, i.e. injection-locked
(ILFD) and static [1] frequency dividers. Static di-
viders offer both wide-bandwidth and high power con-
sumption. On the contrary, ILFDs consume lower
power at the expense of a narrow locking range.

In this paper we analyse an LC oscillator based
injection-locked frequency divider from a mathemat-
ical respective. Until now, almost all the researchers
considered the ILFD as just an oscillator with a spe-
cial purpose [2], [3]; we point out that it works as a
type of PLL when a signal is injected. A novel model
is introduced in Section 2 to help us to understand it
more clearly. In Section 3, we compare the reasons
and conditions for locking of the ILFD with that of
the PLL. We show why this type of frequency divider
favors specific division ratios as well. Experimental
results are shown in Section 4.

2. An Accurate Model of ILFD

The circuit schematic of the injection-locked fre-
quency divider we consider has been described
in [4], [5], and is shown in Fig. 1.

It can be simplified to the ideal circuit shown in
Fig. 2. NR represents the non-linear resistor composed
of the components in Fig. 1 other than Rs, L and C.

When there is no injected signal, we can get the

R

M1 M2

C

L

M3 M4

M6

CINJVINJ

M5

IBIAS RS

VDD

Figure 1: Circuit schematic

expression of this topology as below

C
dVC

dt
= IL − f(VC)

L
dIL

dt
= −ILR− VC , (1)

where f(VC) is the driving point characteristic of the
non-linear resistor which can be obtained by both
experiment and Spice simulation. The driving-point
characteristics derived from Spice simulations and ex-

NR

VC

L

R

IL

f(VC)

Figure 2: The simplified circuit
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periments are shown, together with a cubic approxi-
mation, in Fig. 3. The cubic approximation gives:

f(VC) = aVC − a

V 2
DD

V 3
C , (2)

where parameter a is the function of the bias voltage
of the tail transistor M6.

Figure 3: Driving point characteristics: Solid: Exper-
imental; Dotted: Cubic Fit To Experiment; Dashed:
PSpice

This free-running oscillator can be viewed as a feed-
back system. The model of it is shown in Fig. 4.

Nonlinear Device

2

2

1
DD

C
nd V

VV −=

RLC Tank

H(jω)

A

VC

Figure 4: Model of the free-running oscillator

When a signal is injected into the circuit shown in
Fig. 1, the parameter a is modified to

a = ä(VGS + vGS) ≈ â(VGS) +
dâ

dVGS

∣∣∣∣
VGS

vGS , (3)

where ä is a function of both VGS and vGS .

Now substituting (3) into (2), we obtain the govern-
ing equations for the ILFD:

C
dVC

dt
= IL − (A + daVin)VC +

A + daVin

V 2
DD

V 3
C , (4)

L
dIL

dt
= −ILR− VC , (5)

where A and da are used to represent â(VGS) and
dâ

dVGS

∣∣∣
VGS

in (3).

Equation (4) is modified, by collecting the factors A
and daVin, to obtain

C
dVC

dt
= IL −A(VC − V 3

C

V 2
DD

)− daVin(VC − V 3
C

V 2
DD

).

(6)

The difference between (1) and (6) is −daVin(VC −
V 3

C

V 2
DD

). Thus, a novel model is derived, as shown in
Fig. 5.

Figure 5: The accurate model of the ILFD

As can be seen from Fig. 5, the injected signal goes
through a multiplier first, then it meets the RLC tank
after combining with the signal in the interior feed-
back loop of the free-running oscillator. Since an ana-
log multiplier acts as a phase detector [6], it can be
concluded that the injection-locked frequency divider
is equivalent to a dual-loop phase-locked-loop (PLL)
at the mathematical level.

The RLC tank acts as a band-pass filter to reject
the frequency components far from ωo [7]. It can be
expressed as

H(jω) =
R + jωL

1 + jωRC + (jω)2LC
. (7)

The two negative feedback loops separate after the
nonlinear device, and each one has an individual gain
A and da. The output of the nonlinear device vnd,
shown in Fig. 5, is obtained as below

vnd = 1− v2
o

V 2
DD

. (8)
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Because of the effect of the nonlinear device, the in-
jected voltage signal Vin is transferred to a current
signal Iinj to affect the free-running oscillator after
multiplying with the signal in the “da feedback loop”.
This model is more accurate and clear than the previ-
ous work [8], [9].

3. Mathematical Analysis

3.1. Analysis of PLL

The model of a typical PLL is shown in Fig. 6. This
PLL example uses an analog multiplier as the phase
detector in order to be more easily compared with the
ILFD. vpd and vlpf are set to be the outputs of the
phase detector and the low-pass filter respectively. We
assume

vin = Vin sin(ωint + ϕ), (9)
vo = Vo sin(ωot), (10)

where Vin and Vo are the amplitudes of vin and vo,
ωin and ωo are frequencies and ϕ is the phase angle
between input and output signals. In this case,

vpd =vin × vo

=
VinVo

2
cos[(ωin − ωo)t + ϕ]

− VinVo

2
cos[(ωin + ωo)t + ϕ]. (11)

The low-pass filter rejects the higher frequency (ωin +
ωo)t + ϕ. Then

vlpf =
VinVo

2
cos[(ωin − ωo)t + ϕ]. (12)

The PLL is locked when vlpf is constant, i.e. ωin = ωo.

Figure 6: Model of PLL

3.2. Analysis of ILFD

The ILFD is similar to the PLL except that in this
case the locking depends on the output of the phase de-
tector Iinj . Firstly, we set the same input and output
signals as those in the PLL, i.e. (9), (10). As shown in

Fig. 5, it’s relatively straight forward to calculate the
output of the phase detector:

Iinj =vo · vnd · da · vin

=
daVin

2
(Vo −

3
4

V 3
o

V 2
DD

) cos[(ωin − ωo)t + ϕ]

− daVin

2
(Vo −

3
4

V 3
o

V 2
DD

) cos[(ωin + ωo)t + ϕ]

+
daVin

8
V 3

o

V 2
DD

cos[(ωin − 3ωo)t + ϕ]

− daVin

8
V 3

o

V 2
DD

cos[(ωin + 3ωo)t + ϕ]. (13)

From (13) it is found that the phase of Iinj may
be (ωin ± nωo)t + ϕ. The RLC tank filters out all
frequencies other than ωo. Hence, the ILFD is locked
only when ωin ± nωo = ωo, i.e. ωin = (±n + 1)ωo.
Because the nonlinear resistor has a cubic approximate
characteristic, n is always an odd integer, so that the
ratio of

ωin

ωo
= ±n + 1 (14)

should be an even number. This explains qualitatively
why we get strong lockings at even ratios of ωin/ωo,
but not at odd multiplies of ωo. In this example, the
frequency divider will be locked when ωin = 2ωo or
ωin = 4ωo.

Since the driving point characteristic is not pure
cubic, there may be other values of ωin that cause
the ILFD to be locked. For instance, ωin = ωo or
ωin = 1.5ωo, but the locking ranges at these points are
very small in comparison with those at even numbers.
This is demonstrated in the experiments introduced in
the next section.

3.3. Comparison

The ILFD and PLL have the qualitatively similar
locking behaviour. However, they have two key dif-
ference. First, the ILFD uses the RLC tank to act as
a band-pass filter while the PLL has a low-pass filter.
This results in different locking conditions and allows
an oscillator to become a frequency divider. Second,
there is a non-linear device in the feedback loop of the
ILFD, which makes the expression of Iinj more com-
plex than the corresponding vpd in a PLL. This in-
duces the ILFD to be locked at a few different values
of ωin/ωo.

4. Experimental Results

The locking range is most easily observed in a devil’s
staircase diagram [10], [11], as shown in Fig. 7. From
the staircase diagram, it is clear that there are strong
lockings at division ratios of 2 and 4, as predicted in
Section 3.
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Figure 7: Experimentally measured Devil’s staircase
diagram showing strong lockings at ωinj

ωo
= 2 and 4.

On closer examination, note that the ILFD is also
locked at odd division ratios and a few fractions, but
their locking ranges are very small. As highlighted in
Fig. 8, the ILFD is locked at ωinj

ωo
= 1, 4

3 , 3
2 . Closer

examination shows further lockings in the sequence,
albeit with smaller locking ranges, which are coinci-
dent with the “Farey Sequence” [12].
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Figure 8: Experimentally measured Devil’s staircase
diagram showing “Farey Sequence” of locking at 1

1 , 4
3

and 3
2 .

5. Conclusion

We have introduced a novel model which suggests
that the ILFD behaves like a dual-loop PLL at a math-
ematical level. Unlike the normal PLL, the RLC tank
eliminates frequencies far from ωo, which allows the
system to be used as a frequency divider. The cubic
characteristic of the non-linear resistor is the reason
why the ILFD is preferentially locked at even ratios of
ωinj/ωo and specially at ωinj

ωo
= 2 and ωinj

ωo
= 4. The

existence of a larger “Farey Sequence” of lockings is
confirmed. This needs to be investigated further.
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Abstract– In this communication a simple technique 
based on the phasor’s method is presented in order to 
analytically deal with nearly sinusoidal oscillator 
constraints. Unlike other methods, more complex from a 
computational point of view, such as Volterra series and 
Poincare’s perturbation, we are able to set the main linearity 
performance of a weakly nonlinear oscillator through closed 
form relationships. This gives to the designer a deep insight 
into the circuit behavior. In particular, we applied the 
methodology to the case of the Hartley oscillator, finding 
the expression of amplitude and frequency of the 
fundamental, and second- and third-order harmonic 
distortion factors as functions of the circuit components.  
Simulations performed with Spectre are provided and the 
results are found in good agreement with those expected. 
 

1.  Introduction 
 

Nearly sinusoidal oscillators are widely used in modern 
electronics, especially in communication systems [1-2]. 
Considering their typical application fields, such as the mixer 
circuits of RF communication systems, where the input 
signal must have an adequate linearity level, it is clear how 
this constraint is crucial for any oscillator designer. Yet 
practical oscillators are intrinsic nonlinear circuits, since the 
gain stage is required to be nonlinear in order to exhibit an 
amplitude stabilization mechanism. Consequently, it is useful 
to develop a method that allows the designer to simply cope 
with circuit components to analytically set the main 
performance of a nearly sinusoidal oscillator.  

Several theoretical and experimental papers have been 
devoted to nearly sinusoidal oscillators [3-5]. The analysis 
developed in [3] uses Volterra kernels and allows the 
evaluation of oscillation frequency and amplitude of the 
fundamental, by solving two nonlinear equations generated 
by a recursive algorithm. It reveals a good agreement with 
experimental results, but only after a large number of 
iterations. This method however is not suitable for a pencil  

 

and paper design and no information about harmonic 
distortion is outlined.  

Another analysis procedure is presented and exploited in 
[4-5], where Poincare’s perturbation method for weakly 
nonlinear system is exploited. The core of this method 
consists of a differential equation (the so called determining 
equation) containing the small parameter ε. By using a 
recursive method it is possible to solve the determining 
equation and to get the expression of the signal components 
at fundamental and its multiple frequencies. However, this 
approach is still expensive in terms of computation time.  

Recently, an efficient method to evaluate nonlinearities in 
feedback amplifiers has been presented and discussed in [6-
8]. Here, closed-form expressions of second- and third-order 
harmonic distortion factors are derived by applying the 
phasor notation and the method’s accuracy was validated 
through several examples.   

In this work, we extend the field of application of the 
above approach to design and analyze the Hartley oscillator. 
The approach is simple and amenable for a manual design. It 
is based on the separation of the nonlinear (static) function 
from the frequency dependent linear transfer function. 
Phasor notation is adopted and only simple algebraic 
manipulation is exploited. The goal of our approach is the 
formulation of a set of algebraic equations which allow the 
fundamental design parameters, which are the oscillation 
frequency, the amplitude of the fundamental harmonic and 
the second- or third-order harmonic distortion factors, to be 
established.  

In particular, we develop in section 2 the analysis of the 
Hartley oscillator and derive a set of equations useful for 
designing it. In section 3 we apply the equations found to a 
design example and perform simulations to verify their 
accuracy. Finally, in section 4 some conclusions are given.  
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Figure 1.  Schematic circuit of the Hartley oscillator. 

 

2.  Hartley Oscillator 
 

In the Hartley oscillator (shown in Fig. 1) the nonlinear 
device is the MOSFET, M1, biased in its saturation region.  
In particular we suppose that oscillator behavior is weakly 
nonlinear. This means that we assume the transistor at the 
steady state never departs from its quiescent point.   

Voltage source VDD gives a step voltage that biases the 
transistor and enables the oscillatory regime. Under suitable 
biasing, we can model the transistor at the steady state as a 
nonlinear voltage controlled current source as in Fig. 2, 
where the AC equivalent circuit is shown. 

Let us now represent the time-domain steady state output 
voltage, vo(t), considering its first three harmonics only, 
through the phasor notation  

 

( )tj
o

tj
o

tj
oo eVeVeVv 000 3

3
2

21Re ωωω ++=             (1)                              

  

where complex coefficients Voi are in the form ⏐Voi⏐ejϕoi, 
being ⏐Voi⏐ the magnitude and ϕoi the phase of the i-th 
harmonic. In particular, we can set ϕo1=0 and measure the 
phase shift of the second and third harmonics with respect to 
the first (therefore, this means that coefficient Vo1 is real).  

Consider the MOSFET drain current given by a third-  

 

Figure 2.  AC equivalent circuit of the Hartley oscillator. 

 

order polynomial of the voltage across gate and source  
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3

2
21 oooDS vavavai ++=                        (2) 

 

where real coefficients ai are known constants with 
appropriate dimensions. Substituting (1) in (2), disregarding 
the DC component and all harmonics higher than the third 
order, and denoting as V* the complex conjugated of phasor 
V, we get the expression of iDS, reported in (3) at the bottom 
of the page. 

Collecting the terms with the same exponential, the 
expressions of IDSi that appear in the latter of (3) are given by  
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where, keeping in mind that, under the assumption of weakly 
nonlinear behavior, the magnitude of both Vo2 and Vo3 is 
much lower than Vo1, we neglected the terms proportional to 
Vo1Vo2 and to Vo2

*Vo3 which appear in IDS1, and high-order  
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terms (products of Vo2
 and Vo3) that appear in IDS2 and IDS3. 

Considering for simplicity L=L1=L2, we can compute the 
output signal as 
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where the operator “○” means that the function at the right 
must be evaluated at the frequency of the incoming signal 
[8]. Hence the output signal is equal to 
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Equating (6) and (1), since the coefficients of the 
exponentials with the same frequency must be equal, yields 
the following system in which we introduced the loop gain 
T(jω)=a1Z(jω) 
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The set of equations in (7) allows us to set independently 
the oscillation frequency, ω0, the amplitude of the 
fundamental harmonic at the steady state, Vo1, and the 
distortion factors HD2 or HD3. Hence, equating to zero the 
imaginary part of (7) (since Vo1, a1 and a3 are real quantities) 
and finding at the next step the amplitude of the 
fundamental, gives respectively  
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where approximation in (8) holds if R2>>L/(2C).  

From second and third equations of (7), dividing by Vo1, 
we find the harmonic distortion factors, HD2 and HD3 (the 
latter is given at the bottom of the page) 

 

12

2
1

1

3
12

2
1

2
2

2
31a2129

1                      

2

o

o

V

V
a
aR

CR
L

C
La

X
XHD

⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅+++

×==

(10) 

 

 

Equations (10) and (11) give useful design guidelines 
since they show how to control the amount of distortion due 
to the second and third harmonic. 
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3.  Simulations 
 

In order to verify the proposed model, we simulated a 
Hartley oscillator biased with VDD=3.0 V and VGG=1.5 V. 
For the MOSFET M1 we adopted the BSIM3V3 model 
provided by 0.35-µm AMS technology. Its aspect ratio was 
set equal to 10µm/1µm. Our target was a sinusoidal voltage 
whose amplitude and frequency were 500.0 mV and 100.0 
MHz, respectively. In order to get the MOSFET nonlinear 
coefficients, we performed a Fourier analysis on the 
equivalent DC circuit whose schematic is shown in Fig. 1, 
replacing the two inductors by a short circuit and the 
capacitor by an open circuit, respectively. Indeed these 
coefficients depend only on the quiescent point and on the 
amplitude of the fundamental, but not on the particular 
oscillation frequency. Hence we applied a sinusoidal voltage 
of the desired amplitude and frequency across the gate and 
source and measured the Fourier components of the drain 
current. In particular, from simulation they result equal to  
a1=846.1 µA/V, a2=-307.1 µA/V2 and a3=67.8 µ/V3. From 
(9) and (8) it has to be R=2.3 kΩ and LC=1.3·10─18 s2, 
respectively.  It is worth noting that we have a degree of 
freedom in sizing the reactive components, since only their 
product affects the constraints. Hence, we can choose their 
values on the basis of properties such as the area occupied by 
the passive components or the THD referring to (10) and 
(11). In this example we simply set L1=L2=10 nH and C=130 
pF. 

We performed simulations with Spectre on the circuit 
shown in Fig. 1. Main simulation results are summarized in 
Table I, where we compared the amplitudes of harmonics 
(Vo1, Vo2, Vo3) and oscillation frequency (f0) expected from our 
model and from simulation. From (10) and (11) we are able 
to evaluate HD2 and HD3 for the circuit simulated. Table II 
summarizes the values expected from our model and from 
simulation. The error is about 1 dB for both HD2 and HD3.  

 

4. Conclusions 
 

In this paper, we analytically studied a Hartley oscillator 
by using a novel approach that exploits the phasor’s method, 
which is a simple algebraic approach. The main linearity 
performance of the oscillator, namely the oscillation 
frequency, amplitude, and second- and third-order harmonic 
distortion factors, was established  by a set of closed-form 
(algebraic) equations. The approach is particularly amenable 
from a design point of view, since it gives the designer a 
deeply insight into circuit behavior, unlike other methods 
like Volterra series and Poincare’s perturbation which are 
more complex from a computational point of view.  A 
Hartley oscillator was designed using the proposed 
technique, and simulated at the transistor level with Spectre. 
Simulations and expected results were found in very good 
agreement. Further application of the approach to other types 
of oscillators is currently in progress. 

TABLE I.  COMPARISON BETWEEN EXPECTED AND SIMULATED 
VALUES OF THE OUTPUT SIGNAL AT THE STEADY STATE, ITS HARMONICS 

AND THE OSCILLATION FREQUENCY FOR HARTLEY OSCILLATOR (R=2.3 KΩ, 
L1=L2=10 nH, C=130 pF) 

 Vo1 
(mV) 

Vo2 
(mV) 

Vo3 
(µV) 

f0 
(MHz) 

Expected 500.0 3.2 223.3 100.0 

Simulated 476.0 3.4 235.3 99.8 

Percentage 
error 

4.8% 6.3% 5.4% 0.2% 

 

TABLE II.  COMPARISON BETWEEN EXPECTED AND SIMULATED 
VALUES OF HD2 AND HD3 FOR HARTLEY OSCILLATOR (R=2.3 KΩ, 

L1=L2=10 nH, C=130 pF) 

 HD2 
(dB) 

HD3 
(dB) 

Expected -43.9 -67.0 

Simulated -43.0 -66.1 
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Abstract—This paper studies frequency-locked ro-
tations in a phase-locked loop (PLL) circuit as FM
demodulator. A rotation represents a desynchronized
steady state in the PLL circuit and is regarded as
another type of self-excited oscillations with natural
rotation frequency. The rotation frequency can be
locked at driving frequencies of modulation signals.
This paper investigates amplitude response curves of
frequency-locked rotations in the PLL circuit. The
obtained results show that they have some different
features from the well-known response curves of van
der Pol oscillator.

1. Introduction

Phase-locked loops (PLLs) are well-known as an im-
portant technique in communication engineering [1].
The PLLs consist of phase comparators, loop filters,
and voltage-controlled oscillators. Many researchers
have studied nonlinear oscillations in PLL circuits
[2, 3, 4]. The understanding of the oscillations is im-
portant for applying the PLL circuits to various engi-
neering systems.

A system that is derived in [2, 3, 4] to represent the
dynamics of a PLL circuit has two steady states. One
is a stable equilibrium point which corresponds to the
phase-locked steady state in the circuit. The other
is a stable limit cycle resulting from periodic nature
of phase space, called stable limit cycle of the second
kind [5] or stable rotation [6]. The rotation represents
a desynchronized steady state in the PLL circuit and
is regarded as another type of self-excited oscillations
with natural rotation frequency. Such rotating steady
state is studied in the PLL circuit [2] to analyze its
pull-in range and is also examined in the Josephson
junction [6] to clarify its current-voltage characteris-
tics.

The present paper considers frequency-locked rota-
tions in the PLL circuit as a FM demodulator. Fre-
quency entrainment or locking by external force is well-
known in periodically driven self-oscillatory systems
[7, 5, 8, 9]. In the van der Pol oscillator [7], we focus
on stable limit cycles of the first kind [5] or stable li-
brations [6] and examine locked librations at driving

frequencies of external force to the oscillator. Ampli-
tude response curves in [7, 5, 8] show a characteris-
tic feature of the frequency-locked librations. On the
other hand, in the case of the PLL circuit with stable
rotation, the rotation frequency can be also locked at
driving frequencies of modulation signals. The sim-
ilar phenomenon is actually discussed in Josephson
Junction circuits [10, 11, 12]. It is important to clar-
ify the frequency-locked rotations for the evaluation
of pull-in range of the PLL circuit under modulation
signals. This paper shows amplitude response curves
of frequency-locked rotations in the PLL circuit. The
obtained results show that they have some different
features from the well-known response curves of van
der Pol oscillator.

2. Mathematical model

This section introduces a mathematical model which
describes the dynamics of the PLL circuit as a FM de-
modulator [3]. The PLL circuit includes a sinusoidal
phase comparator, a lead-lag loop filter, and a voltage-
controlled oscillator. Suppose that φ denotes the phase
error of input signals to the phase comparator, then
the phase error dynamics are represented by the fol-
lowing system of a second-order differential equation:





dφ

dt
= y,

dy

dt
= −βy + βσ − sinφ

+ m
√

β2 + Ω2 cosΩt.

(1)

β and σ are the fixed parameters, and m and Ω are the
parameters of modulation signal. The parameters are
in per unit system. The derivation of the system (1)
is given in [3]. The driving term m

√
β2 + Ω2 cosΩt is

slightly modified from the original one [3] for simplic-
ity of the present analysis. The two variables (φ, y)
in the system (1) belong to cylindrical phase plane
because of the periodic restoring term. The periodic
nature of phase space results in the occurrence of rotat-
ing steady states. Additionally, to derive theoretical
response curves of frequency-locked rotations in Sec-
tion 3, define a smooth function S(φ, y) for the system
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Figure 1: Waveform of stable rotation in the system
(1) under m = 0

(1) by

S(φ, y) =
1
2
y2 − cos φ− βσφ. (2)

The following equality is then obtained for any solution
(φ(t), y(t)):

S(φ(t), y(t))− S(φ(0), y(0))

= −β

∫ t

0

{y(τ)}2dτ

+
∫ t

0

y(τ)m
√

β2 + Ω2 cosΩτdτ. (3)

3. Amplitude response curves

This paper shows amplitude response curves of
frequency-locked rotations under the parameters Ω
and m. The system (1) under m = 0 and |βσ| > 4β/π
has one stable limit cycle of the second kind with ro-
tation angular frequency Ω0. The condition of β and
σ is obtained with the Melnikov’s method [13]. The
corresponding solution φ0(t) is represented using the
periodic function x0(t) of 2π/Ω0 as follows:

φ0(t) = Ω0t + x0(t). (4)

Fig. 1 shows the waveform of stable rotation in the
system (1) under m = 0 and the following parameters
settings:

β = 0.56, σ = 1.7. (5)

The setting is based on [4]. Ω0 is then 1.6. Within the
small difference between natural rotation frequency Ω0

and driving frequency Ω , it is expected that we ob-
serve a locked rotation at the driving frequency Ω .
The type of frequency entrainment is called harmonic
entrainment.

The averaging method [14] is here used for the
derivation of response curves. For the harmonic en-
trainment, the corresponding solution φ(t) is expressed
via the periodic function x(t) of 2π/Ω as follows:

φ(t) = Ωt + x(t). (6)

It is now assumed that the solution x(t) is approxi-
mately expressed as follows:

x(t) =
A0

2
+ A1 cos(Ωt + ϕ1) (7)

where A0 is constant, and A1 and ϕ1 are functions
of t which are only slowly variable. By substitut-
ing the above solution x(t) and y(t) = dφ(t)/dt =
Ω − ΩA1 sin(Ωt + ϕ1) into the system (1) and using
the first-order averaging method [14], we have the fol-
lowing averaged system:




dA1

dt
=

1
2Ω

[
{J0(A1) + J2(A1)} cos

(
A0

2
− ϕ1

)

−m
√

β2 + Ω2 sinϕ1 − βΩA1

]
,

A1
dϕ1

dt
=

1
2Ω

[
{J0(A1)− J2(A1)} sin

(
A0

2
− ϕ1

)

−m
√

β2 + Ω2 cos ϕ1 − Ω2A1

]
,

(8)
where Jn for n = 0, 2 are the Bessel functions of the
first kind.

Theoretical response curves of frequency-locked ro-
tations are derived through the above preliminary.
The three variables (A0, A1, ϕ1) are required for the
derivation. Namely we need to obtain three indepen-
dent equations. Two of the required equations are in-
duced by equating the right-hand sides of the averaged
system (8) to zero. The remaining equation is obtained
from eq. (3) of the original system (1). For the har-
monic entrainment, φ(t) and y(t) obviously satisfy the
following periodic property:

φ

(
2π

Ω

)
= φ(0) + 2π, y

(
2π

Ω

)
= y(0). (9)

By substituting the above property, the solution (7),
and the corresponding variable y(t) into eq. (3), we
have the following equation for the derivation of re-
sponse curves:

−2πβσ = −πβΩ(2 + A2
1)

−πm
√

β2 + Ω2A1 sinϕ1. (10)

Figure 2 shows several response curves for harmonic
amplitude of frequency-locked rotations under the pa-
rameters (5). The figure (a) shows the harmonic am-
plitude A1 and is obtained by plotting the above three
equations in Ω − A1 plane for several values of m.
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Figure 2: Amplitude response curves of frequency-
locked rotations

Fig. 2 (b) describes the harmonic amplitude of x(t)
and is given with numerical integration of the original
system (1). The response curve at m = 0.6 in the fig-
ure (a) is described in the absolute value. Each closed
curve in the figure (a) contains amplitude response of
both stable and unstable periodic solutions. On the
other hand, in the figure (b) with numerical integra-
tion, the solid lines describe the response curves for
stable solutions, and the broken ones for saddle-type
solutions. The symbol × in the figure (b) denotes the
parameters set (Ω ,m) = (Ω0, 0). The corresponding
value is equal to the harmonic amplitude of x0(t) for
the stable rotation in Fig. 1. Fig. 2 (b) here suggests
that the harmonic amplitude of x(t) is precisely zero at
the parameters set (Ω ,m) = (1.7, 0.5587).1 The cor-
responding waveform of x(t) is shown in Fig. 3(b) and
suggests that all the harmonics of x(t) have zero am-
plitude. Fig. 2 implies that the theoretical result with
averaging method almost corresponds to that with nu-
merical integration.

1The corresponding point in Fig. 2 (a), denoted by the white
circle, is not uniquely determined because of the lack of equa-
tions.
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Figure 3: Waveforms of stable solutions in frequency-
locked rotations at m = 0.5587. The symbol ◦ denotes
stroboscopic points through corresponding sampling
t = 2πn/Ω (n ∈ N).

4. Discussion

This paper showed amplitude response curves of
frequency-locked rotations in the PLL circuit. Last
of all, the obtained response curves are considered by
comparison with frequency-locked librations. The re-
sponse curves in van der Pol oscillator are here adopted
for the comparison, which are given in Fig. 2 of [7],
Fig. 113.1 of [5], or Fig. 12.1 of [8]. The shape of re-
sponse curves in Fig. 2 differs from that in van der
Pol oscillator. In the van der Pol oscillator, stable
solutions have the maximum amplitude near the zero
detuning, that is, the natural frequency. On the other
hand, in the PLL circuit, every harmonic amplitude for
stable solutions attains the minimum value near the
natural rotation frequency Ω0. Furthermore it gradu-
ally increases to each side of the minimum value in a
different manner from the response curves in van der
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Figure 3: (continued)

Pol oscillator. This is supported by the waveforms of
x(t) in Fig. 3. The obtained response curves in this
paper hence delineate some different features between
the frequency-locked rotations and librations.
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Abstract—An overview of analytic tools for de-
sign, analysis, and modeling communication systems
described by linear vector channels, when the num-
ber of components in each vector is large, is presented.
The replica method developed in statistical physics for
analyzing spin glasses is reviewed from the view point
of its applications in communications engineering.

1. Introduction

In recent years, statistical physics has been provid-
ing important concepts and powerful analytical tools
in studying various problems related to probability-
based information processing [1], such as: Hopfield
neural network model of associative memory [2], sta-
tistical learning of perceptrons [3], low-density parity-
check (LDPC) codes [4], and code-division multiple-
access (CDMA) multiuser detectors [5]. In a communi-
cation system information is transmitted from various
sources to various sinks via a common medium called a
channel. Examples of such systems include telephone
networks, both fixed and wireless, the Internet, local
area networks, and so on. The complexity of com-
munication systems increases with the number of peo-
ple and/or data streams to be handled simultaneously.
This complexity affects the design, the modeling, and
the analysis of the system. From an engineering point
of view, it is particularly important to be able to pre-
dict the behavior of the system, before it is actually
built.

Physicists have successfully developed statistical
physics to explain the evolution of macroscopic quanti-
ties such as temperature and pressure, though the mi-
croscopic behavior of the molecules is only described
statistically. Communication systems for multiple
data streams can be modeled as well by statistical
interactions between the signals belonging to differ-
ent data streams. Provided that the number of data
streams transmitted simultaneously through the sys-
tem is large enough, similar effects as in statistical
physics occur. In this paper we overview some statis-
tical physics’ tools for design, analysis, and modeling
communication systems, when the number of compo-
nents is large.

2. Random Matrix Theory

Consider linear vector memoryless channels of the
form

y = Hx + n, (1)

where x is the K-dimensional input vector, y is the N -
dimensional output vector, the N -dimensional vector
n models the additive circularly symmetric Gaussian
noise, and H is the N×K random channel matrix. All
these quantities are, in general, complex-valued. The
nature of the x, y and H depends on the actual ap-
plication. For example, in CDMA, the components of
the vector x are regarded as the signals of K individ-
ual users while the matrix H contains their spreading
sequences as columns. In antenna array communica-
tions, the components of the vectors x and y repre-
sent the signals sent and received by the K transmit
and N receive antenna elements, respectively. In or-
thogonal frequency-division multiple access (OFDM),
the components of the vectors x represents the K sub-
carriers at transmitter, and the matrix H†H accounts
for inter-carrier interference.

Random matrix theory has found many applica-
tions in physics, statistics and engineering, includ-
ing stochastic differential equations, condensed mat-
ter physics, statistical physics, chaotic systems, nu-
merical linear algebra, neural networks, multivariate
statistics, information theory, and signal processing.
The first asymptotic results on the limiting spectrum
of large random matrices were obtained by Wigner
in the 1950s in a series of papers motivated by nu-
clear physics [6]. Wigner initially dealt with an n × n
symmetric matrix A whose diagonal entries are 0 and
whose upper-triangle entries are independent and take
the values ±1 with equal probability. Wigner showed
that, as n → ∞, the averaged empirical distribution of
the eigenvalues of (1/

√
n)A converges to the semicircle

law whose density is

w(x) =

{
1

2π

√
4 − x2 if | x |≤ 2
0 if | x |> 2.

If all entries of A are chosen to be i.i.d., then the eigen-
values of (1/

√
n)A are asymptotically uniformly dis-

tributed on the unit circle of the complex plane. This

NOLTA 2006
11-14 september
Bologna - ITALY

651



is commonly referred to as Girko’s full-circle law [6].
The asymptotic theory of singular values of rectan-
gular matrices has concentrated on the case where the
matrix aspect ratio converges to a constant K/N → β,
as the size of the matrix grows. The first success
in the quest for the limiting empirical singular value
distribution of rectangular random matrices is due to
Marčenko and Pastur in 1967 [6]. A central result in
random matrix theory states that when the entries of
H are zero-mean i.i.d. with variance 1/N , the empir-
ical distribution of the eigenvalues of HH† converges
almost surely, as K,N → ∞, with K/N → β, to a
non-random limit whose density function is

fβ(x) = (1 − β)+δ(x) +

√
(x − a)+(b − x)+

2πx

where (z)+ = max(0, z), a = (1 −√
β)2 and b = (1 +√

β)2.
If we assume an i.i.d. Gaussian input, the nor-

malized input-output mutual information of (1) con-
ditioned on H is [6]:

1

N
I(x;y|H) =

1

N
log det(I + snrHH†) (2)

=
1

N

N∑
i=1

log
(
1 + snrλi(HH†)

)
,

where snr is the transmitted signal-to-noise ratio:

snr =
NE[‖ x ‖2]

KE[‖ n ‖2]

and λi(HH†) is the ith squared singular value of
H. Equation (2) represents the capacity of the syn-
chronous DS-CDMA channel as a function of the sig-
nature vectors (Verdú, 1986) [6]. Therefore, the ca-
pacity depends on the distribution of the empirical
(squared) singular value distribution of the random
channel matrix. A rich body of results exists analyz-
ing the asymptotic spectrum of H as the number of
columns and rows goes to infinity while the aspect ra-
tio of the matrix is kept constant.

In CDMA, channels with K and N between 32 and
64 would be fairly typical. Surprisingly, even quite
smaller system sizes are large enough for the asymp-
totic limit to be an excellent approximation. Fur-
thermore, not only do the average of (2) converges to
its limit surprisingly fast, but the randomness in this
functional due to the random outcome of H disap-
pears extremely quickly. The convergence of the sin-
gular values of H exhibits several key features [6]: (i)
Insensitivity of the asymptotic eigenvalue distribution
to the shape of the p.d.f. of the random matrix en-
tries. (ii) Ergodic behavior: the eigenvalue histogram
of any matrix realization converges almost surely to
the average asymptotic eigenvalue distribution. (iii)

Fast convergence of the empirical singular-value dis-
tribution to its asymptotic limit. For other applica-
tions of random matrix theory to communication see,
for example, [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17]

3. Spin glasses and replica method

In the previous section, we consider eigenvalues (and
eigenvectors) of random matrices. However, in order
to analyze and design large dimensional communica-
tion systems which depend on more complicated func-
tions of the channel matrix, such as minimum distance
between signal points, a more powerful machinery than
random matrix theory is needed. Such a machinery
was developed in statistical physics for the analysis of
some particular magnetic materials called spin glasses
and is known as the replica method [19].

The replica method was introduced by Mezard and
Parisi [19]. They employed the replica method to
study the nth moment of the partition function in the
limit n → 0. The basic idea is that physical quantities
are derived from the disorder-averaged free energy

F = −T lnZ

It is difficult in practice to carry out such an average
of a logarithm, but it may be accomplished by using
an amusing mathematical identity:

F = −T lim
n→0

Zn − 1

n

Technically, one proceeds by noticing that Zn for in-
teger n can be written as a field theory involving n
copies or replicas of the original system, described by
fields uα, with α = 1, . . . , n. Performing the disorder
average then leads to an interacting system,

Zn =

∫
[duα]e−S

with

S =

∫
ddx




σ

2T

∑
α

| ∇uα |2 − 1

2T 2

∑
α,β

R(uα − uβ)


 ,

where we have taken a Gaussian random potential with
a two-point correlation function of the form

V (u,x)V (u′,x′) = δd(x − x′)R(u − u′).

Various forms may be taken for R, depending upon
whether one prefers to study short-range or long-range
correlated disorder.

We illustrate the replica method on LDPC codes.
LDPC codes were originally introduced by Gallager in
1962 [4]. They rely on a sparse linear transformation
of binary messages at the decoding stage, while encod-
ing relies on a dense matrix generated by the inverse
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of the sparse linear transformation. Gallagers code is
defined by a binary matrix H = [A|B], concatenating
two very sparse matrices known to both sender and re-
ceiver, with B (of dimensionality (N −K)× (N −K))
being invertible and A of dimensionality (N −K)×K.
The matrix H can be either random or structured,
characterized by the number of non-zero elements per
row/column.

Encoding refers to the mapping of a K-dimensional
binary vector s ∈ {0, 1}K to N -dimensional code-
words t ∈ {0, 1}N (N > K) by the linear product
t = GT s(mod2). To demonstrate the way in which
Gallagers code is utilized we consider the BSC, where
the encoded vector t is corrupted by a noise vector
n ∈ {0, 1}N with components independently drawn
from P (n) = (1 − p)δ(n) + pδ(n − 1). The received
vector takes the form r = GT s + n(mod2). Decod-
ing is carried out by multiplying the received mes-
sage by the matrix H to produce the syndrome vector
z = Hr = Hn(mod2). Decoding refers to finding an
estimate of n knowing z and H; this, of course, en-
ables one to obtain the original message vector s (the
first K bits of r + n(mod2)). Maximum a posteriori
(MAP) estimator is based on selecting the noise vector
of the lowest weight that obeys all parity checks; this
corresponds to mapping the received vector onto the
nearest codeword. The noise vector MAP estimator,
which is also the maximum likelihood (ML) estimator
of the codeword, minimizes the block error probabil-
ity, but is computationally demanding and cannot be
used in practice. In practice, decoding is carried out
mainly by employing some message passing algorithm
such as belief propagation (BP) and its variations [4].

The link between error correcting codes and statis-
tical mechanics was first pointed out by Sourlas [4].
The similarity between Ising spin models and LDPC
codes stems from the formulation of the decoding prob-
lem. Employing the isomorphism between the addi-
tive Boolean group ({0, 1},⊕) and the multiplicative
binary group ({+1,−1},	), whereby every addition
in the Boolean group corresponds to a unique prod-
uct in the binary group and vice versa, one can map
the decoding problem to a Gibbs distribution by con-
structing an appropriate Hamiltonian. The decoding
problem depends on posteriors such as P (τ |r), where
r is the observation (received message or syndrome
vector), and τ is a candidate estimate of the unknown
original message s (or alternatively a candidate noise
vector from which an estimate of the noise can be ob-
tained). Applying Bayes theorem this posterior takes
the form Pαγ = (1/Z(r)) exp[lnPγ(r|τ) + lnPα(τ)]
(15) where α and γ are hyper-parameters assumed to
describe features such as the encoding scheme, source
distribution and noise level. This form suggests the
following family of Gibbs measures (β being the in-

verse temperature):

Pαβγ(τ |r) =
1

Z
exp[−βH(τ ; r)]

H(τ ; r) = − ln Pγ(r|τ) − lnPα(τ)

The received corrupted codeword depends on the cod-
ing mechanism and channel noise, both of which rep-
resent the quenched disorder in the system. The MAP
estimator of s is clearly obtained at the ground state of
the Hamiltonian, i.e. by the sign of thermal averages
ŝMAP

j = sign(〈τj〉β→∞) at zero temperature.
A key point is the definition of an appropriate

Hamiltonian. In the case of a BSC, the Hamiltonian
takes the form [4]:

Hγ(τ ;n) = −γ
∑

i1...ik

Di1···ik
(τi1 · · · τik

−1)−F
N∑

i=1

niτi,

where F = (1/2) ln[(1 − p)/p] and the tensor D rep-
resents the connectivities of the matrix H. Once
the Hamiltonian has been defined one can calculate
the free energy of the system and study emerging
solutions for various choices of the parameters and
levels of channel noise. Two main methods can be
employed for carrying out the analysis, the replica
method for diluted systems and the Bethe approxima-
tion [4]. Analysing the typical performance of Gallager
codes is based on similar studies of diluted systems.
The aim is to compute the free energy:

F = − 1

β
lim

N→∞

1

N
〈lnZ〉D,n,

where Z = Trτ exp(−βHγ(τ ;n)), from which the typi-
cal macroscopic (thermodynamic) behavior can be ob-
tained using the Hamiltonian H. Quenched averages
are carried out over the connectivity tensor D and the
true noise vector n, see [4] for details. Phase tran-
sitions occur in spin glass systems. If a system pa-
rameter changes, the free energy may shift its favor
from the present to another solution. Since each so-
lution corresponds to a different macroscopic behav-
ior of the system, changing the valid solution means
that a phase transition takes place. Phase transitions
have also been found in turbo decoding and detection
of CDMA, see [18] and [5], respectively. For other
applications of replica methods to communication see
[20, 21, 22, 23, 24, 25, 26].
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Abstract—We give an overview of the statistical
physics approach to model the information flow in wire-
less networks. By exploiting properties of random graphs,
we characterize the dynamics of the network information
flow.

1. Introduction

Spatial stochastic models of networks [1, 2] have re-
cently generated great interest, due to their ability to de-
scribe wireless ad-hoc and sensory/communication sys-
tems. Nodes in such systems are often deployed at random
in a given area and self assemble into a wireless communi-
cation network structure. Therefore, it is widely recognized
that random geometric graphs theory can provide the fun-
damental analysis and design tools required in this context.

However, often random geometric graph and
percolation-like models suffer from an inherent static
description of the graph structure. In considering com-
munication over a spatial structure dynamic issues of
interference and cooperation between randomly located
nodes arise and must be dealt with. The notion of com-
munication link itself must be redefined, since in wireless
there are no static links a priori, as nodes can share the
medium in arbitrarily complex ways. Based on these
observations, after a brief overview of relevant statistical
physics tools, we describe a new approach [7, 8, 9] that
extends classic random network models to provide a
dynamic description of information transfer over random
structures.

2. Percolation theory

In its original formulation [3], continuum percolation
theory considered wireless transmitting stations of range
2r randomly located on the plane, according to a two-
dimensional Poisson point process, and formulated the
problem of whether the system can provide some long
distance multi-hop communication. Using a branching
process argument, Gilbert [3] showed the existence of a
critical value λc(r) = λc(1)/r2 for the density of the trans-
mitters, such that, for λ > λc, an unbounded connected
component of transmitters forms (i.e., the network perco-
lates), with probability one, and so long-distance multi-hop
communication is possible. On the contrary, for λ < λc any

connected component is bounded, see Fig. 1. The exact

Figure 1: Phase transition. In this simulation discs of radius
r = 1 are centered at each random point. These represent broad-
casting stations, so that if two discs overlap the corresponding
stations are within range and they are part of the same connected
component. Connected components are identified by the same
color. On the left-hand side of the figure, the density of the discs
is λ = 0.3; on the right-hand side λ = 0.4. The unbounded con-
nected component forms at the critical value λc ≈ 0.359, corre-
sponding to an average node degree of 4.51.

critical value of λc is still unknown [1], but it can be esti-
mated by numerical simulation to be λc ≈ 0.359 for unit
discs. This corresponds to an expected number of connec-
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tions per node

ENC = λc(r)4πr2 =
λc(1)4πr2

r2 ≈ 4.51,

independent of the connection radius r.
The main idea behind Gilbert’s theory is to consider the

circular geometries of the discs in Figure 1 as radiation pat-
terns of signals transmitted by the Poisson points. Consider
two points of the Poisson process and label them a trans-
mitter x and a receiver y. The transmitter x radiates a signal
with intensity proportional to the power P spent to generate
the transmission. The signal diffuses isotropically in the en-
vironment and is then received by y with intensity P times
a loss factor `(x, y) ≤ 1, due to isotropic dispersion and
absorption in the environment. Furthermore, the reception
mechanism is affected by noise, which means that y is able
to detect the signal only if its intensity is sufficiently high
compared to the environment noise N > 0. We conclude
that x and y are able to establish a communication link if
the signal to noise ratio (SNR) at the receiver is above a
given threshold β. That is, if

S NR =
P`(x, y)

N
> β. (1)

It is reasonable to assume the loss factor to be a decreasing
function of the Euclidean distance between x and y. It fol-
lows that fixing the threshold β is equivalent to fixing the
radius r of the discs in Gilbert’s model.

An immediate application of percolation theory is in
determining the critical number of connections per node
needed in a wireless network to propagate information
from one side to the other of a massively large network.
Moreover, the ENC is also an indicator of robustness, as
it shows how many node failures the network can tolerate,
before breaking down into a myriad of disconnected clus-
ters. Furthermore, the theory has found applications in the
physics of materials, biology, and epidemiology [1].

3. Random graphs with interference

From a practical viewpoint, however, percolation theory
based models suffer form the inherent geometric disc ab-
straction; namely transmission is assumed to be isotropic,
and reliable communication channels are assumed to exist
between nodes closer than a given distance. A first step
towards a more practical generalization of this model has
been provided in [4], and later extended in [5], where a de-
pendent percolation model has been introduced, in which
interference between nodes is explicitly taken into account
when considering their connectivity properties. In previous
percolation models of networks links represent the possi-
bility of direct transmission between pairs of nodes at a
given time, but the model does not account for the possi-
ble interference due to simultaneous transmission of other
nodes in the network. In this case, all nodes can contribute
to the amount of noise present at the receiver. Consider two

points of a planar Poisson point process xi and x j, and as-
sume xi wants to communicate with x j. At the same time,
however, all other nodes xk, k , i, also transmit an inter-
fering signal that reaches x j. We can write the total inter-
ference term at x j as γ

∑
k,i P`(xk, x j), where P is the trans-

mitted power, and γ > 0 is a factor that depends on the
technology adopted in the system. Accordingly, in [4, 5]
the simplistic disc model has been modified into a signal to
noise plus interference ratio (SNIR) model by which xi and
x j can establish a communication link if

S NIR =
P`(xi, x j)

N0 + γ
∑

k,i P`(xk, x j)
> β. (2)

A random network is then obtained by computing the
S NIR at each pair of Poisson points and drawing an edge
if this exceeds the threshold β. This network clearly does
not have the full independence structure of Gilbert’s model,
because the presence of an edge between any pair of nodes
now depends on the random positions of all other nodes in
the plane that are causing interference, and not only on the
two end-nodes of the link. Such dependencies make the
mathematical analysis of these kind of networks consider-
ably more challenging.

4. Information flow

One more key step is required to push the work of [4, 5]
further, and to move from connectivity models to communi-
cation flow models. We note that the models described up
to now considered only the existence and Euclidean length
of the links in the network. The concept of communica-
tion was simply tied to the concept of connectivity: com-
munication between pairs of nodes is successful if the re-
ceiver can detect a transmitted signal, despite the attenua-
tion due to the distance between the nodes, the noise due
to the physical act of transmission, and the interference
due to other simultaneous transmissions. A more general
view arises if one considers the information rate at which
communication can be performed in the random network,
rather than connectivity alone. In fact, by information the-
ory arguments it is well known that it is theoretically pos-
sible for any SNIR between two nodes, to have a non-zero
communication rate. Hence, any pair of nodes is always
connected, but its rate is limited by the random geometric
configuration of the nodes.

To be more precise, assume that all the nodes in the
network are simultaneously transmitters and receivers, and
each transmitter wishes to communicate to some receiver.
What is an achievable rate between a pair of nodes xi and
x j in this case? It turns out that this rate depends on the
random spatial configuration of the nodes in the network,
that can be analyzed with the original percolation theory
model. Recall from our discussion above, that a signal of
intensity P radiated isotropically from xi to x j is, in first ap-
proximation, subject to a loss factor `(xi, x j), due to diffu-
sion and absorption in the environment. Then, by treating
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simultaneous transmission of other nodes in the network
causing interference on the same footing as random noise,
an achievable rate between xi and x j can be computed by
using Shannon’s formula,

R = log
(
1 +

P`(xi, x j)
N0 +

∑
k,i P`(xk, x j)

)
, (3)

By (3) we see that every pair of nodes has a rate that de-
pends not only on their relative position, but also on the
(random) positions of all other nodes in the network. More-
over, different operating strategies lead to different rates.
For example, all nodes beside xi and x j could be kept
silent, while xi transmits to x j, so that (3) reduces simply
to log(1 + S NR); or some nodes could be used to relay in-
formation in a multi-hop fashion from xi to x j, in which
case the end-to-end rate between xi and x j corresponds
to the smallest achievable rate along the multi-hop chain.
Therefore, we conclude that the geometry of a random in-
formation flow network model is that of an infinite clique,
where vertices are Poisson points and the achievable flow
on each link depends by the random spatial configuration
of the nodes and by their transmission strategies.

Now, by taking the statistical physics approach, a nat-
ural question to ask is how the achievable information rate
per source destination pair in the random network scales
with the system’s size. To compute such throughput scal-
ing laws that are valid for all source destination pairs, we
need to describe a specific transmission strategy that (i) se-
lects some links in the clique and (ii) using these links, it
provides end-to-end flow to all source destination pairs at
the desired rate. Percolation theory can be used to deter-
mine the existence of such links having the desired proper-
ties, with high probability as the system size scales. Hence,
the novelty of the approach is in exploiting the static spa-
tial structure of the nodes distribution, given by percolation
theory, to compute network dynamics in terms of informa-
tion flows.

We point out that throughput scaling laws were first in-
troduced by Gupta and Kumar in [6] and quickly sparked
a wide range of attention in the research community [10,
11, 12, 13, 14, 15, 16]. Gupta and Kumar have proven that,
under a certain network model, the per-node transmission
rate decreases to zero as

√
1/n log n, as the system size in-

creases and more and more users need to share the wire-
less medium. Following up on this work [9], we were able
to obtain an improved bound of

√
1/n on the achievable

information rate using our percolation approach. Further-
more, in the case when only two nodes in the network wish
to communicate, and all others act as relays (wireless re-
lay networks), we have also shown [7] how the information
flow is related to the alpha-connectivity property of the per-
colation cluster.

It is also important to note that achievable scaling laws
that can be shown constructively, using percolation theory
and given routing strategies, are limited by corresponding
upper bounds. Typically such upper bounds are obtained

using an information theoretic cut-set type bound such as
in [16]. Although we obviously cannot surpass such upper
bounds on achievable rates using the percolation approach,
we can still try to design strategies that will be able to im-
prove the multi-hop delay and/or energy consumption for
some communication patterns. Moreover, the question of
exploiting the global percolation structure of the network
using only local knowledge at each node is still open.

5. Conclusion

Percolation theory is known to be a powerful tool to
model structural properties of networks. It has been shown
that by exploiting relevant properties of the spatial structure
of the nodes distribution it is also possible to compute net-
work dynamics in terms of information flows. The reader
is referred to the works [7, 9] where more technical details
are spelled out.
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Network structural properties, communication
models and traffic dynamics
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Abstract— In this paper, we expound some of our recent
results concerning the characterization of the relationship
between the network topology and traffic dynamics taking
place over it [1], [2]. We use a model of network genera-
tion that allows the transition from random to scale free
networks. Specifically, we consider three different topolog-
ical types of network: random, scale-free with γ = 3, scale-
free with γ = 2. We firstly compare the performance of
these networks in terms of throughput and average delivery

time, under the hypothesis of constant transmission rates
and infinite queue lengths at the network vertices. In-
terestingly, scale-free networks that are characterized by
shorter characteristic-path-length (the lower the exponent,
the lower the path-length), show worst performances in
terms of communication. We present an explanation of
this in terms of changes in the load distribution, defined
as the number of shortest paths going through a given ver-
tex. Then the issue is addressed of how the traffic behavior
on the network is influenced by the variable factors of the
transmission rates and queue length restrictions at the net-
work vertices. We show that these factors can induce drastic
changes in the throughput and delivery time of the network and
are able to counter-balance some undesirable effects due to
the topology.

I. Introduction

Much research effort has been spent recently in under-
standing the relationship between network topological fea-
tures and communication performances. As a first approx-
imation, it would be natural to make the most general hy-
pothesis about the structure of the underlying network,
that is, to think of it as a random graph. Unfortunately,
real networks show statistical properties that are far from
being completely random. The most important difference
is that they have typically power law degree distributions
with exponents between 2 and 3 [3]. Thus, in what fol-
lows, we consider three different topologies, in the order:
random, scale-free with γ = 3, scale-free with γ = 2.

By making use of a packet transport model that has been
widely studied in the literature (see [4], [5], [6] for further
details), we compare the main indicators of the network
performance, specifically the delivery time and the num-
ber of delivered packets (or throughput), as the underlying
topology is varied.

II. Network generation model

In order to cause the transition from random to scale-free
network we use the static model recently introduced in [7].
Vertices are indexed by an integer i, for (i = 1...., N), and

∗Department of Engineering Mathematics, University of Bristol,
Bristol, U.K.
◦Department of Systems and Computer Science, University of

Naples Federico II, Naples, Italy
‡Corresponding author. Email: fsorrent@unina.it

assigned a weight or fitness pi = i−α where α is a parameter
between 0 and 1. Two different vertices are selected with
probabilities equal to the normalized weights, pi/

∑
k pk

and pj/
∑

k pk respectively and an edge is added between
them unless one exists already. This process is repeated
until M edges are made in the system leading to the mean
degree 〈k〉 = 2M/N . This results in the expected degree at
vertex i scaling as ki ∼ (N

i
)α [7]. We then have the degree

distribution, i.e. the probability of a vertex being of degree
k, given by P (k) ∼ k−γ with γ = 1 + 1

α
. Thus, by varying

α, we can obtain the exponent γ in the range, 2 < γ < ∞.
Moreover the ER graph is generated by taking α = 0.

It is worth noting that the static model described here,
can be considered as an extension of the standard ER model
for generating random-scale free networks, i.e. networks
with prescribed degree distribution, but completely ran-
dom with respect to all the other features.

III. Load distribution in Networks

One of the main parameters of vertex centrality is be-

tweenness centrality defined as the number of shortest
paths between pairs of nodes crossing a given vertex [8].
Taking this index as a starting point, Goh et al. [7] [9], de-
fined the load at each vertex v, say l(v), as the number of
packets passing through it, under the assumption that ev-
ery node sends a packet to every other node in the network
and that packets move in parallel from origin to destina-
tion through the geodesic, i.e. the shortest path between
them. This implies that for each shortest path between
a given couple of vertices, there is a packet passing along
it; in the case that packets encounter a branching point at
which there is more than one shortest path toward the des-
tination, they would be divided by the number of branches
at the branching point.

As pointed out in [1], in comparison to random graphs,
scale free networks are characterized by:

• Lower average load (averaged over all the network ver-
tices).
• Higher load standard deviation.

Intuitively, the presence of hubs in scale free networks,
results in a shorter average distance between vertices. On
the other hand, the increase in the load standard deviation
indicates that this happens at the expense of the fairness
of the network resources exploitation, with a relatively few
vertices drawing most of the network traffic. As we will
show next, such a phenomenon results to be particularly
noxious to the communication dynamics taking place over
the network.
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Fig. 1. Number of delivered packets versus the generation rate, λ.
Three different networks, random, scale-free with γ = 3, scale-free
with γ = 2, have been compared, while keeping a fixed number of
vertices (500) and the edge degree (3 per node).

IV. Model of Network Data Traffic

We use the family of Erramilli interval maps as the gener-
ator for each LRD traffic source, (Erramilli et al., 1994),[10]
within the network, as further explained in [1].

We assume, the network involves two types of nodes:
hosts and routers. The first are nodes that can generate
and receive messages and the second can only store and
forward messages. The density of hosts ρ ∈ [0, 1] is the
ratio between the number of hosts and the total number
of nodes in the network (in this paper we take ρ = 0.16).
Hosts are randomly distributed throughout the network.

A routing algorithm is needed to model the dynamic as-
pects of the network. Packets are created at hosts and sent
through the lattice one step at a time until they reach their
destination host.

The routing algorithm operates as follows: (1) First a
host creates a packet following a distribution defined by
the chaotic map (LRD) described above. If a packet is
generated it is put at the end of the queue for that host.
This is repeated for each host in the lattice. (2) Packets
at the head of each queue are picked up and sent to a
neighboring node selected according to the following rules:
(a) A neighbor closest to the destination node is selected.
(b) If more than one neighbor is at the minimum distance
from the destination, the link through which the smallest
number of packets have been forwarded is selected. (c)
If more than one of these links shares the same minimum
number of packets forwarded, then a random selection is
made.

This process is repeated for each node in the lattice.
The whole procedure of packet generation and movement
represents one time step of the simulation.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
10

0

10
1

10
2

10
3

10
4

lambda

tim
e 

de
liv

er
y

Scale Free gamma=3
Scale Free gamma=2
Random

Fig. 2. Delivery times versus the generation rate, λ. Three different
networks, random, scale-free with γ = 3, scale-free with γ = 2, have
been compared, while keeping fixed the number of vertices (500) and
the edges (3 per node)

V. Effects on network performance of varying

the underlying topology

We have compared three different topologies: random,
scale-free with γ = 3, scale-free with γ = 2 in order to
evaluate the effects of the underlying topology on the net-
work performances.

The networks we consider have different degree distribu-
tions but are characterized by the same number of available
resources, that is by the same number of vertices and edges.
Where the resulting network is not fully connected, we have
only considered the giant component.

In Fig.1 the number of delivered packets, or throughput,
has been plotted as a function of the generation rate, λ,
for the three considered topologies. Scale-free networks
show the least effective performances in that the number of
delivered packets is lower than for random networks, with
Poisson degree distribution. For scale-free networks, those
with γ = 2 are still less effective than those with γ = 3.
Though our analysis is purely qualitative, we would like
to point out that the real Internet has a power-law degree
distribution with γ = 2.2 [11].

Notice that the differences among the different consid-
ered topologies, increase for higher values of λ. In partic-
ular random networks seem to behave better than other
networks under high traffic rates. It is worth noting that
this is in strong agreement with results shown in [12].

In Fig.2, the delivery time for packets to reach their des-
tination has been plotted versus the generation rate, λ.
The results are in accordance with those for throughput:
the highest delivery time have been achieved for random
networks, the lowest for scale-free networks with γ = 2.

The reason for this is that packets that are stored in
the routers’ queues without being delivered to their desti-
nation, increase the time needed for other packets to reach
their destination. Moreover scale-free networks show a van-
ishing value of the critical load λ, i.e. the value of λ at
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which a phase-transition occurs [4], with respect to ran-
dom graphs. Consequently, although scale-free networks
are characterized by a shorter characteristic-path-length
[13], they show worst performances in terms of commu-
nication.

It is somewhat surprising that the structure of scale-free
graphs, which are ubiquitous in nature, does not lead to any
benefit but rather a worsening in terms of the end-to-end
performance. In particular, the characteristic parameters
known as throughput and delivery time are considerably
affected by the congestion at the network hubs. This is
counter-intuitive when one considers that the shortening
of the distances in the network might result in a reduction
of the delivery time and thus an increase of the throughput.

This interesting phenomenon is analogous to the para-

dox of heterogeneity [14], which has been observed in the
context of synchronizability of scale-free networks.

VI. Topology-aware communication models

Sofar we have considered no differences in the commu-
nication behavior among nodes characterized by different
degree. Yet, it is unrealistic to assume that resources such
as bandwidth are uniformly distributed among the network
nodes in strongly heterogenous networks. Instead, it is very
likely that hubs, which are characterized by a high number
of incoming and outgoing links, are found to play a fun-
damental role in communication over the network. They
are typically characterized by having higher server strength
transmission rates and larger buffers than more peripheral
nodes.

For these reasons, in [?] we have introduced the follow-
ing topology-aware communication model: (i) the trans-
mission rate r is assumed to scale with the degree at each
vertex i, k(i), as: r(i) = c1k(i)α (note that in the partic-
ular case where α = 0, we recover the original case, with
all the nodes having the same transmission rates); (ii) the
maximum queue length (i.e., the buffer size) is no longer
assumed infinite but is taken to scale with the degree at
each vertex i, k(i), as: q(i) = c2k(i)β .

In what follows, we analyze separately, by means of nu-
merical simulations, the effects of varying α and β on the
network communication performance. As a representative
case, we assume c1 = 1 and c2 = 50. Similar behavior was
observed for other values of c1 and c2.

The routing algorithm is the same as the one described
above, with the difference that at each iteration of the al-
gorithm, a third step is considered. Namely, packets at the
head of each queue, exceeding its maximum capability, are
dropped.

VII. Network Performance

Using the network model and traffic generator detailed
above, simulations were carried out to analyse various as-
pects of end-to-end performance for two types of network.
Namely, results for random graphs have been paired with
those of scale-free graphs with γ = 3. We have calculated
the corresponding output for scale-free graphs with γ = 2
and have found that the differences in behaviour with the

alternative value γ = 3 are negligible by comparison with
the behaviour of the random graph, and so the third set of
comparisons is not repeated here.

In Fig. 3 we see that random graphs respond more
quickly with smaller delivery times as α increases (from
zero). Similarly, it is observed the communication is much
more efficient in terms of delivered packets at high loads (or
generation rate) as α increases. The number of delivered
packets, instead, is observed to be unaffected by the buffer
sizes at the nodes, being mainly determined by the network
topology. Finally, in Fig. 4, the number of dropped pack-
ets is observed to decrease as the buffer sizes are scaled
more sensitively with vertex degree. (More evidence can
be found in [1],[?] where further simulation results are re-
ported.)

VIII. Conclusions

We have shown how topological transitions in a given
network from random to scale free affect the load distribu-
tion on the network itself. In particular, we characterised
such load distribution in terms of the average load and
its standard deviation. We observed that as the topologi-
cal transition takes place, the network performance wors-
ens and the load tends to become more localised (higher
standard deviation). Moreover, by introducing a topology-
aware communication model, we showed how it is possi-
ble to counter-balance some undesirable effects due to the
topology.
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Abstract—In this paper we consider state-dependent

Markovian queueing networks and we provide a formal

definition of their associated fluid model. We particularly

consider queuing networks whose fluid models have global

periodic attractors, focusing on the relationships which

may occur in such cases between the network stochastic dy-

namics and the deterministic dynamics of its corresponding

fluid model.

1. Introduction

Queuing networks has been successfully utilized for the

analysis of several different real-world problems. In the

parlance of queueing theory, a queueing system is a place

where customers arrive to receive service from a service

facility (i.e. a server). In these models the generic terms

“customers” and “servers” may represent various entities

depending on the application. In the case of a data switch-

ing network, “customers” are packets that arrive at the

switching node and “servers” are transmission channels.

Recently, queueing theory has been considered for the

modeling and understanding of the joint action of genes,

proteins and RNA molecules (interwoven in intricate inter-

dependencies commonly known as genetic networks) [1].

In this approach, customers represent molecules of some

sort, waiting for chemical reactions.

In this paper we consider Markovian (or exponential)
queueing networks, for which arrival and service rates, as

well as routing probabilities, may depend on queue lengths.

Following Mandelbaum and Pats [2], for a such given que-

uing network we provide a formal definition of its as-

sociated fluid model, and we focus on the relationships

which may occur between the network stochastic dynamics

and the deterministic dynamics of its corresponding fluid

model. We give an example of queuing network whose

fluid model has a globally attractive limit cycle and as an

interesting issue we show that, depending on the network

parameters, the fluid model allow for a statistical character-

ization of the network long-run dynamical behavior. The

example is properly chosen to show that the analysis of

the fluid model makes sense also when some components

of the queuing network periodically become empty (weak

load condition).

2. The stochastic model

We consider an n-node open queuing network in which

each node is a Mξ/Mξ/1 − FIFO single station with one

server [1]. We denote with Qi(t) the total number of cus-

tomers at node i at time t (i.e., the number of customers in

service plus the number of customers waiting in the buffer

i), while λi and µi denote the exogenous arrival rate and

service rate for the node i, respectively. After being served

at node i, a customer can randomly either leave the system

or instead he can join any queue. In the latter case, the

customer who is just leaving node i will join the queue at

node j depending on the transition probability Pi j which

characterizes the customer flow from node i to node j. The

n × n square matrix P = (Pi j) is the transition probabil-
ity matrix of the queuing network, where 0 ≤ Pi j ≤ 1 and∑n

j=1 Pi j ≤ 1. In this paper we assume that both arrival rates

and service rates as well as the transition matrix are locally

Lipschitz continuous functions of the state Q. In this case,

by denoting with N the set of natural numbers, the dynamic

evolution of the queuing network is the realization of a N
n-

valued stochastic process Q = {Q(t), t ≥ 0} that satisfies a

relation of the form

Q(t) = Q(0) + A(t) + F(t) − D(t), t ≥ 0, (1)

where the column vector Q(0) is the initial state of the que-

uing network, A(·), F(·), D(·) are n-dimensional counting

processes related to the customer arrivals from the outside

of the network (exogenous arrivals), to the customer flows

inside the network (endogenous arrivals), and to the service

completions (departures), respectively. For the i-th compo-

nent in (1) we assume

Ai(t) = N+i

(∫ t

0

λi (Q(s)) ds
)

(2)

Di(t) = N−i

(∫ t

0

µi (Q(s)) 1(0,∞)(Qi(s))ds
)

(3)

Fi(t) =

n∑
j=1

∫ t

0

1π ji(s−)

(
U j(Dj(s)

)
dDj(s) (4)

where in general the writing Qi(s−) denotes the left limit

of Qi(·) at s, assuming Qi(0−) = Qi(0). In the above

equations the used notation has the following meaning: for
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i = 1, . . . , n, the quantities N+i (·),N−i (·) are mutually inde-

pendent standard Poisson processes (with rate 1). Given

any set B, function 1B : B→ {0, 1} is an indicator function
defined as 1B(x) = 1 if x ∈ B, or 1B(x) = 0 otherwise. In (3)

the set (0,∞) is the set of strictly positive reals and the indi-

cator function 1(0,∞)(·) is used since no customer departure

from a station can occur while this station is empty. For

j = 1, . . . , n, the sequences {U j(l)}l∈N are assumed to be se-

quences of i.i.d. random variables uniformly distributed on

[0, 1), and for i, j = 1, . . . , n and s ≥ 0, the set π ji(s−)

is equal to π ji(s−) =
{
x ∈ [0, 1) :

∑i−1
k=1 Pjk(Q(s−)) ≤ x <∑i

k=1 Pjk(Q(s−))
}
, where for j, k = 1, . . . , n, the terms Pjk

are elements of the transition matrix function P. In this

expression, the left limit is used since, when a customer

is served at time t0, she/he is instantaneously routed ac-

cording to the transition matrix P(Q(t0−)) which refers to

the networks state at Q(t0−). Indeed, the transition matrix

P(Q(t0)) is defined only when the customer served at t0 has

been definitely routed somewhere. The introduced above

quantities have the following interpretations: for t ≥ 0,

Ai(t) and Fi(t) represent the cumulative number of exoge-

nous and endogenous arrivals respectively to station i dur-

ing [0, t]; when a customer at time t is served at node j, the

quantity Dj(t) increases by 1 from Dj(t−). If the random

variable U j(Dj(t)) ∈ π jk(t−) then the customer departing

form node j is routed to node k. Note that for each t ≥ 0,⋃n
i=1 π ji(t) ⊆ [0, 1).

It is worth enphasizing that we assume the processes

N+i and N−i and the sequences {Ui(l)}l∈N all mutually in-

dependent. Moreover we assume that the spectral radius,

r(P(·)), of the transition matrix P is such that r(P(v)) < 1

for all v ∈ R
n
+ and that the two vector-valued functions λ

and µ satisfy a linear growth constraint, that is there ex-

ists a positive constant ∆ such that for all v ∈ R
n
+ it re-

sults max {‖λ(v)‖ , ‖µ(v)‖} ≤ ∆(1 + ‖v‖). As discussed in

[2], since the queuing network process described above is

a Markov jump process on N
n, this latter assumption rep-

resents a sufficient condition for the non-explosion of the

network’s state Q, that is P{‖Q(t)‖ < ∞, t ≥ 0} = 1. Al-

most surely, the paths of the stochastic process {Q(t), t ≥
0} consist of n piecewise constant right-continuous non-

negative integer-valued functions with finite left limits.

Moreover, for i = 1, . . . , n, stochastic processes {Ai(t), t ≥
0}, {Di(t), t ≥ 0} can be referred to as time-changed Poisson
processes.

3. Fluid Models and Fluid Approximations

Fluid approximations are formal deterministic approxi-

mations to queuing networks. Frequently these are ob-

tained as scaling limits, where arrival and service rates are

speeded up, while attenuating the stochastic fluctuations by

a same quantity. The limit for this procedure suppresses the

random fluctuations around what appears to be the main

trajectory of the process. From a theoretical point of view,

a fluid model of a queuing network is obtained as the limit

of a sequence of stochastic processes {qk} = {qk(t), t ≥ 0}
which is determined by means of simple transformations

of parameters of the starting stochastic system [1]. Here,

the superscript k indicates that the corresponding quantity

is related to the k-th network of such a sequence. Accor-

dingly, let us consider a queuing network with initial con-

dition Q0 and whose stochastic evolution is described by

a random process Q satisfying relationship (1) and arising

assumptions. We introduce with k = 1, 2, . . . a sequence

of stochastic processes {qk}, all of them having the same

initial condition Q0, such that

qk
0 = Q0 (5)

λk(v) = kλ (v) µk(v) = kµ (v) Pk(v) = P (v) (6)

where v ∈ R
n and such that for each k ∈ N the stochas-

tic process qk satisfies relationship (1) and subsequent as-

sumptions, i.e.

qk(t) = Q0 + Ak(t) + Fk(t) − Dk(t) t ≥ 0 (7)

where, for the i-th component in (7) we have

Ak
i (t) =

1

k
N+i

(
k
∫ t

0

λi

(
qk(s)

)
ds

)
(8)

Dk
i (t) =

1

k
N−i

(
k
∫ t

0

µi

(
qk(s)

)
1(0,∞)(qk

i (s))ds
)

(9)

Fk
i (t) =

n∑
j=1

∫ t

0

1πk
ji(s−)

(
U j(kDk

j(s)
)

dDk
j(s) (10)

By construction, in the Markovian stochastic process de-

scribed by qk an arrival event in node i is recorded by in-

creasing the length of the ith corresponding rational-valued
“queue” by the quantity 1/k, and the same quantity is sub-

tracted when a departure occurs. Accordingly, with refer-

ence to the queuing network described by Q, the process

qk has arrival and service rates speeded up k times to com-

pensate for the k-times reduced perturbation effects on the

state by the stochastic fluctuations. Note, also, that if k = 1

then q1 = Q, i.e. the stochastic process Q describing the

original queuing network agrees with the first element of

the sequence {qk} of rescaled stochastic processes.

For the dynamical behavior of the asymptotic process qk

when k → ∞ the following theorem holds.

Theorem 1 (Fluid Limit [2]) The sequence of stochastic
processes {qk(t), t ≥ 0} defined in (5) - (10) for k → ∞
converges in probability uniformly over compacts in [0,∞)

to the unique non-negative absolutely continuous function
q : R+ → R

n
+ which is for t ≥ 0 the solution of

q(t) = Q0+

∫ t

0

[
λ (q(s)) +

[
P′ (q(s)) − I

]
µ (q(s))

]
ds+r(t),

(11)
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where the term r(t) takes into account the cumulative effect
of the system’s state-dependent reflection on the boundaries

r(t) =
∫ t

0

[
I − P′ (q(s))

]
dy(s), t ≥ 0, (12)

where the function y : R+ → R
n
+ is continuous, non-

negative, and non-decreasing components, such that y(0) =

0 and ∫ ∞

0

I(0,∞)(q(t))dy(t) = 0. (13)

The unique solution q of (11) is referred to as the fluid
limit of the sequence of processes {qk(t), t ≥ 0} derived

from the stochastic process {Q(t), t ≥ 0} with initial condi-

tion Q0. By condition (13), since y is non-negative and due

to the continuity of q, it turns out that if the initial condition

Q0 does not have any components on the boundaries, then

there exists an interval [0, ts] for which r(t) = 0 ∀t ∈ [0, ts].

Under this hypothesis, the fluid limit q over [0, ts] agrees

with the unique solution of the system of ordinary differen-

tial equations (ODEs)

dq
dt
= λ (q) +

[
P′ (q) − I

]
µ (q) ≡ h(q) (14)

when assuming q(0) = Q0. In general, when taking into

account the effects of the boundaries, instead of (14) the

following equation must be considered [2]:

dq
dt
= h(q) + [I − P′(q)]m̃(q) ≡ H(q), (15)

where the function h is defined in (14) and function m̃ is

unambiguously determined by the state-dependent reflec-

tion, as described in the following. Referring to the in-

troduced notation, let denote by I(t) ⊆ {1, 2, . . . , n} the

subset of indices i such that hi(q) < 0 and such that the

corresponding state’s component qi is zero, i.e. we have

i ∈ I(q) ⇔ qi = 0, hi(q) < 0, for i = 1, . . . , n. Accordin-

gly, the components of m̃(q) can be obtained by solving the

linear system:


hi(q) + m̃i(q) −

∑
j∈I(q)

Pji(q)m̃ j(q) = 0 if i ∈ I(q)

m̃i(q) = 0 otherwise
(16)

Expression (15) is referred to as the fluid model equation
for the queuing network with queue length process Q.

3.1. A Periodic Fluid Model Example

In a state dependent queuing network, since no strong
constraints are imposed on the resulting functional form of
the deterministic fluid model, the resulting dynamical sy-

stem (15) can display a wide range of dynamics, includ-

ing steady states, periodic behavior and chaos. To give an

example, let us consider a simple two-station Mξ/Mξ/1 −

FIFO network with parameters

λx(QE) =


6E, if 0 ≤ QE

x ,Q
E
y ≤ E

6E + 20 f E
x , if QE

x > E
6E + 5

E f E
x f E

y , otherwise,

(17)

µx(QE) =

=


3E, if 0 ≤ QE

x ,Q
E
y ≤ E

3E + 20 f E
x
+
+ 4 f E

y , if QE
y > E

3E + 20 f E
x , otherwise,

(18)

λy = 0, µy = 5E, P =
(

0 1

0 0

)
, (19)

where E > 0, f E
x = QE

x − E, f E
y = QE

y − E and, for any

real number a, we have (a)+ = max{0, a}. By changing

parameter E we change the way the network reacts to its
workload, and for each E ∈ R

+ the stochastic process QE ,

describing the queuing network with parameters (17)-(19),

satisfies all assumptions discussed in Section 2. Therefore,

referring to (15), the fluid model of QE has the form
dq
dt =

hE(q) + [I − P′]m̃E(q) ≡ HE(q), where the function hE =

(hE
x , h

E
y ) is given by

hE
x (q) =


3E, if 0 ≤ qy ≤ E
3E − 4gy, if qx, qy > E
3E + 5

E gxgy − 4gy, otherwise,

(20)

hE
y (q) =


−2E, if 0 ≤ qx, qy ≤ E
−2E + 20(gx)+ + 4gy, if qy > E
−2E + 20gx, otherwise,

(21)

where gx = qx−E and gy = qy−E. The analysis of (20)-(21)

reveals that there are points on the boundary (qx = 0) in

which hE
x is negative for all E > 0, and that there are some

points on the boundary (qy = 0) in which hE
y is negative for

all E > 0. Indeed it results hE
x (0, qy) < 0 if qy > 4E/3 and

hE
y (qx, 0) < 0 if 0 ≤ qx < 11E/10. Accordingly, solving

system (16), function m̃E has components

m̃E
x (q) =

{ −hx(q) = 9qy − 12E, if qx = 0, qy >
4E
3

0, otherwise,
(22)

m̃E
y (q) =

{ −hy(q) = 22E − 20qx, if 0 ≤ qx ≤ 11E
10
, qy = 0

0, otherwise.
(23)

The dynamical system (15) with hE and m̃E defined as

in (20)-(21) and (22)-(23) has the global periodic attractor

plotted in solid line in Fig. 1.b for E = 500. A rigorous

analysis of the global attractiveness of the limit cycle is

here omitted, however it is not difficult to verify that for

this system every trajectory must eventually hit the boun-

dary qx = 0 in qy > 4E/3 entering in a finite time the

periodic cycle after a transient evolution flattened on the qy

axis. In the same figure, two stochastic dynamics of two

queuing networks with primitives (17)-(19) for E = 50 and

500 respectively are plotted.
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Figure 1: (a): dynamical evolution of (qx, qy) for the fluid

trajectory over the limit cycle (E = 500); (b): the global

attractiveness of the limit cycle is here shown for several

initial conditions (E = 500). (c) and (d): stochastic dy-

namics of two queuing networks with primitives (17)-(19)

for E = 50 and E = 500 respectively.

4. Periodic Queuing Networks: Long-Run Behavior

In this section we analyze the stochastic dynamics from

a probabilistic point of view. In particular, we show that

for queuing networks with periodic fluid models the sy-

stem state under the stochastic evolution approaches a sta-

tionary invariant distribution which is intimately related to

the unique invariant probability measure existing for the

periodic fluid model [1]. To get insight this point, let write

(15) as a dynamical system described by
dq
dt = H(q), and

let assume the existance of a globally attractive limit cycle

with support ϕ ⊂ R
n. By denoting with B(Rn) the standard

Borel σ-algebra over R
n, it can be proved [1] that the func-

tion Π : B(Rn) → [0, 1] defined by the curvilinear integral

Π(A) =
∫

A∩ϕ
dl

T ·‖H(q)‖ is a probability measure over R
n. The

following property holds [1]

Theorem 2 The measure Π is the unique invariant proba-
bility measure over R

n with respect to the periodic dynami-
cal system.

In eventually periodic systems the stationary distribution

related to the probability measure Π is impulsive over the

zero-measure support of the limit cycle. In such case, the

unique stationary (impulsive) distribution is described over

ϕ by a curvilinear probability density function (pdf) ψ :

ϕ→ R+ defined as ψ(q) = 1
Tv(q)

.

We now provide some numerical evidence that the state

distribution of a queuing network with periodic fluid model

approaches under the evolution a stationary invariant distri-

bution strongly related to the unique impulsive stationary

distribution of the periodic fluid model. Referring to our

example, this issue appears clear in Fig. 2. The nume-

rical analysis of the stochastic evolution showed that, re-

Qx
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100

(d)(c)
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Figure 2: (a) - The unique invaiant distribution over the

limit cycle support ϕ for the fluid model of the queuing

network (17)-(19) with E = 10. (b), (c) and (d) - Distri-

butions of 10000 realizations evaluated at t = 104s of the

stochastic process QE(·) for E = 10, 100 and 500.

gardless of the the initial distribution, a crater-shaped sta-

tionary distribution is approached, being the ridge of the

crater positioned over the support ϕ of the fluid limit cycle.

This result can be explained observing that the dynamics

in queuing networks evolves under the strong influence of

the underlying fluid deterministic velocity field. Since in

our case the fluid system has a globally attractive limit cy-

cle, over the periodic trajectory the deterministic state vari-

able which corresponds to the zero Lyapunov exponent, the

phase variable, is neutrally stable and hence, depending on

the system parameters, the dominant effect of the stochastic

perturbations is a phase diffusion, and around ϕ a distribu-

tion proportional to the natural invariant curvilinear pdf ψ
is consequently approached.

In conclusion, the dynamical analysis of the fluid model

can provide useful information for predicting the evolution

of a queuing network, especially when its fluid model has

a globally attractive limit cycle. The example has shown

that the queuing network dynamics can be strongly influ-

enced by the deterministic velocity field even if the queues

become empty (i.e. even if the network has a small work-

load). This is in sharp contrast to the intuitive idea that fluid

approximations can be sensibly taken into account only for

queuing networks with overloaded servers.
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Abstract—We present a method for estimating the
rates of flows across an arbitrary network, determined
by the TCP flow control. The method is simple, fast
and can estimate the performance of a TCP network.

1. Introduction

Traditional approaches to performance evaluation
packet networks have normally relied on attempts to
describe as closely as possible the dynamics of network
elements over a discrete state-space. However, dis-
crete models, requiring the description of the dynam-
ics of the different network elements over their discrete
state spaces, suffer from limited scalability, thus allow-
ing only the performance analysis of rather small net-
working setups. A new class of semi-analytical models
has recently been introduced in the networking arena,
and today appears to be the most promising approach
for scalable and accurate performance analysis of large
IP networks. This new approach, that is often called
‘fluid models’, adopts an abstract deterministic de-
scription of the average network dynamics through a
set of ordinary differential equations [1, 2, 3, 4, 5], thus
neglecting the short term, packet-by-packet descrip-
tion of the stochastic network dynamics. The major-
ity of traffic on the current Internet uses Transmission
Control Protocol (TCP) based transport. A critical
component of the TCP is the dynamic window flow
control designed to prevent congestion collapses. In
this paper we develop models to predict network per-
formance generalizing the work of [6, 7]. The method-
ology developed here can be used to solve a number of
engineering problems, such as estimating the capacity
required in the network to meet certain performance
objectives, for example providing a minimum through-
put per source.

2. Network Model

We model a computer network by graph G = (V,E),
where V denotes the set of nodes (computers, routers,
switches, etc.), and E denotes the set of directed links
between nodes. The capacity of link e ∈ E is denoted
by Ce. If an incoming packet finds the link busy, then

the packet is stored in a buffer of size Ke, supposed
the buffer is not full. If the buffer is full, then the
incoming packets are dropped.

Data packets are transmitted from a source node to
a destination node through intermediate buffers. The
route of a flow is a link sequence f =

(
e1, e2, . . . , elf

)
∈

F , where F denotes the set of flows in the network,
and lf denotes the length of flow f . In a computer
network packets are usually routed via (one of) the
shortest path(s) between the source and destination
nodes. In our model we allow arbitrary simple path as
a route, that is any route without repeated vertices.

Let us define the routing matrix I : E × F → {0, 1}
as:

(e, f) �→ Ie,f =

{
1, if e ∈ f,

0, if e /∈ f.
(1)

It is obvious that the load of link e can be given by

Le =
∑
f∈F

Ie,f (2)

and the length of flow f is

lf =
∑
e∈E

Ie,f . (3)

For any k ∈ N let us define the following decompo-
sition I(k) : E × F → {0, 1} of the routing matrix as
well:

(e, f) �→ I
(k)
e,f =

{
1, if e = ek ∈ f,

0, if e �= ek ∈ f,
(4)

where ek denotes the kth element of the route, that is
the matrix contains only the kth element of the routes.
Is easy to show that I =

∑∞
k=1 I(k).

Let us denote the traffic intensity of flow f before

buffer e by X
in

e,f . Due to packet losses at buffer the
traffic intensity of the flow f after buffer e will change
as:

X
out

e,f = F(X
in

e,f ,X
in

e ;Ke, Ce), (5)

where X
in

e denotes the aggregated traffic at buffer e:

X
in

e =
∑
f∈F

Ie,fX
in

e,f , (6)
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where Se denotes the source intensity at buffer e. The
particular form of function F depends on the queuing
model of the buffers.

The transfer probability of flow f at buffer e is ob-
viously:

p+
e,f = 1 −

X
in

e,f − X
out

e,f

X
in
e,f

=
F(X

in

e,f ,X
in

e ;Ke, Ce)

X
in
e,f

. (7)

Let us suppose that at a buffer the transfer proba-
bility is independent of which flow the packet belongs
to, that is p+

e,f ≡ p+
e . It follows that the right hand

side of Eq. (7) is independent of the individual flows
as well:

F(X
in

e,f ,X
in

e ;Ke, Ce)

X
in
e,f

≡ G(X
in

e ;Ke, Ce). (8)

Therefore, the transfer probability p+
e at buffer e is:

p+
e = G(X

in

e ;Ke, Ce), (9)

and the transfer probability experienced by flow f can
be given as:

p+
f =

∏
e∈f

p+
e =

∏
e∈f

G(X
in

e ;Ke, Ce). (10)

With the help of the routing matrix the above proba-
bility can be written as

p+
f =

∏
e∈E

[
G(X

in

e ;Ke, Ce)
]Ief

= exp

[∑
e∈E

Ief ln
(
G(X

in

e ;Ke, Ce)
)]

The intensity of the source of flow f can be written
as the function of the above transfer probability as:

Sf = S(p+
f ). (11)

For example, for a non-elastic traffic S(pf ) ≡ const.
For a TCP connection, however, the flow intensity can
be approximated by the so called “inverse square-root
formula”:

S(p+
f ) =

A√
1 − p+

f

(12)

Let us investigate Eq. (6) now. With the decompo-
sition of the routing matrix one can write

X
in

e,f = I
(1)
e,f Sf + I

(2)
e,f

( ∑
e1∈E

I
(1)
e1,fGe1

)
Sf + · · · +

I
(k)
e,f

k−1∏
i=1

( ∑
ei∈E

I
(i)
ei,f

Gei

)
Sf + . . . , (13)
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Figure 1: The shape of function G(X
in

e ;Ke, Ce) for an

M/M/1/K queue, as the function of ρ = X
in

e /Ce, at
different Ke values

where the shorter Ge ≡ G(X
in

e ;Ke, Ce) notation has
been used. That follows that the following transfer
matrix dscribes the traffic flows in the network:

T : E×F ; (e, f) �→ Te,f =
∞∑

k=1

I
(k)
e,f

k−1∏
i=1

( ∑
ei∈E

I
(i)
ei,f

Gei

)

(14)
For an M/M/1/K queue the form of Ge ≡

G(X
in

e ;Ke, Ce) can be given as follows. The proba-
bility of forming a queue of length k is

P (Qe = k) =
(1 − ρe)

1 − ρKe+1
e

ρk
e , 0 ≤ k ≤ Ke, (15)

where ρe = X
in

e /Ce denotes the utilization of link e.
The probability that link e is blocked equals to the
probability that the queue length is Ke. Therefore

G(X
in

e ;Ke, Ce) = 1 − Pe(K) =
1 −

(
X

in

e /Ce

)Ke

1 −
(
X in

e /Ce

)Ke+1

(16)
In the limit of infinite buffer, which consists of
the fluid approximation of the traffic, the form of

G(X
in

e ;Ke, Ce) is

G∞(X
in

e ;Ce) ≡ lim
Ke→∞

G(X
in

e ;Ke, Ce) = min

(
1,

Ce

Xe

)
(17)

For the average queue length let us calculate the
Z-transform of Eq. (15):

φQe
(z) =

∞∑
k=0

P (Qe = k)zk =
1 − ρe

1 − ρKe+1
e

1 − (ρez)
Ke+1

1 − ρez

(18)
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the buffer size

The avererage queue length can be given as

E [Qe] =
dφQe

(z)

dz

∣∣∣∣
z=1

=
ρe

1 − ρe

− (Ke + 1)
ρKe+1

e

1 − ρK+1
e

.

(19)

3. Distribution of the Cumulative Queue

Length

In this section we calculate the distribution of the
cumulative queue length Qf =

∑
e∈f Qe experienced

by flow f ∈ F . If we assume that the queues are
independent, then the Z-transform of the cumulative
queue length can be given as follows

φQf
(z) =

∏
e∈f

φQe
(z) =

∏
e∈f

[
1 − ρe

1 − ρez

1 − (ρez)
Ke+1

1 − ρKe+1
e

]

(20)
The partial fraction expansion of the first denominator
yields that

∏
e∈f

1

(1 − ρez)
=

∑
e∈f

1

1 − ρez

ρ
nf−1
e∏

e′∈f

e�=e′

(ρe − ρe′)

=

∞∑
n=0

∑
e∈f

ρ
nf +n−1
e∏

e′∈f

e�=e′

(ρe − ρe′)
zn, (21)

where ρe �= ρe′ for all e �= e′ ∈ f and nf denotes the
length of flow f , that is the number of its elements.
The inverse transform of Eq. (21) can be obtained from
the coefficiens of zn:

F (n) =
∑
e∈f

ρ
nf +n−1
e∏

e′∈f

e�=e′

(ρe − ρe′)
, if n ≥ 0, (22)

and F (n) ≡ 0 if n < 0. If ρe1
= ρe2

= · · · = ρek
≡ ρ

for some e1 �= e2 �= · · · �= ek ∈ f then one should take
the ρe1

→ ρ, ρe2
→ ρ, . . . ρek

→ ρ limits. In the special
case ρe ≡ ρ for all e ∈ f :

F (n) =

(
n + nf − 1

n

)
ρn, if n ≥ 0 (23)

and F (n) ≡ 0 if n < 0.

To evaluate the inverse Z-transformation on (20), we
need to expand the nominator of the second fraction
of Eq. (20) into power series as well:

∏
e∈f

[
1 − (ρez)

Ke+1
]

=

nf∑
k=0

∑
s⊂f
|s|=k

(−1)
k

[∏
e∈s

ρKe+1
e

]
zk+

∑
e∈s Ke (24)

Since the multiplication with zk on the Z-transform
domain corresponds to an argumentum shift on the
normal domain, therefore the probability distribution
can be given by:

P (Qf = n) =


∏

e∈f

1 − ρe

1 − ρKe+1
e


 nf∑

k=0

∑
s⊂f
|s|=k

(−1)
k

[∏
e∈s

ρKe+1
e

]
F

(
n − k −

∑
e∈s

Ke

)
(25)

3.1. Infinite buffers

Let us suppose that Ke = ∞ for all e ∈ f . Then
only one term of (25) does not vanish:

P (Qf = n) = F (n)
∏
e∈f

(1 − ρe) (26)

3.2. Finite, identical buffers

Let us suppose that buffers are finite, but the same
size: Ke = K for all e ∈ f . Then

P (Qf = n) =
∏
e∈f

1 − ρe

1 − ρK+1
e

nf∑
k=0

(−1)
k

F (n − k (K + 1))
∑
s⊂f
|s|=k

[∏
e∈s

ρe

]K+1

(27)
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Figure 3: The topology of a simple network

3.3. Finite identical buffers and identical uti-

lizations

Let us suppose that Ke ≡ K and ρe ≡ ρ for all
e ∈ f . Then

P (Qf = n) =

(
1 − ρ

1 − ρK+1

)nf

nf∑
k=0

(−1)
k

(
nf

k

)(
n + nf − k (K + 1) − 1

nf − 1

)
ρn (28)

4. Numerical Example

As a numerical example, in this section we consider
the network shown in Fig. 3. The crucial starting
point for the analysis of the network, is (13) which
is a fixed point equation for our network model. This
equation can be solved using a standard technique such
as Newton-Raphson method for example. More detail
analysis based on Brouwer’s fixed point theorem can
actually ensure that there exists at least one solution
of the equation (13). Figure 4 shows the results of
our numerical simulations: we show the utilizations of
each link versus the buffer size.
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Abstract—Synchronization plays central role in
processing of information in many systems. In this work,
synchronization in networks of bursting Hindmarsh-Rose
neurons is studied. The influence of the network topology
is investigated in detail comparing two different types of
coupling: the electrical and the synaptic coupling. In both
cases conditions of synchronization with respect to the
coupling strength are obtained.

1. Introduction

During the last few years networks of bio-inspired neu-
rons have interested an increasing number of researchers in
all branches of science. In particular, spiking neurons have
attracted the interest because many studies consider this be-
havior an essential component in information processing
by the brain [1]. In this class of neurons, bursting neurons
are of relevant interest because they characterize a variety
of biological oscillators. The electrical potential of these
neurons, which typically is the state variable that contains
the main information, undergoes a succession of alternat-
ing active and silent phases in which, respectively, it has
a spiking behavior (very fast oscillations) and it evolves
slowly without oscillations.

Furthermore, studies suggested that retrieval of the
stored patterns is related to spontaneously occurring syn-
chrony in networks of neurons (see [2] for example.) This
motivates the investigation of the conditions for synchro-
nization in networks of bursting neurons [3, 4].

The aim of this paper is to investigate the synchro-
nization conditions of a network of Hindmarsh-Rose neu-
rons [5] in two different cases of coupling, namely elec-
trical and synaptic. Many studies have been done in this
field [3, 4], but more detailed conditions are here reported.
For this purpose, the Master Stability Equation/Function
(MSE/F) approach is used [6].

At first, in Sec. 2 some preliminaries are introduced:
the Hindmarsh-Rose neuron model, the coupling functions,
and the network equations. Then, in Sec. 3, the synchro-
nous state and the MSE and MSF are obtained. In Sec. 4
necessary conditions of synchronization are derived for
both cases of coupling and a simple example is shown.
Conclusions (Sec. 5) close the paper.

2. Preliminaries

The Hindmarsh-Rose neuron model [5], a simplified ver-
sion of the Hodgkin-Huxley one and a modification of the
FitzHugh equations – originally obtained to model the syn-
chronization of firing of two snail neurons – can be de-
scribed by the following equations [4, 7], obtained from
the original ones by a linear transformation:

ẋ(t) = fx(x, y, x) = ax2 − x3 − y − z
ẏ(t) = fy(x, y, x) = (a + α)x2 − y
ż(t) = fz(x, y, x) = µ (bx + c − z)

, (1)

where x(t) represents the membrane potential and y(t) and
z(t) are recovery variables taking account of fast and slow
ion currents respectively. Let us use the same parameters
as in [4], namely a = 2.8, b = 9, c = 5, α = 1.6, and
µ = 0.001. In Fig. 1 the time evolution of the x(t) variable
is depicted, where it is possible to see that, after a short
transient, it is periodic.
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Figure 1: Time evolution of the membrane potential x(t) of
a neuron according to the Hindmarsh-Rose model.

It is possible to model the coupling in a network of N
such neurons in different ways. In this work the inter-
est is about the electrical and the synaptic coupling. The
synaptic coupling can be modeled as a (static nonlinear)
sigmoidal function, which is the simplest one in a neuronal
system [8]:

γs(x j) =
1

1 + e−ν(x j−θs)
. (2)

As in [4], the free parameters are chosen to be ν = 10
and θs = −0.25. On the other hand, the electrical coupling
can be modeled with the following linear function:

γe(xi, x j) = (x j − xi), (3)
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The evolution of the i-th neuron is then ruled by


ẋi(t) = fx(xi, yi, xi) − gs σ(xi)

N∑
j=1

c̃i j γ(xi, x j)

ẏi(t) = fy(xi, yi, xi)
żi(t) = fz(xi, yi, xi)

(4)

where c̃i j are the elements of the matrix C̃ and c̃ii = 0,
c̃i j = c̃ ji = 1 if neurons i and j are connected to each other,
and c̃i j = c̃ ji = 0 otherwise. In the case of electrical cou-
pling γ(xi, x j) = γe(xi, x j) and σ(xi) = 1 and in the case of
synaptic coupling γ(xi, x j) = γs(x j) and σ(xi) = −(xi −Vs).

Let ξi = (xi, yi, zi)′ and f = ( fx, fy, fz)′, Eq. (4) can be
recast as follow:

ξ̇i = f (ξi) + σ(ξi)
N∑
j=1

gi j Γ(ξi, ξ j) (5)

where Γ(ξi, ξ j) =
(
γ(xi, x j), 0, 0

)′
, G = {gi j} = gsC is the

weighted connectivity matrix, and C = {ci j} is the connec-
tivity matrix: in the synaptic case ci j = c̃i j ∀i, j and in the
electrical one ci j = c̃i j ∀i � j and cii = −

∑N
j=1 c̃i j.

3. Master Stability Function

In order to obtain the conditions of identical synchro-
nization, the master stability equation/function approach is
used [6]. By considering the identical synchronization con-
ditions, i.e. ξ1 = ξ2 = . . . = ξN = ξ

∗, Eq. (5) becomes

ξ̇∗(t) = f (ξ∗) + σ(ξ∗)Γ(ξ∗)
N∑
j=1

gi j. (6)

It follows that the identically synchronous state exists only
if the sum of gi j is constant with respect i:

N∑
j=1

gi j = gs

N∑
j=1

ci j = gs k. (7)

Note that this condition is automatically respected in the
case of electrical coupling because, in this case, k = 0.

The evolution of the synchronous state is described by
the following system of ordinary differential equation:

ξ̇∗(t) = f (ξ∗) + kgsσ(ξ∗)Γ(ξ∗) (8)

The MSE associated to Eq. (5), true for both electrical
and synaptic coupling, is (for details see [6, 9])

ζ̇(t) =

D f (ξ∗) +


−kgsγ(x∗) 0 0

0 0 0
0 0 0

 +

+ (α + ıβ)


σ(x)[γ′(x∗)] 0 0

0 0 0
0 0 0


 ζ

(9)

Figure 2: MSF Λ(α, η) of the network of Hindmarsh-Rose
neurons.

where D f (ξ∗) is the Jacobian matrix of the function f es-
timated on the synchronization manifold ξ∗, γ′(x∗) is the
derivative of γ(x) with respect to x evaluated in x∗, the first
component of the synchronization manifold, and α+ ıβ are
the eigenvalues of the weighted connectivity matrix G.

The largest Lyapunov exponent of the MSE Λ(α, β) is
known as master stability function and it permits to identify
the synchronous conditions: a network synchronizes if and
only if all the eigenvalues (apart the largest one) are in a
region in which the MSF Λ(α, β) is negative.

In the study case the connectivity matrixes C and G are
symmetric. It follows that the eigenvalues are real and the
MSE, Eq. (9), and the MSF depend only on α. In Eq. (9)
another parameter can be identified: the product between
gs and k. Defining η = kgs, the MSE can be obtained as
function of α and η, namely Λ(α, η), and the result is re-
ported in Fig. 2.

In Fig. 3 the intersection between the MSF and the plane
Λ = 0 is reported and the result is that the largest Lyapunov
exponent is positive in the upper half-plane (with respect
the Λ = 0 line) and negative otherwise. It follows that the
studied networks of Hindmarsh-Rose neurons are Class-
A networks (see [9]), namely the network synchronizes if
λ2 < a where a = a(η) is theΛ = 0 line and λ2 is the second
largest eigenvalue of the weighted connectivity matrix G,
whose spectrum is composed of λ1 ≥ λ2 ≥ . . . ≥ λN .

Note that in [4] qualitatively similar results have been
obtained, but they are not numerically accurate as those re-
ported in the following Section.
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Figure 3: Sign of the MSF: Intersection between the MSF
(reported in Fig. 2) and the plane Λ = 0.
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4. Synchronization Properties

Thanks to the results obtained in the previous Sec., fixed
a network, i.e. its topology (described by C), its coupling
strength gs, and its coupling type, the synchronization con-
ditions are known. In this Sec. the synchronization condi-
tions of such a network are investigated in details.

Even if two different types of coupling are studied their
MSEs/Fs turn out to be the same: the case of the electrical
coupling can be obtained from the other by setting k = 0,
i.e. η = 0. However, their properties are different:

• Electrical coupling (k = 0): the connectivity matrix is
a Laplacian matrix and the number of connections of
each cell can be arbitrary;

• Synaptic coupling (k � 0): the number of connections
of each cell is equal to that of all the other cells.

In the first case (electrical coupling) the synchronous
state is that of an isolated Hindmarsh-Rose cell, as it can be
obtained from Eq. (8). Furthermore, the largest eigenvalue
of the connectivity matrix λ1, which is equal to 0 since
the matrix is Laplacian, corresponds to the largest eigen-
value of the synchronous state, so only the other eigenval-
ues (which are all negative) have to be inside the region in
which the MSF is negative. Therefore, the synchronization
condition is

λ2 = gsλ
∗
2 < a(0) = −0.68 (10)

where λ∗2 is the second largest eigenvalue of the connec-
tivity matrix, λ2 is the second largest eigenvalue of the
weighted one, and a(η = 0) is obtained from the MSF re-
ported in Fig. 3. Then, the following proposition is proved.

Proposition 1 For each network of Hidmarsh-Rose neu-
rons defined as in Eq. (4) with electrical coupling there
exists a minimum value of gs, namely g∗s = a(0)/λ∗2, such
that the network synchronizes for every gs > g∗s and the
synchronization behavior is equal to the one of an isolated
Hindmarsh-Rose neuron.

In the case of synaptic coupling it is possible to see that
the largest eigenvalue λ∗1 of the connectivity matrix is equal
to k and that the corresponding λ1 of the weighted connec-
tivity matrix is equal to kgs. Furthermore, this last eigen-
value corresponds to the largest Lyapunov exponent of the
synchronous state. In fact, the MSE (9) is the variational
equation of the synchronous state (8) in case of α = kgs

(and β = 0.) Then, only the other eigenvalues have to be
inside the region in which the MSF is negative and the syn-
chronization condition is

λ2 = gsλ
∗
2 < a(η) (11)

where λ∗2 is the second largest eigenvalue of the connectiv-
ity matrix, that can be positive or negative, λ2 is the second
largest eigenvalue of the weighted one, and a(η) is obtained
from the MSF reported in Fig. 3. So, the following propo-
sition is proved.

Proposition 2 For each network of Hidmarsh-Rose neu-
rons defined as in Eq. (4) with synaptic coupling, if λ∗2
is negative (positive) there exists a minimum (maximum)
value of gs, namely g∗s such that the network synchronizes
for every gs > g∗s (gs < g∗s.)

Note that in the case under examination (synaptic cou-
pling) the synchronous equation (8) is not equal to the
equation of an isolated Hindmarsh-Rose neuron (1). Then,
if the synchronization condition (11) is verified the state
variables of all the cells synchronize, but the synchronous
behavior is not known. This fact motivates the investigation
of the dynamic behavior, i.e. the bifurcation diagram with
respect the parameter η, of the system reported in Eq. (8).
For lack of space, the bifurcation diagram is not reported
but some of the obtained results are shown and explained.
There is a critical value of η, namely η∗, such that if η < η∗

then the synchronous behavior is qualitatively equal to the
one of the isolated Hindmarsh-Rose neuron, i.e. spikes dur-
ing the burst phases. In case of η > η∗ the synchronous
behavior is qualitatively different to the one of the isolated
Hindmarsh-Rose neuron. For example it is possible to ob-
serve damped oscillations during the burst phases, burst
phases without oscillations, or loss of burst phases.

A simple example follows where a network composed
of only two Hindmarsh-Rose neurons is considered and the
following connectivity matrix is used

C =
(

0 1
1 0

)
(12)

from which k = 1, λ1 = 1, and λ2 = −1. Fig. 4 shows
the quadratic error between the corresponding state vari-
ables of the two cells and the time evolution of the state
component x1(t) of the first cell for the coupling parame-
ters g(1)

s = 1.24667, g(2)
s = 1.2847, and g(3)

s = 2.0 respec-
tively. In the following table all the parameters are reported
and it is possible to note that in all three cases the network
synchronizes, as shown in the above cited figures. Fur-
thermore, the time evolution of the synchronous state only
in the case 1 is composed of spikes in the burst phases,
whereas in the other two cases it has a different behavior.

Case gs η = kgs a(η) λ2

1 1.24667 1.24667 −0.93 −1.24667

2 1.2847 1.2847 +1.22 −1.2847

3 2.0 2.0 +2.00 −2.0

Thanks to these considerations Proposition 2 can be
completed with the following lemma.

Lemma 3 For the modified Hindmarsh-Rose neuron
model defined as in Eq. (8) there exists a maximum value
of gs, namely g(M)

s , such that the synchronization behavior
is qualitatively equal to the one of an isolated Hindmarsh-
Rose neuron if gs < gM

s .
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5. Conclusion

Conditions of synchronization in networks of
Hindmarsh-Rose neurons have been obtained, as re-
ported in Prop. 1 and 2, for two different types of coupling:
electrical and synaptic. These conditions are more accurate
than the results reported in other papers in literature. Fur-
thermore, it has been shown that the bifurcation diagram
of the synchronous state have an important role in the
considered study, as remarked with Lemma 3.
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Abstract—We present an overview of the progress made
in the analysis of self-similar traffic models and, in particu-
lar, the queue performance using chaotic maps. Data packet
traffic can be described by an ON/OFF (acitve/silent)
model where ON means traffic production. If the ON pe-
riods are described by a heavy–tailed distribution then the
traffic trace is long–range dependent. If this traffic is fed to
a queue, the decay of the queue length probability is also
heavy–tailed. In this paper we show that it is possible to
change the queue length probability from heavy–tailed to
exponential without destroying the long–range dependence
property of the traffic.

1. Introduction

The queuing performance of traffic depends heavily on
the statistical nature of traffic. It has long been known that
internet traffic is long–range dependent (LRD) [6]. One
definition of LRD is that a second–order stationary time–
series has LRD if the sum of its autocorrelation function
C(L) over all time lags L = 0, 1, . . .,

∑∞
L=0 C(L), diverges.

Often a specific asymptotic form is assumed for the fall off
C(L) L→∞∼ L2H−2, where L→∞∼ means asymptotically equal
to, up to a multiplicative constant, as L→ ∞. The Hurst pa-
rameter H ∈ (1/2, 1) is the parameter which defines LRD.
A higher value of H represents stronger correlations and
H = 1/2 represents independent or short-range dependent
data. Long range dependent traffic has several interesting
properties: it can have significantly worse queuing per-
formance than non–LRD traffic; when independent traffic
streams are multiplexed, the resultant traffic has the high-
est Hurst parameter of all the streams multiplexed.

Attempts to improve LRD packet traffic as it crosses a
network run up against an obstacle. The LRD properties of
the traffic are robust against control techniques like traffic
shaping, resource management, call admission control and
priority control [9, 7, 2]. These network operations do not
change the LRD properties and therefore it might be as-
sumed that their effect on the QoS is limited. However, in
this article, we present an example to show that this is not
an insurmountable obstacle.

Packet traffic can be modelled using an ON/OFF (or ac-
tive/silent) model also known as a packet train model [5]
(see fig. 1). The ON state relates to the period of continu-
ous traffic activity. If the probabilities of the duration of the

active regionsilent region

packet train
0 1 1 1 1 1 1 0 0 0 0 0 1 0

Figure 1: A packet train and its representation as a binary
sequence.

ON or/and OFF decay as a power law (heavy–tailed distri-
bution) then the auto–correlation function of the ON/OFF
will also decay slowly, making the traffic LRD [4]. If the
traffic arriving to the queue has a heavy–tailed ON time
then the queue length probability will be heavy–tailed [11].
In this paper we show that this is not the only way of pro-
ducing LRD traffic, it is perfectly possible to have LRD
with no power laws in the ON/OFF periods. Hence, it is
possible to construct or modifify an ON/OFF traffic trace
such that the periods of continuous activity/inactivity are
short but the traffic is LRD, and more remarkably, a queue
fed by this traffic will have exponentially decaying queue
lengths. The importance of this result is that it shows that
LRD is not a straightjacket for the traffic control mecha-
nisms.

2. Chaotic Maps as Models of Packet Traffic

The traffic is modelled with an ON/OFF source de-
scribed by the family of intermittency maps [3]

xn+1 = F(xn; d,m1,m2)

=

⎧⎪⎪⎨⎪⎪⎩F1(xn) = xn + ((1 − d)/dm1 )xm1
n 0 < xn < d

F2(xn) = xn − (d/(1 − d)m2 )(1 − xn)m2 d < xn < 1,
(1)

where xn ∈ (0, 1) and parameters m1,m2 ∈ (1, 2) and d ∈
I(= (0, 1)). The real sequence {xn} can easily be turned into
a binary sequence with the use of an output map y : I →
{0, 1} defined by

yn = y(xn) =

⎧⎪⎪⎨⎪⎪⎩0 0 < xn ≤ d, OFF (silent region)
1 d < xn < 1, ON (active region).

(2)
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The binary sequence represents the creation of traffic As
the duration of the active/silent regions can be manipu-
lated individually the maps can produce mono–fractal traf-
fic (like fractional Brownian models) and multi-fractal traf-
fic [8]. If m1,m2 > 3/2 the traffic generated by eqs. (1, 2)
is an asymptotically second order self-similar process. If
m1 = m2 = 1 the maps generate a Poisson process with
a geometrical decay in its active and silent region and the
traffic is not correlated.

If σA denotes the number of iterations that an orbit
spends in the active region then, “heavy tailed” behaviour
means that

A(K) = Prob(σA = K) ∼ K−m2/(m2−1),m2 > 3/2 (3)

[3, 10, 8]. Similarly if σS is the number of iterations that
an orbit spends in the silent region then

S(k) = Prob(σS = K) ∼ K−m1/(m1−1),m1 > 3/2. (4)

If 3/2 < m1,m2 < 2 and m = max(m1, m2) then, the auto–
correlation is C(L) L→∞∼ L−(2−m)/(m−1), where L is the lag [10,
8, 1].

3. Chaotic Maps and Queues

The queue length dynamics Qn at time n of a determin-
istic server is described by

Qn+1 = Qn − Θ(Qn) + Mn+1 (5)

where Mn+1 is the number of queue arrivals at time n +
1, Θ(Qn) is the Heaviside function Θ(Qn > 0) = 1 and
Θ(Qn = 0) = 0 and it describes the queue departures. The
arrivals are described by a chaotic map of the form [3]

Mn+1 = R(Mn) = Nny(xn), (6)

where yn(xn) is the indicator variable given by Eqs.(1,2)
and Nn is the number of packet arrivals at a given time.
The dynamics of the arrivals is given by eq.(1) hence the
evolution of the traffic source and queue length is given
by a deterministic transformation in the variables (xn ∈
(0, 1),Qn ∈ Z) (see fig. 2). The dynamics of the system is
captured in the “ surface of section” x = d. The dynamics
of the queue is split into silent periods, where there are no
arrivals, and active periods. The duration of the nth silent
period σS n, is the time that an orbit of the map F spends in
x ∈ (0, d). Similarly, the duration of the nth active period
σAn is the time that an orbit spends in x ∈ (d, 1) where the
map generates traffic. When inside the active period at each
iteration of the map R, there is Ni ≥ 1 packets arriving to
the queue. The total number of packets that arrive at the
queue in the active period is

∑σAn
i=1 Ni.

The up Un, and down, Dn, map describe the dynamics
just before crossing the surface of section (see fig. 1). The
up-map gives the queue length just before the silent period
is going to start. The down-map is the length of the queue

0 0.2 0.4 0.6 0.8 1
0

2

4

6

8
U1 = Q1

Q2

Q3

D1 = Q4 Q5

Q6

U2 = Q7

D2 = Q12

x

Q

d

Figure 2: Orbit of the Queue-Intermittency map dynamics
and the relationship between the queue dynamics and the
up Un and down Dn map.

at the end of an active period minus the number of packets
served in the silent period. If the iterate of the down–map
is non–negative then the queue length is given by the down
map. If the iterate of the down–map is negative, then the
queue length is zero. The dynamics of the up and down
map is

Un+1 =

⎛⎜⎜⎜⎜⎜⎝
σAn∑
i=1

Ni − σAn

⎞⎟⎟⎟⎟⎟⎠ + DnΘ(Dn)

Dn+1 = Un+1 − σS n.

(7)

If P(DΘ(D) = l) is the probability that at the end of a silent
period the queue length is l andXm = P(

∑σAn
i=1 Ni−σAn = m)

is the probability of having an excess of m packets at the
end of the nth active period then

P(U = K) =
K∑

l=0

P
⎛⎜⎜⎜⎜⎜⎝
σAn∑
i=1

Ni − σA = K − l

⎞⎟⎟⎟⎟⎟⎠P(DΘ(D) = l).

(8)
Using the properties of the step function, eq.(7) and the
notationUK ≡ P(U = K) then

UK = XK

∞∑
i=0

⎛⎜⎜⎜⎜⎜⎜⎝
∞∑
j=i

S jUi

⎞⎟⎟⎟⎟⎟⎟⎠ +
K∑

l=1

XK−l

∞∑
j=0

Ul+ jS j, (9)

gives the probability that the value of the up map is exactly
K.

3.1. Case Nn = 2 for all n.

In this case there are two packets arrivals to the queue
per iterate when inside the active region. The total number
of packets generated in the active region is 2σA where σA

is the duration of the active region. Then

XK = Prob
(∑σA

i=1 Ni − σA = K
)
= Prob(2σA − σA = K)

= Prob(σA = K) = AK (10)
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so

UK = AK

∞∑
i=0

Ui

∞∑
j=i

S j +

K∑
i=1

AK−i

∞∑
j=0

Ui+ jS j, (11)

If the active region decays as AK
K→∞∼ K−α then

UK
K→∞∼ K−α regardless of whether the silent region de-

cays as a power law or an exponential. The case where
AK

K→∞∼ δK implies UK
K→∞∼ δK [8]. For the case that the

probabilities of the active and silent region decay as an
exponential, queue probability decays exponentially fast.
The queue length probability decays as a power law as a
consequence of heavy–tailed ON times. If the probability
that the duration of the ON time is changed from power–
law to exponential decay then, we can expect that the queue
length probability will change from a power law to an ex-
ponential decay.

4. The Hiccup Map

It is possible to construct a packet traffic model that will
produce traffic traces with both ON and OFF times decay-
ing exponentially fast and with an auto–correlation func-
tion that decays as a power law. The iterates bn of the
Bernoulli map B

bn+1 = B(bn) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
bn

db
, 0 < bn < db

bn − db

1 − db
, db < bn < 1

(12)

are used to decide if the intermittency map is iterated or
not,

xn+1 = H(xn) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
F1(xn) 0 < xn < d,
xn d < xn < 1, 0 < bn < db,

F2(xn) d < xn < 1, db < bn < 1.
(13)

The value of xn+1 = H(xn) remains constant at xn if 0 <
bn < db. We interpret this case as the event where no pack-
ets are created and a gap in the ON train is introduced. The
average number of spaces that are introduced in the ON re-
gion is determined by the average number of iterates that
an orbit of the Bernoulli map spends in the 0 < x < db

region which simply is η = (1 − db).
The sequence of symbols that represents the traffic has to

be modified to include the creation of spaces in the ON pe-
riod arising from the Bernoulli orbits. To distinguish these
spaces with the OFF period events we denote the injected
spaces by the symbol 0̄. The indicator map becomes

yn+1 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, 0 < xn+1 < d
0̄, d < xn+1 < 1; d < xn < 1; 0 < bn < db

1, d < xn+1 < 1; 0 < xn < d
1, d < xn+1 < 1; d < xn < 1; db < bn < 1

(14)

where the silent region is given by 0 < xn < d and an
extended active region by d < xn < 1. Notice that in the se-
quence of symbols a 0̄ and a 0 never appear consecutively.

10̄0̄1 . . . 0̄111111︸����������������︷︷����������������︸
m extended active region

000000 . . . 0000︸��������������︷︷��������������︸
silent region

The hiccup map breaks the long packet trains into a
“convoy” of smaller trains, with the property that the con-
voy travels together, that is they are correlated.

5. The Queue and the Hiccup Map

As in the case of the intermittency map, it is possible
to capture the Hiccup–queue dynamics by studying the be-
haviour of the queue when the intermittency map changes
from the active to the silent region. However, the active re-
gion of the Hiccup map sometimes does not generates traf-
fic so there is a possibility that the queue gets emptied. To
consider this possibility the up and down map are modified
such that

Un+1 =

⎛⎜⎜⎜⎜⎜⎝
τAn∑
i=1

Ni − τAn

⎞⎟⎟⎟⎟⎟⎠Θ
⎛⎜⎜⎜⎜⎜⎝
τAn∑
i=1

Ni − τAn

⎞⎟⎟⎟⎟⎟⎠ + DnΘ(Dn)

Dn+1 = Un+1 − σS n. (15)

where the term Θ(
∑τAn

i=1 Ni − τAn) describes the probability
of having an empty queue at the end of the extended active
region An.

5.0.1. Case Nn = 2 for all n

The probability of the up–map is

Prob(U = K) =
K∑

i=0

Prob ((2σA − τA)Θ(2σA − τA) = K − i)) Prob(DΘ(D) = i)

(16)

where σA is the duration of the active region of the inter-
mittency map and τA is the duration of the extended ac-
tive region for the Hiccup map. Notice that τA ≥ σA. If
Xm ≡ Prob(2σA − τA = m) is the probability of having an
excess of m packets at the end of the nth extended period,
then from eq. (16)

UK = XK

∞∑
i=0

Ui

∞∑
j=i

S j +

K∑
i=1

XK−i

∞∑
j=0

Ui+ jS j

+

∞∑
i=1

X−i

∞∑
j=0

UK+ jSK .

(17)

For the intermittency–queue maps, the behaviour of the
UK as K → ∞ is related to the decay of X = AK (see
eq. (11)). In the Hiccup–queue map, we have an equivalent
case, the decay of the queue is related to the decay of XK .
To evaluate XK , it should be noted that the probability of
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the extended active region lasting τA iterates if the original
active region is σA is ησA (1 − η)τA−σA

(
τA
σA

)
. To evaluate if at

the end of an active region there is a surplus or deficit of
packets in the queue we need to evaluate that, given a time
σA, what is the probability that the extended region lasts
τA, when the surplus/deficit of packets is m = 2σA − τA
hence

AL = η

L−2∑
i=0

AL−iη
L−2−i(1 − η)i

(
L − 2

i

)
(18)

The probability of having an excess of L packets at the end
of the active region is

XL =

∞∑
i=L

Aiη
i−1(1 − η)i−L

(
2i − L − 2

i − L

)
+A1δL,1 (19)

where δL,1 if L = 1. Notice that if Ai
i→∞∼ i−γ then the

first sum can be bounded using XL < AL
∑∞

i=L η
i−1(1 −

η)i−L
(

2i−L−2
i−L

)
. The summation part of the bound can be sim-

plified to

∞∑
i=L

ηi−1(1 − η)i−L
(
2i − L − 2

i − L

)

= ηL−1H
(

L
2
− 1

2
,

L
2

; L − 1; 4 η (1 − η)
)
.

The Hypergeometric function H (, ; ; ) has a singular point
at z = 4 η (1 − η) = 1 or η = 1/2. Expanding the previous
equation for η = 1/2 + ε, with ε > 0 then

XL
L→∞
∼ AL

(
1
2
+

1
4ε

)
(20)

which means the queue decays as a power law (given by
the decay ofAL). For the case η = 1/2 − ε, with ε > 0

XL
L→∞
∼ AL

(
e−(L−2)atanh(2ε)(1 − 2ε)L−1

4ε(1 − 4ε2)(L−2)/2

)
(21)

which means the queue decays exponentially fast, indepen-
dently of AL. This is the main result of this paper (see
fig. 3).

For a simple queuing system we found an analytical ex-
pression that shows the power law decay of the queue can
be abruptly changed to an exponential decay by modify-
ing the properties of the ON times of the traffic without
destroying its LRD characteristics. This modification is
achieved by a random interruption of the iteration of the
active region, where an interruption also means the stop-
page of creation of data. We believe that this result can be
useful in the control of packet traffic networks.
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1. Introduction

Synthesis of chaotic oscillator with simple structure have
received grate attention due to the increasing number of ap-
plication of chaotic oscillator in engineering, as for exam-
ple in communication systems [1].

Several models of simple chaotic oscillator with switch-
ing elements have been reported in some literature because
of their simple structure allowing the implementation with-
out difficulty and the use of less complex tools for its anal-
ysis.

On the other hand, periodic solutions are one of the most
important phenomena in nonlinear dynamical system in-
cluding many engineering systems. While stability analy-
sis of periodic solutions is a basic problem, synthesizing a
nonlinear system which exhibits a stable periodic solution
is also essential. Several methods for the inverse problem
of synthesizing such systems have been proposed [2]-[3].

In this paper, we propose a novel nonlinear system which
consists of a chaotic system and multirate sample-hold con-
trollers. The proposed system exhibits some stabilized Un-
stable Periodic Orbits (abbr. UPO ) which are embedded
on chaos attractor of the original chaotic system. Gener-
ally, the procedure to stabilize UPOs is called Controlling
Chaos. Our proposal is a synthesis of a nonlinear system
which generates periodic solutions based on chaos.

The basic principle is using a feedback of delayed states,
but is not included on a category of Delayed Feedback Con-
trol (abbr. DFC) [4]-[5] well-known as one of a controlling
chaos methods. However a proposed system has an advan-
tage such that no preliminary calculation of the UPOs is
required, similarly to the DFC.

First, we consider an autonomous piecewise-constant
system [6]-[7] with sample-hold controllers as the basic
chaotic system. The system dynamics is governed by a 1-D
return map. By using the return map, we can accomplish
the both of synthesis and analysis of the system. Chaos
generation can be guaranteed theoretically. Second, we
construct a controlled system based on the return map. We
provide a condition to stabilize UPOs and a domain of at-
traction. Some theoretical results are verified in the exper-
imental circuit.

H

a

sxxx

y y

h

0=y

Figure 1: A Nonautonomous Piecewise-Constant System

2. An autonomous piecewise-constant system with a
sample-hold controller

An autonomous piecewise-constant system with a
sample-hold controller is shown in Fig. 1, where the sam-
pling switch samples x at any zero-hitting moment of y and
the holder H stores the sampled value until the next zero-
hitting of y occurs. Let the n-th zero-hitting moment of y
be τn and let the output of H be xs:

xs = x(τn), for τn ≤ τ < τn+1, (n = 0, 1, 2, 3, · · ·).
(1)

Then the system dynamics is described as the following:

ẋ = sgn(y)
ẏ = −sgn(x − h)
h = xs + a{xs − sgn(xs)}.

(2)

where · denotes differentiation by normalized time τ and
the nonlinear function sgn(·) is defined as the following:

sgn(X) =
{

1 for X ≥ 0,
−1 for X < 0. (3)

Since the time-invariant function sgn takes only con-
stant value, the righthand side of the equation is piecewise-
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Figure 2: A phase portrait

constant and the trajectory of the solution is piecewise-
linear. Figure 2 shows an example of the trajectory in a
phase space. Here, let the n−th xs be xn, namely xn is x(τn).
The trajectory started from xn moves away from x−axis and
heads to a threshold x = hn. Then it must reach a point
(hn, hn − xn) on the threshold, where

hn = xn + a{xn − sgn(xn)}. (4)

And the trajectory leaved from the threshold must return to
x−axis. Then it must reach a point (2hn − xn, 0) on x−axis.
Here, focusing the state xn at τ = τn, we can define the
return map F(xn) from xn to xn+1. The return map can be
described explicitly as the following:

F : xn 7→ xn+1, F(xn) = 2hn − xn. (5)

Changing the nonlinear function to determine the threshold
hn, we can construct any 1 dimensional (abbr. 1-D) return
map F(xn). In this paper, we consider the case that hn is
defined by (4).

We assume that the unique parameter a is constant and
a = 2 after here. In this case, Substituting (4) and a = 2
into (5), the return map F(xn) can be described and is to be
a well-known Bernoulli shift map as the following;

F(xn) =
{

2(xn − 1) + 1, for xn ≥ 0,
2(xn + 1) − 1, for xn < 0. (6)

In the case of a = 2, the discrete time system (6) exhibits
chaos. In the experimental circuit, the integrator in the Fig.
1 is realized by using R, C and OP-amp. (TL074), and S/H
is composed of a capacitor and analog switches (4066).
The output voltage v of the integrator and vn of S/H corre-
sponds to x and xn, respectively. Figure 3 shows the chaos
attractor on the phase space and the corresponding labora-
tory measurement. Figure 4 shows the chaos attractor of
the return map (6).

0.1−
0.1−

0.1

0.1x

y

xv

yv

Figure 3: Chaos attractor on phase space.

0.1−
0.1−

0.1

0.1
nx

1+nx

nv

1+nv

Figure 4: Chaos attractor of the return map.

3. A System with Multirate Sample-Hold Controllers

We introduce some basic definitions for the return map.
Definition: A point xl is said to be a l-periodic point if

F l(xl) = xl and Fk(xl) , xl for 0 < k < l, where F l denotes
the l-fold composition of F. A l-periodic point xl is said to
be stable (respectively, unstable) if |DF l(xl)| < 1 (respec-
tively, |DF l(xl)| > 1), where DF l denotes derivative of F l.
A sequence of a l-periodic point, {xlF(xl), · · · , F l−1(xl)}, is
said to be a periodic sequence with period l. We refer to a
stable periodic sequence as a periodic attractor. Hereafter
we abbreviate an unstable periodic point by UPP and ab-
breviate an unstable periodic sequence with l-period by l-p
UPS.

Figure 5(a) shows a block diagram of a system with Mul-
tirate Sample-Hold Controllers and the timing charts for
the switches in this diagram. The switches are closed if the
clock signal shown as the charts in Fig. 5(b). is high level.
The pulse signal CK1 turns to high level at the moment of
y = 0, and the CK2 turns to high level at every l−th pulse
of CK2. Also, the switch controlled by S CT L is governed
by the following manner

S CT L :
{

ON, for τln ≤ τ < τln+1,
OFF, for τln+1 ≤ τ < τl(n+1).

(7)

The dynamic of the System with Multirate Sample-Hold
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Figure 5: An autonomous Piecewise-Constant System with
Multirate Sample-Hold Controllers

Controllers is described by follows:

ẋ = sgn(y)
ẏ = −sgn(x − h)
h = 1

2 (xs + zs) + a{zs − sgn(zs)}.
for ln ≤ τ < ln + 1,

ẋ = sgn(y)
ẏ = −sgn(x − h)
h = xs + a{xs − sgn(xs)}

for ln + 1 ≤ τ < l(n + 1).

(8)

where zs = (1 − K)xs + K · ys, ys is an output of the holder
of the controller and K is a control gain. By using simi-
lar procedure in Sec. 2, we can derive the corresponding
discreet-time system as the following:

xn+1 =

{
F((1 − K)xn + Kyn−l), for n = kl,
F(xn), for otherwise
k = 1, 2, · · ·

(9)
The return map from (x(ln), y(ln)) at τ = ln to (x(l(n +

1)), y(l(n + 1))) at τ = l(n + 1) can be given by

xn+l = F l((1 − K)xn + K · yn)
yn+l = (1 − K)xn + K · yn.

(10)

Note that if xn is identical to yn, the discreet-time system
(10) is equivalent to (5).

Let ξ be one UPP of l-p UPS of the system (5). letting
x̂n be defined by xn − ξ, letting ŷn be defined by yn − ξ and
letting A ≡ (∂/∂xn)F l|xn=ξ, the linearized system of (10) in
the neighbor of ξ is described by[

x̂(n + l)
ŷ(n + l)

]
=

[
A(1 − K) AK

1 − K K

] [
x̂(n)
ŷ(n)

]
. (11)

Here, if we set the gain of a controller to

K = −A(1 − A)−1,

then all of the characteristic root of the linearized system
(11) are identical to zero, that is, the system is to be sta-
ble in the neighbor of ξ. The solution xn started from the
neighbor of ξ at τ = 0 must converge to l-p UPP.

Figure 6 shows a simulation result of generating 3 peri-
odic solutions by setting parameters as l = 3 and K = 8

7 .
Figure 6(a) and 6(b) shows stabilized 3-p UPPs which have
different initial conditions. 1 periodic solutions are also
observed on same parameters. The solution is identical to
the unstable fixed point of the original chaotic system (5)
x∞ = −1 and x∞ = 1.

0.1−
0.1−

0.1

0.1nx

1+nx

0.1−
0.1−

0.1

0.1nx

1+nx

(a) (b)

Figure 6: Stabilized UPPs

4. The domain of attraction

First, in order to classify the periodic solution, we de-
fine the binary sequence corresponding to a UPS P(xl) =
{xl, F(xl), · · · , F l−1(xl)} as the following:

S (xl) = {ω0(xl), ω1(xl), · · · , ωl−1(xl)},

ωm(x) =
{

0, if 0 ≤ Fm(x) < 1
2

1, if 1
2 ≤ Fm(x) < 1.

(12)
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And let the binary sequence

S (xl) =

l︷                                  ︸︸                                  ︷
{

l1︷  ︸︸  ︷
00 · · · 0

l2︷  ︸︸  ︷
11 · · · 1 · · · · · ·

lm︷  ︸︸  ︷
11 · · · 1}

be represented by (0l1 1l2 · · · 1lm ). If the S (xl) corresponding
to l-p UPS P(xl) is (0l1 1l2 · · · 1lm ), we define that P(xl)
is (0l1 1l2 · · · 1lm )UPS. An attractor shown in Fig. 6(a) is
(0)UPS. Similarly, an attractor shown in Fig. 6(b), 6(c)
and 6(d) is (021)UPS, (012)UPS and (1)UPS, respectively.
Note that (012)UPS is same to (120) and (101)UPS. Figure
7 shows the domain of attraction for some UPSs with l = 3
which the solution started from an initial state (x0, y0)
converges to some periodic attractors. Figure 7(a), (b) and
(c) is the case of K = 8

7 , K = 8
7 + 0.05 and K = 8

7 + 0.1,
respectively. The domain of attraction can be obtained
theoretically and the detail will be discussed elsewhere.

5. Conclusions

We proposed a novel nonlinear system which consists
of a chaotic system and multirate sample-hold controllers
. The proposed system exhibits some stabilized Unstable
Periodic Orbits (abbr. UPO )which are embedded on chaos
attractor of the original chaotic system. Now we try the
generalization of the system and consider engineering ap-
plications.
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Figure 7: Domains of attraction in the case of l = 3
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Abstract– The behavior in reverse time of 1-dimension 
noninvertible discrete dynamical system in the form of 3-
segment piecewise-linear map, demonstrating chaotic 
dynamics in direct time, is considered. The features of 
fractal distribution in phase space of reverse iteration 
points are investigated. Methods of formation of sets, 
having the structures of geometrical fractals, by means of 
special ordering are proposed. 
 
1. Introduction 

 
When investigating the nonlinear dynamical systems, 

the traditional approach is usually applied, representing 
the analysis of evolution in dynamics: the state of the 
system in given moment of time, i.e. initial condition, 
uniquely defines its state in subsequent moment. In other 
words, “direct problem of nonlinear dynamics” is solved 
[1]. Except for direct problem, there is also “inverse 
problem of nonlinear dynamics”. In classical form it 
consists of the searching of the state of the system in the 
moment, which is previous with respect to present 
moment, i.e. the determination of initial condition of the 
direct problem [2]. The inverse problem of chaotic 
dynamics has the exceeding difficulty of research because 
of many-valued solution. A noninvertible map, which 
demonstrates chaos in direct time, in reverse time may 
generate a set of system states, corresponding to the same 
moment of time, and their number increases with reverse 
iterations.  

In this case, the solution of inverse problem is 
impossible without any additional information. However, 
attempts of examination of structures of reverse iteration 
points manifolds reduce to unexpected results. The 
structure of many-valuedness of noninvertible dynamical 
systems in reverse discrete time have been researched in 
previous works. As examples, we considered 1-dimension 
1-parameter skew tent (two-segment piecewise-linear) [3] 
and skew logistic (two-segment piecewise-quadratic) [4] 
maps. It has been shown that processes in reverse time in 
these systems under certain conditions has complicated 
space-time structure: in the time domain it is chaotic 
behavior, but in space domain it has fractal distribution in 
the basin of attraction of corresponding chaotic attractor in 
direct time. In [4] we also proposed the convenient 
approach to revealing the fractal structures in reverse time, 
which consists of the ordering methods of reverse iteration 
points, resulting in the pronounced geometrical fractals.  

In above-mentioned papers inverse discrete maps with 
two-segment nonlinearity, i.e. with two-valuedness, have 
been examined. In the present paper the analogous results, 
obtained for three-segment piecewise-linear map [5], is 
proposed for consideration. The extension of ordering 
principle to three-valued systems in reverse time is also 
presented. The attention is also paid to interesting 
phenomenon of formation in the system well-known 
fractal curve “Devil’s staircase” [5,6]. 

 
2. Three-segment piecewise-linear map in direct time 
 

The system function F(x) of discrete map xk+1=F(xk), 
k=0,1,…,N, is formed by 3 different pieces of lines joint in 
two points (A and C), Fig. 1,a. It can be written in the 
following way 

 

,                         0 ,

( ) ( )( ) , ,

(1 ) ,       1.
1

b x x a
a
b c x d x aF x a x c

c a
x c d x c x

c

⎧ ≤ ≤⎪
⎪

− + −⎪= < ≤⎨
−⎪

⎪ − + −
< ≤⎪ −⎩

 (1) 

Function F(x) is always fixed in two points (0,0), (1,1) 
and has four different parameters: the 1st pair (a,b) defines 
the position of A, the 2nd – (c,d) – position of C; F(a)=b, 
F(c)=d, c≥a, , , , [0,1]a b c d ∈ . The definitional domain is 
given by [0,1]x∈ . The number of fixed points is equaled 
to either two or three: *

1 0x = , *
2 1x = , *

3x =  
( ) ( )ad cb a d с b= − + − − ; the latter exists only if the 

middle segment of F(x) crosses the bisectrix inside the 
interval (a,c), as shown Fig. 1,a. The analogous system in 
direct time have been investigated in [5]. 

If b>d, then system function will noninvertible and will 
have two extremums: A is a maximum, C is a minimum. If 
at the same time *

3x  exists and its multiplier 

3 ( ) ( ) 1b d c aµ = − − > , then all fixed points will become 
unstable and dynamics of (1) is chaotic practically for any 
parameters and initial conditions except for some special 
cases. In Fig. 1,b,c an example of chaotic process and its 
density of distribution are shown. The size of attractor is 
defined by b,d and for given case is [0.1, 0.95], its basin 
of attraction coincide with the whole definitional domain; 
Lyapunov exponent of the attractor 0.8Λ ≅ . 
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a) b) 

  

 
c) 

  
Fig. 1. Chaotic process in three-segment piecewise-linear 
map (1): (a) – Lamerey-Königs diagram; (b) – density of 

distribution; (c) – waveform; a=0.3, b=0.95, c=0.8, d=0.1. 
  
  
3. Processes in the system in reverse time 

 
The inverse map xk=F–1(xk+1) can be obtained from the 

direct one by inverting the system function. For the 
considered nonlinearity (1) this results in three-valued 
dependence (2). Therefore, for any xk+1 we have from 1 to 
3 values of xk depending on the xk+1 and system 
parameters in contrast to two-valued systems [3,4], which 
gives from 0 to 2 values of xk+1. For the given xk on every 
step [0, ]n N∈  backwards in time the number of 
generative values xk–n continuously increases. It’s 
illustrated graphically as the inverse Lamerey-Königs 
diagram in Fig. 2,a and “tree of reverse iterations” in Fig 
2,c. 

1

,                         0 ,

( )( ) ,  ,

(1 ) ,       1.
1

a x x b
b
cb ad c a xF x d x b

b d
c d c x d x

d

−

⎧ ≤ ≤⎪
⎪

− − −⎪= ≤ <⎨
−⎪

− + −⎪
< ≤⎪ −⎩

 (2) 

When n=N we have a set of reverse iteration points 
(“top of the tree”) defined by 

( )
, 1 ( )n

k n j j kx F x−
− += ,  (3) 

where ( )
1 ( )n

jF −
+ ⋅  is (j+1)-th segment of n-order inverse 

repeat map function, [0,3 1]nj∈ −  is the branch index. 
  

  
a) b) 

  

 
c) 

  
Fig. 2. Iterations of (2) in reverse time: (a) – inverse 
Lamerey-Königs diagram, N=4; (b) – tree of reverse 

iterations, N=7; (c) – density of distribution of the top of 
the tree, N=12; a=0.3, b=0.95, c=0.8, d=0.1, xk=0.4. 

  
  

The number of reverse iteration points increases with n 
and fill up the basin of attraction. The density of 
distribution Pr(x) of the set of points {xk–N,j} is shown in 
Fig 2,b. Comparing it with the density of distribution of 
the corresponding direct process in Fig. 1,b, we make the 
conclusion that reverse iterations and direct chaotic 
dynamics generates statistically different processes.  

When detail analyzing of the profiles of functions Pr(x) 
for different parameters their self-similarity is revealed, 
which tells us that a set {xk–N,j} has a fractal structure. 
However, it is not evident after visual observation of 
Pr(x)-functions. For more careful investigation of fractal 
structures in this system we apply the ordering principle 
that was developed in [3,4] concerning two-valued maps 
in reverse time. Here we propose its modification 
regarding to noninvertible systems with three-valuedness 
in reverse time.  

The principle represents the following. At first we 
calculate the symbolic dynamics of every branch of tree of 
reverse iterations (separate trajectory in Fig. 2,c) 

TER 0 1 2 1 TER{ } { ... }N Ni i i i i− −= , each symbol of which is 
equaled to either 0, 1 or 2 – in a sense of ternary system of 
numeration, in contrast to two-valuedness, where it is 
binary. A symbolic dynamics uniquely connected with the 
value of xk–N,j in the top of tree. Then we convert TER{ }i  
into decimal form by the rule 

1
1

( )
N

n
n

j i G n−
=

= ∑ ,  (4) 
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where ( )G n  is ordering function, which can be chosen 
arbitrary. The calculated value of branch index j is the 
significant ordering parameter of the method. Some 
symbolic dynamics cannot be realized in considered 
system. Therefore corresponding index j and value of xk–N,j 
don’t exist. But for b=1 and d=0 in (2) any symbolic 
dynamics is reachable. 

 In Fig. 3 the results of application of the ordering 
method, called by us TDD (“Ternary to Decimal – along 
Direct time”), where 1( ) 3nG n −= , are shown for several 
values of parameters, (3 1)nj j= −  – normalized branch 
index ( 0 1j≤ ≤ ). They are “top tree structures” with 
pronounced features of geometrical fractals (below the 
figures values of fractal dimensions dF are given, 
calculated by using the covering method [6]). 

Fig. 3,a consists of the ordered set of points 
corresponded to the points of the right border of tree of 
reverse iterations and the density of distribution in Fig. 2. 
A small fragment is similar to whole image. 

The structure in Fig.3,b is called by us “Cross fractal”, 
it’s obtained for symmetrical map function. The fractal is 
also symmetrical and self-similar. This set as well as 
previous one consists of the separate points nowhere 
adjoined to each other, which number tends to infinity 
when n →∞ . Therefore, the topological dimension of the 
set 0Td = , while the fractal dimension 1Fd = . 

The structure in Fig. 3,с represents the well-known 
fractal curve “Devil’s staircase” [5,6], it consists of 
“stairs”, which number tends to infinity, but the height – 
to zero, when scaling. It looks like the increasing on 
average function, but having zero derivative in every 
point; its fractal and topological dimensions are equaled: 

1T Fd d= = . 
The solid fractal curves with such features occur in our 

system always when a=c and b=1, d=0. They always have 
a plane interval in the middle: (1/ 3, 2 / 3)j ∈ . In the case 
of a=c=0.5 the structure is symmetrical, so as left 
( (0,1/ 3)j ∈ ) and right ( (2 / 3,1)j ∈ ) parts are identical. 
For other cases the curve becomes asymmetrical, if 
a=c<0.5, then values of xk–N,j will decrease, if a=c>0.5 
they will increase.  

The family of all possible “Devil’s staircases” in the 
system is shown in Fig. 4, where separate curve, 
corresponded to its value of varying parameters in the unit 
interval 0 1a c≤ = ≤ , is presented by its color. In the 
borders of the parameters range the staircase turns into the 
piece of straight line. 

There are examples of top tree structures for another 
ordering method, called as TRD (“Ternary to Decimal – 
along Reverse time”), in Fig. 5. For this method the 
ordering function is defined by ( ) 3N nG n −= . This results 
in inverting the position order in symbolic dynamics (so 
as high-order and low-order digits trade places) in 
comparison with TDD method. 

 

 
a) a=0.3, b=0.95, c=0.8, d=0.1; dF ≈0.9 

 

 
b) “Cross fractal”: a=1/3, b=1, c=2/3, d=0; dF=1 

 

 
c) “Devil’s staircase”: a=c=0.5, b=1, d=0; dF=1 

 
Fig. 3. Top tree structures, obtained by TDD method, 

applied to reverse iterations in (2); N=12. 
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Fig. 4. Family of top tree structures (“Devil’s staircases”); 

N=8, 0≤a=c≤1. 
 

 
a) a=1/3, b=1, c=2/3, d=0; dF ≈1.9. 

 

 
b) a=c=0.5, b=1, d=0; dF ≈1.9. 

 
Fig. 5. Top tree structures, obtained by TRD method, 

applied to reverse iterations in (2); N=10. 

As in the case of two-valued nonlinearities of maps in 
reverse time, here also a number of other ordering 
methods can be proposed, which will have its own 
ordering function or, may be, form of conversion (4). 
 
4. Conclusions 
 

The fractal distribution of reverse iteration points of 
three-segment piecewise-linear map is identified. The 
ordering principle of these points is developed for three-
valued systems. The structures, obtained by using of 
proposed two ordering methods (TDD and TRD), have 
self-similar fractal forms.  

Comparing two- and tree-valued systems in reverse 
time gives us a deduction about its qualitatively analogous 
behaviors. However, formed fractal sets are different: the 
considered here structures have three self-similar parts, 
but in two-valued systems – two self-similar parts and 
there are some other fine distinctions. "Devil's staircase", 
that is the only non-trivial fractal structure representing 
the solid manifold in the system, is not observed in two-
valued systems. 

The TDD method is proposed here as approach to 
investigation of fractal phenomena in many-valued maps 
in reverse time. The TRD method results in complicated 
random-like structures, which can be used for 
cryptosystem construction.  

Fractal phenomena in reverse time have to be observed 
in discrete maps with any order of many-valuedness, but 
this generalization would be proved in further researches. 
Application problems are also not considered in this paper 
in detail. However, concerning to choice of many-
valuedness order in cryptosystem, we can suppose that the 
higher the order of many-valuedness, the higher the 
security of encrypted information, but the higher 
computational effort is required. 
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Abstract– The use of high-dimensional Cat maps in 

cryptographic applications has been widely explored. This 
paper is the first attempt to investigate the mixing nature of 
these maps by the use of a statistical approach. The study 
also provides some guidelines in the determination of the 
parameters, such as dimensions and number of iterations, 
so that sufficient mixing effect can be obtained from these 
maps.  
 
1. Introduction 

 
Cat map is one of the chaotic maps commonly used in 

cryptographic applications [1, 2, 3, 4]. The original Cat 
map is a two-dimensional map which is described in [5]. 
It has been further extended to three dimensions [1], and 
later a general form of high-dimensions [3].  

The interest of using high-dimensional Cat map is 
initiated by its simplicity and chaotic nature, in particular 
its mixing nature. However, a detail study of this mixing 
nature has never been given, probably due to the 
complexity caused by the high dimensionality.  

In [6], the behavior of one dimensional discrete-time 
chaotic maps has been analyzed and described by 
statistical models. In this paper, the similar concept is 
applied to manifest the mixing property, together with the 
rate of mixing, of the high-dimensional Cat maps.  

The organization of this paper is as follow. In Sect. 2, 
the high-dimensional Cat map is formulated and some 
typical applications are explained briefly. The statistical 
analysis of this map is then given in Sect. 3. Finally, 
conclusion is drawn in Sect. 4. 

 
2. High-dimensional Cat Map 
 

An m-dimensional Cat map [3, 4] is expressed as 
below: 
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where ( )mmmm AAAAAAAA 12242311312 −= LLL  is a mm×  
constant matrix constructed by multiplying 2Cm  matrices, 

ijA , each one mixing the i-th and j-th dimensions as in 
Cat map. The matrix, A, can be expressed as follows: 
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 (2) 
where 1,0 ≤≤ ijij ba . 

Due to its chaotic natures, this high-dimensional Cat 
map has been used for different applications. Two of them 
are briefly explained in the followings. 
 
2.1. Message Digestion 

 
In [3], a cryptographic hash function, Ch , based on 10-

dimensional Cat map has been designed.  A hash function 
is a one-way function which should be efficiency and 
collision resistant. It can also generate a fixed length 
message digest value for any input with arbitrary length, 
as shown in Fig. 1. 

The operational procedure is as follows. Message is 
divided into blocks of n×32 bits (n=6) and each block, 
used as the initial condition, is processed by iterating the 
10-dimensional Cat map implemented in 32-bit 
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environment. The remaining states are either obtained 
from the initial buffers or by iterating the previous block. 
Finally, an 128-bit message digest is then obtained after 
processing all the blocks.  

Due to the mixing feature of the map, an avalanche 
effect is observed. Even for a single bit difference in the 
messages, a large bit difference, with the mean close to 
the half of the length of the message digest, is obtained as 
shown in Fig. 2. A very fast speed can be achieved, for 
example, its throughput rate is about 1.5 times higher than 
MD5 [7]. 
 

 
Fig 1. Chaos-based cryptographic hash function 
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Fig. 2. Bit difference distribution with one-bit 

difference in the message 
 

2.2. Image Encryption 
 
The map in Eq. (2) can also be used for image 

encryption [4] based on a stream cipher framework. 
Images are fed as a data stream and masked with 
keystream generated by a skewed Tent map and the high-
dimensional Cat map, as shown in Fig. 3. 

In this design, the high-dimensional Cat map is served 
as a post-processing function to further mix up the bit 
stream generated from the Tent map. It is proved that it 
can enhance the randomness of the keystream and provide 
favorable results in all the statistical tests. 

An illustrative example, showing original and 
encrypted images, is given in Fig. 4.  The encrypted image 
is appeared to be random and statistically uncorrelated to 
the original image. This algorithm also gives a desirable 

encryption speed when comparing with some existing 
algorithms.  

 
 
 
 
 
 
 
 
 
 

MIXER INITIAL KEYSTREAM 
GENERATOR 

x1=A23BAE12 
x2=7FF01234 
x3=7AB173EE 

: 
: 

Skewed Tent map 

k1=C1035EC1
k2=1124BC63
k3=58FA72BE

: 
: 

m-dimensional Cat map 

Random keystream Initial keystream 

 
Fig 3. Pseudo-random keystream generator 

 

       
(a)                                    (b) 

Fig. 4. (a) Original image (b) Encrypted image 
 

3. Statistical Analysis of Chaotic Dynamics 
 

From the applications described before, it can be 
observed that the mixing nature of Eq. (2) is the key for 
success. However, due to the high dimensionality, it is 
difficult to provide a rigid proof for it. In addition, the 
optimal dimensions and iterations for providing sufficient 
mixing characteristics are also difficult to be determined.  

In this paper, the concept described in [6] is used as the 
methodology to tackle with the above two questions.  Our 
approach is to perform a statistical study on Eq. (2), by 
considering it as a black box with single input and single 
output.   

Given that a set of normally distributed initial 
conditions is chosen as the initial values of x1 of Eq. (2) 
while the initial conditions of x2, x3, … xm and the 
parameters aij and bij are randomly chosen from [0,1]. 
After a fixed number of iterations (denoted as K), the final 
values of state x1 are categorized into b non-overlapping 
bins, Yi = [(i-1)/b, i/b ) where i = 1, 2, …, b. In our tests, b 
is always set to 100. The frequency count of each bin can 
be computed by: 

( )

N
NnYKx i

n },...,2,1,)({# 1 =∈
 (3)

where # denotes the cardinality of a set, and N is the size 
of the initial values set, which is assumed to be 20,000.  
 
3.1. Testing Parameters 
 

Two sets of initial conditions, S1 and S2, are randomly 
generated as depicted in Fig. 5, with mean 0.4 and 0.8 and 
standard deviation (SD) 0.1 and 0.001, respectively.  
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 (a)   (b) 

Fig. 5. Two sets of initial conditions, (a) S1 and (b) S2 
 
By studying the frequency count distribution 

histograms, it can manifest the mixing nature of the high-
dimensional Cat map expressed in Eq. (2). 

 
3.2. Mixing Nature of High-Dimensional Cat Map 
 

Resultant histograms with initial condition sets S1 and 
S2 are obtained as shown in Fig. 6 and 7, respectively, 
using a 5-dimensional Cat map with different numbers of 
iterations (K = 1, 10, 20)  

 
(a)  K =1    (b) K = 10 

 
(c) K = 20 

Fig. 6. The distribution of S1 after K iterations 
 

 
(a) K = 1   (b) K = 10 

 
(c)  K = 20 

Fig. 7. The distribution of S2 after K iterations 

From Figs. 6 and 7, there are some interesting features 
observed: 
1. The original set of initial values is spread all over the 

entire range. 
2. The distributions of the histograms are almost 

invariant after a few iterations, and are independent 
of the initial values. 

 
The independency of initial value is further confirmed 

by varying the value of the mean and the standard 
derivation (SD) of S2, and the results are shown in Fig. 8. 

 

 
(a)   (b) 

 
(c)   (d) 

 
(e)   (f) 

Fig. 8. Three different sets of initial conditions when 
K=10. (a), (c) and (e) are the initial conditions sets with 

mean 0.2, 0.6 and 0.9, respectively, and (b), (d) and (f) are 
the corresponding output after ten iteration. 

 
To have a good mixing effect, the final histogram 

should be uniform without bias. This can be justified by a 
Chi-squared test [8].  The hypothesis of the test is that the 
obtained frequency histogram after K iterations is 
normally distributed over the phase space.  

The chi-squared value 2
xχ  in each case is compared 

with a reference value, 23.1232
, =dfαχ , according to the 

level of significance α=0.05 and the degree of freedom 
df=b-1=99.  If 2

,
2

dfx αχχ < , the histogram is uniform, 
implying that a desirable mixing effect is obtained. The 
results with different dimensions and number of iterations 
are tabulated in Table 1 (underlined data 
indicates 2

,
2

dfx αχχ < ).  
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Table 1. Mean of 2
xχ  from 100 sets of initial values with 

random mean, and SD=0.001 (same as S2).   

Dim. K=1 K=10 K=20 
2 169840.72 50670.65 20738.67 
3 179346.79 1944.62 213.90 
4 183508.05 136.79 106.20 
5 172629.90 107.16 109.77 

 
It can be noticed that 
1. The mixing quality is dependent on the dimension of 

the Cat Map, the higher the better.   
2. The mixing quality is also related with the number of 

iterations. With a rough definition of the term 
“mixing speed”, we can say that the higher the 
dimension, the higher is the mixing speed. 

 
3.3. The Effect of Dimensions and Iterations 
 

From the previous section, it is noticed that the mixing 
speed and the quality are both depended on the 
dimensions of the map. To further study their effects, a 
sequence of simulations is carried out with different Cat 
maps with different number of iterations.  

Instead of showing the histogram of each test, its Chi-
squared value 2

xχ  is plotted in Fig. 9. Each vertical bar 
represents the mean Chi-squared value from a hundred 
sets of Si, each with a random chosen mean and having 
SD equal to 0.001. With such a small SD, the initial points 
will be limited in one or two bins. If the mixing effect is 
sufficient, a uniform frequency histogram will be obtained, 
which can also be reflected by the value of 2

xχ .  
For the ease of referencing, a horizontal plane 

indicating 2
,dfαχ  is given. Any bar above this reference 

plane implies that the histogram is not uniform, or the 
mixing effect is not good enough.   

 
Fig. 9. Results of the Chi-squared tests 

 
The mentioned features of the high-dimensional Cat 

map are further confirmed with this plot. By considering a 
fixed number of iterations, such as K=2, it can be noticed 

that 2
xχ  decreases with the dimensions, implying that a 

better mixing nature is obtained for a higher dimension. 
From Fig. 9, it is also possible to select the appropriate 
dimension and the corresponding iteration so that a 
sufficient mixing effect can be achieved. For example, a 
4-dimensional Cat map will need at least 11 iterations to 
achieve the nice mixing effect, while 6 iterations are 
needed if the dimension is five. 

 
4. Conclusions 
 

In this paper, the applications of high-dimensional Cat 
map are briefly introduced. With the use of statistical 
analysis, it is discovered that the high-dimensional Cat 
map is a transformation, possessing mixing property. 
Moreover, some guidelines for the choice of the 
dimension and the number of iterations are found, which 
are important for the future applications. 
 
Acknowledgments 
 

The work described in this paper was fully supported 
by a grant from the Research Grants Council of the 
HKSAR, China [CityU 120205]. 
 

 
References 

 
[1] G. Chen, Y. Mao, and C. K. Chu, “A symmetric 

image encryption scheme based on 3D chaotic 
maps,” Chaos, Solitons and Fractals, vol.21, 
pp.749-761, 2004. 

[2] J. Fridrich, “Symmetric ciphers based on two-
dimensional chaotic maps,” Int. J. Bifurcation and 
Chaos, vol.8, no.6, pp.1259–84, 1998. 

[3] H. S. Kwok and Wallace K. S. Tang, “A chaos-
based cryptographic hash function for message 
authentication,” Int. J. Bifurcation and Chaos, 
vol.15, no.12, pp.4043-4050, 2005. 

[4] H. S. Kwok and Wallace K. S. Tang, “A fast image 
encryption system based on chaotic maps with finite 
precision representation,” Chaos, Solitons and 
Fractals, in press. 

[5] V. I. Arnold and A. Aver, Ergodic problems of 
classical mechanics, Benjamin, New York, 1968. 

[6] G. Setti, G, Mazzini, R. Rovatti and S. Callegari, 
“Statistical modeling of discrete-time chaotic 
process  basic finite-dimensional tools and 
applications,” Proceedings of the IEEE, vol. 90, 
no.5, pp.662-690, 2002. 

[7] R. L. Rivest, “The MD5 message-digest algorithm,” 
Request for Comments (RFC) 1321, 1992 

[8] P. E. Greenwood and M. S. Nikulim, A Guide to 
Chi-squared testing, New York: Wiley, 1996. 

690



  

On Some Properties of Chaotic Maps Implemented in Finite-State Machines 
 

Mieczysław Jessa 
 

Institute of Electronics and Telecommunications, Poznan University of Technology 
ul. Piotrowo 3a, 60-965 Poznan, Poland 

E-mail: mjessa@et.put.poznan.pl 
 

Abstract–Relations between properties of orbits of 
finite-state implementations of one-dimensional chaotic 
maps and results known from the number theory were 
discussed. A new theorem and a corollary were proposed, 
relating the problem of shadowing of chaotic orbits with 
the ability of a chaotic map for generating each sequence 
of symbols from a set of uncountably many sequences of 
symbols.  
 
1. Introduction 

 
Finite-state implementation of chaotic maps has 

played the key role in the understanding of the chaotic 
dynamics. It is also important in practical applications 
because of many advantages of digital circuits, compared 
with analogue ones. Using chaotic maps and finite-state 
machines, we can generate the same signals in 
geographically separated places for different software or 
hardware platforms, and without sending a 
synchronization signal. Generators of different signals, 
prepared as software, can be easily integrated with 
existing digital systems, which lowers the cost of 
developing new solutions.  

The basic problem arising in finite-state 
implementation of chaotic maps are relations between the 
properties of periodic cycles obtained after implementing 
a chaotic map in a finite-state machine and the properties 
of periodic and non-periodic orbits of the same map. 
Another problem concerns relations between the results of 
simulating chaotic maps and facts known from the number 
theory. The first of the problems is discussed in several 
papers (e.g. in [1], [2], [5], [7], [8]) but relations between 
the properties of periodic cycles of the implemented 
chaotic maps and facts known from the number theory are 
not studied sufficiently. The aim of the paper is to study 
these relations and to propose such approaches to the 
problem of implementing one-dimensional (1D) chaotic 
maps in digital circuits that may offer new applications of 
the maps, compared to solutions known from the number 
theory. It is also shown that some properties of 1D chaotic 
maps are preserved in digital circuits when the original 
map is capable for generating each sequence of symbols 
from the set of uncountably many sequences of symbols.  
 
2. Computer Simulations of Chaotic Maps 
 

Computer simulations of chaotic maps are the basic 
tool of chaotic dynamics. However, they have to be 

evaluated carefully when studying the long-term behavior 
of trajectory points of the maps. Assuming that continuous 
variable )1,0[∈x  of certain chaotic 1D map f is turned 
into N-state variable x~ , we obtain [2] 

ll bbx ,...,2,1,~ =⋅= − ββ ,   (1) 
where b is the base of a number system used in 
computations and l is the number of digits encoding 
numbers in this system. In digital systems b is equal to 2 
and l is the number of bits encoding single x~ . To each 
state , n=1,2,.. as another iterate, state  is assigned, 
where 

1
~

−nx nx~

nn xx ≤~  and  is the iterate of chaotic map f [2]. 
Condition 

nx

nn xx ≤~  concerns both the truncation and 
rounding operations used in finite-state machines. It is 
known that the iteration process may amplify these errors 
to the point where the obtained orbits are not true orbits 
for given initial conditions. Due to the errors, most of the 
orbits terminate in periodical orbits with length 

2/~ dL −ε ,   (2) 
where ε is the size of a cell of the discretized phase space 
and d is the correlation dimension of the chaotic attractor. 
The conclusion concerns all maps with fractal chaotic 
attractor [5]. In the case of some 1D maps, the maximal 
length Lmax of orbits is  

NL ~max ,   (3) 

where  is the number of phase cells of the 
discretized phase space [1]. Because the precise values for 
L and L

lN 2=

max are unknown, the use of such maps in many 
practical applications is limited. On the other hand, it can 
be exploited in studying chaotic dynamics because the 
true orbits stay near the false orbits obtained in a finite-
state machine [4], [7], [8]. In such case we say that a true 
orbit shadows the false orbit. Anosov and Bowen proved 
the shadowing results for hyperbolic maps on a 
differential manifold. Sauer and York have generalized the 
approach of Anosov and Bowen on systems which are not 
necessarily hyperbolic. The case of 1D maps was 
considered by Chow and Palmer. The application of the 
shadowing to many well-known maps has to be 
considered very carefully. It concerns for example the 
sawtooth map 

1mod)( xxS ⋅= λλ    (4) 
and the tent-like map 
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( )⎣ ⎦( ) 1mod1)( xxT x ⋅⋅−= ⋅ λλ
λ            (5) 

with real values of parameter λ. These maps, implemented 
in the floating point arithmetic, do not generate true orbits 
for a large number of iterations. When the parameter is 
integer and even, the shadowing fails because for large n 
the orbits terminate in sequences of zeros for all initial 
points. If the parameter is odd or rational, the orbits are 
still false, but the shadowing gives true values of some 
parameters characterizing the chaotic attractor (e.g. the 
KS entropy, the distribution of trajectory points).  
 
3.  Number Theory and Finite-State Implementations 

of Chaotic Maps 
 
Considering finite-state implementations of chaotic 

maps, one can notice that rational numbers are always 
transformed into rational numbers. Rational 

, where )/()(ˆ 000 qpx = 00
~ˆ xx =  for , is mapped 

into rational  with the use of map f. Point 
 is mapped into point , which is also a 

rational number, etc. Such transformation has its 
equivalent in the set of integer numbers (Fig. 1). If q

lbq =0

)/()(ˆ 111 qpx =

1x̂ )/()(ˆ 222 qpx =

n is 
constant during all iterations, we obtain h=h0=h1=h2=…  

 
Fig. 1. Successive iterations of maps f and g. 

 
If h is known, the results of the number theory can be 
easily adopted in simulating chaotic maps and vice versa. 
The described case occurs for all continuous variables x of 
1D chaotic maps f turned into N-state variable x~ , where 

 is described by (1). Numbers px~ n are equal to  

multiplied by  and formula  
nx~

lb
)~(~

1−= nn xfx    (6) 
can be replaced by equivalent expression  

( )11)( −
−

− ⋅⋅== n
ll

nn pbfbpgp   (7) 
containing the same formula for chaotic map f but 
transforming integer numbers into integer numbers. 
Consequently, the properties of trajectories }~{ nx  are the 
same as the properties of sequences {pn} of integer 

numbers, where .  )/()(~ l
nn bpx =

 
Example 1 
Let us consider the sawtooth map and the tent-like map 
defined by expressions (4) and (5), respectively. 
Simulating the sawtooth map in computer, we obtain 

1mod~~
1−⋅= nn xx λ ,        (8) 

where , k=1,2,3,…, i=0,±1,±2,..,±blbik −⋅+=λ l-1. The 
obtained trajectory  is the same as sequence }~{ nx

)/()(~ l
nn bpx = , where  

( ) l
n

l
nn bpbipkp mod11 −

−
− ⋅⋅+⋅= ,    (9) 

and 0<pn<bl, n=1,2,3,…. If i=0 or i=±1, then term 
 is a fraction with values from open  interval 

(-1, 1) and has no influence on the value of p
1−

− ⋅⋅ n
l pbi

n. Therefore, 
formula (9) can be replaced by equation 

l
nn bpkp mod1−⋅= .                        (10) 

It was obtained that the properties of orbits  of a 

chaotic map f considered for , where i=0 
or i=±1 are the same as properties of sequences produced 
by the multiplicative pseudorandom number generator, 
well-known in the number theory. Assuming the truth of 
the shadowing, we have also that for the specified values 
of parameters the properties of non-periodic orbits of the 
sawtooth map, found in simulation experiments, are 
determined by the properties of sequences of integer 
numbers produced by known pseudorandom number 
generator. The same conclusion concerns the tent-like map 
with , where i=0 or i=±1. It results from 
the equation relating the sawtooth map and the tent-like 
map. From (4) and (5) it is that 

}~{ nx
lbik −⋅+=λ

lbik −⋅+=λ

⎣ ⎦
⎣ ⎦⎩

⎨
⎧

⋅−
⋅

=
−−

−−

11

11

)(1
)(

nn

nn
n xoddforxS

xevenforxS
x

λ
λ

λ

λ     (11) 

Because the properties of the sawtooth map, found in a 
simulation experiment, for integer values of λ are 
sufficient to predict the properties of the same map for 
rational values of λ, where λ>1, we may assume that they 
are also fully determined by the properties of the 
multiplicative pseudorandom number generator, when the 
truth of the shadowing theorem was assumed. Let us 
emphasize that the conclusions do not concern all 
properties of the sawtooth or the tent-like map but only 
such of them that can be derived from simulation 
experiments performed in finite-state machines.  
 

The example presented discourages searching practical 
applications of the mentioned maps in finite-state 
machines because the properties of the multiplicative 
pseudorandom generator are well-known. On the other 
hand, it can be noticed that results of simulating 1D 
chaotic maps with the use of the floating point arithmetic 
are very specific because they are obtained only for a 
subset of rational numbers. Therefore, a more general 
problem should be considered. We may ask if applying a 
1D chaotic map in a finite-state machine new results can 
be obtained or if they can be only a repetition or a 
modification of facts or properties known in the theory of 
integer numbers. It seems to be difficult to formulate a 
general answer, but studying the properties of the same 
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map in the set of all rational numbers  
available in a finite-state machine, we may try to find 
examples of new results, useful in practical applications. 
To study the properties of f in the set of all rational 
numbers , numbers p

)/()(ˆ nnn qpx =

)/()(ˆ nnn qpx = n and qn have to be 
encoded separately. Let us consider two cases. In the first 
case we assume that qn is constant during all iterations and 
equal to e.g. q0 which is not the second or a higher power 
of an integer number. In the second case qn may vary 
during iterations of an initial state. For the latter one the 
formula assigning 1:1 integer numbers pn to rational 
numbers  may be different for different 
iterations. Consequently, we cannot find a formula for g, 
generating sequences of integer numbers with the same 
properties as the sequences of rational numbers obtained 
as the result of simulating chaotic map f in a finite-state 
machine. In this case, the results of theory of integer 
numbers cannot be simply applied to studying the 
properties of f. It may open new possibilities for finding 
applications of chaotic f, which cannot be derived directly 
from the number theory.  

)/()(ˆ nnn qpx =

The choice of constant qn, which is not the second or a 
higher power of an integer number, simplifies 
computations but enables the introduction of map g. If 

, then numbers lbq ≠0 )/()(ˆ 0qpx nn =  have periodic 
expansions in a number system with base b. The periodic 
segment starts from the first or a later digit of number  
and the formula for map g takes the form: 

nx̂

( )1
1

001)( −
−

− ⋅⋅== nnn pqfqpgp   (12) 
The existence of the formula for g generating sequences 
of integer numbers with known properties, determining 
also the properties of orbits  of map f, does not 
exclude the introduction of new applications exploiting f 
implemented in a finite-state machine. Let us illustrate it 
with an example.  

}ˆ{ nx

 
Example 2 
It is known that map  can be used for generating 
binary sequences. The sequences can be generated from 
formula  

λS

⎣ ⎦ ,...3,2,1
)( 1

=
⎩
⎨
⎧

=
⋅=

−

n
xSx
xa

nn

nn

λ

α ,         (13) 

where λ>1 is integer and α=2 is the number of disjoint 
subintervals Ij, j=0,1 obtained as the result of partitioning 
the unit interval I=[0, 1). To avoid situations when 
sequences of symbols {an} are the same as digits encoding 
x0 written in the fixed point arithmetic with base λ or 
when some groups of symbols of sequence {an} are the 
same as digits encoding x0, we assume that subintervals Ij, 
do not cover with subintervals at which map  is 
monotonic, and that numbers α and λ are not the powers 

of the same integer number [6]. Implementing map  in 
a finite-state machine, we obtain  

λS

λS

( )⎪⎩

⎪
⎨

⎧

=⋅=

⎥
⎦

⎥
⎢
⎣

⎢
⋅=

− ,...2,1,mod

2

01

0
nqpp

p
q

a

nn

nn

λ

 (14) 

where  for  encoded by a fixed number of 

digits and  for  determined by integer numbers 
p

lq 20 = 0
~x

lq 20 ≠ 0x̂
0 and q0 encoded separately. In both cases, symbol an is 

encoded by higher-order digits of number  obtained 
through dividing numbers p

nx~

n by q0. The difference is that 
for  higher-order digits of  are the same as 

higher-order digits of p

lq 20 = nx~

n and for  such situation 

does not occur. Consequently, when  successive 
symbols can be computed from already generated symbols 
because the Boyar’s algorithm of inferring sequences {a

lq 20 ≠
lq 20 =

n} 
can be used in such case [3]. If , the algorithm 
fails because we do not know any digit of integer numbers 
p

lq 20 ≠

n produced by generator (14) [6].  
 
The example presented shows that studying the 

properties of chaotic maps in the whole set of rational 
numbers available in a finite-state machine, we may 
obtain new results even when qn is constant and equal to 
e.g. q0. Consequently, new applications of f can be 
searched both when h is unknown or when q0 is fixed. In 
the first case, we can prepare a software for computing 
successive qn or we can apply different approaches 
ensuring unknown h and g, e.g. the interval arithmetic. 
When q0 is fixed, the computations are simpler but we 
have to verify carefully if the results of simulations or 
applications of chaotic maps in finite-state machines are 
not a repetition or a simple modification of facts or 
properties known from the number theory.  
 
4. Properties of 1D Chaotic Maps Preserved  
    in Finite-State Machines 

 
Results of computer simulations of chaotic maps are 

commonly used to study the properties of these maps. It is 
worth noticing that such approach is not obvious because 
periodic orbits considered inside their periods are not the 
same as parts of non-periodic orbits. Good examples are 
the sawtooth map and the tent-like map. Assuming 
rational values of λ, we have that all non-periodic orbits 
are composed of points which are irrational numbers. No 
rational number can be an element of a non-periodic 
trajectory. Implementing a chaotic map in a finite-state 
machine, we observe only periodic cycles which contains 
only rational numbers. No part of a periodic cycle can be a 
part of a non-periodic one. It may suggest that 
investigating the periodic cycles, we cannot obtain proper 
knowledge about the properties of non-periodic orbits and 
about the whole attractor containing uncountably many 
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non-periodic orbits and countably many periodic ones. On 
the other hand, simulation experiments and theoretical 
results prove that computer modeling of chaotic orbits 
may give true information about the properties of non-
periodic orbits. These observations can be supported by 
the following new theorem: 
 
Theorem 
Let us assume that a one-dimensional chaotic map f can 
generate each sequence of symbols. Symbols are assigned 
to subintervals of width δ, obtained as the result of 
partitioning chaotic attractor X of map f into a finite 
number of disjoint subintervals Ij, i.e. 

⎪
⎪
⎩

⎪⎪
⎨

⎧

==
∈=

≠∅=∩=

− ,...,3,2,1)(

,

1 nxfx
Ixforja

jiIIIX

nn

jnn

j
ijjU

   (15) 

Then, there exists a non-periodic orbit which shadows the 
false orbit in time interval shorter than the period of 
sequence {an} obtained in a finite-state machine with 

 states. The false orbit stays within the shadow 
of width δ of the true orbit.  

1−≥ δN

Proof 
If a chaotic map f can generate each sequence of symbols 
it can generate infinitely many non-periodic sequences 
and infinitely many periodic ones. The periodic sequences 
{an} with finite periods can be obtained in a finite-state 
machine with  states. The periods of {a1−≥ δN n} depend 
on f and on N. In such case any part of a periodic sequence 
{an}, shorter than the period, is a part of a non-periodic 
sequence { }'

na , obtained with the use of the same map but 
in the set of real numbers. Thus, if a false orbit obtained in 
a finite-state machine generates sequence {an}, then there 
exists a non-periodic orbit which produces a non-periodic 
sequence { }'

na  which is the same as sequence {an} in 
observation interval to shorter than the period tp of 
sequence {an}. It implies that a non-periodic orbit 
generating { }'

na , shadows the false orbit generating {an} 
for to<tp, and the false orbit stays within the shadow of 
width δ of the true orbit. 
 

Exploiting the fact that most of the orbits terminate in 
periodical orbits with length (2), we may formulate the 
following corollary: 
 
Corollary 
If a one-dimensional chaotic map f can generate each 
sequence of symbols and δ is the width of intervals Ij with 
assigned symbols an, defined by (15), then there exists a 
true orbit which shadows for  iterations the 
false orbit generating periodic {a

2/~ dL −ε
n} in a finite-state 

machine with N phase cells of size δε = , when it is 

assumed that the period of {an} is equal to the period of 
the false orbit.  

The corollary concerns one-dimensional maps but it 
relates the shadowing with the correlation dimension of 
the chaotic attractor. For typical maps it is that d=1 [5] 
and the corollary is similar to that obtained in papers [4], 
[7] and [8] but it includes the case of Sλ(x) and Tλ(x) with 
even λ, described in Section 2. The novelty of the 
proposed theorem and corollary is that it relates the 
shadowing with the ability of a chaotic map (e.g. the 
sawtooth map) for generating each sequence of symbols 
from uncountably many existing sequences of symbols. 
The sequences are obtained as the result of partitioning 
the chaotic attractor into disjoint subsets covering the 
whole attractor.  
 
5. Conclusions  
 

The properties of chaotic maps implemented in a finite-
state machine were discussed. It was shown that finite-
state implementation of chaotic 1D maps may lead to 
results which are known in the number theory or they are 
new from the perspective of the same theory, depending 
on the applied method of coding of trajectory points in 
finite-state machines. A new approach to the problem of 
shadowing of the orbits of chaotic maps was proposed. It 
relates the shadowing with the ability of a chaotic map to 
generate each sequence of symbols. The basic task for the 
nearest future is the generalization of the presented results 
on multi-dimensional chaotic maps. 
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Abstract—Some higher-order statistical dependency as-

pects of chaotic maps are presented. The autocorrelation

function (ACF) of the mean-adjusted squares, termed the

quadratic autocorrelation function, is used to access non-

linear dependence of the maps under consideration. A sim-

ple analytical expression for the quadratic ACF has been

found in the case of fully stretching piece-wise linear maps.

A minimum bit energy criterion from chaos communica-

tions is used to motivate choosing maps with strong neg-

ative quadratic autocorrelation. A particular map in this

class, a so-called deformed circular map, is derived which

performs better than other well-known chaotic maps when

used for spreading sequences in chaotic shift-key commu-

nication systems.

Key Words—quadratic autocorrelation, piece-wise lin-

ear maps, circular maps, negative statistical dependency,

chaos shift-keying communication systems

1. Introduction

The linear statistical dependence of fully stretching

piece-wise linear maps has been explored in Baranovski &

Daems [2], where an explicit expression for their ACF was

found, and in Baranovski & Lawrance [1]. This work is

extended here by further analyzing the non-linear dynam-

ics of these maps. More specifically, their mean-adjusted

quadratic ACF has been found. The result is interesting in

the sense that certain collections of fully stretching piece-

wise linear maps share the same quadratic ACF.

The intention of minimizing the bit energy of a chaotic

communication system, eg chaos-shift keying, Lawrance

and Ohama [5], led to the formulation of a criterion for as-

sessing the performance of the chaotic map of the system

(see Yao [7]). The criterion focuses on the non-linear de-

pendency of the spreading sequence and specifies the form

of the quadratic ACF of an effective map.

Finally, the first-order circular map is deformed to de-

crease its negative quadratic dependency to nearer the ab-

solute lower bound, and so make it nearer to optimal for

spreading in chaos-based communication systems.

2. Dependence for Piecewise Linear Maps

2.1. Four Well-Known Maps

We start with the two-branch equi-distributed piece-wise

linear maps, namely with the tent and valley map, the pos-

itive and negative Bernoulli shift map. They fulfill the

equi-distributed property (Khoda & Tsuneda [3], Khoda &

Tsuneda [4]) and they are symmetric about the line y = 1
2
,

as it can be seen in Figure 1.

(a) Tent map (b) Valley map

(c) Positive sloped

Bernoulli shift map

(d) Negative sloped

Bernoulli shift map

Figure 1: The four two-branch equi-distributed maps defined on [0,1].

A perhaps surprising dependence property of the four

maps is that they share the same adjusted quadratic ACF,

whereas their linear ACFs differ (Table 1).

Map Linear ACF Quadratic ACF

Tent 0

⎛⎜⎜⎜⎜⎝ 1

4

⎞⎟⎟⎟⎟⎠
s

Valley 0

⎛⎜⎜⎜⎜⎝ 1

4

⎞⎟⎟⎟⎟⎠
s

Positive Bernoulli

⎛⎜⎜⎜⎜⎝ 1

2

⎞⎟⎟⎟⎟⎠
s ⎛⎜⎜⎜⎜⎝ 1

4

⎞⎟⎟⎟⎟⎠
s

Negative Bernoulli

⎛⎜⎜⎜⎜⎝ − 1

2

⎞⎟⎟⎟⎟⎠
s ⎛⎜⎜⎜⎜⎝ 1

4

⎞⎟⎟⎟⎟⎠
s

Table 1: The linear and quadratic ACF of the four maps
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2.2. Two-Branch Piecewise Linear Maps

We now consider the more general collection of two-

branch piece-wise linear maps. This particular family

embraces maps whose monotonicity switches direction at

some point r ∈ (c, d) of their domain [c, d]. We introduce

the term non-centrality parameter to refer to point r. The

four equi-distributed maps previously encountered can be

seen as special cases arising from the choice r = 0.5 of the

non-centrality parameter.

Figure 2 exemplifies the collection of non-central two-

branch maps and Table 2 provides their statistical depen-

dence.

(a) Non-central tent map (b) Non-central valley map

(c) Non-central

positive sloped

Bernoulli shift map

(d) Non-central

negative sloped

Bernoulli shift map

Figure 2: Piece-wise linear examples of non-central two-branch maps.

The non-centrality parameter r has been set to 0.25, 0.75, 0.35 and 0.8 in

Figures (a), (b), (c) and (d), respectively.

Map Linear ACF Quadratic ACF

Tent (2r − 1)s (3r2 − 3r + 1)s

Valley (1 − 2r)s (3r2 − 3r + 1)s

Positive Bernoulli (2r2 − 2r + 1)s (3r2 − 3r + 1)s

Negative Bernoulli (−2r2+2r−1)s (3r2 − 3r + 1)s

Table 2: The linear and quadratic ACF of the four non-central maps

It is worth mentioning that the four non-central maps of

Table 2 are uniformly U(0, 1) distributed regardless of the

non-centrality parameter r. But the most intriguing fact

is that they share the same adjusted quadratic autocorre-

lation function, provided that they all have the same non-

centrality parameter r; this point is still open to intuitive

explanation.

2.3. Fully Stretching Piece-wise Linear Maps

The highest level of our generalization involves fully

stretching piece-wise linear maps τ : [0, 1] → [0, 1] with

more than two branches. We assume that τ is composed

of k + 1 linear branches τi(x) = λi x + μi, i.e. that τ has

k non-centrality parameters ri, i ∈ {1, 2, . . . , k}, such that

0 ≡ r0 < r1 < r2 < ... < rk < rk+1 ≡ 1.
It can be shown that the uniform U(0, 1) satisfies the

Perron-Frobenius equation, that is U(0, 1) can be adopted

as the invariant density of the chaotic sequence produced

by the map τ.
The linear ACF of fully stretching piece-wise linear

maps is known (see Baranovski & Daems [2]), and is

neatly given by

Corr(Xt, Xt+s) =

⎛⎜⎜⎜⎜⎜⎝
k+1∑
i=1

1

λi|λi|

⎞⎟⎟⎟⎟⎟⎠
s

, s ∈ N, (1)

where λi is the slope of the i-th branch τi of τ.
We report that the adjusted quadratic ACF of fully

stretching piece-wise linear maps is correspondingly given

by

Corr
[(

Xt − 1

2

)2

,
(
Xt+s − 1

2

)2]
=

⎛⎜⎜⎜⎜⎜⎝
k+1∑
i=1

1

λ2
i |λi|

⎞⎟⎟⎟⎟⎟⎠
s

, s ∈ N. (2)

An alternative expression for (2), in terms of the non-

centrality parameters ri, i ∈ {1, 2, . . . , k}, of τ is provided

as:

Corr
[(

Xt − 1

2

)2

,
(
Xt+s − 1

2

)2]
=

⎧⎪⎪⎨⎪⎪⎩
k+1∑
i=1

[
(ri − ri−1)3

]⎫⎪⎪⎬⎪⎪⎭
s

. (3)

We point out the conclusions which can be drawn from

our work so far:

• Equation (3) generalizes and clarifies the property we

came across in Tables 1 and 2; all fully stretching piece-

wise linear maps with the same non-centrality parameters

ri, i ∈ {1, 2, . . . , k}, share the same adjusted quadratic ACF.

On the other hand, they do not exhibit identical linear de-

pendence, since their linear autocorrelations do not coin-

cide.

• A comparison between equations (1) and (2) justifies the

choice of adjusting the quadratic ACF for the mean; the

resemblance between the two equations suggests that the

adjusted quadratic ACF is a natural measure of non-linear

dependence, principally because it is not affected by the

mean.

• Finally, it can be deduced from equation (3) that the

adjusted quadratic autocorrelations of any lag of any fully

stretching piece-wise linear map is positive. However, this

is precisely not wanted for chaos-based spreading in com-

munication systems, as will be seen in section 3.

3. Criterion for Optimality

The bit energy of several binary communication systems,

such as chaos shift-keying, involving chaotic spreading se-

quences, is a function of the mean-adjusted sum of squares
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of the spreading, say

N∑
i=1

(Xi − μ)2.

See Lawrance & Ohama [5], for instance.

In such systems, the bit error rate can be shown to be

mimimised when the bit energy is constant at its minimum

value. In particular, this implies that the variance of the bit

energy should be zero and this is the starting point of the

derivation of an optimum map τ, as set out in Yao [7].
First there is the routine general result

var

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
N∑

i=1

(Xi − μ)2

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ = Nσ2
(X−μ)2

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩1 + 2

N−1∑
i=1

⎛⎜⎜⎜⎜⎜⎜⎝1 − i
N

⎞⎟⎟⎟⎟⎟⎟⎠ρ(X−μ)2 (i)

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭, (4)

where σ2
(X−μ)2 is the variance of the squares and ρ(X−μ)2 (i)

is the lag i autocorrelation of the squares. This variance is

clearly zero when

2

N−1∑
i=1

⎛⎜⎜⎜⎜⎜⎝1 − i
N

⎞⎟⎟⎟⎟⎟⎠ρ(X−μ)2 (i) = −1. (5)

Continuing in general from this result to specify the map

τ looks hopeless, and so in the next section it is usefully

specialized.

4. Maps Consistent with the Optimality Criterion

4.1. An Optimal Circular Map

The smallest extent of spreading is N = 2 which when

used in (5) gives the perfect correlation ρ(X−μ)2 (1) = −1 and

more clearly ρ(X−μ)2,(τ(X)−μ)2 = −1, showing that (X−μ)2 and

(τ(X −μ))2 are negatively linearly related. Assuming μ = 0

without loss, this perfect negative correlation thus requires

τ(x)2 = ax2 + b, a < 0, − 1 ≤ x ≤ 1, and hence if the

square-root linear map is to be fully stretching over (0, 1)

τ(
√

x)2 = −x + 1, − 1 ≤ x ≤ 1. (6)

This straight line cannot be a proper chaotic map and

so dynamical straight line approximations are entertained.

The simplest seems to be the negative sloped Bernoulli map

illustrated in Figure 1, which suggests taking

τ(
√

x)2 =

{ −2x + 1, 0 ≤ x < 1
2−2x + 2, 1

2
≤ x ≤ 1

. (7)

Proceeding with this map, possible forms of the map τ(x)

satisfying (7) are included in the formula

τ(
√

x) =

{ ±√−2x + 1, 0 ≤ x < 1
2

±√−2x + 2, 1
2
≤ x ≤ 1

. (8)

Choosing the most natural possibility for τ(x) gives the

desired circular map

τ(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−√−2x2 + 2, −1 ≤ x < −1/

√
2√−2x2 + 1, −1/

√
2 ≤ x < 1/

√
2

−√−2x2 + 2, 1/
√

2 ≤ x ≤ 1

, (9)

which is illustrated in Figure 3. Yao [7] proves that the

invariant distribution of this map has probability density

function f (x) = |x|, − 1 ≤ x ≤ 1 and that it is linearly

uncorrelated. We report that its quadratic autocorrelation

function is

Corr(X2
t , X

2
t+s) =

(
−1

2

)s

, s ∈ N, (10)

still room for improvement of the lag 1 autocorrelation to-

wards -1.

Figure 3: The circular map.

4.2. A Deformed Circular Map

In trying to reduce further the lag 1 quadratic ACF, the

circular map is generalized by introducing a deforming pa-
rameter r, which determines the range of each branch of

the map. To be more specific, the deformed circular map is

defined as:

τ(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−√−(1 − r)−1x2 + (1 − r)−1, −1 ≤ x < −√r√−r−1x2 + 1, −√r ≤ x <

√
r

−√−(1 − r)−1x2 + (1 − r)−1,
√

r ≤ x ≤ 1

.

(11)

This map has an invariant density f (x) given by

f (x) =

{ −2(1 − r)x, −1 ≤ x ≤ 0

2rx, 0 < x ≤ 1
, (12)

which satisfies the Perron-Frobenius equation, and is seen

to generalize the invariant density |x| of the circular map.

Moreover, Figure 4 helps us get a better idea about the

shape of deformed circular maps by providing the plots of

maps with deforming parameters r = 0.1 and r = 0.42 as

well as their associated invariant densities.

(a) Map for r=0.1 (b) Map for r=0.42

(c) Density for r=0.1 (d) Density for r=0.42

Figure 4: Two examples of deformed circular maps and their invariant

densities.
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Although the derivation of an analytic expression for the

adjusted quadratic ACF appears to be a cumbersome task,

at least an explicit formula has been obtained for the first

lag. The first lag can be expressed as a function of r only.

Figure 5 provides the plot of lag 1 versus r. As can be

seen, the function is minimized for r = 0.42 and its mimi-

mum equals -0.722. In other words, we have found that the

deformed circular map with deforming parameter r = 0.42

(Figure 4.(b)) is even better than the circular map (r = 0.5,

Figure 3) from a communications perspective; it is closer

to the requirements imposed by our criterion.

Figure 5: Plot of the first lag of the adjusted quadratic ACF of the de-

formed circular map versus its deforming parameter r. The first lag takes

its minimum value −0.722 for r = 0.42.

Since this paper deals with work-in-progress, it is ap-

propriate to point out that there is a further question as to

how near -0.722 is to the theoretical lower bound. There

is such a correlation lower bound over all bivariate distri-

butions with specified marginal distribution. This is part of

an area of distribution theory developed by Frechet (1951),

see Ripley [6], for instance. What is needed is the distri-

bution function of FX2 (·) of X2, from (12) in this case, and

the corresponding inverse function F−1
X2 (·). The ’degener-

ate’ bivariate distribution of minimum correlation is then

that of the variables F−1
X2 (U) and F−1

X2 (1 − U), where U is

a U(0, 1) random variable. Since the first of these random

variables has the distribution of X2 by the well known ’in-

verse transformation’ of a uniform random variable U, and

because 1 − U is also a uniform random variable, the sec-

ond also has the distribution of X2. In the present context,

this degenerate case of minimum correlation can be cast as

Xt = F−1
X2 (U), Xt+1 = F−1

X2 (1 − U). In fact the non-linear

relation between the two variables is clearly,

Xt+1 = F−1
X2

(
1 − FX2 (Xt)

)
(13)

and this would suggest that the map giving minimun corre-

lation should approximate the curve

τ(x) = F−1
X2

(
1 − FX2 (x)

)
(14)

in a dynamical way.
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Abstract—In this paper we propose a short duration
noise suppression based on a sparse signal representation.
For speech and noise separation, we assumed that the
speech is stationary within 20-40ms and the duration of
the noise is shorter than this period. In our approach, a
sparse representation is employed to separate the noise and
speech by the difference of its time duration properties. For
the sparse representation, a pair of DFT bases that support
different time interval were employed to the sparse signal
representation. The shorter and the longer DFT bases rep-
resent the noise and the speech respectively with a penalty
of sparseness. In echoic environments the reverberation of
the noises appears in the separated speech signals. In or-
der to suppress the reverberation of the noise, we apply a
spectrum subtraction to the separated speech. For the spec-
trum subtraction, we propose a power estimation method
for the noise reverberation. In experiment, we apply the
proposed method to noisy speech signals that are corrupted
by noise bursts recorded in an echoic environment. We
demonstrate that the proposed method can improve about
7-10dB in SNR of the noisy segments.

1. Introduction

Noise suppression for speech signals is one of major sub-
jects in signal processing. Many noise suppression meth-
ods have been proposed[1][2]. Usually, the noise desired to
be suppressed is assumed as a stationary signal. For exam-
ple, the spectrum subtraction [1][2] that suppress the noise
power spectrum in frequency domain requires estimation
of the noise power. The noise is assumed to be stationary
and its power is estimated in the interval where speeches
are not active. However, for the short duration noises, such
as impulsive, shot and burst noises, it is difficult to estimate
the noise power spectrum. The noise suppression method
that performs under the assumption of the noise stationar-
ity fails to suppress the short duration noises. For suppres-
sion of the impulsive noise that occurs in audio recording,
the noise detection method and the interpolation of audio
signals have been proposed[3]. Although, these methods
that have been used for recovering the corrupted musical
recording is effective for only the noise that sustains within
1ms.

By the way, the signal separation methods by source

properties have been proposed. In Ref. [6], a mixture of a
texture image that has periodic structure and a natural im-
age is separated by a sparse signal representation[4] with a
pair of function sets(dictionaries) that are assigned to two
different components. In this method, the separation is per-
formed under the assumption that one of the signal sources
can be represented by small number of the bases included
in one of the dictionaries.

In this paper, we apply the signal separation method
based on the sparse representation to the short duration
noise suppression. For speech and noise separation, we as-
sumed that the speech is stationary within 20-40ms and the
duration of the noise is shorter than this period. In our ap-
proach, a sparse representation is employed to separate the
noise and speech by difference of their time duration prop-
erties. By the sparse representation two dictionaries that
support shorter or longer time period represent the noise
and the speech respectively with a penalty of sparseness.
In echoic environments the reverberation of the noises ap-
pears in the separated speech signals, since the duration
of the reverberation of the noise exceeds the period that is
supposed for the duration of the noises. To suppress the
reverberation of the noise, we apply a spectrum subtraction
to the separated speech. For the spectrum subtraction, we
propose a power estimation method for the noise reverber-
ation. In Sect. 2, the basic of the signal separation using
a sparse representation is explained. The dictionaries for
the short-duration noises are specified in Sect. 3. Next, the
reverberation suppression using a spectrum subtraction is
discussed. Finally, we demonstrate the suppression of the
short duration noise that is recorded in an echoic environ-
ment.

2. Sparse Signal Representations and Signal Separa-
tion

Suppose we observe the signalf is generated according
to the model

f = fx + fn (1)

where fx, fn are the clean signal and the noise, respec-
tively. We assume that two different dictionariesAx,
An ∈ RN×N obtains the signal decomposition

fs = Axsx andfn = Ansn (2)
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Analysis Frame

N points DFT

K x N/K points DFT

Figure 1: Arrangement of the pair of the dictionaries

where the number of the non-zero components insx andsn

is very small. Under this assumption, we estimate both of
the coefficient vectorsx andsn from the noisy observation
f . Now, the estimate vector is denoted asŝ = [ŝT

x , ŝT
n ]T

whereŝx and ŝn are estimates of the clean signal and the
noise, respectively. Our only prior knowledges about the
clean signal and the noise is that the small number of the
basis vectors included inAx andAn can representfx and
fn. We hence estimate the coefficients for the clean signal
sx and the noisesn with a penalty that is imposed for the
sparseness of the estimates as:

ŝ = arg min
s
||s||p subject tof = [Ax,An]s. (3)

The penalty function||s||p is Lp-norm of the vectors. If
p = 0, the L0 norm indicates the number of the non-zero
components ins. In this case, the signal is represented by
the minimum number of the basis vectors. However, the
L0 minimization problem in Eq.(3) is difficult to solve and
is not practical for real applications. By this reason, L0
norm penalty is replaced with L1 norm that is a convex
function. The signal decomposition problem under the L1
norm penalty is called as basis pursuit that is proposed in
Ref.[4]. In generally, Eq. (3) is reformulated as a linear
program to solve. IfAn andAx are orthonormal complete
matrices, the approximation of the solution of (3) that is the
solution of

ŝ = arg min
s∈CM

1
2
||f −As||22 + λ||s||1 (4)

can be obtained by a fast algorithm that is proposed in
Ref.[5]. This estimate is derived under the assumption that
the Gaussian noise is added to the observationf and is re-
ferred as basis pursuit denoising(BPDN). When the dictio-
nary consists of orthonormal bases, Eq. (4) can be solved
by a simple iterative procedure that is referred as block co-
ordinate relaxation (BCR) method[5], [6]. In this work,
the BCR method is employed to get the estimates. For the
signal separation by Eq.(3), it is important to choice the
dictionary that can decompose the signal or noise compo-
nent with the smaller number of the basis vectors included
in the dictionary. In next section, we show the choice of the
dictionaries for the speech and the noise burst separation.

3. Noise Burst Suppression for Speech Signals

The duration of noises under consideration in this pa-
per is shorter than the period during the speech tends to

Figure 2: (a)Noisy speech, (b)separated speech and
(c)separated noise

be stationary. By this assumption, we choose a dictionary
as a set of bases that support shorter time period to repre-
sent the noise components. In contrast, another dictionary
is chosen as a set of bases that support longer time period
to represent the speech components. To employ the BCR
method, we chose a set of block DFT bases that support
shorter or longer time periods. Fig. 1 shows the schematic
explanation of our method. The input speech is divided
into frames with 50% overlap. Each frame consists ofN
samples. The BPDN algorithm is applied to each signal
segment divided by the frame. The pair of the dictionaries
is defined as block DFT bases. For the speech components
N -points DFT bases is defined asAx. For the noise com-
ponents,An is defined asK sets ofN/K points that are
allocated at differentK intervals in a frame. Once the sig-
nal segment is decomposed intoŝx and ŝn, the separated
speech and noise components are obtained by the inverse
DFT of ŝx andŝn, respectively. To avoid discontinuities at
edges of the frames, we have used the Hanning window to
the separated signals. After the windowing, each separated
signal segment is added to the speech or noise outputs.

In Fig. 2, an example of the noise burst suppression
is shown. In this example, a speech signal was sampled
at 16KHz. The frame lengthN and the factorK were
specified as1024 and 32, respectively. The duration of
a noise bursts was specified as 10ms. In this time inter-
val, the sequences of Gaussian random values are added to
the original speech signal. The top panel in Fig. 2 shows
the input signal that is a mixture of the original speech
and the noise bursts. The second and third panel shows
the separated speech and the noise signal, respectively. In
the second panel, we can see that the burst noises are suc-
cessfully removed from the original signal. In this exam-
ple, the assumption about the noise duration exactly holds.
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Figure 3: Measured PDF of the amplitude of the coeffi-
cients

However, in echoic environments, the reverberations of the
noise burst appear at the input signal. The duration of the
reverberations will exceeds the frame lengthN . So, some
components of the reverberations will be separated to the
estimateŝsx that represents the speech components. So,
the leakage due to the reverberation then appears in the
separated speech. Next section, we propose reverberation
estimation and a suppression method based on a spectrum
subtraction.

4. Noise Reverberation Suppression by Spectrum Sub-
traction

The reverberation of the noise is observed as a convolu-
tion between the room impulse response and the noises. In
some studies, the impulse response is modeled as a white
noise of which envelope decays exponentially[7]. We sup-
pose that the duration of the noise burst is so short that the
distribution of the amplitude spectrum of the noise spreads
in the frequency domain. From the model of the room
acoustic and the frequency characteristic of noise bursts,
we assume that the reverberation can be approximated as a
Gaussian noise in each analysis frame. We apply the sim-
ple spectrum subtraction with a constant noise powerσ to
thek-th component of the speech estimatesŝx that is

s̃x,k =

{
ŝx,k

(|ŝx,k|−σ)
|ŝx,k| |ŝs,k| > σ

0 |ŝs,k| ≤ σ
(5)

To suppress the reverberation of the noise, one problem
arises. How to specify the noise powerσ? Usually, the
noise power is estimated at the interval where the speech is
not active. However, for noise burst, it is difficult to esti-
mate noise power before the noise suppression. The power
of the reverberation has to be estimated in a current analy-
sis frame. In Fig. 3, measured histograms of amplitudes
of the complex coefficients for 1,000,000 random variables

Figure 4: (a)Noise bursts recorded in an echoic environ-
ment, (b)noisy speech and (c)medianσ

with Gaussian PDF. The top panel in Fig. 3 shows the mea-
sured histograms of the amplitudes of the DFT coefficients.
These histograms correspond to Reyleigh PDF. The bottom
panel shows the histograms of the estimatesŝx,k and ŝn,k

obtained by the BPDN. For Gaussian noises the PDF of
the amplitude of the complex coefficients in two estimates
are same since the Gaussian noise has no strong correlation
with a particular dictionary. Comparing the histograms of
BPDN and DFT, the PDF of the BPDN estimates decreases
along amplitude monotonically. Since we assumed that the
number of the estimated coefficients for speeches is small,
so the coefficients appear as outliers of the distribution in
the bottom panel of Fig. 3. In order to estimate the noise
distribution due to the reverberation of the noise, we em-
ploy the median value of the coefficients inŝn,k to suppress
the influence of the outliers coefficients due to the speech
components. It is expected that the median value ofŝn,k is
proportional to the power of the reverberation of the noise,
so we specify the constantσ asC times of the median value
of components in a noise estimates.C is a constant and is
chosen as 5 experimentally. Fig. 4 shows the median ofŝx

estimated from a mixture of a noise bursts and a speech for
each analysis frame. In this experiment, the sound of hand
claps that is generated in an echoic environment is chosen
for the noise burst. We can see that the median varies with
the power of the reverberation of the noise bursts.

5. Examples of Noise Burst Suppression in an Echoic
Environment

In this section, we show some results for the speech sig-
nals corrupted by noise bursts recorded in an echoic en-
vironment. For the experiments the sound of hand claps
shown in Fig. 4 was used for the noise bursts. The noise
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Table 1: Results of the suppression

Female Male
≥ 6dB < 6dB ≥ 6dB < 6dB

Input SNR(dB) 19.9 -9.4 21.6 -9.7
BP 16.0 0.2 14.8 -1.0

BP with SS 15.4 1.7 14.4 0.5

Figure 5: (a) Noisy speech, (b)separated speech and (c)
noise

burst is recorded in the room of which reverberation time
is estimated as 0.5s. The interval of the occurrence of
the noise burst was 0.2s. Speech signals were taken from
ASJ-JNAS database (Japanese newspaper article sentences
speech corpus). The speech signals were uttered by two
male and two female speakers. Both the speech signals and
the noise bursts were sampled by a rate of 16kHz. For eval-
uation we employed segmental SNR. Usually, segmental
SNR is computed as an average of SNR computed within
each frame. However, the power of the noise burst varies
from minimum to maximum, the SNR of each frame of the
corrupted signal varies 40dB to -20dB. The average of the
SNR is not suitable for evaluation of the noise burst sup-
pression. In order to evaluate the noise suppression, the
average SNR is computed from the frames where the input
SNR is lower than 6dB. For evaluation of the corruption of
the speech due to the proposed method, the average SNR is
computed from the frames where the input SNR is higher
than 6dB. Table. 1 shows the average SNR of the results
of the noise suppression. We can see that the average out-
put SNR of the frames where the input SNR is higher than
6dB decreases to about 15dB. On contrary, the SNR is im-
proved to about 9dB for the corrupted frames. Moreover,
the reverberation suppression based on the spectrum sub-

traction improves SNR about 1.5dB for male and female
speeches. In Fig. 5 the results of the separation are shown.
The top panel in Fig.5 shows the noisy speech. The sec-
ond and third panel shows the separated speech and the
noise signal, respectively. Some speech components that
include impulsive and transient signals appear in the sepa-
rated noise signal. However, the noise bursts are well sup-
pressed in the separated speech.

6. Conclusions

In this paper, we have proposed a short duration noise
suppression method based on a sparse signal represen-
tation. Two dictionaries are specified to represent the
speech and the noise burst to separate from their mix-
tures. The separation results show the two DFT dictionaries
are enough to separate the noise burst and speech signals.
Moreover, under the assumption that the reverberation of
the noise can be approximated as a white Gaussian noise,
we propose a noise power estimation to suppress the rever-
beration of noises with spectrum subtraction.
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Abstract—A spectral amplitude estimator for acoustical
background noise suppression based on maximum a poste-
riori (MAP) estimation and super-Gaussian statistical mod-
eling of the speech DFT amplitudes is previously proposed.
The spectral amplitude estimator, however, cannot track to
the change of the noise variance. In this paper, we intro-
duce a new noise variance estimator into the spectral am-
plitude estimator based on MAP estimation. The proposed
noise variance estimator which utilizes an adaptive line en-
hancer can estimate the noise variance whether the speech
exists or not.

1. Introduction

In recent years, research on methods of speech enhance-
ment from a speech degraded by an additive background
noise is actively being done. One of the most useful
speech enhancement technique is the MMSE-STSA (Min-
imum Mean Square Error Short Time Spectral Amplitude)
[1]. The MMSE-STSA estimates a clean speech spectral
amplitude by minimizing a statistical error criterion. The
MMSE-STSA can extract a speech signal with high quality
and hardly produces a musical tone that is an unpleasant ar-
tificial noise caused in a spectral domain method [2]. Many
speech enhancement methods based on the MMSE-STSA
have been proposed [3]–[5]. These methods assume that
real and imaginary parts of speech DFT coefficients are
modeled as zero-mean independent Gaussian with equal
variance. However, speech signals have a super-Gaussian
distribution and its spectral coefficients are also a super-
Gaussian distributed. To improve the speech enhancement
capability, various statistical models of the speech DFT co-
efficients have been proposed [6]–[8]. Especially, a proba-
bility density function (PDF) proposed by T. Lotter and P.
Vary is very close to that of a practical speech DFT ampli-
tude [8]. The PDF is used in a speech enhancer based on
maximum a posteriori (MAP) estimation and the extracted
speech quality is improved in comparison to the MMSE-
STSA. However, the speech enhancer cannot track to the
change of the noise variance that is required to estimate the
speech spectrum.

A noise variance estimator which adaptively track to the
noise has been proposed [9]. The noise estimator selects
a minimum spectral power in some past spectral powers

for estimating the noise variance. However, it is difficult
to tune the system parameters so that the noise variance is
accurately estimated. As the other noise variance estima-
tor, a weighted noise estimation has been proposed [10].
The weighted noise estimation is a method based on SNR
(Signal to Noise Ratio), and it can detect the noise vari-
ance whether a speech exits or not. A speech enhancer with
the weighted noise estimation [10] satisfies the noise sup-
pression criterion settled by 3GPP (The third Generation
Partnership Project) [12]. The weighted noise estimator
however cannot distinguish a suddenly caused noise and
a speech, and the noise remains in the extracted speech.

In this paper, we propose a noise variance estimator that
can detect the suddenly caused noise whose spectral am-
plitude keeps a large value for a long time. The proposed
noise estimator utilizes ALE (Adaptive Line Enhancer)
[13] which can estimate only the suddenly caused noise.

2. Conventional Method

2.1. Speech enhancement based on MAP estimation

In this section, we explain a conventional speech en-
hancement technique which is based on MAP estimation
[8].

An observed signaly(l) at timel is expressed as

y(l) = s(l) + d(l), (1)

wheres(l) is a speech signal andd(l) is a background noise.
After segmentation and windowing with a Hanning win-
dow functionh(l), The DFT coefficient of framen and fre-
quency bink is represented by

Y(n, k) =
L−1∑
l=0

y(nQ+ l)h(l)e− j2πlk/L, (2)

whereL denotes the frame length, and the shift of the DFT
is Q samples. The DFT of the observed signal is repre-
sented as

Y(n, k) = S(n, k) + D(n, k), (3)

whereS(n, k) andD(n, k) denote the speech and the noise
spectrum, respectively. The ovserved spectrum is also ex-
pressed as

R(n, k)ejθ(n,k) = A(n, k)ejα(n,k) + B(n, k)ejβ(n,k), (4)
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whereR(n, k), A(n, k), B(n, k) denote the amplitudes ofy(l),
s(l), d(l), respectively, andθ(n, k), α(n, k), β(n, k) denote the
respective phase.

To estimate the speech spectrum, we utilize the a priori
and a posteriori SNRs given by

ξ̂(n, k) =
E

[
Â2(n, k)

]
λ(n, k)

, γ̂(n, k) =
R2(n, k)
λ(n, k)

, (5)

whereÂ denotes an estimated speech,ξ̂(n, k) denotes the a
priori SNR,γ̂(k,n) denotes the a posteriori SNR, andλ(n, k)
is the noise variance. The a priori SNR is calculated as [8]

ξ̂(n, k) = αSNR
Â2(n− 1, k)
λ(n, k)

+ (1− αSNR)F[γ̂(n, k) − 1],

(6)

F[x] =

{
x, x > 0
0, else

whereαSNR is a forgetting factor that is less than unity.
From the a priori and a posteriori SNRs, we must determine
a spectral gainG(n, k). A speech spectrum is estimated as

Ŝ(n, k) = G(ξ̂(n, k), γ̂(n, k)) · Y(n, k). (7)

The many methods to obtain the spectral gain exist. Here,
we explain the spectral gain estimation method based on
MAP estimation [8]. In the derivation of the speech spec-
tral estimator, we omit (n, k).

We assume that the PDF of the noise DFT coefficient
is Gaussian. Then the PDF of the real part of the noise
spectrum is represented as

p(DRe) =
1
√
πλ

exp

−D2
Re

λ

 . (8)

The imaginary part has the same PDF. Using Eq.(8) and
assuming an independence between the real and imaginary
part of the DFT, a posteriori PDFp(Y|A, α) is expressed as

p(Y|A, α) = 1
πλ

exp

(
−|Y− Aejα|2

λ

)
. (9)

The PDF of the speech amplitude spectrumA, that is pro-
posed in [8], is given by

p(A) =
µν+1

Γ(ν + 1)
Aν

σν+1
S

exp

{
−µ A
σS

}
, (10)

whereσ2
S is a speech spectrum variance andν andµ are

the parameters that determine the PDF envelope ofA. We
assume the PDF of the speech phasep(α) = 1/2π, and

p(A, α) =
1
2π

p(A). (11)

The MAP estimation values ofA and α maximize
p(A, α|Y), then we have

Â = argmax
A

p(A, α|Y) = argmax
A

p(Y|A, α)p(A, α)
p(Y)

(12)

α̂ = argmax
α

p(A, α|Y) = argmax
α

p(Y|A, α)p(A, α)
p(Y)

. (13)

TheÂ andα̂maximize Eqs.(12) and (13), respectively, and
they also maximize the logarithms of the numerators of
Eqs.(12) and (13) represented as

log(p(Y|A, α)p(A, α)) = log

 µν+1

2π2λσν+1
S Γ(ν + 1)


−|Y− Aejα|2

λ
+ ν logA− µ A

σS
. (14)

Differentiating Eq.(14) with respect toα yields

∂

∂α
log(p(Y|A, α)p(A, α)

= − (Y∗ − Ae− jα)(− jAejα) + (Y− Aejα)( jAe− jα)
λ

. (15)

Setting Eq.(15) to zero, we have

α̂ = θ. (16)

We see that the MAP estimation of the phase is simply the
observed phase. We differentiate Eq.(14) with respect toA,
we have

∂

∂A
log(p(Y|A, α)p(A, α)

= − (Y∗ − Ae− jα)ejα + (Y− Aejα)e− jα

λ
+
ν

A
+
µ

σS
. (17)

Setting above equation to zero, we have

A2 + A

(
µλ

2σS
− R

)
− ν

2
λ = 0. (18)

Solving the above quadratic equation, we have the spectral
gain represented as

G = u+

√
u2 +

ν

2γ
, u =

1
2
− µ

4
√
γξ
. (19)

The enhanced speech is obtained from Eq.(7) with Eq.(19).

2.2. Estimation of noise variance

The spectral gain estimator (19) is easy to realize, and
achieves high noise reduction capability. However, the lit-
erature [8] gives no explanation about a noise variance esti-
mation that is required for the speech enhancement. In this
section, we give a brief explanation about a noise variance
estimator based on a weighted noise estimation [10].

In thenth frame, a posteriori SNR ˆγ(n, k) is estimated by

γ̂(n, k) =
|Y(n, k)|2
λ(n− 1, k)

. (20)

The weightW(n, k) for γ̂(n, k) is calculated by using a non-
linear function shown in Fig.1, where ˆγ1, γ̂2, θZ are con-
stants. An instantaneous noise power spectrumz(n, k) and
the noise varianceλ(n, k) are given as

z(n, k) = W(n, k)|Y(n, k)|2 (21)

λ(n, k) =
trace{Z(n, k)}
Ψ(Z(n, k))

, (22)
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Figure 1: Nonlinear function for weighting factor

ADF

Figure 2: Block diagram of ALE

where trace{·} denotes the sum of elements ofZ(n, k),
Ψ(Z(n, k)) denotes the number of non-zero elements of
Z(n, k). We updateZ(n, k) as follows:

Z(n, k) =


[
z(n), Z̃(n− 1, k)

]
, n ≤ Tinit[

z(n), Z̃(n− 1, k)
]
, γ̂(n, k) ≤ θZ

Z(n− 1, k), otherwise

(23)

Z̃(0, k) = 01×(LZ−1) (24)

Z̃(n, k) = Z(n, k)
[
I LZ−10T

1×(LZ−1)

]T
, (25)

whereLZ denotes the size for averaging the noise variance.
The matrixI LZ−1 denotes the unit matrix and its size is (LZ−
1) × (LZ − 1). In the weighted noise estimation, an initial
Tinit frames are assumed that the speech signal does not
exist. The noise varianceλ(n, k) is not updated when the a
posteriori SNR is greater thanθZ so that the noise spectrum
cannot be accurately estimated.

3. Proposed noise variance estimator

When sinusoidal noises are suddenly caused and keep
a large amplitudes for a long time, the a posteriori SNR
γ̂(n, k) shown in (23) keeps a high value. If ˆγ(n, k) > θZ,
the estimated noise varianceλ(n, k) is not updated. Hence,
the weighted noise estimation cannot detect the suddenly
caused sinusoidal noises.

In this section, we propose a new noise variance estima-
tion method using an adaptive line enhancer (ALE) [13]
that can estimate sinusoidal noises existing for a long time.
The ALE estimates the present signal by linear combina-
tion of the delayed input signals. The block diagram of the

ALE

FFT

Weighted noise 

estimator

a priori 

SNR

Spectral Gain

estimation
IFFT

a posteriori

SNR

FFT

Figure 3: Proposed speech enhancement system

Table 1: Parameters for speech enhancement

parameter value parameter value
L 256 LZ 20
Q 128 γ1 0dB
αSNR 0.98 γ2 10dB
ν 0.126 θZ 7dB
µ 3.0 Tinit 4 frames

ALE is shown in Fig.2, where the ADF consists of theMth
order FIR adaptive filter. The output signal of the ALE at
time l is represented by

yALE(l) =
M−1∑
m=0

hm(l)y(l − ∆ −m), (26)

wherehm(l) denotes themth filter coefficient that is up-
dated to minimize the mean square errorE[e2(l)]. The
delay∆ must be tuned so that the auto-correlation of the
speech and noise signals, except for the suddenly caused
sinusoidal noise, is sufficiently removed. The ADF then
estimates only the sinusoidal signals that keeps the auto-
correlation for the time difference∆. Since the MAP esti-
mation assumes an independence between the signals in the
present frame and one in the other frames, we can choose
the∆ to 1 frame length. We then estimate the noise vari-
ance asλ(n, k) + |YALE(n, k)| when γ̂(n, k) ≥ θZ, where
|YALE(n, k)| denotes the power spectrum ofyALE(l). The
proposed speech enhancement system is shown in Fig.3,
whereŝ(l) denotes the enhanced speech.

We performed speech enhancement simulation for a
speech degraded by a tunnel noise where we added a si-
nusoidal noise in the interval 20000∼40000 samples. In
this simulation, we put the sampling frequency to 8kHz,
and parameters required in the weighted noise estimation
and the MAP estimation to the same values described in
[8] and [10]. Table 1 shows the parameter values used in
the simulation. We put the order of the ALE toM = 256.
As the adaptive algorithm for the ALE, we used the NLMS
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Figure 4: Speech enhancement results

(Normalized Least Mean Square) algorithm with step-size
of 0.002 represented by

hm(l + 1) = hm(l) +
0.002× y(l − ∆ −m)∑M−1

q=0 y2(l − ∆ − q)
e(l). (27)

The result of speech enhancement is shown in Fig.4, where
(a) shows the observed signal, (b) shows the speech signal
extracted by the speech enhancer without the ALE, and (c)
shows the speech signal extracted by the proposed system.
From Fig.4(b), we see that the suddenly caused sinusoidal
noise remains in the extracted speech, although the tunnel
noise is successfully removed. We see that from Fig.4(c)
the proposed system removes both the tunnel noise and the
suddenly caused noise.

4. Conclusion

In this paper, we proposed a new noise variance estima-
tor which can be incorporated with the spectral amplitude
estimator based on MAP estimation. The proposed noise
variance estimator utilizes the ALE to estimate the sud-
denly caused sinusoidal noises. The computer simulation
gives that the proposed noise variance estimator can esti-
mate the suddenly caused noise that keeps a large ampli-
tude for a long time.
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ABSTRACT

The object of this note is to generate a spectral sequence
between given two speech spectra and and to show
that vector fields of given spectra and a kind of smoothness
of connections derived from soliton equations on the field
play an important role in maintaining speech intelligibility.

1. INTRODUCTION

Let us consider an interpolation function between a pair of
given speech spectral sequences. It is the first difficulty in
getting a smooth interpolation that speech characteristics
distribute in two (time and frequency) or more higher di-
mensions. And the second difficulty is that speech has a dis-
crete (or local) structure of phonemes, which limit the distri-
bution regions of the first and the second formant frequency.
In other words, the smooth interpolation considered here
needs to satisfy the maintenance of the local-discrete struc-
ture as well as the smooth functions over two dimensions
or more. Furthermore, such an interpolation function is not
uniquely determined in general by these two conditions. In
this note, we propose a method which determines the in-
terpolation function by adding a condition of minimizing
a functional of connections derived from soliton equations.
Here, we do not fix the one connection. We list up many of
connections and select the connection best suitable for the
conditions. To do this, we use a functional of connections
and investigate the functional by the variational scheme.

2. CONNECTIONS AND THEIR FUNCTIONAL

Let and be speech power-spectrum sequences of
the same sentence uttered by a speaker A and B, respec-
tively. Here, power-spectra are represented by Autoregres-
sive (AR) model([5, 7, 11]) Let us examine the whole map
from to ; . In order to com-
bine the theory here to practical algorithm, we use two-step
examinations of the map . Note that are curved
surfaces. First, are projected respectively by a map

. Second, we investigate the map between
projected .

2.1. Connection, smoothness and linearity

A connection is a kind of a measure for the smoothness of
a given surface . For example, the Euclidean space has
a flat connection and the sphere has a non-flat connec-
tion. A connection also measures the smoothness along
with a given line on the surface . This smoothness of
the line locally depends on a vector field on the surface

. In other words, a connection is a function of two tangent
vector fields and , where is a tangent vector field
along with the line and is a tangent vector field on the
surface . This fact that a connection is a measure for the
smoothness of a higher dimension space is the reason why
we adopt a connection energy as the additional smoothness
condition for the map . For two vector fields and a
function , a connection satisfies the following equations:

These two equations mean that a connection is a deriva-
tive with respect to of , and a connection is linear for

, but is not always linear for . Note that we can repre-
sent a connection in the local coordinates . So, we
abbreviate the upper equation to using
matrices differential 1-form . Now, for on

, the curvature is defined by .

2.2. Connection energy and nonlinear harmonic form

Let be a connection. A connection energy functional is
defined by the following equation using the curvature :

(1)

Here, is a volume form of . This energy function
is called the Yang-Mills functional and is an essential no-
tion for examining the smoothness structure of manifolds
[1, 2, 3]. It is well known that the Yang-Mills functional
has some soliton equations as its special solutions[4]. Let us
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define an exterior derivative associated with connection
and also define as the adjoint operator of . Using

these operators, we can define nonlinear Laplacian operator
as . Using this nonlinear Laplacian
operator , for the curvature minimizing equation (1),
the following equation holds.

This equation means that the curvature is a nonlinear
harmonic form. For simplicity, let us consider the case of
the line bundle. Now, let be a usual exterior derivative and

be its adjoint in the sense of inner products. Then, for
usual Laplacian , the following equation holds:

(2)

Note that, in 4-dimensional case, the Laplacian operator
is deeply concerned with the boundary operator in-

troduced in [10].

2.3. Flat connection and velocity of spectral change

The flat connection is one of the connections satisfying
equation (2). Therefore, a piece-wise linear space has a local
flat connection in the linear space while the whole connec-
tion is not flat. Now, if the operator in equation (2) is ,
for constants , one of solutions satisfying equation
(2) is represented as the following:

(3)

This equation means that any functions satisfying equation
(2) have a linear form as in equation (3) with respect to time
. On the other hand, we define a velocity function of

spectral change at time by the following equation:

(4)

Here, is the power-spectrum at time and the norm
is the squared integral of a log-scale power spectrum

in the interval [ ]. In general, as we can assume the
power spectrum changes slowly in a short time interval

, for constants , satisfies the following
equation:

(5)

where an interval is one of local coordinates of a
piece-wise linear space. This equation means that because
the velocity function has a property of local linearity,
the function satisfies equation (2) in the local interval

. Furthermore, for two speech spectra and
, by setting , their velocity functions

and have a relationship in the common time interval
as the following equation:

(6)

Therefore the velocity function of is locally equal to that
of except a constant factor .

3. ALGORITHM : LINEAR INTERPOLATION

We give algorithms for determining the connection satisfy-
ing equation (2). In fact, for the following approximation
based on the local linear interpolation, the connection satis-
fies equation (2) locally with respect to time . So, we can
generate a kind of approximation of , and get the map

. By using this approximation, a projected
spectrum satisfies (2). Now, let us consider the practical
problem of how to deform gradually to while main-
taining intelligible speech. In this case, we have to find the
smooth map both in time and frequency domain.

3.1. Interpolation in time domain

In time domain, before we use a linear interpolation tech-
nique developed in [?], we use Dynamic Time Warping
(DTW) as the time alignment function from to . The
following is the procedure. Let be the DTW operator
and be the spectral sequences after the operation

, which minimizes the sum of spectral distortions of
and .

The followings are the linear interpolation procedures
in time domain. First for each interval we
approximate by interpolating two spectra based on the
least square method as the following equation:

(7)

Here, is the power-spectrum of at time and time
points are determined so that the sum
of spectral distortion between original spectrum and the
linearly approximated spectrum is minimized [?]. We call

time function of .
Now we interpolate linearly by time function

and of a speaker A as the following equa-
tion:

(8)

By using the property of a local linearity, we get two sur-
faces and projected by the map . Because and

are both piece-wise linear surface, curvatures of and
locally satisfy equation (2) with respect to time .
Next, for almost every time point we can

assume the following equation holds : .
Therefore, we obtain the following equation.

(9)

The approximation error in this equation depends on
the approximation precision in equation (7). We can
make the approximation precision small enough by set-
ting a large number. For two time-points , we
denote corresponding power spectrum of by

, respectively.
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We can represent the dynamic measure of
by the following equation:

(10)
For the interval [ ] let set a constant be

, then we obtain the fol-
lowing equation.

(11)

Now, let us regard the velocity function as a kind of
the dynamic measure[8]. The dynamic feature is an im-
portant characteristic of intelligibility and individuality. As
mentioned before about the velocity functions, the dynamic
measure of is equal to that of (or ) except a con-
stant factor . Therefore, we can practically reflect the dy-
namic feature of to that of based on the interpolation
equation (8).

3.2. Interpolation in frequency domain

Next, we generate a map . We denote
time-corresponded power spectrum in log-scale by
and . Using and , we generate a spectra

by the following interpolation procedure.

1. Determine a non-linear mapping in frequency domain
between and by DFW (Dynamic Fre-
quency Warping) scheme minimizing the LSD mea-
sure.

2. Interpolate the spectrum between frequency assigned
spectra and .

3. Generate the spectrum on the trajectory through the
interpolated spectra above using IFIS[6].

Here, LSD (Laplacian Spectral Distortion) is defined by the
following equation:

(12)

where . As LSD makes much of both local peaks
and bottoms of speech spectra, it is expected that the inter-
polated spectrum based on LSD measure maintains speech
intelligibility.

4. EXPERIMENTAL RESULTS

Several experiments were conducted to examine the per-
formance of the proposed interpolation method in handling
speech data. The 12th order AR parameters were calculated
using ordinary linear prediction analysis for a frame of 10
ms with a 30 ms-long Hamming window and 8 kHz sam-
pling rate. The number of FFT points for a power spectrum

calculation is 256. 1024 points FFT was used for the IFIS
calculation of inverse function to maintain the precision. We
use the utterance ’ KoN ni chi wa ’ spoken by a male and
a female speakers. In this case, average cepstrum distance
after DTW is 7.2 db.

Fig.1 shows extraction examples of the dynamic mea-
sure after DTW. In this figure, the horizontal axis repre-
sents time ( ms) and the upper plot is of a female
speaker, a middle plot is of a male speaker modified by a
female speaker, and the lower is of a male speaker. Figure
1 indicates that the dynamic measure modified by a female
speaker is closer to the female’s than the male’s.

Next, we compared four interpolation methods in fre-
quency domain; (a) Interpolation in LSP parameters (b) In-
terpolation by IFIS (c)Interpolation by DFW(MF) + IFIS
(d)Interpolation by DFW(FM) + IFIS. Here, DFW(MF)
represents the interpolation from a male to a female speaker
and DFW(FM) represents the interpolation from a female to
a male speaker. Fig.2 shows interpolated spectra. The low-
est spectrum is of a male speaker. This figure shows that
a proposed method (d) is superior to others from the stand
point of making much of maintaining peaks and bottoms of
interpolated spectrum.

Next, a subjective listening test was conducted to eval-
uate the speech intelligibility as a specific individual of
the interpolated spectrum. Eight listeners (3 females and 5
males) subjectively evaluated 5-level score of speech intelli-
gibility as a specific individual. Four speech were presented
; (1) LPC speech of a male speaker (2) LPC speech of a fe-
male speaker (3) interpolated speech based on LSP param-
eters (4) interpolated speech based on a proposed method
(d). Interpolation ratios were 0.3, 0.4, and 0.5 from a male
to a female speaker. Both of the speech power and the pitch
period were also interpolated in these ratios. The number
of trials was 5. Table 1 shows average scores. This table
indicates that subjective quality of a proposed method is su-
perior to that of LSP’s.

5. CONCLUSION

We generated a spectral sequence between given two speech
spectra and and showed that vector fields of given
spectra and a kind of smoothness of connections on the field
play an important role in maintaining speech intelligibility.
It has been shown from subjective listening tests that the
speech intelligibility of a proposed interpolation method is
superior to the conventional method.
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Abstract—A method of optimizing structuring elements
of morphological openings for extracting structures of tex-
ture image is proposed. This method can adopt the structur-
ing element to the microstructure of a texture image, even
if it is corrupted by noise. This method is based on the
property of the texture that it is composed of a repetitive ap-
pearance of the microstructure. The extraction ability from
noisy images is improved by introducing limitations to the
variance of the pixel values within the structuring element
in the process of optimization, and iterating the optimiza-
tion with modifying the size of the structuring element. As
an example of the application, the effective noise removal
is achieved by the opening using the estimated shape of the
microstructure as the optimal structuring element.

1. Introduction

Opening is one of the most important image operations
in the context of mathematical morphology [1–3]. Opening
presents the composition of an image by the repetitive ar-
rangement of a structuring element, which is a small object
used as a probe. The significance of opening is its quantita-
tiveness in the sizes of image objects. For example, a quan-
titative noise removal in images is achieved by opening in
the sense that noise objects smaller than the structuring el-
ement are removed exactly.

Since the shape of structuring element appears directly
in the result of opening, the opening using the structuring
element resembling objects contained in the target image
preserves the visual appearance of the whole image. Of
course it is not generally possible to determine one typical
object resembling various objects contained in an image.
However, if the target image is restricted to a texture, we
can derive a typical object representing the whole texture.

The shape of repetitively appearing objects in a texture
should be preserved by the optimal opening for texture
characterization, since this is the fundamental characteris-
tic for representing the visual appearance of the target tex-
ture. In the case that opening is applied for noise removal,
a structuring element not resembling the repetitively ap-
pearing objects causes in the output image undesired mi-
crostructures which are not related to the original image.

The optimal opening described above is achieved by using
this typical object as the structuring element.

Such structuring element can be estimated by using
“Primitive, Grain, and Point Configuration (PGPC)” tex-
ture model [4] which we have proposed as a model of tex-
ture description. The PGPC texture model regards a texture
as an image composed by a regular or irregular arrange-
ment of grains that are much smaller than the size of image
and resemble each other, and presents a method of estimat-
ing the fundamental object, called primitive, from which
the grains are derived by a certain modification.

We propose in this paper a novel optimization method
which can estimate the primitive even if the target texture
is corrupted by noise. It utilizes the a priori knowledge that
the extent of noisy pixels is smaller than the original mi-
crostructure of textures, and introduces limitations on the
shape of structuring elements based on this knowledge in
the process of optimization.

We show an experimental result of an application of the
proposed method for noise removal from texture images.
In our previous work [5], we proposed an optimization
method of gray scale opening for noise removal of texture
images using the primitive estimation based on the PGPC
texture model. The previous method, however, requires an
example of the noise-free image of the target corrupted tex-
ture. It does not need to be the exact noise-free version of
the target corrupted texture because of the characteristics
of the textures described above, but should be at least a dif-
ferent uncorrupted realization of the texture which has the
same microstructure as the target corrupted image.

The estimation method proposed in this paper can opti-
mize the structuring element for noise removal without any
noise-free example, since the proposed method can esti-
mate the texture primitive from a noisy texture image. The
experiment shows that the proposed method is as effective
as the method using the noise-free example.
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2. PGPC texture model and basic primitive estimation
procedure

2.1. Morphological size distribution

Opening of image X with respect to structuring element
B means residue of X obtained by removing smaller struc-
tures than B. It indicates that opening works as a filter to
distinguish object structures by their sizes. Let 2B, 3B, . . . ,
be homothetic magnifications of the basic structuring ele-
ment B. We then perform opening of X with respect to the
homothetic structuring elements, and obtain the image se-
quence XB, X2B, X3B, . . . . In this sequence, XB is obtained
by removing the regions smaller than B, X2B is obtained by
removing the regions smaller than X2B, X3B is obtained by
removing the regions smaller than 3B, . . . . If B is convex,
it holds that X ⊆ XB ⊆ X2B ⊆ X3B ⊆ . . . . This sequence of
opening is called granulometry [3].

We then calculate the ratio of the area (for binary case) or
the sum of pixel values (for gray scale case) of XrB to that
of the original X at each r. The area of an image is defined
by the area occupied by an image object, i. e. the number
of pixels composing an image object in the case of discrete
images. The function from a size r to the corresponding
ratio is monotonically decreasing, and unity when the size
is zero. This function is called size distribution function.
The size distribution function of size r indicates the area
ratio of the regions whose sizes are greater than or equal to
r.

2.2. PGPC texture model

The PGPC texture model regards a texture as an image
composed by a regular or irregular arrangement of objects
that are much smaller than the size of image and resemble
each other. The objects arranged in a texture are called
grains, and the grains are regarded to be derived from one
or a few typical objects called primitives. This model is
based on the observation, suggested by Gestalt psychology,
that a repetitive appearance of similar objects of a moderate
size is organized to be a meaningful structure by the human
cognitive process.

We assume here that the grains are derived from one
primitive by homothetic magnification.We also assume that
the primitive is expressed by a structuring element B, and
let X be the target texture image. In this case, XrB is re-
garded as the texture image composed by the arrangement
of rB only. It follows that rB− (r+1)B indicates the region
included in the arrangement of rB but not included in that
of (r+1)B. Consequently, XrB−X(r+1)B is the region where
r-size grains are arranged if X is expressed by employing
an arrangement of grains which are preferably large magni-
fications of the primitive. The sequence X − XB, XB − X2B,
. . . , XrB − X(r+1)B, . . . , is the decomposition of the target
texture to the arrangement of the grains of each size.

2.3. Basic primitive estimation procedure

Since the sequence can be derived by using any struc-
turing element, it is necessary to estimate the appropriate
primitive that is a really typical representative of the grains.
We employ an idea that the structuring element yielding the
simplest grain arrangement is the best estimate of the prim-
itive, similarly to the minimum description length (MDL)
principle [6]. The simple arrangement locates a few num-
ber of large magnifications for the expression of a large
part of the texture image, contrarily to the arrangement of
a large number of small-size magnifications. We derive the
estimate by finding the structuring element minimizing the
integral of 1−F(r), where F(r) is the size distribution func-
tion with respect to size r. The function 1 − F(r) is 0 for
r = 0 and monotonically increasing, and 1 for the maxi-
mum size required to compose the texture by the magnifica-
tion of this size. Consequently, if the integral of 1 − F(r) is
minimized, the sizes of employed magnifications concen-
trate to relatively large sizes, and the structuring element
in this case expresses the texture using the largest possible
magnifications. We regard this structuring element as the
estimate of primitive.

We estimate the gray scale structuring element in two
steps: the shape of structuring element is estimated by the
above method in the first step, and the gray scale value at
each pixel in the primitive estimated in the first step is then
estimated. However, if the above method is applied to the
gray scale estimation, the estimate often has a small num-
ber of high-value pixel and other pixels whose values are
almost zero. This is because the umbra of any object can
be composed by arranging one-pixel structuring element.
This is absolutely not a desired estimate. Thus we mini-
mize 1 − F(1), i. e. the residual area of XB instead of the
above method. Since the residual region cannot be com-
posed of even the smallest magnification, the composition
by this structuring element and its magnification is the most
admissible when the residual area is the minimum.

The exploration of the structuring element can be per-
formed by the simulated annealing, which iterates a mod-
ification of the structuring element and find the best esti-
mate minimizing the evaluation function described in the
above [4].

3. Primitive estimation from corrupted image

The primitive estimation method described in the previ-
ous section has been developed for noiseless texture im-
ages. If it is applied for texture images corrupted with
noise, it does not work well, since noisy pixels are incorpo-
rated to the estimation and the estimated primitive includes
undesired noisy pixels.

To avoid this problem and achieve the estimation from
corrupted image, we introduce the following two modifi-
cation into the estimation procedure: 1) Limitation of the
variance within the structuring element, and 2) Iterative
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estimation with reducing the extent of the structuring el-
ement.

3.1. Limitation of the variance within the structuring
element

The extent of noisy pixels is usually small, and the pixel
values are often significantly different from the neighbor-
hood pixel values of the noiseless image. Thus the primi-
tive estimated from noisy images often has a pixel whose
value is significantly and unnaturally different from the
other pixels. To avoid the problem, the variance of the pixel
values within the structuring element is limited in the opti-
mization procedure.

A structuring element is generated at each iteration by
the modification to the structuring element at the previous
iteration. If the variance of the pixel values is larger than
the threshold, this structuring element is discarded and an-
other structuring element is newly generated. The thresh-
old is relatively large at the beginning of the procedure to
allow a large variance, and decreases along the progress of
simulated annealing to make the structuring element con-
verge to the appropriate one.

3.2. Iterative estimation with reducing the extent of the
structuring element

The extent of the estimated primitive is important when
the primitive is used as the structuring element for opening.
The smaller the extent is, the higher the ability of preserv-
ing the details of the image is, but the lower the ability of
noise removal is. Thus we introduce an iteration of the es-
timation with reducing the extent of the primitive, to find
the optimal extent.

After the initial estimation, the primitive is estimated
again using the opened noisy image by the previously es-
timated primitive and reducing the extent of the primitive
and the limitation of the variance. These estimations are
iterated to obtain the final estimate.

4. Experiments

4.1. Parameter settings

We use 8-bit gray scale texture images of 64× 64 for the
experiments. Example texture images are shown in Fig. 1.

The estimation by simulated annealing has a parameter
called temperature that controls the probability where the
modification of structuring element is accepted even if the
evaluation function is increased by this modification. The
temperature at the ith iteration in one optimization process,
denoted Ti is defined so that acceptance probability P(∆IF)
is as follows:

P(∆IF) =
1

1 + exp(∆IF
Ti

)
, (1)

(a) (b)

Figure 1: Example images used for the experiment.

where ∆IF is the increment of the evaluation function. The
initial temperature T0 is determined by setting the accep-
tance probability P at the initial state to 0.35 and the fol-
lowing calculation:

T0 =
∆IF

log( 1
P − 1)

. (2)

The temperature decreases following the iteration, as fol-
lows:

Ti+1 = 0.98Ti. (3)

The number of iteration is fixed to 1000 times in our exper-
iments.

The initial structuring element is set to the cross-shaped
one of 9 pixels, and the initial pixel values are set to 50 at all
the pixels. The number of pixels is fixed to 9 at the initial
estimation, and the estimation procedures are repeated with
decreasing the number of pixels by one, and the estimate
where the number of pixels is 5 is regarded as the final
estimate of the primitive. The final number of pixels is set
to 5 based on a preliminary experiment. The threshold used
for the limitation of variance is set to 500 when the number
of pixels is 9, and decreases by 100 as the number of pixel
decreases by one.

4.2. Results of optimization

We show here experimental results for noisy images cor-
rupted by impulsive noise of positive values to present the
effectiveness of the optimized opening. The pair of Fig. 1
(a) and (b) is extractions of different parts from the same
texture. Corrupted images are generated by selecting 1000
pixels randomly in Fig. 1 (a) and adding random positive
values to the selected pixels. If the noisy pixel value is
larger than 255, it is replaced with 255.

Figure 2 shows the result of noise removal from the
corrupted image generated from Fig. 1 (a). The estima-
tion was tried five times, and the best results are shown
here. The results by the opening optimized by our previous
method [5] using noncorrupted images, and median filter,
switching median filter, PSM filter [7] as typical image fil-
ter for impulsive noise, are shown for comparison. Figure
1(b) is used for the estimation by our previous method. The
thresholds for the switching median filter and PSM filter
are determined to yield the best results by repetitive exper-
iments.

The mean-square-error in comparison with the original
image (a) is shown at each image in Fig. 2. These results
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our method
MSE = 272

previous method 
(5 pixels)

MSE = 321

previous method 
(9 pixels)

MSE = 678

median filter
MSE = 659

switching median 
filter

MSE = 564

PSM filter
MSE = 507

corrupted image
MSE = 2565

Figure 2: Results by the optimal opening for the noisy im-
age generated from Fig. 1(a).

show that the proposed method has achieved the equivalent
ability of the structure extraction and noise removal to our
previous method without noncorrupted example images.
They also show that our optimized opening has higher abil-
ity than the typical noise removing filters. It suggests that
these typical filters degrade microstructures in texture im-
ages.

5. Conclusions

This paper has proposed the optimization method of
morphological opening for extracting textural structures
from noisy texture images. This method achieves the op-
timization with the target noisy image only and without
any noncorrupted example by introducing an appropriate
restriction. It is shown by an experiment of impulsive noise
removal in texture images that the method is more effective
than typical noise removing filters.

The purpose of our method is currently limited to the
extraction of structures in texture images. The fundamental
characteristic of the texture used in this method is, however,
that the image is composed by the repetitive appearance of
similar grains derived from a primitive, which is described
by the PGPC texture model. It indicates that the method
can be applied to general images other than textures, if the
images can be transformed to those having the property.
We are now working on this.
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Abstract—The Structural Fitness (SF) method repre-
sents a binary morphological algorithm which has been
proved to be particularly effective to segment objects in
very noisy contexts. However, the original algorithm is
quite complex and very time consuming, thus making this
method not suitable for real time sequence analyses. In this
work we present an optimized algorithm which exploits the
potential of a 32-bit computer architecture and the over-
lap between subsequent processing areas. While the orig-
inal SF algorithm’s computational complexity is O(Nn2)
(where N is the number of image pixels and n is the size
of the filter mask) the optimized version’s is O(

√
Nn). The

improvement enables the method to be used in real time
applications.

1. Introduction

One of the earliest stage performed by a sequence analy-
sis based application is image segmentation. Most of the
methods used to perform this step are based on Mathe-
matical Morphology (MM). In particular, binary morphol-
ogy operators are widespread used in a variety of sequence
analysis based systems. The main advantage of using the
powerful nonlinear operators of MM is that they achieve
fast and localized decisions suitable to shape and texture
identification. In addition, many algorithms are known
which optimize time performance by exploiting the pecu-
liarities of the 32-bit or 64-bit computer architectures. This
is why they are widely used in real time sequence analysis.

However, classical binary morphology operators suffer
from low precision when dealing with very noisy binary
images. The Structural Fitness (SF) operator introduced in
[2] and better explained in [1] has shown better qualitative
results. In particular, it results to be very effective to seg-
ment objects even in the presence of structured noise. The
strength of this operator is that it can look for structures
which the objects are made of very accurately, thus being
able to separate objects from structured noise. The draw-
back of the original SF algorithm arises from the complex-
ity of the method: it is not suitable to be employed in real
time sequence analyses, being very time consuming.

In this work we present an optimized algorithm which
exploits the bitmap representation of binary images as well
as the overlap between subsequent processing areas dur-
ing the convolution process. In particular, all the logical
ANDs operations required by the SF method are computed

in advance (at the beginning at the convolution process) and
stored onto a matrix in an opportune manner. The typical
redundancy originated from a convolution process can be
exploited successfully thus reducing the overall number of
the operations accomplished. While the original SF algo-
rithm’s computational complexity is O(Nn2) (where N is
the number of image pixels and n is the size of the cell-
based Structuring Element) the optimized version reduces
the computational complexity to O(

√
Nn). The optimized

algorithm becomes thus suitable to be utilized efficiently in
real time sequence analysis (e.g. for visual surveillance or
traffic monitoring applications).

2. Previous Works

Classic MM is widely spread to face the problem of ob-
ject segmentation, due to the simplicity of use of the two
basic MM operators: erode and dilate. Therefore, these
have been the first operators to be optimized. One of the
earliest optimization of binary erosion and dilation is due
to the work described in [4]. Their method is based on
SIMD (Single Instruction Multiple Data) processing. The
main assumption which stands behind the method is that
images must be provided in true binary form, that is 1 bpp
(bit per pixel) in depth. By storing 16 adjacent pixels in
a 16 bit register it is possible to process all the source im-
age pixels in parallel through logical bitwise operators and
shifting. Although the algorithm is quite simple, it works
just for specific Structuring Elements (SE’s). The “desti-
nation word accumulation” (dwa) technique developed by
the author in [3] extends the method developed in [4] to
make it able to work with any SE. The algorithm has been
conceived to write on the destination image a whole word
at a time and for this reason dwa is amenable of efficient
implementation. Author in [6] has shown that the shape of
the SEs can induce redundancy and for this reason he uses a
logarithmic decomposition method to achieve a faster com-
putation. Although the dwa method is the fastest one it is
suitable just for binary erode and dilate operators. Authors
in [7] make use of critical points between SE translation
to speed up computation and to compute just the values
needed to each translation. This method is suitable for ar-
bitrary SEs. Authors in [5] exploit the overlapping area
while performing a raster morphological operation: over-
lapped pixels are computed only once.
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3. Structural Fitness Method: an outline

The SF method we developed has been widely described
in [1]. It has been conceived to work well even in the
presence of very noisy images, such as those coming from
sequences taken in outdoor environments. Therefore, our
target applications regard both outdoor visual surveillance
and traffic monitoring. For every moving object detected
through the background subtraction technique, there are a
lot of false signals which alters the right perception of the
blob itself (Fig. 1). False signals may come from differ-

Figure 1: The binary result after thresholding the outcome
of the background subtraction operation.

ent sources, such as random noise, small movements in the
background scene (e.g. moving trees), camera displace-
ments due to wind load.

One of the most used methods to remove noise consists
into applying, one or more times, MM operators to the bi-
nary image. This approach reveals three drawbacks. First,
it is quite difficult to find out the right value for the ker-
nel size and the operations’ sequence. Second, small fore-
ground objects may be eliminated. The third and most im-
portant disadvantage is that morphological operations may
often result into object’s shape and border distortion.

Our method aims to give a measure of how much a pixel
belongs to a structural windowed region around it. To this
purpose, we introduce the concept of fitness of the pixel
at the center of the SE in respect of the pattern it should
belong to. The first step is to define the basic structure we
intend to address. Fig. 2(a) and (b) show the basic and
the compound structure we use. The latter is obtained by
rotating the former by 90◦, 180◦ and 270◦. This is as to say
that the basic structure is searched by considering every
spatial arrangement. In addition to these two structures, we
define a cell-based structure (Fig. 2(c)). It is built through
stemming from the compound structure (b) the same as (b)
has been built starting from (a). Accordingly, the white
circle are the centers of the compound (cell) elements.

Actually, all the pixels of the elements involved in (a),
(b) or (c) are assigned “1”. In case of the basic structure
(Fig. 2(a)), a logical AND between the pixel pointed by the
circle and each one of its three neighborhoods is performed.
The arithmetic sum of these three partial results represents
the partial fitness of the pixel pointed by the circle (there-
fore, the partial fitness maximum value is 3).

In case of the compound structure, this procedure is ac-
complished four times and the partial fitnesses computed

for the pixels pointed by the white circles are summed to
each other and given to the central pixel. The same proce-
dure is accomplished for the cell-based SE and the central
pixel retains the overall fitness. If this value is lower than

(b)(a)

(c)

Figure 2: SE’s: basic (a), compound (b) and cell-based (c).

a given threshold TF the underline image pixel is given “0”
anyway. Otherwise, the original value is preserved. Sim-
ilarly to what happens in binary MM, the threshold value
TF depends on the size and the shape of the SE’s, on the
amount of noise of the input image (e.g., Fig. 1) and mainly
on the structure of the objects we are looking for. Even
though some statistical method has been devised to deter-
mine this value automatically, dealing with this topic is be-
yond the purpose of this work.

4. Structural Fitness Optimization

All the methods used to optimize binary morphological
operations exploit the bitmapped representation of the im-
age and of the SE as well (see Sect. 2). This is possible
because performing a classical erode or dilate operation
simply means performing a convolution without any fur-
ther computation on partial outcome (e.g. thresholding op-
erations). On the other hand, in the SF method is crucial
to compare the fitness for a pixel with a reference thresh-
old value, which is usually greater than one and cannot be
stored in one bit. In addition, the redundancy of the orig-
inal algorithm arises from overlapping regions which are
“hidden” due to the way the compound and the cell-based
SE’s are computed. Therefore, we rearrange the original
algorithm to perform it in two stages: in the first stage all
the logical ANDs necessary to the second stage to compute
the very fitness value are calculated once and for all.

4.1. Stage 1: Preprocessing

The basic assumption which originates this step is that
in the algorithm outlined in Sect. 3 all the logical ANDs
computed in the compound SE (Fig. 2(b)) refer to two di-
rections: horizontal and vertical. Fig. 3(a) shows the com-
pound SE where the oval shapes represent logical ANDs.
Fig. 3(b) and (c) show how these operations can be com-
puted separately along the horizontal and the vertical di-
rection, respectively. Since in the original algorithm same
logical ANDs are computed repeatedly when calculating
the overall fitness value in the cell-based SE (Fig. 2(c)),
it could be useful to compute all the logical operations in
advance. To this purpose, all the horizontal and vertical
ANDs are arranged in a structure called Structuring AND
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(a) (b) (c)

Figure 3: The compound SE (a) and its components along
horizontal (b) and vertical (c) directions, where “ovals”
represent logical ANDs.

bitmap, or briefly SAND (Fig. 4). In this scheme, each h̄i

h0
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v
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 ...
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 ...  ...

 ...

 ...

 ...

 ...

h

h

2,1
H

Figure 4: The SAND bitmap contains the results of the
ANDs between all horizontal and vertical couples of pix-
els. Shadowed cells represent a compound SE.

row represents all the logical ANDs between adjacent pix-
els along the horizontal direction and each v̄i row represents
the logical ANDs between pixels along the vertical direc-
tion. As an example, the shadowed cells of Fig. 4 represent
the compound SE of Fig. 3(a).

Now, let Hi, j and Vi, j be the elements of the rows h̄i and
v̄i, respectively. Then:

Hi, j = Ii, j

∧
Ii, j+1 (1)

Vi, j = Ii, j

∧
Ii+1, j (2)

where Ii, j ∈ {0, 1} represents a generic pixel of the input
image (e.g. the circled cell in Fig. 4 is H2,1). At last, we
can use the dwa technique to compute all the rows of the
SAND (h̄i and v̄i) once and for all. What follows is the
simple instruction in C language to implement Eq. 1 using
this technique:

*dptr = (*sptr) & (*sptr << 1 | *(sptr+1) >> 31)

where dptr represents a word pointer in the destination bi-
nary image and sptr is the correspondent word pointer in
the source binary image.

4.2. Stage 2: Fitness calculation

To calculate the overall fitness for all the pixels of the
image two subsequent convolution procedures have to be
accomplished. The compound SE is convolved with the
cell-based SE which in its turn is convolved with the entire

image. The optimized algorithm makes the first convolu-
tion explicit by calculating how many times the same pixel
of the source image is considered within the convolution
process. Or better, how many times an AND between same
couple of pixels is computed. Therefore we just need to
weight each SAND’s element by a proper coefficient. Let
n ≥ 5 be the odd number representing the size of the cell-
based SE. Then Eqs. 3 and 4 are the column vectors coef-
ficients of the horizontal and of the vertical ANDs, respec-
tively.

ū = [1,

n−3︷�︸︸�︷
2, ..., 2, 1, 0] (3)

w̄ = [1, 2,

n−4︷�︸︸�︷
3, ..., 3, 2, 1] (4)

For a given pixel (x, y) of the original image, we define Ĥ
and V̂ as the component matrix of the SAND referring to
the cell-based SE whose origin is translated onto the pixel
(x, y) (Eqs. 5 and 6).

Ĥ = [Hy− n−1
2 +i,x− n−1

2 + j], i, j ∈ [0..n − 1] (5)

V̂ = [Vy− n−1
2 +i,x− n−1

2 + j], i, j ∈ [0..n − 1] (6)

In conclusion, the fitness value of the pixel (x, y) for a
given cell-based SE of size n inside the original image is
expressed by Eq. 7:

fx,y = w̄′ × Ĥ × ū + ū′ × V̂ × w̄ (7)

As for the second convolution, most of the indexes for
two consecutive pixel overlap for a certain extent. Also
these overlapping configurations must be taken into con-
sideration to speed up the overall process.

Regarding with the computational complexity, the orig-
inal algorithm computational complexity is given by Eq. 8
while the optimized version computational complexity is
given by Eq. 9, where w, h are the width and the height of
the image respectively and N = w · h. Eq. 9 comes from
the convolution in the vertical direction; by swapping h and
w we achieve the computational complexity yielded by the
convolution in the horizontal direction (O(h ·n)). Generally
speaking, we can state that the computational complexity
of the optimized algorithm is upper bounded by O(

√
N · n)

(in case h = w).

N · 12(n − 2)2 ∼ O(N · n2) (8)(
n +

(
h − n − 1

2

))
· w ∼ O(w · n) (9)

5. Experimental Results

The experiments accomplished on an AMD Athlon XP
2000 processor aim to evaluate the improvement of the op-
timized method SF in terms of scalability as the size n of
the cell-based SE changes. Timing values have been av-
eraged on all the gray level frames (384 × 288 in size) of
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Figure 5: Time performance of the original and the opti-
mized version of the SF method. The optimized algorithm
scales linearly with the size of the cell-based SE.

a few hours long outdoor sequence. The average has been
calculated just for reliability purposes, even though timing
values practically do not change across frames and they do
not depend even from the sequence. Fig. 5 shows how the
optimized algorithm time performance scales linearly with
n while the original one’s performance increases quadrat-
icly with n. As for the absolute timing performance values
of the optimized algorithm they range from 12ms (n = 3) to
36 ms (n = 13). Experimental results accomplished on dif-
ferent sequences show that the optimized algorithm works
at more than 35 fps (frame per second ) for n = 9 (a com-
monly used value) while the original algorithm worked at
less than 2 fps. This means that while the old implementa-
tion could not be considered for real time sequence analy-
ses, the optimized version is suitable to be employed in real
time applications (actually, it is successfully embedded in
our visual surveillance system).

6. Conclusion

In this work we present an optimized version of the SF
method developed in [1]. Although the original algorithm
is very effective in segmenting objects in very noises im-
ages it cannot be utilized for real time sequence analyses.
The optimized version we developed reduces the overall
computational complexity from O(N · n2) to O(

√
N · n)

(where N is the image size and n is the size of the cell-
based SE of the SF method) thus making the SF method
suitable for real time applications.
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Abstract– The authors study effectiveness of 

combining correlation kernels in kernel canonical 
correlation analysis (kCCA) for the classification of 
texture images. Kansei information collected through 
questionnaires to the public with impression words for the 
images is also adopted. It is shown that classification 
performance increases with multiple correlation kernels 
and Kansei information in kCCA.  
 
1. Introduction 

 
Kernel methods have attracted much attention in 

pattern recognition [1], [2].  In the kernel methods, the 
inner product of feature vectors is replaced to a nonlinear 
kernel function. A nonlinear mapping of the feature vector 
to a high-dimensional space is then performed in an 
implicit manner. Kernel canonical correlation analysis 
(kCCA) is a kernel version of canonical correlation 
analysis [3]-[5]. Canonical correlation analysis was 
proposed by H. Hotelling in 1935 and finds linear 
transformations that yield maximum correlation between 
two kinds of features of objects.  

The correlation kernel is an inner product of the 
autocorrelation functions of the feature vectors [6], [7]. 
The characteristic of the correlation kernel is that higher-
order kernels are effectively calculated [8]. The 
correlation kernels are considered to be suitable to image 
data, which have strong spatial correlations. SVM and 
kCCA with the correlation kernels were applied to 
invariant texture classification [9], [10].  

In this study we deal with combining correlation 
features and use of Kansei information in kCCA. First, 
combining classifiers and the fusion of information in 
pattern classification have been of wide interest [11], [12]. 
Combining classifiers can have higher classification 
performance than single classifiers. We apply it in kCCA 
by combining the canonical variates obtained with the 
correlation kernels of multiple-orders. Second, ‘Kansei’, 
the perceptual and cognitive ability to feel objects, has 
been of wide use in various fields of research. Kansei 
information was applied to image retrieval systems with 
CCA [13]. We adopt it in classification with kCCA as the 
second feature instead of a class indicator.  

In the following, kCCA and correlation kernels are 
briefly explained in Sect. 2. In Sect 3, the method of 
obtaining and using Kansei information on images are 

described. Method and result of texture classification 
experiment are shown in Sect. 4. Discussion and 
conclusion are given in Sect. 5.  

 
2. Kernel CCA and Correlation Kernels  
 
2.1. Kernel Canonical Correlation Analysis  

 
We mention a kernel version of canonical correlation 

analysis (kCCA) [3]-[5]. Let (xi, yi), (1 ≤ i ≤ n) be pairs of 
the feature vectors of n sample objects, which describe 
different aspects of the objects, e.g., sounds and images. 
Define kernel matrices Φ and Θ by Φij = φ(xi, xj) and Θij 
= θ(yi, yj), (1 ≤ i, j ≤ n), which correspond to the inner 
products of implicit functions of x and y, respectively. 
Then we obtain the eigenvectors (f T, gT)T of the 
generalized eigenproblem:  

 
     0   ΦΘ       f             Φ2+γxI      0               f 

                                   = λ                                          (1) 
     ΘΦ  0        g                  0     Θ2+γyI          g 

 
Small multiples of the identity matrix γxI and γyI are 
added for the regularization. The canonical variates u and 
v of (x, y) of a object are linear projections of the implicit 
functions of x and y which maximize correlation between 
them. They are obtained with the eigen vectors f and g by  
 

u = ∑i=1
n fiφ(xi, x)  

v = ∑i=1
n giθ(yi, y)    (2) 

 
An indicator vector is used as the second feature vector 

y for classification problems [3]. When an object x is 
categorized into one of C classes, the indicator vector 
corresponding to x is defined by  

 
y = (y1, ···, yC)T   
  yc = 1   if x belongs to class c  
  yc = 0   otherwise      (1 ≤ c ≤ C) (3) 
 

Then the linear inner product yi
 Tyj is used as the kernel 

function θ(yi, yj). The canonical variates ui (1 ≤ i ≤ C-1) 
are obtained corresponding to non-zero eigenvalues of Eq. 
(1). Standard classification methods, e.g., the nearest 
neighbor method, neural networks and SVM are applied 
in the canonical variate space.  
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2.2. Correlation Kernels  
 
The autocorrelation of the original feature vector x is 

used in the correlation kernels [6], [7]. In the following, 
we consider 2-dimensional image data x(l, m), (1 ≤ l ≤ L, 
1 ≤ m ≤ M) as the feature vector x. The kth-order 
autocorrelation rx(l1, l2, ··· , lk-1, m1, m2, ··· , mk-1) of x(l, m) 
is defined by  
 

rx(l1, l2, ···, lk-1, m1, m2, ···, mk-1)  
= ∑l ∑m x(l, m)x(l+l1, m+m1) ··· x(l+lk-1, m+mk-1)   (4)  

 

The inner product of the autocorrelations rxi and rxj of 
image data xi(l, m) and xj(l, m) is calculated by the sum of 
the kth power of the cross-correlation ccxi, xj(l1, m1) of the 
image data  
 

rxi·rxj =∑l1=0
L1-1∑m1=0

M1-1{ccxi, xj(l1, m1)}k/(L1M1)  (5) 
 
ccxi, xj(l1, m1)  
= ∑l=1

L-l1∑m=1
M-m1xi(l,m)xj(l+l1, m+m1)/(LM) (6) 

 
where L1 and M1 are the ranges of the lags l1 and m1 of the 
cross-correlation [8]. Computational costs are reduced in 
the practical order even for high-order k of the correlation 
and large data size L and M since the calculation of the 
explicit values of the autocorrelations are avoided. 
Equation (5) is employed as the kth-order correlation 
kernel function k(xi, xj) and thus Φ in Eq. (1).  

Since the performance of the correlation kernels of odd 
or higher-orders is degraded, the following modified 
versions of the correlation kernels have been proposed 
[14] and will be used in this study.  

 
Lp norm kernel (P)  

rxi·rxj = sgn(ccxi, xj(l1, m1))|∑l1,m1{ccxi, xj(l1, m1)}k|1/k  (7) 
 
Absolute correlation kernel (A)  

rxi·rxj = ∑l1, m1 |ccxi, xj(l1, m1)|k     (8) 
 
Max norm kernel (Max)  

rxi·rxj = max l1, m1 ccxi, xj(l1, m1)     (9) 
 

The Lp norm and absolute correlation kernels take the kth 
roots and absolute values, respectively, of the original 
ones. The max norm kernel is regarded as the Lp norm 
kernel in the limit of k → ∞.  
 
3. Collection and Use of Kansei Information  

 
We made a questionnaire system on Web to collect 

Kansei information from the public. Java Server Pages 
(JSP) was used for the client-server system. Figure 1 
shows a Web page for the questionnaire, in which people 
are asked to answer questions in Japanese. The page 
shows 30 texture images arbitrarily taken from the 
Brodatz album [15] and asks people to choose one image 
which matches each Japanese impression word. Twenty 
impression words for images [16] are used: delicate, 

beautiful, bold, sharp, decorative, fine, sophisticated, 
simple, soft, deep, impressive, quiet, elegant, chic, natural, 
hard, grave, silent, solid,  rural. We sent requests for the 
questionnaire by e-mail to undergraduate students in our 
faculty and obtained answers from 50 students.  

As a Kansei feature of each image, we use a 20-
dimensional vector the element of which is the number of 
the vote of the impression word to the image, which we 
call an impression vector. For instance, the vector for the 
texture image No. 1 (Brodatz D101), top-left in Fig. 1, is  

 
y1 = (1,1,0,0,7,1,1,25,1,0,7,2,1,0,1,0,0,3,0,2) (10)  
 

which indicates that many answerers thought the image 
simple. We will use the impression vector as the second 
feature vector y in kCCA in Sect. 4.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1.  Web page for a questionnaire (in Japanese) 
 
4. Experiment in Texture Classification  

 
4.1. Method  

 
Experiment on the classification of texture images with 

kCCA using the correlation kernels and Kansei 
information was done. Thirty texture images in the 
Brodatz album shown in Fig. 1 are used. The 8bit image 
data of 320×320 pixels are obtained from AMOVIP-DB 
[17]. Twenty subimages of 50×50 pixels are taken from 
each original image without overlap and one half (ten) of 
them, 300 images in total, is used as sample data and the 
other half is used as test data.  

As the second feature vector y in kCCA , we use the 
indicator vectors (Eq. (3)) or the impression vectors 
explained in Sect. 3, in which Kansei information is taken 
into account. The eigenvectors fi (1 ≤ i ≤ nc) 
corresponding to the non-zero eigenvalues of Eq. (1) are 
calculated with the sample data. The number nc of the 
elements is 29 for the indicator vectors and 19 for the 
impression vectors. The corresponding canonical variates 
ui (1 ≤ i ≤ nc) of the images are calculated by Eq. (2). To 
avoid numerical instability Φij are divided by E{Φij} in Eq. 
(1) and the values of γx and γy are set to be 0.1n. The lags 
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L1 and M1 of the correlations in Eq. (5) are taken to be 10. 
To express the set (φ, y) of the kernel function φ and the 
second feature vector y, the following symbols are used.  
the kth-order correlation kernel: Ck, the kth-order Lp norm 
kernel: Pk, the kth-order absolute correlation kernel: Ak, 
the max norm kernel: Max, for the kernel function φ of 
image data;  
the indicator vector: I, the impression vector K, for the 
second feature vector y.  

A simple nearest neighbor method (1-NN) in the 
canonical variate space is used for the classification of the 
test data. As combined features, Cartesian spaces of the 
canonical variates of kCCAs with various sets of the 
kernel functions and the second feature vectors are used, 
e.g., (u1, ···, unc, u’1, ···, u’nc’). Classification is also done 
with 1-NN in the Cartesian space. It can be shown that 
appropriate choice of the canonical variates gives higher 
correct classification rates (CCRs) than the use of the all 
canonical variates in most cases. Then CCRs are 
calculated with one to nc canonical variates taken in the 
order of the values of the corresponding eigenvalues, 
namely from (u1) to (u1, ···, unc) in each case and the 
highest CCR is shown in the results.  

Further, a voting method is also tested for combining 
more than three kCCAs. It is because the number of the 
combinations of the canonical variates of kCCAs in 
obtaining the optimal set of them increases intractably. As 
mentioned above CCRs tend to decrease when the all 
canonical variates are combined.  

 
4.2. Result  

 
4.2.1. Canonical Variates  

 
The scatter diagrams of the canonical variates (u1, u2) 

of the first and second largest eigenvalues in kCCA with 
the 2nd-order correlation kernels (C2, I) and (C2, K) are 
shown in Fig. 2. The centroids of 10 sample images of the 
same texture images in the canonical variates of the six 
largest eigenvalues are shown. Figure 3 shows the 
dendrograms of the texture images obtained with 
agglomerative hierarchical clustering with average linkage. 
Use of Kansei information (C2, K) causes the scatter 
diagram and dendrogram different from those with the 
indicator vectors (C2, I). It is then expected that the 
canonical variates with Kansei information work as 
complemental features in classification tasks.  

 
4.2.2 Classification Performance  

 
Table 1 shows the correct classification rates (CCRs) 

with kCCAs. The use of the indicator vectors I gives 
higher CCRs than the expression vectors K for the all 
kernel functions (C2, Max, A1, P4), which confirms that 
the indicator vectors are suitable for classification tasks.  

Table 2 shows CCRs with the combination of the 
canonical variates of two different kCCAs. The highest 
CCR is shown with boldface in each raw. The 

combination of the different second feature vectors (I and 
K) can show the highest CCR, e.g., (C2, K) and (Max, K). 
It is also shown that the combination of the best single 
kCCAs (C2, I) and (A1, I) does not give the highest CCR.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2.  Scatter diagram of the canonical variates.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3. Dendrogram of the texture images.  
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Table 3 shows CCRs with the combination of three 
kCCAs, one of which is (C2, I). Higher CCRs are still 
obtained than two kCCAs. It can be shown that CCR 
increases to 0.627 with the combination of four kCCAs, 
e.g. (C2, I or K), (Max, I), (A1, I or K), (P4, I or K) .  

Further, CCRs obtained with the voting of the 1-NN 
classification results with kCCAs are shown in Table 4. 
The results of kCCAs are added in the voting from left to 
right. The CCR increases from 0.517 of (C2, I) to 0.597 of 
the voting of nine kCCAs ((C2, I), ···. (A3, I)). However, 
the voting of more kCCAs degrades CCRs slightly.  

 
Table 1   CCR with kCCA.  

 
 
 
 

 
Table 2  CCR with two kCCAs.  

 
 
 
 
 
 
 
 
 

Table 3  CCR with three kCCAs (incl. (C2, I)).  
 
 
 
 
 
 
 
 
 

Table 4  CCR with voting of kCCAs with multiple 
correlation kernels.  

 
 
 
 

5. Discussion  
 
In this study, multiple correlation kernels were 

combined and Kansei information was employed in kCCA. 
The experiment of texture classification showed that the 
classification performance increases by combining the 
canonical variates of different correlation kernels. Further, 
Kansei information gives different features and 
contributes to increases in the performance of kCCA.  

Optimal choice of the canonical variates is necessary to 
obtain the best performance. The optimal numbers of the 
canonical variates of kCCAs differ from each other. 
Further, combining the optimal canonical variates of 
single kCCAs does not usually show the highest CCR in 

the combination of them. The choice was done 
empirically in the experiment and it is a rather formidable 
task when the number of kCCAs increases. A simple 
voting of kCCAs also makes CCRs high, but lower than 
the optimal combination of the canonical variates.  

Adding the correlation variates of kCCAs up to four 
always increased CCRs in the experiment. However, 
increases in the number of kCCAs may decrease CCRs as 
was shown in Table 4. This is ascribed to correlations 
between the canonical variates of various correlation 
kernels.  
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(C2, I) (Max, I) (A1, I) (P4, I)
0.517 0.503 0.537 0.510

(C2, K) (Max, K) (A1, K) (P4, K)
0.460 0.490 0.493 0.503

(C2, I) (Max, I) (A1, I) (P4, I) (C2, K) (Max, K) (A1, K) (P4, K)
(C2, I) 0.580 0.547 0.547 0.530 0.570 0.517 0.547

(Max, I) 0.580 0.527 0.537 0.580 0.550 0.563 0.553

(A1, I) 0.547 0.527 0.547 0.540 0.513 0.550 0.537

(P4, I) 0.547 0.537 0.547 0.537 0.570 0.553 0.537

(C2, K) 0.530 0.580 0.540 0.537 0.573 0.500 0.520

(Max, K) 0.570 0.550 0.513 0.570 0.573 0.547 0.557

(A1, K) 0.517 0.563 0.550 0.553 0.500 0.547 0.533

(P4, K) 0.547 0.553 0.537 0.537 0.520 0.557 0.533

(C2, I) (Max, I) (A1, I) (P4, I) (C2, K) (Max, K) (A1, K) (P4, K)
(C2, I)

(Max, I) 0.607 0.600 0.603 0.590 0.607 0.597

(A1, I) 0.607 0.553 0.550 0.600 0.560 0.563

(P4, I) 0.600 0.553 0.560 0.593 0.563 0.563

(C2, K) 0.603 0.550 0.560 0.603 0.543 0.547

(Max, K) 0.590 0.600 0.593 0.603 0.603 0.593

(A1, K) 0.607 0.560 0.563 0.543 0.603 0.560

(P4, K) 0.597 0.563 0.563 0.547 0.593 0.560

No. 1 2 3 4 5 6 7 8 9 10 11 12
add. (C2, I) (Max, I) (A1, I) (P4, I) (C2, K) (Max, K) (A1, K) (P4, K) (A3, I) (A3, K) (P0.1, I) (P0.1,K)

CCR 0.517 0.517 0.553 0.560 0.577 0.580 0.580 0.580 0.597 0.583 0.573 0.587
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Abstract—In this work, we present that the 2-layer
CNN is similar to van der Pol oscillators coupled by
inductors, which can generate the phase-wave propaga-
tion phenomena. However, we cannot observe the phase-
wave propagation phenomena in the original 2-layer CNN.
Therefore, we introduce a modified 2-layer CNN. We
clearly show the correspondence between the modified 2-
layer CNN and the van der Pol oscillators coupled by in-
ductors.

1. Introduction

Cellular Neural Networks (CNN) were invented by
L.O.Chua and L.Yang in 1988 [1]. CNN are constructed
by cells connected each other. The cell contains linear
and nonlinear current sources controlled by voltage. Al-
ready a lot of applications and VLSI implementations of
CNN were reported. Many nonlinear phenomena such
as pattern formation and autowaves could be observed in
CNN. Investigating the nonlinear phenomena is an impor-
tant work for clarifying dynamics of CNNs. On the other
hand, phase-wave propagation phenomena in van der Pol
oscillators coupled by inductors were reported [2][3]. It
is known that 2-layer CNNs can exhibit phase-wave prop-
agation phenomena by choosing an appropriate set of the
parameters [4][5].

In this work, we report the detailed investigation on the
similarity between the 2-layer CNN and the van der Pol
oscillators coupled by inductors. In particular we make
clear the correspondence of the parameters of the two sys-
tems. Further, we confirm that slight difference between
them prevents to generate some of phase-wave propagation
phenomena.

2. van der Pol Oscillators Coupled by Inductors

The van der Pol oscillators coupled by inductorsL0 as a
comparative object used in this study are shown in Fig. 1.

We assume thev - i characteristics of the nonlinear neg-
ative resistors in the circuit as the following function.

ir (vk) = −g1vk + g3v3
k (g1,g3 > 0). (1)

The circuit equations governing the circuit in Fig. 1 are
written as

duk

dτ
= wk (2)

dwk

dτ
= −uk + α(uk+1 − 2uk + uk−1) (3)

+ ε
(
wk − w3

k/3
)

Figure 1: van der Pol oscillators coupled by inductors.

where

t =
√

L1Cτ, iL1k =

√
Cg1

3L1g3
uk, vk =

√
g1

3g3
wk,

α =
L1

L0
, ε = g1

√
L1

C
. (4)

And, we consider the boundary conditions as follows:

u0 = u1, u(N+1) = uN. (5)

It should be noted thatα corresponds to the coupling of
the oscillators andε corresponds to the nonlinearity of the
oscillators. In this study, we calculate (2) and (3) by using
the Runge-Kutta-Gill method.

In this study, we useN = 8, α = 0.050 andε = 0.30 for
numerical analysis. And the initial conditions are given as
follows:

1. Setting the initial conditions of all oscillators as the
same.
2. Putting the arbitrary phase difference of the voltage and
the current to one oscillator.

Putting the phase difference+180 [deg] to the 1st oscil-
lator, simulation result is shown in Fig. 2. In Fig. 2, the ver-
tical axis is the sum of voltages of adjacent oscillators, and
horizontal axis is time. If the sum of voltages of adjacent
oscillators is zero, the phase difference between adjacent
oscillators is+180 [deg]. At first, only the 1st oscillator has
phase difference+180[deg], phase difference propagates to
the adjacent oscillator as time goes.
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Figure 2: Phase-wave propagation phenomenon in coupled
van der Pol oscillators.

3. Two-Layer CNN

In this study, we use 1-dimensional 2-layer CNN as
shown in Fig. 3.

Figure 3: One-dimensional 2-layer CNN.

The circuit equations governing the CNN in Fig. 3 are
written as

˙x1,k = −x1,k + a1y1,k + c1y2,k

+d1y2,(k−1) + d1y2,(k+1) (6)
˙x2,k = −x2,k + a2y2,k + c2y1,k

+d2y1,(k−1) + d2y1,(k+1) (7)
y`,k = f (x`,k) = 0.5

(|x`,k + 1| − |x`,k − 1|) (8)

(k = 1,2, · · · ,N, ` = 1,2)

wherex`,k is the state,y`,k is the output of CELL̀,k, a`, c`,
andd` are the feedback parameters from the output of its
own cell, from the output of the cell which is at the same
position in the other layer, and from the output of the neigh-
borhood cell in the other layer, respectively.

In order to investigate the correspondence between the
2-layer CNN and the van der Pol oscillators, we replace

the output feedbacksy`,k in Eqs. (6) and (7) by the state
feedbacksx`,k, excepty2,k, as follows;

˙x1,k = −x1,k + a1x1,k + c1x2,k

+d1x2,(k−1) + d1x2,(k+1) (9)
˙x2,k = −x2,k + a2y2,k + c2x1,k

+d2x1,(k−1) + d2x1,(k+1) (10)

By comparing Eq. (9) with Eq. (2), some of the template
values are decided as follows;

a1 = −1, c1 = 1, d1 = 0. (11)

Further, we approximate the piecewise linear function
f (·) of the output feedback from its own cell by the 3rd
order polynomial expression.

−x2,k + a2y2,k

= −x2,k + 0.5a2
(|x2,k + 1| − |x2,k − 1|) (12)

∼ ε
(
x2,k − x3

2,k/3
)

(13)

Equation (13) withε = 0.30 is shown by a dotted line in
Fig. 4. We approximate this curve by Eq. (12) witha2 =
1.2, whose curve is shown by a solid line in Fig. 4.

Figure 4: Approximation of piecewise linear function.

Equation (10) can be rewritten using the Eqs. (12) and
(13) as follows;

˙x2,k = ε
(
x2,k − x3

2,k/3
)

+ c2x1,k

+d2x1,(k−1) + d2x1,(k+1) (14)

By comparing Eq. (14) with Eq. (3), the other template
values are decided as follows;

a2 = 1.2, c2 = −(1 + 2α), d2 = α (15)

Using the template values in Eqs. (11) and (15), Eqs. (9)
and (10) are rewritten as follows;

˙x1,k = x2,k (16)
˙x2,k = −x1,k + α(x1,(k−1) − 2x1,k + x1,(k+1))

+ε
(
x2,1 − x3

2,1/3
)

(17)
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Now, we consider the boundary conditions as follows:

x1,0 = x1,1 (18)
x1,(N+1) = x1,N (19)

Equations (16)-(19) are completely the same as the equa-
tions of the van der Pol Oscillators coupled by the inductors
(2), (3), and (5).

We expect that the phase-wave propagation phenomena,
which are observed in coupled van der Pol oscillators, can
be generated in the 2-layer CNN (6) and (7) with the tem-
plate values (11) and (15). Namely,

˙x1,k = y2,k (20)
˙x2,k = −y1,k + α(y1,(k−1) − 2y1,k + y1,(k+1))

+ε
(
x2,1 − x3

2,1/3
)

(21)

However, the simulated results of Eqs. (20) and (21) with
α = 0.050 andε = 0.30 did not show the continuously ex-
isting phase-wave propagation phenomena. Figure 5 shows
an example of the observed phenomena forN = 8 obtained
by using the Runge-Kutta-Gill Method.

Figure 5: Simulated result of 2-layer CNN (N = 8).

The difference between Eqs. (20) and (21) and Eqs. (2)
and (3) is only the feedbacks. Namely, the output feed-
backs in the 2-layer CNN and the state feedbacks in the
coupled van der Pol oscillators.

4. Modified 2-Layer CNN

We introduce the modified 2-layer CNN that the output
feedbacks from the cell at the same position in the other
layer are replaced by the state feedback. The equations
governing the modified 2-layer CNN are written as follows;

˙x1,k = −x1,k + a1y1,k + c1x2,k (22)
˙x2,k = −x2,k + a2y2,k + c2x1,k

+d2y1,(k−1) + d2y1,(k+1) (23)

Equations (22) and (23) are rewritten using the templates
(11) and (15);

˙x1,k = x2,k (24)
˙x2,k = −x1,k + α(y1,(k−1) − 2x1,k + y1,(k+1))

+ε
(
x2,1 − x3

2,1/3
)

(25)

The simulation result of Eqs. (24) and (25) is shown in
Fig. 6. In Fig. 6, we can observe the phase-wave propa-
gation phenomena similar to Fig.2.

Figure 6: Simulated result of modified 2-layer CNN (N =

8).

From this result we consider that the cells at the layer 1
correspond to the differentiation ofuk. The output feed-
backs from their own cells at the layer 2 correspond to the
nonlinear resistors, and the output feedbacks from the cells
at the layer 1 correspond to the couplings between the os-
cillators.

5. Phase-Wave Propagation Phenomena

The simulated result of the coupled van der Pol oscilla-
tors with different coupling parameterα = 0.10 is shown in
Fig. 7. The speed of the phase-wave propagation is faster
than Fig. 2 withα = 0.05. Namely, the propagation speed
can be controlled by changing the coupling inductorL0 in
the coupled oscillators.

We can confirm similar effect in the modified 2-layer
CNN by changing the template values. Fromα = 0.10,

c2 = −(1 + 2α) = −1.2, d2 = α = 0.10.

The simulated result of the modified 2-layer CNN with the
calculated template values is shown in Fig. 8. We can see
that the speed of the phase-wave propagation is faster than
Fig. 6 similar to Fig. 7.

Figure 9 shows some typical examples of the phase-wave
propagation phenomena in the van der Pol oscillators cou-
pled by the inductors.

The corresponding simulated results by the modified 2-
layer CNN are shown in Fig. 10. We can observe the re-
flection of the waves, but cannot observe the extinction by
the collision.

Figure 7: Simulated result of van der Pol oscillators with
differentα = 0.10.
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Figure 8: Simulated result of modified 2-layer CNN with
different template values.a1 = 1, c1 = 1, d1 = 0, a2 = 1.2,
c2 = −1.2, andd2 = 0.10.

6. Conclusions

In this study, we clearly explained the correspondence
between an array of van der Pol oscillators coupled by
inductors and 1-dimensional 2-layer CNN. By investigat-
ing the generated phase-wave propagation phenomena, we
found that the difference between the output feedbacks and
the state feedbacks played an important role to make differ-
ence in the observed phenomena.

In future works, we will try to clarify the mechanism
of the phase-wave propagation phenomena by investigat-
ing the modified 2-layer CNN, so that we can control the
phase-wave propagation for applications.
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(a) Extinction by collision of two waves.

(b) Reflection by collision of two waves.

Figure 9: Examples of phase-wave propagation phenomena
in van der Pol oscillators coupled by the inductors.N = 15,
α = 0.10 andε = 0.30.

(a) Extinction by collision can not be observed.

(b) Reflection by collision of two waves.

Figure 10: Example of phase-wave propagation phenom-
ena in modified 2-layer CNN,N = 15,a1 = 1, c1 = 1, d1 =

0, a2 = 1.2,c2 = −1.2, andd2 = 0.10.
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Abstract—We investigate the number of equi-
librium points for a 1-D DBCNN (one-dimensional
discrete-time binary cellular neural network) with no
input and give explicit formulas for them. We see the
number of equilibrium points is fairly small.

1. Introduction

The most fundamental problems of cellular neural
networks(CNN) from the theoretical points of view are
the stability and the number of equilibrium points,
while the ability for 1- and 2-dimensional signal pro-
cessings is also quite important from the practical
point of view [1]-[4]. There still remain unsolved prob-
lems even for one-dimensional CNN’s[5]-[7].

Concerning the stability conditions of a 1-
dimensional discrete-time binary cellular neural net-
work (abbreviated as a 1-D DBCNN), Sato et al.[7]
gave the necessary and sufficient conditions in terms
of changeable sets and Hara et al.[9] and Nishi et al.[8]
recently gave the necessary and sufficient conditions in
terms of system parameters for both no input case and
nonzero input case. On the other hand Thiran et al[6]
studied on 1-dimensional analog CNNs and gave the
stability conditions for them. So the stability problem
is considered to be solved for a kind of 1-dimensional
systems with one-neighborhood connection.

Thiran et al[6] also gave explicitly the number of
equilibrium points in saturated regions of the above
systems. The number of equilibrium points is impor-
tant not only theoretically but also practically since it
is closely related to the variety of signal processings
(e.g., as memory).

In this paper we study on the number of equilibrium
points for a 1-D DBCNN with no input and give ex-
plicit formulae for it. The discussion is based on the
previous results described by changeable sets (which
will be explained later). From these formulae we see
that the number of equilibrium points is fairly small.

2. Preliminaries

The behavior of a 1-D DBCNN denoted by S can
generally be described by the equation:

x(k + 1) = sgn[Ax(k) + Bu + θ1] (1)
where x(k) = [x1(k), · · · , xn(k)]T and u = [u1, u2, · · · ,
un]T are a binary state vector at time k and a binary
time-invariant input vector respectively, n is the di-
mension of S, A and B are n×n matrices determined
by the A- and B-templates, θ is a scalar representing
the threshold value, and 1 is an n-dimensional col-
umn vector consisting of 1 only1. In particular x(0) is
the initial state vector, which can be used as another
input data in many applications. We assume the 1-
neighborhood DBCNN. Then Eq.(1) can be rewritten
in a scalar form as:

xi(k + 1) = sgn [βxi−1(k) + αxi(k) + γxi+1(k)

+ β̂ui−1 + α̂ui + γ̂ui+1 + θ],
(i = 1, 2, · · · , n; k = 0, 1, 2, · · ·) (2)

When we calculate xi(k + 1) by Eq.(2), we have to
define the boundary values x0(k) and xn+1(k) for the
state vector x and u0 and un+1 for the input vector
u, respectively. The fixed boundary considered in this
paper means that x0(k) and xn+1(k) are constants in-
dependent of k.
Definition 1: A 1-D DBCNN S is said to be stable, if
no limit cycle occur for any x(0), any u, any boundary
conditions on x and u, and any value of the dimension
n. The 1-D DBCNN being not stable are said to be
unstable.

Since we consider the case of u = 0, the system
equation can be written as follows:

xi(k+1) = sgn [βxi−1(k)+αxi(k)+γxi+1(k)+θ] (3)

Then the problem is stated as follows: Prescribed
parmeters α, β, γ and θ, how many equilibrium points
does the system S have? We will give the answer to
the above problem.

1In the case of cellular automata the “sgn” function in Eq.(1)
should be replaced with an arbitrary logic function of x(k).
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3. Previous results and definitions

3.1. Stability conditions in terms of changeable
sets

The 3-tuple (xi−1(k), xi(k), xi+1(k)) takes one of
the following eight patterns; (−,−,−), (−,−,+),
(−,+,−), (−, +,+), (+,−,−), (+,−, +), (+, +,−),
and (+, +, +), where “+” and “−” mean +1 and −1,
respectively. For some of these eight 3-tuples, xi(k+1)
changes from xi(k) and for other 3-tuples xi(k + 1) is
the same as xi(k).
Definition 2: We call the former 3-tuples “changeable
patterns” and the latter ones “invariant patterns”.

If φ1, φ2, · · · , φs are all of changeable patterns of S,
then we call Φ ≡ {φ1, φ2, · · · , φs} a changeable set.
Note that Φ is independent of n and x(0). Since a
changeable set uniquely determines the behavior of S,
we identify Φ with S. For example, we can say that
“Φ is stable” instead of “S is stable”.

Throughout this paper the variables yi and y′i(i =
1, 2, · · ·) denote the binary values 1 or −1 and “yi”
means

yi =
{

1 if yi = −1
−1 if yi = 1 (4)

Then the previously obtained fundamental results are
stated as follows:
Theorem 1: The system S described by Eq.(3) is
unstable if and only if at least one of Eqs.(5) and (6)
holds for some yi.

Φ ⊇ {(y1, y2, y3), (y1, y2, y3)} (5)

Φ ⊇ {(y1, y2, y3), (y1, y2, y3), (y1, y2, y3)} (6)

3.2. α- and ᾱ-terms

We see from Eq.(3) that the behavior of the system
can be determined only by the values of ±β±α±γ+θ.
We classify these eight values into two as follows:
Definition 3: We call the terms ±β+α±γ+θ α-terms
and ±β − α± γ + θ ᾱ-terms respectively.

3.3. Regions A− i and Ā− j

We will briefly state the relation between changeable
sets and connection coefficients. This is easily done by
drawing figures shown below.

When we arrange the α-terms ±|β|+ α± |γ| in the
order of values (see Table 1), the largest (resp., small-
est) is apparently |β|+ α + |γ| (resp., −|β|+ α − |γ|)
and the second largest is |β|+α−|γ| or −|β|+α+ |γ|.
Without loss of generality we assume that

|β| ≥ |γ| i.e., |β|+ α− |γ| ≥ −|β|+ α + |γ| (7)

Similarly we arrange the ᾱ-terms ±|β| −α±|γ| in the
order of values (see Table 2).

−θ α-terms Region A-i

A-4
|β|+ α + |γ| 7

A-3
|β|+ α− |γ| 6

A-2
−|β|+ α + |γ| 3

A-1
−|β|+ α− |γ| 2

A-0

Table 1 α-terms

−θ ᾱ-terms Region Ā-j

Ā-0
|β| − α + |γ| 5

Ā-1
|β| − α− |γ| 4

Ā-2
−|β| − α + |γ| 1

Ā-3
−|β| − α− |γ| 0

Ā-4

Table 2 ᾱ-terms

In Table 1 (resp., Table 2) −θ-axis can be di-
vided into five regions denoted by A-i (resp., Ā-j)
(i = 0, 1, · · · , 4) by ±|β|+α±|γ| (resp., ±|β|−α±|γ|).
The third columns in Tables are for later explanation.

3.4. S-point and T-point

Definition 4: If a changeable set Φ satisfies

Φ ⊇ {(y1, y2, y3), (y1, y2, y3)} (8)

or
Φ ⊇ {(y1, y2, y3), (y1, y2, y3)} (9)

for some yi (i = 1, 2, 3), we say that S possesses an
S-point and a T-point, respectively. Similarly, if Φ
satisfies Eq.(5) for some yi, then we say S has an S·T-
point. We can easily verify that if an S·T-point exists,
then both an S-point and a T-point inevitably occur.
Then Theorem 1 can be rewritten as follows:
Theorem 2: The system S is unstable if and only if
it has both an S-point and a T-point.

Existence of S- and T-points as well as Φ can easily
be seen from Tables 1 and 2. We will explain it by
using examples.

3.5. Determination of Φ

For example, we consider Region A-2, which means
from Table 1 that

|β|+ α− |γ| > −θ > −|β|+ α + |γ| (10)

i.e.,

|β|+ α− |γ|+ θ > 0, −|β|+ α + |γ|+ θ < 0 (11)
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This imply that for Region A-2

Φ ⊇ {(−, +,+), (−,+,−)} (12)

but Φ 6⊇ {(+,+,−)}.
Similarly for Region Ā-3, which means from Table

2 that

−|β| − α + |γ| > −θ > −|β| − α− |γ| (13)

i.e.,

−|β| − α + |γ|+ θ > 0, −|β| − α− |γ|+ θ < 0 (14)

This imply that for Region Ā-3

Φ ⊇ {(−,−,+), (+,−,−), (+,−, +)} (15)

but Φ 6⊇ {(−,−,−)}.

4. Investigation of 25 combinations

Previously we defined Regions A-i (i = 0, 1, . . . , 4)
for α-terms and Regions Ā-j(j = 0, 1, , 4) for ᾱ-terms.
For our purpose we investigate whether there exist
both an S- and a T-point for each combination of A-i
and Ā-j (i, j = 0, 1, . . . , 4). Concretely,
1) is the sistem stable or not?
2) If stable, what is the number of equilibrium points?

We will exhausively investigate all 25 combinations.
This method is not effective but simple and easy to un-
derstand. To simplify the investigation, We can find
that the Table 3 is symmetric on the diagonal. So we
can investigate only 15 cases. The number of equilib-
rium point depends on the fixed boundary values x0(0)
(±1) and xn+1(0) (±1). So we denote the number by
N(n;x0(0), xn+1(0)). If N depends on neither x0(0)
nor xn+1(0), we simply write it N(n).
Remark 1: If the region described by both A-i0 and
Ā-j0 is unstable, then the regions described by both
A-i and Ā-j i ≥ i0 and j ≥ j0 are unstable.

Ā-0 Ā-1 Ā-2 Ā-3 Ā-4

A− 0 1 2 3 4 5
A− 1 6 7 8 9 10
A− 2 11 12 13 14 15
A− 3 16 17 18 19 20
A− 4 21 22 23 24 25

Table 3 Each case

Case 1: Regions A-0 and Ā-0
From Tables 1 and 2, we see Φ = {φ} and therefore
the system is apparently stable. We have N(n) = 2n.
Case 2: Regions A-0 and Ā-1
The system is stable as Φ = {(1,−1, 1)}. Then equi-
librium points are all points except combinations in-
cluding triple(1,-1,1) in k-length vector. a−−n means
the code of k-length vector added to −− at the last
part. Similarly a−+

n is number in the case of vevtor
adding −+ at the end of code not including (1,-1,1).

In similar vein with a+−
n and a++

n ).
The forbidden code is only (+ − +), we see that the
following equations are satisfied:

a−−
k+1

= a+−
k

+ a−−
k

a−+
k+1

= a+−
k

+ a−−
k

a+−
k+1

= a++
k

a++
k+1

= a++
k

+ a−+
k

where a−−2 = a−+
2 = a+−

2 = a++
2 = 1. Then we have:

a−−k+1 = a−+
k+1 = a+−

k+1 + a++
k+1 (16)

Let uk ≡ a−−k , vk ≡ a+−
k and wk = a++

k for simply.
Then

[
uk+1

vk+1

wk+1

]
=

[
1 1 0
0 0 1
1 0 1

] [
uk

vk

wk

]
(17)

from which we have:
[

uk

vk

wk

]
=

[
1 1 0
0 0 1
1 0 1

]k−2 [
1
1
1

]
(18)

By summing total, one immediately obtains the num-
ber of equilibrium points not including (1,−1, 1).

N(k) = 2uk + vk + wk (19)

By solving the characteristic equation:
∣∣∣∣∣

1− λ 0 1
0 −λ 1
1 0 1− λ

∣∣∣∣∣ = −λ3 + 2λ2 − λ + 1 = 0 (20)

we get the values of zeros as λ1'1.75, λ2 '0.12+i0.74,
λ3'0.12− i0.74. Consequently we obtain:

N(n)'3.98(1.75)n+0.97(0.12+i0.74)n+0.97(0.12−i0.74)n

(21)

Case 3: Regions A-0 and Ā-2
Since Φ = {(1,−1, 1), (1,−1,−1)} from Tables 1

and 2, S is stable. When there is −1 in the state
vector and the value of left neighbor by the −1 is 1,
the center value −1 changes to 1 in either case of 1
or −1 of right neighbor. consequntly, the types as like
(−−− . . .−−++. . . ++) remain as equilibrium points.
N(n;−−) = N(n;−+) = n, N(n; +−) = N(n; ++) =
1, and N(n) = 2n + 2.
Case 4: Regions A-0 and Ā-3

In this case we have Φ = {(−1,−1, 1), (1,−1,−1),
(1,−1, 1)} from Tables 1 and 2 and S is is stable. As
there is (1,−1,−1), −1 changes from left side into all
1’s (++. . . ++. . .++) in an avalanche in the boundary
condition x0(0) = 1, that is, N(n; +−) = N(n,++) =
1. The case (−1,−1, 1) similarly yields N(n;−+) = 1
by changing from inverse direction. For the boundary
condition x0(0) = xn+1(0) = −1, (−++ . . . +++ . . .+
−) (− − . . . − − . . . − −) including both bouudary
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conditons. We see N(n;−−) = 2. After all, we have
N(n) = 5.
Case 5: Regions A-0 and Ā-4

Equilibrium point is only (+ + . . . ++ . . . + +), i.e.,
N(n) = 1.
Case 6: Regions A-1 and Ā-0 Similar to Case 2.
Case 7: Regions A-1 and Ā-1

We get N(k + 2) = N(k + 1) + N(k). This is the
typical Fibonacci series.

N(n) =

(
4 +

√
5√

5

)(
1 +

√
5

2

)n

+

(
4− 4 + 2

√
5√

5

)(
1−√5

2

)n

(22)

Case 8: Regions A-1 and Ā-2
Since the forbidden triples are (−1, 1,−1), (1,−1, 1),

(1,−1,−1), we get the result by recursive equations
similar to the one used in Case 2. Therefore the
number N(n) not including the triples {(−1, 1,−1),
(1,−1, 1), (1,−1,−1)} is given as:

N(n) = N(n;−−) + N(n;−+) + N(n;−+) + N(n; ++)

= 1 + 1 + (n− 2) + (n− 1) = 2n + 1 (23)

Cases 9: Regions A-1 and Ā-3
This system is not stable in this case.

Case 10: Regions A-1 and Ā-4 (Unstable (See Re-
mark 1))
Cases 11 and 12: Regions (A-2, Ā-0) and (A-2, Ā-1)

These are similar to Case 3 and 8.
Case 13: Regions A-2 and Ā-2

N(n) = 1 (24)

Case 14: Regions A-2 and Ā-3 (unstable)

N(n;−−) = N(n;−+) = 0, N(n; ++) = N(n; ++) = 1
(25)

Case 15: Regions A-2 and Ā-4 (unstable)
This case is similar to Case 14 and all x(0) converge

to (++ · · ·++) by depending the boundary condition
x0(0) = +1.

N(n;−−) = N(n;−+) = 0, N(n; ++) = N(n; ++) = 1
(26)

Cases 16: Regions (A-3, Ā-0)
This is similar to Case 4.
Cases 17-20: (unstable)
Cases 21: This is similar to Case 5.
Cases 22,23,24: (unstable) These are similar to case
10,15,20 respectively.
Case 25: Regions A-4 and Ā-4 (Unstable; see Remark
1)

After all, we summarize the number equilibrium
points as shown in Table 4, where ∗ means unstable
regions.

Ā-0 Ā-1 Ā-1 Ā-3 Ā-4

A-0 2n, 2n, 2n, 2n Case 2 n, n, 1, 1 2,1,1,1 1,1,1,1
A-1 Case 6 Case 7 2n + 3 * *
A-2 1, 1, n, n 2n + 3 1,1,1,1 * *
A-3 1,1,1,2 * * * *
A-4 1,1,1,1 * * * *

Table 4 Number of equilibrium points

5. Conclusion

We gave the number of equilibrium point in each re-
gion for 1-D DBCNN with no input. As seen from Ta-
ble 4 the number of equilibrium points is fairly small.
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Abstract—The authors have recently derived a suffi-
cient condition for one-dimensional cellular neural net-
works to perform connected component detection [1].
However, this condition is expressed as a very complex in-
equality and therefore it is not so easy to check whether
given parameters satisfy the condition or not. In this paper,
we will analyze the inequality in detail and present much
simpler sufficient conditions.

1. Introduction

Let us consider one-dimensional cellular neural net-
works (1-D CNNs) with the antisymmetric template A =
[s, p,−s]. The behavior of such a CNN is described by the
following differential equations:

ẋi = −xi + syi−1 + pyi − syi+1, i = 1, 2, . . . , n (1)

where xi and yi represent the state and output of the i-th
cell, respectively. Relationship between the state xi and the
output yi is expressed with a piecewise-linear function as
follows:

yi = f (xi) �
1
2

(|xi + 1| − |xi − 1|) . (2)

An important application of these 1-D CNNs is con-
nected component detection (CCD). Given a 1-D black-
and-white image, CCD is the task to obtain the output im-
age satisfying 1) the number of black pixels is equal to the
number of blocks of consecutive black pixels in the input
image, 2) the right-most pixel is black unless all pixels are
white, 3) all black pixels are isolated, and 4) there exists ex-
actly one white pixel between two neighboring black pixels
(see Fig.1). Matsumoto et al. [2] showed experimentally
that if a 1-D CNN has the template A = [1, 2,−1] and the
initial state is black-and-white, that is, xi(0) ∈ {−1, 1}, ∀i
then the CNN can perform CCD. Since then the global dy-
namics of 1-D CNNs with the antisymmetric template has
been vigorously studied [3]–[8]. Zou et al. [3] proved,
under the boundary condition: y0(t) = yn+1(t) = 0 for all
t, that a CNN is completely stable if 2s < p − 1 and that
there exist no stable equilibrium point if p − 1 < s. Joy

et al. [4] claimed that CNNs with the same boundary con-
dition are completely stable if s < p − 1 < 2s. However,
as pointed out in [7] and [8], their proof is not complete.
Sandre [7] proved that a CNN with the boundary condition
y0(t) = ξL ∈ {−1, 0, 1} and yn+1 = ξR ∈ [−1, 1] is com-
pletely stable if p − 1 > s × 1.25670414 · · · . This is an
important progress in the history of stability analysis of 1-
D CNNs with the antisymmetric template.

Initial State

Final Output

Initial State

Final Output

Initial State

Final Output

Figure 1: Examples of connected component detection

Recently, the authors [1] have analyzed in detail the
global dynamical behavior of 1-D CNNs described by (1)
and (2) with the Dirichlet boundary condition:

y0(t) = yn+1(t) = −1, ∀t (3)

and shown that such a CNN can perform CCD if the tem-
plate A = [s, p,−s] satisfies

s > (p − 1)/2 > 0 (4)

and

g(p, s) � (2s + p − 1)
1

p−1 {p(p − 1) + s(2s − p − 1)}
− (2s − p + 1)

1
p−1 {p(p − 1) + s(2s − p + 1)} ≥ 0 . (5)

Figure 2 shows two curves expressed by s = p − 1 and
g(p, s) = 0. Since the equation g(p, s) = 0 cannot be solved
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for s analytically, we have solved it numerically by using
the bisection method for each value of p. If we take a look
at Fig.2, we can easily expect that for each value of p the
equation g(p, s) = 0 has a unique solution and therefore for
any point in the region bounded by the two curves satis-
fies (4) and (5). However, this expectation has never been
proved analytically so far.

0

0.5

1

1.5

2

2.5

3

3.5

1 1.5 2 2.5 3 3.5 4

s

p

g(p, s) = 0

s = p − 1

s = (p − 1)/2

Figure 2: Two curves expressed by s = (p − 1)/2 and
g(p, s) = 0.

The purpose of this paper is to study some basic proper-
ties of the function g(p, s) analytically and to derive sim-
pler conditions for 1-D CNNs described by (1) to be able
to perform CCD.

2. Analysis of Function g(p, s)

Proposition 1 If s = (p − 1)/2 then g(p, s) > 0.

Proof: Substituting s = (p − 1)/2 into g(p, s), we have

g(p, (p − 1)/2)

= {2(p − 1)} 1
p−1

{
p(p − 1) +

p − 1
2

(p − 1 − p − 1)

}

= {2(p − 1)} 1
p−1 (p − 1)2

which is positive for all p > 1. �

Proposition 2 If p = 2 then g(p, s) satisfies

g(p, s)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
> 0, if s < 1
= 0, if s = 1
< 0, if s > 1

(6)

Proof: Substituting p = 2 into g(p, s), we have

g(2, s)

= (2s + 1){2 + s(2s − 3)} − (2s − 1){2 + s(2s − 1)}
= (2s + 1)(2s2 − 3s + 2) − (2s − 1)(2s2 − s + 2)

= −4s2 + 4s2 − 4s + 4

= 4(1 − s)

which completes the proof. �

Proposition 3 If p > 2 and s = p − 1 then g(p, s) > 0.

Proof: Substituting s = p − 1 into g(p, s), we have

g(p, p − 1)

= {3(p − 1)} 1
p−1 {p(p − 1) + (p − 1)(2p − 2 − p − 1)}

−(p − 1)
1

p−1 {p(p − 1) + (p − 1)(2p − 2 − p + 1)}
= (p − 1)

p
p−1 {3 1

p−1 (2p − 3) − (2p − 1)}
Since (p − 1)

p
p−1 > 0 for all p > 1, it suffices for us to show

that the function g1(p) defined by

g1(p) � 3
1

p−1 (2p − 3) − (2p − 1) (7)

is positive for all p > 2. Let us first find the value of g1(p)
at p = 2 and p = ∞. Substituting p = 2 into the right-hand
side of (7), we have

g1(2) = 3 · 1 − 3 = 0 . (8)

Letting p go to infinity in the right-hand side of (7), we
have

lim
p→∞ g1(p) = 2 lim

p→∞ p(3
1

p−1 − 1) − 2 .

By applying the De L’Hôpital’s theorem to the first term,
we have

lim
p→∞ p(3

1
p−1 − 1) = lim

p→∞
3

1
p−1 − 1
1/p

= lim
p→∞

(3
1

p−1 − 1)′

(1/p)′

= lim
p→∞(ln 3) · p2

(p − 1)2
· 3 1

p−1

= ln 3 .

Therefore we have

lim
p→∞ g1(p) = 2 ln 3 − 2 ≈ 0.197225 · · · > 0 . (9)

Next, in order to understand the properties of the function
g1(p) further, let us consider the first and second deriva-
tives. The first derivative of g1(p) is given by

dg1(p)
dp

= −(ln 3) · 3
1

p−1

(p − 1)2
· (2p − 3) + 2 · 3 1

p−1 − 2

= 3
1

p−1

{
2 − (ln 3) · (2p − 3)

(p − 1)2

}
− 2 .

Substituting p = 2 into the right-hand side, we have

dg1(p)
dp

∣∣∣∣∣
p=2
= 3(2 − ln 3) − 2 > 0 . (10)

Also, by letting p go to infinity in the right-hand side, we
have

lim
p→∞

dg1(p)
dp

= 0 . (11)

736



The second derivative of g1(p) is given by

d2g1(p)
dp2

= − ln 3 · 3
1

p−1

(p − 1)2
·
{

2 − ln 3 · (2p − 3)
(p − 1)2

}

+3
1

p−1

{
− ln 3 · 2(p − 1)2 − (2p − 3) · 2 · (p − 1)

(p − 1)4

}

=
ln 3 · 3 1

p−1

(p − 1)4
{ln 3 · (2p − 3) − 2(p − 1)} .

from which we have

d2g1(p)
dp2

⎧⎪⎪⎪⎨⎪⎪⎪⎩
< 0, if p < p∗
= 0, if p = p∗
> 0, if p > p∗

(12)

where p∗ is given by

p∗ �
3 ln 3 − 2
2(ln 3 − 1)

≈ 6.57 .

Eq.(12) means that the first derivative dg1(p)/dp is strictly
monotone decreasing for 1 < p < p∗ and strictly monotone
increasing for p > p∗. From this fact together with (11),
we can easily show that

dg1(p)
dp

∣∣∣∣∣
p=p∗
< 0 (13)

holds. To do so, let us assume that (13) does not hold.
Then, since dg1(p)/dp is strictly monotone increasing for
p > p∗, limp→∞ dg1(p)/dp must be positive. However, this
contradicts (11). Furthermore, it follows from (10) and (13)
that there exists p̂ in the interval (2, p∗) such that

dg1(p)
dp

⎧⎪⎪⎪⎨⎪⎪⎪⎩
> 0, if 2 < p < p̂
= 0, if p = p̂
< 0, if p̂ < p

(14)

holds. Now we are ready for proving the proposition. Since
g1(p) is strictly monotone decreasing for p > p∗ and ap-
proaches 0.197225 · · · as p → ∞ (see (9) and (14)), we
can conclude that g1(p) > 0 for p ≥ p∗. Moreover,
since g1(2) = 0, g1(p∗) > 0, and g1(p) is concave for
2 ≤ p ≤ p∗ (see (12)), we can conclude that g1(p) > 0
for all p ∈ (2, p∗]. This completes the proof. �

Proposition 4 If 1 < p < 2 and s = p − 1 then g(p, s) < 0.

Proof: As we have seen in the proof of Proposition 3, it
suffices for us to show that g1(p) is negative for 1 < p < 2.
Since the first derivative of g1(p) is positive at p = 2 (see
(10)) and the second derivative is negative for 1 < p < p∗
(see (12)), g1(p) is monotone increasing for 1 < p < 2.
Since g1(2) = 0, g1(p) is negative for 1 < p < 2. �

Figure 3 shows the graphs of g1(p) and its first and sec-
ond derivatives.
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Figure 3: Graphs of g1(p) (upper) and its derivatives
(lower).

Proposition 5 Let s = a(p − 1) where a > 1/2. Then
limp→∞ g(p, s) ≥ 0 if and only if

h(a) � ln

(
2a + 1
2a − 1

)
· (2a2 − a + 1) − 2a ≥ 0 (15)

Proof: Substituting s = a(p − 1) into g(p, s), we have

g(p, a(p − 1))

= {(2a + 1)(p − 1)} 1
p−1 (p − 1){(2a2 − a + 1)p − 2a2 − a}

−{(2a − 1)(p − 1)} 1
p−1 (p − 1){(2a2 − a + 1)p − 2a2 + a}

= (p − 1)
p

p−1 g2(p)

where

g2(p) = (2a2 − a + 1)
{
(2a + 1)

1
p−1 − (2a − 1)

1
p−1

}
p

− a
{
(2a + 1)

p
p−1 − (2a − 1)

p
p−1

}
.

By using the De L’Hôpital’s theorem, we have

lim
p→∞(2a + 1)

1
p−1 p

= lim
p→∞

(2a + 1)
1

p−1

1/p

= lim
p→∞
− ln(2a + 1) · (2a + 1)

1
p−1 /(p − 1)2

−1/p2

= ln(2a + 1) . (16)
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Figure 4: Graph of h(a).

Similarly we have

lim
p→∞(2a − 1)

1
p−1 = ln(2a − 1) . (17)

Letting p go to infinity in g2(p) and substituting (16) and
(17), we have

lim
p→∞ g2(p) = (2a2 − a + 1)(ln(2a + 1) − ln(2a − 1)) − 2a

which is nonnegative if and only if (15) holds. �
Figure 4 shows the graph of h(a). Although we have

not proved analytically, it is expected from the figure that
h(a) is monotone decreasing and has a unique zero a∗. By
solving the equation h(a) = 0 numerically, we have

a∗ = 1.1755715 · · · .

3. Simpler Sufficient Conditions for CCD

From Propositions 2 and 3, we can obtain simpler suffi-
cient conditions for 1-D CNNs to perform CCD as follows:

Theorem 1 A 1-D CNN described by (1)–(4) can perform
CCD if one of the following conditions is satisfied.

1) p = 2 and 0.5 < s ≤ 1.

2) p > 2 and s = p − 1.

Also, it follows from Proposition 1 that if s − (p − 2)/2
is sufficiently small then the 1-D CNN can perform CCD.
Furthermore, it follows from Proposition 5 that if p is suf-
ficiently large and (p − 2)/2 < s < (p − 1) × 1.1755715 · · ·
then the 1-D CNN can perform CCD.

Although it was not proved in this paper, the authors
expect that g(p, s) has no zero in the region defined by
{(p, s) | p ≥ 2, (p − 1)/2 < s ≤ p − 1}. This expectation
has already been verified numerically, as shown in Fig.1.
We finally present this expectation as a conjecture.

Conjecture 1 A 1-D CNN described by (1)–(4) can per-
form CCD if the template satisfies p ≥ 2 and (p − 1)/2 <
s ≤ p − 1.

4. Concluding Remarks

We have clarified some important properties of the func-
tion g(p, s), and derived much simpler sufficient conditions
for 1-D CNNs to perform CCD. However, there still exist
some problems to solve. In particular, to make clear the va-
lidity of Conjecture 1 is one of the future problems. Also,
since we have considered so far only the case where the
initial image is binary, to extend the results to the case of
non-binary initial image is another future problem.
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Abstract—In this paper a second order nonlinear sys-
tem which is inspired by a VLSI oriented continuous-time
cellular neural network cell model has been studied. By
taking a one-dimensional CNN consisting of the system,
travelling waves are obtained. The results have been illus-
trated with computer simulations using raster plot.

1. Introduction

Over the past few decades, spatio-temporal pattern for-
mation has been actively studied both theoretically and ex-
perimentally [5, 12, 3]. As a result of these active studies,
today spatio-temporal dynamics are became a tool to solve
complex engineering problems such as real-time robot nav-
igation [1] and image processing problems[7].

The Cellular Neural Networks (CNNs) framework pro-
vides a very useful methodology for studying spatio-
temporal pattern formation [2, 10, 4, 9, 6]. Recently,
spatial-temporal phenomena on CNNs have been experi-
mentally verified on the CACE1k (Complex Analogic Cel-
lular Engine) chip [3] which is a VLSI implementation of
a two layer CNN with Full-range CNN model. This proto-
type chip contains 32 × 32 identical cells and it is a two
layers Analogic Cellular Engine (ACE) chips which are
designed based on CNN-Universal Machine (CNN-UM)
architecture [11]. More recently experimental observa-
tions of spatio-temporal pattern phenomena on an ACE16k
(which has an array of 128× 128 identical cells on a single
layer) chip has been reported by Yalçın et al. in [12] and
[13].

In this work, we will study a second order cell model
which is inspired by analog Full-range CNN cell. First
order of full-range CNN cell model is used in VLSI im-
plementation of CNN. New cell model can be thought as a
square wave generator. Here we examine the behaviour of a
one-dimensional CNN consisting of identical square wave
generator cells with diffusive coupling. Simulations show
that this network can generate travelling waves and char-
acteristic of waves can be changed with coupling weights.
Furthermore simulations show that the network can be syn-
chronized and stabilized.

This paper is organized as follows. Section 2 briefly de-

scribes the new cell model. Section 3 presents pattern for-
mation on a one-dimensional CNN consisting of the new
model.

2. A new cell model: square wave generator

The cell dynamic of VLSI oriented continuous-time
CNN [8] can be described by the following mathematical
model

ẋ = −g(x) + I (1)

where x state variable, g(x) is the nonlinearity of the cell
which is given in Figure 1 and I is the synaptic law [4].
The nonlinearity can be implemented using two diodes and
a reference level [8]. The synaptic law defines the coupling
between the cells. Here we consider a second-order cell
based on model (1). The cell dynamic of an uncoupled cell
is described by the state equations

ẋ = ax + by − g(x)
ẏ = cx + dy (2)

where a, b, c, d ∈ R and x, y ∈ R are state variables.

g(x)

−1

1

x

m

m

Figure 1: The nonlinear function for g(x).

Figure 2 shows the limit cycle of the system (2) using
the parameters are a = 3, b = −4, c = 0.1, d = −0.1, and
m = 100. It does appear qualitatively square wave. The
temporal evolution of both variables are shown in Figure 3.
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Figure 3: The temporal evolution of the state variables x
and y.

3. 1-D array of square wave generator cells

In this work we present spatio-temporal dynamics of lo-
cally coupled 128 square wave generator cells. The cells
dynamics are described by

ẋi = axi + byi − g(xi) + λ−xi−1
+ λ0 xi + λ+xi+1

ẏi = cxi + dyi

(3)

where i = 1, 2, ..., 128 denotes the index of the cell. Each
cell is connected with the neighbour cells. We impose the
boundary conditions x0 = x128 and x129 = x1. In order
to observe spatio-temporal dynamics behaviour we use a
raster plot. When the x state variable value of a cell is
greater or equal than 1 the cell is coded with black dot in the
raster plot. When the x state variable value of a cell is less
or equal than 1 the cell is coded with white dot. Between
the 1 and −1 the cell is coded with a gray level. Figure 4
shows how the cell is shown in raster plot for a given tem-
poral evolution of x state variable.

Here the equations (3) were simulated using Runge
Kunta 4 order of integration method taking a time step
equal to 0.01. Raster plots of the system (3) are demon-
strated spatio-temporal sequences between the iteration
steps 500000 and 505500. Figure 5 shows the raster plot
of uncoupled 128 cells of the system (2) ( equal to the sys-
tem (3) with λ− = 0, λ = 0 and λ+ = 0). We start to present
stable patterns which are result of stability of the cells. For

t

x(t)1−1

Figure 4: Raster plot (right) of a cell for a given temporal
evolution (left).

Figure 5: Raster plot of the system 3 with λ− = 0, λ = 0
and λ+ = 0. Y-axis shows the cell number and X-axis is
time.

λ0 = 0 and λ−, λ+ ≤ 0.5 one can obtained stable patterns.
Figure 6 (a) shows a stable pattern obtained for λ− = −1,
λ = 0 and λ+ = −1. These type of patterns do not include
any temporal change. Figure 6(b) shows a raster plot of the
system 3 with λ− = 1, λ+ = 1λ0 = −2. This pattern is a
result of complete synchronization [13].

Figure 7 shows the obtained travelling waves. The di-
rection of propagation of waves can be controlled by the
coupling weight (see Figure 7 (a) and (b)) and also width
of the waves can be adjusted by the coupling weight. The
direction of propagation of the waves in Figures 7 (a) and
(c) are the same but the wave in Figure 7 (c) is widther than
Figure 7 (a) which is obtained by increasing only the value
of λ−.

The most interestingly, the array for λ0 = 0, λ− = .1 and
λ+ = .1 generates travelling waves which are propagated
from the corners of the array. The waves in Figure 8 show
the fundamental properties of autowaves: two waves that
are spreading in opposite directions do not pass each other
but mutually annihilate.

A chessboard-type pattern has been also obtained form
the array. Figure 9 shows the obtained patterns. Time
waveforms of the first four state variables (xi, i = 1, 2, 3, 4)
of the array are given in Figure 10. Temporal evolution of
the pattern can be controlled by the coupling weight. When
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(a)

(b)

Figure 6: Raster plots of the system 3 with coupling
weights (a) λ− = −1, λ = 0, λ+ = −1 and (b) λ− = 1, λ+ =
1λ0 = −2 shows a stable pattern and a pattern which is a
result of synchronization, respectively.

the coupling weight λ− is decreased, frequency of temporal
behaviour is increased (see Figure 9(b)).

4. Conclusions

In this work we have studied the behaviour of a one-
dimensional CNN consisting of identical 128 square wave
generator cells with diffusive coupling. Travelling waves
has been obtained on the network. Furthermore we have
observed complete synchronization on the network.
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Abstract—In this paper, Stochastic Coupled Local Minimizers
(SCLMs) are presented for global optimization of smooth cost
functions. This extends the deterministic coupled local minim-
izers (CLMs) whose best performing elements impose their dy-
namics to others by means of master–slave synchronization.The
elements of the CLM network are excited by Gaussian white
noise. An adaptive cooling schedule that effectively decouples
the noise sources from the network when a solution candidateis
agreed among all CLMs is proposed. Examples are given to illus-
trate the proposed scheme.

1. Introduction

In many optimization problems, global exploration of
the search space is required. However, an intelligent way
of exploration is needed, since exhaustive searches are usu-
ally too expensive for applications of interest. Many pop-
ular methods for global optimization incorporate random-
ness to achieve global exploration of the search space either
in assigning new candidate solutions randomly (e.g. sim-
ulated annealing algorithms [1], genetic algorithms [2]) or
starting from multiple random solutions with a prior distri-
bution of initial candidates. Exhaustive search is avoided
by decreasing the randomness gradually (i.e.cooling in
simulated annealers, decreasingmutation ratein genetic
algorithms), and combining good candidates of solutions
such ascrossoveroperations in genetic algorithms. Satis-
factory exploration of the search space can be done with
processes running in parallel, and the best solutions of the
parallel running processes are the most likely candidates of
the global optima.

Recently, Suykenset al. proposed a new scheme which
depends on coupling of local optimization processes in or-
der to achieve global optimization of smooth functions,
and showed that this approach performs better than con-
ventional multi–start local optimizations consisting of in-
dependent runs [3, 4]. The optimization is done by con-
sidering the augmented Lagrangian in terms of the aver-
age ensemble energy of the individual local minimizers,
and the hard and soft constraints of the synchronization.
This augmented Lagrangian leads to a set of coupled Lag-
range programming networks [5] which exchange inform-
ation via the coupling. The coupling strength and learning
rates of the Coupled Local Minimizers (CLM) are adapted
to achieve maximal decrease in the cost, which leads to co-
operative behavior. The approach has been tested e.g. with

the optimization of Lennard-Jones Clusters, and supervised
training of neural networks [3], and the CLM scheme is
well suited to a large family of continuous optimization
problems.

If all CLMs happen to be at the basin of a local minimum
initially, the optimizations might end up in the associated
local minimum in some cases, resulting in poor explora-
tion of the search space. Previously, chaotic signals have
been proposed as inputs to CLMs in order to improve per-
formance in such situations [6]. In this paper, the injection
of white Gaussian noise to several elements of the CLM
network has been proposed to improve the overall optimiz-
ation performance.

We also propose acooling schemefor changing the noise
amplitude, by letting it to be constant and proportional
to the energy of the costates of the Lagrangian network
(i.e. Lagrange multipliers of the augmented Lagrangian)
between the epochs of coupling adaptations of the system.
The costates contain information about the pairwise syn-
chronization errors. When the network is away from syn-
chronization, the energy of the costate vector is large and
the elements excited by Gaussian white noise are free to
explore the search space. When the network tends to syn-
chronize, the noise amplitude is decreased when the energy
of the costates decreases.

This paper is organized as follows. In Section 2 the de-
terministic CLM approach to global optimization problem
is revisited. The stochastic CLMs excited with Gaussian
white noise are presented in the Section 3. In Section 4
the numerical scheme is given followed by two examples
to illustrate the usefulness of the proposed scheme.

2. Deterministic Coupled Local Minimizers

2.1. Basic Formulation

The minimization problem of a twice differentiable func-
tion, U : R

n → R is recast into following form whenq
local minimizers with statesx(i) ∈ R

n, i = 1, . . . , q are con-
sidered [3],

min
x(i)∈Rn

q
∑

i=1

U(x(i)), subject tox(i) − x(i+1) = 0, i = 1, . . . ,q (1)

with boundary conditionsx(0) = x(q), x(q+1) = x(1). The
associated augmented Lagrangian of the problem (1), with
soft and hard constraints for the pairwise synchronization
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of each local minimizer, is then

L(x(i), λ(i)) =
η

q

q
∑

i=1

U(x(i))+
1
2

q
∑

i=1

γi

∥

∥

∥x(i) − x(i+1)
∥

∥

∥

2
2
+

q
∑

i=1

〈

λ(i), x(i) − x(i+1)
〉

(2)

whereλ(i) ∈ R
n, i = 1, 2, . . . , q are the Lagrange multipliers

andγi are the weights for soft constraints [3]. The Lag-
range programming network [5] for optimization w.r.t. this
Lagrangian forms the following CLM network

ẋ(i) = −η
q
∇x(i) U(x(i)) + γi−1

(

x(i−1) − x(i)
)

− γi

(

x(i) − x(i+1)
)

+ λ(i−1) − λ(i)

λ̇(i) = x(i) − x(i+1), i = 1, 2, . . . ,q
(3)

whereη > 0 is the learning rate.

2.2. Optimal Cooperative Behavior

To ensure optimal cooperative behavior of the CLMs, the
coupling weights are adapted at each time intervalk∆T ≤
t < (k+ 1)∆T, k = 0, 1, . . . by solving the linear program

min
γ∈Rq

q
∑

i=1

dU(x(i))
dt

∣

∣

∣

∣

∣

∣

∣

x,λ

subject toγ ≤ γi ≤ γ (4)

whereγ = {γ1, γ2, . . . , γq}T , γ and γ are user specified
upper and lower bounds, respectively [3]. The coupling
weights are kept constant in between intervals. At each
interval, the step sizeη is determined by

η = q
∑

i

〈

∂U(x(i))/∂x(i),h
〉

+ qα
∑

i

U(x(i))/(
∑

i

〈

∂U(x(i))/∂x(i), ∂U(x(i))/∂x(i)
〉

(5)

whereh , γi−1

(

x(i−1) − x(i)
)

− γi

(

x(i) − x(i+1)
)

+ λ(i−1) − λ(i)

to impose exponential decrease of the cost function.α is
a positive constant andη is also subject to additional user
defined constraintsη ≤ η ≤ η. U(·) is assumed to be pos-
itive everywhere (if not one adds a constant value to the
cost to guarantee this). The difference between the coup-
ling constantsγi results in master–slave type synchroniz-
ation dynamics, hence the successful local optimizers im-
pose their dynamics on the others.

Note that only pairwise synchronization constraints are
considered in (3). The possibility of more complex inter-
actions and use of inequality constraints instead of equality
constraints are also discussed in [4]. It has been shown that
given the initial distribution of the states, the CLMs provide
good optimization performance at roughlyq times the com-
putational cost of standard gradient descent based methods.
However, if the initial distribution of the states are such that
all states are contained in a basin of a local minimum, the
network may converge to the local minimum, without ex-
ploring the search space for the other possibilities. This
problem can be solved by applying white noise as inputs
into some of the local optimizers. In this case, some of the
local optimizers are continuous–time stochastic annealers
instead of Lagrange programming networks.

3. Stochastic Coupled Local Minimizers

3.1. Excitation of CLMs with Gaussian white noise

The evolution equations for the CLMs with Gaussian
white noise proposed in this paper is given by the following
set of stochastic differential equations

dx(i) = −η
q
∇x(i)U(x(i)) dt + γi−1

(

x(i−1) − x(i)
)

dt

− γi

(

x(i) − x(i+1)
)

dt + (λ(i−1) − λ(i)) dt

+G(i)(t, x(i), λ(i)) dw(i)

dλ(i) = (x(i) − x(i+1)) dt, i = 1,2, . . . ,q

(6)

where w(i) = (ω(i)
1 , ω

(i)
2 , . . . , ω

(i)
n )T are n-dimensional

Wiener processes, withω(i)
k , k = 1, . . . , n are inde-

pendent 1–dimensional Wiener processes. Although the
Wiener processes are nowhere differentiable, dw/ dt can
be considered as the white noise for notational purposes.
G(i) : R

+ × R
2n → R

n×n are the noise coupling matrices.
Note that, if ∂G( j)/∂x(i) = ∂G( j)/∂λ(i) = 0, j ∈ J ⊂
{1, 2, · · · , q}, i = 1, 2, ...q, andG(i)(·) = 0, i < J whereJ
is the index set of stochastic cells, then the individual local
optimizers without coupling take the form,

dx( j)(t) = −η
q
∇x( j)U(x( j)(t)) dt +G( j)(t) dw( j), j ∈ J (7)

which are considered to be continuous–time annealing pro-
cesses with a suitable choice ofcoolingasG( j)(t) → 0 as
t → ∞. If G( j)(t) are diagonal andG( j)

k k(t) = C/ log(t), k =
1, . . . , n with constantC depending only onU(·), the prob-
ability distribution of the states is known to be convergent
with probability one and is concentrated on the global op-
tima of U(·) as t → ∞ [7, 8]. However, since the optima
are achieved only ast → ∞, the ability of such processes
in real world problems might be limited.

3.2. Determination of the Noise Coupling Matrix

The combination of continuous–time annealers with the
deterministic local minimizers results in better exploration
of the search space together with above mentioned advant-
ages of CLMs, if the cooling schedule is selected properly.
Initially, the noise amplitude must be large and the dynam-
ics have to be dominated by noise to let the elements of the
network be excited by the white Gaussian noise exploring
the search space almost independent of other elements. An
obvious choice is to use the same cooling schedules as in
continuous–time simulated annealing algorithms [9]. How-
ever, when the group dynamics tend to a candidate min-
imum in average, the exploration of the noisy cells has to
be canceled. The whole network tends to minimize the av-
erage cost and keeping individual CLMs together because
of the synchronization constraints. A minimum is achieved
when all local minimizers agree (i.e. synchronization con-
straints are satisfied) and the noise amplitude is zero.

The required information for this is already contained in
the costateλ. Definingu(i)(k) , λ(i) ((k− 1)∆T)−λ(i) (k∆T)
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ande(i)
j , x(i)

j − x(i+1)
j , i = 1, 2, . . . , q, j = 1, 2, . . . , n and

k = 0, 1, . . . ,
q
∑

i=1

〈

u(i)(k),u(i)(k)
〉

=

q
∑

i=1

∫ k∆T

(k−1)∆T
e(i)T (t) dt ·

∫ k∆T

(k−1)∆T
e(i)(t) dt. (8)

By the mean value theorem one has,
∫ k∆T

(k−1)∆T
e(i)

j (t) dt =

∆Te(i)
j (t j), t j ∈ [(k− 1)∆T, k∆T). Hence,

1
qn

q
∑

i=1

〈

u(i)(k),u(i)(k)
〉

=
∆T
qn

q
∑

i=1

n
∑

j=1

e(i)2

j (t j). (9)

If ∆T is sufficiently small, the right hand side of Eq. (9)
can be viewed as the average energy of the synchronization
error, which tends to zero if all CLMs agree on a solu-
tion candidate. The noise is effectively decoupled from
the system when all the local optimizers tend to agree on
a solution, by making use of this and specifically select-
ing the noise coupling matrices constant in the interval as
k∆T ≤ t < (k+ 1)∆T, k = 0, 1, . . .

G( j)
r p(k) = δr,s

T
nq

q
∑

i=1

〈

u(i)(k),u(i)(k)
〉

, s∈ N ⊂ {1,2...,n}, (10)

whereδr,p is the Kronecker delta,T > 0. G( j)
r p represents

the noise gain of thepth white noise source, coupled tor th–
state of thejth stochastic cell andN is an index set of states,
with r, p = 1, . . . , n, i, j = 1, . . . , q.

For complex problems,T can be changed with time to
improve global exploration of the search space, e.g. let-
ting T (k) = µkT0, T0 > 0, and 0< µ ≤ 1. If the states
of the optimizers are not close to each other initially, the
noise amplitude is large, hence, even if all optimizers are
in the same basin of a local minimum, the system has a
chance to explore other possible locations. The adjust-
ments to the coupling weights and the learning rate are
made as in the deterministic CLM case at each interval.
If the stochastic cells happen to be near an optimum that is
better than the deterministic cells the network behavior is
attracted towards the behavior of the stochastic cells. An
overall effect of cooperation that is taking place between
the stochastic cells that are trying to explore the space and
the deterministic cells that are trying to keep synchronized
results in exploration of the search space while allowing
localized searches.

4. Numerical Considerations and Proposed Algorithm

4.1. Numerical Aspects

It is important to note that, classical numerical ODE
solving schemes fail for the stochastic differential equa-
tions (SDE) as in Eq. (6) because of the additional dif-
fusion term due to the noise [10]. Many efficient numerical
schemes has been introduced to solve SDEs. In the sequel,
the basic Euler–Maruyama scheme, i.e.

xk+1 = xk + f (tk, xk)Rdt+
√

dtg(tk, xk)
R−1
∑

i=0

ωi , x0 = x(0) (11)

has been used for simulation of SDEs of the form dx =
f (t, x) dt + g(t, x) dw, wheredt > 0, tk , kRdt, xk ,

x(kRdt), R ∈ N
+ andωi are Gaussian increments with zero

mean and unit variance (i.e.ωi ∼ N(0, 1) whereN(m, s)
is the Gaussian density with meanm and variances). This
scheme is chosen since it is easier to implement for high di-
mensional systems despite the fact that it is slow compared
to more advanced schemes [11].

4.2. Stochastic CLM Algorithm

The overall algorithm that is proposed for global optim-
ization is the following
Stochastic CLM Algorithm:

1. Initialization: Determineq, R, dt, ∆T, Tmax, x(i)
0 , λ(i)

0 , T0,J ,
N , γi(0), η(0), α, γ, γ, η, η, ǫ, xj and xj , i = 1, ...,q and

j = 1, ...,n and calculateG(i)
r p(0) using Eq. (10).

2. Optimization: For 0≤ k ≤ kmax

(a) Simulate Eq. (6) fork∆T ≤ t < (k + 1)∆T using the
Euler–Maruyama scheme,

(b) If
∥

∥

∥x(i)
k − x(i)

k−1

∥

∥

∥ ≤ ǫ, ∀i, then END.

(c) Clip the solutionsxj ≤ x(i)
j ≤ xj , to limit the search

domain.

(d) Adaptation : Calculateγi(k + 1) by solving (4),η(k)
using (5), andG(i)

r,p(k+ 1) using (10),

(e) Repeat (a)–(d) until convergence, or (k+ 1)∆T = tmax

Note that the output can be obtained from the cells which
are not excited with noise for high accuracy.

5. Illustrative Examples

The following examples are chosen from [3] in order to
illustrate the usefulness and improvement over determin-
istic CLMs.

5.1. Example 1 : Double potential well

Consider the functionU(x) = x4 − 16x2 + 5x + 100. The
actual global minimum is located atx = −2.9035, and the
function has another local minimum atx = 2.7468. Sim-
ulations for the deterministic CLM are done by choosing
q = 3, ∆T = 0.2, γ = 0.2, γi(0) = 1, i = 1, 2, 3, γ = 2,

α = 1, η = 1, R = 8, dt = 2 × 10−3, ǫ = 10−3. The
initial conditions are chosen randomly. When all the ini-
tial conditions are larger thanx = 0.1567, the determin-
istic CLM network converges to the local minimum. The
stochastic CLM is simulated by settingT0 = 500,µ = 0.99
andJ = {1}. For a typical run, the states, the cost values
during the evaluation and the noise gainG(1) are shown in
Fig. 1(a), (b) and (c), respectively. It can be seen that the
deterministic cells (i.e.{2, 3}) synchronize at the local min-
imum, the stochastic cell performs exploration since the
noise amplitude is not zero. Even when the global min-
imum is reached by the deterministic cells, the stochastic
cell continues to explore the space due to the high noise
gain, until all cells agree on the solution. Then, the noise
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Figure 1:(a) The evaluation of the statesx(i)(t) for Example 1, (b) The cost valuesU(x(i)(t)), (c) The noise gainG(1)(t) for the stochastic cell.

amplitude goes to zero, effectively decoupling the noise
from the system. For this illustrative example, thousand
runs with the initial conditions distributed randomly in the
interval [−5, 5], has been performed for both deterministic
CLM (T0 = 0) and SCLM (T0 = 500, µ = 0.99). The
deterministic CLM could achieve the global minimum the
at 526 of the runs. The SCLMs converged to the global
minimum in 640 of the runs, indicating a clear improve-
ment. Note that only the state of the network at the final
time is considered. The performance could be improved
further easily by adding more deterministic and stochastic
cells in the network.
5.2. Example 2

The cost function

U(x) =
a
2n

n
∑

i=1

x2
i + 8n− 4n

















n
∏

i=1

cos(β1xi ) +
n
∏

i=1

cos(β2xi )

















(12)

wherex = (x1x2 · · · xn)T , a = 0.01, β1 = 0.2 andβ2 = 1
has been optimized in the domain [−20, 20]n for n = 50.
The minimum is known to be located atU(0)=0. Note
that Eq. (12) has many local minima that are close to each
other and have almost the same cost, hence the conven-
tional gradient descent or line search based optimization
methods fail, even with multiple starts. The simulation
parameters are selected asq = 25,J = {1, 6, 11, 16, 21},
N = {50}, ∆T = 0.4, γ = 0.1, γ0 = 1 γ = 10, α = 1,

η = 10−3, η0 = 1, η = 103, R = 8, dt = 10−3, ǫ = 10−4,

T0 = 105, µ = 0.99. The SCLM algorithm converged to
the global minimum in 433 epochs with in the given accur-
acy while deterministic CLM failed to achieve the global
minimum with the same settings.

6. Conclusions

In this paper, we have presented stochastic CLMs for
global optimization of smooth cost functions. A cooling
schedule that depends on the average costate energy has
been proposed. It allows global exploration of the search
space, and automatic termination of the cooling when a

solution candidate is agreed among the stochastic CLM
network. It effectively combines advantages of the determ-
inistic CLM schemes with the continuous–time diffusion
processes for global optimization of smooth functions.
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Abstract—Electrical coupling has been discovered ex-
tensively between same type interneurons in the brain.
They are also coupled by inhibitory chemical synapses.
However, firing property of single cell and the relationship
between collective activity in interneuronal circuits and dif-
ferent functions of their coupling have not been revealed
perfectly. To clarify above problems, we investigate bifur-
cation phenomena in coupled neuron models which show
two excitabilities, Type I and Type II, and compare syn-
chronous activities between two cases. As a result, we
show in- and anti-phase solutions and complex behavior
by the interaction of two different couplings in each sys-
tem. We also show that coupled Type II neurons can easily
synchronize than Type I but they are greatly affected by the
inhibitory connection.

1. Introduction

Electrical coupling has been discovered extensively be-
tween same type interneurons in the neocortex, hippocam-
pus, thalamus, and so on [1]. Moreover, they are of-
ten coupled by bi-directional or uni-directional inhibitory
synapses, and exhibit rich phenomena by the effects of
these couplings. The interplay of two different functions,
voltage dependency and short-term plasticity, can develop
advanced information processing in the cortical network.
However, the relationship between the collective activity
of interneurons and different functions of their coupling
has not been revealed perfectly. In addition, many types
of interneuron exist in the brain, and they show different
activities. Detailed classification of such interneurons and
the firing property of individual type, e.g., fast-spiking (FS)
interneuron, have remained unclear.

The goal of our study is to clarify the influence on
“system-level” dynamics resulting from the difference of
firing property of single cell and the relationship between
synchronous activities in interneurons and the effects of
two different functional synapses. In this paper, we firstly

adopt a single neuron model, two-dimensional Hindmarsh-
Rose (2DHR) type model, with two types of spike gen-
eration mechanism, Type I and Type II. By using the bi-
furcation theory, we investigate synchronous activities in
coupled neurons interconnected by electrical and inhibitory
synapses, and thereafter identify parameter regions exhibit-
ing various synchronous oscillations. We also compare the
difference of synchrony between coupled Type I neurons
and coupled Type II neurons. From these results, Type II
neurons can easily synchronize than Type I neurons. The
effect of inhibitory synapse is remarkably different between
each type due to the difference of the excitability, espe-
cially, Type II neuron is greatly affected by the inhibitory
connection, although electrical synapse enhances the in-
phase oscillation in both types.

Finally, we examine spatio-temporal behavior in the
large scale network which consists of homogeneous 2DHR
type neuron models interconnected by electrical and in-
hibitory synapses. In the parameter region of two coupling
coefficients, spatio-temporal complex behavior, irregular
switching between synchronous and asynchronous oscilla-
tions, are observed extensively. They also coexist with syn-
chronous firing in both networks. The firing frequency in
the network of each type is obviously different, and hence
each network might have a different functional role in local
interneuronal networks.

z1 z2

ggap

Neuron-1 (x1 , y1) Neuron-2 (x2 , y2)

gsyn

gsyn

Figure 1: Schematic diagram of coupled neurons connected
by both electrical and bi-directional inhibitory synapses.
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Figure 2: Bifurcation diagrams of limit cycles in the gsyn-ggap plane.

2. 2DHR-type neuron model

To investigate synchronization phenomena in cou-
pled system interconnected by electrical and inhibitory
synapses, we firstly consider a simple neuron model de-
scribed as follows[2]:

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

dx
dt

= c

(
x − x3

3
− y + z

)

dy
dt

=
x2 + dx − by + a

c

(1)

where x and y denote the cell membrane potential and a
recovery variable, respectively. z represents the external
stimulus. This model is equivalent to the two-dimensional
Hindmarsh-Rose model[3], if we consider the substitution
of state variable, y �→ −y.

It is well known that 2DHR-type neuron model shows
two kinds of excitability[4], Type I and Type II excitabil-
ity associated with saddle-node and Hopf bifurcations, re-
spectively. In fact, this model shows both excitability by
setting certain parameter sets[2]. Hence, this model has the
possibility to be able to represent the excitability of some
neurons. However, which excitability does FS interneu-
ron, common type interneuron coupled by both electrical
and inhibitory chemical synapses, exhibit? This question
has remained elusive. In recent theoretical studies[5, 6],
they adopted the model which shows Type I excitability,
but some experimental studies suggest that FS interneuron
exhibits Type II excitability[7]. Therefore, in the follow-
ing section, we adopt both excitabilities and compare syn-
chronous phenomena in each case.

3. Bifurcations in inhibitory 2DHR-type neurons cou-
pled by gap-junction

In this section, we investigate bifurcation phenomena
in a fundamental system that two neurons are intercon-
nected by electrical and bi-directional inhibitory synapses
as shown in Fig.1.

The equations are
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1 = c1(x1 − x1
3/3 − y1 + z1

+ggap(x2 − x1) + gsyns1(xsyn − x1))

ẏ1 = (x1
2 + d1x1 − b1y1 + a1)/c1

ṡ1 = α(1 − s1)/(1 + exp(−x2/0.1)) − βs1

ẋ2 = c2(x2 − x2
3/3 − y2 + z2

+ggap(x1 − x2) + gsyns2(xsyn − x2))

ẏ2 = (x2
2 + d2x2 − b2y2 + a2)/c2

ṡ2 = α(1 − s2)/(1 + exp(−x1/0.1)) − βs2

(2)

where ggap and gsyn are the maximal electrical and synap-
tic conductances, respectively. For the inhibitory synap-
tic transmission, we adopt the first-order kinetics equation,
s1,2, with a sigmoidal function. Although this model is not
equipped with biophysically meaning, we can qualitatively
investigate various synchronous phenomena and the effects
generated by some important parameters in coupled sys-
tem, e.g., the effects of the intensity of each coupling or the
variation of firing frequency derived from the decay time
constant of synaptic transmission.

Here, we suppose that both single neurons have the
same internal parameters, i.e., they exhibit the same exci-
tatory type. We use two parameter sets, a1 = a2 = 0.42,
b1 = b2 = 1.0, c1 = c2 = 3.0, d1 = d2 = 1.8 and
a1 = a2 = 0.88, b1 = b2 = 1.0, c1 = c2 = 3.0,
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Figure 3: Wave forms in Fig.2 (a) and (b).

d1 = d2 = 2.2, as each neuron shows the Type I and Type II
excitability, respectively[2]. Additionally, we assume that
the same constant current z1 = z2 = 0.5 (for coupled Type I
neurons) and z1 = z2 = 0.384 (for coupled Type II neurons)
is injected to the individual neurons in each case. This situ-
ation indicates that the isolated individual neurons show the
firing state with same frequency (≈ 35[Hz]) in both cases.
The synaptic reversal potential is set to xsyn = −2.5 (for
Type I neuron) and −2.2 (for Type II neuron) less than the
resting potential of each type, and the rise and decay time
constants are set to α = 1.0 and β = 0.05, respectively.

To investigate the interaction between two coupling co-
efficients in coupled Type I neurons and coupled Type II
neurons, we compute the bifurcation diagrams in the gsyn-
ggap plane of each case as shown in Fig.2. In these bifurca-
tion diagrams, Gi, Ii and Pfi represent the tangent, period-
doubling and pitchfork bifurcations, respectively. i is a
nominal number. Sin and Santi indicates the region where
the stable in-phase and anti-phase solutions exist, respec-
tively. In coupled Type I neurons, by the effect of gap-
junction, an in-phase solution (Fig.3-(a)) exists extensively
in this diagram. However, the inhibitory coupling destabi-
lizes the in-phase solution via period-doubling bifurcation
I2, but its effect is decreased by increasing the intensity of
the electrical coupling. On the other hand, the anti-phase
solution (Fig.3-(b)) is generated by both gap-junction and
inhibitory synapses. The region exhibiting the anti-phase

solution is shrank by increasing the parameter ggap. More-
over, in the right-side region than G4 curve, odd firing so-
lutions (Fig.3-(c)) generated by strong inhibitory coupling
exist, independent of the intensity of the electrical cou-
pling. Although two neurons are connected by fully and
symmetrically coupling and have the same internal param-
eters, the in-phase and anti-phase solutions are destabilized
by each pitchfork bifurcation Pf1 and Pf2, and then two sets
of solutions located at a symmetrical position occur simul-
taneously. Additionally, they change to chaotic phenomena
(e.g., Fig.3-(d)) via a period-doubling cascade, but such re-
gions are very small.

In coupled Type II neurons, in-phase solution (Fig.3-(a))
widely exists in the diagram than the case of Type I. The
anti-phase solution (Fig.3-(b)) exists in very small region
(weakly electrical and inhibitory coupling), and this solu-
tion is always coexistent with the in-phase solution. There-
fore, Type II neurons can easily synchronize than Type I
neurons. Odd firing solutions (Fig.3-(c)) exist in the area
enclosed by bifurcation curves G4 and I4, and greatly af-
fect the interaction of two coupling. The in-phase solu-
tion is destabilized via period-doubling bifurcation I5, I6,
and I7. Moreover, this solution also destabilized via the
sets of bifurcation curves, G1 and I1, and G2 and I2, and
chaotic synchronization (Fig.3-(d)) exist in two regions en-
closed by each set. The coupling coefficient of electrical
synapse does not influence the form of these curves. In
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other words, these bifurcations exist in the reduced system,
self-inhibitory Type II neuron. Therefore, Type II neuron
shows chaotic phenomena only by the self-inhibitory input,
although Type I neuron does not.

Finally, we study the dynamical behavior in large scale
network of same type neurons interconnected by electrical
and inhibitory synapses. This system is two-dimensionally
lined up with four neighbors coupling (50 × 50 neurons).
In this paper, however, we show relative spike timing
and phase (φ) histograms in neighboring 10 pairs (Fig.4).
In both of Type I network and Type II network, spatio-
temporal complex behavior are widely observed in the pa-
rameter region of two coupling coefficients when the ini-
tial states of each neuron are chosen randomly (data not
shown), but the 2DHR-type neurons connected by only
weakly gap-junction show a relaxed in-phase synchrony.
These network, however, can enhance synchrony by in-
creasing the coupling coefficient of gap-junction. More-
over, Type II neurons obviously show a high degree of syn-
chronous activity than Type I neurons. Inhibitory coupling
decreases the degree of synchrony φ = 0.0 and enhances
asynchrony toward φ = ±0.5, but sharpens synchrony than
only weak gap-junctional coupling. Such a bistability is
observed in coupled real interneurons, and these network
may play a important role to generate and disrupt the cor-
tical representation by irregular switching between syn-
chronous and asynchronous (antisynchronous) firings.

4. Conclusions

We investigate bifurcation phenomena in coupled Type I
neurons and coupled Type II neurons interconnected by in-
hibitory and the electrical coupling, and clarify that many
firing patterns, including both the in-phase and anti-phase
solutions, are generated by the interaction of each cou-
pling. Coupled Type II neurons can synchronize than cou-
pled Type I neurons, but show various firing patterns only
by changing the inhibitory synapse, e.g., chaotic synchro-
nization. In the large scale network of each type, the
complex spatio-temporal dynamics, irregular switching the
synchronous and asynchronous firing, are observed exten-
sively in the parameter sets of two coupling coefficients.
From these results, gap-junctional coupling can produce
partially synchronous firing via the propagation of sub-
threshold oscillations, while this coupling can also promote
the effect of inhibition when inputs from neighbor cells
have a certain time lag. Hence, this network may be able to
switch between synchronous and asynchronous firing due
to the input from other network, e.g., regular-spiking (RS)
neurons. Moreover, interneurons may switch synchrony
and asynchrony between these neurons in other network,
effectively. These results may indicate the additional va-
riety of information representation by the interaction of
two different couplings in interneuronal networks. Type
II neuron can synchronize than Type I neuron, but Type II
neuron is greatly affected only by the change of inhibitory

synapse. Therefore, heterogeneous Type II neuronal net-
work may show more various firing activities including the
synchronous firing.
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Figure 4: Relative spike timing and phase (φ) histograms in
10 pairs. φ = 0.0 and φ = ±0.5 implies in-phase and anti-
phase respectively. In each case, we fix the same parameter
set of coupling coefficients, ggap = 0.1 and gsyn = 0.1.
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Abstract—We investigate bifurcations in coupled two
Morris-Lecar neurons with the type I and II excitabilities.
First, we analyze the homogeneous (coupled same types)
neurons with the electrical synapse when one of the exter-
nal DC current and the synapse conductance is varied. In
this case the type II neurons have wider parameter regions
of synchronous firing. For both types firing frequency is
increased as the DC current is increased. Next, the hetero-
geneous neurons with the chemical synapses is studied and
we show that the global bifurcation structure is decided by
the type of the neuron with varied DC current.

1. Introduction

Neocortical interneurons, exclusively inhibitory neu-
rons, exhibit heterogeneous morphology and electrophys-
iological properties[1]. By these differences they are cat-
egorized into several classes. The interneurons belonging
to the same class form a inhibitory network with both elec-
trical and chemical synapses[2]. The electrical synapses
enable a pair of interneurons to fire in highly precise syn-
chrony. The inhibitory networks composed of interneurons
are now considered to be the controllers of several brain
rhythms.

According to the difference of firing responses to steady
current stimulation, neuron and dynamical models of spike
generation are classified into two types, type I and type II[3,
4]. It has been shown by some experimental works[5, 6, 7]
that regular-spiking pyramidal cells and fast-spiking non-
pyramidal cells, a class of interneurons, exhibit properties
of the type I and type II excitabilities, respectively. Thus,
we should discuss how the differences in the membrane ex-
citabilities of the interneurons and the pyramidal neurons
or in the synaptic properties affect synchronous activities
emerging from the networks of interneuron-interneuron or
interneuron-pyramidal neuron pairs.

In the present study, we investigate synchronized oscil-
lations observed in two Morris-Lecar (M-L) neurons[8] in-
terconnected via chemical or electrical synapses. Since the
property of the membrane excitability can be controlled by
only one parameter in the M-L model[9], this model has
an advantage in considering the effect of the difference be-

Iext
[1]

Iext
[2]

driven
neuron

driving
neuron

(varied)(fixed) gsyn

gsyn

e syn

Figure 1: Neuron model coupled via chemical (gsyn) elec-
trical (esyn) synapses. We define the driving neuron as hav-
ing varied external DC current. If the two neurons have the
same (resp. different) type of the membrane excitability,
i.e., the type I-I or the type II-II (resp. the type I-II or the
type II-I) pair, we call homogeneous (resp. heterogeneous)
neurons.

tween two types of the membrane properties on the syn-
chronous activity. By numerical bifurcation analysis, we
identify parameter regions in which several kinds of syn-
chronous oscillations occur in the homogeneous neuron
pairs. We also show that the decay time constant of the
chemical synapses play an important role in the generation
of synchronous activities in the heterogeneous pair of type
I and II neurons.

2. Coupled Morris-Lecar Equations

In the presence paper, we study various synchronization
phenomena observed in two-coupled Morris-Lecar (M-L)
neurons. The dynamical system that we consider here (Fig.
1) is described as follows:

CM
dV [i]

dt
= −gCaM[i]

∞ (V [i] − VCa) − gKN[i](V [i] − VK)

−gL(V [i] − VL) + I[i]
ext + I[i]

syn

dN[i]

dt
=

N[i]
∞ − N[i]

τ[i]
N

, i = 1, 2. (1)

where V [i], for i = 1, 2, is the membrane potential of the
ith neuron, N[i] ∈ [0, 1] is the activation variable for K+
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and t denotes the time measured in milliseconds. VCa, VK,
and VL represent equilibrium potentials of Ca2+, K+, and
leak currents, respectively, and gCa, gK, and gL denote the
maximum conductances of corresponding ionic currents.
I[i]
ext is the externally applied DC current that is assumed

to be temporally constant as a parameter.
In Eq.(1), M[i]

∞ ,N
[i]
∞ , and τ[i]

N , respectively, are defined as
follows:

M[i]
∞ = 0.5

[
1 + tanh

{
(V [i] − V1)/V2

}]
, (2)

N[i]
∞ = 0.5

[
1 + tanh

{
(V [i] − V [i]

3 )/V4

}]
, (3)

τ[i]
N = 1/

[
φ cosh

{
(V [i] − V [i]

3 )/2V4

}]
, (4)

see Refs.[8, 9] for more detailed description.
The synaptic current I[i]

syn, for i = 1, 2, is a voltage-
dependent function defined as follows:

I[i]
syn = −gsyn(V [i] − Vsyn)s[ j](t) − esyn(V [i] − V [ j]),(5)

where Vsyn indicates the synaptic reversal potential, and
gsyn and esyn are the maximum conductance of chemical
and electrical synapses, respectively. The function s(t) is
defined by

s[i](t) =
1

τ[i]
1 − τ[i]

2

(
e−(t−τd)/τ[i]

1 − e−(t−τd)/τ[i]
2

)
Θ(t), (6)

where τ[i]
1 and τ[i]

2 are the rise and decay time of the synapse,
respectively, and Θ(t) is the Heaviside function: Θ(t) = 0
for t ≤ 0 and Θ(t) = 1 for t > 0. Note that the integral
of s(t) over time is normalized to 1. In Eq.(6), τd denotes a
time delay for the synaptic transmission. Namely, the firing
information of a neuron transforms to another neuron with
the time delay τd.

3. Results and Discussions

In the presence paper, we investigate how differences of
membrane property of neurons affect the synchronous ac-
tivities in the M-L neuron pairs coupled via either chemical
or electrical synapses.

We now treat I[2]
ext as a main control parameter, and an-

alyze two-parameter bifurcations in the parameter plane of
I[2]
ext and gsyn or esyn for both type I and II neurons. These

types can be switched by the value of the parameter V [i]
3 in

Eqs.(3) and (4)[9]. We fix V [i]
3 as 12 [mV] and 2 [mV] for

the type I and the type II neurons, respectively. In addition,
to set a natural frequency of the driven neuron as 20 [Hz],
the values of I[1]

ext for the type I and the type II neurons are
fixed as 73.67 and 78.55 [µA/cm2], respectively. The other
parameter values in Eqs.(1)–(4) are listed in Table 1[9].

3.1. Electrical Synapse (gsyn = 0)

By changing the value of one external DC current de-
noted by I[2]

ext, we can observe synchronous firing oscil-
lations with various kinds of frequency-locking patterns.

Table 1: Fixed values of system parameters.

CM = 20.0 [µF/cm2]
VK = −80.0 [mV]
VCa = 120.0 [mV]
Vl = −60.0 [mV]
gK = 8.0 [mS/cm2]
gCa = 4.0 [mS/cm2]
gl = 2.0 [mS/cm2]
V1 = −1.2 [mV]
V2 = 18.0 [mV]
V4 = 17.4 [mV]
φ = 1.0/15.0 [sec−1]
τd = 0.2 [msec]

Vsyn = −60.0 [mV]

For representing the frequency-locking patterns, we intro-
duce the notation: “1 : n mode-locking” is for frequency
locked oscillation with n spikes for the driven neuron. For
example, the 1 : 2 mode-locking corresponds to the syn-
chronous firing oscillation that the driving neuron produces
two spikes during the generation of one spike in the driven
neuron.

Bifurcation diagrams and average frequencies for firing
oscillations observed in each pair of the type I and the type
II neuron are shown in Fig.2. In the bifurcation diagrams,
the regions filled by blue and red colors denote the param-
eter regions in which stable 1:1 and 1:2 mode-locking os-
cillations exist, respectively. In the gray regions we can
observe a 1:0 mode-locking oscillation indicating a firing
state only for the driven neuron.

From these figures we can see the following things:
(1) Arnold-tongue-like structure surrounded by the saddle-
node bifurcations can be observed; (2) In the region filled
by blue in the bifurcation diagrams, the average frequency
of the neuron pair is increased as the DC current I[2]

ext is in-
creased; (3) For the type I neurons, a firing response with
high frequency(∼ 26 [Hz]) is observed for small values of
I[2]
ext and large values of esyn (see the right panel in Fig.

2(a)). This is the opposite property to an input-output re-
lationship consisting of Iext and the firing frequency in
the single neuron with the type I excitability [9]; and (4)
The type I neuron pair have the wider firing frequency
band(6 ∼ 26 [Hz]), while the type II pair have wider pa-
rameter regions in which the stable synchronous firing os-
cillations exist.

3.2. Chemical Synapse (esyn = 0)

3.2.1. τ1 = τ2 = τ

When τ1 = τ2 = τ, we use the α-function (α(t) =

(t/τ)e−t/τΘ(t)) on behalf of the function s(t) defined by
Eq.(6). We show bifurcation diagrams obtained by the
brute-force method for homogeneous and heterogeneous
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Figure 2: (Left) Bifurcation diagrams and (Right) average frequency of the network consisting of the neuron pair for
electrical synapse coupling. In the left panels, blue, red, and gray regions indicate the existence of the 1:1, 1:2, and
1:0 mode-locking oscillations, respectively. Thick solid and thin dashed curves represent the saddle-node bifurcation
and the period-doubling bifurcation, respectively. In the right panels, the average frequency for non-periodic states is
approximated by obtaining an average period for 100 interspike intervals of the driven neuron.

neuron pairs coupled by only chemical synapses with τ =

1.0. In this case also Arnold-tongue structure surrounded
by the saddle-node bifurcations is observed. Comparing
Fig.3(a) with Fig.3(d) (homogeneous case), the coupled
type I neurons have more kinds of synchronized states
(more colors in black regions), this is coincident with the
case of the M-L neurons with a periodic input[10]. In the
regions of large values of I[2]

ext and small values of gsyn
colored by light blue, when the driving neuron is type I
(Figs.3(a) and (c)), only the driven neuron produces spikes.
In coupled heterogeneous neurons if the driving neuron is
the same type, then the global bifurcation structure is kept
(Figs.3(a) and (c), and (b) and (d)). Detailed numerical bi-
furcation analysis is one of our open problems.

3.2.2. τ1 , τ2

In order to study the effect of the raise and the delay
time constant of synapses on synchronous firing, we show
a bifurcation diagram in Fig.4 for Eqs.(1) with τ1 = 0.5
[ms] and τ2 = 7.0 [ms]. Comparing Fig.4 and Fig.3(c)

the long decay time constant suppress the several periodic
synchronized firing in the regions of non-periodic states.
The region of the fundamental synchronized states is also
narrow for Fig.4.

4. Conclusion

We investigate bifurcations in coupled M-L neurons ei-
ther electrical or chemical synapses. In electrical coupling
the type I neurons have wider firing frequency than that
of the type II neurons. Moreover, the parameter regions
of existence of synchronized solutions are narrow for the
type I neurons. In chemical coupling we compare the bifur-
cation structure for homogeneous and heterogeneous neu-
rons. Regardless of homogeneous or heterogeneous global
bifurcation structure is decided by the type of the driving
neurons. In both cases we observe Arnold-tongue structure
formed by the saddle-node bifurcations.

The study of both electrical and chemical coupling neu-
rons and detailed bifurcation analysis changing the several
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synaptic time constants are our open problems.
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Abstract–  A group of neurons generate rhythmic activity. 
The theta rhythm is one of this kind of activity, which 
consists of sinusoidal 4-12 Hz waves. This can be 
observed in the hippocampus when an animal explores a 
certain environment or when it sleeps with rapid eyes 
movement. It is considered that the theta rhythm plays an 
important role in selecting and strengthening synaptic 
connections. 
 We show that the theta rhythm in a group of neurons can 
be constructed from a subthreshold oscillation of each 
neuron. We construct a neural network model of theta 
rhythm and shows that the dynamics of neural network 
changes from irregular spiking to regular spiking due to a 
slight change of input current in a vicinity of threshold 
potential for the spiking. 
Sequential memory can be stored using the transition 

from an irregular spiking state to a regular spiking state. 
We show that our neural network model of theta rhythm 
can store sequential memory. 
  
1. Introduction 
In the brain, a group of neurons sometimes co-operate 

with each other and shows a rhythmic activity as a whole. 
Theta rhythm is one of this kind of activities, which 
consists of sinusoidal 4-12 Hz waves [1],[2]. The theta 
rhythm can be observed in the hippocampus by using 
EEG when an animal explores a certain environment or 
when it sleeps with rapid eyes moving (REM sleep). It is 
considered that the theta rhythm plays an important role in 
selecting and strengthening the information. A place cell is 
a neuron that codes a spatial location. When a rat moves 
around an environment, the firing rate of place cells 
depend on the location of the rat. Thus place cells form a 
place fields.  
It has been proposed that the spiking time of the place 

cells relative to the phase of the theta rhythm provides the 
additional information about the location the rat exists. 
Each time the rat enters the place field, the place cell 
begins to fire at the same phase, and over the next five to 
ten cycles of the theta rhythm the phase of firing gradually 
gets faster up to 360 degrees. This phenomenon is called 
phase precession. While the rat is running along the truck, 
the phase of the place cell firing is more correlated with 
the rat’s location within the place field than the time that 
has passed since it entered the place field.  The phase 
precession should be considered as a kind of temporal 
compression of the timescale of behavioral sequence into 
the synaptic timescale.  

A number of neural mechanisms are proposed for theta 
rhythm and sequential memory, based on the phase 
precession [3],[4]. However, the mechanisms of phase 
precession have not been known. We proposed that theta 
rhythm changes the efficacy of synaptic modulation by 
using the change of spiking regularity. 
  

2. Model and Method 
  
2.1 Classification of neuron and bifurcation 
 The mechanisms of a spike generation were studied in 
detail and modeled by Hodgkin and Huxley. They have 
also found that neurons can be classified by its spiking 
property; Class 1 and Class 2 [5]. Class 1 neuron can 
generate spikes with arbitrarily low frequency depending 
on the strength of the applied current. Class 2 neuron 
generates spikes in a certain frequency band that is 
relatively insensitive to changes in the strength of the 
applied current. Classes of excitability occur because 
neurons have different bifurcations of resting and spiking 
states [6]. 
 The bifurcations from a resting state to spiking state are 
mainly classified into four bifurcations: saddle-node 
bifurcation, saddle-node on invariant circle (SNIC) 
bifurcation, subcritical Andronov Hopf bifurcation, and 
supercritical Andronov-Hopf bifurcation. 
The equilibrium of neurons is classified based on 

whether a neuron is an integrator or a resonator. The 
neuron is an integrator when the equilibrium that 
corresponds to a resting state is a node. The neuron is a 
resonator when the equilibrium is a focus. The integrator 
spikes with arbitrary large latency, whereas the resonator 
exhibits a damped oscillation.  
  
2.2 Izhikevich model 
We numerically implement our model of theta rhythm 

and by using the model proposed by Izhikevich (2003) 
[6][7]. From now on, we call this model Izhikevich model. 
The Izhikevich model can be written as 
  

 d. u  c, u  vvpeak,  v
) -u} a{b(v -vu
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=

+=

thenif
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               (1) 

where v is the membrane potential, u is the recovery 
variable which accounts for the activation of K+ ionic 
channels and inactivation of Na+ ionic channels, C is the 
membrane capacitance, vr is the resting membrane 
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potential, and vt is the instantaneous threshold potential. In 
the Izhikevich model, if v skips over vpeak, then v is reset 
to c and d is added to u. This resetting represents the cut 
of absolute refractory period.  
In our model, we use two types of neurons: regular 

spiking (RS) neurons and fast spiking (FS) neurons. RS 
neurons are choosen in Class 2 regime. Injection of 
current above 40pA changes the resting state to a stable 
focus and results in damped oscillations of the membrane 
potential. The basin of attraction for the focus is bounded 
by the stable manifold to the saddle. The stable manifold 
makes a loop and becomes a homoclinic orbit when 
I=124.5pA. This homoclinic orbit gives birth to a spiking 
limit cycle attractor, and the stable focus and newly 
appeared spiking limit cycle co-exist when I=125pA. In 
this region, neurons exhibit stuttering behavior. As the 
input current I increases, the sum of eigenvalues becomes 
positive. When the stable manifold makes another 
homoclinic orbit, it gives birth to an unstable limit cycle. 
This unstable limit cycle shrinks toward the stable focus, 
and results in a subcritical Andronov-Hopf bifurcation. 
The relationships between input current and frequency of 
stable focus, unstable limit cycle, and spiking limit cycle 
are shown in Fig.1. 
   

 
Figure 1. Frequencies of the equilibrium (blue) and 

periodic spiking (red) depending on input current. The 
pink dot line is a frequency of unstable limit cycle. The 
green line indicates the point where stable focus and 
unstable limit cycle coalesce and annihilate. 

  
2.3 Network model of theta rhythm 
We hypothesized that a theta rhythm is formed by the 

property of stable focus. Therefore, we used the Class2 
parameters of RS neurons, whose equilibrium bifurcates 
by the subcritical-Hopf bifurcation. In this RS model, the 
points that are attracted by an equilibrium converge to the 
equilibrium with rotating around the equilibrium.  
Therefore, the membrane potential decays to the resting 

potential with a damped oscillation, which is called 
depolarized after potential (DAP) after a spike (Fig.2). 
The next spike tends to occur at the peak of DAP 

because the membrane potential is large them. A theta 
rhythm is formed by DAP and subthreshold oscillation 
near the equilibrium.  
Based on this assumption, we construct a network model 

of theta rhythm, which consists of 80 RS neurons and 20 
FS neurons. The number of synaptic connections from RS 
to RS, RS to FS, FS to RS, FS to FS are 16×80, 4×20, 4 × 
80, 4× 20 respectively, and are randomly arranged. 

Synapses which happened to be connected with 
themselves were removed. 
  

 
Figure 2 Depolarized after potential (left: time course of 

V, right: phase plane) 
  
For quantifying the spiking irregularity and a degree of 

synchrony in the network, we introduce the coefficient of 
variation (CV) of all inter-spike intervals and the peri-
stimulus time histogram (PSTH). The coefficient of 
variation CV is defined as 
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where Ti is the duration of the each interspike interval 
(ISI), n is the number of ISIs for all the neurons, and 

∑
=

=
n

i
iT

n
T

1

1  is the mean ISI. The value of CV takes 1 for 

purely Poisson process, and 0 for a perfectly regular 
sequence. Thus CV indicates the global spiking 
irregularity for all the neurons in the network. 
PSTH is the histogram of spikes for all the neurons in the 

network. If PSTH does not have sharp peaks, spikes 
between neurons in the network are weakly synchronized. 
If PSTH has a rugged shape, they are strongly 
synchronized. We use CV and PSTH for the estimating 
whether the firing patterns of neurons are generated by the 
subthreshold or by the periodic spiking. 
  
2.4 Sequential memory 
For studying the relationship between theta rhythm and 

sequential memory, we construct a network model with 
STDP.  The sequential memory we assume here is the 
navigation system, when a rat moves on a straight road 
and remembers the path. When the rat moves straight 
from the right to the left, place cells that encode the place 
the rat stays receive an external input and fire. Each place 
cell has a place field that is aligned with a fixed interval. 
Differences between timings when each neuron begins to 

receive the external currents are related to the distances 
between the place fields and the speed the rat moves. 
When the rat moves at constant velocity, two neurons 
whose place fields are different from each other begin to 
fire at different timing. This time difference depends on 
the speed and distances of place fields.  
 The basic concept of sequential learning is that place cells 
begin to fire with regular interspike intervals when the rat 
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is in place fields whereas they fire even if the rat is outside 
the place fields depending upon the theta rhythm that is 
made from the subthreshold oscillation of each neuron. 
When the input current is weak the rat is out of the place 
fields, the neurons fire sparsely. Therefore they can 
eliminate futile learning because intervals of spikes 
among neurons are broad and irregularly changes in a few 
cycles. If the input current is increased the rat is in the 
place fields, neurons fire regularly. In this state, interspike 
intervals are uniform and they can learn effectively. 
The different onset time of regular spiking state results in 

the different phase firing in the theta rhythm. Sequential 
memory is achieved by this transition. Initial phase 
differences are given by the delay of input. We use four 
intervals, 1ms (in one cycle), 2.5ms, 5ms, and 10ms (over 
one cycle). In the case that total input delay is over one 
cycle, the spike sequence is divided by the theta rhythm, 
and the groups of neurons whose spike sequence is in a 
cycle are formed. We examine the changes of synaptic 
connections along with different onset interval. Synaptic 
connections from RS to RS, RS to FS, FS to RS, FS to FS 
we used are 48×80, 4×20, 4 × 80, 4× 20 respectively. 
These synaptic connections were randomly arranged. 
  
3. Results 
  
3.1 Network model of theta rhythm 
 An example of theta rhythm in our model is shown in 
Fig.3. The theta rhythm, we explained in the previous 
chapter, consists of sinusoidal 4-12 Hz waves whose 
amplitude is 1-2mV. In this sense, when I=126pA, a theta 
rhythm is formed. When I=135pA, neurons are nearly 
synchronized and spike irregularity is vanished. Therefore, 
we call this state a synchronized periodic spiking state. 
The relationship between input current I and CV, and that 

between I and PSTH are shown in Fig.4. PSTH is 
gradually sharpened and more rugged as the input current 
increases. This means that the neurons in the network are 
gradually synchronized. In addition to the synchronization, 
the coefficient of variation CV for the interspike intervals 
for all the neurons decreases. This suggests that the 
neurons in the network spikes more regularly if the input 
current gets stronger. 
  
  

 
 Figure 3. Theta rhythm, I=126pA (up) and synchronized 
periodic spiking state, I=135pA (bottom). 

 

I=126pA I=130pA

I=127pA I=131pA

I=128pA I=132pA

I=129pA I=133pA

           
Figure 4. PSTH and CV with different inputs 

  
3.2 Sequential memory 
The irregularity and synchrony of the firing pattern can 

change with the amplitude of input current. We used the 
transition from an irregular spiking state (I=126pA) to a 
regular spiking state (I=130pA), and examined whether 
sequential memory can be stored by varying an onset 
interval D of external input. The number of learning 
stages applied just once. During the learning stage, 4pA 
external inputs were inserted during 2ms. The results are 
shown in fig.5. When D=1ms, neurons were almost 
synchronized after the learning stage. The firing patterns 
of the network were fixed ever after the learning stage. 
When D=2.5ms, which corresponds to a cycle of theta 
rhythm, a sequential firing pattern were stored finely. 
When D=5ms and D=10ms, firing patterns got separated. 
  
5.Conclusion 
  
We have shown that a theta rhythm in an entire neural 

network is constructed from a property of subthreshold 
oscillation which is inherent in a single neuron. The 
neurons that exhibit a subthreshold oscillation are called 
resonators. We have also shown the important role of 
resonators, that has been inclined to be ignored by present 
researchers. 
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<In the case of D=1ms >             

 
Synaptic weight matrix          raster plot before/after 

leaning 
<D=2.5ms> 

 
Synaptic weight matrix         raster plot before/after 

leaning 
<D=5ms> 

 
Synaptic weight matrix            raster plot before/after 

leaning 
  
<D=10ms> 

 
Synaptic weight matrix           raster plot before/after 

leaning 
Figure5. synaptic weight matrix (left) and firing patter 
before/after learning 

  
We have introduced the coefficient of variation CV as an 
indicator of irregularity in order to examine the 
relationship between the input current and irregularity of 
interspike intervals in the entire neural network. The value 
of CV gradually sinks down as the input current increases. 
Using CV, we have found that internal dynamics of neural 
network shifts from “irregular, resting state-origin” 
dynamics to “regular, periodic spiking state-origin” 
dynamics due to the slight change of input current in a 
vicinity of threshold potential of neuron that is called peri-
threshold. A spontaneous activity of neural network tends 

to become a peri-threshold state. Interspike intervals are 
irregular while a neural network stays in this state. 
Therefore, we have claimed that the irregularity of 
interspike intervals has a role in preventing synaptic 
connections in the network from getting strong ore weak 
excessively due to the Spike-Timing-Dependent-Plasticity. 
 Finally, we have shown that sequential memory can be 

realized using this transition from an irregular spiking 
state to a regular spiking state. Plastic learning hardly 
occurs in an irregular spiking state because a difference of 
spike timings between neurons in the network changes 
irregularly. However, the delays of the spike timing 
between an arbitrary pair of neurons are constant in a 
regular spiking state. We assumed that sequential memory 
is stored when neurons receive an external input and 
change the state from an irregular to a regular state. We 
have shown that sequential memory is realized. 
  
  

Acknowledgments 
This research is partially supported by Grant-in-Aid for 
Scientific Research on Priority Areas -System study on 
higher-order brain functions- from the Ministry of 
Education, Culture, Sports, Science and Technology of 
Japan (17022012). 

  
  

References 
  

[1] O’Keefe, J., Recce, M., “Phase relationship between 
hippocampal place units and the EEG theta rhythm” 
Hippocampus, vol.3, pp.317-330, 1993. 
  
[2] Skaggs, W.E., McNaughton, B.L., Wilson, M.A., 
Barnes, C.A., “Theta phase precession in hippocampal 
neuronal populations and the compression of temporal 
sequence,” Hippocampus, vol.6, pp.149-172, 1996. 
  
[3] Samsonovich, A., McNaughton, B.L., “Path 
integration and cognitive mapping in a continuous 
attractor neural network model,” The Journal of 
Neuroscience, vol.17, pp.5900-5920, 1997. 
  
[4] Sato, N., Yamaguchi, Y., “Memory encoding by theta 
phase precession in the hippocampal network,” Neural 
Computation, vol.15, pp.2379-2397, 2003. 
  
[5] Hodgkin A.L., ”The local electric changes associated 
with repetitive action in a non-medulated axon” Journal of 
Physiology., vol.107, pp.165-181, 1952. 
  
[6] Izhikevich, E.M., “Dynamical systems in 
neuroscience: the geometry of excitability and bursting,” 
The MIT Press, (in printing). 
   
[7] Izhikevich E.M.,  ”Which model to use for cortical 
spiking neurons?”  IEEE Transactions on Neural 
Networks, vol.15, pp.1063-1070, 2004. 

758



Entrainment of Circadian Oscillations under 24h Light-Dark Cycles

Gen Kurosawa†‡, Kunichika Tsumoto†‡, and Kazuyuki Aihara‡†

† Aihara Complexity Modelling Project, ERATO, JST
Komaba Open Laboratory, The University of Tokyo, 4-6-1, Komaba, Meguro-ku, Tokyo 153-8505, Japan

‡ Institute of Industrial Science, The University of Tokyo
4-6-1, Komaba, Meguro-ku, Tokyo 153-8505, Japan

Email: kurosawa@aihara.jst.go.jp, tsumoto@aihara.jst.go.jp, aihara@sat.t.u-tokyo.ac.jp

Abstract– Organisms evolved to have circadian clocks
against the abrupt change of environment. We and other
authors previously demonstrated that large amplitude of
light-dark cycles may induce the complex oscillations in
the form of period-2 or chaos in the abundance of clock
proteins. Using molecular models for circadian rhythms in
Neurospora, we determined the effect of all-or-none
change of light conditions in the morning phase, and also
that in the evening phase on the entrainment of clock
oscillations. Finally we discuss the physiological relevance
of these results.

1. Introduction

Organisms show autonomous oscillations in the
ambient change of environment. Circadian clock persists
under constant dark conditions. Molecular clock systems
underlie behavior rhythms and metabolic rhythms. In
Drosophila, from period gene (abbreviated as per gene),
per mRNA is synthesized. Then, per mRNA is translated
into PER protein which suppresses the transcription of per
gene by indirectly inactivating the binding of transcription
factor CLOCK (abbreviated as CLK) to the promoter
region. This negative feedback regulation of clock genes
is suggested to generate the sustained circadian
oscillations for Drosophila and also for other organisms
such as Neurospora, plants, and mammals [1-4].
Moreover sustained oscillations at cellular level cause the
circadian oscillations at behavioral level.

A conspicuous property of the circadian clock is the
entrainment of circadian oscillations by light-dark cycles
(abbreviated as LD cycles). Period of free-running
oscillations is different from 24h in many organisms.  The
free-running period of Drosophila is 24.3h, that of
Neurospora is 21.5h, that of Phaseolus is 28h, and that of
humans is 24.18h [5-8]. Thus, adjustment of circadian
oscillations by using the light input is required for
organisms to synchronize with the period of earth rotating
rhythm. In Drosophila, PER protein forms complex with
TIMELESS (abbreviated as TIM) protein in the cytoplasm.
Heterodimer of PER and TIM enters the nucleus and then
suppresses the expression of per gene and tim gene. Light
destabilizes TIM protein in Drosophila. Subsequently
cytosolic PER is decomposed because PER is unable to
form stable complexes with TIM [9].

Since a seminal paper by Goodwin [10], many
mathematical models have been proposed for the
circadian oscillations in Drosophila[11-15], that in plants
[16], that in Neurospora[17,18], that in cyanobacteria [19],
and that in mammals [20,21]. Goldbeter [11] proposed the
model for circadian rhythms in Drosophila in which PER
protein is phosphorylated and then suppresses the
transcription of per gene. These demonstrated sustained
oscillations for certain parameter condition and the
entrainment of circadian oscillations by 24h light-dark
cycles. Gonze and Goldbeter [22] showed that complex
oscillations in the form of period-2 and chaos under light
dark cycles can occur in circadian rhythms model for
Neurospora. In this article, we examine the effect of all-
or-none change of period-forcing in the onset of light
phase, and that in the offset of light phase, by using the
same model of Neurospora. Finally, we discuss the
physiological relevance of these results.

2. Neurospora Model

   We first consider a minimal model for the gene-protein
network generating the circadian rhythms in Neurospora
[17,22]. In the model, we neglect the phosphorylaiton and
dephosphorylaiton of protein. Moreover other clock genes
are not incorporated which have been also identified as
clock genes. The kinetic equation is:

               

€ 

dM
dt

=
vsKh

n

Kh
n + FN

n −
vmM
Km +M

                           (1a)

              

€ 

dFC
dt

= ksM −
vdFc

Kd + FC
− k1FC + k2FN             (1b)

              

€ 

dFC
dt

= k1FC − k2FN (1c)

where frq mRNA (M), FRQ protein in cytosol (

€ 

FC ), and
FRQ protein in nucleus (

€ 

FN ). First term of the right hand
side of Eq. [1a] indicates the expression of frq gene which
decreases as FRQ protein accumulates in the nucleus. As
schematized in Fig.1, frq mRNA (M) is translated into
FRQ protein (

€ 

FC ) in the cytosol. FRQ enters the nucleus
where FRQ suppresses the expression of frq gene.
Sustained oscillations occur for certain parameter
condition. Oscillation with the period of 21.5h which is
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actually the free-running period of  Neurospora occur for
the parameter set proposed by Leloup et al. [16] (see
caption for Fig.1).

Fig. 1.  Entrainment of circadian oscillations of  frq mRNA (purple) and
FRQ protein (blue) given by Eq. [1] under 24h light-dark cycles.

Parameter values are: n=4, 

€ 

vm =0.505 nM

€ 

h−1 , 

€ 

vd =1.4nM

€ 

h−1 ,

€ 

ks=0.5

€ 

h−1 , 

€ 

k2=0.5

€ 

h−1 , 

€ 

k2=0.6

€ 

h−1 , 

€ 

KI =1.0nM, 

€ 

Km =0.5nM,

€ 

Kd =0.13nM. Parameter 

€ 

vs  varies in a square wave manner with
minimum value of 1.6 in dark phase and maximum value of 2.0 in light
phase.

2.1 Entrainment of circadian oscillations of FRQ by
12h:12h LD cycles
  
   In Neurospora, light acts by enhancing the expression of
frq gene [23]. Expression rate of frq gene 

€ 

vs  is fixed at the
constant value 

€ 

vsmax  during the light phase. We wish to
determine the effect of 

€ 

vsmax  on the entrainment of FRQ
oscillations by 12h:12h light-dark cycles.
   Heintzen et al. [24] demonstrated that accumulated frq
mRNA is quickly degraded after transcription of frq is
activated by light. This finding suggests that degradation
rate of frq mRNA may decrease during light phase, or
enhanced transcription of frq may be suppressed after the
activation of transcription by light which are not
incorporated in Eqs. [1] for simplicity.

Fig. 2.  Bifurcation diagram as a function of 

€ 

vsmax . The diagram shows

how chaos or limit cycle appear. Parameter values are the same as Fig.1.

   If 

€ 

vsmax  is smaller than 1.92, quasi-periodic oscillations
occur and circadian oscillations of FRQ protein can not be
entrained by 12h:12h LD cycles when the free-running
period is 21.5h.

Circadian oscillations of FRQ with the free-running
period of 21.5h can be entrained by 24h light-dark cycles
as 

€ 

vsmax  increases (Fig.1). However, if we further
increase 

€ 

vsmax , complex oscillations occur and FRQ
oscillations are not entrained by LD cycles (Fig.2). For

€ 

vsmax=2, for instance, period-2 (Fig.3) oscillations occur.
For 

€ 

vsmax=3 (Fig.4) chaos occur, and then the period of
oscillations and the phase of the maximum value of FRQ
protein under 24h light-dark cycles fluctuate. Period
doubling bifurcation point is when 

€ 

vsmax=2.636 (Fig.2).

Fig.3. Period-2 obtained for 

€ 

vsmax =3.

Fig.4. Chaos obtained for 

€ 

vsmax =5. For this value of 

€ 

vsmax , FRQ
oscillations can not be entrained by 12h:12h light-dark cycles.

2.2 Influence of Wave Form on the Entrainment
     
    In the previous section, period forcing is a form of a
square wave which is often considered in laboratory
experiments. However, in the actual environment, light
intensity gradually changes. Previous studies
demonstrated that complex oscillations in the form of
period-2 or chaos are more likely to occur when the form
of period forcing is a square wave instead of being
sinusoidal [22,25,26]. To understand why complex
oscillations are more likely to occur for the former case, it
is useful to separately examine the effect of all-or-none
change in the onset of light phase and that in the offset of
light phase. Thus we tested for two cases: (1) 

€ 

vs  linearly
increases for first several hours (12-

€ 

Ts ) during light phase
and is fixed at the constant value 

€ 

vsmax  for the rest of
hours (

€ 

Ts ) during light phase, and (2) 

€ 

vs  is fixed at the
constant value 

€ 

vsmax  for first several hours (

€ 

Ts ) and
linearly decreases for the rest of hours (12-

€ 

Ts ) during light
phase. The domain of entrainment of FRQ oscillations by
12h:12h LD cycles slightly enlarges for the former case
instead of being square wave. When 

€ 

Ts=4h for the former
case, FRQ oscillations are entrained if 

€ 

vsmax  is in the
range between 2.1 and 2.6 (data not shown). On the other
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hand, the domain of entrainment by LD cycles
extraordinarily enlarges for the latter case. To our surprise,
when 

€ 

Ts=4h, FRQ oscillations are entrained if 

€ 

vsmax  is in
the range between 2 and 40. Moreover, the domain of
entrainment by LD cycles enlarges as 

€ 

Ts  decreases. Thus
complex oscillations in the form of period-2 or chaos are
more likely occur if sustained period of the increase of
transcription rate 

€ 

vsmax  after the onset of light phase is
shorter.
 

6. Discussion

An intriguing property of circadian rhythms is the
circadian oscillations can be entrained by light-dark cycles.
In Neurospora, light activates the transcription of frq
mRNA and adjusts the period of oscillations. Activation of
transcription rate of clock gene underlie the entrainment
of circadian oscillations by LD cycles also in mammals.
On the contrary, light activates the degradation of clock
protein in Drosophila. Mathematical models demonstrated
that complex oscillations of protein abundance in the form
of period-2 or chaos can occur if the amplitude of period
forcing is sufficiently strong [22,25,26].

In the present paper, we determined the effect of all-or-
none change in the onset of light phase, and that in the
offset of light phase. Three variable model for Neurospora
displays entrainment by 12:12 LD cycles in a certain
range of maximum value of transcription rate during light
phase. As the entrainment strength increases, domain of
entrainment appear, and then disappear again.

In Neurospora, accumulated frq mRNA is quickly
degraded after transcription of frq is activated by light
[24]. This indicates that degradation rate of frq mRNA
may decrease during light phase, or enhanced
transcription of frq may be suppressed after transcription
is activated by light. In mammals, light also activates the
expression of clock gene (i.e. mPer1) and then degraded
during first several hours [27]. When amplitude of period-
forcing is fixed at the constant value for first several hours
and decreases for the rest of hours during light phase,
domain of entrainment greatly enlarges in the model given
by Eqs. [1]. An advantage of decreasing the transcription
after light enhances the transcription rate may be to
stabilize the entrainment over large range of light intensity.
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Abstract—True slime mold Physarum polycephalum,
the unicellular amoeboid organism having an oscillating
cellular membrane, can be regarded as a biological oscil-
latory medium capable of spatiotemporal behavior-based
information processing making reasonable decisions. To
explore the organism’s decision-making in a dynamic en-
vironment, we let the organism act under optical feedback
incorporating Hopfield’s neural network algorithm for as-
sociative memory. Our system can associate an input with
one of suitable memories, as the organism having pho-
toavoidance can search for the stable memory configura-
tion by changing its planar shape inside a branched struc-
ture, so as to maximize the body area without being irradi-
ated. Interestingly, even though no external perturbation
is applied, the organism spontaneously starts to destabi-
lize the once-recalled memory to seek another memory, as
some branches of the organism grow under irradiation con-
trary to photoavoidance. By repeatedly switching between
the stabilizing and destabilizing modes with spontaneous
transition of the organism’s oscillation patterns, our system
achieves dynamic transition among memories. The result
suggests the unicellular organism’s potential to solve opti-
mization problems on a phase space of the spatiotemporal
oscillation patterns.

1. Introduction

The unicellular amoeboid organism Physarum poly-
cephalum (Fig. 1A) is a multinucleated giant cell whose
simple and homogeneous body structure consists mainly
of a single extracellular gel layer (cellular membrane) and
protoplasmic sol flowing through the intracellular chan-
nel network. Despite the absence of highly differentiated
structure such as a central system, the organism exhibits
sophisticated computational capacities, as Nakagaki and
coworkers showed that the organism could solve a maze
by connecting the minimum-length route between two food
sources to achieve the most efficient nutrient absorption [1].

The organism’s dynamic behavior is mainly determined
by the rhythmic contraction-relaxation cycle of the gel
layer with a period of 1 to 2 min, derived from the col-
lectively entrained oscillation of actin fibers. The shape
deformation and locomotion are driven by the contraction-
relaxation cycle as it induces streaming (shuttling) of pro-
toplasm with periodic oscillation of body thickness. Fur-

thermore, the periodic thickness oscillation involving phase
lags generates phase waves, and information (strength and
direction) on various stimuli, such as chemicals, tempera-
ture and light, received at a local site can be transmitted
throughout the body by propagating a phase wave. In this
sense, the organism is a fascinating research subject of spa-
tiotemporal behavior-based information processing of bio-
logical oscillatory media.

To focus on the formation of the spatiotemporal oscil-
lation patterns in well-formed boundary conditions, Taka-
matsu formed “living coupled oscillator systems” in which
an individual Physarum is placed inside a microfabricated
structure consists of several connected wells as oscillators
[2]. Depending on the number and geometry of the os-
cillator connection (i.e., the width and length of channels
connecting the wells to regulate the coupling strength), dif-
ferent multistable spatiotemporal patterns of thickness os-
cillation were observed, and spontaneous transition among
the multistable oscillation patterns was reported. In this
paper, we explore the functionality of the transition of the
oscillation patterns for the organism’s survival, and report
an illustrative embodiment utilizing the transition behavior
for providing a dynamic feature in constructing an associa-
tive memory device. Our system is the first experimental
implementation of a neurocomputer executed by a living
amoeboid cell with optical feedback [3].

2. Methods

We fabricated a circuit structure (barrier) consisting of
eight radially branched paths (Fig. 1A), to restrict the area
of the organism’s activities on agar gel. We call the i th
path of the circuit “neuron i” (i ∈ I = {1, 2, · · · ,N = 8}).
The organism’s shape is monitored using a video camera at
each time interval of ∆t = 6sec, to evaluate each neuron’s
state by digital image analysis. For each neuron i at time t,
whenever more than a quarter of the area of the i th neuron
is occupied by the organism’s branch, state 1 (active) is
assigned as si(t) = 1, otherwise si(t) = −1 (inactive).

The branch of the organism degenerates (shrinks) when
light stimulation is applied locally, as protoplasm is ex-
truded from the irradiated site with light-induced contrac-
tion enhancement of actin fibers in the gel layer. Due to
this photoavoidance, we can induce a neuron to take state
−1 by irradiating the corresponding neuron. A projector
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Figure 1: (A) Au-coated circuit made of plastic is placed on
a 1% agar plate without nutrients. An aliquot (0.75±0.05
mg) of the amoeboid organism can act only inside the cir-
cuit where agar is exposed, because the organism averts
the dried metal surface (scale bar=2mm). (B) Lateral in-
hibition rule for optical feedback: active state si(t) = 1
(indicated by hooked symbol) triggers light irradiation
li−1(t + ∆t) = li+1(t + ∆t) = 1 (white light projected to
yellow rectangle regions), where the boundary condition is
periodic (scale bar=2mm). (C) All memory configurations
consisting of rotation symmetric equivalents of the X- and
Y-shaped configurations determined by the lateral inhibi-
tion rule.

connected to PC enables automatic irradiation control with
projection of a monochrome image in which irradiated and
nonirradiated regions are color-coded respectively white
and black. We write li(t) = 1 if the light for the neuron
i is turned on. Conversely, if the neuron i is allowed to
be si(t) = 1, the light is turned off as li(t) = −1. In such
cases, the neuron i is expected to be fully occupied because
the organism grows concentrically or radially in principle
(i.e., expands all of its branches). The irradiation pattern
< l1, l2, · · · , lN >, therefore, can lead the system config-
uration < s1, s2, · · · , sN > toward the ideal configuration
< s′1, s

′
2, · · · , s′N > such that all neurons fulfill the “counter-

active rule”, s′i + li = 0.
The optical feedback implements a discrete form of Hop-

field’s neural network algorithm [4] for associative memory
in assuming the counteractive rule as follows:

−li(t + ∆t) = f (ΣN
j=1wi js j(t)), (1)

where wi j is the weight assigned to the link from the neuron
j to i, and the step function f (σ) = 1 if σ > 0, otherwise
-1. That is, if the right hand side of Eq. (1) requires the
neuron i to be inactive (si(t + ∆t) = −1) then the light i
is turned on (li(t + ∆t) = 1) and vice versa. Accordingly,
the dynamics Eq. (1) establishes a certain rule to regulate
how to update the irradiation pattern. With the change in
the system configuration, the irradiation pattern is updated
according to the rule at each interval, and again it induces
further shape change of the organism. This iterative inter-

action between the system configuration and the irradiation
pattern is the essence of our computing process [5].

In the above formalization, a memory is represented by
a steady state (i.e., a stably fixed configuration). When the
time evolution started from an input configuration reaches
the steady state, the memory is regarded as recalled. If
the organism takes the configuration such that the coun-
teractive rule is satisfied for all neurons and the irradiation-
updating rule gives no change in the irradiation pattern, the
organism is no longer forced to reshape by irradiation and
can fully expand its branches inside all nonirradiated neu-
rons. Such a condition must be a comfortable environment
for the organism. Thus, the system can stably maintain
the configuration as a memory, unless the organism spon-
taneously breaks the counteractive rule.

If we represent the k th memory configuration as <
mk

1,m
k
2, · · · ,mk

N > (mk
i ∈ {1,−1} and k ∈ {1, 2, · · · ,M}) and

define the irradiation-updating rule by assigning all weights
according to the Hebbian rule: wi j = Σ

M
k mk

i mk
j if i , j, oth-

erwise 0, the dynamics Eq. (1) can be defined so that the
network stores a number of arbitrary memories and asso-
ciates an input with a suitable memory that is closest to
the input. Adopting the Hebbian rule, however, makes the
irradiation-updating rule complicated in analyzing experi-
mental results. In the following experiment, we define the
irradiation-updating rule in a simpler manner without spoil-
ing the essence of the formalization.

We introduce the “lateral inhibition rule” (Fig. 1B) with
the weight assignment wi j = −1 if |i − j| = 1, otherwise 0.
That is, if the neuron i is active (si(t) = 1), its adjacent neu-
rons i− 1 and i+ 1 are induced to be inactive by irradiation
(li−1(t + ∆t) = li+1(t + ∆t) = 1). This irradiation-updating
rule prohibits two adjacent neurons i and i + 1 from be-
ing active simultaneously. We employed this rule because
it presents highly symmetric 10 memories (Fig. 1C), that
cannot be realized using the Hebbian rule.

3. Results

Figure 2 shows a typical computing process started from
the input configuration < −1,−1,−1,−1,−1,−1,−1, 1 >
(Fig. 2A). As all branches followed the counteractive rule,
the system recalled (reached) and stably maintained a con-
figuration (Fig. 2B), which is one of memories closest to
the input. Thus, our system successfully functioned as an
associative memory device.

The stabilizing mode for the association, however, was
spontaneously switched to the destabilizing mode even
though no external perturbation was applied explicitly, as
the newly-emerged branches 3 and 7 suddenly started to
invade irradiated regions contrary to previous photoavoid-
ance (Fig. 2C). While aggressive growth of the invading
branch 7 was sustained under irradiation, the branch 8 was
degenerated by irradiation according to the lateral inhibi-
tion rule, and the once-recalled memory (Fig. 2B) evolved
into another memory (Fig. 2D). Spontaneous mode switch-
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Figure 2: Time course of events in typical computing pro-
cess. Red and blue pixels indicate that the thickness of
the corresponding local site increased and decreased, re-
spectively. (A) Input configuration. With the concentri-
cal growth, circular phase wave propagates from the cen-
ter to the periphery. (B) First-recalled memory configu-
ration (duration'4h). (C) Destabilization of memory B.
Arrows indicate the growth directions of lumplike bulges
invading irradiated regions. (D) Second-recalled mem-
ory (duration'1h). (E) Destabilization of memory D. (F)
Third-recalled memory (duration'7h).

ing was repeated again (Fig. 2E). Consequently, the system
achieved the dynamic memory transition by successively
recalling three memories (Figs. 2B, D and F) within 16h.
The organism’s volume was almost constant throughout the
observation. In 20 experimental trials measured for an av-
erage of 14.5 h, an average of 3.25 memories (gross num-
ber including multiple recalls of an identical memory) were
recalled per trial.

4. Analysis

Under equal irradiation conditions, in the memory desta-
bilizing mode, some branches expand contrary to pho-
toavoidance while others shrink as usual, whereas in the
memory stabilizing mode, all branches keep away from ir-
radiation. This spatiotemporal discrepancy of photoavoid-
ance, more generally, flexible variability of stimulus-
response, is essential for the survival of the organism re-
quired to search for food in a harsh environment, because
it enables the organism surrounded by aversive stimuli
to break the deadlocked condition with enterprising re-
sponses. This feature allows us to consider that the organ-
ism can move into uncomfortable conditions in search of a
better environment. We analyzed the organism’s oscillatory
behavior to explore how the organism switches between the
stabilizing and destabilizing modes.

As shown in Fig. 2, by binarizing the thickness oscil-
lation of each local site into increasing (relaxing) and de-

creasing (contracting) phases, we can observe phase waves
propagating vigorously throughout the body. As a phase
wave enters and leaves a neuron (branch), the area of
the domain where thickness is increasing (the number of
red pixels) oscillates on a time scale of the contraction-
relaxation period. In Fig. 3 we measured the fraction of
this thickness-increasing area for each neuron i and the cir-
cuit’s center disc c, denoted respectively ri(t) and rc(t). To
evaluate the substantive contribution of phase wave prop-
agation to the growth/degeneracy (expanding/shrinking)
movements of each branch, we calculated the phase dif-
ference di(t) ∈ [0◦, 180◦] between the two oscillating vari-
ables ri(t) and rc(t) (i.e., the net phase difference defined in
[0◦, 360◦] is folded to half), because phase waves topologi-
cally propagate via the center disc. The growth/degeneracy
movement was measured by the fraction of the area occu-
pied by the branch i, denoted ai(t).
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Figure 3: Temporal evolution of the oscillation pattern in
memory destabilizing mode. For each neuron i and the
center disc c, the oscillation profile of the occupied area
ai(t), ac(t) is colored yellow when irradiated, otherwise
blue. Thickness-increasing area ri(t), rc(t) is represented by
a red profile. The pink curve indicates the phase difference
di(t). In the bottom, each schematic diagram indicates the
simplified planar shape of the organism and its oscillation
pattern. If a branch sustains antiphasic synchronization for
several periods, it is shown in red, otherwise in blue.

Figure 3 shows that the newly-emerged branch 4 rapidly
invaded the irradiated region by sustaining a large phase
difference, which is close to the exact antiphase (i.e., a half
period di(t) ' 180◦), while the branch 5 was withdrawn by
irradiation as its phase difference wildly fluctuated. In gen-
eral, such an antiphasic synchronization of ri(t) and rc(t) is
notable when the branch i grows rapidly, whereas in-phase
synchronization (di(t) ' 0◦) cannot yield rapid growth. Al-
though growth movements are inhibited by irradiation in
principle, it was confirmed that even under irradiation, the
rapid growth rate is as high as that under nonirradiated con-
ditions when exact antiphasic synchronization occurs (data
not shown). This is because protoplasmic streaming in-
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ducing the branch growth is driven by the pressure differ-
ence (gradient) derived from the contraction tension differ-
ence between the center and the periphery of the gel layer.
Namely, an antiphasic branch grows while its relaxing gel
layer invites a protoplasmic influx as the contracting gel
layer in the center disc extrudes the protoplasm. Because
the positioning of the antiphasic branches is essential for
the organism’s decision on its shape deformation, we refer
to the spatial arrangement of branches sustaining antipha-
sic synchronization for several periods as “the oscillation
pattern” for simplicity in the following discussions.

To destabilize a once-recalled memory configuration, it
is necessary that at least one branch newly emerges into
an irradiated neuron and sustains its growth for sufficiently
long periods. Usually a new branch emerges suddenly as
a lumplike bulge structure with strikingly large amplitude
of thickness oscillation, by intensively inviting a protoplas-
mic influx from a broad domain (Figs. 2C and E). Our
speculation is that the bulge is developed as protoplasmic
sol spouts from a local site of the gel layer where it is suf-
ficiently fragile to be ruptured by hydrostatic pressure of
protoplasm, as similar phenomena are observed when we
scratch on the gel layer to create a local defect artificially.

Even if a new branch (bulge) emerges, whether the
branch can sustain its growth depends on how the global
body self-organizes the oscillation pattern. Protoplasm
supply for sustained growth of a branch is reduced if it
disperses into other antiphasic branches. Conversely, as
shown in Fig. 3, the invading branch 4 could sustain its
growth as the dispersive oscillation pattern (left) evolved
into the proper oscillation pattern (middle) such that proto-
plasm in the irradiated branch 5 was exclusively supplied
to the antiphasic branch 4.

As well as the results reported by Takamatsu [2], spon-
taneous transition of the oscillation pattern could be ob-
served even when the organism’s planar shape is almost un-
changed. The transition has a stochastic nature as a pattern
can evolve into various patterns. This stochastic transition
makes it possible to eventually attain the proper oscillation
pattern capable of sustaining the growth of newly-emerged
branches, and has a functional significance in switching be-
tween the stabilizing and destabilizing modes.

In summary, we highlighted two key factors to yield
the memory destabilization; the transition of the oscillation
pattern and the emergence of a new branch as a bulge struc-
ture. As for the former, we suppose that there is some local-
to-global fluctuation amplification process. Namely, local
fluctuations in the organism’s internal conditions, such as
the thermal fluctuation and/or nonuniformity of chemical
distribution, are amplified to an extensive and sustained
fluctuation through some form of positive feedback effect
by the coupling of physiological and hydrodynamic pro-
cesses, and eventually influence the global oscillation pat-
tern. As for the latter, we should examine the validity of
the global-to-local effect, such as an influence of the global
oscillation pattern on creating a local defect of the gel layer

from which a bulge develops, because the gel layer may be
ruptured when the local site is intensively pressured by a
broad domain. The organism’s survival abilities in a harsh
environment, therefore, may be produced by the circulation
of the local-to-global and global-to-local effects [5].

5. Concluding Remarks

In this study, we experimentally implemented an
amoeba-based neurocomputer as an associative memory
device capable of the dynamic memory transition. Our sys-
tem can be developed to an optimization problem solver by
properly altering the number of neurons and the assignment
of weights as Hopfield and Tank originally proposed their
model in a continuous form to obtain a valid solution of the
traveling salesman problem [4]. In either case, memories or
valid solutions are represented as stable minimum-energy
states of a potential landscape established by the weights.
In the previous work, the amoeboid organism’s capacity
of maze solving, which is a kind of optimization problem
solving, was shown by focusing on a stabilizing process to
converge toward the shortest route solution that optimizes
mainly the chemical transport efficiency on a physical met-
ric space [1]. In contrast, we observed that the organism’s
dynamics produces not only stabilization but also destabi-
lization without explicitly applying external perturbation,
and that the spontaneous switching between the stabilizing
and destabilizing modes may assist searching for a global
optimum solution without being anchored at local optima.
Furthermore, our result suggests that the organism may be
capable of solving optimization problems even on a more
abstract space than the physical metric space, a phase space
of the oscillation patterns, where a solution is obtained
by optimizing spatial arrangements of temporal oscillation
phases. It will provide us a viewpoint of discussing the
functionalities of the unicellular amoeboid organism’s os-
cillatory behavior in analogy with the brain activities.
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Abstract—We recorded calls of Japanese rain frogs
(Hyla-japonica) and analyzed the nonlinear dynamics
on the basis of the experimentally observed data. The
result shows that a single frog called nearly periodi-
cally, and a pair of frogs called alternately in almost
anti-phase synchronization through mutual informa-
tion. We also studied the behaviors with mathematical
models.

1. Introduction

Synchronization is everywhere in coupled nonlinear
systems with oscillations [1–3]. In particular, synchro-
nization of biological oscillators has been studied ex-
tensively and intensively [3,4]. In this study, we anal-
yse calling behaviors of frogs. There exist some stud-
ies on synchronization of calls of frogs. Loftus-Hills
studied the synchronization in calling behaviors of
frogs Pseudacris streckeri [5], while Lemon and Struger
studied acoustic entrainment to randomly generated
calls in frogs Hyla crucifer [6]. In the present paper,
we study calling behaviors of Japanese rain frogs Hyla

japonica [7].

Figure 1: A male Japanese rain frog Hyla japonica.

Figure 2: A paddy field in Kyoto where male Japanese
rain frogs were collected.

2. Methods

Male Japanese rain frogs Hyla japonica were col-
lected in paddy fields in Kyoto, Japan (see Figs. 1 and
2). Collected frogs were individually housed in small
plastic cages which were dipped about 1cm in water of
the paddy fields where the frogs inhabited, as shown
in Fig. 3.

Time series data of calls were examined with non-
linear time series analysis [8–10] including the recur-
rence plot (RP) [11] and its extensions [12], namely
the iso-directional recurrence plot (IDRP) and the
iso-directional neighbors plot (IDNP). The RP is a
two-dimensional representation which plots point (i, j)
whenever the distance between the points X i and Xj

on a reconstructed orbits is less than or equal to the
threshold r: ||Xi − Xj || ≤ r. Similarly to RP, the
IDRP characterizes the movement of orbits. That is,
point (i, j) is plotted if ||(Xi+T − Xi) − (Xj+T −
Xj)|| ≤ s, where s is the threshold, T is the delay
for IDRP which equals to the reconstruction delay,
and the thresholds with s = r are defined so that
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Figure 3: Plastic cages to house frogs.

10% of the recurrences are plotted in each picture.
The IDNP is simply the product of RP and IDRP:
IDNP = RP ∩ IDRP . Therefore, IDNP represents
the points that are close to each other and are moving
in a similar direction in the reconstructed state space,
which is a characteristic peculiar to deterministic dy-
namics.

3. Experimental Results

Figure 4 shows the time series data of calls recorded
from (a) a single frog and (b) two mutually interacting
frogs, where the upper and lower panels in (a) and (b)
show the waveforms and the spectrograms in time win-
dows of 1.8s, respectively. A single frog called nearly
periodically as shown in Fig. 4(a). In the experiment
shown in Fig. 4 (b), after one frog called several times
alone, the second frog began to call as the timing is
shown by the red arrow, and two frogs called alter-
nately in almost anti-phase synchronization.

Figure 5 shows reconstructed orbits of the calls of
(a) a single frog and (b) two frogs in delay coordi-
nates [8–10]. The orbits of Fig. 5 are reconstructed
from the time series data of amplitudes of the calls
which are re-bined with 500 points, where the total
time length is 3.8s. Figure 5 shows that the calls
of both a single frog and two frogs are nearly peri-
odic; the latter has roughly two-folded structure. The
power spectrum analysis showed that the fundamen-
tal frequency of calling by a single frog in Figs. 4(a)

and 5(a) and that of calling by two interacting frogs
in Figs. 4(b) and 5(b) are 4.2Hz and 7.0Hz, respec-
tively [7]. The latter value means that the first frog
was calling with 3.5Hz in the mutually interacting be-
havior. In other words, the fundamental frequency of
the calls of a single frog during the interactive calls be-
tween two frogs is smaller than that of the same frog
which called alone. Figures 6(a), (b), and (c) show the
RP, the IDRP, and the IDNP of the interacting calling
data. These plots suggest existence of nonlinear deter-
ministic dynamics with emergence, disappearance, and
re-emergence of anti-phasely synchronized calling.

4. Mathematical Analysis

Synchronization of biological oscillators has been
theoretically analyzed [1–4,13,14]. Based on the these
previous studies, we model the calling behavior of
mutually interacting frogs with two mutually coupled
phase oscillators as follows [7]:

dθa

dt
= ωa − gab(θb − θa − α), (1)

dθb

dt
= ωb − gba(θa − θb − β), (2)

where θa ∈ S1, θb ∈ S1, S1 = [−π, π]/{−π ≡ π} [14],
ωa and ωb are the natural calling frequencies of two
frogs, gab and gba are 2π-periodic functions that repre-
sent the mutual interactions, α and β are positive frus-
tration parameters. Subtracting Eq.(2) from Eq. (1)
gives

dφ

dt
= (ωa − ωb) + gba(φ− β)− gab(−φ− α), (3)

where φ is the phase difference with φ = θa − θb.
If we assume for the sake of simplicity that gab(ψ) =

gba(ψ) ≡ K sin(ψ) [1, 2], then, Eq. (3) can be repre-
sented as follows:

dφ

dt
= (ωa−ωb) + 2K cos(

α+ β

2
) sin(φ+

α− β

2
). (4)

Under the assumptions of |ωa − ωb| � K, α =.. β,
and α � π, the stable equilibrium point φ∗ nearly
equals to π, which corresponds to almost anti-phase
synchronization. This result represents the property
that two frogs call alternately [7].
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(a)

(b)

Figure 4: The time series data of calls of (a) a single
frog and (b) two mutually interacting frogs. The upper
and lower panels in (a) and (b) show the waveforms
and the spectrograms in time windows of 1.8s, respec-
tively. The red arrow in Fig. 4(b) shows the timing
when the second frog began to call.
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Figure 5: Reconstructed orbits in delay coordinates of
the calls of (a) a single frog and (b) two frogs, where
the delay is set at 0.015s. The total time length is 3.8s
both in (a) and (b).

(a)

(b)

(c)

Figure 6: (a) the RP [11], (b) the IDRP, and (c) the
IDNP [12] of the interactive calling data with the em-
bedding dimension 5 and the delay time 0.03s, where
the original data are squared and averaged over a win-
dow of 0.05s, and re-sampled at each 0.01s.769



5. Conclusion

We recorded and analyzed the time series data of
calls of Japanese rain frogs. The result shows that
a single frog called nearly periodically, and a pair of
frogs called alternately; after one frog called several
times alone, the second frog began to call, and two
frogs called alternately in almost anti-phase synchro-
nization. The frequency of the calls of the first frog
during the interactive calls of two frogs is smaller than
that of the same frog which called alone. We modeled
these phenomena as the system of coupled phase oscil-
lators which synchronize in almost anti-phase. The ex-
perimentally observed anti-phase synchronization im-
plies a possibility that two male frogs Hyla japonica

call alternately in order to make female frogs distin-
guish them each other [7].
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Abstract—A measurement noise reduction problem oc-
curs when a sequence of states (time series) of a system
governed by a low dimensional dynamics is recorded us-
ing a measurement process subject to error. In this paper
we review those algorithms designed for noise reduction
with unknown dynamics and that take a non-parametric ap-
proach, i.e. such that the only assumption on the underly-
ing dynamics is its smoothness. These algorithms are al-
ways based on the local analysis of the data, which are a
scalar time series in some cases and a multivariate time se-
ries in other cases. We show that all of the algorithms can
be understood in a common framework: the projection of
neighbourhoods on suitable linear manifolds. In this con-
text the essential distinctive features of each algorithm may
be explained in terms of the metric considered, the neigh-
bourhoods chosen, and the goal pursued.

1. Introduction

Many problems relating to measurement noise reduction
can be described by the equations

xk+1 = f (xk) and Xk = g(xk) + ek.

where xk ∈ Rd is the unobservable state vector of a system
at period k; f is a smooth unknown dynamics, g : Rd → Rp

is a smooth vectorial function or observable; ek is an inde-
pendent and identically distributed (i.i.d.) multivariate sto-
chastic process; and Xk, k = 1, 2, ...,N, is the available time
series. In this scheme ek is referred to as the measure-
ment noise. Further, we adopt a non-parametric approach,
which does not assume any specific form for the dynam-
ics. Instead, it is based on a local analysis which tries to
exploit the smoothness of f . There is a rich literature on al-
gorithms that fall into this category (see [1]-[8]). They can
be classified as those algorithms for which the function g
is the identity and those designed for scalar time series, i.e.
g : Rd → R. These last algorithms require the reconstruc-
tion of a multidimensional state space equivalent in some
sense to the original one. Takens’s theorem guarantees [9]
that in absence of noise, for generic observable g, and if
m ≥ 2d + 1, the m-dimensional reconstructed time series
xm

k := (xk, xk+1, ..., xk+m−1), k = 1, 2, ...,N−m+1, provides a
diffeomorphic image of the attractor associated with f and
that the main properties of the dynamics f can be inferred
from those of the shift dynamics f ∗(xm

k ) := xm
k+1.

One difference between noise reduction for scalar and
for multivariate time series is the structure of the error term.
In scalar time series the error is unidimensional, so the
degrees of uncertainty of the m coordinates of the recon-
structed time series Xm

k := xm
k + em

k are identical, i.e., em
k

is an uncorrelated and homoskedastic error (it has covari-
ance matrix Σ = σ2I where I is the identity matrix). The
algorithms designed for scalar time series can be used for
multivariate time series corrupted by uncorrelated and ho-
moskedastic noise. However, the results can be improved
signicantly [10] if we incorporate into the reduction scheme
information about the structure of the error term when it is
correlated and/or heteroskedastic.

All of the algorithms we describe in this paper are based
on local projections. The idea is that in absence of noise the
reconstructed time series {xm

k , k = 1, ...,N − m + 1} lies on
a d-dimensional smooth submanifold M of Rm. Therefore,
for points xm

j within a small ball Ui centered at xm
i , the m-

dimensional difference vectors xm
j −
〈
xm

i

〉
Ui
, where

〈
xm

i

〉
Ui

is the center of mass of Ui, span only a d-dimensional linear
subspace, which is in fact an estimate of the tangent space
of M at

〈
xm

i

〉
Ui
. However, these difference vectors span Rm

due to the noise, so the deterministic part of the time series
can be (partially) recovered by projecting such vectors onto
suitable d-dimensional linear subspaces.

For multivariate d-dimensional time series the algo-
rithms first proceed to embed the time series in a higher
dimensional space [3], [10], considering for instance Zi =

(Xi−1,Xi,Xi+1), i = 2, ...,N − 1 or Zi = (Xi,Xi+1), i =
1, ...,N−1. Since in absence of noise, these data lie also on a
d-dimensional smooth submanifold, the algorithms recover
the deterministic part of the time series projecting again on
suitable d-dimensional subspaces.

Therefore, the first distinctive feature of each (scalar or
vectorial) algorithm is what embedding space is to be used
(i.e. the working space). This determines what neighbour-
hoods are to be chosen. The second feature is the metric
to be considered in the embedding space. We show below
how the estimations given by each algorithm can be under-
stood as a local projection with respect to a given metric.

The third distinctive feature of the algorithms is their
goal. All of the algorithms are iterative: the noise reduc-
tion scheme produces a new time series that will be the
input for the following iteration of the algorithm. In order
to decide the end of the process we need to measure the
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level of reduction of noise. Some authors [1]-[3], [6]-[8]
try to reduce the pointwise distance between the cleaned
time series x̂i, i = 1, ...,N and the clean one,

E(x, x̂) :=
(

1
N

∑N
i=1

∥∥∥̂xi − xi

∥∥∥2)1/2 .
This is consistent with the goal of recovering the original,
uncorrupted time series. Other authors [5] try to maximize
the local self-consistency of the data by reducing

Edyn (̂x) :=

⎛⎜⎜⎜⎜⎜⎜⎝ 1
N − 1

N−1∑
i=1

∥∥∥∥̂xi+1 − f̂i (̂xi)
∥∥∥∥2
⎞⎟⎟⎟⎟⎟⎟⎠

1/2

, (1)

where f̂i is a local estimation of the dynamics f at xi. This
provides a dynamical noise reduction.

Mera and Morán have recently proposed an alternative
approach [10]. They try to recover the geometric proper-
ties and the long-run statistical regularity of the underlying
dynamics by minimizing the mean distance to the attractor

dm (̂x, x) := 1
N

∑N
j=1 mini=1,...,N

∥∥∥̂x j − xi

∥∥∥ .
Consider that any true orbit of the dynamical system

conveys (with probability one) rich information on the
geometry of the attractor and on the statistical long-run
behaviour of the dynamics f . The dm distance between
any such orbit and the original clean orbit is very small.
In contrast, the pointwise distance between both orbits is,
in general, large. The noise reduction measure associated
with dm is 〈Rh〉 := 100

(
1 − dm (̂x,x)

dm(X,x)

)
. We shall refer to this

noise reduction measure as statistical noise reduction.

Creating a common framework for the different noise
reduction algorithms considered here is made possible by
the following theorem, which shows how to get the lin-
ear subspace which best fits data in Rn with respect to a
given metric. Let A be an n × n symmetric positive def-
inite matrix and let Lp be the set of p-dimensional lin-
ear subspaces of Rn. The orthogonal projection of v ∈ Rn

onto T ∈ Lp with respect to the metric δA−1 is given by
PT v := arg minw∈T vA−1wt. We say that the linear sub-
space Tp is the best linear subspace in Lp, for the points
{Zk, k = 1, ...,NV} ∈ Rn, with respect to the metric δA−1 , if
it minimizes over all T ∈ Lp

E(T ) := 1
NV

∑NV
i=1(Zk − PT Zk)tA−1 (Zk − PT Zk) .

Such best linear subspace can be obtained through the
eigenvectors of the n×n matrix MZZ := 1

NVΣ
NV
k=1ZkZt

k in the
metric δA. A system of vectors {w1, ...,wn} ⊂ Rn is called
orthonormal system of eigenvectors of MZZ in the metric
δA if they satisfy: (i) there exist real numbers λi (called
eigenvalues in the metric δA) such that MZZwi=λiAwi, 1 ≤
i ≤ n, and (ii) wt

iAw j = δi j, for all i, j.
Theorem (see [10]) Let λ1 ≥ · · · ≥ λn be the eigenvalues
of MZZ in the metric δA, let {wi, i = 1, ..., n} be the cor-
responding orthonormal eigenvectors and, for 1 ≤ p ≤ n,

let B be the n × (n − p) matrix whose columns are the last
n − p eigenvectors {wp+1, ...,wn}. Then the best linear sub-
space inLp with respect to the metric δA−1 is given by Tp :=
span{Aw1, ..., Awp} and PTpZ := ( I − ABBt)Z, Z ∈ Rn.

2. Algorithms for scalar time series

2.1. Cawley-Hsu-Sauer method [1],[6]

These algorithms use as working space Rm for some
suitable m, and they consider the Euclidean metric, i.e.
they take the m−dimensional identity matrix I as the ma-
trix A in the above theorem. Let Ui be a neighbourhood
of Xm

i and let
〈
Xm

i

〉
Ui

be the center of mass of the points

within Ui. The algorithms reduce the noise by projecting
the data Z j := Xm

j −
〈
Xm

i

〉
Ui
, Xm

j ∈ Ui onto the best d-

dimensional subspace Td. The estimation of x j they com-
pute is x̂ j =

〈
Xm

i

〉
Ui
+αZ j + (1−α)PTd Z j where 0 ≤ α < 1.

Notice that this procedure ties up the cleaned time series
to the original data through the term αZ j. This is in con-
cordance with the goal of a pointwise reduction. In fact,
the authors justify this step as a useful means to soften the
effects of rare statistical outliers. Since each point of the
scalar time series appears as a component of m consecutive
delay vectors, the algorithm provides multiple estimations
for almost all of the points of the scalar time series. This
problem is settled by averaging such estimations.

2.2. Schreiber-Grassberger method [8]

After a previous embedding of the data in Rm for a suit-
able (odd) value of m > 2d + 1, this algorithm proceeds
to assign as the estimate of the central coordinate of each
m-vector Xm

i a linear function of its m − 1 remaining co-
ordinates. Such linear function is estimated using a neigh-
bourhood Ui of Xm

i . This gives a single estimate of each
data point of the scalar time series. It can be proved that
this procedure is equivalent to the projection of Xm

i on the
best m − 1 dimensional subspace with respect to the metric
δA−1 corresponding to a diagonal matrix A with all its en-
tries equal to zero, with the exception of the central coor-
dinate which is set equal to one. Since such a matrix is not
invertible, the authors take a diagonal matrix whose diago-
nal entries are all very small (in the numerical results they
take a value 0.001) and a single 1 in the central entry of
the diagonal. Here the central coordinate plays an special
role: If the coordinate computed as a linear function were
to be the last coordinate, it would be ill-defined along the
unstable manifold and a correction of the first coordinate
would be ill-defined along the stable manifold. Only the
central coordinate correctly takes into account information
about both the past and the future. It should be mentioned
here the very simple but quite efficient noise reduction al-
gorithm [7] which proceeds in the same way as described
above, but takes as an estimate of the central coordinate the
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average of the central coordinates for all the points in the
neighbourhood.

2.3. Grassberger et al. method [2]

This algorithm is a modification of the previous one
but instead of correcting just the central coordinate for
each point Xm

i it corrects several more central coordinates.
How many of these will be corrected and the dimension of
the projection subspaces are parameters of the algorithm.
Since each data point of the scalar time series appears as a
one central component of several delay vectors, the average
of such estimations gives the final estimate of the point. In
our setting, the metric δA−1 is given by a diagonal matrix A
with all very small entries, with the exception of the central
coordinates which are equal to ones.

3. Algorithms for multivariate time series

3.1. Kostelich and Yorke’s method[5]

The smoothness of f implies that, and for any point
x in a small neighbourhood of a point xi in the attrac-
tor f (x) ∼ Bix + di holds, where Bi is some d × d ma-
trix and di is a m-dimensional vector. Thus, the algorithm
takes a neighbourhood Ui for each point Xi of the noisy d-
dimensional time series, and then gives as estimates of Bi

and di the solution to the least squares problem

minB,d
∑

j∈Ui

∥∥∥X j+1 − (BX j + d)
∥∥∥2 .

A naive estimate x̂i of xi would be x̂i := BiXi +di, but such
an estimate is too influenced by the noise in Xi and by the
error in the estimation of Bi and di. For this reason the al-
gorithm seeks a new time series which is consistent with
the estimated linear maps. This is done by selecting win-
dows of p consecutive points {Xi,Xi+1, ...,Xi+p} and then
taking {̂xi, x̂i+1, ..., x̂i+p} as the solution of the optimization
problem

min
x̂i,....,̂xi+p

w
i+p∑
j=i

∥∥∥̂x j − X j

∥∥∥2 + p−1∑
j=i

∥∥∥̂x j+1 − (B ĵx j + d j)
∥∥∥2 (2)

where w is a weighting factor. Notice that this minimiza-
tion problem is coherent with a dynamical noise reduction
(see (1)). The link with the projection methods comes from
the fact that the least squares estimator is also a projection
matrix.

3.2. Hegger and Schreiber’s method[3]

This algorithm is conceptually similar to the previous
one. It is also an adaptation to multivariate time series
of Schreiber and Grassberger’s algorithm [8] described in
the previous section. In order to capture the information
about the past and the future in the estimate of xi the al-
gorithm takes the time series Zi := (Xi−1,Xi,Xi+1) ∈ R3d,
i = 2, ...,N − 1. Thus the working space is R3d, with d

the dimension of the original data points. The hypothesis
is that the clean time series satisfies, for points z j near to
zi := (xi−1, xi, xi+1), the linear relationship

x j ∼ Bix j−1 + Cix j+1 + di

where Bi and Ci are d × d matrices and di is an d-
dimensional vector. They are computed by solving the op-
timization problem

min
B,C,d

∑
j:X j∈Ui

∥∥∥X j − (BX j−1 + CX j+1 + d)
∥∥∥2

where Ui is a neighbouhood of Zi. Let Xcorr
i := BiXi−1 +

CiXi+1 + di be the estimate given by the linear model
described above. The algorithm takes as estimate x̂i =

(1 − α)Xi + αXcorr
i where 0 < α ≤ 1. It can be proved that

Xcorr
i are the central coordinates of the orthogonal projec-

tion of Zi on the best linear d-dimensional subspace with
respect to the metric δA−1 where A is a diagonal matrix hav-
ing all the entries almost null except for the d central coor-
dinates, which are ones.

3.3. Mera and Morán’s method[10]

This algorithm pursues a statistical noise reduction, and
it is the only algorithm in the literature able to exploit
the available information that an uncorrelated and het-
eroskedastic noise contains. Its starting point is Kostelich
and Yorke’s algorithm [5]. In fact these authors already
pointed out the unsuitability of the least squares fits. In-
deed it is well known that in linear models where the in-
dependent variables are also measured with error, the least
squares estimators are biased, being the bias an increasing
function of the variances. Fuller [11] establishes the theory
for these type of models showing how to get unbiased and
consistent estimators, which are also the maximum likeli-
hood estimators if the errors are Gaussian.

Mera and Moran’s algorithm uses Rd as working space,
with d the dimension of the data. It starts by taking a neigh-
borhood Ui for each point Xi and it uses the theory devel-
oped in [11] to obtain an unbiased maximum likelihood es-
timate of the matrix Bi satisfying

X j+1 − 〈Xi+1〉Ui
≈ Bi

(
X j − 〈Xi〉Ui

)
, X j ∈ Ui

where 〈Xi〉Ui
denotes the center of mass of the points of

the neighborhood Ui and 〈Xi+1〉Ui
is the center of mass

of their images. Furthermore, this theory gives, for each
X j ∈ Ui, the maximum likelihood estimate ẑ j of z j :=
(x j+1 − 〈xi+1〉Ui

, x j − 〈xi〉Ui
). Using such estimation makes

unnecessary the last step in the Kostelich and Yorke’s algo-
rithm (see (2)).

The link between Mera and Moran’s algorithm and the
projection methods comes from the fact that ẑ j coincides
[10] with the orthogonal projection of Z j on the best d-
dimensional linear subspaces in the metric Σ−1, where Σ
is the covariance matrix of the errors e j in Z j := z j + e j.
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Thus, this method takes advantage of the structure of Σ to
reduce the noise. The authors prove that this method gives
a time series having almost the same statistical and geo-
metric properties as the true dynamics, even in the case of
high noise amplitudes or when the variances of the compo-
nents of the error are different and/or there are correlations.
Since, in general, the matrix Σ is unknown, the identity ma-
trix is taken as Σ at the first iteration of the algorithm, and it
is updated in the next iterations with the empirical covari-
ance matrix of the estimated errors.

The figure above shows a noisy time series of 10000
points generated by the Hénon map, with a highly het-
eroskedastic Gaussian noise (σex = 0.01σs and σey =

0.15σs, where σs is the standard deviation of the clean sig-
nal). We have plotted the output of the algorithm together
with the noisy time series. The levels of reduction are 83%
in terms of pointwise distance, 97% in terms of dynamic
consistency and 94% in terms of statistical regularity.

4. Conclusions

We have reviewed several algorithms addressed to mea-
surement noise reduction and based on a non-parametric,
local approach. All these algorithms can be understood
as producing outputs through local orthogonal projections,
with respect to suitable metrics, onto linear manifolds.
They differ in the working spaces, the metrics and the goals
pursued. Although these are the three essential distinctive
features, there are also other special useful devices pro-
posed by the authors of the algorithms whose discussion
is beyond the scope of this short review. Interested readers
can find these details in the quoted literature. In particular
criteria are avaliable for an adaptive selection of the size of
the neighbourhoods [13], and for a proper selection of the
dimension of the subspace in which the neighbourhoods
must be projected [12], both depending on the geometry of
the time series at each point instead of remaining fixed for
all the points.

All of the algorithms display a highly efficient perfor-
mance in their respective goals. For instance for a time
series of 5000 data points from Hénon map corrupted with

an uncorrelated and heteroskedastic Gaussian noises with
amplitudes between 1% and 10% they give a noise reduc-
tion in terms of pointwise distance between 65% and 73%
and between 83% and 87% in terms of dynamical consis-
tency. These results seem to indicate that, in spite of the
stronger intuitive content of pointwise noise reduction and
the appealing fact that pointwise noise reduction permits
the improvement of the short run forecasting of the series,
there exist intrinsic bounds for such goal. These bounds
might be related to our limited capability for a pointwise,
short run prediction of chaotic dynamical systems recorded
with uncertainty, even if the dynamics is known. By con-
trast, the more realistic goal of statistical noise reduction
could find its bounds only in the length of the data sets.
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Abstract—The paper introduces a formal defini-
tion of inheritance, which is a cardinal concept in
object-oriented software, for dynamical systems. The
proposed definition exploits the coalgebraic descrip-
tion of software artifacts to provide a connection be-
tween the behavioral approach for modeling dynamical
systems and the object-oriented approach for software
modeling and design.

1. Introduction

The object-oriented (o-o) approach is renowned as
a driving idea for many modern software design meth-
ods, supported by several programming languages of
common use. One of the reasons for the success of
object-orientation is the fact that it allows to design
by extension, exploiting a feature called inheritance.
Thanks to the inheritance mechanism, given a basic
class of software objects, characterized by a set of at-
tributes (data) and methods (functions), it is possible
to build a new class which inherits all the character-
istics (i.e. attributes and methods) of the basic one
and which can be further endowed with additional
attributes and methods. However, inheritance, may
also become an issue in terms of behavioral confor-
mity between basic and derived classes. Theoretically,
the Liskov Substitution Principle (LSP) [3] states that
an object of a derived class can be asked to do any-
thing an object of the basic class can do, which means
conformity of functional interface, but also that it
should do it in the very same way and with the same
results, which means conformity of behavior. If we
consider object-orientation as a conceptual approach
to network-based modeling of dynamical and physical
systems, as supported by languages like Bond-Graphs
[2], Modelica [6] and the extension of UML defined in
[5], or to the design of mechatronic systems, the ad-
vantage of inheritance is evident: a complex system
composed of a network of, possibly nonlinear, systems
processing physical information (i.e. energy) can be
extended by replacing one of its parts with a derived
component which is able to realize the basic behavior,
but, in addition, also to perform further functionali-

ties. Clearly, in this domain it is necessary to define
inheritance in a way that guarantees behavioral con-
formity.
The present paper presents an approach to formalize
inheritance in an o-o framework for dynamical systems
modeling. The major contribution of the proposed ap-
proach consists in allowing designers of mechatronic
systems to adopt the principle of design by extension,
so that they can formally specify new mechatronic
components with additional features and use them to
replace parts of a more complex system, without mod-
ifying its global behavior. The o-o framework pre-
sented in the paper combines the coalgebraic view of
object-orientation presented in [1] and the behavioral
approach [4]. Next section will give a brief overview
of basic ideas of the two motivating references, while
Sec. 3 describes the proposed o-o approach to Dynami-
cal Systems modeling and the definition of inheritance
for this domain. The paper ends with some ideas for
future enhancements and applications of the proposed
modeling framework.

2. Background

The behavioral approach: this mathematical
framework aims to formalize a general dynamical sys-
tem by focusing on its behavior, rather than on the
equations that characterize it. For an extensive de-
scription of this approach see [4]. Consider a dynam-
ical system characterized by an I/O interface (u, y) ∈
U × Y through which it can interact with the rest of
the world. The interface outcomes space, namely the
space on which inputs and outputs of the system live,
is defined as W = U × Y . It is then possible to de-
fine the universe of interface outcomes U as the set of
ALL possible trajectories that can be described in W ,
namely as

U = {(u, y) ∈ WT } (1)

where WT is the set of maps from T , an ordered time
set, to W . An interface behavior is defined as a cer-
tain B ⊆ U of compatible interface outcomes, namely
a particular subset of trajectories that the system is
allowed to describe in W . The interface behavior B

NOLTA 2006
11-14 september
Bologna - ITALY

775



can be described as the set of possible solutions of a
group of differential-algebraic equations, called behav-
ioral equations: the interface outcomes of B are all the
pairs (u(t), y(t)) that satisfy the behavioral equations;
for further information see [7].

The coalgebraic modeling framework: cate-
gory theory and coalgebras are the basis of a mod-
eling framework for o-o programming developed in [1].
Category theory is a branch of mathematics that has
been developed to describe various structural concepts
from different mathematical fields in a uniform way.
Intuitively category theory discusses a class of objects
and their relationship to each other and it is formally
defined as follows:

Definition 1 A category consists of

• A collection of objects (A,B,C, . . . )

• A collection of morphisms (f, g, h, . . . ), each one
relating two objects (usually written f : A �→ B).

• Given morphisms f : A �→ B and g : B �→ C there
is a morphism g ◦ f : A �→ C called the composite
of f and g.

• For each object A there is given a morphism 1A :
A �→ A called the identity morphism of A

These data are required to satisfy the associativity law
(i.e. h ◦ (g ◦ f) = (h ◦ g) ◦ f for all f : A �→ B,
g : B �→ C, h : C �→ D) and the unit law (i.e. f ◦1A =
f = 1B ◦ f for all f : A �→ B).

A functor is a mapping from one category to an-
other that preserves the categorical structure; it maps
objects into objects and morphisms into morphisms
and it preserves the associativity and the unit prop-
erty. A functor that maps a category into itself is
called endofunctor. Let A and B be categories such
that each object A ∈ A can be regarded as an object
of B by suitably ignoring structures that A may have
as an object of A but not as an object of B. A functor
F : A �→ B which operates on objects of A by “for-
getting” any imposed mathematical structure is called
a forgetful functor. Loosely speaking a forgetful func-
tor is a kind of generalized canonical projection which
cuts away all the information which does not fit in the
target space. Another important definition in the coal-
gebric framework is, of course, the one of coalgebra:

Definition 2 Let A be an arbitrary category and let
F : A �→ A be an endofunctor. A coalgebra consists of
an object X ∈ A together with a morphism c : X �→
F(X).

The object X is often called state space and c is called
the transition or coalgebra structure. X represents the

kind of data that characterize the system, F(X) repre-
sents the interface by means of which we can interact
and we can see the system and c(·) represents the dy-
namics of the system and it links the evolution of the
state to the I/O interface. Intuitively, coalgebras de-
scribe general state-based systems provided with dy-
namics given by c. The codomain of c(·) is often called
the interface of the coalgebra.

The coalgebraic framework of [1] aims to describe a
software program in terms of generated (I/O) behav-
ior instead of data processing or symbolic manipula-
tion. In particular, [1] describes the o-o concepts of
class specifications and class implementations within
the coalgebraic framework. Class specifications are lin-
guistic entities consisting of three parts describing: (1)
the methods; (2) the logical assertions that the meth-
ods have to satisfy; (3) the conditions that should hold
for newly created objects. Class specifications define
the features of a class in general without any refer-
ence to the specific data type which constitutes the
state space of the class and without any specific in-
terpretation of the methods of the class. Therefore, a
class specification defines what behavior a class should
be able to reproduce and NOT how it has to be de-
signed to do it. Class implementations are the in-
terpretation of class specifications and, basically, cor-
respond to class definitions in o-o programming lan-
guages. Thus, class implementations define the par-
ticular type of data that constitute the state space
and the methods that implement those given by the
class specification. Formally, a class implementation
is given by a triple (X, c : X �→ T (X), x0), where X
is an interpretation of the state space X of the class
specification, c : X �→ T (X) is a coalgebra that gives
an interpretation of the methods, that is it consists of
a set of functions that implement the methods defined
in the specification. Finally x0 ∈ X is an element
which should satisfy the creation conditions reported
in the class specification.

We can access to the states only through the meth-
ods; thus, once a class implementation is given, it is
important to identify the states which are indistin-
guishable by the methods. This is formalized in [1] by
giving a specific definition of bisimulation, an equiva-
lence relation on state spaces which implies the equiv-
alence of the external behavior of two classes. Given
a class specification S it is possible to define a cate-
gory Class(S) of implementations of the specification.
Summarizing the formal details of [1], the objects of
Class(S) are all the implementations of the specifica-
tion S and the morphisms link implementations whose
external behavior is indistinguishable using the meth-
ods (i.e. they preserve bisimulation). Within this coal-
gebraic modeling framework it is also possible to define
the concept of inheritance [1], both between class spec-
ifications and between class implementations. A class
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specification S inherits from a class implementation
T if all the methods, assertions and creation condi-
tions of T form part of S, but S may be extended
with (1) additional methods, (2) additional assertions
(or strengthened assertions of T ), (3) additional cre-
ation conditions (or strengthened creation conditions
of T ), (4) extending the output type A of an attribute
method in T to a super-type A′ ⊇ A and the input
type B of a procedure method in T to a super-type
B′ ⊇ B. These four points ensure that implementa-
tions of the child specification S are also implemen-
tations of the parent specification T , namely that the
external behavior generated by T is contained in the
external behavior generated by S. Formally, we say
that S inherits T if and only if there is a forgetful func-
tor F between the categories Class(S) and Class(T ),
whose role is to erase the extra structure we added
in the specification S. Thus, a specification S inher-
its from a specification T if erasing some methods,
deleting (or weakening) some assertions and creation
conditions from any of its implementations we get an
implementation of the specification T . It is also pos-
sible to define inheritance also for class implementa-
tions: a class implementation B ∈ Class(S) inherits
from a class implementation A ∈ Class(T ) if there is
a morphism of classes f : F(B) �→ A in the category
Class(T ). We shall call B a subclass of A. For further
details see [1].

3. A categorical view of dynamical systems

Since within the coalgebraic framework for software
classes the focus is on the generated behavior rather
than on the functional implementation, we believe that
a key ingredient for the extension of this modeling lan-
guage to dynamical systems is the concept of interface
behavior as in the behavioral approach. The basic idea
in our coalgebraic description of dynamical systems is
that a dynamical system can be seen as a class that
implements a certain interface behavior. Recalling the
previous definitions, a dynamical system specification
defines the interface behavior that a dynamical system
must be able to reproduce and the ways in which it is
possible to interact with the system (the methods),
while a dynamical system implementation represents
a particular way to generate the specified behavior.
A dynamical system specification consists of three
parts: methods, assertions and creation conditions.
As for software classes, methods represent both a way
through which we can get information about the sys-
tem state and a way by which we can influence the
system’s evolution. A fundamental difference between
software classes and dynamical systems is the fact that
dynamical systems is that they evolve synchronously
with respect to an ordered time set (e.g. R, Z, etc.),
changing the information presented at the external in-

terface at each time step (which can be infinitesimal).
This also means that for dynamical systems the meth-
ods that determine their generable behavior have to
be invoked at each instant.

A very large number of dynamical systems can be
represented by considering only two kinds of methods:
the attribute method and the procedure method. Let
U and Y be a defined input and output space respec-
tively and let X be the “unknown” state space and T
be an unknown ordered time set. method, renamed
evolve, are given by:

out : X �→ Y evolve : X× U ×T �→ X

Thus, the out method maps the state into the output
space and the method evolve encodes the evolution
of the system and it depends on the time set T . The
role of the input is to parameterize the evolution of
the system. The method specification says that we
can see the state space only in the output space Y ,
that the system has to be able to evolve with respect
to a time set and that we can influence the evolution
by elements in the set U . consist of a particular I/O
behavior B that the system must be able to reproduce.
This means that the methods of the dynamical system
have to be related in such a way that it is possible
to reproduce the behavior B; it is possible to select a
particular I/O trajectory in the behavior by selecting
a proper input trajectory. Finally, the creation condi-
tions represent the initial output condition that have
to be satisfied by the implementations of the specifi-
cation at an instant that is chosen to be the initial
one.
Dynamical systems implementations are the interpre-
tation of dynamical systems specifications and they
define the particular structure of the system. They are
defined by the triple ((X,T ), c : X × T �→ T (X),m0),
where T (X) represents the I/O interface of the system.
The choice of X and T implies the choice of a structure
for the state space and for the ordered time set of the
dynamical system. The coalgebra c(·) consists of a set
of maps related in such a way to allow to implement
the behavior requested in the assertions compartment
of the specification. Basically the coalgebra defines the
output map, which is associated to the method out,
h : X �→ Y and the evolution map, which is associated
to the method evolve, Φ : X × U × T �→ X.

The choice of the output map and of the evolution-
ary vector field has to be such that for every possible
pair (u(·), y(·)) we have that

(u(t), y(t)) ∈ B

In other words we require that the system implements
the specified behavior. Finally, x0 ∈ X is the ini-
tial state of the implementation and it has to be such
that the initial output configuration satisfy the cre-
ation conditions reported in the specification.
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Using the proposed coalgebraic framework, it is pos-
sible to extend the notion of inheritance to dynamical
systems. In Sec. 2 we reported a set of 4 possible ex-
tensions through which it is possible to build a child
specification. We will now restate these possible ex-
tensions giving them a more system theoretic inter-
pretation and defining the concept of inheritance for
dynamical systems specification. A dynamical system
specification D inherits from a dynamical system spec-
ification E if all the methods, assertions and creation
conditions of E form part of D, but:
(1) D may have additional methods. It is possible to
add outputs methods and to add evolution methods.
In the latter case we allow the state to evolve in sev-
eral ways; only one evolution method must be invoked
at a certain instant meaning that the state can evolve
following only one integral curve of an evolutionary
vector field at a time.
(2) D may have additional assertions and, moreover,
the assertions of E may be strengthened. For dynam-
ical systems, if B is the behavior required by the spec-
ification E, it means that the child system could im-
plement a behavior B1 ⊇ B. In this way all the trajec-
tories of the parent behavior can be implemented by
the child and, therefore, the LSP is satisfied.
(3) D may have additional creation conditions and,
moreover, the creation conditions of E may be
strengthened. This extension allows to the derived
system to impose further conditions on the value of
the initial outputs.
(4) The output space Y and the input space U may
be extended to super-spaces Y ′ ⊇ Y and U ′ ⊇ U re-
spectively. It is therefore possible to extend the output
space to support more kind of attributes and the input
space to provide a further capability to parameterize
the evolution of the state.
These four points imply that implementations of the
child specification are also implementations of the par-
ent specification and that children systems can be used
in place of parent system without any loss of perfor-
mance, but with an extra flexibility and extra func-
tionalities. This property can be formalized in terms
of category theory by formulating the existence of a
forgetful functor between the categories Class(S) and
Class(T ) as described in Sec. 2 for software classes. It
is possible to straightforwardly apply the construction
provided for classes implementations to dynamic sys-
tems implementations. Thus we have that an imple-
mentation B of the child specification D is a subclass
of an implementation A of the parent specification E
if, after having forgotten all the extensions introduced
in the inheritance process, the external behavior of
the class F(B), where F is the forgetful functor, is the
same as that of the system A.

4. Conclusion

We have presented an o-o modeling framework for
dynamical systems based on category theory and on
the behavioral approach. This framework allows to
formally define the concept of inheritance between
classes of dynamical systems, with a strong emphasis
on behavioral conformity. We consider the latter prop-
erty very important in order to introduce the principle
of design by extension in the domain of mechatronic
system. Our future work aim to analyze significant
cases of study, in which the proposed extension mech-
anism will highlight its usefulness for the design of
“enhanced” mechatronic components. Loosely speak-
ing, a complex manufacturing system can be thought
as an interconnection of basic components, either log-
ical or physical, which exchange information [5]. The
overall behavior of the system is determined by the
fact that each component is able to reproduce at its
I/O port a given behavior. Given a component of a
complex system, either logical or physical, exploiting
the inheritance framework proposed in the paper, it is
possible to build a derived component that is able to
implement some extra functionalities with respect to
the parent component but that, at the same time, it is
able to exactly reproduce the I/O behavior of the par-
ent component and, consequently, to allow the overall
manufacturing system to work as with the parent com-
ponent.
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    Abstract – In the last years, it has been seen a 
growth of interest in Stochastic Resonance (SR) 
phenomenon, which becomes popular in various fields. 
This contribution presents a PSPICE macro-model of 
the stochastic resonance process, by means of which 
we can determine the intensity of the added noise and 
its characteristics, in order to enable the detection of 
under-threshold signals (stimuli).  
 
1. Background 
 
    Stochastic resonance (SR) is a phenomenon 
observed in both natural and man-made non-linear 
systems, requiring the superposition of some external 
noise to the useful signal. Contrary to linear systems, 
where noise deteriorates the performance, in non-linear 
systems detectability can be improved by properly 
tuning the intensity of the additive external noise. A 
frequency domain approach shows that the external 
noise and the periodic signal interact, pumping power 
from the whole noise spectrum into a single mode, 
reinforcing the useful signal. To occur, the SR process 
needs four ingredients: 
 

• A non-linear system, with a threshold operation 
and two stable states. 

• A sub-threshold useful signal (stimulus), often 
periodic. 

• An external random noise source, which 
superposes onto the useful signal. 

• A performance criterion, to evaluate the signal 
delivered at the output of the non-linear system. 

 

In the time domain, the mechanism of SR can be 
explained as follows: in the absence of noise, the 
amplitude of the stimulus never crosses the threshold 
of the non-linear system, whose output does not react. 
By adding random noise to the useful signal, at least in 
some time intervals its amplitude increases enough to 
overpass the threshold and hence it triggers the non-
linear system. Consequently, the output of the non-
linear system switches between its two stable states and 
delivers a noisy signal, from which further processing 
can recover most of the information carried by the 
stimulus. In this way, adding an appropriate amount of 

noise (with a known statistics) is beneficial to detecting 
a weak signal. Note that adding too much noise 
degrades the operation, which fails to extract the useful 
information. 
     This phenomenon has been observed and reported 
in a variety of fields covering biological sensing 
systems, chemistry, genetics, neuroscience, etc. For 
instance, it appears in feeding or predator avoidance of 
some animal species (such as fish), in auditory and 
vision systems operation (when perception threshold is 
impaired by age), in human tactile sensation 
improvement by adding random vibration [1], etc.  
    Later, this concept has found application in 
electronic engineering, namely in signal processing (to 
extract a useful signal embedded in noise) and in 
system control. Equally, SR has been used to explain 
periodic recurrences in the Earth's ice ages. Recently, 
this phenomenon is suspected to appear in the 
mechanism of cellular communications [4], where it 
may play an important role. Several fundamental 
experiments have shown that intercellular and 
intracellular communications are affected either by the 
noise arising inside the cell (due to fluctuations in birth 
and dead rate of individual molecules), or external 
noise (due to environment fluctuations). In contrast to 
the former, the latter, being common to all cells, can 
facilitate communication between two populations of 
cells and therefore induce a cooperative behaviour, by 
imposing some synchronization. 
    Being so important in various fields where 
laboratory experiments are very difficult, very 
expensive or even impossible to achieve, it is 
paramount to find an electrical model of the stochastic 
resonance process, by means of which simulation can 
be easily carried out with a commonly used program 
(like SPICE). Provided that an analogy between the 
electrical domain and the field of the particular 
application can be established, simulation is a valuable 
tool not only to avoid high – cost experiments, but 
equally to give a deeper insight into the mechanism of 
stochastic resonance process. 
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Fig. 1  Diagram of the proposed macro-model. 
 

2. Model Structure 
 
    The functional diagram of the proposed macro-
model is presented in Fig. 1. According to the 
explanation proposed in the time – domain, the model 
must include the following elements: 
 

• An operational amplifier is used as comparator. Its 
threshold value is set by means of an adjustable 
DC reference source connected to one of its inputs. 

 

• The useful signal (stimulus) is delivered by a 
sinusoidal  generator.  

 

• A Colpitts – like chaotic oscillator [2], whose 
behaviour is similar to a Rössler attractor, delivers 
the noise to be added (a chaotic signal, with a 
strong periodic component). 

 

• In order to avoid mutual influence when both 
signals are added, a buffer follows the noise 
generator, as well as the stimulus generator.  

 

• Both buffers employ LM324 operational 
amplifiers, connected as unity gain stages stages 
(followers).  

 

• Concerning the adder, the simplest circuit with two 
resistors has been selected. By adjusting the values 
of these resistors one can modify the weighting 
factors of the two terms in the sum, and so the 
amount of added noise. 

 

     The detailed schematic of the proposed SR macro-
model is presented in Fig. 2. Note the following points: 
 

 The frequency of the sinusoidal generator is set to  
1 kHz and its amplitude to 2V. 

 

 The threshold voltage has been set to 2.1V. 
Consequently, in the absence of noise, the 
sinusoidal generator alone is unable to switch the 
output of the comparator. 

 

 The chaotic oscillator delivers a signal with 
random amplitude, ranging between 0 and 4.5V. 
Its frequency is around 38 kHz. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2 Schematic of the complete macro-model for PSPICE simulation. 
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Fig. 3 Typical waveforms obtained with PSPICE. 
 
    The performance criterion is established relatively to 
the output signal, which must simultaneously fulfil two 
conditions: 
 

• It must be periodic, with the same frequency as 
that of the stimuli (sinusoidal generator). 

 

• Its amplitude must be sufficiently high (i.e., the 
comparator must switch between its two stable 
states, delivering an output with a high amplitude). 

 
3. Results 
 
    A PSPICE simulation, with the values of 
components proposed in Fig. 2, has been performed. 
The general form of various waveforms is presented in 
Fig. 3. V(STIM) refers to the waveform of the 
sinusoidal generator (at its buffer output). V(NOISE) is 
the waveform delivered by the chaotic oscillator (at its 
buffer output). V(OUT) is the voltage waveform at the 
comparator output (note that it switches between -10V 
and +10V). 
    By comparing V(OUT) with V(STIM), it is obvious 
that the former has the same frequency as the stimulus, 
and consequently the first condition imposed by the 
performance criterion is fulfilled.  
    The second condition (output signal with large 
amplitude) is equally satisfied, since the supply 
voltages (V+ and V-) set the output swing. 
 
4. Discussion 
 
    Although fairly different from a sinusoid, V(OUT) is 
a large amplitude signal, which hopefully enables the  
neuronal processing and retrieving of the  stimulus 
frequency.  
    In order to understand what happens in a biological 
system, let us consider the case of a fish whose survival 
depends on its ability to early detect the predator 
approach.  

 
Fig. 4 Case when noise is optimum (SNR0). 
 
    The fish, by means of its external sensor areas, can 
sense the vibrations present in its environment, then 
this information is transmitted to the neurons 
specialized to process it. Very likely, the fish must be 
able to identify from the gathered information the 
predator signature (early, when it is still out of range) 
and to react rapidly.  
    Evidence exists that the paddlefish has a peripheral 
sensory system that acts in this way and takes 
advantage of the stochastic resonance. Experiments on 
its behaviour have been conducted  [3], and they show 
that adding external noise enhances the perception of 
"friend or foe" approach. 
    

 
Fig. 5 Case when too much external noise is added. 
 
    The following question arises now: what is the 
appropriate amount of noise to be added, in order to 
enable stimuli perception by stochastic resonance.  
Simulation represents a very elegant and non – 
expensive tool to answer. Transposed into the electrical 
domain, this means to investigate the effect of 
modifying the signal-to-noise ratio (SNR) at the 
comparator input. The simplest way to achieve this is 
to adjust the values of resistors RN, RS and to check 
each time whether the output waveform satisfies the 
performance criterion or not.  
     We adopt as reference the case when  RN = RS =    
1 kΩ (equal weighting factors, the resulting signal to 
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noise ratio being denoted by SNR0). The corresponding 
waveforms are shown in Fig. 4 and they are similar to 
those presented in Fig. 3, excepting for the time scale, 
which is different. As the output signal has comfortable 
amplitude (the swing is between –10V and about +9V), 
and it has the same frequency, the performance 
criterion is fulfilled. This represents a good choice. 
    The waveforms given in Fig. 5 correspond to the 
case when the amount of added noise is kept constant, 
but the stimuli signal has been attenuated with respect 
to noise (RN = 1 kΩ and RS = 5 kΩ). In other words, 
this time noise dominates the signal and consequently 
the SNR is deteriorated. It is obvious that the output 
signal does no more switch between the two stable 
states (actually, it is comprised between +3V and +9V). 
This may lead to impossibility of identifying stimuli 
signature by the biological system. Furthermore, since 
the output waveform is now very noisy, the frequency 
of the stimuli is rather difficult to be recovered. 
 

 
Fig. 6 Case when intensity of additive noise is too weak. 
 
    A quite different situation is depicted in Fig. 6, 
where the waveforms refer to the case when the 
amount of added noise is so weak, that stochastic 
resonance is only incipient (RN = 5 kΩ and RS = 1 
kΩ). Here the amplitude of the input signal is quite 
small, it never triggers the comparator; therefore, no 
output swing from negative to positive voltages occurs. 
This may seriously impair the ability of further 
processing and extracting stimuli signature. 
    Of course, if the added noise is still more reduced, 
stochastic resonance fairly disappears.  For instance, 
for RN = 20 kΩ (or greater) and RS = 1 kΩ,  no pulses 
exist at the comparator output, which remains flat at    
–10 V. 
We have checked the robustness of the proposed model 
by replacing the sinusoidal stimulus with the signal 
delivered by a pulse generator. No particular incidence 
has been noted, provided that the stimulus frequency is 
chosen much smaller than the frequency of noise. 
Finally, a Vilnius chaotic oscillator [5] has been 
substituted to its Colpitts-like counter-part; a sample of 
the obtained waveforms is presented in Fig. 7. 
 

 
Fig. 7 Typical waveforms when noise is delivered by a 
Vilnius oscillator and as stimulus a pulse generator is used  
 
5. Conclusion 
 
    A general, versatile, robust SPICE model of the 
stochastic resonance has been proposed. This model is 
called general, since it is not dependent on a particular 
case study or on a particular application field. It may be 
used as a tool to simulate the stochastic resonance 
appearing in physics, in a chemical reaction, or in a 
biological process, provided that a one-to-one 
correspondence is previously established between the 
components of the SPICE model and the elements of 
the system under investigation. 
This model is expected to give deeper insight into the 
dynamics of the investigated system, by avoiding to 
repeat expensive, time-consuming or difficult 
experiments.  
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Abstract—The possible output bit streams of a first or-
der Sigma Delta modulator with integrator leakage, for any
periodic input is investigated. Given certain periodic in-
puts, it is shown that not all of the possible output se-
quences can occur. In particular, it is proven that if the
input frequency is rational i.e.ω = rπ

q , that only bitstreams
which are dependent on this frequency are possible.

1. Introduction

Σ∆ modulators are widely used in analog-to-digital and
digital-to-analog conversion. Applications range from cel-
lular phone technology to ultra sound imaging and more re-
cently are used in Super Audio CD (SA-CD) [1]. However,
despite their widespread use a complete understanding of
their operation does not exist. This is due to the presence
of the nonlinear element- the quantiser [2]. Essentially,
there has been two approaches to analysing Sigma Delta
modulators. The first is to linearise the nonlinearity and
apply standard linear theory [2]. The second is to use the
theory of nonlinear dynamics. However, the majority of
this work concentrates on the case of a DC input [3]. In
this paper,a new approach to investigating the Sigma Delta
modulator with a periodic input is presented. In contrast to
work previously done which examined the behaviour of the
state-space variables [4],this method looks at the output bit
stream of the system. In particular, it considers successive
blocks of positive ones and negative ones and determines
constraints on the size of these blocks. Viewing the sys-
tem in this way enables us to prove results regarding the
form of the output sequences for given inputs. Information
regarding the output sequences can help indicate the pres-
ence of limit cycles [5]. In addition, a greater knowledge
of the output sequences can help in the design of more effi-
cient decoders [6]. In this paper, we focus on the first order
Sigma Delta modulator. We begin by introducing the con-
cept ofm sequences wherem and four lemma which are
necessary to determine constraints on them sequence. In
section 3, the Sigma Delta modulator under certain condi-
tions is examined. Results regarding them sequences are
presented. These are representative of the type of results
which can be obtained by using this new approach. While
this paper considers only the first order Sigma Delta modu-
lator with integrator leakage, it is hoped that it will provide
a frame work for the investigation of higher order systems.

2. The Sigma Delta modulator with integrator leakage

2.1. The first order Sigma Delta modulator

Figure 1: First Order Sigma Delta modulator with integra-
tor leakage.

The first orderΣ∆ modulator is shown in Fig.1. The
equation describing theΣ∆ modulator with a periodic in-
put, is given as follows:

θn = θ0 + nω mod(2π)

un+1 = pun + f (θn) − sign(un) (1)

where

sign(x) =

{
1 i f x ≥ 0
−1 i f x < 0

While any periodic input could be considered, in this pa-
per the input to the modulator isf (θn) = αsin(θn) with
|α| < 1, θn ∈ [0,2π). The effect of integrator leakage is
incorporated into the system by takingp < 1. In general,
Σ∆ modulators are designed such that the pole of the sys-
tem is as close to 1 as possible. Hence, in this paper both
values ofp which are equal to 1 and just slightly less than
1 , e.g.p = 0.99 are considered.
The output of the system is defined as:

yn = sign(un) (2)

2.2. The critical upper and lower bounds

Consider the setΓ defined as

Γ =

{ [
u
θ

]
∈ R × [0,2π)| −1

p
+ f (θ) ≤ u ≤ 1

p
+ f (θ)

}
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From [4], it is shown that the setΓ is invariant and globally
attracting. Assume thatu0 ∈ Γ andu0 ≥ 0. Consider the
following output of the system as defined in (2)
1111︸︷︷︸

m0

−1− 1− 1− 1︸            ︷︷            ︸
m1

. . . 1111︸︷︷︸
m2s

−1− 1− 1− 1︸            ︷︷            ︸
m2s+1

· · ·

wheremi is defined as the number of positive or negative
ones in the output before a switch, e.g.m0 = 4 in the above
sequence.
This sequence ofmi is referred to as them sequence and for
simplicity will be considered throughout the paper rather
thanyn. It is assumed thaty0 = 1. It follows thatyn = 1 for
0 ≤ n < m0 andyn = −1 for m0 ≤ n < m0 + m1 .
Define:

ρn = sin(θ0 + nω) f or n ≥ 0 (3)

B0 = 0, Bn+1 =
1

pn+1
+ Bn, f or n ≥ 0 (4)

C0 = 0,Cn+1 =
ρ0

pn+1
+ Cn, f orn ≥ 0 (5)

In this section, we present four lemma regarding the bounds
on u0. Lemma 1 states the appropriate equations forun in
the ranges 0≤ n ≤ m0 andm0 ≤ n ≤ m0 + m1. From this,
we can determine the bounds onu0. Lemma 2 proceeds
to show that only one of the bounds onu0 in each range
is critical. The proofs of these lemma are straight forward
and are omitted due to restrictions on space.
Lemma 1
For system (1) withu0 ≥ 0

un = pnu0 + αpnCn − pnBn f or 0 ≤ n ≤ m0

un = pnu0 − pm0 Bm0 + αpnCn + pn−m0 Bn−m0

f or m0 ≤ n ≤ m0 + m1

It follows that

u0 ≥ Bn − αCn f or 1 ≤ n ≤ m0 − 1

and

u0 < Bm0 − αCn − 1
pm0

Bn−m0 f or m0 ≤ n ≤ m0 + m1 − 1

In Lemma 2, we find that in a given range there exists a
value ofn which yields a critical bound. This is true pro-
vided |α| < 1
Lemma 2
If |α| < 1 then

u0 ≥ Bn − αCn f or 1 ≤ n ≤ m0 − 1

i f f u0 ≥ Bm0−1 − αCm0−1 (6)

and

u0 < Bm0 − αCn − 1
pm0

Bn−m0 f or m0 ≤ n ≤ m0 + m1 − 1

i f f u0 < Bm0 − αCm0+m1−1 − p−m0 Bm1−1 (7)

We now show that these lemma are true for the more gen-
eral case wheres≥ 1.
Lemma 3
For system (1) withu0 ≥ 0

un = pnu0 + αpnCn − pnBm0 + pn−m0 Bm1 + · · ·

· · · − pn−m0+...+m2s−1 Bn−(m0+m1+...+m2s−1)

for
m0 + · · · + m2s−1 + 1 ≤ n ≤ m0 + · · · + m2s

with s≥ 1 and

un = pnu0 + αpnCn − pnBm0 + pn−m0 Bm1 + · · ·

· · · + pn−m0+···+m2s−2 Bn−(m0+···+m2s−2)

for

m0 + · · · + m2s−2 + 1 ≤ n ≤ m0 + m1 + m2 + · · · + m2s−1

with s≥ 1.
It follows that

u0 ≥ Bm0 − p−m0 Bm1 + · · · − p−m0−···−m2s−1Bm2s−1

+p−m0−···−m2s−1 Bn−m0+···+m2s−1 − αCn

for

m0 + · · · + m2s−1 + 1 ≤ n ≤ m0 + · · · + m2s − 1

and

u0 < Bm0 − p−m0 Bm1 + · · · − p−m0−···m2s−3 Bm2s−2

−p−m0−···−m2s−2 Bn−m0+···+m2s−2 − αCn

for

m0 + · · · + m2s−2 ≤ n ≤ m0 + · · · + m2s−1 − 1

Again, as in Lemma 2, we now find the critical bound in
each range.
Lemma 4
If |α| < 1 then

u0 ≥ Bm0 − p−m0 Bm1 + · · ·

+p−m0−···−m2s−1 Bn−m0+···+m2s−1 − αCn

f or m0 + · · · + m2s−1 + 1 ≤ n ≤ m0 + · · · + m2s − 1

i f f u0 ≥ Bm0 − p−m0 Bm1 + · · · − p−m0−···−m2s−2 Bm2s−1

+p−m0−···−m2s−1 Bm2s−1 − αCm0+···+m2s−1 (8)

for s≥ 1 and

u0 < Bm0 − p−m0 Bm1 + · · · − p−m0−···−m2s−3 Bm2s−2

−p−m0−···−m2s−2 Bn−m0+···+m2s−2 − αCn
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f or m0 + · · · + m2s−2 ≤ n ≤ m0 + · · · + m2s−1 − 1

i f f u0 < Bm0 − p−m0 Bm1 + · · · − p−m0−···m2s−2 Bm2s−1−1

−αCm0+···+m2s−1−1 (9)

for s≥ 1
Hence, the critical bounds onu0 have been determined. In
the case wherep = 1 in (1), then (8) and (9) take the sim-
pler form as follows:

u0 ≥ (m0 − · · · + m2s − 1)− αρm0 + · · · + ρm2s−2 (10)

and

u0 < (m0 − · · · −m2s−1 + 1)− αρm0 + · · · − ρm2s−1−2 (11)

In the next section, we will compare the critical bounds for
different values ofs. This allows us to determine conditions
on themsequence.

3. Comparison of Bounds

Consider (1) where the input frequency isω = rπ/q, q ≥
2,0 < r ≤ q wherer,q ∈ Z are coprime and r is odd.

ρn+2q = ρn (12)

ρn+q = −ρn f or all n

By comparing the bounds onu0 we find that there are
restrictions on the size ofmi for i ≥ 1. In fact, the size of
mi depends on the frequency of the input.

Lemma 5
For system in (1) withp = 1 and p close to 1 then
mi ≤ q + 1 f or all i ≥ 1. In particular, forp = 1 mi ≤ q.
Proof:
The proof is given in the appendix

Lemma 6
For system (1) withp = 1, if mi = q for any i ≥ 1 then
mj = q for all j ≥ i .

Lemma 7
For system (1) withp = 1, if mi = m for any i ≥ 1 thenm
must be a factor ofq.

Example Consider system (1) whenp = 1 with the
following parametersθ0 = 0, ω = pi/3 andα = 0.8 and
α = 0.25. From simulations, we find that the possiblem
sequences as shown in Table 1 and Table 2. We require that
the system is in steady state operation and so allu0 ∈ Γ.
Therefore, we consider thousands of initial conditions
which are in the range [0,1.8] and [0,1.25] respectively.

m1 m2 m3 m4

2 2 1 1
3 3 3 3
2 1 1 2
1 2 2 1

Table 1: M sequences forω = pi/3, α = 0.8

m1 m2 m3 m4

1 1 1 1
1 2 2 1
1 1 2 2

Table 2: M sequences forω = pi/3, α = 0.25

Discardingm0, it is seen that them sequences repeat and
so in this casem1 = m5,m2 = m6 · · ·. Hence,m1, · · ·m4

need only be considered here.

It is clear that the lemma are consistent with the results
of the simulations.Lemma 5states that onlymi = 1,2,3
can occur for anyi ≥ 1. This is evident in Table 1 and 2.
Lemma 6states that whenmi = 3 then all the following
mj = 3 f or j ≥ 1. This is evident in the third row in
Table1. Lemma 7states that if them sequence is of the
form mi = m for any i ≥ j thenm mustbe a factor ofq. As
can be seen,mi = 2 for anyi ≥ 1 is not present. For smaller
values ofα, then am sequence of the formmi = 1 for any
i ≥ 1 can be observed in Table 2.

Conclusions

The paper discusses the allowed sequences at the output
of the first order Sigma Delta modulator system with inte-
grator leakage for particular inputs. We are currently in the
process of extending this approach to higher order Sigma
Delta modulator systems.
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Appendix

Proof of Lemma 5
Comparing (8) and (9) for the same s yields

Bm2s−1 < 1 + αpm0+···+m2s−1(Cm0+···+m2s−1 −Cm0+···+m2s−1−1)

From (5)

pm0+···+m2s−1(Cm0+···+m2s−1 −Cm0+···+m2s−1−1) =

p−m2s−1(ρm0 + · · · + m2s−2 + pρm0 + · · · + m2s−3

+ · · · + pm2s−1ρm0 + · · · + m2s −m2s + 1)

Let
δ = (ρm0+···+m2s−2 + pρm0+···+m2s−3

+ · · · + pm2s−1ρm0+···+m2s−m2s+1)

The possibleρ values are as follows:

ρ0, ρ1, · · · + ρq−1,−ρ0,−ρ1, · · · ,−ρq−1

δ = ±ρ0(1− pq + p2q − · · ·) ± ρ1((1− pq + p2q − · · ·)
+ · · · + ρq−1(1− pq + p2q − · · ·))

But δ is a linear combination ofρi f or0 ≥ i ≥ q− 1 where
all the coefficients have magnitude less than 1. This is clear
by noting that

0 ≤ (1− pq + p2q + · · · + (−1)t ptq ≤ 1 t ≥ 0

Hence, maximum of|δ| ≤ q as|ρi | ≤ 1 for all i.
Therefore,

Bm2s−1 < 1 +
q

pm2s−1

From (4)
1− pm2s−1

1− p
< pm2s−1 + q

which in turn can be written as:

m2s < 1 +
ln

(
(2−p)

1−q(1−p)

)

ln(1/p)

Sincep is sufficiently close to 1,this becomes:

m2s < 2 + q

Similarily,
m2s+1 < 2 + q

. Therefore,
mi < 2 + q,

for i ≥ 1.

In the case wherep = 1, the bounds are given as in (10)
and (11)
The lower bound and upper bounds can be written as
follows:

u0 ≥ (m0 − · · · + m2s − 1)− ασ2s (13)

and

u0 < (m0 − · · · + m2s−m2s+1 + 1)− ασ2s+1 (14)

where

σi =



ρ0 i f m0 + · · · + mi − 2 0≡ mod(2q)
ρ0 + ρ1 i f m0 + · · · + mi − 2 ≡ 1 mod(2q)

...
...

ρ0 + ρ1 + · · · + ρq−1 i f m0 + · · · + mi − 2 ≡ q− 1 ”
ρ1 + ρ2 + · · · + ρq−1 i f m0 + · · · + mi − 2 ≡ q ”

...
...

ρq − 1 i f m0 + · · · + mi − 2 0 ≡ ”
0 i f m0 + · · · + mi − 2 2q− 1 ≡ ”

(15)
Comparing the bounds for the same s
(m0 − · · · + m2s − 1)− ασ2s <

(m0 − · · · + m2s + m2s+1 + 1)− ασ2s+1 (16)

This yields that

m2s+1 < 2− α(σ2s+1 − σ2s) (17)

Using (15)|σ2s+1 − σ2s| ≤ 2q.
Hence,m2s+1 < 2 + 2q

If m2s+1 = 1 + 2q then 17 is
1 + 2q < 2 − α(σ2s+1 − σ2s). Now if m2s+1 = 1 + 2q then
m2s+1 ≡ 1 mod(2q) The congruence ofσ2s+1 andσ2s differ
by one.
Hence|(σ2s+1 − σ2s)| ≤ 1 so 17 becomes 1+ 2q < 3 i.e.
q < 1 Therefore,m2s+1 , 1 + 2q
More generally, ifm2s+1 = 2q− k for k ≥ 0 then it follows
that 2q− k < 2− α(σ2s+1 − σ2s).
But m2s+1 = −k mod(2q) which means that
|(σ2s+1 − σ2s)| ≤ k for anyk ≤ q.
Therefore, 2q− k < 2 + k i.e. q < 1 + k
This fails for k ≤ q − 1. Therefore,m2s+1 , 2q − k for
0 ≤ k ≤ q− 1
Therefore,m2s+1 ≤ q. Similarily ,m2s ≤ q.
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Abstract—In this paper, a new clustering algo-
rithm is proposed for data with some errors. It is
based on the the entropy based fuzzy c-means. The
first, the tolerance which means the range of the error
is introduced into optimization problems related with
clustering in 2 different types of way. One is that the
tolerance minimizes the corresponding objective func-
tion, which has already been proposed, and the other
is that the tolerance maximizes one. These algorithms
are constructed based on the results of solving such
optimization problems with Kuhn-Tucker conditions.
Through some numerical experiments, robustness of
clustering is considered.

1. Introduction

Fuzzy c-means (FCM) is very famous and represen-
tative method in clustering algorithms [1]. The FCM
is based on hard c-means (HCM) and has been con-
structed by fuzzification of HCM. Some FCMs is used
in the field of clustering. Each FCM corresponds with
the way to fuzzify the HCM. Particularly, the entropy
regularized FCM [2] is known as effective in FCMs.

There are many cases that data has some errors in
clustering. The errors have been represented by inter-
val values [3, 4] in these case. On the other hand,
some of authors have formulated these error prob-
lems into the optimization problems with inequality
constraints and have constructed new clustering al-
gorithms through solving the problems [5]. In these
algorithms, the variable for error minimizes the corre-
sponding objective function.

In this paper, we propose new algorithms in the way
that the variable for error maximize the correspond-
ing objective function. The first, we will define the
tolerance εk which means the range of the error and
formulate optimization problem within the tolerance.
The next, we will construct new algorithms by solving
the problems by using Kuhn-Tucker conditions. By
some numerical examples, we conclude that applying
both the former algorithm [5] and the algorithm pro-
posed in this paper to the same data guarantees the
robustness of the result of clustering.

2. Preliminaries

In this section, some notations and definitions are
introduced. In the first subsection, the data for clus-
tering and the membership by which the each datum
belong to the each cluster are defined. In the second
subsection, entropy based FCM for data with toler-
ance is introduced. This algorithm is the basis of our
main theme.

2.1. Notations

In this subsection, the data for clustering and the
membership by which the each datum belong to the
each cluster are defined. The data set x = {xi|xi ∈
Rp, i ∈ {1, . . . , N} is given. The membership by which
xi belongs to cluster j is denoted by N × C matrix u
with elements ui,j (i ∈ {1, . . . , N}, j ∈ {1, . . . , C}).
The constraint for u is

C
∑

j=1

ui,j = 1.

2.2. FCM for data with Tolerance

In this subsection, we introduce enropy-based FCM
with tolerance [5] on which our result is based on. The
cluster center set is denoted by v with elements vj (j ∈
{1, . . . , C). The tolerance for the data x is denoted by
ε with elements εi (i ∈ {1, . . . , N}). The maximum
tolerance is denoted by κ with non-negative elements
κi (i ∈ {1, . . . , N}).

Entropy-based FCM with tolerance is for the follow-
ing optimization problem:

minimizeu,ε,vJλ,e

=

N
∑

i=1

C
∑

j=1

ui,j‖xi + εi − vj‖
2

+ λ−1
N
∑

i=1

C
∑

j=1

ui,j log(ui,j),

under











C
∑

j=1

ui,j = 1,

‖εi‖
2 ≤ κ2

i (κi > 0).

NOLTA 2006
11-14 september
Bologna - ITALY

787



For this problem, entropy-based FCM with tolerance
is described as the following algorithm.

Algorithm 1

Step 1 Give the number of cluster C, the maximum
tolerance κis (i ∈ {1, · · · , N}) for data xis (i ∈
{1, · · · , N}) and the value λ. Set the initial values
of ε and v.

Step 2 Calculate u such that

ui,j =

(

C
∑

k=1

exp(−λdi,k)

)
−1

exp(−λdi,j),

where

di,j = ‖xi + εi − vj‖
2.

Step 3 Calculate ε such that

εi = −αi



xi −

C
∑

j=1

ui,jvj



 ,

where

αi = min











κi

∥

∥

∥

∥

∥

∥

xi −
C
∑

j=1

ui,jvj

∥

∥

∥

∥

∥

∥

−1

, 1











.

Step 4 Calculate v such that

vi = U−1
i

N
∑

j=1

uj,i(xj + εj),

where

Ui =
N
∑

j=1

uj,i.

Step 5 Check the stopping criterion for (u, ε, v). If
the criterion is not satisfied, go back to Step 2.

3. Another Type of FCM for data with Toler-
ance

In this section, we propose another type of entropy
based FCM with tolerance in the way that the toler-
ance maximizes the objective function, which is con-
sidered the worst case with the tolerance. In the first
subsection, the optimization problem is described and
its KKT conditions are lead. In the second subsec-
tion, An iterative algorithm is proposed using these
KKT conditions.

3.1. Optimization Problem and its KKT con-
ditions

In this subsection, the optimization problem is de-
scribed and its KKT conditions are lead.

For x, u, ε, v, we consider the following optimization
problem:

minimizeu,vJλ,e

=

N
∑

i=1

C
∑

j=1

ui,j‖xi + εi − vj‖
2

+ λ−1
N
∑

i=1

C
∑

j=1

ui,j log(ui,j), (1)

maximizeεJλ,e. (2)

under

C
∑

j=1

ui,j = 1, (3)

‖εi‖
2 ≤ κ2

i (κi > 0). (4)

The Lagrange function for (1) and (3) L
(1)
λ,k is as below:

L
(1)
λ,k(xi, εi, vj) =

N
∑

i=1

C
∑

j=1

ui,j‖xi + εi − vj‖
2

+ λ−1
N
∑

i=1

C
∑

j=1

ui,j log ui,j

+

N
∑

i=1

γi





C
∑

j=1

ui,j − 1



 ,

where γ = (γ1, . . . , γN ) is KKT vectors. From KKT
conditions, we obtain the following necessary condi-
tions that the solution should satisfy:

ui,j =

(

C
∑

k=1

exp(−λdi,k)

)

−1

exp(−λdi,j),

vi = U−1
i

N
∑

j=1

uj,i(xj + εj),

where

di,j = ‖xi + εi − vj‖
2,

Ui =
N
∑

j=1

uj,i.

These conditions are the same as one of Algorithm 1.
Since Jλ,e is convex for ε, such ε as maximizing Jλ,e

exists only in the boundary of the constraint (4). Thus,
the optimization problem (2) and (4) is reformed into
the following problem:

maximizeεJλ,e. (5)

under ‖εi‖
2 = κ2

i (κi > 0). (6)

788



The Lagrange function for (5) and (6) L
(2)
λ,k is as below:

L
(2)
λ,k(xi, εi, vj) =−

N
∑

i=1

C
∑

j=1

ui,j‖xi + εi − vj‖
2

+ λ

N
∑

i=1

C
∑

j=1

ui,j log ui,j

+

N
∑

i=1

δi

(

‖Ei‖
2 − κ2

i

)

,

where δ = (δ1, . . . , δN ) is KKT vectors. From KKT
conditions, we obtain the following necessary condition
that the solution should satisfy:

εi =
κi

(

xi −
∑C

j=1 ui,jvj

)

‖xi −
∑C

j=1 ui,jvj‖
.

3.2. Algorithm

From the discussion in the previous subsection, we
obtain the following iterative algorithm.

Algorithm 2

Step 1 Give the number of cluster C, the maximum
tolerance κis (i ∈ {1, · · · , N}) for data xis (i ∈
{1, · · · , N}) and the value λ. Set the initial values
of ε and v.

Step 2 Calculate u such that

ui,j =

(

C
∑

k=1

exp(−λdi,k)

)

−1

exp(−λdi,j),

where

di,j = ‖xi + εi − vj‖
2.

Step 3 Calculate ε such that

εi =
κi

(

xi −
∑C

j=1 ui,jvj

)

‖xi −
∑C

j=1 ui,jvj‖
.

Step 4 Calculate v such that

vi = U−1
i

N
∑

j=1

uj,i(xj + εj),

where

Ui =

N
∑

j=1

uj,i.

Step 5 Check the stopping criterion for (u, ε, v). If
the criterion is not satisfied, go back to Step 2.

4. Numerical Examples

In this section, we show the result obtained by ap-
plying Algorithm 1 and Algorithm2 to Polaris data
shown in Figure 1.
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Figure 1: Polaris Data

We gave C = 3 and λ = 0.1 and we set that εi = 0
(i ∈ {1, · · · , 51) and vjs (j ∈ {1, · · · , 3}) are random
from 0 to 100 as the initial values respectively. Figure 2
shows the result obtained by Algorithm 1 with κi = 1.0
(i ∈ {1, · · · , 51}) and Figure 3 shows the result ob-
tained by Algorithm 2 with κi = 1.0 (i ∈ {1, · · · , 51}).
In these figures, 3 symbols +, x and +x show kinds of
clusters and bottoms/tops of arrows show xis/xi +εis.
We can see that both algorithms made the same clus-
ters each other. While Algorithm 1 moved data x to
the direction of their own cluster centers, Algorithm 2
moved data far from their own cluster centers.

 0

 10

 20

 30

 40

 50

 60

 70

 80

 0  10  20  30  40  50  60  70  80

cluster #1
cluster #2
cluster #3

Figure 2: Algorithm 1 with κi = 1
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Figure 3: Algorithm 2 with κi = 1

Figure 4 shows the result obtained by Algorithm 1
with κi = 3.0 (i ∈ {1, · · · , 51}) and Figure 5 shows
the result obtained by Algorithm 2 with κi = 3.0
(i ∈ {1, · · · , 51}). We can see that some data was
classified into another cluster with 2 algorithms each
other. From that, we consider that such points cannot
be classified stably with κi = 3.0 i ∈ {1, · · · , 51}.
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Figure 4: Algorithm 1 with κi = 3
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Figure 5: Algorithm 2 with κi = 3

With κi = 4, while Algorithm 1 made some clusters,

Algorithm 2 could not stop within 100000 iterations.
We consider this is because κis are too large to make
a certain classifying.

From the above numerical examples, we consider
that obtaining the same result by both Algorithm 1
and Algorithm 2 with certain κis shows the stable re-
sult for these κis. Thus, we conclude that applying
both algorithms to the same data guarantees some ro-
bustness for the errors of data.

5. Conclusion

In this paper, we proposed a new clustering algo-
rithm. This algorithm are based on the entropy regu-
larized FCM and can treat the data with some errors
which is represented by εis. While εis minimize the
corresponding objective function in the previously pro-
posed algorithm [5], εis maximize the corresponding
objective function in the algorithm proposed in this
paper. Thorough numerical examples, we concluded
that applying both algorithms to the same data guar-
antees some robustness for the errors of data. We add
to this paper that the similar algorithm can be con-
structed for standard FCM with tolerance and that
the similar robustness can be considered.
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Abstract– ARTMAP is a supervised learning system 

based on the adaptive resonance theory (ART). It can 
minimize both the number of recognition categories and 
the predictive error in noiseless environment. On the other 
hand, it may generate categories unnecessarily in noisy 
environment. As a result, the recognition performance de-
creases. The cause is the match tracking (MT) which is an 
important function of ARTMAP. To overcome the cate-
gory proliferation problem, we propose a learning method 
that can control MT appropriately. 
 
1. Introduction 
 

Adaptive resonance theory neural network (ART-NN) 
is an unsupervised learning system that can generate and 
grow the recognition categories by comparing the similar-
ity between inputs and memories with the fineness of 
classification called the vigilance parameter. In contrast, 
ARTMAP is a supervised learning system that consists of 
the learning ART-NN (ARTa), the supervising ART-NN 
(ARTb) and the map field (MF). ARTa and ARTb classify 
sample data and recognition codes respectively. MF maps 
each category in ARTa to the corresponding one in ARTb. 
In this paper, we discuss fuzzy ARTMAP [1] that can 
classify analog inputs. It has been applied to medical pat-
tern classification [2], map production [3], channel 
equalization [4] and so on. 

If there occurs an error mapping from ARTa to ARTb in 
the learning period, ARTMAP executes the match track-
ing (MT). MT invalidates the present category in ARTa by 
increasing the vigilance parameter (i.e., fineness of classi-
fication). Therefore, ARTa selects another category or 
generates a new one after MT. This means that MT cor-
rects an error mapping. However, MT may cause the vigi-
lance parameter to grow too large in noisy environment. 
As a result, the number of categories in ARTa is prolifer-
ated and hence the recognition performance decreases [6], 
[7]. To solve the category proliferation problem, it is nec-
essary to decrease the occurrence of error mappings. The 
fast commit slow recode (FCSR) [1], the slow learning of 
map field weight vector (SLMAP) [5], the weighted aver-
age learning (WAL) [6] and the average learning (AL) [7] 
are the learning methods based on this idea. Especially, it 
has been reported that the combination of AL and SLMAP 
(AL-SLMAP) is much superior to the others when they 
are applied to the alphabet character recognition [7]. 

However, if the inputs contain a large amount of noise, 
AL-SLMAP cannot prevent the occurrence of error map-
pings, either. This fact points out that the original MT has 

to be changed. From this viewpoint, we propose the modi-
fied AL-SLMAP that can control the increment of the 
vigilance parameter in MT. Finally, it is confirmed by 
simulations that our proposed method has a high tolerance 
to the category proliferation problem. 
 
2. Fuzzy ARTMAP 
 

Here, we review the fuzzy ARTMAP [1] and AL-
SLMAP method that is the combination of the average 
leaning (AL) [7] and the slow learning of map field 
weight vector (SLMAP) [5]. 

First, we explain the behavior of the fuzzy ART-NN. As 
shown in Fig.1, it has an attentional subsystem (AS) and 
an orienting subsystem (OS). AS consists of an input 
layer (F0), a matching layer (F1) and a category layer (F2). 
If a normalized original input a∈ [0,1]n is given to F0, F0 
provides F1 with A∈ [0,1]2n. It is the complement code of 
a (i.e., A=[a1,⋅⋅⋅,an,1−a1,⋅⋅⋅,1−an]). After A goes through F1 
and the bottom-up weight Uj∈ℜ 2n, each F2 neuron j re-
ceives a choice strength Tj: 

),,,1(|),|(|| mjT jjj L=+∧= UUA α    (1) 

where (p∧ q)i=min(pi,qi), |p|=Σ|pi|, α>0 is the choice pa-
rameter and m is the number of F2 neurons. The neuron J 
with the maximal Tj is activated in F2. If several neurons 
have the maximal Tj, the neuron with the minimal index is 
selected from them. The F2 activity y∈ℜ m satisfies yJ=1 
and yj≠J=0. The activated F2 neuron J provides F1 with 
DJ∈ℜ 2n that is the same as the top-down weight, and then 
the F1 activity x is A∧ DJ. On the other hand, OS calcu-
lates the matching degree SJ from A and x: 

.|||| ADA JJS ∧=                        (2) 
Moreover, OS compares SJ with the vigilance parameter 
ρ∈ [0,1]. If SJ≥ρ, the neuron J is the category for the pre-
sent input a. If SJ<ρ, the neuron J is reset. The reset neu-
ron J is enduringly inactivated until the input a changes. 
The above processes are iterated unless ART-NN finds an 
F2 neuron with SJ≥ρ. If all the F2 neurons are reset in the 
learning period, a new neuron is added to F2. Therefore, ρ 
can be regarded as the fineness of classification. 

Next, we explain the behavior of the fuzzy ARTMAP. 
As shown in Fig.2, ARTMAP consists of the learning 
ART-NN (ARTa), the supervising ART-NN (ARTb) and 
the map field (MF). In the learning period, ARTa and 
ARTb receive a sample a∈ [0,1]na that contains noise and 
the corresponding recognition code b∈ [0,1]nb respectively. 
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The vigilance parameter of ARTa (i.e., ρa) is set to its 
baseline value ρa0, whenever ARTa receives a new sample. 
If the category of ARTa is designated by the F2

a
 neuron J, 

ARTa provides Fab in MF with WJ
ab∈ℜ mb that is the same 

as the map field weight. If the category of ARTb is desig-
nated by the F2

b
 neuron K, ARTb provides Fab with yb∈ℜ mb 

that satisfies yb
K=1 and yb

k≠K=0. After receiving WJ
ab and 

yb, MF checks the mapping from ARTa to ARTb by the 
following equation: 

|,||||| b
ab

abbab yWyx ρ≥∧≡ J                (3) 
where xab is the Fab

 activity and ρab∈ [0,1] is the vigilance 
parameter of MF. If Eq.(3) is true, MF judges that the 
mapping is correct, and vice versa. In the case of an error 
mapping, MF executes the match tracking (MT). MT re-
sets the F2

a neuron J by increasing ρa as follows: 
ερ += a

a JS ,                               (4) 
where SJ

a is the matching degree of the F2
a neuron J and ε 

is an arbitrary small positive value. Therefore, ARTa se-
lects another category or generates a new one after MT. 
The above processes are iterated unless Eq.(3) is satisfied. 
This means that MT can correct an error mapping. When 
the mapping is correct, AL-SLMAP updates weight vec-
tors as follows: 
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,      (5) 

where cJ is the count of selections of the F2
a neuron J in 

the correct mappings. βa, βb and βab∈ (0,1] are the learning 
rates. All the components of weight vectors are initially 
set to 1. After the supervised learning is finished, ARTa 
can be used as the recognition system. This is because 
Wj

ab gives the mapping from ARTa to ARTb. 
 

3. Control of Match Tracking (MT) 
 
3.1. Influence of MT on Category Spaces 
 

The original MT can correct an error mapping from 
ARTa to ARTb by increasing the vigilance parameter ρa 
(i.e., fineness of classification in ARTa). However, the in-
crement of ρa may generate categories unnecessarily [6], 
[7]. To clarify the role of the increment of ρa, we compare 
the original MT with the restricted MT that resets an F2

a 
neuron without increasing ρa. We call the former MTup 
and call the later MTfix. 

Here, let us consider that the fuzzy ARTMAP with AL-
SLMAP learns two classification problems shown in 
Fig.3(a) and Fig.4(a). A sample a∈ℜ 2 is randomly se-
lected from the gray areas and the corresponding recogni-
tion code b∈ℜ 2 is defined by the area’s label. Concretely, 
the code of the areas A1~A6 is [1,0] and that of the area B 
is [0,1]. Fig.3(b) and Fig.4(b) show the category spaces 
constructed by MTup. Fig.3(c) and Fig.4(c) show the cate-
gory spaces constructed by MTfix. Each category is illus-
trated by two rectangles. They are defined by Uj

a and Dj
a. 

The substantial area of each category expands outside of 
these two rectangles. Therefore, the boundary is deter-
mined by the position and the size of them. 

Example 1 (see Fig.3): MTfix did not generate an exclu-
sive category for each of areas A1~A4; but MTup did. As a 
result, the number of categories ma of MTup was larger 
than that of MTfix. In the case of MTup, the recognition 
rate for leaning data RL was 1.0. But RL of MTfix was 0.85. 

Example 2 (see Fig.4): MTfix did not generate an exclu-
sive category for each of areas A2, A5; but MTup did. As a 
result, ma of MTup was larger than that of MTfix. Both 
MTup and MTfix achieved RL=1.0. 

From these results, we can find the following. MTup can 
execute fine classification and achieve high RL finally. 
However, even if there is an existing category that can 
learn the present input, MTup may generate a new category. 

Fig.2 ARTMAP.
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This phenomenon causes the category proliferation. On 
the other hand, MTfix can grow each category widely 
enough to restrict the increment of categories. However, if 
there occurs unreasonable growth of categories, MTfix 
cannot achieve high RL finally. Therefore, if samples with 
different recognition codes are selected from a small area 
(e.g., Fig.3(a)), MTup should be used. If samples with the 
same recognition code are selected from a large area (e.g., 
Fig.4(a)), MTfix should be used. Since both situations eas-
ily occur in noisy environment, it is necessary to control 
MT to construct category spaces appropriately. This is the 
basic idea of the learning method proposed in this paper. 
 
3.2. Proposed Learning Method 
 

As mentioned above, it is necessary to control MT for 
ARTMAP to construct appropriate category spaces in 
noisy environment. Therefore, we think up a new function 
to switch between MTup and MTfix according to the learn-
ing progress and add it to AL-SLMAP. Furthermore, our 
proposed learning method can delete the F2

a neurons that 
necessarily cause the error recognition in the test period 
and has the weight updating equation that differs from the 
original AL-SLMAP. 

First, we explain the function to switch between MTup 
and MTfix. Since our leaning method basically uses MTfix, 
it can restrict the increment of categories. However, the 
recognition rate for leaning data RL may keep low. To 
solve this problem, our leaning method uses MTup during 

a short period, if RL becomes stable. After ARTMAP proc-
esses the t-th sample, RL(t) is calculated as follows, 

RL PrtR /)( = ,                             (6) 
where r is the number of times of the correct mapping 
from ARTa to ARTb in the period [t−PR+1, t]. The stability 
condition of RL(t) is given by,  

κ≤−− |)()(| tRPtR LSL ,                   (7) 
where κ is a small positive value. If Eq.(7) is satisfied, 
MTup is used during the period [t+1, t+PU+1], and then 
MTfix is used again. It is clear that switching between 
MTup and MTfix is executed, even if RL(t) is high. How-
ever, since ARTMAP with high RL(t) hardly executes MT, 
MTup does not cause the category proliferation. Therefore, 
our learning method can obtain the advantages of MTup 
and MTfix. 

Next, we explain how to delete the F2
a neurons. MT is 

the important function to correct error mappings from 
ARTa to ARTb. However, there may be neurons that need 
MT after the learning is finished. Since MT cannot be 
used in the test period, such neurons necessarily cause the 
error recognition. To improve the recognition rate for test 
data RT, our learning method deletes the F2

a neurons that 
often use MT. The F2

a neuron j is deleted immediately, if it 
satisfies the following condition: 

DNd Lj ≥/ ,                              (8) 
where dj is the number of times of MT in F2

a neuron j, NL 
is the total number of samples, and D is the reference 
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Fig.3 Example 1: (a) samples and labels, (b) category spaces by MTup, (c) category spaces by MTfix. 
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value to delete the F2
a neurons. 

Moreover, our learning method modifies one of weight 
updating equations of the original AL-SLMAP as follows, 

a(old)1a(new)1a(new) ))1(1()()1( JJJJJ cc UDAU −− +−+∧+= .      (9) 
This modification guarantees that UJ

a converges according 
as the learning proceeds. Therefore, it can decrease the 
bad influence of noise on UJ

a. 
 
4. Simulation Results 
 

Simulations have been carried out to demonstrate the 
effectiveness of our proposed method (PM). For the al-
phabet character recognition problem, PM is compared 
with FCSR [1] and AL-SLMAP [7]. The original patterns 
of the alphabet characters are shown in Fig.5. Each pattern 
is illustrated by a (7×7)-pixel image. The pixel values are 
set to 0 for white pixels and 1 for black ones. In the learn-
ing period, ARTa and ARTb receive noisy patterns (i.e., 
sample data) a∈ℜ 7×7 and the corresponding recognition 
codes b∈ℜ 26 respectively. A noisy pattern a is constructed 
by inverting some pixels in an original pattern selected 
randomly. The number of inverted pixels depends on 
Hamming distance (HD). In a recognition code b, one ele-
ment is set to 1 and the others are set to 0. For instance, 
the code b corresponding to the character “A” is [1,0,⋅⋅⋅,0]. 
The number of sample data NL is 5000. In the test period, 
ARTa receives noisy patterns (i.e., test data) a∈ℜ 7×7. The 
number of test data NT is 100000. We estimate each learn-
ing method by the number of generated categories (i.e., 
F2

a neurons) ma in the learning period and the recognition 
rate for test data RT. These simulations are iterated 10 
times and the results are averaged. The parameters of each 
learning method are as follows. In the case of FCSR, 
αa=0.1, βa=0.2, ρa0=0.5, αb=1, βb=1, ρb=1, βab=1, and 
ρab=1. In the case of AL-SLMAP, αa=0.1, βa=0.2, ρa0=0.5, 
αb=1, βb=1, ρb=1, βab=0.02, and ρab=0.75. They are the 
same as Ref.[7]. In the case of PM, αa=0.1, ρa0=0.5, αb=1, 
βb=1, ρb=1, βab=0.02, ρab=0.75, PR=1000, PS=500, PU=500, 
κ=0.02, and D=0.02, which are the same as AL-SLMAP 
except for βa, PR, PS, PU, κ, and D. 

Fig.6 and Fig.7 show ma and RT respectively. The re-
sults show the following. As reported in Ref.[7], AL-
SLMAP is much superior to FCSR in terms of the cate-
gory proliferation and the recognition performance. Fur-
thermore, PM is better than AL-SLMAP when the inputs 
contain a large amount of noise. 
 
5. Conclusions 
 

In this paper, we have investigated the role of the match 
tracking (MT) in the fuzzy ARTMAP, and then have pro-
posed the learning method that can control MT. Simula-
tion results have shown that our proposed method is better 
than AL-SLMAP in terms of the category proliferation 
and the recognition performance when the inputs contain a 
large amount of noise. 
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Abstract– In this report a possibility of generating cha-

otic radio pulses by means of parameter modulation of 

chaotic oscillator, which authors earlier demonstrated theo-

retically, is verified experimentally. Computer simulation 

and experiment show that the proposed method allows to 

decrease power consumption of the generator in proportion 

to the duty cycle. 

 

1. Introduction 

 

Chaotic radio pulses are perspective information carrier 

for ultra-wideband wireless communication systems [1–3]. 

Chaotic pulse sequence can be obtained by means of 

deep amplitude modulation of stationary continuous cha-

otic signal at the output of chaotic source. However in this 

case only small part of chaotic source power is trans-

formed into the chaotic pulses.  

In Refs. [4, 5] authors proposed to generate chaotic 

pulses by means of external stimulation of dynamic sys-

tem by regular signal to obtain chaotic oscillations on only 

a part of external force period and increase, as a result, the 

efficiency of pulse generation. This idea was verified by 

means of computer simulation [4, 5]. As a source of cha-

otic oscillations, chaotic generator with 2.5 degrees of 

freedom with bipolar transistor as active element was used. 

External stimulation of the oscillator was realized by 

means of alternating the voltage supply.  

At the next stage it would seem logical to verify the as-

sumptions and results, obtained earlier by the generator 

simulation, on a more complex generator model that ac-

counts for characteristics of real radio components. 

In this report, workability of this approach is verified 

by means of computer simulation using Advanced Design 

System (ADS) software and in a physical experiment.  

 

2. Non-autonomous generator model in ADS 
 

Simple mathematic model of the generator is based on 

Kirchhoff’s laws and is described by a system of differen-

tial equations in the case of lumped-component system or 

by a system of partial differential equations in the case of 

distributed-parameter system. In this model voltage-

current characteristic of nonlinear elements, such as di-

odes, bipolar or field-effect transistors is described by as 

simple as possible piecewise-linear, exponential or poly-

nomial function. This allows us to analyze main properties 

of system’s dynamics. However, when going from simpli-

fied mathematical models to electronic devices, a set of 

problems occur concerned with mismatch of dynamical 

modes in mathematical model and in real electronic de-

vice, that complicates device realization. In order to solve 

the problem of transition from mathematical model of a 

generator to electronic device, specialized software for 

simulation of the electronic circuits, such as SPICE, Elec-

tronic Workbench or Advanced Design System (ADS) can 

be used. The most powerful is ADS. The range of prob-

lems it works with spreads from development of simple 

devices like filters, amplifiers, oscillators to simulation of 

communication system as a whole, and includes all phases 

from development of principles to solution of system level 

problems. Besides in ADS one can simulate electronic cir-

cuits with element parameters provided by their manufac-

tures and in this way obtain models as close as possible to 

experimental prototype. ADS allows simulation of micro-

wave electronic devices. It allows to take into account 

such characteristics as board topology and substrate prop-

erties as well. So, using ADS gives chance to reduce the 

gap between mathematical model and experimental proto-

type. 

 
Fig. 1. Generator circuit. 

 

In Fig. 1 the scheme of generator is presented. As a 

whole this scheme coincides with that described in [4, 5], 

where a mathematical model of generator with 2.5 degrees 

of freedom consisted of an active element (bipolar transis-

tor) and a passive quadrupole that defined frequency re-

sponse of the system. The only difference from scheme of 

[4, 5] is the presence of block capacity Cblock = 100 pF and 

resistance R = 50 Ohm at the output of the scheme. Block 

capacity is driven in scheme to cut off zero-frequency 

component in the signal power spectrum and the output 

resistance imitates output load in experimental set. 

For the bipolar transistor we use BFP620 transistor by 

Infineon Technologies. Operating range of this transistor 

spreads up to 70 GHz.  

In ADS we used Gummel-Poon model for bipolar tran-

sistor simulation. In this model high-frequency nonlinear 

effects, temperature effects, etc. are taken into account. 

Besides, the effect of the package was taken into account. 
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Parameters of Gummel-Poon model and package model 

can be found in [6]. 

The quadrupole in the feedback loop consists of a set of 

passive elements with parameters: L1=L2=10 nH, 

C0=C1 =C2 =15 pF, RE=200 Ohm, R1=R2=15 Ohm. Collec-

tor voltage is set by fixed voltage source VC=6.4 V. Emit-

ter voltage is set by alternating source voltage VE. From 

now on voltage amplitudes are depicted regardless of sign. 

As was shown in [4, 5], in generator model with cur-

rent-voltage transistor response described by piecewise-

linear function, for certain parameter set chaotic oscilla-

tions exist for any value of emitter voltage in excess of 

threshold value VT = 0.75 V, i.e. in model [4, 5] oscillation 

mode doesn’t change with increasing emitter voltage, only 

oscillation amplitude increases. This phenomenon is spe-

cific only for model with piecewise-linear current-voltage 

transistor response. Since response of ADS transistor 

model is significantly smooth and nonlinear, the depend-

ence of dynamic modes of the generator on the emitter 

voltage becomes much more complex. 
 

 
Fig. 2. Bifurcation diagram of dynamic modes as a function 

of parameter VE. 
 

Bifurcation diagram (fig. 2) demonstrates dependence 

of oscillation modes on emitter voltage. As can be seen in 

the figure, for VE  < 1.22 V there is no oscillations in the 

system, for VE in the range 1.22 V < VE < 1.7 V regular 

oscillations of period 1 are observed, in the range 

1.7 V < VE < 2.05 V a number of period doubling bifurca-

tions with transition to chaos take place, and for 

2.05  V < VE < 2.5 V windows of chaotic and periodic os-

cillations alternate. 

 

3. Modulation by external signal 

 

Let us consider an operation mode with VE =2.2 V and 

VC =6.4 V. In this case, the signal at the output of autono-

mous generator is chaotic oscillations. Waveform and 

power spectrum of oscillations are represented in fig. 3. 

The generator is stimulated by sinusoidal signal so that 

emitter voltage is changed slowly with respect to charac-

teristic period of generator oscillations. Non-autonomous 

system generates pulses with sinusoidal envelope, and in-

ner structure of the pulses changes in accordance to dy-

namic mode evolution shown in bifurcation diagram in 

fig. 2. 

In fig. 4 chaotic pulse stream obtained by harmonic 

variation of emitter voltage VE with amplitude 2.2 V and 

frequency f = 2.5 MHz is shown.  
 

 

 

 

(a)  

 

 
 

 

 
 

 
(b) 
 
 

 

 

 
 

Fig. 3. (a) Waveform and (b) power spectrum of the output 

signal of autonomous generator at VE = 2.2 V. 
 

 
Fig. 4. Chaotic radio pulse stream in the case of harmonic 

stimulation of the generator. 
 

To avoid effect of dynamic mode alteration over the du-

ration of chaotic radio pulse we will stimulate generator 

by square-wave video pulses with the amplitude corre-

sponding to the value of emitter voltage related to chaotic 

mode of the autonomous generator.  

Let the emitter voltage source form a sequence of video 

pulses with amplitude 2.2 V, 100 ns duration and duty cy-

cle ¼. According to this order of emitter voltage alteration 

a sequence of chaotic radio pulses of 100-ns duration and 

duty cycle ¼ is formed at the generator output (fig. 5a). In 

fig. 5b power spectrum of chaotic radio pulse stream is 

shown. As can be seen, modulation does not noticeably af-

fect the form of the power spectrum. 

Power consumption of the generator in stationary mode 

(VE = 2.2 V) is equal to 64 mW, average power of the gen-

erated chaotic signal is 0.32 mW. In modulation mode 

(modulated video pulse amplitude 2.2 V and duty cycle ¼) 

power consumption is 17 mW, average generated signal 

power is 0.08 mW. So, chaotic radio pulse formation by 

means of varying emitter voltage allows us to reduce 

power consumption approximately by a factor of 4, i.e. in 

proportion to the duty cycle. 
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Fig. 5. (a) Chaotic radio pulse stream and (b) power spectrum 

in the case of stimulation by square-wave video pulses with 

amplitude 2.2 V, duration 100 ns and duty cycle ¼. 
 

 
Fig. 6. Comparison of the beginning parts of chaotic radio 

pulses. 
 

 
Fig. 7. Waveform of a sequence of complex-form radio pulses 

with duration 20 ns. 

 

4. Pulse identity 

 

As was shown in [5], in mathematical model of the 

generator it is possible to obtain short identical pulses 

with complex waveform. This fact is extraordinary, be-

cause of instability of phase trajectories of chaotic pulses. 

Identical pulse forming is possible due to the fact that dur-

ing time intervals between chaotic pulses the trajectory re-

laxes to the stable equilibrium point so, that each time the 

trajectory starts at the leading front of the emitter voltage 

pulse it starts from practically the same initial conditions. 

In this case, if pulses are short, exponential divergence of 

unstable phase trajectories for close but different initial 

conditions has no enough time to take the trajectories 

away to the distance comparable with the size of chaotic 

attractor, which would mean loss of pulse identity. 

What will happen in the realistic ADS model? In this 

case the trajectory cannot reach the equilibrium point, be-

cause of thermal noise. Is it possible to form identical ra-

dio pulses of complex form in this case?  

To ascertain, consider beginning fragments of each 

chaotic pulse presented in fig. 5a. Superposition of begin-

ning parts of chaotic radio pulses is shown in fig. 6. As 

can be seen, during approximately 20 ns the pulse wave-

forms coincide. So the ability of the system to generate 

sequences of short identical radio pulses with complex 

waveform is confirmed in fig. 7, where 20-ns radio pulses 

are shown.  

 

5. Generator prototype 

 

Chaotic generator described in section 1 has been ac-

complished as an experimental prototype. There are two 

voltage sources in the scheme: the first for collector volt-

age VC, the second for emitter voltage VE. Values of these 

voltages determine dynamic mode of the generator. Pa-

rameters of components are the same as in ADS generator 

model. 

 

 

 

 

(a) 

 

 

 

 

 

 
(b) 

 

 

 

 

 
 

Fig. 8. Power spectrum of the output signal: (a) stationary os-

cillation mode, (b) chaotic radio pulse mode. 

 

As was ascertained experimentally, at a constant value 

of collector voltage VC the dependence of dynamic modes 

of the generator on emitter voltage VE is as follows: in the 

range 0 V < VE < 1.3 V the is no oscillations, at VE = 1.3 V 

regular oscillations of period 1 are excited, in the range 

1.3 V < VE < 2.0 V a set of period doubling bifurcations 

and transition to chaos are observed, and at 2 V<VE<2.5 V 

chaotic oscillation mode is realized in the system. Note 
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that the picture of mode evolution qualitatively coincides 

with bifurcation diagram obtained in ADS (fig. 2). 

In the experiment as an operation mode we have taken 

the mode with VC = 6.4 V, VE = 2.04 V. The most part of 

the power of generated chaotic oscillations is in the fre-

quency range 100…500 MHz (fig. 8a).  

 

6. Pulse generation. Experiment 

 

In numerical simulations emitter voltage was varied 

harmonically or by means of a sequence of square-wave 

video pulses [4, 5]. In the experiments to be described 

only square-wave video pulses were used, i.e. with con-

stant collector voltage the emitter was pumped by square-

wave pulses of negative polarization and amplitude 2.04 V. 

At zero voltage on the emitter there is no signal generation 

which corresponds to intervals between pulses; at voltage 

2.04 V the generator is in chaotic oscillation mode.  

In the experiments chaotic radio pulse streams of dif-

ferent duty cycle were generated. In fig. 8b power spec-

trum of chaotic pulse stream with pulse duration 100 ns 

and duty cycle ¼ is shown. Comparison of figs. 8a and 8b 

shows that power spectrum of the pulse stream remains 

continuous and its form is similar to that of stationary 

chaotic signal of the generator. This testifies that on the 

time interval of pulse generation its characteristics are 

close to those of stationary chaotic signal, and transient 

time at the beginning and at the end of the pulse is signifi-

cantly shorter than the chaotic pulse duration and has no 

essential effect on the spectrum form. As can be also seen, 

average spectral density in pulse generation mode is lower 

than in the case of stationary chaotic signal. Measure-

ments show that it decreases in proportion to the duty cy-

cle. 

 

 

 

 

(a) 

 

 

 

 

 
(b) 

 

 

 

 
 

Fig. 9. Waveform of chaotic radio pulse stream: (a) video 

pulse duration 100 ns, duty cycle ¼,  (b) video pulse duration 

130 ns, duty cycle ½.  
 

In fig. 9a fragment of the output signal waveform in 

pulse mode is given. The form of the output pulses testi-

fies to their chaotic nature and insignificance of transient 

process in comparison with pulse duration. Besides, rather 

good match of the durations and duty cycles of video 

pulses on emitter and of output chaotic pulses is observed. 

Measurements of power consumption show that it de-

creases in proportional to duty cycle. So, the energy effi-

ciency of the discussed chaotic radio pulse forming 

method is higher than that of external modulation, and the 

advantage increases with decreasing duty cycle. 

As was mentioned above, a possibility of generating 

practically identical pulses of complex form was shown in 

ADS simulation. However, the presence of this effect in 

experiment is not obvious due to thermal noise and tech-

nical fluctuations. 

Typical pulse structure generated by the system is 

shown in fig. 9b. As can be seen, beginning parts of the 

pulses (approx. 20 ns) really coincide. 

 

7. Conclusions 

 

Calculations in ADS and experiments testify the possi-

bility of efficient forming of chaotic radio pulses by 

means of external periodic stimulation of chaotic genera-

tor. As a result, power consumption decreases in propor-

tion to the duty cycle. Experimental study showed that the 

discussed method allows to obtain practically identical ul-

tra-wideband pulses of complex form. 
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Abstract—This paper proposes a new detection method
of a receiver for Noncoherent Chaos Shift Keying. In
this scheme, the receiver detects not only an information
symbol but also a chaotic sequence length which used for
Chaos Shift Keying. The detection of the chaotic sequence
length is performed by the method adapting the subopti-
mal receiver proposed in our previous research, and it is
the very simple method using the feature of chaos. In order
to investigate its detection, we carry out computer simula-
tions and observe the performance.

1. Introduction

Recently, a noncoherent receiver for digital communica-
tions systems using chaos is studied actively [1]-[4]. Es-
pecially, it is attracted to develop a suboptimal noncoher-
ent receiver having the performance similar to the optimal
noncoherent receiver.

In the previous research, we have proposed a subopti-
mal receiver using very simple algorithm. Our method de-
tects symbols from the calculated values of the shortest
distance between received signals and a chaotic map [5].
Furthermore, we extended this concept to the distance in
Nd-dimensional space usingNd successive received signals
(Nd : 3,4, · · ·) [6]. As a result, we obtained the best perfor-
mance for the dimensionNd, which is equal to the length
of the chaotic sequenceN. In addition, we confirmed that
the performance of this suboptimal receiver became bet-
ter asN increased. Moreover, in order to use the aver-
age energy per bit effectively and to improve the bit er-
ror performance, we proposed a Chaos Shift Keying (CSK)
transmitter which the chaotic sequence length changes ef-
ficiently and obtained a better BER performance than the
existing CSK communication system [7]. However, this
simulation was carried out by the case which assumed that
the chaotic sequence length was known at the the receiving
side. Hence, the receiver has to detect the chaotic sequence
length, i.e., a point where the chaotic sequence length is
changed.

In this study, based on the detection method of the infor-
mation symbol in the suboptimal receiver proposed in our
previous research, we experiment with a detection of the

point where the chaotic sequence length is changed. We
carry out computer simulations and investigate the perfor-
mance.

2. System Overview

We consider the discrete-time binary CSK communica-
tion system, as shown in Fig. 1.

Chaotic signal
generator

-1

Symbol "1"

Symbol "0"

Noise
nk

Sk
Detector

Rk Decoded
symbol

Receiver
Transmitter

Figure 1: Block diagram of discrete-time binary CSK com-
munication system.

2.1. Transmitter

In the transmitter, a chaotic sequence is generated by a
chaotic map. In this study, we use a skew tent map to gen-
erate the chaotic sequence. The skew tent map is one of
simple chaotic maps, and it is described by Eq. (1)

xk+1 =



2xk + 1− a
1+ a

(−1 ≤ xk ≤ a)

−2xk + 1+ a
1− a

(a < xk ≤ 1)

(1)

wherea denotes a position of the top of the skew tent map.
The information symbol is modulated by CSK using the
skew tent map and its reversal map. In other words, if
the information symbol “1” is sent, Eq. (1) is used, and
if “0” is sent, the reversed function of Eq. (1) is used.
In order to transmit 1-bit information,N chaotic signals
are generated, whereN is the chaotic sequence length.
Therefore, the transmitted signal is denoted by a vector
S= (S1 S2 · · · SN).

In the case of the existing CSK transmitter, the chaotic
sequence length is fixed value. In this study, in order to de-
tect the point where the chaotic sequence length is changed,
the transmitter changes the chaotic sequence length at ran-
dom. Here, we consider a very simple model which
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switches 2 different chaotic sequence lengths,N = 8 or
N = 12. Also, the initial value is changed for every infor-
mation symbol.

2.2. Channel and Noise

In the channel, a noise is assumed to be additive white
Gaussian noise (AWGN) and is denoted by the noise vector
n = (n1 n2 · · · nN). Thus, the received signal block is given
by R = (R1 R2 · · · RN) = S+ n.

2.3. Receiver

The receiver recovers the transmitted signals from the re-
ceived signals and demodulates the information symbol. In
this study, we use the suboptimal receiver proposed in our
previous research [6]. Based on the detection method of
the information symbol in the suboptimal receiver, we ex-
periment with the detection of the point where the chaotic
sequence length is switched.

2.4. Detection Method of Information Symbol [6]

-1
-0.5

0
0.5

1 -1
-0.5

0
0.5

1-1

-0.5

0

0.5

1

Rk Rk+1

Rk+2

(Rk, Rk+1, Rk+2)

Symbol "1"

Symbol "0"

Figure 2: Detection method.

The suboptimal receiver proposed by the authors calcu-
lates the shortest distance between received signals and the
map in theNd-dimensional space usingNd successive re-
ceived signals (Nd : 3,4, · · ·).

As an example, we explain the case ofNd = 3. Fig-
ure 2 shows the 3-dimensional space of the skew tent map
whose coordinates correspond to the three successive re-
ceived signals (Rk, Rk+1, Rk+2) wherek = 1,2, · · · ,N − 2.
In order to decide which map is closer to the point (Rk,
Rk+1, Rk+2) in the 3-dimensional space in Fig. 2, the short-
est distance between the point and the map has to be cal-
culated. Therefore, we calculate the shortest distance using
the scalar product of the vector.

Any two points of (x0, y0, z0) and (x1, y1, z1) are chosen
from each straight line in the space of Fig. 2, as shown
in Fig. 3. In Fig. 3, a unit vectoru is calculated from
(x0, y0, z0) and (x1, y1, z1) by the following equation,

u = (l,m,n) =
( x1 − x0

A
,
y1 − y0

A
,
z1 − z0

A

)
(2)

(x0, y0, z0)

(x1, y1, z1)

(Rk, Rk+1, Rk+2)

(X, Y, Z) u

v0

v1

D

Figure 3: Calculation of the shortest distance.

where A is
√

(x1 − x0)2 + (y1 − y0)2 + (z1 − z0)2 . In ad-
dition, vector v0 is calculated from (Rk,Rk+1,Rk+2) and
(x0, y0, z0) by the following equation.

v0 = (Rk − x0,Rk+1 − y0,Rk+1 − z0) (3)

ProductT in u andv0 is calculated by the following equa-
tion.

T = l (Rk − x0) +m(Rk+1 − y0) + n (Rk+2 − z0) (4)

Hence,v1 can be calculated from the product ofT andu.
Therefore, we can calculate the point with the shortest dis-
tance (X,Y,Z) and the shortest distanceD by the following
equations.

(X,Y,Z) = (Tl + x0,Tm+ y0,Tn+ z0) (5)

D =
√

(X − Rk)
2 + (Y− Rk+1)2 + (Z − Rk+2)2 (6)

Note that if the point is outside the cube, we calculate
the distance between the point and the nearest edges of the
maps.

For the 3-dimensional case, there are four straight lines
in the space. Therefore, the minimum value in four dis-
tances is chosen as the shortest distanceD1 for symbol “1”.
In the same way,D of symbol “0” is chosen asD0. We cal-
culate both ofD1 andD0 for all k and find their summations∑

D1 and
∑

D0. Finally, we decide the decoded symbol as
1 (or 0) for

∑
D1 <

∑
D0 (or

∑
D1 >

∑
D0).

The calculation of the shortest distance can be extended
to Nd-dimensional space forNd ≥ 4.

3. Detection Method of Chaotic Sequence Length (Pro-
posed Method)

Based on the detection method of the information sym-
bol in the suboptimal receiver, we explain the detection
method of the point where the chaotic sequence length is
switched.

Figure 4(a) shows a time series where the chaotic se-
quence is switched atk = 12. This sequence contains two
chaotic sequences of the information symbols “1” and “0”.
We assume that the noise is not added to this sequence.
Figure 4(b) shows the calculation results of the shortest dis-
tances for everyk. Here, we use 4-dimensional space for
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Figure 4: Connected two chaotic sequences of the information symbols “1” and “0” (switched whenN is 12) .
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Figure 6: Connected two chaotic sequences of the information symbols “1” and “1” (switched whenN is 8) .

the calculation of the shortest distances. In Fig. 4(b), the
solid line and the dotted line showD1 andD0, respectively.

Since the noise is not added, the difference between the
two lines is very large fork = 1 ∼ 9. However, the differ-
ence between the two lines becomes small fork = 10∼ 12.
In order to observe the difference in detail, we show the
absolute value of the difference betweenD1 and D0, as
Fig. 4(c). We can see that the differences around the switch-
ing point (k = 12) are much smaller than other differences.
In order to expound on this cause, we use Fig. 5.

1 2 7 8 9 10 11 12 13 14 15...

One sequence Another sequence

16 17 ......

The shortest distance is calculated
 using mix sequence.

k

Figure 5: Cause of small difference between two lines
around switching point.

Figure 5 shows the switching of two chaotic sequences.
We can observe that the two chaotic sequences are mixed
for the calculation around the switching point (k = 12).
Therefore, the shortest distance around the switching point
is calculated as if the noise was added. This is the key
point of the proposed method. Namely, if the difference be-

tweenD1 andD0 around the switching point becomes very
small, it becomes easy to find the point where the chaotic
sequence length is switched. In this study, we consider a
very simple model which switches 2 values (N = 8 and
N = 12). Hence, the receiver calculates 2 differences be-
tweenD1 and D0 around 8 and 12, and these two values
are compared. Finally, the receiver can decide the chaotic
sequence length by which is smaller betweenN = 8 and
N = 12. In the case of Fig. 4(c), the difference around
N = 12 is smaller than that aroundN = 8. Therefore, the
chaotic sequence length is decided asN = 12. Moreover,
sinceD1 is smaller thanD0, the information symbol is de-
tected as “1”.

In the same way, the proposed method can detect the
chaotic sequence length and the information symbol even
when the same information symbol continues like “1” and
“1”, as Fig. 6. From Figs. 6(b) and (c), we can find that
the chaotic sequence length and the information symbol is
detected asN = 8 and “1”, respectively.

This detection method improves the performance when
D1 and D0 around the switching point is very small.
Namely, the initial value should be chosen such that the
distances in theNd-dimensional space between the signal
point and the two maps, which correspond to the symbols
“1” and “0”, is very small. Therefore, when choosing the
initial value of the next transmitted signal, the transmitter
calculatesD1 andD0 using two values, the last value of the
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previous transmitted signal and the random value. This op-
eration is performed repeatedly. Finally, the random value
which is the closest toD1 and D0 is chosen as the initial
value of the next transmitted signal.

4. Simulation Result

In this section, we study the performance of the proposed
method by computer simulations. The simulation condi-
tions are as follows.

In the transmitting side, the chaotic sequence lengthN
is switched asN = 8 or N = 12. In the channel, noise is
assumed to be only AWGN. Hence, the noise at the trans-
mitter and the receiver are not considered. In order to cal-
culate the shortest distance, we use the 4-dimensional and
8-dimensional space on the receiving side. Based on these
conditions, the system performance is evaluated by plot-
ting the sequence length error rate and BER againstEb/N0

when 104 bits of information are transmitted. Here, we as-
sumed that the bit error rate (BER) is calculated in the case
where the chaotic sequence length is detected correctly.
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Figure 7: Simulation results.

Figures 7(a) and (b) show the sequence length error rate
and BER. In order to compare the performance of choos-
ing the initial value of the next transmitted signal, Fig. 7(a)
shows the result of the simulation with the initial value of
the chaotic sequence chosen at random together. From both

results, we can find that the performance of 8-dimension is
better than 4-dimension. This is because the sequences are
generated from chaotic dynamics. In other words, chaotic
sequences with 8 values have more appropriate to express
the chaotic feature than 4 values. Therefore, it can be said
that the detection of chaotic sequence length is effective
by using higher-dimensional data. In addition, since the
performance of the method choosing the initial value ef-
ficiently is better than that chosen at random, we can say
that choosing the initial value of the method choosing is
very important.

5. Conclusions

In this study, based on the detection method of the infor-
mation symbol in the suboptimal receiver proposed in our
previous research, we experimented with a detection of the
chaotic sequence length, i.e., the point where the chaotic
sequence length is changed. We have confirmed that the
detection of the information from the chaotic sequence is
possible even when the chaotic sequence length changed.
Moreover, in the previous research, we proposed the CSK
transmitter which the chaotic sequence length changes ef-
ficiently and obtained a better BER performance than the
existing CSK communication system [7]. Therefore, inves-
tigating the performance of the chaos communication sys-
tem which changes the chaotic sequence length efficiently
using the proposed method in this study is our future work.
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Abstract—Band-limited direct sequence/code division

multiple access (DS/CDMA) system employs pulse shap-

ing filters, which are generally implemented by FIR fil-

ters. Inter-symbol interference (ISI)-free condition on

pulse shaping filters is relaxed. Using Gaussian FIR fil-

ter in conjunction with Markovian spreading codes shows

better performance than root raised cosine filter with i.i.d.

codes.

1. Introduction

Spread spectrum (SS) codes generated by a Markov

chain can mitigate multiple-access interference (MAI) and

give better bit error rate (BER) performance than inde-

pendent and identically distributed (i.i.d.) random codes

and linear feedback shift register (LFSR) codes in chip-

asynchronous direct sequence/code division multiple ac-

cess (DS/CDMA) systems [1–3]. However, in [1–3] chip

waveforms were assumed to be rectangular, which occupy

infinite bandwidth. In many commercial systems, root

raised cosine (RRC) pulse shaping with excess bandwidth

0.22 is employed. In case of RRC pulse, the improve-

ment given by Markov codes is considerably reduced [4,5].

However, it was also shown that RRC pulse is suboptimal

for DS/CDMA systems. Pulse shape design has a direct

and strong impact on the BER performance.

Although band-limited chip waveforms have infinite

time response, they are generally implemented as finite im-

pulse response (FIR) digital filters. Such FIR filters are

not band-limited in a strict sense. Hence small amount of

out-of-band energy has to be allowed. In addition to the

bandwidth requirement, chip waveform usually guarantees

zero inter-symbol interference (ISI). The ISI-free condi-

tion is of crucial importance in frequency division multi-

ple access (FDMA) system and time division multiple ac-

cess (TDMA) systems. However, in CDMA systems signal

degradation is not mainly caused by ISI but multiple-access

interference (MAI) and background noise. Thus, we can re-

lax the ISI-free condition. In [6, 7] BER performance was

shown to be improved by ISI pulse.

We already examined Gaussian pulse as a typical exam-

ple of nonzero ISI pulse and reported that Gaussian pulse

with the same excess band energy as RRC pulse gives

lower BER than RRC pulse in conjunction with Markovian

codes [8]. This paper considers a FIR pulse shaping filter

design for asynchronous CDMA systems. Quality of FIR

filter is affected by sampling frequency, the number of fil-

ter taps and quantization level of filter coefficients. These

three parameters of Gaussian and RRC filters as well as

BER performance are analyzed, which shows the the supe-

riority of Markovian SS codes.

2. Chip-asynchronous DS/CDMA systems

Let us consider a baseband equivalent model of chip-

asynchronous DS/CDMA system with K users. Data and

chip durations are Td and Tc = Td/N, where N is the

spreading factor. Data and SS code signals for i-th user

are, respectively,

d(i)(t) =
∞∑

p=−∞
d(i)

p δ(t − pTd), (1)

x(i)(t) =
N−1∑
n=0

x(i)
n δ(t − nTc), (2)

where d(i)
p and x(i)

n are the data symbol and spreading code

assumed to be antipodal binary.

Suppose that transmitter and receiver employ pulse

shaping filters, denoted by hT (t) and hR(t), respectively.

They are common for all users and normalized to be∫ ∞
−∞ |hT (t)|2dt =

∫ ∞
−∞ |hR(t)|2dt = 1. The impulse response

of the cascade of the two filters is denoted by hN(t). In

the presence of white Gaussian noise, the optimum receiver

filter is hR(t) = hT (−t), where z̄ denotes the complex con-

jugate of z. In the presence of interference which is not

Gaussian process, using a pulse shape other than hT (−t)
minimizes bit error rate [9, 10]. The k-th user’s propaga-

tion delay is 0 ≤ tk < Td. Assume that the received signal

power is perfectly controlled. The received signal is given

by

r(t) =
K∑

j=1

d( j)(t) ∗ x( j)(t) ∗ hT (t) ∗ δ(t − t j) + n0(t), (3)
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where an asterisk sign denotes a convolution and n0(t) is

an additive white Gaussian noise with two-sided spectral

density N0

2
.

Define the Pursley’s aperiodic cross-correlation func-

tion [11] as

[X(i) � X( j)]� =

⎧⎪⎪⎨⎪⎪⎩
∑N−�−1

n=0 X(i)
n X( j)

n+� for � ≥ 0,∑N+�−1
n=0 X( j)

n X(i)
n−�, for � < 0,

(4)

where � denotes the convolution of two sequences. Let

MAI(i, j)(t) = x( j)(t) ∗ x(i)(−t) ∗hN(t) =
∑N−1

k=1−N
[
x(i)�x( j)]

k ·
hN(t − kTc). Then the correlator output of the 0-th bit is

z(i)(0) = d(i)
0
·MAI(i,i)(0) +

∑
p�0

d(i)
p ·MAI(i,i)(−pTd)

+

K∑
j=1
j�i

∞∑
p=−∞

d( j)
p ·MAI(i, j)(ti − t j − pTd) + η(i)(0), (5)

where the first, second, third and fourth terms of the right

hand side are the signal component, ISI, MAI, and noise

component, respectively. The transmitted data symbol is

estimated as d̂(i)
0
= sgn(z(i)(0)).

The bit error rate of i-th user can be estimated as

P̃(i)
e = Q

⎛⎜⎜⎜⎜⎜⎜⎜⎝
√√

|MAI(i,i)(0)|2/N
σ2

N + {σ(i,i)
ISI
}2 +∑

j�i{σ(i, j)
MAI
}2

⎞⎟⎟⎟⎟⎟⎟⎟⎠ , (6)

where Q(x) = 1√
2π
· ∫ ∞x exp(−u2/2)du and

σ2
N =

N0

2N

N−1∑
k=1−N

[
x(i) � x(i)]

k · hR ∗ hR(kTc) (7)

{
σ(i,i)

ISI

}2
=

1

N

∑
p�0

∣∣∣MAI(i,i)(−pTd)
∣∣∣2 (8)

{
σ

(i, j)
MAI

}2
=VarD

⎡⎢⎢⎢⎢⎢⎢⎣ 1√
N

∞∑
p=−∞

d( j)
p MAI(i, j)(ti − t j − pTd)

⎤⎥⎥⎥⎥⎥⎥⎦
=

1

N

∞∑
p=−∞

∣∣∣∣MAI(i, j)(ti − t j − pTd)
∣∣∣∣2. (9)

Since j-th user’s time delay is not known to i-th user,

we take the expectation on {σ(i, j)
MAI
}2 with respect to the time

delay. We obtain

1

Td

∫ Td

0

{σ(i, j)
MAI
}2dt j

=
1

NTd

2N−2∑
k=2−2N

[x(i) � x( j) � x(i) � x( j)]k · hN ∗ hN(kTc)

(10)
3. Markovian SS Codes

Let X and Y be random variables generated by an irre-

ducible aperiodic stationary Markov chain with transition

probability matrix

P(λ) =
1

2

(
1 + λ 1 − λ
1 − λ 1 + λ

)
. (11)

This transition matrix gives a stationary distribution ( 1
2
, 1

2
)

and eigenvalues (1, λ). For �,m, k ≥ 0, we have

EX[Xn] = 0,EXY[XnYm] = 0 (12)

EX[XnXn+�] = λ
�, (13)

EX[XnXn+�Xn+�+k] = 0, (14)

EX[XnXn+�Xn+�+kXn+�+k+m] = λ�+m, (15)

where EZ[·] denotes the expected value with respect to the

distribution of a random variable Z [3, 12, 13]. Eqs. (12)–

(15) give1

1
N EX[[X � X]�] = λ

|�|,

1
N2 EXY

[[
X � X � Y � Y

]
�

]
=

(
|�| + 1 + λ2

1 − λ2

)
λ|�| (16)

as N → ∞. See [14] for derivation and expression for finite

N.

4. Pulse Shaping Filter

In this paper, incompletely band-limited pulse shaping

filters are considered. Moreover, we relax the ISI-free con-

dition on pulse shaping filter to minimize bit error rate. The

variances of interferences and noise are analyzed. This pa-

per considers only a case that the pulse shaping filter hT (t)
and the chip-matched filter hR(t) are the same.

4.1. Root Raised Cosine Pulse

For a root raised cosine pulse, we have

hT (t; β) =
1√
Tcπ

× 4β cos ((1 + β)πt/TC) + Tc/t sin ((1 − β)πt/Tc)

1 −
(

4βt
Tc

)2
, (17)

hN(t) = hT (t) ∗ hR(t) = sinc(t/Tc)
cos(πβt/Tc)

1 − 4(βt/Tc)2
, (18)

where β is the roll-off factor. Then, for integer delay

hN ∗ hN(kTc) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
1 − β/4 if k = 0

(−1)k+1 · β/8 if k = ±1/β
sin(kβπ)
4πkTc

· (−1)k+1

1−(kβ)2 otherwise.

(19)

Many practical systems employ nonzero excess band-

width: typically it is β = 0.22. For RRC pulses, MAI

reduction ratio by Markovian codes is only approximately

3% [8]. In order to enhance the variance reduction effect,

function of hN ∗hN(k ·Tc) for k � 0 should take large value.

1Note that this asymptotic behavior is not in terms of the number of

users K but in terms of code length N. On the other hand, standard Gaus-

sian approximation (SGA) [11] is valid only for a large K.
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4.2. Gaussian Pulse

Define a Gaussian pulse with a parameter α > 0 as

hT (t;α) =

√
α

Tc
gauss

(
αt
Tc

)
, (20)

where gauss(x) =
4
√

2 exp(−πx2). The energy of this

pulse is concentrated with 92.4% both in time domain

t ∈ [−Tc/2 : Tc/2] and in frequency domain ω ∈ [−π/Tc :

π/Tc] when α = 1. We obtain

hN(t) =
1
4
√

2
gauss(αt/

√
2Tc), (21)

hN(t) ∗ hN(t) =
Tc

4
√

2α
gauss(αt/2Tc). (22)

We set α = 0.863 for a Gaussian chip pulse in order

to make the excess band energies as same as a RRC pulse

with β = 0.22. The excess band energies for both pulses

are 4.0%, i.e. ∫ π/Tc

−π/Tc
|HT (ω)|2dω∫ ∞

−∞ |HT (ω)|2dω
= 0.960, (23)

where HT (ω) is the Fourier transform of hT (t). Fig. 3 shows

BERs for root raised cosine and Gaussian filters. Gaussian

chip pulse sacrifices ISI, however, they give lower BER

than RRC pulses.

4.3. FIR Filer Design

For digital communications through band-limited chan-

nels, pulse shaping filters are employed. It is widely ac-

cepted to assume pulse shaping filters are purely band-

limited. However, such filters have infante time response

from minus infinity to plus infinity; therefore they do not

satisfy causality. Practically, pulse shaping filters are im-

plemented as finite impulse response (FIR) digital filters.

Thus, we consider that pulse shaping filters are not com-

pletely band-limited but truncated with a proper time pe-

riod.

For FIR pulse shaping filter, four filter design spec-

ifications are important: the passband edge, the stop-

band edge, the passband ripple, and the stopband ripple.

Parks-McClellan algorithm is widely used FIR filter design

method. An improved FIR filter design with equi-ripple

is presented in [15]. Quality of the filter depends upon the

sampling frequency, the number of filter taps, and quantiza-

tion level of the filter coefficients. Another major FIR filter

design is the windowing method, i.e. impulse response of

the ideal low-pass filter is multiplied by the window func-

tion, such as Hanning, Hamming, Blackman, Kaiser win-

dows. The choice of window types as well as their design

parameters depends on the required quality of FIR filters.

In this paper, FIR filter coefficients are obtained by MAT-

LAB programming [16] with the number of filter taps
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Figure 1: Impulse response of the cascade of the two FIR

filters: the number of taps for each filter is 31 and oversam-

pling factor is 4.
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Figure 3: Bit error rates for root raised cosine (β = 0.22),

Gaussian (α = 0.863), and rectangular pulses with Marko-

vian codes and i.i.d. codes against signal to noise ratio

(SNR) level 2 – 18 [dB], where the number of users is

K = 10 and the spreading factor N = 63.

L = 31 and oversampling rate Fs = 4. Fig. 1 shows im-

pulse responses of the cascade of the transmitter filter with

the matched filter at the receiver. Frequency responses are

illustrated in Fig. 2. Frequency response of the RRC FIR

filter has ripples of around -40dB in the stopband. On the

other hand, frequency response of Gaussian FIR filter is far

from flat spectrum in the passband region (normalized fre-

quency 0 ≤ f < 0.125) but it is less than -40dB at f = 0.25

and decreases rapidly for higher frequency.

5. Conclusion

We analyzed the performance of Gaussian pulse which
are realized by FIR filters in an asynchronous DS/CDMA
system. Although Gaussian pulses have non-zero ISI, they
show better BER performance than the conventional ISI-
free pulse if it is used in conjunction with Markov codes.
Note that Markovian SS codes should be jointly optimized
together with pulse shaping filters.
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Abstract— Theoretical limits of asynchronous multi-
code DS-CDMA systems over AWGN channels are inves-
tigated by computer simulations using the statistics of the
associated Shannon capacity. The system capacity is iden-
tified with the maximum rate at which an errorless link may
operate and is a random quantity depending on the spread-
ing sequences and on the users relative delays and phases.
A comparison is reported between chaos-based spreading,
possibly complemented by an off-line orthogonalization
method and OVSF spreading with a subsequent on-line
scrambling in order to address the trade-off between the
orthogonality of different (but synchronous) codes of the
same user and the auto-correlation properties that counter
asynchronous multiple-access interference. We here report
that chaos-based strategies result in a non negligible in-
crease in capacity with respect to the classical approach.

1. Introduction

Within the past decade, it has become possible to directly
approach the study of chaotic systems and to unravel their
potential in several common signal processing tasks.

The use of periodically repeated slices of chaotic trajec-
tories as spreading sequences in DS-CDMA systems has
attracted attention due to the possibility of showing that
it may be used to achieve the minimum possible multi-
ple access interference perceived by a single-user receiver
(see e.g. [1][2]). Furthermore, [3] shows that chaos-
based spreading improves performance of multi-code DS-
CDMA with single-stream correlation-based receiver when
the number of synchronous streams per user is relatively
low. Though improvements have also been demonstrated
in more complex situations (see e.g. [4]), a more general
point of view has been recently adopted by some authors.
Instead of addressing a particular receiver structure, thein-
trinsic capability of the transmission mechanism is eval-
uated from the point of view of its ultimate limits as ex-
pressed by the Shannon capacity concept.

We here aim at continuing the work in [5] by extend-
ing it to the multi-code DS-CDMA system, interpreting the
spreading operation as part of an AWGN vector channel
and exploiting the concept of channel capacity as defined
by Shannon to compare chaos-based strategies with the
classical method employingOrthogonal Variable Spread-
ing Factor (OVSF) sequences and a subsequent scrambling
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Figure 1: Multi-code DS-CDMA multiuser baseband transmittermodel.

(we will indicate this approach as OVSF+S). This reference
approach is, for example, employed in the UMTS standard.

The paper is organized as follows: section 2 introduces
the multi-code DS-CDMA system and the capacity formula
we have exploited in the Monte-Carlo simulations, sec-
tion 3 briefly recalls the OVSF+S method and discuss the
chaos-based spreading and related strategies while sections
4 and 5 report simulation setup and results respectively.

2. System model

In a multi-code DS-CDMA system any of theU users
that access the communication channel at the same time is
allowed to transmit in parallelM streams of information
bits using a different spreading code per stream. Spreading
sequences are generated once and stored in the transmitter
and in the receiver.

Figure 1 shows a baseband multi-code DS-CDMAmulti-
user transmitter where indexesu and m identify the
generic user and thegeneric stream respectively. Each
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stream is also associated with a spreading sequenceyu,m
k ∈

{−1/
√

N,1/
√

N}.
Stretches ofN symbols of this spreading sequence are

used to form the PAM spreading waveforms that are mod-
ulated by the bits before transmission. In particular, the
j-th bit bu,m

j is transmitted asbu,m
j su,m

j (t) with su,m
j (t) =

T−1/2 ∑N−1
k=0 yu,m

jN+kg(t−( jN+k)T ), whereg(t) is the rectangu-
lar pulse of unit amplitude and durationT . Hence, theu-th
transmitter produces the signal

∑M−1
m=0

∑∞
j=−∞ bu,m

j su,m
j (t) that

is sent over the channel and arrives at the receiver with a de-
lay τu ∈ [0,NT ] taking its parts in the total received signal
r(t) =

∑U−1
u=0

∑M−1
m=0

∑∞
j=−∞ bu,m

j su,m(t − τu) + ν(t) whereν(t)

is the unavoidable WGN with powerσ2.
Delay dynamics will be assumed to be much slower than

bit rate to fit within the classical information theory view
and delays will be considered constant for all the transmis-
sion and uniformly distributed in [0,NT [.

Decoding operation is performed in the time window
W = [0, BNT ], i.e. for B bit durations. Due to the asyn-
chronism of the transmitters, in generalB + 1 bits of each
user overlap with this window.

If φi (i = 0, . . . ,∞) is an orthonormal signal basis in
W we may think that the decoding process depends on
the projectionsri = 〈r, φi〉 =

∫ BNT

0
r(t)φi(t)dt of r(t) on

such a basis. Considernφ projections arranged in the vec-
tor r = [r0, . . . , rnφ−1]t. They are linked to the vector
of transmitted bitsb = [b0,0

j , . . . , b0,0
j+B, b0,1

j , . . . , b
0,1
j+B, . . . ,

b0,M−1
j , . . . , b0,M−1

j+B , . . . , b
U−1,M−1
j , . . . , bU−1,M−1

j+B ]t by r =
Hb+ν whereν is the vector of noise projections andH can
be expressed by defining the matricesHu,m whose elements
areHu,m

p,q =
〈

su,m
q (t − τu), φp

〉

and writing

r =
[

H0,0|H0,1| . . . |H0,M−1| . . . |HU−1,M−1
]

b + ν

The above discussion highlights that the system is linear
from the transmitted bits to the received projections.

We know from [6] that the Shannon capacity of a vector
transmission system characterized by unit energy bits, by
a transfer matrixH, and subject to a noise of powerσ2 is
given by

C = log2 det

(

Inφ +
HH†

σ2

)

= log2 det

(

IK +
H†H
σ2

)

(1)

whereInφ is thenφ × nφ identity matrix,H† is the transpose
conjugate ofH andK = UM(B + 1).

Note that the two expressions are equivalent because
the non-vanishing eigenvalues ofHH† and H†H are the
same as it can be easily checked considering that for any
eigenvectorx of HH†, y = H†x is an eigenvector ofH†H
with the same eigenvalue. This identity allows us to high-
light the importance of the correlation between the signals
used as spreading waveforms. Equation (1) is commonly
adopted to evaluate Shannon Capacity of DS-CDMA sys-
tems (see e.g. [7]).

Formally, we may exploit the above definedHu,m to ex-
press the matrixH†H as in Table 1. The building block of

such a matrix has entries

((Hu,m)†Hu′,m′ )p,q =

nφ
∑

v=0

(Hu,m)∗v,pHu′,m′
v,q =

nφ
∑

v=0

〈

su,m
p (t − τu), φv

〉∗ 〈
su′,m′

q (t − τu′ ), φv

〉

We may then letnφ → ∞ and assume that the functionsφv
form a complete basis to obtain

((Hu,m)†Hu′,m′ )p,q =

∫

W
(su,m

p (t − τu))∗su′,m′
q (t − τu′ )dt

revealing howH†H is made of all the possible correlations
between the spreading waveforms associated to the bits.

Note that the diagonal elements ofH†H (that are the di-
agonal elements of the submatrices (Hu,m)†Hu,m) are noth-
ing but the fraction of energy of the (u,m)-th spreading
waveform that falls within the decoding window and are
independent of the spreading sequences. Since the matrix
IK+H†H/σ2 is Hermitian, its determinant is bounded from
above by the product of its diagonal entries [8]. Hence,
capacity is maximized whenH†H is as much diagonal as
possible and the role of sequence design is that of making
off-diagonal entries as small as possible.

This hints at a fundamental trade-off between orthogo-
nality of the synchronous waveforms (those corresponding
to streams of the same user) and the ability of sequences of
countering cross-correlation with random time-shifts.

3. Spreading strategies

The classical OVSF+S approach employs orthogonal
waveforms and scrambles them to achieve some immunity
to asynchronous interference. The chaos-based approach
we propose and analyze here starts from sequence genera-
tors that are known to minimize (in the average) asynchro-
nous cross-correlation and tries to add orthogonality witha
possible subsequent step.

The OVSF+S technique starts from the consideration
that if M ≤ N and N is power of 2 (N integer multiple
of 4 would be enough if one resorts to Hadarmad construc-
tion) then there is a set of sequenceszm

k ∈ {−1,+1}, for
m = 0, . . . ,M − 1 andk = 0, . . . ,N − 1 that are pairwise or-
thogonal [9]. It then assumes thatU scrambling codeswu

k ,
u = 0, . . . ,U − 1 andk = −∞, . . . ,∞ can be generated as
sequences of independent and uniformly distributed antipo-
dal symbols (this is usually approximated with the output
of a linear-feedback shift register with a known and very
long period [9]). As a consequence, spreading sequences
are defined asyu,m

k = wu
kzm

k mod N .
Note that, since all codes corresponding to streams of

the same user are scrambled by the same iid sequence they
remain orthogonal over a period ofN chips. Yet, since the
scrambing is iid, the overall spreading is also iid and this
grants some immunity from asynchronous interference.

In the chaos-based approach the symbolszu,m
k for u =

0, . . . ,U−1,m = 0,. . . , M−1 andk = 0, . . . ,N−1 are taken
from the quantization of the trajectory of a discrete-time
chaotic dynamical system. Formally speaking we will as-
sume that a state-update functionM : [0,1] 7→ [0,1] exists
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Table 1: Correlation matrix structure
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Figure 2: PWAM map. Statistical
features depend on parameterλ.

giving rise to the trajectoryxk+1 = M(xk) starting from an
initial conditionx0. For eachu,m pair,x0 is drawn indepen-
dently and the trajectoryx0, . . . , xN−1 is then quantized by
the functionQ : [0,1] 7→ {−1,+1} to obtainzu,m

k = Q(xk).
Figure 2 shows a family of possible functionsM defined

by a parameterλ. If Q is such thatQ(x) = −1 whenx ∈
[0,1/2] and Q(x) = +1 when x ∈]1/2,1] then it can be
proved (see for example [10] and references therein) that
E

[

yiy j

]

= λ j−i if i < j andE
[

yiy jykyl

]

= λ j−i+l−k if i ≤
j ≤ k ≤ l. These expressions for second- and fourth-order
correlation can be generalized to any order thus leading to
iid antipodal sequences whenλ = 0.

In the following, we will analyze three kind of sequence
assignments for a multi-code DS-CDMA system withU
users andM streams, all based on the availability of theN-
symbols antipodal sequenceszu,m

k for λ = −2+
√

3 that, in
the caseM = 1, are known to minimize the asynchronous
interference between users [1]. The three methods are

C We directly setyu,m
k = zu,m

k mod N .

CGS For eachu = 0, . . . ,U − 1 we apply the Gram-
Schmidt orthonormalization procedure to the set of
sequenceszu,m to obtain the set ˆzu,m. Then yu,m

k =

ẑu,m
k mod N .

CGS(q) The values of the orthonormalized sequences ˆzu,m

of CGS are first quantized with a finite number of bits
q to obtainz̃u,m. Thenyu,m

k = z̃u,m
k mod N .

The two last methods are inspired to what has been pro-
posed in [11]. Note that though in principle CGS is un-
suitable for implementation since the spreading sequences
would features real-valued chips, its performance can be
hopefully approximated by CGS(q) with relatively small
q. The caseq = 1 is also extremely interesting since it
yields antipodal spreading sequences though it is not clear
in general whether the aim of mixing good countering of
asynchronous interference with good orthogonality can be
achieved with such a coarse re-quantization.

4. Simulation setup

We have found that the capacity is a function of the ma-
trix H that, in turn, depends on time-shiftsτu and spread-
ing sequencesyu,m

k (u = 0, . . . ,U − 1, m = 0, . . . ,M − 1,
k = 0, . . . ,N − 1), that, in the most general setting, are
assumed to beUM independent realizations of a discrete-
time finite-value stochastic process with known statistics.

With this, the capacity is itself a random variable and per-
formance evaluation must take into account its statistics.

A C++ program has been built to simulate the system.
It applies random delays and employs different quantized
slices of chaotic trajectories for each run. After the capac-
ity values are available, their statistics are highlightedby
computing the CCDF (Complementary Cumulative Distri-
bution Function) that is Pr{C > C0} whereC0 is a capacity
value. Statistics are computed over 100,000 trials. After
this, the mean capacity value is also computed.

5. Simulation results

Simulations have been conducted forU = 13÷ 17 and
M = 1 ÷ 5 using OVSF+S, C, CGS, CGS(1) and CGS(5)
spreading strategies.

We report in Table 2 the capacity values averaged over
all the 100,000 trials. Note that chaos-based spreading is
better than OVSF+S in all configurations.

Among chaos-based cases, note that CGS is better than
C while CGS(5) is is approximately the same as CGS.
This highlights the importance of considering both asyn-
chronous and synchronous aspects when the overall perfor-
mance has to be improved and that 5 bits are enough to re-
produce the behavior of continuous-valued sequences. Or-
thonormalization with 1-bit re-quantization offers the best
result for M < 5. To highlight this strange behavior, Fig-
ure 3 reports a comparison between C, CGS and CGS(1)
spreading strategies in terms of the percentual gain over
OVSF+S plotted againstM for different values ofU. Un-
expectedly, the CGS(1) case seems to optimize both syn-
chronous and asynchronous performance.

Figures 4 and 5 reports the resulting CCDF curves for
the boundary cases of interest (U,M) = (13,2), (17,5). In
all cases the curves of either CGS(1) or CGS≈CGS(5) are
higher than the OVSF+S curve. Hence, there is always a
chaos based strategy completely outperforming OVSF+S.
As an alternative quantification of the improvement we
may use those curves to find that the probability of achiev-
ing a capacity larger than the average one for OVSF+S is
approximately 50% for the OVSF+S itself while it is 94.8%
and 86.8% for the best chaos-based method.

6. Conclusion

The theoretical limits of asynchronous multi-code DS-
CDMA systems over AWGN channels have been investi-
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M
U spreading 1 2 3 4 5

OVSF+S 66.2 126.2 180.8 230.3 275.4
C 66.5 127.5 183.1 233.8 279.9

13 CGS 66.5 127.8 184.0 235.4 282.4
CGS(1) 66.5 133.0 194.8 243.3 275.2
CGS(5) 66.5 127.7 183.9 235.4 282.4

OVSF+S 71.1 135.2 193.1 245.1 292.5
C 71.5 136.6 195.5 248.9 297.4

14 CGS 71.5 136.9 196.4 250.6 300.1
CGS(1) 71.5 142.5 208.2 259.2 292.9
CGS(5) 71.5 136.8 196.4 250.5 300.1

OVSF+S 75.9 143.9 204.8 259.2 309.1
C 76.4 145.5 207.8 263.8 314.5

15 CGS 76.4 145.8 208.7 265.6 317.4
CGS(1) 76.4 151.9 221.4 274.3 309.5
CGS(5) 76.4 145.7 208.7 265.5 317.4

OVSF+S 80.7 152.6 216.4 273.3 324.9
C 81.2 154.3 219.8 278.3 331.0

16 CGS 81.2 154.7 220.8 280.2 334.1
CGS(1) 81.2 161.0 235.3 288.5 323.7
CGS(5) 81.2 154.5 220.7 280.2 334.1

OVSF+S 85.5 161.2 227.8 287.1 340.6
C 86.1 163.0 231.5 292.5 347.2

17 CGS 86.1 163.4 232.6 294.5 350.5
CGS(1) 86.1 170.0 247.1 303.1 340.6
CGS(5) 86.1 163.2 232.5 294.5 350.5

Table 2: Capacity values averaged over 100,000 trials
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Figure 3: Comparison between C and CGS(1) spreading strategies in
terms of the percentage of the mean capacity increment with respect to
OVSF spreading as a function ofM.

gated by computer simulations using the statistics of the
associated Shannon capacity. Classical OVSF+S strategy
has been compared with different chaos-based approaches.
Results show that there is a chaos-based solution largely
outperforming OVSF+S for each tested configuration. The
unexpected good performance of CGS(1) will be the topic
of further investigations.
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Abstract— In this paper we propose a secure multiple-
access technique chaos-based digital communication sys-
tem. In this system, a piecewise-linear map is used to
generate a chaotic sequence, which is then projected onto
orthogonal basis functions. Data information are coded
by switching between these orthogonal chaotic sequences.
Only the sign bit of these chaotic signal is transmitted. Im-
plementation details and security are discussed. Simula-
tions of the noise performance of the system are also pro-
posed.

1. Introduction

The use of chaotic signals for the transmission of data
information has been of great interest in the past few years
and many schemes have been proposed. Chaotic spread
spectrum techniques [1] have been proposed. Chaos shift-
keying (CSK) systems and differential CSK (DCSK) sys-
tems have been reported [2][3]. It was shown in [4] that
by combining the chaotic waveform with Walsh functions,
a binary DCSK system may be modeled by means of two
orthogonal basis functions, where each basis function rep-
resents a given bit. More recently, in [5], a subspace theory
for DCSK systems has been proposed using orthonormal
vectors to generate two orthogonal symbol subspaces cor-
responding to two different symbols.
In this paper we propose a multiple-access CSK-based
communication system also using orthogonal Walsh func-
tions. A chaotic map is used to generate the chaotic signal,
which is then projected onto orthogonal Walsh functions
during each symbol duration. Data are coded by switching
between these orthogonal chaotic sequences. Depending
on the number p of bits coded in every symbol, M = 2p

Walsh functions will be required and the proposed system
can then be qualified as an M-ary orthogonal chaotic shift
keying (M-OCSK) system. The transmitted waveform is
directly provided by the sign of the output sequence. The
receiver is a coherent correlation demodulator. This M-
OCSK system is a multiple-access communication system
in that sense it allows the transmission of data by multiple
users simultaneously.
The paper is organized as follows. The proposed M-OCSK
system is firstly presented, then some elements of imple-
mentation and a brief security analysis are provided. In
section 3 computer simulations are performed. Finally, sec-
tion 4 concludes the paper.

2. System model

In this section, we present a multiple-access chaos-based
technique under a noisy environment. Figure 1 shows the
schematic baseband model of the system.

s(N)(t)

White Gaussian Noise
Transmitter 1

Transmitter 2

Transmitter N

Receiver 1

Receiver 2

Receiver N

s(1)(t)

s(2)(t)

s̃(t)

Figure 1: Multiple-access system model

2.1. Transmitted signals model

At each transmitter, the user must be able to send a
binary information by switching between M orthogonal
chaotic sequences (with M = 2p). Assume that a unique
chaotic sequence {xk}k≥0 is generated by a chaotic map. The
M orthogonal sequences will be obtained from that chaotic
sequence. The M orthogonal binary sequences are obtained
from the sign bit elements of the sequences {w(l)

k xk} where

{w(l)
k } = {(−1)bk2−lc} (1)

is the lth Walsh sequence with 0 ≤ l ≤ M − 1. These
M distinct binary sequences can be used to represent M
different symbols (sets of p bits).
The signal s(i)(t), transmitted by the ith user (see figure 1), is
organized into symbol time slots which are sub-divided into
chip time slots. Tb is the symbol time slot duration, and Tc

is the chip time slot duration. The output of the chaotic map
is changing every Tc during the transmission. The choice
of this chaotic map will be discussed later in this paper.
A sign operator is used at the output of the chaotic signal
generator, so that only the sign bit of the chaotic sequence
is used.
The mth symbol to be transmitted during a period Tb by the
ith user is denoted by d(i)

m (m = 0, 1, 2, 3, . . .). Let β be the
spreading factor of the system, defined as Tb/Tc, which is
an integer. This spreading factor β must be chosen such
that β = 2α with α ≥ M − 1, α being an integer.

NOLTA 2006
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Transmitted symbols d(i)
m are letters of a finite alphabet of

M elements. As an example if M = 4, each transmitted
symbol is a set of p = 2 bits (d(i)

m ∈ {(00), (01), (10), (11)}).
The lth symbol (0 ≤ l ≤ M−1) of the finite alphabet is then
represented by the binary signal s(i)

l (t)

s(i)
l (t) =

∞
∑

m=0

β−1
∑

n=0

r(t − (mβ + n)Tc)w(l)
n sign

(

x(m,i)
n

)

(2)

where x(m,i)
n is the (mβ+n)th sequence element of {xk} in the

transmitter i (the nth chip during the bit period m), and r(t)
is a rectangular pulse of unit amplitude and width Tc

r(t) =

{

1 when 0 ≤ t < Tc

0 elsewhere
(3)

According to properties of the Walsh sequences, it appears

that
∫ τ+Tb

τ
s(i)

l (t)s(i)
q (t)dt = 0, ∀τ, when l , q, and then the

M binary signals are perfectly orthogonal with each other
over a bit period.
The overall transmitted waveform by the user i, s(i)(t), is

s(i)(t) =
∞
∑

m=0

β−1
∑

n=0

r(t − (mβ + n)Tc)sign
(

y(m,i)
n

)

(4)

where y(m,i)
n = w(l)

n x(m,i)
n when d(i)

m is the lth symbol (0 ≤ l ≤
M − 1).
Assume that channel distortion is only due to a noise source
n(t), which is an additive white Gaussian noise (AWGN)
with a two-side power spectral density given by γn( f ) =
N0
2 , ∀ f . The input signal at the receiver can be written as

s̃(t) =
N
∑

i=1

s(i)(t) + n(t) (5)

where N is the number of users.

2.2. Pure coherent receiver

Receiver structure of the jth user (see figure 1) is very
close to the structure of a coherent CSK demodulator.
There is only one chaotic generator and it is assumed that it
can perfectly reproduce the chaotic signal of the jth trans-
mitter. It is also assumed that at the beginning of a trans-
mission, the initial condition and the chaotic map parame-
ters for the user j have been secretly transmitted by another
way and are then only known at the receiver j. Moreover,
bit period synchronization is assumed. In this jth receiver,
the M orthogonal binary signals s( j)

l (t) (equation (2)) are
reproduced from the chaotic map.
Then correlations between the overall received signal at jth

receiver s̃(t), and the M orthogonal signals s( j)
l (t), are done

during a bit period Tb in M separate correlators, and are
given by

Corr( j)
l ((m + 1)Tb) =

∫ (m+1)Tb

mTb

s̃(t)s( j)
l (t)dt (6)

Correlators are reseted every bit period Tb. Output of
these correlators are compared and the estimated transmit-
ted symbol d̂( j)

m is the symbol l̂ (0 ≤ l̂ ≤ M − 1), which is
given by

l̂ = arg max
l

(

Corr( j)
l ((m + 1)Tb)

)

(7)

2.3. Chaotic map

A noninvertible piecewise-linear map will be used in
order to generate chaos at each transmitter. This map
f : [−1, 1] 7→ [−1, 1] is given by

{

zk = K|xk| + φ
(i) [mod 1]

xk+1 = sign(xk)
(

2zk − 1
) (8)

and it depends on parameters K and φ(i). K is a fixed pos-
itive integer. For the following K = 2 will be arbitrary
chosen. φ(i) is the parameter for the ith transmitter and its
associate receiver, with 0 ≤ φ(i) < 1 and φ(i)

, φ( j) for i , j.
The chosen map is represented in figure 2 when K = 2 and
φ(i)
= 0.2. Due to the evident symmetry property, the initial

condition x(i)
0 will be chosen so that 0 < x(i)

0 <
1
K . In order

x
+1

+1

−1

−1

f (x)

Figure 2: Chaotic map (8) with K = 2 and φ(i)
= 0.2

to determine if this transformation can be used for mul-
tiuser transmission, we have first to control its sensitivity
to initial condition and parameter. A way to measure this
sensitivity is the Lyapunov exponent of a trajectory given
by the transformation. The transformation is piecewise-
linear with (2K + 2) regions, and the slope in each region
is always 2K, which is always greater than unity so that the
Lyapunov exponent is LK = ln(2K) > 0. This last claim
is true for any initial condition and any authorized value of
φ(i).
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2.4. Elements of implementation

As a great majority of chaos-based communication sys-
tems, the proposed M-OCSK system will suffer from many
drawbacks. If chaotic generators and especially the consid-
ered chaotic map are analogical circuits, we can say that
it is obviously impossible to have perfect copies of them
available at the transmitter and receiver side, which is a
very obstructing problem for us. Also the decoding of the
information signal at the receiver side is based on a perfect
knowledge of the initial condition and parameters of the
chaotic map. If such initial condition and parameters are
analogical values, even if transmitted at the receiver side,
they will always be affected by an error. In order to avoid
these problems, the proposed system can be implemented
in a digital circuit. It can be implemented on DSP or FPGA
technology. A digital implementation with fixed-point op-
erators drains many advantages. Initial condition and pa-
rameters of the chaotic map can then be 32 bits words if a
standard fixed-point arithmetic unit is used for the imple-
mentation. This digital system allows that perfect copies
of the chaotic maps generating sequences are available at
the transmitter and the receiver side. However the digi-
tal implementation of the chaotic map brings us to the fact
that digital calculated sequences are periodic, which is not
a real problem if the period is very large. This has to be
studied and, as mentioned in [6], the use of extended non-
linear feedback shift registers based on chaotic maps is a
reasonable solution to produce sequences with long period.

2.5. Secret keys and security

In this scheme, the values of φ(i), the parameter of the
chaotic map, and x(i)

0 , the initial condition, will form the
symmetric secret key. Recalling that 0 ≤ φ(i) < 1 and
0 < x(i)

0 <
1
K , if a 32 bits fixed-point arithmetic is used

for this system and if K = 2, then the key will be a 61
bits long word (31 bits for φ(i) and 30 bits for x(i)

0 ). Any
of the 261 available keys can be used equivalently since as
previously mentioned, all of them will provide a chaotic se-
quence (the key has no effect on the Lyapunov exponent). It
can be shown that for two keys with the slightest difference,
the two binary generated chaotic sequences are totally dif-
ferent. The secret key for each user can then be chosen
randomly.
As we talk about secret key, we have to provide some el-
ements about the security of the proposed system. Some
rules have been suggested in [7] in order to evaluate how
a cryptosystem is secure. The choice of the chaotic map
is determinant for the security of the system. A nonivert-
ible piecewise linear map has been chosen here. It can be
verified that for any authorized key (parameter and initial
condition) the probability of having +1 or −1 at the out-
put of the chaotic generator is 1/2. The Perron-Frobenius
operator [8] may help us to bring a proof of this property.
The Perron-Frobenius operator allows to describe the time
evolution of the probability density function ρk(x) of a set

of discrete-time orbits {xk}. For a one-dimensional map f ,
when the derivative is not singular, let consider the Perron-
Frobenius operator PF

PF ρk(x) =
∑

{y : f (y)=x}

∣

∣

∣

∣

∣

∣

d f (y)
dy

∣

∣

∣

∣

∣

∣

−1

ρk(y) (9)

This operator maps the probability density function ρk(x)
to ρk+1(x) such that

ρk+1(x) = PF ρk(x) (10)

Let now define r[a,b](x) (with b > a) a rectangular pulse
function of unit amplitude and width b − a

r[a,b](x) =

{

1 when a < x < b
0 elsewhere

(11)

Let assume that the initial condition can be chosen ran-
domly between 0 and 1

K with a uniform law, then one has
ρ0(x) = Kr[0, 1

K ](x). Directly applying (9) with the chaotic

map (8), it comes that ρ1(x) = 1
2 r[−1,1](x), for any K. Using

(9) again, it comes that when k ≥ 1, ρk(x) = 1
2 r[−1,1](x)

whatever the parameter and the initial condition. Then
the output binary sequence of the generator is statistically
undistinguishable from the output of a truly random func-
tion with a uniform law, and is statistically the same for all
keys. It comes also that partial knowledge of the key does
not reveal any information about the transmitted data nor
the unknown part of the key.
Moreover, ρk(x) being a uniform and an invariant probabil-
ity density function (does not depend on k), it comes that
if the sign of xk is known, xk+1 can be positive or negative
with the same probability for any key. So, binary sequences
{w(l1)

k xk} and {w(l2)
k xk} (with l1 , l2) have the same statistical

property for all keys. The switching modulation between
these two sequences is then undetectable with basic spec-
tral or statistical analysis, and the transmitted symbols can
not be detected easily.
In order to claim that the proposed system is really secure,
it should be checked whether it can be broken by all known
attacks, which is not provided in this paper. According to
that, and since the key size space is 261 (not sufficiently
secure against brute-force attacks [7]), we are not able to
claim that the proposed system is a very strongly secure
system. It can nevertheless be used when a low security is
required such as in many embedded wireless communica-
tion systems.

3. Computer simulations

Some computer simulations are now performed. For
these simulations, parameter and initial condition for
the chaotic map of each user are randomly generated,
K = 2, and 32 bits fixed-point arithmetic units are used
to generate the chaotic sequences. In figure 3, BERs are
calculated from 106 transmitted symbols for the M-OCSK
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with M = 2 and 4 in the multiuser case. Performance
of the M-OSCK in the single user case is also compared
with the theoretical bounds provided by the conventional
coherent antipodal BPSK system [2]. Noise performance
of the M-OCSK in the 10 users is shown in figure 4 when
β is varying.
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Figure 3: BER of M-OCSK with M=2 and M=4 for differ-
ent values of N the number of users.
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Figure 4: BER of M-OCSK with different values for β

It can be shown that the DCSK system (also using Walsh
functions) presented in [4], and the M-OCSK system when
M = 2 in the single user case, show exactly the same per-
formance.

4. Conclusion

In this paper a so-called M-OCSK multiuser chaos-based
communication system has been presented. In this sys-
tem, only one chaotic generator is used to provide the M

switching sequences, which is a substantial advantage in
terms of reduction of the complexity. Moreover, the fact
that the switching sequences are orthogonal contributes to
the improvement of the performance compared with that
of a conventional CSK system [2]. The M-OCSK system
can be used concurrently to a standard DS-CDMA system
or even jointly to a standard DS-CDMA system without
bringing any perturbation, excepted obviously multiuser in-
terferences. Moreover, the M-OCSK multiuser system has
the advantage over a standard DS-CDMA that it can be pre-
sented as a secure communication system.
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Abstract—A lot of encryption methods involving
chaotic dynamics have been proposed in the literature since
the 90’s. Most of them consists of “mixing” the informa-
tion to be hidden with a chaotic sequence. In this paper,
a connection between one of the most attractive chaotic
schemes, namely, hybrid message-embedding and the con-
ventional self-synchronizing stream cipher is carried out.
The main point can be stated as follows: hybrid message-
embedding is strictly equivalent to a conventional self-
synchronizing stream cipher under flatness conditions.

1. Introduction

Modern cryptography originates in the works of Feis-
tel at IBM during the late 1960s and early 1970s. One
of the key dates is 1977, when the symmetric (or private-
key) algorithm called Data Encryption Standard (DES) was
adopted by the U.S. National Bureau of Standards (now the
National Institute of Standards and Technology —NIST),
for encrypting unclassified information. DES is now in
the process of being replaced by the Advanced Encryption
Standard (AES), a new standard adopted by NIST in 2001.
Another milestone is 1978, marked by the publication of
RSA, the first full-fledged public-key algorithm. In 1993
entered the scene “chaotic cryptography”, that takes ad-
vantage of the complex behavior of chaotic dynamical sys-
tems to ‘hide’ or ‘mask’ information. Chaotic behavior can
be distinguished by its extreme sensitivity to initial con-
ditions, leading to long-term unpredictability. Moreover,
signals resulting from chaotic dynamics are broadband and
present random-like statistical properties, albeit they are
generated by deterministic systems. All this explains, why
there is likely a connection between the random-looking
behavior exhibited by chaotic systems and the properties
of confusion and diffusion, required by Shannon for cryp-
tosystems [9]. It also motivates the use of chaotic systems
for secure communications, even though the terminology
“secure” is sometimes questionable. An overview of the
different methods devised so far can be found, according
to the chronology, in the papers [11][3][13][10]. Neverthe-

less, very few works have really established the connection
between standard and chaos-based encryption algorithms,
but see [2][6] for some interesting exceptions. In this pa-
per, a connection between one of the most attractive chaotic
schemes, namely, hybrid message-embedding and the con-
ventional self-synchronizing stream cipher is carried out

Throughout the paper, the terminology synchronization
between two dynamical systems with respective state vec-
tors xk and x̂k will mean that the following equalities are
fulfilled:

lim
k→∞
‖T xk − x̂k‖ = 0 ∀x̂0 ∈ U (1)

or

∃k f < ∞, ‖T xk − x̂k‖ = 0 ∀x̂0 ∈ U and k ≥ k f (2)

where T is a constant matrix of appropriate dimension and
U is a non empty set of initial conditions. (1) corresponds
to an asymptotic synchronization, while (2) corresponds
to a finite time synchronization. Let us point out that in
practice, since we deal with finite accuracy, the error of an
asymptotical synchronization can be considered to be zero
after a finite transient time.

2. Hybrid Message-embedding

The hybrid message-embedded technique (Fig. 1) was
proposed in [14] and partially cryptanalyzed in [12]
wherein the term “hybrid” was first introduced. We dis-
tinguish two distinct setups. The first one is governed by
the state equations:



















xk+1 = fθ(xk, uk)
yk = hθ(xk, uk)
uk = νe(xk,mk)

, (3)

while the second class is governed by:



















xk+1 = fθ(xk, uk)
yk = h′

θ
(xk)

uk = νe(xk,mk)
. (4)
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The systems (3) and (4) differ from each other by their
relative degree.

Definition 1 ([4] P.139) The relative degree of a system
with respect to the quantity uk is the required number r of
iterations of the output yk so as yk+r depends on uk which
actually appears explicitly in the expression of yk+r.

Based on Definition 1, the relative degree of the system
(3) is r = 0. The system (4) has a relative degree r strictly
greater than 0. It means that, after iterating r times the state
vector xk, the output yk+r reads

yk+r = h′θ( f r
θ (xk, uk)) (5)

where

f i
θ
(xk, uk) = xk when i = 0

= fθ( f i−1
θ

(xk, uk), uk+i−1) ∀i ≥ 1.

and where uk appears explicitly in the sense that there ex-
ists u′k , uk such that yk+r = h′

θ
( f r
θ
(xk, uk)) , h′

θ
( f r
θ
(xk, u′k))

whereas for all u′k , uk, yk+r′ = h′
θ
( f r′
θ

(xk, uk)) =
h′
θ
( f r′
θ

(xk, u′k)) if r′ < r. Let us point out that uk is some-
times called the “pre-ciphertext”.

The receiver system must be designed in such a way that
both uk and xk can be recovered, given the only available
data yk and its subsequent iterates. Once uk is recovered,
the plaintext mk is correctly extracted by applying the de-
cryption function νd, provided that x̂k is exactly synchro-
nized with xk. The synchronization and the recovering of
uk can resort to an inverse system or to an unknown input
observer of the form



















x̂k+1 = f̃θ(x̂k, yk, . . . , yk+r)
ûk = gθ(x̂k, yk+r)
m̂k = νd(x̂k, ûk)

(6)

with g such that

ûk = gθ̂(x̂k, yk+r) = uk when x̂k = xk (7)

and with νd such that

m̂k = νd(x̂k, ûk) = mk when x̂k = xk and ûk = uk. (8)

Unlike other classical methods, the hybrid message-
embedded technique offers the advantages that only a sin-
gle channel is needed and, moreover, that the synchroniza-
tion can be guaranteed without restriction on the rate of
variation of mk. Additionally, the scheme allows to intro-
duce a highly nonlinear function νe which can make the
state generator significantly resistant to algebraic attacks.

xk

xk

yk

xk

νe
mk

x̂k

m̂k

hθ

fθ

νd

uk

f̃θ

ûk

g
x̂k

transmitter receiver

Figure 1: Hybrid message-embedding

3. The connection with self-synchronizing stream ci-
phers

A major and obvious difference between chaotic ciphers
and stream ciphers consists in that a chaotic generator is
assumed to produce an aperiodic sequence {xk} ranging in
a dense set, while the pseudo-random generators used in
stream ciphers produce discrete sequences. Yet, observe
that when chaotic generators are implemented in machines
with finite accuracy (say, a computer), the sequences {xk}

are not really chaotic. Indeed, since the set on which the
xk’s take values has finite cardinality, such sequences will
obviously get trapped in a loop, called cycle, of finite pe-
riod. We can expect this period to be not too short and
the degree of ‘randomness’ of the sequence to be high (as
measured e.g. by standard statistical tests), but guarantee-
ing the said properties requires some caution [5]. Important
contributions to this issue and a definition of discrete chaos
can be found in [7]. Henceforth we focus rather on the
structure of the proposed setups for the comparative study,
regardless of the dynamic involved.

3.1. Conventional self-synchronizing stream ciphers

For stream ciphers, a special class of symmetric encryp-
tion schemes, the plaintext is broken up into blocks of the
same length, called symbols and denoted by mk. If mk is
the kth symbol of the plaintext at time k, each element ck of
the ciphertext obeys at time k

ck = e(Kk,mk).

e is the encryption function which can change for each
symbol because it depends on a time-varying key Kk. The
sequence {Kk} is called the keystream. Self-Synchronous
Stream Ciphers (SSSC) admits at the transmitter side, the
recursions

{

Kk+1 = σ
ss
θ

(ck−l, . . . , ck−l′ )
ck = e(Kk,mk)

, (9)

where σss
θ

is also a function parameterized by θ that gen-
erates the keystream {Kk}. Kk actually depends on a fixed
number of past values of ck; the quantity b = |l − l′ + 1|
is called the memory; most often one has l = 0. θ is the
parameter vector of the function σss. If the parameters are
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identical at both sides, the respective keystreams synchro-
nize automatically because σss

θ
operate, at both sides, on

the same quantities, namely the past values of ck. The abil-
ity to self-synchronizing constitutes one of the main ad-
vantages of such cryptosystems. Indeed, they are resistant
against bit slips on the transmission channel without any
additional synchronization flags or interactive protocols for
recovering lost synchronization.

3.2. Main result

First of all, we must recall the definition of flatness (see
[8] for an introductory theory)

Definition 2 (Flatness) A system with dynamic f ,
parametrized by θ, of relative degree r, input ek and
state vector zk of dimension n is said to be flat if there
exists a set of independent variables yk, referred to as flat
outputs, such that all system variables can be expressed
as a function of the flat output and a finite number of its
backward and/or forward iterates.

For Single Input Single Output systems, it means that
there exist two functions Fθ and Gθ which obey















zk = Fθ(yk+kFθ (r), . . . , yk+k′
Fθ

(r))

ek = Gθ(yk+kGθ (r), . . . , yk+k′
Gθ

(r))
. (10)

where kFθ (r), k′
Fθ

(r), kGθ (r) and k′
Gθ

(r) are Z-valued integers
depending on the relative degree r of the system.

Proposition 1 The hybrid message-embedding cryptosys-
tem (3) (or (4)) is equivalent to a conventional self-
synchronizing stream cipher if the nonlinear dynamic f
with output yk and input uk is flat.

Proof 1 Flatness of (3), with relative degree r = 0, means
that there exist two functionsFθ andGθ and integers kFθ (0),
k′
Fθ

(0), kGθ(0) and k′
Gθ

(0) such that

xk = Fθ(yk+kFθ (0), . . . , yk+k′
Fθ

(0))

uk = Gθ(yk+kGθ (0), . . . , yk+k′
Gθ

(0))
. (11)

When iterating once forward the first equation of (11), it
turns out that (3) is strictly equivalent to

{

xk+1 = Fθ(yk+kFθ (0)+1, . . . , yk+k′
Fθ

(0)+1)

yk = hθ(xk, νe(xk,mk))
. (12)

Letting lh,νe (xk,mk) = hθ(xk, νe(xk,mk)) since yk depends
explicitly on xk and mk, identification of (12) with (9) leads
then to the following result:

i) The system (3) is strictly equivalent to the transmitter
part of a self-synchronizing stream cipher of the form
(9) with key generator σss

θ
= Fθ, running key Kk = xk,

ciphertext ck = yk, encrypting function e = lh,νe , secret

static key θ and memory b = |kFθ (0) − k′
Fθ

(0) + 1|.

Besides, flatness of (4), with relative degree r > 0, means
that there exist two functionsFθ andGθ and integers kFθ (r),
k′
Fθ

(r), kGθ (r) and k′
Gθ

(r) such that

xk = Fθ(yk+kFθ (r), . . . , yk+k′
Fθ

(r))

uk = Gθ(yk+kGθ (r), . . . , yk+k′
Gθ

(r))
. (13)

When iterating once forward the first equation of (13)
and taking into account (5), it turns out that (4) is strictly
equivalent to:

{

xk+1 = Fθ(yk+kFθ (r)+1, . . . , yk+k′
Fθ

(r)+1)

yk+r = h′
θ
( f r
θ
(xk, νe(xk,mk)))

. (14)

Letting lh′ , f r ,νe (xk,mk) = h′
θ
( f r
θ
(xk, νe(xk,mk))) since yk+r

depends explicitly on xk and mk, identification of (14) with
(9) leads then to the following result:

ii) The system (4) is strictly equivalent to the transmitter
part of a self-synchronizing stream cipher of the form (9)
with key generator σss

θ
= Fθ, running key Kk = xk, cipher-

text ck = yk+r, encrypting function e = lh′ , f r ,νe , secret static
key θ and memory b = |kFθ(r) − k′

Fθ
(r) + 1|.

Remark 1 It is worthwhile noticing that the set of equa-
tions (11) (resp. (13)) could be used at the receiver part
to obtain both xk and uk without resorting to a state recon-
struction through an inverse system or an Unknown Input
Observer like (6). Even more is true: substituting xk and uk

of (11) (resp. (13)) into (8) gives

mk =

νd(Fθ(yk+kFθ (r), . . . , yk+k′
Fθ

(r)),Gθ(yk+kGθ (r), . . . , yk+k′
Gθ

(r))).
(15)

with r = 0 (resp. r > 0). So, the message mk can be re-
trieved in finite time by and the knowledge of xk is no longer
useful. However, given a system, the difficulty lies in find-
ing out the quantities kFθ (r), k′

Fθ
(r), kGθ (r) and k′

Gθ
(r) and

writing down explicitly the functions Fθ and Gθ. It can be
shown (see [1] for the linear case) that resorting to a state
space approach actually allows to achieve this computa-
tion in an implicit and recursive way. Indeed, for flat sys-
tems, only a finite number of iterations of (6) is needed to
achieve x̂k = xk. It turns out that the resulting state vector
x̂k = xk only depends on past values of yk, which provides
Fθ in (10). Then, substituting x̂k = xk into (7) provides Gθ
in (10).

4. Example

We consider a 3-dimensional linear congruential hybrid
message-embedded cryptosystem like (4) with dynamic f
and output function h′ of the form:



















xk+1 = Axk + Buk

yk = Cxk

uk = νe(xk,mk)
. (16)
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The entries of the matrices A, B and C are integers rang-
ing between 0 and 255, the modulo being m = 256. All
along this section, the operations are performed modulo m.
Numerically, the matrices read

A =





















38 1 0
7 0 1
4 0 0





















, B =





















1
0
0





















, C = [1 0 0] .

It is recalled that, for linear systems written in a state
space form, the relative degree corresponds to the smallest
integer r such that CAr−1B is different from 0 ([4]). Here,
since CB = 1, the relative degree of the system is 1. The
supposed secret static key is the vector θ = [38 7 4] which
actually corresponds to the first column of A written in a
companion form. The function νe is chosen to be a bitwise
XOR (denoted ⊕) between the components of xk denoted
x(i)

k and the plaintext mk:

uk = x(1)
k ⊕ x(2)

k ⊕ x(3)
k ⊕ mk.

where x(i)
k and mk are meant here to be the corresponding

8-bit representation. It turns out that after iterating three
times the inverse system of (16) (the structure is not pro-
vided here but see for example [1] for details), as men-
tioned in the Remark 1, we obtain the equations in the form
(13) ) with Fθ obeying























x(1)
k = yk

x(2)
k = 7yk−1 + 4yk−2

x(3)
k = 4yk−1

(17)

and the function Gθ obeying

uk = yk+1 − 38yk − 7yk−1 − 4yk−2 . (18)

Equations (17) and (18) clearly corroborate that the system
is flat. Besides, they provide the actual values kFθ (1) = 0,
k′
Fθ

(1) = −2, kGθ (1) = 1 and k′
Gθ

(1) = −2 The relative
degree r of the system being 1, we must compute yk+1:

yk+1 = CAxk +CBνe(xk,mk) = lh′, f 1,νe
(xk,mk)

= 38x(1)
k + x(2)

k + x(1)
k ⊕ x(2)

k ⊕ x(3)
k ⊕ mk

(19)

Iteration of (17) once forward and consideration of (19)
allow us to claim the result ii):

The system (16) is strictly equivalent to the transmitter
part of a self-synchronizing stream cipher of the form (9)
with key generator σss

θ
= Fθ corresponding to Eq. (17),

running key Kk = xk, ciphertext ck = yk+1, encrypting
function e = lh′, f 1,νe

corresponding to Eq. (19), secret static
key θ = [38 7 4] and memory b = 2 + 1 = 3.

Retrieving mk requires the computation (15). Here the
function νd is also an XOR between the components of xk

and the (pre-)ciphertext uk = νe(xk,mk), that is, νd(xk, uk) =
uk⊕x(1)

k ⊕x(2)
k ⊕x(3)

k . Indeed, uk⊕x(1)
k ⊕x(2)

k ⊕x(3)
k = mk⊕x(1)

k ⊕

x(2)
k ⊕ x(3)

k ⊕ x(1)
k ⊕ x(2)

k ⊕ x(3)
k = mk. The system being flat, x(i)

k
can be expressed in terms of delayed outputs as indicated
by the function Fθ. Hence, one has

mk = (yk+1−38yk−7yk−1−4yk−2)⊕yk⊕(7yk−1+4yk−2)⊕4yk−1.

5. Conclusion

We conclude, based on the parallelism mentioned above,
that digital hybrid message-embedding is able to provide
the same security as any conventional self-synchronizing
stream cipher, currently being used (e.g., RC4) in, say, in-
ternet and mobile communications, under some suitable
choice of functions f , h (or h′) and νe.
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Abstract— The lifting scheme is a flexible method
for the construction of liner and nonlinear wavelet
transforms. In the nonlinear lifting scheme, it is diffi-
cult to design the optimal update filter corresponding
to the nonlinear prediction filter. In previous work,
we proposed a lossless coding method using Discrete
Time Cellular Neural Network (DT-CNN). However,
this method takes a lot of processing cost. In order to
reduce the processing time, we propose a novel parallel
image coding using DT-CNN. In our proposed method,
we divide a image into some sub-images, and consider
each sub-image to be independent one small image. To
implement the processing of some sub-images in paral-
lel, we can solve the bottleneck that the image process-
ing cost is high. The experimental results show that
the processing cost is greatly reduced by the proposed
coding scheme. Our proposed method enables to im-
plement hardware with high performance by reducing
the cost of memories.

1. Introduction

The lifting scheme [1] is a general framework for
constructing biorthogonal wavelets, and it has been
recognized that nonlinear extensions are possible [2].
The main features of the lifting scheme are that it pro-
vides a spatial domain interpolation of the transform
entirely and it can be extended into the hierarchical
structure easily. Since it also provides reversible wave-
let transforms for lossless image and signal compres-
sion, it has been applied to many applications such
as remote sensing and medical imaging. The perfor-
mance of the lifting method depends on the ability
of the filters to interpolate images. In the conven-
tional lossless image coding using the lifting method,
the degradations are caused by the use of the inte-
ger wavelet transform instead of the discrete wavelet
transform [3]. For efficient interpolations, the quanti-
zation noises propagated by the rounding operations

should be considered.
Discrete-time cellular neural networks (DT-CNNs)

[4] have been applied to many applications such as
image compression, filtering, and pattern recognition
[5], [6]. The nonlinear interpolative dynamics by feed-
back A-template is one of the significant characteris-
tics of CNN. In some cases, however, the interpolative
dynamics of DT-CNN is not used effectively because
the model works as a linear filter. In [5], the nonlin-
ear interpolative dynamics by feed-back A-template
of DT-CNN was used for image compression and the
image interpolation corresponded to the optimization
problem minimizing the Lyapunov energy function. In
other words, the DT-CNN is a solver to solve the op-
timization problem to minimize the Lyapunov energy
function.

In our previous work [6], we proposed a lossless cod-
ing method using DT-CNNs. Although this method
had a good lossless coding performance, the image pro-
cessing cost was high. To solve the weak point, we pro-
pose a parallel coding method. Our proposed method
is to divide a image into some sub-images and to imple-
ment each sub-image processing in parallel. By imple-
menting some sub-image in parallel, the image process-
ing times are greatly reduced. Our proposed method
enables to implement hardware with high performance
by reducing the cost of memories. The experimental
results shows that our proposed method has a good
lossless coding efficiency and reduce the image pro-
cessing cost.

2. Discrete-Time Cellular Neural Network

Fig. 1 shows the block diagram of the DT-CNN. The
state equation of DT-CNN is described in matrix form
as

xn+1 = Af (xn) + Bu + T, (1)
yn+1 = f (xn+1), (2)
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T xn

+B Z-1 f )(

Figure 1: Discrete-time cellular neural network.

where u is the input matrix, x is the state variable, f ()
is the multi-level quantizing function, and T is the con-
stant matrix, A and B are feed-back and feed-forward
template matrices, respectively. The Lyapunov energy
function of DT-CNN [5] is defined by

Et = −1
2
yt(A − δI)y− ytBu− Tty, (3)

where δ is the positive constant value to determine the
quantizing region such that x = ±δ for f (x) = ±1. It
is proved that the Lyapunov energy function becomes
a monotonically decreasing function, if the A matrix is
symmetric and the diagonal elements are larger than
zero [5].

In order to obtain the high quality image, it is neces-
sary that image can be reconstructed considering the
distortion. Let G be a Gaussian filter, the distortion
function is defined by

dist(y, u) =
∥∥∥∥1

2
yt(Gy− u)

∥∥∥∥ . (4)

It means that the difference between the interpolative
predict image and the input image should be small.

3. Lossless Parallel Image Coding using DT-
CNNs

Figure 2: Proposed image parallel coding system.

Fig. 2 shows the image dividing method of our pro-
posed system. The input image u is divided into some
sub images. As each divided sub image can be imple-
mented independently, we consider each sub image to
be a input of the encoder using DT-CNN.

Fig. 3 shows the block diagram of our system. At
the split stage, the input image un is divided into even
polyphase components uen and odd polyphase com-
ponents uon such like Fig. 4. In this case, in con-
sideration of the influence of the quantization error

Splitu1

ue1

uo1

CNN
prediction

Merge

uo2

CNN
prediction

e2
Merge

e1

u1

Encoder

Decoder

+
linear
update

Split

ue2

uo2

CNN
prediction

+
linear
update

e 1

e 2

c 2

c 1

linear
update

+
uo1

CNN
prediction

linear
update

+

c2 ue2

ue1c 1

Figure 3: Proposed lossless image coding system.

propagated by the rounding operations, the horizon-
tal interpolation is applied to only the divided even
polyphase components. The prediction for each uon

is designed by using the two-layered DT-CNN. In the
first layer DT-CNN, the distortion function is mini-
mized, and the compressed image for reconstruction
can be obtained by the nonlinear interpolative effect
of A-template. In the second layer DT-CNN, the inter-
polated image is obtained by DT-CNN filtering using
B-template. Then we obtain the prediction residual en

transmitted to the decoder. The update for each uen

is designed by using the DT-CNN which has no dy-
namics. Then we obtain the updated image cn which
is the input of the next stage. In the encoder, these
lifting processes using the DT-CNN are applied to the
even polyphase image iteratively. In the decoder, the
same lifting rules are applied, and the reconstruction
image is gradually improved by adding the difference
image and the interpolated components.

3.1. Image interpolation using two-layered
DT-CNN

The subsampled even polyphase images such like
Fig. 4 are interpolated using the two-layered DT-CNN.
By the comparison between (3) and (4), the templates
and the parameters of the first layer DT-CNN are de-
termined as

A =A(i, j; k, l), C(k, l) ∈ Nr(i, j) (5)

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−(1 + λ)
if k = i and l = j,

− 1
2πσ2

exp
(
−{(k − i)2 + (l − j)2}d2

m

2σ2

)

otherwise,

B =B(i, j; k, l), C(k, l) ∈ Nr(i, j) (6)

=
{

1 if k = i and l = j ,
0 otherwise.
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Figure 4: Split step of the lifting scheme: the input
image is divided into two polyphase components. (a)
Vertical subsampling, (b) Horizontal subsampling.

T = 0. (7)

The output of the first layer DT-CNN becomes the
input of the second layer DT-CNN which has no dy-
namics, and the output of the second layer DT-CNN
provides the predicted value of the odd polyphase im-
age. Using the output ye

ij at the equilibrium state of
the first layer CNN, the interpolated pixel ŷij is ob-
tained by

ŷij =
∑

ykl∈N′(i,j)

B̂(i, j; k, l)ye
ij , (8)

where

B̂ =B̂(i, j; k, l), C(k, l) ∈ N ′(i, j) (9)

=
1

2πσ2
exp

(
−((k − 0.5)dm − i)2 + (l − j)2

2σ2

)
,

N ′(i, j) = {C(k, l)|max{|(k − 0.5)dm − i|,
|l − j|} < rdm}.

at the odd layer stages and

B̂ =B̂(i, j; k, l), C(k, l) ∈ N ′(i, j) (10)

=
1

2πσ2
exp

(
−(k − i)2 + ((l − 0.5)dm − j)2

2σ2

)
,

N ′(i, j) ={C(k, l)|max{|(k − i|,
|(l − 0.5)dm − j|} < rdm}.

at the even layer stages.

3.2. Image Update using linear filter

In order to avoid aliasing, we use the Le Gall 5-tap
linear filter for the update steps. The updated image
cij is obtained by

cij =

⎧⎪⎪⎨
⎪⎪⎩

ue ij + �(ei−1 j + ei j + 2)/4�
oddlayerstages,

ue ij + �(ei j−1 + ei j + 2)/4�
evenlayerstages,

(11)

where �·� denotes the round-off operator.

4. Experimental Results

We implemented the coder and decoder of our pro-
posed lossless image coding algorithm. We applied our
system to the 8-bit standard gray-scale test images;
“man,” “boat,” “elaine,” “lax,” “lena,” and “tiffany.”
The size of the image “man” is 1024×1024 pixels, the
others are 512× 512 pixels.

The performance of the proposed method was com-
pared with the separable 2D lifting method using Le
Gall 5-tap/3-tap filters (JPEG 2000) which is indi-
cated as “5/3”,S+P transform which is represented
as “S+P”, and our previous method [6]. For the
simulation, the coding factors are decided experi-
mentally; the number of lifting layers L = 12, the
r−neighborhood of cell r = 2, the regularization pa-
rameter λ = −1, and Table. 1 shows each of the stan-
dard deviation of Gaussian.

Table. 2 shows the entropy of each image coding.
We can confirm that our proposed method almostly
outperforms those of the conventional lifting methods.

We compared the entropy and the processing time of
our proposed parallel image coding method with the
method the previous method. The form of a image
dividing at tiling is 2× 2. Table 3 shows that our pro-
posed method reduce the processing time extremely
compared with our previous method, and keep nearly
high performance of our previous method. It means
that the processing cost is greatly reduced by the pro-
posed method.

5. Conclusion

The lossless parallel image coding using DT-CNNs
has been proposed. In our previous method, lossless
coding method using DT-CNNs had a good lossless
coding performance compared with that of conven-
tional lifting method. However, the image processing

Table 1: σ of Gaussian function.
man boat elaine lax lena tiffany

0.56 0.55 0.55 0.49 0.58 0.54
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Image Original 5/3 S+P Proposed

man 7.52 4.86 4.85 4.85

boat 7.19 5.02 5.08 5.00

elaine 7.51 5.00 5.13 4.96

lax 6.83 5.89 5.96 5.90

lena 7.45 4.42 4.40 4.36

tiffany 6.60 4.34 4.36 4.34

Table 2: Entropy of each coded image (bit/pixel).

Image Method entropy processing time(sec)

previous 4.85 24.27
man

proposed 4.85 5.73

previous 5.00 4.78
boat

proposed 5.00 1.28

previous 4.96 5.05
elaine

proposed 4.96 1.30

previous 5.90 4.14
lax

proposed 5.90 1.17

previous 4.35 5.39
lena

proposed 4.36 1.46

previous 4.34 5.20
tiffany

proposed 4.34 1.25

Table 3: Comparision of the entropy and the prp-
cessing times between proposed method and previous
method.

cost was high. We proposed to reduce the image pro-
cessing time by dividing the image into some sub im-
ages and implementing each sub image in parallel. The
experimental results shows that our proposed method
has a better coding performance times compared with
that of conventional lifting method, and the image pro-
cessing cost is greatly reduced by the proposed tech-
nique. Our proposed method enables to implement
hardware with high performance by reducing the cost
of memories. In future, we will design and implement
hardware to realize the proposed lossless image coding
system in order to accelerate the processing time of
the convergence of DT-CNN.
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Abstract– In this paper, novel image resolution 
enhancement technique using discrete-time cellular neural 
network (DT-CNN) is proposed. In our proposed method, 
images are interpolated by exploiting the nonlinear 
interpolative dynamics of the DT-CNN with a feedback A-
template effectively. First, the DT-CNN transforms all 
pixel values into the optimal coefficients which make 
possible to establish the optimal prediction of the original 
pixel values using the A-template. Then, the optimal 
interpolated image is obtained by using the convolution of 
the B-template which is derived by extending the A-
template spatially. The experimental evaluation shows that 
the proposed method produces better results than the 
conventional image resolution enhancement methods.  
 
1. Introduction 
 
Image resolution enhancement and interpolation are used 
to generate a high-resolution (HR) image from its low-
resolution (LR) version. It is indispensable for high-
resolution image processing applications such as digital 
HDTV, digital photogrammetry, high-quality printing, 
medical imaging, military purpose imaging, and so on. 
Recently wavelet based interpolation methods are 
discussed in many literatures [1]-[4]. In wavelet based 
techniques, it is assumed that the LR image to be 
resolution enhanced is the lowpass-filtered and down-
sammpled HR image. In other words, the LR image is 
corresponding to the low-frequency coefficients of a 
wavelet transformed HR image. These method are based 
on wavelet-domain zero padding (WZP) [4]. In the WZP, 
the LR image values are set to low-frequency subband of 
wavelet transform and the high-frequency subbands 
composed of all-zero. Therefore, due to the constraint of 
the dyadic decomposition for wavelet transform, its 
resolution enhancement factor is limited to 2n, (n=1, 2, …). 

In this paper, we propose an image resolution 
enhancement technique with arbitrary enhancement 
parameters using a discrete-time cellular neural network 
(DT-CNN). The DT-CNN has been applied to many 
applications such as image compression, filtering and 

recognition [5]-[11]. The nonlinear interpolative dynamics 
by feedback A-template is one of the significant 
characteristics of CNN, it is a solver to solve the 
optimization problem to minimize the Lyapunov energy 
function. In our proposed method, the interpolation is 
based on the dynamics of the DT-CNN, where the output 
function is utilized in order to consider the nonlinear 
quantization error for optimization. At the equilibrium 
state of DT-CNN, we can obtain the optimal coefficients 
to be established an optimal prediction image. 
 
2. Image Resolution Enhancement using DT-CNN 
 
2.1. DT-CNN 
 
Figure 1 shows the block diagram of DT-CNN. The state 
equation of the DT-CNN is described in matrix form as 

,)(1 TBuxΑfx ++=+ nn            (1) 

where u is an input vector, x is a state variable, f() is a 
multi-level quantizing function, A and B are feedback and 
feedforward template matrices, respectively, and T is a 
constant vector. Let y=f(x), then the Lyapunov energy 
function E of the DT-CNN is defined by 

,)(
2
1 yTBuyyIAy tttE −−−−= δ        (2) 

where δ is a positive constant value to determine the 
quantizing region. If the A matrix is symmetric and its 
diagonal elements are larger then zero, it is proved that the 
Lyapunov energy function becomes a monotone 
decreasing function [12] [13]. 

 
Figure 1: Discrete-time cellular neural network. 
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2.2. Image Resolution Enhancement using Two-
Layered DT-CNN 
 
In the proposed method, images are interpolated using the 
two-layered DT-CNN. At the first layer DT-CNN, in order 
to obtain the high accuracy prediction images, it is 
necessary that the image can be reconstructed based on 
the distortion defined by 

,)(
2
1),dist( uGyyuy −= t            (3) 

where G is a Gaussian filter. This distortion means that 
the difference between the interpolative predicted image 
and the input image should be small. By the comparison 
between equation (2) and (3), the A-template, B-template, 
and the constant T can be determined as  

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −+−
−−

==
+−

=

∈

,otherwise
2

})()({exp
2

1

,andif
)1(

),(),(,),;,(

2

22

2 σπσ

λ

jlik

jlik

jiNlkClkjiA r

    (4) 

⎩
⎨
⎧ ==

=

∈

,otherwize0
,andif1

),(),(,),;,(
jlik

jiNlkClkjiB r

              (5) 

,0T =                                 (6) 

where σ is the standard deviation of Gaussian function and 
λ is a regularization parameter. The B-template is only 
nonzero at the center value. Then we can represent the 
dynamics of the first layer DT-CNN by using the above 
parameters as follows: 

,))1(()1(

,)(),;,()1(
),(),(

+=+

+=+ ∑
∈

txfty

utylkjiAtx

ijij

jiNlkC
klklij

r      (7) 

where Nr(i , j) is the r-neighborhood of cell C(i , j) as  
Nr(i , j)={ C(k , l) | max{ | k – i | , | l – j | } ≤ r}. xij(t), yij(t) 
and uij indicate the internal state, the output of cell, and 
the input of cell C(i , j), respectively. The output function 
f(∙) corresponds to the rounding operation. The output 
function plays an important role that the interpolation is 
optimized considering the nonlinearity caused by 
quantization noises. As shown in Figure 2, the image 
pixels are set to uij and the equilibrium output ye

ij is 
obtained after the transition of the network. 

Next, the output of the first layer DT-CNN becomes the 
input of the second layer DT-CNN which has no dynamics. 
The output of the second layer DT-CNN provides the 
predicted values (see Figure 3). The image enhancement 
is composed of the horizontal and vertical processes 
illustrated in Figure 4. At the horizontal resolution 
enhancement stage, the pixel with coordinates (i , j) of the 

input image is mapped to pixel (i´ , j) of the resolution 
enhancement image which enlarged horizontally. Let dm 
be an enlargement parameter, the relationship between the 
pixel (i , j) and (i´ , j) is determined as (i´ , j)=(idm , j). The 
deficient pixel with coordinates (k , l) of the enlarged 
image is obtained by 

,),;,(ˆ
),(

∑
′′∈

′′=
jiNy

e
jihkl

hkl

ylkjiBy           (8) 

where Bh-template can obtained by extending A-
template of the first layer DT-CNN horizontally, that is, 

,
2

)()(exp
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In the same manner, at the vertical resolution 
enhancement stage, the pixel (i , j) is mapped to the pixel 
(i , j´)=(i , jdm), and enlarged image is obtained by 

,),;,(ˆ
),(

∑
′′∈

′′=
jiNy

e
jivkl

vkl

ylkjiBy          (11) 

where Bv-template obtained by 
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Figure 2: First layer DT-CNN. 
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Figure 3: Second layer DT-CNN. 
 

dm
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k

(i' , j)(i , j)

 
(a) Horizontal enlargement. 

 

dm l

k
(i , j')(i , j)

 
(b) Vertical enlargement. 

 
Figure 4: Image enlargement of each stage. 

3. Experimental Results 
 
We evaluated the effectiveness of our proposed image 
resolution enhancement method using the two-layered 
DT-CNN. We applied our method to the 8-bit gray-scale 
standard test images; “Aerial,” “Airfield,” “Boat,” 
“Couple,” “Crowd,” “Lena,” “Sailboat,” and “Tiffany” 
(Figure 5). Test images were resized from 512×512 to 
256×256 by lowpass filtering and down sampling. Then, 
image resolution enhancement methods were applied. 

The performance of the proposed method was 
compared with that of the bicubic interpolation algorithm 
which is indicated as “BC” and the wavelet interpolation 
algorithm using the well-known Le Gall 5/3 tap filter 
which is indicated as “WT”. For the simulation, the 
parameters were decided experimentally; the standard 
deviation of Gaussian σ=0.54, the r-neighborhood of cell 
r=3, the regularization parameter λ=–1. In order to 
compare with the resolution enhancement performance of 
WT, the enlargement parameter dm were decided as 2. 

Table 1 shows the results of peak signal-to-noise ratio 
(PSNR) values between the original image and the 
interpolated image. The proposed method outperforms the 
BC and has better and competitive performances 
compared with WT. 

Figure 6 shows a subjective comparison among the 
proposed method, BC, and WT for the “Lena” image with 
dm=2. It is recognized that the jaggy-artifact is suppressed 
in comparison with WT. 
 

 

    
(a)                    (b)                    (c)                     (d) 

 

    
(e)                    (f)                    (g)                     (h) 

 
Figure 5: Images used for the experimental evaluation of the proposed method (512×512 pixels): (a) Aerial, (b) Airfield, 
(c) Boat, (d) Couple, (e) Crowd, (f) Lena, (g) Sailboat, and (h) Tiffany. 
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Table 1: PSNR of resolution enhancement images (from 256×256 to 512×512) 
 

Method / Image Aerial Airfield Boat Couple Crowd Lena Sailboat Tiffany 

BC 26.501 25.840 28.872 28.802 32.673 33.750 27.891 28.426 

WT 26.839 26.104 29.168 29.086 32.104 33.473 29.109 29.186 

CNN 27.097 26.176 29.230 29.114 32.831 33.914 29.173 29.036 
 
 

  
(a) Original                 (b) BC 

 

  
(c) WT                  (d) CNN 

 
Figure 6: Detail of resolution enhancement images for 
Lena. 
 
4. Conclusion 
 
A novel image resolution enhancement method using two-
layered DT-CNN was proposed. Our proposed method 
makes good use of the nonlinear interpolative effect of A-
template to obtain an enhanced resolution image. And we 
can apply the arbitrary resolution enhancement parameter 
in contrast to the wavelet based method. The experimental 
results show that our proposed method outperforms the 
bicubic interpolation and has better and competitive 
performances compared with the conventional wavelet 
transform resolution enhancement methods. 
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Abstract– This paper illustrates a novel edge detection 
algorithm based on the Cellular Neural Network (CNN) 
paradigm. The approach exploits rigorous model of the 
image contours and takes into account some electrical 
restrictions of existing hardware implementations. The 
analysis of benchmark video sequences (Car-phone, 
Stefan, and Foreman) highlights that the algorithm yields 
accurate results, better than the ones achievable by CNN-
based methods and standard edge detection techniques.  
 
1. Introduction 

 
It is well-known that Cellular Neural Networks (CNNs) 

are nonlinear dynamical systems, constituted by locally 
interconnected cells, suitable for image processing 
applications [1]-[2]. The aim of this paper is to show that 
CNNs can be exploited for obtaining accurate edge 
detection. Note that edge detection is a crucial task in 
almost any image processing and computer vision 
application. Namely, edges convey essential information 
in a picture, and their fast detection is of primary 
importance during scene segmentation in video coding 
applications [3]. This paper focuses on CNNs since they 
enable real-time image processing to be obtained, by 
virtue of the great computation power offered by the CNN 
universal machine (CNNUM) [3]-[4]. More precisely, this 
paper presents a novel CNN-based edge detection 
algorithm, which exploits a two concentric circular 
windows operator for revealing edges as zero-crossing 
points of a difference function that depends only on the 
minimum and maximum values in the two windows. The 
approach, which consists of preliminary edge detection 
and final edge detection (see Section 3), is based on 
templates and parameters that take into account the 
constraints dictated by the hardware characteristics of the 
CNNUM. Namely, all templates and parameters have 
been designed by considering that the maximum allowed 
value for the template coefficients is 3, the upper bound 
for the bias values is 6, and the chip accuracy for the 
parameter values is 8-bit [5].  

 
2. CNN model 

 
Herein the standard CNN model is considered [6]: 
 

 , ,( ) ( ) ( ) ( )
r r

ij ij ij kl kl ij kl kl ijkl N kl N
x t x t A y t B u t I

∈ ∈
= − + + +∑ ∑   (1) 

             ( )( ) ( ( )) 0.5 ( ) 1 ( ) 1ij ij ij ijy t f x t x t x t= = + − −               (2) 

where ( )ijx t  is the state, ( )ijy t  is the output, ( )iju t is the 
input, ijI  is the bias, ,ij klA  and ,ij klB  are the parameters 
forming the feedback template A and the control template 
B, respectively, whereas rkl N∈  is a grid point in the 
neighborhood within the radius r of the cell ij. Five 
different images can describe a CNN layer, that is, the 
input U, the state X, the output Y, the bias I and the mask 
M. Finally, we recall that the CNNUM incorporates 
advanced computational capabilities, that is, 
ADDITION/SUBTRACTION on grayscale images, AND/OR on 
binary images and selection of the cells to be processed 
via the mask M [4]. 

 
3. CNN-based edge detection 
  
3.1. Preliminary edge detection 
 
     From a theoretical point of view, an edge is a step or a 
slope between two uniform luminance areas. 
Unfortunately, edges in real scenes rarely comply with 
such statement. An efficient edge detector should comply 
with some basic requirements: i) edges should be found 
with a low probability of false detection due to noise; ii) 
edges should not be misplaced; iii) algorithms should 
perform similarly with any image. The proposed approach 
exploits some basic concepts illustrated by one of the 
authors in [7]. Let I(x,y) be a gray-level image, where I is 
the luminance signal. For each sample s belonging to 
I(x,y), let us consider two concentric circular windows, 
centered in s and having radius r and R, respectively 
(r<R). Let RM  and Rm  be the maximum and minimum 
values of I within the window of radius R, whereas let 

rM  and rm  be the maximum and minimum values of I 
within the window of radius r (see Fig.1). By taking 

1( )sα  = RM - rM  and 2 ( )sα = rm - Rm , and by assuming 
that s is in the middle point of a luminance transition (in 
absence of noise), the relationship 1( )sα = 2 ( )sα  holds [7]. 
In the case of noise, the change in the sign of the 
following difference function  
                              D(s) = 1( )sα - 2 ( )sα                          (3) 
is a more suitable indicator of the presence of contours [7]. 
Note that D(s)=0 is equivalent to find the flex points of 
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luminance transitions, since D(s) 2 2I n∂ ∂  approximates 
the directional derivative of the luminance I along the 
gradient direction [7]. 
 

 
Fig. 1  Circular windows of radii r and R (luminance I as a function of x)  
 
Based on these considerations, we need to look for both 
the zero-points and the zero-crossing points of D(s). By 
introducing a thresholdϑ , preliminary edge detection of 
samples s can be carried out as follows: 

 

for each 0 0( , )s x y=  so that  -ϑ <D(s)< ϑ  
if ( ) 0   D s = ⇒  s is edge                    (4) 
elseif ( ) 0D s ≥ and  

0 0 0 0

0 0 0 0

( 1, ) 0  or   ( 1, ) 0 
  

or  ( , 1) 0  or  ( , 1) 0
D x y D x y

D x y D x y
− < + < 

⇒ − < + < 
  s is edge. 

 

The operations described in (4) are now implemented 
using the CNN paradigm. We need to generate two images 
containing circular windows of radius r and R, 
respectively, since the operations illustrated in Fig. 1 for a 
sample s have to be extended to the whole grey level 
image. Therefore, we generate two grid images, one 
containing only the circular windows of radius r (Fig.2(a)) 
and the other containing only the circular windows of 
radius R (Fig.2(b)).  

     
        (a)                 (b) 
Fig. 2    Images containing the circular windows: (a) windows of radius r, 
with r = 1 pixel; (b) windows of radius R, with R = 2 pixels.  
 
We need to compute from the initial grey level image the 
four values RM , Rm , rM and rm . By starting from the 
top (left corner), these values have to be computed by 
means of hardware-oriented max and min templates (not 
available in literature). Referring to the max templates, the 
proposed approach is based on two steps. The first one 
consists in the consecutive execution of eight rotated 
difference templates: 

1 0=A ;     1

1 0 0
0 1 0
0 0 0

 
 = − 
  

B ;     1 0I = ; 

…                   …                     …                 (5) 

8 0=A ;     8

0 0 0
1 1 0
0 0 0

 
 = − 
  

B ;       8 0I =  

where the resulting image is the sum of the intermediate 
results. In the second step the output of the sequence (5) is 
supplied as bias map to the template A having the central 
element equal to 1 and the remaining elements zero (along 
with 0B =  and I=0). A similar process is used in order to 
realize the min templates. By computing 1( )sα and 2 ( )sα , 
a partial function D(s) is obtained. Namely, in order to 
find the final difference function D(s), it is necessary to 
iterate the previous operations. This can be done by 
moving the initial grey level image, along with those 
containing the two grids of circular windows, using the 
right and down templates reported in [6]. 
Once D(s) has been computed, we need to satisfy the 
condition -ϑ <D(s)<ϑ . This can be done by applying the 
threshold template reported in [6], along with the 
operations inversion, OR and inversion again (via the 
CNNUM). Successively, by using the following increase 
template: 

0A = ;     
0 1 0
1 1 1
0 1 0

B
 
 =  
  

;       4I = ;                   (6) 

 

the conditions 0 0( 1, ) 0D x y± <  or 0 0( , 1) 0D x y ± <  are 
satisfied, whereas the AND operation enables the constraint 

( ) 0D s ≥  to be satisfied. Finally, by exploiting the OR 
operation, preliminary edge detection is obtained. 
Referring to Car-phone and Stefan, which are two of the 
benchmark sequences in video coding applications, the 
results of the preliminary phase are shown in Fig. 3.   

          
       (a)                                                             (b) 

     
         (c)                                                           (d) 
Fig. 3 Preliminary edge detection: (a) Car-phone; (b) result of the 
preliminary detection; (c) Stefan; (d) result of the preliminary detection.  
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3.2. Final edge detection 
 
     The zeros of D(s) are not only flex points of luminance 
transitions, but also the set of pixels where luminance is 
almost constant. Owing to noise, small fluctuations may 
result in changes in the sign of D that would be incorrectly 
assumed as edge points (see both Fig.3(b) and Fig.3(d)). 
Therefore, in order to better select the previously detected 
edges, we propose to derive from D(s) an image (called 
P(s)) able to highlight the discontinuity areas. By using 
P(s), we can first obtain an image including all the 
contours selected by the gradient operation. Then, final 
edge detection is achieved by making the open contours 
closed.  
Previous operations are now implemented using the CNN 
paradigm. At first the image representing D(s) is 
processed by means of the threshold template reported in 
[6], with I=0. Then, the pixels in D(s) that correspond to 
D(s)>0 assume the values RM , whereas the pixels that 
correspond to D(s)<0 assume the values Rm . The 
resulting two images are indicated with D( RM ) and 
D( Rm ), respectively. By means of the zero* template 
reported in [4], the two images D( RM ) and D( Rm ) are 
combined with the result of the threshold operation. The 
resulting images P(s) for Car-phone and Stefan video 
sequences are reported in Fig.4.  
 

    
                        (a)                                                         (b) 
Fig. 4   Images representing P(s): Car-phone (a); Stefan (b).   
 
Then, by combining the binary mask of P(s) with the 
output of the preliminary phase via the zero* template, we 
obtain the images reported in Fig.5, which include all the 
contours selected by the gradient operation.   
 
 

  
                          (a)                                                       (b) 
Fig.5   Contours selected by the gradient: Car-phone (a); Stefan (b).   
 
In order to reduce all the contours shown in Fig.5 to one-
pixel thin lines, the skeletonization process is applied. The 
proposed hardware-oriented approach exploits eight linear 
templates, in the eight directions N, NW, NE, W, E, SW, 
SE and S. For example, in the NW direction the proposed 
novel templates are:  

 

0 0 0
0 3 0
0 0 0

A
 
 =  
  

  
0.25 0.25 0
0.25 0.25 0.25

0 0.25 0
B

 
 = − − 
 − 

  I= -0.75.    (7) 

 

Then, in order to make the open contours closed, the 
following novel sequence of closing templates is 
suggested in the NW direction:  

            1 0=A ,    
1

0.1 0.1 0.1
0.1 3 0.1

0.1 0.1 0.1
B

− − − 
 = − 
 − − 

,    1 1I =  

        (8) 
 

         2 0A = ,   
2

0 0 0
0 0 0.1

0.1 0.1 0.1
B

 
 =  
 − − 

,      2 0I = .    

 

The images showing the final contours for Car-phone and 
Stefan video sequences are reported in Fig.6, whereas the 
final edge detection for Foreman video sequence is shown 
in Fig.7.  

   
                         (a)                                                          (b) 
Fig.6   Final edge detection: Car-phone (a); Stefan (b).  

   

Fig.7   Foreman: sample frame (left); final edge detection (right).  

4. Discussion 
 
    Now the CNN-based edge detection method illustrated 
in [3] and the proposed one are analyzed and discussed. 
Referring to Car-phone, the results are reported in Fig.8. 
  

   
      (a)                                                         (b) 
Fig. 8  Car-phone video sequence: (a) edge detection by the method in 
[3]; (b) edge detection by the proposed approach. 
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The comparison clearly highlights the effectiveness of the 
proposed technique. It can be observed that our approach 
presents the following features: i) contours are always 
single-pixel and are much more close to the real contours; 
ii) only closed contours are obtained (by virtue of the 
closing templates (8)). The first feature is important 
because in object-oriented coding schemes the moving 
regions should coincide with the moving contours of a 
real image [3]. Namely, in the context of object-oriented 
coding schemes, the main task to be accomplished is the 
segmentation of a scene into different moving regions. 
These regions should coincide with the moving contours 
of a real image in order to guarantee that the description 
of the motion is efficient, since errors resulting from bad 
edge detection are highly visible to the human eye and 
significantly decrease the quality of the video sequence. 
Referring to the second feature, closed contours are better 
over open ones because only closed contours enable 
moving objects to be detected and extracted from a scene 
in a video sequence. This is a key point of our method, 
since it enables closed regions with uniform luminance to 
be effectively detected, which is of paramount importance 
when dealing with object-oriented coding and object 
recognition [7].  
 
4.1. Comparisons with standard edge detection 
techniques  
 
Comparisons are carried out between standard edge 
detection methods (i.e., methods not involving CNNs) and 
the proposed CNN-based approach. The techniques 
considered herein are the well-established LoG edge 
detector [8] and Canny algorithm [9]. Referring to Car-
phone, the result using the LoG (Laplacian of the 
Gaussian) method is reported in Fig.9(a), whereas the 
outcome of the Canny edge detector is shown in Fig.9(b), 
both with 1.2σ =  Gaussian filtering.  
 

   
       (a)                                                       (b) 
 
Fig. 9 Edge detection using standard techniques: (a) result using the 
LoG; (b) result using the Canny algorithm. 
 
The comparison between the CNN-based approach 
reported in Fig.8(b) and the standard techniques shown in 
Fig.9 highlights, once more, the key point, that is, only 
closed contours are generated by our method. This is of 
great importance in view of the development of 
segmentation algorithm for object-extractions.   
 

 
4.2. Evaluation of the processing time  
 
An estimation of the processing time achievable by the 
proposed method is given. As in [4], we are able to 
estimate an execution time of 10716 τ  for Car-phone 
video sequence. By taking 280nsτ =  [4], we obtain a 
processing rate of about 333 frame/s, which greatly 
exceeds the usual video frame of 30 frame/s. Similar 
processing rates, for other video sequences, confirm the 
great capability offered by the proposed technique.  
 
5. Conclusions 
 
Accurate and fast edge detection is a crucial task in almost 
any image processing and computer vision application. In 
this paper we have proposed an effective CNN-based edge 
detection technique, which can be useful in the context of 
real-time segmentation for object-oriented video coding 
applications. The approach, based on rigorous model of 
the image contours, has exploited some novel templates 
that can run on the CNNUM. The analysis of benchmark 
video sequences has shown that the method yields very 
accurate results, better than the ones achievable by 
standard techniques and CNN-based methods.  
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Abstract—Quantitative evaluation of the changes in
skin topographic structures are of a great importance in the
dermocosmetic field to assess subjects response to medical
or cosmetic treatments. Although many devices and meth-
ods are known to measure these changes, they are not suit-
able for a routine approach and most of them are invasive.
We describe a non-invasive method based on a portable ca-
pacitive device to assess short term changes of the topo-
graphic structures of the skin surface. This is based on a
feature we have developed and already used to measure
long-term changes due to the ageing process. We mea-
sure the difference between the feature values computed
before and after a hydrating treatment in different aged sub-
jects. Experiments show a reduction of the overall amount
of micro-wrinkles which is more than twice in young sub-
jects with respect to the older ones.

1. Introduction

The human skin surface analysis retains great impor-
tance either in dermatology, to analyse skin physiology
and to evaluate the effectiveness of medical treatments in
skin diseases, or in dermocosmetics and cosmetic science
to evaluate, for example, the effectiveness of anti-wrinkle
treatments.

Up to now, no methods using non-invasive and portable
devices are known to perform a differential analysis of the
changes in the skin surface before and after a treatment.
In this work we present a method aiming at measuring the
short term changes in the skin surface topographic struc-
tures of different subjects treated with a hydrating cream.
In particular, we are interested in evaluating how much
the micro-wrinkles shrink as a consequence of a hydrat-
ing treatment. To this purpose, we use a capacitive device
which is portable and non-invasive and enables us to ac-
quire high resolution capacitive images of the skin surface.
In order to perform a reliable measures it is necessary to
compare two images ofexactly the same body part taken
before and after treatment. The reduced dimension of the
sensor cannot ensure an operator to be able to acquire,by
sight only and after a long time being elapsed between two
acquisitions, an overlapping area large enough to allow re-
liable measures. Therefore, more images need to be ac-
quired before and after treatment and to be registered to-

gether by using a mosaicing method we have devised. The
measures of the skin micro-relief related to wrinkles are
achieved by using the Mean Local Contrast (MLC) feature
described in [1]. Experimental results have shown an im-
provement of the skin topographic structures related to the
overall area due to wrinkles, and what is most important,
this improvement has been quantified at numerical level.

2. Previous Work

Follow up studies generally use photographic images of
the treated skin surface to assess differences according to
a scoring or a scaling system. Despite the variety of pub-
lished scoring and scaling systems for assessing skin topo-
graphic changes, none of them has been established as be-
ing the standard [2]. Moreover, most of the methods either
rely on visual evaluation or achieve quantitative evaluation
by means of histologic examinations, which areinvasive
techniques.

Many devices are known to measure the skin topo-
graphic age-related changes, but only few of them are
portable and suitable for a routine approach. Works in [3, 1]
describe a method to extract topographic features linearly
correlated with the skin ageing process by using a portable
capacitive device. Two topographic structures of the skin
micro-relief are analysed. In [3] a feature related to the skin
cells (polygonal patterns identified by micro-wrinkles) area
distribution has been found to be correlated to skin ageing,
while in [1] a feature related to wrinkles, the mean of the
local contrast of the wrinkle enhanced image, has been suc-
cessfully employed to measure skin ageing.

As stated before, image mosaicing is necessary to obtain
a large image starting from single acquisition images. Im-
age mosaicing and therefore image registration, presents
large number of applications in digital imaging.[4] In the
past decades many solutions have been presented for merg-
ing images from aerial views, video sequences and docu-
ments. Few methods have been devised for medical im-
ages where maintaining the original resolution is essential
as well as allowing translation and rotation transforms. For
example, the very interesting method described in [5] deals
with histological skin images. It estimates the amount of
overlap between images by ensuring the sub-pixel accuracy
with phase correlation. However, although it can deal with
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large displacements, it covers only translational displace-
ments, by forcing the acquisition to exclude any rotation.

3. The Device used

To achieve a digital representation of the skin surface,
a capacitive device has been used. This device, origi-
nally developed for fingerprint acquisition and recognition
in biometric applications, relies on an active capacitive
pixel sensing technology and it is able to capture detailed
images of the skin at a resolution of 50µm/pixel. The
sensor’s array is composed of256 × 360 pixels and is of
12.8 × 18.0 mm. The surface of each pixel is composed
of two adjacent metal plates (Fig. 1). When live skin is

    wrinkle

protective coating

50um

cell

Figure 1: The sensor schematic principle.

broughtnear to the sensor plates, the skin interferes with
field lines between the two plates and the feedback capac-
itance is minimized. Conversely, when the skin is moved
away from the sensor surface the feedback capacitance is
maximized. Therefore, the gray level values of the output
image represent the 3D skin surface: darker under skin tis-
sue and lighter under skin wrinkles. Images are acquired
in real-time by pressing the device lightly over a skin’s Re-
gion of Interest (ROI).

4. What we measure and how

This work present a method to assess short term changes
of the topological structures of the skin surface of different
subjects treated with a hydrating cream. Firstly, we extract
in two subsequent acquisitions (before and after treatment)
the same skin area. Among the skin macro structures, we
have focused our attention on skin micro-relief, which wide
as age increases. Skin micro-relief is composed of many
micro-wrinkles and few larger wrinkles. The effect of the
hydrating treatment is mostly visible for micro-wrinkles,
which are relaxed and sometimes disappear. Secondly, for
each acquisition we give a measure related to the overall
amount of wrinkles by using the feature described in [1].
The difference between the two measures (given in percent)
represents the output of our system.

4.1. The feature analysed

To achieve a better representation of the skin topographic
structure of interest, different processing steps are needed.

In particular, noise and different pressure levels applied to
the sensor surface affects the gray level value of the capac-
itive images acquired. In order to make the images coming
from different subjects and body sites comparable to each
other, image normalization is required. To this purpose,
a local contrast enhancement is applied before any subse-
quent feature extraction. The MLC feature we have devised
is based on the evaluation of the amount of wrinkles de-
tected by the capacitive device. From a topographic point
of view, wrinkles can be approximately considered as con-
tinuous curves joining line segments having different spa-
tial orientations. Therefore, a line enhancement algorithm
is used to emphasize wrinkles. To this purpose, we use
a set of bidimensional Gaussian filters having14 different
orientations. After that the image has been filtered using
the Gaussian filtering, we have a setE of filtered images,
one for each orientation which the filter has been applied
for. Each of these images retains all the wrinkles compo-
nents (in pixels) along one specified direction. Therefore,
what we measure by MLC is the wrinkles component of
each capacitive image, represented by the mean value of
the local contrast expressed by Eq. 1:

MLC =

∑
(x,y)∈E σw(x, y)

card(E)
(1)

whereσw(x, y) is the standard deviation value of the pixel
(x, y) over a window of sizew centered on the point(x, y)
for each Gaussian filtered image in the setE. Practi-
cally speaking, MLC value is proportional to the overall
amount of area occupied by wrinkles. This feature, vali-
dated on 90 subjects, has shown a linear correlation with
the subjects age, thus proving the efficacy of the method
to measure wrinkles topographic changes.[1] Since MLC
increases with age, the differential analysis should indicate
a reduction in its value due to the effect of the hydrating
treatment.

In this work, the differential analysis relies on the MLC,
which is measured before and after the cream application,
thus allowing to quantify the effect of the hydrating treat-
ment.

4.2. Image acquisition

In order to perform a reliable differential analysis we
need to perform two subsequent acquisition, at different
time (hours or days as well), sharing (part of) the same
body site. Since for obvious reasons employing artificial
markers is not feasible, we could only rely on human guid-
ance and natural markers. However, this approach would
produce a shared area smaller than the sensor surface and
it would be not enough to perform our measures reliably.
We overcome this problem by acquiring more images for
each acquisition session covering a large area and building
a global mosaic. Accordingly, we define theacquisition
session as the whole set of acquisition shots performed on
a same skin region in a reduced amount of time (less than
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one minute). This permits to consider skin physiological
properties as being constants and to cover, at sight, an area
large enough to perform a reliable differential measure.

4.3. Automatic Image Mosaic

The image registration is the process of aligning two im-
ages of the same scene by warping the first one (input im-
age) into the second one (base image).

To estimate the transformation between overlapping im-
ages we need firstly to extract a set of interesting points
from both images to search for correspondences between
them. As the feature point extractors we use Harris [6] be-
cause it has proved to be the better among those consid-
ered. Since the skin is an elastic and deformable medium,
the pressure applied manually by contact during acquisi-
tion yields elastic deformation of the skin. This, necessar-
ily influences the complexity of the transformation model
to choose. By relaxing the constraint of elastic deforma-
tion, we use an affine transformation model, which is a
6-parameter linear combination of translation, rotation and
scaling. It permits different stretching along image rows
and columns and it is the most general linear transforma-
tion. For a robust assessment of the affinity between the
two images, we use the RANSAC [7] algorithm which si-
multaneously computes the affinity and rejects the outliers.
Fig. 2 shows two images of the upper ventral forearm re-

Figure 2: A mosaic of two skin images of a 25 y.o. male.

gion of a 25 y.o. male successfully registered and blended
in the resulting mosaic image. As we can see the stitch-
ing is seamless and the skin structure of both images is
preserved. This is the simplest registration case involving
two images. As for the registration of more than two im-
ages, we perform an all-to-all registration which produces
a graph with skin images at the nodes and the correspond-
ing affinities. Computing the minimum spanning tree of
the graph, leads to reduce the registration errors that may
arise from concatenating affinities. This permit to obtain
a common area between two different acquisition sessions

large enough to achieve reliable measures for differential
analysis.

5. Experimental results

This work aims at quantify short term changes of the
topographic skin structures of30 subjects belonging to two
classes: 20-30 y.o. and 50-60 y.o., respectively. The ex-
periments are accomplished on the upper ventral forearm
region, which is the least suffering from environmental ex-
posure. The results attained strongly depend on life habits
(e.g. usually, women use more beauty care products then
men) and on the physiological response of each subject to
hydrating treatments. Choosing far classes allows to ap-
preciate in a better way how ageing affects the skin elas-
ticity. In this work, we analyse a young man and a young
woman belonging to the first class and an older woman be-
longing to the second class. The first acquisition session
is performed before applying any treatment. Further on, a
hydrating cream is applied and after one hour the effects of
the hydrating treatment become visible. Then we perform
the subsequent acquisition sessions and extract the shared
area from the two mosaics. Fig. 3 shows two images ex-

Figure 3: Shared area from two mosaics referring to a 22
y.o. female, before (left) and after (right) treatment.

tracted from the shared area of the two mosaics referring to
a 22 y.o. female. On the left you can see how the skin ap-
pears before treatment, while on the right the skin has had
a hydrating treatment. Besides different gray levels due to
the physics of the device (right image appears far darker),
the micro-reliefs shrank due to hydration and this phenom-
enon is appreciable by sight. In addition, we can measure
it.

MLC values have been calculated before and after the
hydrating treatment. For all samples the value of the MLC
feature after treatment decreases, thus proving an overall
improvement. Fig. 4 shows the improvement for each sub-
jects due to the hydrating treatment. As for the 22 y.o.
female of Fig. 3, the improvement has been measured in
4.3%. You can see that for younger subjects the reduction
of the skin micro-wrinkles is more than twice with respect
to the older subject. This is due to the skin of the young
subjects being more elastic and reactive than the skin of
older subjects. In Fig. 5 you can see a common area ex-
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Figure 4: MLC improvement after the hydrating treatment
for the three subjects.

Figure 5: Shared area from two mosaics referring to a 54
y.o. female, before (left) and after (right) treatment.

tracted from two mosaics referring to the 54 y.o. subject,
before (left) and after (right) hydrating treatment. The im-
provement is of 2.0%. Comparing this couple of images
with the ones of Fig. 3 it becomes evident how the younger
subject shows a better response to the hydrating cream ap-
plication. In regard to the improvement for the 25 y.o.
male, it is of 5.0%, which is higher than the one of the
22 y.o. female. Probably, this is due to the overall skin
hydration state of the female subject being better than the
male one. In fact, the 22 y.o. woman often applies herself
hydrating creams, thus reducing the margin for further im-
provements. At the opposite, this is the first time for the 25
y.o. male to apply himself a hydrating cream, and his skin
owns a higher absorption potential.

6. Conclusion and Future Work

This work describes a method tomeasure changes of
the skin topographic structures due to hydrating treatments.
Our approach relies on a portable capacitive device and on
a feature which has been previously used to measure age-
related changes of the skin surface. The experiments we
accomplished show that this feature is effective also for
changes due to different hydration. It is worth remarking
that this work represents the first attempt of measuring such
a kind of changes by using a portable capacitive device.

At the moment, we have started a follow up study involv-
ing 30 subjects for evaluating middle/long term changes

due to hydrating treatments.
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Abstract—In image compression, multiple vector quan-
tization with index inference (MVQII) can create a high
quality image by combining multiple temporal restored im-
ages. However, MVQII trains codebooks so as to opti-
mize not the final restored image but temporal restored
ones. This paper proposes a learning algorithm for MVQII,
which is referred as MVQII with Learning (MVQIIL).
Unlike the conventional one, the objective function of
MVQIIL is the error between the original image and the
final restored one. The effectiveness of MVQIIL is shown
by numerical simulations.

1. Introduction

Adaptive Vector Quantization (AVQ) is to find a small
set of weight vectors that well approximates a larger set of
input vectors[1, 4]. Various neural network algorithms for
AVQ have been proposed[3, 4]. AVQ is a useful technique
in lossy data compression such as image compression[2,
4, 5, 6, 7, 8]. When using AVQ in image compression,
the restored image quality greatly depends on the number
of weights (codebook size) and the dimension of weights
(block size). One of the methods relaxing the trade-off is
Multistage Residual VQ (MRVQ), in which multiple quan-
tizers are concatenated in series [2]. In MRVQ, the first
stage quantizer operates on the input vectors, and the sec-
ond stage one operates on the errors between the input vec-
tor and the first stage output. MRVQ is a serial approach.
On the other hand, we have proposed multiple-VQ (MVQ)
as a parallel approach[9]. The MVQ method performs in-
dependently multiple VQ processes, and combines the in-
dependent low quality results into a high quality one. We
have shown that, with a useful techniqueindex inference,
MVQ is effective in image compression. However, MVQ
with index inference (MVQII) trains the codebooks so as
to optimize not the final restored image but temporal ones.
This fact implies that there is much to be improved in this
approach.

In this paper, we propose a learning algorithm for
MVQII, which is referred as MVQII with Learning
(MVQIIL). Unlike the conventional one, the objective
function of MVQIIL is the error between the original im-
age and the final restored one. Numerical simulations are

performed to investigate effective parameter combinations
for MVQIIL and show the effectiveness of MVQIIL. The
simulation results show that 1) MVQIIL achieves6 ∼ 10%
improvement from MVQII, and 2) when the compression
rate is high, MVQIIL outperforms single VQ, MRVQ and
MVQII.

2. AVQ and VQ Based Image Compression

Vector Quantization (VQ) is to approximate a large set
of input vectorsX = {x1, · · · , xν} by a smaller set of
weight vectorsW = {w1, · · · , wκ}, wherexi, wi ∈ Rn

are n-dimensional Euclidean vectors andX is a random
sample from a probability density function (PDF)p(x). In
VQ, an input vectorx ∈ X is replaced with a weight vec-
tor wi ∈ W such thatd(x, wi) = minw∈W d(x, w), where
d(x, w) is the squared error||x − w||2. In other words,
the VQ procedure divides the input spaceRn into κ sub-
spacesS1, · · · , Sκ such thatSi = {x ∈ Rn|d(x, wi) ≤
d(x, wj), j 6= i}. The approximation accuracy of VQ is
evaluated in terms of the average distortion errorE =
1
ν

∑
i∈{1,··· ,κ}

∑
x∈Si

d(x, wi). If p(x) is well-known, op-
timal weight vectors minimizingE can be created directly
from p(x). When p(x) is not well-known, an Adaptive
Vector Quantization (AVQ) procedure estimatesW from
X. The estimation can be performed by using neural net-
work algorithms such as competitive learning, neural-gas
and Kohonen’s self-organizing map[3, 4].

A fundamental method minimizing the errorE is
Competitive Learning (CL), which is based on gradient
descent[4]. The CL procedure iterates a simple adapta-
tion step. Att-th iteration, the CL procedure calculates the
closest weight (calledwinner) wiwin to a given input vector
x ∈ X, and then updateswiwin as follows:

wiwin ← wiwin + ε(t)(x − wiwin), (1)

whered(x, wiwin) = minj∈{1,··· ,κ} d(x, wj), andε(t) is a
learning rate decreasing witht.

2.1. VQ Based Image Compression

This section describes single-VQ based image compres-
sion (SVQ). We assumeG-bit gray-scale images ofM×N
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pixels. Let pi,j ∈ {0, · · · , 2G − 1} (i ∈ {1, · · · ,M},
j ∈ {1, · · · , N}) be the gray level of the pixel at coor-
dinates(i, j). Then an image is represented as anM × N
matrix P = (pi,j). A typical algorithm of SVQ is as fol-
lows.

Algorithm SVQ
Step 1 (Input Preparation)

Given an input imageP . TheM × N pixels in P are
divided into(M ×N)/(J ×K) blocks of sizeJ ×K. The
blocks are represented asJ ·K-dimensional vectorsx1, · · · ,
x(M ·N)/(J·K).
Step 2 (Vector Quantization)

The set of weight vectorsW = {w1, · · · , wκ}, called
codebook, is trained by using the set of vectorsX = {x1,
· · · , x(M ·N)/(J·K)} as input data. The training is per-
formed by a neural network AVQ algorithm such as Eq.(1).
Step 3 (Index Calculation)

For eachi ∈ {1, · · · , (M · N)/(J · K)}, the index
numberli is calculated, where||xi −wli || = minj∈{1,··· ,κ}
||xi − wj ||.
End of SVQ.

The compressed data is composed of the codebookW
and the index sequenceL = (l1, · · · , l(M ·N)/(J·K)). From
W andL, an image is restored. In the restored image, each
blockxi ∈ X in the original image is replaced withwli .

3. Multiple-VQ Based Image Compression

3.1. MVQ and Index Inference

In this section, we describe multiple-VQ based image
compression (MVQ). The fundamental idea of MVQ is that
a high quality image can be created by averaging multiple
low quality images independently restored from different
pairs of codebook and index sequence. The MVQ algo-
rithm for compression phase is as follows.

Algorithm MVQ
Step 1 (Input Preparation)

From the input imageP , two input data setsX(0) and
X(1) are generated as follows:

X(c) = {x(c)
i |i ∈ {1, · · · ,

MN

JcKc
}} for c ∈ {0, 1},

x(c)
i = (pφ(i,c,1),ψ(i,c,1), · · · , pφ(i,c,Jc),ψ(i,c,1),

pφ(i,c,1),ψ(i,c,2), · · · , pφ(i,c,Jc),ψ(i,c,2),

· · ·
pφ(i,c,1),ψ(i,c,Kc), · · · , pφ(i,c,Jc),ψ(i,c,Kc)),

(2)

whereφ(i, c, j) = (((i − 1) mod M
Jc

)Jc + c + j) mod M

andψ(i, c, j) = (b(i − 1)/M
Jc
cKc + c + j) mod N . Fig.1

is a schematic explanation ofx(c)
i .

Step 2 (Vector Quantization)

(a)X(0)

(b) X(1)

Figure 1: Segmentation ofP to generateX(c).

Perform VQ twice to generate two codebooksW (0) and
W (1), where codebooksW (0) andW (1) are trained by us-
ing data setsX(0) and X(1), respectively. The training
is performed by a neural network AVQ algorithm such as
Eq.(1).
Step 3 (Index Calculation)

The index sequenceL(0) = (l(0)1 , · · · , l
(0)
(MN)/(J0K0)

) is

calculated fromW (0).
End of MVQ.

In Step 2, two codebooks are generated from different
input data sets. The use of different data sets provides a
better performance than the one of the same data set[9].

In Step 3 onlyL(0) is calculated, and the compressed
data areW (0), W (1) andL(0). If, in addition to the com-
pressed data,L(1) is used, a better quality image can be
restored. However, in this case, the compressed data size
significantly increases, and as a result, the restored im-
age quality is too low for the data size. Instead, the lost
data L(1) is restored by a decoder side techniqueindex
inference[10]. The algorithm is as follows:

Algorithm Index Inference
Step 1 (Image Restoration by SVQ)

Restore an imagẽP (0) = (p̃(0)
i,j ) from W (0) andL(0).

Step 2 (Input Preparation for Inference)
From the restored imagẽP (0), input data setX̃(1) =

{x̃(1)
1 , · · · , x̃(1)

(MN)/(J1K1)
} is generated as in Eq.(2).

Step 3 (Index Calculation)
For each i ∈ {1, · · · , (MN)/(J1K1)}, the index

number l
(1)
i is calculated, where||x̃(0)

i − w(1)

l
(1)
i

||2 =

minj∈{1,··· ,κ} ||x̃
(0)
i − w(1)

j ||.
End of Index Inference.

Now, after index inference, we haveW (0), W (1), L(0)

andL(1) = (l(1)1 , · · · , l
(1)
(MN)/(J1K1)

). Next, two images
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P̃ (0) and P̃ (1) are independently restored from two pairs
(W (0), L(0)) and (W (1), L(1)), respectively. And then, a
restored imagẽP = (p̃i,j) is generated by combining the
two restored images as follows:

p̃i,j =
1
2

(
p̃
(0)
i,j + p̃

(1)
i,j

)
, (3)

whereP̃ (c) = (p̃(c)
ij ) for c ∈ {0, 1}.

In the following, the method described in this section is
referred as MVQ with Index Inference (MVQII).

3.2. Learning for MVQII

The codebooks should be trained so as to minimize the
error between the original image and the final restored one.
However, MVQII trains a codebook so as to minimize the
error between the original image and a temporal restored
one. For this reason, we present a learning algorithm whose
objective function is the error between the original image
and the final restored one. The proposed algorithm MVQII
with Learning (MVQIIL) is as follows:

Algorithm MVQII with Learning
Steps 1 and 2

These steps are same as Steps 1 and 2 in Algorithm
MVQ.
Step 3

Sett ← 1, wheret is the number of learning iterations.
Step 4 (Index Calculation)

CalculateL(0) = (l(0)1 , · · · l(0)(MN)/(J0K0)
) from W (0)

andX(0).
Step 5∼ 7 (Index Inference)

These steps are same as Steps 1∼ 3 in Algorithm Index
Inference.
Step 8 (Input Preparation)

Let c = t mod 2. If c = 2, then go to Step 9. Otherwise,
restore an imagẽP (1) = (p̃(1)

i,j ) from W (1) andL(1), and

generate input data set̃X(0) from P̃ (1).
Step 9 (Calculating Correction Values)

For eachi ∈ {1, · · · , κc}, ∆wi ← 0 andsi ← 0. And
then, for eachi ∈ {1, · · · , (MN)/(JcKc)},

∆w
l
(c)
i

← ∆w
l
(c)
i

+ x(c)
i − 1

2
(x̃(c)

i + w(c)

l
(c)
i

),

s
l
(c)
i

← s
l
(c)
i

+ 1.

Step 10 (Updating Weights)
For i ∈ {1, · · · , κc},

w(c)
i ← w(c)

i +
∆w(c)

i

si
.

If t = Tmax, then the algorithm terminates. Otherwise,
t ← t + 1 and go to Step 5.
End of MVQ with Learning.

In Step 10, codebooksW (0) andW (1) arealternatively
updated so as to minimize the error between the original

(a) Lenna (b) Goldhill

Figure 2: Test images (M = N = 512 andG = 8).

image P and the restored onẽP . Specifically, whent
is odd (even),W (1) (W (0)) is updated. Empirically, we
know that updating simultaneouslyW (0) andW (1) does
not work better than this alternative fashion.

4. Numerical simulations

We perform numerical simulations to investigate effec-
tive parameter combinations for MVQIIL and show the ef-
fectiveness of MVQIIL. Fig.2 shows two test images used
in the simulations. The simulations evaluate four meth-
ods SVQ, MRVQ, MVQII and MVQIIL in terms of Means
Square Error (MSE) between an original image and a re-
stored image. For all the methods, AVQ uses a sufficient
large number of iterations so as to minimize MSE. MVQII
and MVQIIL are performed withJ0 × K0 = 4 × 4, be-
cause the compression rate can be kept high (specifically
up to 20.0). MVQIIL is performed withTmax = 6, which
is sufficient large to converge MSE.

First, we search for effective combinations of block size
J1 × K1 and codebook sizesκ0 and κ1. We perform
MVQIIL with different combinations ofJ1 × K1, κ0 and
κ1. ForJ1 ×K1, five cases2× 1, 2× 2, 4× 1, 4× 2 and
4 × 4 are tested. Forκ0 andκ1, four cases 64, 128, 256
and 512 are tested. Fig.3 shows the simulation results for
Lenna. The results clearly indicate that the large block size
J1 × K1 = 4 × 4 degrades the performance. One of its
reasons is that the data size of codebookW (1) significantly
increases withJ1 ×K1. The effective combinations found
in the simulations are summarized in Table 1.

Next, the proposed method MVQIIL is compared with
SVQ, MRVQ and MVQII. MRVQ is performed by a soft-
ware package QccPack[6]. For MRVQ, the number of
stages is two and each stage uses the same codebook size.
MVQIIL and MVQII are performed with the effective pa-
rameters shown in Table 1. Figs.4 and 5 show the simula-
tion results for Lenna and Goldhill, respectively. Compared
with MVQII, MVQIIL achieves approximately 10% and
6% improvements for Lenna and Goldhill, respectively.
For both images, MVQIIL achieves the best performance
among all the methods when the compression rate is high.

In data compression, VQ is often used with orthogonal
transformation such as DCT, DWT and DFT[5, 7]. When
solely using VQ, it would be hard to achieve a better perfor-
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Figure 3: MSE versus compression rate for MVQIIL with
differentJ1 andK1 (Lenna).

Table 1: Effective combinations ofJ1×K1, κ0 andκ1 and
the compression rate for each combination.

J1 ×K1 2× 2 2× 2 4× 1 4× 1
κ0 64 128 256 512
κ1 64 128 256 256

Compression rate 19.3 15.5 12.2 9.5

mance than existing effective compression methods such as
JPEG. However, the development is still an important effort
to realize high performance data compression.

5. Conclusions

In this paper, we propose a learning algorithm MVQIIL,
which unlike the conventional one, its objective function
is the error between the original image and the final re-
stored one. According to the performed simulation results,
1) MVQIIL achieves6 ∼ 10% improvement from MVQII,
and 2) when the compression rate is high, MVQIIL outper-
forms single VQ, MRVQ and MVQII.
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Figure 4: MSE versus compression rate (Lenna).
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Abstract—The ray tracing algorithm is well-known as
one of the most popular rendering techniques in computer
graphics. In the ray tracing, tracing the rays and calcu-
lating intersection between rays and objects are essential.
Since usually a ray having no thickness is defined for each
pixel of the image, the image may include aliasing. For
anti-aliasing, one of the authors proposed an adaptive dis-
tributed ray tracing in the use of the automatic differentia-
tion. However, number of initial rays are automatically de-
termined by resolution of prospective image. Therefore it
takes longer time as we need larger image. Expanding the
method to detection of variation over pixels, an adaptive
method is proposed to determine from which pixels initial
rays should be radiated. Since unnecessary initial rays are
not calculated, the proposed method benefits more efficient
calculation of ray tracing.

1. Introduction

Ray tracing[1] is well known as one of the most popu-
lar rendering techniques in computer graphics technology,
which can generate photorealistic images by tracing rays
from the given viewpoint. In the ray tracing, tracing the
rays and calculating intersection between rays and objects
are essential for us to generate images.

Since a thickless ray is initially defined for each
quadratic pixel on an image, resolution of the image is im-
portant to keep good quality of the image. Suppose that
resolution, i.e., number of pixels constituting an image, is
low in comparison with a given schene. Then the image
may include aliasing (jaggy) on some pixels, although it
takes shortly for computation of the image. Otherwise if
resolution is set to high, then generation of the image re-
quires long computation time. It is very hard to determine
appropriate resolution uniformly, since such resolution is
influenced by objects, lights and viewpoints. Therefore an
adaptive ray tracing technique is required, in which high
resolution is applied to area corresponding to complex sit-
uation and low resolution is set for simple situation.

Cook proposed a distributed ray tracing[2], in which
some rays are defined for each pixel to get information on
neighbor area. While the method contributes anti-aliasing
effect, it requires severalfold computation time. Further-
more some pixels may need single ray for each when they
correspond to very simple situation (e.g., no object).

For improving efficiency, Makino proposed an adap-
tive distributed ray tracing in the use of the automatic
differentiation[3], which can detect edges of shapes and
shadows and smooth them. By the automatic differentia-
tion, neighbor situation around a pixel can be obtained as
primary approximation. If the approximation is different
from the result of the original ray, there may exist aliasing
around the pixel. Then, distributing rays at the pixel, anti-
aliasing effect is expected. The method makes the conven-
tional distributed ray tracing adaptive. Since pixels having
aliasing are relatively small among all pixels on an image,
the method is usually more efficient than the conventional
distributed ray tracing. Also application of the method to
animation was shown, in which motion blur is efficiently
detected[4].

However, number of initial rays are automatically de-
termined by resolution of prospective image. Therefore it
takes useless computational cost as we need larger image.
Expanding the method to detection of variation over pixels,
in this paper, an adaptive method is proposed to determine
from which pixels initial rays should be radiated. Since
unnecessary initial rays are not calculated, the proposed
method benefits more efficient calculation of ray tracing.

2. An Efficiently Adaptive Distribution of Initial Rays

2.1. Problems to be Solved

The previously proposed method is applied to detec-
tion of pixels to be oversampled. In this paper we expand
this technique to determination whether an initial ray from
given viewpoint through a pixel should be traced or it can
be approximated by neighbor rays. In this case, the follow-
ings must be considered:

1. Since distance between pixels is much longer than dis-
tance between center and edge of a pixel, the approx-
imation by the automatic differentiation becomes less
accurately.

2. In the distributed ray tracing, color (brightness) of a
pixel is determined as arithmetic mean of color of its
subpixels. Such determination may cause the Mach-
band effect when we handle not a pixel but some pix-
els.

In order to solve the first problem, checking (recalculation)
process is executed, if the primary approximation shows
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the same as the reference pixel. For solving the second
one, the Gouraud shading takes the place of the arithmetic
mean of color.

2.2. Determination of Initial Rays to be Traced

In this subsection, a proposal is briefly explained. Sup-
pose that size of an expected image is M × N pixels. For
recursive determination whether a set of pixels is equated
with the center pixel of the set, let n be the smallest integer
such that (2n+ 1) is equal or greater than both of M and N.
In the following, we discuss image generation of a screen
of (2n+1)× (2n+1) pixels. After the generation, the objec-
tive image with M × N pixels is taken from the expanded
screen.

:distribution

:raytrace

Figure 1: Distributed pixels in case of n = 3. In the pre-
vious method, such distributed rays are defined within a
pixel having the initial ray. In the proposed method, there
are some pixels far from the initial one.

In the previous method, distributed rays are defined
within a pixel having the initial ray. In the proposed
method, there are some pixels far from the initial one. Fig-
ure 1 shows a case of n = 3. Then a set of pixels which
forms a subscreen with (2n + 1) × (2n + 1) pixels is deter-
mined by the similar procedure to the adaptive distributed
ray tracing whether the pixels is equated with the center
pixel or they should be separated. If the set is determined
not be equated, let n be n − 1 and execute the same pro-
cedure recursively. In a case of n = 1 (see Fig.2), conven-
tional ray tracing, i.e., distribution within a pixel, is applied
to each pixel.

When the set is determined to be equated, color (bright-
ness) of the pixels within the set are interpolated by the
Gouraud shading from the center pixel and two primary
approximated pixels. Figure 3 shows left-top area around
an initial ray.

Figure 2: The smallest region to be considered (n = 1). In
such case, distribution of rays within a pixel is applied.

Figure 3: Three distributed rays and an initial ray in the
left-top area. If the results are different, subdivision is re-
quired. If not, color approximation over the area is neces-
sary.

If the three distributed rays have different results from
the initial one in the area given by Fig.3, then Gouraud
shading should be applied to two area; a triangle having a
pixel radiating the initial ray, the left and the left-top pixel
as vertices, and a triangle having a pixel of the initial ray,
the left-top and the top pixel as vertices (see Fig.4).

We note here that the set should be subdivided even if the
set is determined to be equated, when the set is relatively
large.

2.3. Algorithm

From the above, the proposed algorithm shown is as fol-
lowing.

Step 1: Define an expanded screen with (2n+1)× (2n+1)
pixels according to a given screen.

Step 2: Set the (2n + 1) × (2n + 1) pixels as a target area,
and a center pixel of the target area as a target pixel.

Step 3: Trace a ray, through the target pixel from a given
viewpoint with automatic differentiation, i.e., calcu-
late intersections, shadows, illuminance, and so on.
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Figure 4: Gouraud shading for two triangular areas; a tri-
angle having a pixel radiating the initial ray, the left and
the left-top pixel as vertices, and a triangle having a pixel
of the initial ray, the left-top and the top pixel as vertices.

Step 4: Calculate the primary approximation at 8 pix-
els on the edge of the target area by the calculated
with automatic differentiation. For each quater of the
target area, determine whether the three pixels in the
same quatered target area can be equated with the tar-
get pixel in meaning of intersection with same object
and the similar illumination with shadow. If it can be
equated, go to Step 6. Else go to Step 5.

Step 5: Subdivide the target area in quater with n = n − 1.
If n = 1 go to Step 7. Otherwise return to Step 2.

Step 6: Using Gouraud shading, calculate color of all pix-
els in quatered target area.

Step 7: The target area is set to 3 × 3 pixels. In this case,
execute the adaptive distributed ray tracing on each
pixel in target area.

The above proposed algorithm can reduce initial rays
from a given viewpoint, especially when a scene includes
wide empty space, background and/or flat surfaces on
which the primary approximation works very well. As a
result, the proposed algorithm contributes to less compu-
tation time with the similar quality under a certain scene
satifying the above.

3. Simulation

In this section, images with size of 513 × 513 pixels are
generated under the 750MHz UltraSPARC III system. In
this case, firstly the target area (i.e. the expanded screen)
is set to 513 × 513 pixels (n = 9). For making evaluation
simply, we consider a sphere in a scene for an example.

Figure 5 shows an image generated by the proposed
method. For reference, Fig.6 is generated by previously
adaptive distributed ray tracing (Makino/Shinotsuka’s
method), and Fig.7 is done by the conventional distributed
ray tracing (Cook’s method). Also Table 3 shows computa-
tion time, number of initial rays and number of distributed
(additionaly defined) rays.

Comparing three figures, we can see that the proposed
method gives lower quality than other two methods at the
shaded area on the sphere (top-left region). In the area the
edge of the shade seems stepwise in Fig.5, while it seems
slantwise in Figs.6 and 7. Since the proposed method skips
exact calculation when the primary approximation far from
a pixel is not different, such situation may be happened.

However, the proposed method works much faster than
the two methods (20 times faster than Makino/Shinotsuka’s
method, and 79 times faster than the conventional dis-
tributed ray tracing). Since a lot of unnecessary tracing and
distribution of initial rays are prevented, this faster compu-
tation is achieved. On the other hand, Fig.6 is generated
under tracing every initial ray through defined pixels on a
screen, so that unnecessarilly precise resolution and slower
computation is achieved namely on dark area(background).
Furthermore in Fig.7, all initial rays are distributed at the
beginning of tracing.

Regardless of less traced rays, the proposed method
works at edge of the spehere as well as other methods,
since the same level of distributed ray tracing is executed at
such area. Therefore, the proposed method is useful when
both of fast computation and exact shape representation
have priority over image quality on surface of an object.
Expanding the proposed method to reflected, refracted and
shadow rays, we expect to improve the quality.

Table 1: Computation time and number of distributed pix-
els

Figure computation
time [s]

� of initial
rays

� of dis-
tributed
pixels

5 0.20 599 430
6 4.27 263169 617
7 15.8 263169 263169

4. Conclusion

In this paper we proposed an adaptive determination
with automatic differentiation, from which pixels initial
rays should be radiated. The proposed method can be ap-
plied anti-aliasing and benefits more efficient calculation of
ray tracing. Improving quality of images will be discussed
in future paper.
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Figure 5: An image by the proposed method with Gouraud
shading. Outline is smoothly represented while shaded area
seems stepwise. However, it works much faster than the
others, since only 430 pixels are distributed among 599 ini-
tial rays on 263,169 pixels.

Figure 6: An image by the Makino/Shinotsuka’s method.
Outline and shaded area are smoothly represented, al-
though it works over 20 times slower than the proposed
method, since 617 pixels are distributed among 263,169
initial rays and pixels.

Figure 7: An image by conventional distributed ray trac-
ing. Outline and shaded area are smoothly represented, too.
However, it works about 80 times slower than the proposed
method, since all of 263,169 pixels are distributed.
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Abstract—We show that quantization with sub-
optimal thresholds can exhibit noise-assisted quan-
tization in which information between analog input
and quantized output is maximized by adding noise.
Not all suboptimal quantization thresholds show noise-
assisted quantization. The condition for noise-assisted
quantization depends on the relation between the sig-
nal distribution and suboptimal thresholds. It is im-
portant to know the correct signal probability distribu-
tion and to calculate the correct optimal quantization
thresholds to minimize information loss. However, in
actual situation, we often and carelessly use uniform
distributed quantization thresholds in A/D conversion
because of a lack of prior knowledge or for simplic-
ity. From this consideration, we may often find noise-
assisted quantization in real signal processing.

1. Introduction

Noise-induced effects in nonlinear systems have re-
cently received considerable attention. In particular,
stochastic resonance (SR) [1] has been studied in vari-
ous systems. SR means that the resonance response of
a noisy nonlinear system to a subthreshold signal can
be optimized by adding noise.

Information theoretical approaches have been used
to study SR of aperiodic signals, for binary sig-
nals [2, 3]. In these studies, bit error probability or
mutual information is used to measure transmission
between input and output. SR in a threshold system
with a signal as input and noise is closely related to
the signal detection problem [2] in classical engineer-
ing studies [4]. For example, here we consider that
binary signal has two kinds of values, that is 0 or 1
and noise has continuous values. Signal detection de-
termines that the signal’s value is 0 or 1 from noisy
input. The detection technique gives the optimal de-
cision method that the input includes the signal or
not. Full knowledge about the signal and noise can
be used to obtain the optimal detector by calculating
the optimal threshold. The optimization criterion is
the maximal correct probability for detection. This
corresponds to the maximal mutual information be-
tween input and output binary signal when we regard
signal detection as a binary communication channel.
An optimal detector with an optimal threshold shows

monotonic decay of information against noise inten-
sity. On the other hand, it is recently known that
suboptimal thresholds can results in noise-assisted de-
tection [5]. The noise intensity can maximize infor-
mation. Here we note that mutual information using
suboptimal threshold never exceeds information using
the optimal threshold as shown by the data process-
ing inequality [6]. One of reasons why we must use
the suboptimal threshold is that we do not have full
knowledge about the signal and noise. We can not cal-
culate the optimal threshold for detection by a part of
knowledge. When the threshold is calculated by our
estimation about a signal and noise, the threshold may
become suboptimal.

Here we consider noise-assisted quantization as that
information between analog input and quantized out-
put is maximized by adding noise. Quantization in en-
gineering can be regarded as multi-threshold system.
Quantization converts analog input signal to discrete
output values representing each partition of signal val-
ues by quantization thresholds. From previous engi-
neering studies, we can see a technique that a small
amount of noise is added to analog signal before quan-
tization to reduce distortion between input signal and
output discrete values. This is called dithering. SR
as dithering in multi-threshold systems have been re-
ported in Ref. [7, 8]. However, in these previous SR
studies, they used periodic signals as an input and
signal-to-noise ratio as the input-output measure fol-
lowing classical SR studies. In general quantization,
the input signal has continuous arbitrary values and
the output has discrete values. Similar to signal detec-
tion, measures to evaluate quantization using certain
threshold sets are mean square error or mutual infor-
mation between analog input and digital outputs when
we use the same number of quantization partitions.

Stocks has used an summing array of one bit thresh-
old device and has shown SR with suprathreshold sig-
nal [9]. Input signal is Gaussian noise and environ-
mental noise is also Gaussian noise with different pa-
rameters. If we consider that each threshold is located
on different values, we can consider this array as a
kind of quantizer. However, all threshold values are
fixed with the same and independent noise is added to
each threshold device. He showed that two and more
thresholds are needed to see SR using mutual informa-
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tion.
Our research aim is to show the simple engineer-

ing example with noise-assisted sensing similar to SR
and to analyze this to find the general condition for
noise-assisted sensing. From these, we can find gen-
eral engineering mechanism of noise-assisted sensing
and consider the applications in engineering using en-
vironmental noise or internal fluctuations positively.
This approach is against the previous engineering that
reduces the noise. However, noise and fluctuations are
unavoidable in real world. From this study, we also
may find the meaning of information processing with
SR in biological systems.

In this paper, we focus on a simple quantizer to
study noise-assisted quantization. Here we use signal
and noise with certain probability distributions. There
are optimization criteria commonly used for determi-
nation of quantization thresholds in engineering. One
example is a criterion of minimum square error [10].
We consider that optimal quantization thresholds are
calculated from the criterion of the maximal mutual
information between input and output. This corre-
sponds to quantization thresholds realizing equal prob-
ability for all partitions. We describe this in next ses-
sion in detail. We use information also to compare the
results on signal transmission by threshold [3] and the
array of one bit threshold [9]. As in signal detection,
we can imagine that a lack of knowledge to calculate
the optimal quantization thresholds may result in ob-
serving noise-assisted quantization. We note here that
the difference with the signal detection situation con-
cerns with the signal. In signal detection, we consider
signal’s values discrete and it has binary values in typ-
ical case. In quantization, signal has continuous values
and it is quantized to discrete values.

In the next section, we explain the quantization
model and show the formulation of mutual informa-
tion. We give the examples of noise-assisted quan-
tization in the third section and condition for noise-
assisted quantization in the third section. Finally we
conclude the results.

2. Quantization model

Scalar quantization is certainly used in analog to
digital conversion that is needed in the beginning of
digital signal processing. However, we usually use
quantization thresholds located equally because we do
not know the probability distribution and dynamic
range of source. We consider the effect of noise added
to input signal as in Fig. 1. We normally consider
that noise only degenerates quantization. However,
we show that noise can assist quantization when we
use suboptimal thresholds.

Consider signal x of continuous value with distri-
bution p(x) quantized to output yi (i = 1, . . . , N) of

��� �������
	 ���
�������� ���������	�� ��������� � ���

� ����� �
	 �����
������

! � ���"�

Figure 1: Quantization with noise.

discrete value using quantization thresholds xi (i =
1, . . . , N − 1). Input to the quantizer includes signal x
and noise ξ of distribution pξ(ξ) with standard devia-
tion σ.

First we explain optimization criteria to determinate
quantization thresholds when partition number N is
fixed. There are a few optimization criteria, however,
to compare with the previous results as Ref. [9], we
used is a criterion of maximal information. Mutual
information I(x; yi) between input and output is as
follows [9, 11].

I(x; yi) = I(σ) = H(yi)−H(yi|x)

=

N
∑

i=1

∫

∞

−∞

dx{p(yi|x)p(x)

× log
p(yi|x)

∫

∞

−∞
p(yi|x′)p(x′)dx′

} (1)

=

N
∑

i=1

∫ xi

xi−1

p(x)dx log
1

∫ xi

xi−1

p(x′)dx′

= −

N
∑

i=1

pi log pi = H(pi). (2)

We can show that information I(x; yi) equals to en-
tropy H(pi). Here pi is probability when output is yi.

We set that
∑N

i=1
pi = 1. When pi = const, we maxi-

mize information I as maxpi
H(pi). This corresponds

to quantization thresholds realizing equal probability
for all partitions. Here we note that the value yi does
not have any relation to this mutual information cal-
culation because we only need i to discriminate par-
titions. However, when we use error between signal
value x and output yi as the measure, error needs ex-
act value yi to calculate. We set the optimal threshold
values xi calculated from the signal distribution with-
out noise using equal probability.

To calculate information by Eq. (1), p(yi|x) is cal-
culated as follows.

p(yi|x) =

∫

∞

−∞

p(yi|y)p(y|x)dx

=

∫

∞

−∞

p(yi|y)pξ(y − x)dx
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=

{ ∫

∞

−∞
pξ(y − x)dx, if xi−1 ≤ y ≤ xi,

0, otherwise.
(3)

Here y is the continuous value that equals x + ξ. To
calculate Eq. (3), we use the following equation about
p(yi|y).

p(yi|y) =

{

1, if xi−1 ≤ y ≤ xi,
0, otherwise.

(4)

We also use that p(y|x) becomes distribution pξ(y−x)
of noise ξ as follows.

p(y|x) =

∫

∞

−∞

p(y|ξ)p(ξ|x)dy

=

∫

∞

−∞

δ(y − ξ)pξ(ξ − x)dx

= pξ(y − x). (5)

3. Examples of noise-assisted quantization

For simplicity, here we consider that p(x) is uni-
form distribution U[−1/2, 1/2] with mean m = 0
and N = 4. The optimal threshold values become
xi = 0.25i − 0.5 (i = 1, . . . , N − 1). We use Gaussian
distribution N(0, σ) as noise distribution pξ(ξ). With
the optimal thresholds, noise intensity σ only decreases
information I(σ) as in Fig. 2.

Figure 2: Mutual information I(σ) using the opti-
mal thresholds and suboptimal thresholds. Dotted line
shows information using the optimal thresholds, and
line and dashed line show information using the sub-
optimal thresholds.

Next, we consider that the signal has false proba-
bility distribution p′(x) different from true probability
distribution p(x). We can also calculate false quanti-
zation thresholds x′i from the false distribution. These
quantization thresholds x′i become suboptimal when
the false distribution does not correspond to the true
one. As the false distribution, here we use uniform

distribution U[1/2, 3/2] with mean m = 1 and calcu-
late x′i = 0.5i + 0.5 (i = 1, . . . , N − 1) with N = 4.
False uniform distribution p′(x) is located on the up-
per side of true uniform distribution p(x). All sig-
nal values from the true uniform distribution without
noise become subthreshold from a viewpoint of sub-
optimal thresholds x′i. By these suboptimal quantiza-
tion thresholds, we can calculate mutual information
I(σ) using true distribution p(x) as in Fig. 2. We can
find that there exists a maximum at moderate noise
intensity σ in mutual information. This is what we
call noise-assisted quantization: the mutual informa-
tion between analog input and quantized output has a
maximum value at a non-zero noise intensity. We also
can find that there exists a maximum for false uniform
distribution U[1/4, 5/4] with mean m = 3/4. We do
not show here, but we can see noise-assisted quanti-
zation with the case that both variances of true and
false distribution are different.

4. Condition for noise-assisted quantization

Moderate noise transforms true distribution p(x) to
be similar to false distribution p′(x) without noise.
The mutual information of a true distribution p(x)
with noise evaluated using suboptimal thresholds x′i
can exhibit the increase with increasing noise intensity.
When false uniform distribution p′(x) is located on the
lower side of true uniform distribution p(x), all signal
values from true uniform distribution without noise
become suprathreshold of suboptimal thresholds x′i.
In this case, we can also see noise-assisted quantiza-
tion. From these results, we can find that subthreshold
or suprathreshold is not important for noise-assisted
quantization. Threshold-crossing by noise is most im-
portant to find noise-assisted quantization. Noise can
cause threshold-crossing, and then threshold-crossing
results in noise-assisted quantization.

Not all suboptimal thresholds show noise-assisted
quantization. For simplicity, using uniform signal
distribution, we explain the condition to find noise-
assisted quantization. The condition depends on the
relation between the true distribution and suboptimal
thresholds calculated from the false distribution with-
out noise. From the above consideration, we could find
noise-assisted quantization when the signal from true
distribution without noise is perfectly in subthresh-
old or suprathreshold. Subthreshold and suprathresh-
old mean that the true signal without noise does not
cross any suboptimal thresholds calculated from the
false signal distribution. The direction across subopti-
mal thresholds, that is subthreshold or suprathreshold,
does not related to noise-assisted quantization. We
also note that the size of the variance of the true and
false distribution is not related to noise-assisted quan-
tization in subthreshold and suprathreshold cases.
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Noise-assisted quantization also occurs when the
true input distribution completely belongs between
two thresholds of suboptimal thresholds. Therefore,
the variance of the false distribution is fairly larger
than the variance of the true distribution. We call
this situation intra-threshold here. We also find noise-
assisted quantization in the intra-threshold case. Here
we can generalize subthreshold and suprathreshold
into intra-threshold as follows. When we define quan-
tization thresholds xi (i = 0, . . . , N) again such as
x0 = −∞ and xN = ∞, subthreshold case becomes a
special intra-threshold case between x′

0
= −∞ and x′

1

and suprathreshold case also becomes a special intra-
threshold case between x′N−1

and x′N = ∞.
This intra-threshold case means that noise can en-

large the dynamic range of signal to quantize. The dy-
namic range and quantization thresholds are prepared
for assumed distribution in general. Even when true
signal values are far from false quantization thresh-
olds, noise pushes the true signal values to the false
thresholds to quantize.

Here we note that we can chose any probability dis-
tribution function for the signal and noise for noise-
assisted quantization. For simplicity, we explained the
condition for noise-assisted quantization in terms of
the location of true signal distribution between subop-
timal thresholds, that is subthreshold or suprathresh-
old or intra-threshold, using isolated uniform distri-
bution for signal. However, intra-threshold includ-
ing subthreshold and suprathreshold is sufficient not
but necessary condition for noise-assisted quantiza-
tion. We also can find noise-assisted quantization even
when the signal distribution crosses a threshold a lit-
tle without noise. This small amount of threshold-
crossing to keep noise-assisted quantization is depen-
dent on the model parameters. We also can find noise-
assisted quantization in the case of nonisolated any
distribution, for example, Gaussian distribution. If
the input signal has a Gaussian distribution, it has a
small amount of threshold-crossing without noise.

5. Conclusions

We showed that suboptimal quantization can cause
noise-assisted quantization. It is important to know
the correct signal probability distribution and to calcu-
late the correct optimal quantization thresholds from
the distribution. However, in actual situation, we of-
ten and carelessly use uniform distributed quantiza-
tion thresholds in A/D conversion because of a lack
of prior knowledge. From this consideration, we may
often find noise-assisted quantization in real signal pro-
cessing.

Not all suboptimal thresholds show noise-assisted
quantization. We could find the condition for noise-
assisted quantization that the true signal distribution

is located between two suboptimal thresholds calcu-
lated from a false distribution. In the situation in
intra-threshold that we called here, including sub-
threshold and suprathreshold, noise could transform
the true signal distribution to be similar to the false
distribution that produced suboptimal thresholds. In
this paper, we mentioned examples of noise-assisted
quantization only using isolated uniform distribution
and Gaussian distribution for the signal. However, any
signal distribution using almost all distribution func-
tions could show noise-assisted quantization.
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Abstract– Previously, we proposed the extended Pitch
Perturbation Quotient (ePPQ) to quantify the instability of
the fundamental periods which might be applicable to 
the analysis of general voices. And we have investigated
the relation between pitch variation of baby’s cry and lis-
tening impression using the ePPQ. However the relation
between listeners’ impressions and acoustic features has
not been clarified yet. Although there are several patterns
of pitch variation, the difference of these patterns was not
considered on the ePPQ. In this paper, to improve the
quality of evaluation for the listening impressions of cry 
based on the acoustic features, we focus on pitch variation
patterns in baby’s cry and discuss the effect of the differ-
ence of these patterns on listening impressions. As a result
of our observation of pitch variations, we found at least 3
kinds of pitch variation patterns, 1) random variation, 2)
gradual variation and 3) sudden variation. In particular, it 
is found that variation in 3) looks quite similar to har-
monic doubling. As the main difference of these pitch
variation patterns seems to come from the way of the
change of periodicity of corresponding sound wave,
nonlinear analysis would be useful to clarify the differ-
ences on the mechanism of each pitch variation patterns.

1. Introduction

Recently, the child abuse has become a social problem
in Japan. The cause comes down to failure of communica-
tion between parents and children. So, it becomes an im-
portant social issue to construct strategy to prevent the
problem. Development of a system-technology supporting
the communication between parent and child appears to be
useful. For the communication between human and human,
the voice is one of the most useful tool. Especially, for ba-
bies whose faculties of speech are not developed suffi-
ciently, cry is a very important tool to communicate. In the
baby’s cry, it has been confirmed that the existence of
nonlinearities [1]. Therefore baby’s cries are important
subjects in the field of nonlinear dynamics. In the com-
munication through cries from babies to parents, it has of-
ten made issues how various mental states of baby are re-
flected in the acoustic characteristics of cry. But, what
emotions parents have by listening to cries is also very
important problem. In the field of psychology, there are
several studies about this problem [2]. However, in the
field of sound analysis, there have been few studies to in-

vestigate the listeners’ impression of voice. Additionally,
most of previous studies have targeted at not nonverbal
voices such as cries, but verbal voices. Therefore, we have
been made some studies focused on relation between lis-
teners’ impressions and acoustic features of babies’ cry.

Mukai �����. suggested that the cries of baby who have a 
structural disease in the vicinity of throat give listener the
unpleasant impression and this cry is one of the causes of
child abuse [3,4]. This disease is called Ankyloglossia
with Deviation of the Epiglottis and Larynx (ADEL). Pre-
viously, we proposed the extended Pitch Perturbation
Quotient (ePPQ) to quantify “the instability of the funda-
mental periods” that had been also pointed out as a feature
of cries of ADEL by Mukai �����., and we suggested that
the ePPQ was a candidate to evaluate the listeners’ un-
pleasantness for cry [5]. Additionally, we also suggested
that the higher ePPQ cry has, the stronger that cry gives
impressions which are related to child abuse [6]. However,
the relation between listeners’ impressions and acoustic
features has not been clarified yet. 

There is a problem to be solved. Although there are sev-
eral patterns of pitch variation, the difference of these pat-
terns was not considered on the ePPQ. To improve the 
quality of evaluation for the listening impressions of cry
based on the acoustic features, it is necessary to clarify
what pitch variation pattern affects the listening impres-
sions more strongly.

In this paper, we show pitch variation patterns found in
baby’s cry and discuss for evaluating the difference of 
these patterns.

2. Algorithms for Calculation of ePPQ

The ePPQ is an index to quantify the instability of fun-
damental periods. This was made by extension of PPQ
that had been proposed by Kikuchi and Kasuya [7].

Here, the algorithm for calculation of ePPQ is ex-
pounded.

An ePPQ is calculated by substitution of time series of 
fundamental periods into �(�) in following equation (1)
and (2). The time series of fundamental periods was ob-
tained by calculating the fundamental periods at regular
time intervals in the subject of sound data.

,)(
2

1 1

�
��

��
�

	


	�
��

	

�� (1)
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Equation (1) denotes that ePPQ is average of �(�). We la-
bel �(�) as “perturbation value”. Equation (2) denotes that
the perturbation value �(�) is an absolute value of differ-
ence between 1 and current fundamental period divided by
the average of fundamental periods for 2	+1 points which
center on current time point.

To calculate the ePPQ, first of all, the time series of 
fundamental period must been made. In this study, we use
the method applied the Average Magnitude Difference
Function (AMDF) [8] to extract the fundamental period.

In this method, to begin with, following ��(�) was calcu-
lated as an AMDF for a part of waveform data immedi-
ately after the time point �� at which fundamental period
should be obtained and a part of waveform data after �
points delay.

where �(�) denotes the signal data of the sound and �
was the length of the compared data. Then, the threshold
��� was calculated from the minimum value �min and aver-
age value ��� of ��(�) by following equation,

Finally, the fundamental period was calculated by mul-
tiplying sampling period by minimal � which made ��(�)
less than or equal to threshold ���. The time series of fun-
damental periods was obtained by calculating the funda-
mental periods at regular time intervals in the same way.
The ePPQ was defined by substitution of time series of
fundamental periods into �(�) in equation (2).

3. Applying the ePPQ to real cry 

In this chapter, we show an example of calculating 
ePPQ from babies’ cry practically.

Here, a baby’s cries that had been disclosed on Mukai’s
homepage (http://www02.so-net.ne.jp/~s-mukai/) were
used. These were cries of a baby who had ADEL and cries
after the operation to remedy ADEL. It had been sug-
gested that the cries of baby having ADEL give listener
the unpleasant. These cry data were uttered by pinching
lightly at the foot of a 1-month-old boy. To record the
cries, MINIDISC RECORDER (MDS-102, SONY) was
used. Microphone was set 15 cm above mouth of the ba-
bies. The data were downloaded from homepage and re-
sampled to 40 [kHz]. Then voiced parts were cut out from
them by visual observation. Here, we used a voiced part
which was cut out from cries before the operation (data 1)
and a voiced part which was cut out from cries after the
operation (data 2) to calculate ePPQ. 

The parameters for calculating ePPQ were set as below.

When the time series of fundamental period was made,
the fundamental periods were calculated at the time inter-
val ��. �� was set to 20 points (i.e., 0.5 [ms]). In equation
(1) and (2) of previous chapter, 	 was set to 1 and 
�was
set to the length of time series of fundamental periods for
whole target sound data. In equation (3), the compared
data length � was set to 128 and delay ��ranged from 40
to 280 (i.e., � = 40, 41, …, 280).

.
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Fig.1 and Fig.2 show the waveform and the time series
of fundamental periods of data 1 and data 2. In each fig-
ure, the upper graph shows the waveform, where the hori-
zontal axis shows time [s] and the vertical axis shows am-
plitude. And the lower graph shows the time series of fun-
damental period, where the horizontal axis shows time [s] 
and the vertical axis shows fundamental period [ms]. As a
result of calculating the ePPQ, ePPQ for data 1 was
8.09�10-2 and ePPQ for data 2 was 2.49�10-2. Conse-
quently, the cry of baby who has ADEL, it was said that
it’s unpleasant, has higher ePPQ than the cry remedied by
operation.
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Fig.1: Waveform (upper) and fundamental periods (lower)
of data 1.
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Fig.2: Waveform (upper) and fundamental periods (lower)
of data 2.
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4. Discussions

There are several patterns in the pitch variation of ba-
bies’ voices. Robb and Saxman observed instances of 
harmonic doubling, fundamental frequency (�0) shift, and
biphonation in young children’s non-cry vocalizations [9].
Michelsson defined the harmonic doubling as a parallel
series of harmonics that have the same melody form and 
occur simultaneously with the �0 and its harmonics [10].
And the biphonation is defined as a double series of non-
parallel �0’s where one can be falling and the other simul-
taneously rising. The �0 shift is seen as a break in the �0,
denoted by rapid up or down movements of �0. Although
Robb and Saxman observed these patterns in non-cry vo-
calizations, it seems that there are also patterns in cry.

denoted by rapid up or down movements of �0. Although
Robb and Saxman observed these patterns in non-cry vo-
calizations, it seems that there are also patterns in cry.

We made time series of fundamental period for many
cries using AMDF. Then we observed pitch variations. As
a result, following 3 kinds of pitch variation pattern were
found.

We made time series of fundamental period for many
cries using AMDF. Then we observed pitch variations. As
a result, following 3 kinds of pitch variation pattern were
found.

  
1) Random variation1) Random variation

Periodicity could hardly be found by visual observa-
tion of waveform (Fig.3). As a result of pitch extraction
by AMDF method, fundamental periods varied ran-
domly. It is possible that the variation include noise, �0
shift and biphonation.

Periodicity could hardly be found by visual observa-
tion of waveform (Fig.3). As a result of pitch extraction
by AMDF method, fundamental periods varied ran-
domly. It is possible that the variation include noise, �0
shift and biphonation.
  
2) Gradual variation2) Gradual variation

The fundamental period varied gradually by exten-
sion or contraction of pitch waveform.

The fundamental period varied gradually by exten-
sion or contraction of pitch waveform.
  
3) Sudden variation3) Sudden variation

As the result of that the pitch waveform changes al-
ternately, the length of a couple of former pitch wave-
forms becomes a fundamental period (for example,
changing from fig.4(a) to fig.4(b)). Thereby, although
the waveform changes gradually, fundamental period is 
doubled suddenly when double former fundamental pe-
riod is considered more reasonable as the renewed fun-
damental period than single by AMDF method. The
length of a former waveform is not so changed. This
pitch variation is quite similar to the variation occurring
by harmonic doubling.

As the result of that the pitch waveform changes al-
ternately, the length of a couple of former pitch wave-
forms becomes a fundamental period (for example,
changing from fig.4(a) to fig.4(b)). Thereby, although
the waveform changes gradually, fundamental period is 
doubled suddenly when double former fundamental pe-
riod is considered more reasonable as the renewed fun-
damental period than single by AMDF method. The
length of a former waveform is not so changed. This
pitch variation is quite similar to the variation occurring
by harmonic doubling.
  
In ePPQ, difference of these patterns was not consid-

ered. And thus any pitch variations were reflected equally 
in ePPQ. Among 3 patterns, gradual variation is seemed to
effect hardly on ePPQ because it varies slowly. On the
other hand, random variation and sudden variation are
seemed to effect strongly on ePPQ because they vary on a
large scale in the short time. Additionally, while the ran-
dom variation has little periodicity, the sudden variation
saves periodicity because the length of a former pitch 
waveform does not so change. Therefore, it seems that the
listening impressions were different between random
variation and sudden variation. Thus, for evaluation of lis-
tener’s impressions by acoustic features, it was necessary
that distinction of these pitch variations. It seems that the

main difference of these pitch variation patterns come
from the way of the change of periodicity of correspond-
ing sound wave. Therefore, it would be useful that apply-
ing of nonlinear analysis to clarify the differences on the
mechanism of each pitch variation patterns. 

In ePPQ, difference of these patterns was not consid-
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in ePPQ. Among 3 patterns, gradual variation is seemed to
effect hardly on ePPQ because it varies slowly. On the
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large scale in the short time. Additionally, while the ran-
dom variation has little periodicity, the sudden variation
saves periodicity because the length of a former pitch 
waveform does not so change. Therefore, it seems that the
listening impressions were different between random
variation and sudden variation. Thus, for evaluation of lis-
tener’s impressions by acoustic features, it was necessary
that distinction of these pitch variations. It seems that the

main difference of these pitch variation patterns come
from the way of the change of periodicity of correspond-
ing sound wave. Therefore, it would be useful that apply-
ing of nonlinear analysis to clarify the differences on the
mechanism of each pitch variation patterns. 

Fig.3: An example of random variation.
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In this paper, we have mad the discussions to improve
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cry based on the acoustic features. Thereat we showed
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As a result of our observation of pitch variations for 
baby’s cry, we found 3 kinds of pitch variation patterns, 1) 
random variati

riation. 
In future works, it will be necessary to clarify the dif-

ferences of the mechanism for each pitch variation pat-
terns. It m

r this problem the main difference of these pitch varia-
tion patterns seems to come from the way of the change of 
periodicity of corresponding sound wave. Thereby, it 
might be expected to develop appropriate indices which 
can distinguish the pitch variation patterns.
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Abstract—In this paper, a novel method is proposed
for the estimation of parameters of signals corrupted
by nonstationary random noise. Key approach is to
modify the nonstationary observation data to stationary
white ones using the theory of evolutionary spectrum
and to calculate the Wigner distribution which is the
quadratic form transform of the observation data. Then
the parameter estimation is performed using the max-
imum likelihood approach for the likelihood function
constructed by realizations of the Wigner distribution.
The method is tested by simulations to show its efficacy.

1. Introduction

Up to the present time, the detection and/or estimation of
signals corrupted by random noise have been investigated
by many researchers. It has been commonly assumed that
observation data is stationary and often Gaussian. In prac-
tice, however, most of the data encountered are nonstation-
ary [1]. In recent years, wavelets have been advocated to
treat the nonstationary data, but wavelets are not useful to
estimate the unknown parameters attributed to the signal to
be detected. Instead, the introduction of the Wigner distri-
bution (WD) is attractive in the signal detection. The WD is
bilinear in the signal (or noisy observation in our situation)
because the signal enters twice in its calculation [2]. From
the authors’ experience, the WD itself is not so much ef-
fective to detect the signal from the additive random noise
even if it is stationary.

Combining the WD with the idea of maximum likeli-
hood (ML), the authors have proposed a useful method
of joint detection and estimation for signals which are
corrupted by stationary random noise and have unknown
parameters such as time-delay, attenuation coefficient,
Doppler shift, and so forth [3,4]. Of course, the estimation
of such unknown parameters is a kind of nonlinear param-
eter estimation problems.

It is the purpose of this paper to give an effective method
of estimating parameters attributed to the signals which are

* Part of this research is supported by the Ministry of Educa-
tion, Culture, Sports, Science and Technology (MEXT) under
Grant-in-Aid for Young Scientists (B)-18760064 (H. Ijima) and
the Japan Society for the Promotion of Science (JSPS) under
Grant-in-Aid for Scientific Research (B)-16360046 (A.Ohsumi).

corrupted by nonstationary random noise.

2. Problem Statement

Let s0(t) be the scalar (real) sinusoidal signal

s0(t) = g(t) cos φ(t), (1)

whereg(t) is the envelope of signal andφ(t) is the phase
function. When this signal is emanated from a remote
source or transmitted actively to a target and received by
a receiver, it is modulated in frequency, delayed in time, at-
tenuated, and contaminated by random noise. So, when the
signal is received, its form is considered as

s(t) = a g(t−D) cos φ(t− D; f0) (2)

wherea, D and f0 are the attenuation coefficient, time-
delay, and the parameter related to the modulated fre-
quency, respectively. Of course, in general, parameters are
unknown. In this paper, for simplicity assume thata is
known. The parametera is linearly related to the signal,
and hence the procedure of its estimation can be decoupled
[5]. In order to specify the dependence of the unknown
parameters we writes0(t) ass0(t; f0, D).

The observation data is obtained in the following man-
ner:

y(t) = as0(t; f0, D) + n(t), t ≥ 0, (3)

wheren(t) is the additive random noise. The form of signal
s0(t) may be sure and its duration is assumed to be local in
time. Estimating parametersD andf0 may be important
especially in the field of the measurement, control, com-
munication and so on. To reflect the practical situation, we
assume that the noisen(t) is nonstationary and generated
by the stochastic model,

dn(t) = −β(t)n(t)dt + α(t)dw(t), n(0) = n0, (4)

wherew(t) is a (scalar) standard Wiener process;α(t),
β(t) are slowly and smoothly varying positive but unknown
functions; andn0 is a Gaussian random variable with zero-
mean. Since (unknown) coefficientsα(t) and β(t) are
time-varying, the noisen(t) as well as the observation pro-
cessy(t) becomes inevitavely nonstationary.
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Then, our purpose is to propose a method for estimating
unknown parametersf0 andD from the nonstationary ob-
servation datay(t). The approach taken in this paper is as
follows:

(i) First, the unknown coefficient functionsα(t) andβ(t)
in the noise model (4) are estimated using observation data
{y(t)}.

(ii) Then, using the estimates ofα(t) andβ(t), the non-
stationary observation data{y(t)} is modified to the sta-
tionary ones. Similar procedure has attempted recently to
the detection problem of signals corrupted by nonstationary
noise [6].

(iii) Based on the stationarized observation data, the es-
timation of unknown parametersf0 andD is achieved via
the Wigner distribution-based maximum likelihood estima-
tion (WD-MLE) developed by the authors [3,4].

3. Stationarization of the Observation Data

3.1. Estimation of Unknown Coefficients

First, the unknown coefficient functions of time,α(t)
andβ(t), in the noise model (4) are identified. To do this,
recalling that the duration of the signal to be detected is
very local, let us consider the signal-free case, neglecting
the signal’s existence,

y(t) = n(t), (5)

which has the stochastic differential [7],

dy(t) = dn(t)

= − β(t)y(t)dt + α(t)dw(t). (6)

Since we have assumed thatα(t) andβ(t) change slowly
and smoothly, they are assumed to behave approximately
like a constant in an intervalIt around the current timet,

α(t) = αt, β(t) = βt for t ∈ It. (7)

Then, the power spectral density of then(t)-process is ap-
proximately evaluated as

St(λ) =
αt

2

λ2 + βt
2 . (8)

The suffix in the notationSt(λ) stands for the dependence
on the current timet. In this sense,St(λ) may be inter-
preted as the time-varying spectral density or evolutionary
spectral density in the sense of Priestley [8].

With the help of Priestley’s method for the estimation
of evolutionary (time-varying) spectral density, the density
St(λ) can be estimated from the observation data{y(t)}.
Let it denote byŜt(λ).

From (8), we have the relation

1

St(λ)
=

(

1

αt
2

)

λ2 +

(

βt
2

αt
2

)

. (9)

The coefficients1/αt
2 andβt

2/αt
2 are estimated by mini-

mizing the square-error,|1/St(λ)−1/Ŝt(λ)|2 with respect
to these coefficients. However, only the first one is accepted
as a least-squares estimate to obtainα̂t =

√

α̂2
t because the

estimate forβt obtained by this can not be recommended
from the viewpoint of accuracy. Noting that the energy of
the noise process is given in the neighborhood oft by

v(t) =

∫

∞

−∞

St(λ)dλ =
αt

2

βt

π, (10)

so its estimatêvt is calculated aŝvt =
∫

∞

−∞
Ŝt(λ)dλ. From

this, we have the estimatêβt by

β̂t =
α̂2

t

v̂t

π. (11)

Hence, we have the estimatêβt by substitutingα̂t and v̂t

into (11).

3.2. Stationarization

By assuming further the signal-free case, the observation
process (6) can be approximated locally using the estimated
coefficients as

dy(t) = −β̂t y(t)dt + α̂t dw(t). (12)

This is expressed in the discretized version as follows:

δyt = −β̂t yt δt + α̂t δwt , (13)

whereδyt (= y(t + δt) − y(t)) andδwt (= w(t + δt) −
w(t)) are small increments ofy(t) andw(t), respectively.
Dividing both sides bŷαt δt provided that̂αt 6= 0, we have

δyt + β̂t yt δt

α̂t δt
=

δwt

δt
. (14)

Here, it should be noted that the right-hand side of (14) can
be regarded as a stationary white Gaussian noise sequence
with zero-mean and unit power spectral density. Keeping
this fact in mind, let us define for eacht a sequencêyt by

ŷt =
δyt + β̂t yt δt

α̂t δt
. (15)

Hence, the sequencêyt can be regarded as a (discrete-time)
stationarized version (for signal-free case) of the observa-
tion processy(t).

Same argument can be possible for the case when the
signal exists. Indeed, the observation process (3) is ex-
pected in the stochastic differential form, using the esti-
mated coefficients as

dy(t) = aṡ0(t; f0, D)dt + dn(t)

= a{ṡ0(t; f0, D) + β̂t s0(t; f0, D)}dt

− β̂t y(t)dt + α̂t dw(t). (16)
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From this we have the discretized version,

δyt + β̂t yt δt = a{ṡ0(t; f0, D) + β̂t s0(t; f0, D)}δt

+ α̂t δwt . (17)

Dividing both sides again bŷαtδt, we have the expression

ŷt = aŝt(f0, D) + γt , (18)

where

ŝt(f0, D) =
1

α̂t

{ṡ0(t; f0, D) + β̂t s0(t; f0, D)} (19)

and γt = δwt/δt is the white Gaussian noise sequence.
The expression (18) is familiar to us in the problem of de-
tecting signals instationary random noise.

4. ML Estimation Using Wigner Distribution

Hereafter, writêyt as ŷℓ for t = ℓ∆t (∆t: small incre-
ment of the time partition). Then, given the observation
data{ŷt}, or {ŷℓ}ℓ=0,1,2,···, generated by the discrete-time
process (18), letWŷ(ℓ, k; D) be the discrete WD repre-
sented in the following form [2]:

Wŷ(ℓ, k; f0, D) =
L−1
∑

m=0

ŷℓ+m ŷℓ−m cos

(

4πmk

L

)

. (20)

This can be expressed as the sum

Wŷ(ℓ, k; f0, D) = Wŝŝ(ℓ, k; f0, D)

+ 2Wŝγ(ℓ, k; f0, D) + Wγγ(ℓ, k), (21)

where

Wαβ(ℓ, k; f0, D) =

L−1
∑

m=0

αℓ+m βℓ−m cos

(

4πmk

L

)

(α, β = ŝ or γ). (22)

It should be noted that in (21) there appear two terms due
to the random noise2Wŝγ(ℓ, k; f0, D) andWγγ(ℓ, k), and
that these two interfere in the legitimate auto-component
Wŝŝ(ℓ, k; f0, D) to detect the signal by observing the spec-
trum ofWŷ(ℓ, k; f0, D) over the time-frequency domain.

Let WA be realizations of the random field
Wŷ(ℓ, k; f0, D) over the time-frequency regionA= [0, T ]
×[λmin, λmax] (T, λmin, λmax : fixed). Let p

{

WA|H
1
}

be the likelihood function ofWA, where the notation
H1 implies thatWA is generated by (21). This likeli-
hood function can be given by the limit of the density
p

{

W11, W12, · · · , WLM |H1
}

for discretized realizations
{Wij}i=1,2,···,L;j=1,2,···,M

over A. Let w be an LM -
vector with elements{Wij} arranged in lexicographic

order. Then, the likelihood function ofw is expressed by a
Gaussian function [3,4]:

p
{

w|H1
}

= (2π)−
LM

2 |R1|
−

1

2

· exp

{

−
1

2
(w −m1)R

−1
1 (w −m1)

}

, (23)

where m1, R1 are mean and covariance matrix (un-
der H1). For convenience’ sake, letp{w|H0} be the
likelihood function constructed under the hypothesis that
Wŷ(ℓ, k; f0, D) = Wγγ(ℓ, k). We compute the ratio of
these likelihood functionsp{w|H1}/p{w|H0} to estimate
unknown parametersf0 andD. In practice, we employ its
logarithmic form:

L(w; f0, D) = −
1

2

{

ln |R1| − ln |R0|

+ (w −m1)
T R−1

1 (w −m1)

− (w −m0)
T R−1

0 (w −m0)

}

, (24)

wherem0 andR0 are the mean and covariance underH0.
Hence, by maximizing this function with respect tof0 and
D, we can obtain WD-MLEŝf0 andD̂, i.e.,

(f̂0, D̂) = arg

{

max
(f0,D)

L(w; f0, D)

}

. (25)

5. Simulation Studies

To confirm the usefulness of the proposed method sev-
eral simulation experiments were performed.

In the following simulations, the observation data is gen-
erated by the discretized versions for (2) and (3) and with
the time step size∆t = 1 s.

The time-varying coefficients of the nonstationary
noise processn(t) were set asα(t) = 0.91 −
0.8 cos(0.006t−3.066) andβ(t) = 0.5−0.5 cos(0.006t−
4.293). A Gaussian-shaped chirp signal (1) withg(t) =
1.6 exp{−t2/1000} andφ(t; f0) = 2π(−0.0013t2 + f0t)
is employed. The true parameters forD andf0 were set
asD∗ = 800 s, f∗0 = 0.25 Hz, respectively. The top fig-
ure in Fig.1 depicts the observation data during the time
interval [0, 1000] s. The signal to be detected is illustrated
on the middle. The bottom in Fig.1 depicts the modified
(stationarized) observation dataŷt. Though the middle part
is smaller than the other parts, as a whole it can be said
that the sequencêyt is well stationarized compared with
the original nonstationary processy(t).

Fig.2 depicts the likelihood-ratio functionL(w; f0, D)
over the parameter domain. It is apparent from Fig.2
that L(w; f0, D) takes a distinctively large peak around
the point(f0, D) =(0.25 Hz, 800 s), and this fact proves
without doubt the existence of the signal. From this we
can say that the proposed method has an excellent per-
formance. The maximization of the likelihood function
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in (25) was performed for grids over a possible region
[0, 0.5] × [1, 1024] of (f0, D) with each grid width0.02
and1. The computation time was 30 s.

The estimated coefficientŝαt and β̂t are illustrated in
Fig.3. For the estimation itervalIt was set asIt = 360s.
The dash-dot line indicates their true values. From Fig.3,
we see thatα(t) andβ(t) are well estimated except around
the first peak of̂βt.

6. Conclusion

In this paper, a method of parameter estimation of sig-
nals from the observation data corrupted by nonstationary
random noise was proposed based on the modification of
nonstationary observation data to stationary ones. Then,
the modified stationary data has been applied to Wigner
distribution-based estimation method, and the efficiency
of the proposed method has been confirmed by simulation
studies.
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Figure 1: The sample path of the observation datay(t), the
transmitted signals(t) and the stationarized datây(t).

Figure 2: Log-likelihood ratioL(w; f0, D) on the parame-
ter domain.
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Abstract—In this work we present an algorithm to
compute frequency warping according to arbitrary shaped
maps. We extend the well–known method based on La-
guerre transform with an approach whose computational
structure consists on a recursive scheme. The algorithm
complexity and performances are discussed, moreover new
perspectives and potential applications are shown, which
include the combination of the warping algorithm with the
Wavelet Transform.

1. Introduction

In the last years time–frequency transformation tech-
niques acquired a leading role in signal processing and
were widely applied. However, such transformations have
restrictive properties which make them not suitable in some
applications, in particular, the possibility of generalizing
and adaptively varying the time–frequency domain tiling is
a major aim.

In order to accomplish this task many strategies are pos-
sible, such as the application of a preliminary invertible
transformation (warping) to reshape the frequency axis in
an invertible and flexible way [1]. The results of this pre-
processing procedure are then transformed according to
a specific time–frequency analysis, such as the Wavelet
Transform, so that the latter transformation is modified in
a proper way by the former. In addition, the frequency axis
warping can be defined so that orthogonality is preserved.

Frequency warping has been introduced some years
ago [2] and then considered as a projection on a set of fre-
quency and amplitude modulated functions (FAM) [3]. It
suffers two major drawbacks. The former is represented
by the computational complexity, which isO(N2). In spite
of the availability of a recursive algorithm, very efficient
from an architectural point of view, complexity affects la-
tency and makes real–time implementation very hard to
manage. The latter is related to the commonly-adopted La-
guerre transform approach [4, 5]. This frequency warping
implementation accomplishes computational exactness but
allows for a reduced set of mapping functions which can
be used to reshape the frequency axis and vary its sampling
for a given transformation.

In this work we propose a solution to this second limita-
tion. We extend the approach based on Laguerre transform
allowing the employment of any kind of frequency axis re-
shaping function rather than a specific class of functions.

This generalization is accomplished without modifying the
iterative algorithm basic structure and without significantly
increase of computational complexity. Finally, though the
transformation exactness is compromised, however an ar-
bitrary precision can be easily reached.

2. Frequency Warping in discrete-time spaces

Let us suppose that we want a deformation ofx axis with
a proper warping functionw(x). In order to guarantee in-
vertibility, we have to choosew(x) so that it mapsx axis on
itself, that is:

dw
dx
> 0 a.e. ⇒ ∃w−1, w−1(w(x)) = 1. (1)

To preserve orthogonality, the axis warping has to be a lin-
ear, non singular and isometric transformation, that is it
must preserve distance. Given a generic functions(x), the
warping operatorW is defined as:

[Ws](x) =

√

dw
dx

s(w(x)) (2)

where linearity is immediate, the surjective property is
guaranteed by (1) and isometry is easy to demonstrate:

‖Ws‖ =
∫

R

w′(x)|s(w(x))|2dx =
∫

R

|s(y)|2dy = ‖s‖. (3)

So the warping operator results in a unitary transformation
which preserves orthogonality, whose inverse is directly
obtained by transposing and conjugatingW.

To find the integration kernel of the warping operator, we
first define it for a generic function inL2(R), then the def-
inition is specified for frequency axis warping and finally
extended for a discrete-time function inℓ2(Z).

The kernel of (2) could be easily defined as follows:

KW (x, y) =

√

dw
dx
δ(w(x) − y) (4)

but this definition is almost useless from a computational
point of view. By using the Fourier domain we can achieve
an alternative expression of integration kernelKW :

KW (x, y) =

√

dw
dx

∫

R

e− j2πz(w(x)−y)dz (5)
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which can be written as the composition of an inverse
Fourier transformF and a modified Fourier transformFw,
still unitary, defined as follows:

[Fws]( f ) =

√

dw
d f

∫

R

s(t)e− j2πw( f )tdt (6)

wherew( f ) is always an odd function. By doing so, the
warping operator is compactly expressed by:

W = FwF−1. (7)

Consequently, the passage from axis warpingW to fre-
quency axis warpingW f is expressed by:

W f = F−1FwF−1F = F−1Fw. (8)

Now let us considers as a discrete-time function. Since
we have illustrated the frequency axis warping in terms of
operators, the passage to discrete-time domain is almost
trivial: the operatorF becomes the ordinary Discrete-Time
Fourier Transform, while we have to redefineFw and its
inverseF−1

w :

[Fws]( f ) =

√

dw
d f

∑

n∈Z

s(n)e− j2πnw( f ) (9)

[F−1
w ŝ](n) =

∫ 1

0

√

dw
d f

ŝ( f )e j2πnw( f )d f . (10)

where ˆs denotes the Fourier transform ofs, w( f ) is defined
in the interval [−1/2,1/2] and extended asw( f + k) = k +
w( f ), with k ∈ Z.

Equations (8) and (10) completely define the frequency
warping operator for discrete-time signals, which is actu-
ally a matrix of infinite dimensions. In real-life problems
we need to limit the input sequence length toN samples
and find a way to limit output sequence length toN′ sam-
ples. SinceW must be invertible,N′ ≥ N. In next section
we will show that, although in theoryN′ is infinite, it can
be limited without significant loss in precision. Since we
are considering no more input sequences inℓ2(Z), but se-
quences inℓ2(ZN), warping is no more a unitary trasforma-
tion, rather a redundant transformation, whose matrix has
N orthogonal columns, butN′ non orthogonal rows.

3. Generalized iterative algorithm

With reference to the inverse functionw−1, another ex-
pression for frequency warping operatorW in terms of the
operatorsF andFw−1could be defined:

W−1
f = F−1Fw−1 ⇒ W f = F−1

w−1F (11)

The kernel ofW f is expressed by:

KW f (k, n) =
∫ 1

0

√

dw−1

d f
e j2π(kw−1( f )−n f )d f . (12)

√

dw−1

d f

e j2πw−1( f )

e− j2πw−1( f )

e j2πw−1( f )

e− j2πw−1( f )

n = 0 n = 0

n = 0 n = 0

s(−n)

n = 0

· · ·

· · ·

sw(−1) sw(−2)

sw(1) sw(2)sw(0)

Figure 1: Scheme of the iterative frequency warping al-
gorithm. The main difference between the generalized al-
gorithm and the Laguerre case is the presence of the upper
branch which calculatesadvance samples. In general, the
filters are not causal.

Let us considerk ∈ Z as a parameter and let refer to rows
of W f ashk(n). These could be seen as filter impulse re-
sponses, so that their transfer functions areHk( f ). In terms
of operatorHk( f ) can be obtained by applyingF to rows of
W f , that isF must be applied right ofW f :

W f F = F−1
w−1FF (13)

whereFF is simply a sign inversion. It follows:

Hk( f ) =

√

dw−1

d f
e j2πkw−1(− f ) =

√

dw−1

d f
e− j2πkw−1( f ). (14)

By defining the pre-emphasis filterH0 and the iteration fil-
ter H( f ) as:

H0( f ) =
√

dw−1/d f (15)

H( f ) = e− j2πw−1( f ) (16)

respectively,Hk( f ) can be represented in a recursive way:

Hk( f ) = Hk−1( f )H( f ) k ∈ Z+ (17)

Hk( f ) = Hk+1( f )H(− f ) k ∈ Z− (18)

Moreover, by defining ˜s(n) = s(−n), we can write:

sw(k) = 〈 s, hk 〉 =

N−1
∑

n=0

KW f (k, n)s(n) =

n+N−1
∑

m=n

hk(m)s(m − n)
∣

∣

∣

∣

∣

n=0
=

n+N−1
∑

m=n

hk(m)s̃(n − m)
∣

∣

∣

∣

∣

n=0
. (19)

Finally equations (17) and (18) can be used in order to for-
mulate a recursive algorithm for frequency warping:

s0 = h0 ∗ s̃ (20)

sk = h ∗ sk−1 k ∈ Z+ (21)

sk = h̃ ∗ sk+1 k ∈ Z− (22)

whereh̃(n) = h(−n).
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∼ 0

−Nn Np

Np min ẇ

Np maxẇ

∼ 0

−Nn min ẇ

−Nn maxẇ

0 0

0

n(maxẇ −min ẇ)

Figure 2:Structure of a generic warping matrix for an in-
put signal indexed in [−Nn,Np] with Nn = Np. The element
of indexes (0,0) acts as a center of punctual symmetry, that
is KW f (k, n) = KW f (−n,−k).

The computational structure is schematically depicted in
figure 1. The warped signalsw is obtained by sampling the
correlation sequencessk:

sw(k) = 〈 s, hk 〉 = sk(0) ∀k ∈ Z. (23)

Except in the Laguerre case, every warping function
w( f ) generates non-causal pre-emphasis and iteration fil-
ters, as shown in equations (18) and (22). However, the
presence of advance samples is not a major issue as far as
frequency warping produces additional delay samples, due
to intrinsic disalignment of frequency components. It is
worth to note thatw( f ) can be chosen arbitrarily, so func-
tions with flexes can be considered as well.

The number of output samples in equation (23) has to
be limited in the same way as in the Laguerre case. The
frequency warping is not a stationary transformation, then
the indexing of input sequence affects output. If the input
sequence hasNp positive indexed samples andNn negative
indexed ones, the number of non-negligible samples (N′p
andN′n) in the output sequence could be estimated by the
maximum of the derivative ˙w of the warping map:

N′p ∼ Np maxẇ (24)

N′n ∼ Nn maxẇ (25)

although the number of samples to be computed could be a
little increased in order to guarantee a given reconstruction
accuracy. A schematic representation of a generic warping
matrix is given in figure 2. In the case of warping function
w( f ) with flexes, this approximation is not accurate and the
number of output samples can be empirically obtained.

Buffer Flip Unbuffer Buffer

Delay

Flip Unbuffer

Delay

τ τ

+

IIR

IIR

Figure 3: Basic scheme for the implementation of non-
causal filtering. The state of IIR filters must be reset when
the output buffer is full, since time-reversing the entire infi-
nite response would produce temporally non-ordered sam-
ples. Resetting the state is also necessary in order to itera-
tively use the filter.

4. Implementation details and performances

The non-causal filtersh0(n) andh(n) can be implemented
by a parallel decomposition, splitting them in causal and
anticausal parts, calculating separately the two responses
and then summing them, as schematically illustrated in fig-
ure 3. This can be achieved by adding atk−iteration step
latency to realize time reversing of correlation sequencesk.
Obviously, at each iteration step the correlation sequences
must be truncated, but this operation does not affect sig-
nificantly the accuracy. We obtained good performances
by storing at each step 4N samples, so that the delay of
the non-causal filter results 8N and total delay is about
8N2 maxẇ. Unlike the Laguerre case, only the iterative im-
plementation is possible and the delay can not be reduced
to N by serializing the filters chain.

The causal and anticausal filters must be approximated:
an approximation based on IIR filters allows a good accu-
racy with a filter order proportional to logN, so complexity
results∝ N2 log N.

Since the pre–emphasis filterh0 is symmetric, the causal
(hc

0) and anticausal (ha
0) filters are equal:

hc
0(n) = ha

0(n) =
1
2

h0(0)δ(n) + h0(n)u(n − 1) (26)

whereu(n) is the unitary step sequence. As regards the
iterative filter h, which is not symmetric, the splitting is
made so that the causal parthc and the anticausal partha

result to be minimum phase:

hc(n) = h(n + 1)u(n) (27)

ha(n) = h(−n)u(n). (28)

As a consequence equations (20)-(22) become:

s0(n) = [hc
0 ∗ s](−n) + [hc

0 ∗ s̃](n) (29)

sk(n) = [ha ∗ s̃k−1](−n) + [hc ∗ sk−1](n − 1) k ∈ Z+ (30)

sk(n) = [hc ∗ s̃k+1](−n + 1)+ [ha ∗ sk+1](n) k ∈ Z− (31)

The truncation of correlation sequencessk can be made
through a static or a dynamic window.

By usingK log2 N-order filters, we obtain a signal to re-
construction error ratio of about 90÷ 100 dB, which is suf-
ficient for most applications.
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Figure 4:Warping function (32) which converts a constant
resolution analysis of a sequence representing an octave to
an exponentially decreasing resolution analysis.

5. Applications

Thanks to flexibility on the choice of the warping func-
tion w( f ), generalized frequency warping can be applied to
a lot of problems. The most immediate application is the
modification of wavelet analysis properties. Let us suppose
we want to obtain a multiresolution analysis which charac-
terizes frequency axis by an exponentially decreasing reso-
lution. This is the case of Discrete Wavelet Transform, but
it achieves a poor frequency resolution, since it splits the
input signal in sequences representative of octaves. The
application of a Wavelet Packet analysis on each octave in-
creases frequency resolution analysis, but on the other hand
it results to be constant on each octave. So a frequency
warping can be usefully interposed between DWT and WP.
To have an exponentially decreasing resolution for the pos-
itive frequency axis we use the following warping function:

w( f ) =
1
2

(4f − 1) f ∈ [0,1/2] (32)

depicted in figure 4, whose warping matrix is shown in fig-
ure 5. It is worth to notice that this kind of warping can be
achieved only by the generalized algorithm introduced in
the previous section. Unlike Laguerre case, our approach
allows to use warping functions with flexes.

6. Conclusion

In this work we proposed an algorithm which allows for
the calculation of warping transformations with arbitrary
frequency maps. The computational structure is based on
the iterative application of IIR filters. We discussed the
algorithm complexity and performance, and we suggested
how the non-stationary warping procedure could be com-
bined with the Wavelet Transform to have a flexible tiling
of the time–frequency plane.

Figure 5: Absolute value of the warping matrix coeffi-
cients relative to functionw( f ) in figure 4 for a signal in-
dexed in [0,N]. The minimum and the maximum of the
derivativeẇ of the warping map are ln 2 and 2 ln 2 respec-
tively. The columns and the rows are indexed in [0,N] and
[−a,N2 ln 2+ b] respectively, wherea andb samples have
been added in order to guarantee reconstruction accuracy.
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Abstract—The use of symbolic measures of complexity
to derive quantitative characterisations of temporal struc-
tures in time series is proving potent for a variety of areas.
Such techniques have particular attraction in the medical
field, where clinical diagnosis and/or application of ther-
apies is reliant on electronic patient monitoring systems.
This paper explores the application of a relative new comer
to the area of non-linear measures, using T-entropy com-
puted from electroencephalogram (EEG) and electroocu-
largram (EOG) signals to derive indicators of sleep state.

1. Introduction

A growing body of literature is devoted to applying non-
linear measures to medical and biological time series [1, 2].
One area that has attracted particular attention involves
quantifying anesthetic depth from EEG/EOG signals [3, 4].
Many of the recognised measures are statistical in nature.
Some are purely statistical. Others involve coarse grained
encoding of time series data to obtain symbolic represen-
tations of the dynamics. The latter methods are predomi-
nantly couched in probabilistic terms, reflecting Shannon’s
information theoretic notion of entropy.

A further class of measures derive from the study of
non-linear systems, and symbolic dynamics. The discov-
ery of the duality that exists between deterministic and
stochastic descriptions for certain dynamical systems al-
most certainly inspired Kolmogorov’s ideas on algorith-
mic entropy. Contrasting with Shannon’s probabilistic for-
mulations, Kolmogorov felt it was possible to define in-
formation meaningfully for individual finite strings. Later
called the (Chaitin-)Kolmogorov complexity, and subse-
quently proven uncomputable, Kolmogorov’s algorithmic
definition led Lempel and Ziv [10] to a more practical defi-
nition of string-production complexity. Watanabe et al [9],
and others have applied the LZ measure to the analysis of
biological/medical and other data series with some success.

This paper uses alternative measures, the T-complexity
and its linearised counterparts, T-information and T-
entropy, in analysis of EEG/EOG time series. The aim of
this work has been exploratory, to identify whether known
sleep states are discernable from these measures. In igno-
rance of the work of Lempel Ziv, the T-complexity defi-
nition was proposed by the author in 1993, following in
the algorithmic footsteps of Kolmogorov and Chaitin. T-

complexity may be viewed as belonging to a general class
of string production measures such as Lempel and Ziv con-
sidered. However, significant differences in the respective
parsing algorithms result in contrasting complexity defini-
tions and in the case of the T-complexity, computational
advantages including linearisation of the measure.

Lempel and Ziv defined their string production complex-
ity to be the size of the smallest vocabulary of patterns nec-
essary to reproduce the string from its alphabet. Whereas
the LZ76 complexity measure derives from the applica-
tion of an exhaustive linear-pattern copying search algo-
rithm, computing the T-complexity involves a parsing al-
gorithm that results in a unique [5] recursive hierarchical-
pattern copying prescription for the string. While the two
measures exhibit similar sensitivities to detecting pattern
structure, establishing a formal link between the two mea-
sures remains an open problem. One striking difference
between the two measures is in their respective computa-
tional speeds; O(n) for the T-complexity, and O(n2) for
the LZ76 algorithm (based on using fixed word-size ma-
chines). While variants of the LZ76 algorithm, the LZ77
and LZ78 specifically tackle the matter of computational
effort, these do so in ways that ultimately compromise the
measurement of string complexity.

An upper bound for the T-complexity turns out to be
quite precisely given by a logarithmic integral function,
whose inverse is used to linearise the measure in relation
to string length. In this paper we are specifically interested
in using the linearised measure, T-entropy to explore EEG/
EOG patient data. Combining the respective T-entropy se-
ries in a ‘pseudo’ phase-space reconstruction ultimately
leads us to concluded that T-entropy may be used to give
a useful indicator of state.

2. Symbolic dynamics: encoding time-series

Symbolic measures involve translating real-valued time-
series into symbolic strings through coarse grained parti-
tioning of the ‘state space’. The choice of partition gen-
erally revolves around maximising the resultant string en-
tropy. The supremum of entropies computed over all pos-
sible partitions (finite or infinite) yields the Kolmogorov-
Sinai entropy (KS-entropy), a characteristic property of the
dynamics.

In practice, time-series data represents a projection of
a considerably reduced subset of a d-dimensional phase
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method A method B
scanned bi-partitionbinary partition

sliding window sliding window
window width w

step-ov er s

bi-partition at 
running mean

steps at uniform
increments
to cov er 
signal

time series
[x ]t

window width w

step-ov er s

Figure 1: Two methods for coarse graining a time series. In
method A a bi-partition is applied at the running mean. Method B
uses a swept bi-partition resulting in a two dimensional array of
data points.

space. Such a series is likely to be distorted by noise ef-
fects and other systematic errors. Coarse grained encoding
of a time series has the advantage of reducing sensitivity
to noise without necessarily sacrificing the essence of the
dynamics. Computational requirements for processing the
discrete symbolic representations is enhanced. Dynamical
systems like the logistic map have often been used to eval-
uate the effectiveness of symbolic measures over the range
of possible chaotic behaviours. [6] shows the T-entropy
measure to be effective in mirroring the positive Lyapunov
exponent, and by implication, the KS-entropy for the logis-
tic map, over the whole of the chaotic regime. Its sensitiv-
ity to the range of dynamics suggests that it will perform
usefully on, for example, medically derived data series.

3. Deterministic T-entropy

The definition of T-complexity hinges on the observation
[5] that given an alphabet A, any string x ∈ An may be
expressed as a catenation of recursively derived patterns,
that is:

x = pkq
q p

kq−1
q−1 . . . pki

i . . . pk1
1 a, (1)

ki ∈ N
+, a ∈ A, and pi ∈ p where

p = {pi | pi = p
mi−1,i

i−1 . . . p
mj,i

j . . . p
m1,i

1 ai,

ai ∈ A, p1 ∈ A and mj,i ∈ N} (2)

The process by which a given string is decomposed
to patterns p = (p1, . . . pq) and copy factors k =
(k1, . . . kq), consistent with Eqns (1)& (2) is referred to as
T-decomposition. The T-complexity, CT (x), of a string x
is defined as a weighted count of the number of patterns:

CT ≡
q∑

i=1

log2(ki + 1).

H(C3)

H(LOC)

Figure 2: Entropy surfaces derived using method B, encapsu-
lates the full nights recorded data, for EEG C3 channel and EOG
LOC channel. Time runs bottom-to-top. Note especially, the three
distinctive areas (arrowed) of interest (see text). Red and green
graphs correspond to the scaled entropy profiles for the surfaces.

If a single copy occurs for each pattern, the complexity sim-
ply reduces to CT = q, the size of the pattern vocabulary.
Hence the T-complexity is essentially a weighted measure
of the number of steps required to produce the string, and
is thus ascribed units of taugs (T-augmentation steps).

Decomposition of a string comprising n symbols, to its
constituent q patterns is achievable at speeds of O(n). This
efficiency lends the measure to medical or industrial signal
processing applications where real-time (or near realtime)
performance is required.

The T-complexity upper-bound [7] is bT (n) ≈
li (n ln#A) where #A is the size of the alphabet and li() is
the logarithmic integral function. The factor, ln#A, may
be interpreted as implying conversion of units. The string
length, counted in alphabet symbols, is thus converted to
a length expressed in nats, a measure of information that
presumes the natural logarithm rather than the logarithm to
base 2.
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Figure 3: Entropy profiles C3/LOC (red/green) for three patients
show common characteristics. Note the regions where the green
curve rises above the red, and then both track downwards together
in a gradual decay. A comparison with independently scored sleep
studies, suggests that this feature corresponds to the progression
through S2/3/4 sleep states. The awake/S1/REM sleep states may
be similarly inferred. See text.

The T-information is the linearised measure:

IT ≡ li−1(CT (taugs)) (nats).

The average T-information rate, i.e., information per sym-
bol referred to as the T-entropy, is:

HT ≡ IT /n (nats/symbol).

Software tools have been developed to efficiently compute
and display the computed T-complexity, -information and
-entropy values from individual strings, or from partitioned
time series data. In the case of the latter user defined pa-
rameters determine the dynamic range and window resolu-
tion generating data arrays that may be visualised as three-
dimensional surfaces to expose structural features of poten-
tial interest.

4. T-entropy of EEG/EOG time-series

Figure 2 depicts entropy surfaces for EEG/EOG data
series comprising just over a million and half a million
sample points respectively, with just 21 bi-partition lev-
els (c.f. Fig. 1 method B). Using a current hi-end lap-
top, the time to produce these surfaces is less than 10 sec-
onds. Here, the window sizes are 6000 & 3000 points for
the EEG & EOG signals (sampled at 100 and 50Hz re-
spectively), a 50% overlap of window positions provides
a degree of smoothness, and results in an array of approx-
imately 760 × 21 ≈ 1, 500 vertices for each surface. Sur-
face smoothing is further provided in the graphics display
software [11] which also allows flexible 3D viewing and
lighting of the graphical objects.

AWAKE
REM

S4

S2
S3

S1

DISCONNECTED

BALLMARKER

Figure 4: Top: plotting entropy profiles H(C3) versus H(LOC)
over time creates a 3D trajectory. Planar partitioning of the
3D space, isolates regions of entropy corresponding to scored
sleep states. These are colour coded: blue/awake, green/S1, yel-
low/S2/3/4 states, red/REM. Bottom: collapsing points to a pla-
nar scattergram for dynamic visualisation of the sleep state tran-
sitions. Red (&green) ball markers link the corresponding state
representations during animation to reveal a characteristic anti-
clockwise traversal of sleep states.

To date, the T-entropy for some 45 patient data sets1

from which a number of common observations have been
identified. These are illustrated in relation to the above
given example.

The breadth of each surface derives from the swept parti-
tion, and surface topology corresponds to the magnitude of
the T-entropy computed from sample strings reflecting the
partition levels and window positions accordingly. Each
surface individually depicts the sleep activity for a whole
nights data and allows one to readily identify regions of in-
terest. Three example areas of interest are highlighted with
arrows. Using manually scored sleep states it has been pos-
sible to identify these as corresponding to known S2/S3/S4
sleep states.

The “mountainous” cross section implies that the key

1From Prof. D. Rapoport of the New York Medical Center, as de-
identitied files obtained after IRB approval of waiver of consent.
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(S4)

(S3)
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KEY:

Figure 5: Sleep states derived from linear partitoning of entropy plane (blue) tracks many of the features from a manually scored
polysomnography study (red).

dynamics are effectively captured by the maximal-entropy
profiles. The scaled up profiles superposed as red and green
plots may be compared directly with one another since they
share common units (milli-nats/sample), time scale and
resolution. Figure 3 (top) presents two such graphs plot-
ted together for three separate patient data sets. What is
interesting here is that the areas of initial interest in Figure
2 appear very much as universal feature in the sleep studies
looked at to date. These are identifiable by the green curve
rising above the red, followed by a period of downward
drift, mirrored simultaneously in both profiles.

To make further sense of the entropy functions these are
graphed one against the other as a function of time, cre-
ating a ‘trajectory’ (c.f. Figure 4, top). A series of lin-
ear partitionings of the H(C3)-H(LOC) entropy plane di-
vide this into regions which strongly correlate with manu-
ally scored states derived for these sleep studies, and reveal
new perspective (c.f. Figure 4, bottom). The regions are
here colour coded to reflect the partitioned areas. Project-
ing the points into the plane we obtain a scattergram, whose
coded regions found to be broadly consistent across the pa-
tient data, although not all patients exploit the full range of
sleep states in a given night’s study. In many cases states
may appear only fleetingly. Nevertheless, this simplistic
partitioning using entropy to classify the states shows good
correspondence with the manually scored sleep states (c.f.
Figure 5) derived according the rules set out in [8].

5. Concluding remarks

The computed T-entropy for EEG/EOG time series re-
veals useful sensitivity to known sleep states. However the
results have so far come from patients identified as suffer-
ing from sleep disorders. It will be evident that consider-
able scope exists for extending this approach for analysis to
more widely representative groups, to establish the norms
and to further identify if T-entropy may be used to provide
reliable clinical diagnosis of diseases and disorders.

The author gratefully acknowledges the support of
Fisher and Paykel Healthcare (NZ) Ltd, also to David
Whiting for his helpful suggestions. Thanks are also due
to A/Prof. Rapoport of the New York Medical Center, for
providing the data used in this preliminary work.
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Abstract—In this paper, we investigate the possibility of
new imagery tasks into simple binary commands approach
to a brain-computer interface (BCI). An analysis of imag-
inary tasks as ‘Yes/No’ have been proposed. Since BCI
technology is very helpful for the patients who are suffering
from severe motor disabilities. They are require communi-
cate with the outside world by using an electroencephalo-
gram (EEG) signals recording on the scalp surface. Two
healthy subjects (2 males), aged 25-26 years, were vol-
unteered to participate in the experiment. During the ex-
periment, 8-questions were used for stimuli. The feature
extraction of the event-related synchronization and event-
related desynchronization (ERD/ERS) patterns change can
be explained by the slope coefficient and Euclidian distance
(SCED) method. The average features distribution can plot
in polar plane. The experimental results of the proposed
method show the average percentage values of ERD is 57%
and ERS is 73% when the subjects imagine to ‘Yes’ and
‘No’, respectively.

1. Introduction

A novel communication channel between a human brain
and a computer is called a brain-computer interface (BCI).
This channel has been providing not only healthy peoples
but also patients who are suffering from severe motor im-
pairments or disabilities such as muscularly disabled peo-
ple, people are locked in their own bodies, amyotrophic lat-
eral sclerosis (ALS), brainstem stroke, cerebral palsy, and
numerous other diseases that they cannot use any of the tra-
ditional methods but being cognitive intact. This affect to
more than two million people all over the world [1]–[2].
They are require the alternative methods for communica-
tion around their environments with the outside world. A
BCI system can be realized by either training the users to
control his or her brainwaves [3]. Moreover, research and
development on a BCI technology are effective in the real
world applications, leading to an improved quality-of-life
and reduced social costs [4]. The BCI applications which
are allow the subject or user to operate the brain-actuated
devices such as a virtual keyboard, a cursor movement, a
computer game, the internet access, a wheelchair, a speech
synthesizer, an assistive appliance, and a robot control.

An electroencephalogram (EEG) provides a measure of

electrical activity from neural currents within the brain.
EEG pattern changes can be utilizing in an engineering
point of view to establish a BCI system. The EEG signals
are measuring at the scalp surface through the electrodes
or noninvasive method. The basic phenomenon changes in
the amplitude of the oscillatory behavior of specific cor-
tical areas, an amplitude (or power) increase is defined as
an event-related synchronization (ERS) while an amplitude
(or power) decrease is defined as an event-related desyn-
chronization (ERD) usually we so called the ERD/ERS [2].

For related works [5]–[8], the imagination of limb move-
ments have been proposed, the motor imagery tasks such
as left- and right-hand movement are hot topic until to date.
However, that motor imagery tasks require the subject prior
training the EEG signals to operate with the computer and
also the ability of BCI system depend on the training skill.

In this paper, we would like to propose the imagination
of ‘Yes’ and ‘No’ due to use for the simple binary com-
mands approach to noninvasive BCI. Those are the novel
tasks for an alternative method do not require any training.
In the experiment, we set the 8-questions for the subjects
answer them. An analysis of EEG signals during imag-
ination of answers has been investigated. We proposed
the time-frequency and statistical analysis in order to re-
veal the ERD/ERS patterns. For the feature patterns of the
ERD/ERS change can be detected by using the slope coef-
ficient and Euclidian distance (SCED) method.

The paper proceeds as follows. Section 2 the pro-
posed method is presented. And the experimental results
in Sect. 3, Finally, discussed and concluded in Sect. 4.

2. Methods

2.1. EEG signals acquisition

The electrodes were placed according to the interna-
tional 10-20 system. In this paper, the electrode positions
will divide to three main areas, i.e., frontal area (F7, F3, Fz,
F4, F8), central area (T3, C3, Cz, C4, T4), and parietal area
(T5, P3, Pz, P4, T6) on the scalp. Also, we use the ground
signal at the forehead, Fpz, and the reference signal at right
ear lobe, A2, depicted in Fig. 1.

In the experiment we use a multiple channel ampli-
fier (MEG-6116; Nihon Kohden, Tokyo, Japan), analog-
to-digital converter (PC-CARD-DAS16/16; Measurement
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Figure 1: The electrode positions of 15 channels were
placed on the scalp for EEG signals acquisition are marked
in black circles. The grounding electrode is marked in gray
circle and the referencing electrode is marked in dotted cir-
cle.
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Figure 2: One-trail epoch for time sequence in this experi-
ment.

Computing, MA, USA), and the EEG electrode paste (Z-
401CE; Nihon Kohden, Tokyo, Japan) is used for im-
pedance reducing. The EEG signals were digitized at 256
samples/sec, resolution 16 bits/sample, and signals were
analog bandpass filtered between 1.5 and 100 Hz. The ex-
perimental paradigm we have tested with two males (SM1
and SM2). Their age between 25-26 years old, 40-trials
data per subject (5 trials per question). At the beginning
of the EEG recording session, they were instructed to be
in a relax with eyes-opened for 30 seconds. The distance
between a monitor and position of a chair is about 90 cen-
timeters, the one-trial epoch of time period is 12 seconds
throughout the experiment as depicted in Fig. 2. All subject
were instructed to fixate at a monitor in order to perform
the tasks which is depend on the stimuli. The time period
of experiment was divided into five periods as 1st period
(0 to 3 seconds) for relaxation, 2nd period (3 to 4 seconds)
for preparing of questions by using sound 300 Hz, 3rd pe-
riod (4 to 9 seconds) for show the questions on a monitor,
4th period (9 to 10 seconds) for preparing of answer by us-
ing sound 500 Hz, and 5th period (10 to 12 seconds) for
perform the tasks. The questions were given to each sub-
ject for a one-trial epoch as following: Q1) Are you the
Japanese? Q2) Are you a man? Q3) Do you like a dog?
Q4) Have you been a teacher? Q5) Do you believe in des-
tiny? Q6) 1+ 1 = 1? Q7) 12+ 34 = 46? Q8) 1 km= 1000
mm?. The questions as mentioned above the subject must

answers them by imagines to ‘Yes’ if it is true and ‘No’ if
it is false. Raw EEG signals were recorded and take it into
the next step.

2.2. Spatial filtering

Firstly, the raw EEG signals were recorded from the sub-
jects should prepare to preprocessing. For preprocessing
that EEG patterns can be detected with surface Laplacian
(SL) filtering than with the unprocessed raw potentials [9].
The SL filtering reduces considerably the spatial blur of the
recorded EEG signals due to the head as a volume conduc-
tor. The SL filtering of a potential field can be calculated by
using two dimensional second derivative operator is given
by

Ls = −∇2φxy = −
{
∂2φ

∂x2
+
∂2φ

∂y2

}
(1)

whereφ is a function of a three dimensional space,x, y, z,
in case of scalp potential. Since the distances of the near-
est electrodes are small in relation to the curvature of the
head, a planar geometry,φxy, can be assumed as a good
approximation of the local surface. In practice the SL fil-
tering at the electrode can be numerically estimated by the
weighted summation of potentials at the electrode and its
nearest neighboring surround by Hjorth’s method [9]. In
this paper we have modified SL filtering that it was appro-
priated with the electrode positions as follows

x̂i = xi − 1
M

∑

j∈Ni

x j (2)

where x̂i is the output signals from SL filtering,xi is the
raw EEG signals ati-th channel,Ni is an index set of the
neighboring channels, andM is the constant values where
M = 2 if the current channels are T5, T6, F7, and F8;
M = 3 if the current channels are P3, P4, Pz, T3, T4, F3,
F4, and Fz; andM = 4 if the current channels are C3, C4,
and Cz.

2.3. Time-frequency analysis

This paper uses the time-frequency analysis of the
ERD/ERS changing over the recoded EEG signals.

2.3.1. EEG bands filtering

This step the EEG signals were filtered out to five bands.
The traditional frequency bands of EEG were filtered as
δ (1-4 Hz), θ (4-8 Hz), α (8-13 Hz),β1 (13-20 Hz), and
β2 (20-30 Hz). An infinite impulse response (IIR) band-
pass Butterworth filter with a fourth-order was applied.
The EEG filtering of each bands in time-frequency plotting
shown in Fig. 3.

2.3.2. Power of signal

After filtered EEG bands, the power of signal in the
imagined period was computed (10 to 12 sec). We can cal-
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Figure 3: Time-frequency plots of SL filtered EEG signals
at position T3 from the subject SM1. (a) Imagination of
‘Yes’ for Q2. (b) Imagination of ‘No’ for Q6.

culate the average power of signal,P, as follows

P =
1

2L

L∑

j=1

|x̂ j |2 (3)

whereL is a window length we setL = 256 points, andj is
a samples index.

2.3.3. Signal enveloping

The powered EEG signals comprised the event-related
potentials this phenomenon according to the imagination
of answers. We use the 64-points (250 ms) moving average
filter for signal enveloping,η, which is defined as

η =
1
Q

Q−1∑

i=0

Pi−1 (4)

whereQ is a point of filter we setQ = 64. It is actually a
moving average filter in the time domain we can obtained
by summation of all values within 250 ms (64-points)
time windows with non-overlapping. The raw EEG sig-
nals recorded from the subject through the time-frequency
analysis shown in Fig. 4.

2.4. Statistical analysis

We consider two statistical parameters as the slope co-
efficient and Euclidian distance so we called the SCED
method in order to reveal the patterns of the ERD/ERS
change for feature extraction.

2.4.1. SCED method

The basic concept of the SCED method shown in Fig. 5.
Two points on the enveloped curve were computed in order
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Figure 4: EEG signals at position T3 were analyzed by the
proposed method. (a) Raw EEG signal. (b) SL filtered
EEG signal. (c) Alpha-band filtered signal. (d) Powered
and enveloped signals.

y
2

y
1

Power

Time

t
1

t
2

0 NN/2

A

B

Figure 5: Basic concept of the SCED method.

to the ERD/ERS detection. The slope coefficient of en-
veloped signals can be compute by the following equations

S =
y2 − y1

t2 − t1
; t2 − t1 , 0 (5)

y1 = E{ηi} ; i = 1,2,3, ..., bN/2c (6)

y2 = E{ηk} ; k = bN/2c + 1, bN/2c + 2, ...,N (7)

t1 =

∑bN/2c
i=1 i · ηi∑bN/2c

i=1 ηi

(8)

t2 =

∑N
k=bN/2c+1 k · ηk∑N

k=bN/2c+1 ηk

(9)

where E{·} is an expectation function,t1 andt2 are the cen-
tral moment values, andN is a sample length we useN =

512 points. The Euclidian distance [10] ofp-dimensional
vectorsv = [v1, v2, .., vp] andw = [w1,w2, ..,wp] is defined
as:

E =

√√
p∑

i=1

(vi − wi)2 (10)

wherep is a dimension of vector in the experiment we use
p = 2, andE is the Euclidian distance,E ∈ <+.

3. Experimental results

The output feature distribution of the SCED method
from the subjects imagine to ‘Yes’ and ‘No’ are shown
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Table 1: The average percentage of the ERD/ERS for imag-
ination of ‘Yes’ and ‘No’.

Area Task δ[%] θ[%] α[%] β1[%] β2[%]
Frontal Yes 52/48 9/91 53/47 19/81 12/88

No 33/67 7/93 49/51 20/80 15/85
Central Yes 57/43 7/93 55/45 12/88 13/87

No 27/73 5/95 42/58 23/77 12/88
Parietal Yes 58/42 6/94 52/48 14/86 19/81

No 47/53 7/93 47/53 16/84 17/83
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Figure 6: Average features distribution based on the SCED
method in polar plane. (a) The subjects imagine to ‘Yes’.
(b) The subjects imagine to ‘No’.

in Fig. 6. From Eqs. (5) and (10) we plot in the polar
plane, the angle can be compute byω = tan−1 S where
ω ∈ [−π, π]. In the polar plane we can set the simple cri-
teria for the ERS region be [π,0] and the ERD region be
(0,−π]. The average percentage of the ERD/ERS for imag-
ination of ‘Yes’ and ‘No’ show in Table 1.

4. Discussions and conclusions

In Table 1, we use the objective evaluation method by
taking the number of the SCED parameters are in ERD
(or ERS) region divide by total number of ERD and ERS
region. Since the experimental results show the obvious
average percentage of the ERD was 57% and ERS was
73% in δ band at central area when the subjects imagine
to ‘Yes’ and ‘No’, respectively. Feature extraction of new
imagery tasks using time-frequency and statistical analy-
sis for brain-computer interface have been proposed in this
paper. For future work we will classify these results to bi-
nary commands according to the subject imagines to ‘Yes’
or ‘No’. Moreover, this imaginary tasks can serve for the
patient in a hospital to communicates with the physician by
using the simple binary commands without training.
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Abstract—Many researches have attempted to solve
NP-hard or NP-complete problems by using neural net-
works. However, the local minima problem remain unre-
solved. It has been shown that the Inverse Function De-
layed (ID) model, which has a negative resistance region
and can destabilize local minimum states using the influ-
ence of the negative resistance, is strong tool to avoid the
local minima problem. In this paper, we show that the
global and local minima states in the energy form E of N-
Queen problem is separable. Then, we confirm it by simu-
lation, and find that there are permanent oscillating states,
which do not reach the global minimum, even if making
only the global minimum stable. This reason is that the
state transition does not proceed and that the ID network
can not search for a global minimum state globally though
certain neurons keep oscillating. However, we find that α in
the ID model is a parameter to control a global search and
that the occurrence rate of such states is lower if prameter
α in the ID model is set enough large.

1. Introduction

The N-Queen problem is one of the conbinatorial opti-
mization problems. The combinatorial optimization prob-
lem is to find the conbination which has minimum or max-
mum cost from several conbinations, and can be found in
actual life. The calculation amount of such a problem is as
vast as the problem size is large, hence, it is classified as
NP-hard or NP-complete.

Neural networks have been used to solve combinato-
rial optimization problems[1]. Neural networks compute
in parallel, and therefore, can compute fast. In addition, it
have high versatility. It has a problem, not alwalys reaching
optimal answer, that is called the local minima problem.

Although, variable neural network models have been
proposed, we use the Inverse function delayed (ID)
model[2]. The ID model has negative resistance in its dy-
namics, and it has the quality of an active unit. Hence, if the
equilibrium point is set in the negative resisitance region by
the self connection and the external input, a unit of the ID
model shows an oscillation phenomenon. Using this phe-
nomenon, the local minimum can be destabilized. Then,
the ID model can have high success rate on conbinatorial

optimization problems[3]. However, it does not necessary
mean that the state goes to the global minimum of the po-
tential energy when it eacapes from the local minimum.
Hence, it is important to find a good parameter having a
high reachabiliy of the global minimum.

In this paper, we found the parameter region which can
take advantage of the quality of the ID model on N-Queen
problem.

2. The ID model

2.1. Basic Equations of the ID model

The ID model is described as follows

τ
dui

dt
+ ui =

∑
j

wi jx j + hi (1)

τx
dxi

dt
= ui − g(xi) (τx � τ) (2)

where, ui is the internal state of neuron i, xi is the output,
hi is the bias, wi j is the synaptic weight from neuron j to
neuron i, τ is the time constant of the internal state, τx is
the time constant of the output, g(x) is the inverse function
of the output function, respectively.

The following formula will be obtained substituing
Eqs.(1),(2) for Eq.(2) differentiated with time.

τx
d2xi

dt2
+η(xi)

dxi

dt
=−∂U
∂xi

(3)

η(xi) =
dg(xi)

dxi
+
τx

τ
(4)

∂U
∂xi
=

1
τ

(
g(xi)−

∑
j

wi jx j−hi

)
(5)

The first and the second terms on the left hand side of
Eq.(3) correspond to an inertia and a friction term, and the
right hand side of Eq.(3) corresponds to a force exerted
by potential U, respectively. The coefficient of the fric-
tion η(x) has a negative value when g(x) has N shape. This
region that η(x) < 0 is called the negative resistance region.

If wi j = wji, we can define the energy funcion of the ID
model the same way as in the Hopfield model, and it is as
follows
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E = − 1
2τ

∑
i

wiix
2
i −

1
2τ

∑
i

∑
j(�0)

wi jxix j − 1
τ

∑
i

hixi

+
1
τ

∑
i

∫ xi

1
2

g(xi)dx+
τx

2

∑
i

(dxi

dt

)2
(6)

Its time derivative is derived by using Eqs. (1),(2),(4)

dE
dt
= −

∑
i

η(xi)
(dxi

dt

)2
(7)

where, η(xi) is same η as in Eq.(4). Therefore, E is in-
creased with time if η is negative. It is expected to get out
from local minima, if local minima are in the negative re-
sistance region.

2.2. g Funcion and the Negative Resistance Region

In this paper, we use following equation as the inverse
function of the output function g(x), because we take up
concombinatorial optimization problems.

g(x) = f −1(x) − α
(
x − 1

2

)
(8)

f −1(x) =

( 1
1 + e−βx

)−1
=

1
β

ln

(
x

1 − x

)
(9)

Where, β is a gain parameter. Fig. 1 shows the shape of
g(x). This function is made by adding a linear term to the
inverse function of the general tanh type output function
f (x) in order to make g(x) an N shape.

-3

0

3

0 0.5 1

u

x

L

Figure 1: g-function used in this paper

g(x) is symmetric about (x, u) = (0.5, 0), therefore, the
negative resistance region is also symmetric. Thus, we de-
fine L as the width of the negative resistance region, which
is the distance from x = 0.5 to the verge of the negative
resistance region

L =
√

1/4 − 1/(β(α − τx/τ)). (10)

L is expressed as a function of α, β, τx/τ. However, in this
paper, we control L by α mainly.

The following formula will be obtained if Eq.(8) is sub-
stituted for Eqs.(6)

E = − 1
2τ

∑
i

(
wii + α

)
x2

i −
1
2τ

∑
i

∑
( j�0)

wi jxix j

−1
τ

∑
i

(
hi − α2

)
xi

+
1
τ

∑
i

∫ xi

1
2

f −1(xi)dx+
τx

2

∑
i

(dxi

dt

)2
(11)

When the network stays at a stable equilibrium point, the
fifth term of Eq.(11) is zero. Hence, this energy function
can be the same form as Hopfield model’s [1] by changing
the self connection wii and the bias hi into the following
Wi,Hi.

Wi = wii − α, Hi = hi + α/2 (12)

In other words, energy form can be independent of α.

3. The ID model for the N-Queen Problem

3.1. The N-Queen Problem

The N-Queen problem is one of a benchmark of combi-
natorial optimization problems. This problem is to place
N queens with no collision on an N × N chess boad. One
of the correct answers of the 8-Queen problem is shown in
Fig. 2.

Figure 2: A correct answer state of the 8-Queen problem

In this paper, neuron (p, i) corresponds to the square at
row p and column i on the chess boad. When a queen is
placed at row p, column i, the output of neuron xpi = 1,
otherwise, xpi = 0. The energy function is defined as fol-
lows

E =
A
2

∑
p

(∑
j

xp j−1

)2

+
A
2

∑
i

(∑
q

xqi−1

)2

+
B
2

n∑
p

n∑
i

n∑
q(�p)

n∑
j(�i)

cpi
q jxq jxpi

+
C
2

n∑
p

n∑
i

xpi

(
1 − xpi

)
(13)

where,

cpi
q j =

⎧⎪⎪⎨⎪⎪⎩
1

(
q j and pi are on a skew

)
0

(
otherwise

) (14)

The first and the second term represent constraint in or-
der to place only one queen on each row and column, the
third term represents constraint in order to place at most
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one queen on a skew, the fourth term represents constrant
for the output value to be 0 or 1. When these three condi-
tions are satisfied, the output shows correct answer, and the
energy has minimum value, E = 0.

From Eq.(13), (14), synaptic weight to neuron (q, j) from
neuron (p, i) wpi,q j and bias hpi is derived as follows

wpi,q j = −A
(
δp,q + δi, j

)
−B

(
δp+i,q+ j + δp+i,q− j

)(
1 − δp,qδi, j

)
+Cδp,qδi, j (15)

hpi = 2A −C/2 (16)

In the case of the ID model, these are according to Eq. (12).

3.2. Dividing global minima from local minima

Here, we show that the ID model can divide global min-
ima from local minima of the N-Queen problem, and only
makes local minima unstable.

At first, we consider the location of the global minimum.
From basic equations of the ID model (1), (2), the equi-

librium point xpi implements g(x) = Wpixpi + θpi, where,
θpi =

∑
j(�pi) wi jx j + hpi. By the correction of W,H, the lo-

cation of the equilibrium point is independent of α, hence,
we consider the case of α = 0.

At the global minimum, θ is

θpi = 2A −C/2 (output is HIGH)

θpi ≤ −C/2 (output is LOW)

Here, x1,x0 are defined the output of neuron when θpi =

2A −C/2,θpi = −C/2, then, following equation is satisfied.

f −1(x1) = (−2A +C)x1 + 2A −C/2 (17)

f −1(x0) = (−2A +C)x0 −C/2 (18)

Because f −1(x) is symmetric about (x, u) = (0.5, 0), the
distance from (0.5, 0) to x1,x0 is equal.

It assumed that x0 = 1 − x1, and is substituted for Eq.
(18), we will get f −1(1− x1) = −

{
(−2A+C)x1+2A−C/2)

}
.

f −1(x) = − f −1(1 − x) because f −1(x) is symmetric, there-
fore, Eq. (17) is derived. Hence, the assumption is true,
that is |x0 − 0.5| = |x1 − 0.5|. That is to say, if x1 is out-
side the negative resistance region and stable, all neurons
are stable, because the output value of LOW level neurons
are less or equal x0.

On the other hand, when the network has too many
HIGH level neurons, the output value of these HIGH neu-
rons are less then x1. Because such a neuron is restrained
from unsatisfied conditions and θ is smaller than global
minima’s. In addition, when the network lacks HIGH neu-
rons, the output value of the LOW neuron is more than
x0 if the factors of the energy function A, B,C is set ade-
quately. That is to say, the output vector of the local mini-
mum has elements closer to x = 0.5 than the global mini-
mum. Therefore, global minima can be divided from local

minima by the element that is closest to x = 0.5 of the out-
put vector, and local minima can be made unstable even if
the width of the negative resistance region L is smaller than
the necessary width to destabilize global minima.

4. Dependence of the Success Rate on the Width of the
Negative Resistance Region

In previous section, we have shown that global minima
are divided from local minima and that it can destabilize
only local minima by the negative resistance effect. In this
section, in order to confirm it, we show simulation result of
the success rate as a function of the width of the negative
resistance region L and we also calculate the distribution of
equilibrium points for L = 0.

We observe E for each 0.01τ. If differential ΔE is satis-
fied ΔE < ε = 10−2 during 3τ, we regard the network to be
in a stationery state. Then we determine it shows a global
minimum or a local minimum. We use the uniform random
numbers in the range of 0.2 < x0 < 0.8 as the initial value
of x0, and u0 is decided by u = g(x0). Factors of the energy
function are set to be A = 2,B = C = 1.

Solid lines in Fig. 3 show the occurrence rate of global
minimum and local minimum of the 8-Queen problem as
a function of L. Each plot is result from 50 samples. The
sum of the ratio does not always have to be 1 because a
permanent oscillating state exists.

The block graph in Fig. 3 shows the distribution of the
equibrium points as a function of the distance from x = 0.5
to the element which is closest to x = 0.5 when L = 0.
Black blocks and white blocks show global minima and lo-
cal minima, respectively. The simulation result is obtained
from 1000 samples.
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Figure 3: Equilibrium state distribution of the 8-Queen
problem(β = 10)

As above, global minima are divided from local minima.
And local minimum does not occur when the width of the
negative resistance region L is set larger than the area where
local minima are distributed. It means that all local minima
are in the negative resistance region, and unstable. But, it
doesn’t mean the network certain reach a global minimum.
In this result, even if L is large enough to destabilize local
minima, the network does not always reach a global mini-
mum when L is relatively small.
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5. Dependence of Success Rate on α

In the previous section, we have found even if L is large
enough to destabilize the local minima, the network does
not always reach a global minimum. In this section, we
investigare the reason for not reaching the global minimum
through the paremeter α, because L is controlled by α.

Fig. 4 shows the time evolution of the output of each
neurons when the network falls into a permanent oscillat-
ing state on τx/τ = 0.01, β = 10, α = 1.0(L ≈ 0.373). Only
particular neurons change the output, and the state transi-
tion does not proceed.

p

i

Figure 4: Permanent Oscillating State(t = 15 − 20[τ])

Fig. 5 shows the network state when t = 17.4427[τ]. The
black box shows firing neuron. After this state, neuron (a)
becomes LOW and all neurons in the gray area in the figure
are unstable, but neuron (a) becomes HIGH again. That is
to say, this change of output of neuron (a) doen’t influence
the state transition of the network. That is considered one
of the reasons that the state transition does not proceed and
not reach the global minimum.

Then, we simulate that dependence of the time evolution
of neuron (a) and (b) on α after neuron (a) becomes LOW.
We fix the output of neurons expected for (a), (b). Initial
states of neuron(a) and (b) are decided from nullcline of
the ID model(Fig. 6). Neuron (a) is set point A because the
start time is immediately after changing neuron (a) from
HIGH (point C) to LOW (point A). Neuron (b) has been
recieved inhibit inputs from three neurons until neuron (a)
become LOW, hence, initial state of neuron (b) is set point
B, where, θb0 = H − 2A − B.

Fig. 7–10 show simulation results. From the result, if α
is large enough, neuron (b) changes output faster than neu-
ron (a). That is to say, if α is large, the change of output
of neuron (a) can influence the change of output of another
neurons. To reach a global minimum , in addition, it is need
that this step which is the change of output of a neuron in-
fluence another neuron’s output follow up. It is considered
that if the period keeping neuron (b) HIGH is too short, this
step is stopped. From the result, the period keeping neuron
(b) HIGH is long as α is large.

As above, we conclude that that α is a parameter to con-
trol a chain reaction of state transition and that the ID net-
work can search for a global minimum state of E when α is
enough large.
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Figure 5: State at t =

17.4427[τ]
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Figure 7: α = 1.0
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Figure 8: α = 2.0
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Figure 9: α = 3.0
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Figure 10: α = 6.0

6. conclusions

We showed that the ID model can divide global minima
from local minima, and that it destabilizes only local mim-
ima by negative resistance effect on the N-Queen problem.

In computer simulation, we found that the network nec-
essary reaches a global minimum even if all local minima
are unstable. That is the permanent oscillation state, and
the phenomenon in which only particular neurons change
output occurs in this state.

However, we found that α in the ID model is a parameter
to avoid this phenomenon, and that the appearance ratio of
this phenomenon is lower if α is large enough.
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Abstract– Lin-Kernighan (LK) is the most powerful 
local search for the Traveling Salesman Problem (TSP). 
The choice of data structure for tour representation plays a 
vital role in LK’s performance. This paper proposes a new 
three-level tree data structure for tour representation. 
Although this structure is asymptotically not better than 
the existing ones, it performs empirically better than the 
existing ones for TSPs having from a thousand to three 
million cities. 
 
1. Introduction 

 
Traveling Salesman Problem (TSP) is one of the most 

important and representative combinatorial optimization 
problems, because it is simple to state and widely 
applicable but difficult to solve. The TSP can be stated as 
follows: The salesman must visit a list of cities, all of 
whose locations are given. The salesman’s task is to find 
the cheapest tour connecting them all, visiting each city 
only once, and return to the city of origin. Cost here can 
be distance, time, or money etc. This paper deals only 
with symmetric TSPs, in which all the costs between any 
two cities are equal in both directions. 

Since the TSP is NP-complete, any method that 
guarantees to find true optimal solutions requires running 
time growing exponentially with N. (Throughout this 
paper, N is used to denote the size of problem.) Therefore, 
to attack large-scale problems, it is necessary to develop 
approximate algorithms that do not always aim at finding 
true optimal solutions but at finding quasi-optimal 
solutions in an acceptable running time. Among 
approximate algorithms proposed for the TSP, the Lin-
Kernighan (LK) heuristic [1] is one of the most effective 
algorithms. Furthermore, most of algorithms that 
supersede LK are meta-heuristics incorporating it in one 
or other ways, for example, iterated (chained) LK 
algorithms [2-4] and hybrid genetic algorithms [5-9]. Thus, 
improvements to LK are always of significant, since they 
improve not only the algorithm itself but also other 
algorithms incorporating it. To date, many improvements 
to LK have been proposed, e.g., two-level tree data 
structure [10], Mak-Morton move [11], and Helsgaun 5-
Opt basic move [12]. 

The LK heuristic is very complicated and has many 
choices for implementing it. Especially, the choice of data 
structure for tour representation plays an important role in 
LK’s performance. Traditionally, arrays have been used 
for problems with the size up to a thousand cities, two-
level trees have been used for problems with from a 
thousand to a million cities, and binary trees (including 
splay trees) have been used for problems with a million or 
more cities. This paper proposes three-level trees as a new 
data structure for tour representation in LK. The new data 
structure performs empirically better than the 
conventional ones for TSPs with from a thousand to three 
million cities. 

 
2. Conventional Data Structures 
 
2.1. Basic Operations of Data Structures in LK 

 
A data structure for tour representation in LK must 

support the following four basic operations: 
(1) Next(T, a): This operation returns the successor of 

city a in tour T. 
(2) Prev(T, a): This operation returns the predecessor of 

city a in tour T. 
(3) Between(T, a, b, c): This operation returns true if 

city b lies between cities a and c in tour T (suppose that 
the direction for traversing the tour is well defined, e.g., 
by the Next operation). It returns false otherwise. 

(4) Flip(T, a, b): This operation reverses the visiting 
order of the segment between cities a and b in tour T. 

Which data structure should be used for tour 
representation depends mainly on the size of the problems 
to be solved. In this section, we will briefly discuss three 
conventional data structures: arrays, two-level trees, splay 
trees, which are most commonly used for representing 
tours in modern LK implementations. More details about 
these data structures can be found in [13]. 

 
2.2. Arrays 
 
In the array data structure, the tour is represented by 

two one-dimensional arrays of length N and a “reversed 
bit”. The first array contains the names of the cities in 
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visiting order. The second array contains the indices of the 
cities. It is an inversion of the first array. If city i is to be 
visited at the jth visit, then the value at the jth position of 
the first array is i, and the value at the ith position of the 
second array is j. Note that a Flip on a segment can be 
implemented by calling a Flip on the complementary 
segment and then reversing the whole tour. Therefore, 
with the use of the reversed bit, which is turned on if the 
tour is reversed, the Flip operation can always be 
implemented on the shorter segment. For arrays, the three 
queries Next, Prev, and Between can be implemented in 
O(1) amortized time. The Flip operation, however, takes 
an amortized worst-case time O(N). Therefore, this data 
structure is not well scalable with the size of problem. 
Given its small constant time overhead for the three query 
operations, however, arrays are suitable for solving TSPs 
with up to a thousand of cities. 
 
2.3. Splay Trees 
 

Another way for representing a tour is using binary 
search trees, with each node represents a vertex in the tour 
and each subtree represents a subtour. To facilitate the 
Flip operation, each node is attached with a reversed bit 
that indicates in what order the subtree rooted at that node 
should be traversed. If the reversed bit of a node is off 
(on), the subtree rooted at that node should be traversed in 
in-order (reversed in-order). In the case that all of the four 
tour operations are performed by using the Splay 
operation [13], binary trees are called splay trees. It has 
been proven that all of the four tour operations of splay 
trees can be implemented in O(logN) worst-case time if 
we always rebalance the trees after each Flip. This is the 

best time complexity that has been known for data 
structure representing tours in the LK heuristic. However, 
due to the large overhead, splay trees are only suitable for 
solving very large problems (a million or more cities). 
 
2.4. Two-level Trees 
 

The two-level tree data structure was first proposed for 
tour representation by Chrobak et al. [10]. The idea is to 
divide the tour into roughly N1/2 segments, each of which 
having a length in the range from N1/2/2 to 2N1/2 cities. 
These segments are maintained as a doubly-linked list of 
nodes. It has been proven that the amortized times for 
performing the Next, Prev, and Between operations of 
two-level trees are all O(1), whereas the amortized worst-
case time for performing the Flip operation is O(N1/2) if 
we always rebalance the tree after each Flip, or O(N) 
otherwise. Two-level trees are currently the fastest and 
most robust data structure for tour representation used in 
LK for solving problems ranging in size from a thousand 
to a million cities. Many real-world TSP applications have 
sizes falling in this range. 

 
3. New Data Structure: Three-level Trees 

 
We recognized that although two-level trees need to be 

kept roughly balance to yield the O(N1/2) amortized worst-
case time for Flip, most of modern LK implementations 
do not implement rebalancing. Without rebalancing, the 
amortized worst-case time for doing Flip of two-level 
trees is O(N), the same as with arrays. The performance of 
two-level trees without rebalancing, however, has been 
proven to be much better than arrays when solving large 

 
 
Fig. 1.  The three-level tree data structure. 
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problems. It is probably because the amortized average-
case time for doing Flip of two-level trees without 
rebalancing is better than that of arrays. 

Based on this observation, we propose using three-level 
trees as a new data structure for tour representation. The 
three-level tree structure, as its name inspires, has 3 levels 
(Fig. 1). The first (children) level has N elements. The 
second (parent) level has roughly N2/3 elements and the 
third (grandparent) level has roughly N1/3 elements. 
Similar to two-level trees, the elements at each level of 
three-level trees are maintained as a doubly-linked list. It 
can be easily seen that the three operations Next, Prev, and 
Between of three-level trees take amortized time O(1), the 
same as with two-level trees, but with ~1.5 times larger 
overheads. The amortized worst-case time for performing 
Flip of three-level trees is O(N2/3) with rebalancing (since 
there are roughly N2/3 elements at the second level), or 
O(N) without rebalancing. In the case that rebalancing is 
not implemented, both two-level tree and three-level tree 
structures have the same amortized worst-case time O(N) 
for doing Flip. However, we expect that in practice the 
performance of three-level trees will be better than that of 
two-level trees when solving large problems. 

 
4. Experiments and Validation 

 
4.1. Experimental Settings 

 
Our LK implementation uses 12-quadrant nearest 

neighbors and quick-Boruvka initial tours for Euclidean 
distance problems, and 12 nearest neighbors and Nearest 
Neighbor initial tours for other problems. The LK search 
is limited to a maximum depth of 100 edges. Like many 
other implementations, our implementation also employs 
some standard improvement techniques, such as “don’t 
look bits” and hash tables for distance caching [14]. 

Our program was written in the C programming 
language. We only wrote the LK search engine and the 
three-level tree structure parts of the code. Other parts 
such as reading problems, building k-d trees, creating 
neighbor lists, generating initial tours etc. were taken from 
the implementation of Chained Lin-Kernighan [4]. The 
parts for the array, two-level tree, and splay tree structures 
were also taken from the above source. 

TSP benchmarks, which are available at the 8th 
DIMACS challenge website on the TSP 
(http://www.research.att.com/~dsj/chtsp/), were used for 
our experiments. This testbed has been used for studying 
the asymptotic behavior of various TSP algorithms [15]. 
The benchmarks are divided into four classes as follows: 

(1) Random uniform Euclidean class: This class 
includes 26 problems, with sizes increasing by a factor of 
100.5 from 103 to 107 cities. The 107-city instance, however, 
was excluded as our machines did not have enough 
memory to handle it. Instances of this class are designed 
for studying the asymptotic behavior of TSP heuristics. 

(2) Random clustered Euclidean class: This class 
includes 23 problems, with sizes increasing by a factor of 

100.5 from 103 to 105.5 cities. Instances of this class are 
designed to be challenging TSP heuristics. 

(3) Random matrix class: This group includes 7 
problems, with sizes increasing by a factor of 100.5 from 
103 to 104 cities. Although these instances have no direct 
application in practice, they offer a great challenge to 
many heuristics and thus are useful in studying the 
robustness of TSP heuristics. 

(4) TSPLIB class: This class includes 11 symmetric 
problems from the TSPLIB [16]. The four problems, 
pr1002, pcb1173, rl1304, and nrw1379, are used for N = 
103. The three problems, pr2392, pcb3038, and fnl4461, 
are used for N = 103.5. The two problems, pla7397 and 
brd14051, are used for N = 104. The two problems 
pla33810 and pla85900 are used for N = 104.5 and N = 105, 
respectively. These instances can be regarded as “real 
world” instances. 

 
4.2. Results and Discussion 

 
We compared the performance of LK using various 

data structures. Since this performance may vary from 
machine to machine, we used two machines for our 
experiments. The first was a 1.6 GHz Pentium IV running 
under Windows 2000 (Pentium hereafter) and the second 
was a Sun Ultra 80 running under Solaris 2.6 (Ultra 
hereafter). Both machines had 1 GB of main memory. 
Experimental results on the Pentium machine are given in 
Table I. In this table, ARY, 2LT, SPT, and 3LT denote the 
array, two-level tree, splay tree, and three-level tree 
structures, respectively. Since the preprocessing time 
dominates a large portion of the total running time, we 
measured it and the LK optimization time separately to 
see the differences more clearly. 

It can be observed from Table I that ARY is the worst 
data structure for tour representation in the range being 
investigated. ARY wins SPT only for the 103-city 
clustered problems. It should be note, however, that the 
ARY structure suffers from a phenomenon, which has 
already been described in [13], that on certain types of 
machine, their performance for the Flip operation 
degrades rapidly as N gets large. This phenomenon 
appears more severely on the Pentium than on the Ultra. 
For example, the Pentium is approximately two times 
faster than the Ultra when solving 103-city uniform 
problems. However, it is only 1.3 times faster when N = 
105 and by the time N = 105.5, the Ultra is even slightly 
faster than the Pentium. Therefore, the performance of 
ARY probably depends greatly on machine types. 

The second observation is that 2LT wins SPT for all but 
the two biggest cases (N = 106 and N = 106.5) of uniform 
problems. Fredman et al. [13] reported slightly different 
results for their LK implementation, with 2LT still wins 
SPT for N = 106. This confirms the better performance of 
2LT over SPT in the size range from 103 to 106 cities. 

The third observation is the good performance of the 
3LT representation. It starts to win 2LT by the time N = 
104 for uniform problems, N = 104.5 for clustered and 
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TSPLIB problems, and N = 103.5 for matrix problems. 3LT 
is ~1.6 times faster than 2LT when solving the 106.5-city 
uniform problem. (Speedups are calculated without 
including the preprocessing times.) The Ultra machine 
also gave similar results (data not shown), although the 
cross points were slightly different. 3LT wins 2LT by the 
time N = 103.5 for uniform problems, N = 103 for matrix 
problems, and N = 105 for TSPLIB problems. 

Since 3LT has slower Next, Prev, and Between 
operations compared to 2LT, its Flip operation must be 
faster. This supports our hypothesis that 3LT has better 
amortized average-case time for Flip than 2LT. On both 
machines, 3LT was always faster than SPT in the size 
range covered by this study. Although 3LT has a slightly 
worse observed growth rate of CPU time than SPT for 
uniform problems (as O(N1.19) versus O(N1.16)), it is still 
~1.2 times faster than SPT when N = 106.5. Therefore, 3LT 
seems to be comparable with SPT even when N = 107. 

 
5. Conclusion 

 
In this paper, three-level trees have been proposed as a 

new data structure for tour representation in the LK 
heuristic. Benchmarks ranging in sizes from 103 to 106.5 
cities were used to validate the new data structure. 
Although the new data structure is asymptotically not 
better than the conventional ones, it is empirically 
superior to the conventional ones in the size range from 
103 to 106.5. Furthermore, splay trees, which are 
asymptotically the best data structure for tour 

representation, seems unlikely to be faster than three-level 
trees even when the number of cities grows to 107. 
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TABLE I 
PERFORMANCE OF VARIOUS DATA STRUCTURES USED IN LK 

Class  N Preproc. ARY SPT 2LT 3LT

E 103 0.04 0.06 0.06 0.04 0.04
 103.5 0.12 0.31 0.21 0.13 0.14
 104 0.43 2.26 0.96 0.64 0.63
 104.5 1.75 14.25 3.69 2.92 2.71
 105 8.06 123.96 14.53 12.85 11.17
 105.5 30.40 5,252.92 51.50 50.84 40.84
 106 102.52 - 177.53 203.45 144.36
 106.5 359.28 - 640.86 876.53 556.14

C 103 0.04 0.18 0.21 0.14 0.15
 103.5 0.13 0.70 0.64 0.41 0.43
 104

 0.47 2.47 2.37 1.56 1.60
 104.5 2.05 10.51 8.09 6.04 5.91
 105 10.02 54.22 29.61 24.40 22.93
 105.5 37.24 577.61 105.67 96.36 85.38

M 103 0.32 0.32 0.12 0.07 0.07
 103.5 3.25 3.60 0.52 0.40 0.36
 104 44.72 42.86 4.13 3.09 2.55

T 103 0.04 0.07 0.07 0.05 0.06
 103.5 0.11 0.34 0.22 0.16 0.16
 104 0.41 3.11 1.03 0.78 0.78
 104.5 1.63 10.83 4.05 3.42 3.37
 105 4.17 44.38 9.94 8.50 8.31

A Pentium IV 1.6 MHz was used. The values in column Preproc. 
show preprocessing time in seconds. The values in the last four 
columns show the CPU time of LK optimization in seconds. The bold 
values mark the best CPU time. The abbreviations in column Class are 
as follows: U, uniform; C, clustered; M, matrix; and T, TSPLIB. 
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Abstract—We propose a method for solving global min-
imization problems with separable multimodal objective
functions of n-real variables:

∑n
i=1 fi(xi) (hereafter called

sum form) and
∏n

i=1 fi(xi) (hereafter called product form)
and bounded constraints. In order to find a global minimum
in a few function evaluations, a one-dimensional global
search is repeatedly used in this method. We show that the
global minimum can always be found by a one-dimensional
global search in separable objective functions with respect
to sum and product forms, and we propose an algorithm
for searching for the global minimum of these functions.
We show by results of numerical experiments using simple
test functions that the algorithm effectively finds the global
minima in only a few function evaluations.

1. INTRODUCTION

In recent years, many deterministic [2] and stochastic
algorithms [7] have been proposed for solving a global
minimization problem (P) of a multivariate function with
bounded constraints:

(P)

∣∣∣∣∣∣∣∣

Minimize f (x) ≡ f (x1, x2, . . . , xn) ,
Subject to xi ∈ [Li,Ui] , i = 1, 2, . . . , n ,

Dn = { x ∈ Rn | xi ∈ [Li,Ui], i = 1, 2, . . . , n } .
Deterministic algorithms [2] repeatedly divide a given

region into subregions, select a subregion in which a global
minimum is expected to be included, and give a guar-
antee of successfully finding the global minimum under
highly restrictive conditions on objective functions (for ex-
ample, Lipschitz continuity with a known Lipschitz con-
stant). However, in this method, the algorithms become
complicated with exponential increase in the number of
variables.

Deterministic and stochastic methods have the common
problem of exponential increase in computational com-
plexity with increase in the number of variables. Such a
searching problem is known as curse of dimensionality, and
the problem has not been able to be overcome for a long
time.

In this paper, we focus on global minimization problems
with two types of separable objective functions. The first
type of function (sum form) is called an ordinary separable
function, and it enables a global minimum to be found by
repeating a one-dimensional global search [6]. Sohdoji [6]
reported that if there exists a term such that f j(x j) < 0 in
the product form f (x) =

∏n
i=1 fi(xi), this problem cannot

be solved easily as it can be in the case of the sum form.
Therefore, we mainly consider a property of and an algo-
rithm for the second type of problem (product form) after
showing a property of and an algorithm for the first type of
problem.

The remainder of the paper is organized as follows. Def-
initions of the two types of separable problems, notations
and a one-dimensional global search algorithm are given
in section 2. In section 3, properties of and algorithms for
both types of problems are described. Results of tests us-
ing the proposed algorithms are shown in section 4. Finally,
concluding remarks are presented.

2. PRELIMINARIES

2.1. Problems and Assumptions

In this paper, we describe two types of global minimiza-
tion problems, P+S and P×S , that have separable objective
functions with respect to the sum and the product forms:

(P+S )

∣∣∣∣∣∣∣∣∣∣∣

Minimize f (x) ≡ f (x1, x2, . . . , xn)
= f1(x1) + f2(x2) + · · · + fn(xn) =

∑n
i=1 fi(xi),

Subject to xi ∈ [Li,Ui] , i = 1, 2, . . . , n ,
Dn = { x ∈ Rn | xi ∈ [Li,Ui] , i = 1, 2, . . . , n } ,

(P×S )

∣∣∣∣∣∣∣∣∣∣∣

Minimize f (x) ≡ f (x1, x2, . . . , xn)
= f1(x1) f2(x2) · · · fn(xn) =

∏n
i=1 fi(xi),

Subject to xi ∈ [Li,Ui] , i = 1, 2, . . . , n ,
Dn = { x ∈ Rn | xi ∈ [Li,Ui] , i = 1, 2, . . . , n } .

Assumption 1 In both problems P+S and P×S , suppose each
term fi(xi) of the objective function f (x) is continuous.

NOLTA 2006
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Assumption 2 Each problem has a finite number of iso-
lated local minima x∗j ∈ Dn ( j = 1, 2, . . . ,M) and of iso-

lated local maxima x∗k ∈ Dn (k = 1, 2, . . . ,M), and both
sets of local minima and maxima and both sets of function
values at local minima and maxima are written by

⎧⎪⎪⎨⎪⎪⎩
X∗ = { x∗1, x∗2, . . . , x∗M } , F∗ = { f (x∗1), f (x∗2), . . . , f (x∗M) } ,
X
∗
= { x∗1, x∗2, . . . , x∗M } , F

∗
= { f (x∗1), f (x∗2), . . . , f (x∗

M
) } .

Moreover, there is a unique local minimum x∗∗ and its
function value f ∗∗ and there is a unique local maximum x∗∗

and its function value f
∗∗

in each problem as follows:

⎧⎪⎪⎨⎪⎪⎩
x∗∗ = min{ x∗j ∈ X∗ }, f ∗∗ = min{ f ∗

j
∈ F∗ },

x∗∗ = max{ x∗k ∈ X
∗ }, f

∗∗
= max{ f

∗
k ∈ F

∗ }.

2.2. Notation

In order to separate input and output of an algorithm, we
adopt the following notation.

Notation 1 An algorithm is expressed by

(r1, r2, . . . , rq) ← a name (a1, a2, . . . , ap).

This notation means that the algorithm a name with in-
put p-arguments (a1, a2, . . . , ap) is applied and then results
(r1, r2, . . . , rq) are obtained.

2.3. One-dimensional Global Search

Since a one-dimensional global search method [3] was
commonly used in our proposed methods, we describe the
algorithm of the method as a preliminary.

The algorithm finds the global minimum x∗∗ and its func-
tion value f ∗∗ for an objective function f (x) on a closed
interval [L,U] for a given step size hi. The steps of the
algorithm are as follows.

( f ∗∗
i
, x∗∗i )←G OneDimSearch ( f , L,U, h ) ;

GL1. [Initialize]
Xb←∅ ; Fb←∅ ; N←�(U − L) / h� ;
f (0)← fi (L) ; f (1)← f (L + h) ; f̃ ∗∗ ←∞.

GL2. [Find three neighbor points with bracketing of a
local minimum]
for j = 2 to N do

x( j)← L + j · h ; f ( j) = f (x( j)) ;
if f ( j−2)> f ( j−1) and f ( j−1)< f ( j) then

Xb← Xb ∪ {(x( j−2), x( j−1), x( j))} ;
Fb← Fb ∪ {( f ( j−2), f ( j−1), f ( j))} ;
if f ( j−1) < f̃ ∗∗ then f̃ ∗∗ ← f ( j−1) ;

fi ;
od ;

GL3. [Apply local minimization]
Apply local minimization to three neighbor points and
their function values in the set Xb and the set Fb except
for three neighbor points and their function values for
which lower bound estimations of the function values
are greater than f̃ ∗∗. Let the lowest function value in
the obtained local minima be f ∗∗ and its point be x∗∗.

Since the algorithm G OneDimSearch(·) that finds the
global maximum x∗∗ and its function value f

∗∗
is similar to

G OneDimSearch(·), we omit steps of the algorithm.
In a one-dimensional global search, the following prop-

erty holds[3].

Property 1 Let the lower unimodal region of the global
minimum x∗∗ of f (x) on a interval [L,U] be Ru(x∗∗), where
Ru(x∗∗) is defined as the maximum region [a, b] such that
the following condition is satisfied:

⎧⎪⎪⎨⎪⎪⎩
f (x) > f (y), a ≤ ∀x < ∀y < x∗∗

f (x) < f (y), x∗∗ < ∀x < ∀y ≤ b.

Then, if h ≤ 1/2 ·min{ x∗∗− a, b − x∗∗} holds, the algorithm
G OneDimSearch(·) always finds the global minimum of
function f (x).

An example of unimodal region Ru(x∗∗) and step size h
is shown in Figure 1.

x∗∗L

Ru(x∗∗)

a b

h

min{x∗∗−a, b−x∗∗}

U
Figure 1: Unimodal region Ru(x∗∗) and step size h

3. PROPERTIES OF BOTH PROBLEMS AND
THESE ALGORITHMS

In this section we show properties and algorithms of both
separable problems P+S and P×S .

3.1. Separable Problem P+S w.r.t. the Sum

Let us describe the problem of minimizing a separable
objective function f (x) with respect to the sum in a global
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minimization problem P+S . We have

min{ f (x)} = min{ f1(x1)} +min{ f2(x2)} + · · · +min{ fn(xn)}

=

n∑

i=1

min{ fi(xi)}. (1)

From equation (1), we can show the following property.

Property 2 If an objective function has a separable form
with the sum, the global minimum can be found by repeat-
edly minimizing each term fi(xi) (i = 1, 2, . . . , n).

From the above properties, an algorithm using a one-
dimensional global search G OneDimSearch(·) that finds
the global minimum x∗∗ and its function value f ∗∗ for
an objective function f on a searching region Dn =∏n

i=1[Li,Ui] and for a given step size h = (h1, h2, . . . , hn)
can easily construct as follows.

( f ∗∗, x∗∗ )←Gmin S ep+ ( f , Dn, h ) ;

GSS1. [Initialize]
for i = 1 to n do

( f ∗∗
i
, x∗∗i )←G OneDimSearch ( fi, Li,Ui, hi ) ;

GSS2. [Set global minimum x∗∗ and its function value
f ∗∗]
x∗∗ ← (x∗∗1 , x∗∗2 , . . . , x∗∗n ) ; f ∗∗ ← f ∗∗

1
+ f ∗∗

2
+· · ·+ f ∗∗

n
;

From Property 1 and Property 2, if hi ≤ 1/2 ·min{ x∗∗i −
ai, bi − x∗∗i } (i = 1, 2, . . . , n) holds, the alogrithm can al-
ways finds the global minimum of the function f (x) with
constraints Li ≤ xi ≤ Ui (i = 1, 2, . . . , n).

Moreover, this algorithm can find the global minimum
by using n-times of one dimensional global searches.

3.2. Separable Problem P×S w.r.t. the Product

In order to investigate a separable objective function
f (x) with respect to the product in a global minimization
problem P×S , we discuss the problems by separating two
cases.

If all minima of fi (i = 1, 2, . . . , n) are greater than or
equal to zero (that is, f̃ ∗∗ = mini=1,...,n{ fi(xi)} ≥ 0), then the
following equation, which is similar to equation (1), holds.

f ∗∗=min{ f (x)} = min{ f1(x1)} ·min{ f2(x2)} · · ·min{ fn(xn)}

=

n∏

i=1

min{ fi(xi)}. (2)

As another case, if some minima of fi has a negative
value (that is, f̃ ∗∗ = mini=1,...,n{ fi(xi)} < 0), then the follow-

ing equation holds.

f ∗∗=min{ f (x)} = min
{ {

min{ f1(x1)}, max{ f1(x1)} }

· {min{ f2(x2)}, max{ f2(x2)} }
· · · · · · · · · · · · · · · · · · · · · · · · ·
· {min{ fn(xn)}, max{ fn(xn)} }

}
(3)

= min

⎧⎪⎪⎨⎪⎪⎩
n∏

i=1

{
min{ fi(xi)}, max{ fi(xi)} }

⎫⎪⎪⎬⎪⎪⎭ .

The above equation denotes the minimum in all products of
2n-combinations such that it selects one element from the
set {min{ fi(xi)}, max{ fi(xi)} }.

From the above property, an algorithm that finds the
global minimum x∗∗ and its function value f ∗∗ for an ob-
jective function f on a searching region Dn= {x ∈ Rn | xi ∈
[Li,Ui]} and for a given step size h = (h1, h2, . . . , hn) can
be constructed as follows.

( f ∗∗, x∗∗ )←Gmin S ep× ( f , Dn, h ) ;

GSP1. [Initialize]
for i = 1 to n do

( f ∗∗
i
, x∗∗i )←G OneDimSearch ( fi, Li, Ui, hi ) ;

f̃ ∗∗ ← min{ f ∗∗
1
, f ∗∗

2
, . . . , f ∗∗

n
} ;

GSP2. [Set global minimum x∗∗ and its function value
f ∗∗ (in the case where all i-th terms of the global
minimal value are greater than or equal to zero) ]
if f̃ ∗∗ ≥ 0 then

x∗∗← (x∗∗1 , x∗∗2 , . . . , x∗∗n ) ; f ∗∗← f ∗∗
1
· f ∗∗

2
· · · · · f ∗∗

n
;

else
for i = 1 to n do

( f
∗∗
i , x

∗∗
i )←G OneDimSearch ( fi, Li, Ui, hi ) ;

f ∗∗←min
{
{ f ∗∗

1
, f
∗∗
1 } · { f ∗∗2, f

∗∗
2 } · · · · · { f ∗∗n, f

∗∗
n }
}

;

x∗∗←argmin
{
{ f ∗∗

1
, f
∗∗
1 } · { f ∗∗2, f

∗∗
2 } · · · · · { f ∗∗n !f

∗∗
n }
}

;
fi ;

This algorithm can find the global minimum by using
n-times or 2n-times of one dimensional global searches.

4. SIMPLE NUMERICAL EXPERIMENTS

Our two proposed algorithms were implemented in pro-
gramming language C (gcc 3-3-3), and all numerical ex-
periments for which results are shown in this paper were
carried on an IBM note PC Think Pad X21 (600MHz Pen-
tium III) with double precision.

(1). Rastrign’s function of n-variables (Separable probem
P+S w.r.t. the sum)

f (x) =10n +
n∑

i=1

(
x2

i − 10 cos(2πxi)
)
,

xi ∈ [−5.12, 5.12], (i = 1, 2, . . . , n)

x∗∗ = (0, 0, . . . , 0), f ∗∗ = 0
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Table 1: Comparison of former methods and our method
with respect to the number of function evaluations Nf e of
n-varialbles in Rastrign function

n authors (year) method Nf e

10 Miki, M. et al. (2001)[4] TPSA 327, 680
10 Our method Opt sep 490
15 Ali, M.M. et al. (2002)[1] TDEPD 683, 875
15 Our method Opt sep 735
20 Ono, I. et al. (2000)[5] UNGX-GA ≈ 3, 400, 000
20 Ali, M.M. et al. (2002)[1] TDEPD 3, 571, 855
20 Our method Opt sep 980

Table 2: Comparison of former methods and our method
with respect to the number of function evaluations Nf e of
n-varialbles in Tsuda function

n authors (year) method Nf e

5 Tsuda, T. (1977)[8] Interactive method 72, 962
5 Our method Opt sep 150

In this experiment, we set a parameter of step size hi

of G OneDimS earch(·) as hi = 0.25 (i = 1, 2, . . . , n).

Numerical results for n = 10, 15, 20 and comparison
of our method and other methods are shown in Ta-
ble 1. Our method found the global minimum by sev-
eral hundred to several thousand fewer function eval-
uations Nf e than those required by the other methods.

(2). Tsuda’s function of 5-variables [8](Separable probem
P×S w.r.t. the product)

f (x) = f1(x1) f2(x2) f3(x3) f4(x4) f5(x5),

where

f1(x1) = x1(x1 + 13)(x1 − 15)/100 ,

f2(x2) = (x2 + 15)(x2 + 1)(x2 − 8)/100 ,

f3(x3) = (x3 + 9)(x3 − 2)(x3 − 9)/100 ,

f4(x4) = (x4 + 11)(x4 + 5)(x4 − 9)/100 ,

f5(x5) = (x5 + 9)(x5 − 9)(x5 − 10)/100 .

xi ∈ [−10, 10], (i = 1, 2, . . . , 5),

x∗∗ = (8.7564,−9.3582,−4.5720, 3.5921,−2.8400),

f ∗∗ = −24416.03

In this experiment, we set a parameter of step size hi

of G OneDimS earch(·) as hi = 2.0 (i = 1, 2, . . . , n).

Numerical results and comparison of our method and
other methods are shown in Table 2. Our method
found the global minimum by several hundred fewer
function evaluations Nf e than those required by other
methods.

5. CONCLUDING REMARKS

We have proposed two methods for solving global min-
imization problems with separable multimodal objective
functions of n-real variables and bounded constraints. We
have shown that the global minimum can always be found
by n or 2n times of one-dimensional global searches in sep-
arable objective functions with respect to the sum and prod-
uct forms, and we have also proposed two algorithms for
searching for the global minimum of these functions. We
have shown by results of numerical experiments in sim-
ple test functions that the algorithm effectively finds the
global minimum in only a few function evaluations. More-
over, by combining these two algorithms, mixed separa-
ble problems such as f (x) =

∑n
i=1 fi(x j) +

∏n
j=1 g j(x j),∑n

i=1(
∏

j=1 fi j(x j)) and
∏n

i=1(
∑n

j=1 fi j(x j)) can be solved.
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Abstract—In this paper we describe the use of cou-
pling to interconnect different Simulated Annealing (SA)
processes. The objective is to allow cooperative behav-
ior among the processes in order to improve performance.
Coupled Simulated Annealing (CSA) permits a high de-
gree of parallelization while delivering much better results
than a typical Parallel SA (PSA) algorithm. This is possible
due to the introduction of coupling in the acceptance prob-
ability functions. Moreover, the coupling also allows con-
troling the variance of the acceptance probabilities. This
is especially important because it reduces the sensitivity
to initial parameters, while guiding optimization to quasi-
optimal runs. It was observed that the solutions generated
by CSA are more concentrated around the global optimum,
while PSA has concentrations of solutions often in unfa-
vorable regions of the cost function. Also, the number of
iterations per process necessary to reach a given minimum
energy tolerance decreases exponentially when the number
of optimizers is increased.

1. Introduction

Coupling has been applied in recent years to many dif-
ferent engineering applications and methods. It has proven
to be helpful for synchronizing chaotic dynamical sys-
tems [6], where two identical systems can synchronize by
coupling one of their state variables. Such approaches have
attracted the interest of many researchers which found ap-
plications in many different fields, including communica-
tion and robotics.

Coupling has also been applied to develop the concept
of Cellular Neural Networks (CNNs) [2], which features
many dynamical systems, or cells, disposed in a regular
grid with coupling between neighbor cells. Nowadays,
CNNs gave the researchers in the field, another paradigm
for information processing which can take advantages of
massively parallel VLSI implementations to process data at
extraordinary speed. This is only possible due to the clever
yet simple coupling applied to cells.

In optimization, coupling is used to aid gradient based
methods to escape from local minima [8]. In that ap-

proach, coupling of local optimization processes outper-
forms multi-start methods by minimizing the average cost
of all coupled processes, subject to synchronization con-
straints between the solutions of the individual processes.

In this paper, we analyze the performance and behav-
ior of an algorithm called Coupled Simulated Annealing
(CSA). Basically, it features several SA processes running
in parallel, coupled by their acceptance probabilities. The
coupling provides CSA with the ability to perform op-
timization which has a good balance between localized
search and global exploration for multi-modal problems
having several local minima. Moreover, the structure of
CSA permits the variance control of the acceptance proba-
bilities via the acceptance temperature. This not only im-
proves the performance, but also reduces the sensitivity of
the algorithm to the initial acceptance temperature.

This paper is organized as follows. In Section 2, we de-
scribe the CSA algorithm and its characteristics, and we
present the variance control of the acceptance probabilities.
The results of our experiments are presented in Section 3,
followed by the conclusion.

2. Coupled Simulated Annealing

While in classical Simulated Annealing [4] the accep-
tance probability of an uphill move is often given by the
Metropolis rule, which depends only on the current and the
probing solution, in CSA the decision of accepting such a
move takes into account other current solutions. Namely,
this probability depends also on the costs of the solutions
in a setΘ ∈ Ω, whereΩ is the set of all possible solutions.
This dependence is given by the coupling termγ which is
generally a function of the costs of the solutions inΘ. In
CSA, the acceptance probabilityAΘ and the coupling term
γ are given by

AΘ(γ, xi → yi) = exp

(

E(xi) −maxz∈Θ(E(z))
T ac

k

)

/γ, (1)

with

γ =
∑

∀x∈Θ
exp

(

E(x) −maxz∈Θ(E(z))
T ac

k

)

. (2)
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Figure 1: The general difference between SA and CSA lies in the ac-
ceptance process. While SA only considers the current solution x for the
acceptance decision of the probing statey, CSA considers many current
states in the setΘ, which is a subset of all possible solutionsΩ, and ac-
cepts each probing stateyi based not only on the corresponding current
statexi but by considering also the coupling termγ, which depends on the
energy of all other elements ofΘ.

HereT ac
k is the acceptance temperature andxi andyi denote

an individual solution ofΘ and its corresponding probing
solution, respectively. These two equations defineAΘ as a
probability. The sum of probabilities ofleaving any of the
current states equals 1. Fig. 1 depicts the main differences
between SA and CSA.

Functionally, CSA differs from an ensemble of SA pro-
cesses [5, 7] because of two aspects. The first is the cou-
pling which modifies the acceptance probability of each
process according to the energy of the current solutions of
all processes. The other aspect isblind acceptance. While
downhill moves are always accepted during the optimiza-
tion process, in CSA, the decision to accept an uphill move
does not depend on the destination of the move, or target
solution. In other words,AΘ(γ, xi → yi) is not a function
of yi. At first sight, this property may not seem helpful
because the target solution may be much worse than the
original one. Moreover, it may be argued that an excellent
solution can easily be lost with such an approach. However,
there are good reasons to use blind acceptance in CSA.
The first one is that blind acceptance of uphill moves im-
proves exploration of the energy surface. This is an essen-
tial property to solve hard multi-modal optimization prob-
lems. Additionally, due to the coupling of the acceptance
functions of the different processes, uphill moves are much
more likely to happen in processes that hold poor solutions
than with processes holding good solutions. Therefore, the
best solutions are not easily lost, whereas the poorest are
fastly discarded.

The acceptance temperature in CSA is not responsible
for weighting the difference between the energy of the
probe and current solutions as it is in classical SA, but
rather it is responsible for weighting the proportion that
each acceptance probability has to the overall sum of the
acceptance probabilities inΘ, which in any case must be
equal to 1 as guaranteed by (1) and (2). This temperature
can then be used to control the variance of the probabilities

regardless of the current energies. Although the ideal vari-
ance value is unknown to us, our experiments with different
cost functions show that values in the neighborhood of the
maximum variance deliver the best results. Typically, we
recommend 99% of the maximum variance value. A very
simple control rule can be used to steer this variance to the
desired value. It can be done in the following manner:

if σ2 < σ2
D then, T ac

k = T ac
k−1 (1− α) ,

if σ2 > σ2
D then, T ac

k = T ac
k−1 (1+ α) ,

whereσ2
D is the desired variance value andα is the rate

for the increase or decrease of the temperature, typically in
the range of (0, 0.1]. If the value of the acceptance vari-
ance is below its desired value, the acceptance temperature
is decreased by a factor of 1− α, otherwise, it is increased
by a factor of 1+ α. Such simple variance control can be
applied only due to the coupling in the acceptance prob-
ability function. It substitutes a schedule for the accep-
tance temperature and more importantly, it works for any
initial acceptance temperature. This is important because
the setup of initial parameters in SA is most of the time a
very cautious work. With this approach, we eliminate two
initialization aspects at once, which are the choices for an
acceptance schedule and an initial acceptance temperature.
In return, two other parameters are introduced,α andσ2

D,
but these have a well defined operating range and are much
less dependent on the optimization problem at hand.

3. Experiments and Results

We have tested CSA and the variance control explained
above in a set of multi-modal functions with dense local
minima. For comparison, we have also performed exper-
iments using CSA without Variance Control (CSAwoVC)
and using a Parallel SA (PSA) [1] algorithm. This paral-
lel version of SA features several sequential SA processes
running in parallel and sharing the best current solution. As
soon as one of the parallel instances finds a better solution,
all the others are informed about the new current solution
and proceed to the next generation step.

3.1. Test Problems

We have used a set of fourD-dimensional functions as
test problems for the algorithms under analysis. All four
functions share the property of being multi-modal with
dense and uniform sets of local minima and are described
by the following equations.

f1(x) = 1−
∏D

i=1 sign
(

sinxi
xi

)

∣

∣

∣

∣

∣

(

sinxi
xi

)
1
4

∣

∣

∣

∣

∣

.

f2(x) =
∑D

i=1

[

x2
i − 10cos(2πxi) + 10

]

.

f3(x) = −20 exp
(

−0.2
√

1
D

∑D
i=i x2

i

)

− exp
(

1
D ∗

∑D
i=1 cos(2πxi)

)

+ 20+ e.

f4(x) = 1
4000

∑D
i=1 x2

i −
∏D

i=1 cos
(

xi√
i

)

+ 1.
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Figure 2:Surface plot of a 2D version of test problemf2(x).

The ranges used for the values ofx in dimensionD were
[−50, 50], [−5.12, 5.12], [−32, 32], and [−600, 600], re-
spectively for functionsf1−4. In Fig. 2 a 2-dimensional
instance of the second problem is depicted. The problems
under study here are those where the global optimum is
hidden behind many local optima. Therefore, the challenge
faced by the proposed CSA algorithm is to find the global
optimum at all, avoiding faster convergence that may lead
to local optimum traps.

3.2. Results and Discussion

We have performed a variety of experiments in order to
assess the performance of CSA and analyze its behavior.
For all performed experiments, we have used the schedule
in [9] for the generation procedure of all tested algorithms.
For the acceptance procedure, we used the schedule in [3]
for the PSA and CSAwoVC algorithms. For CSA, the tem-
perature was used to perform the control of the acceptance
probabilities.

The coupling in CSA has the objective to increase co-
operation among optimizers and provide better acceptance
decisions. This ensures that a process in a higher energy
region concentrates on exploration rather than on localized
search, as opposed to a process in a lower energy region.
Such effect does not exist in PSA, where the search is con-
centrated in isolated spots of the energy surface. This con-
centration only changes its focus when a better solution is
found. Fig. 3 has illustrative samples of typical PSA and
CSA runs. Every sub-plot in the figure depicts the spread
of the solutions visited by each algorithm. The global opti-
mum lies exactly in the center of each plot. It can be seen
that while PSA features many concentrated sets of solu-
tions sparsely distributed, which are not necessarily around
the global optimum, CSA features mesh-like concentra-
tions which are around the center of the plot. It can also
be seen that although each plot has the same number of
visited solutions, CSA plots seems to fill better the solu-

P
S
A

C
S
A

Figure 3:Plots of the position of each visited solution for test problem
f2(x) in dimensionD = 2. The top row holds the results for PSA while the
second row holds those for CSA. CSA has a wider spread while concen-
trating on the global optimum region, while PSA has more isolated sets
not necessarily in the region of the global optimum.
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Figure 4:Box-plots of 50 optimization runs of the CSAwoVC and PSA
algorithms, for all four test problems. For all algorithms and functions,
m = 8 parallel processes were used with dimensionD = 8, 500 steps per
fixed temperature, the same cooling schedules and initial temperatures,
and a maximum number of cost-function evaluations equal to 20,000 per
processing node.

tion space. We have observed the same results for other
test problems. These results suggest that CSA has very
good exploration characteristics, especially when qualita-
tively compared with PSA.

Fig. 4 shows the performance of CSAwoVC versus PSA
for our four test problems. Both algorithms had their initial
temperature obtained by an exhaustive search. It can be
seen that CSAwoVC has a much better performance, except
for test functionf4.

We tested the effect of the variance control in the perfor-
mance of CSA by running an experiment that compares it
with CSAwoVC, and two PSA setups for test functionf2,
with D = 5 andm = 5. The experiment consists of 1000
runs of each algorithm with 1000 iterations, which is not
much but it is enough to show how the algorithms behave
in the early stages of the optimization. The acceptance tem-
perature varied from 0.01 at iteration 1 until twice the mean
energy at iteration 1000, except in one of the PSA setups,
which had fixedT ac

0 = 0.1. Box-plots of the results are
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Figure 5: Box-plots over 1000 runs of the CSA, CSAwoVC, and
PSA (a) forf2. T ac

0 for CSA, CSAwoVC, and PSA (b), varied from 0.01 to
185 along the 1000 runs. The value ofT0 was found by exhaustive search
and it wasT0 = 2 for CSA algorithms, andT0 = 0.6 for both PSA. The
maximum number of function evaluations was set to 1000 per optimizer.

shown in Fig. 5. The reader can observe that for the PSA
setup in which we used the variation in the initial accep-
tance temperature, the performance was much poorer than
the one of the other algorithms. This happens because the
performance of PSA, as of many other SA algorithms, de-
pends substantially on the initialization parameters. Forthe
PSA with fixed initial acceptance temperature, the results
improved much. Nevertheless, both CSA algorithms per-
formed better. Besides the superior performance of CSA
with the variance control w.r.t. all other algorithms, it pre-
sented also the smallest variance in the results. A zoomed
version of the box-plots for the first 3 algorithms can be
seen in the inner plot of Fig. 5.

At last, we performed experiments with CSA to check
the scaling of the necessary number of iterations to reach
a given minimum energy tolerance, with an increase in the
number of optimizers. These tests were executed for func-
tion f2 with several different values forD. The results can
be seen in Fig. 6, which is presented with a logarithmic
scale in the vertical axis for better visualization. This fig-
ure suggests that an increase in the number of optimizers
decreases exponentially the number of necessary iterations
to reach a given energy tolerance, regardless of the dimen-
sionD of the problem.

4. Conclusion

We have described the algorithm Coupled Simulated An-
nealing (CSA). In this algorithm, several Simulated An-
nealing (SA) processes are coupled by their acceptance
probabilities. Additionally, we have presented a straight-
forward control rule for the variance of the acceptance
probabilities among the different processes. The results
confirmed the positive effect of the cooperation introduced
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Figure 6:Plots of performance curves of CSA for different dimensions
D of f2. Every curve was obtained using the same initial temperatures.
The vertical axis represents the number of necessary cost function evalu-
ations per optimizer in order to reach a minimum energy tolerance. For
all dimensions, this number decreases approximately exponentially with
the number of optimizers, i.e. the number of elements inΘ. Note that the
values in the vertical axis are on a logarithmic scale.

by the coupling in the search capabilities of the CSA algo-
rithm.
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Abstract—Recently, global optimization methods using
chaotic dynamics have been investigated. In those meth-
ods, it is significant what kind of chaotic dynamical system
is used. However, the system used in the existing method
for generating a chaotic sequence has some drawbacks. In
this paper, in order to improve them, we propose a new
dynamical system which generates a chaotic sequence by
the steepest descent method for minimizing an objective
function with additional sinusoidal perturbation terms. We
compare the proposed method with the existing method
through computational experiments by applying them to
some global optimization problems.

1. Introduction

Mathematically, the chaos means an aperiodic determin-
istic behavior which is exceedingly sensitive to its initial
conditions. Even though the model of the system is well
defined and contains no random parameters, the behav-
ior appears to be random. In the field of optimization,
such behavior is exploited in some metaheuristic methods
[1, 2, 4] for the global optimization problem, which has a
large number of local minima. Those methods avoid being
trapped in an undesirable local minimum by making use of
the chaotic behavior, and aim to find a desirable solution
within a practical time. For them, it is extremely important
what kind of chaos is used. A chaotic sequences gener-
ated by the existing method often tends to overconcentrate
around the boundary of the feasible region. In addition,
there exit some intervals of a bifurcation parameter called
windows, in which any sequence converges to several peri-
odic points. Hence, we have to select appropriate parame-
ters to avoid the windows.

Therefore, in this paper, we propose a new chaos gen-
erator to overcome the drawbacks. It which is the steepest
descent model for the objective function with additional si-
nusoidal perturbation terms. Moreover, we show sufficient
conditions for parameters under which the proposed model
generates a chaos sequence.

2. Marotto’s chaos

In this paper, we focus on the chaos in the sense of
Marotto which appers in a dynamical system having some

kind of fixed point called the snap-back repeller. We intro-
duce it in this section.

Let us consider a discrete-time system as:

(S) x(t + 1) = f(x(t)), (1)

wherex(t) ∈ �n, t = 1, 2, . . . andf : �n → �n is con-
tinuously differentiable. Letf (p) denote the composition
of f with itself p(> 0) times, then a pointx is called ap-
periodic point iff (p)(x) = x butf (k)(x) �= x for all k such
that1 ≤ k < p. In particular, a pointx satisfiesf(x) = x is
called a fixed point. Theε-neighborhoodNε(x) of a point
x denotes the set of points inside a ball with centerx and
radiusε > 0, i.e.,Nε(x) := {y ∈ �n| ‖x−y‖ < ε}. Then,
we introduce the following definition:

Definition 1 A fixed point x∗ of system (S) is called the
snap-back repeller of (S), if there exists a positive real num-
ber ε and x0 ∈ Nε(x∗) with x0 �= x∗ such that all eigenval-
ues of ∇f(x) exceed the unity in norm for all x ∈ Nε(x∗)
and f (m)(x0) = x∗ with det(∇f (m)(x)) �= 0 for some
positive integer m.

Then, it is well known that the existence of a snap-back
repeller in the system implies the chaos, as follows.

Theorem 1 Marotto Theorem [5]
If system (S) has a snap-back repeller then the system (S)
is chaotic. In other words, there exist:

1. a positive integerN such that (S) has ap-periodic
point for anyp ≥ N .

2. a scrambled setS ⊂ �n of f .

In this paper, we call a scrambled set generated by the
chaotic system also chaotic.

3. Chaos generator with transformation of variables

In this paper, we deal with the following nonlinear opti-
mization problem,

(P1) min f(x) s.t. x ∈ X,

whereX ⊂ �n is a closed set, andf is a multi-modal
continuously differentiable function. Since this problem
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has a large number of local minima, it is difficult to find
the global optimal solution. Thus, in order to solve this
problem, metaheuristic methods making use of the chaotic
dynamics have been investigated [1, 2, 4]. In those meth-
ods, the representative technique for generating a chaotic
sequence uses the variable transformation and the steepest
descent method as follows. By using an appropriate diffeo-
morphic functiong : �n → X , we definey := g−1(x)
and E(y) := f(g(y)), and transform problem (P1) into
the unconstrained optimization problem,miny E(y). For a
rectangle constraint, a sigmoid-type function is often used
asg. Then, we apply the steepest descent method to the
problem and obtain:

(S1) y(t + 1) = y(t)− α∇yE(y(t)),
x(t + 1) = g(y(t + 1)).

A sequence generated by (S1) converges to a local mini-
mum which depends on its initial point, if step-sizeα is
sufficiently small. On the other hand, ifα is sufficiently
large, it is well known that the sequence is chaotic in the
sense of Marotto. Many metaheuristic methods exploit this
property and search for a desirable solution. In this paper,
we call this model the gradient model using transformation
of variables (GT). Now, let us consider the sequence gen-
erated by GT model for the following problem:

Wood-Colville function

min f(x) = 100(2.5− x2
1)

2 + (1− x1)2

+ 90(2.5− x2
2)

2 + (1− x2)2

s.t. |x1| ≤ 2.5, |x2| ≤ 2.5.

Fig.1 shows the points generated by (S1) for this problem
from some different initial points at each step-sizeα. From
this, we can see that the sequences converges to two fixed
points for the smallα and that for the sufficiently largeα,
it is chaotic, where it covers the whole feasible region.

However, even ifα is sufficiently large, there exist some
intervals of the bifurcation parameterα such that any se-
quence converges to several periodic points, e.g.,α ∈
(0.008, 0.009) in Fig.1, while the system is theoretically
chaotic. Such intervals are calledwindows. What kinds of
windows exist in the system mainly depends on the objec-
tive function. Thus, we should select the step-size to avoid
these windows. In addition, a generated sequence often
tends to overconcentrate around the boundary of the feasi-
ble region, as shown in Fig.1, which is caused by a large
step-size and the diffeomorphic function for the transfor-
mation, and it does not depend on the objective function.
Hence, in some cases, solutions obtained by the GT model
might be undesirable.

In this paper, in order to improve the drawbacks, we pro-
pose a new chaos generator which is suitable for optimiza-
tion.
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Figure 1: The bifurcation diagram of GT model

4. Chaos generator with perturbation terms

Now, let us consider the following problem (P2) with
sinusoidal perturbation terms instead of (P1):

(P2) min f(x) +
n∑

i=1

β sin(ωxi) s.t. x ∈ X

Then, we apply a steepest descent method for problem (P2)
by using an appropriate internal penalty functionp(x) for
the constraint setX , where all local minima of the obtained
objective function are interior points ofX . For example,
for a rectangle constraint set[0, 1]n, we can use the penalty
function:

p(x) =
n∑

i=1

cp tan2 (π (xi − 0.5)) ,

wherecp is an appropriate positive constant. Then, we have

(S2) x(t + 1) = h(x(t))

= x(t)− α
(
∇f(x(t)) +∇p(x(t))

+βωdiag{cos(ωx1(t)), . . . , cos(ωxn(t))}
)
,

whereω andβ are a frequency and an amplitude, respec-
tively. We call the proposed model the gradient model
using original variables with the sinusoidal perturbation
(GOsp).

In the GOsp model, ifω is set to be sufficiently large,
even thoughα andβ is not so large, system (S2) has a larger
number of fixed points than system (S1) does because of
the perturbation terms, and thus most of them can be ex-
pected to be snap-back repellers as shown in Fig.2. The
existence of snap-back repellers guarantees that the system
generates a chaotic sequence. In addition, we derive the
sufficient conditions forα, β andω under which system
(S2) generates a chaotic sequence.

Theorem 2 If for an interior fixed point x∗S2 of (S2), there
exist a positive constant r satisfying r > 2π/ω and a neigh-
borhood Nr(x∗S2) ⊂ X such that ∇f(x) +∇p(x) = 0 for
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Figure 2: The graph of (S2)

all x ∈ Nr(x∗S2). Moreover α, ω and β satisfy

3
2
π ≤ αβω2,

then the fixed point x∗S2 is a snap-back repeller.

In many cases, if we select a sufficiently largeω, there ex-
ist r > 2π/ω and a neighborhoodNr(x∗S2) ∈ X such that
∇f(x) + ∇p(x) ≈ 0 for all x ∈ Nr(x∗S2). Hence, even
if α andβ are not so large, all assumptions of Theorem 2
can be expected to be approximately satisfied. Thus, from
this theorem, we can see that the proposed model can avoid
overconcentration around the boundary of the feasible re-
gion because of a small step-size. In addition, although it
has more parameters than the GT model, they can be easily
selected by Theorem 2.

Next, let us consider the windows appear in the GOsp
model. Here, we consider the one-dimensional system,
which is enough to investigate windows in system (S2).
In general, about the windows, the following property is
known [6]. Any window is generated by the tangent bifur-
cation and disappeared at the crisis. If a right-hand side of
the update system (S) is approximated by a quadratic func-
tion at a stationary pointx∗ of f as follows:

f(x) ∼ a(α) (x− x∗)2 + b(α), (2)

whereα is a bifurcation parameter. Then, the width|∆α|
of a window generated by the tangent bifurcation around
x∗ is approximately given by

|∆α| ∼ 2
|a(α) b′(α)| . (3)

Hence, the width of the window is in inverse proportion
to a(α). Therefore, since the curvature of right-hand side
h(x) of (S2) at its stationary point is large for a sufficiently
largeω, the width of each window can be expected to be
small.

Fig.3 shows the bifurcation diagram of (S2) for the
Wood-Colville function. We can see that for a small step-
size, a chaotic sequence is generated and that the width
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Figure 3: The bifurcation diagram of GOsp model
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of each window is very small. Furthermore, we quantify
the chaos by evaluating the Lyapunov exponent of (S2). It
is well known that if the index is positive, the system is
chaotic [6]. The result is shown in Fig.4. From this fig-
ure, we can observe that under a small step-sizeα, (S2) is
chaotic.

5. Application to optimization

In this section, in order to compare GT with GOsp, we
applied some metaheuristic methods with two generators
to an optimization problem, where we used the following
methods which exploit the chaotic dynamics.

5.1. Chaotic annealing method: CA [4]

This method is similar to the simulated annealing
method, which uses a sufficiently large step-sizeα at early
stages to search extensively for a solution in the feasible re-
gion, and then gradually decreasesα until a sequence gen-
erated by the system converges to a local minimum.

5.2. Chaotic multi-start method: CMS [2, 3]

The CMS is a multi-start method where local searches
(LS) are executed from points found by a global search
(GS) making use of a chaotic sequence. In this method, the
GS procedure is executed until the algorithm terminates.

885



If the GS procedure finds a promising area which can be
expected to include a good local minimum, then a LS pro-
cedure is started from the point. If the solution obtained by
LS is better than the tentative one, then it is updated by the
obtained solution. The starting conditions of the LS proce-
dure should be selected appropriately for each problem.

5.3. Numerical experiments

In this subsection, we apply CA or CMS with two gener-
ators GT and GOsp to an optimization problem, and verify
the ability of them to find solutions. We apply them to the
minimization problem for the following 10-dimensional
Rastrigin function:

min . fR(x) = 10n +
n∑

i=1

x2
i − 10 cos(2πxi)

s.t. |xi| ≤ 5.12, i = 1, . . . , n,

where the global optimum isx∗ = (0, . . . , 0)�.
First, we executed CA’s with two generators whereα

was arithmetically decreased by 1.2×10−6 in GT and by
5.0 × 10−7 in GOsp, andβ = 1 andω = 100, and the
maximal number of iterations was set to be1000 for both
methods. The average objective function value obtained by
each method in 50 trials is shown in Table 1. GOsp found
the better solutions than GT.

Table 1: Comparison of obtained function values for Rast-
rigin function

GT GOsp
Ave. func. value 169.9 19.6

Secondly, we compared CMS’s with two generators.
Additionally, we executed the randomized algorithm (RA),
in which a start point of LS was selected uniformly at ran-
dom from the feasible region, instead of a chaotic trajec-
tory. For each method, we executed system (S1) with suf-
ficiently smallα as a LS procedure. Fig. 2 shows com-
parison of the average objective function values obtained
by three methods, where the maximal number of iterations
was set to be 10000 for each method. CMS with the pro-

Table 2: Rastrigin function

GT RA GOsp
Ave. func. value 78.1 13.2 5.4

posed generator found the best solution among three meth-
ods. Next, we compared the number of iterations until each
method find the global optimal solution. Fig. 3 shows
the comparison of the average number of iterations in GS
(No.of GS), starting LS’s (No.of LS), total iterations in all
LS’s (No.of total ite. LS), and total iterations in the whole
algorithm (No.of total ite.). GOsp requires the smallest
number of iterations in terms of all indices among three
methods.

From these results, we can conclude that chaotic meta-
heuristic methods with the proposed method can effectively
find better solutions, and can find the global optimal solu-
tion within the smallest number of iterations. Those results
indicate good performance of the proposed chaos genera-
tor.

Table 3: Comparison of numbers of iterations for Rastrigin
function

Average of GT RA GOsp
No. of GS 1051 5501 756
No. of LS 96 573 96

No. of total ite. LS 985 4935 585
No. of total ite. 2036 10436 1341

6. Conclusion

In this paper, we have pointed out drawbacks of the exit-
ing chaos generator based on the steepest descent method,
which has been used in many chaotic metaheuristic meth-
ods for the global optimization. In order to overcome the
drawbacks, we have proposed a new chaos generator ex-
ploiting the sinusoidal perturbation terms. In addition, we
have shown the sufficient conditions for parameters in the
term and the step-size under which the proposed method
generates a chaotic sequence. Furthermore, we have ap-
plied the chaotic annealing method or the chaotic multi-
start method with the proposed generator to global opti-
mization problems and verified the efficiency of the pro-
posed method.
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Abstract—A family of automatic container load-
ing problems is studied and algorithms are proposed.
The algorithms are constructed with metaheuristics
and include flat and/or vertical loading schemes, load-
ing efficiency, stability of loaded objects, and compu-
tational requirement. Handling groups of objects in a
metaheuristic scheme is moreover considered.

1. Introduction

Container loading problems have been studied by
a variety of different methods. Yet they are attract-
ing more researchers’ attention now, mainly due to
remarkable progress in distribution systems and au-
tomatization in freightage.

In this paper we consider a system for a class
of automatic container loading problems. Many re-
lated studies formulate such problems as optimization
of allocating boxes or objects of various shapes, e.g.,
[1, 2, 3]. However, knowledge on loading is consid-
ered to be more important than optimization in the
sense of efficient space utilization in a container. Our
approach to this problem is incorporation of various
types of knowledge in a system of optimization. For
this purpose we use the methodology of metaheuristics
in which a simple greedy algorithm is employed to al-
locate objects, whereby the incorporation of different
types of knowledge becomes possible.

We first describe a general framework in which an
optimization system incorporating knowledge is devel-
oped. Two different optimization algorithms for allo-
cating objects to be loaded are given.

A common sense knowledge is that, subsets of ob-
jects form natural groups which are of the same shapes
or their destinations are the same. The former is the
way of grouping based on physical attributions of each
object, e.g., weight, capacity, and the latter is based
on non-physical attributions of each object.

Hence a family of search algorithms taking the
grouping into account is studied, in which neighbor-
hoods of groups are employed. Moreover mixed strate-
gies of an ordinary and group-based searches are pro-
posed.

2. Problem Description

As shown above, we formulate the loading problem
as that of metaheuristic optimization [5, 6] in which

knowledge incorporation is done through several meth-
ods.

First, formulation knowledge is incorporated al-
ready in the metaheuristics and the choice of greedy al-
gorithms, since a greedy algorithm is a simple method
that are flexible to knowledge incorporation. Second,
knowledge base should be prepared and converted into
algorithms of the system. As shown above, they should
be represented as a part of criteria in a multiobjective
optimization, constraints, and parameter values.

These observations lead us to the following basic
framework of general loading problems that consists
of a triplet: < K,M, T > where

1. K is a knowledge base in which different types of
knowledge is included;

2. M is a metaheuristic optimization system of
which the substructure is defined below;

3. T is a transformation mechanism whereby ele-
ments in K is transformed into working knowl-
edge in M.

Among the three components, the metaheuristic
optimization system should be especially remarked,
since the metaheuristic structure of the system con-
trols the other two.

The system of metaheuristic optimization has eight
components:

M = (O, SO, N, U, C, L,HA, lc).

The first component is the set of objects to be loaded:
O = {o1, . . . , oN}. Moreover SO is all sequences of the
objects

SO = {x = (oj1 , . . . , ojN
)},

where (j1, . . . , jN ) runs all permutations of (1, . . . , N).
The components U and L imply the upper and lower
stages.In the lower stage a certain heuristic algorithm
HA is chosen to allocate each object oi in a given order
x in SO.

In the upper stage U the order of the objects is
altered using a metaheuristic method such as the local
search, the simulated annealing [4], the tabu search,
or the genetic algorithm.

A solution is represented by the sequence x of ob-
jects. Together with an allocation subalgorithm HA,
the locations of the objects are determined. By using
a metaheuristic method, the solutions are iteratively
optimized. In a metaheuristic method, the concept
of neighborhood of a solution is used. We assume a
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neighborhood of x is denoted by N(x). A typical ex-
ample of N(x) is the exchange: an element y ∈ N(x)
is obtained by exchanging two objects in the sequence
x.

Generally an allocation subalgorithm uses a heuris-
tic local criterion lc(·) for finding a location of an ob-
ject oi, which is dependent on particular implementa-
tion of HA. On the other hand, the optimization in
the metaheuristic level U uses another global criterion
C. These two criteria depend strongly on individual
application and the algorithm, as we will see later.

There are many choices for the algorithm HA in L
and many different metaheuristic schemes in U . More-
over the choices are independent between U and L.

As noted before, knowledge is incorporated in both
U and L. The global criterion C includes a weighted
sum of soft constraints while the local criterion also
can. The greedy algorithm includes constraints when
allocating objects.

3. Allocation Algorithms

In this section we propose algorithms for allocating
objects to be loaded and optimization schemes. We as-
sume that all objects and the container are rectangular
boxes. The purpose of the algorithms is to maximize
the volume ratio of the container as follows:

R =

∑
j vj

C
→ max

Here, C and vj are respectively the volume of the con-
tainer and that of oj which are allocated in the con-
tainer.

3.1. Loading strategies

In this paper, we consider two strategies of loading.
One is vertical loading and the other is flat loading.

3.2. Constraints

3.2.1. Constraint of a container

All objects should be allocated inside a container
so that no object is stuck out of the container.

3.2.2. Rotation of objects

Rotation of an object is sometimes prohibited and
in other cases free. We consider two ways to rotate
each object. In one way any side of an object can be
the bottom, in the other way any objects can not be
turned upside down.

3.2.3. Stability of objects

The measure of stability S of an object which is
allocated onto other objects is defined as follows:

S =

contact space between
upper object and lower objects

underside space of upper object

We called S the ratio of contact between the upper ob-
ject and lower objects. The range of S is 0.5 < S ≤ 1.
S 6= 1 means that a part of the underside of the up-
per object is not completely contacted onto the lower
objects.

3.3. Evaluation of allocation position of objects

We evaluate the following criteria in view of stabil-
ity to finalize allocation positions of objects.

1. Protruding ratio of objects

2. Degree of the ‘brick stacking’ pattern

3. The average number of the brick stacking pat-
terns

3.3.1. Protruding ratio

The allocation with S 6= 1 is not desirable in gen-
eral. Hence, we define the ratio of protruding Op as
follows:

Op = 100×

total sum of protruding
underside space of objects

total sum of underside space
of the allocated objects ×(1− S)

3.3.2. Degree of brick stacking pattern

The ‘brick stacking’ pattern means that an upper
object should be allocated regularly on the boundary
of lower two objects. Such allocation is obviously ro-
bust to vibration in transportation.

We define the degree of brick stacking pattern Bp

by the following, where ‘n.’ implies ‘numbers’ and the
lowest objects are on the floor of the container.

Bp = 100×

n. of objects allocated
in brick stacking pattern

n. of all allocated objects
− n. of the lowest allocated objects

3.3.3. Average number of objects in brick stacking pat-
tern

We introduce the average number of objects in the
brick stacking pattern Lave as follows:

Lave =
n. of objects right under each object

n. of allocated objects

Here we assume that the number of objects which are
right under the lowest object is 1.

3.4. Allocation Subalgorithm HA

In this section, we describe two allocation subalgo-
rithms in L to find the location of an object oi. These
subalgorithms are both based on a simple greedy al-
gorithm, but management of data structure is differ-
ent. In the following subalgorithms stability criteria in
the last section are compared against predetermined
thresholds.
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3.4.1. Cell division management

A method to manage objects in the container by
cell division (cf. [7]), which means that a container is
divided into small cells and when an object is allo-
cated, the space occupied by the object is marked ‘1’
and those not occupied is marked ‘0’, whereby manage-
ment of free space is simple and flexible. The method
is called here ‘cell division’ management.

3.4.2. Vertex management

Second algorithm uses vertices of objects to man-
age the space [8]. The method is called ‘vertex man-
agement’.

3.5. Metaheuristic Schemes

We use a local search and the simulated annealing
as metaheuristic schemes in U . A local search and the
simulated annealing employ search in a neighborhood
and an appropriate definition of a neighborhood N(x)
of an object x. Notice that a solution x is an order of
all objects. In such a case a natural neighborhood is
obtained by exchanging two objects. That is, for

x = (o1, . . . , oi−1, oi, oi+1, . . . , oj−1, oj , oj+1, . . . , xN )

We define

N(x) ={x | x = (o1, . . . , oi−1, oj , oi+1,

. . . , oj−1, oi, oj+1, . . . , xN ), ∀i, j} (1)

4. Object Groups

In this section, we consider the way to have group-
ing of the objects. As noted earlier, we have natural
groupings of the objects:

• The groups of objects are determined based on
physical attributions of each object, e.g., weight,
capacity.

• The groups of objects is determined based on
non-physical attributions of each object, e.g.,
destinations.

In both cases, a group of objects should be placed
closely, which is common sense knowledge in most
loading problems. Now, we discuss the former group-
ing.

4.1. Grouping using Clustering

Let aik be k-th attribution of a object oi and
ai = (ai1, . . . , aiP ) be an attribution vector of oi. We
can show the following examples of the attributions:

• weight

• capacity

• sum of each edge

The flow of having groups is that, first give the num-
ber of groups and choose a clustering method, next
group the objects using the chosen method. One of
the simplest methods is as follows:

1. Give the number of groups. Let the number be
M .

2. Calculate the attribution of each object. For ex-
ample, the weight or capacity can be regarded as
the attribution. In convenience, the attribution
is not a vector but a scalar.

3. Sort the objects in descending order of the value
of attribution. Let the sequence of objects be
(ô1, . . . , ôN ) and ai be the attribution of ôi.

4. Calculate the value di,i+1 = ai − ai+1.

5. Find the M − 1 largest values of di,i+1. Let the
i be ib. Note that number of ib is M − 1.

6. Group the object as follows:

(|ô1, . . . | . . . , ôib
|ôi+1, . . . , ôjb

|ôj+1, . . . | . . . , ôN |)

m

(G1| . . . |Gk| . . . |GM )

Of course, we can also use other clustering algo-
rithms, e.g., fuzzy c-means, hierarchical clustering.

4.2. Reflection of Grouping into Metaheuristic
Optimization

To reflect such grouping into the metaheuristic op-
timization, a natural strategy is to alter a neighbor-
hood from (1) into another type of neighborhoods
based on the groups.

Let a group Gk is a sequence of objects:

Gk = (oi+1, . . . , oj).

For later use, we denote the set of objects in Gk by

[Gk] = {oi+1, . . . , oj}

and |Gk| is the number of objects in Gk.
It should be noticed that frequently the sequence

itself is not essential but the set [Gk ] is generally im-
portant. For two sequence G and G′, if G 6= G′ and
[G] = [G′], then G and G′ have actually the same ob-
ject set.

Assume the solution x is separated into subse-
quences:

x = (o1, . . . , oi|oi+1, . . . , oj |oj+1, . . . | . . . | . . . , oN )

and each subsequence forms a group:

x = (o1, . . . , oi|oi+1, . . . , oj |oj+1, . . . | . . . | . . . , oN )

m

x = (G1|G2| . . . |Gk|Gk+1| . . . |Gl|Gl+1| . . . |GM )

Thus we have a sequence of groups instead of the orig-
inal sequence of individual objects.
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For x = (G1|G2| . . . |Gk|Gk+1| . . . |Gl|Gl+1| . . . |GM ),
we can define a new neighborhood NG(x) by groupwise
exchange:

NG(x) = {x |x = (G1|G2| . . . |Gl|Gk+1|

. . . |Gk|Gl+1| . . . |GM ), ∀k, l }

Handling an object sequence by groups has two effects:

1. Objects in a group become a subsequence and
hence placed closely in a container. This means
that, e.g., objects in a group of the same desti-
nation are placed as a cluster and handling at a
freight station becomes easier.

2. Search space becomes narrower by using the
groups and hence the greedy subalgorithm is
more efficient.

4.3. Mixed search

Mixing an ordinary search by individual objects
using N(x), which is also called a standard search
(abbreviated as S), and the groupwise search using
NG(x) (abbreviated as G) is studied. Notice that us-
ing a standard search x does not have a group as a
subsequence in general, while a groupwise search re-
quires those subsequences. Let us assume that x =
(G1|G2| . . . |Gk |Gk+1| . . . |Gl|Gl+1| . . . |GM ). By using
a standard search, x is randomized into x′ in which
Gi is scattered. For example G1 = (o1, o2, . . . , oi) and
we may have x′ = (o1, . . . , o2). Suppose we wish to
perform a groupwise search for x′.

Recovery of groups

To recover the groups from a randomized x′ is nec-
essary. A simple method is to group the objects into
original groups in which the order of the objects keeps
the order of x′. We show a simple example as follows:

1. Let an initial set be

x = (o1, o2, o3, o4.o5, o6, o7, o8, o9)

which has already been sorted in descending or-
der of the value of attribution of each object.

2. As a result of clustering, x is divided in three
groups as follows:

x = (o1, o2, o3|o4.o5, o6|o7, o8, o9)

m

x = (G1|G2|G3)

3. As a result of standard search after groupwise
search, we get the following sequence:

x = (o4, o8, o3, o7.o9, o6, o1, o2, o5)

4. As a result of recovery of groups, we can get the
sequence:

x = (o4, o6, o5|o8.o7, o9|o3, o1, o2)

5. Conclusion

In this paper, two algorithms of cell division and
vertex management have been proposed. We moreover
have proposed searches based on object groups. The
way to group the object using clustering have been
proposed and mixed algorithms S-G-S and G-S-G
have been discussed. Generally such group handling
is considered to be important as a common sense type
of knowledge. Although we have tested a number of
examples, we cannot show a definite advantage of the
group handling. However, we have shown such group
handling algorithms are at least as good as an ordinary
metaheuristic algorithm.

Future study include test on actual sets of objects
at freight stations and evaluation of the proposed al-
gorithms using more extensive criteria. Expert evalu-
ation by experts in actual freight stations is also nec-
essary.
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Abstract—In this paper, we investigate a method to con-
trol servo systems using reference governor and the BB
method. To switch reference signals by the reference gov-
ernor, a maximal admissible sets (MAS) corresponding to a
reference signal, which includes the current state, must be
determined on line. In this paper, we propose an efficient
method to do this. This method uses the BB method and a
balanced binary tree concept. The BB method is also used
to compute MASs.

1. Introduction

For almost all practical control systems, we need to take
into account the constraints on state and/or control input
caused by amplitude limitation of state variables, satura-
tion property of actuators and so on. If we ignore these
constraints, then the real performance of the system de-
grade because of the wind-up phenomena, or in worst cases
the control system becomes unstable. In these respect, ex-
tensive researches have been done to cope with such con-
straints, and predictive reference management methods[1],
[2], a reference signal shaping method [3], and methods us-
ing reference governor (RG) [4]–[8] are proposed. It was
said that the method using RG could not improve the origi-
nal output response. However, in [9], it has been shown that
the original output response could be improved by adopt-
ing both RG and an outer feedback loop which is designed
by using LMI.

In this paper, we study a method adopting RG and an
outer feedback loop. The first issue to utilize the advan-
tage of the method is the computation of the maximal ad-
missible sets (MASs) for constants reference signals. The
second issue is the fast determination that MASs which in-
clude the current state of the servo system. The first issue
is rather easy since computing MASs is off-line task. On
th other hand, the second issue is very crucial to use RG
to manage reference input, because it is on-line task and
should be done in a given sampling period. We will pro-
pose a method using Beneath-Beyond (BB) method [10],
[11], which is a method to solve a dynamic convex hull
problem.
Notation. For a vector ξ. [ξ]p denotes the p-th element
of ξ. For integers p and q such that p ≤ q, [p · · · q] denote
the set {p, p + 1, · · · , q}. For a set Ω, int Ω is the set of
interior points of Ω. For a polytope Z, facet Z, node Z
| facet Z| and | node Z| are a set of all facets ofZ, a set of

all nodes of Z, the cardinality of facet Z, and the cardi-
nality of node Z, respectively.

2. Problem Statement

Let us consider a discrete-time servo system given by
{

x[k + 1] = Ax[k] + Br[k], x[0] = x0

y[k] = Cx[k],
(1)

where k ∈ Z+ = {0, 1, 2, · · ·}, x ∈ Rñ is the closed loop state,
y ∈ Rm is the output to be controlled, and r ∈ R ⊆ R, where
R is the given connected set to which constant reference
signals belong. We assume (1) is a stable servo system,
and, hence, the pair (A, B) is controllable; A is a stable
matrix; and for any r̂ ∈ Rm there exists a unique x̂(r̂) such
that

x̂(r̂) = Ax̂(r̂) + Br̂, Cx̂(r̂) = r̂. (2)

We require constraints on state and control are satisfied.
The constraints are given by

z[k] = Lx[k] + Dr[k] ∈ Z ⊆ RNc ∀ k ∈ N, (3)

where N = [0 · · ·N] ⊆ Z+ andZ ⊆ RNc is a polyhedral set
given by

Z = {z = [z1 z2 · · · zNc ]
�| |zi| ≤ 1, i ∈ Nc}, (4)

where Nc = {1, 2, . . . ,Nc}.
For a given r j ∈ R, let us define

Ωk̂(r j) = {x0 : (Lx[k; 0, x0, r j] + Drj) ∈ Z,
k ∈ [0 · · · k̂] }, (5)

where x[k; 0, x0, r j] is the solution of (1) satisfying x[0] =
x0 and the input r[k] ≡ r j. The MAS corresponding to a
constant reference input r j is denoted by Ω∞(r j) and de-
fined by

Ω∞(r j) = lim
k̂→∞
Ωk̂(r j). (6)

Throughout the paper, we assume that

∀ r̂ ∈ R, (Lx̂(r̂) + Dr̂) ∈ int Z, (7)

and

∀ r ∈ R, Ω∞(r) � ∅, x̂(r) ∈ int Ω∞(r). (8)
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We divide R into smaller sets {R j} and choose a point
r j ∈ R j for each j. Suppose that we computed {Ω∞(r j)}
and that

x̂(r j) ∈ int Ω∞(r j′) ∀ j′ ∈ J( j), (9)

where J( j) is the set of indexes of R j′’s which are adjacent
to R j. Now suppose that an initial state x0 and a constant
reference command r∗ is given and let x0 ∈ Ω∞(r j0 ) and
r∗ ∈ R jN . Consider a path connecting r j0 and r jN , and
suppose that it passes R j0 , R j1 , · · ·, R jN . Then, RG man-
ages {r[k]} in the following way: For each k, determine the
largest �(k) ∈ [0 · · ·N] such that x[k] ∈ Ω∞(r j�(k) ), then set
r[k] = r j�(k) so that the following relations hold.

r[k] = r j�(k) , x[k] ∈ Ω∞(r j�(k) ),

k ∈ [ki · · · (ki+1 − 1)], i ∈ [0 · · ·N], (10)

r[k] = r∗, x[k] ∈ Ω∞(r∗), k ≥ kN . (11)

When a polytopeZ is given by

Z = {h�i z ≤ 1, i ∈ [1 · · ·mZ]}, (12)

we have

Ωk̂(r j) = Ω′
k̂
(r j) + x̂(r j) (13)

= {e0 + x̂(r j) : e0 ∈ Ω′k̂(r j)}, (14)

Ω′
k̂
(r j) = {e0 : ĥ�i,ke0 ≤ 1, i ∈ [1 · · ·mZ],

k ∈ [0 · · · k̂]}, (15)

where ẑ(r j) = Lx̂(r j) + Drj, and

ĥ�i,k =
1

1 − h�i ẑ(r j)
h�i LAk. (16)

Note that 0 ∈ int Ω′
k̂
(r j) since x̂(r j) ∈ int Ωk̂(r j) by (8).

3. Computation of MAS and the BB Method

In the following, we drop (r j) when it is obvious from
the context.

3.1. Algorithm for computation of MAS

The following result can be obtained easily.

Lemma 1 Let

ΩD
k̂
= co {ĥi,k, i ∈ [1 · · ·mZ], k ∈ [0 · · · k̂]}, (17)

node ΩD
k̂
= {ĥi(�),k(�), � ∈ [1 · · ·mk̂]}. (18)

Then, we have

Ω′
k̂
= {x : ĥ�i(�),k(�)x ≤ 1, ∀ � ∈ [1 · · ·mk̂]}. (19)

Lemma 2 Let Ω̃D
î,k̂+1

= co { node ΩD
k̂
, ĥi,k̂+1, i ∈

[1 · · · î] }. If ĥî+1,k̂+1 ∈ Ω̃D
î,k̂+1

, then we have

ĥî+1,k̂+ j ∈ Ω̃D
î,k̂+ j

∀ j ≥ 1. (20)

Based on Lemma 2, we propose an algorithm to compute
ΩD∞.

Algorithm
1. Let Q be an empty queue, and let ΩD be a sufficiently

small polytope such that 0 ∈ int ΩD;
2. co {ΩD ∪ ĥ1,0}; push(Q, ĥ1,0); co {ΩD ∪ ĥ2,0};

push(Q, ĥ2,0); · · ·, co {ΩD ∪ ĥmZ ,0}; push(Q, ĥmZ ,0);
3. while (Q � ∅)
4. h :=pop(Q); h̃ := A�h;
5. if (h̃ � ΩD) then begin
6. ΩD := co {ΩD ∪ h̃};
7. push(Q, h̃);

end;
end.

In the above, push(Q, h) means that add h at the end of Q,
and pop(Q) returns the first element of Q and the element
is removed from Q.

Remark 1 By the assumption, Ak → 0, k → ∞, and,
hence, ĥi,k → 0, k → ∞. Therefore, it is obvious that the
above algorithm will stop anyway.

Remark 2 The algorithm propose here coincides with
that proposed in [12]. However, the implementation of the
algorithm is different as we show in below.

3.2. The BB Method

Suppose that 0 ∈ int Ω′
k̂
. Equation (19) means that mk̂

= | facet Ω′
k̂
|, and that ĥi(�),k(�) is a normal vector of F� ∈

facet Ω′
k̂
. Note that ĥi(�),k(�) is normalized in the sense that

it satisfies

ĥ�i(�),k(�)x = 1 ∀ x ∈ F�. (21)

Then, polytopes Ω′
k̂

and ΩD
k̂

are dual, and there is 1-1 cor-
respondence between nodes (normalized normal vectors of
facets, respectively) of ΩD

k̂
and normalized normal vectors

of facets (nodes, respectively) of Ω′
k̂
. For example, let us

consider a cube Ω′
k̂

shown in Fig. 1, where node Ω′
k̂
= {x1,

x2 · · ·, x8}. By 1234, let us denote a facet whose nodes are
x1, x2, x3, x4. Then, facet Ω′

k̂
= {F1: 1234 (the facet F2:

1265, F3: 3478, F4: 5678, F5: 1485, F6: 2376}. The node
hi of the octahedron ΩD

k̂
is the normalized normal vector of

Fi, where
[

x1 x2 x3 x4 x5 x6 x7 x8

]

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
−1 −1 1 1 −1 −1 1 1
−1 1 1 −1 −1 1 1 −1
−1 −1 −1 −1 1 1 1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ ,
[

h1 h2 h3 h4 h5 h6

]

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 −1 1 0 0 0
0 0 0 0 −1 1
−1 0 0 1 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ .
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Fig. 1 A cube Ω′
k̂

and its dual polytope ΩD
k̂

.

In the BB method proposed in [11], a polytope keeps the
data of nodes, facets, sub-facets and the inclusion relations
of them (for example, see Fig. 2).

12341265 34785678 14852376

12 23 34 14 56 6778 581526 3748

1 2 3 4 5 6 7 8

Fig. 2 The data structure of the BB method[11]:
Nodes, facets, sub-facets and the inclusion rela-
tion of them.

Let node Ω′
k̂
= {x j, j ∈ [1 · · · n]}. Then,

h̃ � ΩD ⇔ ∃ j ∈ [1 · · · n] : x�j h̃ > 1, (22)

and, hence, h̃ � ΩD holds if and only if (22) holds. This can
be done very easily and very much faster than the method
solving Linear Programming Problem (LP)[12]. Note that
in the algorithm, we need to compute co {ΩD ∪ A�h} at
Step 6 when h̃ � ΩD. This is additional task as long as
we confine ourselves to determine h̃ � ΩD or not. How-
ever, this removes unnecessary constrains, and it is useful
to reduce the total computing cost.

Computation co {ΩD ∪ A�h} consists of 2 steps: The
first step is to find a facet such that x�i h̃ > 1, where xi

is the normalized normal vector of the facet. The second
step is renewing the data of ΩD. The first step is done by
O(n) computing cost, where n = | facet ΩD|. On the other
hand, the second step is usually done by O(m2) ∼ O(m3)
computing cost[11], where m = | node ΩD|.

3.3. Efficient method to examine ẽ ∈ Ω′∞ or not

Suppose that we haveΩD∞. Let node ΩD∞ = {h̃�}m�=1 and let
Ω′∞ be the dual polytope ofΩD∞. To apply the method based
on RG, we need to determine whether ẽ = x[k]− x̂ ∈ Ω′∞ or
not on line. In this section, we propose a method to reduce
the computing time to do this. By a naive method, it need
m times computation of the inner product since

ẽ ∈ Ω′∞ ⇔ ∀ � ∈ [1 · · ·m] : h̃�� ẽ ≤ 1. (23)

Let node Ω′∞ = {xi}ni=1, where xi is the normalized normal
vector of a facet of ΩD∞.

LetX′ = X− x̂, and we divideX′ into {X′q, q ∈ [1 · · ·NX]}
by hyperplanes {Hp, p ∈ [1 · · ·Nh]}. Suppose that Hp =

{x : h�p x = 1}, and, for each X′q, define ξq ∈ {0, 1}Nh by

[ξq]p = 1 (0) ⇔ h�p x′ ≥ 0 (< 0) ∀ x′ ∈ X′q. (24)

0

h1

h2

h3
h4

h5

h6h7
h8

h9

h10

h11

H1

H2

H3

η1

η2

η3

X′1

X′2

X′3X′4

X′5

X′6
Fig. 3 Decomposition ofX′ by hyperplanesH1,H2,
andH3.

For example, in Fig. 3, Nh = 3, NX = 6, ξ1 = [0, 0, 1]�,
ξ2 = [0, 0, 0]�, ξ3 = [1, 0, 0]�, ξ4 = [1, 1, 0]�, ξ5 =
[1, 1, 1]�, and ξ6 = [0, 1, 1]�. We introduce lexicographic
order and construct a balanced binary tree T . Any node of
T corresponds to a region Ω′∞ and has the data of normal-
ized normal vectors of facets which includes nodes in Ω′∞.
For example, the node corresponding to X′6 has data of h4

and h11. WhenX′q includes no node ofΩ′∞, the correspond-
ing node of T has the data of hi of Fi, where Fi is the facet
such that

αh�i xq ≥ αh�� xq, ∀ �, αh�i xq > 1,

where α is a sufficiently large number and xq is an arbitrary
given point in int X′q. For example, the node correspond-
ing to X′2 has the data of h5.

When ẽ is given, we compute

[ξ(ẽ)]p =

{
1, η�p ẽ ≥ 0
0, η�p ẽ < 0

(25)

and search ξq such that ξq = ξ(ẽ). For any h� stored in the
node corresponding to X′q, we examine h�� ẽ > 1 or not. If
h�� ẽ ≤ 1 for all �, then ẽ ∈ Ω′∞. For example, when ẽ ∈ X′2,
ξ(ẽ) = [0, 0, 0]� and ẽ ∈ Ω′∞ if h�5 ẽ ≤ 1.

4. An Example

Consider a position servo system shown in [8]. The
closed system is transformed into discrete-time by zero-
order hold assuming a sampling period of Ts = 10 [ms].
We use the ”outer” feedback/feedforward system proposed
in [9]. In Figures 4 and 5, simulation results are shown. In
which, r̂(t) = r̂[k], r(t) = r[k], t ∈ [kTS , kTS + TS ), and
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magenta lines are responses when we use MAS, while blue
lines shows responses when we apply the reference input
shaping method [3].

When we use MAS, computing time of a naive method
When ẽ locates at the inside of Ω∞(rk), the proposed
method and a naive method need about 2.66[µS] and
4.50[µS], respectively, to determine ẽ is inside of Ω∞(rk).
When ẽ locates at the outside of Ω∞(rk), the proposed
method and a naive method need 0.83 ∼ 1.0[µS] and
0.16 ∼ 1.3[µS], respectively, to determine ẽ is inside of
Ω∞(rk). Therefore, we can see that our method is more
effective.
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Fig. 4 Response when x0 = 0.
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Fig. 5 Response when x0 = [1.1496 0 0]�.

5. Conclusion

In this paper, we study the reference input management
using RG. We proposed to use the BB method for the
construction of MAS. This method can reduce the total
computing cost. Moreover, we propose to construct bal-
anced binary trees to reduce the computing time to exam-
ine ẽ ∈ Ω′∞ or not. This method reduce the computing time

about 1/2 ∼ 1 than a naive method. The proposed method
is much more effective than the naive method when MASs
are given huge number of constraints.

References

[1] A. Bemporad, A. Casavola and E. Mosca, “Nonlinear
control of constrained linear systems via predictive ref-
erence management,” IEEE Trans. on Automatic Con-
trol, vol. 42, pp. 340–349, 1997.

[2] A. Bemporad and E. Mosca, “Fulfilling hard con-
straints in uncertain linear systems by reference man-
aging,” Automatica, vol. 34, pp. 451-461, 1998.

[3] T. Sugie and H. Yamamoto, “Reference management
for closed loop systems with state and control con-
straints,” Proc. American Control Conf., pp. 1426–
1431, 2001.

[4] P. Kapasouris, M. Athans and G. Stein, “Design of
feedback control systems for stable plants with saturat-
ing actuators,” Proc. IEEE Conf. Decision and Control,
pp. 469-479 (1988)

[5] E. G. Gilbert and K. T. Tan, “Linear system with state
and control constraints: the theory and application of
maximal output admissible sets,” IEEE Trans. on Au-
tomatic Control, vol. 36, pp. 1008–1020, 1991.

[6] E. G. Gilbert and I. Kolmanovsky, “Nonlinear tracking
control in the presence of state and control constraints :
a generalized reference governor,” Automatica, vol. 38,
pp. 2063–2073, 2002.

[7] K. Hirata and M. Fujita, “Set of admissible reference
signals and control of systems with state and control
constraints,” Proc. of CDC, pp. 1427–1432, 1999.

[8] K. Kogiso and K. Hirata, “A reference governor
in a piecewise state affine function,” Proc. of CDC,
pp. 1747–1752, 2003.

[9] Y. Ohta, K. Mori, K. Yukimoto, and R. Mishio, “On-
line reference management for discrete time servo sys-
tems under state and control constraints,” Proc. of
IECON, pp. 183–188, 2005.

[10] H. Edelsbrunner, Algorithms in Combinatorial Ge-
ometry, Springer-Verlag Berlin Heidelberg, 1987.

[11] Y. Ohta, Y. Nagai and L. Gong: “Beneath-beyond
method and construction of Lyapunov functions,”
Proc. of NOLTA’97, pp.353-356, 1997.

[12] B. Pluymers, J. A. Rossiter, J. Suykens and
B. D. Moor: “The efficient computation of polyhedral
invariant sets for linear systems with polytopic uncer-
tainty,” Proc. ACC05, 2005.

894



A New Absolute Stability Criterion for 2-D Single Variable Lur’e systems

Roisin Duignan† and Paul F. Curran†

†School of Electrical, Electronic and
Mechanical Engineering,

University College Dublin,
Belfield, Dublin 4, Ireland

Email: roisin.duignan@ee.ucd.ie, paul.curran@ucd.ie

Abstract—A new absolute stability criterion for 2-D
single variable Lur’e systems is presented. This criterion
is better than the well-known circle criterion and the 45o

criterion. Sufficient Conditions for the existence of a piece-
wise quadratic common Liapunov function for 2-D single
variable Lur’e systems are stated in terms of Linear Matrix
Inequalities (LMI’s).

1. Introduction

One of the main factors motivating the study of switched
systems is the rapidly developing area of switching control.
A switched control system is a type of hybrid dynamical
system [1] consisting of continuous and/or discrete time
processes interfaced with some decision making process,
which estimates the current active environment and se-
lects the appropriate controller. Switched systems have
many practical applications in both electrical and mechan-
ical control systems. Applications include power systems,
power electronics, air traffic control, aircrafts and satellites
to name but a few [2]. The technique of switching among
different controllers or switching into different states can
provide a significant improvement in performance com-
pared to that of a fixed controller [3].

The type of dynamical systems that are of interest here
are 2-D single variable Lur’e systems of the form

ẋ = Ax − f (x, t)bcT x (1)

where, A ∈ �2x2, f (x, t) is a non negative scalar nonlinear-
ity, b, c ∈ �2 are linearly independent constant vectors of
the form cT =

[
z̃T 1

]
, z̃ ∈ �2−1 and bT =

[
0̃T 1

]
,

0̃ ∈ �2−1, (A, b) is completely controllable.

Many frequency domain stability criteria have been de-
rived for Lur’e systems. Of particular interest are those de-
veloped using a Liapunov [4] approach, for example the
Popov Criterion [5] and the Kalman-Yakubovich-Meyer
Lemma, [6],[7],[8]. However these criteria only apply to
time-invariant systems. One criterion of particular impor-
tance is the Circle Criterion [9] since it is an explicit time-
varying frequency domain condition. If the circle criterion
can establish stability, it can be shown that this is equivalent
to the existence of a common quadratic Liapunov function
for the system, [10].

Given this, in recent years much research on the stability
of Lur’e systems has focused on the approach of construct-
ing a common Liapunov function. Molchanov and Pyat-
nitski [11] established that for absolute stability of time-
varying Lur’e systems it is necessary and sufficient that
there exist a common Liapunov function. They also as-
certained that this common Liapunov function can belong
to one of four classes - common convex Liapunov func-
tions, common homogeneous Liapunov functions, com-
mon piecewise quadratic Liapunov functions and com-
mon unic Liapunov functions. Johansson and Rantzer [12]
have developed a computational approach to establishing
the existence of one of these classes, common piecewise
quadratic Liapunov functions, by formulating the search as
a convex optimistation problem in terms of linear matrix in-
equalities (LMI’s). Polanski [13] has investigated ways of
explicitly establishing another class, unic Liapunov Func-
tions.

Our investigations also focus on finding common piece-
wise quadratic Liapunov functions, the motivation being to
establish simple analytically tractable absolute stability cri-
teria for Lur’e Systems, that improve upon and generalise
the circle criterion. Since the circle criterion is equivalent
to the existence of a one piece common piecewise quadratic
Liapunov function, a logical step in extending the circle
criterion may be to establish necessary and sufficient con-
ditions for the existence of a two piece common piecewise
quadratic Liapunov function. For class (1), there is evi-
dence to support this approach. Previous work has shown
that for a common piecewise quadratic Liapunov function
to exist one only has to determine that the root locus of G(s)
lie inside a specific sector of the complex plane known as
the 45o region [14]. This stability criterion is known as the
45o criterion. In this paper a new absolute stability crite-
rion for class (1) is presented. It is shown that this new
criterion improves on the circle criterion and the 45o crite-
rion for this class. Sufficient conditions for the existence of
a piecewise quadratic common Liapunov function for 2-D
Lur’e systems are stated in terms of LMI’s.

2. Stability Conditions for 2-D Lur’e Systems

In the following section stability results concerning non
linear time varying single variable Lur’e systems of the
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form (1) are presented.
Consider class (1)

ẋ =
[

0 1
−β −α

]
x − f (x, t)

[
0
1

] [
z 1

]
x

where Aizerman’s [15] well-known necessary condition for
absolute stability holds if α > 0, β > 0, z ≥ 0. A sufficient
condition for the absolute stability of class (1), is the exis-
tence of a common Liapunov function V(x) of the form

V(x) =

⎧⎪⎪⎨⎪⎪⎩
xT P1x for

(
bT x
) (

cT x
)
> 0

xT P2x for
(
bT x
) (

cT x
)
< 0

(2)

where xT P1x = xT P2x for
(
bT x
) (

cT x
)
= 0,

P1 = P1
T ∈ �2x2 and P2 = P2

T ∈ �2x2.

2.1. Lemma 1

There exists a common Liapunov function V(x) of the
form (2) for class (1) iff there exist scalars

−1 ≤ τ ≤ 1, −1 ≤ η ≤ 1 q, γ ≥ 0 (3)

and a real symmetric matrix P0 ∈ �2x2 > 0 such that,

AT P0 + P0A + N ± Mq ≤ 0 (4)

P0b = τb + (γ + 1) c (5)

where
N =

ηq
2

(bcT + cbT ), (6)

Mq = AT (bcT + cbT ) + (bcT + cbT )A +
q
2

(bcT + cbT ) (7)

and A is stable.

The proof of Lemma 1 is given in the appendix.

2.2. Theorem 1

There exists a common Liapunov function V(x) of the
form (2) for class (1) iff
(i) α > 0, β > 0, z ≥ 0 and
(ii) 0 < z ≤ 2α.

The Circle Criterion states that class (1) is absolutely sta-
ble if Re[G( jω)] ≥ 0 for all ω ≥ 0 where,

G( jω) =
jω + z

−ω2 + jαω + β
(8)

The circle criterion holds if α > 0, β > 0, z ≥ 0 and 0 <
z ≤ α.

The 45o Criterion states that class (1) is absolutely stable
if the eigenvalues of the matrix pencil (A − kbcT ), where

−1.5 −1 −0.5 0 0.5 1 1.5
−1.5

−1

−0.5

0

0.5

1

1.5

y2

y1

Figure 1: Piecewise quadratic common Liapunov function
for example 1, where y1 = bT x and y2 = cT x.

k ≥ 0, lie inside a specific sector of the complex plane
known as the 45o region. The 45o Criterion holds if α > 0,
β > 0, z ≥ 0 and 0 < z ≤ α + √α2 − 2β

Theorem 1 improves upon the circle criterion and the 45o

criterion. This is illustrated in the following examples.

2.2.1. Example 1 (The eigenvalues of A are Real)

Consider class (1) with

A =
[

0 1
−2 −3

]
, b =

[
0
1

]
, cT =

[
z 1

]
(9)

Class (9) is absolutely stable according to Theorem 1,
the 45o criterion and the circle criterion for the following
ranges, see Table 1. Theorem 1 improves on both criteria.

2.2.2. Example 2 (The eigenvalues of A are a Complex
Conjugate Pair)

Consider class (1) with

A =
[

0 1
−5 −4

]
, b =

[
0
1

]
, cT =

[
z 1

]
(10)

Class (10) is absolutely stable according to Theorem 1,
the 45o criterion and the circle criterion for the following
ranges, see Table 2. Theorem 1 improves on both criteria.

Piecewise quadratic common Liapunov functions for
class (1) can be shown graphically by generating the level
curves of the system, see Fig. 1. Here the Lur’e system of
example 1 is examined. At first glance Fig. 1 appears to
be a unic Liapunov function, however it is indeed a piece-
wise quadratic common Liapunov function. This may ex-
plain the difficulty in generalizing tractable stability condi-
tions using unic Liapunov functions in higher dimensions.
However the use of piecewise quadratic common Liapunov
functions to establish stability for 2 dimensional systems
shown in Lemma1 can also be generalized for N dimen-
sional systems.
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Table 1: Range of z for which class (9) is absolutely stable

Range of z
Circle Criterion 0 < z ≤ 3

45o Criterion 0 < z ≤ 5.236
Theorem 1 0 < z ≤ 6

Table 2: Range of z for which class (10) is absolutely stable

Range of z
Circle Criterion 0 < z ≤ 4

45o Criterion 0 < z ≤ 6.449
Theorem 1 0 < z ≤ 8

3. Conclusion

In this paper a new stability criterion for 2-D nonlinear
time varying Lur’e systems is presented. This new crite-
rion improves on both the circle criterion and the 45o cri-
terion and is illustrated using numerical examples. This
result arose from determining the existence of a piecewise
quadratic common Liapunov function for the system. It
was also noted that piecewise quadratic common Liapunov
functions of this form for 2-D systems appear graphically
to be unic Liapunov functions while in fact they have a def-
inite quadratic nature.

3.1. Proof of Lemma1

Let V(x) be of form (2) then

xT P1x = xT P2x for all x such that
(
bT x
) (

cT x
)
= 0 (11)

Lemma 2:

xTΔx = 0 for all x such that
(
bT x
) (

cT x
)
= 0 (12)

where Δ = ΔT ∈ �nxn iff there exists a δ ∈ � such that

Δ = δ(bcT + cbT ) (13)

Therefore from (11) and Lemma 2

(P1 − P2) = δ
(
bcT + cbT

)
where δ ∈ �. (14)

Let P0 =
P1+P2

2 then P0 = P0
T ∈ �2x2 > 0 and by (14)

P1 = P0 +
δ

2

(
bcT + cbT

)
(15)

P2 = P0 − δ2
(
bcT + cbT

)
(16)

In order for V(x) to be a common Liapunov function for
class (1), negative definite derivative conditions on V(x) re-
quire

xT P1bcT x + xT cbT P1x ≥ 0 for
(
bT x
) (

cT x
)
> 0 (17)

xT P2bcT x + xT cbT P2x ≥ 0 for
(
bT x
) (

cT x
)
< 0 (18)

xT
(
AT P1 + P1A

)
x < 0 for

(
bT x
) (

cT x
)
> 0 (19)

xT
(
AT P2 + P2A

)
x < 0 for

(
bT x
) (

cT x
)
< 0 (20)

Applying the S Procedure [16] to (17) and (18) yields

P1b = τ1b + γ1c (21)

P2b = −τ2b + γ2c (22)

for certain scalars τ1, τ2, γ1, γ2 ≥ 0.
From (15) and (16)

P0b =
(
τ1 − δ2

)
b +
(
γ1 − δ2

)
c (23)

P0b =
(
−τ2 +

δ

2

)
b +
(
γ2 +

δ

2

)
c (24)

Since {b, c} are linearly independent this implies that
τ1 + τ2 = δ and γ1 − γ2 = δ. Hence

0 ≤ τ1 ≤ δ, 0 ≤ δ ≤ γ1

If δ = 0, P1 = P2, V(x) is a common quadratic Liapunov
function and the circle criterion holds, therefore we assume
that δ > 0. Since we can scale without loss of generality let
δ = 2.
Applying the S procedure to (19) and (20)

AT P1 + P1A + q1

(
bcT + cbT

)
≤ 0 (25)

AT P2 + P2A − q2

(
bcT + cbT

)
≤ 0 (26)

where q1, q2 ≥ 0.
From (15) and (16)

AT P0 + P0A + A
(
bcT + cbT

)
+
(
bcT + cbT A

)
+

q
2

(
bcT + cbT

)
+
ηq
2

(
bcT + cbT

)
≤ 0 (27)

AT P0 + P0A − A
(
bcT + cbT

)
+
(
bcT + cbT

)
A

−q
2

(
bcT + cbT

)
+
ηq
2

(
bcT + cbT

)
≤ 0 (28)

where q = q1 + q2 ≥ 0, η = q1−q2
q1+q2

∈ [−1, 1]

Letting τ1 − 1 = τ and γ1 − 1 = 1 + γ (23) becomes

P0b = τb + (γ + 1)c (29)

where −1 ≤ τ ≤ 1 and γ ≥ 0
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3.2. Proof of Theorem 1

Class (1) is absolutely stable if all the conditions of
Lemma 1 are satisfied.
Consider class (1). Let τ = 1, γ = 0, η = −1, satisfying (3).

Let P0 =

[
p z
z 2

]
. Therefore from (5),

P0b =
[

z
2

]
= b + c

From (10),

AT P0 + P0A + N − Mq =

[
0 p − qz

p − qz −2q

]
≤ 0

.
which clearly implies that p = qz.
Also

AT P0 + P0A + N + Mq =

[ −4βz qz − 2αz − 4β
qz − 2αz − 4β −4(2α − z)

]

≤ 0

This holds if

16βz(2α − z) ≥ (qz − 2αz − 4β)2

This clearly implies that 2α − z ≥ 0.
Moreover P0 is positive definite if and only if q > z

2 .
Therefore,

√
βz(2α − z) ≥ z2 − 4αz − 8β

which implies z2 − 4αz − 8β ≤ 0.
If z2 − 4αz − 8β > 0 then

(a) z >
4α +

√
16α2 + 32β

2
or (b) z <

4α − √16α2 + 32β
2

.

(a) implies that z > 4α and (b) implies that z < 0 both of
which are false since 0 < z ≤ 2α.

Therefore there exists P0 > 0 such that all the conditions
of Lemma 1 are satisfied and class (1) is absolutely stable
if 0 < z ≤ 2α.
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Abstract - Most industrial processes are inherently 
nonlinear and of high order, which make their 
implementation prohibitive from computational 
considerations, especially when it appears an 
interaction of dynamic variables in separate time-
scales. That's why enormous effort has been spent on 
the development of techniques for systems order 
reduction. In this paper, an analytical and recursive 
order reduction approach for nonlinear multi-time-scale 
systems is presented. It offers an alternative route to 
simplify the studied systems and provides a reduced 
model described by polynomial state equations. This 
approach is based on the application of the singular 
perturbation method and the use of a powerful 
mathematical tool: the Kronecker product. Its useful 
notations and properties allow important algebraic 
manipulations and an interesting description not only 
for the studied systems but also for the derived reduced 
order slow subsystem model. The proposed recursive 
procedure has been tested on a numerical example and 
produced useful results. 
Keywords – Large scale system, polynomial 
description, Kronecker product, time scale modeling, 
order reduction, recursive method, computational 
procedure. 

1. Introduction 
The mathematical description of the most industrial 
processes leads usually to a complex high order model. 
This complexity and increasing order of dynamic 
systems is due to the presence of some small 
parameters such as small time constants, masses, 
capacitances, etc..[1,3].  
Introducing the multi-time-scale property these systems 
simultaneously posses states with different speeds. 
Coupling of these states with each other makes the 
system analysis much more complex. But for analysis, 
controller synthesis and due to practical considerations, 
a reduced-order model is preferred. Indeed controller 
implementations usually rely on reduced order models 
to represent the behaviour of the process [2,4,6,8,14]. 
Fortunately, the singular perturbations theory, which 
have been studied extensively [1,2], gives us a 
powerful tool for order reduction and separation of 
time-scales studies. This singular perturbations 
approach, arising from an attempt to approximate a 
high-order system with another one of lower order, has  

 
proven to be a successful analytical tool that exploits 
directly the separation of system time scales, made explicit 
by the small singular parameter µ. In this work, we propose 
a simplified and easy implemented approach for order 
reduction of higher order nonlinear continuous systems 
based on the description of these systems by an analytical 
control affine state space equation, using the Kronecker 
product [11]. 
This paper is organised as follows. In section 2, is presented 
an overview on the use of the singular perturbations theory 
in modeling nonlinear systems and formulating the problem 
statement. Te description of the studied systems is 
introduced in section 3. In section 4, the design recursive 
procedure for systems reduction is then proposed and 
derived accordingly the reduced order system which models 
the slow states of the studied system. Section 5, applies the 
developed procedure to a design example with four-time-
scales.  Finally some conclusions and comments are 
formulated  
2. Singular perturbation theory and problem statement 

Due to not only theoretical interest, but also to the relevance 
of this topic to control engineering applications, the singular 
perturbations techniques have received a great deal of 
attention over the past two decades [1]. Several results are 
developed in the literature to cope with order reduction of 
linear systems [2,5] and even for particular classes of 
nonlinear systems [3,6,7] using the singular perturbations 
theory. Let us consider the general nonlinear singularly 
perturbed systems described by the following state 
equations: 

1

2

0 0

0 0

( , , ), ( ) ,
( , , ), ( ) ,

n

n

x F x z t x t x x
z G x z t z t z zµ
= = ∈ℜ⎧

⎨
= = ∈ℜ⎩

   (1)           

where the state variables are divided into n1 slow states x 
and n2 fast states z and µ  is a positive small singular 
perturbed parameter such that 0< µ <<1,  which quantifies 
the speed ratio of the slow versus the fast dynamical 
phenomena of the process, +ℜ∈t  . One of the delicate 
problems is to explicit not defined at fortiori the parameter µ 
depending on the adopted representation of the studied 
system.Let us introduce the following assumptions [10,12]. 
Assumption 1 
The jacobian 

z
tzxG

∂
∂ ),,(  at µ  = 0  is non singular for all x, z 

∈D, where D is a region of interest for the approximate 
analysis, [10]. 
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Assumption 2 
For all x, z ∈D, real parts of the eingenvalues of 

z
tzxG

∂
∂ ),,(  at µ=0 are smaller than a fixed negative 

number:      
0

Re 0G c
z µ

λ
=

⎧ ⎫∂⎪ ⎪ < <⎨ ⎬∂⎪ ⎪⎩ ⎭

 

When the Assumption1 is satisfied, the slow reduced 
model is obtained by formally setting µ= 0 in equation 

(1) as:      ( , , )                 (a)
0 ( , , )                 (b)
x F x z t

G x z t
⎧ =
⎨

=⎩
  (2) 

The reduced model will be determined by solving for 
z  the equation (2-b). This appears to be easy in the 

case of linear systems but seems to be a difficult task in 
the general case of nonlinear systems. Several results 
are obtained when considering linear systems and 
particular class of nonlinear systems and some others 
in the case of nonlinear systems described by state 
equations with no direct transmission matrix. So the 
problem we are addressing in this paper can be stated 
as follows; given a high order multi-time scale system 
with nonlinear vector functions, how can we exploit the 
singular perturbation theory and the tensors 
representation to derive in a relatively simple way a 
simplified model and provide a computational 
procedure for this aim.  

3. Description of the studied systems 
We will focus on realistic models of q time-scales 
systems which involve interacting dynamic 
phenomena of widely different speeds and described 
by the following state separable form: 

1 1 1 1 1 1

1 1

1 1

 ( , , , , )  ( , , , , ) 

 ( , , , , )  ( , , , , ) 

 ( , , , , )  ( , , , , ) 

i q i q

i i i i q i i q

q q q i q q i q

µ X F X X X G X X X U

µ X F X X X G X X X U

µ X F X X X G X X X U

⎧ = +
⎪
⎪⎪ = +⎨
⎪
⎪

= +⎪⎩

    (3)                           

where , 1, ,in
iX i q∈ℜ = …  are the state vectors, 

mU ∈ℜ is the control vector and 
1, ,

(.),  (.) i i i q
F G

=
, 

the vector functions, continuously differentiable, are 
supposed analytic. Moreover,  iµ denotes small non-
negative singular perturbation parameters such that  

k iµ µ<    for ik > , making the state variables to be 
ordered accordingly to their increasing speed. The  
system (4) can be studied like a multi-parameter 
system. 1µ appears here for the aim of symmetry but it 
is going to be considered equal to 1.The simplification 
of the studied system (4) can be done gradually when 
posing successively 0qµ = , 1 0qµ − = ,….It will appear 
a recurrence that makes possible to derive, going from 
the fastest to the slowest subsystem, the degenerate 
slow model. In each stage of reduction, we apply an 
analytical identification approach which is also 
introduced in this paper to calculate all the matrices 

appearing in the description of each reduced order model. 

4. The proposed order-reduction procedure 

The recursive scheme developed in this paper start with the 
following model obtained by rewriting the system (3) in a 
compact form : 

1 1 1 1 1

1 1

( , )  ( , ) 
( , )   ( , ) 

s s s q s s q

q q q s q q s q

X F X X G X X U
µ X H X X L X X U
⎧ = +⎪
⎨ = +⎪⎩

      (4) 

where 1 1 2 1[ ]  qn nT T T T
s qX X X X −

−= ∈ ℜ  is 

predominantly slow and qX contains the nq fastest state 
variables. n denotes the order of the full studied system 

defined by 
1

q

i
i

n n
=

= ∑ . 

1 1(.),   (.),   (.) and (.)s s q qF G H L , characterized from the 

functions 
1, ,

(.)i i q
F

=
and 1, ,

 (.) i i q
G

=
,(see previous 

paper[15]), are also analytic functions and they admit a 
generalized Taylor series developments using the Kronecker 
product and power notations  as follow:  

1 1 ,1 1
1

1 1 ,1 1
1

1 ,1 1
1

1 ,1 1

1 1

1 1

1 1

1

( , ) ( )

( , ) ( )

( , ) ( )

( , ) (

s s q ij s q
i j

ms s q ij s q
i

q s q ij s q
i

mq s q ij s q

i i j j i

i i j j i

j
i i j j i

i j j i

F X X F X X

G X X G X XI

H X X H X X
j

L X X L X XI

⎡ ⎤ ⎡ ⎤⎢ ⎥⎣ ⎦ ⎣ ⎦

>

⎡ ⎤ ⎡ ⎤⎢ ⎥⎣ ⎦ ⎣ ⎦

>

⎡ ⎤ ⎡ ⎤⎢ ⎥⎣ ⎦ ⎣ ⎦

>

⎡ ⎤ ⎡⎢ ⎥⎣ ⎦ ⎣

+ + − −

+ + − −

+ + − −

+ − −

= ⊗∑ ∑

= ⊗ ⊗∑ ∑

= ⊗∑ ∑

= ⊗ ⊗
1

1
)

i

i

j

⎤
⎦

>

+

⎧
⎪
⎪
⎪
⎪⎪
⎨
⎪
⎪
⎪
⎪ ∑ ∑
⎪⎩

               (5) 

where [ ]
1

i
sX  and [ ]i

qX  are the i-th redundant Kronecker 

power  of a 1
i

sn (
1

1
1

q

s i
i

n n
−

=

= ∑ )dimensional vector respectively 

i
qn  dimensional vector. ,1 ,1 ,1 ,1, ,  and ij ij ij ijF G L H are constant 

matrices with appropriate dimensions. 
Generally, for modeling such studied systems, we have to 
truncate the previous development (5 ) at an arbitrary order 
r. In practice, the studies [8,9,13,14] have demonstrated that 
the choice of the third order polynomial description (r = 3) is 
general enough to model many physical processes. So, all 
the analytical functions (5) can be approximated in this case  
by vector polynomials.                                    
First stage of reduction: Setting 0qµ = and assuming that it 
exists a unique root solution of (4-b) in the interesting region 
which is considered here as a neighbourhood of the 
equilibrium taken to be the origin, the first degenerate 
subsystem verifying the assumption 1 and the assumption 2 
is obtained by solving: 

1 1 1 1 1

1 1

( , )  ( , )    ( )
  0 ( , )   ( , )    ( )

s s s q s s q

q s q q s q

X F X X G X X U a
H X X L X X U b

⎧ = +⎪
⎨

= +⎪⎩
  (6) 

Then, after the first stage of system reduction the first 
obtained reduced model is described by the following 
polynomial state equation: 
   [ ]

[ ]
[ ]4

,1 ,11 1 1 1
1 1

( ) ( )
ir r

i
i is s m s s

i i

X A X B I X U O X
= =

= + ⊗ +∑ ∑  (7)     
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where [ ]4
1( )sO X  is the fourth order error of (7). 

The constant matrices ,1 ,1and i iA B of appropriate 
dimensions are calculated when applying the 
identification approach presented below and 
summarize as follows: 
- To get the property of full rank matrices, we first 
rewrite the equation (27) in the non redundant form as: 

 [ ]
[ ]

1 ,1 1 ,1 1
1 1

ˆ ˆˆ ˆ ( ) 
i

r r
i

s i s i m s
i i

X A X B I X U
= =

= + ⊗∑ ∑  (8) 

where
,1 i,1 ,1 ,1

ˆ ˆ   and ( )     i i i i m iA A T B B I T= = ⊗  (9) 
[ ] [ ]

s1 s1
ˆ X (resp.  X )i i  and +

iT , the pseudo-inverse of Ti  are 
expressed in [14]. 
-  Considering the above notations and applying the vec 
function and the corresponding properties defined in  
[11] the equation (8) is rewritten as: 

[ ][ ]
1 1 ,1 1 ,1 1

1 0

[ ] [ ]
,1 1 ,1 1

1

ˆ ˆˆ ˆ( ) ( ( ) )

ˆ ˆˆ ˆ(   ) ( (  ) )

r r
ii

s s i s i m s
i i

r r
i i

i s i m s
i i o

vec X X vec A X B I X U

vec A X vec B I X U

= =

= =

= = + ⊗

= + ⊗

∑ ∑

∑ ∑
    (10) 

and rearranged as follows in order to extract the 
unknown matrices, 

 
[ ] [ ]

,1 1 ,1
ˆ ˆˆ ˆ ( ) ( ) ( )

i i T

i ns ivec A X X I vec A= ⊗     (11) 

[ ] [ ]

[ ]

[ ]

1

1

1

,1 1 1 ,1

1 ,1

1 1 ,1

ˆ ˆˆ ˆ( ( ) ) (( ) ) ( )

ˆ ˆ ( )  ( )

ˆ ˆ( ) ( ) ( )
T

i i T
i m s m s ns i

iT T
m s ns i

iT
ns m s ns i

 vec B I X u I X u I vec B

u I X I vec B

u I I X I vec B

⎡ ⎤⊗ = ⊗ ⊗⎢ ⎥⎣ ⎦
⎡ ⎤= ⊗ ⊗⎢ ⎥⎣ ⎦

= ⊗ ⊗ ⊗
   (12)

 

Considering equations (10),(11) and (12) we have then: 

 
1 1

1 1

[ ]
1 1 1

1,1

,1

[ ]
1

0,1

,1

ˆ.. ..
( )
:
ˆ( )

ˆ       :.. ( )( )
ˆ( )

      :
ˆ( )

T

T

T i
s s ns s ns

i

T T r
ns m s ns

r

X X I X I
vec A

vec A

u I u I I X I
vec B

vec B

⎡= ⊗ ⊗⎢⎣ ⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎤⎢ ⎥⊗ ⊗ ⊗ ⊗ ⎥⎦⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

  (13) 

which can be written as a vectorial equation: 
 

11 1  
ss sXX θ ϑ=  (14)  

where 1 11

1 1

[ ]
1 1

[ ]
1

ˆ.. ..
ˆ.. ( )( )

T

s

T

T i
s ns s nsX

T T r
ns m s ns

X I X I

u I u I I X I

θ ⎡= ⊗ ⊗⎢⎣
⎤⊗ ⊗ ⊗ ⊗ ⎥⎦

 (15) 

1sϑ  is a vector of unknown  coefficients defined by  
1,1

,1

1

0,1

,1

( )
:
ˆ( )

      :
ˆ( )

      :
ˆ( )

i

s

r

vec A

vec A

vec B

vec B

ϑ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

   (16) 

So to derive the reduced order model, we have to 
determine the unknown vector 1sϑ  which needs the use 
of the Moore-Penrose pseudo-inverse 

1sXθ
+  given by: 

1 1 1 1

1 
 

s s s s

T
X X X Xθ θ θ θ+

−
⎡ ⎤= ⎣ ⎦              (17) 

The solution of the vectorial equation (17) is then equal to:         

1
 1 1   

X s
s sXϑ θ +=     (18) 

Applying a random input to the system, the proposed 
approach provides the determination of the 
matrices ,1 ,1

ˆ ˆand ,  1, ,i iA B i r= and so on the matrices  

,1 ,1and  i iA B  from (9).Starting from the obtained reduced 
model (7) which contains (q-1) state vectors of different 
speeds, the gradually application of the proposed approach 
of system reduction derives when going from the fastest to 
the slowest subsystem a reduced order slow subsystem 
model. 

Determination of the slow model after 
(K +1) stages of reduction 

After this first stage of reduction, it appears from the above 
developments a recurrence. So, having assumption 1 and 2 
verified in each stage, the repeated application of order 
reduction until the kth one leads to the following reduced 
model described by the polynomial state equations: 
 [ ] [ ]

, ,
1 1

( ) 
r r

i i
i k i ksk sk m sk

i i

X A X B I X U
= =

= + ⊗∑ ∑  (19) 

where 
,1 ,2 , ,[ ]  sknT T T T T

sk sk sk sk j sk q kX X X X X −= ∈ ℜ  

and 
,

jn
sk jX ∈ ℜ with 

1

q k

sk j
j

n n
−

=

= ∑ . 

After the calculus of the matrices , ,ˆ ˆ and i k i kA B the next step 
is to extract again the fastest state variables given by ,sk q kX −  
and to derive the degenerate model that approximate the 
slowest state variables of the full studied systems where the 
original variables are finally approximated by: 

( 1)

1 1,1 1,2 1, 1, 1[ ]  s knT T T T T
sk sk sk sk j sk q kX X X X X +

+ + + + + − −= ∈ ℜ  
For this aim, it is necessary to develop the terms 

[ ] [ ]and ( )i i
sk m skX I X⊗ (19) in order to make to appear the slow 

state variables 1skX +  and the fastest ones ,sk q kX − . 
Consequently, the system (19) can be formulated by a 
similar description as (4) and (5). 
It comes out that all the constant matrices 

, , , ,, ,  and ij k ij k ij k ij kF G L H are then defined and we can derive the 
finally degenerate slow model: 

[ ] [ ]
, 1 , 11 1 1

1 1

( ) 
r r

i i
i k i ksk sk m sk

i i

X A X B I X U+ ++ + +
= =

= + ⊗∑ ∑  (20) 

where    + +
i,1 ,1 ,1 ,1

ˆ ˆ=  and   ( )i i i i m iA A T B B I T= ⊗  

, 1 , 1ˆ ˆ and i k i kA B+ +  are the solutions of the following equation: 

1
 1 1   

Xsk
sk skXϑ θ

+

+
+ +=  

1
1 and   

X sk
skϑ θ

+

+
+ are given by : 

 1 11

1 1

[ ]
1 1

[ ]
1

ˆ . .

ˆ.. ( )( )

T

k ksk

T

k k

T r
sk ns sk nsX

T T r
ns m sk ns

X I X I

U I U I I X I

θ
+ ++

+ +

+ +

+

⎡= ⊗ ⊗⎢⎣
⎤⊗ ⊗ ⊗ ⊗ ⎥⎦

  (21) 

and 1skX +  is the solution of the following equations: 
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1 1 1 1

1 1

 (, )  ( , ) 
0 ( , )   ( , ) 

sk sk q k sk s q k

q k sk q k q k sk q k

X F X G X X U
H X X L X X U
+ + − + −

− + − − + −

⎧ = +⎪
⎨

= +⎪⎩

 (23) 

when computing all the factor scale iµ  are incorporated 
in the corresponding matrices. Good results are 
obtained when comparing the trajectories behaviour of 
the initial system and the reduced obtained model (see 
the following illustrative example). 

5. Numerical example 
In order to demonstrate the efficiency of our proposed 
recursive procedure, we have considered the following 
nonlinear 7th order system with four time-scales. 

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

+−−+

−−−+−−−−=

−++

−+−−−−−−=

−−+

+−−+−−−=

−+−++−+

+−+−−−=

−++++

+−−−−−−=

−−+++−++

−−++−−−=

−++−+++

+−++−=

)()009001800270045.0( 

45.03.07.23.03.0057.0198.012.0 

)()045.004.0009.0(   

45.015.0345.073.23.0045.0165.015.0 

)()03.0075.015(0. 
16.078.226.015.01.0185.0 

)()18.012.0090(0.033.0

15.006.083.216.012.0211.0 

)( )1501500602250150(         

3.004500903.0104.2390 

)()20350704050(2050150  

10202015055095085.1 

)()705060501(1050

5015021303161 

65
2
43

2
75

2
476432174

43
2
2

3
55176532164

431

2
5365432153

15
3
62

3
4547

65432143

54
2
241

24
2
417543232

542176
2
25

2
4

5376532121

5421
3
6

3
5

517653211

tu xx.x.x.-         

xxxxxxxxxxµ

 tu xxx-       

xxxxxxxxxxµ

tu xxx        
xxxxxxxxxµ

tu xxxx. xxx x         

xxxxxxxµ

t ux.x.x.xx..

xxxx.x.xx.xx.xµ

t u x.x.x.x..xx.x.xx.     

xx. x.x.x.x.x.xxµ

t u x.x.x.x.x.x.      

xx.x.x.x.x.x.xµ

 

After a three stages of system reduction the 
implemented approach, when considering the input 
signal as defined in Fig. 1, allows the determination of 

the matrices 3, 3,i and iA B   of the degenerate model. The 
obtained results shows the effectiveness of the 
recursive order reduction procedure and the quality of 
the reduced model as illustrate in the figure 2.  
with     µ 1  = 1;   µ 2  = 0.3;   µ 3  = 0.1;   µ  4  = 0.03 
 

31 32

33

    0.0509    1.5581    -0.1697   -0.1161   -0.1161    0.4522
 ,         

   -1.8042   -0.9868    -0.0448    0.0005    0.0005    0.4064

0.0898   -0.0386   -0.0386   -0.1702   -0.038

A A

A

⎡ ⎤ ⎡ ⎤
= =⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

=

30 31 32

6   -0.1702   -0.1702    0.2374
 0.0315   0.0012    0.0012   -0.0214    0.0012   -0.0214   -0.0214   -0.2668

0.8883 -0.2513  0.4512 -0.4491    0.1403  
, ,

0.4828 0.4448   0.8076
B B B

⎡ ⎤
⎢ ⎥
⎣ ⎦
⎡ ⎤ ⎡ ⎤

= = =⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

33

  0.1403    0.1746
-0.0159   -0.0582   -0.0582    0.2182

0.4441   -0.1968   -0.1968   -0.4601   -0.1968   -0.4601   -0.4601   -0.4605
0.0945    0.0223    0.0223   -0.1395    0.0223   -0.1395   

B

⎡ ⎤
⎢ ⎥
⎣ ⎦

=
-0.1395   -0.3506

⎡ ⎤
⎢ ⎥
⎣ ⎦

 

 

 
Fig. 1 The applied random input signal  U (t) 

  

              
Fig. 2. Evolution of the variables  X 1,  X 2  initial (.....) 

and    those obtained after the last stage of 
reduction  (___) 

 6. Conclusion 
In this paper, an analytical recursive procedure has been 
proposed for order reduction of nonlinear multi-time-scale 
systems in which the nonlinearities are of polynomial type. 
It must be pointed out that for modeling a large class of 
nonlinear systems, the proposed approach has demonstrated 
its capabilities on identifying all the characteristic matrices 
of the determined non linear reduced order model. The 
procedure, computationally efficient, has been numerically 
tested on a nonlinear 7th order system and produced useful 
results. It appears to be a very powerful alternative to the 
general problem of modeling of complex systems and seems 
to correspond very well to industrial applications and power 
systems. 
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Abstract—In this paper, a design method of robust I-PD
controller based on a pole assignment is proposed. The pro-
posed design method is formulated as a two-objective op-
timization problem in which an issue of settling time and
damping ratio is translated into a pole assignment problem.
A genetic algorithm is applied to optimize this optimiza-
tion problem because of its multiple search property. In or-
der to investigate the effectiveness of the proposed design
method, a magnetic levitation system is used as an example
of an uncertain plant.

1. Introduction

PID-type controller [1] is effective enough to give de-
sirable control performance for practical use. However, a
design problem of PID-type control system is not always
formulated as a concise convex problem. Moreover, tak-
ing into account the robustness for the uncertainty of actual
plants, the design problem becomes more complex.

In practice, settling time and damping ratio are often im-
portant factors for the design of PID-type control systems.
Since there is a trade-off between the settling time and the
damping ratio, a controller is designed by trial and error via
observing both properties. Thus, a design method based on
the optimization of the settling time and the damping ratio
is required to be established for practical use.

In this paper, we formulate the design problem of I-PD
controller [2] as a two-objective optimization problem
which optimize both the settling time and the damping ra-
tio. Although the solution of the two-objective optimiza-
tion problem is not a single one in general, we can obtain
a set of solutions known as the Pareto-optimal solutions. If
the Pareto-optimal solutions of this problem can be found
efficiently, it will reduce the burden of controller designers.
In order to formulate this design problem as a tractable op-
timization problem, it is translated into a pole assignment
problem relevant to the settling time and the damping ratio.
In the proposed design method, a genetic algorithm (GA)
[3-5] is used for the optimization problem taking into ac-
count the advantages of its multiple search property. The
uncertainties of the plant are represented as a polytope of
polynomials, and a design cost is reduced by using the edge
theorem [6].

In order to demonstrate the effectiveness of the proposed
design method, a magnetic levitation system is used as an
example of an uncertain plant.

2. Problem Statement

In this paper, a plant uncertainty is represented by using
a polytope of polynomials. For the purpose of reducing a
design cost, the edge theorem [6] is employed.

2.1. I-PD Control System

Suppose a plant can be modeled by an all-pole transfer
function:

g(s) =
1

a0 + a1s+ a2s2 + · · · + ansn
(1)

wheres is the Laplace operator.
Consider the control system with the I-PD controller [2]

shown in Fig. 1.

kI

s
g(s)

kP + kDs

jj - -

¾

6

---

6

y(t)u(t)e(t)r(t)

+−+−

Fig. 1 I-PD control system

From Fig. 1, the I-PD control system is described by

e(t) = r(t) − y(t) (2)

u(t) =
kI

s
e(t) − (kP + kDs)y(t) (3)

y(t) = g(s)u(t) (4)

wherer(t) is the reference input,e(t) is the error signal,u(t)
is the controller output,y(t) is the plant output. The vari-
ableskI , kP andkD indicate the I-PD parameters. Hence,
the transfer function of the closed-loop system is described
as follows:

Hyr(s) =
g(s)kI

s+ g(s)(kI + kPs+ kDs2)
(5)

=
1

1 +
a0 + kP

kI
s+

a1 + kD

kI
s2 + · · · + an

kI
sn+1

(6)
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By applying the I-PD control system to the plant that is
modeled by an all-pole transfer function, we can also model
the transfer function of the closed-loop system by means of
an all-pole transfer function.

2.2. Representation of Model

Each trial of system identification will produce a distinct
plant model. Thus, the plant can be represented by a set
of models. The set of models is defined as a polytope of
denominator polynomials as follows:

Aλ(s) = λ1A1(s) + λ2A2(s) + · · · + λN0AN0(s) (7)

= αλ0 + αλ1s+ αλ2s2 + · · · + αλnsn (8)

where Ai(s), i = 1, . . . ,N0 denotes a denominator poly-
nomial of the plant model. The coefficient parameter
λ j ,

∑
λ j = 1, 0 ≤ λ j ≤ 1, j = 1, . . . , n represents the

uncertainty. By using Eq. (8), the closed-loop system (6)
is transformed by

Hyr(s) =
1

1 +
αλ0 + kP

kI
s+

αλ1 + kD

kI
s2 + · · · + αλn

kI
sn+1

(9)
The generating extreme points [6] of the plant denomi-

nator polynomials correspond with those of the polytope of
characteristic polynomials.

2.3. Objective Functions

The purpose of the design problem is to find the I-PD pa-
rameters which minimize the following objective functions
simultaneously:

minimize
kI ,kP,kD

F = (F1, F2)T (10)

F1 = max
1≤i≤n
λ∈ΛN

[Re(si(λ; kI , kP, kD))] (11)

F2 = max
1≤i≤n
λ∈ΛN

[θi(λ; kI , kP, kD)] (12)

wheresi indicates a pole of the closed-loop transfer func-
tion obtained from (9),θi indicates an angle between the
real axis and the straight line which connects the polesi

with the origin. The objective functionF1 is the maximum
value of the real part for all poles, which is concerned with
the settling time. On the other hand, the objective function
F2 is the maximum value of the angle between the real axis
and the straight line which connects the polesi with the
origin, which is associated with the damping ratio.

Fig. 2 illustrates the objective functionsF1 andF2 for a
typical pole placement of an uncertain system.

3. Design Algorithm

The design algorithm of a robust I-PD controller based
on the GA is summarized as follows:
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F
1

Fig. 2 The objective functionsF1 andF2 for a typical
pole placement of an uncertain system

Step 1.Generate a plant parameters set from system iden-
tifications. Then calculate the generators [6] and the
discrete exposed edges from the identifying results.

Step 2.Let S1 be a set of polytope of polynomials for all
generators, letS2 be a set of polytope of polynomials
for all discrete exposed edges.

Step 3.Compute the I-PD parameters set which minimize
the objective functions (11) and (12) for each element
of the setS1 by using GA explained following subsec-
tion.

Step 4.By using all I-PD parameters obtained fromStep
3, check the objective function values for each ele-
ment of the setS2. If both objective function values
are deteriorated by elements of the setS2, the ele-
ments add to the setS1. Then go toStep 3. Otherwise,
go toStep 5.

Step 5.Select the desirable I-PD parameters by observing
the actual experimental property.

In the proposed design method, the binary search method
is employed as a selecting procedure of the desirable triplet
of the I-PD parameters. A controller designer can easily
obtain a desirable triplet of the I-PD parameters in only a
few trials.

3.1. Procedure of GA

The continuous generation model with a Pareto-optimal
preservation strategy is employed. In this model, Pareto-
optimal solutions are always forced to appear in the follow-
ing generation. The proposed procedure of GA consists of
the following steps.

Step 1.Set a generation numberτ = 0. Randomly gener-
ate an initial populationP(0) of M individuals.

Step 2.Calculate the fitness of each individual in the cur-
rent populationP(τ) according to the multi-objective
ranking method [3].
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Step 3.Generate a new populationP′(τ) as follows:
select individuals fromP(τ);
recombine them using a crossover operator.

Step 4. Apply a mutation operator to the individuals ac-
cording to the mutation rate.

Step 5. Calculate the fitness bothP(τ) andP′(τ). Select
the topM individuals from all population members on
the basis of their fitness.

Step 6.If a terminal condition is satisfied, stop and return
the superior individual. Otherwise, setτ = τ + 1 and
go toStep 2.

In this procedure, the current population size is always
constantM. Here, to avoid the rapid loss of population di-
versity, multiple equivalent individuals are eliminated from
the current population.

4. Application to Magnetic Levitation System

In order to investigate the effectiveness of the proposed
design method, we applied the proposed design method to
a magnetic levitation system.

4.1. Magnetic Levitation System

The experimental system is shown in Fig. 3. The posi-
tion of the steel ball is measured by a laser gap sensor, and
is sent to the computer through the A/D converter. The sig-
nal from the computer is sent to the voltage control circuit
through the D/A converter, and it becomes a voltage of the
coil edge. The I-PD controller is implemented as a program
on the computer.

Amplifier

µ´
¶³

££±BBN

``̀``̀``̀``̀``̀``̀
Coil

Steel Ball

Laser Gap Sensor Computer

D/A

Converter

A/D

Converter

Voltage

Controller

Fig. 3 Experimental system

The control objective is to maintain the position of the
steel ball to the specified position. Since the magnetic lev-
itation system is modeled by a 3rd order nonlinear system,
the change of the equilibrium point causes the uncertainty
of the plant. Moreover, heat fluctuations and hysteresis of
the magnetic materials also cause the plant uncertainty.

4.2. Plant Model

Suppose the plant can be modeled as an all-pole 3rd or-
der transfer function. The transfer function of the plant is
expressed as follows:

g(s) =
1

a0 + a1s+ a2s2 + a3s3
(13)

The generating extreme points of the polytope of poly-
nomials are obtained from several system identifications.

4.3. Experimental Results

In the design of the I-PD controller, each I-PD parameter
kI , kP andkD is subject to interval constraint. We assume
that the constraints of the I-PD parameters are given as fol-
lows: 

0.0
0.0
0.0

 ≤


kI

kP

kD

 ≤


10000.0
10000.0
10000.0

 (14)

The following GA parameter specifications are em-
ployed for all experiments.

Population size: 96
Mutation rate: 0.1
Terminal condition 1000

Fig. 4 shows the result by using the proposed design
method. In the figure, the axis of abscissa indicates the
value of the objective functionF1, the axis of ordinate in-
dicates the value of the objective functionF2. The dots
indicate the solutions obtained from the final population.
From the results of preliminary experiments, we experi-
mented again in the search regionR1. Fig. 5 shows the
result in the search regionR1. The solutions are sorted into
the increasing ordered value of the objective functionF1.
It is clear that the proposed design method can seek for the
widely distributed solutions on the trade-off surface.

Table 1 shows the I-PD parameter values of the repre-
sentative points shown in Fig. 5.

Table 1 Values of the designed I-PD parameters

kI kP kD

p48 13.2341 4.6395 0.2876
p60 10.2407 3.8779 0.2347
p72 8.3628 3.4276 0.2032
p96 6.3405 3.1458 0.1925

Fig. 6 shows the actual step response by applying the
triplet of the I-PD parametersp60 to the experiment system.
Fig. 7 shows the pole placements by applying the triplet
of the I-PD parametersp60. By using the binary search
method, the final I-PD parameters are determined from the
results of observing the settling time and the damping ratio.
In this case, the I-PD parametersp60 can be regarded as the
desirable solution.
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5. Conclusion

In this paper, we have proposed the design method of
I-PD controller for an uncertain plant. The proposed de-
sign method was defined as a two-objective optimization
problem based on both of the settling time and the damp-
ing ratio. The uncertainties of the plant were represented
as a polytope of polynomials, and a design cost was re-
duced by using the edge theorem. The genetic algorithm
has been applied to optimize this problem because of its
multiple search property. In the experiments, a magnetic
levitation system has been used as an example of an un-
certain plant. When the proposed design method is used
in practical applications, the controller designer can eas-
ily find a desirable solution from among the Pareto-optimal
set. Hence, the efficient design of an I-PD control system
can be obtained by using the proposed design method.
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Abstract—This paper is concerned with a design of lin-
earization for multidimensional nonlinear systems with de-
lays in state variables. A systematic design of the lineariza-
tion is presented and its inversion is easily obtained by the
solution of the linearized systems. As one of the applica-
tions of the linearization, a time-delay nonlinear observer
is also designed. Numerical experiments show that the
proposed linearization and observer are effective for time-
delay nonlinear systems.

1. Introduction

We encounter nonlinear systems with delays in state
variables in various fields and their treatments are usually
difficult for their nonlinearities. To apply the linear systems
theories for nonlinear time-delay systems, it is necessary to
use linearization and some studies have been already re-
ported [1, 2, 3, 4].

In this paper we present a design of a linearization for
multidimensional nonlinear systems with delays in state
variables and its application to an observer. Introducing
a polynomial linearization function and a time-delay op-
erator, time-delay nonlinear systems are transformed into
time-delay linear ones with respect to the linearization
function by using Taylor expansion. Its inversion is simple
by extracting some elements of the linearization function.
The advantage of this approach is easy and systematic to
linearize time-delay nonlinear systems. As an application
of this linearization technique, nonlinear observer is syn-
thesized.

Numerical simulations show that these linearization and
observer are effective for time-delay polynomial type non-
linear systems.

2. Formal Linearization

Assume that a time-delay nonlinear system is described
by

Σ1 : ẋ(t) = f
(
x(t)

)
+ g

(
x(t − `)

)
(1)

where t > 0 denotes time, overdot represents deriva-
tive with respect tot, ` ∈ (0,∞) is the system delay,
x = [x1, x2, · · · , xn]T ∈ Rn is a state variable,f =

[ f1, f2, · · · , fn]T ∈ Rn and g = [g1,g2, · · · ,gn]T ∈ Rn are
sufficiently smooth nonlinear functions. The system initial
condition is given by

x(θ) = ϕ(θ) (−` ≤ θ < 0),

x(0) = x0.

In this paper we exploit a formal linearization of poly-
nomial type using Taylor expansion up to the N-th or-
der [5, 6, 7]. We define an N-th order linearization function
φ(·) = φ

(
x(·)

)
which consists of polynomials by

φ = [φ1, φ2, · · · , φi , · · · , φ(N+1)n−1]T

= [T(10···0)(x),T(01···0)(x), · · · ,T(0···01)(x),

T(11···0)(x),T(101···0)(x), · · · ,T(10···1)(x),

T(20···0)(x),T(21···0)(x), · · · ,T(r1···rn)(x),

· · · ,T(N···N)(x)]T (2)

where

T(r1···rn)(x) =

n∏

i=1

xr i
i .

Let a time-delay linear operatorδi be

δi{xi(t)} = xi(t − `) (i = 1, · · · ,n)

which delays the timè from xi(t). In vector expression, it
is represented as

δ{x(t)} = x(t − `).

To these linearization function and time-delay operator, we
derive the derivative of each element ofφ along with solu-
tion of the given nonlinear system(Eq. (1)) :

φ̇α(x) = Ṫ(r1···rn)(x)

= (
d
dt

xr1
1 )xr2

2 · · · xrn−1
n−1 xrn

n + · · · + xr1
1 xr2

2 · · · xrn−1
n−1 (

d
dt

xrn
n )

=

n∑

k=1

rk

(
fk(x(t)) + gk(x(t − `)

)T(r1···rn)(x)

xk
, (3)

α = α(r1, · · · , rn).
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Note that Taylor expansion up to the N-th order derives

fk
(
x(t)

)
= [pk 1, pk 2, · · · , pk (N+1)n−1]φ(x)

+ higher order (4)

where

pk j =
∂(r1+r2+···+rn)

∂xr1
1 ∂xr2

2 · · · ∂xrn
n

fk(x)
∣∣∣x=0

,

j = j(r1, · · · , rn)

and
gk

(
x(t − `)

)
= gk

(
δx(t)

)

= [qk 1(δ),qk 2(δ), · · · ,qk (N+1)n−1(δ)]φ(x)

+ higher order (5)

where

qk j(δ) =
∂(r1+r2+···+rn)

∂xr1
1 ∂xr2

2 · · · ∂xrn
n

gk(δx)
∣∣∣x=0

.

From Eqs.(3), (4) and (5), it follows that

φ̇α(x) = r1[p11 + q11(δ), p12 + q12(δ), · · · ,

p1 (N+1)n−1 + q1 (N+1)n−1(δ)]φ(x)xr1−1
1 xr2

2 · · · xrn
n +

r2[p21 + q21(δ), p22 + q22(δ), · · · ,
p2 (N+1)n−1 + q2 (N+1)n−1(δ)]φ(x)xr1

1 xr2−1
2 · · · xrn

n +

...

rn[pn1 + qn1(δ), pn2 + qn2(δ), · · · ,
pn (N+1)n−1 + qn (N+1)n−1(δ)]φ(x)xr1

1 xr2
2 · · · xrn−1

n +

+ higher order

= [Gα 1(δ), · · · ,Gα β(δ), · · · ,Gα (N+1)n−1(δ)]φ(x)

+εα(δ, x) (6)

where

Gα β(δ) =

n∑

k=1

rk{pk β(s1−r1,s2−r2,···,sk−rk+1,···,sn−rn)

+qk β(s1−r1,s2−r2,···,sk−rk+1,···,sn−rn)(δ)} , (7)

β = β(s1, · · · , sn) ,

pk β + qk β =

{
pk j + qk j (β = j)
0 (β , j)

.

The εα(δ, x) is the error term whose order includes higher
than N with respect to somexi (i = 1, · · · ,n). Using the
above functions (Eqs. (4) and (5)),φ̇ (Eq. (3)) is approxi-
mated by

φ̇(x) = A(δ)φ(x) (8)

where

A(δ) = [Gi j (δ)] ∈ R{(N+1)n−1}×{(N+1)n−1} .

Thus a formal time-delay linear system is derived by

Σ2 : ż(x) = A(δ)z(x) , (9)

z
(
x(θ)

)
= φ

(
ϕ(θ)

)
(−` ≤ θ < 0),

z(0) = φ
(
x0

)
.

Its inversion is simply obtained as follows. From Eq.(2),
an approximated valuêx(t) is

x̂(t) = [I 0 · · · 0]φ(x(t)) = [I 0 · · · 0]z(t) (10)

whereI is ann× n unit matrix.

3. Time-Delay Nonlinear Observer

As an application of this method, we synthesize a time-
delay nonlinear observer. The system is the same as Eq.
(1):

Σ1 : ẋ(t) = f
(
x(t)

)
+ g

(
x(t − `)

)
(11)

and a measurement equation is assumed to be

y(t) = H(δ)φ(t) ∈ Rm (12)

whereH(δ) ∈ Rm×n could be a matrix function with respect
to the time-delay operatorδ.

The time-delay nonlinear system (Eq. (11)) is trans-
formed into the time-delay linear one (Eq. (9)) by the for-
mal linearization as mentioned above. To these time-delay
linear systems (Eqs. (9) and (12)), we can apply the linear
observer theory [8], so that an observer is obtained as

˙̂z(t) = A(δ)ẑ(t) + L(y− ŷ), (13)

ŷ = H(δ)ẑ(t)

whereL ∈ Rn×m is the observer gain.
This observer asymptotically converges if we could set

the gainL such that all poles ofA(δ)− LH(δ) have negative
real parts for anyδ. From the inversion of Eq.(10), the
estimatêx̂(t) is obtained by

ˆ̂x(t) = [I 0 · · · 0]ẑ(t) .

4. Numerical examples

We illustrate numerical experiments of the formal lin-
earization and the time-delay nonlinear observer.

4.1. Formal Linearization

We consider the following multidimensional time-delay
nonlinear system :

{
ẋ1(t) = −2x2(t)
ẋ2(t) = −x2(t) − x2

1(t − `), (14)

ϕ(θ) = x0 (−` ≤ θ < 0),
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Figure 2: True valuex2 and approximated values ˆx2

x0 =

(
x1 0

x2 0

)
=

(
1
1

)
, ` = 0.2 .

This time-delay nonlinear system (Eq. (14)) is trans-
formed into a linear one (Eq. (9)). In this case,

f
(
x(t)

)
=

(−2x2(t)
−x2(t)

)
, g

(
δx(t)

)
=

(
0
−δ2

1x2
1(t)

)
.

When the order of the linearization function isN = 2, the
linearization function(Eq. (2)) is

φ = [x1, x2, x1x2, x
2
1, x

2
2, x1x2

2, x
2
1x2, x

2
1x2

2]T

andφ̇α (α = 1, · · · ,8) of Eq. (6) are

φ̇1 =
d
dt

x1(t) = ẋ1 = −2x2(t) = −2φ2 ,

φ̇2 =
d
dt

x2(t) = ẋ2(t) = −x2(t) − δ2
1x2

1(t) = −φ2 − δ2
1φ4 ,

φ̇3 =
d
dt

x1(t)x2(t) = ẋ1(t)x2(t) + x1(t)ẋ2(t)

= −2x2
2(t) − x1(t)

(
x2(t) + δ2

1x2
1(t)

)

t

lo
g 1

0 
J(

t) N=1

N=2

N=3

0 0.5 1 1.5

-12

-6

0

Figure 3: Approximation errors by linearization

= −φ3 − 2φ5 + ε3(δ, x) ,

φ̇4 =
d
dt

x2
1(t) = 2x1(t)ẋ1(t) = −4x1(t)x2(t) = −4φ3 ,

φ̇5 =
d
dt

x2
2(t) = 2x2(t)ẋ2(t) = −2x2(t)

(
x2(t) + δ2

1x2
1(t)

)

= −2φ5 − 2δ2
1φ7 ,

φ̇6 =
d
dt

x1(t)x2
2(t) = ẋ1x2

2(t) + 2x1(t)x2(t)ẋ2(t)

= −2x3
2(t) − 2x1(t)x2(t)

(
x2(t) + δ2

1x2
1(t)

)

= −2φ6 + ε6(δ, x) ,

φ̇7 =
d
dt

x2
1(t)x2(t) = 2x1(t)ẋ1(t)x2(t) + x2

1(t)ẋ2(t)

= −4x1(t)x2
2(t) − x2

1(t)
(
x2(t) + δ2

1x2
1(t)

)

= −φ7 − 4φ6 + ε7(δ, x) ,

φ̇8 =
d
dt

x2
1(t)x2

2(t) = 2x1(t)ẋ1(t)x2
2(t) + 2x2

1(t)x2(t)ẋ2(t)

= −4x1(t)x3
2(t) − 2x2

1(t)x2(t)
(
x2(t) + δ2

1x2
1(t)

)

= −2φ8 − 4φ6 + ε8(δ, x) .

Thus the formal linear system (Eq. (8)) is

φ̇ =



0 −2 0 0 0 0 0 0
0 −1 0 −δ2

1 0 0 0 0
0 0 −1 0 −2 0 0 0
0 0 −4 0 0 0 0 0
0 0 0 0 −2 0 −2δ2

1 0
0 0 0 0 0 −2 0 0
0 0 0 0 0 −4 −1 0
0 0 0 0 0 0 0 −2



φ

=



−2φ2(t)
φ2(t) − φ4(t − `)
−φ3(t) − 2φ5(t)
−4φ3(t)

−2φ5(t) − 2φ2(t)φ4(t − `)
−2φ6(t)

−4φ6(t) − φ7(t)
−2φ8(t)



(15)
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and the initial condition is

φ(θ) = [x1 0, x2 0, x1 0x2 0, x
2
1 0, x

2
2 0, x1 0x2

2 0,

x2
1 0x2 0, x

2
1 0x2

2 0]
T (−` ≤ θ ≤ 0)

in this problem. Solving a formal linear system (Eq. (15)),
the approximated solution̂x(t) of the nonlinear system (Eq.
(14)) is obtained by the inversion (Eq. (10)).

Figs. 1 and 2 show the true valuesxi(t) which are so-
lutions of Eq.(14), and the approximated values ˆxi(t) (i =

1,2) when the order of the linearization function is varied
asN = 1 to 3. Fig. 3 depicts these errors by

J(t) =

∫ t

0

((
x1(τ) − x̂1(τ)

)2
+

(
x2(τ) − x̂2(τ)

)2
)
dτ.

4.2. Time-Delay Nonlinear Observer

We consider a following scalar system:

ẋ(t) = −x(t) − 2x(t − `) − x2(t) − x2(t − `), (16)

ϕ(θ) = x0 (−` ≤ θ < 0),

x0 = 0.5, ` = 0.2

and a measurement equation:

y(t) = H(δ)φ(t),

H(δ) =


−1 + δ 1

2δ
2 0

0 −1 + δ 1
2δ

2

0 0 −1 + δ

 .

We set the parameters for the time-delay nonlinear ob-
server asN = 3 by

L =


−2 0 0
0 −4 0
0 0 −6

 . (17)

In this case, the poles of

A(δ) − LH(δ) =


−3 −1 0
0 −6 −2
0 0 −9



are {−3,−6,−9} . Thus, an estimate of this observer (Eq.
(13)) asymptotically converges to the true value.

Fig. 4 shows the true valuex(t) and the estimatê̂x(t)
when the unknown initial value iŝ̂x(0) = 0.8 .

5. Conclusions

We have considered a design of formal linearization
method for multidimensional time-delay nonlinear systems
using Taylor expansion. This method has a systematic pro-
cedure to linearize a time-delay nonlinear systems and en-
ables us to be easy to apply linear system theories. As an
application of this method, we synthesize a time-delay non-
linear observer. Numerical experiments show that accuracy
of this method is improved as the order of the linearization
function increases.

t

x,
 x^̂

x^

x

^

0 0.5 1 1.5 2

0

0.4

0.8

Figure 4: Estimate by time-delay observer
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Abstract– Deterministic chaos underpins the dynamics of 
many nonlinear systems that display a very high degree of 
sensitivity to initial conditions. In this article we 
summarize our recent experimental results on chaos in 
Tapping Mode Atomic Force Microscopy (TM-AFM) [1] 
and discuss the theoretical implications of the 
experimental findings. In particular we find that for softer 
cantilevers, the sudden onset of subharmonics or chaos 
accompanies the jump of the nanoscale tip from the 
attractive to the repulsive regime of interaction potential. 
Chaotic oscillations also occur under conditions of hard 
tapping. The results cast new light on the mechanisms 
through which the energy of the harmonically excited 
AFM microcantilever “scatters” or leaks into subharmonic 
sidebands and continuous chaotic spectra under the action 
of the nonlinear short-range tip-sample interaction forces. 
 
1. Introduction 

The observation of chaos weather patterns, speech 
patterns, stock market, and quantum physics has had a 
profound effect on these fields. In a recently published 
work [1], the authors observed and characterized chaos in 
the oscillations of nanoscale tips in Amplitude Modulated 
Atomic Force Microscopy (AM-AFM). These results 
suggest that “deterministic” uncertainty (chaos) may come 
into play in nanoscale metrology using AFM in addition to 
uncertainties due to statistical thermodynamics and 
quantum mechanics. Furthermore, it was shown that the 
presence of chaos can lead to errors while imaging 
samples using dynamic AFM, thereby introducing an 
element of deterministic uncertainty in nanometrology. In 
this article, we summarize some of these recent 
experimental results and discuss the theoretical 
implications of the recent experimental findings. 

Prior to the present work, both Burnham et al [2] and 
Salapaka et al [3] have reported complicated 
microcantilever dynamics in experiments where vibrating 
samples were made to impact a stationary microcantilever. 
The present work deals more directly with nanoscale 
imaging and spectroscopy in dynamic AFM where the 
microcantilever is driven near its fundamental resonance. 

Several theoretical models of AM-AFM are capable of 
predicting the onset of chaos.  
1. When the cantilever is brought very close to the 

sample say within a few nanometers, the tip oscillates 
in a twin-well potential arising from the tip-sample 
interaction potential and the elastic potential of the 
cantilever. In such a situation it is well known that a 

periodic excitation can lead to homoclinic chaos [4] 
[5].  

2. When the cantilever is further away from the sample 
(tens of nanometers), the cantilever oscillates in a 
single well potential. This is the most likely situation 
in realistic AFM experiments. Vibro-impact models 
with coefficient of restitution have been proposed to 
model this behavior [3] [6] [7]. In these models the 
stability of grazing trajectories is examined through the 
global dynamics of a Poincaré return map. Several 
bifurcations and chaotic attractors may be found in 
such models depending on the parameter values. 

3. If one considers physics based tip-sample interactions 
such as the Derjaguin-Müller-Toporov (DMT) or 
Johnson-Kendall-Roberts (JKR), these models are 
either non-smooth or discontinuous. The dynamics of 
non-smooth oscillations is known to be complex, 
featuring grazing bifurcations and chaos [8]. Such non-
smooth interactions may be able to capture the 
extremely high tip-sample interaction force gradients 
encountered in experiments. 

4. Even with a smooth interaction potential such as the 
Lennard-Jones potential, it is possible that chaotic 
dynamics arise at sufficiently high excitation 
amplitudes for single-degree of freedom models [9]. 

5. Finally given that the cantilever is a continuous 
dynamic system, several different modes can 
participate in the response. The nonlinear coupling of 
these different modes may also lead to complex 
dynamics [10]. 

In this paper, we do not discuss homoclinic chaotic 
dynamics in the twin-well potential regime because this is 
a relatively uncommon situation in AM-AFM under 
ambient conditions where the cantilever is kept at least 10 
nm away from the sample, typically 25-50nm.  

 
2. Experimental Setup and Procedure 

The experimental setup consists of a commercial AFM 
system, together with an external lock-in amplifier, and a 
high-speed data acquisition system. To minimize the 
effects of water meniscus, the experiments are performed 
on the hydrophobic surface of freshly cleaved HOPG 
(highly ordered pyrolytic graphic) and the environmental 
chamber is flushed with dry nitrogen. The driving 
frequency of the cantilever is controlled by the Signal 
Recovery TM lock-in amplifier via a general-purpose 
interface bus (GPIB) controller. To acquire simultaneously 
the real time data of the input piezo excitation and tip 
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deflection signal, two, single-channel National 
Instruments (NI) 5911 data acquisition boards are used. 
The sampling frequency is 12.5MHz at 11 bits resolution. 

In what follows, we will focus our attention mainly on 
experiments performed under dry nitrogen using the set of 
NanosensorTM Force Modulation silicon microcantilevers 
(ω0~66.3 kHz) when driving frequency Ω = ω0 and with a 
setpoint amplitude of 80 nm. The phenomena observed in 
this set of microcantilevers under these operating 
conditions appear to span the phenomena observed for all 
other sets of microcantilevers. Details of experimental 
results of other cases can be found in our recent paper [1]. 

The goal of the experimental procedure is to 
demonstrate the existence of chaos and its effects on 
nanometrology within the context of AM-AFM. 
Accordingly, for each microcantilever, the tip amplitude at 
the driving frequency (setpoint amplitude) is maintained 
constant via the lock-in amplifier and the AFM control 
system. The driving amplitude of the dither piezo is 
gradually increased in increments of 0.49 nm by 
increasing the voltage supplied to the dither piezo; this 
effectively decreases the setpoint amplitude ratio. At each 
driving voltage, both the tip oscillation and piezo 
excitation signal are recorded, and if needed the sample 
surface is scanned. These experiments are performed for 
two setpoint amplitudes, namely 80 nm, and 140 nm for 
each of the thirty or so microcantilevers tested. Moreover 
these experiments are performed for cases when the 
driving frequency (Ω) is just below, exactly at, and just 
above the fundamental resonance frequency (ω0) of each 
microcantilever, or for Ω=0.98 ω0, Ω=ω0, and Ω=1.02 ω0. 
Finally each experiment was repeated six times to verify 
the repeatability of the results. The observed phenomena 
are very robust over the six repeats of each experiment, 
and also consistent between the approximately ten 
microcantilevers tested within each set. This represents a 
wide range of microcantilever bending stiffnesses and 
resonance frequencies. Except for very stiff, and high 
frequency microcantilevers (such as the set of TESP 
microcantilevers, resonance frequency ω0~310 kHz), all 
other microcantilevers tested undergo chaotic oscillations 
upon transition from the non-contact to tapping regimes 
for certain operating parameters.  

 
3. Experimental Results 
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FIG. 1. Largest Lyapunov exponent and noise limit versus dither 
piezo driving amplitude for one of the Force Modulation 

(ω0=66.3 kHz) microcantilevers in a dry nitrogen environment 
over freshly cleaved HOPG. 
 

In order to detect rigorously the presence of chaos in 
the tip oscillation time series data at each driving 
amplitude, we use two different time series analysis 
methods to detect the presence of chaos. A hallmark of 
chaotic dynamics is its sensitive dependence on initial 
conditions, as indicated by the presence of a positive 
Lyapunov exponent—a measure of the exponential 
divergence of nearby states. Positive Lyapunov exponent 
is indicative of chaos. The “lyp_k” routine of TISEAN 2.1 
Nonlinear Time Series Analysis package is used to 
estimate the largest Lyapunov exponent of the time series 
vibration data at each driving amplitude. Titration of 
chaos with added noise [11] can robustly detect chaos 
with short noisy experimental data. Specifically this 
method can detect the nonlinearity in the time series by 
comparing short time prediction results of nonlinear and 
linear Volterra-Wiener-Korenberg series. White noise of 
increasing standard deviation is added to the time series 
until its nonlinearity cannot be detected by a particular 
numerical indicator. We denote this value of noise limit 
(NL) as the “noise ceiling” of the signals corresponding to 
the amount of chaos. NL > 0 indicates chaos; NL = 0 
indicates that the data series either is not chaotic or the 
chaotic component is already neutralized by the 
background noise in the original time series. The results 
shown in Fig. 1 clearly show that the largest Lyapunov 
exponent and noise limit (NL) becomes positive at 37.2% 
setpoint amplitude ratio after the tip first transitions from 
the non-contact to the tapping regime. Following this 
transition, the tip continues to oscillate chaotically for 
driving amplitudes between 1.23nm and 2.70nm, then 
suddenly transitions to a period-2 oscillation and becomes 
chaotic again when the driving amplitude is larger than 
4.66nm. Clearly both the titration of chaos method and the 
Lyapunov exponent method yield the same results and 
confirm that chaotic oscillations set in at the transition 
from non-contact to tapping regime of oscillation (at 
37.2% amplitude setpoint ratio) and then again under hard 
tapping conditions. 
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FIG. 2. Tip deflection phase portrait (left) and power spectral 
density (right) versus dither piezo drive amplitude of (a) 0.49nm 
(period-1, noncontact regime), (b) 1.97nm (chaotic, tapping 
regime) and (c) 14.76nm (chaotic, tapping regime). The vertical 
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line in the phase portrait represents the position of sample 
surface. Ω denotes driving frequency, 2B denotes the second 
bending mode frequency of the microcantilever. In phase portrait, 
velocity is computed by differentiating the tip vibration signal 
using moving average, and the hatched square represents the 
position of sample surface. 
 
 

(a) (b) (c)  
FIG. 3. 3D Topology image with driving amplitudes of (a) 
0.49nm (period-1, noncontact regime), (b) 1.97nm (chaotic, 
tapping regime) and (c) 14.76nm (chaotic, tapping regime). 
 

We will now explore the consequences of imaging the 
freshly cleaved atomically flat HOPG surface in different 
regimes. For the driving amplitude 0.49 nm the tip is in a 
period-1 oscillation state, in the non-contact regime. The 
tip vibration power spectral density shows superharmonics, 
but the tip motion is still period 1 as shown in the phase 
portrait plot in Fig. 2(a). Fig. 3(a) shows the 3D topology 
map of the freshly cleaved HOPG surface acquired under 
these conditions. Imaging the sample in this regime 
produces accurate topology images of freshly cleaved 
HOPG. Fig. 2(b) shows tip deflection phase portrait and 
power spectral density at the drive amplitude of 1.97 nm 
when the tip is in its first chaotic oscillation state at the 
transition from non-contact to tapping regime. The 
spectrum now contains superharmonics, subharmonics, 
side bands and the noise floor increases as seen in this 
power spectrum. Note that a significant sixth harmonic of 
the driving frequency also appears in tapping regime near 
the second bending mode resonance frequency (denoted 
by ‘2B’ in Fig. 2(b)). This is attributed to a nonlinear 
coupling between two different modes of the continuous 
microcantilever beam - the fundamental mode and the 
second bending mode whose resonance frequency is close 
to six times that of the fundamental mode. This condition 
is also refereed to as a 1:6 internal resonance [10]. The 
topology map at driving amplitude of 1.97 nm shown in 
Fig. 3(b) is noisier due to chaotic nature of the tip 
oscillation. Finally, when the driving amplitude is at 14.76 
nm and the tip is in the second chaotic oscillation state in 
the hard tapping regime, phase portrait has very 
complicated structure and the spectrum becomes more 
broadband as shown in Fig. 2(c). The 3D in Fig. 3(c) is 
extremely noisy. We conclude that the presence of chaotic 
tip oscillations deteriorates noticeably the ability of AM-
AFM to perform high precision nanometrology. 

 
4. Conclusion 

These experimental results indicate that the underlying 
mechanism of chaos in our experiments during the 
transition from attractive to repulsive regime is a grazing 
bifurcation. Specifically, the observed sequence of 

bifurcations is predicted by the global dynamics of the 
two-dimensional Nordmark map [12] [13], which is often 
used to model single degree-of-freedom non-smooth 
systems. However certain aspects of the experimental 
results cannot be fully captured by the predictions of the 
Nordmark map. For instance, the influence of a 1:6 
internal resonance between the first and second bending 
modes is clear in the chaotic spectra. This leads us to 
conclude that a multiple mode microcantilever model with 
internal resonance and non-smooth tip-sample interaction 
forces may be able to capture the observed dynamics.  

Finally one may also ask the question about the origin 
of non-smooth interaction forces in our problem. This is a 
very relevant question since all theoretical models of 
atom-atom interactions are based on smooth interaction 
models. Since we have tried to minimize the effects of 
liquid menisci in our experiments, we suggest that atomic 
scale instabilities at the interface of the tip and sample are 
responsible for non-smooth interaction forces. For 
instance it is known from molecular dynamics simulations 
that instabilities occur between atoms at the very end of 
the tip and the atoms of the sample surface. These 
instabilities occur at timescales that are extremely small 
compared to the time scale of tip oscillations leading to 
effectively non-smooth or discontinuous interaction forces. 
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Abstract– An atomic force microscope can be viewed 

as an impact oscillator. These systems are a special class of 
continuous time dynamical systems which undergo 
intermittent impact collisions and have dynamical 
trajectories in state space which are piecewise continuous, 
however, with discontinuities in the velocities resulting 
from the collisions of the tip with the surface. 

Even if the system is linear in the absence of impacts, 
such as a freely oscillating AFM cantilever, the overall 
dynamics of the AFM exhibits a rich variety of behavior 
because of the non-linearity introduced by the impacts of 
the tip. In this paper experimental methods have been used 
in order to investigate the phenomena resulting from the 
non-linearities induced by the interaction of the tip with 
the sample surface like hysteresis and subharmonics of the 
trajectories. In this paper we report about a new chaotic 
mode of the AFM that has not been observed so far. 
During the retraction of the tip from the surface the 
deflection signal shows strong indications of intermittent 
behavior. The intermittency has been characterized to be 
either of Type III or on-off intermittency.  

Furthermore, understanding the dynamics of the system 
could help improve the overall system performance by 
being able to control the AFM in some desired dynamical 
regime or by preventing the AFM from going into some 
undesirable regime which would eventually result in 
system failure. 
 
1. Introduction 

Since its invention in 1995 [1] the atomic force 
microscope (AFM) has become a widely used instrument 
for surface analysis with nanometer resolution. Various 
imaging modes including static and dynamic methods 
have been introduced. The most common techniques are 
contact mode - a quasi static mode - along with the 
dynamic measurement modes such as non-contact mode, 
tapping or intermittent contact mode, and ultrasonic 
mode[2, 3]. 

In recent publications [4, 5] it has been shown that the 
imaging process in the AFM is by no means a linear one, 
but the existence of non-linearities in the tip-sample 
interaction can lead to inherent chaotic motions of the tip 
which finally lead to chaotic distortions of the recorded 
image. In a experimental work the chaotic modes of the 
cantilever have been investigated during the approach of a 
tip to a surface and it has been shown that the motion of 
the tip undergoes a period-doubling sequence until 

eventually a chaotic motion has been realized very close 
to the surface.  

It has been often observed that the transition to chaos 
occurs via the following four known routes [6]:  

(i) bifurcation cascade, (ii) intermittency, (iii) crisis 
and (iv) quasi-periodicity.  For the AFM the period-
doubling  and period-adding cascades have been readily 
observed experimentally and in numerical simulations. 

Furthermore it is well known that the force-distance 
curves of a tip-surface system show a strong hysteresis 
and therefore other routes to or from chaos are in principle 
possible. 

In the following we analyze experimental data with  
tools of non-linear dynamics in order to investigate the 
complex dynamics of a cantilever in the vicinity of a 
surface. We provide experimental evidence for an 
additional route to chaos in the system which has not been 
observed before and present hints for the origin of the 
intermittent behavior [7]. The experiment is conducted as 
a so-called dynamic force spectroscopy experiment where 
the sample is slowly approached towards the tip. In 
contrast to experiments where the driving amplitude as a 
control parameter this corresponds to a typical situation in 
imaging and nanomanipulation where the amplitude 
setpoint ratio is used as a control parameter which leads to 
a variation of the effective tip sample potential. 

 
2. Experimental 

Experiments were carried out with an atomic force 
microscope (Dimension 3100, Veeco, Santa Barbara, CA) 
was used. Data were recorded with a flexible resolution 
analog to digital converter (NI PCI-5911, National 
Instruments, Austin, TX). The microscope was operated in 
tapping mode.  
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Fig. 1: Scheme of the dynamic force spectroscopy 

experiment as it was simulated numerically. The gap 
between the sample and the undeflected cantilever was 
reduced  from 300nm to 0 nm. 
 

A cantilever of type CSC 38/Cr-Au Type B has been 
used which had a resonance frequency of 12.5472 kHz. 
The driving force had a frequency of 12.5259 kHz and a 
driving amplitude of 5.1 Volts. The cantilever had a Q-
factor of 103. The scan rate was 0.01 Hz and the sampling 
range in z-direction was 300 nm. A silicon (100) waver 
with natural oxide layer was cleaned with ethanol and 
ultra-pure water. 
 
3. Results and Discussion 
The tip was approached and after snap-in to the sample 
surface it was retracted again. The raw data is shown in 
figure 2 after reduction by a factor of 10 in order to be 
visible as single dots. In the first half of the plot positive 
abscissa values correspond to an approach to the sample 
surface until the signal breaks down at around sample 
number 15000. A sharp turning point is visible in the raw 
data at around 16000 samples. The tip is then retracted 
from the surface again but still snaps to the surface until 
sample number 25000 when the tip starts to temporally 
detach from the surface which can be observed by a 
sudden widening of the deflection signal. A close-up of 
the deflection signal is shown in figure 3 where the 
intermittent behavior can be clearly observed. As the tip is 
further retracted the quasi-free oscillations prevail and 
after sample number 30000 the tip is no longer attached to 
the surface and shows a pure quasi-free motion. 

 
Fig. 2: Deflection signal of the tip during approach 

and retract to the sample surface. 
 
 The system clearly exhibits two different kinds of 
irregular and chaotic motions for the approach and the 
retraction of the tip. During the approach phase of the tip 
period-bifurcations have been observed as reported by 
Jamitzky et al. (2005). It has been shown that the 
interaction of the tip with the surface potential close to the 
surface lead to different harmonic distortions and 
subharmonic motions of the tip which can be 
characterized by varying embedding dimensions. For 
example correlation dimension of the attractor of the 
system ranges from one – far away from the surface to 
almost three – very close to the surface and show a 
bifurcation road to chaos. The approach phase will not be  
further discussed in this paper. 
In the following we will focus on the retraction phase of 
the tip which shows a novel behavior not yet observed in 
the AFM-system and we will analyze the newly found 
chaotic regime.  
During the retraction phase a hysteresis is observed, as the 
tip is much longer attached to the surface in contrast to the 
approach phase but finally snaps out. However the snap-
out phase shows a much different behavior compared to 
the approach phase. Short bursts of a quasi-free motion 
are alternating with phases where the tip is almost 
attached to the surface. The tip suddenly snaps away from 
the surface and starts to oscillate with increasing 
amplitude until the oscillations become so strong that the 
tip can be caught again by the surface and stays very close 
to the surface for a while. The change of the quasi-free 
and the confined motion of the tip seems to occur rather 
randomly. 
However a clear trend can be observed: the further the tip 
is retracted from the surface, the longer the quasi-regular 
phases prevail until the tip is finally detached from the 
surface and only shows a slight harmonic distortion from 
a free sine-wave.  
 

916



   

 
Fig. 3: Deflection signal right after the snap-out of 

the tip starting at time 25300. 
 
The deflection signal in the retraction phase thus shows a 
strong intermittent behavior. Phases of snap-in of the 
cantilever to the surface alternate with phases of quasi-
regular motion of the tip. But even thought the changes 
between the snap-on and free-motion phases seem to 
alternate erratically the embedded trajectory clearly shows 
the existence of an attractor that governs the overall 
dynamic behavior of the system.  
The attractor can be made visible by embedding the time 
series of the deflection signal into an artificial phase space. 
For that purpose delay coordinates are used [8 , 9], where 
the signal is delayed for different times and these time 
series are collected together in a higher dimensional 
vector which can then be plotted and further analyzed. 
Here we start with an embedding dimension of three. For 
short delay times the structure of the attractor is shown in 
figure 4.  
 

 
Fig. 4: Delay coordinate embedding of the 

deflection signal into an artificial phase space using a 
short delay time of  half a period at time 25500.  
 
The attractor consists of a spiral structure corresponding 
to the quasi-free motion of the tip and a point-like 

attractor which corresponds to the snap-in cantilever.. The 
spiral structure is very pronounced and corresponds to a 
limit circle of the system which is given by the free 
motion of the cantilever. 
 

 
Fig. 5: Delay coordinate embedding of the 

deflection signal into an artificial phase space using a 
large delay time at time 28800. 
 
The point-like structure corresponds to a fixed-point of the 
system which is given by the rest position of the tip on the 
surface. The system can thus oscillate between these two 
states and does this on the strange attractor that connects 
these both. When the tip is retracted further, the point-like 
structure is dissolved until finally the limit circle of the 
quasi-free motion dominates as shown in figure 5.  

 
Fig. 6: Delay coordinate embedding of the 

deflection signal into an artificial phase space using a 
large delay time of 4 times the period of the driving 
force at time 25500.  
 
The motion shows a high temporal coherence as can be 
observed in figure 6. Here the system is embedded using a 
large delay for the artificial delay coordinates. Even for 
four times the period of the driving force of the system it 
shows a very pronounced structure and the attractor 
decays into several parts.  
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Phenomenologically, intermittency is classified in three 
types depending on the exponent of the power spectrum. 
In figure 7 the power spectrum is shown for the 
intermittent phase of the deflection signal. Also shown are 
spectra with exponent -1 and -2. An exponent of -1 
corresponds to type II or  type III intermittency while type 
I intermittency would correspond to an exponent of -1/2. 
Thus type I intermittency is ruled out.  
 
 

 
Fig. 7: Power spectrum of the intermittent phase 

of the retraction phase. Inserted are spectra 
corresponding to exponents -1 and -2. 
 
 
 
4. Conclusions 
The driven cantilever system shows a rich variety of 
chaotic modes. While period bifurcations have well been 
observed a route to chaos via intermittency has not been 
known so far and it is the first time that it is shown 
experimentally using an AFM. The found intermittency is 
either of type II or type III, the difference between them is 
the occurrence in one-dimensional maps like the logistic 
map [10, 11].  A possible candidate would also be on-off 
intermittency which shows an exponent of -1. This type of 
intermittency has been observed by Townsend [12] in the 
structure of turbulent flows where large eddies alternate 
with regions of small-scale turbulence. Intermittent 
behavior has also been observed in the Duffing-system 
(Brekhovskikh et al [13]) whereas they claim type-I 
intermittency for the Duffing-system.  
An example for intermittency can be nicely observed in 
the game of pinball. The motion of the ball is almost 
unpredictable because of the multiple collisions with the 
walls, however, when the ball gets trapped between a wall 
and a post the ball oscillates in the “channel” until it rolls 
down. This type of motion is a good paradigm for the 
behavior of the tip close to the surface during the 
retraction phase, as in that case the stiffness of the tip 
plays an important role in the phases where the tip 
oscillates quasi-free.  
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Abstract—Particles floating on the surface of fluid
tend to clump due surface tension interactions (chee-
rios effect). Similar phenomenon happen at the
nanoscale, and mathematical formulation is similar to
the millimeter scales. The elevation of the surface is
described by the Helmholtz equation with boundary
conditions at the particles formed by the contact an-
gle. Due to the weakness of interactions, a high pre-
cision numerical calculation is required. We develop
a numerical scheme for computing the energy of in-
teractions of such particles. The scheme is based on
re-formulating the differential equation as a boundary
integral and breaking the integral kernel into the sin-
gular (logarithmic and pole) part. The contribution of
the singular part is computed analytically, and regu-
lar part of the kernel can be approximated with high
precision using quadrature formulas. We present the
results for simulations of particle interaction for ran-
dom particle configuration and show that the half-sum
of binary interactions is a poor approximation to the
energy when the packing of particles becomes dense.

1. Attraction of floating particles: from mil-
limeter to nanometer scales

Particles floating on the surface of fluid tend to
clump; this is called cheerios effect after the popu-
lar morning cereal. In addition to its entertainment
value, the floating particle attraction has been used for
the bottom-up self-assembly of objects with the aim of
technological and biological applications [1, 2, 3]. For
nano-scale applications, one pours out a thin layer of
fluid comprising a colloidal solution of nano-particles
suspended in water at an interface and allows the water
to evaporate. The evaporating fluid film breaks into
droplets and drags the particles along, concentrating
them at the receding contact line. This effect has been
used to deposit nano-particles into prefabricated cavi-
ties cut into a substrate, in a process called “directed
self-assembly” [3]. Evaporation diminishes the water
level until eventually the contact line becomes pinned
and the thickness of the film reaches the particle size.
At that point, particles which are now only partially
submerged in water start to feel each other’s presence
due to surface tension.

In view of its potential technological significance,
attraction of particles by capillary forces has been an

active object of study for many decades. At millime-
ter scales, particles attract each other through a com-
bination of gravity which deforms the surface so that
each particle is downhill from its neighbors and surface
tension which resists the deformation. Most previous
studies have been devoted to the interaction of two
particles [4, 5, 6, 7], implicitly assuming that the inter-
action of many particles can be obtained as a sum over
binary interactions, with, perhaps, corrections by the
interactions among triads, tetrads etc. This approach
was pioneered by Onsager and Fuoss [8] and has been
the cornerstone for the modern theory of mixtures.
Two conditions are needed for successful application
of this approach. First, the number of foreign inclu-
sions in a fixed volume of fluid must be large enough
that statistical averaging is possible, and second, the
relative concentration of the inclusions must be small.
For example, in the electrolyte solutions originally con-
sidered by Onsager and Fuoss, the relative concentra-
tion of electrolytes may be assumed to be very small,
while the number of electrolyte molecules in any fixed
(even relatively small) volume may be assumed large,
thereby allowing statistical averaging. Both of these
conditions fail for the attraction of nano-particles and
cheerios attraction. First of all, concentration of par-
ticles is large so maximal possible agglomeration den-
sity is achieved, and second, number of particles is
relatively small, especially for millimeter-sized parti-
cles. In our opinion, the only consistent way to study
energies of dense clumps is to make an accurate nu-
merical simulations of particle in various configura-
tions. In this paper, we will summarize the essence of
the method we have used for calculations, and present
some results. For more detailed information about the
results, the reader is referred to [9].

2. Problem set up

The interaction of two particles and numerical
scheme has already been described in some details in
[10]. We shall refer the reader to that paper for de-
tails. However, to make this paper self-contained, we
present a short introduction to the methods and re-
sulting integral equations.

It has been shown [4] that surface tension forces
are dominating for the micron-size particles, which re-
sulted in the power law for particle interaction. For
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much smaller scales (nanometer) which are of inter-
est to us we it can be shown that in addition to sur-
face tension, van-der-Waals forces must be taken into
account [13], for much larger scales (mm), inclusion
of gravity is necessary. The interaction potential be-
tween two millimeter-size particles floating on water
surface and experiencing mutual attraction by surface
tension has been studied in great detail, see [7] and ref-
erences therein. We shall recall this derivation briefly.
Suppose coordinates along the undisturbed surface are
chosen as x, y, and the deformation of the surface from
equilibrium is given by h(x, y). As is known, extra
pressure caused by surface deformation from the equi-
librium h is Pst = γΔh, where γ is the coefficient of
surface tension and Δ is the two-dimensional Laplace
operator. This pressure has to balance the hydrostatic
pressure, which is given by Ph = ρgh. Thus, the de-
viation of free surface from equilibrium is governed by
the Helmholtz equation

γΔh− ρgh = 0 (1)

We can introduce the capillary length

lc =
√

γ

ρg
(2)

and re-write equation (1) as

l2cΔh− h = 0 (3)

Equation (3) must be supplemented by boundary con-
ditions at the boundary of each particle. We choose
to specify contact angle of water-particle-air interface.
Exact value of derivative of h(x, y) with respect to the
normal to the water/particle boundary is a nonlinear
function of the water level, as the angle of the nor-
mal to a sphere relative to the horizontal plane at a
given level changes when that level rises or sinks. We
have incorporated this nonlinear boundary condition
into our scheme and discovered that the result for en-
ergy is practically identical to the case where height is
computed from the linearization about its equilibrium
value. Thus, we shall consider the linearized boundary
conditions as it will allow us to compute the energy of
large number of interacting particles.

Due to the linearity of equation (3), we shall re-
scale the value of the normal derivative of h(x, y) at
the boundary to be 1, as this derivative is assumed
to be the same for all particles. This approximation
is only valid if we posit that the equilibrium level of
water is the same for all particles, and all particles are
identical in size, as well as their wetting properties.
Thus, we augment the equation (3) by the following
boundary condition on the boundary of each disk Dk

∂h

∂n
[(x, y) ∈ Dk] = 1. (4)

Earlier work ([13, 10]) demonstrates that for attrac-
tion of particles at the nanoscales (∼ 50nm), the van-
der-Waals force between the fluid and substrate can
be linearized about its equilibrium value, which leads
exactly to Helmholtz equations (3) with boundary con-
ditions (4). The value of lc, computed from available
values of physical constants [11], is equal to lc ∼ 300
nm for height of the fluid being equal to 50 nm.

These physical considerations show that interaction
potentials proportional to the Green’s function for the
Helmholtz operator plays a fundamental role in par-
ticle self-assembly across surprisingly many orders of
magnitude.

3. The numerical scheme

The technical part of this paper deals with find-
ing an efficient way of solving Helmholtz differential
equation (3) with the boundary conditions (4). The
Helmholtz equation is solved in the outside of the
union of N disks of radius R with their centers po-
sitioned at r = ci = (xi, yi), i = 1, . . . , N . An exact
solution can be found in the case of one disk; if r is
the polar distance away from the disk, the solution
is h(r) = lcK0(r/lc)/K1(r/lc). This exact solution is
going to be used for calibration of different numerical
schemes.

To put things in perspective, we have used build-in
MATLAB routine for solving Helmholtz equation in a
domain. This scheme uses finite elements (triangles)
and thus can solve equations in two-dimensional do-
mains of arbitrary shapes . To achieve the accuracy of
0.01 we needed to use about 15000 triangles in the ex-
terior of a disk, the number of triangles grows rapidly
with the accuracy required. We note that 0.01 is not
sufficient for our purposes; most of the results require
computations better by at least two order of magni-
tude, and finite elements scheme becomes impractical
in that case. Instead, we develop a scheme which is
based on the boundary integral methods.

Let us introduce Bond number B = R/lc, and define
Green’s function of Helmholtz operator GB(r, r′) =
K0(B|r, r′|)/(2πB) to be the Green’s function of
Helmholtz operator, with K0(x) being the Modified
Bessel Function of the second kind. Then, if we de-
note the strength of ’point charges’ along the surface
of k-th disk to be sk(φk), we have an integral equation
for the boundary conditions (4):

N∑
k=1

∫
r′∈Dk

s(φk)n · ∇GB (|r− r′(φk)|)Rdφk = 1, (5)

∇GB (|r− r′|) =
1
2π

K1 (B|r− r′(φk)|) r− r′

|r− r′| . (6)

If we consider equation (5) for m-th disk, the integral
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contributions can be separated in two parts. The first
part, which is most singular, comes from the m-th disk
itself, and the regular part comes over summation and
integration over all disks with k �= m. The accuracy of
the scheme hinges on the approximation of the singu-
lar part of the integral. The idea for this scheme comes
from the following expansion for Bessel function K0(z)
close to z = 0: K1(z) ∼ 1/z + log(z/2)+(regular func-
tion of z). If we assume that (r, r′) are measured at
the polar angles (φ, φ′), we can re-write the function
K1 in (6) as

K1 � 1
|φ− φ′| + log (| sin(φ− φ′|/2) + H(φ, φ′) (7)

where H is a regular function when φ → φ′. The term
resulting from the principal value of integral from the
first singular term 1/(φ−φ′) results in δ-function. In-
terestingly enough, the integral of the second logarith-
mic term can be computed exactly:

∫ 2π

0

log(| sin(φ− φ′)|/2)dφ′ = −π log 4. (8)

Once the integrals over the most singular parts are
computed exactly, the remaining integral over the reg-
ular part is computed using a high order quadrature
formula. We have used Simpson’s method; for K divi-
sions of the disk and N disks it is accurate up to order
∼ NK−3. For reference, we have also computed the
integral equation without selecting the singular term
and using first-order quadrature. We have computed
an accuracy of each method by comparison with ex-
act solution for one disk. Our results are presented on
Fig. 1. It is evident that our scheme is superior not
only in the decay of error with increase of number of
points, but also the pre-factor of the error; the gain in
accuracy due to exact description of singular part is
about 103.

The resulting potential energy due to disk attraction
is proportional to the elevation of the interface from its
undisturbed value at the disk boundary. The potential
energy for the set of disks with centers positioned at
ck, k = 1 . . . N is thus

E[c1, . . . , cN ] =
N∑

k=1

∫
|r−ck|=R

h(r(φk))Rdφk. (9)

The force on k-th disk is computed as minus the gra-
dient of the energy (9) with respect to the position of
k-th disk’s center ck:

Fk = − ∂E

∂ck
(10)

4. Results

What have we achieved by using our numerical
scheme? As we see from Figure. 1, only 20 points

10
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ro
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number of points

Figure 1: Error of our numerical scheme for 3rd order
integral of regular part and exact computation of sin-
gular part (crosses); theoretical estimate K−3 is shown
with solid line. Circles are numerical errors obtained
from the 1st order scheme without selecting the singu-
lar logarithmic part; dashed line is theoretical predic-
tion K−1.

is sufficient to achieve accuracy of 10−4. Since sur-
face variation caused by mutual attraction of particles
is exceedingly small, we need such accuracy to accu-
rately compute the energy of interaction. Suppose we
have N disks with K points per disk, then the total
number of points is NK, and we have to solve a dense
linear system of NK equations with NK unknowns.
A dense system of 2000 equations is plausible to solve
on a personal computer, so we can realistically find
the energy of 100 disks. The reader has to remem-
ber that we are interested in finding statistical results
about the energy for many disk distributions, so each
solution of linear equations must be accomplished in
feasible amount of time. Our results are computed for
N = 20, 30, 40, 50 disks with 20 points per disk and
range of Bond numbers 1/B = lc/R = 1, 2, . . . , 10.
The positions of the disks are chosen at random, from
very dilute to highly densely packed configurations.
On Figure 2, we present the results of 5000 numerical
experiments, showing the computed energy of inter-
actions E divided by the sum of binary energies of
particles E∑ = 1

2

∑
i, kE0(ri − rk), with E0(r) being

the energy of particles separated by a distance r. The
horizontal axis on this figure is the density ρ, com-
puted as the number of particles, divided by the area
of the complex hull containing all the particles. For
small values of the density ρ, E � E∑ as expected.
However, for high densities we observe large variations
of energy E compared to E∑, so the theoretical pre-
diction E∑ is an unacceptable approximation for the
energy of interactions. What is interesting, however,
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is that energy E is always larger (in absolute value)
than E∑. Thus, mutual interaction of particles can
lead to the amplification of interaction only. The exact
law of particle interaction for an arbitrary configura-
tion of particles will be addressed in future work [9].
Note that the value ρ = ρ∗ =∼ 0.90 is the maximal
possible packing density for two dimensions, achieved
for hexagonal lattice. We enforce the minimum dis-
tance between disks to be 0.2R to avoid touching of
the boundaries of the disks, so maximal density which
we can achieve in our simulation is somewhat less than
ρ∗.

0 0.2 0.4 0.6 0.8
1

1.2

1.4

1.6

1.8

�

E
 / 

E
�

Figure 2: The energy of interaction of many densely
packed particlesE divided by the sum of binary inter-
actions E∑, versus average density ρ. Large varia-
tions are visible, especially for high densities.

5. Future directions

Our work is the first step towards bridging the gap
between continuous and discrete description of parti-
cles’ self-aggregation. The method we have described
allows to make accurate computations of energy for
arbitrary configuration of particles in two dimensions.
If there exists an expression for the energy of particles
based on density and, perhaps, some other quantity
describing particle position, then a continuous equa-
tion for density evolution can be found [12]. The big
question is whether such an equation for energy exists,
and what integral quantities describing particle posi-
tions can be used. This question will be addressed in
future work [9].
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Abstract– Micromechanical cantilever arrays provide 

the opportunity to study the nonlinear excitations of a 
discrete nonlinear system in real time. Previously we have 
demonstrated that, even without impurities, localized 
excitation can be produced and stabilized by means of a 
chirped driving frequency outside the plane wave vibration 
band. Such excitations are called intrinsic localized modes 
(ILMs). More recently, using the same arrays, moving 
nonlinear excitations have been observed when driving the 
system at a frequency within the linear dispersion curve 
range. These traveling ILMs, which are remarkably stable, 
have been successfully simulated using a nonlinear lumped 
element lattice model.  

 
1. Introduction 

Since it is straightforward to drive a mesoscopic 
oscillator or a series of such oscillators to large amplitude 
with modest input power there is renewed interest in the 
dynamics of discrete nonlinear systems. Linearly coupled 
vibrating particles have been studied for centuries but the 
subject of nonlinearly coupled discrete systems has a 
much more recent history [1]. The dynamics of a 1-D 
lattice can be modeled with the lumped elements show in 
Fig. 1(a). A simple mechanical oscillator is coupled to its 
neighbors with connecting springs. The oscillator spring 
and/or coupling springs are nonlinear.  

In 1988 it was predicted that in addition to plane wave 
modes a new feature of such a coupled nonlinear system 
would be the appearance of localized modes [2]. They are 
called intrinsic localized modes (ILMs) because impurities 
are not necessary for their creation. The terms discrete 
breather or lattice soliton have also been used to describe 
these excitations [3]. Since the appearance of such 
localized objects only depends on two features, 
discreteness and nonlinearity, the same localization 
properties can be expected to occur in many nonlinearly 
coupled systems.  

So far, ILMs have been studied in only a few solid state 
crystals [4,5], but many man-made lattice structures such 
as Josephson junction arrays, coupled waveguide arrays, 
microelectro mechanical systems (MEMS) arrays, and 
photonic crystals [3]. ILMs have been attracting interest 
because of their movability and position programability.  
Future applications could be optical switches and 
information processors. 

We have been examining both by experiment and with 
simulations the nonlinear excitations of micromechanical 
cantilever arrays (Fig. 1 (b)) [6,7]. Their fabrication is 
straightforward and their oscillation frequency is in a 
convenient range: higher than for coupled pendula, but 
lower than other man-made lattices such as Josephson 
junction arrays. A 1D CCD camera can be used to observe 
the dynamical behavior of such an array. In the past we 
have succeeded in observing ILM vibration as well as in 
manipulating its position in the lattice. Here, 

 

 
Fig. 1.  (a) Coupled ball and spring model. Nonlinear 
oscillator springs and/or coupling springs are used. (b) 
Cantilever array. The sample is made  from a 300 nm 
silicon nitride layer. Each cantilever behaves as a 
nonlinear oscillator coupled together via overhang 
region. Length and pitch of the cantilevers are about 50 
μm.  (c) Experimental set up. A line shaped laser beam 
is focused on the cantilever tips. Reflected beam is 
imaged on a 1D CCD camera. At large vibrational 
amplitude the image of those particular cantilevers 
darkens. 
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we describe a new feature, the observation of moving 
localized modes obtained under different steady state 
excitation conditions. 
 
2. Sample and experimental setup 

Figure 1(b) illustrates a cantilever array. It is made 
from a thin silicon nitride film (~300 nm thick) resting on 
a silicon substrate. Each cantilever has a transverse 
vibration mode and the coupling  between cantilevers is 
provided by thin nitride overhang region. Resonance 
frequencies are from 60 to 150 kHz, and the Q factor is 
~10000 in vacuum. The number of cantilevers is 152 and 
their length and pitch is about 50 μm. Both the cantilever 
itself and the interconnecting overhang have "hard" or 
"positive" nonlinearity, i.e., the restoring force becomes 
larger with increasing amplitude so the resonant frequency 
increases.  

The sample is attached to a piezo-electric transducer 
(PZT) situated in a vacuum chamber to eliminate air 
damping. The array is shaken up and down uniformly.  
The vibration of each cantilever is recorded by a 1D-CCD 
camera as shown in Fig. 1(c). A laser beam is line focused 
along the cantilever tips, and the reflected beam is imaged 
on the camera using a lens (not shown). As the amplitude 
of a cantilever increases its image darkens.  

Since the nonlinearity is positive, ILMs can be created 
above the band of linear resonant frequencies. For the 
mono-element array shown in Fig. 1(a), the zone 
boundary mode has the highest linear resonant frequency 
and is characterized by π phase change between elements. 
Because the experimental arrangement relies on uniform 
excitation, such a mode is hard to excite.  

To overcome this coupling problem we have prepared a 
di-element cantilever array, composed of long and short 
cantilevers, as shown in Fig. 1(b). The acoustic and optic-
like dispersion curves (i.e., normal mode frequency as a 
function of wave number k.) for the di-element array are 
shown in Fig. 2. The two bands stem from the high and 
low resonance frequencies of the two cantilevers. The 
highest frequency mode is now located at k=0 (uniform), 
and it can be excited by the uniform driver, because of the 
imbalance in mass for this mode shape. The ILM appears 
above the upper branch (horizontal thick line in Fig. 2). 
Since the localized mode is a wave packet, it has a spread 
in values along the k-axis in the dispersion curve picture, 
the more localized the excitation the larger the spread in 
k-space. The localized shape of the ILM and its relation to 
the linear dispersion curve is confirmed by simulations. 

Figure 2 shows that the bandwidth of the upper branch 
is smaller than the lower branch. This feature is a 
consequence of the long range interaction between 
cantilevers produced by the overhang. The narrow 
bandwidth of the upper branch results in the fomation of 
narrow ILMs. At the same time the large bandwidth of the 
lower branch implies a larger spacing between adjacent 
resonant frequencies, since there are only 152/2=76 
modes for each branch. Although the two modes that can 
be most strongly excited are the highest and lowest 

frequencies at k=0, many of the modes couple to the 
uniform driving excitation because of the fixed boundary 
condition. These features mean that we can excite a single 
mode almost anywhere in the lower branch by simply 
adjusting the driver frequency. The dotted horizontal line, 
labeled (b) in Fig. 2, indicates a typical driver frequency 
location.  

 
3. Experimental results 

 
Fig. 2.  Dispersion map of the di-element cantilever 
array. Thin lines identify the linear dispersion curves. 
Since the unit cell is composed from two kind of 
cantilevers, there are two branches.  The upper branch 
has a smaller bandwidth because of long range 
interaction between cantilevers. Nonlinearity of the 
sample is positive, i.e., resonance frequencies increase 
with amplitude. Horizontal dotted curves indicate two 
different driving frequencies for possible nonlinear 
excitation.  (a) Stationary ILMs are generated above 
the top of the upper branch. (b) Traveling ILMs can be 
generated when the sample is excited near the top of 
the lower branch. 

Figure 3(a) shows an ILM experimental result for the 
excitation condition (a) identified in Fig. 2. The horizontal 
white lines are images of cantilevers at rest. The dark 
region near the center is due to large amplitude cantilevers 
associated with the ILM. It is obtained by first increasing 
the driver frequency with respect to the top of the band 
(up to 1.1% in a few ms), then maintaining a fixed 
frequency. It is necessary to excite the highest frequency 
plane wave mode to its modulational instability point so 
that it can break up into ILMs. Increasing the frequency 
with time from the highest frequency linear mode is very 
effective way to obtain a large amplitude. After a number 
of ILMs are formed, a few remain locked to the driver and 
grow in strength with time. Such a large amplitude ILM 
becomes strongly pinned at a lattice site and is very stable. 
The manipulation of this stable lattice site location has 
been demonstrated for a stationary ILM [7]. 
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Figure 3(b) shows the experimental results for the 
excitation condition (b) in Fig. 2. A dark region traveling 
and reflecting at the boundaries results in a zigzag pattern. 
Although the lattice has 152 cantilevers, there is a fault  
induced boundary around site 130. The final state shown 
in the figure is obtained by carefully tuning the driving 
frequency. First, it resonantly excites a linear mode. The 
mode pattern of this resonance is a standing wave because 
of the boundary condition. Increasing the driver frequency 
in small steps, causes the amplitude of the standing wave 
to grow. Similar to the modulation instability observed in 
case (a) in Fig. 2, the standing wave pattern breaks up into 
several traveling modes.  The initial result appears chaotic. 
By carefully increasing the driver frequency, often a 
single traveling mode results. Since the narrow dark 
region where the excitation level is largest moves through 
the lattice, it is called a traveling ILM. 
 

4. Numerical Simulations 
To simulate the nonlinear array dynamics, the coupled 

equations of motion for the nonlinear lumped element 
model is used, namely, 

 
Fig. 3. Experimental observation of two kinds of 
nonlinear localized excitations for a cantilever array. 
(a) Stationary ILM. White horizontal lines are images 
of stationary cantilevers. The ILM is recorded as a dark 
thick region in the middle of the figure, spread over 
about seven cantilever sites. It is created by increasing 
the driver frequency from the top of the band within a 
few ms, then fixing the driver frequency. (b) Traveling 
localized mode. It can be generated by carefully 
increasing the driver frequency from a mid resonant 
frequency in the band. Once generated, the localized 
excitation is very stable. Driving frequency:  (a) 137.8 
kHz and (b) 115.41 kHz. 
 

 
Fig. 4. Simulation results based on a lumped element 
model. (a) Equations include the nonlinear terms 
described in Ref. [7]. The observed pattern is quite 
similar to that found in experiment. (b) Nonlinear terms 
removed from the equations. Now the localized 
excitation is unstable and breaks up into many waves. 
Same initial conditions for both cases and the driver 
frequency is fixed at 112.8kHz.  
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j
∑
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 (1) 

 
where  is the mass,  and  are the coefficients 
of the onsite harmonic and hard quartic potential terms 
while  and 

im Oik2 Ok4

)(
2

j
Ik k4 I  identify the corresponding intersite 

terms. More details about the di-element model are given 
in Ref. [7]. The number of lattice sites is 100 with fixed 
boundary conditions. Model parameters are listed in the 
second column of Table II in Ref. [7]. The equations are 
integrated forward in time using the fourth order Runge-
Kutta routine. At each time step of integration a small 
amplitude noise field is introduced in order to simulate the 
effects of random vibrational noise. Figure 4(a) shows 
simulation results obtained with this model. Comparing 
the experiment shown in Fig. 3(b) with the simulation in 
Fig. 4(a) shows a remarkably similar time dependence. 
The only difference is that the two ILM speeds are not 
quite the same. This difference occurs because the slope 
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of the model dispersion curve at the driver frequency is 
somewhat larger than that observed in experiment. The 
difference comes about because the driver frequency is 
10.6 kHz lower than the top of the lower branch in the 
simulation, while it is 5.8 kHz from the top for the 
experiment. A carefully tuning of the driver frequency in 
the simulation, with sufficient resolution compared to the 
frequency separation between neighboring plane wave 
modes, is required to generate a traveling ILM. This initial 
condition agrees with that previously used in the 
experiments.  

Figure 4(b) presents a simulation result with the 
identical starting condition as that shown in Fig. 4(a), but 
now the nonlinear terms have been removed so the array 
is harmonic. The initial localized wave at t=0 spreads into 
many waves with different velocities with increasing time. 
It is clear that the localized mode envelope is coming 
apart after only one cycle through the lattice and can no 
longer be identified after three cycles.  
 
5. Discussion and Conclusions 

The spacial localization of the traveling ILM shown in 
Fig. 3(b) is similar to that found for the stationary ILM, in 
Fig. 3(a). The simulations show that both types of modes 
can be described by an envelope modulating a carrier 
wave, but in the latter case the ω-k display appears as a 
line tangent to the dispersion curve at the driver frequency 
position. Such a situation is represented by the feature 
near the dotted line (b) in Fig. 2. The speed of the 
traveling mode can be estimated from experiment, and 
good agreement is found with the corresponding tangent 
line. It is to be expected that all such running ILMs can be 
represented in an ω-k picture as tangents to the linear 
dispersion curve, because the dispersion curve identifies 
the positions of available plane wave modes. The 
existence of such a traveling ILM depends on a balance 
between the nonlinear and dispersive effects. Here, the 
negative curvature of the dispersion balances the positive 
nonlinearity as represented by the two arrows in Fig. 2. 
This balance is reminiscent of the soliton stability 
condition in a continuous nonlinear medium; but, unlike 
that case, where two solitons can pass though each other 
with only a phase change, for the lattice problem, in the 
absence of a driver, energy is transferred between two 
ILMs during their collision. 

These experiments demonstrate that micromechanical 
cantilever arrays provide a readily accessible technique 
for exploring the properties of localized excitations in a 
nonlinear lattice. Two kinds of nonlinear localized 
excitations have been generated: stationary ILMs in the 
region outside of the plane wave spectrum and traveling 
ILMs, which appear in the plane wave spectrum. 
Choosing the driving frequency to occur at a particular 
dispersion curve frequency determines which kind of 
localized steady state excitation profile will appear. The 
good agreement between experiment and simulations 
demonstrates that the nonlinear lumped element model 

captures the important physical signatures that have been 
observed experimentally. 
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Abstract—Nonlinear oscillation of cantilever sensors
in the tapping-mode atomic force microscopy (AFM) has
been extensively studied because of its close relation to
imaging quality of the tapping-mode AFM. In particular,
a recent experimental study by Hu et al. has suggested
that the imaging quality is significantly deteriorated due to
subharmonics and chaos generated by grazing bifurcation.
In this paper, we propose elimination of the subharmonics
and chaotic oscillation in a grazing regime using the time
delayed feedback control. Possibility of its application is
numerically discussed based on stability analysis of can-
tilever oscillation under the time delayed feedback control.

1. Introduction
The atomic force microscopy (AFM) [1] is nowa-

days widely utilized for probing nanoscale structures [2].
Among its operation modes, the dynamic mode AFM al-
lows us to investigate material surfaces in nanometer res-
olution without damaging samples [3, 4]. A wide variety
of samples have been observed including semiconducting
[5, 6, 7], organic [8], and biological samples even in liq-
uids [9, 10].

A key device of the dynamic mode AFM is a vibrating
cantilever sensor to detect a tiny interaction force between
a sharp tip manufactured at the free end of the cantilever
and a sample surface facing the tip. A topography of the
sample surface is acquired by raster scan of the surface
with keeping the vibration or resonance frequency of the
cantilever constant. However, a variety of nonlinear phe-
nomena have been predicted theoretically and observed ex-
perimentally [11, 12, 13, 14, 15]. In particular, nonlinear
dynamics of cantilevers in the tapping-mode AFM [3, 16]
has been focused on so far due to a highly nonlinear tip-
sample interaction force in its operating range [17, 18]. A
bistable behavior of the tip oscillation occurs near sample
surfaces [19, 13, 14, 17, 18]. Resulting jumping and hys-
teresis phenomena cause sudden and discontinuous tran-
sition of imaging characteristics [17]. In addition, it was
reported that the cantilever exhibits subharmonic oscilla-
tion, period-doubling bifurcation [20, 21], and chaotic os-
cillations [22, 23, 24, 25]. Grazing bifurcation in transi-
tion from non-contact to contact regime was also predicted
numerically by van de Water et al. [26] and recently sug-
gested experimentally by Hu et al. [27]. Since the oper-

photo detector
position sensitive

scan direction

tip

sample

laser diode

laser beam

cantilever
actuation

mirror

base

height
adjustment

Figure 1: Operation of tapping-mode atomic force mi-
croscopy. A sample surface is scanned by a cantilever sen-
sor vibrating at its resonant frequency. Mean distance be-
tween the apex of the tip and the sample surface is main-
tained constant by a scanner device which control height of
the sample surface. Vibration of the cantilever is typically
measured by the optical lever method.

ating range of the tapping-mode AFM is possibly limited
by non-periodic and irregular motion of the cantilever sen-
sors, control techniques for cantilever oscillations should
be developed to improve performance of the tapping-mode
AFM. Some research groups have, therefore, proposed ap-
plication of control methods [22, 23, 28] and the authors
have also proposed the application of time delayed feed-
back control [29]. The authors have numerically shown
that the application of the control method allows us to ex-
tend an operating range of the tapping-mode AFM and ac-
celerate its scanning rate without reducing force sensitivity.
Possibility of its application was, however, only discussed
in a bistable regime in Ref. [29].

In this paper, we numerically discuss the stabilization
of cantilever sensor in a grazing regime using the time de-
layed feedback control. The time delayed feedback control
was originally proposed by Pyragas to stabilize unstable
periodic orbits embedded in chaotic attractors [30]. This
control method has been extensively studied in the field of
nonlinear dynamics [31]. A significant feature is that the
control method only employs an error signal between the
current and past output of a nonlinear system. The control
method, therefore, can be applied without any identifica-
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Figure 2: Bifurcation diagram of cantilever oscillation in
grazing regime. Horizontal axis corresponds to tip-sample
distance monotoniously decresed from α = 27 to α = 7.
Vertical axis denotes displacement sampled at the same
phase for each period of driving force. We can see peri-
odic oscillations including subharmonic components and
chaotic oscillation.

tion of models, system parameters, and underlying dynam-
ics from experimental data.

This paper is organized as follows. Section 2 describes
a mathematical model of vibrating cantilevers near sam-
ple surfaces. The model was originally proposed by Ash-
hab et al. [23]. An additional control input was applied
to this model based on the time delayed feedback control
[29]. Section 3 presents a possibility of extending the op-
erating range of tapping-mode AFM. The stability of target
periodic oscillation is numerically estimated based on the
difference differential equation introduced in Sec. 2.

2. Model of cantilever near sample surfaces
A schematic diagram of the tapping-mode AFM is

shown in Fig. 1. The cantilever is externally forced at or
near its mechanical resonant frequency during measure-
ment. When the cantilever tip approaches to a sample
surface, the resonance frequency is changed depending on
a tip-sample interaction force governed by their distance.
A topography of the surface is acquired by raster scan of
the surface with keeping the resonance frequency constant．
Shift of the resonance frequency is detected by measur-
ing amplitude of the vibration in the tapping-mode AFM
[3, 16]. The vibration is typically measured by the optical
lever method [32]．

When the tip-sample interaction force is approximated
by a potential function called the Lennard-Jones potential,
the first mode vibration of the cantilever is modeled by the
following differential equation [23]:
⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ẋ = y

ẏ = −x − d
(α + x)2

+
Σ6d

30(α + x)8
+ ε(Γ cosΩt − Δy) + u

(1)

where α denotes the equilibrium point of the tip, when only
the gravity acts on it. (x, y) is the displacement and veloc-
ity of the tip．(Ω, Γ) denotes the freqency and amplitude of
the sinusoidal external force driving cantilever. Σ is diam-
eter of a molecular composing sample and tip. d = 4/27 is
a constant. ε is a small parameter. Equation (1) is dimen-
sionless．It is shown that the cantilever oscillation can be
chaotic by applying the Melnikov method to Eq. (1) under
u(t) = 0 [23].

As firstly proposed by Pyragas, continuous control input
u(t) stabilizing unstable periodic orbits is given by the error
between the current output and the past one as follows [30]:

u = K[g(xτ, yτ) − g(x, y)], (2)

where τ and K denote cotrol parameters called time delay
and feedback gain, respectively. g(x, y) = g(x(t), y(t)) and
g(xτ, yτ) = g(x(t − τ), y(t − τ)) imply a scalar output signal
measured at the current time t and the past time t − τ, re-
spectively. The control input (2) only depends on the output
signal. The control method, therefore, can be implemented
to experimental systems without any models of cantilevers
nor detailed analyses of underlying dynamics. The con-
trol method has been successfully applied to various exper-
imental systems including the magneto-elatic beam [33].
The magneto-elastic beam system [34] and the cantilever
located near surfaces have a similar dynamical structure
characterized by an elastic beam sinusoidally forced under
two-well potential, although there is a difference that di-
mension of the latter system is so much smaller. The time
delay τ and feedback gain K are important control parame-
ters that governs its control performance. The time delay τ
is adjusted to the period of a target unstable periodic orbit
we intend to stabilize in a chaotic attractor. The control in-
put, therefore, converges to null after the controlled system
is stabilized to the target orbit. Stability of the target orbit
largely depends on the feedback gain.

We hereafter investigate the stability of cantilever oscil-
lations under the time delayed feedback control. The can-
tilever has the damping coefficient Δ = 0.1. The frequency
of driving force is fixed at Ω = 0.98 just below the me-
chanical resonance frequency, corresponding to one of the
experimental setups by Hu et al. [27]. The remaining pa-
rameters are set as Σ = 0.3 and ε = 0.1 based on the nu-
merical result in Ref. [24]. α is set in the regime where the
tip of cantilever grazes a sample surface. If the velocity of
oscillation is estimated as an output of the nonlinear system
(1), the control signal u(t) is given as follows:

u(t) = K[y(t − τ) − y(t)]. (3)

The time delay τ is adjusted to 2π/Ω to stabilize an orbit
with the same frequency as the external force. Stabiliza-
tion of this orbit is necessary for the tapping-mode AFM.
The operating range may be limited by non-periodic and ir-
regular oscillations caused by chaos. In addition, the force
sensitivity of tapping-mode AFM is possibly decreased in
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Figure 3: Chaotic attractor and target unstable periodic or-
bit embedded in it. The period of target orbit is 2π/Ω,
which equals to the period of external force driving can-
tilever sensor. The tip of cantilever hits sample surface lo-
cated x = −α = −20 and then undergoes large repulsive
force.

the standard device configuration using lock-in amplifiers
or RMS-DC converters with band-pass filters. This is be-
cause subharmonics and chaos make frequency spectrum
of the oscillation widely spread, while only a particular
frequency component is detected in the standard configu-
ration.

3. Extension of operating range
An experimental study by Hu et al. has demonstrated

chaotic oscillations of cantilevers in a tapping-mode AFM
[27]. They suggested the chaotic oscillation is caused by
grazing bifurcation, which occurs when the cantilever tip
just begins to hit a surface.

We here numerically show that the time delayed feed-
back control has an ability to stabilize subharmonic and
chaotic oscillations in a grazing regime. When the can-
tilever approaches the surface, a chaotic oscillation is gen-
erated. A corresponding bifurcation diagram is shown in
Fig. 2, which is obtained by monotoniously decreasing the
tip-sample distance from α = 27 to α = 7. The vertical axis
shows displacement sampled at the same phase for each pe-
riod of driving force. One can see that period-2π/Ω oscilla-
tion is bifurcated to chaotic oscillation and periodic oscilla-
tions including subharmonic components. Figure 3 shows
a chaotic attractor for α = 20 and an unstable periodic or-
bit embedded in it. The chaotic attractor and embedded
unstable periodic orbit are shown by gray and black line,
respectively. We should stabilize the orbit for operation of
the tapping-mode AFM. The orbit is hereafter target orbit.
The target orbit is stabilized when we adjust the time delay
τ to 2π/Ω as shown in Fig. 4. The chaotic oscillation of tip
is changed to the target periodic one after the activation of
control. The feedback gain is adjusted to K = 0.075. The
time of activation is pointed by an arrow in Fig. 4(b). We
confirm that the displacement of tip in Fig. 4(a) is changed
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Figure 4: Stabilization of target unstable periodic orbit us-
ing time delayed feedback control. (a) and (b) show tem-
poral change of displacement of cantilever and control sig-
nal, respectively. Control is activated at the time pointed
by arrow in (b). The motion of cantilever is irregular and
non-periodic before the activation. The control input finally
converges to null after transient. This implies that the acti-
vated control achieves stabilization of target periodic oscil-
lation.

from chaotic to a periodic oscillation. Corresponding to
this change, control input in Fig. 4(b) converges to null sig-
nal after the activation. This null signal implies that the
chaotic oscillation is eliminated by stabilizing the target un-
stable periodic orbit embedded in the chaotic attractor.

Note that the control input changes only the stability of
the target orbit. The control input does not modify any sys-
tem parameters in contrast to the feedback control proposed
in Refs. [22, 23]. It is, therefore, possible to extend the op-
erating range of the tapping-mode AFM. Figure 5 shows
numerically estimated spectral radius of the target orbit for
various feedback gain. The spectral radius is the modulus
of the characteristic multiplier that has maximal modulus
among all characteristic multipliers of the target orbit. The
target orbit is stable, if the spectral radius is less than unity.
It is observed that smaller spectral radius is allowed under
control input. In particular, the spectral radius for K = 0.1
is less than unity in the whole range we investigate. This
implies that the tapping-mode AFM can be stably operated
in the grazing regime using the time delayed feedback con-
trol.

4. Conclusion
In this paper, we numerically discussed the stabilization

of cantilever sensors in the tapping-mode AFM using the
time delayed feedback control. Possibility of the stabiliza-
tion in the grazing regime was shown by stability analysis
of the target periodic oscillation. We can, therefore, extend
the operating range of the tapping-mode AFM to the graz-
ing regime where the subharmonics and chaotic oscillation
may be produced. This implies that intrinsic dynamics be-
hind unstable oscillations including chaos can be utilized
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for measurement by applying the time delayed feedback
control.
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Abstract—A differential geometrical formulation of the
motion of an incompressible viscous fluid is presented. The
geodesic equation on a manifold is extended with an addi-
tional term consisting of an endomorphism of the tangent
space, and a class of curves defined by the resultant equa-
tion is introduced. Based on this extension, the motion of
an incompressible viscous fluid is formulated as curves of
this class in a diffeomorphism group, and the expression
for the variational equation of the curves is derived. The ex-
pression is then shown to coincide with the governing equa-
tions for the Lagrangian displacement, which interprets the
physical meaning of variation vector fields of the curves.
The variational equation is reduced to a more simplified
form, and by solving the simplified equation, Lagrangian
stability of a plane parallel flow is investigated.1

1. Introduction

The motion of an incompressible fluid of a compact do-
main (manifold) can be described as curves in the volume-
preserving diffeomorphism groupDµ(M) of the domainM.
In particular, if the fluid is inviscid, then its motion is for-
mulated as geodesics inDµ(M)[1]. This is an example of
the fact that the motion of a dynamical system with a Lie–
Poisson structure can be formulated as geodesics in a Lie
group with an appropriate metric[9]. (For other examples
of the Lie–Poisson systems, see [2, 14, 15] etc.) In this for-
mulation, the original dynamical system is defined on a Lie
algebra, while the geodesic equation associated with the
system is defined on a Lie group. In the case of an incom-
pressible fluid, for instance, the Lie algebra corresponds
to the space of velocity fields, while the Lie group corre-
sponds to the space of particle configurations. Therefore
stability of geodesics inDµ(M) corresponds to Lagrangian
stability of fluid flows, i.e. stability of the motion of fluid
particles.

The Lie–Poisson structure is a very special one; there-
fore it is rare that a system of interest has a Lie–Poisson
structure and is applicable of the above formulation. Thus,
in this paper, we extend the formulation so that it will be
applicable to more general systems including incompress-
ible viscous fluids. For this purpose, in section 2, we ex-

1This paper is a brief report on results of [17] with a study on La-
grangian stability of a plane parallel flow.

tend the geodesic equation on a manifold with an additional
term consisting of an endomorphism of the tangent space,
and introduce a class of curves, calledτ-geodesics, which
are defined by the extended form of the geodesic equation.
This extension allows us to formulate the motion of an in-
compressible viscous fluid asτ-geodesics in the diffeomor-
phism groupDµ(M) (see [17]). In section 3, we derive
the expression for the variational equation ofτ-geodesics in
Dµ(M), and then show that the expression is equivalent to
the governing equations for the Lagrangian displacement.
In section 4, we study Lagrangian chaos in a plane parallel
flow. Section 5 is devoted to conclusion of this paper.

2. Extension of the geodesic equation

This and the next sections provide a review of definitions
and results concerningτ-geodesics and a geometrical for-
mulation of viscous flows. See [17] for details.

Let M be a smooth manifold (i.e. a differentiable man-
ifold of classC∞) with an affine connection∇. A smooth
curve inM is called ageodesicif it satisfies the following
differential equation, called thegeodesic equation,

∇ẋẋ = 0, (1)

whereẋ = dxt/dt. In this section, we extend the geodesic
equation with an additional term consisting of an endomor-
phism of the tangent space.

Definition 1 A τ-affine manifoldis a triplet (M,∇, τ) such
that M is a smooth manifold,∇ is an affine connection on
M, andτ is a smooth tensor field of type(1,1) on M.

Note that, for eachx ∈ M, τx can be regarded as an endo-
morphism of the tangent spaceTxM. The endomorphism
will be denoted byτ(·) (or τx(·) at x ∈ M). We can now
introduce the operator̂∇ : T M× Γ(T M)→ T M by writing

∇̂XY = ∇XY + τ(X), (2)

whereX andY are vector fields onM, andΓ(T M) is the
set of all the sections ofT M. This operator is no longer
a connection, but it defines a curve inM as an affine con-
nection defines a geodesic. Such a curve will be called a
τ-geodesic; more precisely,
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Definition 2 Let(M,∇, τ) be aτ-affine manifold. A smooth
curvext, a < t < b, in M is called aτ-geodesicif it satisfies
the following ordinary differential equation, called theτ-
geodesic equation,

∇̂ẋẋ = ∇ẋẋ + τ(ẋ) = 0 for a< t < b. (3)

Let T andR be the torsion and the curvature tensor fields
on a smooth manifoldM with an affine connection∇. A
vector fieldJt along a geodesicxt in M is called aJacobi
field if it satisfies the following ordinary linear differential
equation, calledthe Jacobi equation,

∇ẋ∇ẋJ + ∇ẋT(J, ẋ) + R(J, ẋ)ẋ = 0. (4)

The following is the analogue of this definition.

Definition 3 Let (M,∇, τ) be aτ-affine manifold. A vec-
tor field Jt along aτ-geodesicxt in M is called aτ-Jacobi
field if it satisfies the following ordinary linear differential
equation, called theτ-Jacobi equation,

∇ẋ∇ẋJ +∇ẋT(J, ẋ) +∇ẋτ(J) + R(J, ẋ)ẋ + Tτ(J, ẋ) = 0, (5)

whereTτ is defined by

Tτ(X,Y) = ∇Xτ(Y) − ∇Yτ(X) − τ([X,Y]). (6)

It readily follows from the definition ofTτ that

Tτ(X,Y) = −Tτ(Y,X), Tτ( f X,Y) = f Tτ(X,Y), (7)

and soTτ is an antisymmetric tensor field. It is therefore
clear that theτ-Jacobi equation (5) is a second-order differ-
ential equation forJ. See [17] for a geometrical interpreta-
tion of aτ-Jacobi field.

Let G be a Lie group andg its Lie algebra. ForX ∈ g,
let XR denote the right-invariant vector field onG such that
(XR)e = X, wheree is the identity element ofG. Now we
examine a Lie groupG with a right-invariant affine connec-
tion ∇ and tensor fieldτ. Let Yt be a vector field along a
curvext in G, and letUt andVt be the curves ing = TeG de-
fined byU = dxt Rx−1

t
(ẋt) andV = dxt Rx−1

t
(Yt) respectively.

Then, (
∇ẋt Yt

)
xt

= deRxt

(
d
dt

V +

(
∇UVR

)
e

)
(8)

(see [12]). This equation is useful for reducing a differen-
tial equation onG described in terms of∇ to that ong.

Proposition 4 ([16, 17]) Let (G,∇, τ) be aτ-affine mani-
fold such thatG is a Lie group, and∇ andτ are both right-
invariant. Letxt be a curve inG, and letUt be the curve in
g = TeG defined byU = dxt Rx−1

t
(ẋt). Thenxt is aτ-geodesic

if and only ifUt satisfies

d
dt

U +

(
∇UUR

)
e

+ τe(U) = 0. (9)

Proof. See [17].¤

Similarly, theτ-Jacobi equation onG reduces to a differ-
ential equation ong which has a more convenient and sug-
gestive form.

Theorem 5 ([17]) Let (G,∇, τ) be aτ-affine manifold such
thatG is a Lie group, and∇ andτ are both right-invariant.
Let Jt be a vector field along aτ-geodesicxt, and letUt

andVt be the curves ing = TeG defined byU = dxt Rx−1
t

(ẋt)
andV = dxt Rx−1

t
(Jt) respectively. ThenJt is aτ-Jacobi field

alongxt if and only ifVt satisfies

d
dt

U′ +
(
∇U′UR

)
e

+

(
∇UU′R

)
e

+ τe(U
′) = 0, (10)

where we have defined

U′ =
d
dt

V +

([
UR,VR

])
e
. (11)

Proof. See [17].¤

3. Lagrangian displacement and Lagrangian stability

Let Dµ(M) be the group of volume-preserving smooth
diffeomorphisms ofM. The group multiplication inDµ(M)
is the composition of mappings. GroupDµ(M) with the in-
verse limit topology is an infinite-dimensional Lie group
called aninverse limit Hilbert (ILH) Lie group. We thus
assume a smooth manifold structure and smooth group op-
erations onDµ(M). (For details, see [6, 12]). The Lie alge-
bra ofDµ(M) is the setXµ(M) of smooth divergence-free
vector fields onM. Elements ofXµ(M) will be denoted as
U = u, V = v etc., whereu, v etc. are vector fields onM.
To considerτ-geodesics inDµ(M), we now define a right-
invariant affine connection and tensor field of type (1,1) on
Dµ(M). Let 〈·, ·〉e be the inner product ofXµ(M) defined
by

〈U,V〉e =

∫

M
u · v dx (12)

andτe(·) be the endomorphism ofXµ(M) defined by

τe(U) = − 1
R
4u. (13)

The inner product〈·, ·〉e and the endomorphismτe(·) are ex-
tended by the right translation to induce the right-invariant
metric 〈·, ·〉 and the right-invariant tensor fieldτ(·) of type
(1,1), respectively. Let∇ be the Riemannian connection
compatible with the metric〈·, ·〉. Then, we can show the
following claim (see [17] for details).

Claim 6 ([17]) Let (Dµ(M),∇, τ) be as above. Then the
τ-geodesic equation onDµ(M) is equivalent to the Navier-
Stokes equations.

Let ξt be aτ-geodesic inDµ(M) andJt a τ-Jacobi field
alongξt. SetUt = dξRξ−1

(
ξ̇
)

andvt = dξRξ−1

(
J
)
. It then fol-

lows thatUt is a solution of the Navier–Stokes equations,
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andvt is governed by theτ-Jacobi equation (10) with (11).
Hence, on introducing a velocity fieldu′ to representU′ in
(11), it follows that

∂

∂t
u′ + (u′ · ∇)U + (U · ∇)u′ = −∇p′ +

1
R
4u′,

div u′ = 0 (14)

and

u′ =
∂

∂t
v + (U · ∇)v − (v · ∇)U, (15)

respectively. These equations completely coincide with the
governing equations for the Lagrangian displacement (for
details of the Lagrangian displacement, see [3, 4]). Conse-
quently, we obtain the following claim.

Claim 7 ([17]) Let (Dµ(M),∇, τ) be as above. Then theτ-
Jacobi equation onDµ(M) is equivalent to the governing
equations for the Lagrangian displacement.

In general, Lagrangian stability (i.e. stability of the mo-
tion of fluid particles) does not coincide with Eulerian sta-
bility (i.e. stability of the velocity field). For instance, there
is a flow which is stable in the latter sense but unstable in
the former sense (see e.g., [10]). In this paper, we call such
a flow Lagrangian chaotic. It should be mentioned that
Lagrangian chaotic flows are not only of theoretical inter-
est but also of practical importance in mixing viscous flu-
ids (see [13]). As long as we consider the linear stability,
equations (14) and (15) are sufficient for investigating the
Eulerian and Lagrangian stabilities, because evolution of
the Lagrangian displacementv and the perturbation quan-
titiesu′ andp′ are completely described by these equations.
Since equations (14) are linear inu′, they have the trivial
solutionu′ = 0, for which the governing equations for the
Lagrangian displacement reduce to the simplified form

∂

∂t
v + (U · ∇)v − (v · ∇)U = 0. (16)

Note that the conditionu′ = 0 implies that there is no per-
turbation to the basic flowU. Hence, the above equation
describes evolution of the (infinitesimal) distances between
fluid particles advected by the unperturbed flowU. It thus
follows that we can use this equation to examine whether
individual fluid particles initially placed in a sufficiently
small region diverge from each other or not.

Although equation (16) is much simpler than the origi-
nal equations, it is useful for studying Lagrangian chaotic
flows in particular when the basic flowU is steady, i.e.
whenU is independent oft. In this case, the system of the
original linear partial differential equations (14) and (15)
has coefficients independent oft. Therefore we may sepa-
rate the variables and take normal modes of the form

v(t, x) = estv̂s(x), u′(t, x) = estû′s(x), p′(t, x) = estp̂′s(x).
(17)

Here eigenvalues and corresponding eigenfunctionsv̂s, û′s
and p̂′s can be found in principle by solving the resultant
equations

sû′s + (û′s · ∇)U + (U · ∇)û′s = −∇p̂′s +
1
R
4û′s, (18)

div û′s = 0, (19)

sv̂s + (U · ∇)v̂s − (v̂s · ∇)U = û′s (20)

in M, with the resultant boundary conditions on∂M. We
mention that the separation of the variablet can be justified
in many cases by use of a Laplace transform. Suppose fur-
ther that the basic flowU is Lagrangian chaotic, i.e. stable
in the Eulerian sense but unstable in the Lagrangian sense.
It then follows from the Lagrangian instability ofU that
there exists at least one eigenvalues such that Re(s) > 0.
However it also follows from the Eulerian stability ofU
that the eigenfunctionŝu′s and p̂′s vanish for all eigenvalues
ssuch that Re(s) > 0. Hence

sv̂s + (U · ∇)v̂s − (v̂s · ∇)U = 0 if Re(s)> 0, (21)

and so we obtain the following claim.

Claim 8 ([17]) Suppose that a basic flowU is steady and
Lagrangian chaotic. Assume that the general solution of
equations (14) and (15) can be expressed as a linear su-
perposition of normal modes of the form

v(t, x) = estv̂s(x). (22)

Then all unstable modes satisfy equation (16).

This claim shows that the condition for Lagrangian insta-
bility of a steady laminar flow can be found by solving
equation (16).

4. Lagrangian stability of a plane parallel flow

In this section, we study Lagrangian chaos in a plane
parallel flow. A plane parallel flowis that with velocity
components and pressure of the form

U = (U(z),0,0), p = P(z). (23)

The flow is assumed to be bounded by the two rigid planes
z = 1 andz = −1 (Figure 1). For an inviscid fluid, it can be
verified, by substituting the equations above into the Euler
equations, thatU can be an arbitrary function ofz. How-
ever, for a viscous fluid, it can also be shown, by substitut-
ing them into the Navier-Stokes equations, thatU must be
of the form

U = az2 + bz+ c, (24)

which describes the Couette-Poiseuille flow. The constants
a, b and c are determined by the pressure gradient and
boundary conditions.

Let us now consider Lagrangian chaos in a plane parallel
flow. As was shown in the previous section, Lagrangian
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Figure 1: Sketch of a plane parallel flow.

chaotic flows can be found by examining unstable modes
of equation (16). Taking normal modes of the form

v = (u(z)est+i(kx+ly), v(z)est+i(kx+ly),w(z)est+i(kx+ly)), (25)

we see at once from equation (16) that

su+ ikUu− wU′ = 0, (26)

sv+ ikUv = 0, (27)

sw+ ikUw = 0. (28)

It readily follows that Re(s) > 0 only whenu(z) = v(z) =

w(z) = 0. Consequently, we have the following claim.

Claim 9 A plane parallel flow cannot be Lagrangian
chaotic; that is, a plane parallel flow is Lagrangian un-
stable only when it is Eulerian unstable.

5. Conclusion

This paper is concerned with Lagrangian stability of vis-
cous flows. First we extended the geodesic equation on
a manifold with an additional term consisting of an endo-
morphism of the tangent space, and introduce a class of
curves defined by the resultant equation. Based on this ex-
tension, we formulated the motion of an incompressible
viscous fluid as curves of this class in a diffeomorphism
group, and derived the expression for the variational equa-
tion of the curves. We reduced the variational equation to a
more simplified form, and by solving the simplified equa-
tion, we examined Lagrangian stability of a plane parallel
flow. Investigation of more complex basic flows, such as
the Arnold-Beltrami-Childress (ABC) flows2

U = (Asinz+ C cosy, Bsinx + Acosz,C siny + Bcosx),
(29)

will be the subject of future work.
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Despite a long history of studies on shallow water 
solitary waves, not many experiments aiming at finding a 
shallow water solitary wave of large amplitude have been 
reported. Daily and Stephans [1] succeeded to observe a 
solitary wave with amplitude of a/h 0.62, where a and h
denote the wave height and the water depth. Renauard, 
Seabra Santos and Temperville [2] generated the wave with 
initial amplitude of a/h 0.65, which is the maximum 
solitary wave ever reported. The significance of finding a 
shallow water solitary wave of large amplitude lies in 
verifying the theory predicting the instability of a solitary 
wave. 

Theoretical efforts to explore the nonlinear properties 
of shallow water waves have been devoted from various 
points of view since the discovery of the K-dV equation.[3] 
One of the important results from higher order perturbation 
theories by Fenton [4] and by Longuet-Higgins and Fenton 
[5] is that the energy, momentum and so on have the 
maxima when the amplitude of a solitary wave is increased. 
These results lead to the problem of stability of a solitary 
wave. Tanaka [6] showed through the method of an 
integral equation that a solitary wave becomes unstable in 
case the wave height exceeds the amplitude of the 
maximum energy. Tanaka and his collaborators [7] later 
verified the instability numerically. It is noted that these 
theoretical studies are based on the potential theory and 
neglect viscous effect, capillary effect and so on. 

The maximum amplitude of a stable solitary wave by 
Tanaka [6] is a/h=0.780640 and the velocity corresponding 
to this wave height is c0/(gh)1/2 =1.29385 where c0 and 
(gh)1/2 denote the velocity of a solitary wave and the linear 
wave velocity in the long wavelength limit in terms of the 
gravitational acceleration g. Hereafter we call these 
amplitude and velocity the critical amplitude and the 
critical velocity. 

The aim of the present paper is to observe the 
maximum height of a stable solitary wave propagating 
along a water tank of uniform depth, and also to observe 
the instability of solitary wave with the height beyond the 
maximum amplitude of a stable wave. So far, this problem 

was not investigated experimentally. For this end, a water 
tank of 17 m in length, 0.8 m in height and 0.6 m in width 
is employed. The region of measurement is limited to a 
half of the tank length, ~9 m, where the depth is uniform 
and no water inlet/outlet exists. The water depth is between 
0.05 m and 0.1 m. To excite shallow water waves in a tank, 
we make use of a piston-type wave maker controlled by a 
computer. A motor installed on upper supports of a water 
tank drives a piston, or a paddle, of 0.58 m in width and 
0.4 m in height. The temporal displacement d(t) of the 
piston is programmed in the following function, 

1
tanh{2 ( )} tanh , 0 02 2 2( ) 0
tanh , 0

A t A t t
td t

A t t

where A and t0 denote the magnitude and period of 
displacement. The argument of hyperbolic tangent function 
changes from -  (t=0) to  (t=t0) with the time t, so that the 
piston moves by 0.996A where 0.996 tanh . The motion 
of the piston is determined by two parameters, A and t0. We 
choose 0.1 (m) A  0.25 (m) and 1 (sec) t0  2 (sec). To 
detect waves, nine pieces of wave gauges of capacitance- 
type are placed in the intervals of 1 m from the wave 
maker. Waves are monitored by a digital video camera. 

We have carefully chosen the combination of the 
magnitude and period of displacement, A and t0, for a 
given water depth h in order to generate a single solitary 
wave of desired amplitude with the suppression of 
oscillating wave tail. A typical example of propagation of a 
stable solitary wave in shallow water is shown by dotted 
curves in Fig. 1 where the wave height is depicted as a 
function of time. The observed wave is not symmetric with 
respect to the wave peak near the wave maker, but evolves 
gradually to a symmetric solitary waves after leaving 
oscillatory waves of small amplitude behind. 

The wave height slowly decreases with the distance 
with a small amount, 2 or 3 %, of fluctuation that comes 
from the characteristics of each wave gauge. The 
normalized wave height, a/h, is 0.66 at 9 m, which is larger 
than the height reported previously.[1,2] In the experiment 

The instability of a shallow water solitary wave is observed experimentally for the first time. The
instability takes place when the amplitude and the velocity exceed the normalized maximum
values, 0.70 and 1.29, for an observed stable solitary wave. Due to the instability, ripples are
excited from the crest, while the solitary wave amplitude decreases and a plateau behind a solitary
wave is formed gradually. The breaking of ripples of micro scale is observed in the leading edge.
The results are compared with the previous theories.
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of Renauard et al., the initial damping of a large amplitude 
solitary wave is heavy, that is, the height a/h =0.65 at 1 m 
from the wave maker reduces to a/h 0.5 at 10 m. So their 
initial damping is about 20% in that interval, while, in our 
case, the damping is less than 7% in the interval of 8 m. 

The velocity of a stable solitary wave is plotted as a 
function of wave amplitude in Fig. 2. The experimental 
results are obtained after symmetric waveform has been 
attained, that is, the velocity and wave height are observed 
at 8 and 9 m, and the wave height is averaged value. They 
agree with the theoretical curve [5] especially in a small 
amplitude region, but systematically deviate from it in a 
large amplitude region. In most cases, the velocity is larger 
than the theory when the wave height approaches the 
critical value. Such a deviation presumably comes from the 
capillary effect, which has been neglected theoretically. 

We see from Fig.2 that the maximum amplitude of a 
stable solitary wave is a/h 0.7 and the maximum velocity 
is c0/(gh)1/2 1.29, or 1.285 to be exact. Both of them are 
smaller than the critical values for the onset of the 
instability as was predicted by the theory.[6] The former, 
however, is considerably smaller than the critical 
amplitude, while the latter is close to the critical velocity 

Next, we consider the stability problem of a solitary 
wave. The propagation of an unstable solitary wave is 
shown by solid curves in Fig. 1, where the period of piston 
displacement is shortened by 0.1 sec compared to a stable 
wave in order to enhance wave height and velocity. The 
evolution of an unstable wave differs subtly from the stable 
one. 1) Although the amplitudes observed at 1 and 2 m 
from the wave maker are larger than a stable wave, the 
wave height suddenly decreases at 3 5 m and 
simultaneously starts to deviate from symmetrical forms. 
2) Ripples excited at the peak of a solitary wave travel 
toward leading and trailing edges and produce the rough 
surface of wave. (The ripples are shown later in Fig. 4) The 
ripples going down the leading edge soon cease traveling 
near the half maximum of the solitary wave, but the ripples 
going down the trailing edge travel far behind a solitary 
wave. 3) A plateau appears at 4 m in the trailing edge of a 
solitary wave and spreads backward at 5 7 m. 4) At 8 m 
from the wave maker, however, the wave becomes smooth 
again, that is, no more ripple is generated from a solitary 
wave. The plateau gradually separates from a main solitary 
wave and evolves to the second but small solitary wave. 5) 
Low frequency audible noise is generated while ripples are 
excited at the peak of a solitary wave, contrary to silent 
propagation of a stable solitary wave. 6) The amplitude of 
a solitary wave at 9 m reduces to a/h= 0.54. 

Among these properties, the first four facts indicate 
that the instability of a solitary wave occurs between 2 and 
3 m from the wave maker, and the stability is recovered 
between 7 and 8 m. The instability is characterized by the 
generation of ripples accompanied by audible noise, the 
decrease of wave height and the consequent formation of 
plateau 

The above properties are common to the propagation 
of unstable solitary wave, except that the positions for the 

onset of instability and for the recovery of stability depend 
sensitively on the initial conditions. Generally the position 
for the onset of instability approaches to the wave maker, if 
the initial wave height is increased. As for the position for 
the recovery of stability, it is difficult to draw general 
conclusions, because the position is not determined only by 
the initial condition. So is the wave amplitude after the 
recovery of stability. 

The spatial evolution of normalized amplitude and 
velocity are shown in Fig. 3, where the stable and unstable 
propagations correspond to Figs. 1. In the stable case, the 
observed wave height and velocity are always below the 
critical values indicated by dotted lines. Although the 
velocity is close to the critical velocity, the wave height is 
sufficiently smaller than the critical amplitude, as was 
expected from the observed nonlinear dispersion relation in 
Fig. 2. Even in a stable propagation of solitary wave, we 
often encounter the case where the velocity exceeds the 
critical velocity near the wave maker, but goes down the 
critical value within a short distance. The reason for the 
stability will be described below.  

In the unstable case, on the other hand, the wave 
velocity exceeds the critical velocity as far as about 5 m 
from the wave maker, and a solitary wave becomes 
unstable between 2 and 3 m in spite of the fact that the 
wave height is always smaller than the critical amplitude, 
suggesting that the instability is governed by the velocity 
of a solitary wave, but not by the wave height. The wave 
height goes down quickly after the onset of instability, but 
keeps almost a constant value from 5 to 9. The velocity of 
a solitary wave reduces slowly even after the onset of 
instability, reaches below the critical velocity near 5 m and 
then reduces rather quickly until about 8 m. It should be 
noted that the instability sets in only after the wave travels 
as long as 2 m or more with the velocity larger than the 
critical velocity and it is over only after the wave is 
propagated for more than 2 m with the velocity smaller 
than the critical velocity. There exists a delay time for the 
onset and also the end of instability. This delay time 
explains the result described at the end of the previous 
paragraph that a solitary wave keeps stable even when the 
velocity is above the critical velocity only in the vicinity of 
the wave maker (in the interval less than 2 m). 

The development of instability is shown in Fig. 4 (A) 
and (B). In the first picture, we see that a solitary wave is 
smooth and stable in the one third of the width of a tank 
near the rear sidewall, but the remainder of the wave 
toward the front sidewall is mixed with randomly phased 
ripples and is thus unstable. The instability of a solitary 
wave does not take place simultaneously along the wave 
peak, but starts from the vicinity of one of the sidewalls. In 
the present experiment, the instability is always initiated 
from the front sidewall and is propagated transversely 
toward the rear wall. This asymmetry may come from 
unexpected asymmetries of experimental setup, such as the 
imperfection of perpendicularity of piston of wave maker 
with respect to sidewall, and/or of centrality of piston 
between sidewalls and so on. In the region where the 
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ripples are generated, the wave height is reduced compared 
to the region without ripples, in accordance with the results 
by wave gauges shown in Fig. 1. It is also recognized from 
the boundary of stable and unstable regions that the ripples 
are generated from the peak of a solitary wave and spread 
over the leading edge. The ripples are considered to be 
capillary waves, because the wavelength is much smaller 
than the solitary wave. Although the velocity of capillary 
wave with small wavelength is expected to travel faster 
than a shallow water wave,[8] the ripples never move 
ahead of the solitary wave but travel only until near the 
half maximum of the wave height. In Fig. 4 (B), we clearly 
observe that the ripples of micro scale are breaking while 
going down the leading edge. As for the ripples traveling 
down the trailing edge toward the wave maker, the 
amplitude decreases gradually and only the long 
wavelength components remain as they travel far behind 
the solitary wave. 

Low frequency audible noises are detected only when 
a solitary wave is unstable and ripples are continuously 
excited from the peak. The noises are probably produced 
when the overturned fluid hits the fluid beneath itself. 
Otherwise no noise is expected. The ripples propagating 
backward do not produce any noise. 

In the inlet in Fig. 1, the waveform of an unstable 
solitary wave has been compared with that of a stable 
solitary wave with nearly the same amplitude. The stable 
solitary wave indicated by the broken curve is symmetric 
with respect to the peak, while the unstable solitary wave 
indicated by the solid curve has a steep leading edge and a 
gentle trailing edge. We notice therefore that the instability 
is closely related to the steepening of a wave. 

Now, we investigate the process of steepening in Fig. 
4 (C) and (D). Near the front wall, ripples are already 
generated, but near the rear wall, a solitary wave is still 
stable and no ripple is observed. We do not notice a 
remarkable asymmetry in the waveform of Fig. 4 (C) 
although the instability generating ripples has already 
started. In (D), however, the asymmetry resulting from the 
steepening in the leading edge becomes appreciable. This 
process means that the wave steepening takes place after 
the beginning of instability that generates the ripples. It is 
also noted that the ripples are going to break as shown in 
(D). The experimental observation is summarized as 
follows: at first the instability accompanied by the ripples 
takes place at the crest of a solitary wave, then the solitary 
wave steepens near the crest and finally the ripples break. 
We have never observed the breaking of wave crest. 

It is worthwhile to compare the present result with the 
numerical solution by Tanaka et al.[7]: They pointed out 
two kinds of instabilities, a breaking case and a damping 
case depending on the sign of an initial perturbation. In the 
former case, a solitary wave grows in a linear stage, 
eventually steepens near the crest in a nonlinear stage and 
finally overturns at the crest. The process of wave 
steepening and breaking is different from the experimental 
results mentioned just above. In the latter case, an unstable 
solitary wave smoothly evolves to a stable solitary wave of 

lesser amplitude but very nearly the same energy. The 
steepening of wave does not occur in this case. In the 
experiment, the smooth transition to a wave of lesser 
amplitude without wave steepening and instability has not 
been observed. Therefore our result does not correspond to 
any of the two cases. In spite of the discrepancy, we claim 
the similarity to the breaking case, because of the wave 
steepening and of the wave breaking. One of the origins for 
the discrepancy might be accounted for the scale of wave. 
A wave of large scale in deeper water may enable us to 
escape from the capillary effect and lead to realize the 
instability predicted by the numerical solution.  

In summary, we carried out the experiment on the 
maximum amplitude and the instability of a shallow water 
solitary wave. The maximum solitary wave we have 
observed has the normalized amplitude of 0.70 and the 
corresponding normalized velocity of 1.29. The instability 
of a shallow water solitary wave is accompanied by the 
generation of ripples, the steepening of the leading edge 
and the breaking of ripples. 

The present experiment has been carried out under the 
collaborating research program at the Research Institute for 
Applied Mechanics, Kyushu University. The authors are 
grateful to Prof. A. Masuda for his encouragement and also 
to Mr. K. Marubayashi and Mr. M. Ishibashi for their 
technical assistance and advice. 
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Fig. 2  The velocity c0/(gh)1/2 of a stable solitary wave as a
function of the amplitude a/h. The water depths are 10 cm ( ), 9
cm ( ), 8 cm( ), 7 cm ( ) and 5 cm (+). The solid curve
indicates the theoretical value by Longuet-Higgins and Fenton
(Ref. 5). The crossed point of two dotted lines denotes the
maximum amplitude and velocity of a stable solitary wave by
Tanaka (Ref. 6).

Fig. 1  The propagation of stable (dotted curve) and unstable
(solid curve) solitary waves. The magnitude and period of piston
displacement are A=0.25 m and t0=1.2 sec (stable) or t0=1.1 sec
(unstable). The water depth h is 0.1 m.  The origin of the
abscissa is arbitrarily shifted. In the inlet at the bottom left, the
waveform of an unstable solitary wave observed at 6 m (solid
curve) is compared with a stable one (dotted curve) of nearly the
same amplitude.
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Fig. 4  The front view, (A) and (B), and the side view, (C) and (D),
of the evolution of instability.  A solitary waves is propagating
from right to left between 6 m and 7 m from the wave maker, which
is located at the top right in (A) and (B), but is not seen.  The
arrows in (C) and (D) indicate the stripes of capillary waves.  The
magnitude and period of piston displacement are A=0.25 m and
t0=1.5 sec.  The water depth h is 0.08 m.  The time interval
between the pictures is 2/15 sec. for (A) and (B) and is 1/15 sec. for
(C) and (D).
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Abstract—A comparison among the possible non-
linear photonic interactions for coherence retention in
solids and for scalable quantum gates is made theo-
retically, and then numerical plottings are given, on
the basis of the dipole length estimated from our mi-
crophotoluminescence spectra of GaAs/AlGaAs cou-
pled quantum dots (QDs) having a pair of 0.3meV
splittings.

1. Introduction

We have been interested in expanding the freedom of
mankind to harness fast and seemingly weak correla-
tions among quantum dots (QDs) ensemble, manifest-
ing them at macroscopic level using the recent techno-
logical progress in nanometer structures and measure-
ments [1, 2]. Especially, the inclusion of the resonance
dynamic dipole-dipole interaction (RDDDI, where ex-
citation energy or the number of photons sufficient only
for some sites out of numbers of sites is supplied) has
been our major concern both in theory and in exper-
iment, as the method to enhance coherence as well
as a mean to execute logic operations, proposing a
prospective model of solid state integrated circuits for
quantum computation [1, 2, 3].

In this paper, a theoretical outlook of the possi-
ble nonlinear interactions involving virtual [4] as well
as real photons will be given first. Interactions of
all the combinations of a single charges, dipoles, and
quadrupoles are considered, i.e. each multipole ex-
erts its potential on other multipoles yielding the in-
teraction energies Wcs, Wcd, Wds, Wdd, Wdq , Wqs,
Wqd, Wqq , where the first suffix refers to Colombic
(c), dipolar (d), and quadrupolar (q) potentials respec-
tively, and the second to a single charge (s), dipole
(d), and quadrupole (q) respectively. Moreover, the
second order perturbation energy due to the dipole-
dipole interaction Wdd⊥ p is also included, since this
amounts to significant energy at very close distance
as van der Waals force. Then, numerical plottings
are given for these interactions, on the basis of dipole
length estimated by our microphotoluminescence spec-
tra of GaAs/AlGaAs coupled QDs [2].

2. Comparison of Multipole Interactions

2.1. Derivation of the Multipoles

As represented in Fig.1, an arbitrary distribution of
electric charges ei at position ri = exxi + eyyi + ezzi

imposes a potential Φc at position R = exX + eyY +
ezZ following the Coulomb law, where ex, ey and ez

are the unit vectors of the Cartesian coordinates.

Φc =
∑

i

φi(| R− ri |) =
∑

i

ei

4πε | R− ri | (1)

=
∑

i

ei

4πε | ex(X − xi) + ey(Y − yi) + ez(Z − zi) | (2)

=
∑

i

ei

4πε
√

(X − xi)2 + (Y − yi)2 + (Z − zi)2
(3)

in SI unit. The Coulomb potential may be expanded
in three dimensional Taylor series as follows, usually
assuming that ri is much smaller than R, i.e. | ri | �
| R |.

Φc =
∑

i

∞∑
n=0

1

n!

[
xi

∂

∂xi

∣∣∣∣∣
xi=0

+ yi
∂

∂yi

∣∣∣∣∣
yi=0

+ zi
∂

∂zi

∣∣∣∣∣
zi=0

]n

×φi(| R− ri |) (4)

=
1

4πε

∑
i

ei

| R− ri |ri=0
+

1

4πε

∑
i

eiri · ni

| R− ri |ri=0
2

+
1

8πε

∑
i

3ei[√
(X−xi)2+(Y−yi)2+(Z−zi)2

]5

xi,yi,zi=0

×
[ (

x2
i − r2i

3

)
(X− xi)

2
xi=0 + xiyi (X− xi) (Y − yi)xi,yi=0

+xizi (X− xi) (Z− zi)xi,zi=0 + yixi (Y − yi) (X− xi)xi,yi=0

+

(
y2

i − r2i
3

)
(Y − yi)

2
yi=0 + yizi (Y − yi) (Z − zi)yi,zi=0

+zixi (Z− zi) (X− xi)xi,zi=0 + ziyi (Z− zi) (Y − yi)yi,zi=0

+

(
z2
i − r2i

3

)
(Z − zi)

2
zi=0

]
+ · · · · · · (5)

=
1

4πε

∑
i

ei

| R− ri |ri=0
+

1

4πε

∑
i

pi · ni

| R− ri |2ri=0
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Figure 1: Coulomb potential at R exerted by a charge
distribution ei at ri. The αi is the angle between the
vectors R and R− ri.

+
1

8πε

∑
i

3ei

| R−ri |ri=0
5
× (X−xi, Y−yi, Z−zi)xi,yi,zi=0

×

⎛
⎜⎝ x2

i − r2i
3

xy xz

yx y2
i − r2i

3
yz

zx zy z2
i − r2i

3

⎞
⎟⎠

(
X−xi

Y−yi

Z−zi

)
xi,yi,zi=0

+ · · · · · · (6)

=
1

4πε

∑
i

ei

| R | +
∑

i

ri · ∇x,y,zφi(| R− ri |)ri=0

+
3

8πε

∑
i

∑
mn

(R− ri)m ei Qi mn (R− ri)n

| R− ri |5
+ · · · · · ·

where m and n correspond to x, y, z (7)

=
∑

i

φci(R) +
∑

i

ri ·Esci

+
3

8πε

∑
i

(R− ri) · ei Qi · (R− ri)

| R− ri |5
+ · · · · · · (8)

=
∑

i

φci(R) +
1

4πε

∑
i

pi · ∇x,y,z
1

| R− ri |

+
3

8πε

∑
i

ni · ei Qi · ni

| R− ri |3 + · · · · · · (9)

where the terms of r2i
3 , as well as x2

i , y2
i , z2

i , and pi =
eiri (in sans-serif) are not operated by the differenti-
ation with the position coordinates such as xi, yi and
zi in ∇, because these have only the role of increments
in the Tailor expansion, however the absolute value of
ri i.e. | ri | refers to the dipole length rd; and ni

is the unit vector along R − ri, Esci is the electric
field from a simple charge ei, i.e. Esci = eini

4πε|R−ri|2 ,
and eiQi is the quadrupole moment tensor which con-
sists of Qi mn, where ni = (h, k, l) refers to R−ri = ex

(X−x) + ey (Y −y) + ez (Z−z) = (X−x, Y −y, Z−z)

=
[
exh + ey k + ez l

]
| R−ri | = (h, k, l) | R−ri |,

with the direction cosine h, k, and l, meaning ni m

= (h, 0, 0) or (0, k, 0) or (0, 0, l).
Alternatively from eqn.(4) the potential may be

expanded in terms of the Legendre polinomial [5]
P (cos θi) where cos θi = R2+r2

i−|R−ri|2
2Rr , with R =√

X2 + Y 2 + Z2 and ri =
√

x2
i + y2

i + z2
i , as is seen

from Fig.1.

2.2. Multipole Potentials

As usual, the major parts of the first three terms
of eqn.(7) or (8) or (9) are assigned to the simple
Coulombic potential φci, the dipole potential φdi, and
the quadrupole potential φqi respectively at R, origi-
nated from a single charge at position ri as follows.

φc i =
ei

4πε

1
| R− ri |ri=0

=⇒ ei

4πε

1
R

(10)

φd i =
1

4πε

pi · ni

| R− ri |2ri=0

=⇒ ei

4πε

rd cos θi

R2
(11)

φq i =
3

8πε

(R− ri) · eiQi · (R− ri)
| R− ri |5ri=0

=
3

8πε

ni · eiQi · ni

| R− ri |3ri=0

(12)

=⇒ ei

8πε

r2i

(
3 cos2 θi − 1

)
R3

(13)

where the quadrupole moment is eiQ, and the arrow
(=⇒) corresponds to the asymptotic relation | R−ri |
→ R.

2.3. Interactions of Multipoles with Multipole
Potentials

These multipolar potentials in turn interact with a
single charge ej , a dipole (vector) pi = ejrj , and a
quadrupole Qj, yielding the interaction energies Wcs,
Wcd, Wcq, Wds, Wdd, Wdq , Wqs, Wqd, Wqq , where cs,
cd, cq, ds, dd, dq, qs, qd, and qq refer to the com-
bination of the potentials and the charge, dipole, or
quadrupole; e.g. Wcs represents the interaction of
the simple Culombic potential φci with a single charge
ej , Wdd the dipole potential φdi with another dipole
pj = ejrj , and so on. The detailed expressions of these
are given below in eV and SI units, and also plotted as
functions of the inter-polar distance | R− ri | = Ri

∼=
| R | = R between the multipoles in Fig.1, on the basis
of the dipole length rd = | r | = 1.397nm estimated by
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our microphotoluminescence spectra of GaAs/AlGaAs
coupled QDs showing a pair of 0.3meV splittings [2].

Wcs = φc i · ej · 1
e

=⇒ ei

4πεR
(14)

Wcd = ∇φc i · pj · 1
e

=⇒ −ei rd cos β

4πεR2
(15)

Wcq =
[
∇2φc i

]
·ejQj · 1

e
=

ei

ε
Qjδ(| R− ri |)

=⇒ 0 for | r |�| R | (16)

Wds = φd · ej · 1
e

=⇒ ei rd

4πεR2
(17)

Wdd‖ =
[
∇φd

]
· pj ‖ · 1

e
=⇒ eir

2
d

2πεR3
(18)

Wdd⊥ =
[
∇φd

]
· pj ⊥ · 1

e
=⇒ − eir

2
d

4πεR3
(19)

Wdq =
[
∇2 φd

] [
ejQj

]
· 1
e

=⇒ − 3ei

2πε

ri · ni

R4
Qj (20)

Wqs = φq · ej · 1
e

=⇒ 3ei

8πε

ni · Qi · ni

R3
(21)

Wqd =
[
∇φq

]
· pj · 1

e

=⇒ 3ei

8πε

5 ni · Qi · ni − 2 Qi

R4
rd cos β (22)

Wqq =
[
∇2φq

]
ejQj · 1

e

=⇒ 15ei

2πε

ni · Qi · ni

R5
Qj (23)

where dd‖ and dd⊥ correspond respectively to the
dipoles parallel to the line connecting the two, and
that perpendicular to the line.

3. Second Order Perturbation Energy of the
Dipole-Dipole Interaction

As the natural consequence, the second order per-
turbation effect of the dipole-dipole interaction given
in eqn.(19) may be estimated, using this equation as
the perturbing Hamiltonian Hdd(i, j)′. According to
the standard perturbation theory [6], it may be pos-
sible to introduce a parareter λ which is smaller than
1 (λ � 1) representing the strength of the perturba-
tion, in front of the perturbing Hamiltonian Hdd(i, j)′

comparable to the unperturbed Hamiltonian H0 giv-
ing Hdd(i, j) = λ Hdd(i, j)′ , and to express the new
eigenstates (eigenvectors) | Ψ±〉 and the eigenvalues
E± in series of λ, using a tentative set of basis | Ψn′

l 〉
and | Ψn′

r 〉.
H = H0 +Hdd(i, j) = H0 + λHdd(i, j)′ (24)
H | Ψ±〉 = E± | Ψ±〉 (25)

| Ψ+〉 = | Ψr〉+ λ1 | Ψ′
l〉+ λ2 | Ψ′′

l 〉+ · · · (26)
E+ = Er + λ1E′

l + λ2E′′
l + · · · (27)

| Ψ−〉 = | Ψl〉+ λ1 | Ψ′
r〉+ λ2 | Ψ′′

r 〉+ · · · (28)
E− = El + λ1E′

r + λ2E′′
r + · · · (29)

assuming the convergence of these power series in λ.
The original eigenstates of unperturbed Hamiltonian
H0 = H0i + H0j are represented as | Ψl〉 and | Ψr〉
[2].

If we put these expansion of | Ψ±〉 and E± into
the time-independent Schrödinger equation eqn.(25),
equations polinomial in λ that should be satisfied by
small but all possible values of λ are derived. Then
comparing the terms of same order in λ, an equation of
the second order pertubation energy Wdd⊥ p is derived.

Wdd⊥ p =
W 2

dd⊥
� (30)

=⇒
[
eir

2
d

]2

[
4πεR3

]2

�
=

e2
i r

4
d

16π2ε2 � R6
(31)

where � is the detuning of the original unperturbed
levels, i.e. � = Er −El in our coupled quantum dots.

4. Numerical Demonstration of Multipolar In-
teractions based on the Experimentally Es-
timated Dipole Length

The maximum energies of the different multipolar
interactions in eV as the functions of the inter-polar
distance in nm are calculated (see Fig.2) on the ba-
sis of the dipole length in the quantum dot rd = | r |
= ri (or rj) = 1.397nm, estimated by our micropho-
toluminescence spectra of GaAs/AlGaAs coupled QDs
having 0.3meV splittings [2], which is about four times
larger than the dipole length of bulk GaAs [7]. It is
understood that Ri = | R−ri |, and ε = εAl.3Ga.7As clad

= 12.2ε0, ε0 = 107

4πc2
0

= 8.854 × 10−12C2N−1m−2, e =

1.602 × 10−19 C = 4.803 × 10−10 esu. The dipole mo-
ment is estimated as erd = 1.602 × 10−19 × 1.397 ×
10−9 C m = 6.706 × 10−17 esu cm = 67.06 Debye.
The displacement of the quadrupole is assumed to be
0.3 of the dipole length, i.e. rq-pole = 0.3rd, then eQ =
er2

q-pole = 2.814 × 10−38 C m2 = 8.431 × 10−25 esu
cm2. The second order pertubation energy Wdd⊥ p due
to the dipole-dipole interaction between the dipoles
perpendicular to the line of connection is also shown
for the detuning of the original unperturbed levels �
= Er − El = 40 meV in our coupled quantum dots.

5. Concluding Remarks

A theoretical outlook of the nonlinear photonic in-
teractions possibly useful for coherence retention in
solids and for scalable quantum gates are given. Mul-
tipolar interaction energies of all the nontrivial com-
binations Wcs, Wcd, Wds, Wdd, Wdq , Wqs, Wqd, Wqq,
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Figure 2: Absolute values of the multipolar interactions in eV, as
functions of the inter-polar distance, Ri = | R − ri |. The dipole
length rd = ri (or rj) = dGaAs QD = 1.397nm.

and the second order perturbation energy due to the
dipole-dipole interaction Wdd⊥ p are demonstrated as
functions of the inter-polar distance, using our exper-
imental estimation of the dipole length [2].

It is seen from Fig.2 that below 6 ∼ 8 nm distance
the energy of dipole-dipole inetraction start to exceed
1 meV, and the interaction becomes resolvable by con-
ventional spectroscopy. Below 3 nm the second order
perturbation energy of dipole-dipole (van der Waals)
interaction start to exceed 1 meV. Furthermore, real
or virtual photons may be assigned as the mediator for
the multipolar interactions [4], giving a possibility of
novel controlling technology in nanometer structures.
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Abstract—We present a fixed word-length adaption of
the ternary search tree algorithm originally proposed by
Sedgewick and Bentley that allows the fast computation of
the boxcounting statistics in arbitrary high dimensions.

1. Introduction

Boxcounting is a multivariate histogram technique
where a high-dimensional space is divided into rectan-
gular partitions (boxes). The number of data set points
falling into each partition is counted and can serve as a
histogram-like approximation to the underlying distribu-
tion. By varying the size of the partitions the scaling behav-
ior of the number of non-empty boxes is used to estimate
the boxcounting dimension. The boxcounting dimension
(also called capacity dimension) is an important quantity
for characterizing fractals and chaotic attractors [1]. Fur-
thermore, several theorems justifying state space recon-
struction using delay coordinates contain bounds of rele-
vant embedding dimensions referring to the boxcounting
dimension of the underlying attractors [2]. Due to this the-
oretical importance efficient algorithms for estimating the
boxcounting dimension in high dimensions are required,
because naive implementations result in exorbitant compu-
tational costs that often prevent applications of this fractal
measure. Therefore, we introduce here the ternary search
tree algorithm as proposed by Sedgewick and Bentley [3]
as an efficient technique for histogram based methods in
multivariate statistics. A ternary search tree (TST) is a
dictionary data structure specially designed for situations
where the key is a string. A TST allows to efficiently lo-
cate, insert and delete keys. TSTs store key-value pairs,
where the value can be an arbitrary object. We adapted the
TST algorithm to accommodate for a fixed key length since
all points of a multivariate data set share usually the same
dimensionality D. The object associated to a key is in our
adaption an integer value counting the number of points
falling into the corresponding partition.

1.1. Boxcounting

A naive implementation of the boxcounting technique
which keeps track of all possible partitions by means of

an array in main memory quickly fails since the number of
possible partitions grows exponentially fast with the data
set dimension D.

TSTs can be seen as a multivariate extension of the
binary search tree. Binary search trees allow efficient
searches for scalar values. TSTs extend the binary search
tree by adding an additional third pointer into the data
structure coding for a tree node:

level Tree level which corresponds to the dimension (∈
{1, . . . ,D}) of the key value

key Current key value. The key value is derived by par-
titioning (∈ {1, . . . , b}) the level–th coordinate of the
point that is currently inserted.

lokid Pointer to the tree node at the current tree level with
a smaller key value than this node.

hikid Pointer to the tree node at the current tree level with
a higher key value than this node.

eqkid Pointer to the root node of the next level’s subtree.
Key values of these subtree are derived from dimen-
sion level+1.

count Number of data set points represented by this node.

Below is a code fragment detailing the data structure in
C++ notation:

s t r u c t Tnode {
long s p l i t k e y ;
i n t l e v e l ;
/ / t r e e l e v e l
unsigned long c o u n t ;
/ / c o u n t how o f t e n t h e key l e a d i n g
/ / t o t h i s node e x i s t s

Tnode ∗ l o k i d ;
Tnode ∗ e q k i d ;
Tnode ∗ h i k i d ;

} ;

The key values for first binary tree of the TST are taken
from the point’s first coordinate level = 1. Besides the
pointer to nodes with higher resp. lower key values of co-
ordinate level, the data structure keeps track of a pointer to
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the root of a subtree which sorts the key values taken from
the coordinate level + 1 of the point set (see Fig. 1).

Each partition of the space is represented by a node at
level = D. Nodes at level = D do not store a valid eqkid–
pointer, however their count field contains the number of
data set points falling into the box specified by the path
leading to this node (see Fig. 1). The total number of nodes
can not exceed the product ND of the total number of data
set points N and the dimension D. To locate a partition in
the ternary search tree given its coordinates, it is sufficient
to perform D binary searches, starting from the first binary
tree which stores key values for level = 1.

Below is a code fragment detailing the complete class
definition for a TST:

# d e f i n e TST BUFFERS 128
/ / maximum number o f b u f f e r s
# d e f i n e TST BUFSIZE 512
/ / s i z e o f f i r s t b u f f e r

c l a s s t e r n a r y s e a r c h t r e e {

p r o t e c t e d :
t y p e d e f Tnode ∗ T p t r ;

/ / t h e s e f o u r v a r i a b l e s are used t o
/ / a c c e l e r a t e a l l o c a t i o n
/ / o f Tnode o b j e c t s
T p t r buf ;
/ / p o i n t e r t o c u r r e n t b u f f e r
long l a s t b u f s i z e ;
/ / s i z e o f t h e b u f f e r t h a t was
/ / r e c e n t l y a l l o c a t e d
long n e x t b u f s i z e ;
/ / s i z e o f t h e b u f f e r t h a t
/ / w i l l be a l l o c a t e d n e x t
long bufn ;
/ / number o f b u f f e r s i n use
long f r e e n ;
/ / number o f f r e e nodes i n
/ / c u r r e n t b u f f e r

T p t r f r e e a r r [ TST BUFFERS ] ;

c o n s t long l e n ; / / key l e n g t h
T p t r r o o t ; / / t r e e r o o t node

p u b l i c :
t e r n a r y s e a r c h t r e e ( c o n s t long k e y l e n g t h )
: bufn ( 0 ) , f r e e n ( 0 ) , r o o t ( 0 ) ,
l a s t b u f s i z e ( 0 ) , l e n ( k e y l e n g t h ) ,
n e x t b u f s i z e ( TST BUFSIZE ) { }

˜ t e r n a r y s e a r c h t r e e ( ) {
f o r ( long i = 0 ; i < bufn ; i ++)

d e l e t e [ ] f r e e a r r [ i ] ;
}

i n t i n s e r t ( c o n s t long ∗ c o n s t key ) ;
/ / i n s e r t key v e c t o r
void t r a v e r s e ( long ∗ c o u n t ) ;
/ / c o u n t must be o f l e n g t h l e n
/ / and i n i t i a l i z e d t o z e r o

} ;
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Figure 1: Example ternary search tree into which the points
{(5, 3, 2) , (1, 4, 1), (5, 3, 2), (2, 2, 3), (5, 3, 5), (1, 4, 1),
(2, 2, 3), (2, 2, 1), (2, 2, 3)} were inserted in the given order.

1.2. Node insertion and memory allocation

Memory for new nodes is allocated during the insertion
of a node. To keep overall number of calls to malloc low,
memory is allocated in chunks. Chunk sizes Mi are in-
creased in a Fibonacci scheme, resulting in an approxi-
mately exponential growth of the chunk sizes:

Mi+1 = Mi + Mi−1 M0 = 0,M1 = 512 (1)

Below is a code fragment detailing the insertion of a new
point into the ternary search tree:

i n t t e r n a r y s e a r c h t r e e : : i n s e r t (
c o n s t long ∗ c o n s t key )

{

long d ;
T p t r pp ;

T p t r ∗p = &r o o t ;
long l e v e l = 0 ; / / l e v e l goes up t o len −1

whi le ( pp = ∗p ) {
/ / as long as we e n c o u n t e r a l r e a d y
/ / e x i s t i n g nodes , we s t a y
/ / i n s i d e t h i s w h i l e loop
i f ( ( d = key [ l e v e l ] − pp−> s p l i t k e y ) == 0) {

/ / go t o n e x t t r e e l e v e l
pp−>c o u n t ++;
p = &(pp−>e q k i d ) ;
i f ((++ l e v e l ) == l e n )

re turn 0 ;
} e l s e i f ( d < 0) {

p = &(pp−> l o k i d ) ;
/ / move l e f t i n t h e c u r r e n t l e v e l
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} e l s e {

p = &(pp−>h i k i d ) ;
/ / move r i g h t i n t h e c u r r e n t l e v e l

}

}

f o r ( ; ; ) {
/ / once we f i n d a node t h a t i s n o t
/ / a l l o c a t e d (==0) , we c r e a t e e v e r y
/ / s u b s e q u e n t node
i f ( f r e e n −− == 0) {

i f ( bufn == TST BUFFERS )
re turn −1; / / FAILURE
buf = new Tnode [ n e x t b u f s i z e ] ;
f r e e a r r [ bufn++] = buf ;
f r e e n = n e x t b u f s i z e − 1 ;
c o n s t long r e m e m b e r s i z e= n e x t b u f s i z e ;
n e x t b u f s i z e += l a s t b u f s i z e ;
/ / F i b o n a c c i t y p e b u f f e r s i z e i n c r e a s e
/ / t h i s k e e p s o v e r a l l number o f
/ / b u f f e r a l l o c a t i o n s s m a l l
l a s t b u f s i z e = r e m e m b e r s i z e ;

}

∗p = buf++;
pp = ∗p ;
pp−> s p l i t k e y = key [ l e v e l ] ;
pp−>c o u n t = 1 ;
/ / t h i s node i s newly c r e a t e d , so
/ / c o u n t i s s e t t o one
pp−> l e v e l = l e v e l ;
pp−> l o k i d = 0 ;
pp−>e q k i d = 0 ;
pp−>h i k i d = 0 ;
i f ((++ l e v e l ) == l e n )

re turn 0 ;
p = &(pp−>e q k i d ) ;
}

}

1.3. Linear tree traversal

Since for counting the number of occupied boxes it is
not necessary to traverse the tree in a particular order, we
simply scan the allocated memory blocks sequentially, thus
avoiding the overhead of keeping track of the nodes that
still have to be visited like commonly encountered in tree
traversal. The following code fragment illustrates the com-
putation of the boxcounting statistics for all data sets of
truncated (1, . . . ,D − 1 ) or full dimensionality D within a
single scan:

void t e r n a r y s e a r c h t r e e : : t r a v e r s e ( long ∗ c t )
{

long b u f s i z e = TST BUFSIZE ;
/ / t h e a c t u a l s i z e o f t h e b u f f e r
/ / i s i n c r e a s e d each i t e r a t i o n
long l a s t s i z e = 0 ;
long r e m e m b e r s i z e = 0 ;
/ / t r a v e r s e a l l b u f f e r s
f o r ( long i = 0 ; i < bufn ; i ++) {
/ / l a s t b u f f e r migh t n o t be
/ / f i l l e d c o m p l e t e l y

c o n s t long number nodes =
( i == bufn −1) ? b u f s i z e − f r e e n
: b u f s i z e ;

c o n s t T p t r b = ( T p t r ) f r e e a r r [ i ] ;

f o r ( long j = 0 ; j < number nodes ; j ++) {
c o n s t T p t r p = b + j ;
c t [ p−> l e v e l ]++ ;

}

r e m e m b e r s i z e = b u f s i z e ;
b u f s i z e += l a s t s i z e ;
l a s t s i z e = r e m e m b e r s i z e ;
}

}

2. Performance Results

2.1. Time and space complexity

Space complexity is governed by the number of tree
nodes allocated. The maximum number of nodes is lim-
ited by ND where N is the number of points in the data
set and D is the data set dimension. The time complexity
depends on the balancing of all subtrees within the ternary
search tree. The complexity of locating a terminal node
in a balanced tree is of order O(Dlog(P)), where P is the
number of partitions per coordinate. Thus the time com-
plexity of constructing the TST for a data set of N points is
of order O(NDlog(P)). Unfortunately there is no guarantee
that the subtrees remain balanced when points are inserted
randomly into the tree. In the worst case the time com-
plexity of a single search can deteriorate from logarithmic
to linear O(DP) when subtrees are degenerated. However,
techniques similar to the balancing of quick sort could also
remedy the worst case behavior of the ternary search tree
algorithm.

2.2. Numerical benchmarks

Numerical benchmarks were performed on a standard
PC with Pentium 4 (Prescott, Stepping E0) 3.2 GHz and
1 GB of RAM running the operating system Windows XP.
The TST code consists of a compiled executable for the
Matlab numerical programming environment1. We gener-
ated data sets of different sizes by two means:

• Numerical integration of the generalized Chua 5-

1The code used for this experiments is available at http://
zti.if.uj.edu.pl/˜merkwirth/fracdims.htm and as part of the
OpenTSTOOL package http://www.physik3.gwdg.de/tstool/ for
nonlinear time series analysis.
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Scroll system of differential equations:

ẋ1 = α(x2 − h(x1))
ẋ2 = x1 − x2 + x3

ẋ3 = −βx2

h(y) = ym5 + 0.5
5∑

i=1

(mi−1 − mi)(|y + ci−1| − |y − ci−1|)

with parameters α = 9, β = 14.286, m0 = −
0.9
7 ,

m1 = −
3
7 , m2 =

3.5
7 , m3 = −

2.7
7 , m4 =

4
7 m5 = −

2.4
7

c0 = 1, c1 = 2.15, c2 = 3.6 c4 = 6.2 c4 = 9. The
integration starts with random initial conditions and
is sampled every 4T = 0.5. The first 20000 samples
are discarded to minimize the influence of the random
initial conditions. We then generated a time-delay em-
bedding [2] of x1 with delay 1 and dimension D vary-
ing from 1 to 40.

• By means of Matlab’s randn we generated data sets
of dimension D ranging from 1 to 40 consisting of
normally distributed random numbers with zero mean
and unit variance.

Both data sets were scaled and discretized to integer values
in the range 0, 1, . . . , 63. The computation time for scaling
and discretization is included in the timing measurements
below.

Figures 3 and 2 detail the dependence of the average
computation time with respect to the dimension of the data
set used. A linear regression analysis of the product ND
versus the benchmarked computation time shows as cor-
relation coefficient r2 of 0.992 for the Chua 5-Scroll data
set and a correlation coefficient r2 of 0.999 for the random
data set, indicating that the product ND which determines
the space (memory) complexity seems to be dominant for
everydays data sets. The Chua 5-Scroll exhibits an appar-
ently overlinear behavior in D which is however dominated
by the respective computations times for the random data
set.

3. Conclusion

An algorithm is presented that efficiently solves the box-
counting problem in arbitrary high dimensions, avoiding
the problem of exponentially increasing space complexity
of a naive implementation. An attractive feature of the al-
gorithm is the mainly linear time complexity in the number
of data set points and the data set dimension.
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Abstract—In this paper, a new algorithm is pro-
posed to guarantee the existence of the solution curve
of nonlinear systems of equations. This algorithm uses
the transformation by which an axis and the tangent
vector of the solution curve has the same direction.
This algorithm also uses Affine Arithmetic. Affine
Form, which is the expression used in Affine Arith-
metic, can express hyper-rectangles whose boundaries
are not parallel to every axis. By these uses, the pro-
posed algorithm is expected to guarantee the existence
of the solution curve more effectively than conven-
tional methods using Interval Arithmetic.

1. Introduction

Solutions of nonlinear systems of equations

f(x) = 0, x ∈ f : Rn+1 → Rn (1)

are one dimensional manifolds, called “solution curve”.
Proving the existence of solution curve for Eq.(1) is the
essence of tracing solution curve, which is an impor-
tant problem. For example, in order to obtain charac-
teristic curves of nonlinear resistive circuits or in or-
der to obtain DC solutions by homotopy methods, it is
necessary to solve an equation of the form (1). Homo-
topy methods have been studied for obtaining global
convergence, and many efficient algorithm have been
developed to trace solution curves [1].Some of these al-
gorithms can be easily performed with very little com-
putational effort. As these algorithm also output only
discrete points on the solution curve, the region cannot
be obtained where the solution curve is guaranteed to
exist. Consequently, they cannot avoid the danger of
jumping onto different curves.

In [2], an algorithm has been proposed to obtain the
region where the solution curve is guaranteed to exist
and to avoid jumping onto different curves. But the
algorithm can be performed only with the assumption
that Lipschitz constant of f ′ is calculatable. The as-
sumption is considered to restrict applied equations
much.

In [3], another algorithm has been proposed to ob-
tain the region where the solution curve is guaranteed
to exist and to avoid jumping onto different curves.
The algorithm can be performed without the above
assumption by Interval Arithmetic. But the algorithm
is considered to be not so effective because the region
of the solution curve is described by interval, that is,
hyper-rectangle whose each boundary is parallel to the
corresponding axis. If the tangent vector v of the so-
lution curve and one of boundaries for the region have

the same direction, this algorithm is expected to be
more effective.

In this paper, we propose a new algorithm to prove
the existence of solution curve using Affine Arith-
metic [5]. In the algorithm, the region where the solu-
tion curve is guaranteed to exist is described as hyper-
rectangle whose one boundary and the tangent vector
of the solution curve have the same direction, so the
new algorithm is expected to me more effective than
the conventional method.

In the first section, notations, definitions and the
conventional method are described. In the second sec-
tion, the new algorithm is proposed based on Affine
Arithmetic and a linear transformation.

2. Preliminaries

In this section, some notations and definitions are
introduced. In the first subsection, Interval Arith-
metic is introduced and an algorithm is introduced
to prove the existence of solution curve using Inter-
val Arithmetic [3]. In the second subsection, Affine
Arithmetic [5] is introduced and an algorithm is intro-
duced to prove the existence of solution (not curve but
point) of nonlinear equations [7].

2.1. Interval Arithmetic and Conventional
Method

In this subsection, Interval Arithmetic is introduced
and an algorithm is introduced to prove the existence
of solution curve using Interval Arithmetic. Notations
of interval analysis used in this paper are by Ref. [4].
Let I(U) be a set of all intervals belongs to U ⊂ Rn+1.
Let Rad(I) be the radius of interval I (component-
wise). Let Mid(I) be a midpoint of interval I (compo-
nentwise). Let |I | be the absolute value of interval I
(componentwise). Let us consider the norm of interval
vector I defined as

‖I‖∞ = max
i

|Ii|.

Let us consider the norm of n × n interval matrix A
defined as

‖A‖∞ = ‖|A|(1, · · · , 1)‖∞.

The following algorithm proves the existence of solu-
tion curve using Interval Arithmetic.

Algorithm 1 [3]

Step 1.Determine s > 0.
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Step 2.Obtain v ∈ Rn+1 such that
{

f ′(c)v = 0,
〈v, v〉 = 1

Step 3. Apply Krawczyk method to the equation

F (x, s) =

{

f(x) = 0,
〈x− c, v〉 − s = 0

and to an adequate interval, that is,

Step 3-1.Calculate

F (c, [−s, s]) =

(

f(c)
[−s, s]

)

.

Step 3-2.Choose an invertible matrix

R ' F ′
−1

(c, 0)

=
(

f(c)
v

)−1

.

Step 3-3.Calculate an interval

T = c + 2‖RF (c, [−s, s])‖∞B(n+1),

where B(n+1) is the (n+1)-dimensional unit
ball.

Step 3-4.Calculate

F ′(T, [−s, s]) =

(

f ′(T )
[−s, s]

)

.

Step 3-5.If

c−RF (c, [−s, s])

+ (E −RF ′(T, [−s, s]))(T − c) ⊂ T (2)

holds, stop this algorithm. Then, there exists
a solution curve of Eq.(1) in T .

If 0 is the regular value of f , there exists a positive
value s such that the test (2) succeeds.

Obviously each boundary of interval T is parallel to
the corresponding axis, while it is rare that the tangent
vector v of the solution curve and one of axis has the
same direction. It is one of the reason why the test (2)
fails for some s. If the tangent vector v of the solution
curve and one of boundaries for test region T have the
same direction, it is expected that the test (2) succeed
for larger s.

2.2. Affine Arithmetic and Conventional
Method

In this subsection, Affine Arithmetic [5] is intro-
duced and an algorithm is introduced to prove the ex-
istence of solution (not curve but point) of nonlinear
equations [7].

Let be ai ∈ R for i ∈ {0, 1, · · · , m}. Let be −1 ≤
εi ≤ 1 for i ∈ {1, · · · , m}. The form

a0 +
m
∑

i=1

aiεi

is called Affine Form and it describes the set
{

a0 +

m
∑

i=1

aiεi | − 1 ≤ εi ≤ 1, i ∈ {0, 1, · · · , m}

}

.

Vectors whose elements are Affine Forms are called
Affine Form vector. n-dimensional Affine Form vec-

tor

(

a
(1)
0 +

m
∑

i=1

a
(1)
i εi, · · · , a

(n)
0 +

m
∑

i=1

a
(n)
i εi

)

are also

described as α + Aε(m), where

α = (a
(1)
0 , · · · , a

(n)
0 ),

A =







a
(1)
1 · · · a

(1)
m

...
. . .

...

a
(n)
1 · · · a

(n)
m






,

ε(m) = (ε1, · · · , εm).

A set of Affine Forms which describe subsets of a space
U is denoted by A(U). Absolute value of Affine Form

a0 +

m
∑

i=1

aiεi is defined as

m
∑

i=0

|ai|. Maximum norm of

n-dimensional Affine Form vector a is defined as

‖a‖∞ = max
1≤i≤n

|ai|.

For a(1), a(2) ∈ A(R), operations

{a(1) ∗ a(2)|∗ ∈ {+,−,×, /}}

and

{φ(a(1))|φ ∈ {sin, cos, tan, exp, log, · · · }}

are determined as

• the result is also an Affine Form,

• the set described by the result holds,

that is,

a(1) ∗ a(2) ⊃ {x(1) ∗ x(2)|x(1) ∈ a(1), x(2) ∈ a(2)},

φ(a(1)) ⊃ {φ(x(1))|x(1) ∈ a(1)}.

Let a(1) and a(2) be

a(1) = a
(1)
0 +

m
∑

i=1

a
(1)
i εi and a(2) = a

(2)
0 +

m
∑

i=2

a
(2)
i εi.

Addition and Subtraction between a(1) and a(2) are
operated as

a(1) ± a(2) = a
(1)
0 ± a

(2)
0 +

m
∑

i=1

(a
(1)
i ± a

(2)
i )εi.

Addition and Subtraction between a(1) and a constant
number c ∈ R are operated as

a(1) ± c = a
(1)
0 ± c +

m
∑

i=1

a
(1)
i εi.
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Multiplication between a(1) and a(2) is operated as

a(1) × a(2) = a
(1)
0 a

(2)
0 +

m
∑

i=1

(a
(1)
0 a

(2)
i + a

(1)
i a

(2)
0 )εi

+ (
m
∑

i=1

|a
(1)
i |) · (

m
∑

i=1

|a
(1)
i |)εm+1,

where εm+1 ∈ R is a new symbol and satisfies −1 ≤
ε ≤ 1. More refined variations of multiplication has
been proposed [6]. Various unary operations for a(1),
for example, the reciprocal of a(1), the square root of
a(1), the sine function of a(1), and so on, have also
been proposed but is not described here because of
the sake of papers. The following algorithm proves the
existence of nonlinear solution using Affine Arithmetic
with related to All Solution Algorithm.

Algorithm 2 [7]

Step 1. Give the region of Affine Form

T = c + Aε(n)

where the solution is expected to exist, where c ∈
Rn and A is a n-dimensional diagonal matrix.

Step 2. Evaluate f(T ) as the Affine Form

f(T ) = a + Lε + L̃ε̃

using Affine Arithmetic, where a ∈ Rn, L ∈ Rn×n

and L̃ is some matrix whose number of raws is n.

Step 3. Obtain R = L−1.

Step 4. If

−R(a + L̃ε̃) ⊂ B(n), (3)

holds, there exists a solution in T , where B(n) is
the n-dimensional unit ball.

3. Inclusion of Solution Curve using Affine
Arithmetic

In this section, a new algorithm is proposed to prove
the existence of solution curve using Affine Arithmetic.
In the first subsection, the outline of the algorithm
is described. The algorithm is based on Algorithm 2
and the transformation by which the tangent vector of
solution curve and one axis has the same direction. In
the second subsection, the region where the solution
curve is expected to exist is described. In the last
subsection, the proposed algorithm is shown.

3.1. Outline of New Algorithm

Let X be the space of x ∈ Rn+1 and let Y be another
space of y ∈ Rn+1. Let us consider a transformation
φ : Y → X

x = φ(y) = c + f ′(c)tr(y1, . . . , yn)tr + yn+1v.

Remark that y = 0 corresponds to x = c and that the
yn+1-axis and v has the same direction.

Denote the point in Y by (·)Y and denote the group
(y1, · · · , yn) by y(n). The point on the tangent vector v
can be described as (0, · · · , 0, s)Y , with a parameter s.
In the proposed method, we obtain the crossing point
between the solution curve and the hyper-plane which
is through the point (0, · · · , 0, s)Y and which intersects
orthogonally to the vector (0, · · · , 0, 1)Y . Thus, the
original problem is translated into obtaining the point
(y(n), s)Y such that

f(x) = f(c + f ′(c)try(n) + yn+1v) = 0. (4)

Remark that the hyper-rectangle whose each boundary
are parallel to the corresponding axis in Y is the one
whose one boundary is parallel to the tangent vector
v of the solution curve in the original space X .

Assume that the test region is set as the Affine
Form (dε(n), s)Y with some d ∈ R, where ε(n) denotes
(ε1, · · · , εn). The problem guaranteeing the existence
of the solution (y1, · · · , yn, s)Y of Eq.(4) in the region
(dε(n), s)Y is translated into the one that there exists
ε(n) in the n-dimensional unit ball B(n) such that

f(c + df ′(c)trε(n) + sv) = 0. (5)

Newton operator k(ε(n)) for obtaining the solution
ε(n) of Eq. (5) is described as

k(ε(n)) = ε(n) −Rf(c + df ′(c)trε(n) + sv).

using some n-dimensional square matrix R. Existence
of the fixed point of k in the unit ball can be guaran-
teed by the condition
{

ε(n) −Rf
(

c + df ′(c)trε(n) + sv
)

|ε(n) ∈ B(n)
}

⊂ B(n).

Since we are subject to guarantee the existence of solu-
tion curve, that is, the solutions ε(n) for all s ∈ [−s, s],
we must check the condition
{

ε(n) −Rf
(

c + df ′(c)trε(n) + sεn+1v
)

|ε(n) ∈ B(n)
}

⊂ B(n). (6)

The left-hand side of the condition (6) can be eval-
uated by Affine Arithmetic. In the next two subsec-
tions, how to determine d and R are described, respec-
tively.

3.2. How to obtain d

In this subsection, the radius d of the region where
the solution curve is expected to exist is determined.

It is known that the optimal radius of the test region
T in Krawczyk method is the double distance between
the approximate solution c and the image of Newton
operator for c. This idea is used to obtain d. Newton
operator ky(n)(y(n)) for Eq.(4) is described as

ky(n)(y(n)) =y(n) −
df(c + f ′(c)try(n) + sv)

dy(n)

−1

· f
(

c + f ′(c)try(n) + sv
)

.
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Since 0Y is regard as the approximate solution of
Eq. (4), the distance between the approximate solu-
tion 0Y and the image ky(n)(0) of Newton operator
ky(n) for 0Y is described as

‖0Y − ky(n)(0Y )‖∞

=

∥

∥

∥

∥

∥

df(c + f ′(c)try(n))

dy(n)

∣

∣

∣

∣

−1

y(n)=0

f(c + sv)

∥

∥

∥

∥

∥

=
∥

∥

∥

(

f ′(c)f ′(c)tr
)−1

f(c + sv)
∥

∥

∥

∞

Since we now consider all s ∈ [−s, s], that is sεn+1,
Thus, the radius d of the region where the solution
curve is expected to exist is obtained as

d = 2
∥

∥

∥

(

f ′(c)f ′(c)tr
)−1

f(c + sεn+1v)
∥

∥

∥

∞
.

3.3. How to obtain R

In this subsection, R of (6) is determined and the
left-hand side of (6) is transformed into another form
for the effectiveness.

Using Affine Arithmetic, assume that we evaluate

f
(

c + df ′(c)trε(n) + sεn+1v
)

= a + Lε(n) + L̃ε̃,

where a ∈ Rn, L ∈ Rn×n, ε̃ is the set of
(εn+1, εn+2, · · · ) by Affine Arithmetic for nonlinear op-

erators and L̃ is the factor of such ε̃.
By choose R = L−1, the left-hand side (6) can be

described as

ε(n) − L−1(a + Lε(n) + L̃ε̃)

=ε(n) − L−1a− ε(n) − L−1L̃ε̃

=− L−1a− L−1L̃ε̃

=− L−1(a + L̃ε̃).

Thus, the condition

−L−1(a + L̃ε̃) ⊂ B(n)

can be used to prove the existence of the solution
curve.

3.4. Algorithm

Algorithm 3 Step 1. Give s > 0.

Step 2. Obtain v ∈ Rn+1 such that
{

f ′(c)v = 0,
〈v, v〉.

Step 3. Obtain d ∈ R such that

d = 2
∥

∥

∥

(

f ′(c)f ′(c)tr
)−1

f(c + sεn+1v)
∥

∥

∥

∞
.

Step 4. Evaluate f(c + df ′(c)trε(n) + sεn+1v) as the
Affine Form

a + Lε + L̃ε̃

using Affine Arithmetic.

Step 5. Obtain R = L−1.

Step 6. If

−R(a + L̃ε̃) ⊂ B

holds, there exists a solution curve in c +
df ′(c)trε(n) + sεn+1v. Otherwise, reduce s and go
back to Step 3.

4. Conclusion

In this paper, we proposed a new algorithm to prove
the existence of solution curves of nonlinear equations.
The algorithm is based on Affine Arithmetic and the
transformation by which the tangent vector of solu-
tion curve and a boundary of region where solution
curve is expected to exist have the same direction.
Thus, the algorithm is expected to be more effective
than the conventional method in which such regions
are described by intervals. Numerical examples will
be shown in the presentation of this paper.
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Abstract—In this paper, we consider to minimize the
route expected transmission count (ETX) in multi-hop
wireless networks. The route ETX is the predicted num-
ber of data transmissions required to send a packet over
that route and is inversely proportional to the throughput.
We theoretically compute the mean route ETXs of Short-
est Path Routing and Longest Path Routing, and compare
them with that of Optimum Routing, which always mini-
mizes the route ETX. We show that the former two algo-
rithms cannot minimize the mean route ETX if the density
of nodes is large. To overcome this problem, we propose
a routing algorithm which selects a path with the smaller
number of hops than Longest Path Routing and shorter
links than Shortest Path Routing. We show that this al-
gorithm can approximately minimize the mean route ETX
like Optimum Routing even if the density of nodes is large.

1. Introduction

In multi-hop wireless networks [1], [2], there are a lot of
candidate multi-hop paths which can connect source and
destination because of randomness of distribution of relay
nodes and limitation of radio transmitting range. Usually,
routing algorithms select a path in a shortest path fashion.
Then, distance between relay nodes tends to be long and
the loss ratio of a link is large. As a result, retransmissions
frequently occur [3]. One way to reduce such retransmis-
sions in each link is to choose shorter links than those se-
lected in a shortest path fashion. However, choosing such
shorter links increases the number of hops, and the increase
of the number of hops means the increase of the total num-
ber of retransmissions over the path, which are the sum of
retransmissions in all links included in the path. From such
a viewpoint, we have a question as follows: which is the
best path with the minimum number of retransmissions?

In this paper, we consider this problem by comparing
some routing algorithms using a metric called the route ex-
pected transmission count (ETX). The route ETX is the
predicted number of data transmissions required to send
a packet over that route, including retransmissions [3].
Namely, the route ETX is the sum of ETXs of all links
in the route. Throughput between source and destination is
inversely proportional to the route ETX. In this paper, we
assume that the ETX of a link is a function of length of the

link to clarify the effect of randomness of distance between
adjacent nodes on the route ETX. We also assume that this
function is a monotonically increasing function. We ana-
lyze the route ETXs of some typical routing strategies in
street multi-hop wireless networks.

We theoretically derive the mean route ETXs of Short-
est Path Routing and Longest Path Routing. We compare
the mean route ETXs of Shortest Path Routing and Longest
Path Routing with that of Optimum Routing, which always
minimizes the route ETX, and show that the former two
algorithms cannot minimize the mean route ETX if the
density of nodes is large. To overcome this problem, we
propose a routing algorithm which selects a path with the
smaller number of hops than Longest Path Routing and
shorter links than Shortest Path Routing. We show that
this algorithm can approximately minimize the mean route
ETX like Optimum Routing even if the density of nodes is
large.

2. Definitions and Assumptions

We consider a street multi-hop wireless network consist-
ing of nodes randomly distributed along a street as shown in
Fig. 1. Assume that the positions of nodes obey a Poisson
process with intensity λ, and all nodes are stationary. Let
n be the number of nodes between source and destination.
Let v0 and vn+1 be source and destination, respectively. De-
note by v1, ..., vn the nodes between v0 and vn+1 as shown
in Fig. 1, where n = 7. Let x be distance between v0 and
vn+1. Suppose that v0 is at 0 and vn+1 is at x. Let d be the
maximum radio transmitting range of a node. Namely, two
nodes are directly linked if distance between them is not
longer than d. Otherwise, they are not linked.

0 x

v0

length=z1

Transmitting range : d

z2 z3 z4

route ETX = sum of link ETX = u(z1)+u(z2)+u(z3)+u(z4)

v1 v2 v3 v4 v5 v6 v7 v8

Figure 1: Model.

Let u(z) be the function of ETX of a link of length z. The
route ETX is the sum of ETXs of all links in the route. In
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Fig. 1, v0 is connected to v8 via nodes v2, v5 and v6, and z1,
z2, z3 and z4 are lengths of links in Fig. 1. Then, the route
ETX is computed as u(z1) + u(z2) + u(z3) + u(z4).

3. Basic Routing Algorithms

In this section, we consider the following three basic
routing algorithms. Longest Path Routing (LPR) selects
a multi-hop path which includes all of the n relay nodes as
shown in Fig. 2(a).

Shortest Path Routing (SPR) selects a multi-hop path
which includes the minimum number of relay nodes as fol-
lows: Consider Fig. 2(b). Let zi be the position of vi. Let
`i be the number of nodes in the interval (zi, zi + d]. SPR
connects v0 and v`0 . If vi is selected as a relay node, vi is
connected to vi+`i . In the same manner, a multi-hop path to
vn+1 is constructed.

Optimum Routing (OR) computes the ETXs of all paths
and selects a path which minimizes the route ETX. OR is
an ideal one, and it is difficult to use OR in actual situa-
tions; however, we evaluate the route ETX of OR to know
the minimum value of the route ETX. LPR and SPR are
extreme routing algorithms. LPR reduces retransmissions
between adjacent nodes; however, it may increase the total
number of retransmissions due to increase of the number of
hops. SPR constitutes a reversal of LPR.

In the following, we theoretically analyze the mean route
ETXs of LPR and SPR given that source and destination
have at least a multi-hop path.

0 x

v0

d

v1 v2 v3 v4 v5 v6

(a) Longest Path Routing.

0 x

d
d

d

v0 v1 v2 v3 v4 v5 v6

(b) Shortest Path Routing.

0 x

ds
ds ds

ds

v0 v1 v2 v3 v4 v5 v6

(c) Adjustable Routing.

Figure 2: Routing algorithms.

3.1. Route ETX of Longest Path Routing

Define that fc(n) is the probability that the number of re-
lay nodes is equal to n given that source and destination
are connected. Define that fcn(z) is the probability density
function of length of a link between adjacent nodes given
that source and destination are connected and the number

of relay nodes is n. Define that pn(x, d) is the probabil-
ity that source and destination are connected given that the
number of relay nodes is n. Define that Fh(x, d) is the prob-
ability that source and destination are connected. Then,
from these probabilities and the density function, the mean
route ETX for LPR, denoted by UL(x), can be computed as
follows:

UL(x)

=











































∫ x

0
u(z)λe−λz{λ(x − z) + 2}dz + e−λxu(x)

(0 < x ≤ d)
∞
∑

n=0

fc(n)(n + 1)
∫ d

0
fcn(z)u(z)dz (x > d)

, (1)

where

fc(n) =
(λx)n

n!
e−λx pn(z, d)

Fh(x, d)
, (2)

fcn(z) =
n
x

(

1 −
z
x

)n−1 pn−1(x − z, d)
pn(x, d)

, (3)

pn(x, d) =
[ x

d ]
∑

j=0

(−1) j (n + 1)!
j!(n + 1 − j)!

(

1 − j
d
x

)n

, (4)

Fh(x, d) =
[ x

d ]
∑

i=0

(−1)i

i!
{λe−λd(x − id)}i

−e−λd





















[ x
d ]−1
∑

i=0

(−1)i

i!
{λe−λd(x − (i + 1)d)}i





















, (5)

where
[

x
d

]

denotes the integer part of x
d .

3.2. Route ETX of Shortest Path Routing

Consider a case where 0 ≤ x ≤ d. In this situation, v0 is
directly connected to vn+1. Then, the mean route ETX for
SPR, denoted by US (x), can be computed as US (x) = u(x).

Next, we consider a case where d < x ≤ 2d. If d < x ≤
2d, at least one relay node is required to connect v0 and vn+1

because they cannot be directly connected. Suppose that
there are just m1 nodes in the interval (0, d]. Let w1 be the
position of vm1 . If x−d ≤ w1 ≤ d, v0 is connected to vn+1 via
vm1 , and the route ETX is u(w1)+u(x−w1). The probability
that two hops are sufficient to connect v0 and vn+1 given that
v0 and vn+1 are connected, denoted by pc2, can be computed
as pc2 = 1 − e−λ(2d−x). The probability density function
of w1 given that two hops are sufficient to connect v0 and
vn+1 and x − d ≤ w1 ≤ d is fw1 (w1) = λe−λ(d−w1)

pc2
. Then,

the mean route ETX given that d < x ≤ 2d and two hops
are sufficient to connect v0 and vn+1 can be computed as
follows:

US 22(x) =
∫ d

x−d
fw1 (w1){u(w1) + u(x − w1)}dw1. (6)

If 0 ≤ w1 < x − d, because this relay node is not connected
to vn+1, two relay nodes are required to connect v0 and vn+1.
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Suppose again that there are just m1 nodes in the interval
(0, d], w1 is the position of vm1 and 0 ≤ w1 < x−d. Suppose
that there are m2 nodes in the interval (w1,w1 + d]. Then,
we can connect v0 and vn+1 via vm1 and vm1+m2 . Let w2

be the position of vm1+m2 . The probability that three hops
are needed to connect v0 and vn+1 given that v0 and vn+1

are connected, denoted by pc3, can be computed as pc3 =

1 − e−λ(x−d). The probability density function of w1 given
that three hops are needed to connect v0 and vn+1 and 0 ≤
w1 < x − d is fw1 (w1) = λe

−λ(d−w1)

pc3
. Also, the probability that

w2 is in the interval (d,w1 + d], denoted by pin(w1), can be
computed as pin(w1) = 1 − e−λw1 . The probability density
function of w2 given that three hops are needed to connect
v0 and vn+1 and d < w2 ≤ w1 + d is fw2 (w2) = λe

−λ(w1+d−w2)

pin(w1) .
Furthermore, the route ETX in this case is u(w1) + u(w2 −

w1) + u(x −w2). Therefore, the mean route ETX given that
d < x ≤ 2d and three hops are needed to connect v0 and
vn+1 can be computed as follows:

US 23(x) =
∫ x−d

0
fw1 (w1)pin(w1)

∫ w1+d

d
fw2 (w2)

×{u(w1) + u(w2 − w1) + u(x − w2)}dw2dw1. (7)

From Eq. (5), (6), (7), the mean route ETX given that v0

and vn+1 are connected for d < x ≤ 2d can be computed as
follows:

US (x) =
pc2US 22(x) + pc3US 23(x)

Fh(x, d)
(d < x ≤ 2d). (8)

For x > 3d, we can compute US (x) in the same manner.

3.3. Results and Discussion

In this section, we numerically compute the mean route
ETXs of LPR and SPR. In this computation, we use a
model of u(z) as explained below. Assume that u(z) is a
function of p(z), which is the probability that a packet is
successfully transmitted over a wireless link of length z as
u(z) = 1

p(z)2 [3]. We use the following model as p(z), which
is derived in [5] with assumptions that non-coherent FSK
modulation and NRZ encoding are used.

p(z) =
∫ ∞

−∞

g(Xσ)

(

1 −
1
2

e−
γ(z)

2 ·
1

0.64

)8 f

dXσ. (9)

In this equation, Xσ dB is a zero-mean Gaussian RV (in dB)
with standard deviation σ, g(Xσ) is the probability density
function of Xσ, f is the packet size (in bytes). Fig. 3 shows
examples of p(z) and u(z) with the following parameters
and γ(z) assumed in [5]: σ = 4, and f = 50 bytes. We use
these parameters in this paper. As can be seen in Fig. 3,
u(z) rapidly increases around z = 23. Hence, we set d to
23.

Fig. 4 shows the numerical results of the mean route
ETXs as a function of x for LPR and SPR for λ = 0.05 and
0.5. When λ = 0.05, the mean number of nodes in a trans-
mitting range is equal to 1.15. Then, we have about one
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Figure 3: Packet reception rate of a link p(z) and ETX of a
link u(z).

candidate path. Hence, the routing strategies cannot choose
different paths. When λ > 0.05, we can have more can-
didate paths. Therefore, the routing strategies can choose
different paths according to their policies. As a result, dif-
ference in the route ETX between the routing strategies be-
comes more remarkable as λ increases. Simulation results
are also plotted to confirm the validity of the above anal-
yses. From this figure, we can confirm that numerical re-
sults agree well with the simulation results. This figure also
shows the simulation results of OR.
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Figure 4: Mean route ETX.

For λ = 0.05, the mean route ETX for LPR is less than
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for SPR for almost all x. Hence, for small value of λ, LPR
is better than SPR. Furthermore, the mean route ETX for
LPR is close to OR. This result comes from the fact that
the number of candidate paths is not so much for small λ.

On the other hand, for λ = 0.5, the mean route ETX for
SPR is less than for LPR for almost all x. Hence, SPR is
better than LPR if λ is large as opposed to small value of
λ. Furthermore, there is a big difference between OR and
SPR. This is because the number of hops increases for LPR
and length of each link increases for SPR as λ increases.
Therefore, we have to consider another kind of policy dif-
ferent from shortest path and longest path fashions to min-
imize the mean route ETX.

4. Adjustable Routing

We propose another routing strategy which selects a path
including shorter links than a shortest path and less relay
nodes than a longest path. We call this strategy Adjustable
Routing (AR). Consider Fig. 2(c). Define that ds is a pos-
itive constant which is not larger than d. Let zi be the po-
sition of vi. Let `i be the number of nodes in the interval
(zi, zi + ds]. AR connects v0 and v`0 . If `0 = 0, v0 is con-
nected to v1. If vi is selected as a relay node, vi is connected
to vi+`i . If `i = 0, vi is connected to vi+1. In the same man-
ner, a multi-hop path to vn+1 is constructed. This routing
aims to make length of a link shorter than ds and make the
number of hops close to x

ds
. We will explain the way to de-

cide ds to minimize the route ETX in the following section.

4.1. Determination of ds

This subsection proposes a method to determine the
value of ds for AR assuming that u(z) is a convex mono-
tonically increasing function. Consider two nodes vi and
v j. Let y be distance between vi and v j. Then, the ETX of
the direct link between vi and v j is equal to u(y). Suppose
that there is a node vk between vi and v j. Let y1 and y2 be
distance between vi and vk and that between vk and v j, re-
spectively. Then, the ETX of the path consisting of vi, vk

and v j is equal to u(y1)+u(y2). If u(y) ≤ u(y1)+u(y2), direct
connection between vi and v j realizes smaller value of ETX
than two hop connection via vk. u(y) is always smaller than
u(y1)+u(y2) if u(y) ≤ 2u

(

y
2

)

under the assumption that u(z)
is a convex monotonically increasing function. Let ds be
the maximum value of y which satisfies u(y) ≤ 2u

(

y
2

)

. In

AR, we try to connect two nodes directly if u(y) ≤ 2u
(

y
2

)

to prevent a long link with poor ETX. Namely, we connect
two nodes directly if distance between them is less than ds.
Furthermore, to prevent increase of the number of hops, we
try to make length of a link close to ds.

4.2. Result and Discussion

In Fig. 4, the mean route ETX of AR is plotted with
those of SPR, LPR and OR. The mean route ETX of AR

is computed by computer simulation. As a function u(z),
we use the function shown in Fig. 3. Then, we obtain
ds = 16.9 by using the proposed method. To confirm that
determination of ds is properly done, we show the mean
route ETX of AR with other values of ds. For example,
we show the results with ds = 8.9, 12.9, 16.9, 20.9 in the
figure. As shown in Fig. 4, for both λ = 0.05 and λ = 0.5,
the mean route ETX of AR with ds = 16.9 is the smallest
in those of AR with the above parameters. Also, the mean
route ETX of AR with ds = 16.9 is almost the same as that
of OR even in the case of large λ. From these results, we
can confirm that AR with ds determined by the proposed
method works well.

5. Conclusions

We have analyzed the mean route ETXs of four rout-
ing algorithms. We have theoretically computed the mean
route ETXs of Longest Path Routing and Shortest Path
Routing. We compared these numerical results of the the-
oretical computations with the mean route ETX of Opti-
mum Routing, which is computed by computer simulation.
From the comparison, we have showed that, if the density
of nodes is small, the mean route ETX of Longest Path
Routing is smaller than that of Shortest Path Routing and,
if the density is large, the mean route ETX of Shortest Path
Routing is smaller than that of Longest Path Routing. We
have also showed that difference between the mean route
ETX of Optimum Routing and that of Shortest Path Rout-
ing is large if the density of nodes is large. To minimize this
difference, we have proposed a simple routing called Ad-
justable Routing. Adjustable Routing makes the number of
hops smaller than Longest Path Routing and makes length
of each link in a multi-hop path smaller than Shortest Path
Routing. From the computer simulation results of the mean
route ETX of Adjustable Routing, we have showed that Ad-
justable Routing realizes almost the same mean route ETX
as Optimum Routing. As an application, the concept of
AR can be used to select a route in mesh networks where
distance between nodes can be estimated.
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Abstract– Chaotic dynamical equations have been 
introduced as an effective tool to model channel behaviors.  
Various channel statistical features were used to derive the 
model parameters and then to generate realistic 
realizations of the error process.  In this paper, we attempt 
to discuss the influence of the so called variation 
coefficients on the medium and long term behavior of the 
error sequences, making comparison with results obtained 
from the optimization of the logscale diagram.  We show 
that both criteria are suitable to obtain good results, 
considering the performances derived from the error 
sequences at the higher level of ARQ receiving 
procedures and at the output of a soft decoding process.  
 
1. Introduction 

 
Chaotic dynamical equations have been introduced to 

model time series derived from transmission channels, 
considering both the error process for fading channels 
[1][2], and the sampled attenuation process for satellite 
channels in the Ka band: see for instance [3] and 
references quoted therein. The modeling procedure 
optimizes a weighted sum S derived from several Lorenz 
strange attractors as described in [1], which   reads: 

 
                     S=F[f(Σkiui)].                          (1) 

 
The ui variables are the projections of the attractor 
trajectory point vectors on the x coordinate, or a similar 
geometric characteristic.  The ki are suitable weights, and 
index i is ranging from 1 to the number of used attractors, 
normally 3 to 7. F(•) is a probability shaping function, 
matching the distribution of the sample amplitudes 
derived from (1) to the  target  time  series and f(•) is a 
polynomial or exponential function providing the suitable 
output range.   Function F is obtained by means of a 
suitable inversion procedure for the cumulative 
probability function [1].  

Both the weights and the trajectory sampling distances 
are optimized to match the characteristics of the target 
sequence by means of tabu search metaheuristics, or by 
the Nelder and Mead simplex procedure, which is used in 
the present work.  Suitable cost functions have been 
introduced [1-3] to obtain behaviors mimicking the target 
sequence, considering block error probabilities P(m,n) 
(being m the numbers of errors in bit blocks of length n),  
moving autocorrelation and autocovariance functions  
and histograms, mean differences between values 
sampled at various distances, and the so called variation 

coefficients (K(r)). The last, already discussed in [4], 
relate to the variances of the so called multigaps, i.e., the 
sums of r consecutive gap lengths, accounting for the 
renewal or non renewal character of the error process. 
They are perhaps the only truly long term features, to 
which attention is focused.  Good bit error rates and gap 
length probabilities are built in the process via to above 
shaping: on the whole, the approach is somewhat 
complementary with respect to other recent works based 
on error statistics, see for instance [5].   

In this paper, we try to evaluate the relevance of the 
variation coefficients from the point of view of the  
performance of an ARQ (Automatic Repeat reQuest) 
transmission protocol or at the output of a decoding 
process.  This way, the statistical feature controlling the 
generation of error burst is related to its consequences at 
an higher level of observation, and the relevance of using 
it in the optimization procedure is clearly shown. 

Hidden Markov models (HMM), optimized by means 
of the Baum-Welch procedure, or Gilbert’s models are 
introduced for the sake of comparison.  Normally, these 
models supply flat K(r) curves, different from those 
exhibited by burst channels.  Instead, the chaotic models 
described in [1-3] can be easily matched to a target 
sequence and, equally well, optimized to produce 
sequences exhibiting all the same statistics but different 
K(r)s. So, we exploit this capability to enlighten the effect 
of changing only the behavior of the K(r)s, mimicking 
that derived from a HMM in place of the target one. 

We consider two target sequences of error gaps, 
derived by means of physical layer simulations: the first 
is obtained from a Rayleigh 3 paths channel, with a 
maximum Doppler frequency of 120 Hz and a delay 
spread equal to half the symbol rate, typical for urban or 
indoor wireless channels; the bit error rate (BER) is about 
7.2x10-2. The second is a post detection bit error stream 
derived from a soft decision turbo decoder, with a BER of 
about 4.1x10-3. As physical layer simulators are 
computationally heavier than chaotic and HMM models, 
effects, they are usually used for tuning faster simulators 
like the ones discussed in this paper.   

From the target and the modeled gap series we derive 
sequences of accepted or rejected blocks of bits, 
according to a suitable ARQ protocol. Then, we examine 
the correlation properties of the sequences of gaps  
between rejected blocks (i.e., numbers of consecutive 
accepted blocks). Later, we optimize logscale diagrams 
[6] instead of variation coefficients: the agreement 
between the long term behaviors of the sequences 
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obtained with the two approaches is noticeable, and we 
derive some important observations. 

 
2. Results for the Rayleigh channel 
 

The sequence length is about 145,000 gaps and a 
HMM sequence of the same length was provided. 

Good results have been obtained with seven attractors 
for all the chaotic models described in the following, 
looking for good P(m,n)s, K(r)s, moving autocorrelation 
and autocovariance functions, moving histograms and 
average value differences sampled at 20, 100 and 1000 
gap distances.  For the P(m,n)s and the K(r)s we follow 
[1], with block lengths ranging from 10 to 80, and we 
introduced in the cost function a further error term to 
optimize the derivatives dK(r)/dr together with the K(r) 
values. We optimized three chaotic models.  The first is 
matched to all the target features. The others mimic all 
the same features but the variation coefficients: in place 
of the behavior of the target sequence, high and very high 
K(r)s are imposed.  As  K(1) indicates the extent of error 
clustering that the process exhibits compared to total 
randomness, and K(2) - K(1) is proportional to the 
correlation between successive gaps (see [4], paragraph 
V-D), we were looking for very accurate values at least 
for the very fist values of the K(r) curve. So, the values 
obtained for the first curve and for the low K(r) curve 
agree with the target for r < 5 within a few percent.  
Autocorrelation and moving autocovariance functions 
and histograms are evaluated as in [1-3]. 

As the K(r) curve exhibited by the target is relatively 
flat, the Baum-Welch procedure is effective in this case in 
producing a HMM, with 5 good states and 3 bad states, 
leading to good results not only for the other statistics, as 
usual, but for the variation coefficients too: only the very 
first values are somewhat high.  No better performances 
were obtained with larger numbers of states are allowed.  

  We plot in Fig. 1 the results obtained from long runs 
of the models (about 400,000 gaps, i.e.,  about 5 Mbit).  

 
Fig. 1.  Variation coefficients of the target sequence (a Rayleigh 
channel, solid line), three chaotic sequences with matched K(r)s 
(dashed-dotted line), high K(r)s (upper dotted line), and very 
high K(r)s (dashed line), and a HMM (lower dotted line). 

     Due to the flexibility of the optimization procedure of 
the chaotic models, behaviors very similar to the target 
have been saved for all the other features. So, it is 
expected that the differences perceived at the output level 
have to be referred only to the different variation 
coefficient behavior of Fig. 1. 

Now, let we examine the effects on the ARQ 
transmission. For this, considering realistic propagation 
times in transmission, it will be sufficient to consider the 
retransmission rate and the occurrence of rejected blocks 
of bit, and we make reference to a block length of 80 bits. 
For this length, the P(m,80) curves obtained from all the 
five sequences used as inputs were very similar:  
assuming a threshold of m=2 errors per block and 
computing the probabilities of having more than 2 errors  
any block of 80, the agreement was within a few percent.  

In Fig. 2 we observe the behavior of the 
autocorrelation functions of the block rejection processes 
(normalized to 1 at lag 0): the target and the matched 
sequences, as well as the HMM, are not exhibiting long 
term effects, whereas these are well evident in the curves 
obtained from the sequences exhibiting high and very 
high variation coefficient values.  Notice also the 
secondary peaks for large lags  for the high and very high 
K(r) curves. An autocorrelation function a little lower 
than the dotted line in Fig. 2 was obtained from a 
sequence exhibiting the same characteristics of the high 
K(r)s one, except somewhat lower K(r)s at the right hand 
of Fig. 1, starting from about r = 600.  This is clearly 
showing the influence of the behavior of the variation 
coefficients not only on the short term gap correlation, 
but on the long term too.  The 20 blocks lag, in which 
differences are perceived in Fig. 2, spans over 1600 bits, 
i.e., a distance for which the autocorrelation functions for 
the gap and for the bit processes were not revealing 
notable differences. In Fig. 3 we report the probabilities 
of obtaining repeated block rejection. Block 
retransmission is performed following a go-back-N ARQ 
protocols, with lengths N used as abscissas. 

     
0 10 20 30 40 50 60 70 80 90 100

-0.05

0

0.05

0.1

0.15

0.2

0.25

A
ut

oc
or

re
la

tio
n 

f. 
of

 th
e 

di
st

an
ce

s 
be

tw
ee

n 
re

je
ct

ed
 b

lo
ck

s

Block lag  
Fig. 2. The autocorrelation functions of the error block 
rejection process for the five block sequences (no more than 2 
errors accepted in any 80 bit block). Solid line: the target;  
dashed-dotted line and circles: the matched K(r)s and the HMM 
sequences, both showing behaviors similar to the target. Dotted 
and dashed lines: the high and very high K(r)s sequences, both 
showing relatively high long term correlation. 
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Fig. 3.  Percent probabilities of obtaining repeated errors 
exceeding the same threshold used in Fig. 6 (2 error bits in any 
80 bit block) during go-back-N ARQ transmission.  N is the 
abscissa block lag.  Symbols as in Fig. 2 (dotted and dashed-
dotted lines are near coincident). 

 
Only the very high variation coefficient sequence 

shows a behavior very different from the others, being the 
HMM curve the best matched to the target, and 
differences among the curves are small.  Experience 
shows that the behaviors of the curves obtained from 
sequences with high variation coefficients is somewhat 
erratic: sometimes they are similar to the target curve, 
sometime similar to curves obtained from very high K(r)s.  

Similar results have been obtained for a block length 
of 47 bits and only 1 error accepted in any block, with 
sequences derived from long runs of the generators too 
(up to 400,000 gaps).  

 
3. Results for a postdetection error stream derived 

from a soft decoding process 
 

A confirmation of the above results was obtained 
observing the error process at the output of a turbo 
decoder supplied with a soft bit stream generated by a 
physical layer simulator. 

The reference error sequence is 20,454 gap long (about 
5 Mbit), with BER = 4.12x10-3, and a fast rising variation 
coefficient curve is observed.  We repeat the calculation 
pattern of the previous paragraph to compare its statistics 
to those of a chaos sequence with matched variation 
coefficients and to those of a gap sequence obtained from 
a Gilbert model exhibiting a low and flat K(r) curve.  
Again, except for the K(r), all the statistics obtained from 
the models can be considered in good agreement with the 
target, even if a less satisfactory result was obtained for 
the moving histograms of the Gilbert sequence. Again, 
close agreement with the target was observed for the first 
K(r) values obtained from chaos sequences.   

We show the variation coefficients in Fig. 4. The  
P(m,n)s are similar to the target, even if for both models   
not so good as were for the Rayleigh sequences. However, 
the agreement remains satisfactory in the used region, 
where error probabilities are not very low. 

 
Fig. 4. The variation coefficients for the input soft decision 
sequences.  Solid line: target; dashed line: the matched K(r) 
chaotic sequence; dashed-dotted line: the low K(r) Gilbert 
sequence. 
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Fig. 5. An impressive  picture of the time behaviors of the  

soft decoder output sequences (1,000 gap intervals). Top to 
bottom: the target, the matched chaos, a sequence obtained by 
optimization of the logscale diagram, the low K(r) HMM. 

 
For instance, the P(1,80) figures are 0.142 for the 

target, 0.141 for the chaotic model, and 0.098 for the 
Gilbert’s model. A sample of the time behavior of the 
sequences is reported in Fig. 5, where the 1,000 gap 
interval shows impressively the burst character of the 
target and of the matched K(r) sequences, and the more 
uniform character of the Gilbert’s. Neglect for the 
moment the third curve, to be discussed later. 

Using the outputs of the decoder, for simulating again 
an ARQ process, we found, see figures 6 and 7, behaviors 
similar to those observed in figures 2 and 3. Considering 
again the sequence of inter rejection intervals, high values 
of the autocorrelation function are obtained from the 
target and from the matched-K(r) chaotic sequence, but 
not from the Gilbert model, and only the matched chaotic 
sequence lead to ARQ performances similar to the target.  
The block length is again 80 bit, and the error threshold is 
now no more than 1 error accepted for block. These 
results are well confirming the behavior of the K(r) 
curves observed at the post-detection level in [2].  
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Fig. 6. The autocorrelation functions of the error block rejection 
process for the soft bit block sequences when a maximum of 1 
error is accepted in any 80 bit block.  Solid line: the target;  
dashed line: the matched K(r)s sequences, showing behaviors 
similar to the target.  Circles: the Gilbert sequence, showing low 
correlation. 
 

         
Fig. 7. Percent probabilities of obtaining repeated errors 
exceeding the same threshold used in Fig. 6 (1 error bit in any 
80 bit block) during go-back-N ARQ transmission.  N is the 
abscissa block lag.  Symbols as in Fig. 6. 
 
4. Optimization of the logscale diagram and 

comparison of results 
 

The logscale diagram is described in [6], with its 
capabilities in describing long term features of sample 
series, in particular self-similarity and long range 
dependence. We computed or optimized it only to 
evaluate its capability to lead to results similar to those 
obtained from the variation coefficients. The optimization 
is performed by introducing in the cost functions a  term 
carrying the differences between target and tentative 
logscale diagrams, squared and summed up. The results 
for the Rayleigh channel are shown in Fig. 8, and 
confirmed by the third curve in Fig. 5. 

In general, at a very first sight, it seems that optimizing 
logscale diagrams and optimizing variation coefficients is 
not very different: a successful optimization of the 
logscale diagram seems to secure a good variation 
coefficient behavior, and a successful optimization of the 
variation coefficients leads to logscale diagrams looking 
promising. Optimization of both features at the same time 
was possible and perhaps convenient.  

 
Fig. 8. Rayleigh channel: the variation coefficients of the 
sequence with optimized logscale diagram (dashed line) 
compared to the target (solid line) and to the already matched 
ones (dashed-dotted line, as in Fig. 1). 

    
Conclusions 
 

Sequences derived from various chaotic and Markov 
models to simulate the behavior of target sequences but 
exhibiting different variation coefficients lead to different 
behaviors at the output of higher level processes.  The 
influence of the variation coefficients has been clearly 
depicted: when they are well matched to the target, the 
output process is similar to that obtained from the target 
sequence, and when they are not matched, the process is 
different, independently from using chaotic or HMM 
models.  The logscale diagram is suitable to substitute the 
variation coefficient information, leading to similar 
results. In fact, by means of optimizing it, good variation 
coefficient behaviors have been obtained. 
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Abstract—In multi-hop ad hoc networks that use IEEE
802.11, long transient resynchronization states are often
observed numerically when multiple IBSS merge. We pro-
pose a simple modification of the conventional timing syn-
chronization method to reduce such synchronization bottle-
necks. When the proposed modification is applied, a self-
adaptive synchronization ability is observed in simulations,
which makes resynchronization times much shorter and re-
duces energy consumption.

1. Introduction

The ad hoc mode of IEEE 802.11 standard (hereinafter
abbreviated as 802.11) supports the formation of indepen-
dent basic service sets (IBSSs) in the absence of an access
point. Based on the 802.11 media access control (MAC)
protocol [1], large ad hoc networks are now being devel-
oped. In addition, as the nodes (mobile PCs or PDAs) be-
come smaller, more efficient, power-saving control is re-
quired, and the transmission ranges of nodes should be lim-
ited if possible. In such networks, the timing synchroniza-
tion function (TSF) is one of the essential integral com-
ponents, since timing synchronization is required for fre-
quency hopping spread spectrum and synchronous power-
saving control. In this 802.11 TSF, each node transmits a
beacon that carries timing information only when the node
is elected through the contention of neighbouring nodes.

This contention is based on a random process and sup-
posed to provide a fair election of the beacon transmission
node. Most conventional studies on this timing synchro-
nization problem have assumed closed, isolated networks
within a single IBSS [2,3]. In contrast to such static cases,
timing synchronization in dynamic environments is cur-
rently being considered (e.g., for the cases of merging two
IBSSs [4] and of resynchronization in large, multi-hop net-
works [5]). In the present study, we consider multi-hop
networks in such dynamic situations, and propose a sim-
ple modification of the 802.11 TSF. Interestingly, this sim-
ple modification greatly reduces the transient resynchro-
nization time, especially for larger networks with hundreds
of nodes that maintain a relatively small total number of
awake nodes. The reason for the efficiency of the present

Fig. 1 Beacon propagation in the multi-hop networks
(a) Initail state
(b) Beacon collisions during synchronization bottleneck
(c) Initail state for merging two-cell case
(d) Beacon collisions during synchronization bottleneck

method is also investigated by systematic simulation and
analysis, revealing a kind of self-organized adaptive pro-
cess that enables fast resynchronization.

2. Synchronization bottlenecks

We consider the simple, but generic examples shown in
Fig. 1. Systematic simulations of the synchronization pro-
cess were carried out by changing the number of nodes as
well as the transmission range (R) of nodes.

As shown in Fig. 1(a), 143 synchronized nodes (denoted
by •) belonging to the same IBSS are randomly placed in
a 220 m×220 m square, and a node (denoted by ◦) be-
longing to another IBSS with a later TSF timing is then
moved to a certain position. Even though this node is fixed,
its transmission range can temporally become wider. This
has the same effect as the above case of node movement.
Both of the above situations initiate a resynchronization
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process until all of the nodes (144 nodes in this example)
eventually become resynchronized to the later timing (◦).
Since this resynchronization time depends on the transmis-
sion range of the nodes as well as on the position of the
introduced node, we systematically change the transmis-
sion range (R) from 24 m to 360 m (by 4-meter intervals)
and 10,000 trials are carried out for each R with a ran-
domly positioned joining node. To consider the worst-case
scenario of the synchronization process, the power-saving
timing of the introduced node is initially set 180 degrees
out of phase to that of original nodes in these simulations.
Namely, the introduced node is awake when most of (but
not all of) the other nodes are in the power-saving state.
Note that only awake nodes can receive beacons, and a
node remains in its awake state for one beacon period (∼
100 ms: awake/power-saving cycle) directly after the node
has transmitted a beacon by beacon contention (BC). This
is the reason why the resynchronization process becomes
complicated and often requires a long time.

As a limiting case of Fig. 1(a), we also consider the case
of merging two IBSSs (cells), as shown schematically in
Fig. 1(c). This situation arises when two small rooms (in
which any two nodes can directly communicate) are joined
by a short corridor.

In order to clarify the essential mechanism of the bea-
con propagation, the present simulations assume that node
movement can be neglected in the resynchronization pro-
cess. In addition, the following simplifying assumptions
are made: (1) the transmission range is time-constant and
uniform over the nodes, (2) the transmission delay of the
beacons carrying the TSF timing is negligible compared
to a single beacon slot (50 μs in this case), and (3) small
mismatches in clock frequencies are negligible compared
to the time scale of the awake/power-saving cycle (beacon
period), as a first approximation. Later, we consider factors
(2) and (3) to be non-negligible and analyze their effects.

The obtained simulation results are summarized in Fig.
2, in which the averaged resynchronization times are plot-
ted against the transmission ranges (data plotted with × in
Fig. 2(a)). This data set is obtained using a regular ar-
ray of 144 nodes. For other node configurations, including
the totally random case and the randomly disturbed array
case, we have observed a pattern similar to that shown in
Fig. 2(a). For the case in which the range of R is larger
than 140 m, as shown in Fig. 2(a), a synchronization bot-
tleneck emerges. This long resynchronization time can be
explained by a spatio-temporal pattern of beacon propaga-
tions and frequent beacon collisions, as shown in Fig. 1(b)
(for details, see [5]). In other words, this bottleneck comes
from the combination of the multi-hop network structure
and the beacon contention (BC) mechanism in the 802.11
TSF. We analyzed this BC process in detail when the bot-
tleneck emerges and found that the fairness in beacon trans-
mission is lost because nodes near the boundary of the
network can transmit beacons more frequently than other
nodes. This is because the 802.11 TSF adopts a local BC,

Fig. 2 Simulation results
(a) Averaged resynchronization time against transmission
range, for the case of Fig. 1(a)
(b) Number of awake nodes during resynchronization pro-
cess
(c) Number of awake nodes in the static state
(d) Averaged resynchronization time against total number
of nodes (N) in an IBSS, for the case of Fig. 1(c)

which is no longer fair when the local node density is not
uniform over the network.

3. A simple method to reduce synchronization bottle-
neck

Since loss of fair beacon transmission causes synchro-
nization bottleneck, an intuitive method of bottleneck re-
duction is to regulate the beacon transmissions of nodes
near the boundary. In the present simulations, nodes with
larger BT values near the boundary are selected, whereas
other nodes are selected with smaller BT values. This
is because BC becomes less competitive near the bound-
ary. Therefore, we should examine what happens when
each node regulates the beacon transmission for the case
in which the BT is larger than a certain threshold. In order
to examine this idea concretely and ensure that it is logi-
cally consistent with the 802.11 TSF, the following modi-
fications are introduced: (i) For a node selected by BC, the
beacon transmission is cancelled if its BT exceeds a given
threshold. (ii) Such a node maintains its awake state over
one beacon period directly after the cancellation of the bea-
con transmission.

In Fig. 2, we compare three numerical data sets (plot-
ted by +, ∗, and � symbols) obtained using the proposed
method to that obtained using the original 802.11 TSF (×).
These three data sets are obtained by averaging over 10,000
trials when the BT threshold is set to one, two, and three
beacon slots, respectively. It is noted that even in the worst
instances of these three data the synchronization time is
shorter than that of the 802.11 case. In Fig. 2(a) (and
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Fig. 2(d)), the data plotted by the + symbols show a per-
formance that is several times better than the 802.11 TSF
(plotted by the × symbols), except for certain short trans-
mission ranges (R < 60 m). In these simulations, the num-
ber of awake nodes is also analyzed systematically both
for the resynchronization process (Fig. 2(b)) and for the
static states after the resynchronization has been completed
(Fig. 2(c)), where R is set to 240 m. In Fig. 2(b), all three
data sets (+, ∗, and �) have a larger number of awake nodes
(averaging approximately five awake nodes) than that for
the 802.11 (×). However, the total number of awake nodes
required until the resynchronization is complete becomes
smaller in these three cases, because the resynchronization
time is much shorter than in the 802.11 case. In Fig. 2(c),
the number of awake nodes is approximately the same (∼
one node on average) for R larger than 180 m. In addi-
tion, in the proposed method, the total number of beacon
transmissions is always less than that of the 802.11 TSF,
which is a direct consequence of the assumptions (i) and
(ii). Thus, the total energy consumption in the proposed
method is expected to be smaller than that of the 802.11
TSF.

4. Bottleneck reduction mechanism

In this section, we analyze the reduction of the syn-
chronization bottleneck in the proposed method, and the
observed efficiency is explained. In Fig. 3, the num-
ber of remaining, non-resynchronized nodes (• in Fig. 1)
is plotted with respect to time for the four cases (+, ∗,�,
and ×) corresponding to the data shown in Fig. 2. Ini-
tially, there are 143 nodes, and the number of nodes de-
creases monotonically as the synchronization proceeds. In
the 802.11 TSF a long bottleneck always emerges. In con-
trast, in the proposed method, such a bottleneck is reduced
(+, ∗, and � symbols in Fig. 3), where a rapid resynchro-
nization emerges in several dozen nodes simultaneously,
leading to total resynchronization. This rapid resynchro-
nization, which is a characteristic feature of the proposed
method, is a byproduct of modifications (i) and (ii) above.
A brief explanation of this mechanism is as follows. (a)
As the resynchronization proceeds, the density of the non-
resynchronized nodes is gradually lowered. (b) For such a
low node density, BC becomes less competitive and modifi-
cations (i) and (ii) often cause some of the nodes to remain
awake simultaneously. (c) In this case, if some of nodes
within another IBSS (◦) transmit beacons, then they are
received by these non-resynchronized nodes, whereupon
resynchronization is completed in a single beacon cycle.

Thus, the bottleneck reduction in the proposed method
is realized by a kind of self-adaptive, rapid synchronization
process, which is achieved through a simple modification
of the 802.11 TSF. The above observation is also verified
through a modified simulation protocol, as per Reference
[3], including simplification factors (2) and (3) mentioned
above.

Fig. 3 Resynchronization process

5. Conclusions

Based on the understanding of the synchronization
mechanism in multi-hop ad hoc networks, a simple bottle-
neck reduction method is proposed. This method utilizes a
self-adaptive, rapid synchronization process and its energy
consumption is also found to be efficient.
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Abstract—In this paper a new completely distribute ar-
chitecture for collaborative environment is proposed. We
consider the problem of distributinglive streaming me-
dia content without any dedicated infrastructure and the
aim of the platform is to provide a distributed environ-
ment in which every peer will be able to share all the me-
dia required in collaborative sessions i.e., synchronous e-
learning sessions, video-conferences. . . Our P2P approach
allows to scale the required bandwidth with demand (the
amount of interested client) and allow the self optimization
of the overlay tree structure which makes use of the Internet
as a low level infrastructure to provide multimedia service
to end host.
We point out that self-optimizing structure and robustness
to peer transience are pivotal goals in collaborative envi-
ronment in which participants can interact with each other
for a long time and some of them can leave the session un-
expectedly. In the folowing we present a distributed tree
(therefore Peer tree Peer) management protocol that pro-
vide QOS optimization, peer failure recovery and, finally,
we evaluate it by simulation.

1. Introduction

Due to the lack of wide spread support for IP Multi-
cast, the simultaneously distribution of the same multime-
dia content to a potentially large group of client requires a
set of resources that are not commonly available to every-
one.

The target scenario of our real time collaborative envi-
ronment are made by participants that would establish a
multimedia session, for example, from aforeign network
i.e., a network of an organization which is not the one in
which the participant works or studies, and hence, the par-
ticipant often has to use a slow or not very powerful hard-
ware such as an old laptop. In addition, collaborative ses-
sion could be infrequent and irregular and could not justify
the cost of a server that should be sized to serve the maxi-
mum amount of client.

Today overlay networks, i.e. networks that uses Inter-
net as a low level infrastructure, can be an alternative to
IP multicast. A P2P approach avoids single participant re-
source limitation by scaling the request resources with de-
mands: Every multimedia content, produced by a single
Peer, could be delivered to all the other ones through an
overlay tree structure like in many other overlay multicast
structures [1], [2]. The tree structure can bound the re-
source requested to single peer but introduces a great lim-
itation: a single peer failure compromises the service de-

Figure 1: Architecture overview,all the peers establish an
overlay multicasting tree network and serve their own UAs
or, for the Root peer, receive from them the description that
has to be delivered to the others participants

livery to a potentially large peer subset. Using network
path redundancy is a possibility that becomes very attrac-
tive with the introduction of Multiple Description Coding,
[3], a method of encoding an audio and/or video signal into
separate streams, or descriptions, such that any subset of
these descriptions can be received and decoded. The dis-
tortion with respect to the original signal is commensurate
with the number of descriptions received.
The rest of this paper is organized as follows. In section 2
we briefly explain the architecture design. The distributed
management algorithm of every single tree of the structure
is presented in section 3. In section 4 we start to evaluate
the platform performances, finally, in section 5, we sum-
marize the obtained results.

2. Architecture Overview

The entities of P3P architecture are Peer and User Agent
(UA). The UA is the human front-end that transmits and
receives all the multimedia streams; the peer, which is a
member of the multicasting tree, act as a proxy from the
UA point of view, and serves a small amount of UAs deliv-
ering to them the streams received in the multicasting tree,
figure 1. Peer and User Agent are not necessary separated
and could collapse in a single object, but dividing them per-
mits us to abstract the overlay multicast structure from the
specific front-end application and to take advantage of local
IP multicast infrastructure.

The mean of the local scenario, the one in which all the
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UAs are connected to the same peer, is to quickly connect
a small amount of participants without increase the global
structure load: all the UA connected to the same peer com-
municate directly to each other and, if a UA is a stream
source, it will send a copy of the captured streams to the
peer that will propagate them into the multicasting tree.

No dedicated infrastructure means no rendez-vous
server. The target application involves a relatively small
amount of client and we can suppose that participants that
collaborate in a project well know each other, hence, fol-
lowing the bit-torrent example a small.p3pfile is published
over a well known personal web site or could be sent by
mail. The obtained.p3p file contains essentially the ad-
dress of a remote peer of the multicasting tree, that have to
be contacted from the local peer. After that the local peer
will automatically integrate itself in the overlay multicast
structure.

Network path redundancy could be obtained using mul-
tiple description coding techniques and delivering different
description over different trees. Therefore a peer failure
does not compromise all the description required from a
potentially large sub-set of peer.

3. Tree Management

We discuss the problem of constructing and maintain-
ing a single description distribution tree. In P3P the tree
structure grow and try to optimize itself, at first, through
a greedy algorithm and, hence, using a distributed local
search optimization.
We assume that all the nodes participates and contribute
bandwidth resources until the end of the session or until a
failure.

Each peer compares the other one characteristics by us-
ing two evaluation metrics that measure the goodness of a
peer as a parent node or as a child node.
Parent metricis based on the evaluation of peerleveli.e.,the
amount of intermediate nodes between the tree root and the
parent node candidates. A peer is better than another one if
his level is lower than the others. Peers with the same level
are sorted by the measured delay between remote peer and
the one that evaluates the metric.
Child metricis based on the outgoing bandwidth published
by the remote peers. As in theParent metric, peers with
the same outgoing available bandwidth are sorted by the
measured delay.

The algorithm try to reduce the height of tree structure
i.e., it minimizes the amount of intermediate nodes between
the root and the leaves. Shortness would minimize delay,
section 4.1, and the probability of disruption due to peer
failure. Each node selects his own children evaluating the
Child metric: an incoming request will be accepted only
if the metric of the peer that starts theJoin procedureis
greater than the minimum metric calculate over all the cur-
rent children. Each node that searches a parent, sorts the
peers that could become his own parent node by evaluating
Parent metricover all the parent node candidates.
With this strategies nodes with high outgoing bandwidth,

Figure 2: Discovery phase,Q sends the discovery message
to a known Peer, (1), that forwards it to the child nodes and
to the parent node, (2), that forward the message too, (3).

hence, potentially a lot of children, gain a low level and the
tree automatically becomes as bushy as possible.

When a parent receives and accepts aJoin Requestand
the maximum amount of children (fixed by the maximum
outgoing bandwidth) is reached, the worst child has to be
removed. In order to avoid services interruption the child
has not to be rejected until it finds a new parent node that
starts to forward the required services. In section 4.2 we
show the effectiveness of this soft handover strategy.

Each node constructs alocal imageof the overlay net-
work based on the message received from other peer and,
in this image, each remote peer is been identified as chil-
dren, parent or other particular condition due to the previ-
ous communication. All the peer decision are based on the
stored data that include all the remote peer published char-
acteristics. Obviously, mistakes in the local image leads to
unforeseeable effects. Remote peer are classified into the
following states:probeda peer which has replied to a prob-
ing (discovery) message,parent candidatea peer which has
not replied to a join request yet,parenta peer which has
accepted the join request,future parenta peer which has
frozen the join request,old parenta peer that was parent
node but it is not the current parent,bad parenta parent
node that has sent a remove injunction,child a child node,
frozen childa future child node whose request could not to
be accepted until a rejected child node finds a new parent,
rejected childa child node that have to be removed.

3.1. Probing or Discovery phase

When a peerQ can not join remote peer it starts the dis-
covery phase, figure 2. Discovery phase refresh the local
structure image.Q sends adiscovery messageto his own
parent that forwards the message to other peers following
the previously established tree structure and, then, waitsa
timeout expiration.
Discovery phase is also performed whenQ reads the.p3p
file that contains the address of one of the node of the struc-
ture: Q knows only the address of one node, sends it a
discovery message and all the peer which are interested to
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Figure 3: Join phase signaling,R accept the Q request and
freeze the P request until the Join phase with Q is termi-
nated.

becomeQ node parent send back toQ a reply.
The reliability of the communication is not guaranteed but,
if there are no packet loss, all the peers but the ones in the
Q root sub-tree receive the discovery message. All peers
that receive a discovery message forward it but reply toQ
only if the characteristics ofQ are better than the character-
istics of their own worst child. TheDiscovery replyis sent
directly toQ; WhenQ receives it he learns that the sender
is not in his subtree and that, if a join request is sent, it will
be accepted by the reply sender. At the timeout expiration
Q evaluates the best parent candidate from the peers whose
state isprobedby usingParent metric. Discovery reply is
also used to measure the path delay between peers. Dis-
covery phase is also periodically performed when the peers
try to optimize their own position in the tree structure.

3.2. Join phase

WhenQ chose the bestparent candidate, R, it starts the
join procedure and sends a join request toR, figure 3. If a
timeout expires without anyR reply the request is repeated.
WhenR receives the request it evaluates theQ properties
and sends an accept, freeze or reject reply. IfQ child met-
ric is smaller than theRchild node smallest metric the reply
is a reject one else, ifR can serve immediatelyQ, it is an
accept one else it is a freeze reply. WhenQ receives the
R reply, it changes theR state, respectively, toparentand
sends a positive or negativejoin confirmto R, future parent
and waits for a short timeout expiration and then repeats
the join to the same parent candidate orold parentand se-
lects anotherparent candidateand repeat the Join phase. If
there is noparent candidatenodeQ repeats the discovery
phase. If theR reply was an accept replyR waits until a
short timeout expiration hence repeats the positive reply;
when it receives the join confirm, if positive, it allocates
the needed resources and starts to forward the requested
stream toQ which becomes achild node. Resource alloca-
tion have to be atomic operation hence only a new join has

to be completed before a new one can start. After the join
is completedR evaluates the best frozen child and even-
tually performs a new Join phase sending an accept join
reply message. If the reply was a freeze replyR immedi-
ately sends a remove injunction message to his worst child,
S. WhenSfinds another parent node,R immediately notify
to its bestfrozen child, that is not necessarilyQ, an accept
reply.

3.3. Reject phase

If R receives a request fromQ and theQ child metric
is greater than the smallerR child node metrics, hence the
worst R child, S, has to be replaced byQ. R modifies the
Q state tofrozen childand theSone torejected child. Soft
handover policy imposes thatS has to find a new parent
node before theR reallocation resources. HenceR repeats
periodically aremove messageuntil Sreply to him sending
a new parent message.
If Sreceives aremove messagefrom his parent node it mod-
ifies theRstate tobad parentand starts a new join phase or
a new discovery phase.

In order to avoid creation of peer loop sequences the new
join or discovery phase does not start until all the peer of
the S subtree are inhibited to accept join request. In fact
every peer knows only the peers that communicate directly
with it and can not preview which one try to complete a join
with a peer in its sub-tree. In order to avoid deadlock sit-
uation at least one children for each peer should be achild
one and not afrozenor rejectedone.
When S terminates the Join phase sends thenew parent
messageto R that can reallocate the free resources and
complete the Join phase with his best frozen child that is
not necessarilyQ.

3.4. Failure recovery phase

Peer failure leads to a quality degradation of the received
services. In fact all the peer in a particular description sub-
tree whose root is the failed peerQ do not receive the de-
scriptions forwarded byQ. We point out that, where sepa-
rate description paths are allowed, the only effect of a peer
failure is a service degradation and not an out of service.
In order to recover the failure and deliver the requested de-
scriptions to the peer in the subtree analivemessage is pe-
riodically sent by every peer, for exampleQ, to its own par-
ent node,R. WhenR receives thealive message, it replies
with a aliveToomessage. HenceR learns thatQ is alive,
andQ estimates the currentRTT. If R does not receive any
alive message in an interval of time which is significantly
larger than thealivemessage sending period, hence the for-
ward of the particular description toQ is interrupted. Q
also estimates the average packet jitter of the received de-
scriptions. If there are no data packet arrival in an interval
of time which is significantly larger than the estimated jit-
ter analive message is sent. After the thirdalive message
without replyQ starts a new discovery phase and searches
a new parent node; vice versaQ simply waits that some
node between its parent and the root performs the recovery
phase.
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Figure 4: Relative delay penalty

4. Evaluating performances

We evaluate the following figures and traces by simulat-
ing sessions between peers localized in 19 italian university
associated to GARR consortium. In order to estimate the
latency between every different university we used the king
tool, [4], that allow us to calculate a round trip time prob-
ability density function for each couple of selected univer-
sity. Channel correlation is not considered.

4.1. Relative Delay Penalty

In this paragraph we evaluate the effectiveness of our dis-
tributed algorithm. In section 3 we point out that short tree
means little delay penalty and low probability of ancestor
node failure. In figure 4 the path delay, compared to an
ideal situation in which the description source can serve all
the other peers with an overlay star topology network, is de-
picted. We point out that our approach reduce significantly
a potentially large delay penalty: the introduced delay are
of the same order than the optimal ones. Moreover some
peer can experience a lower delay than the optimal one, if
the direct path delay are greater than the sum of the delay
of the established path. Our simulator also calculate a fixed
delay of 0.01 seconds due to the Peer elaboration.

4.2. Failure recovery and Targeted QOS

As explained in P3P different descriptions are delivered
through different and independent multicasting trees. With
this approach a peer failure does not completely compro-
mise the service delivery in its own subtree. Unfortunately
disjoined trees lead to different path delays, but all the de-
scriptions of the same data have to be delivered within the
maximum buffer allowed jitter.
In figure 5, we depict how often a peer receivesn of the
5 delivered descriptions after the peer 1 failure. The effec-
tiveness of the soft-handover strategy is obvious: almost all
Peer receive more than 4 description for all the 30 seconds
after the failure. We point out that recovery algorithm is
already started i.e., the amount of all description data of al-
most all the peers is greater than the peer 1 amount, hence
the perceived quality increases in the following and not de-
picted seconds. Moreover our channel model does not ac-
count channel correlation hence our receiver buffer,that can
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Figure 5: Amount of description of the same frame are
rightly received in the 30 second after peer 1 failure

store 0.3 seconds of data, can be reasonably reduced.

5. Conclusions

In this paper a new, completely distributed overlay mul-
ticast platform is proposed. The aim of our overlay net-
work is delivery real time data to a set of peer and al-
low to a group of participant to join together in single a
session without a dedicated infrastructure and without re-
source wasting. The discovery procedure permit to the par-
ticipant to know each other without a rendez-vous server
i.e., there is the only need of publish or send by mail a
small .p3pthat contains the parameters need to identify of
the data source or one of the peers that are just connected
to the overlay network. The protocol used by peers try to
optimize the tree overlay network and every peer gains a
position into the structure that is a function of the below IP
network characteristics in term of delay between peer and
of the peer available bandwith. Our simulations show that
the structure introduced delay are of the same magnitude of
the optimal delay, hence no tedious effects are introduced.
Moreover a great resilient properties are exploited by intro-
ducing a Multiple Description Coding techniques. If each
description is delivered by an independent tree the effect of
a peer failure is only a temporallyquality of servicereduc-
tion.
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Abstract—Battery powered wireless sensor networks
(WSN) have as main constraint the energy available. The
hardware project have to take as objective the power con-
sumption minimization during idle-sleeping sensor states.
The software power control and the communication stack
implementations have a heavy impact on device power re-
quirement so a carefully design is able to assure longer net-
work lifetime.
In this paper we address the implementation aspects of a
WSN geographical routing algorithm [1] in order to inves-
tigate the real performances obtainable on a commercially
available platform.
Some changes to original design are proposed so as to over-
came the problems introduced by sensor devices hardware
and operating system limits.
A detailed description of protocol realization is reported
and energy measures are made on the devices to character-
ize the power requirement of the algorithm.

1. Introduction

The applications number involving sensor network are
increasing day by day. A lot of new generation commercial
devices integrate high data rate radio, and assure com-
patibility with the new standard 802.15.4. The radio chip
installed is often very powerful and more complex than a
simple transceiver (see Telos[2] or MicaZ [3] devices) but
it does not permit a completely free user defined packet
structure. This limit resizes the research field to the high
level of communication stack, making difficult to test
particular MAC algorithms. Furthermore they operate on
2.4Ghz with possible interference to all the other devices
using this band.
On this work EYES sensor devices made from Infineon
Technologies have been selected as implementation plat-
form. The main advantage of this devices is represented
by the radio transceiver T DA5250 operating on 868Mhz
ISM band and produced by Infineon Technologies. The
absence of a integrated radio packet control permits the
high flexibility to decide each bit sent to the medium,
with a little extra overhead for the microcontroller because
every byte received has to be immediately processed.
The wireless sensor use the microcontroller
MS P430F1161 produced by Texas Instruments (also

employed on another new sensors project [2])that have the
interesting capability to switch between five Low Power
Mode (LPM) reaching a minimum consumption of about
0.2µA. Some other components presents on the board are
dedicated to interface the sensors and to support the USB
communication chip.
These qualities combined with the high radio suppleness
make the above platform as an ideal choice for the objec-
tive put before. More information about the sensor node
can be founded on [4].

2. Protocol Description

The multi-hop MAC-Routing protocol implemented
uses geographical position and residual energy information
to forward the packets to a sink. Radio chips with inte-
grated location engine like CC2431 [5] starts to be avail-
able on the market. This new emerging integrated hardware
localization solution can overcome the biggest drawback of
GeRaF algorithms exploiting all they potentiality.
The main goal of this protocol is the energy consumption
minimization; in order to reach this target all the sensors
use an aggressive power off strategy with a fixed duty cy-
cle. No synchronization is needed between sensors. The
protocol can select hop by hop the best relay in order to
reach the network sink.
When a sensor A decides to send a data packet, it switches
to ON state and it begins to sense the radio channel for
a time TS ense. This operation is done sampling the RS S I
(Received Signal Strength Index) supplied from radio hard-
ware and continually comparing it with a dynamically es-
timated noise threshold. A µpacket sent from awake sen-
sors during two reserved time windows permit to reduce the
sense time and partially avoid hidden terminal problems.
When TS ense time is elapsed without radio channel activ-
ity sensing, the sensor sends a Probe packet to recognize
the presence of other awake and idle sensors. The time af-
ter the Probe packet transmission is implicitly divided on
NS lot time slots decided from Probe sender.
Each sensor that receives a Probe and decides to partic-
ipate to the contention, select a slot number and goes to
sleep until its slot starts. The candidate relay sensors wake
up during the selected slot and send their Alive packets. It is
possible that more than one sensor selects the same slot; on
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this case no energy is wasted to resolve the collision, the
relay selection procedure uses only the correctly received
Alive packets. At the end of slots a S electRelay commu-
nicate to all neighbors node what is the relay decided from
Probe sender.
The selected relay remains awake and all the other sensors
return to sleep state to save energy as much as possible. Im-
mediately after, the Data packet is sent directly to the re-
lay sensor, then Data sender switches to the listening state.
The selected relay, after the complete reception of Data
packet, sends immediately the Probe packet necessary to
next hop. This Probe act also as acknowledge for the just
terminated hop data transfer.

A back-off mechanism is provided to resolve busy chan-
nel sense or transmission errors.

The routing is done using residual energy and a distance
index Di is estimated on possible Relay nodes regarding
the destination position. Those information are sent on the
Alive packets and processed by Probe sender in order to
take the best possible decision, immediately after the last
slot termination the sensor Probe sender calculate for each
correctly received Alive a convenience index as linear com-
bination (with equal weight) of an energy index Ei(based
on node residual energy), and the hop distance index Di,
so it take a decision selecting the relay with minor overall
index. Further details about protocol functionalities can be
found on [1].

3. Protocol Implementation and Optimization

The code written to implement the algorithm and the
main application uses as operating system (OS) a porting
of TinyOS [6] for the used eyesIFX hardware platform.
This OS integrates on a C language based environment a
derived nesC programming language that is able to support
a modular composition of the applications with a minimal
calculation resource requirement.

The few bit µpacket used as collision avoidance mecha-
nism on original protocol design [1] is implemented on a
different manner using low level radio functionality. The
radio transceiver is put on FSK T x working state for a
fixed time, instead of wasting time and energy sending a
little packet without information.
Two modules RS S IVccC and RS S IS eqS ampleCMC are
used to implement the Channel sensing functionality and
to prevent collision when the radio channel is busy from
other transmitters.
The MSP430F1611 energy control is delegated to the
HPLPowerManagementM that dynamically controls the
lowest possible low power mode (LPM) from the five
available. Instead the radio chip power off is directly
controlled by MAC state machine.
The routing decision mechanism uses the modules
GeoAddrRepositoryC and EnergyCounterC to store
and retrieve data about sensor positions and energy con-
sumption. The sensors hardware does not permit a direct

measure of current drained from battery and it’s also not
possible, to estimate residual energy simply measuring the
battery voltage as with a capacitor.
On [7] a technique to balance energy consumption based
on battery recovery effect is studied at simulation level
but it assume complex battery models as estimation
mechanism and is not so easy to implement. It is necessary
to report that many factors interferes on battery capacity:
temperature, peak current requirement, self discharge; this
means that a detailed implementation need to consider
all this parameters with a raised computation time. The
proposed and implemented solution uses a simple battery
life counter with the only target to introduce a fairness on
energy consumed from the network sensors. Every time a
node starts a transmission or tries to participate to a relay
contention this counter is decremented by a fixed value
equal to the ’weight’ of the operation. The 8 MSB of this
counter are used as the energy index on Alive packets.
The slot timing is carefully designed to overcome radio
transceiver switch-on delay. The sensors wake up is
anticipated (when possible) by a fixed time in order to have
the radio ready to transmit as soon as the slot starts further
reducing slots duration.

All the positions information collected from a sensor
node are stored on a last recently used table (LRU)
implemented on module GeoAddrRepositoryC.
In order to distribute complex distance calculus necessary
to maximize the hop length, all the distance computation
are devolved to the possible relay sensors. The sender
sensor has only to compare the difference from its distance
to destination value and the possible relay distance, to
the maximum radio range. With this optimization during
a contention only a square root is computed on each
sensor (Repetitive complex mathematical calculus such
square root can introduce significative delay because the
main clock is less than few Mhz [8]). The square root
algorithm implemented is an optimized version for fixed
point arithmetic, in order to further reduce computation
load.
Due to the impossibility to fix maximum radio range [1],
the algorithm implemented obtains the 8 bit position index
using as reference the maximum distance covered on a
single hop by a packet sent from the current node. On
this point the implementation differs from the original
algorithm where the radio range is assumed known.

4. Sensor Power consumption measurement

In order to better tune the EnergyCounterC module and
understand where are possible optimization points, a set of
power measures are made on a sensor running the described
MAC-Routing protocol.

A constant voltage 3V power supply with an operational
amplifier current to voltage converter is used to sense the
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Figure 1: I/V converter scheme used to record sensor cur-
rent absorbtion changes
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Figure 2: Power transition during a packet relay

sensor current absorption (see figure 1).
A 1Ω 1% current sense resistor is selected to maintain

voltage drop very low and limit measure error. A LeCroy
9400 oscilloscope with 10000 samples recording capability
is used with a PC to acquire the current values. The sensor
under test uses a data rate of 19200 bps, the NS lot param-
eter is fixed to 5 and time slot length is selected as 150%
of Alive packet duration in order to overcome possible syn-
chronization delay. The TDA5250 radio chip is configured
to use the maximum Tx Power and the high LNA (Low
Noise Amplifier) sensibility. The figure 2 shoes the current
curve shape during a packet relay transition recorded from
instruments.

At the begin the sensor node is idle and listening the ra-
dio channel with a power consumption of about 35mW. At
time −0.05 the sensor starts to receive a Probe packet, it
is not the sink but it decides to send its Alive packet dur-
ing the second time slot. The node is so switched to the

low power mode available waiting the selected slot. Dur-
ing sleep mode the power consumed is about 4mW.
When the second slot starts the sensor returns to its full
working state and the power rises quickly to 37mW. Af-
ter 10ms the radio state is stable and the Alive transmission
can begin requiring about 45.5mW.
When the slots end the sensor returns awake and it re-
ceives firstly the S electRelay and immediately after the
Data packet. The peak at about 0.18s is the Probe packet
sent to prepare next hop handshake. Now the sensor re-
mains awake to receive Alive packets.
Unfortunately no packets are received and a null
S electRelay is sent to end the communication. Finally
the sensor goes to a back-off state and schedules a later
re-transmission. It’s interesting to note the negative peak
present every time the radio switches from RX to T X state,
probably due to the radio chipset used.

The results of these measures shown that when the sen-
sor decides to participate to a communication, the energy
consumed (for the slot sleep mechanism) is less than the
one used on idle state listening on radio channel. This
suggests that, in order to estimate power consumption, the
major effect is due to the packet transmission. The packet
sending and back-off mechanism is independent from peri-
odic sleep and can heavily influence sensors energy status
creating a nonhomogeneous battery residual power distri-
bution on the whole network. The above considerations
indicate that the use of a simple transmissions counter can
be an interesting first rate approximation of the energy con-
sumed.

5. Network Measurement

To test extensively the presented protocol an area of
10m × 20m is prepared with 45 sensors placed on a rectan-
gular grid of 5×9 points. The S ink is placed on the middle
of the shortest grid side.

A PC connected via an US B cable to the S ink collects
the packets and through an ad-hoc written Java application
[9] it displays and records routing and energy information.
To better identify operating network conditions a traffic pa-
rameter is defined as:

T =
NTOT

λ · NS INK · S DC

NTOT is the network sensors number on the coverage
area. Packets are generated with an uniform distribution
characterized by the parameter λ as mean inter-packet gen-
eration time. NS INK is the number of sinks present on the
network. S DC (Sink drain capability) is an index defined as
below:

S DC =
1

TDAT A
· αC

TDAT A is the time necessary to receive correctly a packet
assuming that no transmission errors happen. αC is a cor-
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Figure 3: Packets Latency

rection factor that reduces S DC when more than one sink is
present on the network.

As whole network configuration a traffic T = 0.9 is se-
lected. This selection puts the network on a very high
stress condition (maximum allowable traffic is 1). The
Duty cycle parameter is fixed to 0.25 with a Ton = 5s
and To f f = 15s. All the back-off times are randomly
generated on sensors with an uniform distribution between
300ms and 5s. A maximum number of tentative is set to
15. When this limit is reached the sensor reset itself and it
returns to the IDLE state. During the measure all the sen-
sors generate a new packet only if the MAC is on the IDLE
state, otherwise the packet is simply not sent. The figure 3
shows the cumulative probability of packets latency. The
latency time is breaded into two parts: the first includes
only the first hop, and the second is the mean of the other
hops. It is interesting to observe that the minimum delay
observed during measures is around 0.5 during first hop
and 0.2 on other hops. This difference is due to a protocol
optimization that uses the channel sense only during first
packet transmission or after a back-off. The results are very
good with a high probability to have latency times near to
the minimum, also with this high traffic conditions. At the
end of measure analyzing data recorded it is important to
report, that only a negligible number of packets are dropped
on the network (< 0.2%) on this critical condition. How-
ever this result can be improved increasing the maximum
back-off tentative number.

The figure 4 shows the number of re transmission break-
ing the results between retransmission for busy channel
and retransmission for no Alive reply. On this case the re-
transmission for no Alive replays are limited on most cases
to one, and the main factor is the high traffic that impose an
higher re transmission rate for channel busy sense.
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6. Conclusion and Future works

An implementation of [1] is presented.
A simple and efficient energy estimation module are pro-
jected in order to maintain network energy consumption
fairness. A distributed computation scheme are realized to
reduce single sensor distance square root calculus. Some
important optimization are reported in order to reduce pro-
tocol energy requirement
Some measure are made on single sensor to characterize
protocol power requirement and also some test on whole
network are reported.
Future works are needed to study an improved algorithm
to select different slots number on different network traffic
conditions, and the realization of a wider measure on mean
whole network energy consumption. More work is also
necessary in order to investigate the sensor power require-
ment during sleep state, and the selection of some solutions
to further reduce it.
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Abstract—Neurons produce repetitive firing pat-
terns by an external stimulus. By the difference of
the onsets of the firing, neurons are classified into two
types, class I and class II. We compare forced synchro-
nization in class I and class II neurons with electrical
(gap junction) and chemical synapses. We obtain that
the class II neurons have wider parameter regions of
in-phase forced synchronization than the class I neu-
rons have.

1. Introduction

Neurons produce repetitive firing patterns by an ex-
ternal stimulus. Many researchers verify that oscilla-
tion dynamics of neural activity and its synchroniza-
tion play an important role in the models of informa-
tion processing in the brain. The oscillation mecha-
nisms of neuron models are classified into two by their
bifurcations: class I and class II[1], [2]. The oscilla-
tion of former is associated with the saddle-node bi-
furcation which shows zero frequency at the bifurca-
tion point . On the other hand, the latter is related
to the Andronov-Hopf bifurcation exhibiting a finite
frequency at the bifurcation point.

We have considered forced synchronization in elec-
trically coupled two Morris-Lecar(ML) neurons with
both class I and class II excitabilities. Izhikevich and
Ermentrout showed that class II neurons are easy to
achieve synchronization [3], [4]. However, by the de-
tailed bifurcation analysis, Tsuji et al. indicated that
class I neurons also have various synchronized state
and a lot of their bifurcations[5]. However, these re-
sults are only for mutual synchronization, and the re-
sults of forced synchronization are not reported as far
as we know.

We have studied the differences of forced synchro-
nization between class I and class II neurons with gap
junction connection. We have showed that class II
neurons have wider parameter regions of forced syn-
chronization than those of class I neurons [6]. The
bifurcation structure for class II neurons are compli-

cated; there are period-doubling(subcritical) bifurca-
tions.

Currently, many researchers propose that the in-
hibitory neurons play an important role in the syn-
chronous firing, and verify that inhibitory neurons
have both gap junctions and chemical synapses in the
neocortex[7]-[9].

In this paper, we consider the two ML neurons cou-
pled by both synapses and compare forced synchro-
nization between class I and class II neurons. We find
that the class II neurons have wider parameter regions
of in-phase synchronization than the class I neurons
have.

2. System Equation

We analysis the coupled two ML neurons with chem-
ical and electrical synapses described as follows:

CM

dVi

dt
= −gl(Vi − Vl)− gCaM∞i(Vi − VCa)

−gkNi(Vi − V k) + Iext

+ggap(Vi+1 − Vi)

+gsynsi(Vsyn − Vi) (1)

dNi

dt
=

N∞i −Ni

τNi

(2)

dsi

dt
=

s∞i − si

τsi

(3)

M∞i = 0.5[1 + tanh{(Vi − Va)/Vb)}] (4)

N∞i = 0.5[1 + tanh{(Vi − Vc)/Vd)}] (5)

τNi
= 1/[φ cosh{(Vi − Vc)/2Vd)}] (6)

s∞i = 0.5[1 + tanh{(Vi+1 − Vth)/Vslope)}](7)

(i = 1, 2, V3 ≡ V1)

where V is the membrane potential of the neuron, N
is the activation variable for K+ . τN , M∞ and N∞
are functions of V . si is the synaptic channel, and
s∞ is synaptic channels at steady state[10]. Iext = I +
Im sin(ωt), ggap and gsyn are the maximal conductance
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of the electrical and the chemical synapses current,
respectively. The ML model can be changed between
class I and class II excitabilities by the value of the
parameter Vc. The critical point is about Vc = 4.6[11].
In this paper, we choose Vc = 12 and Vc = 2 for the
class I and the class II neurons, respectively. We fix
the DC current I as 50 and 55 for the class I and the
class II neurons, respectively, to obtain an equivalent
oscillation frequency in the single neuron. The other
parameter values are fixed as follows:

Table 1: The values of parameter in Eq. (1)-(7).
gCa = 4.0[mS/cm2]
gK = 8[mS/cm2]
gL = 2[mS/cm2]
VCa = 120[mV]
VL = −60[mV]
VK = −80[mV]
Va = −1.2[mV]
Vb = 18[mV]
Vd = 17.4[mV]
Vslope = 1[mV]
Vth = 0[mV]
τs = 1[msec]
Cm = 20[µF/cm2]
φ = 1/15[sec−1]

We fix the values of ggap and gsyn as 0.01 and 1.0, re-
spectively, to obtain anti-phase synchronization when
Im = 0. The aim of this study is to investigate the
phase transition from anti-phase to in-phase as the
amplitude Im of common external forces is increased.
The reversal potential of the synaptic coupling con-
ductance Vsyn = −84, and the resting potential (RP)
of the ML system is about -65. Because Vsyn smaller
than RP, that neuron model is inhibitory.

3. Result

We analyze the class I and class II neurons, as-
suming that the amplitude of the external force Im

is 0 ≤ Im ≤ 20, and the angular frequency ω is
0 ≤ ω ≤ 0.23. Time scale is changed to ωt for fix-
ing the period of the external force as 2π. Bifurcation
sets in the two parameter plane (ω, Im) are used.

Figures 1(a) and 1(b) are bifurcation diagrams for
the class I and class II neurons, respectively, ob-
tained by the brute-force method and Kawakami’s
method[12]. In these figures horizontal and vertical
axes indicate the angular frequency (ω) and the ampli-
tude (Im) of the external alternative current, respec-
tively. In these figures, the solid curves indicate the
saddle-node bifurcations, thick dashed ones express
the period-doubling bifurcations, and tiny dashed ones

symbolize the pitchfork bifurcations. The blue and
green shaded areas illustrate the region of in-phase and
non-in-phase synchronous firing, respectively. The red
and white ones indicate the region of in-phase and anti-
phase quasi-periodic solutions, respectively. In Figs.
1(a) and 1(b), a natural frequency is 0.054 and 0.057
for the class I and class II neurons. The blue curves in-
dicate bifurcations of sub-harmonic oscillation of order
two which is an anti-phase solutions. In Fig. 1(b), we
observe that the period-doubling and pitchfork bifur-
cations occur for the fundamental oscillation. More-
over, Figs. 1(a) and 1(b) show that the class II neurons
have wider in-phase synchronous regions than class I .

Figure 2(a) and 2(b) are bifurcation diagrams for
both classes neurons with only electrical synapses.
The white shaded areas indicate the region of quasi-
periodic solutions. In Figs. 2(a) and 2(b), a natural
frequency is 0.077 and 0.079 for the class I and class
II neurons. The blue curves indicate bifurcations of
sub-harmonic oscillation of order two which is an anti-
phase solution. Comparing Figs. 1(b) and 2(b), the
bifurcation structure of fundamental oscillation is sim-
ilar. However, the case of chemical synapse coupling
is more complicated than the electrical one’s.

Figure 3(a) and 3(b) are one-parameter bifurcation
diagrams, when we fix Im = 15 and move ω along the
arrow l in Figs. 1(a) and 1(b) between 0.01 and 0.11.
The green and red points are the Poincaré mapping for
the membrane potential of neuron 1 and neuron 2, re-
spectively. We find that the class II neurons have wider
parameter regions of forced synchronization than the
class I neurons, because the class II neurons have more
periodic points than the class I neurons have. There-
fore, the class II neurons easily achieve forced synchro-
nization compared with the class I neurons.

Figure 4(a) and 4(b) are waveforms of membrane
potentials V1 and V2 at the points(a) in Figs. 3(a)
and 3(b) , respectively. Then, we fix Im = 15 and
ω = 0.105. In Figs. 4(a) and 4(b), the green and red
curves show the membrane potentials of the neuron 1
and neuron 2, respectively. These figures shows that
the neuron 1 and neuron 2 synchronize in anti-phase
for both class I and class II neurons.

4. Conclusion

we study the bifurcation structure of the class I
and class II neurons with gap junction and chemical
synapses. We compare them, and find that only class
II neurons have period-doubling and pitchfork bifur-
cations. And, we find that the class II neurons have
wider parameter regions of in-phase forced synchro-
nization than the class I neurons have.
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Abstract 
We developed a subthreshold CMOS circuit whose 
dynamical behavior, e.g., oscillatory or stationary 
behaviors, changes at a given threshold temperature with 
the aim of the development of low-power and compact 
temperature switch devices on monolithic ICs. The 
threshold temperature is set to a desired value by 
adjusting an external bias voltage. The circuit consists of 
two pMOS differential pairs, capacitors, a current 
reference circuit with low-temperature dependence, and 
two off-chip resistors. 
 
1. Introduction 

Temperature control is fundamental in various 
electronic systems. There are several passive and active 
sensors for measuring system temperature, including 
thermocouples, resistive temperature sensors, thermistors, 
and silicon temperature sensors [1]. Among present 
temperature sensors, a thermistor that has positive 
temperature coefficients (PTC) is widely used because it 
exhibits a sharp increase of its resistance at a specific 
temperature. It is suitable for implementation in 
temperature control systems that make decisions, such as 
over-temperature shutdown, turn-on/off cooling fan, 
temperature compensation, or general-purpose 
temperature monitor. 

Temperature characteristics of PTC thermistors made 
from ceramics, such as sintered metal oxides, are based 
on its material characteristics and its relative proportions 
[1], [2]. Electrical resistivities of PTCs are shifted by a 
phenomenon called leaching, which occurs during the 
soldering process. In addition to the resistance shift, 
leaching causes degradation of the solder-electrode and 
electrode-semiconductor bond, which may result in 
thermistors having greatly reduced stability and 
reliability. Therefore, it is difficult to build a PTC 
thermistor on monolithic ICs, which prevents us from 
developing on-chip temperature control systems. 

We developed an analog circuit that has a sharp 
transition characteristic similar to that of PTC thermistors. 
Key features of the circuit include low-power 
subthreshold operation of MOSFETs, extended range of 
threshold temperature, and small packages. 
 

 
Fig. 1: Critical temperature sensor operation 
model 
 
2. The Model 

Temperature increase causes a regular and 
reproducible increase in the frequency of pacemaker 
potential in most Aplysia and Helix excitable neurons [3]. 
The Br-type neuron, located in the right parietal ganglion 
of Helix pomatia, only shows its characteristic bursting 
activity between 12 and 30 . Outside this range, the 
burst pattern disappears and the action potentials become 
regular. In other words, excitable neurons can be used as 
a sensor to determine the temperature range in a natural 
environment. 

C°

There are many excitable neuron models, but only a 
few of them were previously implemented on CMOS 
LSIs, e.g., silicon neurons that emulate cortical 
pyramidal neurons [4], FitzHugh-Nagumo neurons with 
negative resistive circuits [5], artificial neuron circuits 
based on by-products of conventional digital circuits 
[6]-[8], and ultralow-power subthreshold neuron circuits 
[9]. We developed a model based on the Wilson-Cowan 
system [10] because of ease of theoretical analysis and 
subthreshold CMOS implementation. 

Figure 1 shows the temperature sensor operation 
model. The temperature sensor consists of a nonlinear 
oscillator that changes its state e.g.., oscillatory or 
stationary states when it receives an external perturbation 
(temperature). 

The dynamics of the temperature sensor can be 
expressed as: 
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where τ is the time constant,  is a constant 
proportional to temperature and 

A
θ  is a variable. The 

second term of the r.h.s. of Eq. (1) is the sigmoid 
function, a mathematical function that produces an 
S-shaped (sigmoid) curve. 

To analyze the system operation, we must calculate 
the nullclines, which are curves in the phase space where 

 and v  are zero. Nullclines divide the phase space 
into four regions, and in each region, the vector field 
follows a specific direction. On the u  nullcline, the 
direction of the vector is vertical, while on the  
nullcline, it is horizontal. Figure 2 shows u  and  
nullclines and the vector field in each region. 

u& &

v
v

The trajectory also depends on τ , which modifies 
the velocity field of . In eq. (1), if u τ  is large, the 
value of  decreases, and for small u τ ,  increases. 
Figures 3-a and b show trajectories when 

u
τ =1 and 

τ <<1. The trajectory of  is much faster than that of 
, so only close to the u  nullcline direction of 

movement other then horizontal is possible. 

u
v

To explain the operation of the system, let us 
suppose that θ  is set at certain value, where the critical 
temperature ( ) is . The critical temperature 
represents the threshold temperature we want to measure. 

cT C°27
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Fig. 4: u and v nullclines when a) system is stable and b) 
system is oscillatory 

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  0.2  0.4  0.6  0.8  1

Fig. 5: u and v local minimum and maximum 
 
When θ  changes, the  nullcline changes its position 
in the phase space to a point where the system will be 
stable as long as the temperature is higher than  
because the system is unstable only when fixed point 
exists in a negative resistive region of the  nullcline. 
The fixed point represents the intersection point of the 

 and v  nullclines. At this point, the trajectory stops 
because the vector field is zero. On the other hand, when 
the temperature is below , the nullcline and the fixed 
point change. The trajectory does not pass through the 
point, and the system starts oscillating. Figures 4-a and b 
show the trajectories when the system is stable and 
oscillatory. 

v

cT

u

u

cT

The local minimum ( ) and local maximum 

( ) where the nullclines intersect are given by: 
−− vu ,

++ vu ,

2
411 Au −±

=±  
(3)

and  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+=

±
±± 11ln

u
Auv  (4)

 
Figure 5 shows the local minimum and maximum 
represented in the phase space. 

Combining the local minimum and maximum with 
Eq. (2), we determine a relationship between θ  and 
temperature, given by: 
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Fig. 6: Critical temperature sensor circuit 
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Fig. 7: Numerical simulation of nullclines and 
trajectory 
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3. The circuit 

Figure 6 shows our critical temperature sensor circuit, 
which consists of two pMOS differential pairs (M1-M2 
and M3-M4), two capacitors (C1 and C2), a current 
reference circuit ( ) [11], and two off-chip metal-film 
resistors (g) with low-temperature dependence. 

bI

Differential pairs subthreshold currents  and  are 
given by: 

1I 2I

TT

T

vvvu

vu

b ee
eII //

/

1 κκ

κ

+
=  

(6)

and  

TT

T

vvu

vu

b ee
eII //

/

2 κθκ

κ

+
= , (7)

 
therefore, circuit dynamics can be determined by 
applying Kirchhoff’s Current Law to both differential 
pairs, which is represented as follows: 
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Fig. 8: Relation between ±θ  and Tc
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b

ee
eIguuc //

/
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κ

+
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(8)

and  

TT

T

vvu

vu
b

ee
eIgvvc //

/

2 κθκ

κ

+
+−=& , (9)

 
where κ  is subthreshold slope,  is thermal voltage 

( = KT/q), K is Boltzmann’s constant, T is temperature, 

q is elementary charge,  and are the capacitance, 
they represent the time constants, and 

Tv

Tv

1c 2c
θ  is bias voltage. 

The circuit changes its dynamical behavior between 
stable and oscillatory at a given critical temperature, 
which is set by adjusting the bias voltage θ . 

Numerical simulations were conducted by setting 
 and  at 0.1 and 10 pF, respectively, g at 1 nS, and 

reference current  at 1 nA. Figure 7 shows the 

nullclines and trajectory of the circuit with 

1c 2c

bI
θ  set at 0.5 

V and T at ; the system is in an oscillatory state. C°27
Setting  and changing cT θ  until the system 

changes. its. state,. we. established. a. numerical relation 
between  and cT θ : −θ  for  and  local 

minimums and 

u v

+θ  for  and  local maximums. 

Figure 8 shows the relation between 

u v

±θ  and Tc. When 

−θ  is used to set Tc, the system is stable at temperatures 

higher than ; while when cT +θ  is used, the system is 
stable when the temperature is lower than  and 
oscillatory when it is higher than . 

cT

cT
Figure 9 shows the numerical nullclines and 

trajectory using −θ , T is higher than ; and Fig. 10 

shows the numerical nullclines and trajectory using 
cT

+θ , 
T is lower than . cT

We used SPICE simulation to determine circuit 
operation. We simulated circuit nullclines and changed  
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Fig. 9: Numerical nullclines and trajectory by setting 
Tc using −θ  
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Fig. 10: Numerical nullclines and trajectory by setting 
Tc using +θ  
 
θ  to determine circuit operation in stable and 
oscillatory states. For the θ  vs.  relationship, we 
found a mismatch between the numerical and circuit 
simulations. This difference might be due to all 
parameters that we included in the SPICE simulation but 
omitted in the numerical and theoretical equations. Many 
of these parameters might have temperature dependence; 
therefore, their value changes with temperature, and as a 
result of this change, the T

cT

c characteristic changes. 
 
4. Summary 

We developed a subthreshold CMOS circuit whose 
dynamical behavior, e.g., oscillatory or stationary 
behaviors, changes at a given threshold temperature. 
Threshold temperature was set to a desired value by 
adjusting bias voltage. The circuit’s operation was 
investigated through theoretical analysis and extensive 
numerical simulations. 
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Abstract—This paper addresses a discrete-time con-
sensus scheme for dynamically changing multi-agent sys-
tems with nonlinear performance functions. The informa-
tion flows among agents are represented as a time-varying
weighted digraph. We analyze the global stability of the
system by algebraic graph theory and the mean value theo-
rem. This method allows us to deduce the conditions on the
edge weights and on the graph topologies which guarantee
a consensus in the group of agents.

1. Introduction

Recently, there has been much attention to cooperative
control for multi-agent systems. This is due to a vast range
of applications such as a vehicle formation of unmanned air
vehicles (UAVs), swarming and flocking behavior of mo-
bile robots, and sensor networks [1]. In cooperative con-
trol for multi-agent systems, each agent is required to act
in concert with each other, and to make decisions indepen-
dently at the same time. Moreover, the group of agents is
expected to achieve a team objective even in dynamic and
unpredictable environments.

Therefore, designing a proper control law has become a
central issue for cooperative control. Renet al. study the in-
formation consensus problem under unreliable information
exchanges with dynamically changing interaction topolo-
gies [2]. They discuss linear discrete-time and continuous-
time consensus schemes by algebraic graph theory. In [3],
weighted gradient methods for resource allocation is con-
sidered. This focuses on a distributed resource allocation
problem with a time-invariant undirected graph.

In this paper, we present the design framework for co-
operative control systems which achieves an agreement
among a group of agents in a distributed fashion. We con-
sider a nonlinear and discrete-time consensus algorithm for
dynamic multi-agent systems whose information flows are
modeled as a time-varying weighted digraph. Our purpose
here is to equalize the performance of agents by imposing
conditions on edge weights of the interaction graph and on
the graph topologies.

This paper is organized as follows. We begin by re-
viewing mathematical properties of the graph theory and
the matrix theory in Section 2. In Section 3, we consider
a consensus protocol for a decentralized coordination. A
stability analysis for the proposed protocol is discussed in
Section 4. In Section 5, we provide simulation experiments

to demonstrate the validity of our theoretical results. Fi-
nally, we state concluding remarks in Section 6.

2. Preliminaries

One approach to a consensus problem for multi-agent
systems is the algebraic graph theory which observes graph
properties based on linear algebra and its applications.
In this section, we summarize mathematical preliminaries
from the graph theory and the matrix theory [2], [4], [5],
[6].

2.1. Graph

The interaction topology amongn agents is modeled as
a weighted digraphG(V,E) with a node setV = {vi | i ∈ I }
and an edge setE ⊆ V × V, where I = {1,2, . . . , n}.
Each nodevi represents agenti and each directed edge
(vi , v j) ∈ E is interpreted as an unidirectional communica-
tion from agenti to agentj. A directed tree is the directed
graph whose nodes except the root have exactly one parent.
A spanning tree of a digraph is the directed tree formed by
graph edges that connect all the nodes of the graph. A di-
rected graph has a spanning tree if it contains a spanning
tree as a subgraph.

Let Gi(V,Ei) (i = 1,2, . . . ,M) be the finite possible in-
teraction graphs with a common node setV. The union of
graphsG =

∪M
i=1 Gi is the digraph with the common node

setV and the union of the edge set
∪M

i=1 Ei .

2.2. SIA Matrix

Let Mn(R) be a set of alln × n real matrices. A ma-
trix P = [pi j ] ∈ Mn(R) is called nonnegative, denoted by
P ≥ 0, if pi j ≥ 0 for ∀i, j ∈ I . A (row) stochastic ma-
trix P ∈ Mn(R) is the nonnegative matrix which satisfies
pi j ≥ 0 for ∀i, j ∈ I , and

∑n
j=1 pi j = 1. A stochastic ma-

trix P is said to be indecomposable and aperiodic (SIA) if
limk→∞ Pk = 1yT , where1 denotes then × 1 column vec-
tor whose components are all one andy is ann× 1 column
vector [5]. Two nonnegative matricesA, B ∈ Mn(R) are
said to be the same type if their zero elements and nonzero
elements are in the same locations [5].

Lemma 1 ([2], [6]) Let S P = {P1,P2, . . . ,Pℓ} be a set of
stochastic matrices with positive diagonal entries. If the
graph associated with Pi (i = 1, 2, . . . , ℓ) has a spanning
tree, then Pi is SIA. Moreover, if the union of the graphs of
matrices Pi (i = 1,2, . . . , ℓ) has a spanning tree, then the
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matrix product
∏ℓ

i=1 Pi is SIA.

For a stochastic matrixP = [pi j ] ∈ Mn(R) (i, j ∈ I ), let

λ(P) = 1− min
i1,i2∈I

n∑
j=1

min(pi1, j , pi2, j). (1)

Lemma 2 ([2], [5], [6]) Let S = {S1,S2, . . . ,Sk} be the
finite set of SIA matrices with the property that, for each se-
quence Si1,Si2, . . . ,Si j of positive length, the matrix prod-
uct Si j Si j−1 · · ·Si1 is SIA. Then for each infinite sequence
Si1,Si2, . . ., there exists a column vectorν such that

lim
j→∞

Si j Si j−1 · · ·Si1 = 1νT . (2)

In addition, in the case thatS is an infinite set,λ(S) < 1,
whereS = Sk1Sk2 · · ·SkNt+1 and Nt is defined as the number
of different types of all n× n SIA matrices. Furthermore, if
there exists a constant0 ≤ γ < 1 satisfyingλ(S) ≤ γ, then
Eq. (2) also holds.

3. Consensus Protocol

Consensus protocol is the action policy for agents which
determines their own actions, interaction rules with other
agents, and reactions against an external environment. In
this section, we propose a nonlinear discrete-time consen-
sus protocol to execute cooperative control in a distributed
manner.

Let xi [k] ∈ R be an information state of agenti (i ∈ I )
at stepk (k = 0,1,2, . . .). A performance corresponding to
an information statexi is characterized by a performance
functionϕi : R → R and a performance value of agenti
at stepk is denoted byϕi [k] = ϕi(xi [k]). We assume that
each performance functionϕi(xi) is strictly increasing and
of classC1. Let αi j [k] be a positive time-varying weight
on edge (v j , vi) ∈ E andgi j [k] be the time-varying Boolean
variable which represents the presence of edge (v j , vi):

gi j [k] =

{
1, if agenti receives information from agentj at stepk,
0, otherwise.

Furthermore, we assume that all agents can obtain their
own information at all steps, i.e.gii [k] = 1 for anyk.

We consider the following nonlinear discrete-time con-
sensus protocol:

xi [k+ 1] = xi [k] +
n∑

j=1

αi j [k]gi j [k](ϕ j [k] − ϕi [k]), (3)

ϕi [k] = ϕi(xi [k]). (4)

Equation (3) indicates that each agent updates its infor-
mation state in order to narrow the performance gap be-
tween the agent and its neighbors. For example, if there ex-
ists an information path from agentj to agenti and the per-
formance of agentj is better (resp. worse) than the one of
agenti, agenti upgrades (resp. degrades) its own informa-
tion state according to the performance difference between
agenti and agentj. Equation (4) means that a performance
of each agent is evaluated by its information state.

Supposexi [k + 1] , xi [k]. By the mean value theorem,
there isxc

i [k] such that
ϕi(xi [k+ 1]) − ϕi(xi [k])

xi [k+ 1] − xi [k]
= ϕ′i (x

c
i [k]), (5)

where min
{
xi [k], xi [k+ 1]

}
< xc

i [k] < max
{
xi [k], xi [k+ 1]

}
.

Let us defineβi [k] (i ∈ I ) as

βi [k] =

{
ϕ′i (x

c
i [k]), xi [k+ 1] , xi [k],

ϕ′i (xi [k]), xi [k+ 1] = xi [k].
(6)

From Eqs. (5) and (6), ifxi [k+ 1] , xi [k], we have

ϕi [k+ 1] − ϕi [k] = βi [k](xi [k+ 1] − xi [k]). (7)

Notice that Eq. (7) also holds forxi [k + 1] = xi [k]. Define
matricesA[k] andB[k] as

A[k] =



−
n∑

j=2

α1 j [k]g1 j [k] α12[k]g12[k] . . . α1n[k]g1n[k]

α21[k]g21[k] −
n∑

j=1, j,2

α2 j [k]g2 j [k] . . . α2n[k]g2n[k]

.

.

.
.
.
.

. . .
.
.
.

αn1[k]gn1[k] αn2[k]gn2[k] . . . −
n−1∑
j=1

αn j[k]gn j[k]


,

andB[k] = diag[β1[k], β2[k], . . . , βn[k]]. Then the consen-
sus protocols (3) and (4) are rewritten as follows:

x[k+ 1] = x[k] + A[k]ϕ[k], (8)

ϕ[k+ 1] = ϕ[k] + B[k](x[k+ 1] − x[k]), (9)

where x[k] = [x1[k], x2[k], . . . , xn[k]]T and ϕ[k] =

[ϕ1[k], ϕ2[k], . . . , ϕn[k]]T .
We say that consensus about the performance of agents is

achieved asymptotically if, for any initial information state
xi [0] (i ∈ I ),∣∣∣ϕi [k] − ϕ j [k]

∣∣∣ → 0, as k → ∞, (10)

for any i, j (∈ I ).
We can apply the proposed consensus protocols (3) and

(4) to a dynamic resource allocation problem. In this case,
an information state of agenti can be interpreted as an al-
located resource to agenti.

4. Stability Analysis

In this section, we investigate how to guarantee an agree-
ment in a team of agents. To this end, we deduce the condi-
tions about the edge weights of interaction topologies. We
also impose the condition on the interaction topologies to
ensure that each agent communicates with other agents suf-
ficiently often.

Lemma 3 Let din
i [k] be the number of incoming edges to

node vi (i ∈ I ). Diagonal entries of a matrix W[k] are all
positive if any time-varying weightαi j [k] on edge(v j , vi) ∈
E satisfies

0 < αi j [k] <
1

din
i [k]βmax

i

(11)

for din
i [k] , 0, whereβmax

i = maxk βi [k].
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Proof: Let din
i [k] , 0 (i ∈ I ). By Eq. (11), we obtain

0 < αi j [k] <
1

din
i [k]βmax

i

≤ 1

din
i [k]βi [k]

, (12)

which implies

1− βi [k]din
i [k]αi j [k] > 0. (13)

Note that Eq. (13) also holds fordin
i [k] = 0. Letαmax

i [k] =

maxj=1,...,n

{
αi j [k]

∣∣∣ gi j [k] = 1
}
. Then we have

1− βi [k]
n∑

j=1, j,i

αi j [k]gi j [k]

≥ 1− βi [k]din
i [k]αmax

i [k] > 0.
�

There is an interesting property for the consensus pro-
tocols (3) and (4) by setting additional conditions as de-
scribed in the next lemma.

Lemma 4 Suppose each performance functionϕi(xi) (i ∈
I ) satisfiesϕi(xi) ≥ 0 for xi ≥ 0, andϕi(0) = 0. Let xi [0] >
0. Then an information state xi [k] is positive for each k(k =
0, 1,2, . . .) with the consensus protocols (3) and (4) if any
time-varying weightαi j [k] on edge(v j , vi) ∈ E satisfies

0 < αi j [k] <
1

din
i [k]βmax

i

(14)

for din
i [k] , 0, whereβmax

i = maxk βi [k].

Proof: Let xi [k] > 0 (i ∈ I ) for any k (k = 0, 1,2, . . .).
By Eq. (4), we have

ϕi [k] =
ϕi(xi [k])

xi [k]
xi [k]. (15)

Defineγi [k] (i ∈ I ) by γi [k] = ϕi (xi [k])
xi [k] and a diagonal ma-

trix C[k] by C[k] = diag[γ1[k], γ2[k], . . . γn[k]]. Note that
γi [k] ≥ 0 for anyi ∈ I from the assumptionsxi [k] > 0 and
ϕi(xi) ≥ 0 for anyi ∈ I . Then we can rewrite Eq. (15) as

ϕ[k] = C[k]x[k]. (16)

From Eqs. (8) and (16), we obtain

x[k+ 1] = x[k] + A[k]C[k]x[k] = (I + A[k]C[k])x[k]. (17)

Now supposeγmax
i = maxk γi [k], then

γmax
i ≤ max

ϕ(xi [k+ 1]) − ϕ(xi [k])
xi [k+ 1] − xi [k]

≤ max
xi

ϕ′i (xi) = β
max
i . (18)

Thus, if Eq. (14) holds fordin
i [k] , 0, we have

0 < αi j [k] <
1

din
i [k]γmax

i

,

which implies

1− γi [k]
n∑

j=1, j,i

αi j [k]gi j [k]

≥ 1− γmax
i din

i [k]αmax
i [k] > 0, (19)

and henceI+A[k]C[k] is a nonnegative matrix with positive
diagonal entries. On the other hand, ifdin

i [k] = 0, it is clear
thatxi [k+ 1] = xi [k]. Therefore,xi [k+ 1] is also positive.

Considering the above argument and the initial condition
xi [0] > 0, we concule thatxi [k] is positive for allk (k =
0,1,2, . . .) under the conditions of Lemma 4.

�

By extending the work of Renet al. [6], we have the
following theorem which guarantees a consensus among a
group of agents.

Theorem 1 Let xi [0] > 0 (i ∈ I ). All performance val-
uesϕi [k] starting from any initial stateϕi [0] = ϕi(xi [0])
converge asymptotically to an equilibrium point using the
consensus protocols (3) and (4) if there existε > 0 (ε ∈ R)
and a time-varying weightαi j [k] on edge(v j , vi) ∈ E such
that

ε < αi j [k] <
1

din
i [k]βmax

i

(20)

for din
i [k] , 0, and there exists an infinite sequence0 =

k0 < k1 < k2 < · · · such that
(i) the time interval[0,∞) is divided into nonoverlapping

subintervals[k0, k1) ∪ [k1, k2) ∪ [k2, k3) ∪ · · ·,
(ii) each subinterval[km, km+1) (m= 0,1,2, . . .) is

uniformly bounded and the union of the interaction
graphs across each subinterval has a spanning tree.

Proof: From the condition (20),αi j [k] is lower and up-
per bounded. By Lemma 3, eachW[k] (k = 0,1,2, . . .) is
a stochastic matrix with positive diagonal entries and all
nonzero entries ofW[k] are lower bounded. We know that
there exists an infinite sequence 0= k0 < k1 < k2 < · · ·
with conditions (i) and (ii). DefineW(m) (m = 0,1,2, . . .)
as the product of matricesW[k] over the (m+ 1)-st subin-
terval [km, km+1). Then eachW(m) is SIA since the graph
associated withW(m) has a spanning tree. In addition, any
product ofW(m) is also SIA. A matrixW(m) only has finite
types since possible locations of nonzero and zero entries
in then × n matrix W(m) are finite. Note also that nonzero
entries of eachW(m) are lower bounded. Now let

W =W(ℓ1)W(ℓ2) · · ·W(ℓNt ), (21)

whereNt is the number of different types of alln × n SIA
matricesW(m) (m= 0,1,2, . . .). Noting that we consider the
time interval [0,∞),W = {W(m1),W(m2), . . .} is an infinite
set. Hence, we obtainλ(W) < 1 from Lemma 2. From
the definition ofNt, the types ofW are finite and nonzero
entries ofW are lower bounded. Thus, there exists 0≤
qi < 1 (i = 1,2, . . . ,wt) such thatλ(W) ≤ qi for eachW,
wherewt is the number of different types ofW. Moreover,
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by settingq = max{q1,q2, . . . , qwt }, there exists 0≤ q < 1
such thatλ(W) ≤ q for anyW. From Lemma 2, we have

lim
j→∞

W(mj )W(mj−1) · · ·W(m1) = 1µT , (22)

whereµ is a nonnegativen × 1 vector andµ , 0. This
immediately follows that

lim
k→∞
ϕ[k]ϕ[k− 1] · · · ϕ[1] = c1, (23)

wherec ∈ R is a constant value.
�

The condition (20) in Theorem 1 is suitable for dis-
tributed multi-agent systems since this condition only re-
quires the maximum derivative value of the performance
function ϕi(xi), and the number of incoming information
links to agenti. Moreover, the existence of the sequence
0 = k0 < k1 < k2 < · · · satisfying conditions (i) and (ii)
does not require a full connection and allows the failure or
the suspension of the communication among agents if each
agent communicates frequently enough.

5. Simulation Results

We illustrate our method by the simulation below. We
consider a group of 5 agents with dynamically changing
interaction topologies whose union in each infinitely con-
secutive subinterval has a spanning tree. The evolution of
the interaction topologies from Step 1 to Step 4 is shown in
Figure 1.

v1

v2 v5

v4v3

v1

v2 v5

v4v3

v1

v2 v5

v4v3

v1

v2 v5

v4v3

Figure 1: The evolution of interaction topologies from Step
1 to Step 4 with 5 agents.

In this simulation, we choose the initial values of the
information state asx1[0] = 0.20, x2[0] = 0.12, x3[0] =
0.18, x4[0] = 0.24, andx5[0] = 0.26. The performance
functions are given as follows:

ϕ1(x1) =

{
1
2 +

1
2 sin
(
π
(
x1 − 1

2

))
, 0 ≤ x1 < 1,

1, 1 ≤ x1,

ϕ2(x2) =

{
1+ sin π(x2−1)

2 , 0 ≤ x2 < 1,
π
2 x2 + 1− π2 , 1 ≤ x2,

ϕ3(x3) = x3, 0 ≤ x3,

ϕ4(x4) =

{
sin πx4

2 , 0 ≤ x4 < 1,
1, 1 ≤ x4,

ϕ5(x5) =

{
x2

5, 0 ≤ x5 < 1,
2x5 − 1, 1 ≤ x5.

Therefore, we haveβmax
1 = π

2 , βmax
2 = π

2 , βmax
3 = 1,

βmax
4 = π2 , and βmax

5 = 2.

We set the weightαi j [k] on edge (v j , vi) ∈ E as

αi j [k] = 0.9× 1

din
i [k]βmax

i

(24)

for din
i [k] , 0. Note that these assumptions satisfy the con-

ditions of Lemma 4 and Theorem 1.

φ

φ

φ

φ

φ

i

k

x
i

k

Figure 2: The convergence process of performance values
ϕi [k] and the corresponding changes of information states
xi [k] (i = 1,2, . . . , 5).

Figure 2 shows the changes of the performance values
ϕi [k] and the information statesxi [k] (i = 1,2, . . . , 5).
We can see that consensus among the group of agents is
reached and that information states are positive at all steps.

6. Conclusions

In this paper, we considered a nonlinear discrete-time
consensus framework for dynamic multi-agent systems.
This method enabled us to derive sufficient conditions for
a consensus among agents about their performances. The
conditions of Theorem 1 were well-suited to designing a
distributed coordination algorithm since each agent does
not need to know the global information. We also provided
a numerical example to illustrate our theory by simulation.
However, the condition about an edge weight (20) in Theo-
rem 1 may be conservative considering that the edge weight
is required to be positive and bounded by the maximum
value ofϕ′i (xi) (i ∈ I ). Relaxing this condition will be our
future work.
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Abstract—We demonstrate that using a numerical op-
timization framework it is possible to explore and analyze
the information processing capabilities of non-linear oscil-
lator networks. It will be shown how a properly formulated
cost function can be used to achieve synchronization and at
the same time impose qualitative behavior on an array of
chaotic oscillators. Our approach aims to add an applica-
tion motivated aspect to existing results that so far focused
on conditions for synchronization. To demonstrate the po-
tential of the optimization framework we show on a sim-
ple case study that network configurations corresponding
to partial synchronization regimes can be learned. This can
also be done with imposing various qualitative behavior on
individual oscillators.

1. Introduction

Research on synchronization in coupled chaotic oscilla-
tors was so far mainly focusing on deriving conditions for
synchronization. In [6] global symmetries of a network of
identical, diffusively coupled oscillators were used to clas-
sify linear invariant manifolds corresponding to partial syn-
chronization regimes and to analyze their global asymp-
totic stability. In [2] the link between graph topology and
stability of global synchronization was clarified. In [1] it
was shown that stability of partial synchronization regimes
depends on the individual oscillator dynamics and on the
choice of state variables used in the coupling. However the
existence of partially synchronized clusters depends only
on the network topology.

These findings are of primary importance on the way
to unravel the rules that govern complex dynamics wit-
nessed in networks of coupled oscillators. The advantage is
that these rules reflect the most fundamental mathematical
properties of coupled oscillators independent of individual
dynamics of oscillators and from initial conditions. How-
ever it is not clear how these results can be applied with
affordable computational complexity to larger networks or
to networks with a structure that is not very simple. Real-
world coupled dynamical systems are much more complex
than those used in the above mentioned studies.

This paper presents a case study showing how global
optimization methods can be used to reveal rules of
synchronization potentially playing a role in information

processing.

2. Statement of the problem

We consider an array composed of nonlinear oscillators:

ẋr,c = F(xr,c; Ar,c) +
∑

k,l∈S ρ(r,c)

Gr,cPxk,l, r, c = 1, ...,M ∈ N0

(1)
where xr,c ∈ R

d represents the state vector of the r, cth oscil-
lator; F : Rd × Rp → Rd is a nonlinear function depending
on parameters Ar,c ∈ R

p that define the cells; G ∈ RM×M

is a weight matrix and P = (pi, j) ∈ Rd×d with pi, j ∈ {0, 1}
determines which state variables couple the oscillators and
S ρ(r, c) defines a fixed neighborhood topology with neigh-
borhood radius ρ. We investigated how a network with
specific properties can be learned, e.g. by solving the opti-
mization problem:

min
A,G

U({Xst(t0), Xst(t1), ..., Xst(tn)}) (2)

where U(.) denotes the cost function and Xst =

(x1
st(t), x

2
st(t), ..., x

d
st(t)) : R → RM2d is a stationary solution

of (1) for a given initial condition and t0 < t1 < ... < tn <
∞. Additional inequality constraints may apply to A and
G. U(.) is constructed in such a way that dynamical proper-
ties of individual cells or cell populations fulfill the desired
requirements. These requirements may include different
types of synchronization and stability criteria, desired Lya-
punov spectrum or embedding dimension of the attractor,
etc. We assume that Fr,c can provide a rich enough set of
dynamical behaviors.

One fundamental issue to be solved is to find network
configurations that make a given set of cells in the array
synchronize with additional requirements on qualitative be-
havior. An important advantage of the proposed approach
compared to other studies is that the only requirement on
the vector field defining individual oscillators is that they
permit the solution to exist and being unique. In this study
we used oscillators with continuous vectors fields. On the
other hand, in some cases this liberty may result in an opti-
mization problem that is very hard to solve if it is possible
at all.
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3. Global Optimization Framework

Inspired by e.g. [7] where it was shown that difficult
tasks can be learned for dynamical systems, we conceived
a novel approach on the way to investigate the signal and
image processing ability of a network defined above. The
global optimization framework is generic, i.e. no assump-
tion was made about network size or topology. The system-
level diagram of the framework is shown on Figure 1.

The first task is to define a proper cost function. The
most straightforward cost function uses only the time evo-
lution of the network. Theoretical knowledge can also be
incorporated, e.g. inspired by [2] we can prescribe a spe-
cific information traffic distribution for links between cells
to be synchronized and for links to the rest of the array.
This way theoretical results can be transformed into sys-
tem design laws.

Definition of the training set means that we explicitly
prescribe which cells are expected to be synchronized. Al-
ternatively we can only prescribe a number of cells that
have to be synchronized. The latter approach is easier to
formulate and can be used as a first test to check whether
the evolution of the network confirms that the cost function
was properly formulated.

Prescribing specific cell configurations to be synchro-
nized is a more tedious task the number of possibilities
grows exponentially even if we drop repeating configura-
tions due to the rotational symmetry of a rectangular array.
This extra complexity however pays off abundantly since it
can reveal the capabilities and limitations of the network in
well defined signal and image processing tasks. The choice
of optimization algorithm is an intricate task. Since inte-
grating the network for a given parameter set can last long,
a key factor here is to choose algorithms that require a low
number of function evaluations to find the global optimum.

In [1] examples were shown indicating that partial
(phase) synchronization regimes persist even with 100% of
parameter mismatch. Although we lack generic theoretical
knowledge about how parameter variation affects synchro-
nization error, such examples - together with results shown
later in this paper - indicate that cost surfaces minimizing
synchronization error are smooth with several local min-
ima. Therefore a candidate optimization algorithm must
perform global search first.

In [8] a new global optimization algorithm called Cou-
pled Simulated Annealing (CSA) is introduced. In CSA
the annealing temperatures of several Simulated Anneal-
ing processes are interconnected in order to improve per-
formance in convergence speed and to increase the proba-
bility of exploring all basins of attraction in a given number
of cost function evaluations. In addition, the coupling also
allows the control of the variance of the acceptance prob-
abilities by the acceptance temperature. The sensitivity of
the acceptance temperature on its initial value is therefore
reduced. In addition, variance control guides optimization
to quasi-optimal runs, i.e. it balances global search done at

high temperatures with gradually switching to local search
with the temperature cooling. The number of cost func-
tion evaluations per individual processes decreases expo-
nentially when the number of optimizers is increased lin-
early. This also makes CSA a good candidate since interac-
tions between solutions decrease the number of cost func-
tion evaluations to reach a given energy threshold. Once a
solution is found in the framework, its sensitivity to varia-
tions in initial conditions and parameter variations have to
be tested.

Figure 1: Overview of the investigated global optimization
framework that teaches a network of chaotic oscillators to
match qualitative behavior requirements formulated in the
cost function.

4. Case study: Partial synchronization with imposed
dynamics on a coupled array composed of Chua’s
oscillators

To demonstrate the potential of the optimization frame-
work we applied it to investigate for rules related to the
onset and stability of partial synchronization regimes.

4.1. Cost function for synchronization

Defining a cost function for synchronization is a very
intricate task since there is no widely accepted measure of
synchronization. During our study we investigated for a
method that is

• able to capture different forms of synchronization
(complete-, phase-, lag-, generalized)

• provides the measure in a way that does not need any
human interpretation, i.e. can be embedded in the cost
function
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• computationally economical.

Currently we analyzed complete synchronization of a pre-
scribed configuration of cells. This aim can be reached in a
computationally cheap manner by minimizing

Ustd =

n∑
t j=1

d∑
i=1

exp

(
1

NS

∑
k∈ΠS

(
xi

k(t j) − xi
S (t j)

)2
) 1

2

exp

(
1

NR

∑
k∈ΠR

(
xi

k(t j) − xi
R(t j)

)2
) 1

2

(3)

where xi
S (t j) ∈ ΠS represents a number of snapshots

taken from the time evolution of cells to be synchronized,
xi

R(t j) ∈ ΠR represents those that are not to be synchro-
nized. ΠS ,ΠR ⊂ {1, ...,M} × {1, ...,M} denote cell popula-
tions with NS standing for the total number of cells to be
synchronized and NR for the number of cells to be desyn-
chronized and ΠS

⋂
ΠR = ∅. xS (t j) is the spatial average

for each time instance of the target population of cells to
be synchronized and xS (t j) is the average for the rest of
the cells. Briefly, for a set of time instances we require the
spatial standard deviance of the target population to vanish
whereas the ratio of spatial standard deviances between the
target population and the rest is maximized.

4.1.1. Cost function imposing qualitative behavior

In this study we consider chaotic, limit cycle and equi-
librium point qualitative behavior. Lyapunov exponents are
widely used to measure qualitative properties of a dynami-
cal system. The cost function used to impose any of these
modes on either the population required to be in sync or on
the rest is:

Ulyap(Ω,G) =
∑
j∈Θc

e−λmax(Xj;A,G) +
∑
j∈Θe

eλmax(Xj ;A,G)+

∑
j∈Θl

|λmax(Xj; A,G)|
(4)

where λmax is the maximum Lyapunov exponent estimated
from the time series of an oscillator (for a fast implemen-
tation see [4]). Cells are also partitioned into mutually ex-
clusive sets according to the qualitative behavior we want
to impose on them after initial transients lapsed during the
evolution of the array. Chaotic behavior is imposed on cells
denoted by Θc convergence to one of the equilibria is im-
posed on cells denoted by Θe and limit cycle behavior on
cells denoted by Θl.

5. Simulation results

We performed learning for 2x2, 3x3 and 7x7 on arrays
of Chua’s oscillators with hyperbolic tangent non-linearity,
with eight-connected local topology, zero-flux boundary
conditions and simulated in Matlab with evolution times
large enough to analyze the long-term stationary behavior

of the array (T = 200). According to [5], the dynamics of
a cell is given by:

d
dt

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
x1

x2

x3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0
0 0 1
0 −a −a

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

x1

x2

x3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ +
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0

−a f (x1)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (5)

Variable x1 was coupled to x3, i.e. P =

[0 0 0; 0 0 0; 1 0 0] in (1). Both the cou-
pling matrix and the matrix of bifurcation parameters (a in
(5)) of each cell were included in the learning process. On
Figure 2 we show illustrative results for the 2x2 case where
the target population to be synchronized was the bottom-
left and upper-right cells. CSA with 16 individual optimiz-
ers and 200 population iterations ran for 20 minutes us-
ing ode45 with relative tolerance 10−3 on a Linux machine
powered by an AMD Opteron 250. Similar qualitative ef-
fects can be observed for 3x3 and 7x7 arrays. An impor-
tant result of this study is that we showed that it is possible
to learn partial synchronization regimes on arrays having
different qualitative behavior. Figure 2 shows two exam-
ples for partial synchronization: chaotic dynamics emerges
when limit cycle and convergent oscillators are coupled,
but the same cells can synchronize also when coupling
makes chaotic oscillators become limit-cycle oscillators.

6. Discussion and conclusions

In [3] Liu et al. claim that when coupling is added to a
network of chaotic oscillators with double- or multi-scroll
attractor, Lyapunov exponents being zero in the uncoupled
system become positive. They suggest that this rule is gen-
eral, however, the example shown on Figure 2 indicates that
this is not always true since we were able to learn configu-
rations where the opposite effect was happening. This ex-
ample demonstrates, that the proposed approach can be a
useful tool to test hypotheses made on coupled networks
of chaotic oscillators. Rules (either theoretical or empir-
ical) believed as generic can be transformed into a cost
function. Then a global optimization process can maxi-
mize the cost function, i.e. it looks for solutions that vi-
olate the rule formulated as a cost function. Finding no
such solution can be a strong evidence supporting the va-
lidity of the original rule. Confirming generic (theoretical)
rules via global optimization might seem improper. How-
ever, deriving sound theoretical results is extremely diffi-
cult when dealing with coupled networks of chaotic oscil-
lators. Therefore the method showed in this paper can pro-
vide valuable feedback. This study showed that by using a
global optimization framework it is possible to get insight
into the complex interactions of coupled chaotic oscilla-
tors. Our method can be useful in guiding investigations
and confirming results from theoretical analysis.
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Figure 2: Trajectories showing the stationary behavior
from time T to 2T of two qualitative behavior types of
Chua’s oscillator arrays. For both types, cells (2,1) and
(1,2) were learned to synchronize. For a,b,e) positive maxi-
mum Lyapunov exponents (λmax) were imposed on all cells.
For c,d,f): zero λmax were imposed on all cells. On a)-
d) continuous line denotes synchronizing cells, dotted line
denotes desynchronization. On a,c) trajectories of the ar-
ray without coupling are shown. b) and d) illustrate the
behavior when coupling is added to array a) and c) respec-
tively. e,f) Synchronization errors shown as norm(XREF )
versus norm(Xr,c) between a chosen reference cell and all
other cells. Errors of array b) and d) are shown on e) and f)
respectively. The coupling and bifurcation parameters Gr,c

and Ar,cr are shown below each oscillator.
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Abstract—This paper proposes a novel signal esti-
mation method that uses a tensor product expansion
(TPE). When a bivariable function, which is expressed
by two-dimensional matrix, is subjected to conven-
tional TPE, two single variable functions (SVFs) are
calculated by minimizing the mean square error be-
tween the input vector and its outer product. TPE is
useful for feature extraction and signal compression,
however, it is difficult to separate global noise from
other signals. This paper shows that global noise,
which is observed in almost all input signals, can be
estimated by using a tensor product expansion where
absolute error is used as the error function.

1. Introduction
It is well known that multivariate analysis is use-

ful for extracting the features of bivariable functions.
The major method of extracting the characteristics of
second-order statistics like principal component anal-
ysis (PCA) produces some global feature of various
data. PCA is useful for feature extraction, however,
it is difficult to separate global and local features
raised by different sources. TPE[1] can approximate
an m-variable function as the outer product using m
SVFs. This technique is applied to nonlinear system
identification[2], 3-D image processing[3], and achieve
a substantial results, respectively. The tensor product
composed of two SVFs is calculated by minimizing a
mean square error between the input vector and its
outer product. It is difficult to separate global noise
from other signals since TPE is the same as PCA if
m = 2. In this paper, we propose a method of a signal
estimation that uses TPE and applies absolute error
to separate a local signal from global noise; the former
is observed in just few signals while the latter is seen in
most signals. Simulations show that proposed method
is useful for estimating global noise.

2. Tensor product expansion
The tensor product of m-variable function is ob-

tained by the product of m SVFs that minimizes the

mean square error. This calculation is called tensor
product expansion. In most time-series analyses of
observed signals (i.e. sounds, biological signal), the
input vector is a bivariable function expressed by two-
dimensional matrix. TPE with a bivariable function
is written as:

q1∑

l1=0

q2∑

l2=0

(h(l1, l2)− f1(l1)f2(l2))2 (1)

where l1 and l2 are variables that show the row and
the column, h(l1, l2) is a bivariable input vector, f1(l1)
and f2(l2) are SVFs, q1 and q2 are the length of row
and column. Bivariable TPE is the same as singular
value decomposition, hence, it can be considered that
f1(l1), f2(l2) are the first principal component and its
eigenvector, respectively. In this paper, l1 indicates
the index of the time courses, l2 shows the index of
the observation site.

3. Tensor product expansion using absolute er-
ror (TPE-AE)

TPE can extract features of the bivariable func-
tion (input vector), however, it is difficult to extract
anomalous or global noise. In order to separate these
signals using TPE, we propose the absolute error as
a new evaluation function (TPE-AE). Using absolute
error, the tensor of a bivariable function is given as:

q1∑

l1=0

q2∑

l2=0

|h(l1, l2)− f1(l1)f2(l2)|. (2)

Tensor product f1(l1)f2(l2) in Eq.2 approximates only
the AC components, since the equation does not have
an additional term, which approximates a DC compo-
nent. The following equation is proposed to obtain the
AC and DC components of h(l1, l2):

q1∑

l1=0

q2∑

l2=0

|h(l1, l2)− (f1(l1)f2(l2) + f3(l2))| (3)
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where f1(l1)f2(l2) and f3(l2) approximate the AC and
DC components, respectively. Assume that sa(l1) and
sb(l1) are the source signal of global noise and a lo-
cal signal, respectively, and Al2 and Bl2 are a mixed
matrix and DC component, respectively. A steady sig-
nal that includes only global noise is obtained by the
following expression:

Al2sa(l1) + Bl2 (4)

and an unsteady signal that includes global noise and
a local signal is given by:

Al2sa(l1) + sb(l1) + Bl2 . (5)

In this section, we show that the optimal f1, f2, f3,
which minimize Eq.3, is given by a linear expression of
global noise. If the time course f1(l1) is approximated
as sa(l1) in the following expression, global noise can
be separated from an observed signal.

f1(l1) = Asa(l1) + B. (6)

If a steady and an unsteady signal are observed in
input vector h(l1, l2), we have

h(l1, 0) = A0sa(l1) + B0 (7)
h(l1, 1) = A1sa(l1) + sb(l1) + B1. (8)

Substituting Eq.7,8 into Eq.3, we get
q1∑

l1=0

|A0sa(l1) + B0 − (f1(l1)f2(0) + f3(0))|

+
q1∑

l1=0

|A1sa(l1) + sb(l1) + B1 − (f1(l1)f2(1) + f3(1))|
(9)

where q1 is a length of time course, first (second)
term is the absolute error of the steady (unsteady)
signal. Here, we assume Ai and Bi can be estimated
by f2(l2), f3(l2), respectively. Eq.9 is expressed as:

q1∑

l1=0

(|A0X(l1)|+ |A1X(l1) + sb(l1)|). (10)

To obtain Eq.10 we used the fact that X(l1) = sa(l1)−
f1(l1). Eq.10 has a

∑
, however, it is only necessary to

estimate optimal X(l1) minimizing Eq.10 in each l1.
Therefore, we have:

|A0X(l1)|+ |A1X(l1) + sb(l1)|. (11)

Eq.11 includes two absolute terms. Optimal X(l1),
which minimize Eq.11, is calculated in the following 3
cases.

Case1 and 2. A0 = A1 and A0 < A1

From A0 = A1 = A and Eq.11, optimal X(l1) in
Eq.11 is given by the following expression:

0 ≤ X(l1) ≤ sb(l1)
sa(l1) ≤ f1(l1) ≤ sa(l1) + sb(l1)/A1. (12)

Optimal X(l1) in the case of A0 < A1 is given as:

X(l1) = sb(l1)/A1

f1(l1) = sa(l1) + sb(l1)/A1. (13)

f1 in Eq.12,13 include a local signal, so global noise is
not estimated from h(l1, l2)

Case3. A0 > A1

Optimal X(l1) in the case of A0 > A1 is given as:

X(l1) = 0
f1(l1) = sa(l1). (14)

Eq.14 means that f1(l1) is obtained by sa(l1) in the
case of A0 > A1. Thus, it is shown that global noise
can be estimated by using TPE-AE.

In actual analyses, the number of signals is more
than 2. Let the steady and unsteady signal vector be
x and y, respectively. If multiple steady and unsteady
signals are observed, we have

h(l1,x) = Axsa(l1) + Bx (15)
h(l1, y) = Aysa(l1) + sb(l1) + By . (16)

Similarly, optimal X(l1), which minimizes Eq.11, is
obtained by the following expressions.
∑
x

Ax =
∑
y

Ay : sa(l1) ≤ f1(l1) ≤ sa(l1) + sb(l1)/Ay

∑
x

Ax <
∑
y

Ay : f1(l1) = sa(l1) + sb(l1)/Ay

∑
x

Ax >
∑
y

Ay : f1(l1) = sa(l1). (17)

Eq.17 shows that TPE-AE can estimate global noise
sa(l1) that satisfies the following conditions.

• Mixed matrix Ai and DC component Bi can be
estimated.

• Mixed matrix of steady and unsteady
signalsAx, Ay satisfies

∑
Ax >

∑
Ay .

Thus, a local signal is separated from an unsteady sig-
nal since global noise is estimated as a tensor product.

4. Monte Carlo simulation

It is difficult to obtain optimal SVF f1(l1), f2(l2),
f3(l2) using TPE-AE since the evaluation function
Eq.3 has a nonlinear term. In this paper, we use a
relaxation method based on a Monte Carlo simulation
(MCS) to solve TPE-AE. MCS produces optimal solu-
tions by extensive trials using random numbers. Using
MCS, optimal SVF, which minimize Eq.3 is obtained
by the following steps:
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Table 1: Conditions of the artificial signal
Global noise Block pulse

A sin(2π/576)/3.0+N(0.8,0.052)

B sin(2π/576)/3.0+N(1.2,0.052) 0.3

C sin(2π/576)/4.0+N(1.0,0.052)

D sin(2π/576)/5.0+N(0.8,0.052) 0.6

E sin(2π/576)/5.0+N(1.2,0.052)

:N(µ, σ2) means Gaussian noise µ is mean, σ2is variance

Table 2: Conditions of the input vector and TPE-AE
Sampling number(q1) 5760
Vector number(q2) 5

The number of just sine waves 3
The number of vector including block pulse 2(B,D)

Update times 1000

STEP

1. Initialize f1(l1), f2(l2), f3(l2) using a small ran-
dom number.

2. f1new(l1)=f1(l1)+rand(l1).

3. In l1,
∑

l2
|h(l1, l2)− (f1(l1)f2(l2) + f3(l2))| >∑

l2
|h(l1, l2)− (f1new(l1)f2(l2) + f3(l2))|

is satisfied, so f1(l1) = f1new(l1).

4. Repeat step 2 and 3, 10times.

5. f2new(l2)=f2(l2)+rand(l2).

6. In l2,
∑

l1
|h(l1, l2)− (f1(l1)f2(l2) + f3(l2))| >∑

l1
|h(l1, l2)− (f1(l1)f2new(l2) + f3(l2))|

is satisfied, then f2(l2) = f2new(l2).

7. Repeat step 5 and 6, 10times.

8. f3new(l2)=f3(l2)+rand(l2).

9. In l2,
∑

l1
|h(l1, l2)− (f1(l1)f2(l2) + f3(l2))| >∑

l1
|h(l1, l2)− (f1(l1)f2(l2) + f3new(l2))|

is satisfied, then f3(l2) = f3new(l2).

10. Repeat step 8 and 9, 10times.

where rand() is white Gaussian noise based on normal
distribution N(0,1). The termination criteria should
be decided for above iterative algorithm. According
to empirical result, almost TPE is updated enough by
1000 update. Therefore, this algorithm is repeated at
1000 times.

5. Simulation

5.1. Known functions

The simulation results of TPE-AE are shown to
demonstrate its effectiveness for global noise estima-
tion. First, a simple artificial signal based on known
functions is subjected to TPE-AE. The artificial sig-
nal consists of a global noise component and a local
signal, which are generated by a sine wave and a block
pulse train, respectively. Table.1 lists the conditions
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Figure 3: Estimated global noise f1(l1) by TPE-AE
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Figure 4: Estimated local signal h(l1, l2) −
(f1(l1)f2(l2) + f3(l2)) by TPE-AE

of the input vector h(l1, l2) shown in Fig.1, where l1
indicates the index of the time courses, l2 is the index
of the artificial signal A-E (0 to 4). The vertical axis
shows the amplitude of an artificial signal, the hor-
izontal axis indicates the cycle of sine wave(l1/576).
In the input vector, 2 signals include a local signal in
cycles 7 to 10.

The tensor product of conventional TPE is shown
in Fig.2, proposed TPE-AE is shown in Fig.3 and the
result of subtracting Fig.3 from Fig.1 is shown in Fig.4.

Fig.2 shows the combination of the sine wave and
block pulse. This means that separating global noise
from a local signal is difficult with TPE. Fig.3 shows
that the sine wave is estimated by the proposed
method, but Gaussian noise is also extracted.

From Fig.4, a local signal can be detected by sub-
tracting a tensor product from input vector. Hence,
it is shown that global noise and a local signal can be
separated by using TPE-AE.

5.2. Global noise reduction in ELF EM wave

We show the effectiveness of TPE-AE in assessing
actual observation signals. Attention is being placed
on the electromagnetic (EM) waves that radiate from
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Table 3: Conditions of the input vector and TPE-AE
Sampling number(q1) 1152
Vector number(q2) 7

The number of just global noise 6
The number of vector including local radiation 1

Update times 1000

the earth’s crust in advance of earthquakes and vol-
canic actively[4]. Such EM waves observed in the ex-
tremely low frequency band include global noise cre-
ated by lightning radiation from the tropics. This
noise has a daily trend and similarity in all stations. If
global noise in the EM waves can be estimated, a local
signal from the earth’s crust and lightning in the near
field can be detected adequately. The input vector for
applying TPE-AE is composed of 7 signals captured
on July 5-6, 2003 by 7 antennas. 576 data points were
collected per day for each component. Table.2 shows
the conditions of the input vector. The length of time
course is 1152, the number of signals is 7 where 1 sig-
nal includes local radiation. Therefore, l1 indicates
the index of the time course, l2 is the index of the
observation signal 0 to 6. The two observed signals
shown in Fig.5 include a daily trend and local radia-
tion at 0.7 and 1.6 days. The vertical axis shows the
EM level (pT/

√
Hz), the horizontal axis indicates the

day (l1/576).
The TPE result shown in Fig.6 includes global noise

and local radiation. On the other hand, the proposed
method can estimate the daily global noise from Fig.7.
The local radiation observed at 0.7 and 1.6 days can
be detected by subtracting Fig.7 from Fig.5 (Fig.8).
These results show that TPE-AE is effective in esti-
mating global noise in ELF EM waves.

6. Conclusion

In this paper, we proposed a signal estimation
method based on tensor product expansion that uses
absolute error. We introduce the separability condi-
tion for global noise estimation. Simulation results
have shown the effectiveness of the proposed method
for the global noise observed most signals. Other sim-
ulation results have shown that the proposed method
can reduce the daily trend observed in ELF EM waves.
However, these simulations do not show the perfor-
mance for the complex signal separation, since simple
input vectors are applied to simulations. A remaining
problem is to reduce Gaussian noise and to apply the
proposal to other observation signals.
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Abstract – The paper deals with the simulation 
techniques of switching circuits typically employed in 
power electronics. The focus is on the transient analysis 
and on its typical issues. A first comparison reports the 
simulation results obtained utilizing a general purpose 
simulation software (PSpice) and those obtained by means 
of the co-simulation PSpice-Simulink. In the second 
comparison, the simulation results obtained utilizing a 
simulation software devoted to the analysis of power 
electronic circuits (PSIM) and those obtained by means of 
the co-simulation PSIM-Simulink are examined. The last 
approach has shown the best computational performances. 
 
1. Introduction 

Power electronic circuits can be analyzed by general-
purpose simulators such as PSpice [1] and good results are 
obtained when externally driven switches are considered. 
Nevertheless, when a circuit employing internally driven 
switches has to be studied, general purpose simulators 
show great problems of convergence. In most cases the 
main effect is a very long simulation time due to the high 
iterations number and in some cases the simulation is just 
stopped, because the time-step necessary to continue the 
simulation is too small. These problems depend on both 
the switch model (usually a controlled resistor varying in 
a large range) and on the complexity of the control 
implementation, for which there are not dedicated libraries. 

Considering that control libraries exist in the Matlab’s 
toolbox Simulink, a good solution for simulating 
efficiently the switching circuits could be the co-
simulation PSpice-Simulink. In this manner the power 
block could be implemented in PSpice environment, while 
the control block could be implemented in Simulink one. 
The main difficulty of the co-simulation is to allow  the 
two simulator to interact each other. This aspect is 
guaranteed by an interface tool, called SLPS [2], between 
the MathWorks' MATLAB/Simulink system simulator and 
the PSpice A/D electric circuit simulator. 

If the under test system is not complex, e.g. a single-
phase converter, the simulation results are good enough; 
but if a three phase inverter with the voltage control and 
the current control has to be analyzed, both of the 
simulation techniques show difficulties [3]-[4]-[5]-[6].  

Then, for complex systems of power electronics it 
needs to utilize dedicated software such as PSIM. Even in 
this case the interaction with the toolbox Simulink is 
possible by means a software module, called  SimCoupler.   

The paper is organized as follow. Section II describes 
the electric system under investigation. Section III reports 
the simulation results in PSpice and those obtained by the 
PSpice-Simulink co-simulation, while Section IV shows 
analogous  results obtained by the PSIM simulation and 
by the PSIM-Simulink co-simulation. Finally, conclusions 
are reported. 

2.  System Under Test 
 The system under investigation is a three-phase 

Voltage Source Converter (VSC) employing six bi-
directional switches and working as active rectifier 
feeding a dc-bus, whose voltage is Vdc (Fig.1). The VSC 
is connected on its AC side at the Point of Common 
Coupling (PCC) through an LCL-filter [7], able to 
mitigate the harmonic distortion; moreover, the LCL-filter 
is connected to the three-phase voltage source by means 
of a transformer.  

With regard to the control part, the dc-bus voltage, Vdc, 
is controlled by means of the power control. In fact, in 
order that the load absorbs a constant power, the voltage 
across the load has to remain constant (the reference 
voltage is Vref = 700V). An increase or a decrease of the 
Vdc implies a consequent increase or decrease of the 
required power. Then, the reference values for the control 
of the line currents will be consequently modified and the 
signals to the gates of the switches will be determined. A 
PI controller has been utilized for the voltage control as 
well as for the line currents control.  

The PI controller for the dc-bus voltage Vdc is  

 ( ) iV
V pV

k
G s k

s
= +  (1) 

as well as for the line currents control is   

 
( ) iI

I pI
k

G s k
s

= +  (2) 

In the Table I all the parameters of the power part as 
well as of the control part are reported. 
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Fig. 1. System under investigation: three-phase Voltage Source Converter (VSC) 

 
TABLE  I.  PARAMETERS VALUES OF THE SYSTEM IN FIG. 1.  

Supply Transformer LCL-Filter VSC/ 
Load 

PI 
(Voltage) 

PI 
(Current) 

Vrms = 220 V  
f = 50 Hz 

Rt = 0.1 Ω 
Lt = 3 mH 

 

Rf = 0.1 Ω 
Lf = 2 mH 

Cd = 2.2 µF 
Rd = 10 Ω 
R = 0.1 Ω 
L = 3 mH 

fs = 5 kHz 
C = 500 µF 
RL = 100 Ω 

 

KpV = 0.59 
KiV = 174 

 

KpI = 15 
KiI = 500 

 

 
3. PSpice Simulation And PSpice-Simulink Co-
simulation 

The electric system of Fig. 1 has been implemented in 
PSpice environment and a transient analysis of 500ms has 
been considered. Fig. 2 and Fig. 3 report the waveforms of 
the load voltage Vdc and of the line currents, respectively; 
particularly, the last ones are phase-shifted of 120° each 
other as expected.  
Table II reports some simulation parameters of PSpice and 
their meanings. In order to have an efficient simulation [4], 
the ratio NUMRTP/NUMTTP has to be minus than 10%, 
but in this case it results 18.9%. Moreover the overall 
simulation time is very expensive (∼14.5 hours) utilizing a 
PC Pentium 4, 3 GHz, 1GB RAM. 
 

TABLE II.  TRANSIENT ANALYSIS PARAMETERS [3] 
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Fig. 3. Line current waveforms  
In order to optimize the simulation performances a 

PSpice-Simulink co-simulation has been implemented in 

NUMNIT (Total number of iterations during 
transient simulation) 

633 506 622 

NUMTTP (Number of  Spice internal  time-
points during the transient analysis) 

338 689 

NUMRTP(Number of times Spice fails to 
converge, cuts the time-step and reattempt 
the circuit solution during transient analysis) 

63 905 

Total  Job Time [s] (Seconds needed to 
Spice to complete overall simulation) 

52 246 
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Simulink environment. The interface tool SLPS allows the 
data exchange after defining the input and output variables, 
respectively. The three modulating signals are considered 
as input variables to SLPS, while the output voltage Vdc 
as well as the line currents and voltages are imposed as 
output variables from SLPS. The co-simulation is entirely 
managed in Simulink environment.  

Two types of co-simulation have been considered. The 
former one is based on fixed-step integration methods, 
while the latter one is based on variable step integration 
methods. 

Both the series of simulations have shown difficulties. 
In the first case, convergence problems happen after 19 
ms (it needs ∼15 min); even if the integration method is 
changed and/or tolerance values are re-set, the simulation 
is stopped. Nevertheless, the results obtained until the 
interruption agree with those expected. 

In the second case, memory overflow problems happen 
after 40ms (it needs ∼22 min); the same problems exist 
even considering a more powerful PC. Even in this case, 
the waveforms are those expected. Fig. 4 reports a zoom 
of the output voltage Vdc for both the last cases in the 
range [4÷18]ms; the waveform of Vdc for the previous 
simulation in PSpice environment is reported too and they 
are almost superimposed.   
 

0.004 0.018
680 

800 

Time[s] 

Vdc  

Fig. 4. Output voltages for PSpice simulation and for PSpice-
Simulink co-simulation (fixed- and variable-step)

The results highlight that the simulation based only on 
PSpice is extremely slow, but provides expected results 
for the whole simulation time, whereas the co-simulation 
with Simulink toolbox is not adequate because 
convergence problems or memory overflow happen.  

 
4. PSIM Simulation And PSIM-Simulink Co-

simulation 
To implement a power electronic circuit such as that of 

Fig. 1 in PSIM environment is more immediate than in 
Pspice one. This happens because PSIM software is just 
devoted to the analysis of power electronics, and then 
some typical devices are directly implemented or are easy 
to handle. For example, in PSIM the PI controller is 
constituted by one block in which the values of the gain 
and of the time constant are directly inserted, whereas 
PSpice has not an equivalent component. Moreover, PSIM 
has components with the role of current or voltage sensor, 
which are very useful to menage the control part of the 

circuit; in PSpice the analogue  function has to be treated 
by means of controlled sources. 

Nevertheless PSIM utilizes a fixed-step integration 
method (trapezoidal rule), whose time step has to be 
defined by the user. This condition represents a constraint 
for the co-simulation, because only fixed-step integration 
methods with the same time-step can be selected in 
Simulink toolbox. 

In order to compare the simulation results of PSIM 
simulator with the previous ones, the same total time of 
simulation (500ms) for the transient analysis has been set, 
after fixing a 1µs time-step. The obtained waveform for 
the output voltage Vdc is globally similar to that of Fig. 2, 
even if they differ in the first part, as reported in Fig. 5. 
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Fig. 5. Zoom of the voltages Vdc deriving by the  PSpice and 
PSIM simulations in the range [0÷125]ms  

 
It is worth highlighting the persistent fluctuations of the 

PSIM-waveform around the reference value 700V. 
Probably this fluctuation is not a true behavior of the 
output voltage, but it depends on the integration method 
(trapezoidal rule) utilized by the PSIM simulator. The 
authors are just investigating this issue.  

Fig. 6 reports the same waveforms in the range 
[441÷443]ms, i.e. almost at the end of the simulation; the 
behavior is just alike, apart a very little offset which 
decreases as the simulation run. 

0.441 0.442 0.443
699.2

700

700.4

Time[s] 

Vdc (V)

PSpice simulation
PSIM simulation

Fig. 6. Voltages Vdc deriving by the  PSpice and PSIM simulations in 
[441÷443]ms   

The time taken by PSIM to complete the simulation 
(500ms) is 29 seconds; this is just a very little time if 
compared with the time employed by PSpice for the same 
simulation (∼15 hours). Nevertheless PSIM does not allow 
to take other information to evaluate the simulation quality. 
In fact, it is not possible to take information about the total 
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number of iterations, the number of times it fails to 
converge, etc.  

Summarizing, the simulation in PSIM environment is 
fast, but performances indicators are not available. 
Moreover some results have to be validated, because it 
seems they have affected by characteristic errors of the 
integration method. The choice to implement a only one 
integration method, with fixed step, constitutes a limit of 
PSIM. 

 As just introduced, even the PSIM simulator can 
interact with Simulink toolbox by means of an interface 
block, called SimCoupler Module. Even in this case the 
first step is to define the input and the output variables, 
respectively; the same choices of the previous case has 
been done. Obviously, only co-simulations with fixed-step 
integration methods can be run and the same time-step has 
been set in both PSIM and Simulink. 

As in the previous cases, a 500 ms simulation with a 
1µs time-step has been considered and Runge-Kutta 
method has been imposed in Simulink. The output voltage 
Vdc is reported in Fig. 7, in which the previous simulations 
are reported too. It is observed the output voltage Vdc is 
almost superimposed to that one obtained in Pspice 
environment, while differs by that one of PSIM. This 
result supports the hypothesis about the persistent 
fluctuation as anomaly related to the utilized integration 
method.    
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Fig. 7. Zoom of the voltages Vdc deriving by PSpice, PSIM and
PSIM-Simulink simulations in the range [0÷125]ms   

 
Fig. 8 reports the waveforms of both the line current 

and voltage for the phase (a). The same behavior is 
obtained for the PSpice simulation. It is worth noting two 
aspects: the former one regards the phase shift between 
the waveform, the latter one regards the harmonic 
distortion.  

The phase shift is almost equal to zero, i.e. the 
converter behaves as a resistor, as expected.  

Moreover both the waveforms are almost sinusoidal, i.e. 
the LCL filter is able to contain the harmonic distortion 
produced by the converter operation. Both these 
requirements are strictly needed in order to design a well-
behaving boost active rectifier. 

Obviously, analogous waveforms are obtained for the 
other two phases (b) and (c).   

The line currents constitute a direct balanced three-
phase system, as reported in Fig. 3.  

Finally, the whole simulation is completed in 32 
seconds.  In the opinion of the authors the co-simulation 
PSIM-Simulink guarantees the best performances with 
regard to the determined variables as well as with respect 
to the employed time.  

0.5

-20

0

20

Time[s] 

Ia (A)

0.44

-200

0

200

Va (V)Va  

Ia  

Fig. 8.  Line current and voltage of the phase (a)  
4. Conclusions 
This paper presents the simulation results for the 

transient analysis of switching circuits. As very different 
time constants are present in the circuit, convergence 
issues happen. The first set of simulations has been run 
under a general-purpose software (PSpice); after this, a 
co-simulation PSpice-Simulink has been run to better 
manage the previous issue about the time constants.  Both 
of them have shown great problems, related to the 
simulation time or to the convergence or to the memory 
overflow, if the system under test is rather complex. The 
second set of simulations has been run under devoted 
software (PSIM); even in this case a co-simulation PSIM-
Simulink has been considered. Discrete results have been 
obtained in PSIM environment, while the best 
performances are observed with the co-simulation PSIM-
Simulink. The research is not closed and other complex 
systems will be analyzed following the same methodology. 
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Abstract—This paper presents an efficient method to
obtain a bifurcation diagram for harmonic balance (HB)
method using Gröbner base based on symmetry. Gröbner
base is a powerful tool to obtain the bifurcation diagram.
However, its computation is very time-consuming when
the equation has equivalent different solutions based on
the symmetry. We show that using invariants enables us
to transpose the equivalent different solutions to a unique
solution. Using the bifurcation diagram of the invariants
which we call reduced bifurcation diagram, the computa-
tion time is considerably decreased. Further, we reveal that
the relation between the amplitudes of each frequency com-
ponent does not depend on the source using the invariants
based on the symmetry of the HB equation without source.

1. Introduction
The harmonic balance (HB) method is known as the

method to analyze periodic oscillations for nonlinear cir-
cuit systems. Using this method, the circuit equations are
transposed to simultaneous algebraic equations which are
called HB equations due to the approximation by a trun-
cated Fourier series of variables. We have been applied
the HB method to the analysis of bifurcation phenomena
because the method provide the analytical results simpler
than the time-domain techniques [1, 2, 3].

The analytical representation of bifurcation diagram by
HB equation makes it possible to decompose the bifurca-
tion diagram [4]. The report [4] presents the method to use
Gröbner base which is a powerful tool based on ideal the-
ory [5, 6]. We can obtain the solutions with parameters by
Gröbner base of lexicographic order [4, 7].

However, the practical application of the HB method is
constrained by the rapidly increasing complexity as more
harmonics are considered. In addition, the computation of
lexicographic order Gröbner base requires very huge mem-
ories, especially, the equation has the equivalent different
solutions. Because the equivalent different solutions make
the degree of polynomial high when the system has symme-
tries, the computation of Gröbner base becomes a difficult
problem.

This paper proposes an efficient method to obtain the
bifurcation diagram for HB method using invariant based
on the symmetries. The invariants enable to transpose the
equivalent different solutions to a unique solution. As a re-
sult, the bifurcation diagram of the invariant becomes very
simple. We call the bifurcation diagram of the invariant a
reduced bifurcation diagram. We confirm that the compu-
tation time of the reduced bifurcation diagram is tremen-
dously decreased.

The HB equation without source has the symmetry based
on an arbitrary phase shift. The invariants with respect to
this symmetry correspond to the amplitudes of the each fre-
quency component. This paper presents also an efficient
method to obtain the relation between the amplitudes using
the invariants. The relation does not depend on the source
since it is obtained by the HB equation without source.

2. Harmonic Balance (HB) Equation
We consider a circuit equation of n dimensions

du(τ)
dτ
= h(u, λ) + e(τ), (1)

h(u, λ) = (h1, . . . , hn)T ∈ Rn, u(τ) = (u1, . . . , un)T ∈ Rn,
λ = (λ1, . . . , λl) ∈ Rl, e(τ) = (e1, . . . , en)T ∈ Rn,

where u is a state variable vector, e(τ) is a source vector
of period 2π/m (m ∈ Z>0), λ is a set of circuit parameters,
(·)T denotes the transposition, h : Rn × Rl → Rn is a vec-
tor of nonlinear functions which consists of polynomials of
u1, . . . , un with coefficients in rational function of λ1, . . . λl
andR, Z>0 are the set of real numbers and positive integers,
respectively.

When the solution u(τ) is approximated by a truncated
Fourier series u∗(τ)

u∗(τ) = (u∗1, . . . , u
∗
n)T =

p∑
k=0

{
ψck cos kτ + ψsk sin kτ

}
, (2)

where ψck = (ψck,1, . . . , ψck,n)T ∈ Rn, ψsk =

(ψsk,1, . . . , ψsk,n)T ∈ Rn and ψs0 = 0 the HB equation is
represented by

f (ψ, λ) ≡ ( fc0,1, fs0,1, fc0,2, . . . , fcp,n, fsp,n)T=0∈ RN , (3)

fck,i = kψsk,i − 1
π

∫ 2π
0 {hi(u∗, λ) + ei} cos kτdτ (k,0),

fsk,i = −kψck,i − 1
π

∫ 2π
0 {hi(u∗, λ) + ei} sin kτdτ,

fc0,i = − 1
π

∫ 2π
0 {hi(u∗, λ) + ei} dτ, fs0,i = 0,

ψ ≡ (ψc0,1, ψs0,1, ψc0,2, . . . , ψcp,n, ψsp,n)T ∈ RN ,
i = 1, . . . , n, k = 0, . . . p, N = 2n(p + 1).

3. Symmetry and Invariant
3.1. Symmetry of System

Let us consider the symmetry of the HB equation (3).
Based on the periodic source which satisfies e(τ+ 2π/m) =
e(τ), Eq.(3) has the following symmetry

f (Θi
2π/mψ, λ) = Θi

2π/m f (ψ, λ), i = 1, . . . ,m, (4)
where

Θ2π/m =


Θ2π/m,0 0

. . .

0 Θ2π/m,p

 ,

Θ2π/m,k=


θ 2πk

m 0
. . .

0 θ 2πk
m

∈R2n×2n, θ 2πk
m
=

 cos 2πk
m sin 2πk

m
− sin 2πk

m cos 2πk
m

 ,
and k = 0, . . . , p. We call the symmetry of the 2π/m phase
shift Γ2π/m. If ψ is a solution, then Θi

2π/mψ is also a solu-
tion. The symmetric solutions with respect to Γ2π/m satisfy
ψ = Θi

2π/mψ for all i, whereas asymmetric solutions do not
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satisfy the relation and have equivalent different solutions.
The number of equivalent asymmetric solutions for Γ2π/m
is m.

If the nonlinear characteristics of the circuit equation has
odd symmetry and the source satisfies e(τ+π) = −e(τ), the
system has another symmetry described by

f (Θi
−πψ, λ) = Θi

−π f (ψ, λ), i = 1, 2, (5)
where

Θ−π =



−I2n 0
. . .

(−1)k+1I2n
. . .0 (−1)p+1I2n


,

k = 0, . . . , p and I2n is an identity matrix of 2n×2n. We call
the symmetry of π phase shift and sign inversion Γ−π. The
symmetric solutions with respect to Γ−π satisfy ψ = Θi

−πψ
for all i, whereas asymmetric solutions do not satisfy the
relation. The number of equivalent asymmetric solutions
for Γ−π is 2. Thus, the oscillation which is asymmetric for
Γ2π/m and Γ−π has 2m equivalent different solutions.

3.2. Bifurcation Diagram using Invariant
Since the HB equation is a simultaneous algebraic equa-

tion, we can obtain the bifurcation diagram described by
a unique polynomial equation using Gröbner base. For
example, the Gröbner base with respect to lexicographic
order ψc0,1 � · · · � ψsp,n gives a bifurcation diagram
(λ - ψsp,n). However, it is known that this computation is
generally very time-consuming. Especially, if the equation
has equivalent different solutions, the degree of the poly-
nomial becomes high and the difficulty of the computation
increases.

We propose to decrease the degree of the bifurcation di-
agram using invariant which enables to transpose the dif-
ferent equivalent solutions to a unique solution.

An invariant g(ψ) with respect to a symmetry Γ is defined
by

g(ψ) = g(Θ(γ)ψ), (6)
for all γ ∈ Γ. We consider the set of the invariants as fol-
lows:

R[ψ]Γ := { f ∈ R[ψ] | ∀γ ∈ Γ, f = Θ(γ) f } . (7)
Because this set is closed under addition and multiplica-
tion, it is a sub-ring of R[ψ]. R[ψ]Γ is called the invariant
sub-ring of Γ. It has been known that the arbitrary invariant
g ∈ R[ψ]Γ can be rewritten by finite fundamental invariants
g1, . . . , gl [8]. If we define variables Ai.

Ai ≡ gi(ψ), i = 1, . . . , r, (8)
the equivalent asymmetric solutions are represented by a
unique solution Ai

We obtain the bifurcation diagram by the ideal 〈 f (ψ, λ)〉
using Gröbner base of lexicographic order. On the other
hand, the reduced bifurcation diagram by the invariant is
obtained by the ideal 〈 f (ψ, λ)〉 + ∑ 〈gi − Ai〉. We pro-
pose algorithm to obtain the reduced bifurcation diagram
described as follows:

S1. We give invariants Aα1, . . . , Aαs, which are the targets
for bifurcation diagram, where α1, . . . αs ≤ r.

S2. We obtain the Gröbner base of lexicographic order
ψ � Aα1 � · · · � Aαs by the ideal 〈 f (ψ)〉 + 〈gα1 −
Aα1, . . . , gαs − Aαs〉.

S3. We can obtain the reduced bifurcation diagram by the
the eliminated ideal which contains only Aα1, . . . , Aαs
in the Gröbner base.

Emcosωt

i=c’φ+c"φ

φ
CR

3

vc

Figure 1: RLC resonance circuit.

The degree of the bifurcation diagram is decreased by this
method and the computation time of the Gröbner base is
also decreased.

4. Example
4.1. Circuit Equation

We apply the proposed method to an RLC resonance
circuit shown in Figure 1. The characteristics of the non-
linear inductor is approximated by cubic polynomial, i.e.,
i = c′φ + c′′φ3, where φ is a magnetic flux and i is current.
The scaled circuit equation is written by

du(τ)
dτ
=

[
−k(c1u1 + c3u1

3) − u2
c1u1 + c3u1

3

]
+

[
E cos mτ

0

]
, (9)

u(τ) = (u1, u2)T, u1 =
ωCφ

m
√

2In
, u2 =

Cvc√
2In
, mτ = ωt,

c1 = 1 − c3 =
m2

ω2C c′, c3 =
2m4In

2

ω4C3 c′′, k = ωRC
m , E = CEm√

2In
,

where In is the value of the normalized current, and vc is
the capacitance voltage. Using the HB method with 3 fre-
quency components, the u1(τ) and u2(τ) are respectively
approximated by

u∗1(τ) = ψc1 cos τ + ψs1 sin τ + ψc2 cos 2τ + ψs2 sin 2τ
+ψc3 cos 3τ + ψs3 sin 3τ, (10)

u∗2(τ) = ψ2c1(ψ) cos τ + ψ2s1(ψ) sin τ + ψ2c2(ψ) cos 2τ
+ψ2s2(ψ) sin 2τ + ψ2c3(ψ) cos 3τ + ψ2s3(ψ) sin 3τ,(11)

where u∗2 is obtained by integral of u∗1 for simplification,
i.e., ψ2c1, ψ2s1, ψ2c2, ψ2s2, ψ2c3, ψ2s3 are represented by ψ ≡
(ψc1, ψs1, ψc2, ψs2, ψc3, ψs3)T, and the DC component ψc0 is
zero. We consider the case of m = 3, i.e., the target oscil-
lation is the 1/3 sub-harmonic oscillation. The HB equa-
tion is written by f (ψ, λ) ≡ ( fc1, fs1, fc2, fs2, fc3, fs3)T = 0,
where λ ≡ (c3, k).

4.2. Symmetry of the System
In order to obtain the fundamental invariants, let us con-

sider the symmetry. The HB equation f (ψ, λ) = 0 has the
symmetries Γ2π/3 and Γ−π. The corresponding linear repre-
sentation Θ2π/3 and Θ−π are

Θ2π/3=



- 1
2

√
3

2 0
-
√

3
2 - 1

2

- 1
2 -
√

3
2√

3
2 - 1

2
10 1


, Θ−π=


1 01
−1
−1

10 1

 .(12)

The number of equivalent asymmetric solutions for Γ2π/3
is 3, and the number of equivalent asymmetric solutions for
Γ2π/3 and Γ−π is 6.

4.3. Invariants of the System
Using the Θ2π/3 and Θ−π, the fundamental invariants

with respect to the symmetries Γ2π/3 and Γ−π are
g1(ψ) = ψc1

2 + ψs1
2, (13)
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Figure 2: The parameter E versus the amplitude of the fun-
damental oscillation

√
A3. (λ = (c3, k) = (1, 1/150), “Solu-

tion 1” represents asymmetric solutions, “Solution 2” rep-
resents solutions based on symmetry Γ−π, and “Solution 3”
represents solutions based on symmetries Γ2π/3 and Γ−π)

g2(ψ) = ψs1

(
3ψ2

c1 − ψ2
s1

)
, (14)

g3(ψ) = ψc1

(
ψ2

c1 − 3ψ2
s1

)
, (15)

g4(ψ) = ψc2
2 + ψs2

2, (16)
g5(ψ) = ψc2ψs2

(
3ψ2

c2 − ψ2
s2

) (
ψ2

c2 − 3ψ2
s2

)
, (17)

g6(ψ) = ψs2
6 + 21ψc2

2ψs2
4 − 9ψc2

4ψs2
2 + 3ψc2

6, (18)
g7(ψ) = 3ψs2

6 − 9ψc2
2ψs2

4 + 21ψc2
4ψs2

2 + ψc2
6, (19)

where g1(ψ), g2(ψ), g3(ψ) enable to transpose the equiva-
lent 3 asymmetric solutions for Γ2π/3 to a unique solution
and g4(ψ), . . . , g7(ψ) enable to transpose the equivalent 6
asymmetric solutions for Γ2π/3 and Γ−π to a unique solution.
The g1(ψ) and g4(ψ) correspond to the amplitudes of 1/3
and 2/3 subharmonic frequency components. Thus, all ar-
bitrary invariants can be rewritten by gi(ψ), i = 1, 2, . . . , 7.

Let us consider the bifurcation diagram of invariants
which correspond to the amplitudes of each frequency
component. We rewrite invariants as follows:

A1 ≡ g1(ψ) = ψc1
2 + ψs1

2, (20)
A2 ≡ g4(ψ) = ψc2

2 + ψs2
2, (21)

A3 ≡ g8(ψ) = ψc3
2 + ψs3

2. (22)
The g8(ψ) is an invariant since all polynomials of the fun-
damental oscillation components ψc3 and ψs3 are invariants.√

A1,
√

A2 and
√

A3 are the amplitudes of each frequency
component.
4.4. Computation Efficiency

In order to confirm the efficiency of the proposed
method, we compare the computation time between two
methods, i.e., the method with and without the invariants.
We use computer algebra system Risa/Asir [9].

In the method without the invariants, we consider to
obtain the bifurcation diagram by ideal 〈 f (ψ, λ)〉 using
Gröbner base of lexicographic order ψc2 � ψs2 � ψc1 �
ψs1 � ψc3 � ψs3, i.e., we obtain the bifurcation diagram
(E - ψs3) with parameters λ = (c3, k). However, its com-
putation requires more than 4GB memory and we cannot
obtain the bifurcation diagram.

However, using the proposed method with the invariants,
we can obtain the reduced bifurcation diagram (E - A3) by
ideal 〈 f (ψ, λ)〉 + 〈g1 − A1, g4 − A2, g8 − A3〉 using Gröbner
base of lexicographic order, ψc2 � ψs2 � ψc1 � ψs1 �
ψc3 � ψs3 � A2 � A1 � A3. The reduced bifurcation dia-
gram can be decomposed to 3 factors — corresponding to
asymmetric solutions (Solution 1), solutions based on sym-
metry Γ−π (Solution 2) and solutions based on symmetries
Γ−π and Γ2π/3 (Solution 3) as shown in Figure 2 where the
set of parameters λ = (c3, k) = (1, 1/150).

We consider a simpler problem for the comparison.
We set the 2/3-subharmonic frequency components ψc2 =
ψs2 = 0, i.e., we consider the HB method with 2 frequency
components, 1/3-subharmonic and fundamental harmonic

Table 1: Complexity of the bifurcation diagram (λ =
(c3, k) = (1, 1/150)).

Method Max degree Number of terms
without Invariant 19 64

with Invariant 7 12

Table 2: Computation time of the bifurcation diagram.
Method Computation time [s]

λ = (1, k) λ = (1, 1/150)
without Invariant impossible 25000.9

with Invariant 6.14306 0.6509

components. In this case, the number of equivalent asym-
metric solutions for Γ2π/3 is 3. The each bifurcation dia-
gram (E - ψs1) and (E - A1) can be obtained using lexico-
graphic order ψc3 � ψs3 � ψc1 � ψs1 (� A3 � A1). The
results are shown in Table 1 and Table 2.

In the Table 1, the number of the asymmetric solutions
except symmetric solution ψs1 = 0 is 18 in the case without
the invariants, whereas the number of the asymmetric solu-
tions except symmetric solution A1 = 0 is 6 in the case with
the invariants. We can confirm that the invariant A1 trans-
poses the equivalent 3 asymmetric solutions to a unique
solution.

The number of terms when using the method with the
invariants is considerably smaller than the number of terms
on the method without the invariants. The Table 2 compare
the computation time. We can confirm the efficiency of the
proposed method.

Thus, the bifurcation diagram is reduced by the invari-
ants and its computation time is decreased dramatically.

5. Relation between Amplitudes using Invariant
Let us consider the following HB equation without

source from the circuit equation (1)
f̂ (ψ, λ) ≡ ( f̂c0,1, f̂s0,1, f̂c0,2, . . . , f̂cp,n, f̂sp,n)T=0∈ RN , (23)

ê ≡ (êc0,1, ês0,1, êc0,2, . . . , êcp,n, êsp,n)T ∈ RN ,

f̂ck,i = kψsk,i − 1
π

∫ 2π
0 hi(u∗, λ) cos kτdτ (k,0),

f̂sk,i = −kψck,i − 1
π

∫ 2π
0 hi(u∗, λ) sin kτdτ,

f̂c0,i = − 1
π

∫ 2π
0 hi(u∗, λ) dτ, f̂s0,i = 0,

êck,i = − 1
π

∫ 2π
0 ei cos kτdτ (k,0), êc0,i = − 1

π

∫ 2π
0 ei dτ,

êsk,i = − 1
π

∫ 2π
0 ei sin kτdτ, ês0,i = 0,

fck,i = f̂ck,i+êck,i, fc0,i = f̂c0,i+êc0,i,

fsk,i = f̂sk,i+êsk,i, fs0,i = f̂s0,i+ês0,i = 0,
i = 1, . . . , n, k = 0, . . .m, N = 2n(p + 1).

The HB equation (3) is written by f (ψ, λ) = f̂ (ψ, λ)+ê = 0.
In many cases, the Eq.(3) contains the equations which do
not depend on the source ê because many elements of the ê
are zeroes.

For example, we consider the case in the previous sec-
tion. The cases of m = 1, 2 and 3 correspond to fun-
damental oscillation, 1/2-subharmonic oscillation and 1/3-
subharmonic oscillation for the HB, respectively. The HB
equations f (ψ, λ) of m = 1, 2 and 3 are represented as
[m = 1] f (ψ, λ) = ( f̂c1 + E, f̂s1, f̂c2, f̂s2, f̂c3, f̂s3)T = 0,(24)
[m = 2] f (ψ, λ) = ( f̂c1, f̂s1, f̂c2 + E, f̂s2, f̂c3, f̂s3)T = 0,(25)
[m = 3] f (ψ, λ) = ( f̂c1, f̂s1, f̂c2, f̂s2, f̂c3 + E, f̂s3)T = 0.(26)
Thus, the source E of frequency m affects only the HB
equation of the corresponding frequency. So the equations
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which do not contain E have a symmetry of the HB equa-
tion without source (23).

The Eq.(23) has the symmetry Γξ as follows:
f̂ (Θξψ, λ) = Θξ f̂ (ψ, λ), (27)

where

Θξ =


Θξ,0 0

. . .

0 Θξ,m

 ,

Θξ,k =


θξk 0

. . .

0 θξk

∈R2n×2n, θξk =

 cos ξk sin ξk
− sin ξk cos ξk

 ,
and k = 0, . . . , p. This symmetry Γξ is based on the arbi-

trary phase ξ shift. The invariants Aξ1 = gξ1, . . . , Aξp = gξp
with respect to Γξ correspond to the amplitudes.

Using the invariants gξ1 −Aξ1 = 0, . . . , gξp −Aξp = 0 and
equations which do not depend on the source ê in Eq.(3),
we can obtain the relation between the amplitudes of the
each frequency component because the Aξ1, . . . , Aξp do not
depend on phase. The relation does not depend on source,
since the invariants and HB equation without source (23)
do not depend on the source.

In the case of the example, the invariants A1 = ψ2
c1 +

ψ2
s1, A2 = ψ2

c2 + ψ
2
s2 and A3 = ψ2

c3 + ψ
2
s3 with respect to

symmetry Γξ correspond to the amplitudes of the each fre-
quency component.

In case of m = 1, the relation between amplitudes A1, A2

and A3 are obtained by f̂c2, f̂s2, f̂c3 and f̂s3 as shown in Fig-
ure 3. In case of m = 2, the relation between amplitudes
A1, A2 and A3 are obtained by f̂c1, f̂s1, f̂c3 and f̂s2 as shown
in Figure 4. In case of m = 3, the relation between ampli-
tudes A1, A2 and A3 are obtained by f̂c1, f̂s1, f̂c2 and f̂s2 as
shown in Figure 5. When the solutions are on the dotted
lines in Figure 3 and Figure 5, the ψc2 and ψs2 are obtained
as complex numbers since A2 is a negative number.

Thus, we can obtain the relation between amplitudes of
the each frequency component by the HB equation without
source using invariants. It is noted that the relation does not
depend on the source.

6. Conclusion
This paper proposed an efficient method to obtain the

reduced bifurcation diagram using the invariants based on
the symmetry. In this method, the degree of the bifurcation
diagram is decreased because the equivalent different solu-
tions are transposed to a unique solution by the invariants.
We confirmed that the proposed method considerably de-
crease the computation time. Further, based on symmetry
of the HB equation without source, we presented a method
to obtain the relation between the amplitudes of the each
frequency which does not depend on the source compo-
nents using the invariants.
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Abstract—
CMOS operational amplifiers are most important build-

ing blocks of analog circuits. In this paper, we propose
a Spice-oriented design algorithm of CMOS amplifies for
attaining the maximum DC gain. Our optimization al-
gorithm is based on well-known steepest descent method,
where the gradient direction is decided by the analysis of
sensitivity circuits for the designing parameters such as
MOS sizes and bias voltages. In order to develop the
user-friendly designing tool, we have firstly tried to replace
MOSFETs by the corresponding sensitivity modules. After
then, our steepest descent algorithm is realized by equiv-
alent nonlinear RC circuits with ABMs (analog behavior
models), so that the solution can be found as an equilib-
rium point with transient analysis of Spice. We found from
some numerical experiments that the optimum points can
be stably obtained by the transient analysis.

1. Introduction

CMOS operational amplifiers are widely used as the
building blocks in analog circuits [1-4]. For designing the
amplifiers, there are several design criteria such as the max-
imum gain, the minimum power consumption and so on.
For example of attaining the maximum gain of an am-
plifier, the gain largely depends on the bias voltages and
MOS sizes, so that they are chosen as the design param-
eters. Traditionally, the optimum parameters were found
by trial and error process with Spice. It was really time-
consuming when the design parameters are increased [6].
On the other hand, the steepest descent method is widely
used for this kind of problems [5]. However, it is very ef-
ficient only when the objective functions are given in the
analytical form.

Hence, in this paper, we propose a practical steepest
descent algorithm based on Spice combining the sensitivity
analysis. Firstly, we need to define the objective function
as follow:

Φ(x,p), x ∈ Rn, p ∈ Rk (1)

where
x: circuit variables such as voltages and currents.
p: optimization parameters such as bias voltages, resistor’s
values and the dimensions of MOSFETs W[width in µm]
and L [length µm] and so on [6,7]
Now, let us discuss the design algorithm of amplifiers for
attaining the maximum DC gain based on Spice-oriented
steepest descent method [5,7]. Namely, the gradient direc-
tion is decided by the solutions of sensitivity circuits [8],
and the steepest descent algorithm can be realized by the

equivalent RC circuits combining with nonlinear controlled
current sources. In order to develop user-friendly simu-
lators, we tried to transforms MOSFETs into the corre-
sponding sensitivity modules. The optimization algorithm
to attain the maximum gain is given by

dpi

ds
= −dSv(p)

dpi
, i = 1, 2, . . . , k, (2)

where S(p) is the sensitivity gain and pi are optimiza-
tion parameters. Unfortunately, it is impossible to eval-
uate dS(p)

dpi
from the sensitivity analysis, so that we need to

introduce the numerical differentiation as follows:

dpi

ds
= −Sv(p + ∆p)− Sv(p)

∆pi
, i = 1, 2, . . . , k,

∆p = (0, 0, . . . , ∆pi, . . . , 0)T
(3)

with sufficiently small ∆p. Then, replacing a variable “s”
by time “t”, our descent algorithm can be realized by the
equivalent nonlinear RC circuits with the solutions of the
sensitivity circuit and ABMs of Spice[9]. In this way, we
can find out the optimum parameters at the equilibrium
point from the transient analysis.

We show the sensitivity circuit using the tableau ap-
proach, and the above optimization algorithm in section 2.
The sensitivity modules of MOSFETs are shown in section
3. They are very useful to develop user-friendly simula-
tors. We show interesting examples of inverter amplifier to
attain the maximum gain and CMOS amplifier in section
4.

2. Sensitivity analysis
and Spice-oriented optimization algorithm

Sensitivity analysis
The steepest descent method is the most basic optimization
approach, where the gradient direction is decided by solu-
tions of the sensitivity circuit. Let us derive the sensitivity
circuit via tableau approach [8]. The tableau equation is
given by:

[
Ki Kv 0
0 1 −AT

A 0 0

][
i
v
vn

]
−

[
g(v, i)
E
AJ

]
=

[
0
0
0

]

(4)
The first row is coming from the Ohm’s low, second and
third are Kirchhoff’s voltage and current lows, respectively.
A is the incidence matrix and Ki, Kv are (b × b) square
matrix composed of “1” and “0” for b elements. E and J
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show the voltage and current sources. Now, we define the
sensitivity as follow:
Sensitivity: Let us define the sensitivity by

Sk,i ≡ lim
∆pi→0

∆xk

∆pi
(5)

Now, let us calculate the variational equation from (3). For
parameter variations of the nonlinear resistors, we have

g(v0 + ∆v, i0 + ∆i) + ∂g(v,i)
∂p

∣∣
v0,i0

∆p

' g(v0, i0) + ∂g(v,i)
∂v

∣∣
v0,i0

∆v

+ ∂g(v,i)
∂i

∣∣
v0,i0

∆i+ ∂g(v,i)
∂p

∣∣
v0,i0

∆p

(6)

Thus, we have the following circuit equation for calculating
the sensitivities:

[
Ki Kv 0
0 1 −AT

A 0 0

][
Si,pi

Sv,pi

Svn,pi

]
−




∂g(v,i)
∂v

∣∣
v0,i0

Sv,pi

0
0




−




∂g(v,i)
∂i

∣∣
v0,i0

Si,pi

δ(i)
A‹(i)


 =




∂g(v,i)
∂p

∣∣
v0,i0

δ(i)

0
0


 ,

(7)
where ‹(i) means a delta function satisfying

1 2 . . . i . . . k
‹(i) = [ 0, 0, . . . , 1 . . . , 0 ]T .

Thus, from (6), we can derive the sensitivity circuit for
ith pi parameter. Note that the circuit configuration is
equal to the original one except for the nonlinear elements
being replaced by the linear incremental resistors at the
operating points V0, I0. Now, we summarize the algorithm
for deriving the sensitivity circuit.

1. When a voltage source is chosen as an optimization
parameter, it is set to “1[V]”. Other sources are re-
moved as the short-circuits.

2. When a current source is chosen as an optimization
parameter, it is set to “1[A]”. Other sources are re-
moved as the open-circuits.

3. When a resistor chosen as an optimization parameter,
it is replaced by the linear incremental resistor with
the controlled source ∂g(v,i)

∂p

∣∣
v0,i0

‹(i). Other resis-

tors are only replaced by the incremental resistors.
These transformations are shown in Fig.1.

Sensitivity elements

Voltage-controlled resistor

Current-controlled resistor

0

0

R 0

Resistive elements

Linear resistor

v=Ri

i=g(v)

v=r(i)^

^

i

G(v  )

R(i  )

0

j(v  ) dg(v )
dp v=v

=0

0e(i  ) dr(i)
dp i=i

=
0

Fig.1. Sensitivity elements for resistors.

Example: Now, consider a simple example for deriving
the sensitivity circuit. We assume that c3 in nonlinear
resistor

i = c1v + c3v
3

is chosen as an optimization parameter. Then, the sensi-
tivity circuit is given by Fig.2(b).

R1

E

i

v

R1
Si

SvG(v0) v0
3

(a) nonlinear resistive circuit. (b) Sensitivity circuit.

Fig.2. Sensitivity circuit.

Variational method: We perturb c3 ⇒ c3+∆c3, then,
we have the following circuit equation and the variational
equation:

c1(v0 + ∆v) + (c3 + ∆c3)(v0 + ∆v)3 +
(v0 + ∆v)− E

R1
= 0

⇒ c1∆v + ∆c3v
3
0 + 3c3v

2
0∆v +

∆v

R1
= 0

Therefore, the sensitivity of the resistor voltage is given by

Sv = lim
∆c3→0

∆v

∆c3
= − v3

0

G(v0) + 1
R1

, for G(v0) = c1 + 3c3v
2
0

Sensitivity analysis: From the sensitivity circuit
Fig.2(b) with ∂i/∂c3|v0

= v3
0 , we have the voltage drop

at the resistor G(v0) is given

Sv = − v3
0

G(v0) + 1
R1

which is exactly equal to the solution from the variational
method.

Spice-oriented optimization technique
Now, we consider optimization problems of DC circuits,
and define the objective function as follows:

Φ(v, i,p) = φ̂(v1, v2, . . . , vn, i1, i2, . . . , in, p1, p2, . . . , pk)
(8)

where v, i are circuit variables, and p is the optimization
parameters. Applying the steepest descent method to (7),
we have

∂p1
∂s

= −φ̂(Sv1,p1 , . . . , Svn,p1 , Si1,p1 , . . . , Sin,p1 , 1, 0, . . . , 0)
∂p2
∂s

= −φ̂(Sv1,p2 , . . . , Svn,p2 , Si1,p2 , . . . , Sin,p2 , 0, 1, . . . , 0)
· · · · · · · · · · · · · · ·

∂pk
∂s

= −φ̂(Sv1,pk , . . . , Svn,pk , Si1,pk , . . . , Sin,pk , 0, 0, . . . , 1)





(9)
where {Svi,pj , Sii,pj , i = 1, 2, . . . , n, j = 1, 2, . . . , k} are so-
lutions from the sensitivity analysis. Note that we need
k times sensitivity analysis to execute the steepest descent
method. Changing variable “s” with time “t”, the equation
(8) is realized by a coupled RC circuits using controlled-
current sources as shown in Fig.3, where the value capac-
itance Cs are related to the convergence speed, and R0s
are sufficient large dummy resistances. On the other hand,
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Fig.3. Circuit configuration of the steepest decent method.

the optimization attaining the maximum gain is realized by
the use of numerical differentiations as given in (2). The
relation (2) is also realized by the circuit shown in Fig.4
with small ∆pi. where S(p + δ(∆pi)) and S(p) are so-

i=1,2, ... , k

C R0

+

-

pi
- �

p
i

S(pS p( )+
� � �

)ip ) -

Fig.4. Circuit configuration of attaining the maximum gain.

lutions from the sensitivity analysis. Thus, the optimum
point can be found by the transient analysis of Spice.

3. Sensitivity modules of MOSFETs

Now, let us derive the sensitivity modules of MOSFETs
in DC. Once these modules are stored in our computer as
the packages, our optimization algorithms can be easily
carried out with Spice. We apply piecewise continuous
Shichman-Hodges model [1-4] for nMOS as follows:

1. Linear region (vGS > vT , 0 < vDS < vGS − vT )

iD =
knW

L

[
(vGS − vT )− vDS

2

]
vDS(1 + λvDS) (10)

2. Saturation region(vGS > vT , vDS ≥ vGS − vT )

iD =
knW

2L
(vGS − vT )2(1 + λvDS) (11)

where the threshold voltage is given by

vt = vT0 + γ

(√
φ− vBS −

√
φ

)
(12)

Thus, we have the following sensitivity elements at the
corresponding operating points:

1. Linear region

GGS ≡
∂iD

∂vGS
=

knW

L
vDS0(1 + λvDS0) (13)

GDS ≡
∂iD

∂vDS
=

knW

L
×[

−3

2
λv2

DS0 − vDS0 + (1 + 2λ)(vGS0 − vT0)

] (14)

GBS ≡
∂iD

∂vBS
=

γknW

2L

vDS0(1 + λvDS0)√
φ− vBS0

(15)

2. Saturation region

GGS ≡
∂iD

∂vGS
=

knW

L
(vGS0 − vT0)(1 + λvDS0) (16)

GDS ≡
∂iD

∂vDS
=

knW

2L
(vGS0 − vT0)2λ (17)

GBS ≡
∂iD

∂vBS
=

γknW

2L

(vGS0 − vT0)(1 + λvDS0)√
φ− vBS0

(18)

For the optimization parameter (W ,L), we have the fol-
lowing current sensitivities:

1. Linear region

Sin =
kn

L

[
(vGS0 − vT0)− vDS0

2

]
vDS0(1+λvDS0), for L,

(19)

Sin = −knW

L2

[
(vGS0 − vT0)− vDS0

2

]
vDS0(1+λvDS0), for W,

(20)

2. Saturation region

Sin =
kn

2L
(vGS0 − vT0)2(1 + λvDS0), for L, (21)

Sin = −knW

2L2
(vGS0 − vT0)2(1 + λvDS0), for L, (22)

where “0” means voltage at the operating point. These
modules are realized with ABMs of Spice, whose nMOS
module is shown by Fig.5 (b). We can also realize pMOS

D

G

S

B

(a) nMOS

vB

vD iD

vG

iSvS

D

S

B
Sin

(b) nMOS module

GSG V,GSS
DSG V,DSS

BSG SV,BS

G

Fog.5. (a) nMOS, (b) nMOS module.

sensitivity modules in the same way.

4. Illustrative examples.

CMOS inverter amplifier.
Most of CMOS operational amplifiers contain some kinds
of inverters Fig.6(a) as the building blocks, whose transfer
characteristic is given by Fig.6(b), where MOS parameters
are given by Table 1.

M

M1

R

+

-
vout

2

E1

E2

L

0

0.5

1

1.5

2

2.5

3

0 0.2 0.4 0.6 0.8 1

Inverter characteristic

[V]

Vout

[V]E1

(a) CMOS inverter. (b) Input-output characteristic.

Fig.6. CMOS inverter.

Table.1 MOS parameter[9] (MKS system).
Mark pMOS nMOS

L 1.2× 10−6 1.2× 10−6

W 7.8× 10−6 7.8× 10−6

LD 900.1× 10−12 900.1× 10−12

pVT0, nVT0 -0.8311 0.6081

kp, Kn 19.34× 10−6 74.21× 10−6

λ 0.1 0.2
pγ, nγ 0.3046 0.6166

Cj0 259.97× 10−6 280.65× 10−6
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Other parameters
AS = AD = 20× 10−12, tox = 30.4× 10−9, φ = 0.7

Cox = 1.135× 10−3

The gain is given by the following relation

Gout =
dVout

dE1
. (23)

If the input voltage is set at series to E1. It seems to have
the maximum around E1 = 0.37[V ]. Now, let us calcu-
late the maximum gain with the steepest descent method
shown is section 2.2. Our Spice-oriented optimization al-
gorithm is realized the equivalent circuit shown by Fig.7,
where the above 3 circuits are inverters, and the below 3
are corresponding sensitivity circuits, where they are set
to E1 = 1[V ] in the sensitivity analysis because of the gain
ofE1. The optimum point is obtained by the following

Inverter

RL

Inverter

RL

Inverter

RL

1[V]

(a) (b) (c)

Inverter

RL

Inverter

RL

Inverter

RL

1[V]

E 1

E2

E 1 E 1+
�

E2+
�

E2

E2

E 1

INV0 INV1 INV2

S S S0 1 2

1[V]
S (E  + � E  ,E  )1 1 2

(Sa) (Sb) (Sc)

S (E  ,E  )1 2
S(E  ,E  + � E  )1 2 2

Fig.7. Equivalent circuit for getting the maximum gain.

steepest descent method shown Fig.4.

C dE1
dt

= −Sv(E1+∆E1,E2)−Sv(E1,E2)
∆E1

C dE2
dt

= −Sv(E1,E2+∆E2,)−Sv(E1,E2)
∆E2

}
(24)

E
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Time

Gain optimization
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1

Fig.8 (a) Gain optimization (b) Gain sensitivity.

E1 = 0.74696[V ], E2 = 1.9467[V ], Gout,max = −28.444, C = 0.01,

RL = 1000[kΩ].

Thus, the optimum point corresponds to the equilibrium
point, which is found by the transient analysis of Spice. To
investigate the result, we calculate the gain characteristic
for the variable E1 with E2 = 1.946 as shown in Fig.8(b).
The result is exactly equal to the result from Fig.8(a).

AB amplifier
Now, we consider AB amplifier shown in Fig.9(a) [1]. It is
a class of differential amplifier and consisted of 14 MOS-
FETs. At first, we optimize the gain by changing the sizes
(nL, nW, pL, pW ) between 1µm < L, W < 10µm, where
we classify the transistors into 3 groups according to pMOS
mirror circuits (1,2,3,4,5,6), nMOS differential inputs and
mirror circuit (1,3,4,5,6,8) and nMOS current sources (2,7).
We also consider the bias voltage VB so that we optimized
seven parameters and have the result shown by Fig.9 (c).

M M

vout

2
M1

M

M3 4

5

DD

VSS

Vin

VB

V

M

M MM

M

M

M

M

M

6

7 8 9 10

11 12

13

14

Vin-

+

Fig.9(a) CMOS AB amplifier.
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Gain Optimization (MOS size)
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Fig.9(b) Optimization for sizes, Max Gain =21.21,
(c) Optimization for sizes and bias VB .

pL = nL = 1µm, pW = nW = 10µm, VB =

−1.206[V ], Max Gain = 40.12

5. Conclusions and remarks

In this paper, we propose a Spice-oriented design algo-
rithm of CMOS amplifies for attaining the maximum DC
gain. The optimization algorithm is based on the steepest
descent method such that the gradient direction is decided
by the analysis of the sensitivity circuit. Since our opti-
mization method is realized by the nonlinear RC circuits
with ABMs, the solution is found by the transient analysis
of Spice. From our numerical experiments, we can get the
solution, stably. For future work, we will apply our method
to bipolar transistor circuits and the others.
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Abstract— A Verilog-AMS model for a fractional-N frequency
synthesizer is presented that is capable of predicting the noise
and jitter performance. The model is based on a voltage-domain
behavioral model. Compared to phase-domain models, voltage-
domain models do a better job of capturing the details of
the behavior of the loop, details such as signal capturing and
escaping traces. Simulation efficiency is improved by merging
the voltage controlled oscillator (VCO) and frequency divider.
Due to the benefits of Verilog-AMS, the ∆Σ modulator which
is incorporated in the synthesizer is modelled in the fully
digital way. This makes it accurate enough to evaluate how the
performance of the frequency synthesizer is related to the ∆Σ
modulator. The spur–minimizing effect of an odd initial condition
on the first accumulator of the ∆Σ modulator is verified in our
simulation. The results are in agreement with prior published
data on fractional-N synthesizers.

I. INTRODUCTION

Phase-locked loop (PLL) based frequency synthesizers are
widely used in all kinds of circuits. The fractional-N approach
to frequency synthesis enables fast dynamics to be achieved
within the PLL by allowing a high reference frequency [1].
The fractional-N divider is realized by changing the divider
ratio between a range of integers to get an average fractional
ratio. However, the changing of divider ratios in a periodic
manner can produce excess spur and phase noise in the
output of the frequency synthesizer. The ∆Σ modulation
technique [1] is proposed to shape the noise produced by
the dynamic divider ratio. This method has been widely used
in a variety of applications ranging from accurate frequency
generation to direct frequency modulation in transmitters [2].
Figure 1 illustrates such a PLL synthesizer where the output
of the ∆Σ modulator is used to modulate the instantanuous
division ratio of a multi–modulus frequency divider. The divi-
sion ratio alterations take place very rapidly, and in a pseudo–
random fashion so that the phase noise and spurious contents
are pushed to higher offset frequencies, where the existing PLL
loop filter can easily attenuate them. This technique permits
narrow step sizes compared to the reference frequency and fast
settling time, while improving the phase noise performance of
the PLL frequency synthesizers [3].

All ∆Σ modulators produce quantization noise and make a
considerable contribution to the overall noise of the fractional-
N synthesizer. However, the existing models for ∆Σ modu-
lators have used C++ or Verilog-A [4–6], in which the ∆Σ

Delta-Sigma 
Modulator

Phase/Frequency 
Detector Charge Pump Loop Filter Voltage Controlled 

Oscillator

Divider
/N...N+P

r e ff

i

o u tf

Fig. 1. Fractional-N PLL synthesizer with ∆Σ modulator

modulator has been modeled using an idealized linear transfer
function. Due to the benefit of Verilog-AMS, we can model
the ∆Σ modulator based on its digital implementation. This
makes it accurate enough to evaluate the nonlinear effects of
the ∆Σ modulator. For example, the positive effect of a “1”
LSB initial condition [7] is demonstrated in this paper.

The rest of the paper is organized as follows. In section II,
∆Σ modulator is modeled and explained. In section III,
the full Verilog-AMS behavioral model for a ∆Σ fractional-
N frequency synthesizer is described. Simulation results are
discussed in section IV and we summarize our conclusions in
section V.

II. ∆Σ MODULATOR AND ITS MODELING

∆Σ modulators are well known in the field of commu-
nications and have been used extensively in A/D and D/A
conversion applications. The fundamental operation of these
modulators relies on the fact that the spectrum of the quan-
tization noise is shaped such that a small amount of noise
power remains within the useful signal band with the rest of
the quantization noise is pushed to higher frequencies.

The same principles can also be exploited in fractional-N
frequency synthesis applications by pushing the phase error
toward the higher frequencies so that the phase noise in the
vicinity of the desired carrier frequency is small. The high–
frequency phase error is subsequently suppressed by the al-
ready existing loop filter, which has a low–pass characteristic.

The choice of an appropriate ∆Σ modulator structure for
fractional-N synthesis requires the consideration of many
factors including noise shaping, spurious content of the output
spectrum, output levels, loop filter order and circuit com-
plexity [8]. In a digital implementation of the modulator,
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an accumulator acts as an integrator and a comparator. By
selecting higher order ∆Σ modulators, the spurious energy is
spread out and shaped to high frequency, which is removed
by the low–pass nature of the loop filter [8]. Higher order
modulators can be realized with a MASH (Multi-state noise
SHaping) architecture, in which a cascade of lower-order
structures is used. It is typically constructed using a cascade
of first order modulators.

In [7], it is shown that MASH ∆Σ modulators can provide
a tone–free output spectrum when an “irrational” initial condi-
tion is used in the first accumulator. This can be accomplished
by setting the LSB to “1” in the first accumulator each time the
circuit is reset [7]. A digital implementation of the MASH 1-1
∆Σ modulator with the “1” LSB initial condition in the first
accumulator is depicted in Fig. 2. The effect of the “1” LSB
initial condition related to the overall fractional-N frequency
synthesizer can be observed in our simulation results which are
shown in Sec. IV. The Verilog AMS realization of this kind
of ∆Σ modulator is shown in Listing 1. Fig. 4 and Fig. 5
show the noise–shaping effect in the frequency domain for
the ∆Σ modulator with and without the “1” initial condition,
respectively. This is a second–order ∆Σ modulator, which
means the spectrum of noise rises at 40 dB/dec, as expected.

N-bit
Register

N-bit
Register

1-bit
Register

1-bit
Register

clkf

clkf

clkf

clkf
reset

reset

reset

reseti i

i

y

y

i y

i y

[ ]y n

Fig. 2. Digital implementation of the MASH 1-1 ∆Σ modulator

III. MODEL DESCRIPTION

As regards the behavioral model for phase noise or jitter
simulation, there are two different modeling methods. One
is the popular linear phase-domain model [5], [9]. In the
simplest case, these models are linear and analyzed easily
in the frequency domain, making it simple to model and
predict phase noise. The other approach is the strong nonlinear
voltage–domain model, which we adopt in this paper; it formu-
lates the models in terms of jitter [5]. This approach permits
prediction of frequency synthesizer jitter behavior once the
noise behavior of the blocks has been characterized. Generally,
phase–domain models are considerably more efficent, but
voltage–domain models do a better job of capturing the details
of the behavior of the loop; details such as signal capturing
and escaping traces [5].

Fast behavioral simulation of fractional-N synthesizers is
challenging. The synthesizer’s high output frequency (often

–

“ ”

Fig. 3. Listing 1: MASH 1-1 ∆Σ modulator

Fig. 4. Power spectral density of MASH 1-1 ∆Σ modulator
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Fig. 5. Power spectral density of MASH 1-1 ∆Σ modulator

in the gigahertz range) imposes a high simulation sample
frequency for simulators. Unfortunately, the overall PLL dy-
namics have a bandwidth that is typically three to four orders
of magnitude lower than the output frequency (often 100
kHz to 1 MHz of bandwidth compared to 1 to 10 GHz
for the output frequency). Thus, simulators take a long time
to compute the system’s dynamic response, because they
must process many simulation samples. In the integer-N PLL
frequency synthesizer, using the property of the unchanged
divide ratio, Kundert [5] proposed an approach to merging
the VCO and frequency divider and thereby lowering the
highest frequency of the system to that of the input reference
frequency. However, the divider ratio is not fixed in fractional-
N frequency synthesizers. In order to overcome this problem,
a solution is proposed in [6] for which the corresponding block
diagram is shown in Fig. 6.

Delta-Sigma 
Modulator

Phase/Frequency 
Detector Charge Pump Loop Filter

Voltage Controlled 
Oscillator

&
Divider / N

Divider
/1...1+P/N

r e ff

i

outobvf

Fig. 6. Improved model for fractional-N PLL synthesizer with ∆Σ
modulator

If we consider a signal with frequency f1 after an N divider,
the output signal will be at the frequency of f2 = f1/N . Since
the divider outputs one pulse for every N pulses at its input,
the variance in the output period is the sum of the variance in
N input periods. Thus, from [5] we know that the jitter at the
output is

√
N times larger than the jitter at the input, or

J2 =
√

NJ1. (1)

We can see that if we want to get the jitter of a signal at a
high frequency, we can observe the jitter of the signal after an
ideal divider and then, using (1), we can get the noise level

at the output of the VCO. The phase noise has the following
relationship [5]:

Sφ1 = N2Sφ2. (2)

In our model, we combine the VCO and an ideal fixed
divider into a single block and divide its output by 1, ..., 1 +
P/N which is controlled by the output of the ∆Σ modulator.
P is determined by the order of the ∆Σ modulator. Measuring
the output signal of this block and using (2), we can obtain
the noise level of the VCO output. The realization of this kind
of merging in Verilog-AMS is shown in Listing 2.

IV. SIMULATION RESULTS AND DISCUSSION

We have applied these ideas to model and simulate a ∆Σ
fractional-N frequency synthesizer. The architecture and all
the parameters are taken from [2]. The synthesizer is with a
reference frequency of fref = 20 MHz, an output frequency
of fout = 1846 MHz, and a nominal divider ratio of P =
92.3. The bandwidth of the loop filter is 84 kHz and the gain
of the VCO is 30 MHz/V. The charge pump current is 1.5
µA. The simulation is carried on a PC with a CPU of 2.4
GHz frequency and 512 MB memory. It takes 97 seconds to
run the simulation for 24,000 reference cycles. The output
data are transacted through the method proposed in [5]. The
results are compensated for non-unity resolution bandwidth
(−33 dB) and for the suppression of the dividers (39 dB). The
simulation result for no “1” LSB irrational initial condition
added is shown in Fig. 8, and Fig. 9 shows the result with
a “1” LSB initial condition. As expected, the former shows
much more noise resulting from the spurs of the ∆Σ, while
the later agrees qualitatively with the theoretical prediction in
[2] which shown as the dashed curve. Note that the system
without “1” LSB reset has significantyly higher spurs than
that with it. We observe that with “1” LSB irrational initial
condition, the power spectral density of the VCO phase can
be suppressed by more than 10 dB out of the offset frequency
of 1 MHz.

V. CONCLUSION

In this paper, a Verilog-AMS model for simulating the phase
noise and jitter performace of ∆Σ fractional-N frequency
synthesizers is presented. In our implementation, the ∆Σ
modulator is modeled through its digital implementation rather
than the transfer function.

To our knowledge, this is the first complete nonlinear
implementation. The power of this approach is that for the
first time, the presence of coexisting attractors, has been
demonstrated in a system level simulation. Until now, the
effect of the initial condition has been mashed by the linearized
modeling approach to the ∆Σ modulator.

Furthermore, the combination of VCO and divider is
adopted in our model to maximize the simulation efficiency.
Our simulation results agree qualitatively with the theorical
prediction in [2]. Above 10 dB noise suppression is realized
when adding a “1” initial condition.
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Fig. 7. Listing 2: VCO with Divider, reproduced from [6]

Fig. 8. Power spectral density of the VCO phase when no “1” irrational
initial condition added (solid curve: simulated, dashed curve: calculated [2])

Fig. 9. Power spectral density of the VCO phase when “1” irrational initial
condition added (solid curve: simulated, dashed curve: calculated [2])
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RLCG-MNA Formulation for Fast Simulation and MOR of RLC Networks  
 

Yuichi Tanji*, Takayuki Watanabe**, and Hideki Asai*** 

 
Abstract – RLCG-MNA formulation useful for both fast 
simulation and model order reduction (MOR) of linear RLC 
networks is presented. It is shown that the RLCG-MNA 
formulation makes the state-of-the-art simulation methods 
faster and improves accuracy of the MOR algorithms. 
Therefore, the RLCG-MNA formulation is effectively used for 
the time- and/or frequency-domain analysis which is 
indispensable for power and signal integrity estimations for 
high-speed and high-performance electronic systems. For some 
examples, the performance of the simulation and MOR 
methods for the RLC networks formulated by the RLCG-MNA 
equation is demonstrated. 
 

I. Introduction 
 
Increasing clock speed and low resistance metal on high 
performance integrated circuits make on-chip inductance 
effects prominent. Since the reactive component jωL of a 
conductor is comparable to the resistance R at high 
frequencies, the inductance gives rise to over and undershoot 
on propagation signals, which results in fault switching 
operations and large power dissipation. The complex 3D 
structural interconnects in integrated circuits are modeled by 
the RLC circuits equivalent to the electromagnetic fields. 
Since the RLC circuits are extremely large-scale, the time- 
and/or frequency-domain analysis for evaluating the 
inductance effects wastes huge CPU times. Moreover, the 
inductance issue is not restricted to VLSI systems. To ensure 
the reliability of overall performance of the electronic 
systems, the packages and PCBs embedded in the systems 
are modeled by RLC circuits and the time- and/or 
frequency-domain analysis must be carried out.  
 In this paper, the RLCG-MNA formulation is presented 
for the fast simulation and model order reduction (MOR) of 
the large scale RLC networks. The concept of the 
formulation is very simple. A pair of resistor and inductor 
which represents an impedance characteristic of conductor is 
treated as a branch, and KVL is applied to the branch 
without using KCL. The resistance matrix R results in the 
MNA matrix, although it does not exist in the original MNA 
equation which is widely used for circuit simulators. 
INDUCTWISE [1] [2], the RPL algorithm [4], and LIM [5] 
are known as the state-of-art simulation methods, where the 
RLC networks are formulated by the MNA equation. 
Alternatively, formulating them by the RLCG-MNA 
formulation, we can accelerate INDUTWISE and generalize 
the RLP algorithm and LIM. On the other hand, the MOR 
algorithms such as PRIMA [10] and SPRIM [11] reduce the 

order of equations, which are especially effective for the 
frequency-domain analysis. Then, we can improve accuracy 
of the MOR algorithms using the RLCG-MNA formulation.  

For some examples, the performance of the simulation 
and MOR methods using the formulation is effectively 
demonstrated. 
 

L2R2

L1R1

KIgnore

i1

i2  
Figure 1 2-conductor system. 

 
 

II. Fast Simulation 
 

The fast simulation of RLC networks in the time-domain 
is achieved by formulating them by the RLCG-MNA 
formulation [6]-[9] and solving the set of equations with the 
concepts of nodal [1] [2], mesh [4], and hybrid [5] analyses . 
The RLCG- MNA equation is written by  
 

,)(
)(
)(

)(
)(

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
+⎥

⎦

⎤
⎢
⎣

⎡

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

− 0
IA

i
v

L0
0C

i
v

RA
AG t

t
t

dt
d

t
t T

i
T

  (1) 

 
where v(t) and i(t) are the node voltage and the inductor 
current vectors, respectively. G, C, R, and L are the 
conductance, capacitance, resistance, and inductance 
matrices, respectively. Ai

T is the transposition of incident 
matrix associated with the inductor branches. The current 
sources here are only assumed as the independent sources 
and are expressed by I(t). The dimensions of vectors and 
matrices are as follows, 
 
 nnkknk tt ×× ∈∈∈∈ RRRR LRCGiv ,,,,)(,)( . 

 
The RLCG-MNA formulation can be easily understood by 
considering the 2-conductor system shown in Fig. 1. The 
impedance matrix of the 2-conductor system is composed of 
two resistances, two self and one mutual inductances. There 
are two floating nodes which are connected with a resistor 
and an inductor. Not applying theses nodes to KCL, we 
apply KVL to the two branches consisting of a resistor and 
an inductor to obtain the RLCG-MNA equation (1). The 
KVL equations are expressed in the second low of (1). Since 
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the KCL equations related to the floating nodes connected 
with the resistor and inductor do not appear in (1), the 
RLCG-MNA equation is smaller than the original one. 

Applying a numerical integration formula, we calculate 
the voltage and current vectors at a discrete point (we use 
the notations v(tk)=vk, i(tk), and I(tk)=Ik). In INDUCTWISE 
[1] [2], the RLC networks are analyzed by the nodal analysis 
using the reactance matrix L-1. The locality of the reactance 
matrix [3] eases the cost of the sparse Cholesky 
decomposition and the preconditioning conjugate gradient 
method for solving the MNA equation at each time point. 
Based on the nodal analysis as INDUCTWISE, the voltage 
and current vectors of (1) are updated at a discrete time point 
as 
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The reference [5] shows that the RLP algorithm is several 

dozen times faster than INDUCTWISE. The RLP algorithm 
takes advantage of the inverse of the capacitance matrix C-1 

rather than L-1 and captures the transient responses by the 
mesh analysis. Applying the mesh analysis to (1), we can 
calculate the responses as 
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In (4) and (5), the inverse of the nodal admittance matrix 
G+sC is used instead of the inverse of the capacitance matrix 
in the RLP algorithm. 

The third method is based on LIM [5] which is known as 
a circuit based FDTD method, where the voltage and current 
vectors are alternately updated. Although the system of 
equations related to either currents or voltages is solved in 
INDUCTWISE and the RLP algorithm, the system of 
equations associated with the current and voltage vectors is 
solved by LIM. Therefore, this method is a kind of hybrid 
analyses. Applying the hybrid analysis to (1), the update rule 
of the voltage and current is obtained from 
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If there does not exist a capacitor at a node or an inductor in 
a branch, a small value (latency) of capacitor or inductor 
must be assumed in LIM. By using (6) and (7), fortunately, 
the limitation is relaxed [8]. 
 

III. MOR 
 

The MNA equation must be solved at each frequency 
point in the frequency-domain analysis. Therefore, MOR 
prefers to the direct simulation, since the size of equation to 
be solved after MOR is much smaller than the direct case. 
Hence, we discuss the MOR of the RLCG-MNA equation 
(1) in this section. 
 For macromodeling, the circuit is to be expressed as a 
multiport network. The impedance matrix of an N-port 
network is written by 
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where NkB ×∈R  is a selector matrix. Equation (8) is 
equivalent to 
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In PRIMA [10], using the projection matrix W, the 
reduced-order model of (8) is obtained by  
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In SPRIM [11], the projection matrix is reproduced as 
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where qk×∈R1W  and qn×∈R2W are parts of W used in 
(10). Then , the reduced-order model is described by 
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 The projection matrix is calculated by 
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is the j-th moment matrix which is a coefficient matrix of the 
Taylor expansion of RLCG-MNA equation in the frequency 
(Laplace) domain. The moment matrices are recursively 
calculated by 
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Since solving (13) and (14) also needs a large CPU time, 
these equations are solved as the nodal analysis of (2) and 
(3) [12], [13]. Equation (13) is solved as 
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and (14) is solved by  
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Finally, the projection matrix for SPRIM is obtained from 
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where orth() means orthogonalization of columns of a 
matrix.  
 

IV. Examples 
 
The performance of both the simulation methods and the 
MOR algorithms incorporating the RLCG-MNA formulation 
was estimated by the power plane circuit shown in Fig. 2. 
The RLC network is one layer of a packaging system. All 
the computations were done on Matlab7 which was installed 
on Federa Core 3. The CPU times were measured on a 

Pentium 4 with 3 GHz clock and 1 GByte memory. 
 
A. Fast Simulation 
The independent current source with a pulse waveform is 
given at the port1 and the transient waveforms are calculated 
by the nodal analysis (2) and (3), the mesh analysis (4) and 
(5), and the hybrid analysis (8) and (9). Table 1 in the next 
page shows the comparison of CPU times, where SCD 
means that (2) is solved by the sparse Cholesky 
decomposition, and PCG is the result by the preconditioning 
conjugate gradient method. Mesh and Hybrid mean the mesh 
and hybrid analyses, respectively. In all the simulations, 
sparsifying is not carried out, thus, the results are almost 
same accuracy. We can see from Table 1 that the mesh 
analysis was the most inefficient. This is because the 
sparsification is not done though efficiency of the RLP 
algorithm greatly depends on the ratio of sparsified elements 
to the original ones. On the other hand, the hybrid analysis 
was the most efficient. In Table1, the results using the 
RLCG-MNA formulation are compared with the cases using 
the original MNA one. In SCD, the simulation with the 
RLCG-MNA formulation is about four times faster than with 
the original MNA one. In PCG, further speed-up is achieved. 
Since the application of the nodal analysis is not restricted 
by any circuit structure differently from the hybrid analysis, 
the nodal analysis of the RLCG-MNA is very attractive. 
 

Port1

Rout

 
Figure2 Power plane circuit. 

 
Table2 CPU times needed for MOR (MNA) 

 standard economic 
cell PRIMA SPRIM PRIMA SPRIM 

10×10 0.155 0.175 0.067 0.079 
20×20 1.503 1.469 0.263 0.291 
40×40 17.455 17.583 1.236 1.347 
80×80 286.155 285.010 6.535 6.726 

 
 

Table3 CPU times needed for MOR (RLCG-MNA) 
 standard economic 

cell PRIMA SPRIM PRIMA SPRIM 
10×10 0.084 0.097 0.033 0.039 
20×20 0.507 0.537 0.090 0.109 
40×40 16.397 16.385 0.470 0.520 
80×80 125.238 124.760 3.411 3.518 

 
B. MOR 
The driving point impedance at port1 in Fig. 3 is calculated 
by the MOR algorithms. Figures 3 and 4 show the error 
between the reduced-order model and exact one, where the 
order of (G+sC+AT(R+sL)-1A)-1 in (9) is reduced from 441 to 
30. In these figures, MNA1 is the result in which the 
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network is formulated by the original MNA equation and the 
moment matrices are calculated by (13) and (14) at s0=0. 
MNA2 is the result in the case with s0=1 and R=0 in (15) 
and (16) (we cannot take s0=0 due to singularity). The 
network is formulated by the RLCG-MNA formulation in 
RLCG1 and RCLG2 and the moment matrices are obtained 
by (13) and (14) in RLCG1 and by (15) and (16) at s0=0 in 
RLCG2. 

We can see that when the moment matrices are calculated 
by (15) and (16), the frequency responses become less 
accurate than by (13) and (14) for both SRPM and SPRIM. 
However, the influence in the MOR using the original MNA 
formulation is larger than using the RLCG-MNA one. The 
results of MNA2 in Figs. 3 and 4 are less accurate than the 
others. On the other hand, the CPU times needed for the 
MOR’s are reduced by using (15) and (16) as shown in 
Tables 2 and 3, where “standard” means use of (13) and (14) 
and “economic” is (15) and (16).  
 

109 1010

10–5

100

105

MNA2
MNA1
RLCG2
RLCG1

[Hz]  
Figure3 Error estimation of PRIMA models. 

 

Table 1 CPU time comparison of (time-domain) simulation methods 
  MNA RLCG-MNA 

Cell element SCD PCG SCD PCG Mesh Hybrid 
10×10 561 2.02 17.44 0.96 1.33 4.2 0.51 
20×20 2,121 9.8 52.5 3.1 2.43 66.37 0.7 
40×40 8,241 61.73 215.42 19.47 8.23 1013.67 1.65 
80×80 32,481 411.08 924.47 125.53 30.69 mo 6.13 

160×160 128,961 2695.83 3688.55 885.54 149.47 mo 29.05 
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Figure4 Error estimation of SPRIM models. 

 
V. Conclusions 

 
The RLCG MNA formulation useful for both fast 

simulation and MOR of linear RLC networks has been 
presented, where it has been shown that this formulation 
makes the state-of-the-art simulation methods faster and 
improves accuracy of the MOR algorithms. Therefore, the 
MNA-RLCG formulation can be used in circuit simulators 
instead of the original MNA formulation. 
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Abstract—The concepts of information, symbols, pat-
tern, and computation are central to science. Although the
most central among these notions, information and compu-
tation, have been cast mathematically, these definitions of-
ten generate difficulties when they are applied to biological
systems. The common formal definition of ’computation’
is by means of procedures consisting of well-defined steps,
in an attempt to reach a well-defined goal (after reaching
it, the machine halts). Many biological processes, how-
ever, do not seem to fit into this paradigm, mostly because
they are based on poorly defined heuristics that are contin-
uously re-weighted, interrupted, and otherwise altered in
real-time. Generally, biological systems are open, because
they exchange matter across their boundaries. This indi-
cates that the usual understanding of the halting criterion
as the hallmark of computation, may be too strict in this
context.

1. Symbols and information

Usually, computation is defined in terms of ’symbol ma-
nipulation’ or ’symbol processing’. This embodies the
problem that it is not at all obvious what a symbol is, im-
plying that what it means to process or manipulate such a
symbol, cannot be obvious as well. What is the nature of a
symbol? How can a symbol or its emergence be defined in
a constructive objective way? Knowledge that is mediated
by human biology is not a human construct, but neither is
it a human-independent fact. It is probably more precise to
see it as a projection of the ’real world’ onto the sensory-
temporal dimensions accessible by the humans. This, how-
ever, again is not the full truth, as this projection is not
guided only by biology, but also by personal experience
on the background of culture. Symbols worked out in this
sense can be used to discover new symbols. In this way,
the discovery of length leads to the discovery of depth and
height, which is sufficient for the everyday practical pur-
pose. As W. Heisenberg and E. Schrödinger put it: ”We
have to remember that what we observe is not nature itself,
but nature exposed to our method of questioning”, and ”Ev-
ery man’s world picture is and always remains a construct
of his mind and cannot be proven to have any other exis-
tence”, respectively. Science is the disciplinary approach to
codify observations in symbols and their relations, so that
they can pass some stringent tests for internal consistency.
Note, however, that even the most successful truths (e.g.,

as Gödel proved, mathematics itself) can turn out to be in-
complete in the sense to be applicable only to a subset (in
particular to those who accept the symbols (like, e.g., in-
finity)). Distinction, grouping and naming of observations,
are among the most basic cultural activities. More recently,
notably in science, the focus has shifted from the identi-
fication of single objects, to the fusion of particular prop-
erties or objects towards bigger units (objects, classes of
objects, respectively). This task of grouping together items
that – in a situation-dependent sense – ’belong together’ is
referred to as clustering. Clustering has gained increased
importance in all domains of data analysis and processing,
the most prominent examples of which are bioinformat-
ics, chemoinformatics, neuroscience, visual scene analysis
or the design of autonomous systems. A clustering pro-
cess, which is a second stage of processing, is supposed
to work in a completely unbiased way, as in most situa-
tions, no apriori information about the number of clusters,
their shapes, their internal structures (as the most relevant
aspects), is available. If the clustering fails to detect satis-
factory solutions, our conclusion will be that the first stage
of the processing needs to be improved.

As a paradigmatic example, in the superparamagnetic
clustering of N items with pairwise affinities di j, an inho-
mogeneous grid of Potts spins is constructed: Each item i
is represented by one site of the grid with Potts spin vari-
able si, where si ∈ {1, ..., q}. q is typically set to 10 or
20 [1, 2]. It is important to note that the choice of q is
largely arbitrary and is not related to the number of emerg-
ing clusters. Each spin is symmetrically coupled to its k
(not necessarily mutual) nearest neighbors. The choice of
k will be discussed later on. The coupling strength Ji j is

a decreasing function of di j, e.g. Ji j = J ji =
1
K̂

exp(−
d2

i j

2a2 ).

K̂ is the average number of coupled neighbors per site (not
necessarily equal to k). a is a local length scale which is set
per default to the average distance between coupled spins.
It will turn out, however, that sometimes it may be advan-
tageous to adapt these length scales. Each spin configura-
tion is characterized by an energy expressed by the Potts
spin Hamiltonian H(s) =

∑
(i, j) Ji j(1− δsis j ), where the sum

runs over all connections (i, j) and s denotes a spin con-
figuration. The system is considered in the canonical en-
semble. The probability for a certain spin configuration is
thus given by the Boltzmann distribution p(s) = 1

Z e−H(s)/T .
As the temperature T is increased, inhomogeneous Potts

NOLTA 2006
11-14 september
Bologna - ITALY

1011



systems typically undergo a number of phase transitions.
This is the inspirational source for the SC clustering algo-
rithm. (I) For small T , the system is in the ferromagnetic
phase, where spins like to be aligned. (II) At an intermedi-
ary T -range, a superparamagnetic phase occurs: Strongly
coupled spins tend to be aligned, whereas weakly coupled
spins behave independently. Thus, clusters of aligned spins
occur, reflecting groups of similar data items. A further in-
crease of T generally leads to a continued breaking-up of
these clusters into smaller clusters, so that a hierarchy of
classes and subclasses is obtained. (III) For high T , the
system enters the paramagnetic phase where any order dis-
appears and only singleton clusters remain.

In the chemistry application of this approach, the ratio-
nale is given by the assumption that structurally similar
compounds are likely to exhibit similar properties. The
search for new drugs among thousands of different com-
pounds in a chemical library can be greatly facilitated if the
library can be sectioned into natural classes of structurally
similar chemicals. For optimally chosen classes, efficient
testing can be achieved. In [2], our SSC variant of SC was
compared to the methods that in the field of chemoinfor-
matics [3] are regarded to yield the most reliable results
(notably Ward clustering). The test set comprised 153 com-
pounds from 7 different chemical classes. Using chemical
fingerprints to describe the compound’s structure, among
the tested methods, SSC was the only one able to reli-
ably reconstruct the seven involved chemical classes. To
further elucidate this concept, we concentrate on a simple
low-level task, the separation of objects (i.e., homogeneous
regions) from a noisy background. Our working example is
shown in Fig. 1, where two black objects of size 65 and 25
pixels, respectively, and three small white objects of size
12, 8, and 8 pixels, are embedded. For clustering, to each
pixel i a Potts spin si is assigned. The connectivity graph is
obtained by connecting each pixel to its 4 adjoined neigh-
bors. The strength of a connection is again given by Ji j.
The distance between two connected pixels i and j is deter-
mined by the pixel values difference, i.e., di j = | f (i)− f ( j)|,
where f (i) = f (xi, yi) and the pixels are numbered in some
way.

Given the symbols, the definition of computation is often
given in terms of information: The number of distinctions
necessary to specify some entity. This equates computation
with information: A recognized pattern is precisely a bit
of information. Relations between information are them-
selves informative, and can thereby serve as constraints
on computational processes. Any aggregate of events or
objects is said to contain ’redundancy’ or ’pattern’ if the
aggregate can be divided in any way by a ’slash mark’,
such that an observer perceiving only what is on one side
of the slash mark can guess, with better than random suc-
cess, what is on the other side of the slash mark. In the
language of cybernetics, the information available on one
side of the slash will restrain (i.e, reduce the probability of)
wrong guessing.
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Figure 1: Upper panel: scene segmentation problem; lower
panel: clusters recognized. By its small T f erro-value, the
sixth ”cluster” is identified as background noise.

Information is computed in terms of entropy. As in-
formation can be encoded in many ways, the information
content can be understood as the information content pro-
vided by the most efficient encoding. A faithful encoding
of a pattern into a symbolic sequence has to obey, as the
most stringent condition, the Kraft inequality. Among all
the encodings that survive this condition, there are most
efficient ones, those which equal their Huffman encoding.
The entropy of such encodings can be considered as the
information content of the process. The most often and
most generally used definition of computation is that of
’information processing’. In strict terms this implies that
there is a well-defined mapping, from one set having a
certain information to another set having some other in-
formation. Consequently, computation could possibly fall
into one of two categories: 1) Information-preserving map-
pings: Information-preserving mappings lead to a refor-
mulation of the problem, possibly and hopefully into a
form that makes computation simpler. Rather than com-
putation, these should therefore be considered as mappings
between equivalent representations of the same informa-
tion. 2) Information-reducing mappings: Among philoso-
phers, such processes are also called synthesis or, ow-
ing to Wittgenstein, grammaticalization. During this pro-
cess, information is decreased because fewer distinctions
are made, but meaning is increased, because the smaller
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number of distinctions has wider applicability. Compres-
sion mappings are ubiquitous in computation, and certainly
constitute the majority of computations performed by liv-
ing organisms. A simple example of this process is given
by the dynamical system defined by the so-called roof map.
Instead of describing its (chaotic) dynamics in terms of tra-
jectories, a symbolic description is used. In this descrip-
tion, the symbols ”0” and ”1” distinguish between points x
that are associated with slope one and two, respectively.
The system can now be examined in the space of sym-
bolic sequences. From the system, a nontrivial grammar
emerges, in the sense that symbol ”0” is always followed
by symbol ”1”, but symbol ”1” can be followed by either
”0” or ”1” (or: the symbol sequence ”00” is prohibited).
By the substitution of symbol ”A” for sequence ”01”, a
description of the system by means of a trivial grammar is
obtained. It is easy to see that by modification of this exam-
ple, systems with more involved (hierarchical) grammati-
cal structures can be obtained. Grammaticalization yields a
quick approximation to an object, by redefining a sequence
or set of symbols in terms of a symbol. Thus, symbols may
be defined as a processing hierarchy of processing hierar-
chies: a meta-hierarchy. A processing hierarchy (as op-
posed to a structural hierarchy) is a form of computation in
which a slower computational process selects across (or –
roughly equivalently – simplifies or compresses or analyzes
or grammaticalizes) a set of faster computational processes.
This process of ’grammaticalization’ selects computations
that are consistent with respect to some ’fitness function’
standing in for a goal or purpose.

2. A measure of computation

The most important practical problem in dealing with
any system is to predict its evolution, i.e., the next state.
In order to obtain the next value of a process, one needs to
perform some experiment. It is the complexity of this ex-
periment that should be taken as the definition of the com-
plexity of the system. Consider a dynamical system with
discrete time, defined by a map f on some set M in the Eu-
clidean space R

n. Pick an arbitrary point x0 in the phase
space, take some neighborhood U = U(x0) and consider
the orbits { f (n)U}, n ∈ N, of U. Take any observable ν(x)
and set µ(x) = exp(ν(x)). We are interested in measures
that are multiplicative along the orbit, i.e., for which the n-
step average is evaluated as (

∏n−1
k=0 µ( f (k)(x)))1/n. Examples

of such observables are derivatives, probabilities, etc. Our
goal is to study the problem of prediction of the next values
ν( f (r)(x)) along the orbits and to evaluate the complexity of
this prediction. We claim that this prediction problem is the
one that defines an intrinsic complexity of dynamics. It is
clear that practically any prediction should be probabilis-
tic, because the exact value of the observable is not known
(no measurement is precise) and because the outcome of a
measurement is not constant in time.

For the decay of the probability of retaining a particular

measurement value upon continued measurement, we em-
ploy the large deviation ansatz [4] P(ν, n) ∼ e−ng(ν). The
thermodynamic formalism implies that g(ν) = ν − S (ν),
where S (ν) is an entropy function. Requirements that ap-
ply to entropy functions are strict convexity with infinite
derivatives at the two end-points of the curve (in the ab-
sence of phase transition effects). A conceptually simple
observable is the finite-time Lyapunov exponents of n steps
ε(x, n) := − 1

n log | ( f (n))
′

(x) |. The choice of this observ-
able will simplify the illustration of the general construc-
tion of our measure. Our complexity measure, of the sys-
tem plus observable, is defined as the complexity of predic-
tion of the observable, averaged over all system behaviors
captured by ε. The probability for observing trajectories
with a specific value of ε, as a function of n behaves as

P(ε, n) ∼ e−n(ε−S (ε)) . (1)

The smaller ε− S (ε), the better the prediction based on the
past of the orbits will be. Orbits with ε = S (ε) will yield
perfect long-time prediction. Indeed, this value character-
izes the natural invariant measure (e.g., [4]), providing the
Lyapunov exponent. However, we seek a measure able to
quantify the difficulty of making a correct prediction over
all length scales. Suppose, for a thought experiment, that
l > 1 invariant measures satisfy ε j = S (ε j), j = 1, .., l.
Then, firstly, the system’s future obviously is more diffi-
cult to predict, and, secondly, this difficulty should be inde-
pendent of the corresponding length scales ε j. Moreover,
the difficulty of making good predictions is also substan-
tially increased by invariant measures for which ε − S (ε)
is sufficiently close to zero (inversely, the larger this dif-
ference, to a lesser extent the corresponding invariant mea-
sures will contribute to the difficulty of making good pre-
dictions). The simplest candidate for a complexity measure
taking these facts into account is the ratio S (ε)/ε. To ac-
count for all system behaviors, the average

∫
S (ε)/ε dε is

taken. In order to facilitate the comparison of systems with
different topological entropies, we may rescale ε and S (ε)
as ε̃ = ε/ε0 and S̃ (ε̃) = S (ε)/ε0, where ε0 is the topological
length scale. With this, and in order to embrace repellors,
we arrive at the most general form of the complexity mea-
sure

Cs(γ, β)(ε) = ε0
2β

∫
ε1

ε1 − κ

(
S̃ (ε̃)
ε̃

)γ
dε̃, (2)

where, to avoid divergence, we require −1 < γ. The real-
ization Cs(1, 0) is the natural measure of the difficulty of
prediction, where the topological length scale is filtered
out. This essentially rescales the time axes, and allows
the comparison between systems with different time clocks
(e.g., a ternary vs. a binary Bernoulli map). Although in
most cases, the complexity measure needs to be calculated
numerically, there are some analytical results. If the sup-
port of the specific entropy function only consists of one
point (trivial spectrum), then complexity 0 is obtained. As
a prominent example, zero complexity is obtained for the
dynamically generated 1/3 Cantor set.
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Consider now an arbitrary input, represented as the bi-
nary expansion of a number from the unit interval. This
input can already be attributed a certain complexity (in the
Kolmogorov sense, or more suitably in the context of mea-
surements, in the sense of a complexity of prediction). By
means of the system that performs the ’computation’, this
input complexity is transformed into an output complex-
ity (measured, again, preferably as a complexity of predic-
tion). The reduction of the input complexity by means of
the map defines our measure of computation. With C s rec-
ognized as the appropriate measure of complexity, the most
natural way to define computation is by means of the quan-
tity

COs =
1

Cs(1, 0) + 1
, (3)

where the unity added prevents a possible singularity
caused by Cs(1, 0) = 0. This measure of computation is sta-
tistical in nature, as it is extracted by means of the thermo-
dynamic formalism. Consequently, it is able to deal with
real systems, whose precision is limited. It does not re-
quire explicit hierarchical analysis and is non-divergent by
construction. If the maximal scaling index νmax is finite,
the measure itself will be finite, bounded from below by
zero and from above by the value 1 + log(νmax). COs = 1
indicates a system that performs optimal (decisive) com-
putation, whereas COs ≤

1
2 indicates that the system per-

forms no notable computation. It is worth noting that in this
way the measure of computation will be finite, in all real-
istic cases. Our measure of computation can be evaluated
whenever for a system and observable the corresponding
entropy function is known. These cases include experimen-
tal model cases as well as time series. The evaluation of
the averages COs is particularly simple for maps if a gen-
erating or approximated generating partition of the phase
space, generated by the iteration of f , is available [5].

Seen from the computation they perform, the dynamical
systems can then be divided into the following classes of
increased computation (see Fig. 2):

COs(I) < 0.5 ≤ COs(II) < COs(III) = 1. (4)

Systems falling into the first class perform almost no com-
putation. The most important example is provided by the
intermittent systems, whose complexity when measured by
means of Cs(1, 0), is highest among the prototypical dy-
namical systems [5]. This is in agreement with observa-
tions that biological complexity is highest at the border be-
tween order and chaos. Most standard dynamical systems
belong to the second class. The third class is character-
ized by maximal computation Cs(1, 0) = 1. Simple ex-
amples from this class are trivial maps (e.g., f (x) ≡ 0),
the fully symmetric tent map, the Bernoulli shift map, and
most fundamental arithmetic operations. To illustrate the
latter claim, we may keep one operand fixed (e.g., to the
value x = a) and take the map f : y = x + a mod 1 as
the representation of addition. Since the complexity of this

0

1

COs

system type number

1 6

Figure 2: Filled circles: Averaged computation COs for
dynamical system families. 1) lowest computation (theo-
retical bound), 2) intermittent family (intermittency expo-
nent z ∈ [1, 3]), 3) tent map family (asymmetry a ∈ [0, 1]),
4) bungalow map family (right corner offset from center
of interval a ∈ [0, 0.5]), 5) parabola family (nonlinearity
parameter a ∈ [a∞, 4], where a∞ is period doubling accu-
mulation point), 6) maximal computation (trivial systems).
Open circles: Results from a cat area V1 cortical neuron
(left: suboptimal, right: optimal stimulation).

map is zero, maximal computation COs = 1 is obtained.
Similarly, multiplication by a is represented by f : y = ax
mod 1.
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Abstract—Only recently, we are approaching a detailed
mesoscopic understanding of the working principles of the
mammalian hearing sensor, the cochlea. An important con-
cept on this way is that of an active cochlear amplifier. Re-
cently, a Hopf cochlea model has been implemented as an
electronic circuit. The model consists of an array of sec-
tions each composed of a passive (hydrodynamic) and of an
active (Hopf) amplificatory part, centered around logarith-
mically increasing characteristic frequencies. We show that
for single-tone stimulation, response characteristics emerge
that are close to those from a previous theoretical model
and from the biological example. The effect of the Hopf
bifurcation parameter upon the response is investigated in
details. We then present measurements of the electronic
cochlea’s response to multi-tones and clicks. Also for these
signals, physiological basilar membrane measurements are
available, which allows for a comparison of the hardware
implementation with biology. We find that the cochlea’s
response to these complex signals matches to the biologi-
cal examples in a way that has not been achieved by earlier
implementations.

1. Introduction

Understanding hearing in general and more specifically
the mammalian hearing organ, the cochlea, is a long-
standing human endeavour. The first basic step was taken
by H.L.F. Helmholtz, who proposed in 1863 [1] the ex-
istence of a one-to-one correspondence between a posi-
tion along the cochlear duct and a stimulation frequency to
which, at the given position, the response is maximal (the
tonotopic principle). Important steps that followed were
von Békésy’s discovery of traveling waves along the basi-
lar membrane (BM) as the carriers of the auditory informa-
tion (1928 [2]) and Gold’s conjecture of an active ampli-
fication process within the cochlea (1948 [3]). The latter
phenomenon was corroborated by the discovery of otoa-
coustic emissions (1978 [4]), the autonomous generation of
sound by the cochlea itself. Subsequent experiments have
revealed that the active amplification is located in the outer
hair cells (OHC) attached to the basilar membrane [5, 6].
In turtles and bullfrogs, cells that are homologous to the
mammalian hair cells [7] have been shown to display am-
plification profiles that are indicative of systems close to a
Hopf instability [8].

Physiological measurements [11] reveal that Hopf-type

amplification may also govern mammalian hearing. This
led Eguı́luz et al. [12] to propose to use Hopf-type am-
plifiers as the basic elements for cochlear modeling (for a
related result, see [13]). They argued that the Hopf non-
linearities could correctly capture the basic aspects of hear-
ing: compression of the dynamic range; sharper tuning for
lower sound intensities, and the generation of combination
tones. Here, we demonstrate the electronic realization of
this concept. From a detailed biophysical model of the
cochlea, we derive the layout of a corresponding electronic
realization. The responses generated by the electronic de-
vice are hardly distinguishable from biophysical measure-
ments and validate in this way fully the Hopf amplifier ap-
proach.

In the cochlea, pressure variations generated by incom-
ing sounds are transformed into incompressible and invis-
cid hydrodynamic waves. As these waves move down the
cochlea, they cause small basilar membrane (BM) displace-
ments [14]. Using x to denote the distance from the stapes
along the unrolled cochlea, the system can be linearly de-
scribed by a water-surface wave with fluid depth h, den-
sity ρ, surface mass density m and exponentially decreas-
ing transversal stiffness E(x) = E0e−αx [15]. In this de-
scription, via the dispersion relation, the wave group ve-
locity vG and the wave number k are related by vG =

∂ω
∂k =

E(x)ρ
2ω

kh+sinh(kh) cosh(kh)
(mk sinh(kh)+ρ cosh(kh))2 [16]. BM locations x = xc(ω) re-

spond maximally by (passive) displacements when stimu-
lated at characteristic frequencies

ωc(x) =
√

E(x)/m. (1)

This relationship defines the tonotopic map. It can be
shown that k(x, ω) diverges asω approachesωc(x) and that,
as x approaches xc(ω) for fixed ω, the traveling wave stalls
(vG = 0) at the point of (passive) resonance. Due to dissi-
pative losses, the wave amplitude will reach a maximum
at x < xc(ω) [17]. From the energy balance equation
∂e
∂t +

∂
∂x (vGe) = 0 [18], and using for the temporal evolu-

tion of the energy density e the ansatz ∂e
∂t =: −a + de, we

obtain the cochlea differential equation [17]

∂e
∂x
=

−1
vG(x, ω)

[

∂vG(x, ω)
∂x

+ d(x, ω)

]

e +
a(x, e, ω)
vG(x, ω)

. (2)

In this equation, the local energy a(·) supplied by the ac-
tive amplification, works against the internal viscous losses
d(x, ω) = 4ν k(x, ω)2, ν the kinematic viscosity [18, 19].
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Following the biological example, the active amplification
results from an array of Hopf-type power sources aligned
along the BM, where each amplifier has its own natural
frequency ωch(x). Given a forcing frequency ω, the Hopf
amplifiers with ωch(x) ≈ ω are maximally excited at loca-
tions xch(ω) < xc(ω), before viscosity leads to a precipitous
decay of the wave amplitude [17].

The characteristics of the active contribution a are de-
rived from a ωch-rescaled Hopf differential equation

ż = (µ + j)ωchz − ωch |z|2 z − ωchF(t), z ∈ C, (3)

where j is the imaginary unit. Assuming a 1:1 locking
between signal and system, z(t) = Re j(ωt+θ) is the ampli-
fied external periodic input F = Fe jωt, ωch is the natural
frequency of the oscillation, and µ ∈ R denotes the Hopf
nonlinearity parameter. For F = 0, Eq. (3) describes the
generic differential equation displaying a Hopf bifurcation:
For µ < 0, the solution z(t) = 0 is a stable fixed point,
whereas for µ > 0, the fixed-point solution becomes un-
stable and a stable limit-cycle of the form z(t) =

√
µe jωcht

appears. For time-varying signals F(t) it is convenient to
put a handle on the response latency, by multiplying the
damping term ωch |z|2 z by a factor γ. A nonzero forcing F
then yields ωchFe− jθ

= (µ + j)ωchR−γωchR3− jωR. Eval-
uation of the squared modulus and introducing the variable
φ = ω

ωch
results in

F2
= γ2R6 − 2γµR4

+

[

µ2
+ (1 − φ)2

]

R2, (4)

which is easily solved. For µ = 0 and close to resonance
(ω = ωch), the response R = F1/3 emerges, which forces
the gain G = R/F = F−2/3 to increase towards infinity
as F approaches zero. For µ < 0, maintaining ω = ωch,
we obtain the response R = −F/µ for weak stimuli F. As
F increases, the term R6 in Eq. (4) can no longer be ne-
glected, and the compressive nonlinear regime is entered
(γR6 ≈ µ2R2

+ 2γµR4). The transition point is located at
FC(µ) ≈ 0.91(−µ)3/2/γ

1
2 . For weak stimuli F, the response

R is almost linear; for moderate stimuli the differential gain
of the system, dR/dF, decreases with increasing stimulus
intensity. As we move away from resonance, the last term
of Eq. (4) dominates, leading, as R ≈ F/|1 − φ|, to a lin-
ear response, irrespective of the stimulation strength. As
the bandwidth Γ ∼ |µ| for F ≤ FC (and Γ ∼ γ 1

2 F2/3 for
F > FC), small |µ|-values act as a high Q-factors (sharp
resonances).

Among all the bifurcations that could possibly serve as
the basis for an amplificatory system [9, 10], exactly the
Hopf bifurcation provides the correct amplification laws
that are observed in the mammalian ear (see Fig. 1a, b).
The response R = F1/3 in the neighborhood of the reso-
nance frequency, which forces the gain G = R/F = F−2/3

to increase towards infinity as F approaches zero, pro-
vides the incredible sensitivity of the ear towards faint
sounds. As F increases, we enter a compressive nonlin-
ear regime, which expresses our ability of coping with very

loud sounds. The µ > 0 - regime is of no direct importance
in the present context. The stable limit-cycles that emerge
under this condition may, however, be important for the
description of the otoacoustic emissions. For an intuitive
understanding, at a nonzero stimulation, the Hopf ampli-
fier can be interpreted as a nonlinear filter characterized by
a tunable gain control (“quality factor”) |µ| (the Hopf bifur-
cation parameter) and an envelope detector |z|2, where z is
the signal that is usually written in complex notation.
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Figure 1: Comparison of response and gain, respectively,
upon sustained single frequency stimulation, between a),
b) biology [21] and c), d) hardware. µ = −0.1.

2. Electronic sensor design

For stationary inputs, a differential equation based on en-
ergy balance arguments can be derived, which provides re-
sponses that are close to the physiological examples [17].
For transient signals we are, however, confronted with ex-
cessive computational demand. In order to arrive at a feasi-
ble hearing sensor, we resorted to a hardware implementa-
tion, for which we took care to preserve the insights gained
from the theoretical model. We decomposed the cochlea
into n sections of characteristic frequenciesωsi , i = 1, . . .n,
and endowed each one with properties of the passive hydro-
dynamic behavior and an active Hopf amplifier, following
closely the biological example. Major challenges were to
properly connect the passive/active components towards a
section, and the sections towards a cascade representing the
entire cochlea.

The active amplification part can be approximated in cir-
cuitry by using a combination of integrative summers and
multipliers, resistors R and a capacitance C [22]. The re-
sponses generated by the biophysically detailed model [17]
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suggest that the passive part can be modeled as a (6th-
order) Butterworth circuit. The cochlea was constructed

vo_y [V]

vo_x [V]

v[p]

v[µ]

v[q]

v[x]

v[y]

Hopf (x+jy)

In1 Out1

ButterworthRe

In1 Out1

ButterworthIm

v_q [V ]

v_µ [V]

v_p [V ]

Figure 2: Section diagram, consisting of a Hopf amplifier
and two 6th-order Butterworth filters. To form the cochlea,
the sections are connected in series.

by connecting sections of logarithmically decreasing cen-
ter frequencies ωsi in series. In order to build a generic
section, it was sufficient to specify the detuning between
the passive frequencyωs and the Hopf amplifier frequency
ωch, as φs(i) := ωsi/ωchi < 1, i = 1, . . .n, where n is
the number of sections. This was our first design param-
eter. The second design parameter was the relationship be-
tween the characteristic frequencies of subsequent sections
Ψ(i) =

ωsi+1
ωsi
, i = 1 . . .n − 1.

3. Measurements

For the realization of a hardware cochlea composed of
5 sections spanning one octave in the speech regime, we
chose for simplicity the design parameters independent
from the section, as Ψ(i) = Ψ = 0.84, φs(i) = φs =

1.05−1,∀i (for a general frequency range to be covered,
we use the second design parameter to determine the num-
ber of composing sections and their characteristic frequen-
cies). In order to study the effects of the discretization
of the cochlea, we varied the measurement point along
the cochlea and the tuning width. The tuning width is
expressed by the gain control vµ, which is the electronic
equivalent of the Hopf parameter µ. From this hardware
cochlea, the amplitude Amp = |v0| generated in response
to varying input frequencies and stimulation strengths was
measured. The comparison of the measurements after the
first and the second section demonstrates that by passing
through the sections, the signal is gradually shaped (Fig.
3). After a few sections, the response attains the character-
istic form that faithfully reproduces the results of the bio-
physical example.

By the electronic device, two-tone suppression and
combination-tone generation, as the salient nonlinear phe-
nomena of mammalian hearing, are reliably reproduced,
see Fig. 4 and Fig. 5.

The response to transient, broadband stimulation is of
similar quality. In Fig. 6, the results for click stimulations
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Figure 3: Output modification by the cochlear cascade:
Measurements performed a) after one section, b) after two
sections. Circles indicate hardware measurements, the
solid line the Simulink hardware model response. µ =
−0.01. Lines of constant inputs are 10 dB apart.
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[23] and b) hardware (µ = −0.05). See also [20, 24].
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are displayed. A comparison with the corresponding bio-
physical measurements [26] demonstrates the close match.
Also other characteristic features of the biophysical exper-
iments of Ref. [26], as e.g., the instantaneous frequency
response, are reliably reproduced.

4. Conclusions

The Hopf cochlear amplifier concept together with
the cochlear biophysics thus provides the design of an
extremely sensitive and robust hearing sensor, where
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Figure 6: Comparison of responses upon broadband tran-
sient stimulation (clicks), a) biology [26] and b) hardware
(µ = −0.05). Although the frequency range of the chin-
chilla experiment differs vastly from the speech domain our
cochlea is tuned to, the similarity of the responses is appar-
ent.

salient nonlinear signal processing characteristics (com-
pressive nonlinearity, high sensitivity, two-tone suppres-
sion, combination-tone generation) are naturally imple-
mented. By following closely the biological example, it
is in the nature of the design of our cochlea that the re-
sponse could be optimized by a response-dependent value
of µ, potentially implemented on the level of hair cells
with its channel dynamics (small |µ| at signal onset, larger
value with increased response). Even more importantly,
on slower time-scale, the auditory neuronal feedback loop
might tune µ in order to suppress unwanted, and to enhance
desired, signal components. Experiments exploiting these
features are currently under way.

Helpful collaboration with W. Schwarz is gratefully ac-
knowledged.

References

[1] H.L.F. Helmholtz, Die Lehre von den Tonempfindun-
gen als physiologische Grundlage für die Theorie der
Musik (Vieweg, Braunschweig, 1863).
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Abstract—The separation of a mixed acoustic signal
into its constituent sources is still a hard and challenging
problem. We propose an approach to speech signal sep-
aration, which is based on a sparse time-frequency repre-
sentation by local cosine packets. The separation is ob-
tained by grouping (or: clustering) the individual local co-
sine packets to sets corresponding to the different sources.
This grouping is performed by employing a criterion in-
volving only the local frequency structure of the speech
signal. In this way, it is possible to separate voiced speech
segments. The grouping criterion can, however, be readily
extended to include other, eg. time-related, speech features,
such that successful speaker separation can be achieved in
the general case. The sparse representation used leads to
a very noise-robust separation method, which is crucial for
real-world applications.

1. Introduction

The separation of a mixture of speech signals (cock-
tail party problem) is very challenging, with a broad range
of possible applications. Besides computer-based speech
recognition systems, the treatment of hearing damage by
hearing aids will profit from a solution. While the healthy
human auditory system manages to separate and associate
different acoustic signals to their sources (auditory scene
analysis [1]), hearing impaired people often have great dif-
ficulties with this task, even if endowed with sophisticated
hearing aids. It would therefore be a great benefit if hearing
aids would allow to extract a specific sound source.

In the last two decades, blind source separation methods
have been developed in order to tackle the cocktail party
problem. Efficient separation results may be obtained by
statistical methods like ICA (independent component anal-
ysis) under rather restrictive conditions [2]. These include
the presence of at least as many channels (microphones)
as sound sources, the absence of background noise, and
instantaneous mixing of the sources (ie. no time delays).
Therefore, in realistic situations no satisfactory solution of
the cocktail party problem can generally be obtained, even
when using more sophisticated methods like noisy or con-
volutive ICA [3]. Furthermore, if only one microphone is
available, the ICA method has to be abandoned althogether.

In this contribution, we propose an approach tosingle
channel speech signal separation, by which the limitations
posed by traditional ICA may be overcome. The only as-
sumption made by ICA is that the recovered sources arein-

dependent realizations of a random process. Furthermore,
it is also assumed that the sources do not exhibit any struc-
ture in time. However, it is precisely the distinct time-
frequency structure of speech signals, that the auditory sys-
tem uses for resolving the source separation problem [1].

In order to attain efficient acoustic source separation in
natural environments, it is thus beneficial to encode such
information in a mathematical framework. We will demon-
strate that such a framework is provided by decomposing
the speech signal into a superposition of time-frequency
“atoms”, that are chosen from an appropriate dictionary. In
this way, a sparse representation of the signal is obtained,
which allows us to efficiently remove background noise,
which is not restricted to be stationary nor Gaussian.

Source separation is obtained by grouping (or: cluster-
ing) the individual signal components (which are deter-
mined by the sparse representation) to sets corresponding
to the different sources. This grouping is performed by
employing a criterion involving only the local frequency
structure of the speech signal. In this way, it is possible
to separate voiced speech segments. The grouping crite-
rion can, however, be readily extended to include other
speech features, such that successful speaker separation can
be achieved in more general situations.

2. Atomic Decomposition

Suppose that we are given a signalf(t) ∈ L2(R). Let
us assume further that we are given a dictionaryD, from
which “time-frequency atoms”φγ are chosen (γ ∈ Γ de-
notes a possibly multi-dimensional index). The representa-
tion

f =
∑

i

αγi
φγi

, φγi
∈ D (1)

is then termed an atomic decomposition off(t), where we
denote byγi theselected indicesγ ∈ Γ. The dictionaryD
may constitute a basis ofL2(R), or, preferentially, it may
be overcomplete. In the latter case, several subsets ofD
constitute a basis forL2(R), so that the representation (1)
is not unique (ie. different sets{γi} may be selected). This
flexibility may allow us to select the atomsφγi

in such a
way that the decomposition (1) involves only a small num-
ber of terms, so that asparse representation of the signal
f(t) is obtained. To find a sparse representation off(t)
(given a dictionaryD) is a nontrivial problem. In the last
decade, different algorithms have been proposed for obtain-
ing approximate solutions.
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3. Sparse Signal Representation

A sparse representation off(t) is obtained if thè 0-
norm of the coefficient vectorα = (αγi

)i=1...∞ is mini-
mized,

min ‖α‖0 such that f =
∑

i

αγi
φγi

. (2)

The`0 norm of a vector is given by the number of its non-
zero elements. Unfortunately, (2) constitutes an NP-hard
problem [4]. A feasible algorithm providing a solution to
the sparse representation problem can thus only be realized
if the condition (2) is relaxed. This may be done by replac-
ing the`0-norm by thè 1-norm,‖α‖1 =

∑

i |αγi
|. It has

recently been shown that under certain conditions`0- and
`1-minimization are equivalent [5, 6].

The minimization of thè1-norm is achieved by thebasis
pursuit method [4] and constitutes a computationally de-
manding convex optimization problem. Basis pursuit starts
from an initial representation (1), which is then optimized
in respect to‖α‖1 by substituting atoms by more useful
ones. Replacement of thisglobal optimization problem by
a stepwise decomposition approach significantly increases
computational efficiency; in this case, however, since it is
no longer guaranteed that the (relaxed) sparseness condi-
tion is satisfied, only approximate sparse representations
will be obtained.

An efficient algorithm for stepwise generating an ap-
proximate sparse representation, calledmatching pursuit,
was originally proposed by Mallat and Zhang [7]. Due to
its computational efficiency, we will adopt this approach.

4. Matching Pursuit

The matching pursuit algorithm starts withf (0) = 0
for the initial sparse approximation of the signalf , and
R(0) = f for the approximation error (residuum). At step
m, matching pursuit provides the decomposition

f =

m−1
∑

i=0

〈Rif, φγi
〉φγi

+ Rmf (3)

= f (m) + Rmf, (4)

wheref (m) denotes the sparse approximation tof(t) at
stepm, Rmf = f − f (m) denotes the residual at stepm,
and 〈·, ·〉 is the scalar product. From (3), it follows that
f (m) ∈ V m = span{φγ0

, . . . , φγm−1
}, whereV m denotes

the approximation space at stepm.
At each stepk, the atomφγk

∈ D is chosen according to
the selection criterion

|αk| = |〈Rk−1f, φk〉| = max . (5)

Since always the atom whose interaction with the residuum
Rk−1f is largest is selected, matching pursuit is some-
times also referred to as a “greedy” algorithm. The pro-
cedure may either be stopped afterm steps (wherem is

determined in advance), or if‖Rmf‖ falls below a pre-
determined threshold.

The described algorithm is optimal for orthogonal dic-
tionariesD; if D is non-orthogonal (which is the case if
D is overcomplete) unsatisfactory results will occur, since
〈φγi

, Rmf〉 6= 0 for somei ≤ m. This problem is allevi-
ated by an additionalback-projection step [7].

Since the matching pursuit algorithm is myopic (it gen-
erates the approximation (1) step by step), it may choose
wrongly in the first few iterations. As a consequence,
the resulting error must be corrected in many subse-
quent iterations, resulting in a non-sparse signal decom-
position. For resolving this problem, sophisticated meth-
ods like optimized orthogonal matching pursuit (OOMP)
[8] and backward-optimized orthogonal matching pursuit
(BOOMP) [9] have been devised.

5. Local Cosine Packet Dictionaries

The choice of an appropriate dictionaryD determines
how sparse the obtained decomposition (1) may be. For
signalsf(t) exhibiting scaling properties, an overcomplete
wavelet packet dictionary provides a sparse and compu-
tationally efficient representation. However, since speech
signals have no underlying scaling structure, a wavelet-
based dictionary proves less valuable: The formant struc-
ture of voiced speech segments demands a fine frequency
resolution, even at high frequencies, while the resolution
of the wavelet decomposition rapidly decays at higher fre-
quencies. Although wavelet packets may be useful for de-
termining rapid transitions (which are, eg., expressed by
plosive consonants like /b/, /t/), we therefore propose to use
another dictionary which is better adapted to the properties
of speech signals. Such a dictionary, which still allows for
efficient computation, is provided bylocal cosine packets
(LCP).

Local cosine packets are functions with finite time sup-
port, while being located (within the limits of Heisenberg
uncertainty) in frequency,

φi,j,k(t) =

√

2

Lj

bj(t) cos
π

Lj

(

k +
1

2

)

(t − ai,j). (6)

bj(t) is a smooth window function (“bell”) of lengthLj =
ai+1,j − ai,j , ensuring that the LCPφi,j,k(t) has time sup-
port in [ai,j − ε, ai+1,j + ε] (ε depending on the tapering of
bj(t)). The frequency pertaining toφi,j,k(t) is determined
by

fk,j =
1

2Lj

(

k +
1

2

)

. (7)

A fast matching pursuit algorithm exists fordyadic LCP,
whereLj = N/2j (N being the signal length) andai,j =
iLj .

According to (6), LCP are suitable if the signal energy is
concentrated on relatively slowly varying frequency bands.
This is the case for voiced speech segments. However,
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Figure 1: Noise-cleaning by matching pursuit with LCP. (a)
Waveform of the word “arigato”. (b) Noise-contaminated
waveform (Gaussian noise bursts). (c) Noise-cleaning re-
sult.

speech signals also contain strongly modulated segments
and fast transitions (at vowel on-/offsets and near conso-
nants). In these situations, the matching pursuit algorithm
employs a large number of LCP atoms with low coeffi-
cient values, which may result in a non-sparse represen-
tation. This deficiency can be remedied by either resorting
to the basis pursuit method (ie., by relying onglobal opti-
mization) or by using alternative dictionaries which allow
to better match rapid frequency modulations (like chirplet
dictionaries [10]) – but both at the expense of increased
computational demand.

6. Noise Cleaning

Let us consider a speech signalf(t) that is contaminated
by (not necessarily stationary or Gaussian) noisen(t), re-
sulting in the detected signal

s(t) = f(t) + n(t). (8)

Provided that the dictionaryD captures the structure of the
signalf(t), some atomsφγi

will interact strongest with the
signalf(t),

〈φγi
, f〉 À 〈φγj

, n〉 ∀j 6= i. (9)

The largest coefficientsαγi
= 〈φγi

, Ris〉 ≈ 〈φγi
, Rif〉 are

thus expected to pertain to the signalf(t),

fclean =
m−1
∑

i=0

〈Ris, φγi
〉φγi

. (10)

Truncation of the decomposition obtained by the matching
pursuit algorithm therefore results in efficient noise clean-
ing.

Fig. 1 depicts the noise cleaning results for the situation
where a speech sample has been contaminated by Gaus-
sian noise bursts. Efficient noise cleaning has also been
achieved for non-Gaussianα-stable noise (which is very
difficult to clean by traditional methods) and noise that is
filtered by time-varying bandpass filters.

7. Separation of Voiced Speech Signals

7.1. Separation Method

We attempt to separate two signals (referenced by the
index s ∈ {1, 2}) from a mixture. The separation proce-
dure we use consists of the following steps: 1) The (usu-
ally time-varying) fundamental frequenciesfs(t) pertain-
ing to the signals need to be determined. If the modulation
rates are not too fast,fs(t) (s = 1, 2) correspond to the
two lowest incommensurable frequencies of the LCP hav-
ing support at timet. 2) It has to be determined whether a
selected LCPφi,j,k belongs to signals. This is achieved by
constructing an estimatords

i,j,k; if ds
i,j,k = αds′

i,j,k, where
α > 1 ands′ 6= s denotes the other signal, thenφi,j,k is as-
signed to signals, and vice versa. If no assignment can be
made, thenφi,j,k is considered as pertaining to background
noise and is omitted.

The definition of the estimatords
i,j,k relies on the specific

time-frequency structure of voiced speech: Voiced speech
consists of frequency bands whose frequencies are mul-
tiples of a fundamental frequency; in terms of the LCP
decomposition this means that the frequenciesfa andfb

of two LCP belonging to the voiced speech segment of
the same signal are commensurable, ie.mfa = nfb for
m,n ∈ N.

First, the setSi,j,k of all LCP occurringsynchronously
with the selected LCPφi,j,k is determined, where we con-
sider two LCP as synchronous if a significant portion of
their time supports overlaps. Then, the differences between
the frequencyf of φi,j,k and the frequencies of the LCP
contained in the setSi,j,k are determined. Let us denote
these differences byδfr, wherer ∈ {1, . . . , N} andN is
the cardinality ofSi,j,k. If φi,j,k belongs to signals, due to
the time-frequency structure of voiced speech,δfr = mfs

(for somem ∈ N) holds for a significant number of indices
r. Thus, the histogram of the fractional partρr of δfr/fs

will be peaked around zero1. On the other hand, if the LCP

1Note thatρr ∈ [0, 1]. Since the situationsρr = 1 andρr = 0 are
identical, we re-mapρr to the interval[−0.5, 0.5].
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Figure 2: Separation of voiced speech segments. The sup-
ports of LCP in normalized time and frequency are shown.
Top row: Superimposed LCP representations of (a) vowels
/a/ (black) and /i/ (red) and (b) vowel /a/ (red) and “arigato”
(black). Bottom row: Separation results of (c) vowels /a/
and /i/ and (d) /a/ and “arigato”.

φi,j,k does not belong to signals, we expect a flat distribu-
tion of ρr.

These observations motivate several definitions of the es-
timator ds

i,j,k, which all lead to similar separation results.
For example, we select a small interval[−a, a] around zero
and a numberb > 0. Then, we compared the numberNa

of indicesr for which ρr ∈ [−a, a] to the numberNb of
indicesr for which ρr > b. This leads to the estimator
ds

i,j,k = Na/Nb. Once the parametersa andb have been
optimized, they are kept fixed for all signal separation prob-
lems; thus, no a priori signal information is needed.

7.2. Separation of Voiced Speech

By relying on the method outlined above, we managed
to separate (1) two simultaneously uttered vowels (/a/, /e/,
/i/, /o/, /u/) and (2) different vowels from a simultaneously
uttered word (sampling frequency:16000 Hz).

As an example, we illustrate the separation of the vowels
/a/ and /i/. From the graphical time-frequency representa-
tion we observe that the two vowels have been efficiently
separated (Fig. 2 (a) and (c)). Some LCP are wrongly as-
signed if frequency bands pertaining to either of the two
vowels coincide (arrows in Fig. 2 (c)). In these cases, the
frequencies of the respective LCPs are near-multiples off1

as well asf2, which renders the assignment to either sound
source by our method ambiguous. However, the impression
obtained from listening to the separated signals is virtually
unaffected by these deficiencies.

The vowel /a/ and the word “arigato” can be separated
with similar efficiency (Fig. 2 (b) and (d)). In this case the
highest frequency band belonging to /a/, which displays a
slow modulation, was not assigned correctly. This, how-
ever, did not noticeably deteriorate the acoustic impression

of the separated signals.
We also investigated how noise affects the signal separa-

tion performance. Different types of non-stationary noise
(Gaussian and non-Gaussianα-stable noise bursts, time-
varying filtered noise) did not significantly alter the ob-
tained separation results. This remarkable noise-robustness
originates from two effects: First, we only retained those
LCP whose coefficients assume appreciably large values,
which results in efficient noise cleaning (cf. Sec. 6). Sec-
ond, since our separation method makes use of the fre-
quency structure of voicedspeech signals, additional LCP,
which emerge from the noise, are just not extracted, thereby
further improving the noise cleaning performance.

8. Conclusion

Based on a sparse time-frequency representation of
speech signals, convincing and, in contrast to ICA-based
methods,noise-robust source separation results are ob-
tained for voiced speech signals. This is a first step towards
the separation of general speech mixtures, which also in-
cludes fast modulations, transients and unvoiced segments.
Some improvements will be achieved by extending the
LCP dictionary by other atoms (eg. using a chirplet dictio-
nary [10]), for taking modulations and fast transients into
account. For a general solution to the problem, we propose
to combine our approach with statistical and information-
theoretic methods like ICA: In a first step, preliminary esti-
mates for the sources are obtained by our method, where as
much a-priori information on the speech structure as possi-
ble is taken into account. In a next step, these estimates are
optimized, eg. by maximizing the mutual independence
between the sources (ie. ensuring small mutual informa-
tion), while at the same time the correlation along a source
estimate is kept large.
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Abstract—Belief propagation (BeP) is a candidate for
the accelerated evaluation of statistical averages if com-
pared to Monte-Carlo approaches. For binary systems on
infinite grids or with periodic boundary conditions (regular
grids), we investigate the physical fixed points and their sta-
bility. Critical slowing down of the method is observed at
the 2nd-order phase transition with TC ≈ 2.89. Above TC,
convergence is guaranteed. Below the critical temperature
TC, BeP convergence depends dramatically on the choice
of initial conditions. This leads to convergence patterns
typical for fractal basin boundaries.

1. Introduction

Belief propagation (BeP) is a relatively new and power-
full method for inference and optimization problems. In-
ference problems arise in many fields of statistical physics,
error-correcting codes and machine learning. Interestingly,
some of the previously developed methods such as tur-
bocodes or the transfer matrix approach in physics are in
fact just variations of the same belief propagation tech-
nique. Inference problems deal typically with questions
such as: Given a set of variables with statistical depen-
dencies, what are their most probable states when only the
states of a possibly small group of variables is known from
data? As an example, think of the following system, taken
from [1]: Holidays in an Asian country (A) increase the
risk of tuberculosis (T), whereas smoking (S) can cause
lung cancer (L) or bronchitis (B). Either (E) tuberculosis
or lung cancer can be detected by an X-ray analysis (X),
which, however, can not distinguish between both illnesses.
Shortness of breath (Dyspnoea, D) can either be caused by
bronchitis (B) or either (E) lung cancer or tuberculosis (see
Fig 1).

Such systems are called Bayesian networks and can
be represented by graphs, where each variable corre-
sponds to a node and the dependency between variables
is denoted by interconnecting lines (”edges”). In our
example, the dependencies between nodes are directed.
Smoking increases the probability of lung cancer, but not
vice-versa. In the context of Fig. 1, two probabili-
ties are of main interest: The overall joint probability,
p(x) that any event, i.e. illness, diagnosis etc. occurs,
defined as p(x) = p(xA)p(xS )p(xT |xA)p(xL|xS )p(xB|xS )
·p(xE |xL, xT )p(xD|xB, xE)p(xX |xE). More generally, the
joint probability can be written in the form p(x) =

A SE

X

T L B

D

Figure 1: The directed graph example (see text).

yi

x i

i j

a) b)

Figure 2: a) MRF graph. Black circles denote observed
nodes, whereas white nodes are unknown. b) Message up-
date rule for the belief propagation algorithm.

∏N
i=1 p(xi|Par(xi)), where Par(xi) denotes the parents of

node i. In many cases, however, the probability of a certain
diagnosis, xD for example, is of greater relevance. This
question deals with the marginal probabilities, which are
calculated by summing over all possible states of a node’s
parents:

p(xN) =
∑

x1

∑

x2

. . .
∑

xN−1

p(x1, x2, . . . xN) (1)

From this definition, it is obvious that an exact mathemati-
cal computation is only practical for small graphs, since the
number of terms in the sum grows exponentially with the
number of nodes.

Pairwise Markov Random Fields (MRF) and Ising
models: Consider the computer graphics task to infer some
quantities of the underlying scene xi (Fig. 2 a) from pixel
image data yi. We further assume that there is a statistical
relation φ(xi, yi) between xi and yi for each pixel i. This
function is often called evidence for xi, as it influences the
probability for a scene site i to be of value xi, given that one
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observes yi. Additionally, in order to deduce anything at all
from the image, there has to exist an underlying structure in
the scene, expressed by a compatibility function ψi j(xi, x j).
The compatibility function can be understood as a coupling
between the scene quantities xi (the word ”coupling” is
used here as it turns out that ψi j reduces to the physical
coupling constant J for Ising systems).

Given these quantities and functions, we can write the
overall joint-probability as

p({x}, {y}) =
1
Z

∏

i j

ψi j(xi, x j)
∏

i

φ(xi, yi) (2)

where Z is the normalization constant and the product runs
over all connected xi’s (for example, the nearest neigh-
bours on a regular grid). In contrast to the Bayesian net-
work discussed above, the MRF is undirected and pair-
wise, since the compatibility functions ψi j only depend on
pairs of nodes i and j. As with Bayesian networks, the
computation of exact marginal probabilities is only possi-
ble for very small systems. The instructive part of MRF
is how they relate to magnetic spin models. The energy
of such a system is given by its spin-part Hamiltonian,
E = −

∑
(i, j) Ji jsi · s j −

∑
i hisi, where the first sum is taken

over a site’s nearest neighbours and si is the spin of i-th site.
Here, Ji j/T is identified essentially with log(ψi j). Its phys-
ical interpretation is that of a coupling strength between
sites i and j. log(φi) is essentially identified with hi/T , fol-
lowing the physical interpretation of an external magnetic
field. From statistical physics it is known that the states
of the system in the canonical ensemble obey Boltzmann’s
law: The probability of finding the system in some spin
configuration {s} is p({s}) = 1

Z eE({s})/kBT . Comparing this
to Eq. (2), we realize that the MRF corresponds to a spin
model at temperature T . It also follows that the normal-
ization constant Z in (2) can be interpreted as the system’s
partition function.

Belief propagation approach: Because of their close
relation to physics, we will focus in the following on MRF.
Again, we are interested in calculating joint and marginal
probabilities, as given by Eq. (2), but in an approximate
manner only. In the following, we will identify φ(xi, yi) ≡
φ(xi), since, for simplicity, we assume the observed nodes
yi to be fixed. The idea behind belief propagation is to ap-
proximate marginal probabilities for a site i by so-called
beliefs bi(xi). The beliefs are calculated from messages m ji

sent to the i-th site from its neighbours j:

bi(xi) = kφi(xi)
∏

j∈N(i)

m ji(xi) (3)

That is, we take the product over all messages coming in
from the neighbouring sites N(i), multiply by the local ev-
idence φi and normalize by a constant k (all beliefs at a
site have to sum to one). The messages m ji are determined
self-consistently by the iterative update rule

mi j ←
∑

xi

φi(xi)ψi j(xi, x j)
∏

k∈N(i)/ j

mki(xi) . (4)

In other words, the new message site i is going to send
to site j is determined by the messages that were previ-
ously sent to the i-th site from all its neighbours except j,
weighted by the ”coupling strength” ψi j and the local evi-
dence φi (see Fig. 2 b). It is easy to prove that the beliefs
bi(xi) converge to the exact marginal probabilities pi(xi) for
singly connected graphs [1]. However, in contrast to the
direct calculation of the marginals (1), computing time for
belief propagation on singly connected graphs only grows
linear with the number of connections between the nodes.

For loopy graphs, the situation is worse. On such graphs
it is not guaranteed that belief propagation converges at all.
For spin systems, it was shown that there exists a critical
temperature TC above which loopy belief propagation con-
verges [2]. In this regime, the choice of initial messages
is irrelevant and has only small influence on the required
computing time. At lower temperatures, near and in the
ferromagnetic phase, convergence, however, may not be
achieved. It is important to note that if BeP converges, the
beliefs correspond to stationary points of the Bethe free en-
ergy. This correspondence finally justifies the use of BeP
for simulating thermodynamical systems such as the Ising
model. A proof of this theorem can be found in [1].

2. BeP convergence and critical slowing down

The behaviour of BeP in dependence on the temperature
is of great interest, e.g. for sequential superparamagnetic
clustering (SSC, [3]). SSC is based on magnetic spin mod-
els and requires sweeps over large temperature ranges to
come up with natural data clusters. The task can be accom-
plished by Monte Carlo simulations ([3]), but BeP is much
faster (up to a factor of 20) - if it converges [4]. When
clusters break apart, BeP slowing down is observed, where
it can be shown that this temperature is exactly the criti-
cal temperature of the phase transition. To investigate this
phenomenon, we will restrict ourselves to Ising systems,
for they allow a message parametrization [2],

tanh νi j := mi j(+1) − mi j(−1) , (5)

which simplifies the update rules significantly:

tanh ν′i j = tanh Ji j tanh(h j +

∑

k∈N(i)/ j

νk j). (6)

Assuming uniform coupling Ji j = J and vanishing ex-
ternal field, two uniform fixed point solutions exist for Eq.
(6), namely νi j = ν = 0 (zero magnetization, paramagnetic
phase) and νi j = ν , 0 (non-vanishing magnetization, fer-
romagnetic phase), cf. Fig (3 a). For stability analysis, the
Jacobi matrix can be calculated to be

∂ν′ji

∂νkl
=

1 − tanh2(h j +
∑

t∈N( j)/i νt j)

1 − tanh2(ν′ji)
· tanh Ji jδ jl1N( j)/i(k)

(7)

1024



It is straightforward to guess that a uniform initialization
of the messages νi j is an eigenstate of the regular grid with
periodic boundary conditions: Let us assume that each site
has q nearest neighbours. We can then write the tensor (7)
as a q · N × q · N matrix M, where N is the total number
of sites, by numerating the pairs i j as rows and the pairs
(kl) as columns of M. From (7) it is clear that each matrix
row only contains q − 1 non-zero entries, since every node
receives q − 1 messages only. With uniform message ini-
tializations, all q − 1 non-zero matrix entries per row take
the value

m :=
1 − tanh2((q − 1)ν)

1 − tanh2(J) tanh2((q − 1)ν)
tanh(J). (8)

Hence, the vector (1, 1, . . . , 1) is an eigenvector with eigen-
value (q − 1)m. In fact, this eigenvalue is the largest one.
Proof: Recall that a special form of Frobenius’ theorem
states that if An×n ≥ 0 is irreducible, each of the following
is true: 1) r = ρ(A) ∈ σ(A), where ρ is the spectral radius
and σ(A) the spectrum of A. 2) The unique vector p de-
fined by Ap = rp, pi > 0 and ‖ p ‖1= 1 is called the Perron
vector. 3) There are no other positive eigenvectors. Since
m > 0, the Jacobian (7) is clearly positive semi-definite. Ir-
reducibility of a matrix, on the other hand, is equivalent to
an underlying graph being strongly connected. A strongly
connected graph is a graph where each pair of nodes can
be connected by a sequence of directed edges. This is ob-
viously the case in the Ising example, since the nodes and
edges form a regular grid structure. Thus, the eigenvector
(1, 1, . . . , 1) is the Perron vector and its eigenvalue is the
largest one. This result remains valid for all grids having
the same number of neighbours to each node, i.e. an in-
finite regular grid or a finite grid with periodic boundary
conditions.

Paramagnetic phase: From the above theorem it fol-
lows immediately that the fixed point ν = 0 is stable as
long as J < tanh−1(1/(q − 1)) (Fig (3 b)). The critical
coupling/temperature is therefore J ≈ 0.347 or T = 1/J ≈
2.89. This is in accordance to numerical simulations, where
a typical critical slowing down can be observed in the BeP
computing time (Fig. 3 c).

Moreover, it can be shown that BeP converges irrespec-
tive of the choice of initial conditions if |σ(A)| < 1 [2],
where σ(A) is the spectral radius of the matrix

Ai j,kl = tanh(J)δil1N(i)/ j(k) , (9)

which is the message independent part of the Jacobi ma-
trix (7). The condition guarantees BeP convergence for all
(i.e. also non-uniform) initial conditions in the paramag-
netic phase.

Ferromagnetic phase: In the ferromagnetic phase, de-
spite having a stable, attractive fixed point (Fig. 3 b), con-
vergence depends heavily on the choice of the initial mes-
sages νi j. Although physical solutions should break sym-
metry and switch to a uniform magnetization density ±1,
BeP does not necessarily converge, according to (9).
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Figure 3: a) Uniform fixed points ν corresponding to the
ferromagnetic and paramagnetic phases. b) Stability of
the fixed points: T < TC (≈ 2.89): The ferromagnetic
fixed point is stable (but not globally attractive, see text);
T > TC: the paramagnetic fixed point becomes stable and
globally attractive. c) A typical critical slowing down is
observed at the 2nd order phase transition.

One of possibly many initial conditions for which BeP
does not converge in the ferromagnetic phase is a situation
as shown in Fig. 4 a). In the simulations, such a vortex
was considered as a perturbation of the fixed points (6) on
a 3 × 3 regular grid with periodic boundary conditions.

In our simulations, the system was simulated for tem-
perature sweeps below TC. The messages were initialized
to either the stable ferromagnetic fixed point (without loss
of generality, ν > 0 in the following) or to the (in this
temperature regime) unstable ν = 0 fixed point. Before
the simulation was run, a perturbation of variable strength
directed towards the vortex was once applied (Fig. 4 b).
BeP was then started, and the iterations required for con-
vergence were counted. If more than 500 iterations were
required, the system was assumed not to converge.

The criterion for convergence was that messages would
differ by less than ε = 10−16 between successive updates.
The same simulation procedure was then repeated for dif-
ferent temperatures and perturbation strengths λ. Since the
temperature range considered belongs to the ferromagnetic
phase, one would expect the perturbed system to converge
to the ν > 0 fixed point (Fig. 4 b).

This is indeed true when perturbations are applied to the
ferromagnetic fixed point. A typical convergence plot for
this situation is shown in Fig. 5 a), from which we see
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Figure 4: a) Vortex message initialization on a regular Ising
grid. b) Illustration of the perturbations applied to the two
fixed points. The red arrows indicate the expected behavior.
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Figure 5: a) Vortex perturbation of the stable ferromagnetic
ν > 0 fixed point as a function of perturbation strength λ
and temperature T . λ = 150 (arbitrary units) corresponds to
a perturbation leading exactly to a vortex setup. b) Vortex
perturbation of the unstable ν = 0 paramagnetic fixed point,
as a function of the perturbation strength λ and temperature
T .

that BeP converges for all perturbations except for the exact
vortex initialization. In the latter case, the convergence de-
pendence as a function of temperature seems to be inverted
to the general case: In the ferromagnetic phase, the vortex
initialization never converges. Upon temperature increase,
the vortex, however, arrives at a critical point T ′C < TC,
above which it always converges. Note that the vortex ini-
tialization also converges quickly at temperatures at which
critical slowing down is observed in the general case. The
previously mentioned ”cut-off” at 500 iteration steps be-
comes reasonable when looking at the results in Fig. 5 a):
First, a higher cut-off would only slightly narrow the peak
around TC. Second, the vortex initialization does not con-
verge below T ′C, even if we use significantly longer simu-
lation runs.

A completely different behaviour is observed when we
start with a perturbation of the unstable paramagnetic fixed
point ν = 0, as shown in Fig. 5 b). Another critical tem-
perature seems to separate convergent from non-convergent
regions at T ′′C ≈ 0.75. Above this temperature, BeP con-
verges, independently of the perturbation strength λ. Below
T ′′C , convergent and non-convergent initializations can be

found. The behaviour is non-trivial and depends strongly
on the choice of the parameters T and λ. Furthermore, as
one would expect, for very small λ, BeP tends to converge
more often. Apart from that, the choice of λ does not in-
fluence the behaviour on a larger scale, in contrast to the
temperature.

Below T ′′C , when zooming in the black square of Fig. 5
b), a self-similar structure is revealed. Even for high mag-
nifications, a distinct boundary separating converging from
non-converging regions is missing. It is an open question
whether the nature of these findings lie in the theory of frac-
tal basin boundaries.

3. Conclusion

Although loopy belief propagation on Ising systems has
stable, attractive fixed points in both magnetic phases, it
does generally only converge in the paramagnetic case. A
BeP critical slowing down at TC ≈ 2.89 is observed at the
phase transition, where both BeP fixed point solutions be-
come unstable. In the ferromagnetic phase, vortex pertur-
bations to the BeP fixed points reveal two entirely different
behaviours: Perturbations of the stable ferromagnetic solu-
tion does not heavily influence BeP efficiency and conver-
gence. With exact vortex initialization, BeP does not con-
verge at low temperatures, whereas, interestingly, the vor-
tex starts to converge to the paramagnetic phase at temper-
atures well below TC. Perturbations of the unstable para-
magnetic solution reveal a more complex situation. Con-
vergence is usually achieved for T > T ′′C ≈ 0.75 only. At
lower temperatures, self-similar patterns are observed, the
nature of which yet remains to be analyzed. An appeal-
ing explanation are fractal basin boundaries, separating the
convergent from the non-convergent initial conditions.
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Abstract—Clustering is a basic step common to most
spike sorting methods. Sequential superparamagnetic clus-

tering provides a powerful nonparametric clustering algo-

rithm, especially if only little prior information is avail-

able. However, the traditional Monte Carlo-based imple-

mentation of this algorithm is relatively slow. We show

that, by using the belief propagation method, superparam-

agnetic clustering is accelerated substantially (by a factor

of 10-20). This makes it an attractive tool for spike sorting.

1. Introduction

Spike sorting is a fundamental step in the analysis of

neural recordings. The spike sorting problem can be seen

as a simpler analogue of the cocktail party problem in the

field of auditory scene analysis. In both cases, we want to

extract one or more signals from a mixture of different sig-

nals and noise. The goal of spike sorting is to detect spikes

in extracellular voltage recordings and assign them to their

different sources, i.e., the neurons.

Common spike sorting schemes are based on two

ingredients [1]: (I) The description of the spike-

underlying recorded waveforms by means of -usually high-

dimensional- vectors, and (II) a clustering algorithm that

identifies groups of similar waveforms. Spikes in each

group are assumed to originate from the same neuron. This

is a reasonable assumption if the underlying processes are

stationary and the number of spike overlaps is small. For

the clustering algorithm, two often conflicting properties

are desirable. Firstly, the algorithm should be as unbiased

as possible, i.e., it should not rely on prior information

about the number or the shape of the clusters and it should

also work for high dimensions. Secondly, it should be rea-

sonably fast.

In this contribution, we apply the sequential superparam-

agnetic clustering algorithm (SSC) [2] to a) an artificially

created and to b) a real spike sorting problem. SSC satisfies

the requirement of an unbiased algorithm, but it is rather

slow. We discuss how SSC is considerably accelerated by

means of belief propagation (BeP) [3]. Finally, the time

performance of BeP-mediated SSC is compared to that of

Monte Carlo-based SSC.

2. The Basic Stages of Spike Sorting

Extracellular recordings by a single electrode provide

a waveform train made up of the activity of an unknown

number of neurons and of background noise. In a first

step, potential spike shapes are identified by a threshold-

ing procedure: If the recorded voltage crosses a threshold,

a sample vector (wave trace) containing the voltage values

over a certain time window length is selected. In our ex-

ample1 (Fig. 1), the sample vector is of dimension 48. The

choice of the threshold is delicate. For too small thresh-

olds, noise artifacts may be detected and noise fluctuations

can lead to a bad alignment of the peaks. Although for

the latter can be corrected by a subsequent alignment, a

fixed window size may still cause problems. If the thresh-

old is too large, some spikes might be missed. In practice,

one tries to use relatively large thresholds that still catch all

spikes. In a next stage, the spike traces need to be charac-

terised in the form of feature vectors which then allow for

a comparison and cluster identification. For this purpose,

different strategies have been introduced. A simple char-

acterisation of the spikes can be achieved by a small num-

ber of characteristic features such as spike height or spike

width. Sometimes, the whole sample vector is used for a

comparison by means of the Euclidian distance. More fre-

quently, the dimension is reduced by a principal component

analysis (PCA) that can be considered an automatic feature

selection. This sometimes allows for a straightforward de-

tection of clusters by eye on the basis of the first two prin-

cipal components. Alternatively, the wave trace may be

characterised by Fourier- or Wavelet coefficients [4], or by

coefficients of any other transform that works out suitable

1Data from a randomly chosen set of recordings from macaque parietal

cortex provided by H.Scherberger and collaborators.

Figure 1: A set of 241 wave traces from extracellular

recordings of a single electrode. The time resolution is 30

kilo-samples/s, the amplitude is measured in μV .
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characteristics. In short, the clustering preprocessing phase

provides us with feature vectors vi whose distance is given
by an appropriate measure.

In the final stage, we can thus perform the actual clustering.

Although we should keep in mind that the preprocessing is

of equal importance, we entirely focus on this last stage in

the following. The prospects of a successful spike sorting

vanish if a cluster spreads over the whole feature space or if

different clusters largely overlap. In such cases, the prepro-

cessing must be revised. Generally, we are confronted with

the difficulty that the number of clusters, i.e., the number

of neurons recorded, is unknown. Another difficulty is that

the shape of the clusters can be complicated and the densi-

ties of the clusters may differ considerably. Practically, the

lack of prior information suggests the usage of flexible non-

parametric clustering algorithms. From a conceptual point

of view, it seems natural to think of nonparametric cluster-

ing as a self-organisation process; e.g., in a network of in-

teracting elements, clusters can emerge naturally as global

characteristics from local interactions. Several clustering

algorithms based on self-organisation processes have been

introduced during the last years (e.g., [5]). Superparamag-

netic clustering (SC) [6] is an algorithmwhich has attracted

particular attention in many fields of application. The algo-

rithm is based on the pattern formation process a Potts spin

system undergoes within a certain temperature range. SC

has been substantially extended to sequential superparam-

agnetic clustering (SSC) [2] in order to make it more robust

in the case of highly inhomogeneous clusters. Additionally,

SSC provides us with a measure for the automatic selection

of the most natural clusters.

3. Superparamagnetic Clustering with Belief Propaga-
tion

SC maps a clustering problem onto the setting of a Potts

spin system. Each feature vector vi is represented by a spin
variable si that can take on a value in {1, ..., q}. In the fol-
lowing, we set q = 2 and re-denote the two possible spin
values by {−1, 1} which constitutes the more familiar case
of Ising spins.2 Each spin is coupled to its k nearest neigh-
bours3 and the coupling strengths are chosen according to

Ji j = J ji =
1

k
exp

⎛⎜⎜⎜⎜⎜⎝
−d2i j
2a2

⎞⎟⎟⎟⎟⎟⎠ , (1)

where a is the average distance of coupled neighbours and
di j is the distance between vi and v j. The probability of a
spin configuration s is given by the Boltzmann distribution

p(s) =
1

Z(T )
e−H(s)/T , (2)

with the Hamiltonian H(s) = −∑i, j Ji jδsis j . Depending on
the temperature T , two spins in an inhomogeneous Potts

2Potts spins can be understood as generalised Ising spins.
3We use k = 5 as default value.

spin system can either be correlated or uncorrelated. The

change from the correlated to the uncorrelated state ex-

presses a collective phenomenon and occurs simultane-

ously for whole groups of spins at (finite-type) phase tran-

sitions. Increasing T from zero leads the system through
different phases. For small 0 ≤ T < T f erro, the system is
in the ferromagnetic phase. In other words, all spins form

one single cluster. For T f erro < T < Tmax, the system is in
the superparamagnetic phase, where groups of correlated

spins form local clusters. Upon the increase of T , the lo-
cal clusters break up into ever more and smaller clusters, in

which only the most strongly coupled spins remain corre-

lated (clustering hierarchy). At T = Tmax, the system enters
the paramagnetic phase and the spins are no longer corre-

lated.

From the sketched picture it is apparent that the basic quan-

tities to be computed for clustering are the pairwise corre-

lations

ci j =
∑

s

p(s)δsis j . (3)

For the actual clustering algorithm, clusters are defined as

sets of pairwise aligned spins. Two spins are called aligned

if ci j exceeds the threshold Θ = 0.7 (the exact choice of Θ
is uncritical [6]).

Traditionally, ci j was evaluated bymeans ofMonte Carlo
methods. Recently, a novel method, belief propagation

(BeP), has come up which generally allows for a fast calcu-

lation or approximation of marginal probabilities [3]. We

show that accordingly BeP can be employed to calculate

ci j. However, the convergence properties of BeP are non-
trivial and care has to be applied in order to assure that

BeP converges. BeP is based on the exchange of messages

mi→ j(s j) and m j→i(si) between pairs of coupled spins i and
j, containing a recommendation about in what state the
other spin should be. Given the set of messages at time

t, {mti→ j(s j)}, the outgoing messages at time t + 1 are deter-
mined by the weighted products of incoming messages

mt+1i→ j(s j) = k1
∑

si

e
2Ji jδsi s j
T

∏

k∈N(i)\ j
mtk→i(si), (4)

where k1 is a normalisation constant assuring that∑
s j m

t+1
i→ j(s j) = 1 and N(i)\ j denotes the set of all neigh-

bouring sites of i without j. Once BeP has reached a fixed
point {m fi→ j(s j)}, pi j can be approximated by means of the
pairwise beliefs bi j(si, s j), where ci j = bi j(1, 1)+bi j(−1,−1)
and

bi j(si, s j) = k2 e
(
2Ji jδsi s j
T )

∏

k∈N(i)\ j
m fk→i(si)

∏

l∈N( j)\i
m fl→ j(s j).

(5)

k2 again is a normalisation constant.
The set of the pairwise beliefs bi j and of the single beliefs
bi =

∑
j bi j obtained from a stable fixed point of (4) corre-

sponds to a local minimum of the Bethe free energy func-

tional [3, 7]. For spin systems with a loopy grid structure,

the Bethe free energy is an approximation of the actual free

1028



energy functional which is minimised by the Boltzmann

distribution. The Bethe free energy ansatz assumes that

the free energy is a functional of the marginal probabilities

pi j(si, s j) =
∑
sk,k�i, j p(s) and pi(si) =

∑
s j pi j(si, s j). Gen-

erally, this is not quite correct, but nevertheless, a minimum

of the Bethe energy often gives us a fairly good approxi-

mation for the exact marginals. In general, it is however

impossible to get exact values by means of BeP. While for

clustering applications this approximative character of BeP

is acceptable and works well, the problem of convergence

is more severe: BeP convergence is only guaranteed in the

paramagnetic phase, independent of the message initialisa-

tion. In the ferro- or superparamagnetic phase, BeP can get

trapped in cycles [8] or may possibly settle on a chaotic

attractor. Fortunately, we found a set of message initiali-

sations for which convergence of BeP seems very reliable

(This statement can be confirmed by analytical considera-

tions [8]). The messages mi→ j have to be initialised uni-
formly according to

m0i→ j(1) = y and m
0
i→ j(−1) = 1 − y, (6)

with the same 0.5 < y < 1 for all connections i→ j.

4. Sequential Superparamagnetic Clustering SSC

Usually, we are interested in detecting only the most nat-

ural or obvious clusters. Clusters that are due to some ran-

dom local grouping in the data are considered as noise. In-

tuitively, we have to sweep through the superparamagnetic

phase by increasing T and identify the most natural clus-
ters as the ones that persist over a large temperature range

Tcl (coarse-grained structure). These clusters are well re-
flected in the BeP-approximation, which is the reason why

BeP works well for SC/SSC. However, the clustering solu-

tion is generally compromised if the clusters to be detected

are characterized by largely differing densities [2]. By ex-

tracting the reliable clusters and reclustering the remainder,

SSC iteratively re-generates reliable coarse-grained struc-

tures on finer levels. The desired level of refinement is the

main parameter set by the user (sΘ ∈ [0, 1]). It corresponds
to a minimal required length of the cluster existence in-

terval Tcl in comparison to Tmax. Additionally, T f erro of a
clustered set is a good measure for its intrinsic cluster co-

herence (its “clusterness”). A detailed description of SSC

can be found in [2]. For relatively simple data sets with

clear cluster structures, the clusters detected by SSC agree

with the coarse grain structures obtained by superparamag-

netic clustering SC.

5. Performance

Sorting Performance: The advantages of superparamag-
netic clustering (or the further developed SSC) if compared

to the often used K-means algorithm (or similar algorithms)

are obvious: We do not need to know the number of clusters

and there is no shape bias. Only if the number of clusters

is known and their shape is spheric, then it might be ad-

vantageous to use K-means. Unfortunately, a direct com-

parison of the performance of different algorithms based

on real-world data recordings is difficult. Either the cor-

rect sorting is unknown and a standard solution to compare

with is missing, or the sorting is rather simple and all algo-

rithms perform well. The advantages and superiority of SC

and particularly SSC, however, has been demonstrated in

connection with other applications (see [2] and references

therein). Here, we do not provide a systematic discussion,

but only give an impression by means of two examples.

In Fig.2, SSC has been applied to an artificially created data

set with 3 clearly distinguishable basic waveforms4. The

3 classes are easily recognised by SSC without specifying

any parameters (Fig.2b - 2d).

In Fig. 3, we show the clustering result obtained by SSC
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Figure 2: a) An unsorted set of artificial data and b)-d) the

sorting solution provided by SSC. Axes in arbitrary units.

for the set shown in Fig. 1. The clustering was performed

on the first two principal components PCA1 and PCA2

only. A fast coarse-grained clustering with a large sΘ = 0.5
yields 2 clusters (Fig. 3a). Cluster 1 (Fig. 3b/3c) is the

purer cluster as it is extracted first. Cluster 2 (Fig. 3d/3e)

is the residual cluster. It still contains some clear outliers

(Fig. 3d). Fortunately, SSC provides information about

the reduced purity of cluster 2 in the form of T f erro. T f erro
for cluster 2 is 10 smaller than T f erro for cluster 1 (Fig.
3a). Consequently, by using a smaller sΘ, cluster 2 will be
further decomposed into a core cluster and a residual clus-

ter (cluster halo) with again marginal intrinsic coherence

(small T f erro; results not shown).
Time Performance: Both methods used to implement

superparamagnetic clustering, the traditional Monte Carlo

and BeP, are essentially of a linear time complexity in the

size of the set to be clustered (O(N)). As an example, for

4This data set testspikes.mat is provided by R.Q.Quiroga and can be
downloaded under www.vis.caltech.edu/∼rodri

1029



the Swendsen-Wang algorithm at least about 200 Monte

Carlo steps are necessary to obtain stable results, whereas

BeP provides satisfying solutions within as few as 10 to

20 iterations. This seems generically true, although the ef-

fective speed of convergence differs along the T -axis and,
in particular, critical slowing down is observed at points

of cluster break-up [8]. As a main result of this contribu-

tion, we state that BeP leads to a substantial speed up of

clustering by at least a factor of 10. With an optimal imple-

mentation we expect a speed-up factor of 20.

(a)

(b) (c)

(d) (e)

Figure 3: A fast coarse-grained clustering by SSC provides

2 clusters. a) SSC-dendrogram. b)-e) Clusters and corre-

sponding wave traces.

6. Summary and Outlook

In this contribution, we worked out the prospect of

sequential superparamagnetic clustering as an attractive

and unbiased tool for spike sorting with clear advantages

over standard clustering algorithm such as K-means. We

showed that the algorithm is accelerated substantially by

means of belief propagationwhich renders also its time per-

formance competitive. In our future work, a whole spike

sorting method has to be elaborated taking into account the

clustering preprocessing stage. More systematic compar-

isons will certainly allow to substantiate the advantages of

the proposed clustering approach. We are confident that

our approach possesses a great potential for a wide-spread

usage.
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Abstract—In this paper, we discuss the generation of
coexisting two duck solutions and their breakdown into
chaos in a singularly perturbed van der Pol oscillator driven
by extremely small periodic force. Duck solution break-
down into chaos via period-doubling bifurcations cascade
is also observed.

1. Introduction

The amplitude of a limit cycle sometimes expands
rapidly when a system parameter is varied slightly in a sin-
gularly perturbed system with a small parameter ε. This
rapid change from a small amplitude oscillation to a large
amplitude oscillation is known as the canard phenomenon
or the duck solution, and the phenomenon has been investi-
gated in various fields of science [1]–[8]. The duck solution
was originally discovered by Benoit et al. for the following
singularly perturbed van der Pol (vdP) oscillator [1]:

{

εẋ = y + x(1 − x2)

ẏ = −x + B0.
(1)

According to the results of the nonstandard analysis, it
is clarified that the amplitude of the limit cycle is changed
by the order of 1 when the parameter B0 is varied by the
order of exp(−1/ε) [2, 3]. exp(−1/ε)|ε=0.1 ' 4.5× 10−5 and
exp(−1/ε)|ε=0.01 ' 3.7× 10−44. The amplitude is extremely
sensitive to B0.

What influence does the perturbation of B0 exert on the
duck solution? This problem seems to be an attractive hot
topic [4, 7], since the solution is hypersensitive to the fluc-
tuation of the B0 and noise exists in the actual system.

In this paper, we analyse the forced vdP equation in the
following form:

{

εẋ = y + x(1 − x2)

ẏ = −x + B0 + B sin(ωt),
(2)

where the value of B0 is chosen such that the duck solution
is generated when B = 0, and the value of B is chosen to
be on the order of exp(−1/ε). Ultraharmonic, subharmonic
and fractional harmonic (ultra-subharmonic) entrainments
are observed if B is small. By the analysis of Arnold’s
tongue, we find a very interesting bifurcation structure for

-1.5

0

1.5

-1.5 0 1.5

y

x

Figure 1: Duck solution observed in Eq. (2) with ε = 0.1,
B0 = 0.5694 and B = 0.0.

these entrainments. These entrainments are generated by
saddle-node bifurcations. In each entrainment, the shape
of the attractor is similar to that of a duck. In succession,
another saddle-node bifurcation occurs, and another duck
solution is generated. Namely, two duck solutions coex-
ist in Arnold’s tongue. The duck solution breakdown into
chaos via period doubling bifurcations cascade is also ob-
served in each entrainment.

2. Results

Since the perturbation is assumed to be periodic, the
Poincaré map Tλ is defined as follows:

Tλ : IR2 → IR2

u 7→ Tλ(u) = ϕ(2π/ω, u, λ),
(3)

where λ is one of the parameters of (ε, B0, B, ω), and ϕ(t) =
(x(t), y(t))T is a solution. A synchronous solution of the
continuous dynamic system (2) corresponds to a periodic
point of Tλ. Let us denote an m-periodic point by kdm or
kim. d and i correspond to the periodic points which have
even and odd number of the characteristic multiplier on the
real axis (−∞, −1), respectively, and k indicates the num-
ber of the characteristic multiplier outside the unit circle
in the complex plane [9]. 0dm is a stable m-periodic point,
1dm and 1im are a saddle, and 2dm is a completely unstable
periodic point.
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Figure 2: Global 2-parameter bifurcation diagram with ε = 0.1 and B0 = 0.5694. Lines in red and in green represent a
saddle-node bifurcation (G) curve, and lines in blue represent a period-doubling bifurcation (I) curve.

The following bifurcations are observed in Eq. (2):
A saddle-node bifurcation (G) occurs when one of the
eigenvalues of an m-periodic point is 1. If the parameters
are varied in order to pass through the bifurcation set, a
saddle and a stable periodic point merge together and these
periodic points vanish:

φ
G
⇐⇒ 1dm

+ 0dm, (4)

where the symbol⇐⇒ indicates the relation before and af-
ter the bifurcation and φ denotes the extinction of the pe-
riodic points. Hereafter, this bifurcation parameter set is
denoted as G.
A Period-doubling bifurcation (I) occurs when one of the
eigenvalues of an m-periodic point is −1. A stable m-
periodic point becomes a saddle, and a stable 2m-periodic
point is generated near this saddle:

0dm I
⇐⇒ 1im + 0d2m. (5)

A period-doubling bifurcation occurs successively. It is
well known that one of the routes to chaos is the period-
doubling bifurcations cascade. Hereafter, this bifurcation
parameter set is denoted as I. The bifurcation values of
the system parameters are obtained by Kawakami’s proce-
dure [9].

In the following discussion, ε is fixed at 0.1 and B0 is
fixed at 0.5694. The duck solution appears at these val-
ues of the parameters. It is illustrated in Fig. 1. Figure 2
shows the 2-parameter bifurcation diagram. The abscissa
denotes the angular frequency of the periodic perturbation
ω and the ordinate denotes its amplitude B. Bifurcation
sets drawn in red and in green denote the saddle-node bi-
furcations (G), and bifurcation sets drawn in blue denotes
the period-doubling bifurcations (I).

In Fig. 2, 1/1 denotes the fundamental harmonic entrain-
ment. n/1, 1/m and n/m denote the nth ultraharmonic,

1/m subharmonic and n/m fractional (ultra-subharmonic)
entrainments, respectively. The maximum Lyapunov expo-
nent is calculated by Shimada-Nagashima algorithm [10],
and chaos-generating regions are shaded in this figure. Ac-
cording to this figure, we can see that chaos is observed for
B > exp(−1/ε)|ε=0.1 ' 4.5 × 10−5.

Figure 3 shows magnified pictures of the ultraharmonic
entrainments, subharmonic entrainments and fractional
harmonic entrainments. We find that two types of bifur-
cation structure exist. The schematic picture of the first
type is illustrated in Fig. 4. Figures 3 (e), (i), (j) and (k) be-
long to this type. In this schematic figure, a duck solution
and a duck-shaped saddle, which is a saddle attractor with
a duck-like shape on the phase plane, are generated by a
saddle-node bifurcation (G1 in red). By increasing the pa-
rameter B, the other saddle-node bifurcation (G2 in green)
occurs inside the entrainment and then the other duck so-
lution and duck-shaped saddle are generated. These two
pairs of the duck solution and the duck-shaped saddle ex-
ist, where B is in the order of exp(−1/ε). Figure 5 shows
the coexisting duck solutions observed in the fundamental
harmonic entrainment. According to Fig. 4, the coexisting
two duck solutions and two duck-shaped saddles constitute
an identical periodic point manifold. One duck solution
which is generated by G1 remains stable against the pertur-
bation in the range where B is on the order of exp(−1/ε).
On the other hand, the other duck solution which is gener-
ated by G2 becomes unstable with increasing in parameter
B and bifurcates to chaos via period-doubling bifurcations.
Figure 6 shows attractors observed in the fundamental har-
monic entrainment. The period-doubling bifurcations cas-
cade and chaos are observed in the range where B is on the
order of exp(−1/ε).

A schematic picture of the second-type entrainment is il-
lustrated in Fig. 7. Figures 3 (a), (b), (c), (d), (f), (g) and
(h) belong to this type. In this type of bifurcation diagram,
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Figure 3: Magnified pictures: (a) 3rd ultraharmonic en-
trainment; (b) 8/3 fractional harmonic entrainment; (c) 5/2
fractional harmonic entrainment; (d) 7/3 fractional har-
monic entrainment (e) 2nd ultraharmonic entrainment;
(f) 5/3 fractional harmonic entrainment; (g) 3/2 fractional
harmonic entrainment; (h) 4/3 fractional harmonic entrain-
ment; (i) fundamental harminic entrainment; (j) 1/2 sub-
harmonic entrainment; (k) 1/3 subharmonic entrainment.

0

0.00002

0.00004

0.00006

0.00008

0.0001

0.00012

1.17 1.18 1.19 1.2 1.21 1.22

A
B

ω
 2.34  2.36  2.38  2.4  2.42  2.44
0

0.00002

0.00004

0.00006

0.00008

0.0001

0.00012

B

ω

(i) (j)

 3.52  3.54  3.56  3.58  3.6  3.62  3.64  3.66
0

0.00002

0.00004

0.00006

0.00008

0.0001

0.00012

B

ω

(k)

Figure 3: (Continued).

IB

ω

0d

0d2m

1dm

1dm

1dm

1dm

1dm

0dm0dm

0dm

0dm

1G 1G2G

2G

1im

Figure 4: Schematic picture of periodic point manifold of
first type.
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Figure 5: Coexisting two duck solutions observed in fun-
damental harmonic entrainment with ε = 0.1, B0 = 0.5694,
ω = 1.19, B = 5 × 10−5 (at point A in Fig. 3(i)).
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Figure 6: Attractors observed in fundamental harmonic en-
trainment with ε = 0.1, B0 = 0.5694, ω = 1.19: (a) peri-
odic attractor with period 1 with B = 5.5 × 10−5; (b) peri-
odic attractor with period 2 with B = 6.0 × 10−5; (c) peri-
odic attractor with period 4 with B = 6.2×10−5; (d) chaotic
attractor with B = 6.5 × 10−5.

although a duck solution and a duck-shaped saddle are gen-
erated by G1 and G2, the duck solution is collapsed imme-
diately by the increase in parameter B, and chaos is gener-
ated by the period-doubling bifurcations cascade. Coexist-
ing two duck solutions are also observed, but the coexisting
regions are relatively narrow. As shown in Figs. 3 (b), (c)
and (d), we could not observe the second saddle-node bi-
furcation in the range where B is on the order of exp(−1/ε).

3. Conclusion

In this study, we investigated the response of duck solu-
tion driven by weak periodic force. The bifurcation struc-
ture of each entrainment is revealed in detail. The coex-
isting two duck solutions is observed under an extremely
small periodic perturbation. These duck solutions collapse
and chaos via period-doubling bifurcations cascade are also
observed in the regions where the amplitude of the periodic
force is extremely small.
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Abstract—This paper studies complicated superstable
phenomena in a nonautonomous piecewise constant circuit.
The circuit equation has piecewise constant vector field and
piecewise linear trajectory: it is well suited for theoretical
analysis. The vector field causes interesting phenomena
including co-existence of chaos and superstable periodic
orbits. As a parameter varies, we can see rich bifurcation
phenomena: chaos is changed into superstable periodic or-
bits and so on. Using the embedded return map, we analyze
bifurcation phenomena precisely.

1. Introduction

This paper studies a non-autonomous piecewise con-
stant ( PWC ) circuit having one impulsive switch. The
switching causes rich synchronization and related bifurca-
tion phenomena [1], [2]. Also, operation of the switch is re-
lated deeply to integrate-and-fire dynamics in neuron mod-
els. Using such switching systems, we can consider en-
gineering applications including pulse-coupled neural net-
works and image segmentation [3]-[6].

Our PWC circuit consists of two signum voltage-
controlled current sources ( VCCSs ), two capacitors and
one time-depended impulsive switch. Depending on a pe-
riodic clock signal, the switch is closed and resets a capac-
itor voltage to a constant base level. The circuit equation
has PWC vector field and piecewise linear ( PWL ) trajec-
tory. If the switch is open all the time, the trajectory draws
stable rect-spiral. This vector field has particular property:
the trajectory can reach an equilibrium point within some
finite time [7]. Such property causes rich superstable peri-
odic orbits ( SSPOs ). SSPO is superstable for initial state
but sensitive for parameters. As a clock period varies, we
can see rich bifurcation phenomena of SSPOs. In some
parameter subspace, SSPO can co-exist with chaos for ini-
tial state. Using the embedded return map, we can ana-
lyze bifurcation phenomena precisely. From both funda-
mental and application viewpoints, it is important to ana-
lyze bifurcation of SSPOs because rich SSPOs appear in
various systems: simplified model of DC/DC converters,
simple pulse-coupled neuron models and flat-topped tent
maps [8]-[10]. Note that [11] firstly present co-existence of
SSPOs and chaos, however, related bifurcation phenomena
have not been analyzed sufficiently. Analysis of this pa-
per may be fundamental result for studying pulse-coupled

nTt =
1C

)sgn( 111 vIi =

−

+

2v 2C

)sgn( 2122 vvIi −=

−

+

1v
S

E
2r

1r

Figure 1: A non-autonomous PWC circuit model.

neural networks [4], [6], [9] and so on.

2. Circuit model and typical phenomena

Figure 1 shows a non-autonomous PWC circuit model.
The circuit consists of two VCCSs, two capacitors and one
time-depended impulsive switch S where r1 and r2 denote
parasitic resistors and T is a period of clock signal. The
VCCSs have signum characteristics :

{
i1 = I1sgn(v1)
i2 = I2sgn(v1 − v2),

sgn(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 for x > 0
0 for x = 0
−1 for x < 0,

(1)
where I1 < 0 and I2 < 0. At every period t = nT , S is
closed and capacitor voltage v1(t) is reset to the dc volt-
age E < 0. For simplicity, we assume that the switching
is instantaneous without delay and continuity property of
v2(t) is held. We consider the case where r1 and r2 are large
enough and open them for simplicity. In this case the cir-
cuit dynamics is described by

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
C1

dv1

dt
= I2sgn(v1 − v2)

C2
dv2

dt
= I1sgn(v1)

for S=off,

(v1(t+), v2(t+)) = (E, v2(t)) at t = nT,

(2)

where n is a non-negative integer. Using the dimensionless
variables and parameters, Equation. (2) is transformed into
Eq. (3).

{
ẋ = −sgn(x − ay)
ẏ = −sgn(x)

for S=off,

(x(τ+), y(τ+)) = (−1, y(τ)) at τ = nd.

(3)

NOLTA 2006
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Figure 2: Basic dynamics and typical attractors for a = 2.2. (a)
Behavior of the trajectory in time-domain. CLK is a clock signal.
(b) Behavior of the trajectory in phase plane. (c) Complicated SS-
POs for d = 2.5. (d) Chaos for d = 2.9. (e) and (e’) Co-existence
of chaos and complicated SSPOs for d = 3.1, respectively. (f)
Basic SSPO for d = 3.3.

τ = |I2 |
C1 |E| t, x = 1

|E|v1,
(
ẋ ≡ dx

dτ

)
, y = 1

a|E|v2,

a = C1 |I1 |
C2 |I2 | , d = |I2 |

C1 |E|T.

This system has two positive real parameters a and d.
Since Eq. (3) expresses PWC vector field, the trajectory is
PWL. For simplicity let us consider the parameter range :

a > 1, d > 0. (4)

Typical circuit dynamics is shown in Fig. 2 (a) and (b).
In this case the trajectories draw stable rect-spiral when S
is open, and jump to the base line x = −1 instantaneously
at the moment when S is closed. Repeating in this man-
ner, the circuit exhibits various interesting phenomena as
shown in Fig. 2 (c) to (f). It should be noted that the trajec-
tory can reach an equilibrium point within some finite time

0 x

y

xy a
1=

1−=x DL

ny

1+ny

Figure 3: Definition of the return map in phase space.

)c(
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Figure 4: Typical return maps for a = 2.2. (c) Complicated
SSPOs for d = 2.5. (d) Chaos for d = 2.9. (e) Co-existence
of chaos and complicated SSPOs for d = 3.1. (f) Basic SSPO for
d = 3.3. SFP denotes superstable fixed point. (c) to (f) correspond
to Fig. 2 (c) to (f), respectively.

[7]. Such reachability occurs by signum VCCSs and rich
bifurcations appear as shown in Section 4.

3. Return maps with one flat segment

In order to analyze the phenomena, we define one-
dimensional return map. Let LD = {(x, y, τ) | x =
−1 and τ = nd} and let a point on LD be represented by
its y coordinate as shown in Fig. 3. We assume that the
trajectory starts from LD after the switching at τ = 0. The
n-th switching generates at τ = nd. Since yn ∈ LD and
yn+1 ∈ LD are satisfied, we can derive the one-dimensional
return map F from LD to itself :

F : LD �−→ LD, yn+1 = F(yn), yn ≡ y(nd). (5)

For simplicity, we focus on the parameter range :

a < d < a + 1. (6)
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(b). B1 to B4 mean the borders of bifurcation, respectively.

Since the trajectory is PWL, the return map is PWL and is
given explicitly. The map can be described as shown in [7]:

F(y) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

y − (d − 2) for y ≥ D2

(−1)n(βn+1(y+1) +1−d) for Dn+1>y≥Dn+2

0 for D∞ ≥ y ≥ D̂∞
(−1)n(κn(y − 1) + 1 + d) for D̂n+1 > y ≥ D̂n

y + d for D̂1 > y
(7)

where α ≡ a−1
a+1 , κn ≡ 1 + 2α + · · · + 2αn > 1, βn+1 ≡ κn,

Dn+1 =
d−1

a(1−αn) −1, D̂n+1 = − d+1
a(1−αn+1) +1, D∞ = 1

a (d−1)−1,

D̂∞ = − 1
a (d + 1) + 1 and n is a positive integer.

Typical return maps are illustrated in Fig. 4. The map
has one flat segment for D̂∞ < yn < D∞ and infinite ex-
trema. This segment causes various complicated SSPOs
presented in Fig. 4 (c) and (e). Here we indicate the for-
mal definition of SSPOs. If Eq. (8) is satisfied, the system
exhibits SSPOs with period k.

Fk(y f ) = y f , Fl(y f ) � y f ,
d
dy

Fk(y f ) = 0, (8)
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Figure 6: Return maps near each borders for a = 2.2. (a) Chaos
for d = 2.35. (b) Complicated SSPOs for d = 2.39. (c) Compli-
cated SSPOs for d = 2.77. (d) Chaos for d = 2.83. (e) Chaos
for d = 3.04. (f) Chaos for d = 3.06. (g) Chaos for d = 3.07.
(h) Co-existence phenomena of chaos and complicated SSPOs
for d = 3.09. As d increases and Passes through each borders,
the maps of left column are changed into those of right column.
J1 to J3 are invariant intervals, respectively.

where y f is superstable periodic point, Fk denotes the k-
fold composition of F and k is a positive integer. Note
that SSPO is superstable for initial state, but sensitive for
parameters as shown afterward. When k = 1, l does not
mean and the map has superstable fixed point ( ab. SFP
) corresponding a basic SSPO (with period one) as shown
in Fig. 2 (f) and Fig. 4 (f). When k ≥ 2, 1 ≤ l < k is
satisfied and the map does not have SFP. The orbits hit the
flat segment after hitting many branches. These orbits are
said to be complicated SSPOs (see Fig. 2 (c) and 4 (c) ).

4. Analysis of bifurcation phenomena

Fig. 5 shows bifurcation diagrams as the clock period
d varies and a = 2.2 is fixed, where d increases in Fig. 5
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(a) and d decreases in Fig. 5 (b) and (c), respectively. We
can see a variety of bifurcation phenomena on the some
borders. We then focus on the four typical bifurcations and
consider their mechanism precisely.

On border B1 in Fig. 5, we can see that chaotic or-
bit is changed into complicated SSPOs. The return maps
at the left and right of B1 are shown in Fig. 6 (a) and
(b), respectively. Fig. 6 (a) has one invariant interval
J1 such that F(J1) ⊆ J1 and |F(yn) ≥ 1| on J1 where
J1 ≡ [F(D2), F(D3)]. In this case the map exhibits chaotic
orbit on J1 [2]. As d increases and passes through B1, J1

is to include the flat segment as shown in Fig. 6 (b). The
orbits are stabilized if the orbits hit the flat segment, after-
ward the orbits become complicated SSPOs. The border
is given by B1 = {a, d | D∞ = F(D2)}. On this border,
d ≈ 2.375 for a = 2.2.

Near border B2 in Fig. 5, we can see that complicated
SSPOs are changed into chaotic orbit. The return maps at
the left and right of B2 are shown in Fig. 6 (c) and (d),
respectively. Fig. 6 (c) exhibits complicated SSPOs. As
d increases and passes through B2, the map is to have one
invariant interval J2 where J2 ≡ [F2(D3), F(D3)]. In this
case the map exhibits chaotic orbit on J2. The border is
given by B2 = {a, d | D∞ = F2(D3)}. On this border,
d ≈ 2.806 for a = 2.2.

On border B3 in Fig. 5, the map at the left of B3 is
shown in Fig. 4 (e). This map has only invariant interval
J2. As d increases and passes through B3, the map has
two invariant intervals J2 and J3 as illustrated in Fig. 6 (f)
where J3 ≡ [F(D4), F(D5)]. The map at the near right of
B3, chaotic orbits can exist on J2 and J3. The border is
given by B3 = {a, d | F(D5) = yp} where yp is a unstable
fixed point as yp ≡ β3(yp + 1) + 1 − d is satisfied. On this
border, d ≈ 3.050 for a = 2.2.

On border B4 in Fig. 5, we can see that chaotic orbits are
changed into co-existence phenomena of chaos and com-
plicated SSPOs. The return maps at the near left and right
of B4 are shown in Fig. 6 (g) and (h), respectively. Fig.
6 (g) exhibits chaotic orbits on J2 and J3. As d increases
and passes through B4, J3 is to include the flat segment as
shown in Fig. 6 (h). In this case complicated SSPOs appear
and J2 remain an invariant interval. The border is given by
B4 = {a, d | D∞ = F(D4)}. On this border, d ≈ 3.084 for
a = 2.2.

5. Conclusions

We have studied complicated superstable phenomena in
a non-autonomous PWC circuit. PWC vector field defines
the PWL trajectory and embedded return map is given ex-
plicitly. The circuit exhibits rich SSPOs and related bifur-
cation phenomena. Using the map, we have analyzed bifur-
cation phenomena for SSPOs precisely. Future problems
include analysis for wider parameter space and considera-
tion of engineering applications.
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Abstract—In this paper we analyze some codimension-
2 bifurcation points organizing the bifurcation scenario of
a model of a hysteresis-based circuit oscillator. The pro-
posed results have been obtained by resorting to numerical
continuation methods. Such results largely justify the com-
plexity of the scenario obtained by resorting to brute-force
techniques.

1. Introduction

The hysteretic oscillator this paper deals with has been
extensively studied in the last decade by means of sev-
eral methods: brute force simulations [1], averaging tech-
niques [2], and combinations of numerical continuation
techniques and normal forms theory [3–6]. However, the
variety of dynamical behaviors the oscillator exhibits has
not yet been explained. In particular, it has not yet been
found whether the richness of the observable dynamical
behaviors can be justified by few characteristic nonlinear
phenomena organizing the overall scenario in the parame-
ter space. Here, we report the bifurcation analysis of some
periodic solutions of an oscillator model. The results sug-
gest a parameter space simply organized by characteristic
codimension-2 bifurcation points.

2. The system

The normalized system of equations modeling the dy-
namics of the hysteresis oscillator can be written as fol-
lows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1 =−(x1 + x2) (1a)
ẋ2 =(2 + p1) (x1 + x2) − x2 − p2 x3 (1b)
ẋ3 =p3 (Ψ − p4 sinh(x3)) (1c)

x1 − x3=asinh

(
Ψ
p5

)
+ Ψ (1d)

(1)

where the bifurcation parameters are p1 and p2, whereas
p3 = 300, p4 = 2.97E − 24, and p5 = 77.22E − 12 are held
fixed. The only nonlinear equation of the ODE system is
Eq. (1c), where Ψ is implicitly defined by Eq. (1d).

From Eqs. (1), it is evident that (i) the equilibria of the
system lie on the plane x1 = −x2, (ii) their positions de-
pend on p2 only, and (iii) the origin E0 = (0, 0, 0) is a trivial
equilibrium for any parameter values. Less evidently, the
stability of each equilibrium point depends on both bifur-
cation parameters [3].

System (1) is Z2-equivariant [5] under the transforma-
tion (x1, x2, x3) → (−x1,−x2,−x3). In other words, there is
a mirror symmetry with respect to E0. As a consequence,
pitchfork (or symmetry breaking) bifurcations break the
Z2-symmetry of fixed (i.e., invariant under the symmetry
transformation) invariant sets and give rise to a symmet-
ric pair of asymmetric invariant sets that are mirror image
copies of each other. Henceforth, we denote as F-sets and
S-sets the fixed and the symmetric invariant sets, respec-
tively. Whilst E0 is of F-type, in some regions of the pa-
rameter space there are other two S-type system equilibria,
denoted as E+ and E−. In the following, E± denotes both
E+ and E− (the same holds, mutatis mutandis, for other S-
sets).

3. Observed families of periodic solutions

If we properly choose the values of the bifurcation pa-
rameters, we can observe different kind of periodic behav-
iors. Such behaviors can be naturally grouped into fami-
lies indexed according to three integer numbers

(
n+, n0, n−

)
,

representing the numbers of turns done by the limit cycle
in the upper1, central, and lower region of the state-space,
respectively. Examples, of both F- and S-type, of these pe-
riodic solutions are reported in Fig. 1.

Experimentally, the families of periodic solutions are or-
ganized in the parameter space as shown in Fig. 2, where
the coloring is organized controlling the RGB components
as functions of the n−, n0, and n+ indices, respectively. It
is neither clear nor evident, how the families of solutions
are linked to each other and how the chaos is organized by
such periodic families.

1Upper, lower, and central are meant with respect to the x3 variable.
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Figure 1: Families of periodic solutions in the state space (x1, x2, x3): (a) – upper S-type limit cycle (4, 4, 0); (b) – F-type
limit cycle (3, 0, 3); (c) – large upper S-type limit cycle (3, 3, 3); (d) – F-type limit cycle (4, 2, 4).

Figure 2: Bifurcation scenario ln(p1) vs. ln(p2). Brute force scenario colored controlling the RGB components propor-
tionally to the n−, n0, and n+ indices; pale pink color corresponds to unbounded dynamics. Continuation curves colored
as follows: cyan flips, red folds, green Hopfs, blue pitchforks, black heteroclinic and grey homoclinic.

4. Bifurcation analysis: Linking the families

The previously studied bifurcations [3] do not justify
the presence of the families of limit cycles, how they are
linked, and why they become chaotic. By using continua-
tion techniques (AUTO2000 [4]), here we explain the or-
ganization of these families by means of few codimension-
2 bifurcation points, linked by bifurcation curves. Since
many of these points and curves (shown in Fig. 2) are very
close to each other, they are sketched in Figs. 3 and 4.

We start from the limit cycle (C0) emerging from one
of the previously studied bifurcations (the Hopf H0 of the
origin E0) and we see how few codimension-2 bifurcation
points involving C0 justify all the families and the transi-
tions between them. In the presented sketches, the dots

denote unstable equilibria, with E0 blue and E± green, the
solid (dashed) closed lines denote stable (unstable) cycles,
with C0 in blue.

4.1. Bogdanov-Takens: Existence of a global bifurca-
tion

At very high values of p1, at the intersection (ln(p1) ≈
17.58, ln(p2) ≈ 0) between H0 and the pitchfork of the ori-
gin PE [3] (see Fig. 3), E0 undergoes a Bogdanov-Takens
(double zero) bifurcation (point BT in Fig. 3). Hence, be-
cause of the Z2 symmetry of the system, from the intersec-
tion point BT a global bifurcation curve Ht roots, on which
the cycle C0 degenerates to a double heteroclinic connec-
tion between E+ and E−.
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p2

p1

BT

Ht

PE

H0

Figure 3: System unfolding around the BT point.

However, due to the saddle (real) nature of E±, BT does
not locally justify the existence of the periodic families.

4.2. Fold-Pitchfork: Organization of the symmetry
breaking

The heteroclinic bifurcation, being global, is a good can-
didate for organizing more complex behaviors. Indeed, by
continuing Ht faraway from BT , we discovered a degener-
acy point FP, marking a codim-2 Fold-Pitchfork bifurca-
tion for the limit cycle C0. At this point, the already struc-
turally unstable double heteroclinic connection undergoes
a concurrent symmetry breaking. From this point, four fur-
ther bifurcation curves root:

1 A pitchfork bifurcation (PC) of limit cycles, along which
two S-type limit cycles (C±, represented in green in the
sketches) emerge from the F-type limit cycle C0;

2 A fold bifurcation (F0) of limit cycles, along which two
F-type limit cycles (C0 and, say, Ch, represented in ma-
genta in the sketches) collide and disappear. Both cycles
undergo to the heteroclinic bifurcation Ht, but in differ-
ent ways.

3-4 A pair of coinciding homoclinic bifurcations Hm, where
the two S-type limit cycles appearing at PC collide with
the equilibria E±, thus breaking and disappearing.

The aforesaid bifurcation lines are arranged around the
point FP as shown in Fig. 2 and sketched in Fig. 4, where
ideas of the bifurcating invariant sets are given in the corre-
sponding regions. Less evident is the existence of a period
doubling bifurcation curve (PD) rooted in FP and con-
cerning the S-type limit cycles. This suggests the non-
orientability of the flux around these cycles in the neigh-
borhood of FP and, consequently, a more complex scenario
[8], which however we did not investigate further. Indeed,
in this complex scenario, the still saddle (real) nature of
the equilibria E± does not justify the existence of chaotic
solutions.

p2

p1
FP

SH1
SH2

B1 B2

Ht
Hm

F0

PC

F1RF1L

H±

PD

Figure 4: Arrangement of the bifurcation diagram in
the neighborhoods of the Fold-Pitchfork, Belyakov, and
Shil’nikov-Hopf points.

4.3. Belyakov: Organization of chaotic solutions

Proceeding further, Ht undergoes a Belyakov degener-
acy, where the equilibria E± bearing the double heteroclinic
connection change from saddle (real) to saddle-focus. The
theory predicts the rooting from this point of several fam-
ilies, of infinite cardinality, of bifurcation curves [7; 8].
However, these curves accumulate exponentially on Ht and
the outer ones delimitate a region (light grey region in
Fig. 4), where wild (chaotic) trajectories can be observed
[9] according to the well-known Shil’nikov theorem [5].
Similarly, also the homoclinic curve Hm rooted in FP un-
dergoes the same degeneracy and, consequently, a region
where S-type wild trajectories can be observed takes place
in the parameter space (dark grey region in Fig. 4). Con-
crete chaotic behaviors can be observed in the parameter
space in correspondence of white and light blue regions in
Fig. 2.

Whilst the Belyakov points justify the existence of
chaotic solutions associated to both F- and S-type limit cy-
cles, they do not explain the existence of different families
of limit cycles characterized by different numbers n+,0,− of
turns.

4.4. Shil’nikov-Hopf: Organization of the n+,−–turns

Both Ht and Hm bifurcation lines end on the Hopf bi-
furcation curve (H±) of the equilibria E± (Fig. 4). The
ending points S H1,2 are codimension-2 bifurcations known
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as Shil’nikov-Hopf bifurcations. At this point, the homo-
clinic loop breaks into a double heteroclinic connection be-
tween a limit cycle and an equilibrium point [8] and, simi-
larly, the double heteroclinic connection between equilibria
breaks into a more complex multiple heteroclinic connec-
tion between equilibria and cycles. The theory predicts a
very complex scenario nearby such a degeneracy [8], where
infinite, non necessarily accumulating, bifurcations orga-
nize the existence of limit cycles characterized by different
numbers of turns around the pair of limit cycles emerged
on H±. Consequently, since the limit cycles appear in the
upper (lower) region of the state-space, these degeneracies
justify the existence of F-type (from S H1 and Ht) as well
as S-type (from S H2 and Hm) limit cycles with different
numbers n+,− of turns. However, no one of these bifur-
cation structures justifies the formation of the central (n0)
turns.

4.5. A blue-sky catastrophe: Formation of the n0–turns

The continuation of F-type limit cycles with respect to
p2, at values of p1 below the level of the two S H points,
usually propose a scenario as the one reported in Fig. 5 and
corresponding to the yellow line in Fig. 2.

Figure 5: Typical blue-sky scenario for a F-type limit cycle
(ln(p1) = −1.2): (a) – Period vs. ln(p2); (b) – Length vs.
ln(p2).

This characteristic scenario, with both period and length
increasing towards infinity, suggests the existence of the
so-called blue-sky catastrophe, where two limit cycles col-
lide transversally, with the trajectory of one winding on the
other. In our case, the trajectories tend to wind around the
limit cycle C0 (appeared from the Hopf of the origin E0),
thus justifying the formation of the central (n0) turns.

Unfortunately, blue-sky bifurcations cannot be numeri-
cally continued. Extensive simulations suggest the exis-
tence of infinite of them, one for each family of cycles with
different n+,− turns. These bifurcation loci appear to be U-
shaped (green points in Fig. 2, at the transitions from blue
to grey regions in the “boomerangs” on the right side of
the diagram), with the upper part converging towards the
degeneracy FP.

5. Conclusions

Simulations of the hysteresis-based oscillator model
show the existence of several families of periodic and
chaotic solutions characterized by different numbers of
turns in the upper, central, and lower part of the state-space.
The detailed bifurcation analysis reported here shows how
their existence is justified, as well as organized in the para-
meter space, by few codimension-2 bifurcation points.
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Abstract– In this paper the attention is focused on the 

numerical study of hyperchaotic 2D-scroll attractors via 
the Adomian decomposition method. The approach, which 
provides series solutions of the system equations, is first 
applied to weakly-coupled Chua’s circuits with Hermite 
interpolating polynomials. Then the method is utilized for 
achieving hyperchaos synchronization and control of the 
two coupled Chua’s circuits. The approach presents two 
main features, i.e., the system nonlinearity is preserved and 
the chaotic solution is provided in a closed form. 
 
1. Introduction 

 

In recent years the study of chaotic and hyperchaotic 
multi-scroll attractors has received increasing attention 
[1]-[2]. In this paper a further contribution to the 
numerical analysis of coupled Chua’s circuits generating 
2D-scroll attractors is given. The starting point of the 
proposed approach is the Adomian decomposition method 
[3]. It represents a decomposition technique that doesn’t 
change the nonlinear physical problem into a convenient 
one for use with linear theory, but provides series 
solutions which generally converge very rapidly [3]. In 
particular, the Adomian decomposition provides 
immediate and visible symbolic terms of analytic 
solutions as well as numerical solutions to nonlinear 
differential equations. Moreover, differently from the 
Runge-Kutta method, the solution is found without 
linearization or discretization [3]. 
Note that, as far as the authors know, until now the 
Adomian decomposition has not been applied to 
synchronization and control of hyperchaotic circuits. 
Therefore, this paper exploits the Adomian method for 
analyzing the hyperchaotic dynamics of two weakly-
coupled Chua’s circuits, with application to their 
synchronization and control. The paper is organized as 
follows. In Section 2 the basic notions of the Adomian 
decomposition are briefly illustrated. Moreover, the 
method is utilized for studying hyperchaotic coupled 
Chua’s circuits with a novel type of nonlinearity. The 
introduced nonlinearity, which belongs to the class of the 
Hermite polynomials, is well suited for calculating the 
Adomian polynomials required for the series solution of 
the decomposition approach. Based on these results, in 
Section 3 the Adomian approach is applied to hyperchaos 
synchronization and control of the two coupled Chua’s 
circuits. Numerical results demonstrate that the method is 
accurate in studying hyperchaotic dynamics and readily 
feasible in achieving both synchronization and control. 

2. Study of chaotic dynamics via Adomian decomposition 
 

2.1. Basic Notion 
Given the functions ( ) ( ) ( ) ( )( )1 2, , ..., T

nt x t x t x t=x and 

( ) ( ) ( ) ( )( )1 2, ,...,
T

nt g t g t g t=g , consider the equation 

( ( )) ( )F t t=x g  (1) 
where F represents a nonlinear ordinary differential 
operator involving both linear and nonlinear terms. The 
Adomian decomposition requires that F be separated into 
three terms F = D + L + N, where (D + L) form the linear 
vector and N is a nonlinear vector [3]. Here D is chosen to 
be easily invertible and L is the remainder of the linear 
term. Thus, system (1) can be written as 

( )D L N t+ + =x x x g  (2) 
with 0 0( )t =x x . Let’s apply the inverse operator D-1 to the 
expression ( )D t L N= − −x g x x , that is: 

1 1 1( )D t D L D N− − −= + − −x k g x x  (3) 
where k is the kernel of the operator D-1. Now, the vector 
solution x(t) and the Nx term are written as: 

1

2

0 0

i

i
i

i i
i
n

x
x

x

∞ ∞

= =

 
 
 = =  
  
 

∑ ∑x x    (4a)    

1

2

0 0

i

i
i

i i
i
n

A
A

N

A

∞ ∞

= =

 
 
 = =  
  
 

∑ ∑x A    (4b) 

where the vector components of Ai are the Adomian 
polynomials, whereas the superscript i indicates the 
element of the series. By using (4b), the elements xi in 
(4a) can be recursively defined as follows: 

0 1

1 1 0 1 0

2 1 1 1 1

1 1 1 1

( )

         1i i - i -

D t
D L D
D L D

D L D i

−

− −

− −

− −

= +

= − −

= − −

= − − ≥

x k g
x x A
x x A

x x A

 (5) 

where the j-th component of the polynomial Ai is [3]: 

( )( )
0

1
!

i
i i
j ji

dA N v
i d λ

λ
λ

=

 
=  

 
(6a)  ( ) ( )

0

i
ki k

j j
k

v xλ λ
=

= ∑   (6b) 

with i = 0, 1,…, and j = 1,…,n. Note that when a 
superscript is applied without round brackets it indicates 
the element of a series (for example, k

jx  in (6b)), 
otherwise it raises the corresponding power (for example, 
( )kλ  in (6b)). Moreover, note that (6) can be well adapted 
to calculate Ai by applying numerical packages like 
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Matlab, Mathematica or Maple. Now, by substituting 
equations 4(a)-4(b) in equation (3), the infinite series 
solution of system (1) is: 

1 1 1

0 0 0
( )i i i

i i i
D t D L D

∞ ∞ ∞
− − −

= = =

   
= = + − −   

   
∑ ∑ ∑x x k g x A  (7) 

Finally, in order to obtain a practical solution of system 
(1) in the interval [t0, t], the infinite series (7) turns into 
the (m+1)-terms series: 

2
0 1 2 0

0
0

3
3 0 0

( )
( ) ( )

2!
( ) ( )

                     ,  = 1,...,
3! !

m
i

j j j j j
i

m
m

j j

t t
x t x c c t t c

t t t t
c c j n

m

=

−
= = + − + +

− −
+ + +

∑

…
 (8) 

where the expressions of i
jc  depend on the parameters and 

the initial conditions of system (1). Differently from the 
Runge-Kutta method, the solution (8) has been obtained 
preserving the system nonlinearity, that is, without linear 
approximation. Note that, even though the solution (8) is a 
truncation of the infinite series solution (7) up to few 
terms, this is enough to give an accurate result. In fact, in 
[3] it has been shown that a practical value of m is four. 
 
2.2. Analysis of Hyperchaotic 2D-scroll Attractors 
 

Herein the attention is focused on the generation of 
hyperchaotic 3x4-scroll attractors in coupled Chua’s 
circuits. The results in [2] demonstrate that such 3x4-
scroll attractor can be generated via a sine-type 
nonlinearity, that is, a nonlinear function obtained by 
combining a sine function and a piece-wise linear 
function. Since this type of nonlinearity cannot be 
expanded by using the Adomian decomposition, herein it 
is shown that the 3x4-scroll attractor can be obtained by 
replacing the nonlinearities adopted in [2] with proper 
Hermite interpolating polynomials. To this purpose, the 
state equations of the coupled Chua’s circuits are [4]: 
 

( )
( )

( )
( )

1 2 1 1

2 1 2 3 5 2

3 2

4 5 2 4

5 4 5 6 2 5

6 5

=x x H x

x x x x M x x
x x

x x H x

x x x x M x x
x x

α

β

α

β

−  
= − + + −

= −

= −  
= − + + −

= −

 (9) 

 

where α = 10.814, β = 14, M=0.25, whereas H1(·) and 
H2(·) are the following Hermite polynomials: 
 

( ) ( ) ( ) ( ) ( )
( ) ( )

13 11 9 7
1 1 1 1 1 1 1 1 1 1

5 3
1 1 1 1 1 1              + 

H x a x b x c x d x

e x f x g x

= + + + +

+ +
 (10a) 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

17 15 13 11
2 4 2 4 2 4 2 4 2 4

9 7 5 3
2 4 2 4 2 4 2 4 2 4               

H x a x b x c x d x

e x f x g x h x i x

= + + + +

+ + + + +
 

 (10b)

     

The parameters in (10) are reported in Table I and have 
been calculated with the aim to osculate the nonlinearities 
reported in [2] (see Fig.1 for the nonlinearity H2(·)). 

Table 1:  Parameters of Hermite Polynomials 
H1(x1) H2(x4) 

a1 = 2.8404e-11 a2 = -1.6157e-15 
b1 = -1.0036e-8 b2 = 7.6575e-13 
c1 = 1.2545e-6 c2 = -1.6249e-10 
d1 = -7.5337e-5 d2 = 2.0340e-8 
e1 = 2.3129e-3 e2 = -1.6237e-6 
f1 = -3.2221e-2 f2 = 8.1555e-5 
g1 = 1.3291e-1 g2 = -2.3578e-3 

 h2 = 3.2335e-2 
 i2 = -1.3291e-1 

 

 
Fig.1 The polynomial H2(x4) osculates the sine-type nonlinearity in [2] 
within the dynamic range of the 4-scroll in the second circuit. 
 
Note that the chosen Hermite polynomials have the same 
equilibrium points, with the same slopes, of the sine-type 
nonlinearities in [2]. Therefore, the equilibria of the 
proposed novel nonlinearities share the same dynamic 
properties of the equilibria of the sine-type nonlinearities. 
These considerations guarantee the existence of the 
hyperchaotic 3x4-scroll attractor [2]. By applying the 
method to the proposed coupled Chua’s circuits, the 
infinite series solution of (9) in the interval [t0, t] is: 
 

( )
( )
( )
( )
( )
( )

( )
( )
( )
( )
( )
( )

( )

( )

( )

( )
0 0

1 1 0

2 2 0

3 3 0

4 4 0

5 5 0

6 6 0

2 1 1

1 2 3 5

2

5 2 4

2 4 5 6

5

1 0
0

1 0
0

t t

t t

x t x t
x t x t
x t x t
x t x t
x t x t
x t x t

x H x
x x M x Mx

x
dt dt

x H x
Mx x x M x

x

α

β
α

α

β

   
   
   
   

= +   
   
   
      
   

   
   − + + +   
   −

+ −   
   
   + − + +      −   

∫ ∫

 (11) 

 

By expanding the Hermite polynomials H1(x1) and H2(x4) 
via the formula (6), the expression of the five-term series 
solution of (11) in the generic subinterval [tk, tk+1] is: 
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( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )

2 3 4
0 1 2 3 4

1 1 1 1 1 1

2 3 4
0 1 2 3 4

2 2 2 2 2 2

2 3 4
0 1 2 3 4

3 3 3 3 3 3

2 3 4
0 1 2 3 4

4 4 4 4 4 4

0 1
5 5 5

2 6 24

2 6 24

2 6 24

2 6 24

k k k
k

k k k
k

k k k
k

k k k
k

k

t t t t t t
x c c t t c c c

t t t t t t
x c c t t c c c

t t t t t t
x c c t t c c c

t t t t t t
x c c t t c c c

x c c t t

− − −
= + − + + +

− − −
= + − + + +

− − −
= + − + + +

− − −
= + − + + +

= + − +
( ) ( ) ( )

( ) ( ) ( ) ( )

2 3 4
2 3 4
5 5 5

2 3 4
0 1 2 3 4

6 6 6 6 6 6

2 6 24

2 6 24

k k k

k k k
k

t t t t t t
c c c

t t t t t t
x c c t t c c c

− − −
+ +

− − −
= + − + + +

 (12) 

where the coefficients i

jc  in the subintervals [tk, tk+1] have 
been obtained by exploiting the computer-based algorithm 
in [5]. Note that the solution of (9) is a composite of 
Adomian solutions (12) over the subintervals [tk, tk+1], 
which have been spliced (concatenated) together. Such 
solution generates the attractors reported in Fig.2. For 
example, by considering the initial conditions 

 ( ) ( ) ( ) ( ) ( ) ( )( )
( )
1 2 3 4 5 60 , 0 , 0 , 0 , 0 , 0

0.1,0.2, 0.1, 0.1,0,0.1

x x x x x x =

= − −
 (13) 

the numerical expression of (12) in the interval [0, 0.1] is: 
( )
( )
( )
( )
( )

2 3 4
1

2 3 4
2

2 3 4
3

2 3 4
4

2
5

0.1 2.0194 2.7925 0.6488 0.5263

0.2 0.2500 0.2278 0.2638 0.5089

0.1 2.8000 1.7500 1.0630 0.9232

0.1 0.1434 0.1680 0.4031 0.2089

0.0500 0.1342 0.02

x t t t t t

x t t t t t

x t t t t t

x t t t t t

x t t t

= + − + −

= − − − +

= − − + + +

= − − + − −

= − −

( )

3 4

2 3 4
6

37 0.0467

0.1 0.3500 0.6262 0.0830

t t

x t t t t

+

= − + +

(14) 

Figure 2 and equation (14) highlight that the method is an 
effective tool for studying complex behaviors, providing a 
different insight into the system dynamics. 
 

 
Fig.2  Hyperchaotic 3x4-scroll attractor via Adomian decomposition. 
 

3.   Application  to  synchronization  and  control 
 

This Section aims to show that the Adomian 
decomposition provides a different point of view to both 
chaos synchronization and control. 
 

3.1  Synchronization 
The attention is now focused on the synchronization of the 
hyperchaotic 2D-scroll attractors generated by system (9). 
By considering the drive system in the form (12), the 

equations of the uncontrolled response system are: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )

2 3 4
0 1 2 3 4

1 1 1 1 1 1

2 3 4
0 1 2 3 4

2 2 2 2 2 2

2 3 4
0 1 2 3 4

3 3 3 3 3 3

2 3 4
0 1 2 3 4

4 4 4 4 4 4

0 1
5 5 5

2 6 24

2 6 24

2 6 24

2 6 24

k k k
k

k k k
k

k k k
k

k k k
k

k

t t t t t t
y d d t t d d d

t t t t t t
y d d t t d d d

t t t t t t
y d d t t d d d

t t t t t t
y d d t t d d d

y d d t t

− − −
= + − + + +

− − −
= + − + + +

− − −
= + − + + +

− − −
= + − + + +

= + − +
( ) ( ) ( )

( ) ( ) ( ) ( )

2 3 4
2 3 4
5 5 5

2 3 4
0 1 2 3 4

6 6 6 6 6 6

2 6 24

2 6 24

k k k

k k k
k

t t t t t t
d d d

t t t t t t
y d d t t d d d

− − −
+ +

− − −
= + − + + +

(15) 

where the expressions of i
jd  depend on the initial 

conditions of the response system. It is well known that 
the drive system (12) and the response system (15) are 
synchronized when ( ) ( )( )( ) 0i i ie t x t y t= − →  for t →∞  
(i = 1…6). To this purpose, a proper coupling between the 
drive and response systems has to be designed. In the 
proposed case, the synchronization signals wi(t) are 
functions of the time as reported in the following equation 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

2 3 4
0 1 2 3 4
1 1 1 1 1

2 3 4
0 1 2 3 4
2 2 2 2 2

1
2 3 4

2 0 1 2 3 4
3 3 3 3 3

3
2 3

4 0 1 2 3 4
4 4 4 4 4

5

6

2 6 24

2 6 24

2 6 24

2 6

k k k
k

k k k
k

k k k
k

k k
k

t t t t t t
d d t t d d d

t t t t t t
d d t t d d dy

y t t t t t t
d d t t d d dy

y t t t t
d d t t d d dy

y

− − −
+ − + + +

− − −
+ − + + +

 
 

− − −  + − + + + 
= 

  − −
+ − + + + 

  
 

( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )
( )
( )
( )
( )
( )

1

2

3
4

4

5

2 3 4
6

0 1 2 3 4
5 5 5 5 5

2 3 4
0 1 2 3 4
6 6 6 6 6

24

2 6 24

2 6 24

k

k k k
k

k k k
k

w t
w t
w t
w tt t
w t
w tt t t t t t

d d t t d d d

t t t t t t
d d t t d d d

 
 
 
 
 

  
  
  
  

+   
 − 
  
       − − −

+ − + + + 
 
 − − − + − + + + 
 

 (16) 
By  focusing  the  attention  on  (12)  and  (16), it  can  be  
argued  that  the  method provides a straightforward way 
for obtaining synchronization. Namely, it can be readily 
demonstrated that the error between (12) and (16) 
asymptotically approaches zero if the signals wi(t) are: 

( )
( )
( )
( )
( )
( )

( )

0 0 1 1 2 2
1 1 1 1 1 1 1

0 0 1 1 2 2
2 2 2 2 2 2 2

0 0 1 1 2 2
3 3 3 3 3 3 3

0 0 1 1 2 2
4 4 4 4 4 4 4

0 0 1 1 2
5 5 5 5 5 5

0 0 1 1
6 6 6 6 6

k

w t c d c d c d
w t c d c d c d
w t c d c d c d

t t
w t c d c d c d
w t c d c d c
w t c d c d

     − − −
     

− − −     
     − − −

= + − +     
− − −     

     − −          − −    

( )

( ) ( )

2

2
5

2 2
6 6

3 3 4 4
1 1 1 1
3 3 4 4
2 2 2 2

3 43 3 4 4
3 3 3 3
3 3 4 4
4 4 4 4
3 3 4 4
5 5 5 5
3 3 4 4
6 6 6 6

2

               
6 24

k

k k

t t

d
c d

c d c d
c d c d

t t t tc d c d
c d c d
c d c d
c d c d

 
 
 
  −

+ 
 
 −  − 

   − −
   

− −   
   − −− −

+ +   
− −   

   − −      − −   

(17) 

The proposed theoretical approach is confirmed by the 
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simulation results reported in Fig. 3, which shows the time 
behavior of the state variables 1x  and 1y . 

 
Fig.3 Hyperchaotic synchronization: time behavior of 

1
x (dot line) 

and
1

y . The synchronization signal is turned on at t = 100. 
 

3.2 Control 
 

Herein a controller obtained via the Adomian method is 
used for stabilizing stable and unstable equilibrium points 
of (9). Let ( )1 2 3 4 5 6, , , , ,

T

eq eq eq eq eq eq eqx x x x x x=x be an 
equilibrium point of the uncontrolled system (9). The 
objective is to find a controller ui(t) such that the state of 
the controlled system in the form 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

2 3 4
0 1 2 3 4
1 1 1 1 1

2 3 4
0 1 2 3 4
2 2 2 2 2

1
2 3 4

2 0 1 2 3 4
3 3 3 3 3

3
2 3

4 0 1 2 3 4
4 4 4 4 4
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6

2 6 24

2 6 24
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k k k
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k k k
k

k k k
k

k k
k

t t t t t t
c c t t c c c

t t t t t t
c c t t c c cx

x t t t t t t
c c t t c c cx

x t t t t
c c t t c c cx

x

− − −
+ − + + +

− − −
+ − + + +

 
 

− − −  + − + + + 
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  − −
+ − + + + 
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( )
( )
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1

2

3
4
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5

2 3 4
6

0 1 2 3 4
5 5 5 5 5

2 3 4
0 1 2 3 4
6 6 6 6 6
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2 6 24

2 6 24

k
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k
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k
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u t
u t
u tt t
u t
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c c t t c c c

t t t t t t
c c t t c c c

 
 
 
 
 

  
  
  
  

+   
 − 
  
       − − −

+ − + + + 
 
 − − − + − + + + 
 

 (18) 
is stabilized to eqx . By looking at equations (18), it can be 
argued that the Adomian decomposition provides a 
straightforward way for obtaining the controller ui(t). 
Namely, it can be readily shown that if the controller is: 

( )
( )
( )
( )
( )
( )

( ) ( )

0 1 2
1 1 1 1 1

0 1 2
2 2 2 2 2

20 1 2
3 3 3 3 3

0 1 2
4 4 4 4 4

0 1 2
5 5 5 5 5

0 1 2
6 6 6 6 6

2

   

eq

eq

eq k
k

eq

eq

eq

u t c x c c
u t c x c c
u t c x t tc c

t t
u t c x c c
u t c x c c
u t c x c c

   −    
      −      
      − −
 = − − − − +     

−      
      −            −       

( ) ( )

3 4
1 1
3 4
2 2

3 43 4
3 3
3 4
4 4
3 4
5 5
3 4
6 6

            
6 24

k k

c c
c c

t t t tc c
c c
c c
c c

   
   
   
   − −

− −   
   
   
      
   

       (19) 

the controlled system is stabilized to any equilibrium point 
eqx . In order to show how the method works, the attention 

is focused on the stabilization problem of the unstable 
saddle type-II equilibria [6]. Figure 4 shows that the 
considered system is stabilized to the unstable equilibrium 
point ( )2.6,0, 2.6,0,0,0 T

eq = −x , confirming the effectiveness 
of the Adomian-based control method. 

 
Fig.4  Hyperchaotic control: stabilization of 

1
x  to x1eq = 2.6. The control 

signal is turned on at t = 100. Similar behaviors have been obtained for 
the remaining state variables. 
 

4. Conclusions 
 

By applying the Adomian method, this work has 
focused on the study of two coupled Chua’s circuits. The 
method, which provides series solutions of the system 
equations, has been applied by taking Hermite 
polynomials in the Chua’s circuits. The application of the 
method to the numerical analysis of hyperchaotic circuits 
presents two advantages: i) the nonlinearity is preserved, 
which can be of great importance in the analysis of 
complex dynamics; ii) the solution is provided in a closed 
form, which can give an additional insight into the system 
dynamics. Based on the latter feature, the method is 
applied to synchronization and control of the two coupled 
Chua’s circuits. Finally, we would remark that the 
capability of the method in providing the solution in a 
closed form leads to a different point of view to the 
analysis, synchronization and control of chaotic dynamics. 
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Abstract– Recently, it has been shown that chaos can 
be synthesized by the linear superposition of certain pulse 
basis functions. Here, we extend this result and show that 
a linear, second-order filter driven by a random signal can 
generate a waveform that is chaotic under time reversal. 
That is, the waveform exhibits determinism and a positive 
Lyapunov exponent when viewed backward in time. We 
demonstrate the filter using a passive electronic circuit, 
and the resulting waveform exhibits a Lorenz-like 
butterfly structure. This method for generating chaotic 
waveforms may be useful for a number of potential 
applications. The filter also demonstrates that chaos may 
be connected to physical theories beyond those described 
by a deterministic nonlinear dynamical system.  
 
1. Introduction 

 
 Chaotic waveforms have been suggested for a number 
of applications, including communication and remote 
sensing. For these applications, one usually assumes a 
nonlinear dynamical system is required to generate the 
chaotic waveform. However, it has recently been shown 
that chaos can also be constructed by linear superposition 
of special basis pulses [1-4]. This surprising result implies 
that chaos can also be formally generated using a linear 
filter. However, such linear synthesis of chaos does not 
appear to be practical for a physical system. The pulse 
basis functions contain an infinitely long, exponentially 
increasing oscillation that culminates in a large central 
pulse and monotonic exponential decay. Thus, the exact 
filter is necessarily acausal and impractical to realize. 
 In this paper, we exploit the fact that the basis pulses 
do not need to be acausal when viewed in reverse time 
and develop a very simple system for generating chaotic 
waveforms. In particular, we find that a linear, second-
order filter driven by a random bipolar signal can generate 
a waveform that is chaotic in reverse time. We call such 
dynamics reverse-time chaos. That is, when viewed 
backward in time, the waveform exhibits the essential 
qualities of a chaotic waveform, including determinism 
and a positive Lyapunov exponent. We implement the 
filter in an electronic circuit using only a few passive 
linear components, and we obtain a waveform that 
exhibits a Lorenz-like butterfly structure. 
 From previous work, it is known that a linear filter can 
increase the apparent dimensionality of a chaotic signal 

[5]. But here we show that a linear filter driven by a 
random process produces a waveform that appears to have 
been produced by a low-dimensional chaotic system. This 
phenomenon suggests that chaos may be connected to 
physical theories whose underlying framework is not that 
of a traditional deterministic nonlinear dynamical system. 
Furthermore, the simplicity of the filter mechanism 
implies one must allow for the possibility of reverse-time 
chaos occurring naturally. For example, efforts to detect 
determinism from randomness in a physical system may 
require the arrow of time to differentiate chaos from 
linear filtering of noise. Powerful algorithms that rely 
only on geometric analysis of state space structures, such 
as fractal dimension, template analysis [6], or false 
nearest neighbors [7], may not detect a difference 
between forward and reverse-time chaos. 
 Several potential technology applications exist for 
reverse-time chaos. For communications, symbolic 
dynamics can be encoded directly by modulating the 
polarity of the basis pulses [8]. At the receiver, the 
determinism of reverse-time chaos provides a form of 
intentional inter-symbol interference that can be 
processed using simple predictive filters [2, 9]. For 
correlation-based ranging using chaotic waveforms, we 
note that reverse-time waveforms will work equally well 
as forward-time chaos [10-13]. Reverse-time chaos may 
also be relevant to the prediction and control of 
electromagnetic interference in circuits driven by radio 
frequency signals [14, 15]. 
 
2. Reverse-Time Chaos 
 
 To demonstrate reverse-time chaos in a linear filter, we 
consider the driven second-order linear system 
 ( ) ( )tsxxx =+++ 222 βωβ &&&  (1) 
where x(t) is the scalar state, β = ln 2 is the decay rate, 
and ω = 2π is the frequency of the damped oscillations. 
The input signal s(t) is 
 ( ) 1, +<≤⋅= ntnsAts n  (2) 
where each { }1,1 +−∈ns  is random and A is a fixed 
amplitude. Since equation (1) is linear, we set A = 1 
without loss of generality. The homogeneous solution of 
equation (1) is 
 ( ) ( )φπ +⋅= − tCtx t

h 2cos2   (3) 

NOLTA 2006
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FIG. 1. Unit pulse response. 

where C and φ are integration constants. It is easy to show 
that the homogenous solution satisfies  

 ( ) ( )txtx hh 2
11 =+  (4) 

for all 0≥t ; in fact, requiring a solution that satisfies (4) 
defines the particular values we use here for the system 
parameters β and ω [4]. 
 To solve for a particular solution, we consider the 
response of the linear system to excitation by a unit pulse. 
That is, we solve the initial value problem 

 ( )
⎩
⎨
⎧

≥
<≤

=+++
1,0

10,1
2 22

t
t

ξβωξβξ &&&  (5) 

subject to the homogenous initial conditions 
( ) ( ) 000 == ξξ & . We find 

( )
( )

( ) ( )

( ) ( )
⎪
⎪
⎩

⎪⎪
⎨

⎧

≥⎥⎦
⎤

⎢⎣
⎡ +

<≤⎥⎦
⎤

⎢⎣
⎡ +−

+
=

−

−

.1,2sin
2

2ln2cos2

10,2sin
2

2ln2cos21

2ln4
1

22
ttt

ttt
t

t

t

π
π

π

π
π

π

π
ξ  (6) 

We extend this solution to negative time by defining 
ξ(t) = 0 for t < 0, and the complete pulse response is 
plotted in Fig. 1. A general solution to equation (1) is then 
found by superposition 

 ( ) ( )∑
∞

−∞=
−=

n
n ntstx ξ . (7) 

Using the unit pulse response (6), we find 

( )
( ) ( )

( )22
1

][][
][

][

2ln4

22sin
2

2ln2cos2

+

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+−⋅⎥⎦
⎤

⎢⎣
⎡ ++

=
∑
∞

=
−

−−

π

π
π

π
i

it
i

t
tt

t sstts

tx  (8) 

where the notation [t] indicates the largest integer less 
than or equal to t. 
 We claim the waveform (8) is chaotic when viewed in 
reverse time. This claim can be justified using the results 
of Hirata and Judd [3], who derived necessary conditions 
for the basis pulse function to assure the superposed 
dynamics are conjugate to a chaotic shift map. Instead, 
here we directly show that a shift dynamics exists in the 
general solution (8). To this end, we define a Poincaré 
return at integer times t = [t]. The nth return is then 

 ( )
( ) ∑

∞

=
−

−

+
=

1
22

2
2ln4

1

i
in

i snx
π

. (9) 
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FIG. 2. Forward (top) and reverse (bottom) time 
waveforms generated by integrating equation (7) 

for the random sequence s(t) shown in gray. 
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x(
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Δt
)

x(t)  
FIG. 3. “Attractor” generated by integrating equation 

(1) using time delay embedding with 31=Δt . 

Defining the scaled return 

 ( ) ( )
2
1

2
2ln4 22

+
+

= nxyn
π  (10) 

yields 

 ∑
∞

=
−

−=
1

2
i

in
i

ny σ  (11) 

where 
2

1+
= n

n
s

σ  maps the bipolar symbols 

{ }1,1 +−∈ns  to the bits { }1,0∈nσ . It is easy to verify 
that successive scaled returns (11) satisfy 
 1mod2 1+= nn yy  (12) 
which is a chaotic shift map backward in time. 
Consequently, the continuous-time waveform (8) exhibits 
chaos in reverse time. We note this does not imply that 
integrating equation (1) backward in time will generate a 
chaotic waveform. Instead, this result implies that the 
general solution will, when viewed in reverse time, 
exhibit the properties of a “chaotic” waveform, namely  
 

1048



   

R L

C

vin(t)

i

v

 
FIG. 4. Driven RLC filter circuit for demonstrating 

reverse-time chaos. 

determinism (the shift map) and a positive Lyapunov 
exponent (β = ln 2). 
 In Fig. 2, we show a solution obtained by integrating 
equation (1) for a random sequence s(t). The top plot 
shows the driving sequence and waveform in forward 
time. The bottom plot shows the same waveform in 
reverse time. The reverse-time waveform is similar to 
chaotic waveforms produced by the Lorenz system [16]. 
In Fig. 3 we show an “attractor” constructed using delay 
embedding of the waveform with Δt = 1/3. We note a 
similarity of the “attractor” in Fig. 3 with certain 
projections of the butterfly attractor of the Lorenz system. 
 
3. Electronic Filter Circuit 

 
 Significantly, equation (1) models a number of physical 
systems including, for example, a damped linear 
pendulum. Here we demonstrate reverse-time chaos using 
the electronic filter shown in Fig. 4. Among the first 
circuits known to students, it is modeled as 

 ( )tvv
dt
dvRC

dt
vdLC in2

2
=++  (13) 

where v(t) is the voltage across the capacitor. The applied 
drive voltage vin(t) is 

 ( ) 1,inin +<≤⋅= n
T
tnsVtv n  (14) 

where Vin is a fixed amplitude, { }1,1 +−∈ns  is a random 
sequence, and T is the fundamental period. Introducing  
τ = t/T yields 

 ( )τ
ττ

fv
LC
T

d
dv

L
TR

d
vd

=++
2

2

2
 (15) 

where 

 ( ) 1,in
2

+<≤⋅= nns
LC
VT

f n ττ . (16) 

We note that the system (15)-(16) is in the same form as 
system (1)-(2); thus, the circuit can exhibit reverse-time 
chaos for parameters satisfying 

 2ln2=
L

TR  (17) 

and 

  ( )22
2

2ln4 += π
LC
T . (18) 
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FIG. 5. Forward (top) and reverse (bottom) time 
waveforms captured from the linear filter circuit 

for the random bipolar drive signal shown in gray. 
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FIG. 6. Measured “attractor” from filter circuit 

generated by time delay embedding with 
s 60 μ=Δt . 

 We implement the circuit shown in Fig. 4 using 
discrete electronic components. We use an inductor with 
L = 7.5 mH and intrinsic series resistance R = 57 Ω. The 
requirements (17) and (18) then give T = 180 μs and 
C = 0.11 μF, respectively. To drive the circuit, we use a 
DSP card (Innovative Integration ADC64) hosted in a PC 
to generate random ±1-V bipolar bits at 5.6 kHz. The 
output waveform v(t) is sampled at 100 kHz using a 12-bit 
data acquisition card (Keithley DAS-1802). 
 A typical output waveform captured from the filter is 
shown in Fig. 5. The top plot shows the input drive signal 
and output voltage in forward time. The bottom plot 
shows the same output waveform in reverse time. In 
Fig. 6 we show the measured “attractor” constructed by 
delay embedding with Δt = 60 μs. Again, we note the 
similarity of the reverse-time waveform and “attractor” to 
those of the chaotic Lorenz system. 
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4. Determinism and Randomness 
 
 The construction of such a simple passive electronic 
filter that generates reverse-time chaos when driven by a 
random signal indicates that such phenomena can easily 
occur in physical systems. Besides allowing possible 
technological applications, this capability impacts our 
view of determinism and randomness in nature. From an 
information point of view, deterministic chaos produces 
information by amplifying microscopic details of the 
initial state that were beyond the observer’s ability to 
measure [17]. Even though the unfolding information is 
new to the observer, the future dynamics are completely 
determined by the present state. In this way, chaos 
beautifully reconciles chance and determinism. 
 Reverse-time chaos turns determinism around: the 
present state stores the system’s entire history. The infinite 
sequence of prior random pulses can be reconstituted 
from a perfect knowledge of the present state of the filter. 
This property—that the present state determines the 
past—implies determinism when viewed in reverse time. 
Even though the information used to generate reverse-
time chaos is truly random, this information is 
deterministically mapped to microscopic levels in the 
system state, eventually beyond the reach of any 
observer’s precision. Seeing further into the past requires 
ever greater measurement precision, implying a sensitive 
dependence on initial conditions and a positive Lyapunov 
exponent in reverse time. In this way, the random reverse-
time waveform is entirely consistent with a chaotic, 
deterministic forward-time waveform. 
 
5. Conclusion 
 
 In this paper, we have shown that a reverse-time 
chaotic waveform can be generated by a linear, second-
order filter driven by a random source. We believe it is 
surprising that chaos in any form can be generated by 
such a remarkably simple system. This alternative method 
for generating broadband chaotic waveforms may be 
useful in a number of potential technological applications 
currently being considered. That the language of 
deterministic chaos provides a meaningful description for 
signals not generated by a nonlinear dynamical system 
suggests chaos may be more fundamental than previously 
supposed. At the very least, the possibility of chaos by 
such a simple mechanism provides a new perspective on 
the interplay and reconciliation of deterministic and 
random processes in nature. 
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Abstract— In this paper, a design of control systems for
nonlinear plants with time delay is proposed. It is derived
that the control systems of any nonlinear plants with time
delay can be reduced to a simple second-order model. For
the identification of nonlinear plants, radial basis function
neural networks, which are known for their stable learn-
ing capability and fast training, are used. In the simulation
study of nonlinear plants with time delay, it is observed
that the error between the plant output and the reference
model output is negligibly small and shown that the pro-
posed method yields a stable tracking performance.

1. Introduction

For nonlinear plants, fuzzy controllers [1] or the
controllers using multi-layer perceptron neural networks
(MLP-NNs) with back propagation algorithm [2] - [3] have
been proposed. In fuzzy control, the advantages are that it
is not necessary to identify the transfer function of the sys-
tem (in advance) and that the input-output mapping can be
easily represented. However, this approach inherently has
the disadvantage in that the smart tuning of the membership
function is still required. Although, the controllers using
MLP-NNs, in contrast, can be adaptively tune the nonlin-
ear input-output relations to a certain extent, the controllers
so designed generally require long and/or iterative training
of the MLP-NN parameters. Moreover, it is well known
that they quite often suffer from numerical instability, due
to the network parameters remaining at local minima dur-
ing the training.

On the other hand, a family of radial basis function
neural networks (RBF-NNs) have been applied to adap-
tive control [4] - [5]. It is well known that the RBF-NNs
are stable as compared with the conventional MLP-NNs
and a number of non-iterative network parameter tuning
paradigms have also been proposed [6].

In this paper, we propose a design method for the model-
following controllers using RBF-NNs. It has been shown
that the feedback part of the difference equation can be es-
timated by the RBF-NNs. In the next section, the principle
for designing such controllers is given. In Section3, the
design method for nonlinear plants is described. Section4
is devoted to the simulation study. Finally, conclusions are
remarked in Section5.

2. Principle of the Design

2.1. Compensation of time delay

Let the difference equation of an-order plant with time
delay be given as

yp(k + 1) = f [yp(k), yp(k− 1), · · · , yp(k− n + 1)]

+

n−1∑

j=0

b ju(k− j − L) (1)

whereyp(k) is the plant output,u(k) is the plant input,f [·]
is a nonlinear function,L is time delay, andb0 , 0. By
replacingk with k + 1 in (1), we have

yp(k + 2) = f [yp(k + 1), yp(k), · · · , yp(k− n + 2)]

+

n−1∑

j=0

b ju(k− j − L + 1). (2)

In the above, whenyp(k + 1) is set toy(1)
p (k), we obtain

y(1)
p (k + 1) = f [y(1)

p (k), y(1)
p (k− 1), · · · , y(1)

p (k− n + 1)]

+

n−1∑

j=0

b ju(k− j − L + 1) (3)

wherey(1)
p (k) on the right hand side in (3) represents the

prediction valueyp(k + 1) at timek + 1. Moreover, by re-
placingk with k + 1 in (3), we obtain

y(2)
p (k + 1) = f [y(1)

p (k + 1), y(1)
p (k), · · · , y(1)

p (k− n + 2)]

+

n−1∑

j=0

b ju(k− j − L + 2)

= f [y(2)
p (k), y(2)

p (k− 1), · · · , y(2)
p (k− n + 1)]

+

n−1∑

j=0

b ju(k− j − L + 2). (4)

By repeating the same procedure, the difference equation
of an-order plant without time delay can be obtained as

y(L)
p (k + 1) = f [y(L)

p (k), y(L)
p (k− 1), · · · , y(L)

p (k− n + 1)]

+

n−1∑

j=0

b ju(k− j). (5)
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2.2. The Design of Model-Following Controller

Next, let us assume that the difference equation for the
reference model is given by a second-order system

ym(k + 1) = −am1ym(k) − am2ym(k− 1)

+bm0r(k) + bm1r(k− 1) (6)

whereym(k) is the model output andr(k) is the reference
input. Then, the errore(k) between the model output and
the plant output is defined as

e(k) = ym(k) − y(L)
p (k). (7)

Now, let us assume that at the steady the following condi-
tion is satisfied:

e(k + 1) = e(k). (8)

In this case, ife(0) , 0, limk→∞ e(k) , 0. Moreover, the
stability of the controlled system may not be guaranteed. It
will be justified later in this paper that these can be avoid.
From (8)

ym(k + 1)− y(L)
p (k + 1) = ym(k) − y(L)

p (k). (9)

By substituting (5) and (6) into (9) and replacingym(k) with
y(L)

p (k), we have

−am1y(L)
p (k) − am2y(L)

p (k− 1)

+bm0r(k) + bm1r(k− 1)

− f [k] − b0u(k) −
n−1∑

j=1

b ju(k− j)

= y(L)
p (k)

− f [k− 1] − b0u(k− 1)−
n−1∑

j=1

b ju(k− j − 1) (10)

where f [k] = f [y(L)
p (k), y(L)

p (k − 1), · · · , y(L)
p (k − n + 1)].

Therefore, a new relation for the plant inputu(k) can be
derived:

u(k) = u(k− 1)

+
1
b0

{
−(am1 + 1)y(L)

p (k) − am2y(L)
p (k− 1)

+bm0r(k) + bm1r(k− 1)− f [k] + f [k− 1]

−
n−1∑

j=1

b j [u(k− j) − u(k− j − 1)]

}
. (11)

Although the proposed design method is extremely simple
as compared with Narendra’s method [7], the same result is
obtained. On the other hand, substituting (11) into (5), we
obtain

y(L)
p (k + 1) = −am1y(L)

p (k) − am2y(L)
p (k− 1)

+bm0r(k) + bm1r(k− 1). (12)

Then, the errore(k + 1) is given by

e(k + 1) = −am1e(k) − am2e(k− 1). (13)

Therefore, the following condition is satisfied for arbitrary
initial valuee(0):

lim
k→∞

e(k + 1) = lim
k→∞

e(k) = 0. (14)

Finally, we discuss the stability of the proposed method.
Generally, since it is hard to analyze the stability of nonlin-
ear control systems rigorously, we consider the following
relation: In (11), let

v(k + 1)
def
= −(am1 + 1)y(L)

p (k) − am2y(L)
p (k− 1)

+bm0r(k) + bm1r(k− 1)− f [k] + f [k− 1]. (15)

Taking the z-transform for (11) gives

U(z)
V(z)

=
1

1− z−1

1∑L−1
j=0 b jz− j

. (16)

In order to be stable for (16), all the zeros of the plants to
be controlled must be located within a unit circle. There-
fore, the proposed method is stable if the plants do not have
any unstable zeros. Although this is also clear from some
simulation experiments, we would like to investigate the
stability of the proposed method in detail at another oppor-
tunity.

By the way, the proposed design method suffers from
any load disturbance since the predictor can not estimate
it. To solve this, the error between the plant output and the
predictor output is fed back through the PID controller.

3. The Design for Nonlinear Plants

In system identification of nonlinear plants, the multi-
layer perceptron neural networks (MLP-NNs) with back-
propagation algorithm have been widely used. However, as
discussed early, it is well known that employing the MLP-
NNs involves rather heavy computation due to the itera-
tively updating of the weight vectors and the fact that there
may always be a danger of the network parameters remain-
ing at local minima. This limits their practical use, since an
on-line processing is inevitable for controlling the dynam-
ical systems. In this paper, we thus propose to use radial
basis function neural networks (RBF-NNs) for represent-
ing the nonlinearity within the system identification.

3.1. Radial basis Function Neural Networks

Figure. 1 illustrates an RBF-NN withNi inputs,Nh radial
basis functions (RBFs), and a single output. In Figure. 1,
each RBF is given by so-called a Gaussian response func-
tion:

hi = exp

(
−‖ x − ci ‖2

2σ2

)
(17)
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wherex = [x1, x2, · · · , xNi ]
T is the input vector,ci is the

centroid vector of thei-th RBF,σ is the radius, and‖ · · · ‖2
denotes theL2 norm. The outputy of the RBF-NN is then
given as the weighted linear sum ofhi , i.e.,

y =
1
δ

Nh∑

i=1

hiwi , (18)

δ is a constant andw = [w1, w2, · · · , wNh]
T is called as the

weight vector.
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Figure 1: An RBF-NN.

3.2. Nonlinear Plants

In the design, the functionf [k] in (11) is replaced with
the output of the RBF-NN and the input vectorx(k) =

[yp(k), yp(k− 1), · · · , yp(k− n + 1)]T (i.e.,Ni = n), that is

f [k] = f [xT(k)] =
1
δ

Nh∑

i=1

hi(k)wi (19)

with the response function

hi(k) = exp

(
−‖ x(k) − ci ‖2

2σ2

)
. (20)

Then, the difference equation for nonlinear plants with time
delay yields

yp(k + 1) =
1
δ

Nh∑

i=1

hi(k)wi +

n−1∑

j=0

b ju(k− j − L) (21)

whereL is time delay. Finally, the plant inputu(k) is given
by (11) with a nonlinear function (19).

3.3. Estimating Feedforward and Weight Parameters

To estimate both the feedforward parametersb j and the
weight parameterswi of the RBF-NN in (21), we apply the
singular value decomposition (SVD) to tuples of the set in-
stead of applying the conventional least squares. Namely,
the following relation is considered:

AW = Y (22)

with

A =



u(k− N + 1) u(k− N) · · · u(k− N − n + 1)
u(k− N + 2) u(k− N + 1) · · · u(k− N − n + 2)

.

.

.
.
.
.

. . .
.
.
.

u(k) u(k− 1) · · · u(k− n)

1
δh1(k− N + 1) 1

δh2(k− N + 1) · · · 1
δhNh(k− N + 1)

1
δh1(k− N + 2) 1

δh2(k− N + 2) · · · 1
δhNh(k− N + 2)

.

.

.
.
.
.

. . .
.
.
.

1
δh1(k) 1

δh2(k) · · · 1
δhNh(k)


,

W = [b0, b1, · · · , bn−1, w1, w2, · · · , wNh]
T ,

Y = [yp(k− N + 2), yp(k− N + 3), · · · , yp(k + 1)]T

whereu(k) = 0 for k < 0. Applying the SVD,A can be
rewritten as

A = USVT (23)

whereU = [u1, u2, · · · , uN] andV = [v1, v2, · · · , vn+Nh]
are orthogonal to each other such thatUTU=I N andVTV =

I n+Nh , respectively, and

S =

[ ∑
0

0 0

]
(24)

where
∑

= diag(λ1, λ2, · · · , λγ) andγ < n + Nh. Finally,
W can be estimated using the reduced-rank versionSγ:

Sγ =

[ ∑−1 0
0 0

]
, (25)

W = VSγUTY. (26)

4. Simulation Study

In the simulation study, the transfer function of the refer-
ence model is given in the form of a standard second-order
system

Gm(s) =
ω2

m

s2 + 2ζmωms+ ω2
m

(27)

whereωm = 20.0 andζm = 1.0. To obtain the second-order
difference equation of the reference model in discrete form
as in (6), we used the zero-order hold method [8]. The
assumed sampling interval was 20[msec]. Then, the coef-
ficients of the reference model weream1 = −1.341,am2 =

4.493× 10−1, bm0 = 6.155× 10−2, andbm1 = 4.714× 10−2,
respectively. To study the immunity from the disturbance at
k = 1500 with the magnituded(1500)= 0.25 is intention-
ally added to the plant inputu(k) was also considered. In
the simulation, the number of centroidsNh was arbitrarily
fixed to 20, and the number of the tuplesN was chosen as
1000, the value of which is determined by a rule-of-thumb,
considering both the nonlinearity of and thereby the ambi-
guity in the order of the model. For the selection of bothσ
in (20) and the normalization factorδ in (21), it was empir-
ically found that the setting ofσ = 10 andδ = Nh yields a
reasonable performance.

4.1. Example 1

In Example 1, the following difference equation for the
nonlinear plant with time delay was considered:

yp(k + 1) = −a1yp(k) − a2yp(k− 1)− yp(k)

1 + y2
p(k)
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+b0u(k− L) + b1u(k− 1− L) (28)

where the coefficientsa1, a2, b0, b1, and L were respec-
tively chosen asa1 = −1.980, a2 = 9.802× 10−1, b0 =

1.987× 10−4, b1 = 1.974× 10−4, andL = 2. Figure. 2
shows a simulation result for the nonlinear plant with time
delay with the load disturbanced(1500)= 0.25.
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Plant output

d(1500)=0.25

Figure 2: Simulation results -Example 1.

4.2. Example 2

In this example, the following difference equation was
considered:

yp(k + 1) = −a1yp(k) − a2yp(k− 1)− y3
p(k)

+b0u(k− L) + b1u(k− 1− L) (29)

with the same coefficientsai , b j , andL as those in Example
1. The simulation result is shown in Figure. 3.
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Figure 3: Simulation results -Example 2.

Simulation examples are limited to the second-order
plants in order to simplify the problem. Notice that a simi-
lar design procedure can be easily developed to the higher-
order plants. The proposed method uses the RBF-NNs to

approximate arbitrary nonlinear mappings. Although the
nonlinear mapping can be also performed by the conven-
tional MLP-NNs, we use RBF-NNs because of their sta-
ble learning capability and fast training. These networks
are widely used to provide the nonlinear controllers as de-
scribed early.

5. Conclusions

In this paper, a novel design scheme of model-following
controllers for the nonlinear plants with time delay has
been proposed. It has been shown that the feedback part
of the difference equation can be estimated by the RBF-
NNs. In the simulation study, it has been demonstrated
that the proposed method is not affected by the load distur-
bance, and shown that the proposed method yields a stable
tracking performance. The proposed design scheme is ex-
tremely simple as compared with Narendra’s method.
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Abstract In this paper a method to reconstruct the
same image as the original one by copying domain images
onto ranges is presented. However this does not mean that
an image has self-similarity everywhere. The difference
between the calculated image and the original image is
kept lower than discrete error on each pixel. The same
image as the original one is reconstructed by rounding off
of image calculated from the contractive mapping of
domain images onto ranges.

1. Introduction

Fractal data compression has been studied for over a
decade. At the beginning of its history, the attractive
feature of fractal data compression was its high
compression ratio. However, expectations for the fractal
data compression seemed to diminish, partly, because of
the time consuming search for the best-fit domain and also
because of the quality of reconstructed image.
Fractal image compression is based on the self-

similarity of an image. A fractal image is an image that
has self-similarity everywhere. However, in a natural
image, self-similarity does not exist everywhere. This is
the reason why the scientists do not consider fractal data
compression of natural images in the lossless way. A
digital image is an image that is constructed on computer
screens. The smallest detail on a digital image is the pixel
size. The theory in this research is based on this fact. In
this paper, a method to reconstruct the same image as the
original one by copying domain images onto ranges is
presented. The image constructed from affine
transformations is referred to as a fractal representation of
images. In order to approach this goal, choosing the range
as small as possible, i.e., a single pixel range, and the
position of the corresponding domain is fixed near the
range. The contractive ratio of affine transformation is
fixed to 1/9 on size and is fixed to 1/2 on brightness.
The half image plays an important role in this study.

The brightness of this image is almost half of the original
one. The difference between the half image and the
original one is coded as the offset of affine transformation.
Here, the term lossless means that the calculated
brightness from the affine transformation becomes equal
to the original one when the brightness is rounded off. The
difference between the initial image and the original one
converges to zero in the process of iteration. In next

section the basis of the research is presented based on an
iterated linear equation system which has the solution
equal to the original image. The principles of the lossless
representation of digital image are given and verified for
the case when the range is a single pixel and the domain
consists of 9 pixels for simplicity. It is also shown that the
reconstructed image converges to the original one.

2. The Framework of Lossless Fractal Compression of
Digital Images

This section presents the concept behind the method of
lossless fractal compression of digital images.
2.1. Principles

Lossless fractal image compression method is based on
the following principles:
1. Here, an image means a digital image, which is

constructed on the screen pixels. An image has no
detail finer than a pixel size.

2. This method utilizes the contractive mapping. From
the basis of the lossless fractal compression of digital
images, an iteration system on the brightness on
pixels of the screen has the original image as its
solution or as an attractor of the iterated system. The
copying of domains onto ranges corresponds to
recalculation of all pixel values from their previous
values according to the iteration system.

3. The image reconstructed by copying domains onto
ranges converges to the original image because the
ratio of each contractive mapping on the brightness
is set to 1/2. The difference between the initial
brightness and the original brightness is multiplied
by 1/2 in each iteration and finally diminishes.

4. In order to reduce the data quantity of affine
transformations, a kind of discretization is necessary.
If the error of the discretization is sufficiently small,
the accumulated error can be reduced in the iteration
process to be less than 1. It is possible to make the
rounded value of brightness to be equal to the
original image.
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2.2. Screen, Range and Domain

Let G be a digitized grayscale image consisting of
NM pixels. Each pixel s brightness value ijg can be

one of the values 0-255. The reconstructed image from the
coding result of G by the method is V . At fundamental
step, the range of an image is set to be one pixel size.

,10,10 NjMigG ij (1)

.10,10 NjMivV ij (2)
A range consists of a single pixel. Corresponding to the

range, the domain is set to be 33 pixels near the range
as shown in Fig.1.
A range s brightness value is 0r . Consequently, a

domain includes 9 pixels. The sum of the brightness value
of the 9 pixels is represented by 0d . All ranges cover the
whole image without overlapping. The total number of
ranges is NM which are equal to the size of original
image. Then,

.0 ijgr (3)

The range value ijg corresponds to 9 pixels of the

domain which are ,11 jig ,1ijg ,11 jig ,1 jig ,ijg
,1 jig ,11 jig ,1ijg .11 jig By choosing a domain

which is close to the range, there is no time consuming
search for the best matched domain. Also there is no need
to store the information of the domain positions.

2.3. Half Image

Ahalf image plays an important role in this study. It is
determined as follows:

,10,10 NjMigG H
ij

H (4)

.18/)

(

11111

11

11111

jiijji

jiijji

jiijji
H
ij

ggg
ggg
gggg

(5)

Fig.1 Single pixel range ijg and its domain

At the boundary of the image, the cyclic boundary
conditions are used as follow:

.10,0 Njgg jMj (6)

.10,0 Migg iiN (7)

The value of ijg is an integer, but the value of H
ijg is

not an integer. The brightness of the half image is nearly
half of the original image s brightness. A half image is a
collection of ranges made by the contractive mapping with
the ratio 1/9 on size and 1/2 on brightness. The original
Mouse (a) and its half image (b) are shown in Fig.2.

(a) (b)
Fig2 Mouse and its half image

2.4. A Simultaneous Equation which has the Original
Image as Its Solution

Denote ijx as an unknown pixel value of an image.
The simultaneous equation can be written as follows:

,18/)

(

11111

11

11111

ijjiijji

jiijji

jiijjiij

bxxx
xxx
xxxx

(8)

where 10 Mi and 10 Nj and the
similar cyclic boundary conditions to eqs. (6) and (7) are
applied. The value ijb is determined as follows:

.Hijijij ggb (9)
The simultaneous equation is applied in order to

construct the original image as k increases;
).10,10(,}{ NjMigx ij

k
ij

The simultaneous eq. (8) has a suitable form for an
iterated system. At the k-th iteration, get }{kx , so the next
calculated value is:

.18/)

(

}{
11

}{
1

}{
11

}{
1

}{}{
1

}{
11

}{
1

}{
11

}1{

ij
k
ji

k
ij

k
ji

k
ji

k
ij

k
ji

k
ji

k
ij

k
ji

k
ij

bxxx

xxx

xxxx

(10)

The system also converges to the original image, i.e.,

ij
k
ijk

gx }{lim so that the attractor of this iterated system

is the original image.
After repeating the iteration sufficiently, the lossless

representation can be obtained by converting }{k
ijx as

follows:
5.0}{k

ijij xv (11)
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3. Coding and Decoding

3.1. Discretization of ijb

The iteration system eq. (10) can be implemented to
reconstruct the original image. However, 11 bit are needed
to represent ijb , so it is not suitable for the lossless
representation of digital images. Instead of the constant

ijb , a parameter ijm is introduced. This parameter is
given as follows:

5.05.0 ij
H
ijijij bggm (12)

where 2/25.0 xx , 2/25.0 xx .And then,

18
8

ijijij bmb . (13)

Note that the Discretization error in this process is at
most 8/18. ijm is difference between the original image
and the half image.
The decoding process is the iteration of copying

domains onto ranges. Let s rewrite the simultaneous
equation by using ijm instead of ijb as follows:

.18/)

(
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11
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1
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11
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1
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ij
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ij
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ji
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ij

mxxx

xxx

xxxx

(14)

In order to consider the convergence characteristics of
above iteration process, error between the original image
and the calculated one }{k

ije is introduced as follows:

.}{}{
ij

k
ij

k
ij gxe (15)

In general,
}1{k

ije

,'

18/}

{

}{
11

}{
1

}{
11

}{
1

}{}{
1

}{
11

}{
1

}{
11

e
eee

eee

eee
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ji

k
ij

k
ji

k
ji

k
ij

k
ji

k
ji

k
ij

k
ji

(16)

where 'e is the discrete error comes from the rounding off
in eq. (12) and is given as follows;

,' ijij bme (17)

and as shown in eq. (13) 'e vary from 0 to 8/18.
This eq. (16) means that error between the original

image and the calculated one is almost halved in every
iteration . If continuing this iteration without rounding off,
the maximum added error in the second iteration is 8/36.
The maximum added error in the third iteration is 8/72
and so on. The total maximum error accumulated in this
process is 8/18(1+1/2+1/4+...+ 12/1 k ). Then error

between original image and the calculated one }{k
ije is

given as follows;

.
2/11
2/11

18
8

2
1

2
1 }0{}{}0{

k

ijk
k
ijijk eee (18)

This means that the error of initial value }0{
ije

diminishes very rapidly as k increases.
Hence, maximum value of }{k

ije is 8/9 and its minimum
value is 0.
Therefore, when k is sufficiently large enough, the

following equation can be obtained:

.
9
8}{

ij
k
ijij gxg (19)

After all, calculated value }{k
ijx is different from

original value ijg by 8/9 in maximum, but the difference
is small enough for the reconstructed image to coincide
with the original one when rounded off.
The maximum and minimum values of ij

k
ij gx }{ on

Mouse converge to the narrow area between 0 and 8/9
as shown in Fig.3.
.

Fig.3 The calculated value }{k
ijx of Mouse by using ijm .

In Tab.1, the results of several numerical experiments
are shown. All errors exist between 0 and 8/9.

Tab.1 Max and Min error for various images

Consider the above relation of eq. (19), the decoding
formula must be as follows:

.18/1}{k
ijij xv (20)
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3.2. Data Compression

The amount of ijm is as much as the amount of ijg ,
so we need some more operation to reduce the size of data.
Then we formulate ijM from ijm as follows:

.5.0ijij mM (21)

After that, ijl is made by applying predictive coding to

ijM as follows:

ij
ijji

ij M
MM

l
2

11 . (22)

The data permuted ijl by this method concentrate on
values nearby 0 (Fig.4).

Fig.4 Distribution of ijl
Compression is finished by applying the arithmetic

coding to ijl . In Tab.2, the result of compression is shown.
In this table, compression ratio is defined in eq. (23)

100
Input
OutputC.R. (23)

Table.2 Compression ratio

3.3. Conclusion
A lossless fractal compression of digital images, in

other words, a method to compress a digital image based
on contractive mapping of neighboring domains has been
presented. Several experiments have been done to show
that the original digital image can be accurately
reconstructed.

Appendix
Other digital images used in this paper are shown as

follows.

Fig.5 Rose (320x200)

Fig.6 Lisaw (320x200)

Fig.7 Lenna (256x256)
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Abstract – The paper presents a new method for 
reconstruction of cracks in Nondestructive 
Electromagnetic Testing (NDET) technology. This is a 
hybrid method using both stochastic and deterministic 
optimization techniques. The proposed method combines 
the advantages of these optimization techniques – global 
search and reduced number of the objective function 
evaluations. The hybrid method is implemented as a 
distributed system of software agents. 
 
1. Introduction 

 
The inverse problem in nondestructive electromagnetic 

testing consists in the reconstruction of the positions and 
shapes of cracks in a conducting plate, starting from the 
signal measured by an Eddy Current Testing (ECT) probe 
which scans the surface of the plate.  

Two different approaches to the solution of the inverse 
problem are common: the phenomenological approach 
and the non-phenomenological approach, also known as 
the model free approach.  

The phenomenological approach is based on the 
comparison between the ECT signal associated with the 
solution to the electromagnetic field problem 
corresponding to a proposed (potential) crack and the 
actual ECT signal. The deterministic methods aiming at 
the minimization of the distance between the simulated 
signal and the measured signal (steepest descent, 
conjugate gradients or Newton) often fail due to the 
presence of multiple local extremes of the objective 
function. As well, this approach requires a significant 
computational effort, is ill conditioned and noise–sensitive, 
[1]. 

In the last few years, efficient stochastic heuristic 
methods (simulated annealing, tabu search, genetic 
algorithms or evolution strategies) are imposed as 
standard techniques in complex global optimization 
problems, such as the inverse problem in nondestructive 
electromagnetic testing. The main advantages of 
stochastic methods are their robustness and their ability of 
finding a global minimum for a known objective function, 
without requiring the knowledge of the derivative of the 
objective function, [2]. Unfortunately, these methods 
require a large number of objective function evaluations 
and, in the phenomenological approach, each evaluation 
requires the solving of an electromagnetic field forward 
problem. 

The global solving time is therefore proportional to the 
CPU (Central Processing Unit) time required to solve the 
forward problem, multiplied by the number of objective 
function evaluations needed to find the minimum. In order 
to reduce the solving time of the forward problem, special 
computational techniques, called “data-base approaches" 
were developed, based on finite element, finite element–
boundary element and volume integration methods, [3]. 
Another way to increase the computational efficiency is to 
reduce the number of function evaluations, in relation 
with the optimal control of the parameters of the 
stochastic algorithm (population size or probabilities of 
genetic operators), [4].  

The present paper proposes a combination of stochastic 
and deterministic optimization algorithms as a new, hybrid 
method aiming at the reduction of the solving time of the 
inverse problem in nondestructive electromagnetic testing. 
Implemented as a distributed system of software agents, 
this method takes advantage from both the global search 
achieved by stochastic methods, and the reduced number 
of the objective function evaluations associated with 
deterministic optimization methods.  

 
2. Problem Formulation 
 
2.1. The Forward Problem 

 
The structure under study has a three dimensional 

configuration (figure 1). The conducting plate is 
characterized by µr = 1 and σ = 30.6⋅106 S/m, and has the 
dimensions lx × ly × h (31.5 mm ×  12 mm × 12.5 mm) *. 
The plate includes a thin crack of insignificant thickness, 
located in a suspected region a × b × c , and placed in 
planes of y = const (from y1 to yny with stepsize b/ny). The 
crack is formed of (x,z) adjacent elementary rectangles, 
with width a/nx and height c/nz, starting from the 
scanning surface (hz = 0 – inner crack) or from the hidden 
surface (hz = 1 – outer crack) of the plate. 

The crack is defined by the parameters h = [hx1, hx2, 

… , hxnx, hy, hz]: hxk , nxk ,1= , is the crack depth 
corresponding to the k segment from the x-axis (hxk = 0, if 
there is no crack on the k segment or hxk ∈ { 1 , nz}  if 
there is crack on the k segment), hy is the coordinate y for 
the xz plane where is located the crack, while hz indicates 

                                                           
* The problem TEAM Workshop 15 (Testing 
Electromagnetic Analysis Methods) 
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the crack placement (0/1 for inner/outer crack). Figure 1 
shows an inner crack with parameters h = [0, 1, 2, 1, 0, 0, 
3, 0]. 

 
Figure 1: Crack parameterization 

The probe, which includes an excitation coil and a 
measurement coil, is sequentially placed in the center of 
the  nx × ny rectangles from the xy scanning plane. The 
evaluated quantity in each scanning point is the variation 
of the measurement coil impedance between the flawed 
and unflawed cases. 

The impedance variation in the nx × ny scanning points 
for a crack with parameters h is obtained solving an 
electromagnetic problem (the forward problem). In the 
present paper the forward problem is solved using a 
volume integration method, [3]. 
 
2.2. The Optimization Problem 

 
An optimization problem is formulated as follows: let 

RRf m →:  be the continuous real objective function; 

the goal is to find xo∈R m such that ))((min)( 0 xfxf
mRx∈

= .  

The function associated with the forward problem is 
nm RRfd →: , where m is the number of parameters 

defining the crack, and n is number of parameters defining 
the information provided by the probe at the scanning 
points. In the 2–D scanning case under consideration 

728: RRfd →  – the segment depths (hxk , 6,1=k ), the 

plane coordinate (hy) and the placement (hz) define a 
crack, and the output vector contains the impedance  
variation (real and imaginary values) in 36 scanning 
points (the suspected region is discretized in 216 
parallelipipedic elements, nx = 6, ny = 6, nz = 6) .  

If mRp ∈*  is the vector containing the crack 

parameters to be found, and nRv ∈*  is the information 
vector provided by the transducer, then the inverse 

problem can be formulated as an optimization 
(minimization) problem, with the objective function 

))(()( *vxfdfxf N −=  , where fN is a norm function. 

 
3. The Hybr id System 
 

The proposed hybrid method, [5], uses both stochastic 
and deterministic algorithms to solve the optimization 
problem, with a view to combine the advantages of the 
two optimization techniques: global search for stochastic 
methods and reduced number of objective function 
evaluations for deterministic methods. In order to reach 
this goal, the stochastic and deterministic optimization 
programs need to exchange information, according with 
one of two usual communication models: client/server and 
point to point. 

An agent is an entity which solves the optimization 
problem and is described by an optimization algorithm, a 
local memory, a business logic module, and a 
communication module (figure 2). The optimization 
algorithm is used to solve locally the optimization 
problem, the local memory is used to store data and can 
not be accessed by other agents, and the communication 
module is used to interact with other agents, its main 
functions being the connections management and 
information exchange. The most important component of 
the agent is the business logic module; it establishes the 
optimization method to be used, the interaction moments 
with other agents, the type and the quantity of information 
to be exchanged.  

 
Figure 2: The agent and the communication system in the 

client/server model 
A shared memory, a communication module and a 

business logic module (figure 2) describe the 
communication system. The communication module has 
similar functions with the communication module at the 
agent level. The shared memory is used to store data and 
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can be accessed by any agent. The business logic module 
has three main functions: the management of the shared 
memory (allocation/deallocation mechanisms), the 
synchronization for interagent communication (for 
synchronous systems), and the control of memory data 
consistency (all the operations executed at the shared 
memory level have to be atomic). 

The hybr id system proposed in this paper for solving 
the inverse problem of nondestructive electromagnetic 
testing is an asynchronous distributed system with 
client/server communication. The system consists in two 
agents: one agent uses a stochastic algorithm and the other 
agent uses a free gradient deterministic algorithm. The 
small number of agents does not influence the system 
reliability, and the interagent communication overhead is 
insignificant comparing with one evaluation of the 
objective function. The main advantages of the 
client/server communication are scalability, simple 
parallelization and synchronization mechanism. 

The stochastic agent uses a binary genetic algorithm to 
solve the inverse problem. During functioning it executes 
only once the iterations/generations stream of the genetic 
algorithm. After an imposed number of generations of the 
genetic algorithm, the stochastic agent writes in the shared 
memory of the communication system the solution with 
the best fitness measure from the algorithm population. 
Afterwards, the stochastic agent tries to extract from the 
shared memory a solution provided by the deterministic 
agent – the one with the best fitness measure – and 
incorporates it in the genetic algorithm population if such 
a solution exists in the shared memory. If the shared 
memory does not contain a deterministic solution, the 
communication system notifies the stochastic agent, 
which resumes the execution without waiting for a 
solution from the deterministic agent. The communication 
period (the time elapsed between two consecutive 
communications) is determined by the number of 
generations continuously executed by the stochastic agent, 
and is equivalent to an imposed number of the objective 
function evaluations. The optimization process stops when 
the stochastic agent has executed a maximum number of 
generations (greater than the number of generations for 
communication). 

The deterministic agent uses a free gradient 
deterministic method to solve the inverse problem. During 
functioning the deterministic agent executes several times 
the corresponding algorithm, each time with different 
initial conditions (solutions). The deterministic agent 
extracts form the shared memory the solution with the 
best fitness measure provided by the stochastic agent and 
uses it as an initialization for the optimization algorithm; 
then the deterministic agent executes the optimization 
algorithm and if a better solution is obtained this solution 
is added in the shared memory. If the shared memory does 
not contain a stochastic solution, then the deterministic 
agent waits until the stochastic agent executes an inserting 
operation. 

The communication system controls the exchange of 
solutions between the stochastic agent and the 
deterministic agent by providing four functions: 
insertion/extraction of solutions for the stochastic agent 
and insertion/extraction of solutions for the deterministic 
agent. The solutions are stored in the shared memory and 
in order to maintain the data consistency the 
insertion/extraction operations have to be atomic: only 
one agent can access the shared memory at a given time. 
If an agent tries to execute an insertion operation and there 
is no space left in the shared memory, then the solution 
with the worst fitness measure is replaced by the solution 
to be added. The communication system also provides a 
stop function, which is called by the stochastic agent to 
end the optimization process.  
 
4. Results 
 

In order to prove the efficiency of the proposed method 
two different schemes were used to solve the inverse 
problem: a simple scheme with one agent using a genetic 
algorithm and a hybrid scheme with two agents using a 
genetic algorithm and a deterministic algorithm.  

Six inner cracks and three outer cracks were used for 
testing: The Chebyshev norm was preferred to the 
Euclidian norm in the objective function expression. In 
order to make a relevant statistical study each test was 
repeated for 30 times, each time the genetic algorithm 
starting from a different random initialization of the 
population.  

In the case of the simple scheme with one agent the 
genetic algorithm uses a Gray coding and two genetic 
operators: mutation and one point crossover, with the 
probabilities 0.1 and 0.8, respectively. The influence of 
the population size over the performance was studied in 
this case, the tested values for the population size being 2, 
5, 10, 20, 40, 60, 80, 100. The stop criterion is met when a 
maximum number of generations is reached (equivalent to 
a maximum number of evaluations of the objective 
function). The maximum number of evaluations for the 
objective function was chosen 120000 (under 1% of the 
searching space ~ 107). 
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For each test was determined the number of evaluations 
such that the objective function to decrease under a value 
corresponding to the smallest signal of an observable 
crack. 

The best performances were obtained when the 
population has 40 or 60 individuals (figure 3). 

The hybr id scheme was implemented as an 
asynchronous distributed system with client/server 
communication. The genetic agent uses an algorithm with 
the same parameters as the one used in the simple scheme, 
with a population of 40 individuals (the optimal 
population size previously found). Two cases were studied 
for the deterministic agent: in the first case a Simplex 
algorithm is used, while in the second case a Powell 
algorithm is used. In both cases the optimal 
communication period is between 2 and 5. For this 
interval the performances are better (comparing with the 
10–20 interval) with 67% in the Simplex case (for 6 
cracks – figure 4) to 77% in the Powell case (for 6 cracks 
– figure 5). 
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Figure 4:Optimal communication period for the system 

with Simplex agent 
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Figure 5:Optimal communication period for the system 

with Powell agent 
The hybrid system performs significantly better than the 

simple system (figure 6): the relative decrease in the 
number of evaluations of the objective function needed to 
solve the inverse problem is between 20% and 90%.  
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Figure 6:Optimal solving method 

 
5. Conclusions 
 

In the paper is presented a new hybrid method for 
reconstruction of cracks in nondestructive electromagnetic 
testing. The method is implemented as a distributed 
system of software agents and uses both stochastic and 
deterministic optimization techniques. 

The inverse problem is formulated and solved as an 
optimization problem. The main advantage of the 
proposed hybrid system is the reduction of the evaluations 
number for the objective function associated to the 
optimization problem. 

The proposed scheme proved to be more efficient than a 
simple scheme based on one genetic algorithm. 
Additionally the performances were studied for a 
population of test cases. The best performances were 
obtained when the hybrid system was using for the 
deterministic agent a Powell based algorithm. 
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Abstract— In this paper we propose a sleep mode control
scheme for ad hoc networks. Then, we evaluate how the basic
parameters of the sleep procedure affect performance in terms
of packet delivery success and energy savings. The investigation
evaluates also if the packet loss during sleep state affects packet
transmission, reception and forwarding in the same way. This
trend can help to design an efficient sleep mode procedure,
putting nodes in sleep during the more suitable periods.

I. INTRODUCTION

Ad hoc networks are composed by wireless devices com-
municating each others without any pre-defined infrastructure.
Communication between nodes that are not in visibility is
enabled by using intermediate nodes in the network as for-
warding agents. Nodes in ad hoc networks are often battery
operated and have limited energy. Therefore, energy conserva-
tion is key for long lived operation. In this paper we focus on
the energy optimization at the Network layer. At this layer the
energy research efforts can be grouped into three categories:
power control or topology control; energy efficient routing;
sleep mode control.

SIMULATION PARAMETERS
N (node number) 4;6;8;10;14;18;20;25;30;35
SIMTIME 500 s

X ∗ Y (network size) 300*300 m2

TXrate 2 Mbit/s
SEED 5

POWER & ENERGY
TX POWER 20 dBm

TX POWERoffset 400 mW
SLEEP POWERcons 9.7 dBm

RX POWERcons 26 dBm
IDLE POWERcons 17 dBm

SR (correct reception power) -92.0 dBm
E (initial energy) 40 J

SLEEP parameters
TIME ON 0;1;5;8;10;15;20;25;30;35;40;45;50;60;80;100 s

MAX SLEEP 0;1;2;3;4;5;6;7;8;9;10;15;20;25;30;35;50;60 s
MOBILITY

Nmob (mobile nodes) 1;2;3;4;6;8;10;14;18;20
vmob (speed) 1.38 m/s (pedestrian)

σmob (speed deviation) 0.3
ωmob (max angle deviation) 3.14
timemob (mobility time) 0.3 s

TRAFFIC (POISSON)
λ (rate generation) 10.0 packet/s

PKTsize 1024 bit
CHANNEL (PATH LOSS)

β (power decay) 2.5
dref (reference distance) 0.2 m

TABLE I
SYSTEM PARAMETERS USED DURING SIMULATION TRIALS.

If power control is considered, wireless nodes can control
the transmission power level [1], with impact on the nodes
that are within the radio range. Thus, power level defines
the connectivity structure or the topology of the network.
Choosing a low power level may lead to a disconnected
network, whereas using a very high power level may lead to
the consumption of excessive energy.

Given a topology, the energy efficient routing problem is
to find an energy efficient route from the source to the
destination. The factors affecting path selection are both the
cost of transmitting and receiving packets and the resource
available at the intermediate nodes. In general, if the transmit
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Fig. 1. Psucc (up) and Total Energy (down) as functions of TIME ON.

power can be modulated in a suitable way, multiple smaller
hops are more energy efficient than a single large hop [1].
This is in contrast to the traditional routing where minimum
number of hops is a typical route selection criterion.

The sleep mode control problem has the aim to reduce
energy consumption by putting in a sleeping state a node
which is not sending or receiving data. In fact, the energy
consumed by a node during the idle state (in which the node
frequently senses or listens the channel) is often the greater
contribute to the energy consumption. The sleep mode control
problem is to identify nodes that can be temporarily frozen and
to put them in sleep mode. The problem is not only related
to the identification of the moments in which the traffic is
generated by or received by a given node, but also the moments
in which a node should forward traffic for other nodes.

In this paper we focus on the last problem (sleep mode
control), by investigating, by means of a trivial sleep mode
protocol, how much the sleep mechanism can affect the final
performance in terms of packet loss and energy savings. In
the literature some sleep mode protocols have been proposed:
GAF [2], SPAN, [3] and AFECA [4]. These protocols select,
in a high dense ad hoc network, some coordinator nodes
which stay always up. Coordinator nodes stay awake con-
tinuously and forward packets as necessary. On the contrary
non-coordinator nodes remain in the sleep state most of the
time and wake up only if any data is destined to them
or if they have to send data. Any non-coordinator node
is associated with a coordinator node which is responsible
for buffering any packet destined for it during sleep. The
main requirements to select coordinator can be: connectivity,
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Fig. 2. Psucc (up) and Total Energy (down) as functions of MAX SLEEP.

fairness, energy efficiency, capacity. Connectivity means that
enough coordinators should be present so that every node
is in the range of at least one coordinator. Fairness means
that the coordinators should be rotated in order to ensure
that all nodes share the task of forwarding packets. Energy
efficiency means that a minimum number of nodes should
be coordinators to save maximum energy. Capacity means
that enough coordinators should be chosen to preserve the
overall throughout of the network. GAF, SPAN and AFECA
propose different techniques to select coordinator nodes: they
are mainly based on transitions between coordinator and non-
coordinator modes chosen by means of probabilistic criteria.
These techniques, anyway, often do not guarantee connectivity,
fairness or capacity preservation. Furthermore, they do not
consider in the coordinator selection the workload (i.e., the
traffic load). If workload is known, one can formulate the
problem as a scheduling problem where the goal is to create a
schedule such that the sleep time of the nodes is maximized.
Note that GAF, SPAN and AFECA are designed without a
priori investigate how a very simple sleep mode technique can
affect final throughput and energy spent, and how link these
merit figures to the system parameters.

In this paper we adopt a fully not-coordinated sleep mode
protocol, where nodes are put in sleep mode without take care
of their position or of the traffic load and then without consider
their possible role in the packet generation/forwarding. We
simply select a time of activity and a time of sleeping (with
given random distribution), which alternate each others. The
aim is to identify in a very simple case how the performance
fall in term of capacity and increase in term of energy
savings, by also identifying the functionalities that are mainly
affected by the forced node sleeping: packet transmission,
reception or forwarding. To identify the main functionalities
affected by the sleep mode (and how they distribute on a
given topology) can help to select in the best way the sleep
mode protocol. Performance investigation involves the basic
parameters characterizing the sleep mode protocol: time of
node activity and sleeping time. To perform it we used the
Simple Ad hoc siMulator (SAM) [5] that has been modified
to: implement the sleep mode protocol, to correctly collect

 0

 0.2

 0.4

 0.6

 0.8

 1

 5  10  15  20  25  30  35

P
su

cc

N

TIME_ON=20, MAX_SLEEP=15
TIME_ON=30, MAX_SLEEP=10
TIME_ON=40, MAX_SLEEP=5

TIME_ON=100, MAX_SLEEP=0

 0

 200

 400

 600

 800

 1000

 1200

 1400

 5  10  15  20  25  30  35

T
ot

 E
ne

rg
y

N

TIME_ON=20, MAX_SLEEP=15
TIME_ON=30, MAX_SLEEP=10
TIME_ON=40, MAX_SLEEP=5

TIME_ON=100, MAX_SLEEP=0

Fig. 3. Psucc (up) and Total Energy (down) as functions of N .

the energy consumption behavior by considering all possible
radio states of the wireless network interfaces and to collect
all sleep mode control statistics.

II. SLEEP MODE AND ENERGY EVALUATION

In our scheme all nodes alternate states in which they
perform all possible network operations, to sleeping states in
which they cannot transmit, receive or forward packets. The
activity time, called TIME ON, is assumed deterministic and
constant. When a node has exceeded this time, it enters in a
sleep state. The sleeping time is random and can be selected
by following different random distributions: UNIFORM, char-
acterized by the maximum sleep time MAX SLEEP; GAUS-
SIAN, characterized by mean MEAN SLEEP and variance
VAR SLEEP of the sleep time; POISSONIAN, characterized
by the average sleep rate LAMBDA SLEEP. A node always
concludes the current packet transmission before enter in sleep
state. All other packets still present in queue and waiting
for the transmission are lost when the node goes to sleep
(no mechanisms to froze and restore the packet queues are
present). On the other hand, reception does not condition in
any way the entrance of a certain node in the sleep state. So,
a node can suddenly sleep during a packet reception, without
take care to ultimate it. Statistics are collected to evaluate if the
sleep mode affects in particular packet transmission, reception
or forwarding. To evaluate the energy savings introduced by
sleeping, we have changed the SAM energy consumption
evaluation, by considering all possible radio states assumed
by the wireless network interface: transmitting (TX), receiv-
ing (RX), idle (IDLE) and sleep (SLEEP). Energy spent is
computed by multiplying the power consumption for the time
of permanence in a given state. So, for all possible states, we
have:

ETX = timeTX ∗ TX POWERcons

ERX = timeRX ∗ RX POWERcons

EIDLE = timeIDLE ∗ IDLE POWERcons

ESLEEP = timeSLEEP ∗ SLEEP POWERcons
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Power consumption in all states is varying device by device.
Anyway, having selected a given device, RX POWERcons,
IDLE POWERcons and SLEEP POWERcons are con-
stant values. On the other hand, TX POWERcons is depend-
ing on the transmit power level used. To take into account this
dependency we consider:

TX POWERcons = TX POWERoffset + F (TX POWER)

where TX POWERoffset, expressed in mW, takes into
account the power consumption at the input of the RF power
amplifier. F (TX POWER) gives the energy spent by the
RF power amplifier, depending on the output transmit power
TX POWER. This last contribution is strictly related to the
amplifier taken into consideration. In general the manufacturer
gives datasheet reporting that curve, or that of the absorbed
current, as a function of the output power. We have inserted
and interpolated (with an interpolation procedure adapted
from the Neville’s algorithm) the curve of the MAX2242 2.4
GHz to 2.5 GHz Linear Power Amplifier [6]. To help the
selection of the RX POWERcons, IDLE POWERcons,
SLEEP POWERcons and TX POWERoffset parameters
we have inserted some controls at the start of the simulation. If
these parameters do not satisfy some specific variation ranges
(established by considering many different wireless network
devices), an error is returned and a possible range for these
values is suggested. All this procedure allows to correctly
account for the energy consumption in all possible radio states.
Furthermore, we consider each node having at the start of sim-
ulation a given limited energy (i.e., not infinite energy), which
is decreased at each packet transmission, reception and during
idle and sleep states. In this way a given node can switch
off when it has exhausted its energy. This implementation can
help to better evaluate the energy performance since the sleep
mode protocol can be investigated also by means the number
of nodes died during simulation.

The effort to account for a correct energy consumption
behavior, has been followed by the effort to estimate the
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Fig. 5. Percentage of hosts died during simulation as a function of TIME ON
(up), MAX SLEEP (center) and N (down).

right packet loss during SLEEP. SAM has been improved
to estimate the number of packets lost during transmission,
reception and forwarding as a consequence of the unexpected
SLEEP state occurrence. These parameters can be collected by
averaging them on the whole network or can be reported node
by node. This allows, given a certain topology, to establish the
crucial network activities and the nodes more affected by the
relaying actions. This investigation could be useful to intro-
duce some mechanisms able to establish the better moments
to put a given node in sleeping. For example, by inserting a
simple control based on the ”drain rate” characterizing a node
(i.e., the network load passing through a node), it is possible to
better establish if that node could be easily put in sleep mode
or not (by delaying its entering in the sleep state). Otherwise,
if a node regularly forwards packet for a given node it could
advertise that node to delay the sleep entering (also by using
piggy-baking), by avoiding packet loss. In this case, minimal
modifications are necessary to our trivial sleep protocol and
no geographical information (as in the GAF case) or neighbor
density information (as in the AFECA case) are needed.

III. NUMERICAL RESULTS

We consider the following performance indexes:
• Success probability Psucc: number of correctly delivered

packets divided by the number of packets sent;
• Tot Energy: total energy spent during simulation (J);
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• Percentage of died hosts: percentage of hosts having
exhausted energy during simulation;

• Lost packet number: number of packets lost during TX,
RX or forwarding as a consequence of the sleep mode.

All performance indexes have been averaged during simulation
and on the network, i.e, they represent average global values.
At the MAC layer we use IEEE 802.11b [7], at the Network
layer we consider OLSR [8], at the Transport layer we
refer to UDP. In case of mobility the movement is pseudo-
linear. The sleep mode protocols parameters are: TIME ON
and MAX SLEEP (with UNIFORM distribution). The main
system parameters are reported in Table I. The results are
obtained by varying: TIME ON, MAX SLEEP, N , Nmob.

Figs. from 1 to 4 show Psucc and Tot Energy as functions
of TIME ON, MAX SLEEP, N and Nmob, respectively. Ob-
serving Fig. 1 (where we vary TIME ON and MAX SLEEP,
with N = 20 and Nmob = 0), we can note that, as
expected, by increasing the awake time TIME ON, increases
the success probability, but also the energy consumed. An
intuitive opposite trend is present by increasing the maximum
sleep time, MAX SLEEP. The graphs of Fig. 1 can be used to
establish a first simple trade off between fall in packet delivery
success and energy savings: we can fix the tolerated fall in
Psucc and the corresponding energy saving and then select
the relative sleeping time parameters. Similar considerations
hold regarding Fig. 2, where the same performance indexes
are reported by exchanging the role of the two sleeping
times. As further observation, we can note how a very little
increment in MAX SLEEP determines a dramatic fall in the
success probability and in the energy consumption, while the
TIME ON dependency seems more soft. Figs. 3 and 4 show
Psucc and Tot Energy as functions of N (with Nmob = 0) and
Nmob (with N = 20), having considered many TIME ON and
MAX SLEEP combinations. Also in these cases, a trade off
between performance fall and energy gain can be achieved.
Note that the general trend is quite independent on the
number of mobile hosts. Fig. 5 shows the percentage of
hosts died during simulations as a function of TIME ON
(varying MAX SLEEP), MAX SLEEP (varying TIME ON)
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Fig. 7. Number of packets, to be forwarded (up) and having reached the
fi nal destination (down), lost during SLEEP as functions of Nmob.

and N (for many TIME ON and MAX SLEEP combinations),
respectively. Note that by increasing TIME ON, N and by
decreasing MAX SLEEP, the percentage of hosts having ex-
hausted battery increases, as expected. Even if not reported
here for brevity, the percentage of died hosts remains the
same (quite 60%) by increasing the number of mobile nodes.
Finally, Figs. 6 and 7 report the number of packets to be
forwarded and having reached the final destination, lost during
SLEEP as functions of N (with Nmob = 0) and Nmob (with
N = 20), respectively, for many TIME ON and MAX SLEEP
combinations. We can first note that the higher packet loss is
addressed to the forwarding procedure, even if many packets
are lost also in the last hop of the global path. On the other
hand, even if not reported here for brevity, the number of
packet lost during transmission is negligible. Furthermore, the
lost packet number is increasing with N and is not affected
by the number of mobile nodes, Nmob. As expected, the
number of packets lost during sleep decreases by increasing
the awake time and by decreasing the sleeping time. Finally,
as explained above, all statistics can be used to implement
a suitable procedure, able to select the better periods and
mechanisms for the sleep mode control.
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Abstract—Chaotic phenomena observed in electronic
circuits have been investigated extensively. Recently, re-
searchers attempt to use chaos in applications such as
chaotic communication, chaotic encryption, and combina-
torial optimization problems. In particular, chaotic inte-
grated circuits are essential for practical use of the chaotic
systems. In this paper, we describe two IC implementa-
tions of the three-dimensional autonomous chaotic oscil-
lators, which were proposed by Shinriki and Inaba. These
circuits are designed and fabricated through MOSIS TSMC
0.35 µm CMOS process. Measurement results from the
chip are reported.

1. Introduction

Nonperiodic oscillations observed in deterministic sys-
tems, i.e., deterministic chaos, have been studied widely
in a field of natural science. Chaotic phenomena from
electronic circuits have been also investigated. Recently,
researchers attempt to apply chaos to real-world prob-
lems such as chaotic communication, chaotic encryp-
tion, and combinatorial optimization problems [1]–[4].
High-dimensional chaos is preferable in these applications.
For example, a secure communication exploits the high-
dimensional complexity of the chaotic system. Moreover,
a large-size combinatorial optimization problem may be
solved through high-dimensional chaotic dynamics. There-
fore, a compact chaotic integrated circuit is valuable.

Many chaotic circuits have been proposed [5]–[10].
However, most of the continuous-time chaotic circuits are
not suitable for an IC implementation, so that they are re-
alized with discrete elements. In this paper, we propose
integrated circuit techniques for the three-dimensional au-
tonomous chaotic oscillators proposed by Shinriki [11] and
Inaba [12]. For Shinriki’s chaotic circuit, we use an exter-
nal inductor. In contrast, we replace inductors in Inaba’s
chaotic circuit with gyrators. These circuits are designed
and fabricated through MOSIS TSMC 0.35µm CMOS pro-
cess. We report measurement results from these integrated
circuits.

2. Shinriki’s and Inaba’s chaotic circuits

In this section, we briefly explain Shinriki’s chaotic cir-
cuit [11] and Inaba’s chaotic circuit [12]. Figure 1 shows
Shinriki’s chaotic circuit. This circuit consists of a pair

Lg
CC 0

v 1v 2

i 

i d

Figure 1: Shinriki’s chaotic circuit [11].

of diodes, two capacitors, an inductor, and a linear nega-
tive conductance. In the figure,v1 andv2 express the volt-
ages across the capacitorsC andC0, respectively, andi ex-
presses the current that flows into the inductorL. The gov-
erning equations of the circuit are;



L
di
dt

= v1

C
dv1

dt
= −i − id

C0
dv2

dt
= gv2 + id,

(1)

where id is a sum of the currents of the diodes, which is
approximately given byid = (v1 − v2)15. Figure 2 shows a
chaotic attractor observed in Eq. (1).

-2.0

2.0

02
v

  
[V

]

-2.0 2.00
1v   [V]

Figure 2: A chaotic attractor observed from Shinriki’s
chaotic circuit withC = 0.00872µF, C0 = 0.00335µF,
L = 300 mH, andg = 47.7 µS.

Figure 3 shows Inaba’s chaotic circuit. This circuit com-
prises a diode, a capacitor, two inductors, and a linear neg-
ative conductance. In the figure,v gives the voltage across
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Figure 3: Inaba’s chaotic circuit [12].

the capacitorC, while i1 and i2 are the currents of the in-
ductorsL1 andL2, respectively.

Approximating the diode characteristic by Eq. (2), the
governing equations of the circuit in Fig. 3 are expressed by
a three-dimensional piecewise-linear ordinary differential
equations as Eq. (3). A chaotic attractor shown in Fig. 4 is
obtained from Eq. (3).

vd =

{
ri1 (ri1 ≤ V)
V (ri1 > V),

(2)



C
dv
dt

= −i1 − i2 + gv

L1
di1
dt

= v− vd

L2
di2
dt

= v.

(3)

-0.6

0.6

-6.0 6.00

0

v [V]

i [
m

A
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Figure 4: A chaotic attractor observed from Inaba’s chaotic
circuit withC = 0.00814µF, L1 = 100 mH,L2 = 1000 mH,
r = 997 kΩ, andg = 83.0 µS.

3. Integrated circuits and experimental results

Figure 5 shows a photomicrograph of the prototype chip
in which Shinriki’s and Inaba’s chaotic circuit shown be-
low are implemented. First, the circuits in Figs. 1 and 3 are
modified for the IC implementations. Then, these circuits
are fabricated through MOSIS TSMC 0.35µm CMOS pro-
cess. Power supply voltages of the chip areVDD = 2.5 V
andVSS = −2.5 V.

Figure 6 shows a straightforward integrated circuit im-
plementation of Shinriki’s chaotic circuit. Two-stage op-
amps are used for the negative conductance and the buffers.
The op-amp circuit is shown in Fig. 7. Table 1 summarizes
components in the op-amp circuit. The resistorsR1 andR2

Figure 5: A photomicrograph of the prototype chip which
implements Shinriki’s and Inaba’s chaotic circuits.

in Fig. 6 arep-diffusion resistors. We chooseR3 as a vari-
able parameter. We use an external inductor forL. Thepn-
junction diode is constructed with a couple ofp-diffusion
andn-substrate diffusion.

L
CC 0

v 1v 2

i 

i d

R1

R 2

R 3

Figure 6: Shinriki’s chaotic circuit integrated in the chip.
R3 andL are external elements.

Figure 8 shows attractors observed from the chip shown
in Fig. 5 when we vary the resistorR3 in Fig. 6. A period-
doubling bifurcations cascade is observed as shown in Fig.
8, which is similar to the one form the original circuit.
Moreover, we estimated Jacobian matrix from the mea-
sured time-series, and then calculated the maximum Lya-
punov exponent. Nonperiodic oscillations in Figs. 8 (d1),
(d2), and (e) give the positive maximum Lyapunov expo-
nents of 0.017, 0.021, and 0.029, respectively. Therefore,
we can conclude that these nonperiodic phenomena are
chaotic.

Figure 9 shows the modified Inaba’s chaotic circuit for
the IC implementation. We use Riordan gyrators [13]
shown in Fig. 10 to simulate inductors in Inaba’s chaotic
circuit. The input impedance of the gyrator is given by
Eq. (4).

Zin =
R1R2R4

R3/(sC)
(4)

The circuit parameters of the gyrator forL1 in Fig. 9
are R1 = R3 = R4 = 10 kΩ, R2 = 19.91 kΩ, and
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Figure 7: The two-stage op-amp circuit.

Table 1: The circuit parameters for the two-stage op-amp.

Sizes
Elements Fig. 6 Fig. 9

W/L of M1 10µm/2 µm 120µm/4 µm
W/L of M2 10µm/2 µm 120µm/4 µm
W/L of M3 8.8µm/2 µm 2 µm/4 µm
W/L of M4 8.8µm/2 µm 2 µm/4 µm
W/L of M5 3.2µm/2 µm 8 µm/4 µm
W/L of M6 120µm/2 µm 248µm/4 µm
W/L of M7 128µm/2 µm 540µm/4 µm
W/L of M8 1.6µm/2 µm 8 µm/4 µm
W/L of M9 1.8µm/2 µm N / A
W/L of M10 1.8µm/5.6µm 0.8µm/14µm

Cc 2.4 pF 1.1 pF

C = 6 pF, while those forL2 are,R1 = R3 = R4 = 10 kΩ,
R2 = 10.24 kΩ, andC = 6 pF. Note that parasitic negative
conductances exist in the gyrators. Therefore, we connect
the external resistorsRL1 andRL2 in parallel to the gyrators
in order to control these negative conductances as shown in
Fig. 9. In Fig. 9,pn-junction diodes are realized with the
p-diffusion andn-substrate diffusion. The gyrators and the
buffer in Fig. 9 use the two-stage op-amps in Fig. 7. The
components for the two-stage op-amp are shown in Table 1.

The observed attractors from the chip shown in Fig.
5, when we vary the resistorRL1, are shown in Fig. 11.
These attractors are reconstructed using the time-delay co-
ordinate. That is, the horizontal axis expresses the volt-
age across the capacitor, and the vertical axis expresses
the voltage with a delay of 0.3µsec. Through the period-
doubling bifurcations cascade, nonperiodic attractor is ob-
served as shown in Fig. 11. From these results, we esti-
mated Jacobian matrix, and calculated the maximum Lya-
punov exponent. The maximum Lyapunov exponent for
the attractor shown in Fig. 11 (d) is 0.049. Therefore,
we can conclude that the nonperiodic attractor observed in
Fig. 11 (d) is chaotic.

4. Conclusions

In this paper, we have integrated Shinriki’s and Inaba’s
chaotic circuits using MOSIS TSMC 0.35µm CMOS pro-
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Figure 8: The attractors observed from the integrated Shin-
riki’s chaotic circuit withR1 = R2 = 10 kΩ, C = C0 =

10 pF, andL = 30 mH; (a1) period 1 (R3 = 115.7 kΩ),
(a2) period 1 (R3 = 110.7 kΩ), (b1) period 2 (R3 =

101.1 kΩ), (b2) period 2 (R3 = 103.1 kΩ), (c1) period 4
(R3 = 90.8 kΩ), (c2) period 4 (R3 = 99.7 kΩ), (d1) chaos
(R3 = 76.2 kΩ), (d2) chaos (R3 = 84.7 kΩ), and (e) chaos
(R3 = 68.2 kΩ).
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Figure 9: The modified Inaba’s chaotic circuit using the
gyrotors.
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Figure 10: The Riordan gyrator circuit [13].

cess. In both circuits, period-doubling bifurcations cascade
and chaos were observed. As a future problem, we will
fully-integrate these circuits, although some external ele-
ments have been used in the current implementations.
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Abstract– This work presents a discrete reversing 
trajectory approach for the implementation of the 
reversing trajectory method for asymptotic stability region 
estimation of nonlinear discrete polynomial systems. The 
proposed technique is based upon a polynomial 
development of the inverse model of the recurrent 
polynomial considered system. This algebraic formulation 
is then applied in a four step algorithm yielding a large 
and similar domain of stability as obtained with the 
continuous reversing trajectory technique. Based on some 
topological considerations the systematic computational 
algorithm is then applied on the second order polynomial 
model of Hahn. A satisfactory result is obtained which 
show the benefits of methods to maximize the region of 
asymptotic stability. 
 
1. Introduction 

 
The problem of estimating the stability domain of an 
equilibrium point is of fundamental importance for many 
disciplines in engineering and sciences [2] and [7]. Two 
main methods for estimating the stability domain  of 
equilibrium points have been proposed in the literature : 
Lyapunov and non-Lyapunov methods.  
 
The Zubov's approach [8] offers a technique for 
computing the entire Region of Asymptotic Stability 
(RAS) via the optimal Lyapunov Functions. It has been 
found that for some continuous second order systems, the 
use of approximated solutions of the linear partial 
differential equations to construct the optimal Lyapunov 
functions may result in conservative estimations [1]. 
 
The Trajectory Reversing Method, is a non Lyapunov  
technique [2], [5], [6], [10], [11] and [12], which provides 
the estimation of stability boundary through a large 
number of system trajectories obtained by backward 
integrating the differential equation of the system 
continuous model. This approach can be considered as 
very practice and efficient for the enlargement of an initial 
domain of stability. However this interesting  approach 
has been developed only for continuous systems and  no  
work has considered the discrete non linear case. 
 

In this work we intend to extend the trajectory reversing 
method for discrete nonlinear systems. For this goal we 
propose an approach of a polynomial discrete model 
inversion. The obtained  inverse model is applied to 
perform  a backward iteration from the boundary of a 
guaranteed initial domain of stability, which leads to a 
large region of asymptotic stability. 
 
 Our contribution is presented in this paper in four 
sections as follows : after this introduction,  the section 2 
introduces a description of the studied discrete nonlinear 
polynomial systems and describes the considered problem. 
In section 3 a new backward iteration approach of discrete 
nonlinear polynomial model is exposed. Section 4 is 
devoted to develop an algorithm which presents the main 
steps of the discrete reversing trajectory method. In the 
last section an illustrative example of the well known 
Hahn model [5],[6] is reported to prove the efficiency of 
the proposed approach. 

 
2.  Reversing Trajectory Method Formulation 

 
We consider the autonomous nonlinear discrete-time 
system given by: 

                                (1) ( kk XFX =+1 )
 Without lose of generality we consider that the Function 
F(.) is analytical and can then be developed into the 
following polynomial form using Kronecker product [5]: 

[ ]∑
=

+=
r

i

i
kikk XFXFXF

2
1 ..)(                                (2) 

where [ ] nT
nkkkk xxxX ℜ∈= ...21

riFi ,...1,

is the state 

vector; = are matrices of ( )inn ×
[ ]i
kX

 dimensions, 

r is the truncation order and designates the ith order 
Kronecker power of the state Xk. The system (1-2) will be 
referred as a polynomial system of order n and degree r. 
Particularly quadratic polynomial systems correspond to 
(n=2, r=2), cubical polynomial ones correspond to (n=3, 
r=3) and quadratic+cubic polynomial systems correspond 
to (n=2, r=3). 
In the following, we assume that the linear part of the 
model (1) is asymptotically stable, which means that F1 is 
a Schur matrix, i.e. the norm of all its eigenvalues are less 
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than one (║ eig (F1)║<1), and that the polynomial model 
(2) ensures the existence and the uniqueness of the 
solution X(k,X0) for a given initial state X0 for k=0. 
 
The region of asymptotic stability of an asymptotically 
stable equilibrium point =0, considered as the origin, 
is defined as the set D of all initial points X

eX
0, such that: 

D = { ,  exists for all k, nX ℜ∈0 ( 0, XkX )

)
) )

)

and } ( ) 0,lim 0 =
∞→

XkX
k

Let Xe =0 be a locally asymptotically stable equilibrium 
point. Consider Ω to be its stability region and 

 its boundary.  is invariant and formed by 
whole trajectories of the system (1) [8]. We shall assume 
that Ω  is not dense in Rⁿ. This is always the case if 
(1) has more than one stable equilibrium point. The result 
of the trajectory reversing method is an (n-1)-dimensional 
set of Rⁿ which constitutes the boundary of a region 
denoted . 

( eX
Γ( eXΓ ( eX

( eX

XΓ( )e
Since, the trajectory reversing method requires the 
inversion of  the polynomial recurrent equation (1), one 
has to explicit the relation : 
 

( )1
1

+
−= kk XFX                           (3) 

A polynomial approach to the characterization of this 
inverse model  is proposed in the next section. . 
     
3. Proposed technique of nonlinear discrete model 
inversion 

 
The main problem faced the trajectory reversing method is 
the inversion of  the polynomial recurrent state equation  
(1-2). An interesting idea is to try to characterize the 
inverse model as a polynomial form : 
 

( ) ( 11
1

++
− == kkk XGXFX )                          (4) 

 
where the vectorial function G(.) is given by : 

                          (5) [ ]∑
≥

+=
1

1.
i

i
kik XGX

riGi ...,,2,1 , =  are matrices of ( )inn ×  dimensions to 
determine.   
Let’s compute the Kronecker power of X  presented in 
(5). We denote : 

k

[ ]

[ ] [ ]

[ ] [ ]
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=
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+
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+
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+
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j
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22
1

1
1

M
     (6)               

 Then, it can be verified that : 
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When replacing [ ]i
kX  in (2)  by its expression given  (6), 

it turns out : 

    (8) 
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+=

∑

∑

Hence, it is easy to identify the G matrices in (5) by 
solving the following  equation matrix system 

i
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j
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ij

n

GF

GFGF
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22

1
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1
11
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.

                          (9) 

for  i=1 to r where r is a truncation order assumed to be 
sufficient to have interesting results.  
 
The solutions of  the equations (9) are  given by: 
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rir GFFG
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1
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                   (10) 
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4. Algorithm of the stability domain estimation of 
nonlinear discrete System 
 
 Once the inversion of the recurrent equation (1) is 
performed as presented in previous section, the trajectory 
reversing method can be applied following a four steps 
conceptual algorithm:  
  
• Step 1: Determine all equilibriums of (1), i.e. find all 

solutions of the set of discrete-time polynomial 
nonlinear equations . ( ) 0=kXF

• Step 2: Study the asymptotic stability of all 
equilibriums. The asymptotic stability of follows 
from the eigenvalues of the linear part of (1). i.e. the 
norm of all eigenvalues of are less than one. 

eX

1F
• Step 3: For each local asymptotic stable equilibrium 

point , find an initial set Ω where asymptotic 
stability is guaranteed. This initial region of 
asymptotic stability of system (1) can be obtained as a 
ball centered in the origin and of radius R  solution 
of the following equation [ 3] : 

eX 0

0

∑
=

−− =
−

−
r

k

kk
k c

RcF
2

1
0

1 01.. α
           (11) 

where c and α are positive reals verifying the 
following inequality: 
 

000 . kkcF kkkk
k ≥∀≤ −− α            (12) 

• Step 4 : For each X , boundary of the 
guaranteed region of stability , perform the 
backward iteration based on (5) and (10). A practical 
implementation leads to characterize simple 
connected area  such that 

. These domains are bounded by closed 
forms which are included in the 
searched region of asymptotic stability (RAS). 

00 Γ∈

i ,2,1,0 =Ω

r

0Ω

r...,

kk Ω⊃Ω +1
ii , =Γ ...,,2,1

 
 

5.  Simulation Example 
 
In this section, a possible use of the proposed approach  
for obtaining a global region of asymptotic stability is 
discussed for the well known Hahn model. 
The first issue we want to illustrate is the presentation of 
the discrete polynomial Hahn model. The continuous 
polynomial Hahn model is described by the following 
equations : 







−=

+−=

22

.
2

2
111

.
..2

xx

xxxx
                         (13) 

 

In order to discretize the polynomial model (13) of Hahn 
system, we have used the approximation of Newton-
Raphson [9]. This yields easily to the following 
expression. 

( )






−−=
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+

+
Txxx

Txxxxx

kkk

kkkkk
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2212

2
2
11111           (14) 

 
where T is the sampling period;     
 
 It is easily verified by choosing T=0.05, that (14) can be 
presented by the following polynomial state form: 
 

[ ]3
311 .. kkk XFXFX +=+                    (15) 

    where ;  







=

95,00
095,0
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= ×

00
0

1,00

623F

 As presented in section 3, the backward iteration of 
polynomial discrete model (15) yields the following 
reversing recurrent equation: 
 

[ ] [ ]3
13

2
1211 ... +++ ++= kkkk XGXGXGX         (16) 

 
    By referring to equation (10), it turns out that the 
matrices G1, G2 and G3 are respectively given by: 
 









=

0526,10
00526,1

1G







 −
=

00

1228,00

3G

; G ;

 

[ ]422 0 ×=









×0 62

The origin is the only equilibrium point of system (15). 
The autonomous state matrix F  presented in (15) is a 
Shur matrix. The set defined by the origin centered disc of 
radius R

1

0=0.33 is then an asymptotic stability domain of 
the considered system, which could be considered as an 
initial guaranteed stability domain for the reversing 
trajectory method. 
   
 By applying the algorithm of the trajectory reversing 
method as mentioned in the previous section and using the 
inverse model (16) different regions of asymptotic 
stability are obtained  for different numbers of  backward 
iterations with T=0.05s. The figure 1 represents the region 
of stability obtained after 20 iterations, and the region of 
stability represented in the figure 2 is obtained after  50 
iterations.  
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Figure 1: Boundaries of the domain of stability obtained 
after 20 backward iterations of the discrete model (16) 

 
Figure 2: Global region of asymptotic stability of the 
polynomial discrete system (14) 
 
When comparing the obtained domain of Figure 2 with 
the domain presented in [6] for the continuous model, one 
can obviously remark that the two regions of asymptotic 
stability are identical. This result shows the validity of the 
proposed discrete approach of the reversing trajectory 
method for estimating the asymptotic stability domain of 
discrete non linear systems.  
 
6. Conclusion 
 This paper is aimed at the stability domain estimation  of 
the non linear polynomial discrete-time systems.  In this 
perspective, we have proposed an approach for the 
discrete polynomial model inversion. This discrete model 
inversion is used to implement the discrete algorithm of 
the trajectory reversing method for the asymptotic 
stability domain determination  of non linear discrete 
systems. 
The proposed technique has been applied to a non linear 
discrete model  corresponding to the known continuous 
Hahn model, and interesting result has been reached since 
the obtained stability domain of the discrete system is 

really confused  with the stability domain of the initial 
continuous model.   
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Abstract—Arts and mathematics have very interesting
relations. Golden ratio, Fibonacci series, or fractal patterns
are well-known examples showing there are mathematical
structures behind its beautifulness. The mathematical no-
tation of the relation seems to be interesting to understand,
and create, graphical arts/designs. Our researches aim to
clarify sensuousness on graphical arts/designs in a scien-
tific manner. In this paper, the authors focus to analyz-
ing human’s impression mechanism about fractal patterns,
which are often appeared in the graphical arts and designs.
The authors also aim to model mathematically human’s ca-
pability to classify impressions about graphic patterns. For
this purpose, the authors introduce a couple of impression-
scaling methods which quantify impressions of fractal pat-
terns generated by using L-System. Experimental results
show these two methods well describe impressions to the
fractal patterns of human beings.

1. Introduction

There is a lot of connection with arts and mathematics.
Since ancient times, scientists have been deeply interested
in the clarification of sensuousness in a scientific manner.

For example, Pythagoras, who was a great philosopher
and mathematician in ancient Greece, recognized the re-
lation between music and mathematics for the first time
in history. He discovered the music scale that was called
Pythagorean scale, and led the development of the follow-
ing European music.

In area of figurative arts such as architecture, painting,
sculpture and so on, the golden ratio is a representative ex-
ample of the clarification of sensuousness in a scientific
manner. If the ratio of two sides of a rectangle is the golden
ratio, the rectangle is called “golden rectangle”. It has been
believed that the golden rectangle is the most beautiful rect-
angle. Actually, the golden ratio and the golden rectan-
gle are implicitly or explicitly used for the pyramid, the
Parthenon, Picasso and Hokusai’s works, etc.

In the natural world, the golden ratio appears especially
in living beings. The golden ratio or Fibonacci series,
which is the approximate expression of the golden ratio, is
seen in plant structure, spiral of snail, and body structure of
human beings, etc. It is possible that we find beautifulness
in the golden ratio since that mathematics exists behind the
nature.

Arts and mathematics have very interesting relations in
those ways; and it is conceivable that clarifying the rela-
tions will lead new artistic or mathematical knowledge.

The authors report the recent progress on their research
of mathematical notation of relationship among graphical

generator
generate

classify classify

classifierclassifier
(model)(human)

(model)

compare

Figure 1: The generator and the classifier.

arts/designs and human’s impression about pattern designs.
The authors focus to fractal patterns since the fractal pat-
terns are often appeared in the graphical arts and designs.

2. Aesthetic Classification Modeling

It is common knowledge that human can classify the pat-
terns by impression. In this paper, the authors aim to model
the aesthetic classification in mathematic manner, which
is human’s capability to classify impression about the pat-
terns. In this chapter, the authors describe what mathemat-
ical algorithm might be a good model of the aesthetic clas-
sification, and deliver how the mathematical model of the
aesthetic classification is made. For this purpose, the au-
thors explain the concept of generator and classifier, which
are functions that human has for aesthetic classification
(see Figure 1).

The generator is a creator of graphical pattern from a
certain impression. One of concrete example of the gen-
erator is an activity that designers make their works from
images in their brains. The classifier is an extractor of cer-
tain impression from the pattern. One of concrete example
of the classifier is an activity that consumers choose com-
mercial products according to their preference. Human be-
ings have both generators and classifiers. By this way the
authors have to model both generator and classifier for hu-
man’s ability of aesthetic classification.
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converting character string
to fractal pattern

character string fractal pattern

Figure 2: L-System

The authors explain how they make the mathematical
model of the aesthetic classification. First, the patterns are
classified by using a certain mathematical algorithm. If the
result of this classification and the result of human’s classi-
fication are corresponding, the mathematical algorithm can
be said to be a model which has the function as a classi-
fier. Next, the patterns are generated by using the math-
ematical algorithm. If human can classify the generated
patterns similarly, this mathematical algorithm can be said
be a model which has the function as a generator.

In this paper, the authors propose methods for mathemat-
ically modeling the aesthetic classification on fractal pat-
terns, and show experimentally that the methods are effec-
tive as classifier. Though it is also necessary to show that
the methods are effective as generator, the authors have not
worked on this yet; the author choose L-System as a provi-
sional generator in this paper.

3. Synthesis of Fractal Patterns

Fractal patterns can be synthesized by using L-
System[1]. L-System was invented in 1968 by Aristed
Lindenmayer[2], who was a theoretical biologist. The L-
System was originally intended to be an algorithm for de-
scribing growth of plants. Simple inputs to the L-System
generate some complex output that are kind of fractal.

The authors need an amount of different fractal patterns
for examining the difference of human’s impression on the
different fractal patterns which have mathematical forms.
The authors simply explain the algorithm of L-System as
follows.

L-System consists of a starting character string and re-
placing rules applied to it. L-System replaces the start-
ing character string based on the replacing rules, recur-
sively. In consequence, a complex character string with
self-similarity is generated. In addition, each character has
a geometrical information (‘F’ means drawing a line seg-
ment, ‘+’ and ‘−’ means rotating). Finally, by converting
the generated character string into geometrical information,
the fractal pattern is generated.

Figure 2 shows the appearance that the character string
and the fractal pattern are generated, where the starting
character string is ‘F’, the replacing rule is ‘F+F−−F+F’,
the angle on ‘+’ and ‘−’ are 60[deg], and the number of it-
eration is two.

Figure 3 shows the example of fractal patterns generated

Figure 3: Example of fractal patterns generated by L-
System

l

s

Figure 4: Aesthetic fractal convergence C

by L-System. The impression of the fractal patterns are
various.

4. Methods for Analyzing Fractal Patterns

Impressions of fractal patterns are various from person to
person; thus some metric system is required for scaling the
impression of the patterns. The authors hereby introduce
a couple of impression-scaling methods, named aesthetic
fractal convergence, and aesthetic structural components.

4.1. Aesthetic Fractal Convergence

Fractal dimension is a well-known parameter of quanti-
fying the complexity of fractal structure. The authors ex-
pand the idea of the fractal dimension to fractal patterns,
and propose aesthetic fractal convergence as a parameter
that describes intricacy of fractal patterns generated using
L-System.

The authors define the aesthetic fractal convergence as
follows. Sum of lengths of drawn line segments in frac-
tal pattern is denoted s. The length of side of the circum-
scribed square on the fractal pattern is denoted l. The aes-
thetic fractal convergence is defined as C = log s/ log l (see
Figure 4).

The fractal pattern with great aesthetic fractal conver-
gence is drawn by overcrowding line segments in a small
area. As a result, the impression of the fractal pattern be-
comes intricate (see Figure 5).
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Figure 5: The relationship between fractal patterns and aes-
thetic fractal convergence

θ
1

θ
2

Figure 6: Partial Figure

θ
1

θ
2

Figure 7: Partial Figure Map

4.2. Aesthetic Structural Components

Impressions of figures are often influenced by the im-
pression of their details that compose whole figures. This
effect is especially strong when human sees fractal patterns
due to its self-similarity. Thus the authors propose aesthetic
structural components as a map of describing the composi-
tion of fractal patterns.

To explain the aesthetic structural components, partial
figure and partial figure map are defined as follows. The
partial figure is defined as a figure that consists of three-line
segments of equal lengths. These three-line segments make
two angles, θ1 and θ2 (see Figure 6). The partial figure map
is defined as a map where partial figures are placed with θ1
and θ2 as axes (see Figure 7).

By using the partial figure and the partial figure map,
aesthetic structural components is obtained as follows. To
analyze the components of fractal pattern, the fractal pat-
tern is resolved to partial figures. Next, the ratio in the
obtained partial figures is mapped to partial figure map as
a gray-scale value (see Figure 8). The authors denote this
map the aesthetic structural components.

The bit maps in the lower part of Figure 9 is the cor-
responding aesthetic structural components of the fractal
patterns shown in the upper part of Figure 9. If a couple
of aesthetic structural components are similar, the impres-
sions of the patterns are also closed.

Components similarity, M is defined as the regularized
sum of absolute differences (SAD) of the aesthetic struc-
tural components,

M = 1 −
∑

i, j

∣∣∣ai j − bi j

∣∣∣
2

(1)

where ai j, bi j are i-th elements of the aesthetic structural
components of two fractal patterns, say, A and B, respec-
tively. If M of two comparing figures is the greater, com-
ponents of those two figures are the closer, and the impres-
sions of them are also the closer.

Figure 8: Process for making aesthetic structural compo-
nents

Figure 9: The relationship between fractal patterns and aes-
thetic structural components

5. Experiments and Results

The authors verify whether aesthetic fractal convergence
and components similarity well describe impressions to
fractal patterns of human beings. The fractal patterns tar-
geted by these experiments are limited on the following pa-
rameters; the starting character string is ‘F’, the replacing
rule has four ‘F’, and the number of iteration is four.

5.1. Experiment and Result on Aesthetic Fractal Con-
vergence

The purpose of this experiment is to verify that there is
a correlation between aesthetic fractal convergence C and
intricateness that examinees feel in fractal patterns.

Examinees were ten persons from 22 to 25 years old.
Nine fractal patterns (each patterns are printed separately
on pieces of paper) whose C was in the range of 1.0 < C ≤
1.5 were prepared. They were brought together as group A.
Similarly, nine fractal patterns whose C was in the range of
1.5 < C ≤ 2.0 were brought together as group B. In this
way, ten groups from A to J were prepared at intervals of
0.5 aesthetic fractal convergence.

The ten sample groups were presented to the examinees.
The examinees were to locate the samples (peaces of paper)
on a workspace (desktop) labeled from 0[cm] to 70[cm],
based on their feelings of intricateness of each samples.
The examinees expressed their degree of intricateness of
the samples by distance from the edge of the space, where
position at 0[cm] (the leftmost position) meant the least
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Figure 10: The relationship between aesthetic fractal con-
vergence and subjective intricacy

intricateness and position at 70[cm] (the rightmost posi-
tion) meant the most intricateness. These positions were
recorded as subjective intricacy of the sample.

Figure 10 shows the relation between aesthetic fractal
convergence and subjective intricacy obtained by this ex-
periment, where the subjective intricacy is an average of all
examinees. Correlation coefficient between aesthetic frac-
tal convergence and subjective intricacy was 0.98.

5.2. Experiment and Result on Components Similarity

The purpose of experiment is to verify that there is a cor-
relation between components similarity M and similarity
(or likeness) that human feels from fractal patterns.

Examinees were ten persons from 22 to 25 years old.
A single fractal pattern was selected as a standard pattern,
and other 20 patterns with different components similarity
to the standard pattern were prepared as sample patterns.
The samples are selected in order to reduce the influence
of aesthetic fractal convergence on the impressions, the au-
thors set conditions on this experiment that the difference
between standard pattern and each left patterns on fractal
convergence didn’t exceed 0.4.

First, the standard pattern is presented to the examinees,
and it was put on the edge of the workspace (desktop) la-
beled 0[cm]. Next, 20 sample patterns were presented to
the examinees. The examinees locate the sample patterns
between 0[cm] and 70[cm] of workspace, based on sim-
ilarity by their feelings. These lengths were recorded as
subjective similarity of the sample.

Figure 11 shows the relation between components simi-
larity and subjective similarity obtained by this experiment,
where the subjective similarity is an average of all testees.
As a result, the correlation coefficient between components
similarity and subjective similarity was 0.76.

6. Discussion

There is a very strong correlation between subjective in-
tricacy and aesthetic fractal convergence; the correlation
coefficient of them is 0.98 from the experimenttal result on
aesthetic fractal convergence. It can be said that the aesthtic
fractal convergence is a parameter that expresses well intri-
cateness feelings in fractal patterns. It is conceivable that

Figure 11: The relationship between components similarity
and subjective similarity

the impression of fractal patterns can be classified by the
proposed aesthetic fractal convergence.

There is a strong correlation between subjective similar-
ity and components similarity; the correlation coefficient of
them is 0.76 from the experimental result of components
similarity. It can be said that the components similarity is a
parameter that expresses well similarity feelings in fractal
patterns.

There were, however, some problems remained in this
experiment. The proposed components similarity consid-
ers only a similarity of partial components in fractal pattern
and doesn’t consider what shape the entire pattren is. Hu-
man beings feel a couple of figures similar if the silhouette
of those figures are alike, even though the component of
them are quite different. Some influences of entire shapes
figures to the human’s impression are to be considered.

7. Conclusion

This proposal aims to discover how human beings feel
their impression from the graphic patterns. In this pa-
per, the authors analyzed impression of fractal patterns
generated by using L-System, by introducing a couple of
impression-scaling methods named aesthetic fractal con-
vergence and aesthetic structural components. Experi-
mental results show these two methods well describe im-
pressions to the graphic patterns of human beings.
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Abstract—The quadratic assignment problem (QAP) is
one of the nondeterministic polynomial (NP)-hard com-
binatorial optimization problems. We have implemented
the chaotic exponential tabu search algorithm into a mixed
analog/digital hardware system for size-10 QAPs. Further-
more, we have proposed two parallel processing algorithms
to improve the speed of the system, at the same time, to
extend the system size for a large-scale QAPs. In this pa-
per, we further improve the parallel algorithm, in particular,
taking the hardware constrains into account. First, a novel
formulation of the QAP with 4-dimensional matrix instead
of two 2-dimensional matrices in a standard formulation is
proposed. Then, we propose a practical parallel algorithm
suitable for a modular mixed analog/digital hardware archi-
tecture.

1. Introduction

The quadratic assignment problem (QAP) is one of the
NP-hard combinational optimization problems [1]. Obtain-
ing the optimal solution of the QAP requires impractical
computational time. Currently, the optimum solution of
the QAP with size more than 36 is unknown [1]. There-
fore, heuristic methods are very important to find good near
optimum solutions in reasonable time.

Tabu search with 2-opt algorithm is one of such heuristic
methods [2], which escapes from undesirable local minima
by using a tabu list. Once a certain 2-opt exchange is stored
in the tabu list, the same exchange is forbidden forx iter-
ations, wherex is a tabu list size, and becomes available
afterx iterations.

Hasegawa et al. proposed an implementation of the tabu
search on a neural network [3]–[5]. Furthermore, they ex-
tended the ordinary tabu to an exponential tabu by using
exponential decay of the refractoriness of a neuron model.
Moreover, they introduced chaotic search into the expo-
nential tabu search by replacing static neurons with chaotic
neurons [3]–[5]. As a result, they confirmed superior per-
formance of the chaotic exponential tabu search in solving
the QAP through computer simulations.

We proposed an efficient mixed analog/digital circuit
hardware for the chaotic exponential tabu search algo-
rithm [6], [7]. The hardware system uses switched-current

chaotic neuron integrated circuits for a rapid implementa-
tion of physical chaotic dynamics [8], [9]. However, the
hardware system uses a sequential update of a neuronal
states, so thatn × n updates (n is the size of the QAP) are
required for one iteration of the algorithm. Therefore, it
would take a large amount of time for a large-size QAP.
To overcome this problem, we have proposed two parallel
processing algorithms [10].

In this paper, we further improve the parallel algo-
rithms under the hardware constrains. First, we use a 4-
dimensional matrix to calculate the objective function of
the QAP instead of two 2-dimensional matrices used in
a standard formulation. The scaling and quantization of
the original problems, which is necessary for a hardware
implementation, are done using the 4-dimensional matrix.
(We do not mention these in this paper because of the space
shortage.) Then, we propose an improved parallel process-
ing algorithm suitable for a modular hardware architecture
for a large-scale QAP. Finally, we discuss the number of
neurons, which are simultaneously updated in the parallel
algorithm, in order to obtain a good balance between the
hardware overhead and the processing speed.

2. Quadratic Assignment Problem Formulation with a
4-Dimensional Matrix

The QAP of sizen consists ofn locations andn units. An
n×n “distance” matrix denotes mutual distances among the
locations. Moreover, ann× n “flow” matrix expresses mu-
tual relations among the units. The QAP is defined such
that we should find an assignment of the units to the loca-
tions that minimizes the cost functionF p given by

F p =
n∑

g=1

n∑

h=1

aghbp(g)p(h) =

n∑

g=1

n∑

h=1

cghp(g)p(h), (1)

where p is a permutation ofn elements given by eq. (2),
which expresses one of the feasible solutions,agh is the
distance between the locationsg andh, bp(g)p(h) is the flow
between the unitsp(g) andp(h), andp(g) represents thegth
element of the permutationp.

p : (p(1), p(2), · · · , p(g), · · · , p(h), · · · , p(n)). (2)
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If the current permutationpgives the minimum ofF p, p is
the optimal solution.

We now introduce a new 4-dimensional matrixcghp(g)p(h)

given by the product ofagh and bp(g)p(h). The use of
pre-calculated 4-dimensional matrix drastically reduces the
processing speed and hardware requirements because the
calculation ofF p, as a result, dose not involve any multi-
plication but only additions as shown in section 4.

3. Chaotic Exponential Tabu Search

Assuming the size of the problems isn, the neural net-
work composed ofn × n chaotic neurons as shown in Fig.
1(a) is prepared. In [3]–[5], the state of each neuron is up-
dated one by one from the (1,1)th neuron in the network
to the (n,n)th neuron. We denote this update sequence as
one “iteration.” If the (i, j)th neuron in the network fires
on the course of updating, the elementi of the permutation
p is assigned to the indexj as shown in Fig. 1(b). At the
same time, the elementp( j) is assigned to the indexq(i).
These exchanges are referred to “(i, j)” and “(p( j),q(i))”
assignments, respectively.

: neuron

j

i

1

3

2

n

1 2 3 n

(a)

p:( p(1) , . . . , p( j ) , . . . ,  i  , . . . , p(n))

p:( p(1) , . . . ,  i  , . . . , p( j ) , . . . , p(n))

index:        1     , . . . ,     j     , . . . ,     q(i)     , . . . ,     n

(i, j) and (p(j), q(i)) assignments

index:        1     , . . . ,     j     , . . . ,     q(i)     , . . . ,     n

(b)

Figure 1: (a) The neural network for the QAP of sizen,
and (b) the permutationp and the (i, j) and (p( j),q(i))-
assignments.

The chaotic dynamics of the (i, j)th neuron in the net-
work used in our hardware system is defined as follows
[11]:

ξi j (t + 1) = β{F p
1 (t) − F

p
i j (t)}, (3)

ηi j (t + 1) = kf ηi j (t) − αxp( j)q(i)(t) + R, (4)

ζi j (t + 1) = krζi j (t) − αxi j (t) + R, (5)

yi j (t + 1) = ξi j (t + 1)+ ηi j (t + 1)+ ζi j (t + 1), (6)

xi j (t + 1) = f {ξi j (t + 1)+ ηi j (t + 1)

+ζi j (t + 1)}, (7)

whereF
p
1 (t) is the current cost function,F p

i j (t) is the cost
after the (i, j)-assignment. Therefore, the internal state
ξi j (t + 1) gives the gain of the cost function resulting from
the (i, j)-assignment, whereβ is a scaling parameter of the
gain. Moreover the internal stateηi j (t) is a sum of feed-
back from other neurons and tabu effect for the (p( j),q(i))-
assignment, the internal stateζi j (t) is the tabu effect for
the (i, j)-assignment,α is a scaling parameter for the tabu
effect, kf and kr are decay parameters for the tabu ef-
fect, R is an external bias, andf (·) is a monotonically in-
creasing nonlinear output function of the neuron. During
the sequential updating process, the (i, j)th neuron fires if
xi j (t + 1) ≥ 0.5.

4. Gain Calculation Using the 4-Dimensional Matrix

Eq. (3) gives the gain resulting from the (i, j)-
assignment. By substituting eq. (1) to eq. (3), the gain can
be simply calculated with the 4-dimensional matrix as;

F
p
1 (t) − F

p
i j (t) = c j jp( j)p( j) − c j jii

+ c jq(i)p( j)i − c jq(i)ip( j)

+ cq(i) jip( j) − cq(i) jp( j)i

+ cq(i)q(i)ii − cq(i)q(i)p( j)p( j)

+

n∑

k=1,k,i, j

{ck jp(k)p( j) − ck jp(k)i

+ ckq(i)p(k)i − ckq(i)p(k)p( j)

+ c jkp( j)p(k) − c jkip(k)

+ cq(i)kip(k) − cq(i)kp( j)k}, (8)

whereci jkl is the (i, j, k, l)th element of the 4-dimensional
matrix defined in eq. (1). It should be underscored that
we don’t need any multiplication in eq. (8) thanks to the
4-dimensional matrix.

5. A Hardware System Architecture Using Parallel Al-
gorithm

We constructed the prototype hardware system and con-
firmed good performance of the system [6], [7]. However,
the maximal size of the QAP for the prototype system was
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10, in which the standard 2-dimensional formulation was
employed.

In this section, we propose a modular hardware system
architecture for large-scale QAPs. In order to improve the
speed and efficiency of the system, and at the time, to min-
imized the hardware overhead, we propose an improved
parallel processing algorithm based on the predecessors in
[10].

5.1. Parallel algorithm

The simultaneous calculation of the gains given by eq.
(8) for some neurons, of which internal states are also up-
dated simultaneously, realizes a parallel processing scheme
for the exponential chaotic tabu search hardware system.
The details are as follows:

We first pick upm consecutive neurons in the network
starting from the first neuron in the 2-dimensional network
shown in Fig. 1(a), i.e., the (1, 1)th neuron. Then, we up-
date all of thesem neurons, and calculate the gains of the
cost function for each of these neurons simultaneously. Fi-
nally, we chose the neuron that has the largest internal state
valueyi j . If the neuron with the largestyi j fires, we execute
the 2-opt exchange.

If the parallel numberm is changed depending on
the problem, the hardware system will be very complex.
Therefore, we should fix the numberm. With the fixed
value ofm, the neurons in the network are updated as fol-
lows: For example, when we solve the size-17 QAP with
m = 5, a total of 17× 17 neurons are used from the entire
network as shown in Fig. 2(a). Then, we make groups of
5 neurons as shown in Fig. 2(b). That is, the first neuron
group consists of the (1, 1)th, (1, 2)th, (1, 3)th, (1, 4)th, and
(1, 5)th neurons, the second group is composed of the (1,
6)th, (1, 7)th, (1, 8)th, (1, 9)th and (1, 10)th neurons, and so
on. Thus, the final neuron group consists of the (17, 14)th,
(17, 15)th, (17, 16)th, (17, 17)th and (18, 1)th neurons. Fi-
nally, each group of neurons serially updated according to
the system clock.

The above procedure is suitable for a modular hardware
system. In such system, some numbers of the neurons,
which is an integer multiple ofm, are deployed on a unit
circuit board. Moreover, several unit boards composes the
whole system.

5.2. Neuron numberm

The largerm is, the less calculation clock cycle,ttotal, is
as given in eq. (9).

ttotal =
Total Iteration Number

m
(9)

However, ifm is large, the hardware system becomes also
large in size. Furthermore, with largem, it will be difficult
to decide the largest internal state value amongm neurons,
in particular, with an analog circuitry. We will determine
the value ofm through simulations in the next section.

t=1

t=2

t=3

t=4

m=5

t=58

board.1 board.2 board.3 board.4

(a)

t=1

t=2

t=3

t=4

1,1 1,2 1,3 1,4 1,5

1,6 1,7 1,8 1,9 1,10

1,11 1,12 1,13 1,14 1,15

1,16 1,17 2,1 2,2 2,3

(b)

Figure 2: (a) The neural network with 400 neurons, 289
neurons are used for a size-17 QAP. The rest of the neu-
rons are unassigned. (b) Whenm = 5, neurons in each of
5-neuron group are updated simultaneously. The group is
taken serially according to the system clock.

6. Simulation Results

We solve the benchmark problems, Tai12a, Tai15a, and
Tai17a from the QAP library [1] using the proposed parallel
processing algorithm. We define the normalized average
clock cycles (NACC) for obtaining the optimal solution as

NACC =
AIN/m

AINWOPP
(10)

where AIN is the average iteration number to obtain the
optimal solution using the parallel processing algorithm,
and AINWOPP is that without any parallel scheme, that is,
using the original sequential update. The iteration numbers
are averaged over 100 trials with different initial conditions.

Table 1 shows the NACC with the parallel algorithm
whenm is changed. As shown in the table, the processing
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speed is improved asm increases. However, the efficiency
of the chaotic search does not depend onm. Moreover,
the smallm would be preferable for the hardware imple-
mentation. Furthermore, as shown in the table, the solving
speed is much improved than the original algorithm even
with m = 5. As a consequence, we conclude that we use
m= 5 in our hardware system.

Table 1: Summary of the simulation results. The NACC
given in eq. (10) are shown for different values ofm.

Instances Tai12a Tai15a Tai17a

original 1.00 1.00 1.00
m= 5 0.26 0.24 0.24
m= 10 0.13 0.12 0.12
m= n 0.11 0.08 0.07

7. Conclusions

We have improved the parallel algorithm proposed in
[10] taking the hardware constrains into account. More-
over, we have modified the chaotic neuron model for the
hardware system. A novel formulation of the QAP with the
4-dimensional matrix instead of two 2-dimensional matri-
ces in a standard formulation have been proposed. As a
result, the gain calculation became simple enough for an
analog circuit implementation. Furthermore, we have pro-
posed a practical parallel algorithm suitable for a modular
hardware architecture. Moreover, we have shown that the
proposed algorithm gives improvement in speed.

In the future, we will consider a scaling and quantiza-
tion method of the 4-dimensional matrix in detail. Then,
a hardware-efficient nonlinear scaling and quantization
scheme will be proposed. Finally, we will physically con-
struct a hardware system for large-scale QAPs.
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