2004 International Symposium on Nonlinear
Theory and its Applications (NOLTA2004)
Fukuoka, Japan, Nov. 29 - Dec. 3, 2004

Estimating a generating partition from a time series: Symbolic shadowing

Yoshito Hirata and Kevin Judd

Centre for Applied Dynamics and Optimization, School of Mathematics and Statistics,
The University of Western Australia, 35 Stirling Hwy, Crawley, WA 6009, AUSTRALIA
Email: yoshito@sat.t.u-tokyo.ac.jp, kevin@maths.uwa.edu.au

Abstract—We propose a deterministic algorithm for ap-we use “” to show thecenter of substrings, that is,
proximating a generating partition from a time series usingf_mX¢-m+1- -« - Xt-1.%; - - - Xt4n @nd call this theubstringfor
tessellations. Using data generated by tiéaéh and Ikeda  x;. We also write it as{—m . if it is obvious. Generally, a
maps, we demonstrated that the proposed method produtmsger substring localizes a state better. @ty (M) be
partitions that uniquely encodes all the periodic points ufhe set of all the admissible substrings of length-({m+ 1).
to some order. We can a partitiorgeneratingif any two states can be
distinguished by some finite length substring, except possi-
bly for a set of states of measure zero [6]. This means that
with probability one, a state, or a trajectory, is uniquely

In nonlinear time series analysis, symbolic approachedentified using an infinite symbol sequence, which is a bi-
have been sometimes used, for example, in evaluating sdirectional extension of the substrings. If the partition is
rogate data [1] and parameter fitting [2]. In these applicagenerating, the dynamical system is (almost everywhere)
tions, a big problem is how to define a partition for generatequivalent to the corresponding symbolic dynamics.
ing a symbolic sequence. The most preferable partition is aIf a partition is close to being generating, one can ex-
generating partition, which assigns a point on the attract@ect that states with the same substring are close to each
a unique infinite symbol sequence. There are few methodsher, and they are well represented by a single point. Let
known for finding a generating partition for a time seriesus assign to each substrigge ®_n (M) a pointrs, and
Recently, Kennel and Buhl [3] proposed a method for estizall it representativdor S. Typically a representative is a
mating a generating partition, which assigns symbols so asnter of the sub-partition, which is the intersection of the
to avoid topological degeneracies. corresponding images and pre-images.

This paper intends to propose a method for estimating Representatives can be used for two purposes. The first
a generating partition from a time series [4]. It is signifi-purpose is to roughly locate a point via a substring. The
cantly different from that of Kennel and Buhl [3] in that thesecond purpose is to approximate the partition. This second
proposed method will minimize the discrepancy betweepurpose needs to be explained more.
the original time series and a time series defined by its sym- If we tessellate the state space using the representatives,

1. Introduction

bolic dynamics. we can obtain a good approximation of the partition. For
each substrin@, we define its tileT's to be the set of points
2. Algorithm in M whose nearest representativedsthat is,

First we define some technical works to introduce theTs = {X€ M I [IX=rs|| < [IX=Tg/, YS" € Op-mn(M)}. (1)
algorithm. A partition is a set of disjoint subsets of a )
state spacéM whose union covers the whole state space-l.—hen for eac_hA € A we collect all tilesTs for S =
Each point in the state space belongs to just an elementm " Sn: SalisfyingSo = A, to form a set,
of the partition because they are complete and disjoint. If _ } _
we assign a symbol to each element of the partitiojn, each Bagmm = UlTs : S € Ppma(M), So = Al. )
point in the state space can be labeled with a symbol ovgfig Baj-mn iS @ good approximation of.
alphabetA. In the same way, we can generate, from a | g
time series - - X1, X, X1 - - - Of states, a symbol sequence Rimn = {'s : S € ®Lmu(M)}. )

o X, X, Xewg - - -

If the time series is generated from a deterministic sys3iven a symbol sequenc@, Xz, - -+, Xn = Xanj, We can
tem of an invertible map, the information thétis a cer- generate a pseudo ority, .., }ior, ;- We claim that the
tain Symbo] locates the partition element tfmtbek)ngs fO!IOWing minimization y|6|ds gOOd estimates of the gener-
to. If we know thatXemXems1--- Xen iS @ certain set ating partition:
of symbols, orsubstring, thenx; can be located more

N-n
finel considering the intersection of im and pre- ;
finely by conside g the intersection of images dpe min Z IIXt—fx[t_m_w]IIZ- (4)
images of the partition elements [5]. For convenience, Remo A 4
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Figure 1: Initial partition for the non map. The symbol Figure 2: The obtained partition for theeHon map. The
x shows the fixed point, and the periodic points of period solid line is the estimated partition and the dashed line
2. Blue and green points show the points initially labeleds the generating partition conjectured by Grassberger and

by symbols 0 and 1, respectively. Kantz [12].

This is the minimization of the distance between the origway that they are uniquely encoded. This technique is used
inal time series and a pseudo orbit defined by the symbii previous work [7, 8].
sequence and representatives over the representatives anfihe second method for preparing the initial condition is
partition. However, this minimization is awkward as weysing equiprobable bins along an axis. We pick up one
need to specify the partition directly. The partition is necof axes and find numbek of equiprobable bins. Label-
essary here for generating a symbol sequence. Therefoiigg each bin with a different symbol gives an initial sym-
we change the minimization in the following way: bol sequence, from which we can construct an initial set of
Nen representatives. Using the median for discretizing the time
min % — fx[t,mt+n]||2~ (5) series is a common technique in surrogate data analysis [1].
RemnXuny 4=, ' Therefore, practically we use the following algorithm for
the approximation.
We call ZE0, 1 (1% = e lI? discrepancy.
To solve this minimization, we use an iterative algo- 1. We prepare an initial partition.
rithm:
¢ If we use unstable periodic points, first detect

1. FixingR_m ), find a symbol sequence such that ) '
them from a time series. (We use the method of

~ Non Ref. [9], but there are more sophisticated meth-
min Z 1% = X |- (6) ods such as Ref. [10, 11].) Assign to each un-

M i stable periodic point a substring of lengttof

. . . type S_m---S_1.Sp---Sp(m = [I/2] andn =

2. Fixing Xj1nj, find a set of representatives such that L(I = 1)/2]) over alphabefl so that the unsta-

N-n ble periodic points are encoded uniquely. Let
min Z 1% — fx{t,m,m]”% (7) e_ach unstable periodig point be the representa-

Remm 44 tivers,_,, of the substrings;_mn) € ®-mn(M).

¢ If we use a set of equiprobable bins, pick up an

3. Go back to Step 1. until it converges.
P ¢ axis and prepare the equiprobable bins. Bet

Equation (6) is hard to minimize. Instead of solving it be thei-th bin, andA;, the corresponding sym-
directly, we use the tessellation for approximating the sym- bol. If X, € Bj, then labelX; to be A, and
bol sequence. obtain the initial symbol sequencgs ;. For

There could be two possible methods for preparing the t=m+1,---,N—-n, classifyx depending on its
initial condition. For the initial condition, we may use pe- substringX-mn: LetCs_,, = % :m+1<
riodic points of low periods. When a partition is generat- t < N-n,Smn = Xgt-munyl. The setCs_, |
ing, periodic points should be uniquely encoded. There- is a set of points whose currently allocated sub-
fore, conversely we assign symbols for periodic points in a string isSi_mn). Lastly find the representative
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Figure 3: Initial partition for the lkeda map. The Symbo| Figure 4: Partition estimated for the Ikeda map. The blue
shows the fixed point, ane the periodic points of period and green points show the points labeled with symbols 0
2. Blue and green points show the points initially labeled@nd 1, respectively.

by symbols 0 and 1, respectively.

In this example, we decided to stop the algorithm when

for each substring by oo 1% = T ll/(N = m=n) < (0.05f. The algo-
y rithm was initialized using the unstable periodic points of
s = Z Col (8) order up to 2. We assigned the initial substrings as shown
yeCs IS in Fig. 1.

The algorithm stopped when the length of the substrings
was 13 and 883 representatives were used. The obtained
partition was shown in Fig. 2. It is very close to the gener-
3. Classifyx depending on its substring_m..n. Then ating partition conjectured by Grassberger and Kantz [12].

we obtain a se€s of points with each substring. The difference between the two partitions is just 22 sym-
bols out of 10 000 symbols. We confirmed that this parti-

4. For each substring € ®_n (M), update its repre- tion can encode periodic points uniquely up to period 17.

2. For each observed poiry, find its closest representa-
tivers_ .s,s,-s,- 1Then makex; to beSy.

sentative: y The second example is the lkeda map; {Wi1) = (1+
rs = Z c (9)  a(u cost - v; sind), a(u sind + v cosd)), whered = 0.4 —
yeCs 17 b/(1+u? +Vv?), a= 6, andb = 0.9. We generated a time

5. Return to Step 2. until the set of representatives artf'i€s of length 10 000.

the symbol sequence no longer change, or they cycle. We initialized_the algorithm_using the_u_n_stable pe_riodic
points up to period 2. We assigned the initial substrings to
6. Increase the length of substringslby- | + 1, m < the periodic points as shown in Fig. 3.

L1/2], _andng .L(I - 1)/2J. Return to Step (3) untila  The algorithm was stopped wherb ", lIx -
stopping criterion is achieved. MXemegll/(N = M =n) < (0.05¢. Then the length of
There could be several possible stopping criteria. In th%ggf;:gg: V%fﬁz i%tzadeéhea[:tizgmg ;ﬁg\}va;?re]?:il336|§5£'
paper, we use two stopping criteria. One is we stop the ai_onfirmed.that the artiti(?n encodes the unstat?lé .eriodic

gorithm whenZ " 11X — Mo ll/(N — M= n) becomes P P

t=m+1 i i i
sufficiently small. The other is we stop the algorithm Whelﬁ)Olnts uniquely up to period 8.

the substrings reach a certain length and the algorithm con-
verges. 4. Comparison with Kennel and Buhl [3]

Recently Kennel and Buhl [3] also published a method
for estimating a generating partition from a time series.
Now we apply the proposed algorithm to examples. Th&hey estimate a generating partition by reducing the topo-
first example is the Bnon map: (U1, w.1) = (L - aw? + logical degeneracies, the points which are close in the sym-
bw, u), where (ab) = (1.4,0.3). The following calcula- bolic space but far apart in the state space.
tions takex; = (u;, v{) and use a time series of 10 000 data The proposed method enjoys some advantages over that
points. of Kennel and Buhl [3]. The first advantage is that our

3. Examples
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Figure 5: Partition obtained for the bubble data. Symbols
+ show the positions of the representatives.

[4]

method works in a deterministic manner, it means, it is ex-
pected too run fast, while the method of Kennel and Buhl
contains a stochastic optimization. The second advantage
is that our method contains fewer parameters to specify ifo
advance than that of Kennel and Buhl. The third advantage
is that our method is justified with proofs. For the details
of the proofs, see Refs. [4, 13]. [

In addition to these advantages, there is a difference in
the performances. We applied the proposed algorithm to
the bubble data, which is used in Kennel and Buhl [3].
After embedding the data in the two dimensional spacd7]
(U, Uey1), we initialized the algorithm using the median of
the first coordinate. We stopped the algorithm when the
length of substrings reached 8. Figure 5 shows the obtaine&ﬂ
partition. This partition is different from that obtained by
the method of Kennel and Buhl as each element of the par-
tition in Fig. 5 is contiguous.

There are some possibilities which caused this differ-
ence. One of the possibilities is that there exist some genei9]
ating partitions for this system. Another possibility is that
dynamical noise may make a difference between the two
methods. The cause of this difference should be explaine[(i.

5. Conclusion

We proposed a method for estimating a generating pait1]
tition from a time series. The partition is approximated by
tessellating the state space using representatives, or points
in the state space with a unique substring. Using this proﬁiZ]
erty, we state the problem of finding a generating partitio
as minimizing the discrepancy between the original time
series and a time series specified with a symbol sequence
and representatives. By solving this minimization problemy 3]
approximately using an iterative algorithm, we estimated a
generating partition.

We demonstrated that our method worked well with time
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series generated from theeHon and lkeda maps. We also
discussed that the proposed method has advantages over
that of Kennel and Buhl [3] as it runs potentially fast, it
does not have many parameters to be specified in advance,
and it has a mathematical proof.
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