
Design Procedure for Generalized Class E Amplifiers
with Implicit Circuit Equations

Hiroo Sekiya†, Yuichi Tanji‡, Jianming Lu† and Takashi Yahagi†

†Graeduate School of Science and Technology, Chiba University
2-13-7, Yayoi-cho, Inage-ku, Chiba, 263-8522 Japan

‡Reliability-based Info. Systems Eng., Kagawa University
2217-20, Hayashi-machi, Takamatsu, Kagawa, 761-0396 Japan

Email: sekiya/jmlu/yahagi@faculty.chiba-u.jp, tanji@eng.kagawa-u.ac.jp

Abstract—This paper presents a novel design proce-
dure for class E amplifier with implicit circuit equations.
It is possible to use circuit simulators since implicit cir-
cuit equations are allowed in the proposed design proce-
dure. Therefore, the proposed procedure achieves the sim-
ple, easy and accurate design. We can show the validity
of the proposed design procedure from an experimental re-
sult.

1. Introduction

Class E switching-mode tuned power amplifiers [1]–[5]
have become increasingly valuable building blocks in many
applications, e.g., radio transmitters and switching-mode
dc power supplies. Because of class E switching, namely,
both zero voltage and zero slope of voltage switching, the
efficiency of energy conversion is very high at high fre-
quencies. Therefore, a high density of dc/dc power pro-
cessing can be achieved, reducing the size and weight of
the equipment.

Since the introduction of the class E amplifier, many de-
sign procedure of this circuit have appeared [1]–[5]. In [1],
the design values are derived analytically via circuit anal-
yses with some assumptions, e.g., an ideal switch, infinite
output networkQ (i.e., sinusoidal output current), and an
RF choke in the dc supply and so on. If the design values
are expressed as a function, it is easy and fast to derive the
design values. However, the accuracy of design values is
low because of the assumptions and much effort is needed
to analysis class E amplifier. The design values are derived
numerically from analytical waveform equations by using
the design procedure in [2]. This design procedure needs
to solve circuit equations analytically, which need much ef-
fort. In [3], the design values are expressed as a function
of design parameters that is derived by fitting the data of
design values. In this procedure, easy, fast, and accurate
designs are possible if the design functions can be derived.
The data of design values, however, should be derived other
design procedures.

The design procedures in [4] and [5] are very simple
and easy design procedure compared with above schemes.
These schemes require only circuit equations and carry out

the other process of design with aid of computer. The de-
sign scheme in [4], however, requires that circuit equations
have to be piecewise linear expressions since linear differ-
ential equations are solved numerically using eigenvalues
of matrix from circuit equations. Therefore, it is not al-
low a non-linear operation of each element. On the other
hand, the scheme in [5] allows any expressions of circuit
equations. By the way, the many designers would like to
use circuit simulators, e.g., SPICE to design of class E am-
plifier. It is, however, impossible since all previous design
schemes requires explicit circuit equations. If implicit cir-
cuit equations are allowed to design class E amplifier, the
designers uses circuit simulators. And the design of class
E amplifier is more simple than the previous design proce-
dure.

This paper presents a novel design procedure for class
E amplifier with implicit circuit equations. By using de-
sign procedure it is possible to use circuit simulators and
the simple, easy and accurate design can be achieved. The
accuracy of design values and amount of calculations are
evaluated. It is denoted that they are achieved to be same
as the design procedure in [5]. We design class E amplifier
by using the proposed design procedure and carry out the
circuit experiment. We can show the validity of the pro-
posed design procedure from the experimental result.

2. Principle Operation of Class E amplifier

Figure 1 depicts the circuit topology of class E amplifier.
The waveforms of class E amplifier are shown in Fig. 2,
when switch on duty ratio is 50%. The switch is driven by
a driving pattern ofDr in Fig. 2. If the filter inductance
L f is large, the input currentic of the amplifier is approx-
imately constant, which is equal to its dc component. If
the loaded quality factorQ is high (Q ≥ 5), the current
io through theLC resonant circuit is approximately a sine
wave. Since the switching loss is reduced to zero by the op-
erating requirements of zero and zero slope of switch volt-
age (vs = 0 anddvs/dt = 0) at the turn on transition, called
class E switching conditions, the theoretical efficiency of
class E amplifier is 100%. On the other hand, it is difficult
to derive the elemental values of amplifier in order to class
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Figure 1: Circuit topology of class E amplifier.

Figure 2: Optimum waveform of class E amplifier.

E switching conditions since class E switching conditions
are strict.

3. Theory of Design Procedure

In this section, the theory of the proposed design proce-
dure is presented.

3.1. Circuit Description

Let us consider a dynamic circuit described by a differ-
ential equations :

dx
dt

= f (t, x, λ), (1)

wheret ∈ R, x ∈ Rn, andλ ∈ Rm denote the time, an n-
dimensional state and an m-dimensional system parameter,
respectively. In this paper, For simplicity,

f : R× Rn × Rm → Rn

(t, x, λ) 7→ f (t, x, λ).
(2)

is assumed asC∞ mapping and is periodic int with period
tT :

f (t + tT , x, λ) = f (t, x, λ). (3)

We also assume that (1) has a solutionx(t) = ϕ(t, x0, λ)
defined on−∞ < t < ∞ with every initial conditionx0 ∈
Rn and everyλ ∈ Rm : x(0) = ϕ(0, x0, λ) = x0.

Here, it is unnecessary to find the differential equations 1
explicitly. This is a crucial difference from previous design
procedures in [4] and [5]. The design procedure in this
paper requires that the response ofx, namelyϕ, can be
observed and the system parametersλ and x(0) are given
arbitrarily. It is recognized that these requirements are not
particular for using circuit simulators.

3.2. Poincaŕe Map and Fixed Point

By the periodic hypothesis (3), we can naturally define a
C∞ diffeomorphismT from state spaceRn into itself :

T : Rn → Rn

x0 7→ T(x0, λ) = ϕ(tT , x0, λ).
(4)

The mappingT is often called the Poincaré mapping.
If a solutionx(t) = ϕ(t, p0, λ) is periodic with periodtT ,

the pointp0 ∈ Rn is a fixed point ofT :

T(p0, λ) = p0. (5)

If p0 = x0, (5) corresponds to the transient conditions.

3.3. Other Conditions

For design of the amplifier, we often consider several
conditions, i.e. zero voltage switching, zero current switch-
ing, class E switching conditions, and so on. If the number
of conditions isN(≤ m), the conditions that consist of each
conditiongk are expressed as

G(x0, λ) =



g1(x0, λ)
g2(x0, λ)

...
gN(x0, λ)


= 0, ∈ RN. (6)

In this case, we can findN design parameters. Therefore,
the other (m− N) parameters must be given as the design
specifications. In the design procedure of??, the conditions
gk have to be defined on a fixed time, for exampleθ = 2π.
However, the presented design procedure allows all condi-
tions if only the conditionsgk are functions ofx0 andλ.
For example, statistical conditions can be given as other
conditions. We recognize that the design of the amplifier
boils down to the derivation of the solution of the algebraic
equations (5) and (6). These equations are rewritten as fol-
lows:

F(x0, λ) =

[
T(x0, λ) − x0

G(x0, λ)

]
= 0, ∈ Rn+N (7)

where, T(x0, λ), x0 and λ are expressed asT(x0, λ) =

[T1(x0, λ), T2(x0, λ), · · · , Tn(x0, λ)]T , x0 = x(0) = [x1(0),
x2(0), · · · , xn(0)]T , andλ = [λ1, λ2, · · · λm]T . Moreover, we
defineλu ∈ RN as

λu = {λu1, λu2, · · · , λuN | λuk (k = 1,2, · · · ,N)
are unknown design parameters inλ.} (8)
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3.4. Computation of Design Values

We solve the equations (7) by using Newton’s method
that is the general algorithm to solve the algebraic equa-
tions. Since the unknown values of (7) are expressed as
u ∈ Rn+N : u = [x0

T , λu
T ]T , the computations

uk+1 = uk − F(uk)
F′(uk)

(9)

are iterated for||uk+1−uk|| < δ in order to find the unknown
values, whereF′ ∈ R(n+N)×(n+N) means Jacobian matrix of
F, that is,

F′(uk)

=



∂T1(uk)
∂x1(0)

− 1
∂T1

∂x2(0)
· · · ∂T1

∂xn(0)
∂T1

∂λu1
· · · ∂T1

∂λuN
∂T2(uk)
∂x1(0)

∂T2

∂x2(0)
− 1· · · ∂T2

∂xn(0)
∂T2

∂λu1
· · · ∂T2

∂λuN
...

∂Tn(uk)
∂x1(0)

∂Tn

∂x2(0)
· · · ∂Tn

∂xn(0)
− 1

∂Tn

∂λu1
· · · ∂Tn

∂λuN
∂g1(tc1,uk)
∂x1(0)

∂g1

∂x2(0)
· · · ∂g1

∂xn(0)
∂g1

∂λu1
· · · ∂g1

∂λuN
...

∂gN(tcN,uk)
∂x1(0)

∂gN

∂x2(0)
· · · ∂gN

∂xn(0)
∂gN

∂λu1
· · · ∂gN

∂λuN


,

(10)
k is a iteration number andδ � 1, i.e. δ = 10−9 in this
paper. Thenuk+1 is a solution of (7).

For computations of (9), we can deriveT(uk) fromϕ that
is output of simulators. On the other hand, Jacobian matrix
F′(uk) of (10) cannot be derived from the first-order varia-
tional equations like [5] since the circuit equations are im-
plicit. Therefore, we propose the numerical approximation
is used to determine the element values ofF′(uk). When
the new matrixuεi is defined as

uεi = [u1,u2, · · · ,ui + ε, · · · ,un+N], (11)

the approximate values of partial differential ofF′(uk) are
calculated by using the equation;

∂g(uk)
∂ui

=
g(uεi

k) − g(uk)
ε

. (12)

In (12), ε � 1 mean a minute variation. Moreover,g(uεi)
can be derived from response on a circuit system that is
same as one for derivations ofg(u) by substitutinguεi for
u.

From above computations, the unknown parametersu
can be found, and the design values, that is,λu are deter-
mined. Hence, we can design class E amplifier by using the
proposed design procedure.

The proposed design procedure requires only circuit
configurations and conditions. Since variational equa-
tions are not needed, explicit circuit equations are also not

needed. This means that the circuit simulators can be ap-
plied to derive response of circuit. For example, SPICE
has many elemental models. If the designers would like
to commute the kinds of MOSFET, they can reflect the af-
fect of it in the design easily by using the elemental models
from a library of SPICE. Compared with the previous de-
sign procedure, it is unnecessary to formulate new circuit
equations and to make a model of new element. There-
fore, we would like to emphasis that computer aided design
can be achieved from the configuration of the circuit to the
derivation of the design values and numerical waveforms.
As a result, the design of class E amplifier is more simple
than previous design procedure.

4. Evaluations for the Proposed Design Procedure

In this section, the proposed design procedure is com-
pared with the previous one in [5] in order to evaluate the
proposed procedure.

4.1. Accuracy of the design values

In the proposed design procedure, it is necessary to solve
the algebraic equations (7) that is same as those in [5]. Both
design procedures apply Newton’s method for it. There-
fore, the accuracy of the design values from the proposed
design procedure is complete same as that from [5] when
both procedures use the identical circuit equations, namely
identical waveforms. In [5], it is denoted that high accuracy
of design can be achieved. Therefore, we can conclude the
design values can be derived with sufficient accuracy by
using the proposed design procedure.

On the other hand, the derivations of accurate waveforms
are quite important. The accuracy of the waveforms deter-
mines that of the design values and depends on the accuracy
of the elemental models. For example, it need much effort
to make the high accurate model of MOSFET in the de-
sign procedure of [5]. If the model in the library of circuit
simulator can be applied to the design, it is easy to derive
the high accurate waveforms. Therefore, the proposed pro-
cedure can derive accurate design values with fewer effort
than the procedure in [5].

4.2. Amount of calculations

The difference between the proposed design procedure
and the procedure in [5] is the approximations of Jaco-
bian matrixF′(uk). Therefore, we consider the amount of
calculations for the derivation of Jacobian matrixF′(uk)
in order to evaluate amount of calculations. Approximate
equations (12) are calculated in order to derive Jacobian
matrix F′(uk) in the proposed procedure while first-order
variational equations are used at the procedure in [5]. The
first-order variational equations aren(n + N)-dimensional
differential equations. On the other hand, it is necessary
for the derivation ofg(uk) to solve (n + N) kinds of wave-
forms governed by n-dimensional circuit equations. As a
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Figure 3: The ratio of iterations of Newton’s method in the
proposed procedure to the those in [5] as a function of a
minute variationε.

Figure 4: Experimental waveforms of class E amplifier.
Horizontal : 200 ns/div. Vertical of Dr andvo : 5 V/div,
vS : 10 V/div

result, the amount of calculations to derive Jacobian matrix
in the proposed procedure is same as that in the procedure
in [5].

Next, we consider the amount of iteration of Newton’s
method. Figure 3 shows the ratio of iterations of New-
ton’s method in the proposed scheme to the those in [5]
as a function of a minute variationε. This ratio are derived
from the designs of class E amplifiers under 100 kinds of
design specifications. The higher accuracy the approximate
equation (12) is, the smaller a minute variationε is. From
Fig. 3, the amount of iterations is same as the scheme in
[5] for small ε. From these considerations, it is find that
the amount of calculations for the design of class E ampli-
fier by using the proposed design procedure is almost same
as that by using the design procedure in [5] in case of small
ε.

5. Design Example

Following the proposed design procedure, the design of
class E amplifiers is carried out. In the design, Runge-kutta
method is applied to circuit equations that is unknown to
the designer and these calculations are regarded as a circuit
simulators. Figure 4 shows the experimental waveforms of
class E amplifier. From this figure, we can confirm the ex-
perimental waveformvs is achieved class E switching con-
ditions and the validity of the proposed design procedure.

6. Conclusion

This paper has presented a novel design procedure for
class E amplifier with implicit circuit equations. It is possi-
ble to use circuit simulators since implicit circuit equations
are allowed in the proposed design procedure. Therefore,
the proposed procedure achieves the simple, easy and ac-
curate design. We can show the validity of the proposed
design procedure from the experimental result.
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