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Abstract— In this paper, a symbolic method is proposed  saddle-node and Hopf bifurcations.
for analyzing the bifurcation in switching power convert-
ers. This method focuses on the cyclic operation of the ® Border collision,which is characterized by a change
system which characterizes its bifurcation behavior. The Of operation as a result of a change of topological se-
concept ofblock sequencés introduced, which, in con- quence.

junction with the periodicity of the system, can be used t%tandard bifurcations are also known as “smooth” bifurca-

distinguish the various types of bifurcation behavior, e.gt, b h oo f th d cal svst
“smooth” period doubling and “nonsmooth” border colli- lons because they arise from smooth dynamical Systems
thich do not experience any structural change at the bi-

sion. The proposed method is applied, as an illustrative exhicn . L
furcation point. Border collisions, moreover, are regarded

ample, to develop 2-dimensional bifurcation diagrams fol- “ o ; .
a voltage-mode controlled buck converter. as nqnsmoqth blfurqatlons because the funcnon§ useq to
describe their dynamics are nonsmooth at the bifurcation
_ point. In switching converters, we may attribute any border

1. Introduction collision to a change of topological sequence.

Unlike standard bifurcations, border collision does not

I.n m'uch of the previous study of.nonlmear phenomena} 'Nave a universal manifestatidrit can be a transition from
switching power converters, a variety of complex behavior

such as bifurcation and chaos has been identified [1, 2, &;erlod-l operation to period-operation, or from period-

. o .’ “m operation to chaos, etc. [5]. The differences between
Typically, switching power converters undergo tOpOIOglcathese two types of bifurcations can also be viewed from
changes cyclically in time. Although each involving cir-

cuit topoloay is linear. the overall dvnamics of a switchin their bifurcation diagrams. Border collision usually mani-
pology ' y %ests itself as some abrupt transitions, e.g., abrupt bendings,
power converter can be rather complex.

" . ; o discontinuities, and jumps.
Traditional methods of analyzing bifurcation involve a . i . .
. " . > o . In the following, we will introduce a symbolic analysis
typical stability evaluation, as most “standard” bifurcations .
" - method which makes use of the fundamental cause of bor-
are characterized by a change of stability status [4]. Meth; L ; S
. I . . ; er collision in terms of topological changes to distinguish
ods pertaining to stability tests (e.g., inspecting elgenva(fj- . . : . g
- . various types of bifurcations in switching power convert-
ues of Jacobians) are therefore effective only for study-
. X ) . . ers.
ing bifurcations that involve a loss of stability status. For
border collision, which is also typical of switching con-
verters, such methods of analysis are either irrelevant 8t Symbolic Method for Bifurcation Analysis
inapplicable. In fact, border collision occurs as a conse-
guence of a “structural Change" as one or more parame-m switching power converters, the switch and the diode
ters are changed. In the case of switching converters, tii§t as switching ele.ment% If the number of switching ele-
translates to a “change of topological sequence” as one Bents isV, there will be2™ possible switching states. In
more parameters are varied [2]. In this paper, we propogéactice, however, not all switching states are used. The
a symbolic analytical approach, whereby the dynamics &witching states that are relevant to_ a particular operanpn
the topological sequence is examined. We introduce a ned¢pend on the control scheme applied and the conduction
concept oblock sequencehich can be used to distinguish mode of the system. If we inspect the system in a particu-

border collision from other standard bifurcations. lar periodT’, whereT' is the period of the driving clock, we
see that the circuit takes a sequence of circuit topologies. It

is clear that the topological sequence in a switching period
governs the dynamics of the system.
For clarity of discussion, the following definitions apply

Generally speaking, there are two different types of bite all switching converters.
furcation exhibited by switching power converters:

2. Review of Bifurcation in Switching Power Convert-
ers

1Standard bifurcations usually have characteristic universal manifes-

. . . . . tations. For example, period doubling manifests as a doubling of the rep-
e Standard bifurcation,which is characterized by @ etition period, and Hopf bifurcation manifests as sudden death of a fixed

change of stability status, e.g., period-doublingpoint and birth of a limit cycle or quasi-periodic orbit.
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Definition 1 A switching block is a sequence of switch The above theorem follows directly from the mechanism
states which is taken within one particular switching peof border collision. Specifically, border collision is charac-
riod. terized by the sudden loss of an operation and a simulta-
neous acquisition of a new operation. This is equivalent to
Definition 2 A block sequences a symbolic sequence of a change in the system structure which alters the describ-
switching blocks that describes the way in which the blodig function of the system, hence border collision occurs.
of switch states changes as time advances. In switching converters, any operational change pertaining
to a change of structure must be due to a change in the
When studying the nonlinear phenomena of switchingypological sequence. Hence, a change of block sequence
converters, discrete-time iterative maps are often used §@plies border collision.
describe the dynamics of the system [6, 7]. If the sampling By inspecting the block sequence, the occurrence of
is uniform to the driving clock, the iterative map is calledporder collision can be easily detected. In particular, we

a stroboscopic map, which is widely used in much of th@aye the following observations in applying block sequence
previous work. The block sequence defined above can Baglysis.

viewed as being derived from a generalized stroboscopic
map. It deals with the switching states of the system, but
not the values of the state variables.

By this definition, a periodic or aperiodic solution can be
transformed into an infinite sequence of switching blocks. 2. Standard bifurcation (e.g., period doubling and Hopf)
Obviously, for any periodic solution, its block sequence  cannot be identified because the block sequence does
must be periodic. Moreover, for an aperiodic solution, its  not change when a standard bifurcation occurs.
block sequence may be aperiodic or periodic. Henge-a
riodic block sequence does not imply a periodic solutionﬁo
but an aperiodic block sequence will imply an aperiodi

1. Since the block sequence only provides partial infor-
mation about the dynamics of the system, the exact
manifestation of a border collision is not available.

To cover standard bifurcations in our analysis, extra in-
rmation is required. We note that for periodically driven
. (inonautonomous) systems, the periodicity is a natural at-
solution. . . : :
For inst ihi ii itching block. theibb tribute of the system dynamics. Information about the peri-
orinstance, 1b1s a specilic switching block, ' odicity can be easily obtained by sampling the waveforms.

isa perio_dic_block sequence, but it does not n_ecessarily IM-\ve denote by, the periodicity of the system (precisely
ply a periodic solution of the systetTo simplify the de- the periodicity of the waveforms). For instand@, — n,
scription of various block sequences, we use the followin%r a periodn operation

notations. ) o )
Theorem 2 Consider a switching converter with parame-

Definition 3 Let by, bo, ..., b, be switching blocks. We ter o € R. Supposé’,,; and B; are, respectively, the pe-
denote by(b1bs - - - b.,),, a finite block sequence which re-riodicity and block sequence of the converter fok .,
peats the block sequen@abs - - - b,,) n times. Moreover, andP,, andB, are, respectively, the periodicity and block
a periodic block sequence is denoted(ds bs - - - b,,),  Sequence of the converter far> «.. Then, a standard bi-
and an aperiodic block sequence@s). furcation occurs atv = «.. if P,; # P, and B; = Bs.

This theorem can be reasoned as follows. First, from Theo-
rem 1, if the block sequence remains unchanged, no border
collision occurs. Moreover, the change Bf, implies a

As mentioned in the previous Section’ border collision ig)ifurcation, and this bifurcation must be a standard bifur-

caused by a structural change of the system which is equiation.

alent to a change in the topological sequence. Hence, the o S

block sequence of the system must experience a qualitatif@&marks on Periodicity— The term periodicity may have

change when the system undergoes a border collision. TH&0 different interpretations. The first onevigveform pe-

basic fact is summarized by the following theorem whicHiodicity P,,, which was discussed earlier. The other inter-

is useful for detecting border collision. pretation is thédlock sequence periodicitgenoted byP;.
For a periodic solution withP,, = n, the block sequence

Theorem 1 Consider a switching power converter with periodicity P, is a common divisor of. Thus,P, < n.

3.1. Detecting and Distinguishing Border Collision and
Standard Bifurcations

parametern € R. Suppose the block sequencedot a. We note that waveform periodicity implies block se-

is By and the block sequence far > «. is B2.> Then, quence periodicity, but not vice versa. Thus, even if the

border collision occurs atr = a. if By # Bs. block sequence is periodic, the waveforms (system) can be
aperiodic.

2As we will see, this definition is useful in distinguishing border colli-
sion from standard bifurcations. .
3The conditiona < a. is a local condition and should be more rig- 3-2- Analysis Procedure

orously written asx = a. — e forall 0 < € < ¢p for some positive:. .
The conditiona > . can be likewise understood. However, we write Based on Theorems 1 and 2, a procedure for symbolic

a < ac anda > a. in the theorem statement for better readability. analysis can be derived. Basically, we observe the block se-
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Figure 2: lllustrative waveforms for different types of
blocks. (a) Blockl (i = 0); (b) block2 (i = 0); (c) block

3 (i = 1); (d) block4 (i = 1); (e) block5 (i = 2); (f) block
6(i=2).

0 T 2T 3T 4. Application Example
(b)

In this section, the symbolic analysis procedure is ap-

Figure 1: \oltage-mode controlled buck converter. (a) Cir.p"e(.j to the voltage-modg controlled buck converter shown
cuit: (b) typical waveforms illustrating the operation. in Fig. 1 (a). The operation of buck converter under study

can be briefly described as follows [2, 3, 8]. The output
voltage error with respect to the reference voltage is ampli-

quence and waveform periodicity, and detect their variatiofied to give a control voltage.., as
as a selected parameters varied.

Supposey; z a. < asg, Wherea, is the critical value. veon (1) = a(ve (t) = Vier), 1
Denote_the block sequence and the Wayeform periodiCitynereq is the feedback amplifier gain and.; is the ref-
respectively, byB; and P,; for @ = a; with i =1 0r 2. grence voltage. Then, switchis controlled by comparing
The.n, we _apply the above theorems to determine the typ§e control voltagesco, With a ramp signal;amp. The
of bifurcation. ramp signal is given by

e If B; = B, (the block sequence is unchanged) and t
P,1 # P2, a standard bifurcation occursat= ov. Viamp(t) = Ve + (Vo — V1) (T mod 1) )
For example, period doubling occuriP,,; = Pys.
An expansion in the periodicity (i.eP,1 < Py2) whereVy andVy are the lower and upper voltages of
may indicate a Hopf bifurcation. the ramp, respectively. The comparator outpytgives
the pulse-width-modulated signal necessary for driving the
e If By # B, (the block sequence changes), bordeswitch. Typically, switchS is turned on when,, (t) <
collision occurs atv = «.. The information about Viamp, and turned off whemo, (t) > Viamp, as illustrated
P,1 andP,,» determines the manifestation of the bor4in Fig. 1 (b). For simplicity, we consider continuous con-
der collision. For example, i, is finite and equal duction mode (CCM), in which the inductor current never
to P2, border collision takes place to bring a peri-drops to zero. To guarantee operation in CCM, the param-
odic orbit to another periodic orbit of the same peeters are chosen as follows:
riod. Also, if P, # P2, andP,; andP, are finite,
border collision transmutates a periodic orbit to an- L=20mH,C =47 uF, T = 400 ps,a = 8.4,
other periodic orbit of a different period. Moreover, Viet =11.3V, Vp =38 VandVy =82V
if P,1 # P2 with P, being finite andP,,, infinite,

border collision occurs to transmutate a periodic orbifUrthermore, the load resistét and the input voltage”
to a chaotic one. are varied simultaneously and taken as bifurcation parame-

ters.
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the exact type of border collision can also be obtained if the
information about the periodicity,, on both sides of the
curve is available. For exampl®,, = 4 in both sides of
the upper boundary curve between the grey region and the
green region. Thus, border collision takes place with block
sequencé3)., being transmuted t01333)., with the pe-
riod unchanged. Moreover, for the lower boundary curve
between the grey region and the green regiBp, = 2

in the left side andP,, = 4 in the right side. Hence,
border collision occurs with block sequen¢®)., being
transmuted tq1333).., together with a period-doubling
manifestatiort.

5. Conclusion

We have introduced in this paper a method for analyz-

Figure 3: Bifurcation diagram for the voltage-mode coning the bifurcation behavior of switching power converters.

trolled buck converter in the parameter plii&, E) : 2 <
R < 25; 20 < E < 50} showing regions of operation with
various switching block sequences. Legerl = (3)o;
= (35); [l = (13333333).; [l = (1333); [ =
(13331335).; [_] = the rest including chaotic and peri-

Unlike the conventional methods, our method focuses on
the operational change when the system undergoes a spe-
cific bifurcation. The concept of block sequence is used to
describe the operational condition of the system. Combin-
ing with the periodicity information, both standard bifurca-

odic regions. Boundary curves separating regions of diffeflon and border collision can be identified.

ent colors locate the occurrence of border collision. Withi

n

some specific region, some bifurcation boundary curvescknowledgment

corresponding to PD1, PD2a, PD2b, PD4a and PD4b are
also plotted. These curves locate the standard period do

bling occurs.

u_This work is supported by Hong Kong Research Grant Council
under a CERG grant (No. PolyU5241/03E).

References

According to the circuit operation, no switching or any

number of switchings in a switching period are allowed. |
there arei switching actions in a switching peridd, the
corresponding switching block will be a sequenceé of 1

switch states. Thus, the block can be conveniently defined!

as

if the first switch state is OFF.
if the first switch state is ON.

®3)

2141

bIock:{ 9 42

Fig. 2 shows the waveforms corresponding to some possi-

ble switching blocks.

Using our symbolic method, bifurcation diagrams can

f [1] C.K.Tse and M. di Bernardo, “Complex behavior of switch-
ing power convertersProc. IEEE,vol. 90, no. 5, pp. 768—
781, May 2002.

C.K. Tse,Complex Behavior of Switching Power Convert-
ers,Boca Raton: CRC Press, 2003.

E. Fossas and G. Olivar, “Study of chaos in the buck con-
verter,”|IEEE Trans. Circ. Syst. kol. 43, no. 1, pp. 13-25,
January 1996.

J.M.T. Thompson and H.B. Stewailonlinear Dynamics
and ChaosChichester: Wiley, 2000.

S. Banerjee and G. Verghese (Eddipnlinear Phenomena
in Power ElectronicsNew York: IEEE Press, 2000.

(3]

[4]

[5]

be obtained, as exemplified in Fig. 3. For simplicity, only
some typical regions are shown in different colors in the di-
agram. From Theorem 1, it can be easily deduced that bor-
der collision occurs on the border which separates different
regions. In addition, some typical bifurcation boundaries,[”]
across which the doubling of periodicify,, occurs from

left to right, are also given. These curves are denoted as
PDni, wheren is the shorterP,, associated with the pe-
riod doubling, and is an index to distinguish bifurcations [8]
with the samen. Since every curve is located inside a spe-
cific region (for instance, PQ) PD2a and PDLa in the grey
region, PRa in the magenta region, P in the green re-

6] J.H.B. Deane and D.C. Hamill, “Instability, subharmonics,

and chaos in dc/dc converterdEEE Trans. Power Elec-
tron.,vol. 5, no. 7, pp. 260-268, July 1990.

M. di Bernardo and F. Vasca, “Discrete-time maps for the
analysis of bifurcations and chaos in dc/dc convert&ZE
Trans. Circ. Syst. lyol. 47, no. 2, pp. 130-143, February
2000.

Y. Ma, H. Kawakami, and C.K. Tse, “Analysis of bifurca-
tion in switched dynamical systems with periodically mov-
ing borders,"IEEE Trans. Circ. Syst. kol. 51 no. 6, June
2004.

glon), standard per'Od dOUblmgv from Theorem 2, will oc- 4For a more detailed exposition of the various bifurcation possibilities
cur when the parameters move across the curve. Moreoviarhe voltage-controlled buck converter, refer to [8].

70



