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Abstract— The performance of the noncoherent differ-
ential chaos-shift keying (DCSK) communication system
over a multipath fading channel with delay spread is evalu-
ated. Analytical expressions of the bit error rates are de-
rived under the assumption of an independent Rayleigh
fading two-ray channel model. Analytical and simulated
results are presented and compared. The multipath perfor-
mance of the DCSK system is also compared with that of
the coherent chaos-shift-keying (CSK) system.

1. Introduction

The performance of chaos-based digital communication
systems under an additive white Gaussian noise (AWGN)
environment has been thoroughly studied [1]–[4]. How-
ever, the multipath performance analysis and data for
chaos-based communication systems are generally unavail-
able. The earliest study of multipath performance of
chaos-based communication systems was performed by
Kolumbán and Kis [5] for the frequency-modulated differ-
ential chaos-shift-keying (FM-DCSK) system. Their study
was simulation-based and each path in the two-ray channel
model was assumed an ideal constant gain value. In prac-
tice, however, each path suffers from random fading, which
should be duly incorporated in the channel model [3]. Re-
cently, Mandal and Banerjee [6] analyzed the performance
of the differential chaos-shift-keying (DCSK) system over
a channel with Rayleigh fading or Ricean fading. How-
ever, the multipath time delay has not been considered. In
a spread spectrum communication system such as DCSK, it
is necessary to model the effects of multipath delay spread
as well as fading. In this paper we evaluate the perfor-
mance of the DCSK system over a practical multipath fad-
ing channel, incorporating multipath fading for each path
and the effects of delay spread. Results will be compared
with the benchmark data obtained earlier for the coherent
chaos-shift-keying (CSK) system [7].

2. System Model

Fig. 1 shows the block diagram of the DCSK commu-
nication system. Thelth transmitted symbol is denoted by
bl, which is either+1 or −1, and we assume that+1 and
−1 occur with equal probabilities. During thelth symbol

duration, the transmitted signal,sk, is

sk =

{

xk k = 2(l − 1)β + 1, · · · , (2l− 1)β
blxk−β k = (2l − 1)β + 1, · · · , 2lβ

(1)
where2β is the spreading factor.

In studying spread spectrum wireless communication
systems, a commonly used channel model is thetwo-ray
Rayleigh fading channel model[3], as shown in Fig. 2. Us-
ing the discrete-time baseband equivalent model, the output
of the channel is represented as

output= α1sk + α2sk−τ (2)

whereα1 andα2 are independent and Rayleigh distributed
random variables,τ is the time delay between two rays, and

sk−τ =











bl−1xk−β−τ k=2(l − 1)β + 1, · · · , 2(l − 1)β + τ

xk−τ k=2(l − 1)β + τ + 1, · · · , (2l − 1)β
xk−τ k=(2l − 1)β + 1, · · · , (2l − 1)β + τ

blxk−β−τ k=(2l − 1)β + τ + 1, · · · , 2lβ.

In the receiver, a correlation-based detection is used, as
shown in Fig. 1. After going through the two-ray Rayleigh
fading channel, the signal received by the receiver (i.e., in-
put to the correlator) is given by

rk = α1sk + α2sk−τ + ξk (3)

whereξk is AWGN with mean equal to zero and variance
N0/2. Considering thelth symbol, the decision variable is
the output of the correlator, which is given by

cl =

2lβ
∑

k=(2l−1)β+1

rkrk−β

=

(2l−1)β+τ
∑

k=(2l−1)β+1

(α1blxk−β + α2xk−τ + ξk)

×(α1xk−β + α2bl−1xk−2β−τ + ξk−β)

+

2lβ
∑

k=(2l−1)β+τ+1

(α1blxk−β + α2blxk−β−τ + ξk)

×(α1xk−β + α2xk−β−τ + ξk−β).(4)

Then, thelth decoded symbol is determined according to
the following rule:

b̃l =

{

+1 if cl ≥ 0
−1 if cl < 0.

(5)
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Figure 1: Block diagram of the DCSK communication system.

3. Analysis of Bit Error Performance

In the following analysis we assume that the multipath
time delay is much shorter than the bit duration, i.e.,0 <
τ ≪ 2β. With such an assumption, the inter-symbol inter-
ference (ISI) is negligible compared with the interference
within each symbol due to multipath time delay. Also, (4)
may be approximated as

cl ≈

2lβ
∑

k=(2l−1)β+1

(α1blxk−β + α2blxk−β−τ + ξk)

×(α1xk−β + α2xk−β−τ + ξk−β). (6)

For largeβ and a given chaotic map (e.g., logistic map), we
have

2lβ
∑

k=(2l−1)β+1

xk−βxk−β−τ ≈ 0. (7)

Thus,cl may be simplified as

cl ≈

2lβ
∑

k=(2l−1)β+1

α2
1blx

2
k−β +

2lβ
∑

k=(2l−1)β+1

α2
2blx

2
k−β−τ

+

2lβ
∑

k=(2l−1)β+1

(α1xk−β + α2xk−β−τ )(ξk + blξk−β)

+

2lβ
∑

k=(2l−1)β+1

ξkξk−β

= A+B + C

where

A =

2lβ
∑

k=(2l−1)β+1

α2
1blx

2
k−β +

2lβ
∑

k=(2l−1)β+1

α2
2blx

2
k−β−τ

B =

2lβ
∑

k=(2l−1)β+1

(α1xk−β + α2xk−β−τ )(ξk + blξk−β)

C =

2lβ
∑

k=(2l−1)β+1

ξkξk−β .

Assuming “+1” is transmitted (i.e.,bl = +1), the fol-
lowing statistics are easily obtained

E{A|(α1, α2, bl = +1)} = (α2

1 + α
2

2)βE{x2

k}

1α

2α τTime delay

Output

Input

ks

Figure 2: Two-ray Rayleigh fading channel model.

E{B|(α1, α2, bl = +1)} = E{C|(α1, α2, bl = +1)}

= 0
var{A|(α1, α2, bl = +1)} = (α4

1 + α
4

2)βvar{x2

k}

var{B|(α1, α2, bl = +1)} = (α2

1 + α
2

2)βE{x2

k}N0

var{C|(α1, α2, bl = +1)} =
1

4
βN

2

0

cov{A, B|(α1, α2, bl = +1)} = cov{B, C

|(α1, α2, bl = +1)}
= cov{A, C

|(α1, α2, bl = +1)}
= 0

where E[·] and var[·] represent the expectation and variance
operators, respectively, and cov[X,Y ] denotes the covari-
ance ofX andY . Then, we have

E{cl|(α1, α2, bl = +1)} = β(α2
1 + α2

2)E{x
2
k} (8)

var{cl|(α1, α2, bl = +1)} = β(α4
1 + α4

2)var{x2
k}

+ β(α2
1 + α2

2)E{x
2
k}N0

+
1

4
βN2

0 . (9)

The case of sending a symbol of “−1” may be computed in
a likewise fashion, i.e.,

E{cl|(α1, α2, bl = −1)} = −E{cl|(α1, α2, bl = +1)}

var{cl|(α1, α2, bl = −1)} = var{cl|(α1, α2, bl = +1)}.

Using (8) and (9), and assuming thatcl follows a nor-
mal distribution under the given conditions, the conditional
BER may be computed as

BER(α1, α2) =
1

2
Prob(cl < 0|(α1, α2, bl = +1))

+
1

2
Prob(cl ≥ 0|(α1, α2, bl = −1))

=
1

2
erfc

([

2(α4
1 + α4

2)var{x2
k}

(α2
1 + α2

2)
2βE2{x2

k}
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+
4N0

(α2
1 + α2

2)Eb
+

2βN2
0

(α2
1 + α2

2)
2E2

b

]− 1

2

)

whereEb is the bit energy and is represented by

Eb = 2βE
{

(xk)
2
}

(10)

and erfc(ψ) ≡ 2√
π

∫∞

ψ
e−λ

2

dλ.

If the logistic map is used, we have var{x2
k} = 1/8,

E{x2
k} = 1/2, and

BER(α1, α2) =
1

2
erfc

([

(α4
1 + α4

2)

(α2
1 + α2

2)
2β

+
4N0

(α2
1 + α2

2)Eb
+

2βN2
0

(α2
1 + α2

2)
2E2

b

]− 1

2

)

For largeβ, the first term within the bracket in the above
expression may be neglected. Thus, the conditional BER
may be simplified as

BER(α1, α2) =
1

2
erfc

(

(

4

γb
+

2β

γ2
b

)− 1

2

)

= BER(γb)

whereγb = Eb

N0

(α2
1 + α2

2) = γ1 + γ2, γ1 = Eb

N0

α2
1, and

γ2 = Eb

N0

α2
2. Denotingγ̄1 = E{γ1} = Eb

N0

E{α2
1} and

γ̄2 = E{γ2} = Eb

N0

E{α2
2}, the probability density function

of γb may be computed as

f(γb) =















γb

γ̄2

1

e
−γb/γ̄1 E{α2

1} = E{α2

2}

1

γ̄1 − γ̄2

(

e
−γb/γ̄1 − e

−γb/γ̄2

)

E{α2

1} 6= E{α2

2}.

(11)
Finally, the BER can be obtained by averaging the condi-
tional BER, i.e.,

BER =

∫ ∞

0

BER(γb)f(γb)dγb. (12)

This formula will be used in the next section for evaluat-
ing the bit error performance of the system under different
channel conditions. Clearly, as the form of (12) does not
permit a closed-form solution, we have to resort to a nu-
merical integration procedure for finding the BERs.

4. Results

We consider three cases corresponding to different path
gain ratios and a fixed path delay.
Case I: The two paths have identical average power gain.
Case II: The average power gain of the second path is 3 dB
below that of the first path.
Case III: The average power gain of the second path is
10 dB below that of the first path.

Numerical calculation of the BERs as well as computer
simulation of the BERs are performed. In particular, Fig. 3

shows the effect ofβ on the BER performance. Here, we
setEb/N0 = 25 dB andτ = 2. From the figure we can
see that BER increases withβ. This is because for a fixed
Eb/N0, the noise power increases withβ and the degrada-
tion due to the increased noise power will overwhelm any
gain in symbol detection that might have resulted whenβ
is large. In Fig. 4, the calculated and simulated BERs are
plotted forβ = 50.

The effect ofτ on the BER performance is shown in
Fig. 5, in whichEb/N0 = 25 dB, andβ = 50. The
figure shows that whenτ is large, the numerical results do
not agree with the simulated ones. This is because in the
derivation of the BER (12), we have assumed that the multi-
path time delay is much less than the bit duration (τ ≪ 2β)
and hence ISI can be neglected. Under this assumption the
numerical BER result is independent ofτ . However, in the
simulations, ISI is present and it increases withτ . There-
fore, asτ increases, ISI increases and the simulated BER
deteriorates. Fortunately, in most practical applications, the
conditionτ ≪ 2β holds, such that neglecting the ISI is jus-
tifiable. For example, in typical wireless local area network
(WLAN) applications, the time delayτ is some tens of ns,
which is very small compared with the duration of a trans-
mitted symbol [5].

The coherent CSK system, being a generic form of
chaos-based digital communication systems, may serve as
a benchmark system for comparison [7]. Fig. 6 shows the
simulated results of the BER performance of the coherent
CSK as well as the noncoherent DCSK over the AWGN
channel and the two-ray Rayleigh fading channel. In the
2-ray Rayleigh fading case, we assume that the average
power gain of the second path is 3 dB below that of the first
path. Under an AWGN channel, the coherent CSK system
performs much better compared with DCSK. In a two-ray
fading environment, the performance of the coherent CSK
system degrades dramatically [7] but for the noncoherent
DCSK, the performance degradation is much less severe.
Thus, the advantage of the coherent CSK system over the
DCSK system diminishes. The same observation is made
whenEb/N0 is large (say> 21 dB). This fact also verifies
Kolumbán’s conclusion that the DCSK system can be used
even under poor channel propagation conditions [8].

5. Conclusions

We have studied the multipath performance of the non-
coherent DCSK system based on a two-ray Rayleigh fading
model. Results from this study show that the DCSK sys-
tem can perform better than the coherent CSK system and
achieve a reasonable BER in a multipath environment.
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Figure 3: BER performance of the DCSK system over
a two-ray Rayleigh fading channel (BER versusβ) with
Eb/N0 = 25 dB andτ = 2.
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a two-ray Rayleigh fading channel, withβ = 50 and
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