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Review of quantum
estimation theor Y




Classical estinwabion

o Skatiskical wmodel:

PyK d Py
{PH}HE@CRd OIl (ﬂv F, M) £—>M {Pe - — }
dp 0cE

A

o tskimator: 0: QO — O

o Unbiased eskimakor:

Br, (6] i= | 0@)pa(w)n(dw) =6 (V6 € ©)



o Fisher information makrix Jo = [(Jo)i;]

(Jo)is = Ep, [z- 1oe<6 log p))

o Cramér-Rao inequality:
VP@ [é] 2 (JH)_l

“fOT‘ QMj uMbi&SQd estimator é



Quankum eskimakbion

1) Quanktum skakistical model
S={gp(>0): 0= (0...,0%) € B¢ R

2) Symmetric Logam%hmw Derivative (SLD):
0ipo = —(PeL + L;peg)

3) SLD Fisher &m&arma&wm mwakbrix J; = [(J5)ij]
(J5)ij = Re(Tr poL;L;)



4) SLD Cramér-Rao inequaliby:
Voo | M| > (Jég)_l

wikh equ&i&v E,ffﬂf SLDs commute
and M the simulbaneous sye&%ral measure

§) 1t is thus customary to switch the target to

m]\;[n tr WV, | M]

given a weight matrix W > 0



&) Holevo bound
tr WYV,

Pog

[M] Z ng(ﬂea W)
where

H ;
Co (Po; W) := I‘I}’lél{tr WV : V > |Trpe,B;B;],
ReTI‘pgoLjBi — 513}
wikth V a real symmetric matrix and

Bi,..., By selfadjoint operators
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Eq. qubit estimation

A
p g
= A

Qubilk stakte model:
1 2 2 2
Dinisar 58 5([ +x0, +yo, +20,) " +y"+2° <1

Hayashi-Gill-Massar bound:
2
min trW Vo (M) = Cq =" (pe, W) := (W (JS)-1/2 W (J5)—1/2 )

Whein W := Jég
Cy'“M(po, J3) =9 while Cg(pe,Jy) =3+ 2||6|
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o Suppose we have n copies of a guantum system

ceach U Ehe samwe state

o We are allowed ko use “collective” measurement

o What is the best we can do asn = o0 ?

o We sEu,clj Ehis probiﬁ.m bg extending the theory

of LAN to the gquantum domain



M A E;M e S A . (Em Em'n d « CAS

o [ Direct Fmr&]
The Holevo bo—umd ts achievable.

o [Cownverse rar&]
The Holevo bc:a-u,md s unbrealable.



M AL resu b (g 2INETLE €AS

o [Direct Fmr&]
The asymp Trepres bound is
achievable.

-
.. . >

o [Converse F&ar&]
The asymp ton_bound is
unbrealcable.



Revicwlish cldieion
Llocal asvmﬂoha v\ormai.&j



Local AsvaEoEE;c Nwrmatiﬁv

A sequence of models {P;" : 6 € © CR’}

is called LAN ot 6, € © 7




NB, Given P and Q, Let
Q = Qac 4 Q_L (Qac & P, Q_L o P)
be the Lebesguﬁ ciecomposiﬁom Then

anC
ol

qac(w)
p(w)

dQ e
ey (w) 1=




Radon-Nikodym theorem

d P an— 24l

dP




Local Asvm[a&:-&c Nwrmatiﬁv

A sequehce of models {P,V) : 0 € ©®@CR?

is called LAN ok 6, c© if

dp)™ . ] cinnd
log 6’°+(’;/)\/5 — h'A™ — —h'hIJi; + op, (1)
AP 2

where

(1)
POO

A 2 N(0,J)



= % { \/15 Z 0; logng(Xk)} —%hihg { Z 0;0; logpgo(Xk)} —|—0( )

ALK, X Jij+0pg, (1)

where

pgo

A N (0, J)

with J being the Fisher information matrix



Similarity to Graussian sh Ut

LAN A

T e e . i

log 90"’(};/)\/H e h"’Af,(:n) a §hzh3 Jij + Opg, (1)
dP,’




Comﬁguiﬁj

A sequence Q™ of probability measures is called
contiquous to another sequence P™ of Frobabd&&j
measures, denoted Q™ < P™ | if

PM(AM™My 5 0. — QMAM) 50

contiquous = &svmp&@&&&attj&bsuiu&éij conktinuous A



Theorem (Radon-Nikodym) dQ

QK Q.=

weak cohvergence analogue

dQm)
> dP (™)

I Q™ < P™ and (X i ) 27X, V), then

x (n) Lt L(e):= E[14(X)V]



Cam's Ehird Lemama

(Graussian version)
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Third lewamwa under LAN

SMFPQSQ

AT — BiAMf Loipig N

e

XN, P ([0
A () TR 0/’

log

and

Then




Assume that
1) {P{™ : 6 € ©® CRY} is LAN ok 0y € O

2) Seq. of statistics T™ on P, _ is weakly
convergent for each h (ie. T™ % 3£, )
Then there exists o stakiskic T own N(Jh,J) s.k.

7'~ T

for all h



Part I1I: LAN in the qu.&V\E um Aomaiin

[ Annals of Statistics, 41, 2197-2217 (2013) ]
[ Bernoulli, 26, 2105-214-2 (R020) ]
[ Annals of Statistics, 61, 1189-11%2 (2023) ]



D E,,nfnf eulbies i extend g
LAN to the _qua nbum c:lc:» ain

dP('"’)
LAN: ;.i 90"'};/ V) |— 1 A(n)
dPéo )

What is the gquantum aouméerparﬁ of
(1)) Radon-Niko dym derivative?
2)) contiq uiky and third lemama?

3) weak convergence?



Hi;s&wr:j of quam%um LAN

- Gruta and Kahn's strong g-LAN (2006, 2009)

() ) — 0
lim sup |op — I )(peo—l—h/\/ﬁ) :
" —> 00 hEK(n)
and ' ;
lim sup [[A"™)(oh) — Pooth) ol
71— 00 hEK(n)

- Gruta and Jencova's weak g-LAN (2007)
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@ Classical

Ds(PIQ) = |

o Quankum

Dy(plle) = Trp {1 (
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Sim F?i. kv F'C)E hesis best U g

[Hiai-Petz (1991), 0gawa-Nagaoka (2000)]

o Classical Likelihood ratic test ( pvs. g )

1 q®"’
— log > A
n PRI

o Quantum Likelithood ratio tesk ( pvs. o)

O_(X)'n, S en)\p@n >0



What about quan%um
F?Od" ane T €8 &m o& LOY m?

o One mMay conceilve a qwtufei&hood rabio via

o Uwfc:)r&uma&etv, this quantity is not useful in
quantum estimation.

o A «t‘;‘omplﬁ%ﬂj new Ldea s heeded.



qua nkunm EWfQ rmation geometr Y

’/‘.:--5 o a3 I R R - P O P 2 I T D DS R G- ST 27 T e N S e I N RSBy Sy
P = € Po € ;
' ‘.

SLD qeodesic = qu&h&um 282 f&mi;tj
Nice Fropmﬁesz | | |
1) guantum Cramér-Rao lower bound is
umi{ormtv achievable

2) can be extended to non-faithful states



Absolube conkin uiky
siv\gula\r&v

1) O is O to P, denoted
o L p, if there is a positive operator

R(>0) that satisfies

2) T s to p , Aenoted o L p ; Eff

supp o L suppp



Al ex F?i. etk ex SSLOWN

@ ror p,o >0 operator geometric mean

c=RpR<= R=oc#p ' = ﬁ(\/ﬁpﬁ>_lﬁ

o For a generic case, the inverse is replaced by
the generalized inverse.
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o Classical view for absolute continuiby:
supp o C supp p *




Quanbum Lebes que
Aecom pOSs kLo

Given quantum states p, o € 8(3),
Ehe d@.ﬂomposiﬁom

o= RpR+ T (R >0, 7 =007 <l p)
T

o aC G'-L

uv\iquﬂv exisks.



in fack leb H =3, @ Ho @ Hs with




In general

g_cl # SUpp p () ker O and }Cz # SUpp p M) supp o
In fact, for p=[&)(€ and o= |n)(n|
1) Sllpppﬂsuppa;é {()} AN e O

2) gz # {0} ==-i&ln) #80



Quanbtum Lilkkelihood rakio

We call the positive operator R that satisfies

oc=RpR+ T (Riz= &' >0, Tl p)

the square-root Likelithood ratio, denoting R(o|p)




Quantum LAN

s = fpi™ : 9 € ® Cc RY} is called q-LAN at 0, € ® Eff

RO = R Lol pé’;”)) is expanded in h as

ih*h9) I™ +op(h*AT™, pg,)




Third lemwama under 9- WY

Suppose $ = {p,”) : 6 € ® CR?} s q-LAN ot 6 € © and

X (n) fg) N 0 S, -
A (™) OF \75" &

Thewn { g vm<9P0 and )

(n)
p90-l-h/\/_

X (n) N((ReT)h,X)




Embedding o8" into
Graussiai shift models

q-LAN # 3rd lemma

x (n) y (n)
D)

N((Rerx)h, Ex) N((Rety)h, Zy)
N((RGTD)h, ZD)

Choose D™ suitably so that the Holevo
bound of the resulting g-Gaussian is
identical to that of pe



1) { ('"’)} is 9-LAN and D-extendible ot 6,

2) Seq. of POVMs M™ = {M (")(B)}BEB(Rs) em\jovs

(1) n
TrpeoJFh/\FM( ) % 3Ly

Then IM™) = {M(*)(B)}pges®:) o CCR(ImX) s.t.
dn(M™)(B)) = Ln(B)  (Vh)

where ¢, ~ N((ReT)h,X)



Appua‘:a&oms

asymptotic quantum representation theorem
converts a statistical problem for the Local
parameter h nto &MQ&E@J‘ one for the Limiting
q-Gaussian shift model

asymptotic representation bound bejm\c& tid

> asymptotic regutari;? and asymptotic mininmax
theorems that exclude gquantum super@fnfﬁ@&emtj
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FIG. 1. Weighted trace of covariance matrix of the quantum . ogés estzmator ,, iwith the weight J, (5) for the
m(;oh_e‘rentlsltate quel_S based on the means of samples of size 100 (dashed), 1000 (dotted), and 10,000

(Soltd) observations. For reference, the corresponding Holevo bound is C(J ( S)) =4,



Sum MATY

o Quanktum meormaﬁam geameérj M&%urauj led us ko the
quantum Lebesque decomposition

o With additional notions (such as gquantum wealk convergence
and quantum contiguity), we derived quantum LeCoam third
lemma and asymptotic quantum representation theorem

o They establish solid foundations of the theory of quantum
local asymptotic normality, Farovidi;ms a Power{ut tool to
cope with asymptotics in %?\e quantum domain



“Thank you for your attention”

- Akio Fujiwara




