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AIFV Codes 
(Almost Instantaneous Fixed-to-Variable Length Codes)

 and 
Their Extended Codes
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lS lC

1

lS lC

1

lS lC

1

lS lC

1

Fixed
FixedVariable
Variable

�#�#���1����+0.*/,-�����X

Pr{lS(X) < lB(X) + 1} ≥ Pr{lS(X) > lB(X) + 1}

Pr{lH(X) < lB(X) + 1} ≥ Pr{lH(X) > lB(X) + 1}

Code A1 ≺ Code A2 ≺ Code A3 ≺ Code A1

x a b c d
p(x) 0.4 0.3 0.2 0.1

Code A1 0 10 110 111
lA1(x) 1 2 3 3

Code A2 111 0 10 110
lA2(x) 3 1 2 3

Code A3 00 01 10 11
lA3(x) 2 2 2 2

Code A ≼ Code B

Pr{lA(X) < lB(X)} ≥ Pr{lA(X) > lB(X)}

lA(x) lB(x) x ∈ X

1
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Y = {0, 1}

X = {a, b, c, d, e, f}
PX(a) = 0.2

lS lC

1

��	�#!�"� �
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���#!�"� 
X = {a, b, c, d, e}

x ∈ X

RFV = H(X)

lim
K→∞

H(XK)

K
= H(X)

K → ∞

H(XK)

K
≤ RFV =

LK(CK)

K
<

H(XK)

K
+

1

K

H(XK) ≤ LK(CK) < H(XK) + 1

H(X) ≤ RFV = L(C) < H(X) + 1

∑

x∈X
Q(x) ≤ 1

RFV = L(C) C

→ 1 as K → ∞

1

��	
��
PX(a) = 0.35, PX(b) = 0.1,
PX(c) = 0.3 PX(d) = 0.15, PX(e) = 0.1

s = 10 − select(b, 10) + 1 = 10 − 8 + 1 = 3

lS(x) = ⌈− log P (x)⌉ i

K K ≥ 3 2|X | (K − 1)|X |

X2 |X |2 2|X |

P (0)
X (at) =

1

|X |

P (1)
X (at) =

t

A1

P (2)
X (at) =

t2

A2

X = {a1, a2 · · · , a|X |}

q(m)
0 = Q(T (m)

1 |T (m)
0 ), q(m)

1 = Q(T (m)
0 |T (m)

1 )

d d + 2

1

x codeword
a 00
b 110
c 01
d 10
e 111

x codeword
a 00
b 01
c 10
d 110
e 111

PX(a) = 0.35, PX(b) = 0.1,
PX(c) = 0.3 PX(d) = 0.15, PX(e) = 0.1

s = 10 − select(b, 10) + 1 = 10 − 8 + 1 = 3

lS(x) = ⌈− log P (x)⌉ i

K K ≥ 3 2|X | (K − 1)|X |

X2 |X |2 2|X |

1
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Y = {0, 1}

X = {a, b, c, d, e, f}
PX(a) = 0.2

lS lC

1

��
,1/+0-.�
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��,1/+0-.�
X = {a, b, c, d, e}

x ∈ X

RFV = H(X)

lim
K→∞

H(XK)

K
= H(X)

K → ∞

H(XK)

K
≤ RFV =

LK(CK)

K
<

H(XK)

K
+

1

K

H(XK) ≤ LK(CK) < H(XK) + 1

H(X) ≤ RFV = L(C) < H(X) + 1

∑

x∈X
Q(x) ≤ 1

RFV = L(C) C

→ 1 as K → ∞

1
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PX(a) = 0.35, PX(b) = 0.1,
PX(c) = 0.3 PX(d) = 0.15, PX(e) = 0.1

s = 10 − select(b, 10) + 1 = 10 − 8 + 1 = 3

lS(x) = ⌈− log P (x)⌉ i

K K ≥ 3 2|X | (K − 1)|X |

X2 |X |2 2|X |

P (0)
X (at) =

1

|X |

P (1)
X (at) =

t

A1

P (2)
X (at) =

t2

A2

X = {a1, a2 · · · , a|X |}

q(m)
0 = Q(T (m)

1 |T (m)
0 ), q(m)

1 = Q(T (m)
0 |T (m)

1 )

d d + 2

1
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a b c d e

X = {a, b, c, d, e}

x ∈ X

RFV = H(X)

lim
K→∞

H(XK)

K
= H(X)

K → ∞

H(XK)

K
≤ RFV =

LK(CK)

K
<

H(XK)

K
+

1

K

H(XK) ≤ LK(CK) < H(XK) + 1

H(X) ≤ RFV = L(C) < H(X) + 1

∑

x∈X
Q(x) ≤ 1

RFV = L(C) C

1

a b c d e

X = {a, b, c, d, e}

x ∈ X

RFV = H(X)

lim
K→∞

H(XK)

K
= H(X)

K → ∞

H(XK)

K
≤ RFV =

LK(CK)

K
<

H(XK)

K
+

1

K

H(XK) ≤ LK(CK) < H(XK) + 1

H(X) ≤ RFV = L(C) < H(X) + 1

∑

x∈X
Q(x) ≤ 1

RFV = L(C) C

1

a b c d e

X = {a, b, c, d, e}

x ∈ X

RFV = H(X)

lim
K→∞

H(XK)

K
= H(X)

K → ∞

H(XK)

K
≤ RFV =

LK(CK)

K
<

H(XK)

K
+

1

K

H(XK) ≤ LK(CK) < H(XK) + 1

H(X) ≤ RFV = L(C) < H(X) + 1

∑

x∈X
Q(x) ≤ 1

RFV = L(C) C

1

a b c d e

X = {a, b, c, d, e}

x ∈ X

RFV = H(X)

lim
K→∞

H(XK)

K
= H(X)

K → ∞

H(XK)

K
≤ RFV =

LK(CK)

K
<

H(XK)

K
+

1

K

H(XK) ≤ LK(CK) < H(XK) + 1

H(X) ≤ RFV = L(C) < H(X) + 1

∑

x∈X
Q(x) ≤ 1

RFV = L(C) C

1

1

1

1
10

0

0
0

a b c d e

X = {a, b, c, d, e}

x ∈ X

RFV = H(X)

lim
K→∞

H(XK)

K
= H(X)

K → ∞

H(XK)

K
≤ RFV =

LK(CK)

K
<

H(XK)

K
+

1

K

H(XK) ≤ LK(CK) < H(XK) + 1

H(X) ≤ RFV = L(C) < H(X) + 1

∑

x∈X
Q(x) ≤ 1

RFV = L(C) C

1
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(Prefix code, Prefix-free code)

x codeword
a 00
b 110
c 01
d 10
e 111

x codeword
a 00
b 01
c 10
d 110
e 111

PX(a) = 0.35, PX(b) = 0.1,
PX(c) = 0.3 PX(d) = 0.15, PX(e) = 0.1

s = 10 − select(b, 10) + 1 = 10 − 8 + 1 = 3

lS(x) = ⌈− log P (x)⌉ i

K K ≥ 3 2|X | (K − 1)|X |

X2 |X |2 2|X |

1
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(Huffman, 1952)
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(Uniquely decodable 

codes) 
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∑

x∈X
2−l(x) ≤ 1

s = 10− select(b, 3) + 1 = 10− 8 + 1 = 3

R =
E[lC ]

lS
R =

lC
E[lS]

d = 1 2 K − 1

minimize

|X |∑

t=1

D∑

d=0

pt
(
ut,d d + vt,d (d + C(m−1))

)

T0 T1

rank(b, 5) = 2 5− 2 = 3 n + o(n)

n

A
+

n(logA + 1)

BR
+ o(n)

ℓB(x
∞)

{a, c} {b, c, e}

1

 &#!�����

$ %&'��� 
(McMillan, 1956)

 &#!��� 
(Kraft, 1949)

l(x)

{l(x)}
∑

x∈X
2−l(x) ≤ 1

s = 10− select(b, 3) + 1 = 10− 8 + 1 = 3

R =
E[lC ]

lS
R =

lC
E[lS]

d = 1 2 K − 1

minimize

|X |∑

t=1

D∑

d=0

pt
(
ut,d d + vt,d (d + C(m−1))

)

T0 T1

rank(b, 5) = 2 5− 2 = 3 n + o(n)

n

A
+

n(logA + 1)

BR
+ o(n)

ℓB(x
∞)

{a, c} {b, c, e}

1

: 情報源シンボル   の符号長l(x) x

{l(x)}
∑

x∈X
2−l(x) ≤ 1

s = 10− select(b, 3) + 1 = 10− 8 + 1 = 3

R =
E[lC ]

lS
R =

lC
E[lS]

d = 1 2 K − 1

minimize

|X |∑

t=1

D∑

d=0

pt
(
ut,d d + vt,d (d + C(m−1))

)

T0 T1

rank(b, 5) = 2 5− 2 = 3 n + o(n)

n

A
+

n(logA + 1)

BR
+ o(n)

ℓB(x
∞)

{a, c} {b, c, e}

1
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(Huffman, 1952)
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∑

x∈X
2−l(x) ≤ 1

s = 10− select(b, 3) + 1 = 10− 8 + 1 = 3

R =
E[lC ]

lS
R =

lC
E[lS]

d = 1 2 K − 1

minimize

|X |∑

t=1

D∑

d=0

pt
(
ut,d d + vt,d (d + C(m−1))

)

T0 T1

rank(b, 5) = 2 5− 2 = 3 n + o(n)

n

A
+

n(logA + 1)

BR
+ o(n)

ℓB(x
∞)

{a, c} {b, c, e}

1

!'$" ����

%!&'( �� 
(McMillan, 1956)

!'$" �� 
(Kraft, 1949)

l(x)

{l(x)}
∑

x∈X
2−l(x) ≤ 1

s = 10− select(b, 3) + 1 = 10− 8 + 1 = 3

R =
E[lC ]

lS
R =

lC
E[lS]

d = 1 2 K − 1

minimize

|X |∑

t=1

D∑

d=0

pt
(
ut,d d + vt,d (d + C(m−1))

)

T0 T1

rank(b, 5) = 2 5− 2 = 3 n + o(n)

n

A
+

n(logA + 1)

BR
+ o(n)

ℓB(x
∞)

{a, c} {b, c, e}

1

: 情報源シンボル   の符号長l(x) x

{l(x)}
∑

x∈X
2−l(x) ≤ 1

s = 10− select(b, 3) + 1 = 10− 8 + 1 = 3

R =
E[lC ]

lS
R =

lC
E[lS]

d = 1 2 K − 1

minimize

|X |∑

t=1

D∑

d=0

pt
(
ut,d d + vt,d (d + C(m−1))

)

T0 T1

rank(b, 5) = 2 5− 2 = 3 n + o(n)

n

A
+

n(logA + 1)

BR
+ o(n)

ℓB(x
∞)

{a, c} {b, c, e}

1
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(Uniquely decodable 

codes) 
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∑

x∈X
2−l(x) ≤ 1

s = 10− select(b, 3) + 1 = 10− 8 + 1 = 3

R =
E[lC ]

lS
R =

lC
E[lS]

d = 1 2 K − 1

minimize

|X |∑

t=1

D∑

d=0

pt
(
ut,d d + vt,d (d + C(m−1))

)

T0 T1

rank(b, 5) = 2 5− 2 = 3 n + o(n)

n

A
+

n(logA + 1)

BR
+ o(n)

ℓB(x
∞)

{a, c} {b, c, e}

1

:@=;5���'

>:?@A5�� 
(McMillan, 1956)

:@=;5�� 
(Kraft, 1949)

�����!��
(Uniquely decodable 

codes) 
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(D) Source symbols are assigned to master nodes in addition to leaves. But no source symbol is assigned to

a complete internal node and a slave node.

The binary AIFV code encodes a source sequence x1x2x3 · · · as follows.

Procedure 5 (Encoding of a binary AIFV code):

(a) Use T0 to encode the initial source symbol x1.

(b) When xi is encoded by a leaf (resp. a master node), then use T0 (resp. T1) to encode the next symbol

xi+1.

If we use the binary AIFV code shown in Fig. 8, then for instance, source sequence “cbcaab” is encoded to

“11.10.11.01.0.10”, and source sequence “cadbca” is encoded to “11.01.1100.10.11.01”, where dots “.” are

not necessary in the actual codeword sequences.

A codeword sequence y = y1y2y3 · · · ∈ Y∗ can be decoded by using coding trees T0 and T1 as follows.

Procedure 6 (Decoding of a binary AIFV code):

(a) Use T0 to decode the initial source symbol x1 from y.

(b) Trace y as long as possible from the root in the current coding tree. Then, output the source symbol

assigned to the reached master node or leaf.

(c) Let ŷ be the path from the root to the reached master node or leaf. Then, remove ŷ from the prefix of y

, and if the reached node is a leaf (resp. a master node), then use T0 (resp. T1) to decode the next source

symbol.

For instance, from y = 11101101010, we can decode x1 = c when “111” is read because there is no path

“111” from the root in T0 and the master node is reached by “11”. Similarly, in the case of y = 11011100101101,

we can decode x1 = c when “1101” is read because there is no path “1101” in T0. Clearly we can decode xi

instantaneously if xi is encoded by a leaf. So, the maximum decoding delay of the binary AIFV codes is at

most two coding symbols.

Now consider a source such that X = {a, b, c, d}, and PX(a) = 0.45, PX(b) = 0.3, PX(c) = 0.2, PX(d) =

0.05. In this case, the entropy and the average codeword length of the binary Huffman code are given by

H2(X) = 1.7200 and LH = 1.8, respectively. If we use the binary AIFV code shown in Fig. 8, the average

codeword length are given by L0 = 1.65 and L1 = 2.1 for T0 and T1, respectively. Since T1 is used only just

after c is encoded in this example, we have Q(T1|T0) = 0.2 and Q(T0|T1) = 0.8 which mean that Q(T0) = 0.8

and Q(T1) = 0.2. Therefore, we have LAIFV = 1.65× 0.8+2.1× 0.2 = 1.74, which is better than LH = 1.8.

B. Kraft-like inequalities for binary AIFV codes

In the same way as Section II-C, we can derive Kraft-like inequalities for binary AIFV codes. Let N (k)
0

(resp. N (k)
1 ) be the set of leaves (resp. master nodes) in coding tree Tk, k = 0, 1. Furthermore, let nx be the

master node or leaf assigned a source symbol x, and let lk(x) be the codeword length of x ∈ X . Note that since

a master node has only one grandchild, the master node becomes a complete node if we add three grandchild

to the master node. Hence we have the following relation for T0.
∑

x:nx∈N (0)
0

2−l0(x) +
3
4

∑

x:nx∈N (0)
1

2−l0(x) = 1 (14)

September 18, 2014 DRAFT

Y = {0, 1}

|Y|− 1

Y = {0, 1, 2} PX(x) =
1

|X | = 0.2

T0 T1

|X |− 1 |X | = 63

n

A
+

n(log A + 1)

BR
+ 1 A B

|X |

r = rank(b, i) s = i − select(b, r)

x1x2x3x4x5 · · ·xn b = b1b2b3b4b5 · · · bn

b = b0 = b1 = b11 =

x8 rank(b, 8) = 4 b8 = 1 b1
4 = 1 rank(b1, 4) = 2

b11
2 = 0 x8 = b

1

����!"��

0

0

ba

d

b
a

1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1

c

0 1
10

0

0

c

d

0

1 0
1

1

�

	�����

�	�����

(Master node)

(Slave node)

 (Yamamoto, Tsuchihasi, Honda, 2015)
 (Yamamoto, Wei,  2013)
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c  b  d  c  a  
11  
1 2 3 4

a b c d e

T0 T1

1

&���
��!���

0

0

ba

d

b
a

1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1

c

0 1
10

0

0

c

d

0

1 0
1

1

	���'

 ������

��

���!���

1 2 3 4

a b c d e

T0 T1

1

$"#%
��

1 2 3 4

a b c d e

T0 T1

1

	������'������



c   b   d       c   a 
11  
1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1

0

0

ba

d

b
a

1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1

c

0 1
10

0

0

c

d

0

1 0
1

1

10  1100  01  �����& 11  
1 2 3 4

a b c d e

T0 T1

1

%���	�� ���

�����&

��

��
 ���

1 2 3 4

a b c d e

T0 T1

1

#!"$
�

1 2 3 4

a b c d e

T0 T1

1

�������&������



1 2 3 4

a b c d e

T0 T1

1

0

0

ba

d

b
a

1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1

c

0 1
10

0

0

c

d

0

1 0
1

1

111011001101
c    

)������$	��

�����*


����*

#�����

��

��$���

1 2 3 4

a b c d e

T0 T1

1

'%&(
��

1 2 3 4

a b c d e

T0 T1

1


������*� �!"�



1 2 3 4

a b c d e

T0 T1

1

0

0

ba

d

b
a

1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1

c

0 1
10

0

0

c

d

0

1 0
1

1

111011001101
c   b       d   c  a

1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1

�����*


����*

#�����

��

��$���

1 2 3 4

a b c d e

T0 T1

1

'%&(
��

1 2 3 4

a b c d e

T0 T1

1

)������$	��
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0

0

ba

d

b
a

1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1

c

0 1
10

0

0

c

d

0

1 0
1

1 �	���
&%#$!
�����

111011001101
c   b       d   c  a

&������"���
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0 1
0

0

a
b

c d

1
1

10

(D) Source symbols are assigned to master nodes in addition to leaves. But no source symbol is assigned to

a complete internal node and a slave node.

The binary AIFV code encodes a source sequence x1x2x3 · · · as follows.

Procedure 5 (Encoding of a binary AIFV code):

(a) Use T0 to encode the initial source symbol x1.

(b) When xi is encoded by a leaf (resp. a master node), then use T0 (resp. T1) to encode the next symbol

xi+1.

If we use the binary AIFV code shown in Fig. 8, then for instance, source sequence “cbcaab” is encoded to

“11.10.11.01.0.10”, and source sequence “cadbca” is encoded to “11.01.1100.10.11.01”, where dots “.” are

not necessary in the actual codeword sequences.

A codeword sequence y = y1y2y3 · · · ∈ Y∗ can be decoded by using coding trees T0 and T1 as follows.

Procedure 6 (Decoding of a binary AIFV code):

(a) Use T0 to decode the initial source symbol x1 from y.

(b) Trace y as long as possible from the root in the current coding tree. Then, output the source symbol

assigned to the reached master node or leaf.

(c) Let ŷ be the path from the root to the reached master node or leaf. Then, remove ŷ from the prefix of y

, and if the reached node is a leaf (resp. a master node), then use T0 (resp. T1) to decode the next source

symbol.

For instance, from y = 11101101010, we can decode x1 = c when “111” is read because there is no path

“111” from the root in T0 and the master node is reached by “11”. Similarly, in the case of y = 11011100101101,

we can decode x1 = c when “1101” is read because there is no path “1101” in T0. Clearly we can decode xi

instantaneously if xi is encoded by a leaf. So, the maximum decoding delay of the binary AIFV codes is at

most two coding symbols.

Now consider a source such that X = {a, b, c, d}, and PX(a) = 0.45, PX(b) = 0.3, PX(c) = 0.2, PX(d) =

0.05. In this case, the entropy and the average codeword length of the binary Huffman code are given by

H2(X) = 1.7200 and LH = 1.8, respectively. If we use the binary AIFV code shown in Fig. 8, the average

codeword length are given by L0 = 1.65 and L1 = 2.1 for T0 and T1, respectively. Since T1 is used only just

after c is encoded in this example, we have Q(T1|T0) = 0.2 and Q(T0|T1) = 0.8 which mean that Q(T0) = 0.8

and Q(T1) = 0.2. Therefore, we have LAIFV = 1.65× 0.8+2.1× 0.2 = 1.74, which is better than LH = 1.8.

B. Kraft-like inequalities for binary AIFV codes

In the same way as Section II-C, we can derive Kraft-like inequalities for binary AIFV codes. Let N (k)
0

(resp. N (k)
1 ) be the set of leaves (resp. master nodes) in coding tree Tk, k = 0, 1. Furthermore, let nx be the

master node or leaf assigned a source symbol x, and let lk(x) be the codeword length of x ∈ X . Note that since

a master node has only one grandchild, the master node becomes a complete node if we add three grandchild

to the master node. Hence we have the following relation for T0.
∑

x:nx∈N (0)
0

2−l0(x) +
3
4

∑

x:nx∈N (0)
1

2−l0(x) = 1 (14)
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(D) Source symbols are assigned to master nodes in addition to leaves. But no source symbol is assigned to

a complete internal node and a slave node.

The binary AIFV code encodes a source sequence x1x2x3 · · · as follows.

Procedure 5 (Encoding of a binary AIFV code):

(a) Use T0 to encode the initial source symbol x1.

(b) When xi is encoded by a leaf (resp. a master node), then use T0 (resp. T1) to encode the next symbol

xi+1.

If we use the binary AIFV code shown in Fig. 8, then for instance, source sequence “cbcaab” is encoded to

“11.10.11.01.0.10”, and source sequence “cadbca” is encoded to “11.01.1100.10.11.01”, where dots “.” are

not necessary in the actual codeword sequences.

A codeword sequence y = y1y2y3 · · · ∈ Y∗ can be decoded by using coding trees T0 and T1 as follows.

Procedure 6 (Decoding of a binary AIFV code):

(a) Use T0 to decode the initial source symbol x1 from y.

(b) Trace y as long as possible from the root in the current coding tree. Then, output the source symbol

assigned to the reached master node or leaf.

(c) Let ŷ be the path from the root to the reached master node or leaf. Then, remove ŷ from the prefix of y

, and if the reached node is a leaf (resp. a master node), then use T0 (resp. T1) to decode the next source

symbol.

For instance, from y = 11101101010, we can decode x1 = c when “111” is read because there is no path

“111” from the root in T0 and the master node is reached by “11”. Similarly, in the case of y = 11011100101101,

we can decode x1 = c when “1101” is read because there is no path “1101” in T0. Clearly we can decode xi

instantaneously if xi is encoded by a leaf. So, the maximum decoding delay of the binary AIFV codes is at

most two coding symbols.

Now consider a source such that X = {a, b, c, d}, and PX(a) = 0.45, PX(b) = 0.3, PX(c) = 0.2, PX(d) =

0.05. In this case, the entropy and the average codeword length of the binary Huffman code are given by

H2(X) = 1.7200 and LH = 1.8, respectively. If we use the binary AIFV code shown in Fig. 8, the average

codeword length are given by L0 = 1.65 and L1 = 2.1 for T0 and T1, respectively. Since T1 is used only just

after c is encoded in this example, we have Q(T1|T0) = 0.2 and Q(T0|T1) = 0.8 which mean that Q(T0) = 0.8

and Q(T1) = 0.2. Therefore, we have LAIFV = 1.65× 0.8+2.1× 0.2 = 1.74, which is better than LH = 1.8.

B. Kraft-like inequalities for binary AIFV codes

In the same way as Section II-C, we can derive Kraft-like inequalities for binary AIFV codes. Let N (k)
0

(resp. N (k)
1 ) be the set of leaves (resp. master nodes) in coding tree Tk, k = 0, 1. Furthermore, let nx be the

master node or leaf assigned a source symbol x, and let lk(x) be the codeword length of x ∈ X . Note that since

a master node has only one grandchild, the master node becomes a complete node if we add three grandchild

to the master node. Hence we have the following relation for T0.
∑

x:nx∈N (0)
0

2−l0(x) +
3
4

∑

x:nx∈N (0)
1

2−l0(x) = 1 (14)
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(D) Source symbols are assigned to master nodes in addition to leaves. But no source symbol is assigned to

a complete internal node and a slave node.

The binary AIFV code encodes a source sequence x1x2x3 · · · as follows.

Procedure 5 (Encoding of a binary AIFV code):

(a) Use T0 to encode the initial source symbol x1.

(b) When xi is encoded by a leaf (resp. a master node), then use T0 (resp. T1) to encode the next symbol

xi+1.

If we use the binary AIFV code shown in Fig. 8, then for instance, source sequence “cbcaab” is encoded to

“11.10.11.01.0.10”, and source sequence “cadbca” is encoded to “11.01.1100.10.11.01”, where dots “.” are

not necessary in the actual codeword sequences.

A codeword sequence y = y1y2y3 · · · ∈ Y∗ can be decoded by using coding trees T0 and T1 as follows.

Procedure 6 (Decoding of a binary AIFV code):

(a) Use T0 to decode the initial source symbol x1 from y.

(b) Trace y as long as possible from the root in the current coding tree. Then, output the source symbol

assigned to the reached master node or leaf.

(c) Let ŷ be the path from the root to the reached master node or leaf. Then, remove ŷ from the prefix of y

, and if the reached node is a leaf (resp. a master node), then use T0 (resp. T1) to decode the next source

symbol.

For instance, from y = 11101101010, we can decode x1 = c when “111” is read because there is no path

“111” from the root in T0 and the master node is reached by “11”. Similarly, in the case of y = 11011100101101,

we can decode x1 = c when “1101” is read because there is no path “1101” in T0. Clearly we can decode xi

instantaneously if xi is encoded by a leaf. So, the maximum decoding delay of the binary AIFV codes is at

most two coding symbols.

Now consider a source such that X = {a, b, c, d}, and PX(a) = 0.45, PX(b) = 0.3, PX(c) = 0.2, PX(d) =

0.05. In this case, the entropy and the average codeword length of the binary Huffman code are given by

H2(X) = 1.7200 and LH = 1.8, respectively. If we use the binary AIFV code shown in Fig. 8, the average

codeword length are given by L0 = 1.65 and L1 = 2.1 for T0 and T1, respectively. Since T1 is used only just

after c is encoded in this example, we have Q(T1|T0) = 0.2 and Q(T0|T1) = 0.8 which mean that Q(T0) = 0.8

and Q(T1) = 0.2. Therefore, we have LAIFV = 1.65× 0.8+2.1× 0.2 = 1.74, which is better than LH = 1.8.

B. Kraft-like inequalities for binary AIFV codes

In the same way as Section II-C, we can derive Kraft-like inequalities for binary AIFV codes. Let N (k)
0

(resp. N (k)
1 ) be the set of leaves (resp. master nodes) in coding tree Tk, k = 0, 1. Furthermore, let nx be the

master node or leaf assigned a source symbol x, and let lk(x) be the codeword length of x ∈ X . Note that since

a master node has only one grandchild, the master node becomes a complete node if we add three grandchild

to the master node. Hence we have the following relation for T0.
∑

x:nx∈N (0)
0

2−l0(x) +
3
4

∑

x:nx∈N (0)
1

2−l0(x) = 1 (14)
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(D) Source symbols are assigned to master nodes in addition to leaves. But no source symbol is assigned to

a complete internal node and a slave node.

The binary AIFV code encodes a source sequence x1x2x3 · · · as follows.

Procedure 5 (Encoding of a binary AIFV code):

(a) Use T0 to encode the initial source symbol x1.

(b) When xi is encoded by a leaf (resp. a master node), then use T0 (resp. T1) to encode the next symbol

xi+1.

If we use the binary AIFV code shown in Fig. 8, then for instance, source sequence “cbcaab” is encoded to

“11.10.11.01.0.10”, and source sequence “cadbca” is encoded to “11.01.1100.10.11.01”, where dots “.” are

not necessary in the actual codeword sequences.

A codeword sequence y = y1y2y3 · · · ∈ Y∗ can be decoded by using coding trees T0 and T1 as follows.

Procedure 6 (Decoding of a binary AIFV code):

(a) Use T0 to decode the initial source symbol x1 from y.

(b) Trace y as long as possible from the root in the current coding tree. Then, output the source symbol

assigned to the reached master node or leaf.

(c) Let ŷ be the path from the root to the reached master node or leaf. Then, remove ŷ from the prefix of y

, and if the reached node is a leaf (resp. a master node), then use T0 (resp. T1) to decode the next source

symbol.

For instance, from y = 11101101010, we can decode x1 = c when “111” is read because there is no path

“111” from the root in T0 and the master node is reached by “11”. Similarly, in the case of y = 11011100101101,

we can decode x1 = c when “1101” is read because there is no path “1101” in T0. Clearly we can decode xi

instantaneously if xi is encoded by a leaf. So, the maximum decoding delay of the binary AIFV codes is at

most two coding symbols.

Now consider a source such that X = {a, b, c, d}, and PX(a) = 0.45, PX(b) = 0.3, PX(c) = 0.2, PX(d) =

0.05. In this case, the entropy and the average codeword length of the binary Huffman code are given by

H2(X) = 1.7200 and LH = 1.8, respectively. If we use the binary AIFV code shown in Fig. 8, the average

codeword length are given by L0 = 1.65 and L1 = 2.1 for T0 and T1, respectively. Since T1 is used only just

after c is encoded in this example, we have Q(T1|T0) = 0.2 and Q(T0|T1) = 0.8 which mean that Q(T0) = 0.8

and Q(T1) = 0.2. Therefore, we have LAIFV = 1.65× 0.8+2.1× 0.2 = 1.74, which is better than LH = 1.8.

B. Kraft-like inequalities for binary AIFV codes

In the same way as Section II-C, we can derive Kraft-like inequalities for binary AIFV codes. Let N (k)
0

(resp. N (k)
1 ) be the set of leaves (resp. master nodes) in coding tree Tk, k = 0, 1. Furthermore, let nx be the

master node or leaf assigned a source symbol x, and let lk(x) be the codeword length of x ∈ X . Note that since

a master node has only one grandchild, the master node becomes a complete node if we add three grandchild

to the master node. Hence we have the following relation for T0.
∑

x:nx∈N (0)
0

2−l0(x) +
3
4

∑

x:nx∈N (0)
1

2−l0(x) = 1 (14)
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��	= L−H(X)
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Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

H(X) ≈ 0.5690 H(X) ≈ 1.7200 LH = 1.1
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2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ
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P (a) = 0.45, P (b) = 0.3, P (c) = 0.2, P (d) = 0.05

Q(T1|T0) = P (c) = 0.2 Q(T0|T1) = P (a)+P (b)+P (d) = 0.8

H(X) = 1.7200

1

H(X) ≤ LH < H(X) + 1

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

H(X) ≈ 0.5690 H(X) ≈ 1.7200 LH = 1.1

X = {a, b, c} P (a) = 0.9, P (b) = P (c) = 0.05

P (a) = 0.45, P (b) = 0.3, P (c) = 0.2, P (d) = 0.05

1
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pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

Tk

X = {a, b, c},m = 3

lim
n→∞

LAIFV

⌈log2 Sn−1⌉
! 1.0409

1

h(p) = −p log2 p− (1− p) log2(1− p)

H(X) = −
∑

x∈X
P (x) log2 P (x) ≈ 1.7200

LAIFV = Q(T0)L0 +Q(T1)L1

= 0.8× 1.65 + 0.2× 2.1

= 1.74

Tbase T0 = Tbase

−1 +
√
5

2
≤ pmax < 1

pmax <
−1 +

√
5

2
D ≥ 2

a b 2pb < pa

2 ≤ m ≤ 4 0.5 ≤ pmax < 1

Q0|1, Q1|0, L0, L1, C

C LAIFV T0 T1

1
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6

We proceed to define an average code length LAIFV and
redundancy rAIFV of binary AIFV-m code.

Definition 4. Let {Tk}k=0,...,m−1 be a set of the code trees.
Let {LTk}k=0,...,m−1 and {P (Tk)}k=0,...,m−1 be a set of
average code lengths and a set stationary probabilities of the
code trees, respectively. The average code length of the binary
AIFV-m code is defined as follows.

LAIFV =
m−1∑

k=0

P (Tk)LTk . (3)

Redundancy of optimal binary AIFV-m codes is defined in
the same way as (2).

Based on Definition 4, we show how to calculate the average
code length of binary AIFV-m code. For example, consider
the code trees in Fig. 5 for a source X = {a, b, c, d} with
probabilities P (a) = 0.65, P (b) = 0.2, P (c) = 0.1 and
P (d) = 0.05. The transition matrix R is given by

R =

⎛

⎝
0.9 0.1 0
0.9 0 0.1
1 0 0

⎞

⎠ , (4)

where Rij denotes the transition probability P (Tj |Ti) from
Ti to Tj . The vector p = (P (T0), P (T1), . . . , P (Tm−1)) of
stationary probabilities satisfies

pR = p. (5)

Therefore, p is the normalized left eigenvector of R with
eigenvalue of 1. Hence, we get P (T0) =

100
111 , P (T1) =

10
111

and P (T2) = 1
111 . By Definition 4, the average code length

LAIFV is calculated as

LAIFV =
100

111
· 1.45 + 10

111
· 2.15 + 1

111
· 1.65

=
168.15

111
≈ 1.515. (6)

We proceed to show the calculation of the average code
length of the code in Fig. 6 for a source with probabilities
P (a) = 0.98, P (b) = 0.01, and P (c) = 0.01. The transition
matrix R is obtained as

R =

⎛

⎝
0.02 0 0.98
1 0 0

0.02 0.98 0

⎞

⎠ . (7)

Hence, we get the stationary probabilities as P (T0) =
2500
7351 ≈

0.340, P (T1) =
2401
7351 ≈ 0.327, and P (T2) =

2450
7351 ≈ 0.333.

From (3), the average code length LAIFV is calculated as

LAIFV ≈ 0.340 · 0.08 + 0.327 · 1.04 + 0.333 · 0.08 ≈ 0.394.
(8)

Note that average code lengths of T0 and T2 are much
smaller than 1. This is because the most likely source symbol
‘a’ is assigned to the roots of the trees. Compared with Fig. 2,
which uses only two code trees, the binary AIFV-3 code shown
in Fig. 6 uses an additional code tree T2. The introduction of
T2 enables the extended code to compress the source better
than the original binary AIFV code in Fig. 2.
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Fig. 7. Comparison between optimal binary AIFV codes and Huffman codes
in terms of the worst-case redundancy for sources with pmax.

IV. WORST-CASE REDUNDANCY OF OPTIMAL BINARY
AIFV CODES AND THEIR EXTENDED CODES

In this section, we first show the worst-case redundancy
of optimal binary AIFV codes [5], which directly suggests
superiority of optimal binary AIFV codes over Huffman codes
in terms of compression ratio. We then show the worst-case
redundancy of optimal binary AIFV-m codes for m ≤ 4. The
result suggests that the binary AIFV-m codes further improve
the worst-case redundancy of the original binary AIFV codes.
The proofs of the theorems in this section are given in Section
V.

A. Worst-case redundancy of optimal binary AIFV codes

Theorem 4. For pmax ≥ 1
2 , the worst-case redundancy of

optimal binary AIFV codes in terms of pmax is given by
f(pmax), where f(x) is defined as follows.

f(x) =

{
x2 − 2x+ 2− h(x) if 1

2 ≤ x ≤ −1+
√
5

2 ,
−2x2+x+2

1+x − h(x) if −1+
√
5

2 ≤ x < 1.
(9)

Fig. 7 compares the worst-case redundancy given by The-
orems 2 and 4. We see that the worst-case redundancy of
optimal binary AIFV codes is smaller than that of Huffman
codes for every pmax ≥ 1

2 .
We also get Theorem 5, covering the case of pmax < 1

2 .

Theorem 5. For pmax < 1
2 , the redundancy of optimal binary

AIFV codes is at most 1
4 .

The bound given by Theorem 5 may not be tight for
each pmax ∈

(
0, 1

2

)
and does not necessarily coincide with

the worst-case redundancy of optimal binary AIFV codes
for sources with pmax ∈

(
0, 1

2

)
. Yet, the derived bound is

sufficient to prove Corollary 1, which follows immediately
from Theorems 4 and 5.

Corollary 1. The worst-case redundancy of optimal binary
AIFV codes is 1

2 .

Note that the worst-case redundancy given in Corollary 1 is
the same as that of Huffman codes constructed for X 2. It is
also empirically shown that for some sources, optimal binary

���
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≈ 0.1667

= L−H(X) pmax = min
x∈X
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Q(T1|T0) = P (c) = 0.2 Q(T0|T1) = P (a)+P (b)+P (d) = 0.8

1

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

H(X) ≈ 0.5690 H(X) ≈ 1.7200 LH = 1.1

X = {a, b, c} P (a) = 0.9, P (b) = P (c) = 0.05

P (a) = 0.45, P (b) = 0.3, P (c) = 0.2, P (d) = 0.05

Q(T1|T0) = P (c) = 0.2 Q(T0|T1) = P (a)+P (b)+P (d) = 0.8

1

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

H(X) ≈ 0.5690 H(X) ≈ 1.7200 LH = 1.1

X = {a, b, c} P (a) = 0.9, P (b) = P (c) = 0.05

P (a) = 0.45, P (b) = 0.3, P (c) = 0.2, P (d) = 0.05

Q(T1|T0) = P (c) = 0.2 Q(T0|T1) = P (a)+P (b)+P (d) = 0.8

1

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

H(X) ≈ 0.5690 H(X) ≈ 1.7200 LH = 1.1

X = {a, b, c} P (a) = 0.9, P (b) = P (c) = 0.05

P (a) = 0.45, P (b) = 0.3, P (c) = 0.2, P (d) = 0.05

1

����;���(Redundancy)

;:8

%###�&3(04��%0*13/��&,)137��61.�����
01� ��2����!A"5+������;$-+��=
��9<B

�������C������



������'�$)
/123��

���!"��&/123��(����������������n = |X |

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

H(X) ≈ 0.5690 H(X) ≈ 1.7200 LH = 1.1

1
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X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

1

���!"
��

���+*,

1 0.5 0.5

0X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

1

'�#%�X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

1

��0-.

O(n) O(n2) O(2n)

m ≥ 5

Q(T0) =
Q0|1

Q0|1 +Q1|0
Q(T1) =

Q1|0

Q0|1 +Q1|0

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

1

O(n) O(n2) O(2n)

m ≥ 5

Q(T0) =
Q0|1

Q0|1 +Q1|0
Q(T1) =

Q1|0

Q0|1 +Q1|0

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

1

O(n) O(n2) O(2n)

m ≥ 5

Q(T0) =
Q0|1

Q0|1 +Q1|0
Q(T1) =

Q1|0

Q0|1 +Q1|0

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

1
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P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

1

X = {a1, a2, · · · , an}

LAIFV = Q(T0)L0 +Q(T1)L1

=
Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ0|1

= L1 + C(1−Q1|0)

Q0|1 ≡ Q(T0|T1) Q1|0 ≡ Q(T1|T0)

C ≡ L1 − L0

Q0|1 +Q1|0

O(n5) O(n3)

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

log2Cn = 2n + o(n) NT1,n = Sn−1 − Sn−2

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

1

T0 NT0,n = Sn−1

(3, 3) (0, 0) (−1, 0) (0,−1) (−1,−1)

P1(at) =
t

A1
P2(at) =

t2

A2

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH,n = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

2
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H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

H(X) ≈ 0.5690 H(X) ≈ 1.7200 LH = 1.1

1

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

H(X) ≈ 0.5690 H(X) ≈ 1.7200 LH = 1.1

1

:Catalan number

Binary full trees Dyck paths 
(3, 3) (0, 0) (−1, 0) (0,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

1

(3, 3) (0, 0) (−1, 0) (0,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

1

D: 
L: 

(3, 3) (0, 0) (−1, 0) (0,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

1

(3, 3) (0, 0) (−1, 0) (0,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

1

���

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0 = Sn−1

(3, 3) (0, 0) (−1, 0) (0,−1) (−1,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH,n = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

1

(n− 1, n− 1)

O(n) O(n2) O(2n)

m ≥ 5

Q(T0) =
Q0|1

Q0|1 +Q1|0
Q(T1) =

Q1|0

Q0|1 +Q1|0

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

1
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H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

H(X) ≈ 0.5690 H(X) ≈ 1.7200 LH = 1.1

1

Schröder paths 

D: 
L: 

(3, 3) (0, 0) (−1, 0) (0,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

1

(3, 3) (0, 0) (−1, 0) (0,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

1

���

(Sumigawa, Yamamoto, 
                              2017)

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0 = Sn−1

(3, 3) (0, 0) (−1, 0) (0,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

1

Large Schröder 
number

:
1 2 3 4

a b c d e

T0 T1

1

(3, 3) (0, 0) (−1, 0) (0,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

1

(3, 3) (0, 0) (−1, 0) (0,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

1

S: 

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0 = Sn−1

(3, 3) (0, 0) (−1, 0) (0,−1) (−1,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

1

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0,n = Sn−1

(3, 3) (0, 0) (−1, 0) (0,−1) (−1,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH,n = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

1

DLDLS 

(n− 1, n− 1)

O(n) O(n2) O(2n)

m ≥ 5

Q(T0) =
Q0|1

Q0|1 +Q1|0
Q(T1) =

Q1|0

Q0|1 +Q1|0

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

1

log2Cn = 2n + o(n) NT1,n = Sn−1 − Sn−2

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0,n = Sn−1

(3, 3) (0, 0) (−1, 0) (0,−1) (−1,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH,n = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

1

,

��
���
��������������
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Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0,n = Sn−1

(3, 3) (0, 0) (−1, 0) (0,−1) (−1,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH,n = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

1

�������

log2Cn = 2n + o(n)

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0,n = Sn−1

(3, 3) (0, 0) (−1, 0) (0,−1) (−1,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH,n = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

1

log2Cn = 2n + o(n)

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0,n = Sn−1

(3, 3) (0, 0) (−1, 0) (0,−1) (−1,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH,n = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

1

: Catalan number
log2Cn = 2n + o(n) NT1,n = Sn−1 − Sn−2

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0,n = Sn−1

(3, 3) (0, 0) (−1, 0) (0,−1) (−1,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH,n = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

1

: Large Schröder number

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n)

log2Cn = 2n + o(n) NT1,n = Sn−1 − Sn−2

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0,n = Sn−1

(3, 3) (0, 0) (−1, 0) (0,−1) (−1,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH,n = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

1

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

log2Cn = 2n + o(n) NT1,n = Sn−1 − Sn−2

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0,n = Sn−1

(3, 3) (0, 0) (−1, 0) (0,−1) (−1,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH,n = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

1

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0 = Sn−1

(3, 3) (0, 0) (−1, 0) (0,−1) (−1,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH,n = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

1

n = |X |

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

H(X) ≈ 0.5690 H(X) ≈ 1.7200 LH = 1.1

1
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n = |X |

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

H(X) ≈ 0.5690 H(X) ≈ 1.7200 LH = 1.1

1

���&(���5���

AIFV code tree Schröder path
(3, 3) (0, 0) (−1, 0) (0,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

1

(3, 3) (0, 0) (−1, 0) (0,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

1

DLDLS 

���1 2 3 4

a b c d e

T0 T1

1

�25'),-.*+-984���
7�06=

�16985��3���

L ≺ S ≺ D

LAIFV = Q(T0)L0 +Q(T1)L1

Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ1|0

= L1 − CQ0|1

LAIFV = L0 + CQ1|0

= L1 − CQ0|1

C/2 L− L+ xj

iv {iv,w} {d(2)v,w} d(1)v

iv iv,w d(2)v,w d(1)v

C × w + 1

A/2 w

v =
⌈ j
A

⌉
(iv−1 + 1) iv mb me

{d(1)v } {iv}
d(1)v−1 iv−1

1

Total order: 
⌈log2 Sn−1⌉

L ≺ S ≺ D

LAIFV = Q(T0)L0 +Q(T1)L1

Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ1|0

= L1 − CQ0|1

LAIFV = L0 + CQ1|0

= L1 − CQ0|1

C/2 L− L+ xj

iv {iv,w} {d(2)v,w} d(1)v

iv iv,w d(2)v,w d(1)v

C × w + 1

A/2 w

v =
⌈ j
A

⌉
(iv−1 + 1) iv mb me

{d(1)v } {iv}

1

 bits

����>O(n) O(n2)

⌈log2 Sn−1⌉

L ≺ S ≺ D

LAIFV = Q(T0)L0 +Q(T1)L1

Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ1|0

= L1 − CQ0|1

LAIFV = L0 + CQ1|0

= L1 − CQ0|1

C/2 L− L+ xj

iv {iv,w} {d(2)v,w} d(1)v

iv iv,w d(2)v,w d(1)v

C × w + 1

A/2 w

v =
⌈ j
A

⌉
(iv−1 + 1) iv mb me

1

O(n) O(n2)

⌈log2 Sn−1⌉

L ≺ S ≺ D

LAIFV = Q(T0)L0 +Q(T1)L1

Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ1|0

= L1 − CQ0|1

LAIFV = L0 + CQ1|0

= L1 − CQ0|1

C/2 L− L+ xj

iv {iv,w} {d(2)v,w} d(1)v

iv iv,w d(2)v,w d(1)v

C × w + 1

A/2 w

v =
⌈ j
A

⌉
(iv−1 + 1) iv mb me

1

O(n) O(n2)

⌈log2 Sn−1⌉

L ≺ S ≺ D

LAIFV = Q(T0)L0 +Q(T1)L1

Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ1|0

= L1 − CQ0|1

LAIFV = L0 + CQ1|0

= L1 − CQ0|1

C/2 L− L+ xj

iv {iv,w} {d(2)v,w} d(1)v

iv iv,w d(2)v,w d(1)v

C × w + 1

A/2 w

v =
⌈ j
A

⌉
(iv−1 + 1) iv mb me

1

:;<�///3����O(n) O(n2)

⌈log2 Sn−1⌉

L ≺ S ≺ D

LAIFV = Q(T0)L0 +Q(T1)L1

Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ1|0

= L1 − CQ0|1

LAIFV = L0 + CQ1|0

= L1 − CQ0|1

C/2 L− L+ xj

iv {iv,w} {d(2)v,w} d(1)v

iv iv,w d(2)v,w d(1)v

C × w + 1

A/2 w

v =
⌈ j
A

⌉
(iv−1 + 1) iv mb me

1

D: 
L: 

(3, 3) (0, 0) (−1, 0) (0,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

1

(3, 3) (0, 0) (−1, 0) (0,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

1

S: 

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0 = Sn−1

(3, 3) (0, 0) (−1, 0) (0,−1) (−1,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

1

(n− 1, n− 1)

O(n) O(n2) O(2n)

m ≥ 5

Q(T0) =
Q0|1

Q0|1 +Q1|0
Q(T1) =

Q1|0

Q0|1 +Q1|0

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

1

(Sumigawa, Yamamoto, 
                              2017)
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(Iwata, Yamamoto, 2016)
Time complexity: O(n5) O(n3)

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

log2Cn = 2n + o(n) NT1,n = Sn−1 − Sn−2

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0,n = Sn−1

(3, 3) (0, 0) (−1, 0) (0,−1) (−1,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH,n = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

1

,  Space complexity: O(n5) O(n3)

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

log2Cn = 2n + o(n) NT1,n = Sn−1 − Sn−2

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0,n = Sn−1

(3, 3) (0, 0) (−1, 0) (0,−1) (−1,−1)

P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH,n = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

1

n = |X |

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

H(X) ≈ 0.5690 H(X) ≈ 1.7200 LH = 1.1

1
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(Yamamoto, Tsuchihashi, Honda, 2015)

LAIFV = Q(T0)L0 +Q(T1)L1

=
Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ0|1

= L1 + C(1−Q1|0)

Q0|1 ≡ Q(T0|T1) Q1|0 ≡ Q(T1|T0)

C =
L1 − L1

Q0|1 +Q1|0

O(n5) O(n3)

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

log2Cn = 2n + o(n) NT1,n = Sn−1 − Sn−2

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0,n = Sn−1

1

LAIFV = Q(T0)L0 +Q(T1)L1

=
Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ0|1

= L1 + C(1−Q1|0)

Q0|1 ≡ Q(T0|T1) Q1|0 ≡ Q(T1|T0)

C =
L1 − L1

Q0|1 +Q1|0

O(n5) O(n3)

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

log2Cn = 2n + o(n) NT1,n = Sn−1 − Sn−2

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0,n = Sn−1

1

LAIFV = Q(T0)L0 +Q(T1)L1

=
Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ0|1

= L1 + C(1−Q1|0)

Q0|1 ≡ Q(T0|T1) Q1|0 ≡ Q(T1|T0)

C ≡ L1 − L0

Q0|1 +Q1|0

O(n5) O(n3)

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

log2Cn = 2n + o(n) NT1,n = Sn−1 − Sn−2

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0,n = Sn−1

1

�����
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1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1

lim
n→∞

LH

⌈log2 Sn−1⌉
≈ 1.0644

O(n) O(n2)

⌈log2 Sn−1⌉

L ≺ S ≺ D

LAIFV = Q(T0)L0 +Q(T1)L1

=
Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ1|0

= L1 − CQ0|1

LAIFV = L0 + CQ1|0

= L1 − CQ0|1

C/2 L− L+ xj

iv {iv,w} {d(2)v,w} d(1)v

2

Q(T0) =
Q0|1

Q0|1 +Q1|0
Q(T1) =

Q1|0

Q0|1 +Q1|0

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

Tk

X = {a, b, c},m = 3

1

Q(T0) =
Q0|1

Q0|1 +Q1|0
Q(T1) =

Q1|0

Q0|1 +Q1|0

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

Tk

X = {a, b, c},m = 3

1
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LAIFV = Q(T0)L0 +Q(T1)L1

=
Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ0|1

= L1 + C(1−Q1|0)

Q0|1 ≡ Q(T0|T1) Q1|0 ≡ Q(T1|T0)

C ≡ L1 − L0

Q0|1 +Q1|0

O(n5) O(n3)

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

log2Cn = 2n + o(n) NT1,n = Sn−1 − Sn−2

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0,n = Sn−1

1

 �

1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1

lim
n→∞

LH

⌈log2 Sn−1⌉
≈ 1.0644

O(n) O(n2)

⌈log2 Sn−1⌉

L ≺ S ≺ D

LAIFV = Q(T0)L0 +Q(T1)L1

=
Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ1|0

= L1 − CQ0|1

LAIFV = L0 + CQ1|0

= L1 − CQ0|1

C/2 L− L+ xj

iv {iv,w} {d(2)v,w} d(1)v

2

1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1
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(Yamamoto, Tsuchihashi, Honda, 2015)

LAIFV = Q(T0)L0 +Q(T1)L1

=
Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ0|1

= L1 + C(1−Q1|0)

Q0|1 ≡ Q(T0|T1) Q1|0 ≡ Q(T1|T0)

C =
L1 − L1

Q0|1 +Q1|0

O(n5) O(n3)

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

log2Cn = 2n + o(n) NT1,n = Sn−1 − Sn−2

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0,n = Sn−1

1

LAIFV = Q(T0)L0 +Q(T1)L1

=
Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ0|1

= L1 + C(1−Q1|0)

Q0|1 ≡ Q(T0|T1) Q1|0 ≡ Q(T1|T0)

C =
L1 − L1

Q0|1 +Q1|0

O(n5) O(n3)

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

log2Cn = 2n + o(n) NT1,n = Sn−1 − Sn−2

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0,n = Sn−1

1

LAIFV = Q(T0)L0 +Q(T1)L1

=
Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ0|1

= L1 + C(1−Q1|0)

Q0|1 ≡ Q(T0|T1) Q1|0 ≡ Q(T1|T0)

C ≡ L1 − L0

Q0|1 +Q1|0

O(n5) O(n3)

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

log2Cn = 2n + o(n) NT1,n = Sn−1 − Sn−2

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

T0 NT0,n = Sn−1

1

Step 1 :$���$
X = {a1, a2, · · · , an}

C = Cinit(= 2− log2 3)

LAIFV = L0 + CQ0|1

= L1 + C(1−Q1|0)

LAIFV = Q(T0)L0 +Q(T1)L1

=
Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ0|1

= L1 + C(1−Q1|0)

Q0|1 ≡ Q(T0|T1) Q1|0 ≡ Q(T1|T0)

C ≡ L1 − L0

Q0|1 +Q1|0

O(n5) O(n3)

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

1

Step 3 : 

1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1

C,Q0|1, Q1|0

X = {a1, a2, · · · , an}

C = Cinit(= 2− log2 3)

LAIFV = L0 + CQ0|1

= L1 + C(1−Q1|0)

LAIFV = Q(T0)L0 +Q(T1)L1

=
Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ0|1

= L1 + C(1−Q1|0)

Q0|1 ≡ Q(T0|T1) Q1|0 ≡ Q(T1|T0)

C ≡ L1 − L0

Q0|1 +Q1|0

O(n5) O(n3)

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

1

C,Q0|1, Q1|0

X = {a1, a2, · · · , an}

C = Cinit(= 2− log2 3)

LAIFV = L0 + CQ0|1

= L1 + C(1−Q1|0)

LAIFV = Q(T0)L0 +Q(T1)L1

=
Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ0|1

= L1 + C(1−Q1|0)

Q0|1 ≡ Q(T0|T1) Q1|0 ≡ Q(T1|T0)

C ≡ L1 − L0

Q0|1 +Q1|0

O(n5) O(n3)

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

1

Step 2 : 
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1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1
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C,Q0|1, Q1|0

X = {a1, a2, · · · , an}

C = Cinit(= 2− log2 3)

LAIFV = L0 + CQ0|1

= L1 + C(1−Q1|0)

LAIFV = Q(T0)L0 +Q(T1)L1

=
Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ0|1

= L1 + C(1−Q1|0)

Q0|1 ≡ Q(T0|T1) Q1|0 ≡ Q(T1|T0)

C ≡ L1 − L0

Q0|1 +Q1|0

O(n5) O(n3)

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

1

LAIFV = Q(T0)L0 +Q(T1)L1

Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ1|0

= L1 − CQ0|1

LAIFV = L0 + CQ1|0

= L1 − CQ0|1

C/2 L− L+ xj

iv {iv,w} {d(2)v,w} d(1)v

iv iv,w d(2)v,w d(1)v

C × w + 1

A/2 w

v =
⌈ j
A

⌉
(iv−1 + 1) iv mb me

{d(1)v } {iv}
d(1)v−1 iv−1

A×1+1 A×2+1 A×3+1 A×(v−1)+1 A×v+1 v

rank(b, 5) = 2 select(b, 2) = 5

1

LAIFV = Q(T0)L0 +Q(T1)L1

Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ1|0

= L1 − CQ0|1

LAIFV = L0 + CQ1|0

= L1 − CQ0|1

C/2 L− L+ xj

iv {iv,w} {d(2)v,w} d(1)v

iv iv,w d(2)v,w d(1)v

C × w + 1

A/2 w

v =
⌈ j
A

⌉
(iv−1 + 1) iv mb me

{d(1)v } {iv}
d(1)v−1 iv−1

A×1+1 A×2+1 A×3+1 A×(v−1)+1 A×v+1 v

rank(b, 5) = 2 select(b, 2) = 5

1

lim
n→∞

E[LAIFV ]

⌈log2 Sn−1⌉
≈ 1.0409

lim
n→∞

E[LH ]

⌈log2 Sn−1⌉
! 1.0644

O(n) O(n2)

⌈log2 Sn−1⌉

L ≺ S ≺ D

LAIFV = Q(T0)L0 +Q(T1)L1

Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ1|0

= L1 − CQ0|1

LAIFV = L0 + CQ1|0

= L1 − CQ0|1

1

Step 4 : 

5
�6=2	�F8?�?$$$$<11@�#G
$$$$5
�7C	�F1$$$1$$@�7CGC LAIFV

(n− 1, n− 1)

O(n) O(n2) O(2n)

m ≥ 5

Q(T0) =
Q0|1

Q0|1 +Q1|0
Q(T1) =

Q1|0

Q0|1 +Q1|0

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

1

C LAIFV

(n− 1, n− 1)

O(n) O(n2) O(2n)

m ≥ 5

Q(T0) =
Q0|1

Q0|1 +Q1|0
Q(T1) =

Q1|0

Q0|1 +Q1|0

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

1

C LAIFV

(n− 1, n− 1)

O(n) O(n2) O(2n)

m ≥ 5

Q(T0) =
Q0|1

Q0|1 +Q1|0
Q(T1) =

Q1|0

Q0|1 +Q1|0

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

1

C LAIFV T0 T1

(n− 1, n− 1)

O(n) O(n2) O(2n)

m ≥ 5

Q(T0) =
Q0|1

Q0|1 +Q1|0
Q(T1) =

Q1|0

Q0|1 +Q1|0

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

1

C LAIFV T0 T1

(n− 1, n− 1)

O(n) O(n2) O(2n)

m ≥ 5

Q(T0) =
Q0|1

Q0|1 +Q1|0
Q(T1) =

Q1|0

Q0|1 +Q1|0

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

1

Q0|1, Q1|0, L0, L1, C

C LAIFV T0 T1

(n− 1, n− 1)

O(n) O(n2) O(2n)

m ≥ 5

Q(T0) =
Q0|1

Q0|1 +Q1|0
Q(T1) =

Q1|0

Q0|1 +Q1|0

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

1
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(Yamamoto, Tsuchihashi, Honda, 2015)
Step 1 :+���+

X = {a1, a2, · · · , an}

C = Cinit(= 2− log2 3)

LAIFV = L0 + CQ0|1

= L1 + C(1−Q1|0)

LAIFV = Q(T0)L0 +Q(T1)L1

=
Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ0|1

= L1 + C(1−Q1|0)

Q0|1 ≡ Q(T0|T1) Q1|0 ≡ Q(T1|T0)

C ≡ L1 − L0

Q0|1 +Q1|0

O(n5) O(n3)

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

1

Step 3 : 

1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1

C,Q0|1, Q1|0

X = {a1, a2, · · · , an}

C = Cinit(= 2− log2 3)

LAIFV = L0 + CQ0|1

= L1 + C(1−Q1|0)

LAIFV = Q(T0)L0 +Q(T1)L1

=
Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ0|1

= L1 + C(1−Q1|0)

Q0|1 ≡ Q(T0|T1) Q1|0 ≡ Q(T1|T0)

C ≡ L1 − L0

Q0|1 +Q1|0

O(n5) O(n3)

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

1

C,Q0|1, Q1|0

X = {a1, a2, · · · , an}

C = Cinit(= 2− log2 3)

LAIFV = L0 + CQ0|1

= L1 + C(1−Q1|0)

LAIFV = Q(T0)L0 +Q(T1)L1

=
Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ0|1

= L1 + C(1−Q1|0)

Q0|1 ≡ Q(T0|T1) Q1|0 ≡ Q(T1|T0)

C ≡ L1 − L0

Q0|1 +Q1|0

O(n5) O(n3)

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

1

Step 2 : 
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1 2 3 4

a b c d e

T0 T1

1

1 2 3 4

a b c d e

T0 T1

1
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C,Q0|1, Q1|0

X = {a1, a2, · · · , an}

C = Cinit(= 2− log2 3)

LAIFV = L0 + CQ0|1

= L1 + C(1−Q1|0)

LAIFV = Q(T0)L0 +Q(T1)L1

=
Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ0|1

= L1 + C(1−Q1|0)

Q0|1 ≡ Q(T0|T1) Q1|0 ≡ Q(T1|T0)

C ≡ L1 − L0

Q0|1 +Q1|0

O(n5) O(n3)

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

1

LAIFV = Q(T0)L0 +Q(T1)L1

Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ1|0

= L1 − CQ0|1

LAIFV = L0 + CQ1|0

= L1 − CQ0|1

C/2 L− L+ xj

iv {iv,w} {d(2)v,w} d(1)v

iv iv,w d(2)v,w d(1)v

C × w + 1

A/2 w

v =
⌈ j
A

⌉
(iv−1 + 1) iv mb me

{d(1)v } {iv}
d(1)v−1 iv−1

A×1+1 A×2+1 A×3+1 A×(v−1)+1 A×v+1 v

rank(b, 5) = 2 select(b, 2) = 5

1

lim
n→∞

E[LAIFV ]

⌈log2 Sn−1⌉
≈ 1.0409

lim
n→∞

E[LH ]

⌈log2 Sn−1⌉
! 1.0644

O(n) O(n2)

⌈log2 Sn−1⌉

L ≺ S ≺ D

LAIFV = Q(T0)L0 +Q(T1)L1

Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ1|0

= L1 − CQ0|1

LAIFV = L0 + CQ1|0

= L1 − CQ0|1

1

Step 4 : 
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(n− 1, n− 1)

O(n) O(n2) O(2n)

m ≥ 5

Q(T0) =
Q0|1

Q0|1 +Q1|0
Q(T1) =

Q1|0

Q0|1 +Q1|0

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

1

C LAIFV

(n− 1, n− 1)

O(n) O(n2) O(2n)

m ≥ 5

Q(T0) =
Q0|1

Q0|1 +Q1|0
Q(T1) =

Q1|0

Q0|1 +Q1|0

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

1

C LAIFV

(n− 1, n− 1)

O(n) O(n2) O(2n)

m ≥ 5

Q(T0) =
Q0|1

Q0|1 +Q1|0
Q(T1) =

Q1|0

Q0|1 +Q1|0

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)
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Dynamic
 AIFV
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asyoulik.txt 125,179 4.851 4.851
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ਤ 2: ྫ 1 ͷΞϧϑΝϕςΟοΫ AIFV ූ߸ (T0,

T1α, T1β)ɽ

ද 1: ਤ 2ͷΞϧϑΝϕςΟοΫ AIFVූ߸Λ༻͍ͯ

ූ߸Խͨ͠ྫɽ
ใྻܥݯɹ ྻܥޠ߸ූ

aab 001001ɹ

aabca 0010010001101ɹ

aabcb 001001000111001ɹ

aabcd 0010010001111ɹ

abda 0100101ɹ

ͨ߹ɼT1β ʹભҠ͢ΔͨΊɼޙͷූ߸ྻܥޠ 11Ͱ

Βͳ͍ɽैͬͯɼූ߸Խͱ෮߸ԽͰಉҰͷූ߸ભ·࢝

ҠنଇΛ༻͍Δ͜ͱͰɼҰҙ෮߸ՄͱͳΔɽ·ͨɼxi

͕Ϛελʔ α (β)અͰූ߸Խ͞Ε͔ͨ൱͔Λஅ͢Δ

ͨΊʹ࠷େ 2ϏοτͷઌಡΈ͕ඞཁͰ͋Δɽ

4 ΞϧϑΝϕςΟοΫAIFVූ߸ͷߏ๏
ຊઅͰɼϋϑϚϯූ߸͔ΒAIFVූ߸Λߏ͢

Δख๏ [8]Λ֦ு͠ɼHu-Tuckerූ߸͔ΒΞϧϑΝϕ

ςΟοΫ AIFVූ߸Λߏ͢Δख๏ΛఏҊ͢ΔɽHu-

Tuckerූ߸ʹࠜΛআ͍ͯ 2K − ͢ࡏͷઅ͕ଘݸ2

Δ͕ɼͦΕΒͷ֬ॏΈΛ q1, q2, . . . , q2K−2 ͱ͢Δͱɼ

ҙͷ k ∈ {1, 2, . . . ,K − 1} ʹର͠ q2k, q2k−1 ܑ͕ఋ

Ͱɼq2k ʹߋͱͳΓɼࢠɼq2k−1͕ӈͷࢠͷࠨ͕ q1ͱ q2

͕ࠜͷࢠͰ͋ΔΑ͏ʹׂΓͯΔ͜ͱ͕Ͱ͖Δɽ͜ͷ

ͱ͖ɼಛʹ q1 = pr, q2 = pl Ͱ͋ΔɽҎԼͰ༻͢Δ

q1, q2, . . . , q2K−2ɼ্هͷ݅Λຬ͍ͨͯ͠Δͷͱ

͢Δɽ

ఏҊख๏Ͱѻ͏ม࡞ૢΛɼਤ 3–7ʹࣔ͢ɽਤ 3ͷม

T ′ = FA(T, a, y)ɼT1α (T1β)ͷࠜͷࠨʢӈʣͷࢬʹࢠ

y = 1 (y = 0)Λͯ͛ܨεϨʔϒઅʹ͢ΔͨΊʹ༻͍Δɽ

ਤ 4ͷม T ′ = FB(T, a, b)ɼ༿ bͷ֬ॏΈ pb͕ɼb

ͷܑఋ aͷ֬ॏΈ paʹରͯ͠ɼprpb > paΛຬͨ͢ͱ

͖ʹɼbΛ pull-upͯ͠Ϛελʔ αઅʹ͠ɼaΛ pull-

down͢ΔͨΊʹ༻͍Δɽਤ 5ͷม T ′ = FC(T, a, b)

ɼ༿ aͷ֬ॏΈ pa͕ɼaͷܑఋ bͷ֬ॏΈ pbʹର
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ਤ 3: ූ߸ T Ͱઅ aʹࢬ y ∈ Y Λͯ͛ܨ pull-down

͢Δม T ′ = FA(T, a, y).
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ਤ 4: ූ߸ T Ͱ༿ bΛ pull-upͯ͠Ϛελʔ αઅʹ

͠ɼઅ aΛ pull-down͢Δม T ′ = FB(T, a, b).

ͯ͠ɼplpa > pbΛຬͨ͢ͱ͖ʹɼaΛ pull-upͯ͠Ϛε

λʔ βઅʹ͠ɼbΛ pull-down͢ΔͨΊʹ༻͍Δɽਤ

6ͷม T ′ = FD(T, pmax)ɼpmax ʹରԠ͢Δઅ͕

ࠜͷӈͷࢠͰ͋Δͱ͖ʹɼม FAͰεϨʔϒઅΛ࡞

Δͱɼฏූۉ߸͕େ͖͘ͳΔΛղܾ͢ΔͨΊʹ༻

͍Δɽ۩ମతʹ pl(2 + pmax) < 1ͷͱ͖ʹ͜ͷมΛ

༻͍Δɽਤ 7ͷม T ′ = FE(T, pmax)ɼpmaxʹରԠ

͢Δઅ͕ࠜͷࠨͷࢠͰ͋Δͱ͖ʹɼม FAͰεϨʔ

ϒઅΛ࡞Δͱɼฏූۉ߸͕େ͖͘ͳΔΛղܾ͢

ΔͨΊʹ༻͍Δɽ۩ମతʹ pr(2+ pmax) < 1ͷͱ͖ʹ

͜ͷมΛ༻͍Δɽ

ఏҊख๏ɼHu-Tucker TA-HTΛೖྗͱ͠ɼҎԼʹ

ࣔ͢ Steps 1–4 ΛͯܦΞϧϑΝϕςΟοΫ AIFVූ߸

(T0, T1α, T1β)Λग़ྗ͢Δɽ

Step 1. K1α = {k ≥ 2 | q1q2k−1 > q2k ͔ͭ q2k−1͕༿ }
ͱ͠ɼ֤ k ∈ K1α ʹରͯ͠ม FB(TA-HT, q2k, q2k−1)

ΛͯͬߦಘΒΕΔΛ T (1)
base ͱ͢Δɽ͞ΒʹɼT (1)

1α =

FA(T
(1)
base, q2, 1), T

(1)
0 = T (1)

base ͱ͢Δɽ

Step 2. K1β = {k ≥ 2 | q2q2k > q2k−1 ͔ͭ q2k͕༿ }
ͱ͠ɼ֤ k ∈ K1β ʹରͯ͠ม FC(T

(1)
base, q2k, q2k−1)

ΛͯͬߦಘΒΕΔΛ T (2)
base ͱ͢Δɽ͞ΒʹɼT (2)

1α =

FA(T
(2)
base, q2, 1), T (2)

1β = FA(T
(2)
base, q1, 0), T

(2)
0 = T (2)

base

ͱ͢Δɽ

Step 3. q1͕༿͔ͭ q1 >
√
5−1
2 ͳΒɼT (3)

0 = FB(T
(2)
0 ,

q2, q1)ͱ͢Δɽq2 ͕༿͔ͭ q2 >
√
5−1
2 ͳΒɼT (3)

0 =

FC(T
(2)
0 , q2, q1)ͱ͢Δɽ্هͷͲͪΒ͔ͷ݅Λຬͨ͢

߹ɼT (3)
1α = T (2)

1α , T (3)
1β = T (2)

1β ͱͯ͠ɼ(T
(3)
0 , T (3)

1α , T (3)
1β )
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ਤ 4: ූ߸ T Ͱ༿ bΛ pull-upͯ͠Ϛελʔ αઅʹ

͠ɼઅ aΛ pull-down͢Δม T ′ = FB(T, a, b).

ͯ͠ɼplpa > pbΛຬͨ͢ͱ͖ʹɼaΛ pull-upͯ͠Ϛε

λʔ βઅʹ͠ɼbΛ pull-down͢ΔͨΊʹ༻͍Δɽਤ

6ͷม T ′ = FD(T, pmax)ɼpmax ʹରԠ͢Δઅ͕

ࠜͷӈͷࢠͰ͋Δͱ͖ʹɼม FAͰεϨʔϒઅΛ࡞

Δͱɼฏූۉ߸͕େ͖͘ͳΔΛղܾ͢ΔͨΊʹ༻

͍Δɽ۩ମతʹ pl(2 + pmax) < 1ͷͱ͖ʹ͜ͷมΛ

༻͍Δɽਤ 7ͷม T ′ = FE(T, pmax)ɼpmaxʹରԠ

͢Δઅ͕ࠜͷࠨͷࢠͰ͋Δͱ͖ʹɼม FAͰεϨʔ
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͜ͷมΛ༻͍Δɽ

ఏҊख๏ɼHu-Tucker TA-HTΛೖྗͱ͠ɼҎԼʹ

ࣔ͢ Steps 1–4 ΛͯܦΞϧϑΝϕςΟοΫ AIFVූ߸

(T0, T1α, T1β)Λग़ྗ͢Δɽ

Step 1. K1α = {k ≥ 2 | q1q2k−1 > q2k ͔ͭ q2k−1͕༿ }
ͱ͠ɼ֤ k ∈ K1α ʹରͯ͠ม FB(TA-HT, q2k, q2k−1)

ΛͯͬߦಘΒΕΔΛ T (1)
base ͱ͢Δɽ͞ΒʹɼT (1)

1α =

FA(T
(1)
base, q2, 1), T

(1)
0 = T (1)

base ͱ͢Δɽ

Step 2. K1β = {k ≥ 2 | q2q2k > q2k−1 ͔ͭ q2k͕༿ }
ͱ͠ɼ֤ k ∈ K1β ʹରͯ͠ม FC(T

(1)
base, q2k, q2k−1)

ΛͯͬߦಘΒΕΔΛ T (2)
base ͱ͢Δɽ͞ΒʹɼT (2)

1α =

FA(T
(2)
base, q2, 1), T (2)

1β = FA(T
(2)
base, q1, 0), T

(2)
0 = T (2)

base

ͱ͢Δɽ

Step 3. q1͕༿͔ͭ q1 >
√
5−1
2 ͳΒɼT (3)

0 = FB(T
(2)
0 ,

q2, q1)ͱ͢Δɽq2 ͕༿͔ͭ q2 >
√
5−1
2 ͳΒɼT (3)

0 =

FC(T
(2)
0 , q2, q1)ͱ͢Δɽ্هͷͲͪΒ͔ͷ݅Λຬͨ͢

߹ɼT (3)
1α = T (2)

1α , T (3)
1β = T (2)

1β ͱͯ͠ɼ(T
(3)
0 , T (3)

1α , T (3)
1β )
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ਤ 4: ූ߸ T Ͱ༿ bΛ pull-upͯ͠Ϛελʔ αઅʹ

͠ɼઅ aΛ pull-down͢Δม T ′ = FB(T, a, b).

ͯ͠ɼplpa > pbΛຬͨ͢ͱ͖ʹɼaΛ pull-upͯ͠Ϛε

λʔ βઅʹ͠ɼbΛ pull-down͢ΔͨΊʹ༻͍Δɽਤ

6ͷม T ′ = FD(T, pmax)ɼpmax ʹରԠ͢Δઅ͕

ࠜͷӈͷࢠͰ͋Δͱ͖ʹɼม FAͰεϨʔϒઅΛ࡞

Δͱɼฏූۉ߸͕େ͖͘ͳΔΛղܾ͢ΔͨΊʹ༻

͍Δɽ۩ମతʹ pl(2 + pmax) < 1ͷͱ͖ʹ͜ͷมΛ

༻͍Δɽਤ 7ͷม T ′ = FE(T, pmax)ɼpmaxʹରԠ

͢Δઅ͕ࠜͷࠨͷࢠͰ͋Δͱ͖ʹɼม FAͰεϨʔ

ϒઅΛ࡞Δͱɼฏූۉ߸͕େ͖͘ͳΔΛղܾ͢

ΔͨΊʹ༻͍Δɽ۩ମతʹ pr(2+ pmax) < 1ͷͱ͖ʹ

͜ͷมΛ༻͍Δɽ

ఏҊख๏ɼHu-Tucker TA-HTΛೖྗͱ͠ɼҎԼʹ

ࣔ͢ Steps 1–4 ΛͯܦΞϧϑΝϕςΟοΫ AIFVූ߸

(T0, T1α, T1β)Λग़ྗ͢Δɽ

Step 1. K1α = {k ≥ 2 | q1q2k−1 > q2k ͔ͭ q2k−1͕༿ }
ͱ͠ɼ֤ k ∈ K1α ʹରͯ͠ม FB(TA-HT, q2k, q2k−1)

ΛͯͬߦಘΒΕΔΛ T (1)
base ͱ͢Δɽ͞ΒʹɼT (1)

1α =

FA(T
(1)
base, q2, 1), T

(1)
0 = T (1)

base ͱ͢Δɽ

Step 2. K1β = {k ≥ 2 | q2q2k > q2k−1 ͔ͭ q2k͕༿ }
ͱ͠ɼ֤ k ∈ K1β ʹରͯ͠ม FC(T

(1)
base, q2k, q2k−1)

ΛͯͬߦಘΒΕΔΛ T (2)
base ͱ͢Δɽ͞ΒʹɼT (2)

1α =

FA(T
(2)
base, q2, 1), T (2)

1β = FA(T
(2)
base, q1, 0), T

(2)
0 = T (2)

base

ͱ͢Δɽ

Step 3. q1͕༿͔ͭ q1 >
√
5−1
2 ͳΒɼT (3)

0 = FB(T
(2)
0 ,

q2, q1)ͱ͢Δɽq2 ͕༿͔ͭ q2 >
√
5−1
2 ͳΒɼT (3)

0 =

FC(T
(2)
0 , q2, q1)ͱ͢Δɽ্هͷͲͪΒ͔ͷ݅Λຬͨ͢

߹ɼT (3)
1α = T (2)

1α , T (3)
1β = T (2)

1β ͱͯ͠ɼ(T
(3)
0 , T (3)

1α , T (3)
1β )

!
! !
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"

"
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"
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ਤ 2: ྫ 1 ͷΞϧϑΝϕςΟοΫ AIFV ූ߸ (T0,

T1α, T1β)ɽ

ද 1: ਤ 2ͷΞϧϑΝϕςΟοΫ AIFVූ߸Λ༻͍ͯ

ූ߸Խͨ͠ྫɽ
ใྻܥݯɹ ྻܥޠ߸ූ

aab 001001ɹ

aabca 0010010001101ɹ

aabcb 001001000111001ɹ

aabcd 0010010001111ɹ

abda 0100101ɹ

ͨ߹ɼT1β ʹભҠ͢ΔͨΊɼޙͷූ߸ྻܥޠ 11Ͱ

Βͳ͍ɽैͬͯɼූ߸Խͱ෮߸ԽͰಉҰͷූ߸ભ·࢝

ҠنଇΛ༻͍Δ͜ͱͰɼҰҙ෮߸ՄͱͳΔɽ·ͨɼxi

͕Ϛελʔ α (β)અͰූ߸Խ͞Ε͔ͨ൱͔Λஅ͢Δ

ͨΊʹ࠷େ 2ϏοτͷઌಡΈ͕ඞཁͰ͋Δɽ

4 ΞϧϑΝϕςΟοΫAIFVූ߸ͷߏ๏
ຊઅͰɼϋϑϚϯූ߸͔ΒAIFVූ߸Λߏ͢

Δख๏ [8]Λ֦ு͠ɼHu-Tuckerූ߸͔ΒΞϧϑΝϕ

ςΟοΫ AIFVූ߸Λߏ͢Δख๏ΛఏҊ͢ΔɽHu-

Tuckerූ߸ʹࠜΛআ͍ͯ 2K − ͢ࡏͷઅ͕ଘݸ2

Δ͕ɼͦΕΒͷ֬ॏΈΛ q1, q2, . . . , q2K−2 ͱ͢Δͱɼ

ҙͷ k ∈ {1, 2, . . . ,K − 1} ʹର͠ q2k, q2k−1 ܑ͕ఋ

Ͱɼq2k ʹߋͱͳΓɼࢠɼq2k−1͕ӈͷࢠͷࠨ͕ q1ͱ q2

͕ࠜͷࢠͰ͋ΔΑ͏ʹׂΓͯΔ͜ͱ͕Ͱ͖Δɽ͜ͷ

ͱ͖ɼಛʹ q1 = pr, q2 = pl Ͱ͋ΔɽҎԼͰ༻͢Δ

q1, q2, . . . , q2K−2ɼ্هͷ݅Λຬ͍ͨͯ͠Δͷͱ

͢Δɽ

ఏҊख๏Ͱѻ͏ม࡞ૢΛɼਤ 3–7ʹࣔ͢ɽਤ 3ͷม

T ′ = FA(T, a, y)ɼT1α (T1β)ͷࠜͷࠨʢӈʣͷࢬʹࢠ

y = 1 (y = 0)Λͯ͛ܨεϨʔϒઅʹ͢ΔͨΊʹ༻͍Δɽ

ਤ 4ͷม T ′ = FB(T, a, b)ɼ༿ bͷ֬ॏΈ pb͕ɼb

ͷܑఋ aͷ֬ॏΈ paʹରͯ͠ɼprpb > paΛຬͨ͢ͱ

͖ʹɼbΛ pull-upͯ͠Ϛελʔ αઅʹ͠ɼaΛ pull-

down͢ΔͨΊʹ༻͍Δɽਤ 5ͷม T ′ = FC(T, a, b)

ɼ༿ aͷ֬ॏΈ pa͕ɼaͷܑఋ bͷ֬ॏΈ pbʹର

!

!

"

# #′

ਤ 3: ූ߸ T Ͱઅ aʹࢬ y ∈ Y Λͯ͛ܨ pull-down

͢Δม T ′ = FA(T, a, y).

!
"

! "

!

"

!

!

# #′

ਤ 4: ූ߸ T Ͱ༿ bΛ pull-upͯ͠Ϛελʔ αઅʹ

͠ɼઅ aΛ pull-down͢Δม T ′ = FB(T, a, b).

ͯ͠ɼplpa > pbΛຬͨ͢ͱ͖ʹɼaΛ pull-upͯ͠Ϛε

λʔ βઅʹ͠ɼbΛ pull-down͢ΔͨΊʹ༻͍Δɽਤ

6ͷม T ′ = FD(T, pmax)ɼpmax ʹରԠ͢Δઅ͕

ࠜͷӈͷࢠͰ͋Δͱ͖ʹɼม FAͰεϨʔϒઅΛ࡞

Δͱɼฏූۉ߸͕େ͖͘ͳΔΛղܾ͢ΔͨΊʹ༻

͍Δɽ۩ମతʹ pl(2 + pmax) < 1ͷͱ͖ʹ͜ͷมΛ

༻͍Δɽਤ 7ͷม T ′ = FE(T, pmax)ɼpmaxʹରԠ

͢Δઅ͕ࠜͷࠨͷࢠͰ͋Δͱ͖ʹɼม FAͰεϨʔ

ϒઅΛ࡞Δͱɼฏූۉ߸͕େ͖͘ͳΔΛղܾ͢

ΔͨΊʹ༻͍Δɽ۩ମతʹ pr(2+ pmax) < 1ͷͱ͖ʹ

͜ͷมΛ༻͍Δɽ

ఏҊख๏ɼHu-Tucker TA-HTΛೖྗͱ͠ɼҎԼʹ

ࣔ͢ Steps 1–4 ΛͯܦΞϧϑΝϕςΟοΫ AIFVූ߸

(T0, T1α, T1β)Λग़ྗ͢Δɽ

Step 1. K1α = {k ≥ 2 | q1q2k−1 > q2k ͔ͭ q2k−1͕༿ }
ͱ͠ɼ֤ k ∈ K1α ʹରͯ͠ม FB(TA-HT, q2k, q2k−1)

ΛͯͬߦಘΒΕΔΛ T (1)
base ͱ͢Δɽ͞ΒʹɼT (1)

1α =

FA(T
(1)
base, q2, 1), T

(1)
0 = T (1)

base ͱ͢Δɽ

Step 2. K1β = {k ≥ 2 | q2q2k > q2k−1 ͔ͭ q2k͕༿ }
ͱ͠ɼ֤ k ∈ K1β ʹରͯ͠ม FC(T

(1)
base, q2k, q2k−1)

ΛͯͬߦಘΒΕΔΛ T (2)
base ͱ͢Δɽ͞ΒʹɼT (2)

1α =

FA(T
(2)
base, q2, 1), T (2)

1β = FA(T
(2)
base, q1, 0), T

(2)
0 = T (2)

base

ͱ͢Δɽ

Step 3. q1͕༿͔ͭ q1 >
√
5−1
2 ͳΒɼT (3)

0 = FB(T
(2)
0 ,

q2, q1)ͱ͢Δɽq2 ͕༿͔ͭ q2 >
√
5−1
2 ͳΒɼT (3)

0 =

FC(T
(2)
0 , q2, q1)ͱ͢Δɽ্هͷͲͪΒ͔ͷ݅Λຬͨ͢

߹ɼT (3)
1α = T (2)

1α , T (3)
1β = T (2)

1β ͱͯ͠ɼ(T
(3)
0 , T (3)

1α , T (3)
1β )

1 2 3 4

a b c d e

T0 T1

1
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H(X) ≤ LH < H(X) + 1

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

H(X) ≈ 0.5690 H(X) ≈ 1.7200 LH = 1.1

X = {a, b, c} P (a) = 0.9, P (b) = P (c) = 0.05

P (a) = 0.45, P (b) = 0.3, P (c) = 0.2, P (d) = 0.05

1

�����?=

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

H(X) ≈ 0.5690 H(X) ≈ 1.7200 LH = 1.1

X = {a, b, c} P (a) = 0.9, P (b) = P (c) = 0.05

P (a) = 0.45, P (b) = 0.3, P (c) = 0.2, P (d) = 0.05

1
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H(X) ≤ LH < H(X) + 1

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

H(X) ≈ 0.5690 H(X) ≈ 1.7200 LH = 1.1

X = {a, b, c} P (a) = 0.9, P (b) = P (c) = 0.05

P (a) = 0.45, P (b) = 0.3, P (c) = 0.2, P (d) = 0.05

1

���	><

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

H(X) ≈ 0.5690 H(X) ≈ 1.7200 LH = 1.1

X = {a, b, c} P (a) = 0.9, P (b) = P (c) = 0.05

P (a) = 0.45, P (b) = 0.3, P (c) = 0.2, P (d) = 0.05

1

����><:-���
>;

���	>%#(

���+,"m��(AIFV-m code) :

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

P (x) T0 T1

C,Q0|1, Q1|0

X = {a1, a2, · · · , an}

C = Cinit(= 2− log2 3)

1

(Hu, Yamamoto, Honda,2017)

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

P (x) T0 T1

C,Q0|1, Q1|0

X = {a1, a2, · · · , an}

C = Cinit(= 2− log2 3)

1

!              0�./��:-----0�./��9m ≥ 5

Q(T0) =
Q0|1

Q0|1 +Q1|0
Q(T1) =

Q1|0

Q0|1 +Q1|0

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

Tk

1
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PX = (0.33, 0.3, 0.119, 0.1, 0.05, 0.04, 0.03, 0.02, 0.01, 0.001)

PX = (0.900, 0.050, 0.049, 0.001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

Tk

X = {a, b, c},m = 3

lim
n→∞

LAIFV

⌈log2 Sn−1⌉
! 1.0409

lim
n→∞

LH

⌈log2 Sn−1⌉
≈ 1.0644

1

PX = (0.33, 0.3, 0.119, 0.1, 0.05, 0.04, 0.03, 0.02, 0.01, 0.001)

PX = (0.900, 0.050, 0.049, 0.001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

Tk

X = {a, b, c},m = 3

lim
n→∞

LAIFV

⌈log2 Sn−1⌉
! 1.0409

lim
n→∞

LH

⌈log2 Sn−1⌉
≈ 1.0644

1

S1:
S2:

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

Tk

X = {a, b, c},m = 3

lim
n→∞

LAIFV

⌈log2 Sn−1⌉
! 1.0409

1

�!�%&'��)&��)&��)&/-.3(

���45*m!�(AIFV-m code) :

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

P (x) T0 T1

C,Q0|1, Q1|0

X = {a1, a2, · · · , an}

C = Cinit(= 2− log2 3)

1

(Hu, Yamamoto, Honda,2017)

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

P (x) T0 T1

C,Q0|1, Q1|0

X = {a1, a2, · · · , an}

C = Cinit(= 2− log2 3)

1

'&&&&&&&&&&&&&&9
78"�?666669
78��>m ≥ 5

Q(T0) =
Q0|1

Q0|1 +Q1|0
Q(T1) =

Q1|0

Q0|1 +Q1|0

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

Tk

1
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(Hu, Yamamoto, Honda, 2017)
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2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

P (x) T0 T1

C,Q0|1, Q1|0

X = {a1, a2, · · · , an}

1

����%*13-5
��

*13-5��%
��

�8��5%/*+3
�������

��8

0 1

0
1

1
1

*13-6��

}

2≤m≤
4 H(X)
≤LAIF

V-m<H(X
)+1

m THx 2q2<q12
3<q11

2<−1+√
5

2<2
3

−1+√
5

2≤q1(=p
max)<1

h(p)
q1q2 q2kq2k−1

q2k2q2k<q2k
−1 P(x)

T0T1

C,Q0
|1,Q1|0

X={a
1,a2,···,

an}

1

�����%�%,*

Tk (1 ≤ k ≤ m)

T0, T1, · · · , Tm−1

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

P (x) T0 T1

C,Q0|1, Q1|0

1

	��)2.0(���9
%/*+3��$�&
'4

k (1 ≤ k ≤ m− 1)

Tj (1 ≤ j ≤ m)

T0, T1, · · · , Tm−1

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

P (x) T0 T1

1

k (1 ≤ k ≤ m− 1)

Tj (1 ≤ j ≤ m)

T0, T1, · · · , Tm−1

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

P (x) T0 T1

1

k (1 ≤ k ≤ m− 1)

Tj (1 ≤ j ≤ m)

T0, T1, · · · , Tm−1

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

P (x) T0 T1

1

k (1 ≤ k ≤ m− 1)

Tk (1 ≤ k ≤ m− 1)

T0, T1, · · · , Tm−1

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

P (x) T0 T1

1

k (1 ≤ k ≤ m− 1) k

Tk (1 ≤ k ≤ m− 1)

T0, T1, · · · , Tm−1

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

P (x) T0 T1

1

k (1 ≤ k ≤ m− 1) k

Tk (1 ≤ k ≤ m− 1) m− 1

T0, T1, · · · , Tm−1

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

P (x) T0 T1

1

(Hu, Yamamoto, Honda, 2017)7����!"�m��
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c

d

b

a

1 2 3 4

a b c d e

T0 T1

1

0 1
10

0

0

����

k (1 ≤ k ≤ m− 1) k

Tk (1 ≤ k ≤ m− 1) m− 1

T0, T1, · · · , Tm−1 T2

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

P (x) T0 T1

1

X = {a, b, c, d},m = 3

k (1 ≤ k ≤ m− 1) k

Tk (1 ≤ k ≤ m− 1) m− 1

T0, T1, · · · , Tm−1 T2

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

1

)"��%�����������

X = {a, b, c, d},m = 3 xi xi+1

k (1 ≤ k ≤ m− 1) k

Tk (1 ≤ k ≤ m− 1) m− 1

T0, T1, · · · , Tm−1 T2

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

1

k Tk

X = {a, b, c, d},m = 3 xi xi+1

k (1 ≤ k ≤ m− 1) k

Tk (1 ≤ k ≤ m− 1) m− 1

T0, T1, · · · , Tm−1 T2

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

1

k Tk

X = {a, b, c, d},m = 3 xi xi+1

k (1 ≤ k ≤ m− 1) k

Tk (1 ≤ k ≤ m− 1) m− 1

T0, T1, · · · , Tm−1 T2

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

1

k Tk

X = {a, b, c, d},m = 3 xi xi+1

k (1 ≤ k ≤ m− 1) k

Tk (1 ≤ k ≤ m− 1) m− 1

T0, T1, · · · , Tm−1 T2

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

1

 a  c   c   b   d

0

0

ba

1 2 3 4

a b c d e

T0 T1

1

c

d

0
1 0

1
1

0  0  11 11 01 1100 

b
a0

1
1

0

0
c d

1
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Binary AIFV-m codes (Hu, Yamamoto, Honda, 2017)
1 2 3 4

a b c d e

T0 T1

1

���

a   a   a   b        a c

1 2 3 4

a b c d e

T0 T1

1

0
1

1

 λ  λ   1  0000 λ 0011

X = {a, b, c},m = 3

lim
n→∞

E[LAIFV ]

⌈log2 Sn−1⌉
≈ 1.0409

lim
n→∞

E[LH ]

⌈log2 Sn−1⌉
! 1.0644

O(n) O(n2)

⌈log2 Sn−1⌉

L ≺ S ≺ D

LAIFV = Q(T0)L0 +Q(T1)L1

Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ1|0

= L1 − CQ0|1

1

b

a
0

0

k (1 ≤ k ≤ m− 1) k

Tk (1 ≤ k ≤ m− 1) m− 1

T0, T1, · · · , Tm−1 T2

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

P (x) T0 T1

1

0 1

0 1
0

c
1

0
0
0

a

1

b c

b c

a

(λ: null) 
 100000011
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X = {a, b, c, d},m = 3 xi xi+1

k (1 ≤ k ≤ m− 1) k

Tk (1 ≤ k ≤ m− 1) m− 1

T0, T1, · · · , Tm−1 T2

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

1

k Tk

X = {a, b, c, d},m = 3 xi xi+1

k (1 ≤ k ≤ m− 1) k

Tk (1 ≤ k ≤ m− 1) m− 1

T0, T1, · · · , Tm−1 T2

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

1

k Tk

X = {a, b, c, d},m = 3 xi xi+1

k (1 ≤ k ≤ m− 1) k

Tk (1 ≤ k ≤ m− 1) m− 1

T0, T1, · · · , Tm−1 T2

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

1

k Tk

X = {a, b, c, d},m = 3 xi xi+1

k (1 ≤ k ≤ m− 1) k

Tk (1 ≤ k ≤ m− 1) m− 1

T0, T1, · · · , Tm−1 T2

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

1
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B����%(�m�� (Hu, Yamamoto, Honda, 2017)

<;9@��	=������pmax ≥ 0.5 pmax ≤ 0.5

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

L0 = 0.3 L1 = 1.2 Q(T1|T0) = 0.9, Q(T0|T1) = 1

H(X) ≈ 0.5690 H(X) ≈ 1.7200 LH = 1.1

X = {a, b, c} P (a) = 0.9, P (b) = P (c) = 0.05

P (a) = 0.45, P (b) = 0.3, P (c) = 0.2, P (d) = 0.05

Q(T1|T0) = P (c) = 0.2 Q(T0|T1) = P (a)+P (b)+P (d) = 0.8

1

���%(����

pmax = max
x∈X

P (x)

m (Huffman) 2 3 4 5 H(X)
S1 1.200 0.6252 0.4925 0.4395 0.4186 0.3373
S2 2.336 2.2963 2.2865 2.2841 2.2839 2.2719

PX = (0.4, 0.3, 0.1, 0.1, 0.035, 0.02, 0.02, 0.014, 0.01, 0.001)

PX = (0.95, 0.0250.0249, 0.0001)

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

Tk

X = {a, b, c},m = 3

lim
n→∞

LAIFV

⌈log2 Sn−1⌉
! 1.0409

1

���%(����
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k K-1

K���
%&��(K ≥ 3)

l(x) x

{l(x)}
∑

x∈X
2−l(x) ≤ 1

s = 10− select(b, 3) + 1 = 10− 8 + 1 = 3

R =
E[lC ]

lS
R =

lC
E[lS]

d = 1 2 K − 1

minimize

|X |∑

t=1

D∑

d=0

pt
(
ut,d d + vt,d (d + C(m−1))

)

T0 T1

rank(b, 5) = 2 5− 2 = 3 n + o(n)

n

A
+

n(logA + 1)

BR
+ o(n)

ℓB(x
∞)

1

 (Yamamoto, Tsuchihasi, 
  Honda, 2015)

 (Yamamoto, Wei,  2013)

Tk

X = {a, b, c},m = 3

lim
n→∞

LAIFV

⌈log2 Sn−1⌉
! 1.0409

lim
n→∞

LH

⌈log2 Sn−1⌉
≈ 1.0644

O(n) O(n2)

⌈log2 Sn−1⌉

L ≺ S ≺ D

LAIFV = Q(T0)L0 +Q(T1)L1

Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ1|0

= L1 − CQ0|1

1

,�

k+1 ….

	���,2013���

0 k-11 ….

�����(	'�,2013��
*���).-4 ,���+''/����������

X = {a, b, c, d},m = 3 xi xi+1

k (1 ≤ k ≤ m− 1) k

Tk (1 ≤ k ≤ m− 1) m− 1

T0, T1, · · · , Tm−1 T2

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

1

k Tk

X = {a, b, c, d},m = 3 xi xi+1

k (1 ≤ k ≤ m− 1) k

Tk (1 ≤ k ≤ m− 1) m− 1

T0, T1, · · · , Tm−1 T2

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

1

k Tk

X = {a, b, c, d},m = 3 xi xi+1

k (1 ≤ k ≤ m− 1) k

Tk (1 ≤ k ≤ m− 1) m− 1

T0, T1, · · · , Tm−1 T2

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

1

k Tk

X = {a, b, c, d},m = 3 xi xi+1

k (1 ≤ k ≤ m− 1) k

Tk (1 ≤ k ≤ m− 1) m− 1

T0, T1, · · · , Tm−1 T2

}

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

1

Y = {0, 1, 2, · · · , K − 1}

Tk

X = {a, b, c},m = 3

lim
n→∞

LAIFV

⌈log2 Sn−1⌉
! 1.0409

lim
n→∞

LH

⌈log2 Sn−1⌉
≈ 1.0644

O(n) O(n2)

⌈log2 Sn−1⌉

L ≺ S ≺ D

1

k (0 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

Tk

X = {a, b, c},m = 3

lim
n→∞

LAIFV

⌈log2 Sn−1⌉
! 1.0409

lim
n→∞

LH

⌈log2 Sn−1⌉
≈ 1.0644

O(n) O(n2)

⌈log2 Sn−1⌉

L ≺ S ≺ D

1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

Tk

X = {a, b, c},m = 3

lim
n→∞

LAIFV

⌈log2 Sn−1⌉
! 1.0409

lim
n→∞

LH

⌈log2 Sn−1⌉
≈ 1.0644

O(n) O(n2)

⌈log2 Sn−1⌉

L ≺ S ≺ D

1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

Tk

X = {a, b, c},m = 3

lim
n→∞

LAIFV

⌈log2 Sn−1⌉
! 1.0409

lim
n→∞

LH

⌈log2 Sn−1⌉
≈ 1.0644

O(n) O(n2)

⌈log2 Sn−1⌉

L ≺ S ≺ D

1
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(K ≥ 3)

l(x) x

{l(x)}
∑

x∈X
2−l(x) ≤ 1

s = 10− select(b, 3) + 1 = 10− 8 + 1 = 3

R =
E[lC ]

lS
R =

lC
E[lS]

d = 1 2 K − 1

minimize

|X |∑

t=1

D∑

d=0

pt
(
ut,d d + vt,d (d + C(m−1))

)

T0 T1

rank(b, 5) = 2 5− 2 = 3 n + o(n)

n

A
+

n(logA + 1)

BR
+ o(n)

ℓB(x
∞)

1

����K�� Y = {0, 1, 2, 3}

Tk

X = {a, b, c},m = 3

lim
n→∞

LAIFV

⌈log2 Sn−1⌉
! 1.0409

lim
n→∞

LH

⌈log2 Sn−1⌉
≈ 1.0644

O(n) O(n2)

⌈log2 Sn−1⌉

L ≺ S ≺ D

1

a  b  a  c   g  c  e   b  b  d
Tk

X = {a, b, c},m = 3

lim
n→∞

LAIFV

⌈log2 Sn−1⌉
! 1.0409

lim
n→∞

LH

⌈log2 Sn−1⌉
≈ 1.0644

O(n) O(n2)

⌈log2 Sn−1⌉

L ≺ S ≺ D

LAIFV = Q(T0)L0 +Q(T1)L1

Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ1|0

= L1 − CQ0|1

1

0  0  1  2   1  0  2   2  0  1

0  1  1 31 30 2 33 30 1  1
��	���
������
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YAMAMOTO et al.: AIFV CODES 6435

TABLE I

AN EXAMPLE OF CODEWORD SEQUENCE FOR 4-ARY AIFV CODE

TABLE II

AN EXAMPLE OF CODEWORD SEQUENCE FOR 4-ARY AIFV CODE WITH INCOMPLETE ROOTS

must have at least one and at most K − k − 2 children
connected by ‘k’, ‘k + 1’, · · · , ‘Kc − 1’, where Kc − k
is the number of the children of the incomplete root.
We regard the incomplete root of Tk with Kc −k children
as an incomplete internal node with Kc children.

(D) Source symbols are assigned to incomplete internal nodes
in addition to leaves. But no source symbols are assigned
to complete internal nodes.

A K -ary AIFV code can encode a source sequence
x1x2x3 · · · and decode a codeword sequence y = y1y2y3 · · ·
in the same way as ternary AIFV codes.

Procedure 3 (Encoding of K -Ary AIFV Codes):
(a) Use T0 to encode the initial source symbol x1.
(b) When xi is encoded by a leaf (resp. an incomplete

internal node with j children), then use T0 (resp. Tj )
to encode the next source symbol xi+1.

Procedure 4 (Decoding of K -Ary AIFV Codes):
(a) Use T0 to decode the initial source symbol x1 from y.
(b) Trace y as long as possible from the root in the

current code tree. Then, output the source symbol
assigned to the reached incomplete internal node or
leaf.

(c) Remove the traced prefix of y, and if the reached node
is a leaf (resp. an incomplete internal node with j
children), then use T0 (resp. Tj ) to decode the next
source symbol.

As an example, an AIFV code is shown in Fig. 8 for the case
of K = 4 and X = {a, b, c, d, e, f, g, h, i, j}. When source
sequence ‘abacgcebbd’ is encoded by this AIFV code, the
codeword sequence and the transition of code trees are given
in Table I. Note that when source symbol xi is encoded (or
decoded) at a node with j children, then xi+1 is encoded (or
decoded) by Tj . Furthermore we can easily check that every xi
can be uniquely decoded. For instance, x2 = b is encoded to
codeword ‘1’ at incomplete internal node b in T0. In this case,
x3 is encoded in T1 because the incomplete internal node b has
one child in T0. This means that the codeword of x3 does not
begin with ‘0’. In the decoding, we obtain y = 113130 · · ·
after the decoding of x1 = a in T0 and removing decoded
codeword ‘0’ from y. Then we can decode x2 = b because
there is no path with y = 11 · · · in T0 but the path ‘1’
corresponds to node b in T0.

Fig. 8. An example of 4-ary AIFV code trees.

Fig. 9. An example of 4-ary AIFV code trees with incomplete roots.

Another example of 4-ary AIFV code trees for
X = {a, b, c, d, e, f, g, h} is shown in Fig. 9, in which the
roots of T0 and T1 are incomplete. The codeword sequence
for ‘badbacgaec’ is shown in Table II, where ‘λ’ represents
the null codeword. Note that the incomplete root of Tk
with Kc − k children is regarded as an incomplete internal
node with Kc children as explained in Definition 2-(C).
Hence, for instance, node x2 = a is the incomplete root
with one child in T1, and it is regarded as an incomplete
internal node with 2 children. Therefore x3 is encoded (or
decoded) in T2. In the decoding, we can decode x1 = b from
y = 03210 · · · in T0 because there is no path with y = 03 · · ·
in T0, but path ‘0’ corresponds to node b. In the decoding of
x2, we have y = 3210 · · · in T1. But, there is no path which
begins with ‘3’. Hence we obtain x2 = a because ‘no path’
means the root in T1.
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(K ≥ 3)

l(x) x

{l(x)}
∑

x∈X
2−l(x) ≤ 1

s = 10− select(b, 3) + 1 = 10− 8 + 1 = 3

R =
E[lC ]

lS
R =

lC
E[lS]

d = 1 2 K − 1

minimize

|X |∑

t=1

D∑

d=0

pt
(
ut,d d + vt,d (d + C(m−1))

)

T0 T1

rank(b, 5) = 2 5− 2 = 3 n + o(n)

n

A
+

n(logA + 1)

BR
+ o(n)

ℓB(x
∞)

1

����K=4 Y = {0, 1, 2, 3}

Tk

X = {a, b, c},m = 3

lim
n→∞

LAIFV

⌈log2 Sn−1⌉
! 1.0409

lim
n→∞

LH

⌈log2 Sn−1⌉
≈ 1.0644

O(n) O(n2)

⌈log2 Sn−1⌉

L ≺ S ≺ D

1

b  a   d    b  a   c    g   a   e    c
Tk

X = {a, b, c},m = 3

lim
n→∞

LAIFV

⌈log2 Sn−1⌉
! 1.0409

lim
n→∞

LH

⌈log2 Sn−1⌉
≈ 1.0644

O(n) O(n2)

⌈log2 Sn−1⌉

L ≺ S ≺ D

LAIFV = Q(T0)L0 +Q(T1)L1

Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ1|0

= L1 − CQ0|1

1

0  1   2    1  0   2    0   1   2    2

0  λ 32 10 λ 31 13 λ 33 31

:
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TABLE I

AN EXAMPLE OF CODEWORD SEQUENCE FOR 4-ARY AIFV CODE

TABLE II

AN EXAMPLE OF CODEWORD SEQUENCE FOR 4-ARY AIFV CODE WITH INCOMPLETE ROOTS

must have at least one and at most K − k − 2 children
connected by ‘k’, ‘k + 1’, · · · , ‘Kc − 1’, where Kc − k
is the number of the children of the incomplete root.
We regard the incomplete root of Tk with Kc −k children
as an incomplete internal node with Kc children.

(D) Source symbols are assigned to incomplete internal nodes
in addition to leaves. But no source symbols are assigned
to complete internal nodes.

A K -ary AIFV code can encode a source sequence
x1x2x3 · · · and decode a codeword sequence y = y1y2y3 · · ·
in the same way as ternary AIFV codes.

Procedure 3 (Encoding of K -Ary AIFV Codes):
(a) Use T0 to encode the initial source symbol x1.
(b) When xi is encoded by a leaf (resp. an incomplete

internal node with j children), then use T0 (resp. Tj )
to encode the next source symbol xi+1.

Procedure 4 (Decoding of K -Ary AIFV Codes):
(a) Use T0 to decode the initial source symbol x1 from y.
(b) Trace y as long as possible from the root in the

current code tree. Then, output the source symbol
assigned to the reached incomplete internal node or
leaf.

(c) Remove the traced prefix of y, and if the reached node
is a leaf (resp. an incomplete internal node with j
children), then use T0 (resp. Tj ) to decode the next
source symbol.

As an example, an AIFV code is shown in Fig. 8 for the case
of K = 4 and X = {a, b, c, d, e, f, g, h, i, j}. When source
sequence ‘abacgcebbd’ is encoded by this AIFV code, the
codeword sequence and the transition of code trees are given
in Table I. Note that when source symbol xi is encoded (or
decoded) at a node with j children, then xi+1 is encoded (or
decoded) by Tj . Furthermore we can easily check that every xi
can be uniquely decoded. For instance, x2 = b is encoded to
codeword ‘1’ at incomplete internal node b in T0. In this case,
x3 is encoded in T1 because the incomplete internal node b has
one child in T0. This means that the codeword of x3 does not
begin with ‘0’. In the decoding, we obtain y = 113130 · · ·
after the decoding of x1 = a in T0 and removing decoded
codeword ‘0’ from y. Then we can decode x2 = b because
there is no path with y = 11 · · · in T0 but the path ‘1’
corresponds to node b in T0.

Fig. 8. An example of 4-ary AIFV code trees.

Fig. 9. An example of 4-ary AIFV code trees with incomplete roots.

Another example of 4-ary AIFV code trees for
X = {a, b, c, d, e, f, g, h} is shown in Fig. 9, in which the
roots of T0 and T1 are incomplete. The codeword sequence
for ‘badbacgaec’ is shown in Table II, where ‘λ’ represents
the null codeword. Note that the incomplete root of Tk
with Kc − k children is regarded as an incomplete internal
node with Kc children as explained in Definition 2-(C).
Hence, for instance, node x2 = a is the incomplete root
with one child in T1, and it is regarded as an incomplete
internal node with 2 children. Therefore x3 is encoded (or
decoded) in T2. In the decoding, we can decode x1 = b from
y = 03210 · · · in T0 because there is no path with y = 03 · · ·
in T0, but path ‘0’ corresponds to node b. In the decoding of
x2, we have y = 3210 · · · in T1. But, there is no path which
begins with ‘3’. Hence we obtain x2 = a because ‘no path’
means the root in T1.
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Tk

X = {a, b, c},m = 3

lim
n→∞

LAIFV

⌈log2 Sn−1⌉
! 1.0409

lim
n→∞

LH

⌈log2 Sn−1⌉
≈ 1.0644

O(n) O(n2)

⌈log2 Sn−1⌉

L ≺ S ≺ D

LAIFV = Q(T0)L0 +Q(T1)L1

Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ1|0

= L1 − CQ0|1

1

$�#""�$�pb < rpa r t

Tbase T0 = Tbase

−1 +
√
5

2
≤ pmax < 1

pmax <
−1 +

√
5

2
D ≥ 2

a b 2pb < pa

2 ≤ m ≤ 4 0.5 ≤ pmax < 1

Q0|1, Q1|0, L0, L1, C

C LAIFV T0 T1

(n− 1, n− 1)

O(n) O(n2) O(2n)

m ≥ 5

1

k + t

pb < rpa r t

Tbase T0 = Tbase

−1 +
√
5

2
≤ pmax < 1

pmax <
−1 +

√
5

2
D ≥ 2

a b 2pb < pa

2 ≤ m ≤ 4 0.5 ≤ pmax < 1

Q0|1, Q1|0, L0, L1, C

C LAIFV T0 T1

(n− 1, n− 1)

O(n) O(n2) O(2n)

m ≥ 5
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P1(at) =
t

A1
P2(at) =

t2

A1

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

LAIFV = Q(T0)L0 +Q(T1)L1 ≈ 0.7263

Q(T0) =
10

19
, Q(T1) =

9

19

1

X = {a1, a2, · · · , an}

LAIFV = Q(T0)L0 +Q(T1)L1

=
Q0|1L0 +Q1|0L1

Q0|1 +Q1|0

= L0 + CQ0|1

= L1 + C(1−Q1|0)

Q0|1 ≡ Q(T0|T1) Q1|0 ≡ Q(T1|T0)

C ≡ L1 − L0

Q0|1 +Q1|0

O(n5) O(n3)

log2 Sn = n log2

(
3 + 2

√
2
)
+ o(n) ≈ 2.5431n + o(n)

log2Cn = 2n + o(n) NT1,n = Sn−1 − Sn−2

Sn ≡
n∑

k=0

1

n− k + 1

(
2n− 2k

n− k

)(
2n− k

k

)

1

T0 NT0,n = Sn−1

(3, 3) (0, 0) (−1, 0) (0,−1) (−1,−1)

P1(at) =
t

A1
P2(at) =

t2

A2

X 2 n n2 2n a1a2 ∈ X 2

n = |X | NH,n = Cn−1 Cn ≡ 1

n + 1

(
2n

n

)

H(X) ≤ LH < H(X)+1 H(X) ≤ LAIFV < H(X)+0.5

pmax ≥ 0.5 pmax ≤ 0.5 ≤ 0.25

2− pmax − h(pmax) pmax ≥
1

6
≈ 0.1667

= L−H(X) pmax = min
x∈X

P (x)

λ

2
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(Yamamoto, Yokoo, 2001)

FV (fixed-to-variable length)��
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H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

P (x) T0 T1

C,Q0|1, Q1|0

X = {a1, a2, · · · , an}

C = Cinit(= 2− log2 3)

1

2 ≤ m ≤ 4

H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

P (x) T0 T1

C,Q0|1, Q1|0

X = {a1, a2, · · · , an}

C = Cinit(= 2− log2 3)
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m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

Tk

X = {a, b, c},m = 3

lim
n→∞

LAIFV

⌈log2 Sn−1⌉
! 1.0409

lim
n→∞

LH

⌈log2 Sn−1⌉
≈ 1.0644

O(n) O(n2)

⌈log2 Sn−1⌉

1

m = 2 m ≥ 3

m ≥ 2 0.5 ≤ pmax < 1

k (0 ≤ k ≤ K − 2) k (1 ≤ k ≤ K − 2)

Y = {0, 1, 2, 3}

Tk

X = {a, b, c},m = 3

lim
n→∞

LAIFV

⌈log2 Sn−1⌉
! 1.0409

lim
n→∞

LH

⌈log2 Sn−1⌉
≈ 1.0644

O(n) O(n2)

⌈log2 Sn−1⌉
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H(X) ≤ LAIFV-m < H(X) +
1

m

TH x

2q2 < q1
2

3
< q1

1

2
<

−1 +
√
5

2
<

2

3

−1 +
√
5

2
≤ q1(= pmax) < 1

h(p) q1 q2

q2k q2k−1 q2k 2q2k < q2k−1

P (x) T0 T1

C,Q0|1, Q1|0

X = {a1, a2, · · · , an}

C = Cinit(= 2− log2 3)

1

m ≥ 5

k + t

pb < rpa r t

Tbase T0 = Tbase

−1 +
√
5

2
≤ pmax < 1

pmax <
−1 +

√
5

2
D ≥ 2

a b 2pb < pa

2 ≤ m ≤ 4 0.5 ≤ pmax < 1

Q0|1, Q1|0, L0, L1, C

C LAIFV T0 T1

(n− 1, n− 1)
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Thank you for your attention. 
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