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はじめに

MIMOや等化など多くの信号を同時に推定する問題が多い 

‣多次元信号検出 

‣線形，⾮線形，様々な⼿法 

確率伝搬法 (Belief Propagation) が応⽤可能 

‣CDMAでのマルチユーザ検出などの例* 

‣近年になって⾊々な問題に適⽤ 

⼿法と問題点に関して簡単に解説

2

Y. Kabashima, "A CDMA multiuser detection algorithm on the basis of belief propagation," J. Phys. A, 
vol. 36, pp. 11111-11121, Oct. 2003.
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多次元信号検出の例 ̶ MIMO信号検出 3
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多次元信号検出の例 ̶ ブロック等化 4
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多次元信号検出モデル 5

y = Hx+ z
受信信号

チャネル⾏列 送信信号

雑⾳

N ⇥M

N ⇥ 1N ⇥ 1

M ⇥ 1

ML (maximum likelihood) 検出

全探索：MLD 
部分探索：Sphere Decoding, QRM-MLD

ˆx = argmax

x̂

p(y|ˆx) = argmin

x̂

ky �H ˆxk2

MAP (maximum a posteriori probability) 検出

ˆ

x = argmax

x̂

P (

ˆ

x|y)
✓
= argmax

x̂

p(y|ˆx)P (

ˆ

x)

p(y)

◆
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多次元信号伝送のグラフ表現 6

x1 x2 xM�1 xM

yNyN�1y1 y2 yj

xi

yj =
MX

i=1

hjixi + zj

…

…

…

…

観測ノード
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多次元信号の推定問題（ML検出） 7
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…

…

…

…

変数ノード

変数ノードにおける推定

p(y|xi)

p(yj |xi)p(y1|xi) p(yN |xi)

p(y|xi) = p(y1, . . . , yN |xi) =
NY

j=1

p(yj |xi)

観測ノード



p(y1, . . . , yj�1, yj+1, . . . , yN |xi)
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…

…

…

…

変数ノード

観測ノード

変数ノードにおける推定（外部値の算出）

p(y|xi)/p(yj |xi) = p(y1, . . . , yj�1, yj+1, . . . , yN |xi)
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変数ノード

観測ノードにおける推定

観測ノード

p(y|x1)/p(yj |x1) p(y|xM )/p(yj |xM )p(y|xi)/p(yj |xi)

yj =
MX

i=1

hjixi + zj p(yj |x)

P (xk)p(y|xk)/p(yj |xk) (k 6= i)
} p(yj |xi)
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確率伝搬法 (Belief Propagation: BP) 11

yNyN�1y1 y2 yj

yj =
MX

i=1

hjixi + zj

p(y|x1) p(y|x2) p(y|xi) p(y|xM�1) p(y|xM )
…

…

…

…

Belief Belief

観測ノード

変数ノード



log p(y|xi) =

NX

j=1

log p(yj |xi)

p(y|xi) =
NY

j=1

p(yj |xi)
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変数ノード処理の省計算量化 12

対数領域だと加算のみでOK 
(log Likelihood Ratio: LLRがBeliefとして適している)

✓
BPSK: LLR

xi = log

p(y

j

|x
i

= 1)

p(y

j

|x
i

= �1)

◆
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観測ノード処理の問題：周辺化 13

周辺化（ただし，M-1乗のオーダー！）

yj =
MX

i=1

hjixi + zj p(yj |x)

p(y
j

|x
i

)

=
X

x1

· · ·
X

xi�1

X

xi+1

· · ·
X

xM

p(y
j

|x)P (x1) · · ·P (x
i�1)P (x

i+1) · · ·P (x
M

)

p(y1, . . . , yj�1, yj+1, . . . , yN |x1)



p(yj |x1 = 1) = p(yj |x1 = 1, x2 = 1)P (x2 = 1)

+ p(yj |x1 = 1, x2 = �1)P (x2 = �1)

=

1

⇡�

2
exp

✓
|yj � hj1 � hj2|2

�

2

◆
P (x2 = 1)

+

1

⇡�

2
exp

✓
|yj � hj1 + hj2|2

�

2

◆
P (x2 = �1)
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周辺化の具体例（2つのBPSK信号の場合） 14

yj = hj1x1 + hj2x2 + zj

複素ガウス雑⾳電⼒
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検出対象外信号のガウス近似 15

yj � hjixi =
MX

m=1,m 6=i

hjmxm + zj = z

0
ji

p(y1, . . . , yj�1, yj+1, . . . , yN |xm)

cji = E[|z0ji � µji|2] =
MX

m=1,m 6=i

|hjm|2E[|xm � x̂m|2] + �

2

µji = E[z0ji] =
MX

m=1,m 6=i

hjmx̂m

p(yj |xi) = p(yj � hjixi) =
1

⇡cji
exp

✓
|yj � hjixi � µji|2

cji

◆

ガウス雑⾳と近似

Beliefから 
⼲渉レプリカ⽣成平均値

分散

残留⼲渉電⼒

検出対象
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GaBP (Gaussian BP) の変数ノード更新 16

log

p(y1, . . . , yj�1, yj+1 . . . , yN |xi = 1)

p(y1, . . . , yj�1, yj+1 . . . , yN |xi = �1)

BeliefBelief

log

p(yj |xi = 1)

p(yj |xi = �1)

log

p(y|x1 = 1)

p(y|x1 = �1)

=

NX

j=1

log

p(yj |xi = 1)

p(yj |xi = �1)

= log

p(y|xi = 1)

p(y|xi = �1)

� log

p(yj |xi = 1)

p(yj |xi = �1)
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Belief

GaBP (Gaussian BP) の観測ノードでの処理

log

p(y1, . . . , yj�1, yj+1 . . . , yN |xi = 1)

p(y1, . . . , yj�1, yj+1 . . . , yN |xi = �1)

= LLR
yj xi

P (xi) / p(y1, . . . , yj�1, yj+1, . . . , yN |xi)

log

P (x

i

= 1)

P (x

i

= �1)

= LLR

yj xi

P (xi = 1) = P (xi = �1)eLLRy

j

 x

i

ここで とすると
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18変数ノードへのBelief⽣成

P (xi = 1) = P (xi = �1)eLLRy

j

 x

i

よりP (xi = 1) + P (xi = �1) = 1

検出対象外の信号成分をガウス雑⾳と近似して，平均値と分散を計算

x̂

i

|
y

j

= 1 · P (x
i

= 1)

+ (�1) · P (x
i

= �1)

=
e

LLR
y

j

 x

i � 1

e

LLR
y

j

 x

i + 1

= tanh
�
LLR

y

j

 x

i

/2
�

Belief

log

p(yj |xi = 1)

p(yj |xi = �1)

= |yj � hji � µji|2/cji
� |yj + hji � µji|2/cji
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Belief

Belief

⼲渉除去＆LLR算出

GaBP (Gaussian BP) のまとめ

log

p(y1, . . . , yj�1, yj+1 . . . , yN |xi = 1)

p(y1, . . . , yj�1, yj+1 . . . , yN |xi = �1)

log

p(yj |xi = 1)

p(yj |xi = �1)

N個のノードでO(MN))

LLR合計
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MIMO信号検出の例（ファクターグラフ）

‣ファクターグラフ上のノード間すべてにエッジが存在

20

…

…

…

…

送信アンテナ1 送信アンテナM

受信アンテナ1 受信アンテナN
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MIMO信号検出の例

‣100 x 100 は良好に動作．しかし...

21
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ループの影響：外れ値の発振？ 22

(1) たまたま誤ったLLRが⽣成 
しかも極めて⼤きな値：外れ値

(1)

(2) ΣLLRが外れ値でマスクされ，
そのまま伝搬

(2)

(3) 外れ値をもとにしたLLR推定
により外れ値が⽣成

(3)

(4) ΣLLRが複数の 
外れ値で増幅

(4)

(5) さらに極めて⼤きな値

他の情報が少ない
場合に顕著
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LLR発振例（ブロック等化，無符号化） 23

M. Hagiwara, T. Nishimura, T. Ohgane, and Y. Ogawa, “Node Selection for Belief Propagation Based 
Channel Equalization,” IEICE Trans. Commun., vol. E100-B, no. 8, pp. 1285–1292, 2017.

144シンボル
ブロック 
16パス 
Uncoded
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…

…

…

…

外れ値の影響を低減化するには????

・多数のLLRで平均化

・LLRを調整 
・⽤いるノードを選択
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制振と上限設定 25

‣外れ値が発振する例が多いので，制振 

‣外れ値の⼤きさそのものを制限：上限設定

LLR(k) = (1�D) · LLR(present) +D · LLR(k�1)

LLR

(k)
= max(LLR

(present),LLR
max

)

P. Som and A. Chockalingam, “Damped Belief Propagation Based Near-Optimal Equalization of 
Severely Delay-Spread UWB MIMO-ISI Channels,” Proc. IEEE ICC 2010, May 2010. 

M. Hagiwara, T. Nishimura, T. Ohgane, and Y. Ogawa, “Node Selection for Belief Propagation 
Based Channel Equalization,” IEICE Trans. Commun., vol. E100-B, no. 8, pp. 1285–1292, 2017.
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レプリカ⽣成時LLR正規化 26

tanh

✓
LLR

2

◆
tanh

✓
a

w

LLR

2

◆

LLRの等価利得係数 
（正規化のためのLLR期待値）

調整係数

-4 -2 0 2 4
x

-1

-0.5

0

0.5

1

ta
nh
(x
)

a=2のときの引数範囲

a=2のときの
レプリカ範囲

正規化と調整によりレプリカ
が±1に張り付かない！ 
（傾斜制御）

T. Takahashi, S. Ibi, and S. Sampei, “On normalization of matched filter belief in GaBP for large MIMO 
detection,” Proc. VTC 2016-Fall, 2016.  
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LLR正規化の特性 27

Fig. 2. Contribution of normalization.

After some manipulations with the aid of theorem for
hyperbolic function, soft symbol based on (48) can be obtained
by

x̌(k+1)
n,m =

√
Estanh

[
ℜ
{
λ′′(k+1)
n,m

}]

=A

(
tanh [sgn (xm) a]+tanh

[
ℜ
{
a

κ(k+1)
n,m

√
Esω

(k+1)
n,m

}])

!A (B + C) , (49)

where A =
√
Es

1+BC . B is the average component of x̌(k+1)
n,m and

C is the noise component of x̌(k+1)
n,m .

Figure 2 shows a contribution of the normalization, where
the parameter a is 2 as a example. (a) depicts one of examples
for xm = 1 in case without normalization. As mentioned
before λ′(k+1)

n,m includes approximation errors, however, (40)
does not consider any approximation errors. Therefore, in the
example, the soft symbol x̌n,m ≈ −1 persistently contains
fatal errors that deteriorates convergence property of itera-
tive detections. On the other hand, (b) shows a normalized
case. In the example, x̌n,m ≈ −0.5, the soft-valued belief
can reduce the fatal persistent error induced by unsuitable
approximations, and there is still a possibility to improve the
reliability by iterative detection. On top of that, according to
(48), x̌n,m has a non-persistent soft value when the sign of
λ′′(k+1)
n,m is not identical to that of true xm while satisfying

|κ(k+1)
n,m | < 2

√
Esω

(k+1)
n,m . The effectivity of designed (48) is

demonstrated by computer simulations in Sect. V. As a side
effect of the normalization for MF-GaBP, a noise variance
estimator is not necessary because N0 in (44) is cancelled out
by N0 in (46).

V. NUMERICAL SIMULATION RESULTS

In order to characterize validity of the normalized belief
of GaBP in L-MIMO channels, computer simulations have
been conducted. Uncorrelated MIMO Rayleigh channel is
assumed, and the channel state information is supposed to be
perfectly known at the Rx side. The averaged Rx power from
each Tx antennas is identical with the aid of slow transmit
power control. The modulation scheme is Gray coded QPSK.
Channel code is not utilized. The number of GaBP iterations
is 16. The damping factor η and the normalizing factor a are
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Fig. 3. BER performance of LLR-GaBP.
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Fig. 4. BER performance of MF-GaBP.

0.5 and 2, respectively, which attain good performance with
respect to BER cliff.

A. BER Performance
BER performances of LLR- and MF-GaBP are presented

in Fig. 3 and Fig. 4, respectively. The antenna configuration
(M , N ) is (8, 16). Note that Es denotes energy of symbol
per one Tx antenna, not all Tx antenna. LLR- and MF-GaBP
performances are compared with the normalized belief, the
damped belief, and the combination of damped and normalized
(D+N) belief. Compared to an original belief in both cases,
the normalized belief is effective in improving the error
floor without sacrificing the position of BER cliff although
the effectiveness is not so significant, compared with the
conventional damped belief. However, the most attractive point
is that the combination of damped and normalized (D+N)
can significantly improve the BER floor level. Surprisingly,
they are lower than BER = 10−6 in this MIMO configuration,
although they are not depicted in Figs 3 and 4.

Let us move our focus to the other MIMO antenna config-
uration in Fig. 5 and Fig. 6 for LLR- and MF-GaBP. Figures
show required Es/N0 to guarantee BER = 10−5 according
to the number of Tx antennas M , where the number of Rx
antennas N is limited to 16. Due to the error floor, the LLR
and MF beliefs are not able to achieve BER = 10−5 in most
antenna configuration cases. Compared with traditional zero
forcing (ZF) and minimum mean square error (MMSE) linear
filter, LLR- and MF-GaBP cannot support more of the number

16 x 8 
Uncoded

T. Takahashi, S. Ibi, and S. Sampei, “On normalization of matched filter belief in GaBP for large MIMO 
detection,” Proc. VTC 2016-Fall, 2016.  
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確率伝搬法から信念伝搬法へ

‣伝搬していたLLR（確率に基づく値）を調整 
  （制振・上限設定・正規化） 

‣変化させたことで，正しいLLRから「LLRのようなもの」に変化 

‣Beliefは確率でなくてもよいのでは？ 
» 確率伝搬法から信念伝搬法と呼ぶべきか？ 
» どんなBeliefがよいかが今後の検討課題

28
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ループ対策：三⾓化

‣外れ値伝搬はそもそもループが原因 

‣ループを削減する⼿法の⼀つに三⾓化

29

H = QR y

0 = Q

H
y = Rx+Q

H
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y0y

x x

H R

三⾓化によりループ減少
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三⾓化後BP（部分周辺化あり）の特性 30

8 x 8 
Uncoded 
周辺化数Ns

S. Tanabe, A. Shigyo, and Koji Ishibashi, “Not-so-large MIMO signal detection based on damped QR-
decomposed belief propagation,” Proc. ISITA 2016, pp. 463–467, 2016.
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ノード選択

‣外れ値発⽣リスクを抑えるため，適切なノードから順に更新 

‣観測ノードの選択例 
» MIMOで相関がある場合，相関が⾼いノードは同時に更新しない 
» 適応等化の場合，最⼤遅延内のノードは同時に更新しない

31

チャネル等化の例 空間相関の例

隣接アンテナは⾼相関

直接 遅延
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第 4章 ノード選択法

図 4.2 MAP検出時の各繰り返し回数に対する BER特性
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Table 1 Simulation parameters.

Modulation QPSK
Channel statistics Quasi-static Rayleigh fading
Number of blocks 1,000,000

Block length 144 symbols
Number of paths 16 (1 dB decay)

Max. number of iterations 100 (without NS)
1600 (with NS)

Damping factor, D 0.1 to 0.7, 0.1 step
Channel encoding Recursive systematic convolutional code

(constraint length 3, coding rate 1/2)
Encoding rate 1/2, 3/4, 7/8

Channel decoding Max-Log MAP decoder

tipath channel by computer simulations. The simulation
parameters are listed in Table 1. The modulation is QPSK.
The block length is 144 symbols (data: 128 symbols, cyclic
prefix: 16 symbols). We use a 16-path quasi-static Rayleigh
fading channel model having the exponential power delay
profile with decaying factor of 1 dB. The channel state infor-
mation is assumed to be perfectly known at the receiver. In
the coded case, a recursive systematic convolutional code†

(constraint length 3, coding rate 1/2) and a max-log
MAP decoder are used.

The maximum number of iterations is set to 100 for the
case without the NS. When we apply the NS, the maximum
number of iterations is set to 1,600 to equalize the total
amount of message exchange. As will be described later,
the LLR values are converged much earlier in most cases.
However, to observe the LLR convergence behavior, we set
the large enough number. The proper damping factor was
selected in each case from the candidates

In this paper, the coding rate is changed from 1/2 to
7/8 by puncturing [23]. The puncturing matrix Q1/2, Q3/4
and Q7/8 are determined empirically by checking the BER
performance as

Q1/2 =

[
1
1

]
(13)

Q3/4 =

[
1 1 1
1 0 0

]
(14)

Q7/8 =

[
1 1 1 1 1 1 1
1 0 0 0 0 0 0

]
. (15)

4.2 BER Performance

First, we show the uncoded BER performances in Figs. 6
and 7. The curves for the SISO AWGN channel case (lower
bound) and MMSE FDE case are also shown as reference.
In Fig. 6 for the SNR based BP, it is clearly shown that the
BP based equalization without the NS or LLR damping does
†We applied the recursive systematic convolutional code be-

cause the BP-based equalization is a sort of turbo iteration.
However, almost the same performance was obtained by a non-
systematic convolutional code in the same condition. Therefore,
we may conclude that the BP-based equalization is not sensitive to
recursiveness of the code.

Fig. 6 BER performance for the SNR based BP (uncoded case).

Fig. 7 BER performance for the SINR based BP (uncoded case).

not work at all in such a SISO case. However, applying the
NS reduces the error floor significantly. This implies that
the short loop is the severe problem as expected. The LLR
damping also improves the performance. It reduces not the
short loop itself but the LLR oscillation caused by the short
loop. Thus, a somewhat similar improvement is observed.
Note that combinations of these techniques provide the best
curve.

It is seen from Fig. 7 that when we apply the SINR based
BP, the BER performance is improved slightly in comparison
to that of the SNR based BP because the SINR based BP
can provide more accurate LLR values under the Gaussian
approximation. In addition, LLR limiting is applicable to the
SINR based BP and succeeds to reduce the error floor. So,
we can say that LLR masking should be carefully considered
in the SINR based BP.

The coded BER performances are shown in Figs. 8 and 9
where the code rate is 1/2. The curves for the SISO AWGN
channel case (upper bound) and MMSE FDTE [6] case are
also shown as reference.

In the coded case, the NS contributes greatly to the
BER performance improvement. Thus, no error floors are
observed for all cases with the NS in both figures. At the
channel decoder, a sort of LLR averaging is done over all the
transmitted bits. Then, the drastic increase of LLR values
may become less frequent. Thus, the mask problem in the
NS is supposed to be eased.
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おわりに

確率伝搬法について簡単に紹介 

‣様々な分野に応⽤可能 

‣信号検出への応⽤の場合，検出対象以外をガウス近似可能 

‣グラフ内のループの影響 

‣様々な軽減⼿法によるLLR改変 

‣Beliefは確率ではなく，曖昧なもの（最適化可能？） 

DAMPで近接作⽤素の最適化により，GaBPと同様のグラフ，更
新式，レプリカ⽣成（tanh）が出現 

‣Beliefの定義に新たな展開期待
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